Mathematische Zeitschrift (2021) 298:23-47

https://doi.org/10.1007/500209-020-02597-3 Mathematische Zeitschrift
()

Check for
updates

Birational sheets in reductive groups

Filippo Ambrosio'

Received: 26 February 2020 / Accepted: 10 July 2020 / Published online: 7 August 2020
© The Author(s) 2020

Abstract

We define the group analogue of birational sheets, a construction performed by Losev for
reductive Lie algebras. For G semisimple simply connected, we describe birational sheets in
terms of Lusztig—Spaltenstein induction and we prove that they form a partition of G, and
that they are unibranch varieties with smooth normalization by means of a local study.
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1 Introduction

The action of a connected algebraic group G on an algebraic variety X can be studied by
gathering orbits in finitely many families to deduce properties shared by orbits in the same
collection. One way of grouping orbits together is to form sheets, i.e. maximal irreducibile
subsets of X consisting of equidimensional orbits. In [5], Borho and Kraft studied sheets
for the adjoint action of a semisimple connected group G on its Lie algebra g: the authors
considered non-nilpotent orbits as deformations of nilpotent ones of the same dimension
to compare the G-module structure of their ring of regular functions. In the same paper,
sheets and their closures were described set-theoretically as unions of decomposition classes.
The latter form a partition of g into finitely-many, irreducible, smooth, G-stable, locally
closed subsets, see [8,9]. In [4], Borho described sheets of g in terms of Lusztig—Spaltenstein
induction. If g = s, (C), sheets are parametrized by partitions of » and any two distinct sheets
have trivial intersection. This does not hold in general: for example, all simple non-simply
laced Lie algebras present two sheets of subregular elements intersecting non-trivially. For g
simple and classical, all sheets are smooth (see [18]), but this does not extend to exceptional
Lie algebras (the list of smooth sheets is to appear in [10]). In [23, Section 4], Losev applied
the theory of universal Poisson deformations of conical symplectic singularities to define
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birational sheets of g. He proved that, unlike sheets, birational sheets form a partition of
g, they are smooth up to a bijective normalization and all birational sheets of g simple and
classical are smooth. Furthermore, the G-module structure of the ring of functions of adjoint
orbits in the same birational sheet is preserved and Losev conjectures that birational sheets
can be parametrized by this invariant. The group analogue of decomposition classes, called
Jordan classes, first appeared in Lusztig’s paper [26]: they provide the stratification with
respect to which character sheaves are constructible. Properties of such objects and of their
closures were studied in [12] to describe sheets for the conjugacy action of a reductive group
G on itself.

In this work we define a group analogue of Losev’s birational sheets. Motivation behind
the study of this problem is its connection with Representation Theory; in particular, we
are interested in the aforementioned Losev’s conjecture: a group analogue will be object
of study in a forthcoming project. After introducing some notation, in Sect. 3 we collect
and reorganize existing results on induction of conjugacy classes. Induction of unipotent
classes was defined by Lusztig and Spaltenstein in [24] and it was then generalized to a non-
unipotent conjugacy class in [12] readapting arguments of [4] to the group case. Following this
approach and inspired by [23], we define birational induction and weakly birational induction
of a conjugacy class requiring birationality of two related maps and we compare these two
notions. The last part of Sect. 3 is devoted to extending properties enjoyed by induction
to the case of birational induction. In particular, Lemma 3.6 states a criterion which gives
a sufficient condition for a unipotent conjugacy class to be birationally induced. The first
main result of the work is Theorem 4.1 in Sect. 4, where we prove that any conjugacy class
of G can be weakly birationally induced in a unique way up to G-conjugacy under some
minimality conditions on the data needed to define induction. Section 5 recalls some notions
on Jordan classes in G. We restrict to the case G semisimple and simply connected to define
and describe the birational closure of a Jordan class. Subsequently we define birational sheets:
in Theorem 5.1 we prove that they form a partition of the group. We proceed to compare
birational sheets with sheets from a structural point of view. The section ends with some
remarks on a possible generalization of the results for G not necessarily simply connected,
obtained by relaxing the requirements on the induction. Finally, Sect. 6 analyzes the local
geometry of the birational closure of a Jordan class under the assumption that G is semisimple
and simply connected, using results from [1]. As an application, for G semisimple simply
connected, we show that birational sheets are unibranch with smooth normalization and that
birational sheets are smooth in the classical case (Theorems 6.3 and 6.4).

2 Notations and conventions

Let G be a complex connected reductive linear algebraic group and let g:=Lie(G) be its
Lie algebra. For an algebraic subgroup K < G, we denote by K° its identity component,
by Z(K) its centre, and by Aut(K) the set of its automorphisms as an algebraic group. If
X is a K-set, X/K denotes the set of K-orbits. When K < G acts regularly on a variety
X and x € X, the K-orbit of x is denoted by K - x or Of . For any n € N, we define the
locally closed subsets X(,):={x € X | dimK - x = n} C X. A sheet of X for the action
of K is an irreducible component of X, for some n € N such that X(,) # @.For Y C X,
the regular locus of ¥ is Y4 = Y N X7, where n = max{n ¢ N | Y N X(,) # T}.
For Y C X, the normalizer of ¥ in K is Nx(Y):={k € K | k-y € Y forall y € Y}. For
x € X, its stabilizer is denoted K,:={k € K | k-x = x}. When we consider the conjugacy
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Birational sheets in reductive groups 25

(resp. the adjoint) action of G on itself (resp. on g) we adopt the following notation for
stabilizers, very common in the literature. When G acts on X = G via conjugation, for
g € G, we write Cg(g):=Gg = {k € G | kgk™! = g}. For Y C G, the centralizer of ¥
in Gis Cg(Y):= mer Cg(y). When G acts on X = g via the adjoint action, for n € g,
we write Cg(1):=G, ={h € G | Ad(h)(n) = n}. For g € G we define cy(g):={& € g |
Ad(g)(§) = &}. Similarly, for n € g, we write ¢g():=g, ={§ € g | [n,&] = 0}. We define
the centralizer of a Lie subalgebra t C gas cg(8):={§ € g | [,&] =O0forall n € ¢}.

Let T be a fixed maximal torus in G, B a fixed Borel subgroup of G containing 7. We set
g:=Lie(G), h:=Lie(T), b:=Lie(B). The symbol P (resp. p) denotes a parabolic subgroup
of G (resp. a parabolic subalgebra of g). A Levi subgroup L < G (resp. a Levi subalgebra
[ C g) is a Levi factor of a parabolic P < G (resp. p C g).

We denote by W the Weyl group of G, by @ the root system associated to 7, by &+
the set of positive roots relative to B and by A the base for @ extracted from @*. For each
a € @, we denote by U, the corresponding root subgroup in G. When @ is irreducible, we
write A = {o; | i = 1,2, ..., n} following the numbering in [6, Planches I-IX] and —«g
for the highest root with respect to A. We set A= AU {a).

A standard parabolic subgroup is P < G such that B < P: then there is ® C A such that
P = Pg:=LoUg, where Lg:=(T, Uy, U_y | o € O) is called a standard Levi subgroup
and Uo = [[yeq+\zs Ua is the unipotent radical of Pe. Standard parabolic (resp. standard
Levi) subalgebras are the Lie algebras of standard parabolic (resp. standard Levi) subgroups.

For s € G semisimple, Cg(s)° is called a pseudo-Levi subgroup, following [28]. If @ is
irreducible, any pseudo-Levi subgroup of G is conjugate to a standard pseudo-Levi group
Mo:=(T,U,,U_y | € ®) for some & C A~, [28, Proposition 3]. Let M < G be a pseudo-
Leviandlet Z = Z(M). For z € Z, we say that the connected component Z°z C Z satisfies
the regularity property (RP) for M if

Cg(Z°2)° =M. (RP)

If K < G is connected reductive and ¢:=Lie(K), we write Uk for the unipotent variety
of K and N for the nilpotent cone of €; we also set U:=Ug and N:=Nj. The set of all
K -conjugacy classes of K is denoted K /K. A central isogeny 7: K — K is a surjective
group homomorphism with ker 7 < Z(K).

When we write g1 = su, g2 =rv € Goré = o + v € g we implicitly assume that
su (resp. rv, resp. o + v) is the Jordan decomposition of g| (resp. g», resp. &), with s, r
semisimple and u, v unipotent (o semisimple and v nilpotent, resp.). By convention, the
elements of 3(g) are semisimple so that, for ¢ € 3(g) and & = o + v € g, the semisimple
partof ¢ +&is¢ +o.

In the examples, we will use the following conventions. For n € N\{0}, let J), be the
square matrix of order n whose elements on the antidiagonal are 1 and all other entries

are 0. We denote by Jo,:= (7(3, :(r);, ), and we realize the symplectic group as Sp,, (C) =
{A € GL»,(C) | ATJs,A = J2,}. As fixed Borel we choose the subgroup of upper-
triangular matrices in Sp,,, (C) and as fixed torus we select the subgroup of diagonal matrices

in Sps,, (C).

3 Birational induction

For a start, we recollect some facts from [5,19,23].
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26 F. Ambrosio

3.1 Birationality of the generalized Springer map

Let H < G be closed and let X be an irreducible H-variety, then H acts on G x X via
h-(g,x)=(gh™',h-x)forh € H, g € G, x € X. The orbit set (G x X)/H is denoted
by G x" X and it is endowed with the structure of an irreducible variety of dimension
dim G/H + dim X; we write g * x for the class of (g,x) € G x X. For g € G and
gxx € G xf X, we have a G-action on G x* X via g’ - (g *x) = g'g * x. There is a
one-to-one correspondence between H-stable subsets of X and G-stable subsets of G x X
assigning the orbit H - x to the orbit G - (1 * x); we also have Ggyx = ngg_l, for all
geG,xeX.

Suppose in addition X is a subvariety of a G-stable variety Y and that the H-action on X
is the restriction of the G-action on Y. Then we define a surjective G-equivariant morphism
y:Gx"X - G-Xviagxx — g-x.Forx € X, we have (see [5, Proof of Lemma 7.10]):

ly ') =[Gy : Hl (3.1)

G-xNX
7 .

Lemma 3.1 Let P < G be parabolic and let X be a closed P-subvariety of the G-variety Y.
Lety: G x¥ X — G- X be the map g  x — g - x. Assume:

G - X = O for some G-orbit O C Y (H1)

dimG - X =dimG/P + dim X. (H2)
Then:

(i) ONX is a single P-orbit;
(i1) (5::]/_1 (O) is a single G-orbit, open and dense in G x X;
(iii) There is a natural isomorphism G/ Py 5 Oand y restricts to an unramified covering
O— 0 of degree [Gy : Px].

Proof We want to make use of [19, Lemma 8.8]. Observe first that G x” X identifies with
a locally closed subvariety of G/ P x Y via the closed embedding g * x — (gP, g - x) (see
[5, Section 7.9]). Jantzen’s proof still holds substituting a P-submodule of a G-module with
the closed P-stable variety X inside the G-stable variety Y. Moreover, if ¢, : G — OY is
the orbit map, the condition Lie(G,) = ker(d;¢,) is always fulfilled when the base field is
C (see [19, Remark on Lemma 8.8]). For these reasons, to prove our result, we can proceed
as in [19, Lemma 8.8], provided that we show that its assumptions are satisfied, namely
that there exists x € X with P-x = X and G; < P. By [29, Theorem 5.1.6], there
exists a non-empty open U C G - X whose fibres through y are finite: indeed (H2) implies
dimy~'(x) = dim G x¥ X —dim U = 0 forall x € U. Moreover, @ isopenin O = G - X
by (H1) so that U N © # @. By G-equivariance of y, we have that y ~!(x) is finite for all
x € O. Again by (H1), the set X meets O non-trivially. By (3.1), for x € O NX, we have
G} < P and O NX is a union of finitely many P-orbits. Since X is irreducible and O NX is
openin ON X = X by (H1), we have X = ONX = P - x, for some x € ONX. m]

Let P = LU be the Levi decomposition of P. Let O € L/L and specialize the above
construction tothe case X = OLU,Y = G, where P acts on X by conjugacy. The generalized
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Birational sheets in reductive groups 27

Springer map is:

y: G xPolu - G- (OLU) (GSM)
g*X > gx g_1
The image of y is the closure of a single conjugacy class O € G /G, called the conjugacy
class induced from (L, OF), see [12,24]. The definition of induced conjugacy class only
depends on the Levi L < G and on the class O and not on the parabolic P containing
L. For any Levi subgroup L < G, we introduce notation IndG. L/L — G/G associ-
ating to each class O e L/L the induced conjugacy class Indg Or € G/G. We have
codimg (Indf OF) = codim; OF (see [12, Proposition 4.6]). A unipotent conjugacy class
OG is rigid in G if it cannot be induced by a proper Levi subgroup L < G and a unipotent
class OF ¢ Ur/L.
The case of birational induction of adjoint orbits has been studied in [9,15,23,27]. Here
we deal with birationality of y for induction of conjugacy classes.

Lemma 3.2 (Birationality criterion) Let P < G be a parabolic subgroup with Levi decom-
position P = LU, let O* € L/L, let OF = nd¥ OF, lety as in (GSM), and O:=y 1 (09).
The following are equivalent:
(i) y is birational;
(i) y maps o isomorphically to OF;
(iii) for all x € O NOLU, we have C(x) = Cp(x);
(iv) there exists x € O NOLU such that Cg(x) = Cp(x).

Proof We want to apply Lemma 3.1 with P acting by conjugacy on X = OLU and © =
06 ¢ G/G. Remark that dim G - (OLU) = dim©° = dim G — dim L + dim O =
dim G/ P +dim OF 4 dim U = dim G/P +dim(OLU), hence both (H1), (H2) are satisfied.

Let (i) hold. By Lemma 3.1, y induces a finite covering O — OC and these sets are open
and dense, this covering is injective by birationality and G-equivariance, i.e. y(O) ~ 09,
The converse implication is trivial. (i) holds if and only if the degree of y over O is 1.
By (3.1) this is equivalent to [Cg(x) : Cp(x)] = 1 forx € 0¢ HEU, that is (iii). Finally
(iii) obviously implies (iv) and since O° NOLU is a single P-orbit, (iv) implies (iii) by
P-equivariance. O

3.2 Reduction to the unipotent case

We will make use of the following result:

Lemma3.3 Let M < G be a pseudo-Levi subgroup, z € Z:=Z(M). Then Z°z satisfies (RP)
for M if and only if M is a Levi subgroup of Cg(z)°.

In particular, if M = Cg(s)° for a semisimple element s € G, then Z(M)°s satisfies (RP)
for M.

Proof We prove first that C(Z°2)° = Cg(2)° N C6(Z°) = Cc;(z)°(Z°). The chain of
inclusions C5(Z°2)° < Cg(2)° N Cg(Z°) < Cg(Z°z) is trivial and Cg(2)° N Cg(Z°) =
Ccs(z)°(Z°) is connected by [2, Corollary 11.12], hence C(2)° N C6(Z°) < Cc(Z°2)°.

Assume Z°z satisfies (RP) for M, then M = CG(Z°2)° = Ccg(;)°(Z°), which is a Levi
subgroup of Cg(2)° by [2, Corollary 20.4]. Conversely, if M is a Levi in C5(z)°, then by [2,
Proposition 14.18], M = Cc ;) (Z(M)°) = Ccg(:)°(Z2°) = Cg(Z°2)°.
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28 F. Ambrosio

The last statement follows directly. O

Remark 3.1 Let M < G be a pseudo-Levi subgroup, z € Z:=Z(M). Then Z°z satisfies (RP)
if and only if Z"¢¢ N Z°z # @, see [12, Remark 3.6].

In the remainder of this section, we recall how induction of a conjugacy class of G is
related to induction of a unipotent class in a pseudo-Levi subgroup of G.

Let L < G be a Levi subgroup and let P = LU < G be a parabolic with Levi factor L
and let su € L. It was proven in [12, Proposition 4.6] that:

Indf 0%, = G - (sIndg8 (). O5HW"). (3.2)

Notice that Cy,(s)° is a Levi subgroup in Cg (s)° (see [12, Proof of Proposition 4.6]).
Induction is transitive, i.e. if M < G is a Levi subgroup, L is a Levi subgroup of M and

OSLu € L/L, then:
Ind§ (Ind}! OF,) = Ind§ (M - (s Ind ") 050
Cg(s)° Crp(s)° °
=G - (sIndgC ) (ind g ) OSLE")
Co(s)° o
=G - (sIndc?). OSLO") = Ind§; OF,.

where we used [24, Sect. 1.7].

We can assume that 7 < L and s € T.If P > B, we have that Cp(s)° = Cp(s) is
a Borel subgroup of Cg(s)° and Cp(s)° is a parabolic subgroup of Cg(s)°. The equality
Cp(s)° = PN Cg(s)° holds and Cy (s)° is a Levi factor of Cp(s)°; we write Uc,(5)e for
the unipotent radical of Cp (s)°. We compare the two morphisms:

y: G xP 0L U — nd¥ Of, (3.3)
ys: Co()° x PO Ot U, (e — Indgo0) O (3.4)

Lemma3.4 Let y and ys be as in (3.3) and (3.4), respectively. Set o°¢ :=Ind(L; OSLM and

0Cc)° :=Indgf((§))§ OEL(S)O. Then:

(i) Birationality of y implies birationality of y;.
(ii) Suppose in addition that Cg(s) = Cg(s)°. If ys is birational, then vy is birational. In
particular, if G is semisimple simply connected, this is always the case.

Proof We will prove birationality verifying condition (iv) of Lemma 3.2.

(i) Suppose y is birational. Let v € O5-“)" U, (5o N OGS Then sv € 09 = G -
(s 0C6") by (3.2) and sv € s O U, (5o € OL, U, so that sv € O, U N 0.
Since v € Cg(s)°, the unipotent part of sv is v. Birationality of y yields Cg(sv) < P,
50 Ceg(s)°(v) < Cegs)(v) < P. Now Ccg5)o(v) < Cg(s)°, hence Ceg(s)e (v) <
P N Cg(s)° = Cp(s)° and y; is birational.

(i) Assume Cg(s) is connected and 1y, is birational. Choose an element
sv € 50O Ns 0L U, € O9NOL. Then Cg(sv) = Cepypev) <
Cp(s)° < P.

[m}

The following example shows that in general, the birationality of y; does not imply the
birationality of y.
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Birational sheets in reductive groups 29

Example 3.1 Let G = Sp4(C) and let G = PSp,(C) = G /Z (6), we denote its elements
1 0 0 0

by matrices in square brackets. Let s = |: A S | ] € G. Let P:=Pg be the stan-
0 0 0 -1

dard parabolic with ® = {w>}, unipotent radical U and Levi factor L:=Lg. Remark that
Cg(s)° < Cg(s) and that Cr(s)° = L. Let u be in the regular unipotent class of L. Then

. . 1 0 0 -1
Ind$9Y" 0Ly = 059" with v = [g 110 | while Ind§ OF, = 0. We have that
0 0 0 1
ys as in (3.4) is birational, since Cc(s)°(v) < Cp(s)°. On the other hand, y as in (3.3) is
0 1 0 0
not birational, because Cg (sv) j{ P, for example |:é 8 8 [l)i| € Cg(sv)\P.
0 0 1 0

3.2.1 Induction of adjoint orbits in a Lie algebra

In this section we describe birational induction in the case of the adjoint action of G on its
Lie algebra g. We follow the approach of [23, Sects. 1.4 and 4]: we alert the reader that
in [23] most results are formulated in terms of G-coadjoint orbits of g*. It is possible to
translate all the statements in terms of G-adjoint orbits of g after choosing a G-equivariant
non-degenerate symmetric associative bilinear form on g (see [7, Sect. 4, Proposition 5]),
which yields a G-equivariant isomorphism of vector spaces g >~ g*.

For a Levi subalgebra [ C g, let ¢ € 3(I) and O' € A/L'. Include [ as the Levi factor of
a parabolic subalgebra p = [+ n and let P < G be such that Lie(P) = p. The group P acts

via the adjoint action on (¢ + O' + n) and we have the generalized Springer map:

v:GxP C+0 1) = AdG)(C + O +1n)
gxn+—> Ad(g)(n) (3.5)

Then im(y) = OF9 for a unique O% € g/G, called the orbit induced from the induction data
(I, ¢, O and denoted Ind} (¢ + O"). The orbit ©O¢ = Ind} (¢ + O") is nilpotent if and only
if £ = 0: in this case we write ©O9 is induced from (I, OY).

When y is birational, Ind{ (; + ©O") is said to be birationally induced from (I, £, O"). A
nilpotent orbit O C g is said to be (birationally) rigid if it cannot be (birationally) induced
from a proper Levi subalgebra [ C g.

We have codimg O9 = codim((¢ + OY, see [4, Satz 3.3]. Therefore, the hypotheses of

Lemma 3.1 are satisfied with X = ¢ + ©®'4+nand ¥ = g. Moreover, an analogue of Lemma
3.2 holds.

Since ¢ € g is semisimple, C (¢) is connected, see [30, Sect. 3]. In the setting of (3.5),
we have Lie(Cg(¢)) = ¢g(¢) and Cp(¢) = P N Cg (&) is a parabolic subgroup of Cg(¢);
moreover, [ is a Levi factor of the parabolic subalgebra p,:=Lie(Cp(¢)), write n; for its
nilradical. Consider the generalized Springer map:

ye: Co (@) xP@ (O + ;) — Ad(C6(2))(O" + 1) (3.6)

Remark 3.2 The orbit O is birationally induced from (I, ¢, ©") if and only if the nilpotent
orbit Indfg(g) o'e ¢g(¢)/Cq (&) is birationally induced from (I, oY

Proof Lemma 3.4 still holds with the necessary adjustments, so that y in (3.5) is birational
if and only if y, in (3.6) is birational. O

! We remark that induction in g can be defined for the adjoint orbit of any element o 4 v in a Levi subalgebra
[ C g, see [4, Sect. 2]. The reduction to the adopted definition can be obtained from [4, Satz 2.1, 3. Fall].
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30 F. Ambrosio

3.3 Birationality for induction of conjugacy classes

In this section we discuss the definition of birational induction of a class 0%, € G/G.

Definition 3.1 Let su € L and let O¢ = Indg OSLM. We say that O is:

(a) birationally induced from (L, OSLM) if the generalized Springer map

. P
y: G X Oqu — InngL

su

defined in (3.3) is birational;
(b) weakly birationally induced from (L, OF)) if the generalized Springer map

o C ¢)O C ¢)O C ¢)©O
Y 1 Ca(9)° xEr” 05 Ue, e — IndEEL) OFHY)

defined in (3.4) is birational.

Remark 3.3 Tt is a consequence of Lemma 3.4 that if OY e G/G is birationally induced
from (L, O:Lu) then it is also weakly birationally induced from (L, Offu). Moreover, the two
notions coincide when G is semisimple simply connected or when O¢ = 7 OY for z € Z(G)
and u € U (this is the case if and only if the inducing orbit is z O with O e U /L). For
this reason, in such cases, we will always omit the adverb “weakly”.

We may drop one, or both of the elements of the pair of inducing data (L, OSLM) in the
notation when they are clear from the context or they are not relevant. In particular, we will
say that the class O¢ € G /G is (non-trivially) birationally induced (resp. weakly birationally
induced) if there exists a proper Levi subgroup L < G and a conjugacy class OF e L/L
such that O is birationally induced (resp. weakly birationally induced) from (L, O%).

In the following, we focus on induction of unipotent classes and we show that most
properties carry over to the birational case.

3.3.1 Interaction with isogeny

Induction and birational induction behave well with respect to Springer’s isomorphism ¢ :
N S U. We recall that G-equaviariance of ¢ yields Cg(v) = Cg(¢p(v)) for any v € N in
particular, the homogeneous spaces O} and (’)g(u) are isomorphic varieties, see [22, Theorems
1.1, 1.2].

Remark 3.4 Letm: G — G be anisogeny. Fix a Levi subgroup L < G and let :=Lie(L), set
m(L) = L.Letpr: M S Uy be Springer’s isomorphism for L and ¢: N Su Springer’s
isomorphism for G. Let O' € N{/L.

1) ¢(Indf oh = Indf (oL (OY). In particular, rigid nilpotent orbits in g correspond to
rigid unipotent classes in G.

(i) fOL e Uy, thenw (Indf OL) = Indg (r(OL)), because Springer’s isomorphism does
not depend on the isogeny class of G.

(iii) A nilpotent orbit O¢ € N'/G is birationally induced from ([, OY if and only if ¢ (09)
is birationally induced from (L, ¢ (O")), as Springer’s isomorphism preserves central-
izers.

(iv) Since (iii) is true independently of the isogeny class of G, the class O¢ € U/G is
birationally induced from (L, O') if and only if 7(O%) is birationally induced from
(L, (O)).
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3.3.2 Independence of the choice of a parabolic subgroup

In [23, Sect. 4] it is proven that birationality of induction of a nilpotent orbit is independent of
the parabolic subgroup. The result therein is a consequence of deformation theory. Here we
prove that birationality of induction of a unipotent class O only depends on the G-conjugacy
class of the inducing pair (L, O). Our proof is obtained independently of Losev’s analogue
result. We recall a notion that will be needed in the proof: if f: X — Y is a dominant rational
map of varieties, the degree of f is defined as the degree of the function fields extension
deg f:=[C(X): C(Y)]. Moreover, if f is a finite map and y € Y is a generic point, then
|f’l(y)| = deg f, see [16, Proposition 7.16].

Lemma 3.5 Consider two parabolic subgroups P, Q < G with Levi decompositions P =
LUp, Q = LUy respectively. Let O € Uy /L and set O¢ = Indf(OL). Then the gener-
alized Springer map yp: GixP (ot Up) — OO is birational if and only if the generalized
Springer map yo: G x2 (O Ug) — 0% is birational.

Proof Set p:=Lie(P), q:=Lie(Q) with Levi decompositions p = [+ np, and q = [+ ng,
respectively. Let O' € N{/L (resp. O% € N'/G) such that ¢ (O") = OF (resp. ¢(09) =
©%). Consider the generalized Springer maps Yp: G xP (0" + np) — 0% and Vq: G % 0
(O'+ ng) — O8. By Remark 3.4, yp (resp. Y) is birational if and only if y; (resp. yq) is
birational. The degrees of y;, and of y, are the same. This follows from [3, Proof of Corollary
3.9] where a formula for the degree of the Springer generalized map y;, is given in terms of
(1, (9[), and these data are independent of the parabolic. O

Remark 3.5 Let [ be a Levi subalgebra of g, let ¢ € 3(I) and O' € Nj/L. Then, by Sect.
3.2.1,Indf (¢ + OY) is birationally induced if and only if Ind,® © Olis birationally induced.
As a result, birationality of the induction of any O¢ € g/G is independent of the chosen
parabolic.

Remark 3.6 Letd € Aut(G),let L < G beaLevisubgroupand OF € L/L.Then ¥ preserves
parabolic subgroups, their Levi decompositions, and unipotent varieties of Levi subgroups.
Thus, ¥ (Indg oy = Indg( L) #(OF). By Lemma 3.2, birationality of unipotent induction is
preserved under action by Aut(G) on the inducing data because ¥ maps centralizers to cen-
tralizers. In particular, for g € G and O,f € Uy, /L, the class 0% .= Indf ((’)5) is birationally

gLg™!
).

induced from (L, OL) if and only if OY is birationally induced from (gLg™"!, © eug—1

3.3.3 A sufficient condition for birationality

Next result can be used to test if a unipotent class is birationally induced.

Lemma3.6 Let ¢ : N — U be Springer’s isomorphism and let G = G/Z(G). Let v € N
and let © := O8. If Ca(v)/Cqz(v)° = {1}, then:
1) if O = Ind[g O" for a Levi subalgebra | C g and O € Ni/L, then O is birationally
induced from (I, OY);
(i) if $(O) = Ind¥ OF for a Levi subgroup L < G and OF € UL /L, then ¢(O) is
birationally induced from (L, OF).

Proof Let P < G be parabolic with Levi decomposition P = LU and let ©' € A{/L such
that Ind? ol=0.1f Ca(v) = Ca(v)°, then Cg(v) = Cp(v), hence (i) follows from Lemma
3.2. Statement (ii) is a consequence of Remark 3.4. O
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Example 3.2 Let G be simple of type C and let u € Ogmre o the subregular orbit in . Let

©1 = {a1} and ®, = {«,}. Set L;:=Lp,, then 0% is induced both by (L, {1}) and

subreg

(Ly, {1}). A direct computation of Cg () shows that OSGu breg is birationally induced from

(L1, {1}), whereas the induction Indgn {1} is not birational. In fact, Cg(u)/Cq(u)° =~ Z/2Z.

If G is simple adjoint and v € N/, the groups Cg (v)/Cg(v)° are known, see [13, Sects.
6.1, 8.4].

3.3.4 Transitivity of birational induction

For a Levi subgroup M < G, let L be a Levi subgroup of M and let O% € U /L. We want to
prove that Ind¥ O is birationally induced from (L, OF) if and only if Ind¥ O is birationally
induced from (L, O%) and Indf,,(lndﬁ” O) is birationally induced from (M, IndlL"I oby.

We can work with a standard parabolic subgroup P with Levi decomposition P = LU,
where L < G is astandard Levi. Let Q > P be parabolic with Levi decomposition Q = MV
where M < G is a standard Levi subgroup. We have L < M and U > V. Moreover, P N M
is a parabolic subgroup of M (standard with the choice M N B for the Borel of M), with
Levi decomposition of PN M = L(UNM)and U = (U N M)V. Let OM ::Ind{l OL and
0% = Indf ot = Indg[ OM with the corresponding generalized Springer maps:

yLG:GxPﬁU—»F,
yM M xPM oL N M) - OM
yg:GxQOiMV—»E.

Proposition 3.1 (Transitivity of birational induction) The map ylf; is birational if and only if
the maps )/LM and yg are birational.

Proof Thereexistiu; € OM with! € OF andu; € UNM. Similarly, O has representatives
of the form luu,, where us € V and lu; € OM N OL(U N M).

Suppose that yLG is birational, then for [ujus € OF as above, we have Cg (lujus) < P <
0, so )//f,,; is birational by Lemma 3.2. We show Cys(lu;) < P.Letm € Cp(luy), then
mluyuam=" = luymuym=" € O°U N OF = Oﬁuuz’ by Lemma 3.1. Hence there exists
p € Psuchthat pm € Cg(lujuy) < P.Thisimpliesm € P,i.e. yLM is birational by Lemma
3.2.

For the other implication, assume yf” and yﬂ(j are birational. Let lujus € OF be as above
andletg € Cg(lujuz). Weshow thatg € P.Since y,g isbirational,theng € Cg(lujuz) < Q
by Lemma 3.2. So g = mv withm € M and v € V. Then luju; = (mv)(uuz)(mv)~! =
(mluym=YY(miiam™Y), where iio:=uy) 'v(upusv™' € V. Now mluym~' € M and
mﬂgm_l € V, since M stabilizes M and V, and the semi-direct product decomposition
of Q yields mluym=' = luy, i.e. m € Cp(uy). Since yi” is also birational, we have
Cy(luy) < P, by Lemma 3.2. Therefore, g = mv € P, i.e. C¢(lujuz) < P and yLG is
birational, by Lemma 3.2. O

The analogous result for birational induction of nilpotent orbits in Lie algebras is obtained
in [27, Sect. 1.2] with different techniques.
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3.3.5 Birational rigidity

Definition 3.2 A unipotent conjugacy class in G is said to be birationally rigid if it cannot
be induced in a birational way from a unipotent class O inside a proper Levi L < G.

Remark 3.7 By Remark 3.4 (iii), the orbit O% € AN/G is birationally rigid if and only if
¢(0%) € U/G is birationally rigid, where ¢ is Springer’s isomorphism. For g simple, the
complete list of birationally rigid nilpotent orbits can be deduced from [15,27]. By Remark
3.4 (iv), the notion of birational rigidity does not depend on the isogeny class of the group.
For a Levi subgroup L < G and ¥ € Aut(G), a class OL € Uy /L is birationally rigid in L
if and only if O is birationally rigid in 9 (L).

Example 3.3 Every rigid conjugacy class is birationally rigid. The converse is not true: if G
is simple of type C3, let O be the unipotent class O relative to the partition [2, 2, 1, 1].
This is birationally rigid, by [27, Remark 1.5.2]. Nonetheless, codimg 06 =dimLg =
codimy,, {1}, where ® = {7, a3}. Since 0% € U/G is uniquely determined by its dimen-
sion, we have OY = Indg@{l}.

Example 3.4 1f G is simple of type A and O € U/G, then OF is rigid if and only if it is
birationally rigid if and only if 0% = {1). By [13, Theorem 7.2.3] and adopting notation
therein, if O° € U /G corresponds to a partition p of 7, then 06 = Indg{l}, where L
corresponds to the dual partition pt. The induction is birational, by Lemma 3.6. Indeed, if G
denotes the adjoint group in the isogeny class of G, we have C¢(v) connected forall v € N,
see [13, Corollary 6.1.6].

4 Uniqueness of birational induction

In this section we establish an explicit bijection between conjugacy classes in G and a set
of data which are “minimal” with respect to induction. This will be central in the proof of
Theorem 5.1, one of our main results.

Definition 4.1 A pair of unipotent birational induction data is (L, OLy where L < Gisa
Levi subgroup, O% e Uy /L is birationally rigid and Indg O is birationally induced from
(L, OL). We denote by #(G), the set of all unipotent birational data of G.

Notice that G acts on #(G),, by simultaneous conjugacy on the pairs and that Z(G), /G
is finite. We are going to adapt [23, Corollary 4.6] to the case of the conjugacy action of a
group on itself.

Lemma4.1 Let G be reductive and let O € U/G. Then there exists, up to G-conjugacy, a
unique pair (L, OF) € #(G), such that 06 = Ind¢ OF.
In other words, the map

HBG/G = U/G
[(L, OF)]~ > Ind¢ OF
is bijective, and all inductions are birational.
Proof For G reductive,{ = UG, G, hence we may assume G semisimple.LetG = G ... Gy

be the decomposition into simple factors, d € N. The decomposition of G carries over to Levi
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subgroups, parabolic subgroups and unipotent conjugacy classes. For L < G a Levi subgroup
and OF € Uy /L, we write L = I—[?:1 L; with L; Levi subgroup of G; and OF = ]_[;1:] Ok
with O e Ur,/L;. Remark that Lusztig—Spaltenstein induction in G is compatible with
this decomposition. If u € U/, then u = u; . .. uy with u; uniquely determined and unipotent
inG; foralli =1,...,dand Cg(u) = ]_[;-Ll Cg, (u;). The induction Indg OL is birational
if and only if all inductions Indif O are so. Also, O is birationally rigid in L if and only
if each O is birationally rigid in L;. Thus, we are reduced to proving the statement for
each simple factor G;. This follows from [23, Corollary 4.6 (i)] and Springer’s isomorphism
(Remarks 3.4, 3.7). O

In [23], Losev described an explicit bijective correspondence between g/G and G-
equivalence classes of birationally minimal induction data, i.e. triples (I, ¢, O where [is a
Levi subalgebra of g, the orbit ©' € A/L is birationally rigid and ¢ € 3(I) is such that the
induction IndfI (¢ 4 O is birational. Our aim is to find an analogue result in the case of the
conjugacy action of G on itself.

Definition 4.2 A triple of weakly birational induction data is (M, s, OMY where: M < G
is a pseudo-Levi subgroup, s € Z(M) is such that Z(M)°s satisfies (RP), oM ¢ Uy /M
is birationally rigid and Indg/lG ©)° oM s birationally induced from (M, ©™). We denote by
A(G) the set of weakly birational induction data of G.

G acts on Z(G) by simultaneous conjugacy on the triples.

Remark 4.1 Let (M,s, OM) e B(G). Let L(M):=Cg(Z(M)°) be the Levi envelope
of M, i.e. the smallest Levi subgroup of G containing M (see [12, Definition 3.7]).
Remark that Cr)(s)° = Cg(s)° N L(M) = M, see the proof of Lemma 3.3. Then
df,, (L(M) - (s OM)) = G - (sInd§f"" OM):=0F and OF is weakly birationally
induced from (L(M), L(M) - (s O©M)) in the sense of in Definition 3.1 (b). For this reason,
we will say that G - (s Indgf @ oM ) is weakly birationally induced from (M, s, OM).
When G is semisimple simply connected, we will omit the adverb “weakly”, i.e. we will
say that 2(G) is the set of birational induction data of G and that G - (s Ind¢®” OM) is
birationally induced from (M, s, OMy e $(G): this choice agrees with Remark 3.3.

Now we prove that every conjugacy class is weakly birationally induced in a unique way
from a triple of birational induction data, up to conjugacy.

Theorem 4.1 The following map is bijective:
#(G)/G — G/G
[(M,s,0M)]. > G - (s nd$e®” OM).

In particular, for G semisimple simply connected, every conjugacy class is birationally
induced in a unique way from a triple of birational induction data.

Proof We prove surjectivity. Let 0% = Og withs € T,u € K:=Cg(s)°. By Lemma 4.1,
there exists, up to conjugacy in K, a unique (L, OL) € B(K), such that OX = Ind¥ (OF).
We can assume 7 < L so that L is a Levi subgroup of K with Z(K) < Z(L). Hence,
s € Z(L) and Z(L)°s satisfies (RP) for L, by Lemma 3.3. In particular, L = C(Z(L)°s)°
is a pseudo-Levi of G and (L, s, OF) € B(G) satisfies G - (s IndgG(S)o oy = 0%,
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Now we prove injectivity. Let (M1, s1, O%l), (M>, 57, (’)%2) € %(G) and suppose that
G - (s1 IndgC" Of,”l‘) =G - (s2Ind{¢"" Of2) .1
where the unipotent classes IndCG(g’) (9 are birationally induced from (M;, O%") for

i = 1,2. We can assume that s; = sp=:s e T and set K:=Cg(s)°. We have that (4.1) is
equivalent to

Cg(s) - (Indf; O)1) = Cg(s) - (Indfy, OP).

Ifv e Ind%1 0u1 , then there exists g € Cg(s) such that gvg™! € Indfb OuMzz. Write
g= w~ LA for suitable h € M and w € Ng(T) N Cg(s), and up to choosing hvh~! instead
of v as a representative, we can assume that g = w~ ! e Ng (T) N Cg(s). Therefore, we
have:

M wKw™ wMow ™!
v E w(Insz 0, )w Indezw | Owugw—l .

Since w acts as an automorphism of K, the induction is birational (Remark 3.6) and OWMzw |

is birationally rigid (Remark 3.7), it follows that

M] K wMzw_1
v eIndM O,.' NInd wMaw 1(9“}“21”71 .

By Lemma 4.1, the pairs (M, (’)%‘) and (wMow ™!, Oﬁyi}w_l ) are conjugate in K, hence
(My, s1, O%‘) and (M3, s2, O%z) are conjugate in G via g’w™! for some g’ € K.
The last statement is a consequence of the proof together with Remark 3.3. O

5 Jordan classes and birational sheets

We recall the notions of Jordan classes in a reductive group, introduced in [26] and we collect
some results on sheets from [12, Sect. 4]. After that, we define birational closures of Jordan
classes and birational sheets of a semisimple simply connected group G.

Definition 5.1 The set of decomposition data of G is the set of all triples t =
(M, Z(M)°z, OM) where M < G is a pseudo-Levi subgroup, Z(M)°z is a connected com-
ponent of Z(M) satisfying (RP) for M and OM e Uy /M. We denote by 2(G) the set of
decomposition data of G.

The group G acts on Z(G) by simultaneous conjugacy on the triples. We associate to any
su € G its decomposition data (C (5)°, Z(Cg(s)°)°s, 056,

Definition 5.2 Two elements su, rv € G are Jordan equivalent if their decomposition data
are conjugate in G. We denote with J (su) the Jordan class of su, i.e. the equivalence class
of all elements of G which are Jordan equivalent to su.

We have J (su) = G- ((Z(Cg(s)°)°s) 48 OEG(‘Y)O). We denote by _# (G) the set of Jordan
classes in G. The group G is partitioned into finitely many Jordan classes, which are in one-
to-one correspondence with 2(G)/G. If t = (M, Z(M)°z, OMy e 9(G), then J (7):=G
((Z(M)°z)"¢8 ©M). Jordan classes are smooth irreducible locally closed subvarieties of G,
they are unions of equidimensional conjugacy classes, this is stated in [26, Sect. 3.1], see
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also [8, Corollary 3.8.1] and [9, Proposition 2.3]. The closure of a Jordan class is a union of
Jordan classes and the same holds for its regular part. If T = (M, Z(M)°z, OM) € 2(G),
we have:

Io= |J G-emdf oM, T@¥= |J G- @mdif?" oM.
teZ(M)°z teZ(M)°z

Since J (1) ® is open in J(7), it is irreducible and locally closed in G.

The sheets for the action of G on itself under conjugation are unions of Jordan classes.
For each sheet S there exists a unique Jordan class J € _#(G) such that J is dense in
Sand S = J . A Jordan class J is dense in a sheet if and only if J = J(tr) where
= (M, Z(M)°z, OM) € 9(G) where OM e Uy;/ M is rigid, see [12, Theorem 5.6 (a)].

Remark 5.1 Jordan (or decomposition) classes and sheets were also defined for the adjoint
action of G on g. Decomposition classes in g are parametrized by G-conjugacy classes of
pairs (I, ©") where [ is a Levi subalgebra of g and O' € Ni/L. If (I, ©') is such a pair, it
parametrizes the Jordan class

(1, OY:=Ad(G) () + OY. (5.1

Sheets are regular closures of Jordan classes J(I, O[)reg with O' a rigid nilpotent orbit in [.
Definitions and results can be found in [4,5,8,9].

There exist sheets in simple Lie algebras which intersect non-trivially, see [5, Sect. 6.6]
and [4, Sect. 7.4]. Sheets are disjoint in simple Lie algebras of type A, [14]. For g simple of
classical type all sheets are smooth, see [18]; if g is simple exceptional there exist singular
sheets, see [10] for the list of smooth ones. Similarly, in the case of a simple group G, there
exist non-smooth sheets and distinct sheets with non-empty intersection. If G = SL,,(C), all
sheets are smooth, see [1, Sect. 6.3].

5.1 Preliminary constructions

Let [ be a Levi subalgebra of g and let o'e N/L. In [23, Sect. 4], for any such pair (I, (9[)
Losev defines the set Bir(3(1), O') = {¢ € 3(I) | Ind} (¢ + O") is birational} = {¢ € 3(1) |
Indfg(g) O' is birational}, by Remark 3.2. In particular, Bir(3(I), ©") only depends on the
pair (I, ©") and not on the parabolic subgroup chosen for the generalized Springer map. We
would like to define a similar object for the group case, but Lemma 3.4 and Remarks 3.3 and
4.1 suggest two distinct approaches.

Let t:=(M, Z(M)°s, OM) € 9(G) and let L(M) be the Levi envelope of M in G. To
T € 2(G), we associate the two sets:

Bir(Z(M)°s, OM):={z € Z(M)°s | Ind{ ,;,(L(M) - (z O)) is birationally induced};

(5.2)
WBIr(Z(M)°s, OM):={z € Z(M)°s | Ind§¢@" OM i birationally induced) (5.3)
= {z € Z(M)°s | Ind§,,; (L(M) - (z OM))
is weakly birationally induced}. 5.4

Remark 5.2 The definition in (5.3) does not depend on the choice of a parabolic sub-
group, thanks to the arguments in Sect. 3.3.2. Moreover, if z € (Z(M)°s) ¢, then
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C;(2)° = M, hence @ # (Z°s)'*8 C WBIir(Z(M)°s, oMy, By Remarks 3.3 and 4.1,
we have Bir(Z(M)°s, OM) c WBir(Z(M)°s, OM). Asa consequence of Lemma 3.4, when
G is semisimple simply connected, Bir(Z(M)°s, OM) = WBir(Z(M)°s, OM); on the other
hand, when G is not simply connected, the inclusion can be proper as the following example
shows.

Example 5.1 Consider G = SL,(C),let G = PSL,(C) andletw: G — G, w(g) = g be the
central isogeny. Let 7 < G be the torus consisting of diagonal matrices, let B < G be the
Borel subgroup individuated by the upper triangular ones, let U be the unipotent radical of B
andlet B =n(B)and U = n(U).Lett = (T, T, {&}) € 2(G) and let s:=diag[i, —i]. Then
one can verify that § € WBir(T, {e})\ Bir(T, {¢}). The generalized Springer map (GSM)
reads:

y: G xB (GU) —> G- (50) = 0F .

This map is not birational, because C#(5) = NE(T) < B,namely y isa 2 : 1 covering; on
the other hand, y5 as in (3.4) is trivially birational.

We now describe the structure of the set WBir(Z(M)°s, OM) for a pseudo-Levi M < G
and O e Uy /M. Thanks to Remark 5.2, when G is semisimple simply connected, the
results will give a description of the set Bir(Z(M)°s, OM).

Recall that an element su € G is isolated if Cq(Z(Cg(s)°)°) = G, see [26, Definition
2.6].

Remark 5.3 Let M < G be a pseudo-Levi subgroup, set Z:=Z (M) and let s € Z such that
Z°s satisfies (RP) for M. Define the set

Z(Z(M)°s):={Z(C5(2)°)°z | z € Z°5}.

We prove that this set is finite. We can assume 7 < M, so that z € Z(M) < T hence
Cc(2)° = (T,Usq | @ € @) with finitely many possibilities for the root subsystem
D, ={a € @ | a(z) = 1) C D, moreover the connected components of Z(Cg(z)°) are
finitely many.

We write Z(Z(M)°s) = {Z(M;)°s; | i € I} for a finite index set / and suitable s; € Z°s
with Cg (s;)° = M;. Thanks to Lemma 3.3, we can define a map:

Z(Z(M)°s) — {M; < G | M is a Levi subgroup of M;}
Z(M;)°si — CG(Z(M;)°s;i)° = M;.
The set Z(Z(M)°s) is partially ordered by inclusion: if T < M; < M,, with My, M»
pseudo-Levi subgroups of G, then Z(M>) < Z(M;) and Z(M>)°z C Z(M;)°z for all
7z € Z(M>). The maximum of Z(Z(M)°s) is Z(M)°s and its minimal elements are connected

components Z(M;)°s; consisting of isolated elements. The above map reverses inclusions:
Z(M;)°s; C Z(M./)OS/' implies Mj < M;.

Lemma5.1 Let (M, Z(M)°s, OM) € 9(G), set Z:=Z(M). Let 7 € Z°.

(i) IfIndg,[G @° oM js birationally induced from (M, OM ), then Indgf(z,)o OM is birationally
induced from (M, OM) for all 7/ € Z°s such that C;(z')° < Cg(z)°.

(ii) IfInd]i[G @ OM s not birationally induced from (M, OM), then Indgf @ OM s not
birationally induced from (M, OM) for all 7 € Z°s such that Cg(z')° = Cg(2)°.
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Proof (i) follows from Proposition 3.1 and Remark 5.3. We prove (ii) by contradiction. We can
assume M = Cg(s)° for s € T. Suppose that there is 7 € Z(Cg(2)°)°z NWBIr(Z°s, oMy,

Then Cg(z')° > Cg(z)° and Ind%c(zl)o OM is birationally induced from (M, ©™). This
contradicts Proposition 3.1. O

Corollary 5.1 Let (M, Z(M)°®s, OMy e 9(G), set Z:=Z(M). If z € WBIr(Z°s, oM) for
all isolated 7z € Z°s, then WBir(Z°s, OM) = Z°s.

Proof Let z € Z°s be isolated, with Ind¢‘¥” OM birationally induced from (M, OM). Let
Z(C6(2)°)°z = Z(M;)°s; € Z(Z°s, OM). Then all 7/ € Z°s such that Z(Cg(z)°)°7
is greater or equal to Z(M;)°s; in the partial order on Z(Z°s) satisfy IndEG(Z/)O oM s
birationally induced from (M, OM). This is a consequence of Lemma 5.1 and Remark 5.3.

Since isolated elements are minimal elements of Z(Z°s), the statement follows. ]

Remark 5.4 For (M, Z(M)°s, O™) € 9(G), set Z:=Z(M) and define
Z/(Z°%s, OMY):={Z(M;)°s; € Z(Z°s) | Ind%i OM s not birational}.

By Remark 5.3, this set is finite and by Lemma 5.1, it is a subposet of Z(Z°s). Let
2(Z°s, OM) be the subset of maximal elements in Z'(Z°s, OM).

Now we prove that the set WBir(Z°s, ©OM) is the complement in Z°s of the finite union
(possibly empty) of shifted tori which are elements of Z'(Z°s, OM).

Proposition 5.1 Retain the notation from Remark 5.4. Then®
Z°s\WBir(2°s, 0™y = |} zZM)°s:.
Z(Z°s,0M)
In particular, WBir(Z°s, OM) is open in Z°s.

Proof One inclusion is clear, as Z(Z°s, OM) c Z/(Z°s, OM), hence z € Z(M;)°s; implies
Indf/IG(Z)O OM is not birational, i.e. z € Z°s\ WBir(Z°s, OM).

For the other inclusion, let z € Z°s\ WBir(Z°s, oM ). Then z satisfies the assumptions of
Lemma 5.1 (b), hence Z(Cg(2)°)°z € Z/'(Z°s, OM). By Remark 5.4 there exists a maximal
Z(M;)°s; € ’2(Z°s, oM) containing Z(C¢(2)°)°z, and this ends the proof. ]

5.2 Birational closures of Jordan classes

In this part, we assume G semisimple simply connected and we apply the results obtained
above to define and birational closures of Jordan classes and study their structure.

Definition 5.3 Let su € G, the birational closure of J(su) is:

Tew" = U G- (z1ndgs(s) 0fe)
Cg(s)

Z€BIr(Z(Cg (5))°s,0, )

where Bir(Z(Cg(s))°s, O,fG (S)) is as in (5.2), equivalently as in (5.3).

2 Notice that Ué(ZDS,OM) Z(M;)°s; = UZ’(Z%,OM) Z(M;)°s;, but the first union has the advantage to
be expressed with a minimal number of elements.
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Remark 5.5 For su € G, the birational closure J (su)bir is G-stable by construction. We have
J(su) C J(su)b” C J(su)reg, always by construction.

Lemma 5.2 Definition 5.3 is zndependent of the representative of the Jordan class. In partic-

ular, for v € 2(G), the sel J(r) is well-defined and if T and t' represent the same class
in 2(G)/G, then Tx) " =T,

Proof We show that J (su) = J(rv) implies J(su) " = J(rv)". Let syu; € JGsu),
namely we can assume that s; € Z(Cg(s))°s and that OEIG(“) In dgggf')) AT
birationally induced from (Cg(s), ©59“)). By hypothesis, (Cg(s), Z(Cg(s))°s, O5®))
and (Cg(r), Z(Cg(r))°r, (’)UCG(r)) are conjugate by an element g € G. Hence, gslg’1 €
Z(Cg(r))°r and

-1 CG(s1) ACg(s) gCs(s1)g™! CG(S)
gu18 € g(IndCG(Y) O )g Indgc (J)g—l (gO )

— IndCG(fSIg ) (950(}’)7

which is birationally 1nduced from (Cg(r), Oy Co (r)) by Remark 3.6. This ylelds gsiug~! =

(gs18~ 1)(gu]g’l) IS J(rv) the proof follows from G-stability of J(rv) O

‘We continue with other structural results on birational closures of Jordan classes.
Corollary 5.2 Let Ji, J» € #(G). If Ji C 50 then 0T c BT
Proof This follows from Definition 5.3 and Proposition 3.1. O

Proposition5.2 Let J € _#(G). Then 7bir is obtained from T by neglecting a finite
number of regular closures of other Jordan classes of G, and it is open in T In particular,
birational closures of Jordan classes are irreducible locally closed subsets of G.

Proof Let J:=J () with T = (M, Z(M)°s, OM) € 2(G) and let Z:=Z(M). Consider the
set Z(Z°s, OM) defined in Remark 5.4, and write Z(Z°s, OM) = {Z(M;)°s; | i € I},
for a suitable index set /. As in the proof of Proposition 5.1, we have Bir(Z°s, oMy =
Z°s\ Uiei Z(M;)°s;. Since Z°s = Z°s; foralli e I, Lemma 3.3 implies that Z°s; satisfies
(RP) for M and Cg (s) is a Levi subgroup of Cg(s;). Then:

7reg\7bir _ U U G- (t Indf,f(t) OM)
iei \1eZ(Ca(si))°si
Set €661 .= Ind$ ™ OM and 1;:=(Cg (s1), Z(C(s7))°si, O°G6)) € 9(G) foralli € 1.
Then, by transitivity of induction:
U 6 emdgfPoM = ) G-@IndgS) 06)) =Ty "
t€Z(Cg(si)°si teZ(Cq (si))°si

If J C G, then 7. 7" C G, hence also T N\T"" C G, and TN\T" =

U- I J(ri)reg = (Uie] J(ri)) NGy, so that 7~ \jbir isclosedin G ). As a consequence,

reg\] is closed in J' “®. The last assertion follows since J'°* is an irreducible locally

closed subset of G. O

@ Springer



40 F. Ambrosio

Corollary5.3 If J € 7 (G), then 77" is a union of Jordan classes in G.

reg

Proof For J € _#(G), we have that T and J'
(see Sect. 5 and Proposition 5.2), hence so is 7blr. m]

—bir .
\J  are unions of Jordan classes of G

Remark 5.6 Consider the adjoint action of G on g. Let ® C A and let :=Lie(Lg) be a
standard Levi subalgebra of g. Then we can define the sets £;:={m Levi subalgebra of g |
m D [} and Z:={3(m) | m € L(}: inclusion of subalgebras endows £ and Z| with a poset
structure. The set £y is finite, as m € £ has the form m = h & EBa€E go, Where E is a
root subsystem of @ such that Z® N @ C E, and there are finitely many possibilities for
E. The map m — j3(m) gives an anti-isomorphism of posets £; — Z; whose inverse is
€ — cg4(¥), see [31, Theorem 29.5.7]. Readapting proofs of Lemma 5.1, Propositions 5.1,
5.2 and Corollary 5.3, one gets the following results, already obtained in [23, Sect. 4]. If
O' € Ni/L, the set Bir(3(]), ©") is the complement to a finite (possibly empty) union of
elements in Zy, it always contains 3()"“%, it is open in 3(I) and it coincides with the whole
3() if and only if it contains 0. For any pair (I, @') where [ C g is a Levi subalgebra and
o' e N /L one can define the birational closure of the decomposition class J(I, (9[) (see
(5.1) in Remark 5.1):

—— bir
JEoY = | Indf+0Y.
ceBir(3(1),0")

This is open in J(I, O[)reg and in J([, O[), hence it is a locally closed irreducible subset of
g and it is a birational sheet of g if and only if O' is birationally rigid in [.

5.3 Birational sheets

In this section, we still assume G semisimple and simply connected and we prove one of
the main result of the work: inspired by [23, Sect. 4], we define birational sheets for the
conjugation action of G on itself and we prove that they partition G.

We start by defining the set:

BB(G):={t = (M, Z(M)°s, OM) € 2(G) | O birationally rigid}. (5.5)

G acts on Z%(G) by simultaneous conjugacy and A% (G)/G is finite because Z(G)/G is
SO.

Definition 5.4 For 1 € Z%(G), the birational sheet associated to T is: S(v)?" = J(t)bir.

Lemma 5.3 Lett € BB(G). Then S(v)P7 isa G-stable irreducible locally closed subvariety
of G and decomposes as a union of Jordan classes. Birational sheets of G are in one-to-one
correspondence with the finite set Z5(G)/G.

Proof This follows from Definition 5.4, Proposition 5.2 and Corollary 5.3. O

Theorem 5.1 Let G be semisimple simply connected. Then the birational sheets of G form a
partition of G.

Proof We prove that OSGM € G /G belongs to a unique birational sheet. By Theorem 4.1, OSGM
is birationally induced in a unique way from (M, s, O™) € %(G) up to conjugation in G.
This triple uniquely determines the class of t = (M, Z(M)°®s, OMYin #%(G)/G. Hence,

Ogt C S()%" and S(7)?" is unique. o
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Every birational sheet, being irreducible and contained in G,) for some n € N, is con-
tained in a sheet.

Example 5.2 In general, a sheet is not an union of birational sheets. Let G = Sp4(C), let
®; = {o;} fori =1,2andlet L; = Lg,. Let 0% C U be the subregular class, then

subreg

Ogbreg = Indﬁ_{l} fori = 1,2, but it is birationally induced only from (L1, {1}). Let t; =
(L Z(L)°, A1) for = 1,2, then T =T bt T = 7)) V0Y,
where J (‘52) " is a birational sheet, whereas 0% subreg is not so.

All sheets of g contain nilpotent orbits [4, Sect. 3.2], but not all birational sheet of g do
[23, Sect. 4]. Similarly, all sheets of G contain isolated classes, see [11, Proposition 3.1], but
we give an example of a birational sheet without this property.

Example5.3 Let G = Spg(C), let 5, = diag(1,a,—1,—-1,a7',1) € T. Fix a €
C\{—1,0, 1} and set 5:=s5 and M:=Cg(5).If t = (M, Z(M)°s, {1}), then:

T0“= J G mndf?)= U ofluos,uof,
2€Z(M)°§ aeC\{—1,0,1}

where the first member is J (7) while (’)gu and O¢ v are the two isolated classes of the sheet

J(t)*, indeed Cg(s1) and Cg(s_1) are semisimple of type C;C;. Decompose Cg(s1) =
K'K"”, where K’ >~ Sp,(C) and K” ~ Sp,(C) and decomp()se M = M'K", with M’ ~
C* x Spy(C) < K'. Then 05" = Ind{F V(1) ~

7 K’
class in K” and Ombreg

mbreg x {1}, where {1} is the trivial

IndK {1} is the subregular class in Ug,. By Example 5.2, the

Cg(s1)

latter induction is not birational. Hence, O, is not birationally induced from (M, {1})

and Ogu ¢ J(r) (r) . This argument can be repeated, up to reordering the decomposition

into simple groups, for CG (s—1) =~ Sp,(C) x Spy(C) and v € IndCG(Y 1){1} Therefore, the
birational sheet J (r) = J(7) does not contain any isolated class.
Lemma5.4 Lett = (M, Z(M)°s, OM) € 9(G) with OM € Uy /M rigid. Then the bira-
tional sheet Tz)bw is dense in the sheet mreg and mreg is the unique sheet of G
containing mblr

Moreover, mbir = mreg if and only if all isolated classes G - (r Indgf ") oM ) with
r € Z(M)°s are birationally induced.

Proof We have 1 € Z%(G), since OM is in particular birationally rigid and J (t)bir is open

and dense in the irreducible set J (1) by Proposition 5.2. Suppose S is a sheet of G with

J(‘C)h” C S. Then the closure of J(r) equals J(t) C S, s0 J(‘L')

The last assertion follows from Lemma 5.1 and Proposition 5.1. O

Corollary 5.4 Let G be simple simply connected of type A. Then all sheets are birational
sheets. In particular, sheets of G form a partition.

Proof This follows from Example 3.4 and Lemma 5.4 and Theorem 5.1. O

Remark 5.7 We claim that Lusztig’s strata defined in [25] are disjoint unions of birational
sheets. This follows from [11, Proof of Theorem 2.1]: it is proven therein thatif J € _#(G)

.. —reg .. . . —bi —reg .
lies in a stratum, then J "8 Jies in that stratum. Since J* C T ° , we get that strata are unions
of birational closures of Jordan classes. By taking maximal sets with respect to inclusion in
this decomposition, we conclude our claim.
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5.4 Weakly birational sheets

We would like to cast some light on the case in which G is not simply connected. Recall that
in this case, birational induction and weakly birational induction are two distinct concepts so
that Bir(Z(M)°s, OM) asin (5.2) can be a proper subset of WBir(Z(M)°®s, OMy asin (5.3).

In Sects. 5.2 and 5.3, we treated Jordan classes as the “building blocks” of birational
closures and birational sheets. Recall Example 5.1 and retain notation therein: for G =
PSL,(C), the Jordan class of regular semisimple elements J(r) = G - (T\{e}) does not
consist of all birationally induced conjugacy classes. This implies it is not possible to extend
directly constructions and proofs of results in Sects. 5.2 and 5.3 by requiring that classes
are birationally induced in the sense of Definition 3.1a. Nonetheless, the results in Sect. 5.1
hold for G not necessarily simply connected, therefore we give the following definition as a
possible generalization.

Definition 5.5 Let su € G, the weakly birational closure of J (su) is:

 wbi i .
TG = U G - (s1nage 3 0G0
ZEWBIr(Z(C (5)°)°s, 0567y
Remark 5.8 All results concerning birational closures of Jordan classes for G simply con-
nected from Sect. 5.2 can be restated for weakly birational closures for any connected

reductive group G. In particular, for J € _#(G), the weakly birational closure 7Wbir is
open in J.

Similarly, for any connected reductive group G, it still makes sense to introduce Z%(G) C
2(G) asin (5.5).

Definition 5.6 For 1 € Z%4(G), we call J (r)wbir the weakly birational sheet associated to
T.

Remark 5.9 All results concerning birational sheets proven in Sect. 5.3 for G simply con-
nected can be restated for weakly birational sheets in the case of any connected reductive
group G; in particular, any connected reductive group is partitioned into its weakly birational
sheets.

6 Local geometry of birational closures

We start this section with definitions and results from algebraic geometry which will be useful
for our purposes. Following terminology of [17, Sect. 1.7], two pointed varieties (X, x) and
(Y, y) are said to be smoothly equivalent if there exist a pointed variety (Z, z) and two smooth
maps ¢: Z — X and {y: Z — Y such that ¢ (z) = x and ¥ (z) = y. In this case we write
(X, x) ~5¢ (Y, y).By[20,Remark 2.1],if dim ¥ = dim X +d, then (X, x) ~. (Y, y)ifand
only if (X x A?, (x, 0)) and (Y, y) are locally analytically isomorphic. Smooth equivalence is
an equivalence relation on pointed varieties and it preserves the properties of being unibranch,
normal or smooth. For any algebraic variety X, denote by X" the associated analytic space.

3 The proofs of the results in Sects. 5.2 and 5.3 easily adapt to this case: one needs to substitute all centralizers
of semisimple elements with their identity component.
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Lemma 6.1 Let X and Y be complex algebraic varieties with dim X = dimY + d. Let X
and Y be unibranch at x € X and at'y € Y, respectively. Suppose (X, x) ~se (Y, y). Let
Yx: X — X and Yy : Y — Y be the normalizations of X and Y, respectively. Leti € X
andy € Y with Yx(X) = x and Yy (y) =y, respectively. Then (X, X) ~ge (Y, y).

Proof By assumption (xan x) and (Y% x A4, (y, 0)) are locally isomorphic as analytic
pointed spaces. Let xan (resp Y“”) be the normalization of X" (resp. of Y*"). By [21, Sect.
5, Satz 4], we have Xan — X and yan = yan . Thus, (X‘"’ X) is the analytic normalization
of (X x) and (Y an o A4 (3, 0)) is the analytic normalization of (Y x Al (y,0)). Hence,
(X”” x) and (Y“” x A?, (§,0)) are locally analytically isomorphic and this concludes the
proof. O

Now we make use of the previously introduced instruments to describe the birational
closure of a Jordan class around a unipotent element of G connected and reductive.

Lemma 6.2 Let L < G be a Levi subgroup and let T = (L, Z(L)°, oLy e 2(G) and set
J:=J(t). Let | := Lie(L) and O' € Ni/L such that exp(O") = OF. Let 3:=3(1,0") C g
be defined as in (5.1). Let v € N and v:=exp(v) € U. Then:

1) v€7 lfandonlylfve‘j r;

—wbir bir

(i) lfvej th J ,) ~ee (3, ).

Proof (i) We have v € J " if and only if OG Indf O is birationally induced from
(L, 0L (equiv. weakly birationally induced, see Remark 3.3), if and only if 08 =
Ind? Olis blratlonally induced from (I, O") (see Remark 3 4 (iii)), i.e. v € Jblr.

—wbir

(ii)) Forv e 7" , we have (J , V) ~se (J, ), since J "is open in J by Remark 5.8.
Moreover, (J v) se (3, v) thanks to [1, Corollary 5.3]. Now, (i) implies v € J and
G, V) ~ge (‘5 v) as ‘j "is open in 3. ]

From this point up to the end of the paper, we will assume G semisimple and simply
connected. We begin with a general result on the fact that the geometry of birational closures
is constant along Jordan classes.

Lemma 6.3 Let J' and J be Jordan classes in G semisimple simply connected. Let J' C 7

and let rv, r’'v' € J'. Then (7 L TV) e (Jblr r'v).

Proof This follows from Proposition 5.2 and [1, Corollary 4.5], as T s openin J. u]

In the remainder, we will switch from Jordan classes in G to Jordan classes in a reductive
subgroup M < G and back. We will use the blackboard bold typeface J to denote a Jordan
class in G and the usual typeface J to denote Jordan classes in M. The (regular, resp.
birational) closure of J will be implied to be performed in the group G and the (regular, resp.

weakly birational) closure of J will be implied to be performed in the group M, therefore

. . . . — = —bir — bi
we will use previously introduced notations (J, 777 7,7, ).

Let su € G, with s € T and let J:=J(su) € /(G). We set the following notation:
C:=Cg(s) = Cg(s)° and Z:=Z(C). Let rv € J with r € Z°s C T and let M:=Cg(r) =
Cg(r)°. Since r € Z°s, we have that C is a Levi subgroup of M by Lemma 3.3. Set
Tirvi=tJee #(M) | J, CJandrve Jp}.

The result in [1, Proposition 4.3] states thatif rv € T, then (J, rv) ~ge (UJJ” r= 1T, v).

Moreover, rv € 7 “®ifand onlyifrv € 7268 forall J; € Jj v, and in this case (jreg, rv) ~e
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Uz, r~17,%, v). Finally, if 7% is a sheet in G, then all T8 € Ty are sheets in M,
see [1, Remark 6.4 (2)].

Suppose now that rv € J . We will prove that the two pointed spaces (jbir, rv) and
¥ Tir 7, ¢ ", rv) are smoothly equivalent.

Lemma 6.4 Let G be semisimple szmply connected, let su € G wzth s €T andJ(su)=:J

Z(G) and letrv € J. Then rv € J lfand only if rv € JZ for all Jy € Jy rv. In this
case,

—bir _1—wbir
J,rv) ~e U Jo o,
J,]],rr

Proof We can assume r € Z°s. Denote with
Az 0 ={(C¢, Z(C¢)°z¢, O e 9(M) | r € Z(Cy)°z¢ and O’U” C Ind’c‘f’( Oy,

If Jo € Jy.rv, thereexists 7, € Aj -y suchthat J(ty) = Jy, see [1, Theorem 4.4]. Note that
t:=(C, Z°s OC) € Ay rv. By Lemma 3.3, since r € Z(Cy)°z¢, we have that Cy is a Levi
subgroup of M. Hence, by [12, Lemma 3.10] Cy is a pseudo-Levi of G, so that 7, € @(G)

By definition of jJ v, We have that J(z,) = J for every t;, € Ay, . Suppose that rv € J
Then, rv € J(‘L’() " for all T € Aj o, €.

G-roMc U G - (zIndg¢? 0%).
Z€BIr(Z(Cy)°z¢,0C¢)

Since G is simply connected and r € Z°s, this is equivalenttor OM = OM being birationally
induced from (Cy, r, OCt) € j(M ) (equiv. weakly birationally 1nduced see Remark 3.3)
forall 7 € Ay ,y,ie.7v € 7;”7” for all y € Ay . For the other implication, remark that
J (1) € Tiyus and it OM c T@)""", then 06, = G - (M) c T

For the last part of the statement, let rv € J C 7. Observe that r € Z(M) implies

17 —wbir wair .. _1reg .
Jy =r—'J, .By[l, Proposition 4.3], (J ,rv) ~se (ij Wl J, ", v). Since

—bi . = —bi .. —wbir . .
7 s open in Jreg, we have (J”‘g, rv) ~ge lr,rv); similarly each J’;blr is open in
T8 (see Remark 5.8), hence (U7, , 7268, rv) ~se Uy, 71;17”’ rv). Transitivity yields:

@) ~ee Uy, T2 o0y ~e Uy, 70 0, o

We prove the main result of this section, which reduces the local study of a birational sheet
in G semisimple simply connected to the study of a neighbourhood of a unipotent element
in some connected reductive subgroup of G.

Theorem 6.1 Let G be semisimple simply connected and t = (C, Z°s, OF) € BB(G). For
rv e J(W)blr withr € Z°s, we have

(mbir’rv) - ( _IJ(T)whtr )

Proof The statement follows from Lemma 6.4, provided that | Jy | = 1 if jbir is a birational
sheet. Since O is birationally rigid in C, also O is birationally rigid in C; for all £ such
that J, € Jj v, as (C, O€) and (Cy, OC?) are conjugate in G (see Remark 3.7). Thus each

J?wm is a weakly birational sheet of M containing rv. By Remark 5.9, M is partitioned into

its weakly birational sheets, hence Jy ,, = {J(7)}. O
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We conclude with three results: the first one compares the local structures of a birational
sheet of G semisimple simply connected and of a birational sheet in areductive Lie subalgebra
of g, the last two are applications.

Theorem 6.2 Let G be semisimple simply connected, let Tt = (C, Z°s, 0%) € BB(G) and
—bir .
letrv e J(=)  withr € Z°s. Then

——bir —bir
TD" 1) ~se Gegn (@ 09, v)

. . . ~— Al .
where ¢:=Lie(C), the orbit O° € N/C satisfies exp(O°) = OF, the set Jeg (e, 0% s
a birational sheet in ¢g(r) and v € ./\/cg(r) is such that exp(v) = v.

Proof This follows from Theorem 6.1, Lemma 6.2 and the fact that O€ € U¢ /C is bira-
tionally rigid if and only if O € N, /C is so by Remark 3.7. O

Theorem 6.3 Let G be semisimple simply connected. Let T = (C, Z°s, 0% € BB(G).
Then:

@ J (r)bir is unibranch;

.. NS ——bir .
(ii) the normalization of J(7) " is smooth.

Proof (i) Let rv € J (r)bir. By Theorem 6.2, from which we retain notation, we have
. b

T, rv) ~e Feg(c, 05", v). By Remark 3.7, O is birationally rigid and

the statement follows from [23, Theorem 4.4 (2)] applied to the birational sheet

Jegr (e, O‘)hir. We remark that [23, Theorem 4.4 (2)] extends to the case of a reductive
Lie algebra.
)bi

(i) By (i), we have that (J()"". rv) ~se (Geqn(©, OF
Yy T— jblr and Yy 3 = Jeg (e, O‘)b” denote the normalization maps ofjb” and

Cjcg(r)(c, O‘)bir, respectively. Then (:]T, wjl(rv)) ~se (5, I/Igl(l))) by Lemma 6.1 and
we conclude by [23, Theorem 4.4 (2)]. m]

r, v) are both unibranch. Let

Theorem 6.4 Let G be semisimple simply connected and let its simple factors have classical
root system. Then the birational sheets of G are smooth.

Proof We prove that for t = (C, Z°s, 0% € BA(G) and rv € J(oo)bir with r € Z°s,
the birational sheet J(~) """ is smooth at rv. By Theorem 6.2, from which we retain nota-
. ——bi ~————~cbi . .

tion, we have (J(r)b", rv) ~se (Jeq 0 (c, 0°) ”, v). The algebra cg(r) is reductive, hence

Jegr (€, O‘)bir decomposes as a product of a vector space and some birational sheets in
simple classical Lie subalgebras of [¢4(r), ¢g(r)], and all such objects are smooth (see [23,
Remark 4.10]). ]
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