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We introduce a class of block preconditioners for accelerating the iterative solution 
of coupled poromechanics equations based on a three-field formulation. The use of 
a displacement/velocity/pressure mixed finite-element method combined with a first 
order backward difference formula for the approximation of time derivatives produces 
a sequence of linear systems with a 3 × 3 unsymmetric and indefinite block matrix. 
The preconditioners are obtained by approximating the two-level Schur complement with 
the aid of physically-based arguments that can be also generalized in a purely algebraic 
approach. A theoretical and experimental analysis is presented that provides evidence of 
the robustness, efficiency and scalability of the proposed algorithm. The performance is 
also assessed for a real-world challenging consolidation experiment of a shallow formation.

© 2016 Elsevier Inc. All rights reserved.

1. Introduction

Coupling between fluid flow and mechanical deformation is a key factor in many subsurface engineering applications, 
such as hydrocarbon recovery [1,2], subsurface hydrology [3–5], geothermal energy extraction [6,7], and geologic carbon 
storage [8–10]. A similar behavior often governs porous media beyond geoscience systems, e.g. biomechanical modeling 
of bone or soft tissue deformations [11,12]. The fundamental mathematical framework governing coupled fluid flow and 
deformation—generally referred to as poroelasticity [13]—was established by Biot [14]. Today, the poroelasticity theory and 
more sophisticated extensions, e.g. [15], have a well-established theoretical foundation. However, the accurate and efficient 
numerical simulation of tightly coupled poromechanical systems still poses severe computational challenges that require 
advanced discretization techniques and linear/non-linear solvers to obtain reliable modeling predictions. Here, we focus on 
efficient and scalable numerical solvers for coupled single-phase flow and mechanical processes in geological formations 
based on a three-field mixed finite-element (FE) discretization of the governing equations.

From a discretization point of view, a mixed FE scheme imposes an inf-sup (or LBB) compatibility constraint on the 
selection of the discrete spaces for interpolating the primary variables fields [16]. Violation of this constraint may result in 
numerical solutions that exhibit different forms of instabilities. For example, a classical two-field displacement/pressure 
formulation based on the continuous Galerkin FE method—the most popular technique used in consolidation model-
ing [17]—typically generates nonphysical pressure oscillations, when incompressible or impermeable conditions are ap-
proached, if an equal-order interpolation is used for both discrete variables. Stable discretizations may be achieved by 
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either selecting discrete spaces that are intrinsically LBB-stable, or devising suitable stabilization techniques. The classi-
cal Taylor–Hood elements [18] belong to the first class. Examples of stabilized formulations, which allow for preserving 
the advantages of using equal-order interpolation, are proposed in [19,20]. A stabilized discretization based on the MINI 
element has been recently developed and analyzed in [21]. Other approaches aim to produce stable discretizations focus-
ing on displacement/velocity/pressure (three-field) or stress tensor/displacement/velocity/pressure (four-field) formulations, 
respectively—e.g., [12,22–28].

Another challenge in coupled poromechanical simulations is the solution of the algebraic linear systems arising from 
discretization—typically using an implicit time-stepping rule—and linearization of the balance equations. Because of the 
large size of realistic three-dimensional (3D) models, iterative solution techniques are the method of choice, being much 
less demanding in terms of both memory and CPU time requirements than sparse direct solvers. The fully-implicit method 
(FIM), also known as fully-coupled or monolithic approach, solves the linear system simultaneously for all the primary un-
knowns. It offers unconditional stability, but leads to large coupled systems requiring advanced, dedicated preconditioners 
and solvers [29,25,30,31]. Alternative approaches include sequential-implicit methods (SIMs), which consist in iterating back 
and forth between governing equations, updating the primary variables one at a time until convergence [32]. Sequential 
schemes allow for greater flexibility and can benefit from off-the-shelf solver and preconditioner packages to tackle the 
hydromechanical coupling. A recent analysis of sequential-implicit and fully-implicit methods applied to a similar porome-
chanical formulation has been carried out by White et al. [33]. The authors reinterpret sequential-implicit methods as 
a block-preconditioned Richardson method, and show that both rely on developing an effective Schur-complement pre-
conditioner to achieve good performance. This analysis indicates that a fully-implicit method will typically outperform a 
sequential-implicit method in convergence rate, as sequential methods are limited to an asymptotically linear convergence 
rate while a fully implicit scheme can exploit the often superlinear convergence of Krylov subspace methods.

In the present paper we use the three-field formulation developed in [25]. A 3D mixed FE model is implemented using 
piecewise trilinear (Q1), lowest order Raviart–Thomas (RT0) and piecewise constant (P0) spaces for the approximation of 
displacement, Darcy’s velocity and fluid pore pressure, respectively. The selected interpolation triplet has proved very ef-
fective in alleviating pressure oscillations at the interface with low permeable regions [22–25] and provides element-wise 
mass conservation and accurate discrete velocity fields. These properties are necessary whenever the consolidation is cou-
pled with transport—e.g., applications involving multiphase flow [34] or thermal convection [35]. The focus of this work is 
the scalable and efficient fully-implicit iterative solution of the linear system arising from the discretization and linearization 
of the poromechanical problem using the three-field formulation. By combining physically-based and algebraic arguments, 
we propose a family of preconditioners built on a block-factorization of the coupled algebraic system, which are used to ac-
celerate the convergence of a Krylov subspace method. We observe that, in general, there are two components to a scalable 
method. The first is algorithmic scalability, in the sense that the overall work and memory requirements grow at a manage-
able level with problem size. This is mostly a question of mathematical formulation, independent of code and hardware. 
The second component is a scalable implementation—that is, making the algorithm run in a scalable way on the available 
hardware such that it does not get bogged down in parallel communication and similar hurdles. Both are equally important 
and often overlap each other. Our paper, however, is primarily focused on the first component—namely, identifying a good 
mathematical formulation for a preconditioner that is effective for this class of problems.

The paper is organized as follows. In Section 2 we briefly review Biot’s poroelasticity equations and introduce the mixed 
FE displacement/velocity/pressure discretization. In Section 3 we then derive and analyze the fully-implicit solution frame-
work based on a block triangular preconditioner. Finally, in Section 4 we present systematic numerical experiments to verify 
theoretical properties, robustness, scalability and parallel efficiency of the proposed framework. We conclude the paper with 
a few final remarks in Section 5.

2. Model problem: Biot’s poroelasticity equations

2.1. Governing equations

Let � ⊂ R3 and � denote the domain occupied by the porous medium and its boundary, respectively, with x the po-
sition vector in R3. We denote time with t , belonging to an open interval I = ]0, T [ of length T > 0. The boundary, �, is 
decomposed as � = �u ∪ �σ = �p ∪ �q , with �u ∩ �σ = �p ∩ �q = ∅, and n denotes its outer normal vector. A bar above a 
set identifies the union of the set with its boundary, e.g. � = � ∪ �. We focus on a displacement/velocity/pressure formula-
tion for linear poroelasticity [14], assuming quasi-static saturated single-phase flow of a slightly compressible fluid. The set 
of governing equations consists of a conservation law of linear momentum (equilibrium) and a conservation law of mass 
(continuity) expressed in mixed form—i.e., introducing Darcy’s velocity as an additional unknown. The strong form of the 
initial/boundary value problem may be stated as follows [36]:

Given f : � × I → R, ¯̂u : �u × I → R3, t̄ : �σ × I → R3, p̄ : �p × I → R, ¯̂q : �q × I → R, and p0 : � → R, find 
û : � × [0, T ] →R3, p : � × [0, T ] →R, and q̂ : � × [0, T ] →R3 such that

∇ · (Cdr : ∇sû − bp1
)= 0 on � × I (equilibrium) (1)
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μκ−1 · q̂ + ∇p = 0 on � × I (Darcy’s law) (2)

b∇ · ˙̂u + 1

M
ṗ + ∇ · q̂ = f on � × I (continuity) (3)

û = ¯̂u on �u × I (prescribed boundary displacements) (4)(
Cdr : ∇s û − bp1

) · n = t̄ on �σ × I (prescribed boundary tractions) (5)

−q̂ · n = ¯̂q on �q × I (prescribed boundary Darcy flux) (6)

p = p̄ on �p × I (prescribed boundary excess pore pressure) (7)

p(x,0) = p0(x) x ∈ � (initial excess pore pressure) (8)

where û, p, and q̂ are the displacement vector, the excess pore pressure and Darcy’s velocity relative to an initial reference 
state; Cdr is the drained rank-4 elasticity tensor, b is Biot’s coefficient, 1 is the rank-2 identity tensor, M is Biot’s modulus; 
κ is the rank-2 intrinsic permeability tensor and μ is the viscosity; f is a volumetric source term; ∇·, ∇ and ∇s are the 
divergence, the gradient and the symmetric gradient operator, respectively; the superposed dot, (̇), denotes a derivative with 
respect to time t . The subscript 0 is used to denote the reference state. Note that the initial values used for the displacement 
û0 and the velocity q̂0 fields must be consistent with the initial pressure space distribution p0, since Eqs. (1) and (2) must 
hold at any time, including t = 0.

2.2. Weak formulation

The discretization of the poroelastic initial boundary value problem is obtained by a mixed finite element method. We 
consider the following weak form of (1)–(8):

Find 
{

û(t), q̂(t), p(t)
} ∈ Su(�) × Sq(�) × Sp(�) such that ∀t ∈ [0, T ]:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∫
�

∇s w : Cdr : ∇s û d� −
∫
�

bp∇ · w d� −
∫
�σ

w · t̄ d� = 0 ∀w ∈ Vu(�),

∫
�

v · μκ−1 · q̂ d� −
∫
�

p∇ · v d� +
∫
�p

p̄v · n d� = 0 ∀v ∈ Vq(�),

∫
�

s
(

b∇ · ˙̂u
)

d� +
∫
�

s

(
1

M
ṗ

)
d� +

∫
�

s∇ · q̂ d� −
∫
�

sf d� = 0 ∀s ∈ Sp(�),

(9)

where the spaces of trial and test functions are given by

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Su(�) :=
{

û | û ∈ [H1(�)]3, û = ¯̂u on �u

}
,

Vu(�) :=
{

w | w ∈ [H1(�)]3, w = 0 on �u

}
,

Sq(�) :=
{

q̂ | q̂ ∈ H(div,�),−q̂ · n = ¯̂q on �q

}
,

Vq(�) := {
v | v ∈ H(div,�),−v · n = 0 on �q

}
,

Sp(�) :=
{

p | p ∈ L2(�)
}

,

(10)

with H1(�) the Sobolev space of square integrable functions with square integrable gradients, L2(�) the space of square 
Lebesgue-integrable functions, and H(div, �) the space of square integrable vector functions with square integrable diver-
gence defined as [16]

H(div,�) :=
{

v | v ∈ [L2(�)]3,∇ · v ∈ L2(�)
}

. (11)

Remark 2.1. Unlike standard displacement/pressure formulations, prescribed boundary Darcy’s velocity conditions are 
strongly enforced since they are imposed in Sq and Vq . On the other hand, no boundary conditions are imposed on Sp , 
i.e. prescribed boundary excess pore pressure conditions are weakly imposed in the formulation and represent a natural 
condition.
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2.3. Mixed finite element semidiscrete formulation

The space discretization of (9) is obtained by the Galerkin method. We define a partition T h of � made of non-
overlapping elements �e on which we introduce the corresponding discrete functional spaces Sh

u , Sh
q , Sh

p , Vh
u , and Vh

q . 
The semidiscrete problem reads:

Find {ûh
(t), ̂qh

(t), ph(t)} ∈ Sh
u(�) × Sh

q (�) × Sh
p(�) such that ∀t ∈ [0, T ]:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∫
�

∇s wh : Cdr : ∇s ûh d� −
∫
�

bph∇ · wh d� −
∫
�σ

wh · t̄ d� = 0 ∀wh ∈ Vh
u(�),

∫
�

vh · μκ−1 · q̂h d� −
∫
�

ph∇ · vh d� +
∫
�p

p̄vh · n d� = 0 ∀vh ∈ Vh
q (�),

∫
�

sh
(

b∇ · ˙̂uh
)

d� +
∫
�

sh
(

1

M
ṗh
)

d� +
∫
�

sh∇ · q̂h d� −
∫
�

sh f d� = 0 ∀sh ∈ Sh
p(�),

(12)

where⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Sh
u(�) :=

{
û | û ∈ [C0(�)]3, û = ¯̂u on �u, û|�e ∈ [Q1(�

e)]3 ∀�e ∈ T h
}

,

Vh
u(�) :=

{
w | w ∈ [C0(�)]3, w = 0 on �u, w |�e ∈ [Q1(�

e)]3 ∀�e ∈ T h
}

,

Sh
q (�) :=

{
q̂ | q̂ ∈ H(div,�),−q̂ · n = ¯̂q on �q, q̂|�e ∈RT0 ∀�e ∈ T h

}
,

Vh
q (�) :=

{
v | v ∈ H(div,�),−v · n = 0 on �q, v |�e ∈RT0 ∀�e ∈ T h

}
,

Sh
p(�) :=

{
p | p ∈ L2(�), p|�e ∈ P0 ∀�e ∈ T h

}
,

(13)

with Q1(�
e) the space of trilinear polynomials in �e , RT0(�

e) the lowest-order Raviart–Thomas space in �e , and P0(�
e)

the piecewise constant space in �e .
We introduce the following approximations for the displacement, the pressure, and the velocity fields:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ûh =
nu∑

i=1

N u
i (x)ui(t) +

nu+nū∑
i=nu+1

N u
i (x)ū(i−nu)(t),

q̂h =
nq∑

i=1

Nq
i (x)qi(t) +

nq+nq̄∑
i=nq+1

Nq
i (x)q̄(i−nq)(t),

ph =
np∑

i=1

N p
i (x)pi(t),

(14)

where nu , nq , and np denote the number of degrees of freedom for the displacements (ui ), the velocities (qi ), and the 
pressure (pi ), respectively, that are collected in vectors u, q, and p. Vectors ū and q̄ contain the nū prescribed nodal 
displacement degrees of freedom (ūi ) on �u and the nq̄ prescribed face normal Darcy’s velocities (q̄i ) on �q , respectively. 
The vector functions N u

i , Nq
i , and the scalar functions N p

i are the finite element bases for Sh
u , Sh

q , and Sh
p , respectively.

Using the approximations (14) in (12) leads to the following discrete form of Biot’s consolidation problem:⎡
⎣ K 0 −Q

0 A −B
0 BT 0

⎤
⎦
⎧⎨
⎩

u
q
p

⎫⎬
⎭+

⎡
⎣ 0 0 0

0 0 0
Q T 0 P

⎤
⎦
⎧⎨
⎩

u̇
q̇
ṗ

⎫⎬
⎭=

⎧⎪⎨
⎪⎩

f̃
u

f̃
q

f̃
p

⎫⎪⎬
⎪⎭ . (15)

The explicit expressions for matrices K , Q , A, B , P and vectors f̃
u

, f̃
u

, f̃
p

are given in Appendix A.

2.4. Time integration

The system of differential-algebraic equations (15) is numerically integrated in time by the θ -method. We assume that 
the time interval I is partitioned into n�t subintervals In = (tn, tn+1), n = 0, 1, . . . , n�t − 1. The time derivatives are dis-
cretized by a simple incremental ratio, and the other terms are approximated by a linear combination of the values at time 
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tn and tn+1 = tn + �tn , with coefficients (1 − θ) and θ , respectively. The parameter θ varies between 0 and 1 and controls 
accuracy and stability of the method. To guarantee unconditional stability [37,38] we restrict θ to the values 1/2 ≤ θ ≤ 1. 
Finally, the numerical solution at time tn+1 is obtained by solving the linear algebraic system:

Kd = f , (16)

where

K =
⎡
⎣ K 0 −Q

0 A −B
Q T γ BT P

⎤
⎦ , d =

⎧⎨
⎩

un+1
qn+1
pn+1

⎫⎬
⎭ , f =

⎧⎨
⎩

f u

f q

f p

⎫⎬
⎭ , (17)

f u = f̃
u
n+1 − ψ(K un − Q pn − f̃

u
n ), (18)

f q = f̃
q
n+1 − ψ(Aqn − B pn − f̃

q
n), (19)

f p = (�tn − γ )( f̃
p
n − BT qn) + Q T un + P pn + γ f̃

p
n+1, (20)

with γ = θ�tn and ψ = (1 − θ)/θ .

3. Numerical solution algorithm

The solution to the sequence of linear systems (16) for different time step values is the most memory-demanding and 
time-consuming effort in any mixed FE coupled poromechanical simulation. The system matrix K in Eq. (17) has a 3 × 3
block form where K arises from the discretization of the momentum equation and is symmetric positive definite (SPD) if 
a linear elastic constitutive law is assumed, A is the SPD mass matrix coming from the discretization of Darcy’s law in 
a Raviart–Thomas mixed space, and P is the capacity matrix taking into account the Biot modulus M . Using a piecewise 
constant approximation for the pressure field, P is a diagonal matrix with non-negative entries, which are proportional to 
the inverse of Biot’s modulus M . If the pore fluid is incompressible, or almost incompressible with respect to the porous 
matrix, e.g., in surface geotechnical problems where the soil is thoroughly saturated with groundwater, M tends to infinity 
and P is singular, or at least is close to be so, hence P−1 cannot be computed in a numerically stable way. To address such 
an inconvenience some regularization term can be added, e.g., as in [39], or the numerical solution algorithm should avoid 
the computation of P−1.

3.1. Preconditioner design

In this work, we use a monolithic approach based on preconditioned Krylov subspace methods to solve the sequence of 
linear systems (16). As K is non-symmetric, a global Bi-Conjugate Gradient Stabilized (Bi-CGStab, [40]) algorithm is used 
as a solver. The key ingredient for a fast convergence, however, is the definition of an efficient preconditioning technique. 
This can involve the use of an approximate block factorization of K with the computation of the related Schur complement 
matrix, which should be at the same time as cheap and accurate as possible.

Let us consider a block triangular preconditioner M−1 for K in the form:

M−1 =
⎡
⎣ X 0 0

W1 Y 0
W2 W3 Z

⎤
⎦ . (21)

Similar approaches are quite popular in the numerical solution of the saddle-point matrices arising from the discretization 
of the Navier–Stokes equations or the solution of flow problems in mixed spaces, e.g., [41–45]. To be an approximate block 
factorization of K, the left-preconditioned matrix M−1K should be such that:

M−1K �
⎡
⎣ I U1 U2

0 I U3
0 0 I

⎤
⎦ (22)

whatever U1, U2 and U3. If Eq. (22) is satisfied exactly, the following conditions apply to X , Y , Z , W1, W2, and W3:⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

X K = I
W1 K = 0
Y A = I
W2 K + Z Q T = 0
W3 A + γ Z BT = 0
−W2 Q − W3 B + Z P = I

(23)

The system of matrix equations (23) has a unique solution if:
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det K 
= 0, (24)

det A 
= 0, (25)

detK 
= 0. (26)

Conditions (24) through (26) are satisfied whenever the discrete poromechanical problem is well-posed.
The first and third equations in (23) yield X = K −1 and Y = A−1, respectively. As the inverse of both K and A is 

not available explicitly, it is reasonable to replace K −1 and A−1 with preconditioners, say M−1
K and M−1

A . The block W1 is 
obviously null, while the expression of W2 and W3 can be obtained from the fourth and fifth equations in (23), respectively, 
as:

W2 = −Z Q T K −1 � −Z Q T M−1
K , (27)

W3 = −γ Z BT A−1 � −γ Z BT M−1
A . (28)

Finally, introducing (27) and (28) into the sixth equation in (23) provides:

Z = S−1 =
(

P + Q T K −1 Q + γ BT A−1 B
)−1 �

(
P + Q T M−1

K Q + γ BT M−1
A B

)−1
. (29)

The block Z is actually the inverse of the Schur complement S of the 3 × 3 block matrix (17). It is easy to observe that S
is SPD if K is so. As also the inverse of S is not available explicitly, we replace it with some preconditioner, say M−1

S . If K
is not SPD, e.g., in case the rock constitutive law is described by a non-associative plasticity model, S is indefinite as well. 
However, this modification does not change the approach that follows because of the way we will approximate Q T K −1 Q .

In summary, using the approximations introduced above, a block triangular preconditioner for the matrix K in Eq. (17)
reads:

M−1 =
⎡
⎣ M−1

K 0 0
0 M−1

A 0
−M−1

S Q T M−1
K −γ M−1

S BT M−1
A M−1

S

⎤
⎦ . (30)

It is easy to see that M−1 can be also written in a factored form as:

M−1 = M−1
1 M−1

2 M−1
3 , (31)

where:

M−1
1 =

⎡
⎣ I 0 0

0 I 0
0 0 M−1

S

⎤
⎦ , M−1

2 =
⎡
⎣ I 0 0

0 I 0
−Q T −γ BT I

⎤
⎦ , M−1

3 =
⎡
⎣ M−1

K 0 0
0 M−1

A 0
0 0 I

⎤
⎦ . (32)

Let us introduce the matrices:

E K = I − M−1
K K , (33)

E A = I − M−1
A A, (34)

E S = I − M−1
S

(
P + Q T M−1

K Q + γ BT M−1
A B

)
(35)

that can be regarded as a measure of the quality of the preconditioners M−1
K , M−1

A and M−1
S as approximations of the 

inverse of the respective matrices. The following result holds:

Theorem 3.1. Let K and M−1 be the matrices introduced in Eqs. (17) and (30), respectively, with E K , E A and E S defined as in (33)
through (35). If E K = E A = E S = 0, then the eigenvalues of the preconditioned matrix M−1K are all equal to 1.

Proof. Using Eqs. (17) and (30), and the definitions (33) through (35), the preconditioned matrix M−1K reads:

M−1K =
⎡
⎣ I − E K 0 −M−1

K Q
0 I − E A −M−1

A B
M−1

S Q T E K γ M−1
S BT E A I − E S

⎤
⎦ , (36)

i.e., M−1K = I −H where H reads:

H =
⎡
⎣ E K 0 M−1

K Q
0 E A M−1

A B
−M−1 Q T E −γ M−1 BT E E

⎤
⎦ . (37)
S K S A S
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Therefore, the eigenvalues λ of M−1K are:

λ
(
M−1K

)
= 1 − 	 (H) (38)

where 	 denotes the eigenvalues of H. Recalling Eq. (37), if E K = E A = E S = 0 then H is an upper triangular matrix with 
zero diagonal blocks and any λ(M−1K) is equal to 1. �
Remark 3.1. The result (38) ensures that M−1K converges to a unitary upper triangular matrix as the sub-problem pre-
conditioners M−1

K , M−1
A and M−1

S are properly improved. Hence, the quality of M−1 ultimately relies on the selection of 
appropriate approximations for the structural and flow sub-problems, along with the related Schur complement.

Remark 3.2. It is interesting to observe that, according to the definition (35), M−1
S should be a good approximation of the 

inverse of:

S̃ = P + Q T M−1
K Q + γ BT M−1

A B (39)

rather than of the exact Schur complement S , which is therefore not actually needed to compute an effective preconditioner.

It should be remembered that an eigenspectrum enclosed in a neighborhood of 1 is not a sufficient condition to ensure 
a fast convergence for a nonsymmetric iterative solver, e.g., such as the generalized minimal residual (GMRES) method [46], 
because the convergence rate depends also on the conditioning number of the matrix of the eigenvectors of M−1K [47]. 
However, computational experience shows that a preconditioned matrix with a compact eigenspectrum very rarely produces 
a bad convergence.

3.1.1. Sub-problem preconditioners
The choice of good preconditioners for both K and A is not overly difficult. Here, the block K is the standard SPD 

stiffness matrix arising from linear elastic structural problems. Several efficient algebraic preconditioners for this matrix 
can be found in the field of incomplete decompositions, approximate inverses and algebraic multigrid. The block A arises 
from the mixed discretization of Darcy’s law and is generally well-conditioned, so that a simple Jacobi approximation often 
suffices. By distinction, the main difficulty in building M−1 relies in the efficient approximation of S̃−1. The contributions 
Q T M−1

K Q and BT M−1
A B can be much expensive to compute, depending on the choice for M−1

K and M−1
A , and to store, as 

they typically result in matrices much denser than P .
The issue of approximating BT M−1

A B has been already addressed in the context of the mixed finite element solution 
of Darcy’s flow. Bergamaschi et al. [48] propose to use a matrix derived from the discretization of the pressure Laplacian 
weighted by the Euclidean norm of the rows of A. We define the diagonal matrix:

Ã = diag
(
ã1, ã2, . . . , ãnq

)
, ãi =

⎛
⎝ nq∑

j=1

∣∣Aij
∣∣2
⎞
⎠

1/2

, i = 1, . . . ,nq. (40)

The contribution BT M−1
A B is then approximated by:

S A = BT Ã−1 B (41)

that has proved to be an optimal preconditioner of B T A−1 B in the sense that the number of iterations to converge for a 
conjugate gradient algorithm does not depend on the grid size h [48].

A sparse approximation of the contribution Q T M−1
K Q can be obtained using physics-based considerations. Let us for-

mally derive with respect to time the discrete momentum equation (first row of Eq. (15)) and solve with respect to u̇:

u̇ = K −1 Q ṗ + K −1 ˙̃f u . (42)

Replacing (42) in the discrete flow equation (third row of Eq. (15)) we obtain:

BT q +
(

P + Q T K −1 Q
)

ṗ = ˜̃f p (43)

where ˜̃f p = f̃
p − Q T K −1 ˙̃f u . Eq. (43) can be regarded as the classical flow equation in saturated porous media discretized 

in a mixed Raviart–Thomas space, where the elastic storage contribution is accounted for by (P + Q T K −1 Q ). In some 
circumstances, it is well-known that the flow equation can be mathematically decoupled from the momentum equilibrium 
equation. For instance, if the deformation evolves with no variation in time of the total volumetric stress σvol [49]:

σ̇vol = Kb∇ · ˙̂u − bṗ = 0, (44)
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with Kb the volumetric bulk modulus, the continuity equation (3) theoretically decouples from the equilibrium equation (1)
reading:

∇ · q̂ +
(

1

M
+ b2

Kb

)
ṗ = f . (45)

Similarly, if the deformation occurs in oedometric conditions with prevented lateral deformations and the total vertical 
stress does not change, then the following relationship holds [50]:

K v∇ · û = bp, (46)

with K v the vertical uniaxial bulk modulus. Also in this case the flow equation theoretically decouples from the equilibrium 
equation yielding the same expression as in (45) where Kb is replaced by K v . Uncoupling the flow from the equilibrium 
equation is sometimes acceptable also when the conditions (44) and (46) are not exactly met, as the introduced approxima-
tions are relatively small for the space and time scale of interest, e.g., [51]. This may suggest using Eq. (45) with either Kb
or K v instead of Eq. (3) as a preconditioner. Introducing the approximations (14) in the mixed weak form of Eq. (45) yields 
the following semidiscrete equation:

BT q + (P + S K ) ṗ = f̃
p

(47)

where, using the notation introduced in Appendix A, S K reads:

[S K ]i, j =
∫
�

b2

K
N p

i · N p
j d� ∀(i, j) ∈ {1,2, . . . ,np

}× {
1,2, . . . ,np

}
. (48)

In (48) K denotes either Kb or K v according to the selected physical process. In the context of the current choice for 
N p , matrix S K turns out to be diagonal with non-negative entries. Comparing Eq. (47) with (43) it follows naturally to 
approximate Q T K −1 Q with S K .

Remark 3.3. As pointed out by White et al. [33], matrix S K is introduced to obtain the so-called fixed-stress splitting scheme 
for the sequential solution of a finite element coupled poromechanical model [32]. The physical motivation for the use of 
S K relies on the assumption that at the initial step of the sequential scheme the total volumetric stress does not change, 
so that Eq. (44) holds. This allows for the development of an unconditionally stable sequential scheme [32,52–55]. For this 
reason, the approximation S K is also referred to as fixed-stress matrix.

According to Eq. (48), replacing Q T K −1 Q with S K is appropriate if:

Q (i),T K −1 Q (i) � b2

K

∣∣∣�(e)
∣∣∣ , Q (i),T K −1 Q ( j) � 0 (49)

where Q (k) denotes the k-th column of Q and |�(e)| is the elemental volume. Eq. (49) can be also regarded as prescribing 
the fixed-stress condition on an element-by-element basis. Recalling the Q definition (see Appendix A) it can be observed 
that Q (k) , k = 1, . . . , np , is a sparse vector with non-zero entries only in the n(k)

u components corresponding to the indices 
of the degrees of freedom associated to the nodes of the k-th element. Therefore, in the computation of Q (k),T K −1 Q (k) an 
n(k)

u × n(k)
u sub-matrix only of K −1 is actually required. An approximation of this sub-matrix can be obtained by inverting 

the corresponding sub-matrix of K (Fig. 1).
Denote by R(k) the n(k)

u × nu restriction operator such that:

K (k) = R(k)K R(k),T (50)

is the sub-matrix of K made by the entries in the rows and columns with indices corresponding to the degrees of freedom 
associated to the nodes of the k-th element. As K (k) is a diagonal block of an SPD matrix, it is non-singular and can be 
regularly inverted. Denoting by K̃ (k),−1 the prolongation of K (k),−1 to Rnu×nu :

K̃ (k),−1 = R(k),T K (k),−1 R(k) (51)

the approximation S K of Q T K −1 Q can be computed as:

S K =
np∑

k=1

Q (k),T K̃ (k),−1 Q (k)ekeT
k , (52)

where ek is the k-th vector of the canonical basis of Rnp . Eq. (52) provides a fully algebraic interpretation of the classical 
fixed-stress matrix.
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Fig. 1. Non-zero entries (in red) of Q T , K , and Q required in the approximate computation of Q (k),T K −1 Q (k) based on Eqs. (50)–(52). (For interpretation 
of the references to color in this figure legend, the reader is referred to the web version of this article.)

On summary, the sub-problem preconditioner M−1
S is chosen such that:

M−1
S � (P + S K + γ S A)−1 (53)

where P and S K are diagonal matrices with non-negative entries and S A is typically well-conditioned [48]. In the sequel 
we will consider three different alternatives for S K :

1. S(b)
K denotes the matrix computed as in Eq. (48) with K = Kb;

2. S(v)
K denotes the matrix computed as in Eq. (48) with K = K v ;

3. S(e)
K denotes the matrix computed as in Eq. (52).

Details on the algorithms for the numerical construction and application of M−1 with the sub-problem preconditioners 
described above are given in Appendix B.

3.2. Preconditioner analysis

Matrix K can be written as:

K =
[

D A1
A2 P

]
, (54)

where D is a block-diagonal matrix and A1 and A2 can be easily obtained from (17). As P → 0 Eq. (54) shows that K
approaches a saddle-point matrix. Using this notation the triangular preconditioner M−1 reads:

M−1 =
[

M−1
D 0

−M−1
S A2M−1

D M−1
S

]
(55)

with M−1
D a block-diagonal preconditioner including M−1

K and M−1
A . The preconditioned matrix is:

M−1K =
[

M−1
D D M−1

D A1

M−1
S A2

(
I − M−1

D D
)

M−1
S

(
P − A2M−1

D A1

) ]
. (56)

From Eq. (56) it is easy to observe that, if M−1
K = K −1 and M−1

A = A−1, then the eigenvalues λ(M−1K) of the precondi-
tioned matrix are either 1, with multiplicity equal to nu + nq , or equal to the eigenvalues of:

J = M−1
S

(
P − A2M−1

D A1

)
. (57)

Assume that M−1
S is the inverse of (P + S K + γ S A), i.e., Eq. (53) holds exactly. The analysis of the eigenvalues of J gives an 

idea of the best theoretical results that can be obtained by using the preconditioner M−1 with the approximations (48), or 
(52), and (41).



N. Castelletto et al. / Journal of Computational Physics 327 (2016) 894–918 903
Matrix J depends on γ = θ�t:

J = M−1
S S = (P + S K + γ S A)−1

(
P + Q T K −1 Q + γ BT A−1 B

)
. (58)

For �t → 0, the matrix J becomes:

J0 = (P + S K )−1
(

P + Q T K −1 Q
)

(59)

where P + S K is diagonal. Assume, for the sake of simplicity, that the problem is homogeneous, discretized by a regular 
partition T h . Hence, the eigenvalues λ( J0) are:

λ( J0) =
[(

1

M
+ b2

K

)
h3
]−1

h3
[

1

M
+ α (E, ν)

]
= 1 + Mα(E, ν)

1 + b2M/K
(60)

where α is a non-negative function of the medium Young’s modulus, E , and Poisson’s ratio, ν . Eq. (60) shows that for small 
time steps the preconditioner behavior is h-independent and that a lower bound exists for λ( J0):

λ( J0) >
1

1 + b2M/K
. (61)

As Biot’s coefficient b is generally close to 1, the eigenvalue distribution depends on the relationship between K and α(E, ν), 
i.e., ultimately on the representativeness of K of the deformation behavior of the porous matrix.

Remark 3.4. It has been often observed that the numerical solution to coupled poromechanical problems becomes more 
ill-conditioned for small time step values. In particular, different authors have identified critical time step values below 
which ill-conditioning may suddenly occur, e.g., [56–58,29]. The proposed solution algorithm for the Mixed FE model of 
Biot’s equations is not affected by this kind of pathology, as the conditioning of the problem does not increase for small �t
values independently of the choice of M−1

K and M−1
A .

By distinction, for �t → ∞ the matrix J is:

J∞ =
(

BT Ã−1 B
)−1

BT A−1 B. (62)

The eigenspectrum of J∞ depends on the quality of S A as a preconditioner for BT A−1 B . As shown by Bergamaschi et 
al. [48], S A is an optimal preconditioner for B T A−1 B in the sense that the eigenvalue distribution is again h-independent.

On summary, we can conclude that the behavior of the proposed preconditioner is essentially controlled by S K for small 
�t values and by S A for large �t values. In both cases, the eigenspectrum is bounded and h-independent, potentially with 
an optimal weak scalability. For intermediate �t values the overall behavior is expected to be somewhere in between the 
two extreme behaviors.

4. Numerical results

Three sets of numerical experiments are discussed in this section. In the first set the theoretical properties of the 
preconditioner described in Section 3.2 are illustrated focusing on Mandel’s problem [59], a classic benchmark of linear 
poroelasticity. The scalability of the preconditioner is discussed in the second set addressing the consolidation of a three-
dimensional footing problem. Finally, accuracy and robustness of the preconditioner for a real-life application, in which 
unstructured grids and challenging material anisotropy are introduced, are demonstrated in the third set of examples. In 
all tests, Bi-CGStab [40] is selected as Krylov subspace method using the null vector as initial guess. A comparison with 
GMRES is also presented for Mandel’s problem. The stopping criterion is based on the reduction of the Euclidean norm of 
the relative iterative residual r(k) below a specified tolerance τ , i.e. ||r(k)||2 ≤ τ ‖ f ‖2, with k the iteration number. As an 
additional check, once convergence is achieved the norm of the true residual is confirmed to be satisfactory.

Based on different choices of the sub-problem preconditioner operators, we consider the following three variants of the 
block triangular preconditioner M−1 =M−1

(
M−1

K , M−1
A , M−1

S

)
:

M−1
I = M−1

(
K −1, A−1, S̃−1

)
, (63)

M−1
II = M−1

(
K −1

IC , A−1
IC , S̃−1

IC

)
, (64)

M−1
III = M−1

(
K −1

amg, A−1
IC , S̃−1

amg

)
. (65)
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Fig. 2. Mandel’s problem: sketch of the setup with the physical problem (a) and numerical discretization (b). Taking advantage of the symmetry of geometry 
and boundary conditions, only the gray region corresponding to one-quarter of the domain is discretized.

Table 1
Mandel’s problem: base-case Scenario parameters.

Symbol Quantity Value Unit

E Young’s modulus 1 × 106 [Pa]
ν Poisson’s ratio 0.2 [–]
b Biot’s coefficient 1.0 [–]
M Biot’s modulus ∞ [Pa]
κ Isotropic permeability 1 × 10−12 [m2]
μ Fluid viscosity 1 × 10−3 [Pa·s]

a Domain size in x-direction 1.0 [m]
b Domain size in z-direction 1.0 [m]
c Domain size in y-direction 0.1 [m]
|F | Applied force magnitude 2 × 102 [N·m−1]
tc Characteristic consolidation time 900 [s]

τ Solver tolerance 1 × 10−8 [–]

Expression (63) implies that the application of the diagonal block inverses for M−1
I is performed “exactly” via nested either 

direct or iterative solvers. The only approximation in M−1
I is the substitution of the exact two-level dense Schur com-

plement S (Eq. (29)) with its sparse approximation S̃ (Eq. (53)). In particular, M−1
I allows for verifying the theoretical 

properties of the block triangular preconditioner—ultimately the impact of S A , (Eq. (41)) and S K (Eq. (48)) in the approxi-
mation S̃ . On the other hand, approaches based on M−1

II and M−1
III introduce further levels of approximation utilizing either 

incomplete Cholesky factorizations with a prescribed degree of fill-in ρ , i.e. IC(ρ), or algebraic multigrid preconditioners for 
each sub-problem.

The computational performance is evaluated in terms of average iteration counts per timestep, wall clock time T p for the 
preconditioner computation, and average wall clock time T̄ s for the solver to converge. The average total time is denoted 
by T̄t = T p + T̄ s . Average quantities are computed on a per-timestep basis. The preconditioner construction time accounts 
for the pre-processing time needed to compute S K , S A and S (see Appendix B). The results reported below were obtained: 
(a) on an Intel Core i7-4770 processor at 3.4 GHz with 8-GB of memory for serial simulations; (b) on a high performance 
cluster of multi-core computational nodes connected by QDR Infiniband interconnects for parallel simulations, each node 
consisting of two 6-core Intel Xeon processor X5660 at 2.8 GHz with 24-GB of memory.

4.1. Mandel’s problem

The problem setup consists of a porous slab bounded by rigid, frictionless, impermeable plates. The slab cross-section 
measures 2a ×2b. Side surfaces (x̂ = ±a) are stress free, drained, and kept to ambient pressure at all times. At time t = 0 the 
medium is suddenly subjected to a compressive force 2F in the direction orthogonal to the confining plates (Fig. 2a), which 
produces an instantaneous constant pressure build-up along with a bilinear displacement field [59,60]. Boundary conditions, 
initial conditions, pressure and displacement analytical solutions are given in detail in [61].

Due to symmetry only a quarter of the x̂- ŷ plane is modeled. The problem is solved using a 3D setup prescribing 
appropriate boundary conditions that ensure a plane state in the y-direction. A Cartesian grid with characteristic mesh size 
h is used. The base-case scenario parameters are provided in Table 1. The non-symmetric linear system (16) is solved by 
using either Bi-CGStab or GMRES as implemented in the routines mi26 and mi24, respectively, from the HSL collection of 
FORTRAN linear algebraic solvers for sparse matrices [62].
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Fig. 3. Mandel’s problem: eigenvalue distribution of M−1
I K for different values of the time step size and h = a/10.

Fig. 4. Mandel’s problem: the same as Fig. 3 for h = a/20.

4.1.1. Schur complement approximation: preconditioner M−1
I

The M−1
I preconditioner is useful to isolate the impact of the two-level Schur complement approximation on the con-

vergence behavior. However, its application may become too expensive for large-size problems since it requires the solution 
of three inner systems with matrices K , A and S̃ . Therefore, its interest is mainly theoretical and the related numerical 
experiments are used to verify the expected behavior according to the considerations developed in Section 3.2.

The eigenspectrum of the preconditioned matrix M−1
I K for different �t and h sizes is shown in Fig. 3 through 5. 

The results have been obtained using the volumetric bulk modulus in the computation of S̃ , i.e. S(b)
K is employed for 

S K , with no significant differences for S(v)
K and S(e)

K . As expected from the theoretical analysis developed in Section 3.2, 
the eigenspectrum is tightly bounded and h-independent for �t → 0 and �t → ∞. With an intermediate �t value the 
eigenspectrum changes slightly with h, but in any case it appears more clustered around 1 than for extreme time steps. 
Hence, the selected approximations S K and S A prove an effective spectral approximation of the two-level Schur complement 
and should ensure a fast convergence.
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Fig. 5. Mandel’s problem: the same as Fig. 3 and Fig. 4 for h = a/30.

Table 2
Mandel’s problem, preconditioner M−1

I : average iterations per time step to converge as a function of mesh 
refinement for the parameter set given in Table 1 and �t = 4.5 s. The number of unknown displacement (nu ), 
pressure (np ), and velocity (nq) degrees of freedom is also provided.

h Unknowns nu np nq Average iterations

a/10 730 440 100 190 10.0
a/20 5,721 2,961 800 1,960 11.1
a/30 19,172 9,362 2,700 7,110 11.3
a/40 45,283 21,443 6,400 17,440 12.0
a/50 88,254 41,004 12,500 34,750 12.2
a/60 152,285 69,845 21,600 60,840 12.8
a/70 241,576 109,766 34,300 97,510 12.7
a/80 360,327 162,567 51,200 146,560 12.8
a/90 512,738 230,048 72,900 209,790 12.8
a/100 703,009 314,009 100,000 289,000 12.9

The preconditioner performance is evaluated in terms of the solver iteration count. Mandel’s problem is simulated for 
t ∈ [0, tc], where tc = [(a2μ)/(κ K v)] is the characteristic consolidation time [36], for different values of the time step �t
and grid size h. For the sake of simplicity, only Bi-CGStab is used as a solver in this case. As the Bi-CGStab residual profile 
can exhibit quite an erratic behavior, with possible stagnations due to the unpredictable propagation of rounding errors 
especially in ill-conditioned situations, the iteration count is computed as the average number of iterations per-timestep.

The effect of mesh refinement is analyzed first. Table 2 provides the number of iterations as a function of h for the 
parameters set in Table 1 and �t = 4.5 s, that corresponds to a non-dimensional time step �t∗ = �t/tc = 5 ×10−3. Detailed 
information on the number of unknown displacement, pressure, and velocity degrees of freedom is also given. As anticipated 
by the eigenvalue analysis, we observe that a practically constant number of iterations to converge is obtained, with M−1

I
proving to be an optimal preconditioner with respect to the mesh size.

Generalization of the results obtained for the base-case scenario requires the investigation of the preconditioner behavior 
for a broader range of the parameter space. Based on a non-dimensional analysis of the governing equations for single-phase 
poromechanics under the assumptions of incompressible solid and fluid phases, isotropic permeability and isotropic linear 
elasticity, it is easy to see that varying the non-dimensional timestep �t∗ and Poisson’s ratio ν only is sufficient for explor-
ing the entire parameter space [61]. Note that restricting the parameters to the limit case of incompressible solid (b = 1.0) 
and fluid (M = ∞) constituents corresponds to the configuration maximizing the so-called Mandel–Cryer effect, i.e. the 
most pronounced hydromechanical coupling, hence the most challenging setup. Table 3 reports the iteration count obtained 
using a non-dimensional timestep size ranging from �t∗ = 5 × 10−6 to �t∗ = 5 × 10−1 for a fixed mesh size h = a/40, the 
smaller timesteps being representative of low permeable media for which nearly undrained conditions apply at the early 
stage of the consolidation process. Only a mild dependence on timestep size can be observed, thus confirming again the 
results expected from the eigenvalue analysis. Results in Table 4 also confirm an essential h-independence with respect to 
changes in ν .
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Table 3
Mandel’s problem, preconditioner M−1

I : average iterations per 
time step to converge as a function of non-dimensional timestep 
�t∗ = �t/tc for a fixed mesh corresponding to h = a/40. The re-
maining parameters are the same given in Table 1.

�t∗ Number of timesteps Average iterations

5 × 10−6 200,000 12.7
5 × 10−5 20,000 7.5
5 × 10−4 2,000 12.0
5 × 10−3 200 12.0
5 × 10−2 20 10.8
5 × 10−1 2 9.5

Table 4
Mandel’s problem, preconditioner M−1

I : average iterations per time step to converge as a 
function of both mesh refinement and Poisson ratio (ν). The total number of timesteps is 
200 in all cases, using a non-dimensional timestep �t∗ = �t/tc = 5 × 10−3. The remaining 
parameters are the same given in Table 1.

h Unknowns Average iterations

ν = 0.0 ν = 0.1 ν = 0.2 ν = 0.3 ν = 0.4

a/10 730 11.9 10.0 10.0 8.6 8.0
a/20 5,721 13.4 12.3 11.1 9.8 9.0
a/40 45,283 15.1 13.9 12.0 10.5 9.3
a/80 360,327 15.8 14.9 12.8 11.1 9.8

Table 5
Mandel’s problem, preconditioner M−1

I : average iterations per time step to converge as a 
function of different definitions for S K and Poisson’s ratio (ν). A mesh with h = a/80 and a 
non-dimensional time step �t∗ = �t/tc = 5 × 10−3 are used. The remaining parameters are 
those given in Table 1.

Average iterations

ν = 0.0 ν = 0.1 ν = 0.2 ν = 0.3 ν = 0.4

S(b)
K 15.8 14.9 12.8 11.1 9.8

S(v)
K 10.4 10.0 10.0 9.8 9.9

S(e)
K 11.1 10.4 10.4 10.0 10.0

Finally, the effects associated with variants of the approximation adopted for S K are summarized in Table 5. If higher 
Poisson’s ratios are considered all options perform quite well. Conversely, in the particular case of zero Poisson’s ratio—a 
rather improbable value in real-life geomechanical applications—the behavior obtained using S(b)

K is outperformed by the 
two other choices, which practically exhibit the same trend. At a first glance, this seems to contradict the recommendations 
made in [52] as to the appropriate local (element-wise) bulk modulus K̄ to be used in the definition S K . In [52] the authors 
claim the use of a dimension-based estimation for K̄ , namely choosing K v , K2D (plane-strain bulk modulus), and Kb for 
one, two, and three dimensional problems, respectively. Actually, the reader should keep in mind that the objective in [52]
was to analyze stability and convergence properties of the fixed-stress operator split in the context of sequential methods 
for flow and geomechanics using a displacement/pressure formulation. If the fixed-stress split is recast as a particular block 
triangular preconditioning strategy applied within a Richardson iteration as shown in [61], the apparent contradiction can 
be easily clarified. Indeed, for any linear stationary method, such as Richardson iteration, the asymptotic convergence is 
controlled by the spectral radius of the iteration matrix. The dimension-based estimate aims at providing a guideline for 
obtaining an unconditionally stable sequential method—namely, warranting a spectral radius smaller than one in magnitude. 
In contrast, for a Krylov iteration there is no condition on the eigenspectrum, the convergence rate being generally controlled 
by how well clustered around 1 the eigenvalues are. Hence, a preconditioner working well for a Richardson iteration will 
also perform well for a Krylov subspace method. The converse, however, is not necessarily true. Results shown in Table 5 are 
essentially saying that for Mandel’s specific setup approximations S(v)

K and S(e)
K lead to a better clustering of the eigenvalues, 

especially for low Poisson’s ratio values where the 3-D effect is much less important.

4.1.2. Incomplete factorization strategies: preconditioner M−1
II

As already mentioned, the application of M−1
I can become computationally too expensive for large-size problems. Thus, 

approximations of K −1, A−1 and S̃−1 are to be introduced in practice. Here, the performance of the preconditioner M−1
II

arising by replacing K , A, and S̃ with IC factorizations is analyzed. Similar results are expected if using other algebraic 
approximations of these blocks, e.g. sparse approximate inverses [63–65]. Let us focus on the mesh characterized by h =
a/80, corresponding to a problem totaling 360,327 unknowns. The parameters given in Table 1 are used with �t∗ = �t/tc =
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Table 6
Mandel’s problem, preconditioner M−1

II : average per-timestep iteration count as a function of the fill-in degree ρK used in K −1
IC and the different definitions 

for S K . The parameter set given in Table 1 is used, with �t∗ = �t/tc = 5 × 10−3 and 200 timesteps. The characteristic mesh size is h = a/80, corresponding 
to a problem totaling 360,327 unknowns. The no-fill IC(0) preconditioner is used for both M−1

A and M−1
S .

Average iterations

ρK = 0 ρK = 10 ρK = 20 ρK = 30 ρK = 40 ρK = 50 ρK = 60 ρK = 70 ρK = 80

S(b)
K 178.8 160.9 141.9 130.8 107.4 101.1 96.5 96.1 92.6

S(v)
K 180.4 165.4 143.4 131.7 107.8 100.9 96.5 96.1 92.5

S(e)
K 180.6 165.4 141.7 131.4 107.4 101.5 96.4 95.9 92.3

Fig. 6. Mandel’s problem, preconditioner M−1
II : average per-timestep timings as a function of the fill-in degree ρK used in K −1

IC with S(b)
K for Bi-CGStab 

(a) and optimal GMRES (b). The parameter set given in Table 1 is used, with �t∗ = �t/tc = 5 × 10−3 and 200 timesteps. The characteristic mesh size is 
h = a/80, corresponding to a problem totaling 360,327 unknowns. The no-fill IC(0) preconditioner is used for both M−1

A and M−1
S .

5 × 10−3, thus simulating 200 timesteps. As to the IC factorization, we elected to use the variant proposed in [66], where 
the fill-in integer parameter ρ is the number of non-zero entries computed for each row of the IC factor in excess to the 
number of non-zeroes of the same row of the matrix, because it allows for an easy control of the memory occupation. The 
no-fill IC(0) preconditioner is used for both M−1

A and M−1
S . A sensitivity analysis on the fill-in parameter is performed for 

M−1
K , with ρK ranging between 0 and 80.
Table 6 provides average per-timestep iteration count as a function of the choice for S K and the fill-in parameter ρK used 

in K −1
IC for Bi-CGStab preconditioned with M−1

II . The desired reduction of the preconditioned residual is always achieved, 
irrespective of the fill-in degree. For low ρK values, the convergence profile can exhibit in some cases a stagnation of 
the residual due to rounding errors. Such an occurrence is practically avoided introducing just a moderate fill-in, namely 
ρK = 40, which produces also an average iteration reduction of about 40%. The results obtained approximating S K by 
S(b)

K are also representative of the behavior observed using S(v)
K or S(e)

K . Similar timings (T p , T̄ s , and T̄t ) are measured 
for the three choices of S K . In Fig. 6a we report timings profiles for S(b)

K . A roughly constant T̄t of about 16 seconds is 
measured for ρK ranging between 0 and 40. Above ρK = 40 the gain in iteration count is not enough to amortize the cost 
of computing and applying a denser K −1

IC , hence the average solution time per timestep starts growing. Note that since 
a constant timestep is used, S̃ does not change during the entire simulation, i.e. the updating stage given in Algorithm 2
of Appendix B is performed just once. The robustness of the proposed approach is emphasized by the fact that the average 
behavior is essentially the same in all cases. The only difference is a non-surprising (slightly) higher pre-processing time 
for computing S(e)

K compared to those of the other approaches, which consist of computing a simple diagonal matrix based 
on an element-wise property. However, the element-based method comes with the advantage that no information as to 
the grid and the hydromechanical properties is needed to construct the contribution to the Schur complement associated 
to the mechanical stiffness matrix. Hence, such an approach is fully algebraic and allows for using the block triangular 
preconditioner M−1 as a “black-box” tool.

Fig. 6b shows the same timing profiles as Fig. 6a using a right preconditioned GMRES solver [46] as implemented in 
the mi24 HSL routine [62]. Though theoretically more robust than Bi-CGStab, full GMRES without restart is too expensive 
to be competitive with it, so a restarted variant must be used in practice. The typical computational experience with Krylov 
solvers is that the key factor controlling the efficiency is the preconditioner rather than the solver, e.g., [67,29]. A similar 
conclusion holds true in the present case as well, with the best performance obtained by GMRES with the optimal restart 
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Fig. 7. Three-dimensional footing problem used for the parallel scalability study.

parameter quite similar to that of Bi-CGStab. The result is slightly worse for small values of the fill-in degree ρK . On the 
basis of this outcome, in the following test cases we will use Bi-CGStab only.

Remark 4.1. Irrespective of the approximation for S K , introducing the IC(0) preconditioner for A only, while still solving 
exactly for K and S̃ , produces no difference in terms of average iteration count with respect to M−1

I . If IC(0) is adopted 
also for S̃ , the average iteration count increases. If ν = 0.2 the average iteration count reaches 67.3, 65.5, and 65.8 for S(b)

K , 
S(v)

K , and S(e)
K , respectively.

4.2. Parallel scalability of the preconditioner: preconditioner M−1
III

In this section, we consider the performance of the proposed preconditioner in a parallel context. The test problem is a 
three-dimensional footing problem, which is used for both a strong and weak scaling study using MPI-based parallelism. A 
slice through the problem geometry is given in Fig. 7a. The modeled domain is a poroelastic cube, with length 1 m on each 
edge. The material parameters are the same as indicated in Table 1. The side and lower faces of the cube are impermeable 
and have a no-normal-displacement boundary condition. At the upper surface, a flexible footing load t̄ = [0, 0, −t̄z]T is 
applied to a 0.25 m × 0.25 m patch at the corner of the domain, with t̄z = 1 kPa. This footing patch is assumed to be 
impermeable, but the remainder of the top surface is allowed to drain freely with a fixed zero pressure boundary condition. 
The simulation timestep is �t = 4.5 s. The relative tolerance used in the stopping criterion is set to τ = 10−6. Fig. 7b 
illustrates the resulting normalized fluid pressure p/t̄z at the first timestep.

For the scaling study, we use the M−1
III variant of the preconditioner: algebraic multigrid is used to construct K −1 and 

S̃−1 approximations, while an incomplete Cholesky factorization is used for A−1. To further lower the computational cost, 
we introduce an additional approximation for the stiffness matrix K —which corresponds to the elasticity operator—in the 
preconditioner construction. In 3D problems, if displacement degrees of freedom are ordered based on each coordinate 
direction, K possesses a 3 × 3 block structure reflecting a full coupling between x, y, and z components of displacements, 
namely:

K =
⎡
⎣ Kxx Kxy Kxz

K yx K yy K yz

Kzx Kzy Kzz

⎤
⎦ . (66)

Rather than using the complete K , consider the block-diagonal sparser approximation K̃

K̃ =
⎡
⎣ Kxx

K yy

Kzz

⎤
⎦ , (67)

in which the off-diagonal components are eliminated. This is the separate displacement component (SDC) approximation, 
introduced in [68]. Using Korn’s inequality, one can establish that the SDC approximation K̃ is spectrally-equivalent to 
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Table 7
Weak scaling performance on the three-dimensional footing problem. Each computational node contains 12 cores and 24 GB of memory.

Cores ntotal nu np nq Iterations T p [s] Ts [s] Tt [s] Efficiency

12 1,235,330 539,334 175,616 520,380 22 0.6 2.9 3.5 100%
120 12,123,778 5,241,478 1,728,000 5,154,300 23 0.9 3.5 4.4 80%
1,200 117,567,230 50,593,534 16,777,216 50,196,480 25 5.5 6.4 12.0 29%
3,000 305,539,166 131,337,886 43,614,208 130,587,072 26 12.2 10.1 22.3 16%
6,000 629,796,158 270,548,542 89,915,392 269,332,224 26 13.5 9.4 22.9 15%
12,000 1,229,919,038 528,101,838 175,616,000 526,201,200 27 20.2 13.7 33.9 10%

Table 8
Strong scaling performance on the three-dimensional footing problem. Each computational node contains 12 cores and 24 GB of memory.

Cores ntotal/core nu /core np /core nq/core Iterations T p [s] Ts [s] Tt [s] Efficiency

12 821,556 355,403 117,077 349,076 27 5.1 38.9 44.0 100%
24 410,777 177,701 58,538 174,538 27 3.0 15.0 18.0 123%
48 205,388 88,850 29,269 87,269 25 2.4 7.8 10.2 108%
96 102,693 44,425 14,634 43,634 22 2.9 4.2 7.1 78%
192 51,346 22,212 7,317 21,817 25 1.7 2.1 3.8 72%
384 25,672 11,106 3,658 10,908 25 4.5 2.5 7.0 20%

K —see [69,70]. Note that this approximation breaks down in the incompressible elasticity limit, ν → 0.5. We apply algebraic 
multigrid to this block-diagonal approximation.

The algebraic multigrid preconditioner is provided by ML [71] using smoothed aggregation AMG. The number of grid 
levels is allowed to grow with problem size, and we use a W-cycle. For this problem, a V-cycle is less effective at controlling 
the growth in iteration count, and leads to slightly worse timing performance. Chebyshev smoothing is employed on each 
level, and a direct solver is used on the coarsest level. The IC preconditioner for A−1 is provided by IFPack [72]. The finite 
element code for this numerical examples draws heavily on the deal.II finite-element library [73] and the Trilinos suite of 
numerical algorithms [74].

In the weak scaling study, approximately 1.2 million degrees of freedom are allocated on a single computational node 
(12 cores and 24 GB of memory). As additional nodes are added, the grid is refined to maintain (approximately) the same 
number of degrees of freedom per parallel process. The largest problem size studied here employs 12,000 cores (1000 nodes) 
and 1.2 billion unknowns. Table 7 reports performance results for this study. We present results for the first timestep of 
the simulation, as these are representative of the overall performance. This timestep is the most challenging and generally 
required the largest number of iterations. The performance of subsequent timesteps is similar, however. The table presents 
iterations to convergence as well as computational times. The computational time is broken into a preconditioner setup 
phase and the actual Krylov solver call. Because this problem is linear, the same preconditioner can be re-used for every 
Krylov solve, and therefore the setup cost can be amortized across many linear solves. One observes that iterations to 
convergence approach a constant value as the problem size grows. The timing growth primarily occurs in the (amortized) 
preconditioner setup phase, with less growth in the solution phase. The timing results could certainly be improved with 
additional optimization. The general conclusion, however, is that the proposed preconditioner provides a sound basis for 
designing an efficient and scalable scheme in a parallel setting.

Table 8 presents results for the strong-scaling version of this problem. Approximately 10 million degrees of freedom 
are allocated to a single node (12 cores). The number of nodes is then successively doubled while maintaining the same 
total problem size. As expected, the number of Krylov iterations remains essentially constant. The timing efficiency remains 
reasonable out to 192 cores (approximately 50k degrees of freedom per core). Beyond this, the efficiency drops precipitously 
as the work per process is too small and is overwhelmed by communication costs.

4.3. Surface loading

In this example the consolidation of a shallow formation due to the construction of a trial embankment is addressed. 
The simulation is based on the setup of a large-scale 5-year long loading/unloading test aimed at characterizing the geome-
chanical properties of the sedimentary deposits at the Venice coastland, Italy. For a detailed description of the experimental 
site, see [76] and references therein.

The embankment consists of a 20-m radius, 6.7-m tall vertically walled cylinder (Fig. 8a). The maximum load exerted 
on the ground surface at the completion of the building activity, which required 179 days, is 0.105 MPa. The mixed FE 
model is used to simulate the displacement and pressure field induced by the embankment down to 60 m below the 
ground surface. Alternating sandy, silty and clayey layers are implemented according to the stratigraphy shown in Fig. 8b. 
The model domain covers a circular area of 100-m radius, with symmetry allowing for the discretization of one fourth 
only of the porous volume (Fig. 8c). The following boundary conditions apply: roller support and zero flux conditions on 
the inner boundaries, fixed displacement and impervious conditions on the outer and bottom boundaries, traction-free 
and drained conditions on the top boundary except for the region below the embankment that is assumed impermeable. 
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Fig. 8. Surface loading: view of the embankment (modified after [75]) built at the Venice coastland (a); lithology legend (b); axonometric view of the simu-
lated domain (c); top view of the hexahedral FE mesh used in the simulations (d). The embankment is highlighted in red in (c) and (d). (For interpretation 
of the references to color in this figure legend, the reader is referred to the web version of this article.)

Table 9
Surface loading: soil stratigraphy characterization and hydro-mechanical parameters distribution (after [76]). We 
assume incompressible solid and fluid constituents, i.e. Biot’s coefficient b = 1.0 and Biot’s Modulus M = ∞ MPa, 
along with fluid viscosity μ = 1 × 10−3 Pa·s.

Depth [m] Young’s modulus, E [MPa] Poisson’s ratio, ν [–] Isotropic permeability, κ [m2]

U1 0–3 2.5 0.15 5.1 × 10−15

U2 3–7 11.0 0.20 5.1 × 10−15

U3 7–20 4.2 0.15 2.5 × 10−15

U4 20–22 11.0 0.20 5.1 × 10−15

U5 22–32 22.0 0.15 5.1 × 10−16

U6 32–33 0.9 0.15 5.1 × 10−16

U7 33–45 22.0 0.15 5.1 × 10−16

U8 45–55 44.0 0.20 5.1 × 10−15

U9 55–60 9.9 0.15 5.1 × 10−16

The unstructured two-dimensional quadrilateral grid shown in Fig. 8d is extruded vertically to generate the hexahedral FE 
grid. Each layer is uniformly subdivided in eight sublayers. Overall the three-dimensional mesh is made of 59,641 nodes, 
55,368 elements, and 170,257 faces. Soil stratigraphy characterization and hydro-mechanical properties are given in detail 
in Table 9. The relevant simulation parameters are: Biot’s coefficient b = 1.0, Biot’s Modulus M = ∞ MPa, fluid viscosity 
μ = 1 × 10−3 Pa·s. In the following, the reported iteration count and solution time are averaged over 10 timesteps.

Fig. 9 shows the average number of iterations (left panel) and total solution time (right panel) per timestep as a function 
of the fill-in degree used for the incomplete factorization of K and S̃ , with IC(0) preconditioning always used for A. The 
timestep is set to �t = 1 day and 10 timesteps are simulated. The observed convergence behavior confirms the results 
obtained for Mandel’s problem. Increasing ρK produces the expected reduction of the iteration count, which is essentially 
halved for the largest tested value, i.e. ρK = 80. Conversely, the role played by ρS seems to be rather marginal. Notice 
that increasing ρS in conjunction with low values of ρK leads to a slight iteration count growth. However, increasing the 
density of the incomplete factorization preconditioners for K and S̃ implies more expensive setup and application stages 
for M−1

II . Examining the total cost per timestep it appears clear that the gain in the iteration count does not compensate 
the higher computational cost. Hence, the best computational performance in terms of CPU time is always associated with 
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Fig. 9. Surface loading: average per-timestep iteration count (a) and timings (b) as a function of the fill-in degrees ρK and ρS used in K −1
IC and S̃−1

IC , 
respectively, for Bi-CGStab preconditioned with M−1

II . The approximation S(b)
K is used in S̃ . The no-fill IC(0) preconditioner is used for A−1

IC . The parameter 
set given in Table 9 is used, 10 timesteps are simulated using �t = 1 day.

Fig. 10. Surface loading: same as Fig. 9 using �t = 1 × 10−2 day.

pairs (ρK , ρS ) giving no or minimal fill-in, say ρK ≤ 10 and ρS ≤ 10. If the timestep size is reduced by two- (Fig. 10) and 
four-orders (Fig. 11) of magnitude, Bi-CGStab suffers from an iteration count increase, which appears to be consistent with 
the eigenvalue analysis performed for Mandel’s problem. Despite the moderate loss of performance, the above mentioned 
selection strategy for the pair (ρK , ρS) still holds true.

In the parameter set of Table 9 permeability contrasts are small. It is important to assess how well the proposed frame-
work can cope with more severe jumps in the permeability field, as it can often be encountered in real-world applications. 
Table 10 presents results for different choices of S K as a function of �t when the permeability of units U5, U6, U7, and 
U9 is reduced to κ = 1 × 10−23 m2, i.e. eight orders of magnitude smaller than the more conductive layers. Based on the 
observation reported above, the no-fill IC(0) preconditioner is selected for each sub-problem. Overall, the element-based 
approach provides the best performance, both in terms of iteration and CPU time. Nevertheless, the convergence behavior is 
robust in all cases even for this very challenging configuration irrespective of the choice of S K , building confidence on the 
proposed preconditioning strategy also for challenging heterogeneous problems.

Table 11 presents the behavior of the preconditioner as a function of the timestep size and ρK for meshes of increasing 
size. Top views of the quadrilateral grids that are vertically extruded to the hexahedral FE grid are shown in Fig. 12 along 
with detailed information about the number of nodes, elements and faces. Note that the medium size problem employs the 
base mesh used for the surface loading tests discussed above. At the finest scale the problem is characterized by 3,087,164 
degrees of freedom (nu = 329,696; np = 442,944; nq = 1,314,524). The parameter set given in Table 9 is used. The no-fill 
IC(0) preconditioner is selected for A and S̃ , where S(b)

K is used. It is well-known that IC factorizations do not lead to 
a mesh-independent convergence behavior, thus it is of no surprise that as the size of the problem becomes larger the 
iteration count increases. However, it is remarkable that with ρK = 80 such an increase is very limited and that low ρK

values allow for the solution of the larger problem with a total CPU time on the order of 100 seconds on a serial machine.
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Fig. 11. Surface loading: same as Fig. 9 using �t = 1 × 10−4 day.

Table 10
Surface loading, preconditioner M−1

II : average iterations per time step to converge as a function of both timestep size �t and choice for S K . The total 
number of timesteps is 10 in all cases. A permeability contrast of 8 orders of magnitude is simulated reducing the permeability of units U5, U6, U7, and 
U9. The remaining parameters are the same given in Table 9. For each sub-problem IC(0) preconditioning is used.

�t S(b)
K S(v)

K S(e)
K

nit T p [s] T̄ s [s] T̄t [s] nit T p [s] T̄ s [s] T̄t [s] nit T p [s] T̄ s [s] T̄t [s]

1×10−4 361.5 2.6 28.8 31.5 368.8 2.6 29.5 32.6 351.4 2.9 28.6 31.5
1×10−3 361.4 2.6 28.9 31.5 379.2 2.6 30.3 32.8 350.6 2.9 28.5 31.4
1×10−2 331.9 2.6 26.9 29.5 370.7 2.6 29.5 32.1 331.6 2.9 26.5 29.4
1×10−1 435.4 2.6 34.8 37.4 345.9 2.6 27.5 30.1 305.8 2.9 24.5 27.4
1×100 417.9 2.6 33.4 36.1 356.1 2.6 28.4 31.0 274.4 2.9 22.0 24.9
1×101 362.7 2.6 29.6 32.2 299.2 2.6 24.2 26.7 273.1 2.9 21.8 24.7
1×102 312.7 2.6 25.0 27.6 283.2 2.6 22.6 25.2 234.9 2.9 18.8 21.7

Table 11
Surface loading, preconditioner M−1

II : average iterations per time step to converge as a function of both timestep size �t and ρK for meshes of increasing 
size (Fig. 12) when S(b)

K is used in the approximation S̃ . The total number of timesteps is 10 in all cases. The parameter set given in Table 9 is used. The 
no-fill IC(0) preconditioner is used for diagonal blocks A and S̃ . For largest problem, Bi-CGStab can break down before the desired τ = 1 × 10−8 reduction 
of initial preconditioned residual for low fill-in degrees.

�t ρK mesh_coarse mesh_medium mesh_fine

nit T p [s] T̄ s [s] T̄t [s] nit T p [s] T̄ s [s] T̄t [s] nit T p [s] T̄ s [s] T̄t [s]

1×100 0 47.4 0.7 1.0 1.7 70.5 2.6 5.6 8.2 180.8 21.7 117.6 139.3
10 38.0 0.9 0.9 1.8 54.7 3.6 4.6 8.3 138.9 31.4 96.5 127.9
20 35.2 1.2 0.8 2.0 46.1 4.9 4.1 9.0 123.0 42.9 90.7 133.6
40 32.4 1.9 0.9 2.8 43.8 7.8 4.4 12.2 95.2 69.5 78.4 147.9
80 29.0 3.5 1.0 4.5 36.8 15.0 4.5 19.5 89.9 139.4 89.8 229.1

1×10−2 0 78.3 0.7 1.6 2.3 87.2 2.6 6.9 9.5 * Bi-CGStab breakdown *
10 67.3 0.9 1.5 2.4 76.9 3.6 6.5 10.1 149.1 31.3 103.5 134.9
20 65.7 1.2 1.6 2.8 72.0 4.9 6.5 11.3 132.9 42.9 98.1 141.0
40 61.1 1.9 1.6 3.5 64.6 7.9 6.5 14.4 100.0 69.5 82.5 152.0
80 56.4 3.6 1.9 5.4 56.3 15.1 6.9 22.0 83.8 138.9 83.9 222.8

5. Conclusions

This work presents a family of block preconditioners that have been developed to accelerate the fully-implicit solution 
of the mixed FE coupled poromechanics equations. Our implementation is based on a three-field formulation that combines 
piecewise trilinear (Q1), lowest order Raviart–Thomas (RT0) and piecewise constant (P0) spaces for the approximation of 
displacement, Darcy’s velocity and fluid pore pressure, respectively. The mixed FE formulation warrants local (element-wise) 
mass conservation and provides accurate discrete velocity fields, preserving the practical advantage of using low-order 
interpolation.
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Fig. 12. Surface loading, mesh refinement: quadrilateral grids used to construct by vertical extrusion the hexahedral FE grid. The embankment is highlighted 
in red. Each layer shown in Fig. 8b is divided in four, eight and sixteen equal sublayers for mesh_coarse, mesh_medium, and mesh_fine, respectively. 
Details on number of displacement, pressure and velocity unknowns are provided below each panel. Note that mesh_medium is the base mesh used for 
the surface loading analysis. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

We propose 3 × 3 block-triangular preconditioners M−1 starting from an approximate block-factorization of the system 
matrix K. While many effective algebraic preconditioning strategies are readily available for M−1

K and M−1
A —namely the 

(1,1)- and (2,2)-block of M−1 corresponding to the elasticity stiffness and the velocity mass matrix, respectively—the key 
component for successful convergence and performance is a good preconditioner M−1

S , i.e. the (3,3)-block of M−1, that 
depends on a sparse approximation S̃ to the two-level Schur complement. Specifically, the contribution to S̃ arising from 
the elimination of the displacement is approximated based on a pressure mass matrix, combining both physics-based and 
algebraic arguments. The discrete pressure Laplacian is used to tackle the approximation of the contribution to S̃ arising 
from the elimination of velocity degrees of freedom.

A theoretical analysis and systematic numerical experiments are presented to demonstrate the robustness of the pro-
posed approach with respect to mesh refinement, timestep size and heterogeneous material properties. Excellent scaling 
behavior is observed in a weak scaling test solving at the finest level a 1.2 billion unknown problem using 12,000 processes. 
The solver performance is also assessed within a real-world large-size application addressing the consolidation of a hetero-
geneous shallow formation. The analysis builds confidence in the proposed preconditioning framework as a sound basis for 
the design of efficient and scalable schemes. Extensions to multiphase flow and further testing for nonlinear poromechanics 
is the subject of ongoing research.
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Appendix A. Finite element vectors and matrices

The matrices and vectors introduced in Section 2.3 are assembled in the standard way from element contributions. Their 
global expressions read:

[K ]i, j =
∫
�

∇s N u
i : Cdr : ∇s N u

j d� ∀(i, j) ∈ {1,2, . . . ,nu} × {1,2, . . . ,nu} (A.1)

[Q ]i, j =
∫
�

b∇ · N u
i N p

j d� ∀(i, j) ∈ {1,2, . . . ,nu} × {
1,2, . . . ,np

}
(A.2)

[A]i, j =
∫
�

Nq
i · μκ−1 · Nq

j d� ∀(i, j) ∈ {1,2, . . . ,nq
}× {

1,2, . . . ,nq
}

(A.3)

[B]i, j =
∫

∇ · Nq
i N p

j d� ∀(i, j) ∈ {1,2, . . . ,nq
}× {

1,2, . . . ,np
}

(A.4)
�
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[P ]i, j =
∫
�

1

M
N p

i · N p
j d� ∀(i, j) ∈ {1,2, . . . ,np

}× {
1,2, . . . ,np

}
(A.5)

[ f̃
u]i =

∫
�σ

N u
i · t̄ d� − [K̄ ū]i ∀i ∈ {1,2, . . . ,nu} (A.6)

[ f̃
q]i = −

∫
�p

p̄Nq
i · n d� − [ Āq̄]i ∀i ∈ {1,2, . . . ,nq

}
(A.7)

[ f̃
p]i =

∫
�

N p
i f d� − [Q̄ T ˙̄u]i − [B̄ T q̄]i ∀i ∈ {1,2, . . . ,np

}
(A.8)

where

[K̄ ]i,( j−nu) =
∫
�

∇s N u
i : Cdr : ∇s N u

j d� ∀(i, j) ∈ {1,2, . . . ,nu} × {nu + 1,2, . . . ,nu + nū} (A.9)

[Q̄ ](i−nu), j =
∫
�

b∇ · N u
i N p

j d� ∀(i, j) ∈ {nu + 1,2, . . . ,nu + nū} × {
1,2, . . . ,np

}
(A.10)

[ Ā]i,(i−nq) =
∫
�

Nq
i · μκ−1 · Nq

j d� ∀(i, j) ∈ {1,2, . . . ,nq
}× {

nq + 1,2, . . . ,nq + nq̄
}

(A.11)

[B̄](i−nq), j =
∫
�

∇ · Nq
i N p

j d� ∀(i, j) ∈ {nq + 1,2, . . . ,nq + nq̄
}× {

1,2, . . . ,np
}

(A.12)

Appendix B. Preconditioner application

The computation of M−1 can be subdivided in two stages. Assuming that a linear consolidation problem is addressed, 
i.e., all the sub-matrices in Eq. (17) are independent of the solution vector d and γ is the only term varying between two 
consecutive system solves, the first stage (Algorithm 1) involves a number of operations that can be performed just once at 
the beginning of a transient simulation. The second stage (Algorithm 2) has to be performed whenever γ , i.e., ultimately 
�t , varies. Recalling that P , S K and Ã are diagonal matrices, the cost of the first stage basically relies on the computation 
of a preconditioner for K and A, and a sparse matrix–matrix product to obtain S A . The second stage consists of a diagonal 
update of γ S A and the computation of a preconditioner for S . Note that inverting P is never required, hence the algorithm 
does not break down in case of incompressible pore fluid.

Independently of the Krylov method, e.g., either GMRES or Bi-CGSTAB, the preconditioned algorithm requires the com-
putation of the product t =M−1r =M−1

1 M−1
2 M−1

3 r:

⎡
⎣ tu

tq
t p

⎤
⎦=

⎡
⎣ I 0 0

0 I 0
0 0 M−1

S

⎤
⎦
⎡
⎣ I 0 0

0 I 0
−Q T −γ BT I

⎤
⎦
⎡
⎢⎣

M−1
K 0 0

0 M−1
A 0

0 0 I

⎤
⎥⎦
⎡
⎣ ru

rq
rp

⎤
⎦ (B.1)

The sequence of operations needed for computing t is provided in Algorithm 3. The computational cost involves three inner 
preconditioner applications, two matrix–vector products and one vector update.

Algorithm 1 Triangular preconditioner computation: stage no. 1.

1. Compute M−1
K as a preconditioner of K

2. Compute M−1
A as a preconditioner of A

3. Compute S K

4. Compute S A

5. S = P + S K

Algorithm 2 Triangular preconditioner computation: stage no. 2.
1. S ← S + γ S A

2. Compute M−1
S as a preconditioner of S
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Algorithm 3 Triangular preconditioner application.

1. Apply M−1
K to ru to get tu

2. Apply M−1
A to rq to get tq

3. z = Q T tu
4. w = BT tq
5. z ← rp − z − γ w
6. Apply M−1

S to z to get t p
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