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a b s t r a c t 

Feasibility analysis is a mathematical technique that can be used to assist the identification of the de- 

sign space (DS) of a pharmaceutical process, given the availability of a process model. One of its main 

drawbacks is that it suffers from the curse of dimensionality, i.e. simulations can potentially become 

computationally extremely expensive and very cumbersome when the number of input factors is large. 

Additionally, giving a graphical and compact representation of the high-dimensional design space is diffi- 

cult. In this study, we propose a novel and systematic methodology to exploit partial least-squares (PLS) 

regression modelling to reduce the dimensionality of a feasibility problem. We use PLS to obtain a linear 

transformation between the original multidimensional input space and a lower dimensional latent space. 

We then apply a Radial Basis Function (RBF) adaptive sampling feasibility analysis on this lower dimen- 

sional space to identify the feasible region of the process. We assess the accuracy and robustness of the 

results with three metrics, and we critically discuss the criteria that should be adopted for the choice of 

the number of latent variables. The performance of the methodology is tested on three simulated case 

studies, one of which involving the continuous direct compaction of a pharmaceutical powder. In all case 

studies, the methodology shows to be effective in reducing the computational burden while maintaining 

an accurate and robust identification of the design space. 

© 2018 Elsevier Ltd. All rights reserved. 
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. Introduction 

The design space (DS) of a pharmaceutical process is defined

s the multidimensional combination and interaction of input vari-

bles (e.g. material attributes) and process parameters that have

een demonstrated to provide assurance of quality ( ICH, 2009 ). A

odeling technique that can be used to assist a DS identification

xercise is feasibility analysis ( Boukouvala et al., 2010; Wang and

erapetritou, 2017 ). 

The aim of feasibility analysis ( Halemane and Grossman, 1983 )

s to quantify the capability of a process design to be feasibly op-

rated over the whole domain of input factors, thus including raw

aterial properties and process parameters. The final objective is

o determine the multivariate region of the input domain within

hich the process is considered to be feasible. Hence, the concept

f feasible region is strictly related to the one of DS for pharma-

eutical processes. 
∗ Corresponding author. 
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Different mathematical approaches can be used to identify the

easible region. When the model of the process is computationally

nexpensive, the feasible region can be directly determined from

he model itself ( Prpich et al., 2010; Close et al., 2014 ). When the

riginal model is computationally expensive or the computation of

ts derivatives is cumbersome, surrogate-based approaches can be

sed ( Boukouvala et al., 2010; Grossmann et al., al.,2014; Wang and

erapetritou, 2017; Wang et al., 2017 ). The underlying idea behind

hese methods is to build a surrogate as a computationally cheap

nd reliable approximation of the original model, and use this sur-

ogate to identify the feasible region. In this regard, different types

f surrogate models have been used ( Goyal and Ierapetritou, 2002;

anerjee et al., 2010; Boukouvala et al., 2010; Rogers and Ierapetri-

ou, 2015 ). Recently, Wang and Ierapetritou (2017) proposed a ra-

ial basis function (RBF) adaptive sampling approach that outper-

orms all the other surrogate-based approaches for low dimen-

ional test problems. The adaptive sampling is a technique that was

rst proposed in the optimization literature ( Jones et al., 1998 ). In

urrogate-based feasibility analysis, it is used to maximize the po-

ential of the sampling budget and to simultaneously explore re-

https://doi.org/10.1016/j.compchemeng.2018.04.021
http://www.ScienceDirect.com
http://www.elsevier.com/locate/compchemeng
http://crossmark.crossref.org/dialog/?doi=10.1016/j.compchemeng.2018.04.021&domain=pdf
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List of symbols 

A number of latent variables 

d vector collecting all the design variables 

E X X- residuals 

E Y Y- residuals 

EI feas ( x ) modified expected improvement function 

f j ( d, x ) j -th quality constraint 

I number of historical samples 

J number of quality constraints 

L PLS linear tranformation of variables through the PLS 

model 

M number of responses (outputs) 

P X- loadings matrix 

Q number of input factors 

Q Y- loadings matrix 

R 2 
X 

R 2 statistic for the X -variability 

R 2 
X,cum 

cumulative R 2 statistic for the X -variability 

R 2 y R 2 statistic for the y -variability 

R 2 y,cum 

cumulative R 2 statistic for the y -variability 

t f feasible point on the latent space 

T X- scores matrix 

x vector that collects all the input factors 

x f feasible point on the original input space 

x ∗ unsampled point 

X historical input matrix 

Y historical output matrix 

ˆ y surrogate prediction 

y n ( x ) value of the original function at an unsampled point 

W weight matrix 

Greek letters 

ξ basis function 

1/ μn ( x 
∗) error indicator 

ψ( x ) feasibility function 

Acronyms 

DoE design of experiments 

DS design space 

EI expected improvement 

KSA Kennard-Stone’s algorithm 

LV latent variable 

LVM latent variable model 

PCA principal component analysis 

PLS partial least-squares 

RBF radial-basis function 

gions of the original input domain that are close to the boundary

of the feasible region and less explored regions. 

Although feasibility analysis can be a valuable tool to iden-

tify the feasible region of a manufacturing process, it suffers from

one main limitation, namely the curse of dimensionality ( Shan and

Wang, 2010 ). When a large number of input factors is involved, as

it is often the case with large and complex integrated flowsheet

models, the computational cost of feasibility analysis has a poten-

tial to increase significantly. The solution of a feasibility analysis

problem in this scenario can be extremely complicated if not im-

possible to solve. When the number of input factors is large, the

computational burden could be so high or the results so inaccu-
ate as to effectively preclude the application of this methodology.

oreover, a visualization problem of the feasible region in high di-

ensions arises, given the impossibility of graphically representing

 N - dimensional space ( N > 3). 

A recent work of Wang et al. (2017) tried to solve this prob-

em by transforming a multidimensional feasibility analysis prob-

em into a series of disjoint 2-dimensional problems, and present-

ng the results as a matrix of 2-dimensional feasibility contour

lots. However, this approach does not account for the multivariate

orrelation between the original input factors and is thus incom-

lete. 

The input factors of a pharmaceutical process are often corre-

ated to each other ( Tomba et al., 2013 ) and have a different impact

n the process output (e.g. product quality; Saltelli et al., 2010 ). In

ost common situations, not all the combinations of the original

nput factors have a strong effect on the output, i.e. some “driving

orces” can be identified that predominantly affect the responses

 Jaeckle and McGregor, 20 0 0 ). A class of statistical models that can

dentify these underlying driving forces are latent variable models

LVMs). In particular, partial least-squares (PLS) regression ( Geladi

nd Kowalski, 1986; Wold et al., 1983 ) is a multivariate latent vari-

ble technique that can be used to capture the variability of the

nput and output spaces by means of few meaningful variables,

alled latent variables, thus reducing the problem dimensionality.

he latent variables are chosen by performing a simultaneous de-

omposition of the input and output space, such that these vari-

bles explain as much as possible of the covariance between the

wo spaces. Stated differently, PLS identifies linear combinations

f the original input factors that best describe the correlation be-

ween the input factors and their effect on the model responses.

LS can be used by itself as a black-box data-driven modelling

echnique to assist a DS identification exercise when a historical

ataset of the process under investigation is available ( Facco et al.,

015; Bano et al., 2017 ). However, when a historical dataset is not

vailable or the process behavior cannot be captured by a linear

egression model, the ability of PLS to “compress” the original mul-

idimensional input and output spaces ( Mevik et al., 2004 ) can be

oupled with more sophisticated modelling techniques to assist a

S identification exercise. 

The aim of this work is to overcome the curse of dimensional-

ty problem of feasibility analysis in DS identification by exploiting

he ability of PLS to reduce the input space dimensionality. We use

 PLS model to perform a linear transformation from the original

ultidimensional input space to a lower dimensional latent space.

ased on the PLS diagnostics, we identify and critically discuss dif-

erent scenarios in which the proposed methodology is deemed to

e profitable. 

We perform the RBF-based adaptive sampling feasibility anal-

sis on the latent space and we assess the accuracy and robust-

ess of the results with three appropriate metrics. We test the

erformance of the methodology on three simulated case studies,

wo of them involving two-and three unit multidimensional test

roblems, and one involving a continuous direct compaction of a

harmaceutical powder. In all case studies, we prove the ability of

he methodology to give accurate and robust results by simultane-

usly reducing the computational burden for the feasibility analy-

is problem. 

The rest of this article is organized as follows. We first intro-

uce PLS and RBF-based adaptive sampling feasibility analysis in

ection 2 . We then introduce the proposed methodology to cou-

le PLS and feasibility analysis for the identification of the feasible

egion of a manufacturing process in Section 3 . Section 4 collects

he case studies considered in this work and Section 5 shows the

esults obtained with the proposed methodology. 
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. Mathematical background 

In the following, we briefly review the mathematical techniques

hat we will use throughout this work. 

.1. Partial least squares regression (PLS) 

PLS ( Geladi and Kowalski, 1986; Wold et al., 1983 ) is a multi-

ariate regression technique that projects a historical dataset of in-

ut X [ I × Q ] and response variables Y [ I × M ] onto a common latent

pace of A latent variables (LVs), according to the model structure:

 = T P 

T + E X (1) 

 = T Q 

T + E Y (2) 

 = XW (3) 

here T [ I × A ] is the score matrix, P [ Q × A ] and Q [ M × A ] are the

 and Y loading matrices, E X and E Y the residuals, W [ Q × A ] is the

eight matrix. 

The new set of latent variables is determined by finding the

ultidimensional directions on the X -space that explain the max-

mum multidimensional variance direction in the Y -space. A can

e chosen in such a way as to explain a significant fraction of the

ariance of both the input and output data. 

The PLS model calibration described by Eqs. (1) –(3) can be in-

erpreted as a linear transformation L PLS between the original set of

nput factors ( x 1 , x 2 , . . . , x Q ) and the new set of A latent variables,

dentified by the model scores ( t 1 , t 2 , . . . , t A ) , according to Eq. (1) .

herefore, PLS can be used as a projection technique to express the

riginal set of input factors ( x 1 , x 2 , . . . , x Q ) in terms of a reduced

et of variables ( t 1 , t 2 , . . . , t A ) . 

The latent representation of the original input space obtained

ith the PLS model captures most of the variability of the original

nput space that is correlated with the model outputs. This is a key

dvantage with respect to other decomposition techniques such

s principal component analysis (PCA; Hotelling, 1933 ) or singu-

ar value decomposition (SVD), in which the latent representation

f the original input space only accounts for the variability of the

riginal input dataset. In the presence of a strong input collinear-

ty and/or in the presence of a strong sensitivity of the model out-

uts to a reduce set of input combinations, a significant reduction

f the problem dimensionality can be obtained by exploiting the

LS model (1) –(3) (i.e. A � Q ). The linearity of the transformation

1) –(3) allows expressing the original input factors as linear com-

inations of the latent variables, as opposed to other more sophis-

icated nonlinear methods such as Kernel PCA ( Schölkopf et al.,

998 ). For the purpose of this study, this has the advantage of

eeping the dimensionality reduction step as simple as possible,

ince process nonlinearity is tackled at a subsequent stage of the

roposed methodology. 

.2. Feasibility analysis 

Feasibility analysis is a mathematical tool that allows investi-

ating the portion of the input space within which the process

nder investigation is considered to be feasible. For pharmaceuti-

al processes, this is equivalent to determining the design space

f the process ( ICH, 2009 ). A rigorous mathematical description

f the feasibility of a process can be found in Wang and Ier-

petritou (2017) . In a nutshell, given a process with J constraints

f j ( d , x ) , j = 1 , . . . , J, where d is the vector of the design variables

which are constant since the process is determined) and x is the

ector collecting the input variables (raw material properties and
rocess parameters), the process is considered to be feasible when

ll its constraints are met, i.e. when f j ( d , x ) ≤ 0 ∀ j ∈ [ 1 , . . . , J ] . In

rder to verify if any of the process constraints is violated, it is

nough to check the maximum value of all the constraint function

alues. The maximum value of the constraint function values is de-

ned as a “feasibility function” ψ( d, x ) ( Grossmann et al., 2014 )

ccording to: 

 ( d , x ) = max 
j∈ J 

f j ( d , x ) . (4) 

If ψ( d, x ) ≤ 0, it means that, for the given set of design variables

nd input variables, the process is feasible. If ψ( d, x ) > 0, it means

hat one or more of the constraints are violated, i.e. the process is

ot feasible. If ψ( d , x ) = 0 , it means that we are at the bound-

ry of the feasible region. The objective of feasibility analysis is to

dentify the subspace of input combinations of the original input

omain within which the process is feasible, i.e. to identify the DS

f the process under investigation. 

.3. Surrogate-based feasibility analysis 

The feasibility analysis problem described in Section 2.2 is

ased upon the availability of a model to describe the single unit

nd/or the overall process under investigation. When the model

omplexity is high (e.g. in the case of an integrated flowsheet

odel) feasibility analysis can be rather difficult due to the com-

utational burden required by the simulation. In this scenario, a

urrogate-based method can be used to efficiently identify the fea-

ible region. With this approach, a surrogate model is built as a

omputationally cheap approximation of the original model. The

easible region is then determined based on this surrogate. Adap-

ive sampling ( Rogers and Ierapetritou, 2015 ) can then be used in

rder to improve the accuracy of the surrogate by making the best

ossible use of the sampling budget. New points are sampled near

he boundary of the feasible region as well as in less explored

egions of the historical input domain. In this work, the feasibil-

ty analysis problem is solved using a radial basis function (RBF)-

ased adaptive sampling method proposed by Wang and Ierapetri-

ou (2017) . The main features of this approach are briefly discussed

elow; additional details can be found in the original reference. 

.4. Radial basis function (RBF) surrogate model 

RBFs ( Björkman and Holmström, 20 0 0 ) can be used to predict

he value of the original function at an unsampled point according

o: 

 n ( x ) = 

N ∑ 

i =1 

λi ξ ( | | x − x i | | 2 ) + b 

T x + a (5) 

here x i ∈ R 

Q , i = 1 , . . . , N are N distinct sample points of known

unction values f ( x i ); || 
∗|| 2 is the Euclidean norm and ξ is the basis

unction that in this study is chosen as the cubic basis function: 

( r ) = r 3 . (6) 

The RBF surrogate model with cubic basis function has been

roven to outperform other surrogate models by Wang and Ier-

petritou (2017) . 

The coefficients λi , b and a of Eq. (5) can be determined by solv-

ng the following equation: 

� S 

S T 0 

)(
λ
c 

)
= 

(
F 
0 

)
. (7) 
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where � is the N × N matrix whose elements are defined by �i j =
ξ ( | | x − x i | | 2 ) and: 

S = 

⎛ 

⎜ ⎜ ⎝ 

x 

T 
1 

x 

T 
2 
. . . 

x 

T 
N 

1 

1 

. . . 
1 

⎞ 

⎟ ⎟ ⎠ 

; λ = 

⎛ 

⎜ ⎜ ⎝ 

λ1 

λ2 

. . . 
λN 

⎞ 

⎟ ⎟ ⎠ 

; c = 

⎛ 

⎜ ⎜ ⎜ ⎜ ⎝ 

b 1 

b 2 

. . . 
b Q 

a 

⎞ 

⎟ ⎟ ⎟ ⎟ ⎠ 

; F = 

⎛ 

⎜ ⎜ ⎝ 

f ( x 1 ) 
f ( x 2 ) 

. . . 
f ( x N ) 

⎞ 

⎟ ⎟ ⎠ 

(8)

In order to describe how well the region near an unsampled

point x ∗ has been explored, an error indicator 1/ μn ( x 
∗) first intro-

duced by Gutmann (2001) is used. The larger the value of 1/ μn ( x 
∗),

the less the nearby region of the unsampled point has been ex-

plored. Full details on the derivation of this estimator can be ob-

tained in the cited reference and in Wang and Ierapetritou (2017) . 

2.5. Adaptive sampling 

Adaptive sampling is a technique that allows improving the

accuracy of the surrogate without spanning the whole histor-

ical input domain of the original model ( Boukouvala and Ier-

apetritou, 2012; Rogers and Ierapetritou, 2015 ). Various adap-

tive sampling techniques have been developed for different pur-

poses, such as enhancing the accuracy of a global surrogate model

( Garud et al., 2017 ), improving the approximation of distribution

functions ( Martino et al., 2015 ), and facilitating surrogate-based

global optimization ( Huang et al., 2006; Picheny et al., 2013; Bouk-

ouvala and Ierapetritou 2014 ). 

In this work, we used the sampling strategy proposed by

Boukouvala and Ierapetritou (2014) . With this technique, the

search for new sample points is directed towards the boundary of

the feasible region as well as less explored regions of the historical

input domain. New sampling points are chosen by maximizing a

modified expected improvement (EI) function: 

max 
x 

E I f eas ( x ) = s × φ

(
− ˆ y 

s 

)
= s ×

(
1 √ 

2 π

)
e 

−0 . 5 

(
ˆ y 2 

s 2 

)
(9)

where EI feas ( x ) is the modified expected improvement function at

x ; s is the standard error of the predictor; ˆ y is the surrogate model

prediction; φ( ∗) is the standard normal density function. 

For RBF-based methods, the prediction error can be estimated

with the error indicator 1/ μ discussed in Section 2.4 , by introduc-

ing a scale factor to balance the magnitude of 1/ μ with that of the

surrogate value ˆ y . As shown by Wang and Ierapetritou (2017) , s can

be estimated as: 

s = 

√ 

1 /μ

scale 
(10)

where: √ 

1 /μ

scale 
= 

√ (
1 
μ

)
(

1 
μ0 

)
max 

× RBF max 
0 

V 0 

. (11)

with ( 1 
μ0 

) max = max ( 1 
μ0 

) maximum value of 1 
μ with the initial

surrogate model; RBF max 
0 = max ( RB F 0 ) is the maximum value of

the initial cubic RBF prediction; V 0 is the number of initial sam-

ple points. 

By taking the derivative of EI feas ( x ) with respect to ˆ y , it can be

shown ( Wang and Ierapetritou, 2017 ) that its value is large when

the surrogate prediction ˆ y is close to zero (i.e. near the bound-

ary of the feasible region) and/or when prediction uncertainty s is

high. Therefore, the adaptive sampling allows sampling new points

near the boundary of the feasible region for the surrogate as well

as in those regions of the historical input domain where prediction

uncertainty is high (i.e. less explored regions). 
A schematic representation of the RBF-based adaptive sampling

lgorithm in shown in Fig. 1 . This algorithm was first proposed by

ang and Ierapetritou (2017) . Three steps are involved: in the first

tep, a space-filling sampling algorithm is used to span the histori-

al input domain and build the initial surrogate according to a De-

ign of Experiments (DoE) approach. The scale factor of Eq. (11) is

omputed at this step. In the second step, the surrogate accuracy

s improved by sequentially adding new sampling points obtained

ith the adaptive sampling strategy discussed above. The adaptive

ampling stops when the number of iterations exceeds a maximum

efined by user. A typical value for the maximum number of iter-

tions is 100. In the third and last step, the surrogate is used to

redict the feasible region (i.e. the DS) of the process under inves-

igation. 

.6. Surrogate model accuracy 

The results of the surrogate-based feasibility analysis can be

eemed to be accurate if three conditions are simultaneously sat-

sfied: 

1. The feasible region is correctly identified by the surrogate; 

2. The infeasible region is correctly identified; 

3. The surrogate does not considerably overestimate the actual

feasible region of the process. 

Different metrics have been proposed to quantify the surro-

ate accuracy, based on the computation of simple coverage prob-

bilities ( Rogers and Ierapetritou, 2015 ) or comparison between

he predicted and theoretical hyper-volumes of the feasible region

 Adi et al., 2016 ). However, while these techniques aim at quantify-

ng the first two requirements listed above, they fail at addressing

he third one. A set of simple metrics accounting for all three as-

ects is the one that has been recently proposed by Wang and Ier-

petritou (2017) . A graphical and analytical interpretation of these

etrics can be found in the cited reference. 

The metrics are: 

1. CF (%): percentage of the feasible region for the original func-

tion which has been correctly discovered by the surrogate

model; 

2. CIF (%): percentage of infeasible region for the original function

which has been correctly discovered by the surrogate model; 

3. NC (%): percentage of feasible region that has been overesti-

mated by the surrogate model. 

The first two metrics can be considered as “quality” metrics:

hey describe how well the input space has been explored and

lassified with respect to feasibility. The third metric can be con-

idered as a measure of the “conservativeness” of the results, i.e.

t describes how large is the portion of the input domain that has

een wrongly classified as feasible by the surrogate with respect

o the overall feasible region predicted by the surrogate itself. In a

ummary, it can be said that the feasible region has been classified

horoughly and conservatively if CF(%) and CIF(%) are close to 100,

nd NC(%) is close to 0. 

. Feasibility analysis and reduction of input space 

imensionality 

In the following, we propose a systematic methodology to cou-

le PLS input space projection and feasibility analysis for the iden-

ification of the feasible region of a process involving a (possibly)

arge number of input factors. 

.1. Proposed methodology 

The proposed methodology involves multiple steps. Although

he discussion will be general, an illustrative case study shown in
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Fig. 1. RBF-based adaptive sampling for feasibility analysis. Originally presented by Wang and Ierapetritou [2017] . 

Fig. 2. Illustrative example for the proposed methodology: block flow diagram. 
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ig. 2 will be used to give a simple interpretation of the method-

logy. The example involves two units. Let x 1 and x 2 being the

nput factors for the first unit. Let ψ 1 be the feasibility function

or the first unit, i.e the maximum values of all the constraints

n the outputs of the first unit. Let u 1 being an additional input

or the second unit and ψ 2 be the feasibility function for the sec-

nd unit. The objective is to determine the set of input combina-

ions x = ( x 1 , x 2 , u 1 ) that satisfy ψ 2 ( x ) ≤ 0. In our test problems,

e assume that ψ 2 monotonically increases with ψ 1 . It is worth

oticing that this condition does not imply that ψ 1 ≤ 0 if ψ 2 ≤ 0;

n practical terms, the outputs of the second unit may satisfy all

heir constraints, but the outputs of the first unit may violate some

f their own constraints. This reflects a practical situation where

 process may satisfy the quality constraints on the final product

output of unit #2), but not all the constraints on the outputs of

ll the units of the manufacturing line. 

In practical situations, the methodology assumes the availabil-

ty of an integrated flowsheet model of the process (we will refer

o this model as the “original” model), with quality constraints im-

osed on the final product. The maximum value of all these con-

traints will by denoted by the feasibility function ψ( x ). 
The flowchart of the methodology is shown in Fig. 3 . The steps

re as follows. 

1. Step #1 : collection of simulated data from the model. A dataset

is generated using the original model (i.e., simulated data).

First, the input space is spanned using the Kennard-Stones’s

sampling algorithm (KSA; Kennard and Stone, 1969 ). KSA is a

space-filling sampling strategy that selects each new sample by

choosing the farthest sample (in terms of Euclidean distance)

from the previously selected ones, starting from the two far-

thest points on the historical input domain. Each selected sam-

ple corresponds to a selected input combination. Let x i , i =
1 , . . . , Q be the vector that collects all the selected values for

the i -th input factor. The selected samples can then be collected

in the input matrix = [ x 1 , x 2 , . . . , x Q ] . The number of samples

can be selected by the user and can be possibly increased to

improve the PLS model accuracy. In all case studies, we gener-

ated a number of sample points equal to the number of sample

points that we used to build the initial surrogate. 

Then, th e values of the feasibility function ψ( x ) are collected

according to the original process model. The vector that collects

all these values is denoted by ψ. For the illustrative example of

Fig. 2 , X = [ x 1 , x 2 , u 1 ] , and the feasibility function for the over-

all process corresponds to the feasibility function for the second

unit (i.e. ψ = ψ 2 ). 

2. Step #2 : PLS model calibration. A PLS model ( Eqs. (1) –(3) ) is

calibrated with the dataset generated in the previous step. A to-

tal number of A latent variables are chosen according to the de-

sired dimensionality reduction of the input space. In most situ-

ations, two or three LVs are able to capture most of the variabil-

ity of the original input space. As explained in Section 2.1 , the

PLS model is then used in the form of Eq. (1) to obtain a lin-

ear transformation L PLS between the original set of input factors

( x 1 , x 2 , . . . , x Q ) and a new set of A latent variables, identified
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Fig. 3. Flow chart of the proposed methodology. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

by the PLS model scores ( t 1 , t 2 , . . . , t A ) , according to Eq. (1) . In

the illustrative example considered, assuming A = 2 latent vari-

ables, the linear transformation L : ( x , x , u ) ↔ ( t , t ) can be
PLS 1 2 1 1 2 
written as: 

x 1 = t 1 p 11 + t 2 p 12 + e 1 
x 2 = t 1 p 21 + t 2 p 22 + e 2 
u 1 = t 1 p 31 + t 2 p 32 + e 3 

(12)

where e i is the residual (i.e. projection error) for the i -th input

factor. 

3. Step #3 : PLS model diagnostics. Some diagnostics on the rep-

resentativeness of the PLS model are evaluated. To this pur-

pose, we use the amount of X - and y -variability explained by

the PLS model, which is quantified by the determination coeffi-

cients R 2 
X 

and R 2 y (together with their cumulative values R 2 
X,cum 

and R 2 y,cum 

): 

R 

2 
X = 1 −

∑ I 
i =1 

∑ Q 
q =1 

(
x i,q − ˆ x i,q 

)2 

∑ I 
i =1 

∑ Q 
q =1 

(
x i,q 

)2 
(13)

R 

2 
y = 1 −

∑ I 
i =1 

∑ M 

m =1 

(
y i,m 

− ˆ y i,m 

)2 

∑ I 
i =1 

∑ M 

m =1 ( y i,m 

) 
2 

(14)

where ˆ x i,q is the element of the i -th row and q -th column of

the matrix ˆ X = T P 

T reconstructed through the PLS model; ˆ y i,m 

is the element of the i -th row and m -th column of the matrix
ˆ Y = T Q 

T . The two metrics (13)-(14) can be computed for every

latent variable included in the model and their cumulative val-

ues can be reported. If the chosen number of latent variables is

A , R 2 
X,cum 

and R 2 y,cum 

represent the cumulative amount of input

and output variability respectively captured by the PLS model

with A LVs. 

We identify three possible levels for the metrics R 2 
X,cum 

and R 2 y,cum 

, namely “low” when they are smaller than 70%,

“medium” when they are between 70% and 90%, and “high”

when they are greater than 90%. These are indicative values dic-

tated by experience and can be adjusted according to user’s risk

adversity. 

According to the values of R 2 
X,cum 

and R 2 y,cum 

, we then identify

three different possible scenarios, namely Scenario #1, Scenario

#2 and Scenario #3 respectively 

Scenario #1 : the PLS model cannot explain a large portion of

both the input and the output variability for the chosen number

of LVs. In other words, the predictive ability of the PLS model

is limited (low R 2 y,cum 

) and a large portion of the original in-

put space is not captured by the PLS model (low R 2 X,cum 

). In

order for the methodology to be effective, the number of la-

tent variables A must be increased to increase the cumulative

X -variability explained by the PLS model. The higher R 2 X,cum 

, the

better the description of the original input space by the latent

space, the lower the projection error of the linear transforma-

tion of variables L PLS . The value of A should be increased to ob-

tain a R 2 
X,cum 

close to or higher than 90% (in order to switch to

scenario #2). The greater the number of LVs chosen, the smaller

the reduction of the dimensionality of the original input space,

the higher the computational burden for the feasibility analy-

sis. If the feasibility analysis is computationally infeasible for

the number of LVs required to satisfy the conditions above, the

proposed methodology is not useful and should not be used. 

Scenario #2 : for the chosen number of LVs, the amount of

X -variability explained by the PLS model is high, while the

amount of y -variability explained is low. In this scenario, the

predictive ability of the PLS model is low (low R 2 y,cum 

), but the

original input space is well described by the new latent space,

i.e. the projection error of the linear transformation L PLS is low.

This is an ideal scenario for the application of the methodol-



G. Bano et al. / Computers and Chemical Engineering 115 (2018) 309–322 315 

Fig. 4. Application of the proposed methodology: possible PLS modeling scenarios. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

ogy. In fact, recall from Section 2.1 that, in this study, the PLS

model is only used as a projection method and not for predic-

tion. Therefore, a small value of R 2 y,cum 

indicates that PLS (i.e.

a simple linear regression model) is not a suitable model for

the description of the process under investigation. On the other

hand, a high value of R 2 
X,cum 

indicates that the original input

space is well described by the latent space identified by the

new set of latent variables ( t 1 , t 2 , . . . , t A ) . Since feasibility anal-

ysis is performed on the original process model by applying the

linear transformation of variables L PLS , this scenario represents

the ideal situation for the methodology to be effective. The fea-

sibility analysis problem is transformed from a Q -dimensional

problem to an A -dimensional problem, with A � Q . 

Scenario #3 : the amount of y -variability explained by the PLS

model is high, independently of the amount of X -variability

captured by the A LVs. In this situation, the predictive ability

of the PLS model is high, no matter how large is the projec-

tion error of the linear transformation L PLS . This suggests that

PLS (which is a linear regression model) would be enough to

describe the input-output correlation for the original process,

and could be directly used to predict the feasible region. In

this scenario, the use of a more sophisticated integrated model

for the overall process is not necessary to determine the fea-

sible region. Therefore, feasibility analysis is not required and

the PLS model can be used by itself without going on with the

next steps of the methodology. Details on the direct use of PLS

modelling for the determination of the feasible region are re-

ported elsewhere (e.g. Tomba et al., 2012; Facco et al., 2015;

Bano et al., 2017 ). 

Fig. 4 shows the possible combinations of the values of R 2 
X,cum 

and R 2 y,cum 

and their corresponding scenarios. The cells with

two indicated scenarios (e.g. Scenario 1/ Scenario 3) represent

transitional situations where it is up to the user deciding which

scenario to be chosen between the two, and therefore which

corrective actions to be implemented as indicated in Fig. 5 .

This gives the user a degree of freedom on the choice of the

most suitable techniques/corrective actions to be implemented

for the case study under investigation. 

4. Step #4 : feasibility analysis. Once verified that the methodol-

ogy can be effective (scenario #2), the surrogate-based feasibil-

ity analysis previously discussed is performed on the original

process model, by applying the linear transformation of vari-

ables L . Going back to the illustrative example, the surrogate-
PLS 
based feasibility analysis is performed on the original model

structure for units 1 and 2, but applying the linear transfor-

mation of the original input variables described by Eq. (14) .

The surrogate-predicted feasible region is then identified on the

new A -dimensional latent space, i.e. it is identified in terms of

the new set of variables [ t 1 , t 2 , . . . , t A ] . 

5. Step #5 : results validation on the latent space. The surrogate

accuracy is validated on the latent space of the A new variables.

The three metrics CF(%), CIF(%), NC(%) are computed to test the

accuracy and robustness of the results. It is worth noticing that

these metrics, as computed at this step, simply quantify the

agreement between the feasible region predicted by the surro-

gate and the projection of the actual feasible region of the pro-

cess onto the latent space. If these metrics satisfy the threshold

values specified by the user, the analysis of the surrogate accu-

racy with respect to the original input space can be performed

(step #6). If the metrics do not satisfy the requirements, the

accuracy of the results can be improved by increasing the max-

imum number of iterations of the feasibility analysis or by in-

creasing the number of initial sample points to build the surro-

gate. As a rule of thumb, the following stopping criterion can be

used for the accuracy metrics: CF(%) > 97, CIF(%) > 97, NC(%) < 3.

6. Step #6 : PLS model inversion. The results of the feasibility anal-

ysis are expressed in terms of the original input variables by

applying the inverse linear transformation L −1 
PLS 

. In the illustra-

tive example considered, the results of the feasibility of step #5

(expressed in terms of ( t 1 , t 2 )) are expressed in terms of ( x 1 , x 2 ,

u 1 ). 

7. Step #7 : results validation on the original input space. The ac-

curacy and robustness of the results are evaluated by com-

puting the metrics CF(%), CIF(%), NC(%) in terms of the orig-

inal input factors ( x 1 , x 2 , . . . , x Q ) . To emphasize that these

metrics are different from the ones of step #5, we de-

fine them as CF 2 (%), CIF 2 (%), NC 2 (%). It must be noticed that

CF 2 (%) ≤ CF(%), CIF 2 (%) ≤ CIF(%) and NC 2 (%) ≥ NC(%) always re-

sult, due to the projection error of the linear transformation

L PLS . In the limiting case where there is no projection error

with the PLS model, then C F 2 (%) = CF (%) , CI F 2 (%) = CIF (%) and

N C 2 (%) = NC (%) . If the metrics satisfy the requirements de-

fined by the user, the results can be considered accurate and

the algorithm stops. If these metrics do not satisfy the re-

quirements, the projection error should be decreased by in-

creasing the number of LVs of the PLS model (thus increasing

the computational burden). A possible set of threshold values
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Fig. 5. Description and corrective actions for the different PLS modeling scenarios. 

Fig. 6. Set of MATLAB ® routines used to implement the methodology and their interaction. 
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that can be imposed for the accuracy metrics at this step is

CF 2 (%) > 90, CIF 2 (%) > 95, NC 2 (%) < 5. 

The methodology presented above was implemented in

MATLAB 

® 2015, and the simulations were performed on an InteL®

Core TM I7-5600 U CPU@2.60 GHz processor with 16.0 GB RAM. A

schematic of the different MATLAB 

® routines and their interactions

are shown in Fig. 6 . Two main routines (PLS and feasibility rou-

tines) interact with each other to obtain the linear transformation

of variables L PLS . In the PLS routines, the dataset generation and

the PLS diagnostics subroutines are sequentially called. In the main

feasibility routine, the unit models and the results validation sub-

routines are involved. The feasibility routine interacts with the PLS

routine to transform the reduce set of latent variables to the orig-

inal input variables through the PLS loadings, thus computing the

results validation on the original multidimensional input space. 
. Case studies 

We tested the proposed methodology on different case studies

f increasing complexity. In the following, three case studies are

iscussed. Additional case studies can be found in the Supplemen-

ary material. 

In the first case study, a low dimensional two-unit mathemat-

cal test problem involving 3 input factors is considered. The sec-

nd case study is a three-unit high dimensional test problem with

 input factors. The third case study involves a direct compaction

anufacturing process of a pharmaceutical powder. Six units and

ix relevant input factors are considered with 40 constraints on the

odel output. 

.1. Case study 1: low dimensional test problem 

The case study is a simplified 2-unit process, as schematically

hown in Fig. 7 . The first unit is characterized by two input factors

 x , x ), and the maximum constraint value for its output is de-
1 2 
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Fig. 7. Case study #1: block flow diagram. 

Fig. 8. Case study #2: block flow diagram. 
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Fig. 9. Case study #3: process flow diagram of the continuous direct compaction 

manufacturing line. Originally presented by Wang et al. [2017] . 
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l  
oted by ψ 1 . An additional input u 1 enters the second unit, whose

easibility function is ψ 2 . 

The models for the two units have been taken from Wang and

erapetritou (2017) , based on the previous work of Rogers and Ier-

petritou (2015) . Mathematically, the feasibility problem for the

rst unit (“ex3”) can be expressed as: 

2 x 1 + x 2 − 15 ≤ 0 (15) 

x 2 1 

2 

+ 4 x 1 − x 2 − 5 ≤ 0 (16) 

( x 1 − 4 ) 
2 

5 

− x 2 2 

0 . 5 

+ 10 ≤ 0 . (17) 

0 ≤ x 1 ≤ 5 (18) 

15 ≤ x 2 ≤ 15 (19) 

hile the feasibility problem for the second unit (“branincon ”) can

e expressed as: 

 

(
ψ 1 − bu 

2 
1 − c u 1 − d 

)2 + h ( 1 − f f ) cos ( u 1 ) − 5 h ≤ 0 (20)

5 ≤ ψ 1 ≤ 10 (21) 

 ≤ u 1 ≤ 15 (22) 

here 

 = 1 ; b = 

5 . 1 

4 π2 
; c = 

5 

π
; d = 6 ; h = 10 ; f f = 

1 

8 π
. (23)

The overall process consists of three input factors ( x 1 , x 2 , u 1 ),

hus being a 3-dimensional problem. 

.2. Case study 2: high dimensional test problem 

The case study is a high dimensional test problem involving

hree units and a total of 7 input factors for the overall process

 Fig. 8 ). 

The model for the first unit (“g4con”) is taken from Koziel and

ichalewicz (1999) and can be mathematically described as: 

 ≤ 85 . 334407 + 0 . 0056858 x 2 x 5 + 0 . 0006262 x 1 x 4 

−0 . 0022053 x 3 x 5 ≤ 92 (24) 
0 ≤ 80 . 51249 + 0 . 0071317 x 2 x 5 + 0 . 0029955 x 1 x 2 

+0 . 0021813 x 2 3 ≤ 110 (25) 

0 ≤ 9 . 300961 + 0 . 0047026 x 3 x 5 + 0 . 0012547 x 1 x 3 

+0 . 0019085 x 3 ≤ 25 (26) 

8 ≤ x 1 ≤ 102 , 33 ≤ x 2 ≤ 45 , 27 ≤ x i ≤ 45 , i = 3 , 4 , 5 . (27)

The second unit is the “branincon” test model described for

ase study #1. The model for the third unit (“camelback”) is taken

rom Goel et al. (2007) and is given by: 

4 − 2 . 1 ψ 

2 
2 + 

ψ 

4 
2 

3 

)
ψ 

2 
2 + ψ 2 u 2 + 

(
−4 + 4 u 

2 
2 

)
u 

2 
2 ≤ 0 (28)

3 ≤ ψ 2 ≤ 3 (29) 

2 ≤ u 2 ≤ 2 . (30) 

The feasibility function for the third unit is denoted as ψ 3 . The

nput factors for the overall process are ( x 1 , x 2 , x 3 , x 4 , x 5 , u 1 , u 2 ).

he case study is thus a 7-dimensional test problem. 

.3. Case study 3: simulation of continuous direct compaction for 

harmaceutical production 

This case study involves the continuous direct compaction (DC)

or the production of powder based drugs and is based on the

ork recently presented by Wang et al. (2017 ). The flowsheet

odel of the manufacturing line is based on a continuous DC pilot

lant situated at ERC-C-SOPS Rutgers University and is shown in

ig. 9 . 

The integrated model was developed in gPROMS ® ( Process Sys-

ems Enterprise, 2014 ) and consists of 6 units (API, excipient and

ubricant feeders, co-mill, blender and tablet press). The behavior
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Table 1 

Case study #3: list of the influential input factors and the fixed raw material properties. Originally presented by 

Wang et al.[2017] . 

Input # Variable name LB UB Nominal value Measurement unit 

Significant input factors 

1 API flow rate 2.85 3.15 [-] [kg/h] 

2 Excipient flow rate 25.365 28.035 [-] [kg/h] 

3 Co-mill blade speed 1064 1176 [-] [RPM] 

4 Blender blade speed 237.5 262.5 [-] [RPM] 

5 Tablet press fill depth 0.0095 0.0105 [-] [m] 

6 Tablet press thickness 0.002375 0.002625 [-] [m] 

Fixed material properties 

MP1 Excipient bulk density [-] [-] 400 [kg/m3] 

MP2 Excipient true density [-] [-] 2500 [kg/m3] 

MP3 Excipient d 50 [-] [-] 120 [ μm] 

MP4 Excipient d 90 [-] [-] 250 [ μm] 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Table 2 

Case study #1. Diagnostics of the PLS model. 

LV # R 2 X (%) R 2 X,cum (%) R 2 y (%) R 2 y,cum (%) 

1 53.12 53.12 23.12 23.12 

2 42.01 95.13 28.08 51.20 

3 4.87 10 0.0 0 7.76 58.96 
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of each unit is described by a semi-empirical model. Full details on

the models of each unit can be found in the work of Wang et al.

(2017) . 

In this DC process, the API and the excipient are first fed to

the co-mill. The lubricant is added after the co-mill to improve the

flowability of the powder mixture. The API and the excipient, to-

gether with the lubricant, are then mixed in a continuous convec-

tive blender and then transported to a rotary feed frame, which

feeds the mixture into dies where the press compacts the powder

into tablets. 

The integrated flowsheet model consists of 22 input factors,

including raw material properties, process parameters and tablet

geometry, and 20 output variables, which include blends mate-

rial properties, operation safety, mixing characterization and tablet

product qualities. A detailed list of the input and output variables

can be found in the cited reference. 

As shown by Wang et al. (2017) , sensitivity analysis can be per-

formed to determine the most influential input factors with respect

to the desired output variables. Wang et al. (2017) identified 10

influential input factors, 4 of them being raw material properties

that are assumed to be fixed at their nominal values throughout

the entire process operation. Therefore, only 6 input factors are in-

vestigated by feasibility analysis, as reported in Table 1 . 

A total of 20 double-sided inequality constraints (i.e. 40 single-

sided inequality constraints) are assigned to the 20 output vari-

ables of the flowsheet model, thus making the feasibility problem

as a 6-dimensional problem with 40 inequality constraints. The

maximum value of all these constraints is the feasibility function

ψ( x ) of this case study. 

5. Results 

In the following, we present and critically discuss the results

of the proposed methodology for the three case studies discussed

above. 

5.1. Results for case study #1 

The original feasibility problem for this case study was a 3-

dimensional problem with quality constraints set for the output of

the second unit. In other words, we impose that the quality con-

straints must not be violated for the output of the second unit,

while some of the constraints described by Eqs. (15) –(17) for the

output of the first unit may possibly be violated. 

Mathematically, we looked at the feasible region on the 3-

dimensional input domain identified by ( x 1 , x 2 , u 1 ) by considering

only the feasibility function ψ 2 . The objective was to understand if

the proposed methodology can reduce the original 3-dimensional

problem to a lower-dimensional problem, without substantially af-
ecting the accuracy of the prediction of the original feasible re-

ion. 

Following the procedure of Fig. 3 , we first built a simulated

ataset using the single unit models described in Section 4.1 .

e used 49 = 7 2 KSA-selected calibration samples to build the

LS model. We then executed the PLS diagnostics as reported in

able 2 . 

From Table 2 , it can be seen that with A = 2 latent variables

he PLS model explains 95.13 % of the input variability and 51.20 %

f the output variability. Recalling Fig. 4 , the case study falls into

cenario #2 and the methodology can be effective to reduce the

riginal 3-dimensional problem to a 2-dimensional problem. We

herefore applied the linear transformation L PLS : ( x 1 , x 2 , u 1 ) ↔ ( t 1 ,

 2 ) and executed feasibility analysis with this new set of latent

ariables. A rectangular-grid sampling with 49 initial samples (as

e did to build the PLS model) was used to build the initial surro-

ate onto the 2-dimensional latent space. The contour plot of the

riginal feasibility function ψ 2 projected onto the 2-dimensional

atent space is shown in Fig. 10 a. The grey-shaded areas represent

he projection of the true feasible region of the process onto the

atent space. It is important to notice that these areas, even if com-

uted with the original feasibility function, do not correspond ex-

ctly to the 3-dimensional feasible region of the process, due to

he projection error of the linear transformation L PLS . 

Adaptive sampling ( Section 2.5 ) was used to iteratively sample

ew points and improve the surrogate accuracy. We used a scale

actor for the adaptive sampling 10 times larger than the default

alue identified by Eq. (11 ), thus enhancing local search with re-

pect to global search. In other words, we preferred optimizing the

ample budget without facing the risk to over explore the latent

pace. In all the case studies considered, we verified a posteriori

hat all the disjoint feasible regions were correctly identified by the

urrogate using the increased scale factor, thus confirming the va-

idity of our choice. We fixed 100 iterations as the maximum num-

er of iterations for the adaptive sampling. The surrogate accuracy

fter 100 iterations can be seen in Fig. 10 b, where the blue dots

epresent the initial sampling points and the red circles represent

he adaptive sampling points after 100 iterations. From the same

gure, it can be seen that the adaptive sampling points are cor-

ectly located near the boundaries of the disjoint feasible regions

nto the latent space. This also shows the ability of the proposed
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Fig. 10. Case study #1. (a) Projection of the original function onto the latent space. The grey-shaded area represents the projection of the feasible region. (b) RBF model after 

100 iterations. The blue dots represent the initial samples. The red circles represent the adaptive sampling points after 100 iterations. (For interpretation of the references to 

color in this figure legend, the reader is referred to the web version of this article.) 

Table 3 

Case study #1. Surrogate accuracy onto the latent and original 

input space after 100 iterations. 

Metric Latent space (2-D) Original input space (3-D) 

CF(%) 99.10 98.20 

CIF(%) 99.90 99.90 

NC(%) 1.20 1.32 
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Table 4 

Case study #2. Diagnostics of the PLS model. 

LV # R 2 X (%) R 2 X,cum (%) R 2 y (%) R 2 y,cum (%) 

1 51.12 51.12 26.89 26.89 

2 37.02 88.14 14.26 41.15 

3 5.99 94.13 6.11 47.26 

4 1.09 95.22 1.12 48.38 

5 1.78 97.00 3.29 51.67 

6 0.15 97.15 1.01 52.68 

7 2.85 10 0.0 0 2.15 54.83 
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ethodology to give a compact 2-dimensional representation of

he results instead of a more complex 3-dimensional representa-

ion. 

We then computed the three metrics CF(%), CIF(%), NC(%),

hat quantify the accuracy and robustness of the results with re-

pect to the projection of the actual feasible region onto the la-

ent space. After 100 iterations, we obtained the following val-

es: CF (%) = 99 . 1 , CIF (%) = 99 . 9 , NC (%) = 1 . 20 . These values con-

rmed that the surrogate can identify with high accuracy the pro-

ections of both the feasible and infeasible regions (over 99% of the

easible regions were correctly discovered). They also confirmed

hat the percent of overestimated feasible regions is very low (1.20

). 

As discussed in Section 2.6 , these metrics quantify the accuracy

f the results on the 2-dimensional latent space and are computed

ust as an intermediate step for the final assessment of the results.

Since the values of these metrics resulted to be very satisfac-

ory, we moved on with the methodology and we expressed the re-

ults in terms on the original input factors, by applying the inverse

inear transformation L −1 
PLS 

. We then computed the new metrics

F 2 (%), CIF 2 (%), NC 2 (%), that describe the accuracy and robustness

f the results with respect to the original input space. After 100 it-

rations, we found the following values: C F 2 (%) = 98 . 2 , CI F 2 (%) =
9 . 90 , N C 2 (%) = 1 . 32 . As expected, the values of these metrics

re worse than the previous ones, due to the projection error of

 PLS . However, these values confirm that over 98% of the actual 3-

imensional feasible regions are correctly discovered, and that the

ethodology overestimates only 1.32% of them. 

In conclusion, the results are very satisfactory: the method-

logy was able to transform a 3-dimensional problem into a 2-

imensional problem, reducing the computational burden for fea-

ibility analysis, but at the same time guaranteeing the prediction
f the actual feasible region with an accuracy higher than 98%.

able 3 shows a summary of the results obtained for this case

tudy. 

For this case study, the total simulation time for feasibility anal-

sis was 11 min and 32 sec. 

.2. Results for case study #2 

In the second case study, the original problem is 7-dimensional

nd it would make feasibility analysis computationally difficult

f not impossible. Moreover, giving a compact representation (i.e.

raphic) of a 7-dimensional feasible region is impossible and

akes the interpretation of the results cumbersome. We therefore

ried to apply the proposed methodology to see if the problem di-

ensionality can be reduced in order to apply feasibility analysis. 

We built the PLS model with 49 KSA-selected calibration sam-

les and we obtained the diagnostics of Table 4 . 

As can be seen in Table 4 , even though the original number of

nput factors is 7, the “driving forces” that affect the process out-

ut are much less. In fact, with 2 latent variables, 88.14 % of the

ariability of the original input space can be captured, and 41.15

 of the variability of output space is described. It is worth notic-

ng that this represents an intermediate situation between scenario

1 and scenario #2, since the amount of X - variability explained is

maller than 90 %. Therefore, if the case study is treated as belong-

ng to scenario #2, feasibility analysis can be applied to a reduced

-dimensional problem and the accuracy of the results must be as-

essed. On the other hand, if we consider scenario #1, the num-

er of latent variables should be increased to increase R 2 
X,cum 

. From



320 G. Bano et al. / Computers and Chemical Engineering 115 (2018) 309–322 

Fig. 11. Case study #2. (a) Projection of the original function onto the latent space. The grey-shaded area represents the projection of the feasible region. (b) RBF model 

after 100 iterations. The dots represent the initial samples. The red circles represent the adaptive sampling points after 100 iterations. (For interpretation of the references 

to color in this figure legend, the reader is referred to the web version of this article.) 

Table 5 

Case study #2. Comparison of the surrogate accuracy and simulation time after 100 

iterations with 2 and 3 latent variables respectively. 

Metric 2 latent variables (2-D) 3 latent variables (3-D) 

CF 2 (%) 90.11 94.13 

CIF 2 (%) 98.15 99.15 

NC 2 (%) 3.26 1.89 

Total computational time 32 min 1 h 26 min 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Table 6 

Case study #3. Diagnostics of the PLS model. 

LV # R 2 X (%) R 2 X,cum (%) R 2 y (%) R 2 y,cum (%) 

1 62.12 62.12 36.45 36.45 

2 29.60 91.72 12.13 48.58 

3 4.12 95.84 11.16 59.74 

4 3.16 99.00 4.21 63.95 

5 0.17 99.17 4.01 67.96 

6 0.83 10 0.0 0 1.04 69.00 
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Table 4 , it can be noticed that if the number of latent variables is

increased to 3, R 2 
X,cum 

becomes 94.13%, while R 2 y,cum 

does not in-

crease significantly. In this case, feasibility analysis must be per-

formed on a 3-dimensional latent space thus increasing the com-

putational burden. To compare the balance between the reduction

of the projection error and the increase of the computational bur-

den, we tested the methodology with both 2 and 3 latent variables

and compared the results. 

In the 2-dimensional case, we built the initial surrogate with 49

calibration samples selected according to a rectangular-grid sam-

pling. The projection of the original function onto the latent space

is shown in Fig. 11 a. The surrogate accuracy after 100 iterations is

shown in Fig. 11 b. 

It can be noticed that the adaptive sampling points cor-

rectly identify the boundary of the feasible regions for the pro-

cess. The metrics CF(%), CIF(%), NC(%) resulted to be 92.15,

98.87 and 2.97 respectively. When computed on the original 7-

dimensional input space, they become C F 2 (%) = 90 . 11 , CI F 2 (%) =
98 . 15 , N C 2 (%) = 3 . 26 . These results show that, with 2 latent vari-

ables, over 90% of the feasible regions are correctly identified by

the surrogate, and the percent of overestimated feasible regions is

smaller than 4%. 

In the 3-dimensional case, we used a Latin hypercube sampling

strategy sampling strategy with 64 samples to build the initial sur-

rogate. We noticed that the accuracy and robustness of the re-

sults increases as expected. In fact, the surrogate accuracy after

100 iterations with respect to the original input space is C F 2 (%) =
94 . 13 , CI F 2 (%) = 99 . 15 , N C 2 (%) = 1 . 8 . However, the total compu-

tational time for the feasibility analysis significantly increases from

the 2-dimensional to the 3-dimensional problem (from 36 min. to

1 h 26 min), as shown in Table 5 . 
This case study shows how the choice of the number of latent

ariables should be done as a compromise between the desired ac-

uracy of the results and the reduction of the computational bur-

en for the feasibility analysis. For most practical applications, an

ccuracy of around 90% in the identification of the feasible region

s acceptable and therefore the original 7-dimensional problem can

e reduced to a 2-dimensional problem. If more accuracy is re-

uired, this has to be done by increasing the computational burden

or the feasibility analysis. 

.3. Results for case study #3 

This case study is a comprehensive practical exercise of design

pace identification for a continuous manufacturing pharmaceuti-

al process. We applied the step-by-step methodology to this 6-

imensional problem, involving 40 inequality constraints for the

odel output. We generated the dataset using the original inte-

rated flowsheet model by selecting 25 KSA calibration samples.

e then built a PLS model for the overall process. The PLS diag-

ostics are presented in Table 6 . 

Table 6 results illustrate that the PLS model is able to capture

1.72% of the X -variability and 48.58 % of the y -variability with

nly two latent variables, thus giving scenario #2. The explained X -

ariability would increase to 95.84% if 3 latent variables were cho-

en. Considering R 2 
X,cum 

= 91 . 72% a good projection accuracy, we

ecided to use only 2 latent variables for this case study and we

ssessed the accuracy of the results. Feasibility analysis was then

erformed on the reduced 2-dimensional problem with the new

et of latent variables. A total of 25 = 5 2 samples were used to

uild the initial surrogate according to a rectangular grid sampling
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Fig. 12. Case study #3. (a) Projection of the original function onto the latent space. The grey-shaded area represents the projection of the feasible region. (b) RBF model after 

100 iterations. The blue dots represent the initial samples. The red circles represent the adaptive sampling points after 100 iterations. (For interpretation of the references to 

color in this figure legend, the reader is referred to the web version of this article.) 
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Table 7 

Case study #3. Example of feasible point expressed in terms of original input 

factors, given its coordinates on the latent space t f = [ −2 . 12 , −3 . 18 ] . 

Original input factor combination Numerical value Measurement unit 

API flow rate 3.05 [kg/h] 

Excipient flow rate 26.925 [kg/h] 

Co-mill blade speed 1122 [RPM] 

Blender blade speed 253.2 [RPM] 

Tablet press fill depth 0.00998 [m] 

Tablet press thickness 0.002502 [m] 

Table 8 

Case study #3. Surrogate accuracy onto the latent and original 

input space after 100 iterations. 

Metric Latent space (2-D) Original input space (6-D) 

CF(%) 95.22 93.50 

CIF(%) 97.95 97.20 

NC(%) 1.13 2.30 
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cheme. We also used the increased scale factor discussed for case

tudy #1. We applied the adaptive sampling routine and the surro-

ate RBF model onto the latent space after 100 iterations is shown

n Fig. 12 b. The projection of the original function onto the latent

pace is shown in Fig. 12 a. 

It can be noticed that the adaptive sampling points clearly iden-

ifies the boundary of the feasible region (i.e. the DS) of the pro-

ess. The values of the three metrics CF(%), CIF(%), NC(%) after 100

terations are 95.22, 97.95 and 1.13 respectively. 

According to the ICH Q8(R2) guideline, the DS of the pro-

ess can be described as a “combination of variables such as

omponents of a multivariate model” ( ICH, 2009 ). Moreover, the

S “can be explained mathematically through equations describ-

ng relationships between parameters for successful operation”

 ICH, 2009 ). Being the original process parameters linear combi-

ations of the PLS scores [ t 1 , t 2 ] of Fig. 12 a and b according to

q. (1) , the representation of the DS of Fig. 12 b fully complies with

he regulatory requirements. However, from a practitioner’s point

f view, describing the DS in terms of latent variables may be dif-

cult to translate into input materials properties and process oper-

ting conditions. 

We recall that each point of Fig. 12 corresponds to a combina-

ion of the six input factors of Table 1 , and the resulting DS can be

asily translated into practical information for the user by applying

he inverse of the linear transformation L PLS (step 6 of Fig. 6 ). For

xample, let t f = [ t 
f 

1 
, t 

f 
2 

] be a point inside the feasible region iden-

ified the RBF model of Fig. 12 b. The corresponding 6-dimensional

easible operating condition x f can be obtained by applying the lin-

ar transformation (1) using the loadings of the PLS model (step 2

f Fig. 3 ). The procedure can be repeated for any desired number

f points falling within, or at the boundary of, the feasible region

dentified by the RBF model ( Fig. 12 b), thus translating the latent

pace results into practical operating conditions. As an example, let

 

f = [ −2 . 12 , −3 . 18 ] be one of the points inside the feasible region

f Fig. 12 b. The corresponding input combination that can be ob-

ained by applying L −1 
PLS 

is reported in Table 7 . 

The metrics CF 2 (%), CIF 2 (%) NC 2 (%) on the original 6-

imensional space were 93.50, 97.20 and 2.30 respectively. These

esults show that more than 93% of the feasible region is correctly

dentified by the RBF model in the original input space, and the

ercent of overestimated feasible region is a little bit higher than

%. A summary of the results is presented in Table 8 . 

i  
We believe that these results are very satisfactory considering

he dimensionality of the original problem. In a previous work,

ang et al. (2017) used a matrix of 2-dimensional feasibility plots

o assess the accuracy of the results, without accounting for the

ultivariate correlation between the input factors. With the pro-

osed methodology, a high accuracy in the prediction of the fea-

ible region is obtained while fully taking into account the multi-

ariate nature of the original problem. 

. Conclusions 

In this work, we proposed a novel and systematic methodology

o identify the feasible region of an integrated process by apply-

ng a linear transformation of the original input factors into a new

et of PLS-determined latent variables, and then applying feasibil-

ty analysis on this low dimensional problem. Given the original

ntegrated flowsheet model, we first built a PLS model based on a

imulated dataset obtained from the original flowsheet model. Ac-

ording to the amount of input and output variability explained by

he PLS model for the chosen number of latent variables, we iden-

ified three possible scenarios. In the first scenario, the methodol-

gy can be applied only if the number of latent variables can be

ncreased while simultaneously maintaining the feasibility analysis
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computationally applicable. In the second scenario, the methodol-

ogy can be directly used and can show its potential; in the latter

scenario, feasibility analysis is not needed and the feasible region

can be directly identified with the PLS model. We used the PLS

model as a linear transformation between the original set of in-

put variables and the new set of latent variables, and we applied

RBF-based adaptive sampling feasibility analysis on the reduced la-

tent space. We assessed the quality and robustness of the results

with three metrics, that describe how well the feasible and infea-

sible regions are identified by the RBF model, and how large is the

portion of overestimated feasible region. We tested the methodol-

ogy on three relevant case studies, the first two involving multiple

unit test problems with 3 and 7 input factors respectively, and the

last one involving a continuous manufacturing direct compaction

process of a pharmaceutical powder. For all the case studies, we

proved the ability of the methodology to reduce the problem di-

mensionality while maintaining a good accuracy and robustness of

the results. We also showed the ability of the methodology to give

a simple and compact representation of the feasible regions for the

process under investigation. For the second case study, we proved

how the choice of the number of latent variables must be done by

finding a compromise between the desired accuracy and the re-

duction of the computational burden. 

In our future work, we are interested in studying how the

methodology performs when real experimental data are used to

build the PLS model and the integrated flowsheet model is used to

apply the feasibility analysis (hybrid approach). We are also inter-

ested in finding a link between the estimators of the PLS projec-

tion accuracy (i.e. PLS diagnostics) and the metrics used to assess

the RBF-based feasibility accuracy. Future work might also involve

the application of the proposed methodology for in-line and real

time feasible region determination. 
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