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ON NON-UNIQUENESS AND UNIQUENESS OF SOLUTIONS IN
FINITE-HORIZON MEAN FIELD GAMES*

MARTINO BARDI™ AND MARKUS FISCHER

Abstract. This paper presents a class of evolutive Mean Field Games with multiple solutions for
all time horizons T" and convex but non-smooth Hamiltonian H, as well as for smooth H and T large
enough. The phenomenon is analysed in both the PDE and the probabilistic setting. The examples
are compared with the current theory about uniqueness of solutions. In particular, a new result on
uniqueness for the MFG PDEs with small data, e.g., small T', is proved. Some results are also extended
to MFGs with two populations.
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1. INTRODUCTION

In this paper, we study the existence of multiple solutions of Mean Field Games (briefly, MFGs) with finite
horizon and of the evolutive system of PDEs associated to them, and compare the results to some uniqueness
theorems. The systems of PDEs we consider are backward-forward parabolic and have the form

—vy + H(Dv) = Lo?(2)Av + F(z,m(t,-)) in (0,7) xRY, o(T,z) = G(z,m(T))),
(1.1)
my — div(DH(Dv)m) = 3 A(0?(z)m) in (0,7) xR%, m(0,z) = v(z),

in the unknowns (v,m), where m(t,-) is a probability density for each ¢, and the given running and terminal
costs F,G map a subset of R? x P(R?) into R. In the probabilistic formulation of a Mean Field Game, the
solution is, instead, a pair (u, m) with m as above and u either an open-loop or a feedback control satisfying an
optimality and a mean field condition, see the precise definitions in Section 3.1.

There are two regimes under which there is uniqueness of a classical solution to (1.1). The first and best
known is the case of H convex and F, G increasing with respect to m in the L' sense, which means that imitating
the other agents is costly, see [10, 39] for the PDE proof and [2, 14] for probabilistic proofs, which also cover
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MFGs with a common noise. The second regime is for the length T of the time horizon short enough and H
smooth: it was presented in a lecture of Lions on January 9th, 2009 [40], but to our knowledge it does not
appear in print anywhere.

The main results in the first part of the paper give counterexamples to uniqueness when either one of these
two regimes is violated. More precisely, we describe an explicit class of problems in dimension d = 1, with costs
F', G describing a mild preference for imitating the other agents, H convex and not differentiable at one point,
where multiple classical solutions exist for all 7' > 0. We also provide a variant with smooth H and T larger than
a certain threshold. This is done for the PDE problem (1.1) in Section 2, and for its probabilistic formulation
in Section 3 under somewhat weaker assumptions (e.g., the volatility o may vanish).

Explicit examples of finite horizon MFGs with multiple solutions are rare. In the probabilistic literature, based
on the FBSDE approach to mean field games, examples of MFGs with multiple solutions that fall into the class of
problems considered here are given in Section 5.1 of Carmona et al. [13] and Section 4.2 of Tchuendom [43], where
the author shows that adding a common noise restores uniqueness. The “illuminating example” in Lacker [3§],
Section 3.3, also provides an MFG with explicitly known multiple solutions; c¢f. Example 3.10 below.

The second part of the paper is devoted to comparing the previous non-uniqueness examples with the assump-
tions of some uniqueness results. We argue that the monotone regime is close to being sharp, since, for instance,
for costs of the form

F(z,p) = aw/ydu(y) +f(), Gla,p) = ﬁx/ydu(y) +9(p),
with f, g continuous, the costs are increasing in a suitable sense and uniqueness holds if
a>0, (>0,
whereas there are multiple solutions if
a<0, p<O0.

We recall that the need of a monotonicity condition for having uniqueness for all 7' > 0 and T — oo was
discussed at length in [40]. Some explicit counterexamples, very different from ours, were shown recently by
Briani and Cardaliaguet [9] and Cirant and Tonon [17]. An interesting analysis of multiple oscillating solutions
via bifurcations was done very recently by Cirant [16]. For stationary MFG with ergodic cost functional, examples
of non-uniqueness are known since the pioneering paper of Lasry and Lions [39], and others more explicit appear
in [4, 7, 25, 29].

For the short horizon regime we prove a uniqueness theorem inspired by Lions [40] but under weaker assump-
tions, different boundary and terminal conditions, and with estimates in different function spaces (see Rem. 4.8
for more details on the differences with [40]). It does not require any convexity of H nor monotonicity of F'
and G. Our example of non-uniqueness fails to satisfy more than one assumption of this theorem, but the crucial
one seems to be the smoothness of the Hamiltonian (at least C1'1). Some remarkable points of the proof of the
uniqueness theorem are the following:

— it is largely self-contained and elementary, since the main estimates are got by energy methods;

— it shows that uniqueness holds also for any T, provided some other data are sufficiently small, such as
the Lipschitz constant of DH, or the Lipschitz constants of F' and D,G with respect to the density m
(Rems. 4.10 and 4.11);

— it incorporates an a priori estimate of ||m(t,-)|l. that is proved in the appendix by a probabilistic
argument.
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Moreover, it appears flexible enough to be applied in different settings, e.g., Neumann boundary conditions and
several populations, see [5]. A different proof of uniqueness for a particular economic model under a smallness
assumption on a parameter is in [28]. More references to papers with related results are in Remark 4.13.

Finally, Section 5 extends some of the preceding results to Mean Field Games describing two populations
of homogeneous agents, where the PDE system involves two Hamilton—Jacobi-Bellman and two Kolmogorov-
Fokker-Planck equations instead of one. In this case the monotonicity conditions are more restrictive: in addition
to a form of aversion to crowd in each population, they require that the costs of intraspecific interactions are
larger than the costs of the interactions between the two populations (¢f. [15]). Therefore here there is more
distance between the sufficient conditions for uniqueness and the examples of multiple solutions. We refer to
[1, 6] for motivations to the study of multipopulations MFGs, to [1, 15] for examples of non-uniqueness in the
case of ergodic costs and stationary PDEs, and to [5] for uniqueness when the horizon is short.

We end this introduction with some additional bibliographical remarks. The theory of MFGs started with
the independent work of Lasry and Lions [39] and Huang et al. [31-33]. It aims at modeling at a macroscopic
level non-cooperative stochastic differential games with a very large number N of identical players. The rigorous
justification of the PDE (1.1) as limit of the systems of Bellman equations for such games as N — oo was proved
recently by Cardaliaguet et al. [11] using in a crucial way the convexity and monotonicity conditions leading to
uniqueness for (1.1). General presentations of the field are [10, 26, 27], and many applications are analysed in
[24, 30]. For the probabilistic approach to MFGs, in addition to the above mentioned works [2, 13, 14, 38, 43],
we refer to Carmona and Delarue [12], Lacker [37], and Fischer [19].

2. MULTIPLE SOLUTIONS OF THE MFG sYysTEM OF PDES

In this section, we consider the backward-forward system of parabolic PDEs
02 (1) g + F(z,m(t,)), in (0,7) x R,

(2.1)
me — (H'(vz)m), = L(0?(2)m) pe in (0,7) xR,

m(0,z) =v(z), m>0, [pm(tz)de=1 Vt>O0.

We will look for solutions such that m(t, -) is the density of a probability measure with finite first moment, that
we denote as follows

P®) = {ue 2@ s uz0, [ utaae =1 [lylut)dn <+,
and assume that the initial density » is in P; (R). For such functions we denote the mean with

M(p) = /Ryu(y) dy.

We recall that the Monge-Kantorovich distance between probability measures is

di(p,v) = sup {/R dW)(p—v)(y)dy:¢:R—>R1-— Lipschitz}

and that M (-) is continuous for such distance. The running and terminal costs
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F:RxP(R) =R, G:RxP(R)—=R

satisfy the following regularity conditions

(F1) p+— F(z,p) is continuous for the distance dy locally uniformly in x; for all p the function x — F(z, u) is
differentiable with derivative denoted by D, F'(-, i), and for some « € (0,1],k € N, there is Cr such that

[F(z, 1) = F(y, )| < Crle =yl [DoF(x, 1) — Do F(y, p)| < Crlz —y[*
for all |z|,|y] < R, M(u) < R, and
|F(z,p)| < Cr(1+ |z|F), VzeR, M(p)<R;

(G1) for all g x — G(z, ) has at most polynomial growth and it is differentiable with continuous derivative
denoted by D,G(-, p).

The main qualitative assumption on the costs that allows us to build multiple solutions is the following

(FG2) for all z € R and p € Py (R)

and for M (u) # 0 either D, F(-,u) # 0 or D,G(-,u) Z 0.

The meaning of this condition is that it is less costly to move to the right if M(x) > 0 and to move to the
left if M(p) < 0, so in some sense it is rewarding for a representative agent to imitate the behaviour of the
entire population. This is consistent with the known fact that aversion to crowd is related to the monotonicity
conditions of Lasry and Lions that imply uniqueness of the solution [30, 39].

Example 2.1. Consider a running cost F' of the form

Flen) = o (= [ He)ut)d ) £20060) + (o)

with f1, k1 € C1(R?) Lipschitz with Lipschitz derivatives, fo € C(R), and f3 di-continuous. Then (F1) holds.
Next assume

rfa(r) >0 VreR, for)#0 Vr#0,

on

. 0f1 . Ok
< on — _sign2¥ _
I (z,7) <0, sign o (w,7) sign=— (z,y) Vaz,y,r

Then the condition (2.2) on D F = (2 4 %1 9k dy ) fo(M(p)) in (FG2) is satisfied and D, F(-, i) # 0 if
Ox or JR Oz

in addition either % # 0 or both % # 0 and % = (. Similar assumptions can be made on G.

About the diffusion coefficient o we will assume

1
c:R — R Lipschitz , 502(1‘) >0,>0 VzeR. (2.3)
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2.1. Non-uniqueness for any time horizon

In this section, we consider the Hamiltonian

ifp <0,

— = Tt
1) = wax ) = { T {20 (2.4

so that
H'(p)=-bifp<0, H'(p)=—aifp>0.
Theorem 2.2. Assume (F1), (G1), (FG2), (2.3), and that H is given by (2.4) with a < 0 < b. Then, for

all v with M(v) = 0, there are two classical solutions (v1,m1), (va,mz2) of (2.1) such that (v1).(t,z) <0 and
(v2)z(t,x) >0 for allt <T, M(mq(t,-)) = bt and M(ms(t,-)) = at for all t.

Proof. We begin with the construction of (v1,m1) and drop the subscripts. Observe that if v, < 0 the second
equation of (2.1) becomes

my + bm, = %(Uz(x)m)m in (0,7) x R. (2.5)

A solution of this equation with the initial condition m(0,z) = v(x) exists by standard results on parabolic
equations [21], and it is the law of the process X (-) solving

X(t) = & +bt + /Oto(X(s))dW(s), te0,7],

where W is a standard one-dimensional Wiener process and Law(€) = v. Then

M(m@)=E[X@t)]=Mw)+bt >0 Vte (0,7 (2.6)
Moreover, there exists C' > 0 such that
di(m(t),m(s)) < C(b+ |loflec) V[t — s, (2.7)

see, e.g., [10]. For such m we consider the Cauchy problem
1
— v — by, = ioz(x)vm + F(z,m(t)) in (0,7) xR, o(T,z)=G(x,m(T)), (2.8)

which has a unique classical solution by standard results on parabolic equations [21], in view of (2.7) and the
assumptions (F1), (G1), and (2.3). If we show that v, < 0 this equation coincides with the first PDE in (2.1)
and therefore we get the desired solution (vy,mq) of (2.1).

We consider w := v, and by the assumptions on the data can differentiate the equation (2.8) to get

1
—wy — bw, = o(x)o(x),w, + 502(x)wm + D F(z,m(t)) in (0,7) xR, w(T,z)=D,G(xz,m(T)).
By (2.6) and (FG2) D, F(z,m(t)) <0 and D,G(x,m(T)) < 0, thus the comparison principle implies w < 0.
By the Strong Maximum Principle, if w(t, 2) = 0 for some ¢t < T and some x, then w(s,y) = 0forallt < s < T
and all y, and so D, G(-,m(T)) = 0. Then we get a contradiction if the condition D,G(x, u) # 0 for all M (u) # 0
holds in (MF2), and reach the desired conclusion w(t,-) < 0 for all t < T.
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If, instead, only the condition D, F(-,u) # 0 for all M(u) # 0 holds in (MF2), from w(s,y) = 0 for all
t < s < T and all y we get a contradiction with the PDE for w in the interval (¢,T), because D, F(-,m(t)) #0
and all the other terms in the equation are null. This completes the proof of the existence of (v1,m1) with the
stated properties.

The solution (vg,mg) is built in a symmetric way. We first solve

me + amg = %(UQ(x)m)m, m(0,2) = v(z),

and use that the solution is the law of the process

¢
Xt)=&6+at+ / o(X(s))dW (s),
0
to see that M (m(t)) = M(v) 4+ at < 0 for ¢ > 0. Next, for such m we solve the Cauchy problem
1
— v — av, = 50'2(.1')wa + F(z,m(t)) in (0,7) xR, o(T,z)=G(x,m(T)). (2.9)

We differentiate this equation and use the assumption (FG2) and the Strong Minimum Principle as before to
show that v, (¢, ) > 0 for all  and ¢ € (0,T). Then for such solution the last equation coincides with the second
equation of (2.1), which completes the proof of the existence of (vq,m2) with the stated properties. O

Remark 2.3. (Symmetry). Assume b = —a, so that H(p) = b|p|, and the data are even, i.e.,
F(z,p) = F(=z,p),  G(z,p) = G(=z,p), o(r)=o(=z),  v(z)=r(-w).
Then the solutions (v1,m1) and (vq,m2) built in the theorem are even reflection one of the other, i.e.,
v1(t,x) = va(t, —x), mi(t,x) = ma(t, —x),

as it is easy to check in the construction.

Remark 2.4. If F = 0 we can drop the sign condition on a and b and consider any initial density v such that v
with =0T < M(v) < —aT. Then the same proof produces two solutions with (v1),(¢,2) < 0 and (v2),(¢t,2) >0
for all t < T, and M (m4(T,-)) >0, M(mo(T,-)) <O0.

2.2. Eventual non-uniqueness with smooth Hamiltonian

In this section we consider Hamiltonians that coincide with the one defined by (2.4) only for |[p| > § > 0 and
therefore can be smooth, see the Example (2.6). The precise assumption is

HeCMR), 3§b>0,a<0: H(p)=-bpifp< -5, H(p)=-—apifp>. (2.10)

On the other hand the assumptions on D, G in (FG2) are strengthened a bit by adding
(G3) for some & >0, D,G(-,u) < =6 if M(u) > eb, and D,G(-,pu) > 0 if M(p) < ea.
Then we get the existence of two distinct solutions if the time horizon T is larger than .

Theorem 2.5. Assume (F1), (G1), (FG2), (G3), (2.3), and that H satisfies (2.10). Then, for all T > & and
v with M(v) = 0, there are two classical solutions (v1,m1), (v2, ma) of (2.1) such that (v1).(t,x) < =0 and
(v2)(t,x) > 6 for all0 <t <T.
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Proof. The construction is the same as in the proof of Theorem 2.2. Now we have, by (2.6)
M(my(T)) =bT > be,

so D,G(-, ;) < —0 by (G3). Then w := (v1), satisfies w(T,z) < —¢ for all z, and the Maximum Principle
implies (v1)(t,2) = w(t,x) < =6 for all 0 < ¢t < T. Then, by (2.10), the equation (2.8) for v; coincides with
the first PDE in (2.1) and the equation (2.5) for m; coincides with the second PDE in (2.1). The construction
of the second solution is symmetric because M (mq(T)) = aT < ae. O

Example 2.6. The Hamiltonian

1 S <o
H(p) ;= max{ —py+ =6(1 — 2}:{ 26 T2 bl =9,
®) { L) S W

satisfies (2.10) with —a = b = 1. Note that H € C'(R) and H' is Lipschitz and bounded, so it satisfies the
assumptions required for the Hamiltonian in the uniqueness result for short time horizon of Section 4.2, see
Remark 4.10. A more detailed probabilistic discussion of this example is in Section 3.3.

Example 2.7. The terminal cost

G(x,p) = —BxM(u) +g(p), B>0

satisfies (G1). Since D, G(z, ) = —FM(p), the inequality M (u)D,G(z, 1) < 0 in (FG2) is satisfied and (G3)
s

holds with the choice € := max { 5> Talf [ -

3. PROBABILISTIC APPROACH TO MULTIPLE MFG SOLUTIONS

In this section, we give examples of non-uniqueness analogous to those obtained above, but under slightly
different regularity assumptions, based on the probabilistic representation of the mean field game. By this we
mean that we work directly with the underlying stochastic dynamics of the controlled state process and the
corresponding expected costs. A solution of the mean field game is then a couple of control strategy and flow
of probability measures satisfying a certain fixed point property, namely: the strategy is optimal for the control
problem associated with the flow of probability measures, which in turn coincides with the flow of marginal
distributions of the state process under the control strategy. In Section 3.1, we give two definitions of solution,
differing with respect to the admissible strategies (stochastic open-loop ws. Markov feedback). The second
definition, based on Markov feedback strategies, is more closely related to the PDE characterization (2.1) of the
mean field game, see Remark 3.5 below.

Denote by P(R) the set of all probability measures on the Borel sets of R, and set

P = {ueP®): [loutan) <o M= [ontan.  uenm),

Endow P(R) with the topology of weak convergence of measures, and P;(R) with the topology of weak
convergence of measures plus convergence of first absolute moments. Notice that

P1 (R) Cc P (R)

if we identify probability densities with the probability measures they induce. The topology on P; (R) generated
by the Monge-Kantorovich distance coincides with the topology induced by P;(R).
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3.1. The mean field game

As above, we consider mean field games in dimension one over a finite time horizon T' > 0, with drift coefficient
of the state dynamics equal to the control action and dispersion coefficient o: R — R, assumed to be Lipschitz
continuous (hence of sublinear growth), but possibly degenerate. Let I" C R be a compact interval, the set
of control actions, and let f: R x P(R) x I' = R, g: R x P(R) — R be measurable functions with f(-, u,7)
of polynomial growth uniformly over compacts in P(R) x I" and g(-, ) of polynomial growth uniformly over
compacts in P(R).

Let U be the set of triples ((£2,F, (F:),P),u, W) such that (2,F,(F),P) forms a filtered probability
space satisfying the usual hypotheses and carries a I-valued (JF;)-progressively measurable process u and a
one-dimensional (F;)-Wiener process W. For v € P(R), let U, denote the set of quadruples
((2,F,(F),P),&,u, W) such that ((£2,F,(F),P),u,W) € U and & is a real-valued Fp-measurable random
variable with Poé~! = v.

Let v € P(R), and let u = ((£2, F, (F),P),&,u, W) € U,. Notice that £ and W are independent since, by
definition of U, £ is Fop-measurable, while W is a Wiener process with respect to the filtration (F;). The
dynamics of the state process are then given by:

X(t):g+/0 u(s)ds+/0 o(X(s))dW(s), te€[0,T). (3.1)

Since o is Lipschitz, the solution X = X" of equation (3.1) is uniquely determined up to P-indistinguishability.
Its law is determined by the law P o(&, u, W)~1.

The costs associated with initial distribution v, strategy u € U, initial time ¢ € [0, T, and a flow of measures
me M = C([0,T], P(R)) are given by

T—t
J(t,v,uym) = E /O F(XH(s),m(t +5),u(s))ds + g (X(T — 1), m(T)) | ,

where X" is the unique solution of equation (3.1) under w, provided the expected value is finite; otherwise set
J(t,v,u;m) = oo. In the above definition of the cost functional, the processes X* and u always start from time
zero, while the flow of measures is shifted according to the initial time. In this way, the set U, of admissible
control bases does not depend on the initial time, as opposed to the more standard, though equivalent, definition
used in, for instance, [20].

If v = 4, for some = € R, then we can identify Us, with U. The value function for a flow of measures m € M
is then defined by

V(t,z;m) = inzf/l J(t, 0z, u;m), (t,z) € [0,T] x R.
ue

Notice that V (¢, z;m) is finite for every (t,x) € [0,T] x R thanks to the growth assumptions on f, g and the
boundedness of I'.

Remark 3.1. Let t € [0,7], v € P(R), m € M. If J(¢,v,u;m) < oo for every u € U, then

inf J(t,v,a;m) :/V(t,x;m)u(dx).
’l)EUV R

Definition 3.2. Let v € P(R). An open-loop solution of the mean field game with initial distribution v is a
pair (u,m) such that

(i) uw= ((2,F,(F),P),&u,W) €U, and m € M;
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(i) optimality condition: oo > J(0,v,u;m) = [ V(0,z;m)v(dz);
(iii) mean field condition: Po(X“(t))~! = m(t) for every t € [0,T], where X* is the unique solution of
equation (3.1) under wu.

We are mainly interested in solutions of the mean field game in Markov feedback strategies. To this end, set
A={a:[0,T] x R — I' : @ measurable} .

For o € A, v € P(R), tg € [0,T] consider the equation:

X(t):§+/0 a(t0+s,X(s))ds+/O o(X(s))dW(s), t€[0,T —to], (3.2)

where W is a one-dimensional (F;)-Wiener process on some filtered probability space (§2, F, (F;), P) satisfying
the usual hypotheses and carrying a real-valued Fy-measurable random variable ¢ with P o1 = v.

For v € P(R), to € [0,T7, let A, ¢, denote the set of all & € A such that equation (3.2) with initial distribution
v and initial time ty possesses a solution that is unique in law.

Remark 3.3. If ¢ is bounded and such that inf,cg o(z) > 0, then, thanks to Girsanov’s theorem, A, = A
for all tg € [0,T], v € P(R).

If o € Ay 4, then there exists u = ((2, F, (F), P), & u, W) € U, such that
afto + s, X"(s,w)) = u(s,w) (3.3)

for Lebr_;, ® P-almost all (s,w) € [0,T — tg] X £2, where Lebr_;, denotes Lebesgue measure on B([0,T — to])
and X* is the unique solution of equation (3.1) under . Moreover, by uniqueness in law, if & € U, is any other
stochastic open-loop strategy such that

a(to + S,Xﬂ(s,w)) = @i(s,w) for Leby_;, @ P-a.a. (s,w) € [0,T — to] x 2

with X% the unique solution of equation (3.1) under control @ and P the probability measure coming with ,
then

Po(X“uW) ' =Po (Xﬁ,a, VT/)_l

We can therefore define the costs associated with initial time ¢ € [0, T}, initial distribution v, feedback strategy
a € A, ;, and a flow of measures m € M by setting

J(t,v,am) = J(t,v,u;m)

for any stochastic open-loop strategy u € U,, such that equation (3.3) holds with respect to «, u and initial time
to =1t.

Definition 3.4. Let v € P(R). A Markov feedback solution of the mean field game with initial distribution v
is a pair (a,m) such that

(i) o € A, and m € M,
(i) optimality condition: oo > J(0,v,a;m) = [, V(0,z;m)r(dz);
(iii) mean field condition: Po(X“(t))~' = m(t) for every t € [0,T], where X* is the unique solution of
equation (3.1) under w with u € U,, such that equation (3.3) holds with respect to a and w.
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Two solutions in the sense of Definition 3.2 or 3.4 are called equivalent if their flows of measures coincide.
Notice that, by the mean field condition, equivalent solutions have the same initial distribution.

Remark 3.5. Let the function f for the combined running costs have the form

flz, ) =1(y) + F(x, 1)

for some continuous function [: I" — R and some function F' as in Section 2. Set

H(p) = rggg{—l(v) -py}, peER

Let m € M, and suppose that v = vy, is a classical solution of the Hamilton-Jacobi-Bellman equation
1
—v+ H(vy) = 502(33)113” + F(z,m(t,-))in [0,T) xR (3.4)

with terminal condition v(T,-) = g(-,m(T")). Then v(t,x) = V(¢,x,m) for all (¢,z) € [0,T] x R. Moreover, if
a € An(o) is such that the mean field condition of Definition 3.4 holds for o and m and

a(t,z) € argmax, c r{—l(y) — py} for all (t,z) € [0,T) x R,
then (o, m) is a solution in the sense of Definition 3.4.

3.2. Multiple solutions

Here, the space of control actions I" is assumed to be a compact interval; thus, I" = [a, b] for some a,b € R
with a < b. Let 1) € C%(R) be such that

sup e~ *1 - max{|¢(x)|, [/ ()], [ (x)[} < oo for some ¢ € (0,00),
zeR

while for all z € R,

by (z) + %Uz(x)w”(x) >0, (3.5a)
a-Y'(z)+ %02(37)1&”(95) < 0. (3.5b)

Here are three examples for choices of ¢ such that (3.5) holds:
Example 3.6. Let ¢ > 0, d € R. Set ¢)(x) =c-2z+d, z € R. Then (3.5) holds if a < 0 < b.

Example 3.7. Let A > 0. Set ¢)(x) = e** — 1, x € R. Then (3.5a) holds if b > 0, and (3.5b) holds if ¢ is bounded
and a < —30?(z) for all z € R.

Example 3.8. Set 1(z) = tanh(z), € R. Then (3.5) holds if ¢ is bounded and a < —o?(z), 0?(x) < b for all
z € R.

Set

Pexp(R) = € P(R) : | e“p(dz) < oo for all ¢ € ]R} ,

{nerm: |
Pu®) = {ue P ¢ [ pio)lutae) < oo}
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By the growth assumption on 1, Pexp(R) C Py (R). For 1 € Py (R), set

My (p) = /Rw(y)u(dy)-

If (z) =z, x € R, then we have Py(R) = P1(R) and My(p) = M (), the mean value of p € Pi(R), in
accordance with the notation introduced in Section 2.
In this subsection, we assume the running costs f to be of the form

f(.%‘,/l,7’7) = F(:L‘,/L)

for some F: R x P(R) — R measurable such that for every u € Py(R),

Fp) is .decreas.ing .if My(p) >0,
increasing if My (u) <0,

and the terminal costs ¢g to be given by

g(z, 1) = G(, p)

for some G: R x P(R) — R measurable such that for every u € Py(R),

Glp) is str%ctly fflecreas.ing .if My(p) >0,
strictly increasing if M, (u) < 0.

We set F(-, 1) =0, G(-,n) =0 if g € P(R) \ Py(R). Moreover, F (-, u), G(-, i) are assumed to be of polynomial
growth uniformly over compacts in P(R). Note that these monotonicity conditions on F' and G are very similar
to the assumption (FG2) of Section 2.

Proposition 3.9. Grant the hypotheses above, and assume that either o is bounded or that 1 together with
its first two derivatives is of polynomial growth. Let v € Pexp(R) be such that My (v) = 0. Then there exist two
non-equivalent open-loop solutions of the mean field game with initial distribution v, and the associated value
functions are different and not constant.

Proof. Let ((£2, F,(F:),P),&, W) be such that (2, F, (F:), P) forms a filtered probability space satisfying the
usual hypotheses with W a one-dimensional (F;)-Wiener process and & a real-valued Fp-measurable random
variable such that Po™! = v. Let uy = b be the constant process equal to b, and let u_ = a be the con-
stant process equal to a. By construction, ((£2,F,(F),P),&,ur, W) € U,. Let X be the unique solution of
equation (3.1) with v = u4, and let X_ be the unique solution of equation (3.1) with v = u_. Thus, for all
t e 0,77,

X+(t)=£+t-b—|—/0 o (X (s))dW (s), X_(t)=§+t-a+/o o(X_(s))dW (s).

By the Burkholder-Davis-Gundy inequalities, the sublinear growth of o, the exponential integrability of £ and
Gronwall’s lemma,

E
t€[0,T]

sup |Xi(t)|p] < oo for every p > 1. (3.6)
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If o is bounded, then it also holds that

E

sup exp (c- X4 (t))| < oo for every ¢ € R. (3.7)
te[0,7]

To check (3.7), observe that, thanks to the monotonicity and positivity of the exponential and the
Cauchy—Schwarz inequality,

E

Sup exp (20 /O to(Xi(s))dW(s)>1.

te[o,T)

sup exp (C . Xi(t))‘| S e‘c‘ max{|a|7‘b|}T . E [6205] . E
tE[O,T]

The first expected value on the right-hand side above is finite by hypothesis. For the second, we have, by the
boundedness of o,

E

s e <zc /0 t U(Xi<s))dW(s>)]

2 ¢ 2 2 2
<E | sup exp (c/ o 5))dW (s) — ¢ / gQ(Xi(S))dS) CeCllellZT
t€[0,7) 0 2 Jo
T T 2 2
<4E exp( c/ o Wi(s) — 02/ UQ(Xi(S))ds>] e lelT
0 0
<4E

r 402 T 2 2
exp 20/ o W(s) — 7/ UZ(Xi(s))ds 2Nl T o,
0 0

where we have used Doob’s maximal inequality (second to third line) as well as the fact that the stochastic
exponential of a martingale with bounded quadratic variation process is again a martingale; see, for instance,
Section 3.5D in [36].

Set

my(t) = Po (X (1), m_(t) = Po(X_(t) ", te[0,7).

Clearly, m(0) = v = m_(0). By equation (3.6) and the dominated convergence theorem, the mappings [0,7]
t = my(t) € P(R) are continuous. It follows that my € M and that My (m4(¢)) is finite for every ¢t € [0,T].
We are going to show that

JO,v,uyp;my) = 1EnZ£ J(0, v, 4;my). (3.8)

This will imply the optimality condition of Definition 3.2. Since the mean field condition is satisfied by con-
struction of my, it will follow that (u4,m;) is an open-loop solution of the mean field game with initial
distribution v.

By assumption and construction, My (v) = 0 = My, (m4(0)). By It6’s formula, the Fubini-Tonelli theorem,
the growth conditions on ¢ and 1 and its derivatives, and by equations (3.6) and (3.7), respectively, we have
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for all ¢ € [0, T7,

My (s () =0+ [ B[00/ (X2(9) + 52 (X ()0 (X4 (o) .

By (3.5a), it follows that My, (m4(t)) > 0 whenever ¢ > 0. As a consequence, the functions F'(-,m,(t)), t € (0,T),
G(-,m(T)) are decreasing (with strict decrease for the terminal costs).

Let w € U,. We may assume, since X is measurable with respect to the filtration generated by the initial
condition and the Wiener process, that the strategies u, us are defined on the same stochastic basis with
the same driving Wiener process and the same initial condition. Thus, with a slight abuse of notation, @ 22
(2, F, (F),P), & 0, W), uy = (2, F, (F),P), &, uy, W). Let X be the unique solution of equation (3.1) with
u = 4, and let X be the unique (strong) solution of equation (3.1) with u = wu., as before. Since b > 4(t,w)
for all (t,w) € [0,T] x £2, Theorem 1.1 in [34] entails that

p <X+(t) > X(t) for all € [o,T]) ~ 1 (3.9)
This implies, in view of the monotonicity of the costs, that
J(O, UV, Uy m+) < J(O, v, U; m+),

which yields the optimality condition (3.8) for (uy,my). The optimality condition for (u_,m_) is established
in a completely analogous way by using (3.5b) instead of (3.5a) and the opposite monotonicity of the costs.
We have shown that (uy,my), (u—,m_) are two open-loop solutions of the mean field game with the same
initial distribution. These two solutions are non-equivalent since My, (m4(¢)) > 0 while My, (m_(¢)) < 0 whenever
t > 0. Moreover, the associated value functions V(-,-,m4), V(-,-,m_) are different and non-constant since
G(-,my(T)) is strictly decreasing while G(-,m_(T)) is strictly increasing. O

The proof of Proposition 3.9 also shows that, under the hypotheses of the proposition, there exist two
non-equivalent Markov feedback solutions of the mean field game with non-constant value function.

In Section 3.3, we will consider a variant with non-zero running costs of the following simple example with
zero running costs:

Example 3.10. Choose I' = [—1,1] for the space of control actions, f = F = 0 as the running costs, and
o(-) = o for some constant o € [0,00) as dispersion coefficient. Set ¥(z) = z, © € R; thus My (u) = M(u) is
the mean of p € Py(R) = P1(R). Set G(z,p) = —M(p) -z, z € R, if p € P1(R). Let v € Peyxp(R) be such
that My (v) = 0. By Proposition 3.9, there exist two non-equivalent solutions of the mean field game with
non-constant value function. In addition, there exists a third solution, namely the trivial solution (open-loop or
feedback) corresponding to the constant strategy equal to zero; the value function in this case is constant and
equal to zero as well. Observe that these three non-equivalent solutions exist for any time horizon 1" > 0, be it
small or large.

3.3. Simple example with regular Hamiltonian

In this section, we work with the following data:

set of control actions I' = [—1,1];

running costs f given by f(z, u,7) = co - |y|* for some constant ¢y > 0;
terminal costs g(z, pu) = —M(u) - x;

dispersion coefficient o(-) = o for some constant o € [0, ).
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The associated Hamiltonian H is therefore

2
. 5 [ [ Ipl
H(p) = 7en[liaf()l] {fcofy —p’y} = comln{4cg,l} + |pl ~m1n{2co,1}, pEeR.

Note that it differs from Example 2.6 only by a constant.
For this simple example, the value function associated with a given flow of measures can be computed
explicitly. For M € R, let ap; € A denote the constant Markov feedback strategy given by

M
apy =sgn(M) - min{|26071} .
In particular, ag = 0.
Let m € M. Set M = M (m(T)). Then, for all (¢t,z) € [0,T] x R,

T—t 2 T—t
J(t, 0y, apr;m) :co/ (min{m,1}> dt — M - <m+/ sgn(M) <min{|]w|,1}) dt)
0 260 0 200

M? M
=-M- 2+ (T -1 (Comin{élcg’l} |M|~min{2co|,1}>.

The function (¢,z) — J(t, 04, apr; m) satisfies the Hamilton—Jacobi-Bellman equation (3.4) with terminal con-
dition g(-,m(T)). It follows that V(¢t,x,m) = J(t, 0., arr;m); ¢f. Remark 3.5. In particular, V(-,-,m) = 0 if
M =0.

Let v € P1(R). Let X*™ be a solution of equation (3.2) with feedback strategy oo = ay, initial distribution
v and initial time ¢y = 0. Then

E [X“(T)] = M(v) + sgn(M) - T - min {'2]\040' 1} .

Observe that X* is the unique in law optimal process for the flow of measures m, where M = M (m(T)).
Define the flow of measures m, s by

myaz(t) = Law (X°M (1)), € [0,T].

Notice that m, »s depends only on v and the value of M. In view of the mean field condition in Definition 3.4
(or Def. 3.2), it follows that m is the flow of measures of a solution of the mean field game with initial distribution
v if and only if m = m, »; and

M(V)—Msgn(M)~T~min{2J\fO|,1}. (3.10)

In this case, the solution is given by (ap,m) = (aar, My ar). The number of solutions of the mean field game
with initial distribution v is therefore equal to the number of solutions of equation (3.10) as M varies over R.
We distinguish the following cases:

a) equation (3.10) has at most one solution with M = 0, namely one if M (v) = 0, else zero.

b) |M| € (0,2¢p): In this domain, equation (3.10) has at most one solution if T" # 2¢(, namely one if M (v) =
(1- %)]\47 else zero. If T' = 2¢y, then equation (3.10) has infinitely many solutions if M (v) = 0, else zero.

¢) |M| > 2¢p: In this domain, equation (3.10) has at most one solution, namely one if M(v) = M —sgn(M)T,
else zero.



NON-UNIQUENESS IN MFG 15

The number of solutions of the mean field game thus depends on the time horizon T’; the critical value is
T= 260.

Small time horizon: T' < 2¢q. In this case, the mean field game possesses exactly one solution with initial
distribution v. The unique solution is given by (o, my, ar) with

jw:{M@V(L-£) if [M(v)] € [0,2¢) — T),
M) +sgn(M(v))T if [M(v)| > 2¢o —T.

Critical time horizon: T' = 2¢y. In this case, the mean field game possesses either one or infinitely many
solutions, depending on the initial distribution v: there are infinitely many solutions if M (r) = 0, namely the
solutions corresponding to any M € [—2cg, 2¢g]; there is exactly one solution if M (v) # 0, namely the solution
corresponding to M = M (v) + sgn(M(v))T.

Large time horizon: T" > 2¢y. In this case, the mean field game possesses one, two, or three non-equivalent
solutions, depending on the initial distribution v: There are exactly three solutions if |M (v)| < T — 2¢p, namely
the solutions corresponding to M € {M(v)/(1 — %), M(v)+T,M(v) — T}. There are exactly two solutions
if [M(v)| = T — 2¢p, namely the solutions corresponding to M € {M(v) + T, M (v) — T'}. There is exactly one
solution if | M (v)| > T — 2¢g, namely the solution corresponding to M = M (v) + sgn(M (v))T.

4. COMPARING THE EXAMPLES OF NON-UNIQUENESS WITH SOME
UNIQUENESS RESULTS

In this section, we assume for simplicity that ¢ is constant, and then we can consider without loss of generality
L,
—o“(x) =1.
50°(@)

First we state a uniqueness result under the classical monotonicity condition on the costs of Lasry and Lions [39]
and see that such condition is essentially sharp in view of the results of Sections 2 and 3. In the following
section we prove a uniqueness theorem under general assumptions on the costs and merely smoothness of the
Hamiltonian, provided the time horizon T is short enough, and compare it with our examples of multiple
solutions for all horizons T > 0.

4.1. Uniqueness under monotonicity conditions

In the next theorem we will assume, for all measures u,v € P;(R) admitting a C? density

[ (@) = Gt =)@ = 0 (4.1

[ (P = e =v)@) > 0. it M) £ M), (12)

for any fixed 1, « ~ F(z, 1) and z > G(z, 1) depend only on M(p), (4.3)
P )]+ 1G] < Cal1 +Jal), it [ [aldu(o) < R (4.4)

We call the property (4.1) weak monotonicity of G.
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Theorem 4.1. Assume (4.1)~(4.4), o constant, H convex and Lipschitz, and vdx € Pi(R). Let

(v1,m1), (v2,m2) be two classical solutions of (2.1) such that v := vy — v has v, vy, and vy, bounded by
C(1+ |z|). Then vy = vy and my =mq in [0,T] X R.

Proof. We only make some little variants to the proof of Theorem 3.6 of [10]. Using the representation of m;
as the law of a diffusion process with drift bounded by ||H'||o0, as in the proof of Theorem 2.2, by standard
properties of the Ito integral we get

/|x|dmi(t,x) S/|x|dy(x)+T||H’\\w+|o|ﬁ.
R R

Then m;(t,z) dz € Pi(R) for all ¢.
We set m := my — msy. We write the equation for m

mi — Mg — divimiH' ((v1) ) — maH' ((v2),) = 0,

multiply it by v(,., where (. is a cutoff function in space with ¢,.(x) = 1 for |z| < r, and integrate by parts. Then
we take the equation for v

—ve + H((v1)2) — H((v2)2) = Voo + F(z,m1) — F(z,m2),
multiply it by m, integrate in time and space and add it to the previous one. Next we let » — oo, which is

possible by (4.4) and the growth conditions on the derivatives of v. As in [10], by (4.1) and the convexity of H
we get

/0 /R(F(gc, m1(t)) — F(x, ma(t))d(my —ms)(z) dt < 0.

Then (4.2) implies M (my(t)) = M(ma(t)) for all ¢. Now by (4.3) and the uniqueness results for HIB equations
we obtain vy = vo. We plug this into the KFP equation and finally get m; = mso. O

Remark 4.2. Some variants of this theorem and more details on the proof can be found in [18].

Corollary 4.3. Assume the Hamiltonian is given by (2.4), o is constant, and the costs are

Bz, p) = axM(p) + f(p), Gz, p) = BeM(u) + g(u), (4.5)

with f,g: P1(R) — R continuous for di. Then

i) there is at most one classical solution of (2.1) with derivatives bounded by C(1+ |z|) if vdz € P1(R) and
a>0, f=0;

i) there are two distinct classical solutions of (2.1) with derivatives bounded by C(1 + |z|) if v € P1(R),
M(v) =0, and

a<0, pg<o.

Proof.



NON-UNIQUENESS IN MFG 17

i) First observe that

/R (F(1) — F0) (= v) (@) dz = 0

because [ p(z) de = [, v(z)dz = 1. Then for the costs of the form (4.5) we compute

/R (F(z, ) — F(z,))d(u — v)() = a(M(u) — M(»)) / rd(p - v) = a(M(u) - M(1))?,

R

so (4.2) is satisfied if o > 0. Similarly, G satisfies (4.1) if 8 > 0. Then we get the conclusion by Theorem 4.1.
1) This comes from Theorem 2.2 in view of Example 2.1. The growth condition on the solutions v; follows
from the equations (2.8) and (2.9), by (4.4) and the boundedness of M (m;(t)).

O

Remark 4.4. The last result can be modified to cover possibly smooth Hamiltonians satisfying merely (2.10)
instead of (2.4). In fact, statement i) remains true if H is convex, whereas ) holds for T > max{%, ﬁ} by

Theorem 2.5 and Example 2.7.

Remark 4.5. The assumptions in the two cases of the Corollary have the following simple interpretation in
terms of aversion or not to the crowd. The term xM (p) is positive if the position z of a representative individual
in the population is on the same side of the origin as the expected value of the population distribution. Then
a > 0 and B > 0 mean that the individual pays a cost for such a position, whereas he has a gain if he stays
on the opposite side. This models a form of aversion to crowd, whereas the case @ < 0 and 5 < 0 corresponds
to a reward for having positions on the same side as the mean position of the population. The fact that the
monotonicity conditions for uniqueness are related to crowd-aversion is well known [30], and there are examples
of multiple solutions when imitation is rewarding in stationary MFG [4, 29]. The present example seems to be
the first for evolutive MFG PDEs, together with those in the very recent papers [9] and [17].

Remark 4.6. Note that in the local case with costs of the form F(z,u) = f(z)u(z) the crucial quantity for
uniqueness is the sign of f (f > 0 implies uniqueness), whereas in the non-local case F(x, u) = f(x)M () what
seems to count is the sign of f/, because f’ < 0 implies non-uniqueness.

4.2. Uniqueness for short time horizon

In this section we assume %02(x) = 1. On the other hand we allow any space dimension d > 1. We consider

2
the MFG system

—vy + H(Dv) = Av+ F(z,m(t,-)) in (0,T) xRY, o(T,x) = G(x,m(T))),
(4.6)
my — div(DH (Dv)m) = Am in (0,7) x R%, m(0,z) = v(z),

where Dv = Vv denotes the gradient of v with respect to the space variables, A is the Laplacian with respect
to the space variables x, and DH = V,H is the gradient of the Hamiltonian. Our main assumptions are the
smoothness of the Hamiltonian and a Lipschitz continuity of the costs in the norm || - || of L#(R%) that we state
next. Define

P(RY) :={pu e L®(R?) : >0, /Ru(x)dx =1},
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and note that P(R%) C L*(R%). We will assume F, G : P(R%) — R satisfy, for all p, v,

IF () = FCv)3 < Lellp —vl3, (4.7)

IDG(-, 1) = DG(,v)ll3 < La || = vli3, (4.8)

The next theorem is a variant and an extension of a result presented by Lions in [40], see Remark 4.8 for a
comparison.

Theorem 4.7. Assume H € C*(R?), (4.7), (4.8), v € P(RY), and (v, my), (v2,m2) are two classical solutions
of (4.6) such that D(vy — v2) € L2([0,T] x R). Suppose also that either

(i) |DH| < Cy and |D*H| < Cy, or
(ii) |Dv;| < K, i=1,2.

Then there exists T > 0 such that, if T < T, vi(t,-) = va(t,-) and my(t,-) = ma(t,-) for all t € [0,T]. Moreover
T depends only on d, Ly, Lg, ||V||co, Cr, and Cyg in case (i), and only on d L, Lg, V|, sup, <k [DH(p)l,
and Sup|,| <k |D2H (p)| in case (ii).

Proof.
Step 0. We first use the density estimate of Proposition A.1 in the Appendix to get that m;(t,-) € ’P(Rd) for
all ¢t and

[mi(t, oo < Cllvlleo, @=1,2,VE€[0,T], (4.9)

where the constant C' = C(T, || DH(Dv;)||,d) is bounded for bounded entries. By known properties of the
Fokker-Planck equation for m;, we have that m;(t,-) € P for all ¢ and then

sup [mi(t,)ll2 < sup [lm;(t, )]l < +o0.
0<t< 0<t<T

Step 1. Define v := vy — v9, m := my — mg, B(t,x) := fol DH(Dvs + s(Dvy — Duvg))ds, and observe that
B € L*((0,T) x R%) and v satisfies

{ —v; + B(t,x) - Dv = Av + F(x,m;) — F(z,m2) in (0,T) x RY,
o(T,z) = G(z,mi(T)) = Gz, my(T)).

Now set w := Dv, F(t,z) := F(x,m;) — F(x,ms), and differentiate the equation to get the system of parabolic
PDEs

— % 4 (B(t,x) - w)e, = Aw; + (F(t,2)),, i (0,T)xRY, j=1,....4d,

(4.10)
w(T,z) = D,G(x,m1(T)) — D,G(z,ma(T)).

Step 2. Take a smooth cutoff function (g > 0 satisfying |D(gr| < C, (gr(x) =1 for |z| < R and (g(x) =0 for
|z| > 2R. Multiply the jth equation of (4.10) by w;(%, integrate by parts in space and in the interval [t, T] in
time to get
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T 2 T 2 T

d wyi / / ow; .o oCh / / 9.9 9

— —(4dxd B- — — ) dads = Dw; Dw; - D dad
/t dt/Rd 2CRx5+ . w 8%@%"'“’36% xds (IDw; ¢k + wjDw; - D) dzds

[ LG

/ wi(t, )CRd / w2(T )Q‘Rd +/ / | Dw; |23 dads
//Iwg\IDwJ|24R|D<R|dde+HBHOO/ /< ’awj
[ Le(|5e o,
We estimate

T T T
1
w;| [Dw;| 2{r|D(Rr|dxds < e Duw,|*¢3dxds + - w2 D¢g|*dxds
i J il GR
t Rd t Rd € J¢ Rd J

and observe that all integrals involving derivatives of (g vanish as R — oo because D(g — 0 a.e. and w, F €
L%([0,T] x R%). Next we estimate

T T 2
ow; | .o 1 9.9 | €|Owj 9
—= | (pdxds < — — | dzd
/t /ww Ox; Crdeds < ¢ /Rd<2€w| ‘Rt O | duds,

r = | Qw; Jw; >,
/t [ R[5 CRda:ds</ / S IFPGR+ 5 |2 ¢ | dads.
J J

We plug these inequalities in (4.11) with € satisfying 1 = (|| B||« + 3)g/2, so that the terms involving Dw; cancel
out. Now we can let R — oo, sum over j, and use the terminal condition on w = Dv with the assumption (4.8)
to get

so that

<2

> dxds
Ly

) dzds. (4.11)

Ch + |w]|w;]

Ch + lwj]

T
d, - d|| Bl
ot 18 < Lol 13 + [ 17, ias + B2 [ s, jas
t t

Gronwall inequality gives, for all 0 <t < T,

d [T
l[w(t,)||5 < (Lcllm(T,')ll%g/ IIF(s,-)H%dS> elIBllT/e,
t

We set ¢, := d(||Blloo +3)/2 = d/e and use (4.7) to get

T
IDu(t, )| < (Lcm(Tw)H%JrcoLF/ Im(s,~)§d8> ecollPl=T, (4.12)
t
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Step 3. Observe that m satisfies

{ my — div (DH(Dvy)m) = Am + div (DH(Dv;) — DH(Dvs))ms)  in (0,T) x R?,
m(0,z) = 0.

Define B(t,z) := DH(Dwv,), the matrix
1
A(t,z) == mg/ D?H(Dvy + s(Dvy — Dvy))ds
0

and F(t,z) := A(t,z)(Dv; — Dvy). Then the PDE for m reads
—div(Bm) = Am + divF,

with B and A bounded by the assumption (i) or (ii) and the estimate (4.9). As in Step 2 we multiply the
equation by m(% and integrate by parts. Now m € L%([0,T] x R?) by Step 0 and F € L%([0,T] x RY) by (4.12).
Then we can estimate as in Step 2 and let R — oo to get

Bl
e 13 < 2 [ 17 s+ 2= [ s s,

where we used the initial condition m(0,z) = 0 and chose € = 2/(|| B||so + 3) =: 1/¢1. Then Gronwall inequality
gives, forall 0 <t < T,

5 t
e, 13 < V1= [, )lBas < exet =T, [ Do, s (4.13)

Step 4. Now we set ¢(t) := ||Dv(t,-)||3 and combine (4.12) and (4.13) to get

o(t) < 0103/0 o(s)ds + 0203/ /OT ¢(s)ds dr, (4.14)

for suitable explicit constants C; depending only on the quantities listed in the statement of the theorem. Then
@ = supg<,< ¢(t) satisfies

& < P(TC1C3 + T?C2C5/2)

which implies @ = 0 if T' < T := (Cy + 1/C? + 2C3/C3)/Cy. Therefore for such T we conclude that Dvy (¢, ) =
Dus(t,z) for all z and 0 < ¢ < T. By the uniqueness of solution for the KFP equation we deduce m; = msg and
then, by the uniquness of solution of the HJB equation, v; = vs. O

Remark 4.8. The same result holds for solutions Z%periodic in the space variable z in the case that F and G
are Z%-periodic in x, with the same proof (and no need of cutoff). In such case of periodic boundary conditions
a uniqueness result for short T was presented by Lions in [40] for regularizing running cost F' and for terminal
cost G independent of m. He used estimates in L' norm for m and in L norm for Dwv, instead of the L?
norms we used here in (4.12) and (4.13). Our main contributions are the replacement of the hard estimates
stated by Lions with more direct ones obtained by energy methods that require less assumptions on F', and the
consideration of a cost G depending on the terminal density m(T).
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Remark 4.9. If the terminal cost G satisfies (4.8) with Lg = 0, i.e., DG does not depend on m(T'), then
Cy =0 and T'= /2/(C2C3). By a simple and elegant argument of Lions [40] based on the inequality (4.14),
the condition for uniqueness 7' < T' can be improved in this case to T' < 7/(2y/C2C5).

Remark 4.10. The proof of the theorem shows also that there is uniqueness for any 7 > 0 if (i) holds with
Cp sufficiently small, or if (4) holds with SUP || < K |D?H (p)| sufficiently small. In fact, || Al|oo becomes small as
this quantities get small, and so the constant C'5 can be made as small as we want. This generalizes a recent
result in [44] for nonconvex H with both Cyy and Cp small (and periodic boundary conditions).

Remark 4.11. The proof of the theorem shows also the uniqueness of the solution for any 7" > 0 if the Lipschitz
constants Lr and Lg of the running cost F' and of D,G are small enough, because the constants C; and Cy
can be made small. See also [3] for existence and uniqueness results under smallness assumptions on the data.

Remark 4.12. The estimate (4.9), obtained by probabilistic methods in the Appendix, could be replaced by
lmi(t, Moo < Ca ([Vlloo +T(L+ | DH(Dvi)|loo)*) . i=1,2, Yt €[0,T],

which can be deduced from [8], Corollary 7.3.8, page 302. Another alternative estimate, obtained by a simple
application of the comparison principle, gives

m; (t, ZL’) < et sup(divDH(Dwv;))" sup v,

where, however, the right hand side may depend on the second derivatives of v;.

Remark 4.13. A similar structure of proof, based on combining backward and forward integral estimates,
was also employed for finite state MFGs by [23]. An existence and uniqueness result under a ”small data”
condition was proved in [32] for Linear-Quadratic-Gaussian MFGs using a contraction mapping argument to
solve the associated system of Riccati differential equations. For different classes of linear-quadratic MFGs, a
contraction mapping argument is also used in [41, 45] to obtain existence and uniqueness of solutions under
certain implicitly “small data” assumptions. The work [2] mentioned in the introduction provides existence and
uniqueness for MFGs with common noise under a weak monotonicity condition in the spirit of Lasry-Lions. The
proof relies on the representation of the MFG in terms of a forward-backward stochastic differential equation.
Existence of a unique solution is first established for small times by a contraction mapping argument. The
monotonicity assumption then allows to extend the solution to any given time horizon. Finally, our assumption
D(vy —v9) € L2([0,T] x R%) can be replaced by (v — v2); € L2([0,T] x R?), see [18].

Remark 4.14. On the smoothness of H. The assumption H € C?(R?) can be relaxed to H € C*(R?) with
DH locally Lipschitz. Then the statement of the Theorem remains true with the following changes: in case (i)
DH is assumed globally Lipschitz and Cy; is redefined as its Lipschitz constant, in case () the time T depends
on the Lipschitz constant of DH on the ball {p : |p| < K} instead of sup, < [D*H (p)|. The proof is the same,
after changing Step 3 with the observation that there exists a measurable and locally bounded matrix valued
function A such that

DH(p) — DH(q) = A(p,q)(p — q),

see [5] for a proof of this fact.

Example 4.15. Regularizing costs. Consider F' and G of the form

P =F (o [ aauwiy) . G =n@) [ ke ne
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with F} : RY x R — R measurable and k;, ks € L?(R? x R?). Then

About F' we suppose

ki y)u(y)dy — [ k(s y)v(y)dy
Rd Rd

< ki lellp = vll2,  i=1,2.
2

|Fy(2,7) — Fi(2,8)] < Lijr —s| Ve eRYrseR

and get (4.7) with Lp = L?|k1(-,-)||3. About G we assume g1, g2 € C*(R?%), Dg; bounded, D ko € L?(R? x RY).
Then

DG(e.) = Dan(@) [ Falepatu)dy + (@) [ Dokatan)uts)dy + Do (o)
satisfies

IDG(-; 1) = DG v)ll2 < (1Dgallsc k(5 )2 + l91lloc [ Daka(:, ll2) (|4 = vll2,

which implies (4.8).
Example 4.16. Local costs. Take G = G(z) independent of m(T) and F of the form

F(x,p) = Fi(z, u(z))
with Fj : R? x [0, +00) — R such that
|Ey(z,7) — Fi(z,8)| < Lilr —s| Vze€ RY, r, s > 0.

Then F satisfies (4.7) with Ly = L?.

Remark 4.17. The functional M (u) = fRd yu(y)dy is Lipschitz in L? among densities of measures with support
contained in a given compact set, by Example 4.15. This is the case, for instance, of periodic boundary conditions
where the measures are on the torus T¢ (see Rem. 4.8). In such a case F of the form F(x, M (u)) satisfies (4.7)
if it is Lipschitz in the second entry uniformly with respect to x.

Remark 4.18. If we compare the uniqueness Theorem 4.7 with the non-uniqueness Theorem 2.2 there are
several different assumptions. For instance, in Theorem 2.2 DH is discontinuous in 0 and v; — v ¢ L?(R), and
the costs in Example 2.1 do not satisfy (4.7) and (4.8). So it is not clear which of these conditions is mostly
responsible of the lack of uniqueness for short 7. From the proof of Theorem 4.7 we guess that at least the
continuity of DH is indispensable for the short-horizon uniqueness.

5. UNIQUENESS AND NON-UNIQUENESS FOR TWO POPULATIONS

Consider the system of MFG PDEs corresponding to two populations

—Op; + Hi(0,v5) = 202(2)0ppvi + Fi(x,my(t, ), ma(t,-)) in (0,T) x R,

271
’Ui(T, J}) = Gi(xvml(T)7m2<T))a
Ogm; — (H(Opvi)my)y = %U?(x)ammi in (0,7) xR,
ml(ov‘r) = Vi(aj)a 1= 172a
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where the Hamiltonians are

H; = — = i <0< b, 5.2
(p) ag?%‘bi{ v} { Cap ifp>o0, a (5.2)

so that

H!(p) = —b; if p<0, H(p)=—a;ifp>0,
o; satisfy (2.3), and Fy, G; : R x P;(R) x P;(R) — R verify the same regularity conditions as F, G in Section 2.

We give two different sets of qualitative assumptions that produce examples of nonuniqueness. The first is
the following, for i = 1,2,

D, Fi(x, pa, p2) <0 if M(p1), M(u2) >0, 53
o >0 if M(p1), M(puz2) <O0. :

DyGilw ) d =0 and FO M), Mpiz) >0, o
i\ T, W1, (2 >0 and _fo lfM(,Uzl),M(‘uz)<0 .

Proposition 5.1. Assume (5.2), F; satisfy (F1) and (5.3), G; satisfy (G1) and (5.4). Then, for all v; with
M(v;) = 0, there is a classical solution of (5.1) with Oyv1 (¢, x), 0zva(t,x) <0 for all 0 <t < T and a classical
solution with Oyv1(t, ), Ogva(t,x) > 0 for all0 <t < T.

Proof. For the solution with 0,v1(t, ), d,v2(t, ) < 0 we make the ansatz that m; solves
1
Oymy; + b;0,m; = Eaf(x)ammi in (0,7) xR, m;(0,2) = v;(x), (5.5)
so that M (mq(t,-)) = bit > 0 and M (ma(t,-)) = bat > 0. We solve the equations

— aﬂ)i — blax’ljl = %O’?(iﬁ)@mxﬂl + Fi(m,ml(t ~),m2(t, ))7 Ui(T, .’E) = Gi(m,ml(T),mg(T)), (56)

for ¢ = 1,2. Then w; := 9,v; solves

1
— Oyw; — b;0,w; — 04(2)0; (1) Opw; — iaf(x)amwi = D, F;(x,m(t,-), ma(t,)) <0, in (0,T) xR, (5.7)

wi(T, 2) = D Gi(x,m1(T,-),ma(T,-)) <0, (5.8)

and so w; < 0 for all ¢ < T by the Strong Maximum Principle. On the other hand, if 0,v; < 0 the equations for
m; in (5.1) are (5.5) and the equations for v; in (5.1) are (5.6), as we guessed.

The construction of a solution with d,v; (¢, x), Ozv2(t, ) > 0 is done in a symmetric way, starting with the
ansatz that m; solves

1
Oymi + a;0,m; = Eof(x)ammi in (0,7) xR, m;(0,2) = v;(x), (5.9)
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so now M(mq(t,-)) = a1t < 0 and M (ma(t,-)) = ast < 0. We proceed as before by solving a linear equation for
v; like (5.6) but with the term b;0,v; replaced by a;0,v;. Now D, F; > 0 in the equation for w; := 9,v; and
D.,G; > 0 in the terminal conditions, so w; > 0 for all ¢t < T O

The second set of assumptions is the following.

D Fl(l‘ " /1/2) <0 if M(Hl) > O,M(,LLQ) <0 (5 10)
R >0 if M(py) <0, M(uz) > 0. '

Doyl o) { =0 M m) <0, M(ua) >0, (5.11)
e >0 if M(py) >0, M(u2) < 0. '

D.Gi (z ) <0 and #0 if M(u1) >0, M(us2) <0, (5.12)
sBHOHZIN S0 and 20 i M(u) < 0, M () > 0. '

DG(J? ) <0 and #0 1fM(/J1)<0,M(M2)>O, (513)
rUARBHOH2IN S0 and 20 i M(u) > 0, M(us) < 0. '

Proposition 5.2. Assume (5.2), F; satisfy (F1), (5.10), and (5.11), G; satisfy (G1), (5.12), and (5.13),i=1,2.
Then, for all v; with M(v;) = 0, there is a solution of (2.1) with Oyv1(t,x) < 0,0,v2(t,x) >0 for all0 <t < T
and a solution with Oyvi(t,x) > 0,0,v2(t, ) <0 for all 0 <t < T.

Proof. This is a variant of the preceding proof, so we only explain the changes. For the solution with d,v; <
0, 0yv2 > 0 we start solving (5.5) for ¢ = 1 and (5.9) for ¢ = 2, so that M(my(¢)) > 0 and M (mz(t)) < 0. Then
for ¢ = 1 we solve (5.6) and get (5.7) and (5.8), by the assumptions (5.10) and (5.12), so 9,v1 < 0. For ¢ = 2
we solve (5.6) with the term b;0,v; replaced by a20,v2. Then D, F5 > 0 in the equation for wy := 9,v2 and
D,G5 > 0 in the terminal conditions, by the assumptions (5.11) and (5.13). Thus d,vs > 0. The construction
of the solution with d,v; > 0,9,v2 < 0 is symmetric. O

Remark 5.3. In Proposition 5.1 the assumption D, G; # 0 in (5.4) can be dropped and replaced by D, F; # 0
in (5.4), by the argument of Theorem 2.2. The same variant can be done on the assumptions of Proposition 5.2.

Next we use the last two propositions and the example to check the sharpness of some sufficient conditions
for uniqueness. A natural generalization to systems with two populations of the monotonicity conditions (4.1)
(4.2) is given the following result, see also [15] for stationary equations.

Theorem 5.4. Assume H; are convexr and Lipschitz, o; > 0 are constant, v; dx € P1(R), the functions x +—
Fi(z,u1, pe) and x — Gi(x, p1, u2) depend only on M (u1), M(us), they grow at most linearly in x for bounded
Jg lz|dpi(z), and for some \; > 0 and all (p1, p2), (i1, i2) € P1(R)? with a C? density

2
/R SN[ iz) = P s i) (s — o)) > 0, i M) 7 M) or M) # M(iz). (5.14)

2

| S G ) = G i ) s = ) > 0. (5.15)

i=1
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Then there is at most one classical solution (vy,ve,m1,mo) of the problem (5.1) such that each v; and its
derivatives are bounded by C(1 + |z|).

Proof. We follow the proof of Theorem 4.1. Let (91, U2, M1, m2) be a second solution. We multiply the equations
of the ith population by A; and add them over i. After using the convexity of H;, as in the proof of Theorem 4.1,
we reach

[ SN G (1), () = G i (), ) o) — (D))
i=1
T 2
+/0 /Rizzg)\i[Fi(l‘,ml (t), mz(t)) — Fi(.lf, ml(t),mg(t))]d(mi(t) — mz(t))(l‘) dt <0.

Then (5.14) and (5.15) imply M(mq(t)) = M(m1(t)) and M(mo(t)) = M (mz(t)) for all t. Since F; and G;
depend only on M(u1), M(us), from the HJB equations we get v; = ¥; and finally the KFP equations give
mZ:mz,z:1,2 D

We consider the following example

Fi(z, pa, p2) = ceM (pa) + BiwM (p2) + fi(py, p2),  i=1,2, (5.16)

Gi(x’/il?/i?) = ’yi‘rM(Nl) + 5ZxM(:U'2) +gi(/1'1,/~L2)7 i = 1a2a (517)

with a;, Bi,7i,6; € R, fi,gi : P1(R)* = R.

Corollary 5.5. Let H; be given by (5.2) and F;,G; of the form (5.16), (5.17) with f;, g; di-continuous. Then
the problem (5.1) has at most one solution with derivatives bounded by C(1 4+ |x|), if v; dz € P1(R) and there
ezists A > 0 such that the matrices

)\0[1 )\51 )\’71 )\61 >
M = M =
! < az P )’ 2 < Y2 02

are, respectively, positive definite and positive semi-definite; on the other hand, it has at least two solutions with
deriatives bounded by C(1+ |z|) if v; € P1(R), M(v;) =0, and either

i, Biyvi,0: <0, v +6; <0, i=1,2 (5.18)
or
ai, B2,71,02 <0, a@2,B1,72,01 >0, 7 <d1, 72> 0. (5.19)
Proof. Tt is easy to compute the integral in (5.14) and get, after normalizing A2 to 1 and setting A\ = A,
Aar (M (ma) — M(m1))? + (AB1 + az) (M (mi) — M (m1))(M(mz) — M(mz)) + B2(M (m2) — M(m2))?,
so condition (5.14) is satisfied if the matrix M; is positive definite. Similarly, condition (5.15) is satisfied if the
quadratic form associated to Ms is positive semi-definite.

As for non-uniqueness, the first statement follows from Proposition 5.1 and the second from Proposition 5.2.
O
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Remark 5.6. The conditions for the definiteness of M;
a; >0, Ba >0, Ao g > ()\ﬁl + a2)2/4, (5.20)

require not only the form of crowd-aversion within each population explained in Remark 4.5 for the case of
a single population, but also that the costs for intraspecific interactions are dominant over the costs of the
interactions of a population with the other. The same holds for the conditions of semi-definiteness of Ms, i.e.,

M >0, dg >0, M162 > (A1 + 72)? /4.

On the other hand, the hypotheses of the examples of non-uniqueness (5.18) or (5.19) hold only if the intraspecific
costs are null or imitation is rewarding within each population.

Note also that the gap between the sufficient conditions for uniqueness and for non-uniqueness is larger here
than in the case of a single population.

Example 5.7. Consider a terminal cost G as in Corollary 5.5 and satisfying
71,62 > 0, 01 =72 =0,

so that, in particular, there is no cost or gain for interspecific interactions at the terminal time 7'. Then the
sufficient condition for uniqueness reduces to (5.20) for some A > 0, and this holds under the simple conditions

ai, B2 >0, ai1fy > frag, (5.21)
as it can be easily seen by choosing A = % if f1 #0, and A\ = Mﬂzﬁ if ap # 0.
1 2
Remark 5.8. If Theorem 5.4 is specialized to stationary equations, it improves slightly upon the uniqueness
result in [15] because it allows to choose the parameters A;. This can be seen in the case of local and linear costs
Fi(, pa, p2) = oipn () + Bipe (@), 1=1,2,
In fact, the integrand of the integral in (5.14) is
A (my —ma) (@) + Ay + az)(ma — i) (x)(ma — mo)(«) + Ba(ma — ma)(x)?,

and then the condition (5.14) is satisfied again if the matrix M; is positive definite. Hence (5.21) is a sufficient
condition for uniqueness of the stationary MFG equations for this local case, more general than the assumption
in [15].

Remark 5.9. A uniqueness result with assumptions of short time horizon and smooth Hamiltonian replacing
the convexity of H and monotonicity of the costs, similar to Theorem 4.7, can be proved also for systems with
several population such as (5.1). This is done in [5] for Neumann boundary conditions in bounded domains.

APPENDIX A. DENSITY ESTIMATE

Let o > 0. Let b: [0,T] x R? — R? be bounded and measurable. Let v € P(R?) be such that v is absolutely
continuous with respect to Lebesgue measure with bounded density, that is,

dv

o, () = mol)

for some bounded and measurable mg: R? — [0,00) with [ mg(z)dz = 1.
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Let (2, F,(F;),P) be a standard filtered probability space carrying a d-dimensional (F;)-Wiener process,
an Re-valued Fy-measurable random variable ¢ with distribution P o(¢)™! = v and an R?-valued continuous
(Fi)-adapted process X such that

X(t)=¢+ /Otb(s,X(s)) ds+oW(t), te€][0,T]. (A1)

We also assume — as we may — that ({2, F) is a Borel space.
Let m be the flow of marginal distributions of X:

m(t) =Po(X(t)™', te[0,T].

Lastly, for ¢t € (0,T1], let p; denote the density of the d-variate Gaussian distribution with mean zero and
covariance matrix ¢ Idg:

pely) = (2mt)" 25y e RY

For the following L*°-estimate on the Lebesgue densities of the flow of measures m, we use the Girsanov
transformation and a conditioning argument in the spirit of Exercise 7.4 in [22], page 170. In [42], sharp estimates
on the transition probability densities are obtained through more sophisticated probabilistic methods.

Proposition A.l. Under the above assumptions, the marginal distribution of X at any time t € [0,T] is
absolutely continuous with respect to Lebesgue measure with bounded density. More precisely, for everyt € (0,77,
there exists a bounded measurable function my: R — [0, 00) with J mi(x)dae =1 such that

dm(t)
dAg

() =mi() and Imelloo < Co - l[mollo,

where Cy = Cy(0, ||blloo, d) is a finite constant that need not be greater than

8lbIZ, , 4 b 1subu2 d/4 15112, o
(e 2 | HOO\/ > e 207 t./ o= 1l 2y (2)d.
Rd

Proof. For x € R?, define the process Y* = (Y,...,Y¥) through
YP@t)=x+oW(t), tel0,T1],

and a process Z% over [0,T] by

Z"(t) = exp (i /Otb(s,Y"”(s)) AW (s) - 12/t|b(s,Yz(s))|2d5)
_exp< Z/bsw )) dWi(s 22/Z|bsw ds>.

Girsanov’s theorem (for instance, Chap. 7 in [22] or Sects. 3.5 and 5.3.B in [36]) and the fact that £ and W
are independent yield, for ¢ € [0, T], every bounded measurable function g: R — R,

Efg(X(1)] = / Efg (Y*(1)) 2* ()] v(da).

Rd
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This implies (taking indicator functions for g) that
m(t,B) = / E[1p (Y*(t)) Z%(t)] v(dz) for all B € B(RY). (A.2)
Rd

By construction, m(0) = v. Fix t € (0,77.
For y € R? define a process W*¥ over [0,t] by

Wev(s) = {§y+ (t=5) J; W (r) its€0.0)
Y if s =1.

Then VNViy is a d-dimensional Brownian bridge (with respect to P) from 0 to y over time interval [0,¢]. The
process WY is continuous on [0, ¢] P-almost surely; cf. [36], Section 5.6.B, pages 358-360; its Ito differential is
given by

aivn(s) = Yas - ([ awn) as+ awe), e (43)

That (A.3) holds if s < ¢ is clear by Itd’s formula and the definition of W*¥. To see that it also holds if s = t,
apply Fubini’s theorem, then the Cauchy—Schwarz inequality followed by the Itd isometry, to find that

E[/Ot /OstirdW(r) ds]:/OtE{/OstirdW(T)]ds</0t1/E{/Os(tilrr)Q]ds
:/Omdsg/o\/f%@o.

Using also the continuity of W¥, it follows that with P-probability one, for all ¢, ¢, € [0,t] such that t; < o,

W) - ) = 2y - ([ awn) as 4 wie - wie)

£ t—r

which is equivalent to (A.3). In particular, W¥ is a vector of continuous semimartingales on [0,#], with the
same cross—variation processes as W. Moreover (for instance, Exercise 5.6.17 in [36], p. 361), we have for all
g: C([0,#],R%) — R bounded and measurable,

B0V = [ B[a07)] pina (A1)

where p; is the density of the d-variate Gaussian distribution with mean zero and covariance matrix ¢ 1dg.
Formula (A.4) corresponds to conditioning the Wiener process W on its values at time ¢. To be more precise,
we choose a regular conditional distribution of P given W (¢) (¢f. [35], Thm. 6.3, p. 107). Since ({2, F) is Borel,
there exists a probability kernel ;: RY x F — [0, 1] such that for every A € F,

ke(W(t), A) =E[14|W(t)] P-almost surely.
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The probability measures ¢(y,-), y € R, are uniquely determined Lebesgue almost everywhere. In view of
(A.4), we have

ki (y, ) o (W)~ = Po(Wh¥) ™! for Lebesgue almost every y € R?. (A.5)

We are going to apply the above regular conditional distribution to representation (A.2). By construction,
for all B € B(R?), z € RY,

E[15 (Y*(1)) Z°(t)|=E | 15 @+oW (1)) exp (i /Ot b(s,z+0W(s)) -dW(s)f% /Ot b (s, 24+0W(s))[? ds)] .
Recalling that p; is the density of the law of W (t), we find that

B[y (V*(0) 2°(0) = | Bugo) L (7 (0) 2] m(o)dy.
Setting

O,(z,y) = E |:exp <i /Otb (s,:z: + O’Wt’y(s)) AW (s) — 1 /Ot

202

b (s, x4+ UWt’y(S)) ’2 ds)]
we have, by (A.5),
Bl1p (V*(0) 27(0)] = [ 1o -+ o0) Ty (4.6)
Thanks to equation (A.3), ¥ (x,y) can be expressed as

,(z,y) = E |:eXp (it /Ot y-b (r,x + aWt’y(s)) ds>

exp (—; /Ot b (r,x + OVT/t’y(s)) : (/0 g i TdW(r)) ds)
- exp <(1T /Otb (r,x+aWt7y(s)) AW (s) — 2;/; b (r,x—l—oﬁ/t’y(s))rds)] .

Below, we will show that for every ¢ € [0, 00),

d t S 1
e c dW;(r
p<§_j/ | =aw)

Thus, ¥ is well defined as a (measurable) function R? x R? — (0, 00). By inequality (A.7), the boundedness
of b, the Cauchy—Schwarz inequality and the (super-)martingale property of the stochastic exponential of a

martingale, we obtain
4 1/2
2[|6] /
exp | —— ds

B |:€% Je 2l;(r,m+a’V~[/t’y(s))AdW(s)f4(’#2 fg|2b(r,z+awt‘y(s))|2dsi| /2

E

d/2
ds)] < (6202t + 2¢v 2t - 6462t) < 0. (A7)

Ti(w,y) < S E

t—r

/OS LdWi(T‘)
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d/4
<e”bl°°|\ <8b”°°t 4||bHoo\/7 16HbH2 >/

B [od S 2o W) AW ) [ 0) s ]1/2 o
=1
hence
sup Wiz, y) < Ci - e By ey, (A.8)
fAS

where the finite constant Cy = Cy(o, ||b]|0, d) is given by

816112 161124

1%, 4||bHOO\/7 meHz )d/4 i

Cu(0,1b]loer ) = <

Recalling (A.2), (A.6) and the hypothesis that v has density mg, we see that for all B € B(R),

w(t.8) = [ [ 1o+ on) Blapmy)mota)dady

/Rd /R 1s(z ( =~ x) Po2i(2 — x)mo(x)dadz.

It follows that m(¢) possesses a density with respect to Lebesgue measure:

) ey = [ (T ol emo(eyan, B

Thanks to (A.8), the density is bounded:

Lbllge |,
lmtlloo < Ci(o, [|b]]cos d) - supd/d e o | |p 24(z — x)mo(x)dx
zeR R

b ||oo‘z|

< Color ol d) ol [ ¢ Flpay () < .
R

It remains to prove inequality (A.7). Let ¢ € [0,00). Since Wy,..., W, are independent one-dimensional

Wiener processes, we have
t s
: - E
exp (cZ/ /0 t—r Wi (r) ds) [exp (c/o /0 t—rdWl( r)|ds )]

Let sgn: R — {—1,1} denote the left-continuous version of the sign function, and denote by Leb; Lebesgue
measure on [0,]. By (A.3) and the definition of W°, we have with P-probability one,

/Ot | amin

d

ds=— /Ot sgn (Wlto(s)) AW (s) + /t sgn (Wfo(s)) dWy(s) (A.9)

0
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since, for Leb; ® P-almost all (s,w) € [0,t] x {2,

[ aw] =se ([ ame) ([ ane) =sm (90°0) ([ ane).

Let I~/t’0(0) be the local time at the origin of the continuous semimartingale Wf 0 according to Theorem 3.7.1 in
[36], page 218. In particular, s — L%°(0) is a continuous non-decreasing non-negative process with L;°(0) = 0
such that, for every s € [0, ¢],

1 [° ~ ~
I% = / 1 q (Wlt’o(r)) dr = L2°(0) P -almost surely;
€ €Jo

cf. Theorem 3.7.1(iii) and Problem 3.7.6 in [36]. By the Ité-Tanaka-Meyer formula applied to the absolute value
function (see [36], Eq. (3.7.9), p. 220), we have

t
= [ s (1900)) 0 5) = [0O)] - 00+ 2££°(0) = 2L°(0),
This, together with (A.9), yields

exp (Qd; /O t /0 ) tdeWi(r) ds) _E {exp <c <2E§’°(0)+ /0 " (W1°(s)) dWl(s))ﬂ

Using again the Cauchy—Schwarz inequality and the (super-)martingale property of the stochastic exponential
of a martingale, we find that
ds)

d t
exp <cz /
i=170

d

E

E

<E [exp (4CE?O(O)):| i

¢ - 42 42 \17?
-E [exp (20/ sgn (Wfo(s)) dWi(s) — iy Ct)}
o 2 2

<E [exp <4cﬁ’0(0))]d/2 cec’td,

51
dW;
/0 t—r Wilr)

The distribution of 2L°(0) is known explicitly. Let (L4(0))s>0 be the local time at the origin of the one-
dimensional Wiener process W;. Then, as a consequence of (A.5), we have that the distribution of 2L5°(0)
coincides with the conditional distribution of 2L;(0) given Wj(¢) = 0. The joint distribution of Wj(¢) and
2L:(0) is known to be absolutely continuous with respect to two-dimensional Lebesgue measure with density
given by

P o(Wi(t), 2L:(0)) "
dAs

(w,1) = 1(0,00) (D) -

ST EC. jw])?
2t

>, w,l € R,

see, for instance, Problem 6.3.4 in [36], page 420. Conditioning on Wi (t) = 0, we obtain

Po(2L;°(0)"

l 12
d>\1 (l) = W = 1(0,00) (l) - - exXp (— ) 5 leR.

t 2
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We therefore have

~40 o l 12 o 12
E [exp (4th’ (0))} = /0 exp (2¢-1) P (_2t> dl=1+ 20/0 exp (20 -l — 2t> dl

> [ — 2tc)?
=1+2c- 62C2t/ exp (—(th)> dl <1+ 2¢V2mt- eQCzt.
0

It follows that

/2
ds < (1 + 2¢V 27t - 6202t) . ecrzt'd7

d t
E |exp CZ/
i=1"0

S1
dW;
/Ot_r ()

which proves (A.7).
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