LIPSCHITZ MINIMIZERS FOR A CLASS OF INTEGRAL FUNCTIONALS UNDER
THE BOUNDED SLOPE CONDITION

SEBASTIANO DON, LUCA LUSSARDI, ANDREA PINAMONTI, AND GIULIA TREU

AssTrRACT. We consider the functional fQ gVu + X) dL?" where g is convex and X*(x,y) =
2(—y, x) and we study the minimizers in BV(Q) of the associated Dirichlet problem. We prove
that, under the bounded slope condition on the boundary datum, and suitable conditions on g,
there exists a unique minimizer which is also Lipschitz continuous. The assumptions on g al-
low to consider both the case with superlinear growth and the one with linear growth. Moreover
neither uniform ellipticity nor smoothness of g are assumed.

1. INTRODUCTION

In the present paper we are interested in the study of the Lipschitz regularity of minimizers
of a class of functionals starting from the regularity of the boundary datum without assuming
neither ellipticity nor the growth conditions on the Lagrangian: the literature on this subject is
extremely rich, we address the interested reader to [6, 8, 15, 16, 19, 30, 33, 34, 35] and references
therein for an overview. Our analysis moves from a recent paper by Pinamonti et al. [38] where
the area functional for the z-graph of a function u € W1(Q) in the sub-Riemannian Heisenberg
group H" = R} X R} X R, is investigated (see also further references in [38] on the Heisenberg’s
literature). Precisely, if Q C R?" is open with Lipschitz boundary and X*(x, y) := 2(~y, x) € R*"
they consider the functional &7 : W!(Q) — R defined by

o (u) = f |Vu + X*| dL*.
Q

It was shown in [40] that because of the linear growth in the gradient variable, the natural vari-

ational setting for the functional <7 is BV(Q), the space of functions of bounded variation in Q.
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More precisely, it has been proved that the L' —relaxation of .7 is
o (u) = f IVu + X*| dL? + |D°ul(Q), u e BV(Q)
Q

where |Du| denotes the total variation of the singular part of the distributional derivative of u.
In [38], the authors investigate a suitable Dirichlet problem for 7. Precisely, they show that the
problem

min {27 (u) : u € BV(Q), upo = ¢}

has a unique solution which is also Lipschitz continuous if ¢ € L'(Q) satisfies the so-called
bounded slope condition (see Section 4 below for the definition).

In the present paper we are interested in the more general case of functionals of type
G(u) = f g(Vu +X*) dL> (1.1)
Q

where g: R* — R is convex but not necessarily strictly convex. In particular, we want to study

the Dirichlet problem associated with ¢, i.e.
min () : u € W"(Q), uga = ¢} (1.2)

where ¢ € W(Q). It is worth to remark that, while in the superlinear case the existence of
a solution of (1.2) is guaranteed by the Direct Method of the calculus of Variations, when we
consider g with linear growth it may happen that the minimum is not achieved and we follow a
widely used approach considering the relaxed functional in BV(Q).

In the first part of Section 3, we start by proving a representation formula for the relaxed

functional of ¢ in the L'-topology and then we use the fact that the functional

dD? )
Goolu) = fg(Vu +X%) dL” + fgoo( - )d|D“M| + f g7 (¢ — uga)va) dH> " (1.3)
Q Q d|Dsul 00

admits a minimum in BV(Q). Here g*: R>" — [0, +c0) denotes the recession function of g see
(3.2)) and vq is the unit outer normal to 9Q2.

The most part of section 3 is devoted to proving the Lipschitz regularity of a special minimizer
of (1.3) using the assumption that the boundary datum ¢ satisfies the Bounded Slope Condition.
Our approach is inspired by some classical and well known results in the Calculus of Variations
(see [29] and [25] and also [26, 27, 28, 42]). In all the cited results the focus is on the existence of
minimizers where the space of competitor functions coincides with the set of Lipschitz functions
and the main idea (see [24, Chapter 1]) is that the Bounded Slope Condition assumed on the

boundary data allows the use of a compactness argument even with no growth assumptions on
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the Lagrangian. In recent years the use of the bounded slope condition has been renewed and
applied to obtain various regularity results of minimizers that a priori exist in Sobolev spaces
([6], [9] [15], [16], [36],[33], [34], [35]). We point out that crucial points in this approach are:
the validity of comparison principles between minimizers; the invariance of minimizers under
translations of the domain; the fact that, if the boundary datum ¢ is affine, ¢ itself is a minimizer.
In the recent results cited above comparison principles are extended to Sobolev functions and
to problems where minimizers are not unique. Moreover, barriers that are different from affine
functions are used. In [8], [7], [19], [22], [37] Lagrangians of the form f(Vu) + g(x, u) have
been considered and the fact that the invariance of minimizers with respect to translations of the
domain is peculiar of functionals depending only on the gradient has been overcome in various
ways, thanks to additional special structure assumed on the function f and/or g.

In the present paper, as in [38], a different kind of functional is considered. One of the main
difficulties of Section 3 is due to the fact that we deal with BV-functions. For some aspects, this
obstacle has been overcome in [38] but here we treat also more general situations. In Subsection
3.2 we state a Comparison Principle for BV minimizers, Theorem 3.13, that relies on the validity
of a general inequality proved in Theorem 3.8. We underline that Theorem 3.8 as here stated
can have its own independent interests since it applies to more general functionals and is proof
only relies on fine properties of BV functions. In Proposition 3.18 we also overcome the non-
smoothness of the Lagrangian by proving the uniqueness of the affine function as solution of a
Dirichlet problem with the affine map itself as boundary datum. In this section we also introduce
two assumptions on g that we denote by (A) and (B). Roughly speaking, a function g satisfying
these properties is not too far from being strictly convex. However, the epigraphs of g and g
may only have n — 1-dimensional flat faces with radial directions. Radial functions g defined by
g(z) = f(|z]) with a convex f with linear growth satisfy both (A) and (B), see Example 3.1 and
notice that this class of functions includes the Lagrangian of the #-graphs of minimal area; a non
radial function satisfying both (A) and (B) is given by g(x,y) = \/xz/Tyz/bz, see Example
3.2.

Section 4 is completely devoted to the proof of uniqueness and Lipschitz regularity of mini-

mizers in the BV class. Our main result is the following (see Theorem 4.4).

Theorem. If o € L'(0Q) satisfies the bounded slope condition with constant Q > 0 and g satisfies
properties (A) and (B), then G, o has a unique minimizer u € BV(Q) with uppq = ¢ and it satisfies
Lip(u) < Q where Q is a costant depending on Q and Q.
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We notice that in our setting uniqueness is far from being obvious since our assumptions
include non strictly convex Lagrangians whose epigraph may have unbounded exposed faces
and, at least in the linear case, we deal with BV-functions. The problem of uniqueness has been
previously addressed in [31] and [30] for the Euclidean setting, in [38] for the Heisenberg case,
and in [4] for relaxed functionals.

In section 5 we describe how to modify the previous proofs in order to deal with the case for

which g has superlinear growth. In particular, the main result is as follows, see Theorem 5.1.

Theorem. Assume g has superlinear growth at infinity and satisfies condition (A), and assume
¢ € LY(Q) satisfies the bounded slope condition at Q. Then 4 (u) has a unique minimizer in
w+ Wé 1(Q) which is Lipschitz.

We conclude this introduction underlying some significant aspects of the results that we present
in this paper. First of all we recall that regularity results are usually obtained under ellipticity and
growth conditions on the Lagrangian. In the present paper, the bounded slope condition allows us
to drop these assuptions and to prove Lipschitz regularity up to the boundary. As we mentioned
above, the use of the bounded slope condition is strictly related to the invariance of the minimiz-
ers w.r.t translation. This property is quite strong and it is satisfied for example by functionals
depending only on the gradient or, as mentioned above, by functionals of sum type under very
special assumptions on the structure of the Lagrangian. In particular, due to the x-dependence of
the Lagrangian, the functional considered here does not satisfy it. Anyhow it is interesting that,
as it will be pointed out in the proof Theorem 4.4, it turns out that a slight modification of the
translated minimizer is still a minimizer and this property is crucial to complete the proof.

It is worth recalling that, in the framework of classical problems of the Calculus of Variations,
the Lipschitz regularity of minimizers is the first ingredient to prove higher regularity. The
assumptions of our main Theorem are wide enough to take into account Lagrangians that are not
smooth so we can’t expect more regularity in such a general case.

As last remark we notice that our regularity result in particular implies the non occurrence of
the Lavrentiev phenomenon. This result is classically obtained under suitable assumptions that
control both from below and from above the growth of the functional and it has been proved also
for some special classes of problems. To be more precise it has been proved that autonomous
multidimensional scalar functionals do not exhibit the Lavrentiev phenomenon (see [12] for some
special cases and [13, 14] for more general results). A recent result on a class of functional that

includes those considered in this paper is contained in [32].
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2. PRELIMINARIES

2.1. Functions of Bounded Variation and traces. The aim of this section is to recall some
basic properties of the space of functions of bounded variation; we refer to the monographs
[1, 23] for a more extensive account on the subject as well as for proofs of the results we are
going to recall.

Let Q be an open set in R”. We say that u € L'(Q) has bounded variation in Q if

sup {fu divp dx| ¢ € CHQ R, l¢lle < 1} < 400, (2.1)
Q

equivalently, u has bounded variation if there exist a R"-valued Radon measure Du := (Duy, ..., Du,)
in Q which represents the distributional derivatives of u, i.e.,
a(p n 1 .
u—dL'=- | ¢ dDu VpeC.(Q), Vi=1,...,n.
o 0x; Q
The space of functions with bounded variation in Q is denoted by BV(Q). By definition, W(Q) c
BV(Q) and Du = Vu L" for any u € WH1(Q).
We denote by |Du| the total variation of the measure Du; |Du| defines a finite measure on Q
and the supremum in (2.1) coincides with |Du|(Q).

It is well-known that BV(Q) is a Banach space when endowed with the norm
lullsvie) = llullrrq) + 1Dul(€2). (2.2)

We say that u € L}OC(Q) has an approximate limit 7 € R at x € Q if
lim lu—z|dL" =0. (2.3)
P=0" JB(xp)
The set S, of points where u has no approximate limit is called approximate discontinuity set of
u; for any x € Q\ §,, we denote by #i(x) the unique z for which (2.3) holds. By the Lebesgue
Theorem we have £*(S,) = 0.
Moreover, we say that u has an approximate jump point at x € Q if there exist v € $"! and
a,b € R, a # b such that
lim |u—aldL" =0, lim Jc lu—bldL" =0
P20 JB(xpm)* P=0% J Bxpiv)-
where

B(x,p;v)" ={y € B(x,p) | {y — x,v) > 0}
B(x,p;v)” ={y € B(x,p) | (y — x,v) <0}
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We observe that the triple (a, b, v) is uniquely determined up to a permutation of (a,b) and a
change of sign of v; we denote it by (u*(x), u”(x), v,(x)). The set of approximate jump points of

u is denoted by J,; clearly, J, C S .

Remark 2.1. Depending on the context, we will sometimes use the symbols u*,u™ also to denote
the positive part u* = max{0, u} and the negative part u~ := max{0, —u} of a real function u.

This will not generate confusion.

When u has bounded variation in €, the set of approximate jump points J, enjoys much finer

regularity properties. First, there holds
|Du|(Su \ Ju) = 7‘{n_l(Su \J) =0, (24)

where H"~! denotes the (n — 1)-dimensional Hausdorff measure on R" (see e.g. [1] or [23]).
Moreover, by the Federer-Vol’pert Thoerem, see [1, Theorem 3.78], J, (and, consequently, S ,)
is (n — 1)-rectifiable, i.e., H"'(J,) < oo and there exist N C R” and a countable family of

hypersurfaces {S ; : j € N} of class C' such that

JocNUlJs; and H™'(N)=0.
=0
It turns out that v, corresponds (A" '-a.e. and up to a sign) to a unit normal to J,, i.e., for

H"-a.e. x € J,, there holds
i—-1
vu(x) = 2vs () if xe S\ J$;, VieN.

=0

By the Radon-Nikodym Theorem, if u € BV(Q) one can write Du = D + D*u, where Du

is the absolutely continuous part of Du with respect to £" and D*u is the singular part of Du
with respect to £". We denote by Vu € L'(Q) the density of D with respect to £, so that

D%u = Vu L. We are now in a position to state the following result:

Theorem 2.2. Let u € BV(Q); then u is approximately differentiable at a.e. x € Q with approxi-
mate differential Vu(x), i.e.,
lim |u(y) — i(x) — (Vu(x),y — x) | 4L

p—07 B(x,p) P

=0 for L"-a.e. x € Q.

Moreover, the decomposition D’u = D’u + Du holds, where
Dlu:=DulJ, =W —uw)yH"'LJ,  Du=DuL(Q\S,)

are called respectively the jump part and the Cantor part of the derivative Du.
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Notice that Du, D°u, D’u are mutually singular; in particular
\D“ul = |VulL", |D'ul = |u*" —u |H""LJ,
and
|Dul = |D"ul + |D°ul + |D’ul

because the total variation of a sum of mutually singular measures is the sum of their total varia-

tions.

In what follows we recall a few basic facts about boundary trace properties of BV functions;
we refer again to [1] and [23] for more details.

Let Q c R" be a fixed open set with bounded Lipschitz regular boundary; the spaces L”(9Q), p €
[1, +o0], will be always understood with respect to the (finite) measure H" 'L Q. It is well-
known that for any u € BV(Q) there exists a (unique) function upq € L'(Q) such that, for
H 1 ae. x € 0Q,

lim ™" f i = wao(D)|dL" = lim f i = oo (0| dL" = 0.
QNB(x,p) QNB(x,p)

p—0* p—0

The function uyq is called trace of u on 2. The trace operator u — ujsq is linear and continuous
between (BV(Q), ||-|lgv) and L' (8Q); actually, it is continuous also when BV(Q) is endowed with

the (weaker) topology induced by the so-called strict convergence, see [1, Definition 3.14].

Remark 2.3. It is well-known that, if u;, u, € BV(Q), then u := max{u,, u,} and u := min{u;, u,}

belong to BV(Q); moreover, one can show that
Upa = max{upo, Uzsal, Upa = min{uy s, Uzaa} -

The proof of this fact follows in a standard way from the very definition of traces.

Since Du < |Du| we can write Du = o,|Du| for a |Du|-measurable function

o Q- ST

With this notation one also has
fudiV90d£" = —f<tfu,90> d|Dul| +f waq (@, va) dH" !, Vo € C{R,RY  (2.5)
Q Q o)

where vq is the unit outer normal to 0Q2.

Finally, we recall the following fact, whose proof essentially follows from (2.5).
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Proposition 2.4 ([23, Remark 2.13]). Assume that Q and Q are open subsets of R" with bounded
Lipschitz boundary and such that Q € Q. If u € BV(Q) and v € BV(Q \ ﬁ), then the function
ulx) ifxeQ
f0 = / _
v(x) ifxeQp\Q
belongs to BV(Qy) and
IDF1(0Q) = D/ f1(0Q) = won — vieal dH" ",

0Q

where we have used the notation viyq to mean (v| 8(90\5)) L Q.

For any z = (x,y) € R, we define z* := (-y, x). Let X*: R* — R>" be given by X*(2) = 2z".
We conclude this section with the next lemma which can be extracted from the proof of [38,
Thm. 5.5].

Lemma 2.5. Let R > 0 and u € BV(Bg(0)) with u = 0 on dBg(0). Assume that there exists a
|Du|-measurable function A: Br(0) — R such that

dDu
d|Du|

= AX" |Dul-a.e. on Bg(0).

Then u = 0.

3. THE LINEAR GROWTH CASE

Throughout this section we assume that g: R** — R is a positive convex function with linear

growth, namely
1
¢l = 8@ =+, 3.1

for a constant C > 1 and for any z € R?". Moreover, defining the recession function of g as the

function g*: R?" — [0, +c0) given by

¢®(p) == lim &2, (3.2)

Note that, since g(0) < oo, our definition of g coincides with the one given in [1, Definition
2.32]. As proved in [1], the recession function is positively homogeneous of degree 1, convex

and lower semicontinuous. In particular, g* satisfies the following inequalities
&P <g”(@P+e”p-q, Vp.qeR™, (3.3)

1 " .
clrlse™m<cipl.  Vpe R>". (3.4)
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Since by [17, Proposition 2.32], g is Lipschitz continuous then denoting by L, its Lipschitz

constant we get
lg(tp) — g(tp + 2)| < L,z

which implies that for any z, p € R** we have

o . gltp+2)
¢™(p) = lim &L (3.5)
t—+00 t
We consider the following conditions:
(A) If &, & € R are such that
g(fl';fz): g(fl)gg(fz), (3.6)

then there exists A € R such that & = A&,.
(B) If &,& € R* and p € dg(&,) are such that

g7 (&) ={(p, &) 3.7)

then there exists A € R such that &, = A&,. Here dg(¢q) denotes the subdifferential of g at
the point g.

Example 3.1. Let f: [0,+00) — R be a convex and strictly increasing function such that there
exists C > 1 satisfying

és <f(s)<C(s+1)
for any s € [0, +00). Consider the function g: R*™ — R defined by g(z) := f(|z]). We claim that
g satisfies conditions (A) and (B). Indeed, for any &,,&, € R*™ satisfying (3.6) we get

1
(5 ) < San s sem - (S5 < (S B e

from which we infer |£, + &| = |&1| + |&,| and the thesis follows. To prove condition (B), we start

observing that by [3, Example 16.73] we have

B0(®) = {{@fm € Of (D). ifé#0 59
B(0, p), f&=0
where p € [0, +00) is such that 0 f(0) = [—p, pl. Moreover a direct computation gives
g7 (&) = =€ = pIgl (3.10)

where, denoting by f’(t) an arbitrary selection of f(t), B = lim, o 1 = Jim, 4o f'(t). Hence

i

the convexity of f implies also that B > a for every a € |J,co.1+00) 0f(2). Let us now consider
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&,6 € R and p € (9g(§2) such that g* (&) = (p,&1). If & = O there is nothing to prove.
If & # 0 then p = a;; ‘for some a € 0f(|&]) and a > 0. By (3.10) and the fact that f* is

1-homogeneous we get

(6 = <aé| £) < al < Bl = §™(&)

and this implies that all the inequalities are in fact equalities and in particular the vectors &
and &, have to be parallel, concluding the proof. We notice that the Lagrangian describing the

minimal area of t-graphs is included in this class.

Example 3.2. Let a, b € (0, +00). We claim that the function g: R*> — [0, +00) defined by

2 2
Z Z
8z 2) = —12+b—2 (3.11)
satisfies (3.1), conditions (A) and (B). Indeed, for any 7 € R?
(11 11
min<{ —, — ¢ |z] < g(z) < max{ —, - |7| (3.12)
ab ab

and g is convex and it satisfies (A) by a direct computation. In order to prove condition (B)
we start observing that, being g 1-homogeneous and in C*(R? \ {(0,0)}), we have g*(z) = g(z)
for any z € R? and 0g(z) = {(afg‘(z), bzg(z))}for any z € R*\ {(0,0)). Let & = (¢£1,&) € R?,
(71,1m) € R2\ {(0,0)} and (py, p) = (7=, 72 be such that g°(£) = (p, £), namely

62 &
Ly o2 727151 N 727252
b> a’g(n)  bg(n)
which immediately implies that fmz = mé&; and the thesis follows. On the other hand, let & =

(&1,&) and n = (n1,m2) be such that
n € dg((0,0)) and  g(&) =(n,$). (3.14)

Since the function f(z) = g(z) — {p,z) is convex, 1-homogeneous, nonnegative and f(£) =
f((0,0)) = 0O, then one has & = (0, 0).

(3.13)

Let Q c R be bounded, open and with Lipschitz boundary. We consider the functional
“Go: WH(Q) — [0, +o0] defined by

Go(u) = f g(Vu +X*) dL> (3.15)
Q

where we recall that X*(z) = 2(—y, x), with z = (x, y), x,y € R". In the following proposition, we

underline some basic properties of the operator z*, see [38, Lemma 3.1] for a proof.
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Proposition 3.3. The following properties hold:
() if 21,20 € R¥ are linearly dependent, then z, - 2, =0;
(i) z1 - 22 = 2} - 23 for each z;,zo € R*";
(iii) if Q C R*" is open and f € C¥(Q), then div(Vf)* = 0 on Q.
The following result, which generalizes [38, Proposition 5.1], states that if ¢, has a minimizer

with some additional integrability, then it is unique.
Proposition 3.4. Let p € [1,2], let p’ = %, let ¢ € W' (Q) and assume g satisfies condition
(A). Let u € W' (Q) and v € W'P(Q) be two minimizers of
min {Ga(u) : u € ¢ + W,"(Q)}.

then u = v a.e. in Q.
Proof. First of all we use a standard argument in order to prove that Vu + X* and Vv + X* are
linearly dependent a.e. on 2. Using the convexity of g, we have

Vu+X* Vy+X* gVu + X*) + g(Vv + X¥)

S\2 T2 )¢ 2

Hence, from the minimality of u and v we get

a.e.on Q.

G(u) < f g(V” ; X, w ; X) dL> < % f [¢(Vu +X7) + g(Vv + X9 dL = G(u).
Q Q

Then

a.e.on Q.

Vu + X* N Vv+ X" g(Vu+X")+g(Vv+X)
A 2 ) 2 ’
Using (A) we deduce that Vu + X* and Vv + X* are linearly dependent a.e. on Q. The conclusion

now follows proceeding exactly as in the second part of [38, Proposition 5.1]). O
Remark 3.5. Notice that inequality (3.1) can be replaced by

1

E|Z| - C <g(@) <C1 +1z)), (3.16)

in which the map g is not necessarily positive. This comes by the fact that, since we are studying

minimizers, the function g can be replaced by g + M, for any M € R.

In order to prove the existence of a minimizer for ¢, we first compute its L' relaxed functional,

namely
Go(u) := Go(u) = inf {lir%zinfgg(uh) cu, € WH(Q), u, — uin LI(Q)}. (3.17)

The following proposition provides an integral representation of Gg.
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Proposition 3.6. Let g be a convex function satisfying (3.1) and let Q@ C R*" be open with
Lipschitz boundary. Then the following facts hold.

(1) for any u € BV(Q) one has

dD’
- ) diD*ul. (3.18)

= Vu +X*) dL* °
Ga(u) fg;g( u+X") dL" + fg;g (dleu|
(ii) For any ¢ € L'(0Q) the functional

DS
Goolu) = f g(Vu+X") dL¥ + f g°°(d u)dlDSul+ f g7 (¢ — uga)va) AH*™" (3.19)
o o \dDul 90

admits a minimizer in BV(Q).

Proof. (i) By [20, Remark 2.17], it is enough to check (H1)-(HS) of the reference and observing
that thanks to (3.5), g~ does not depend on x. Consider f: Q x R x R — R defined by
f(x,2) = g(z+ X*(x)). For the sake of clarity, we here list the precise properties used in [20] for

our specific case.
(H1) f is continuous;
(H2) f(x,-)is quasiconvex;

(H3) there exists a bounded and continuous /#: Q — [0, +00) and a constant M > 0 such that

1
Mh(x)llzll < fx,2) £ Mh(x)(1 + [lz]]),

for all x € Q, and 7 € R?";
(H4) for every compact set K C Q, there exists a continuous function w: R — R with w(0) =0

and
1f(x,2) = (X', 2] < w(lx = X' +|2]),

for all x, X' € Q and z € R*". In addition, for every x, € Q and & > 0, there exists ¢ such
that

f(x,2) = f(x0,2) = —€h(x)(1 + |z]),
for every x € Q, z € R?" with |x — x| < ;
(H5) There exist C’, L > 0 and O < m < 1 such that
 fr)
t

|1—m

|z

f2(x,2) < C'h(x)

m

whenever x € Q, z € R* and ¢ > 0 such that #|z] > L.
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It is clear by construction that f is continuous and f(x, -) is convex. This yields (H1) and (H2).
We set h = 1. Then property (H3) comes directly from (3.1). To prove (H4), we first recall
that g is Lipschitz with Lipschitz constant equal to L, and therefore

1f(x,2) = f(X, 2| < Lyglx — x| < Lglx = X'|(1 + |z]).
In particular, if xo € Q and ¢ > 0, then, whenever |x — x| < L% we get
f(x,2) = f(x0,2) = —Lg|x — xol(1 + [z]) = =6(1 + [z]),

which completes the proof of (H4). Finally, (H5) comes from the fact that (3.1) implies

1f<(x,2) = f(x, 2 < C(lz + 1).

(ii) Let ) € R** be an open Lipschitz domain with Q € ). Let ¢ € L'(0Q) and ® €
WE(Qy \ Q) such that @ = ¢ on AQ and ® = 0 on AL,. We set
BVo(Q) = {u € BV(Qp) : u = ® on Q \ Q).

By [21, Theorem 1.3] (see also [5, Theorem 1.1]) we know that G, has a minimum on BV ¢(€).
Now observe that for any u € BV(€)y) we have

dD*u ,
Ga,(u) = f g(Vu+X") dL" + f g” d|D’ul
Q Q d|Dsul

+f g% (¢ — uga)va) dAH ' + Gopa(®)
P

(3.20)

where vq is the outer unit normal to € and uysq is the trace of u on 9€Q. Since the last term in the

right-hand side of (3.20) is constant we can write for any u € BV(€y),

Gao,(u) = G, o) + constant. (3.21)
Conversely, for any u € BV(Q) the extended function
u onQQ,
Uy = —
O onQ)y\Q

belongs to BV4(€)) and
G, (1) = Gy o(u) + constant.
Since Gq, admits a minimizer in BV¢(€2), we have then proved that, for any ¢ € L'(0Q), the

functional G, o admits a minimizers in BV(Q). O

The following result will be crucial later on, it relies on the approach developed in [23] for the

area functional (see also [5]).
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Proposition 3.7. For any ¢ € L'(6Q),

min G,a(u) = inf {Go(u) : ue W, (Q) +¢}. (3.22)

ueBV(Q)

Proof. First we observe that Go(u) = G, o(u) for any u € Wé’l(Q) + ¢, therefore

inf {gg(u) Cue Wyl(Q) + (,0} > ue%‘&?m Goou). (3.23)

Let u € BV(Q) and define uy € BV(€Qp) as above. Then by [5, Lemma 2.1] there exists a
sequence (u;) in C.°(€2p) such that u, = ® on Q) \ Q, u, — ug in L'(Q) and fﬂo W —
fﬂo W as h — oo. Then, by Reshetnyak’s continuity theorem (see e.g. [41, Theorem
1.1]) we get

Ga,(up) = li’fn Ga,(up)

in particular

Qp,g((uo)m) = li}rln qu,g((uh)m) = li}IlH QQ((Mh)m)
> inf {gg(u) T uUE€ Wé’l(Q) + go}

and the conclusion follows. O

3.1. A fundamental inequality. This subsection is devoted to proving the fundamental inequal-
ity (3.24), which will be useful when dealing with comparison principles for minimizers of the
functional Gq. This inequality is a generalization of the well known inequality for the perimeters
that can be found, for the Euclidean case, in [1, Proposition 3.38 (d)] and has been extended for
perimeters in the Heisenberg case in [38]. We underline also that, when dealing with Sobolev
function with given boundary datum, this inequality turns out to be an equality whose proof is
quite straightforward (see [37, Lemma 5.1]).

We state the inequality in a quite general setting that includes the case of functionals that are
not necessarily obtained by means of a relaxing argument but also fits to the relaxed functional
considered in this paper. To this aim, we consider an open bounded subset of A ¢ R" with

Lipschitz boundary, and two functions f;, i = 1, 2 such that

1) fi: AXRXR" — Ris a Carathéodory function,
ii) fo: R" — [0, +00) is convex, positively homogeneous of degree 1, and f,(£) = 0 if and
only if £ = 0.
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Then we define the functional ¥, : BV(A) — R U {+c0} by

Falu) = f Fi(xu, Vi) AL + f fz(dDS“)dwsm
A A dleM|

Theorem 3.8. Let A C R" be an open and bounded set with Lipschitz boundary and let f,: A X
RXxR" — Rand f,: A — [0, +0c0) be two functions satisfying respectively assumptions 1), i)
above. Then, for any uy,u, € BV(A), we have

Falur Vuz) + Falur Auz) < Falur) + Falun) . (3.24)
Proof. Let us define

X = ffl (X, ur vV up, V(uy V up)) dL" + ffl (X, ur A up, V(uy A up)) dL”,
A

ffz( dD*(u; V ) ) D (s V )] + ffz(w) dID (uy A o),
A

d\D*(uy V u)l d|D*(uy A up)
dDS(Ml \Y% Ltz) ; st(l/tl A Mz) ;
ffZ (dlDA( Y Lt2)|) dlDJ(ul \ M2)| + ~f[;fZ (dlDb(ul A I/tg)l) dlDJ(ul A M2)| .

Observe that (3.24) will follow if we show that
X+Y+Z < Fa(uy) + Falu). (3.25)

Without loss of generality, we may assume that u; = it; on A\ S, and u, = iib on A\ S,,.

Setting
A =(ANS ., US) N 2 ua}, A= (AN (S, USK)) N{uy <upj

we have (see e.g. [1, Example 3.100])
V(l/tl \Y I/tz) = Vlztl)(A+ + Vu, X4 L"'-ae. inA
V(I/tl AN I/tz) = Vl/lQ)(A+ +Vu X4 L"-ae. inA ,
where X denotes the characteristic function of a set E, and similarly

D(uy V up) = Duj LA, + Duy LA _;

D(uy A up) = Dup LA, + Duy L_A_.
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Therefore
X :f fi(x,uy, Vuy) dL" + f fi (x,up, Vup) dL"
A A
+ f .fl (xa U, VMZ) dLVl + f fi (-x’ M],VM]) d-£n
A A (3.26)
= f fi(x,uy, Vuy) dL" + f i (x,uz, Vup) dL"
\(Suy USuy) \(Su; US uy)

:ffl (x, ur, Vuy) d£"+ff1 (x,uz, Vup) d.L".
A A

dDu, dDu,
d|Duy| + d| D¢
f fZ(dlDC |) |D | f fz(dch 2|) |D s
dD‘u, . dDu; .
d|Du,| + d|Df
f fz(dlDC |) |D 5| f fz(dch |) 1D uy|
dDu dDu
:f fz(d — )d|DCu1| +f fz( — ) dID u,|
A\(S 1, US ) |Duy| A\S,US,y)  \dID%uy|

dDSI/tl stI/lz
d|Du d|Du,|,
ff2(d|DY 1|) | 1|+ff2(d|DV 2|) |Duy|

where to obtain the last equality in (3.26) and in (3.27), we used the fact that £L"(S,, US,,) =0
(see [1, Proposition 3.64]) and the fact that, since u;, u, € BV(A), then |[Du;|(S ,,) = |Dus|(S ) =
0.!

Recall that, by [1, Eq. (3.90)], one has

and

(3.27)

Diuy = (uf —u))viH" 'L J,
Dluy = (ud — u;)vaH" 'L J,,,

where vy, v, are the unit normals to the (n — 1)-rectifiable sets J,,,, J,,. Without loss of generality,
we may assume that uj > u; and v; = v,, H"'-ae. on Ju, NJy,; in this way, the (n—1)-rectifiable

set T .= J,, UJ,, 1s associated with the unit normal v; defined by
vri=vionlJ,, vr=vaonT\ J,.

We extend u} : J,, — Rand u3: J,, — R to the whole T by setting

+ . I/t-l_'— on Ju] £, u; on -]uz
o onT\ J,, "o onT\ J,.

IThis last fact follows from Proposition 3.92 item c) and Remark 2.50 in [1]
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In this way one has
Di(uy +uy) = (U} —uy +us —uy)vp H'LT .
By [1, Theorem 3.99], |u; — u,| € BV(A) and
D(luy — ) = (e} — 3] — luy =15 vy H*'LT. (3.28)
We can then write
D/(u; V uy) = D’ (”‘T”z + @) = 1D/ (uy + up) + 3D/ (Juy — ua|)
D/(uy Aup) = D’ (”‘T”’z - @) = 1D/(uy + u2) — 1D/ (|luy — ua)) .

By using this decomposition and (3.28), we have

Df(l/ll \Y l/lz) . dD](I/tl A I/l2) .
ffz (d|D](u1 v u2)|) d|D/(u; V uy)| + j;fz (m) dID’(u; A wo)|

=5fﬁ((u1+—u1‘+u§—u5+lu? | = luy = us]) vr) dH"! (3.29)
T

o5 [ = =zl b = vr)
Let for shortness @, 5: T — R be the functions defined by
@ =ul —u] +uy — Uy + luy] —uy| = uy — gy,
Bi=uj —uj +uy —uy —uj —uy| + luy —usyl.
To estimate Z, we are going to split 7" into several regions. Set
T'={xeT:u;(x)>u;(x)}, and T":={xeT :u;(x)<u,(x)}.

Then, taking into account that #; < u] on T, one can easily check that both a and §3 are positive

on 7"’. Being f, positively homogeneous, then one has
1 1
pamart s s [ pemare =3 [ @epronan
T/ 2 T/ 2 T/
= f ) —u) folvr) dH"™ + f w5 = u3) fo(vr) dH"! (3.30)
T T’

= f Lt —u)yvp)dH ™ + | f(us - u3)ve) dH™.
T’ T

We now subdivide 7" into the union of the following disjoint subsets:
TV ={xeT"” :uj(x) > uy (x),u;(x) = u;(x)}, T"_ ={xeT”:uj(x)<uy(x),u;(x)<u,(x)

T ={xeT” :uj(x) 2 uy(x),u; (x) <uy(x)}, T’ ={xeT”:uj(x)<uy(x),u;(x)>u,(x)}
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Notice that, for every x € T7/,, one has a(x) = 2(u;(x) — u;(x)) and B(x) = 2(u;(x) — u5(x)),
conversely, for every x € T”_, one has a/(x) = 2(u; (x) —u; (x)) and S(x) = 2(u] (x) —u;(x)). Using

——

this information, we easily obtain

1 1
Ef Hlavr)dH" ™ + Ef Ffo(Bvy) dH™!

P s 3.31)
= f B! = uy)vr)dH™ + f F((us — uy)vr)dH".

T T

We now consider 7;_. The estimate on 7", can be done in a completely analogous way. We first
write 77 =T, UT, UI's UTy, where

Tyi={xe T uf(0) 2 5,0, 65(x0) 2 up (0}, Toi={x e T uf(x) 2 u;(x), 13 () < w7 (%))
U3 = f{x e TV uf(x) <15 (0),u5(x0) 2 uy ()}, Tyi={x e T uf(x) < u;(0), u3(x) < 1 ()}

Notice that, for every x € T’/_, one has that a(x) = 2(uj(x) — u;(x)) and B(x) = 2(u; (x) — u; (x))
and, by construction, « is positive on I'; U I'; and strictly negative on I'; U I'y, while 3 is positive

on I'y U T and strictly negative on I'; U I'y. Using the positive homogeneity of f,, we get

1 1
3 | penarets s [ pemare
2 Jr, 2 Jr,
= f(uf —ux) fo(vp) dH" + f 3 — uy) folvy) dH"!
! ' (3.32)
= | @ —u)fpvp)dH + | — ) folvy) dH"™!
I I
= f Hlut —u))ve)dH™ + f H(ud — uy)vy)dH" .
Fl Iﬂl
Taking into account that @ and S are strictly negative on I'y, we also have
1 1
3 [ panarets s [ pemare
2 Jr, 2 Jr,
= [t [ - pen are
- " (3.33)

= f(bt[ —uf) fo(=vp) dH"" + f (1 — u3) fo(=vr) dH"!
Iy Iy

= f AW = u))vr)dH"! +f H(ud — uy)vp)dH" .
Ty Iy

Recall that, by (3.1), the map f; is positive, and therefore, for any 0 < A; < A, and any x € R*",

one has f>(1,x) < f>(1,x). We can make the estimate on I',, taking into account that « is positive
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and g is strictly negative:

L paveydre + 1 f (B dHr!
2 I 2 I

= f (Ui — ) pOvp) dH" " + f (u; — u3) fo(=vp) dH"!
b B (3.34)

= f (uf —uy +uy —u3) folvr) dH"™ + f (uy — uy +uy — u3) fo(=vy) dH"!
I I

< f Bt —u)yvr)dH™ + | A — uy)ve) dH™,
I I

where in the last inequality we used the fact that (u] — u5)r» < 0 and (u; — u3);r» > 0. Analo-

gously, for I'5, we have

! Hlavy)dH" + ! HBvr) dH"!
2 Iy 2 Iy

= f 5 — u}) fo(=vr) dH" + f 5 — u) fo(vr) dH"!
s s (3.35)
= f(ug —uy +uy —uy)fo(—vr) dH" ' + f (uy —uy +uf —uy)fo(vr) dH"!

I3 rs
< [ ptd - wpn et [ pd - un e
I3 IS

where in the last inequality we have used the fact that (u; — u3);7» > 0 and (u; — uj)ry < 0.
Combining (3.32), (3.34), (3.35) and (3.33) one obtains

lf f2(afVT)d7’(n_l+1f H(Bvr) dH"!
2 2 Jp

(3.36)
< f oy = uy)ve) dH"™ + f H(ut = up)vy) dH™.
i I
In a completely analogous fashion, we can also write
1 1
3 f folavy) dH" ™ + 3 f fo(Bvr) dH"!
"~ = (3.37)
< f AW = wy)vp) dH + f Hlur = uy)ve) dH™.
T, ",
As a direct consequence of (3.31), (3.36) and (3.37), we then have
1 1
5 f folavy) dH" + 3 f fo(Bvr) dH"!
" T” (3.38)

< f £ = uy)vp) dH" ™ + f H(ur —ul)vy)dH"".
7 T
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The thesis is then obtained by combining (3.26), (3.27), (3.29), (3.30) and (3.38). m|

Remark 3.9. The functional G considered in the present paper is a special case of the func-
tional F, where the set Q C R*" plays the role of A, fi(x,u, &) = g(€ + X*(x)) and f>(€) = g=(é).
Proposition 3.6 shows that Gq, is the relaxation of a functional defined in W' (Q). We notice that

in this particular case the proof of Theorem 3.8 could be simplified by a relaxation argument.

Corollary 3.10. Let Q C R>* be an open and bounded set with Lipschitz boundary and let
g: Q — [0, +00) be a convex function satisfying (3.1). Then, for every ¢y, > € L'(0Q) and every
Uy, ur € BV(Q) one has

Gaove, (U1 V U2) + Gaping, (U1 Aun) < Gap (1) + Gap, (12). (3.39)

Proof. Letu,,u, € BV(Q) and ¢, ¢ € L'(0Q).
First of all Theorem 3.8 and Remark 3.6 imply

Gao(ui V uy) + Go(uy A uy) < Go(uy) + Gaoluy). (3.40)

Fix any bounded open and Lipschitz set Q) Q. By [23, Theorem 2.16], we can find wy, w, €
WhH(Qo \ Q) with wypq = @1 and waq = @,. Set now

and v, =
u, onQ.

V) =

Wi onQO\ﬁ 2%) onQO\ﬁ
u; onQ

By [1, Theorem 3.84], vi,v, € BV(£y) and, moreover, if vy denotes the exterior normal to Q,
one has
Dv; = Du; L Q + Dw;L(Q \ Q) + (W; — u)voH* 'LOQ, for i=1,2,

from which we can compute, up to |D*v|-negligible sets, the polar vector:

stl/ti

on Q2
dD*v: d|DSui| _
~ =140 on Qy\ Q
dDwil | 0\
—“Zvo onoQ.

lwi — uy
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Then, using the previous expression, the fact that g is homogeneous and the definition of w;,

we get

dD?v;
Gao,(vi) = f (Vv + X)) dL" + f m( l ) |D*v|
- Q 8 Q 8 d|Dsv,|

= gﬂ(ui) + ggo\ﬁ(wi) + j; goo((Wi - Ixti) ® VQ) d7_{2n—1
Q

= Ga(u) + Gy a(Wi) + fa 87— ) ® v dH
= ggo\ﬁ(w;) +Gag(u), fori=1,2.
Similarly, using Remark 2.3 we also have
Gay(vi V2) =G \agW1 V W2) + Gag v, (U1 V ua)  and
Ga,(vi Av2) = G naWi A Wa) + Gag g (U1 A ).
Taking into account that (3.39) is an equality when the maps are Sobolev (see [37, Lemma 5.1]),
we can then conclude combining the previous identities with Theorem 3.8 to get
Gaove, (U1 V U2) + Gaping, (U1 A Up)
=Ga,(vi V) + Ga,(vi Ava) — ggo\ﬁ(wl V wy) — ng\ﬁ(wl A W)

< Gao,(vi) + Ga,(v2) — ggo\ﬁ(wl) - ng\ﬁ(wz) = Gae () + Ga, (). O

3.2. The set of minimizers and comparison principles. Given a bounded open set Q c R

with Lipschitz regular boundary and a function ¢ € L'(Q) we define
My = argmin G, o(u) .

We have already proved that .Z, C BV(Q) is nonempty.
Using Theorem 3.8 and Corollary 3.10, the proof of Proposition 3.11 below is completely anal-

ogous to [38, Proposition 4.3] and we omit it.

Proposition 3.11. Let ¢, ¢, € L'(0Q) be such that ¢, < ¢, H*' '-a.e. on 0Q and assume that
uy € My, and uy € My,. Then (uy V up) € My, and (uy A up) € My,

In [35] (see also [38]), it has been proved that the set of minimizers of a superlinear convex
functional has a maximum u (resp. a minimum u) defined as the pointwise supremum (infimum)
of the minimizers. These special minimizers are then used to prove one-sided Comparison Prin-

ciples.
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Proposition 3.12. Let Q C R*" be a bounded open set with Lipschitz regular boundary and let
¢ € L'(0Q). Then, there exists u,u € .#, such that the inequalities

u<u<iu, L"-ae inQ (3.41)

hold for any u € A,,.

Proof. We start by proving that .#, is bounded in BV(Q). Define J := min,cpy() Gya(ut) < +o0.

By (3.4) and denoting by C = sup,, |X*| we get
|Du|(€2) :f \Vul|dL™ + |D*ul(Q)
Q

<C f g(Vu+XdL" + C1Q| + f d|Dul
Q Q

dD*u
d|Dsu|

SCfg(Vu +X9dL" + 1| + cfg“’(
Q Q
=CJ + C|Q), Vu e 4,

) d|D’ul + Cf g% (¢ — ugg)vo) dH*"!
00

(3.42)

where |Q| := £2*(Q). Moreover, by [23, Theorem 1.28 and Remark 2.14] there exists ¢ = c(n) >
0 such that

1/2
”M“Ll(g) <19Q| / n”l/l”LZn/Qn—l)(Q)

Slel”z"(lDul(Q)+ f |u|d7-(2”_1)
oQ
< 0" (IDul() + f 6 = tgol dH + f |¢|dw2"-1)
oQ oQ

= clQ"*" (IDul(@) + | (@ — waa)val dH ' + | gl dﬂz”_l)

P o0
1/2n * mo A [ dD’u s
< (c | e(Vu+x)dLr +Cl1Q+C | ¢ ID*ul(Q)

Q ) d|D5M|
+ Cf g (0 — wga)ve) dH ' + | |yl d7-{2”_1)
oQ 90

= c|Q|'/* (CJ +ClQI+ | gl deZ"—l), Vu e A,

fle)
where in the second last inequality we argued as in (3.42). This, together with (3.42), implies

that .#,, is bounded in BV(Q).
Therefore, by [1, Theorem 3.23], .#,, is pre-compact in LY(Q), i.e., for every sequence (1) in
M, there exist u € BV(Q) and a subsequence (u,) such that u;,, — u in LY(Q). By (3.21), Go0
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is lower semicontinuous with respect to the L!-convergence, hence we have also
Goo(u) <liminf G, o(uy,) = J,
k—o0

so that u € .#,. We have proved that ./, is compact in L'(€). Now, the functional

BV(Q) 5 u —> I(u) = f u dL”

Q

is continuous in L' (), hence it admits maximum % and minimum u in .#,: let us prove that %, u
satisty (3.41) for any u € .
Assume by contradiction there exists u € .#, such that Q' := {z € Q : u(z) > u(z)} has strictly

positive measure. Then, by Corollary 3.11, u V u is in .#,. Moreover

f(uvﬁ)dﬁ":f ud£2"+f ﬁd[,z”>fﬁd[,2”
Q Q Q\QY Q

yielding a contradiction. The fact that u > u follows in a similar way. O

The following result is a Comparison Principle inspired by the results obtained in [35] for

superlinear functionals in Sobolev spaces and it can be proved exactly as in [38, Theorem 4.5].

Theorem 3.13. Let Q C R* be a bounded open set with Lipschitz regular boundary; let ¢, €
L'(0Q) be such that ¢ < H*"'-a.e. on Q. Consider the functions u, u € M, and w, w € M,
such that*

U<us<su LP-qe inQ, Yue 4, (3.43)
w<wsw L qe inQ, Yw e My . '
Then
u<w and u<w [LM-ae inQ (3.44)

and, in particular,

u<w LM-ae inQ Yue My

usw LMae inQ, Vwe .4,

Upon observing that Go.,o(u + @) = Goo(w) Y u € BV(Q), the following result can be
proved exactly as in [38, Corollary 4.6].

’The existence of &, u, w, w is guaranteed by Proposition 3.12.
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Corollary 3.14. Let Q C R*" be a bounded open set with Lipschitz regular boundary and ¢, €
L*(0Q); letu,u € M, and w,w € M, be as in (3.43). Then, for every a € R, one has

U+ a,u+a € My,

B ) (3.45)
u+ra<u<u+a L"-ae inQ, Vuec My,
and
[ — W= < Ml — ¥ll=@6a)
(3.46)
lu — wll=@) < llo = ¥ll=@oa)-
In particular, the implications
UWoo =@, Woa =¥ = |lu—wlli~q) = lle = ¥lli=oa),
(3.47)

Upa = > Wipa = o= lu—=wlie = lle = ¥lli=oa)-

hold.

We recall below some notations introduced in [38], that will be useful also in the proof of the
main theorem of the present paper. Given a subset Q C R?", a function u: Q — R, a vector
7€ R? and & € R we set

Q ={zeR":z+7€Q)
u(z) = uz+71), z€Q,
uif(z) =u () + 2", )+ &, 7€ Q.
It is easily seen that, given Q open and u € BV(Q), then both u, and uj’f belong to BV(Q,).

Moreover, if Q is bounded with Lipschitz regular boundary one has also
(Ureowy = oa): +2(T°, ) + & = (Waa); ;- (3.48)

Remark 3.15. The family of functions u; . has a precise meaning from the viewpoint of Heisen-

berg groups geometry. Indeed, it is a matter of computations to observe that the 7-subgraph

E!. of u] ¢ coincides with the left translation (-7,£) - E! (according to the group law) of the
& >

t-subgraph E!, of u by the element (—7,&) € H". We address the interested reader to [38, 40] for

further informations.

Lemma 3.16. Let Q ¢ R?" be a bounded open set with Lipschitz regular boundary, ¢ € L'(0Q),
T €R” and & € R. Then

Go (i) = Goalw), Vu e BV(Q).
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Proof. Using e.g. [1, Remark 3.18], we get Du, = {;4+(Du), where ¢, is the translation z = z — 7
and {4 denotes the push-forward of measures via ;. In particular
dD*u, dD’u O
= of
d\Dsu;| d|\Dsu| °*

Vu, = (Vu), =Vuo 5;1, D’u, = (D’u) and

hence
Duy = (Vuo ;' +27°) L2 + Ley(D'u).
Therefore
Go: 0. (i)
:f g(Vuo €' + 27" + X*)dL™ + f g~ ( dD’u o 5;‘) d|6(D*u)|
Q. Q. d|D¢ul

+ f 87 ((pre — Uz Iva,) dH* 1,
09,
We now use (3.48) and the equality
20 + X'(2) = 2(r +2) = (X" o £:1)(2), VzeR™

to get, with a change of variable,

Gy 0. Uz )

dD* ,
= | Vu+X ol dL” + f g (—” o f;l) d|4(Du)| + f g~ ((¢ — woa),va,) dH!
Q. Q. d|Dsul 90,

DS
= f Vi + X*|dL" + f gm(d ”) d|D%ul + f g7 (¢ — waa)va) dH"!
Q Q d|Dsu| 00
=G, 0u).

O

Corollary 3.17. If the same assumptions of Lemma 3.16 hold and if u and u are as in Proposition
3.12, then (), ;, Wy, € j/tﬁig and

(), Su< (ﬂ);§ Lae inQ. Vu e ///9"1; )

The next proposition states that, whenever we fix an affine boundary datum L, the functional

G0 admits as unique minimizer the function L itself.

Proposition 3.18. Let L: R** — R be given by L(z) := {a,z) + b with a € R*" and b € R and

assume g satisfies assumptions (A) and (B). Then L is the unique solution of the problem

min{G; o(u) : u € BV(Q)}. (3.49)
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Proof. We divide the proof in several steps.

Step 1. We claim there exists p: R** — R?" such that p(z) € dg(z) for any z € R** and with the
property that

f (p(X*),0,) dDu| = f upe(p(X*), va) dH>", (3.50)

Q oQ

for any u € BV(Q). If g € C*(R*") formula (3.50) with p = Vg follows using the Gauss-Green
formula and the fact that, since divX* = 0, also divVg(X*) = 0. We claim that (3.50) holds
true again with p = Vg if g € C!(R*"). Consider the convolutions g, := pj, * g where pj, is a
convolution kernel, i.e. p, € C2(B(0,1/h)), p, > 0 and fRanh = 1. Then g, € C*(R*") and

Vg, — Vg uniformly on compact sets. It is now sufficient to pass to the limit in

f(Vgh(X*)’O-u> d|Dul = f upa(Vgn(X"), va) dH>!
o )

using the Dominated Convergence Theorem. Finally we prove that (3.50) holds true for any
convex function g: R* — R and for a suitable choice of p. We are going to use the Yosida
approximation; see [39, Sec.IV.1] (see also [2, Theorem 2.1]) for details. Precisely, for any

A > 0 and for any z € R*" let

Ja(2) = min {%Ily — 2P+ g(y)} :
and

§10) = 80 + 52l = LI
Then g; € C“'(R*) and for any z € R?" there holds Vfi(z) = A,(z) where A, is the Yosida
approximation of the maximal monotone operator A = dg, A;(z) = A~ (z—J(2)). Moreover, as A
decreases to zero, g, increases to g, and for any z € R, ||A(z)|| — 10°¢(2)|| and A ,(z) — 8°g(2),
where 3°g(z) denotes the element of minimal norm of the closed convex set dg(z). Finally, since
g has linear growth we have ||0°g(z)|| < ¢ for some ¢ > 0 and for every z € R*". The thesis now

follows by taking p: R** — R?" defined by p(z) := dg°(z) and using the Dominated Convergence

Theorem to pass to the limit in

f (AxX), o) dDul| = f Uaa(A (X)), va) dH"!
Q o)
as 4 — 0, obtaining (3.50).

Step 2. We claim that for any w, z € R?" we have

g7 (w) =2 (p(X*(2)), w). (3.51)
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Indeed, by convexity, for any ¢ > 0

gtw + X*(2)) S 8(X*(2))
t - t

+(p(X*(2)), w),
and the conclusion follows letting t — oo and using Remark 3.5.
Step 3. We claim that u = 0 is a solution of the problem

min{G o(u) : u € BV(Q)}.

Let u € BV(Q). Combining the convexity of g with (3.50) and (3.51) we obtain

dD*
Goo(u) = f g(X")dL™ + f (p(X*), Vuyd L + f (pXY), su
Q Q Q d|Dsu|

Y d|D*u|
+f 87 (~upava) dH>!
00

— X* dLZn f X* o dD f o/ dq_{Zn—l
fgg( ) + Q<p( ), o) diDul + R (—Uwoava) (3.52)

2 fg(X*) aL” +f upa(p(X7), va) dH>"! —f upa(p(X7), vo) dH*!
Q o0 o0

= f g(XHdL”
Q
= Go.a(0)

which ends the proof of the minimality of u = 0.

Step 4. We claim now that if Q = Bg(0) then u = 0 is the unique solution of the problem
min{G o(u) : u € BV(Q)}.

Let u € BV(Q) be another minimizer, i.e. Gy o(u) = Goo(0) = m. By convexity we have

u

m < Goa3)

1 1 dD*u 1
— i v/ X* d 2n - 00 st - cor dq_(Zn—l
Juelzmeex)ozres [ () ave 3 [ o

1 1 1 dD*u
_2fgg<u+ ydL +2fgg( s | g (dleul) Dl
1
+—f g% (upave) dH"!
2 Joa

—21’1’1 2m—m.
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As a consequence we get

(Vu +X* N X*) g(Vu + X*) + g(X*)
g — | =

2n
> > > , [L-a.e.onQ.

Using assumption (A), we conclude that
Vu = 21°X*, L¥-ae.onQ

for some measurable function A1*: Q — R. Rewriting (3.52) and using (3.51) we then obtain

dD*
m = f g(Vu+X*) dL” + f g“( ”) d|D*ul + f g% (—upava) dH>!
Q Q d|Dsul o0

dD*
> fg(Vu + X*) d,£2n + f <p(X*), 'l/t > dlDSl/t| + f goo(—l/thVQ) d7_{2n—1
Q Q d|Dsul 00

2 f gXN ALY + | (upalp(X), va) + &% (-ugava)) dH™!
Q aQ

> f o(X) AL
Q

= m.

This means that

dD’u dD’u
o0 =(p(X*), ——), |D‘ul-a.e.on Q 3.53
and
uaa{p(X*), va) + &7 (~upava) =0, H* '-ae.on Q. (3.54)
Combining assumption (B) with (3.53), we immediately deduce that
dD’u X*
= , |D’ul-a.e.on Q
dDu] X |D’ul-a.e. on

for some measurable function 4°: Q — R. From (3.54) we get uyq = 0. Indeed, at any point of

0Q where usq > 0, condition (3.54) implies

87 (-va) = (p(X"), ~va)

which means, thanks to assumption (B), that vq is parallel to X*, and this is impossible since
Q = Bg(0), namely X* L vq everywhere on Q. By means of the same argument we can also

exclude upq < 0. Therefore, we can say that
o, = AX*, |Dul-a.e.on Q

for some measurable function 1: Q — R. Lemma (2.5) gives the conclusion.
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Step 5. Now we prove that u = 0 is the unique solution of the problem
min{Goo(u) : u € BV(Q)}

for a general Q. Indeed, let u € BV(QQ) be such that Gy (1) = Go(0). Let R > 0 be such that
Q cc Bg(0). Let uy: Br(0) — R be given by

e | 1O iz
0= o otherwise.

Then,
s 2n ) dDSLt K 00 2n—1
Gog(o) = | g(Vu+XHdL"+ | g — | dD’ul+ | g% (-upave) dH
Q Q d|D¢ul a0
v f §(X") 4L
Br(O\Q
= QO,Q(M) + gO,BR(O)\ﬁ(O)
= G0,8:0)(0),

Where in the last equality we used Gy (1) = Goo(0). Hence, by step 3 we get up = 0 from which
the conclusion.
Step 6. We conclude the proof proving that u = L is the unique solution of the problem

min{¥; o(u) : u € BV(Q)}.

LetQ, =Q—-a"/2,u € BV(Q) and u,: Q — R be given by u,(z) := u(z + a*/2) — L(z). Then
u, € BV(Q,). Hence we get, using step 2,

dDS ]
Grou) = fg(Vu + X dL" + fgm( - ) d|D’ul + f ¥ (L - wpa)va) dH™!
Q Q d|Dsul 00

dDfu, o .
= f g(Vu, + X*)dL" + f g“’( - )dID‘ua|+ f g™ (—(U)pava) dH>!
Q, Q, 0Q,

d|Dsuy,|
= Go.0,(Ua) = Goa,(0)
= f gX"dL" = fg(a +X")dL”
Q. Q
=% a(L)

which says that ¥ = L is a minimizer. Uniqueness easily follows by the fact that the equality
Gro) = Gro(0) implies, using the previous estimate, Go o, (i) = Go.o,(0) which in turn yields
u, = 0 from step 4. In order to conclude the proof it is sufficient to observe that #, = 0 means
u=>L. m|
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Corollary 3.19. Let Q C R*" be a bounded open set with Lipschitz boundary, ¢ € L'(0Q) and
L: R*" — R be an affine function, i.e., L(z) = {a,z) + b for some a € R, b € R.
(1) Assume that ¢ < L H*'-a.e. on Q. Then, for any u € M, we have u < L L*"-a.e. in
Q.
(2) Assume that that ¢ > L H*" '-a.e. on dQ. Then, for any u € M, we have u > L
L-a.e. in Q.

Proof. Both claims follow immediately from Theorem 3.13 when we observe that the set .Z
consists of just one element that is L itself, so that, following the notations of Proposition 3.12,
L=L=L. O

4. THE BouNDED SLOPE CONDITION

We recall the well-known definition of a boundary datum satisfying the Bounded Slope Con-

dition (see [28]). We also refer to [24] for some classical results.

Definition 4.1. We say that a function ¢: 0Q — R satisfies the bounded slope condition with
constant Q > 0 (Q-B.S.C. for short or simply B.S.C. when the constant Q does not play any role)

if for every zo € 0%, there exist two affine functions w; and w, such that

w(2) < (2) <wl(z) VYzeQ, 4.1)
w(20) = ¢(z0) = W (20) (4.2)
Lipw.)<Q and Lipw!)< 0, (4.3)

where Lip(w) denotes the Lipschitz constant of w.
Moreover, we denote by f, and f, the functions defined, respectively, by f1(z) = sup, cso W, (2)
and f(z) = inf, e w;'o(z). We underline that f| is convex, f, is concave and they are both

Lipschitz continuous with Lipschitz constant not greater than Q.
The following result can be proved exactly as in [38, Lemma 6.2].

Lemma 4.2. Let Q C R*" be an open bounded set with Lipschitz regular boundary; assume that
¢ € LY(0Q) satisfies the Q-B.S.C. Then, if u € BV(Q) is a minimizer of G,q, the following facts
hold.

(1) woa = ¢;

(2) i<u<fp Lae inQ;

(3) u is also a minimizer of Gq in BV(Q).
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The following fact is inspired by [38, Remark 6.4].
Remark 4.3. If Q' c Q are open bounded domains with Lipschitz regular boundary and u €
BV(Q).
Write I' := 0’ N Q and 0Q2 = A U A,, where
A =0QN0Q and A, =0Q\0Q" .

Notice that 0Q) = T'U A;. We also denote by u;, u,: I' = R the “inner” and “outer” (with respect

to Q') tracesof uon', ie.,
u; ‘= (M|3Q/)|_F and U, = (u‘a(g\m)LF.

We use the notation G, ¢ to denote the functional G, o . Let us prove that, if u is a minimizer of
Go0 With ¢ = upq, then u is also a minimizer of G, . Assume by contradiction that u is not a

minimizer of G, «; then, there exists v € BV(€) such that
0<GuoW) - Gua ()
:ggw>—ggw»+l}wm%—um@odﬂh* )

- f 87 (o = gy )vey) dH>"™" — f g7 ((¢ — Vg )va) dH>"!
r A

where we used inequality (3.3). We would reach a contradiction if we show that the function
w € BV(Q) defined by
wi=vonQ', wi=uonQ\Q

satisfies Gy 0(u) — Goa(w) > 0.
Let us compute

dDA‘
gmw:%w:%wnamw+ﬁf@wmmwm

=GoW) + Gogu) + fg"o((uo — u)vp) dH>!
r

and

N

dD
wa=%@H@m@+ﬁf@W$

) dD*w| + f g (¢ — wiga)ve) dH™!
00

=Go (V) +Gom) + f 8™ Uy — Voo V) dH* " + f (@ = Vg)va) dH" .
r Ay
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Therefore

ggo,Q(u) - ggo,Q(W)
=G (u) - Ga (V) + f (87 (o — w)ver) — 8™ty = viger Jvey)) dH>!

r

- f g (¢ — Voo Vo) dH™ ' > 0,

A

where we used (4.4) and upo = u;.

We are now in position to prove our main result, whose proof is actually very similar to the

one given in [38].

Theorem 4.4. Let Q C R*" be open, bounded and with Lipschitz regular boundary, let ¢: 0Q —
R satisfy the Q-B.S.C. for some Q > 0 and let g: R* — R be a convex function with linear
growth satisfying conditions (A) and (B). Then, the minimization problem

min {QQ ‘uc BV(Q), Upo = (,0} (45)

admits a unique solution ii. Moreover, i is Lipschitz continuous and Lip(it) < 0 =0(0,0).

Proof. We divide the proof into several steps.

Step 1. We denote by u the (pointwise a.e.) maximum of the minimizers of G, in BV (see
Proposition 3.12). Lemma 4.2 implies that f; < u < f, £L*-a.e.in Qandu = ¢ = f; = f> on 6Q,
where f; and f, are defined as in Definition 4.1; in particular, u is also a minimizer for (4.5).

Let T € R be such that Q N Q, # 0; following the notations introduced before Lemma 3.16,
we consider the function i, which we denote by u, to simplify the notation. Consider the set
QN Q.. By Remark 4.3, % is a minimizer of Gz ono, and, by Corollary 3.17 and Remark 4.3,
is a minimizer of Gz onq,. Let z € 0(Q N Q,), then either z € 9Q or z € 0Q2,.

If 7 € Q, then 7 + T € Q and the inequality (36) in [38, Lemma 6.3 ] implies that

u(z) = Qlr| < u(z +7) < u(z) + Ol (4.6)

Otherwise, 7€ 0Q,andz=(z+17)—T€ Q, and Lemma 4.2 implies again (4.6).
So we have proved that (4.6) holds for any z € 9(Q2 N Q,), hence

u(z) = Ot + 27", 2) Su(z +7) + 2(1%,2) < u(z) + Ol + 2(77, 2) .
Setting M = Q + 2 sup_q, Izl, one has

u(z) — Mlt| < u.(z) <u(z) + Mlr| forany z € d(Q N Q;)
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and, by Corollary 3.14,
u(z) — Mlt| < wi(z) <u(z) + Mlr| for L*-ae.z€ QN Q..
This is equivalent to
u(z) — Mlt| — 27", 2) <u(z + 1) <Uuz) + Mlr| = 2(z*,z) for L-ae.z€ QN Q,
and, setting K := M + 2sup_q, |z],
u(z) — Klt| < u(z + 1) < u(z) + Klr|  for £L-ae. 7€ QN Q..

Step 2. We claim that the inequality |u(z) — u(Z)| < K|z — Z| holds for any Lebesgue points z, 7
of u. We define 7 := 7 — z; then Q N Q. # 0 and, arguing as in Step 1, we obtain

[z + 1) —u(Z) < Klr| for L2-ae.7 € QN Q..

Let p > 0 be such that B(z,p) c QN Q. and B(Z,p) C Q N Q,; then

[u(z) — u(z)| = |lim ( JC w(z)d7 — JC ﬁ(z’)dz’)
=0\ B(zp) Bzp)
<lim [u(z') —u(@ +1)d7 < K|z -7
P20 JB(zp)

Step 3. We have proved that %, the maximum of the minimizer of G, , has a representative that
is Lipschitz continuous on €, with Lipschitz constant not greater than K = Q + 4 sup_, |z|. The
same argument leads to prove that u, the minimum of the minimizers of G, o, has a representative
that is Lipschitz continuous on Q, with Lipschitz constant not greater than K. The uniqueness
criterion in Proposition 3.4 (with p = 1) implies that # = u £*"-a.e. on Q. If u is another
minimizer of G,q, we have by Proposition 3.12 that u < u < u £*"-a.e. on Q. This concludes

the proof. O

5. THE SUPERLINEAR GROWTH CASE
In this section we consider the functional defined in (3.15) by
Go(u) = f g(Vu + X*)d L™, ueg+ W, Q) (5.1
Q

where ¢ satisfies, as in the previous sections, the Bounded Slope Condition of order Q and g has
superlinear growth.

Our aim is to show that, for the functional ¢ defined in (5.1), we can get both regularity and
uniqueness results using again the Bounded Slope Condition and arguing with the same approach

that we used for the BV case.
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Theorem 5.1. Let g: R — R be a convex function satisfying condition (A) and let p: Q — R
satisfy the Bounded Slope Condition of order Q on the boundary of Q. Assume also that g has
superlinear growth, i.e., g(&) > Y(|€]) for a suitable ¥ : [0, +00) — R such that

lim @ = +00

t—+c0

Then the functional
Go(u) = f g(Vu +X*)d L™, uep+w,(Q) (5.2)
Q
has a unique Lipschitz minimizer, i.e.: there exists u € ¢ + Wé’“’(Q) such that 9o(u) < 9a(v) for
everyv € ¢ + Wé’l(Q).

Proof. The superlinearity of g and the lower semicontinuity of %, imply the existence of uy €
@ + W, (Q) such that % (uo) < Ya(u) for every u € ¢ + W, (Q).

In the same spirit of the previous sections, we denote by .Z, = {v € ¢ + Wé’l(Q) t YGa(v) <
You),Yu € ¢ + Wé’l(Q)}. Thanks to the superlinearity of g we can argue as in the proof of

Proposition 3.12 to state that there exist two functions u, u € .#,, such that for every u € .Z,
u(x) < u(x) <u(x) forae. xeQ.

We remark that the results contained in sections 3 and 4 can be restated replacing the space
BV(Q) with ¢ + WS" (Q). All the proofs in fact can be repeated and simplified dropping both the
terms where D* appears and those that take into account the jumps at the boundary. Hence we
can conclude that u € ¢ + Wé’”(Q), where K = Q + 2maxg |z|. Proposition 3.4 then leads to

uniqueness of minimizers. O
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