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Abstract: We study a family of spheres with constant mean curvature (CMC) in the Riemannian Heisenberg
group H'. These spheres are conjectured to be the isoperimetric sets of H'. We prove several results support-
ing this conjecture. We also focus our attention on the sub-Riemannian limit.
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1 Introduction

In this paper, we study a family of spheres with constant mean curvature (CMC) in the Riemannian Heisenberg
group H'. We introduce in H! two real parameters that can be used to deform H! to the sub-Riemannian
Heisenberg group, on the one hand, and to the Euclidean space, on the other hand. Even though we are not
able to prove that these CMC spheres are in fact isoperimetric sets, we obtain several partial results in this
direction. Our motivation comes from the sub-Riemannian Heisenberg group, where it is conjectured that the
solution of the isoperimetric problem is obtained rotating a Carnot-Carathéodory geodesic around the center
of the group, see [19]. This set is known as Pansu’s sphere. The conjecture is proved only assuming some
regularity (C2-regularity, convexity) or symmetry, see [4, 10, 16, 17, 20, 21].

Given a real parameter 7 € R, let h = span{X, Y, T} be the three-dimensional real Lie algebra spanned
by three elements X, Y, T satisfying the relations [X, Y] = -27T and [X, T] = [Y, T] = 0. When 7 # 0, this
is the Heisenberg Lie algebra and we denote by H! the corresponding Lie group. We will omit reference to
the parameter T # 0 in our notation. In suitable coordinates, we can identify H! with C x R and assume that
X, Y, T are left-invariant vector fields in H' of the form

=%(a—ax+0y%), Y=%(aiy—0x%), and T=£2%, (1Y)

where (z, t) € C xR and z = x + iy. The real parameters £ > 0 and ¢ # O are such that
et = 0. (1.2)

Let (-, -) be the scalar product on i making X, Y, T orthonormal, that is extended to a left-invariant Rieman-
nian metric g = (-, -) in H'. The Riemannian volume of H' induced by this metric coincides with the Lebesgue
measure .#> on C x R and, in fact, it turns out to be independent of £ and o (and hence of 7). When € = 1 and
0 — 0, the Riemannian manifold (H?, g) converges to the Euclidean space. When ¢ # 0 and € — 0%, then H 1
endowed with the distance function induced by the rescaled metric £ %(-, -) converges to the sub-Riemannian
Heisenberg group.
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The boundary of an isoperimetric region is a surface with constant mean curvature. In this paper, we
study a family of CMC spheres X c H', with R > 0, that foliate H! = H \ {0}, where 0 is the neutral element
of H'. Each sphere Xy is centered at 0 and can be described by an explicit formula that was first obtained
by Tomter [22]. We conjecture that, within its volume class and up to left translations, the sphere X3 is the
unique solution of the isoperimetric problem in H!. When € = 1 and ¢ — 0, the spheres Xy converge to the
standard sphere of the Euclidean space. When ¢ # 0 is fixed and £ — 0%, the spheres X converge to the
Pansu’s sphere.

In Section 3, we study some preliminary properties of X, its second fundamental form and principal
curvatures. A central object in this setting is the left-invariant 1-form 9 € I'(T"H') defined by

(V)= (V,T) foranyV e I'(TH"). (1.3)

The kernel of 9 is the horizontal distribution. Let N be the north pole of Xz and S = —N its south pole. In
X% = Zr \ {N} there is an orthonormal frame of vector fields X, X, € I'(TZ}) such that 9(X;) = 0, i.e., X;
is a linear combination of X and Y. In Theorem 3.1, we compute the second fundamental form of X in this
frame. We show that the principal directions of X are given by a rotation of the frame X;, X, by a constant
angle depending on the mean curvature of 2.

In Section 4, we link in a continuous fashion the foliation property of the Pansu’s sphere with the foliation
by meridians of the round sphere in the Euclidean space. The foliation H! = | r>0 2 determines a unit vector
field .+ € I'(THY) such that .4 (p) L TpZy forany p € X and R > 0. The covariant derivative V 4.4, where
V denotes the Levi-Civita connection induced by the metric g, measures how far the integral lines of .4 are
from being geodesics of H! (i.e., how far the CMC spheres X are from being metric spheres). In space forms,
we would have V 4.4 = 0, identically. Instead, in H 1 the normalized vector field

Vy N

T~ 4 1° )t Z*y
Ny B0k

Mz, t) = sgn(t)

is well-defined and smooth outside the center of H'. In Theorem 4.3, we prove that for any R > 0 we have
fo‘}./// =0 onZXp,

where V* denotes the restriction of V to Zg. This means that the integral lines of .# are Riemannian
geodesics of 2. In the coordinates associated with the frame (1.1), when € = 1 and T = ¢ — O the inte-
gral lines of .# converge to the meridians of the Euclidean sphere. When ¢ # 0 is fixed and € — 07, the vector
field .# properly normalized converges to the line flow of the geodesic foliation of the Pansu’s sphere, see
Remark 4.5.

In Section 5, we prove a stability result for the spheres Zy. Let Ex ¢ H' be the region bounded by 2 and
let * ¢ H' be the boundary of a smooth open set E ¢ H!, ¥ = 9E, such that .#3(E) = #3(Eg). Denoting by
27/(%) the Riemannian area of X, we conjecture that

(X)) -/ (ZR) = 0. (1.4)

We also conjecture that a set E is isoperimetric (i.e., equality holds in (1.4)) if and only if it is a left translation
of E. If isoperimetric sets are topological spheres, this statement would follow from Theorem A.10.

Isoperimetric sets are stable for perturbations fixing the volume: the second variation of the area is non-
negative. The spheres X are in fact stable, this is proved in [24, Theorem 2.3] using Koiso’s stability criterium
[14]. The stability of 2 in the northern and southern hemispheres can be obtained in a more elementary
way using Jacobi fields arising from right-invariant vector fields of H'. In these hemispheres, we can actually
prove a stronger form of stability.

Using the coordinates associated with the frame (1.1), for R > 0 and 0 < § < R we consider the cylinder

Cor=1{(z 00 €H" :|z| <R, t>f(R-68R)},

where f(-; R) is the profile function of Xy, see (2.1). Assume that the closure of EAER = Exk \EUE\Egpisa
compact subset of Cs . In Theorem 5.1, we prove that there exists a positive constant Cg. > 0 such that the
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following quantitative isoperimetric inequality holds:
A (2) = A (ER) 2 VECree L (EAER)?. (1.5)

The proof relies on a sub-calibration argument. This provides further evidence on the conjecture that isoperi-
metric sets are precisely left translations of Xz. When € = 1 and o — 0, inequality (1.5) becomes a restricted
form of the quantitative isoperimetric inequality in [11]. For fixed ¢ # 0 and € — 0" the rescaled area €./
converges to the sub-Riemannian Heisenberg perimeter and €Cg,, converges to a positive constant. Thus in-
equality (1.5) reduces to the isoperimetric inequality proved in [10].

In Appendix A, we give a self-contained proof of a known result that is announced in [2, Theorem 6] in the
setting of three-dimensional homogeneous spaces with at least 4-dimensional isometry group. Namely, we
show that any topological sphere with constant mean curvature in H' is isometric to a CMC sphere 2. This
result can be deduced by combining [1] and Daniel’s correspondence theorem [6]. An alternative proof can
be implicitly obtained collecting various results spread in the literature, starting from the Abresch-Rosenberg
differential computed in [23], [8, Theorem 2.3], or [3] and then using the rigidity theorem of [6, Theorem 4.3]. A
more self-contained proof can be found in [7, Lemma 6.1]. We remark that our proof, that follows the scheme
of the fundamental paper [1], does not rely on the fact that the isometry group of H' is four-dimensional.

2 Foliation of H! by concentric stationary spheres

We start by recalling a result by Tomter [22, Theorem 3]. In what follows, we work in the coordinates associated
with the frame (1.1), where the parameters £ > 0 and ¢ € R are related by (1.2). For any point (z, t) € H!, we

setr=|z| = /x2+y2.

Theorem 2.1 (Tomter). For any R > O there exists a unique compact smooth embedded surface X  H' that
is area stationary under volume constraint and such that

Sr={(z,0 e H' : |t| = f(2|; R)}

for a function f(-; R) € C*([0, R)) continuous at r = R with f(R) = 0. Namely, for any O < r < R the function is
given by

R
fr;R) =¢& / 1;;7?6:252 sds = g—_zr [a)(R)2 arctan(p(r; R)) + w(r)?p(r; R)|, 2.1

where

2_ 2
w(r)=+vV1+12€2r2 and p(r;R) = TS%.

For a proof of Theorem 2.1, we refer to [22, Theorem 3].

Remark 2.2. The function f(-; R) = f(-; R; T; €) depends also on the parameters T and &, that are omitted in our
notation. With € = 1, we find

liIr%)f(r;R;T; 1) = VR?2 -r2,

T—

When T — 0, the spheres X converge to Euclidean spheres with radius R > 0 in the three-dimensional space.
With T = a/€* as in (1.2), we find the asymptotic

A/ R2 — 2
lin(1)f(r;R; a/e*;e) = % {RZ arctan (#) +rvVR2 - rZ}
E—

0

5 {Rz arccos (L) +rvR2 - rz},

R

which gives the profile function of the Pansu’s sphere, the conjectured solution to the sub-Riemannian Heisenberg
isoperimetric problem, see e.g. [17] or [16], withR = 1 and ¢ = 2.
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Remark 2.3. Starting from formula (2.1), we can compute the derivatives of f(-; R) in the variable R. The first
order derivative is given by

1 oR
r;R) = 7e*R| arctan (p(r; R)) + = , 2.2
falrs ) = re'R aretan (p01: ) + s | = i) 22
where ( : [0, o0) — R is the function defined as
Up) = S 2.3)
1+ parctan(p)’ ’
The geometric meaning of ¢ will be clear in formula (4.1).
We now show that H} = H' \ {0} is foliated by the family {X3} -0, i.e.,

H = | ) ZR. (2.4)

R>0

Proposition 2.4. For any nonzero (z, t) € H' there exists a unique R > O such that (z, t) € Zg.

Proof. Without loss of generality we can assume that t > 0. After an integration by parts in (2.1), we obtain
the formula

R
f(r;R)=£3{\/R2—rzw(r)+/\/R2—szwr(s)ds}, O<r<R.

Since w,(r) > 0 for r > 0, we deduce that the function R — f(r; R) is strictly increasing for R > r. Moreover,
we have

lim f(r;R) = oo,

R—o0

and hence for any r = 0 there exists a unique R = r such that f(r; R) = t. O

Remark 2.5. By Proposition 2.4, we can define the function R : H* — [0, o) by letting R(0) = 0 and R(z, t) = R
ifand only if (z, t) € Xy for R > 0. The function R(z, t), in fact, depends on r = |z| and thus we may consider
R(z,t) = R(r, t) as a function of r and t. This function is implicitly defined by the equation |t| = f(r; R(r, t)).
Differentiating this equation, we find the derivatives of R, i.e.,

R, = —Q and R;= sgn(t)’
fr

o (2.5)

where fy is given by (2.2).

3 Second fundamental form of X

In this section, we compute the second fundamental form of the spheres 2. In fact, we will see that H =
1/(eR) is the mean curvature of Xz. Let N = (0, f(O; R)) € Xy be the north pole of Xz and let S = -N =
(0, —f(0; R)) be its south pole. In X} = Xy \ {+N} there is a frame of tangent vector fields X;, X, € I'(TZ}) such
that

IX1] = 1X2| =1, (X1,X3)=0, 9(X1)=0, (3.1)

where Jis the left-invariant 1-form introduced in (1.3). Explicit expressions for X; and X, are given in formula
(3.9) below. This frame is unique up to the sign +X; and +X,. Here and in the rest of the paper, we denote by
¥ the exterior unit normal to the spheres Xp.

The second fundamental form h of X with respect to the frame X;, X, is given by

h = (hij)ij-1,2 hj=(Vx.A¥,X;), 1,j=1,2,
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where V denotes the Levi-Civita connection of H! endowed with the left-invariant metric g. The linear con-
nection V is represented by the linear mapping h xh — b, (V, W) — VW. Using the fact that the connection
is torsion free and metric, it can be seen that V is characterized by the following relations:

VxX=VyY=vV;T=0,
VyX=1T and VxY=-1T,
VX =VxT=1Y,

VY =VyT=-1X.

(3.2

Here and in the rest of the paper, we use the coordinates associated with the frame (1.1). For (z, t) € H', we
set r = |z| and use the short notation
o = Ter. (3.3)

Theorem 3.1. For any R > 0, the second fundamental form h of £ with respect to the frame X1, X in (3.1) at

the point (z, t) € Xy is given by

H(1 +20? 2

_ 1 ( +29) LR (34)
1+p2 T0 H

where R = 1/He and H is the mean curvature of 2. The principal curvatures of Xy are given by

2

ki =H+ 8 5 VH? + 12,
1+p
(3.5)
Ky =H- 5 VH? + 12,
1+p
Outside the north and south poles, principal directions are given by
K, = cos X + sin X5,
' 'ﬁ L +sinpX; (3.6)
K, = -sin BX; + cos X,
where B = By € (-mt/4, m/4) is the angle
By = arctan T 3.7
d H+VH?+12)° '

Proof. Leta,b : Z} — Randc, p : X — R be the following functions depending on the radial coordinate
r=|z|:

s w() = b(rR) = +E
a=a(rR) = "5, b=b3R) =g, (3.8)
c=c(r;R) = rw(®) p=pr;R) = inE'

Ruw(r)’ w(r)

In fact, b and p also depend on the sign of t. Namely, in b and p we choose the sign + in the northern hemi-
sphere, thatis for t > 0, while we choose the sign — in the southern hemisphere, where t < 0. Our computations
areinthecase t = 0.

One can check that the vector fields

X1 =-a(ly -xp)X - (x +yp)Y),

(3.9)
Xy =-b((x+yp)X+(y-xp)Y) +cT

form an orthonormal frame for TX} satisfying (3.1). The the outer unit normal to Xy, is given by the following
formula (which is well defined also at the poles):

N = %{(X+yp)X+(y—xp)Y+ T%T} (3.10)
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We compute the entries h1; and hq,. Using X1 R = 0, we find

Vi, N = {Xl(x+yp)X+X1(y xp)Y+X1(p>T+(x+yp)VX1X+(y Xp)Vy, Y + pgvxlT}. G11)

R
Using the formulas X;x = —a(y - xp)/e and X1y = a(x + yp), /€ we find the derivatives

a
Xi(x+yp) = _ (2xp +y(p® - 1)) +yXup,

a , (3.12)
X1y = xp) = —(2yp + x(1 - p*)) - xXap.
Inserting the latter into (3.11), together with the fundamental relations (3.2), we obtain
Lyroa, a _ 1p
Vx, N = R{{ E(y xp)+yX1p}X+ [S(x+yp) xle}Y+ [ o T 2a(p? +1)} } (3.13)
thus implying
hiy = (Vx, A, X1) = {a(p2 +1)-eXip},
where p? + 1 = w(R)?/w(r)? and X;p can be computed starting from
w(R)?
r;R)=-16r—————. 3.14
PR e R ey G4

Namely, also using the formula for a and p in (3.8), we have

w(R)
Xip = ppr = -7 ek

By (3.3) and the fact that eHR = 1, we finally find
2,22 2

h11=%(1+%) =H(1+ 1602).

From (3.13) we also deduce
b > X
h12=(VX1¢/V,X2) *T pX p+—{ T1;J+TT a(1+p )}

and using the formula for X p and the formulas in (3.8) we obtain
2

_ Te

hiy = T+02°

To compute the entry h;,, we proceed in an equivalent way, starting from

1
Vyx, N = E{Xz(x+yp)X+X2(y—xp)Y+ 2(p)T+(x+yp)VX2X+(y xp)Vx,Y + ngXZT},

2

yielding h,, = H/(1 + p?).
The principal curvatures k1, k, of X are the solutions to the system

{ K1 + Ky = tr(h) = 2H

H2(1 + 202) — 120*
K1k, = det(h) = ( (+1 +Qgg)2r e

They are given explicitly by the formulas (3.5).

Now let K1, K, be tangent vectors as in (3.6). We identify h with the shape operator h € Hom(Tp2; Tp2R),
h(K) = Vg.#, at any point p € Xg and K € Tp2g. When g # O (i.e., outside the north and south poles), the
system of equations

h(I(l) = K11<1 and h(Kz) = Ksz
is satisfied if and only if the angle 8 = By is chosen as in (3.7). The argument of arctan in (3.7) is in the interval
(-1, 1) and thus By € (-n/4, 1/ 4). O

Remark 3.2. The convergence of the Riemannian second fundamental form towards its sub-Riemannian coun-
terpart is studied in [5], in the setting of Carnot groups. See also [18].
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4 Geodesic foliation of 2

We prove that each CMC sphere X}, is foliated by a family of geodesics of X joining the north to the south
pole. In fact, we show that the foliation is governed by the normal .#" to the foliation Hi = (Jp,, Zx. In the
sub-Riemannian limit, we recover the foliation property of the Pansu’s sphere. In the Euclidean limit, we find
the foliation of the round sphere with meridians.

We need two preliminary lemmas. We define a function R : H* — [0, o) by letting R(0) = 0 and R(z, t) =
R if and only if (z, t) € Zg. In fact, R(z, t) depends on r = |z| and t. The function p in (3.8) is of the form
p =p(r, R(r, 1)).

Now, we compute the derivative of these functions in the normal direction .4".

Lemma 4.1. The derivative along ./ of the functions R and p are, respectively,

AR = %(p) (%.1)

and
2 R?w(r)?(p) - P w(R)?

Ro(ip , (4.2)

NDp=€T

where ((p) = (1 + parctan p)~!, as in (2.3).
Proof. We start from the following expression for the unit normal (in the coordinates (x, y, t)):
1ygr p 2
N = E{Ea, + E(yax - x0y) +sgn(t)e“w(r)VR2 - rzat}.
We just consider the case t > 0. Using (2.5), we obtain

= L PR < (Pt 7).

Inserting into this formula the expression for f; computed from (2.1), we get

e2Rw(r)
NR=—"—"—"——,
frRVR? 12
and using formula (2.2) for fz, namely,
4 11 71€*R
=t1e'R|arctan(p) + = | = ——,
fr [ ® p} i)

we obtain formula (4.1).
To compute the derivatives of p in r and t, we have to consider p = p(r;R) and R = R(r, t). Using the
formula in (3.8) for p and the expression (2.5) for R, yields

rerw(R)? TeR fr  Erwl

= _7’ = . == R =—-7 = T .
br w(r)3vVR2 - 12 Pr w(r)VR2 -2 " fr VRZ-rfy

and thus

%p(r, R(r,t)) = pr(r, R(r, ©)) + pr(r, R(r, ))R,(1, t)
TE

== [w(r)zé(p) - a)(R)Z].

r
w(r)3vVR?2 - r?

Similarly, we compute
74(p)
Lwr)?’

The derivative of p along .4 is thus as in (4.2), when t > 0. The case t < 0 is analogous. O

9 p(r; R, 0) = pr(rs R, O)R((r, ) =
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In the next lemma, we compute the covariant derivative v, .#. The resulting vector field in H} is tangent
to each CMC sphere 2y, for any R > 0.

Lemma 4.2. At any pointin (z, t) € H} we have
_ (P (- 1
VN (2, b) = JV( R) [(y +XO)X - (- yD)Y + T, 4.3)
where @ = @(r; R) is the function defined as

_w?p
T r2g2p2°

and the derivative .4 (p/R) is given by

/V(p) _ _81-2r2 (a}(R)2 - e(p)a)(r)z)

R R2w(r)4p ’

with £ as in (2.3).

Proof. Starting from formula (3.10) for .#", we find that

St = (P (v ()

1 » (4.4)
+ R ((x +yp)Vy X+ (- xp)Vy Y + ?ng T) R
where, by the fundamental relations (3.2), we have
_ P _20(_(,_
x+yp)Vy X+ -xp)VyY + - VyT= R y-xp)X+(x+yp)Y). (4.5)
From the elementary formulas
NX = i(x+yp) and Ay= i(y - Xxp)
Re Re ’
we find
1
A (x+yp) = 5 (x(1-p?) +2yp) +y. AP, “o)
4.
1
Ay -xp) = 5 (y(1-p*) - 2xp) - xNP.
Inserting (4.5) and (4.6) into (4.4) we obtain the following expression
1 -1 2
VJV./V=F[{X(£ 1+p )—e/VR)+y(R(/I/p—p</VR)}X @)
4.7
+{y(e‘1(1 +pY) = AR -x(RAND —pJVR)} Y+ T%(R/p _p¥RT.
From (4.1) and (4.2) we compute
RVp-paR=-E0T (R - ((p)w(r)?].
w(r)*p
Inserting this formula into (4.7) and using 1 + p? = w(R)?/w(r)? yields the claim. O

Let .+ € I'(TH}) be the exterior unit normal to the family of CMC spheres X centered at 0 € H'. The
vector field V 4.4 is tangent to X for any R > 0, and for (z, t) € Xz we have

VyN(z,t)=0 ifandonlyif z=0ort=0.
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However, it can be checked that the normalized vector field

VN

c I(TZR)
IV N R

Mz, t) = sgn(t)

is smoothly defined also at points (z, t) € 2y at the equator, where t = 0. We denote by V2* the restriction of
the Levi-Civita connection V to Xp.

Theorem 4.3. Let 5y C H' be the CMC sphere with mean curvature H > 0. Then the vector field V ,.# is
smoothly defined on Xy and for any (z, t) € Xr we have

Yoy t(z,t) = —%m (4.8)

In particular, Vf;l/// = 0 and the integral curves of .# are Riemannian geodesics of X joining the north pole N
to the south pole S. (See Figure 1.)

{0.5=€,0.5=0}

T
_» y

Figure 1: The plotted curve is an integral curve of the vector field .# for R = 2, € = 0.5, and 0 = 0.5.

Proof. From (4.3) we obtain the following formula for .#:
M= XA -y)X + (YA +xp)Y - % T, (4.9)

where A, p : i — R are the functions

VR? —r2? TET

}l=)l(r)=iT and p=pu(r) = Ro(D)’

(4.10)
with r = |z| and R = 1/(¢H). The functions A and u are radially symmetric in z. In defining A we choose the
sign +, when t > 0, and the sign —, when ¢ < 0. In the coordinates (x, y, t), the vector field .# has the following
expression

1 e2w(r)?
M = . (Arar + U(x0y —yox) - u T( ) at), (4.11)

where ro; = xdx + y0dy, and so we have
Vot =xA-yV 4 X+ YA+ xu)V 4, Y - %V//ZT +. (XA - ywX + . #(yA+ xp)Y - ///(%) T. (412

Using (4.11), we compute
MX = %(xﬂ -yu) and Ay = %(y/\ +X), (4.13)
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and so we find

1 1
MOA =) = (A= ypOA + X MA = —(yA+ xpp -y 4 p, )
4.14
AM(YA+ xp) = %(y)l + XA+ y AN + %(x/l — YU + XAMU.

Now, inserting (4.13) and (4.14) into (4.12), we get
VoM = (g(/tz +u?) + xMA - y///y)X(%(/lz + U +y A+ X///}l) Y- T—lg,//lyT.

The next computations are for the case t > 0. Again from (4.11), we get

RA Ar TrA

W’ and <%H = ?ar}l = Rw(r)3 . (4.15)

A=
E

From (4.10) and (4.15) we have

1,5 1
E(A +U )+<%A— SRZ(U()’)Z’

and so we finally obtain

Vgt = (xA - yM)X + (yA + xM)Y - % T, (4.16)

where we have set
B 1 VRZ - r?

T eR2w(n?’ -7 RZw(r)3 *

Comparing with (3.10), we deduce that

(4.17)

1

Ny = " eRw(n)? N

The claim Vi;l/// = 0 easily follows from the last formula. O

Remark 4.4. We compute the pointwise limit of .# in (4.9) when ¢ — O, for t = 0. In the southern hemisphere
the situation is analogous. By (4.11), the vector field .# is given by

1 /VRZ-12 or ) . ——
M= ﬁ(f(xax +yoy) + \/ﬁ(){ay y0x) rmat).

With € = 1 we have

— .. VRZ —r2 r
M = ;1_)1’1'10.% = T(Xax +y6y) - ﬁa[.

Clearly, the vector field M is tangent to the round sphere of radius R > 0 in the three-dimensional Euclidean
space and its integral lines turn out to be the meridians from the north to the south pole.

Remark 4.5. We study the limit of e.# when € — 0, in the northern hemisphere.

The frame of left-invariant vector fields X = €X, Y = €Y and T = €72T is independent of €. Moreover, the
linear connection V restricted to the horizontal distribution spanned by X and Y is independent of the parameter
€. Indeed, from the fundamental relations (3.2) and from (1.2) we find

Now, it turns out that

VR2-12

r

M =lim e = %[(X@ —y>ax+ (y

2
lim + x) Oy — or a[}
= (A -ywX + (yA+xp)¥,
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where
5 R? —r? _
A—/\—T, =

The vector field .4 is horizontal and tangent to the Pansu’s sphere.
We denote by ] the complex structure J(X) = ¥ and J(Y) = -X. A computation similar to the one in the proof
of Theorem 4.3 shows that

1
=

Vol = (). (4.8)

This is the equation for Carnot-Carathéodory geodesics in H! for the sub-Riemannian metric making X and Y
orthonormal, see [21, Proposition 3.1].

Thus, we reached the following conclusion. The integral curves of .# are Riemannian geodesics of X and
converge to the integral curves of .#. These curves foliate the Pansu’s sphere and are Carnot-Carathéodory
geodesics (not only of the Pansu’s sphere but also) of H'.

Using (4.18) we can pass to the limit as € — 0 in equation (4.8), properly scaled. An inspection of the right
hand side in (4.16) shows that the right hand side of (4.8) is asymptotic to €*. In fact, starting from (4.17) we get

1

1
- lim =
e—0 e4w(r)? Ro2r?

[- (g +yNX + (A - yp)¥] = W}(//Z). (4.19)

From (4.8), (4.18), and (4.19) we deduce that

- 1
11m£ V%.%: ijﬁ/{

e—0

5 Quantitative stability of X in vertical cylinders

In this section, we prove a quantitative isoperimetric inequality for the CMC spheres X with respect to com-
pact perturbations in vertical cylinders, see Theorem 5.1. This is a strong form of stability of 2 in the northern
and southern hemispheres.

A CMC surface X in H with normal ./ is stable in an open region A C X if for any function g € C(A4)
with f 5 gd«/ = 0, where « is the Riemannian area measure of X, we have

7(g) = / {\vg|2 - (\h\z +RiC(JV))g2}dM > 0.
z

The functional .7(g) is the second variation, with fixed volume, of the area of 2 with respect to the infinitesi-
mal deformation of X in the direction g.#". Above, |[Vg] is the length of the tangential gradient of g, |h|? is the
squared norm of the second fundamental form of £ and Ric(.#) is the Ricci curvature of H! in the direction
N

The Jacobi operator associated with the second variation functional .7 is

ZLg=Ag+ (\h|2 + Ric(A))g,

where A is the Laplace-Beltrami operator of X. As a consequence of Theorem 1 in [9], if there exists a strictly
positive solution g € C*>(A) to equation .£g = 0 on A, then X is stable in A (even without the restriction

[,8d =0).
Now consider in H? the right-invariant vector fields
%_1(0 g0y p_l(o, o Fog
2= 2(oxoae) Toe(g o) d T-<'5

These are generators of left-translations in H', and the functions

g/)z = <3\() L/V>! gf/ = </Y\) L/V>! gf' = </Trf/1/>
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are solutions to .#g = 0. By the previous discussion, the CMC sphere X is stable in the hemispheres

AX = {(Z, t) (S ZR gi > 0},
Ay ={(z,0) € Zp : g3 > 0},
Az = {(z,t) € Zx P g7 > 0}.
In particular, Xy is stable in the northern hemisphere A5 = {(z,t) € Zg : t > 0}.
In fact, the whole X is stable. This is shown in [24] producing a function v un X' orthogonal to the kernel
of Z, solving .#v = 1, and with nonnegative integral on Xp.

In the case of the northern hemisphere, we can prove the following quantitative stability. For R > 0, let
Eg C H! be the open domain bounded by the CMC sphere g,

Eg={(z,0) e H': |t| <f(z;R), |2| <R},

where f(-; R) is the profile function of Xy in (2.1). For O < § < R, we define the half-cylinder
Crs={(z, ) e H' :|z| <Randt> tp s},

where tg 5 = f(rg 5; R) and rg s = R - 6. In the following, we use the short notation

kger = SBw(R)\/T\),
Crer = ! ’

4meR3(Rkgzr + f(O; R)) (5.1)
Dper = - .

12em?R5(4Rk%, . + f(0; R)?)

We denote by .« the Riemannian surface-area measure in H'.

Theorem 5.1. LetR>0,0<6 <R, e>0,andt € R beasin (1.2). Let E ¢ H be a smooth open set such that
L3(E) = #3(ER) and X = OE.

(i) If EAER CC Cg 5 with O < 6 < R then we have
o(Z) - o/ (ZR) 2 V8Crer &> (EAER). (5.2)
(ii)) IfEAER CC Cg o then we have
(Z) - o/ (Z) = Dper L2 (EAER)’. (53)

The proof of Theorem 5.1 is based on the foliation of the cylinder Cy s by a family of CMC surfaces (see
Proposition 2.4) with quantitative estimates on the mean curvature.

Theorem 5.2. Forany R > 0 and O < § < R, there exists a continuous function u : Cg 5 — R with level sets
Sp={(z,t) € Cgg: ulz,t) = A}, A € R, such that the following claims hold:

(i) uect (CrsNERIN ct (Cr,s\ER) and the normalized Riemannian gradient Vu/|Vu| is continuously defined
on Cgs.
(i) UpspS2 = Cr,s NEr and g Sz = Cr,6 \ Er-
(iii) Each S, is a smooth surface with constant mean curvature Hy = 1/(eA) for A > Rand Hy = 1/(eR) for A < R.
(iv) For any point (z, f(|z|; R) - t) € S, with A > R we have
t2
1-¢eRH)(z,f(|z;R) - t) 2 4Rk + [0 R’ when 6 =0, (5.4)

Ret

and

V6t

>————— when0O<8§<R. 5.5
Rkger + f(O;R) G35)

1- eRH,(z, f(z/; R) - )
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Proof of Theorem 5.2. For points (z, t) € Cg 5 \ Eg we let
u(z,t) =f(|z;R) -t +R.

Then u satisfies u(z, t) < Rfor t = f(|z|; R) and u(z, t) = Rift = f(|z|; R). In order to define u in the set Cy sNEk,
forO<r<rpg, tgs <t<f(r;R),and A > R we consider the function

F(r,t,A) = f(r; ) = f(rg,s3A) + tr,5 — t. (5.6)

The function F also depends on §. We claim that for any point (z, t) € Cg 5 N Eg there exists a unique A > R
such that F(|z|, t, A) = 0. In this case, we can define

u(z,t)=A ifandonlyif F(z|,t,A)=0. (5.7)

We prove the previous claim. Let (z, t) € Cg 5 N Eg and use the notation r = |z|. First of all, we have

lim F(r,t,A)=f(r;R)-t>0. (5.8)
A—R*
We claim that we also have
Alim F(r,t,))=tps—-t<O. (5.9)
—> 00

To prove this, we let f(r; A) - f(rg 55 A) = £:[f1(A) + f2(A)], where
i) = w(A)? [arctan(p(r; ) - arctan(p(rg s A))} ,
£ = 07 (P03 2) - plra, 55 ).

Using the asymptotic approximation

1
+—+o(—), as s — oo,

arctan(s) = g - S

w

we obtain for A — oo

f1(A) = Aet(w(rg,s) - w(r))) + 0o(1),
f2(A) = Aet(w(r) - w(rg 5)) + o(1),

and thus f(r; 1) - f(rg 53 4) = 0(1), where o(1) — 0 as A — oo. Since A — F(r, t, A) is continuous, (5.8) and
(5.9) imply the existence of a solution A of F(r, t, A) = 0. The uniqueness follows from 0,F(r, t, A) < 0. This
inequality can be proved starting from (2.2) and we skip the details. This finishes the proof of our initial claim.
Claims (i) and (ii) can be checked from the construction of u. Claim (iii) follows, by Theorem 3.1, from the
fact that S, for A > R is a vertical translation (this is an isometry of H') of the t-graph of z — f(z; A).
We prove Claim (iv). For any (z, t) € H' such thatr = |z| < rg s and 0 < t < f(r; R) - t 5, we define

g:(t) =ulz, f(r;R) - £) = A, (5.10)

where A = R is uniquely determined by the condition (z, f(r; R) - t) € S,. Notice that g-(0) = u(z, f(r; R)) = R.
We estimate the derivative of the function t — g-(t). From the identity F(r, t, u(z, t)) = 0, see (5.7), we compute
ocu(z, t) = (0,F(r, t, u(z, t))) ! and so, also using (5.6), we find

3 -1
T 0,F(r, f(r;R) - t, g:(0)

82(t) = —owulz, f(r; R) - t) (5.11)
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Now from (2.1) we compute

TR,6
.3 sw(s)
()AF()’, t,A) == A/ m
r

TR,6
S
2_£3Aw(rR,5)/mds
) (5.12)

= —£wlrps) | ———-1

> wR)————

VATTRS

In the last inequality, we used rg s < R < A. From (5.11), (5.12) and with kg, as in (5.1), we deduce that

PAOE le Jg(6) - g 5. (5.13)

In the case § = 0, (5.13) reads g5(t) > /gz(t) - R/kgs,. Integrating this differential inequality we obtain
g:(t) = R + t?/(4k3,,), and thus

VR
X .

R t2
1-eRH)(z,f(r;R)-t)=1- > s
W SR=0 =1 2 dp oy
that is Claim (5.4).
If0 < 6 < R, (5.13) implies g4(t) = v/6/kge; and an integration gives g.(t) = v/6 t + R/kg.r. Then we obtain
R Vo
1-eRH)(z,f(r;R)-t)=1- > t,
W& SR =021 016 * Rieger + FO3B)
that is Claim (5.5). O

We can now prove Theorem 5.1.

Proof of Theorem5.1. Letu : Cps — R, 0 < 6 < 1, be the function constructed in Theorem 5.2 and let
Sy={(z,8) € Cg5: ulz, t) = A}, A € R, be the leaves of the foliation. Let Vu be the Riemannian gradient of
u. The vector field @0
Vu(z, t
V Z, t) = - ) Z, t C ’
(z,0) Nuz, 0] (z,8) € Crps

satisfies the following properties:

i) |V]=1.

ii) For(z,t) € g N Cg s we have V(z, t) = vs, (2, t), where vy, = .4 is the exterior unit normal to Xy.
iii) For any point (z, t) € Sy, A € R, the Riemannian divergence of V satisfies

1,. 1

idlvV(Z, t)=H(z,t) < R forA >R,
1,. 1

EdlvV(z, t)=H(z,t) = R forO< A <R.

Let vs be the exterior unit normal to the surface X = oE. By the Gauss-Green formula and (5.14) it follows
that

(5.14)

33(ER\E)Z% / divV d.o?

ER\E
€R '
- /(V,vmdﬂ— / (V,vs) do )
SR\E IR

> % (o/(Zr \ E) - /(2 N Eg)).
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In the last inequality we used the Cauchy-Schwarz inequality and the fact that (V,vs,) = 1 on 2¢ \ E. By a
similar computation we also have

L3E\Ep) = £2R / divV d.&3
E\Ex
= % / <V, Vz>d42{— / <V, V2R>d$27
S\Eg SRNE

< % (o/(Z\ Eg) - /(Zg N E)).

Using the inequalities above and the fact that .#3(E) = .3 (Eg), it follows that:
R (r(5r\B) - /(5N Ep) < 5N / divV d.2>
ER\E
= 23(E\Ep) - / (1 - %divv) dz?
ER\E
(o/(Z\ER) - o/ (Zg NE)) -9 (Eg \ E),

<

eR
2

where we let . R
%(Eg \E) = / (1—%divV) a3,
ER\E

Hence, we obtain
() - (g = %%(ER \E). (5.15)

For any z with |z| < R - §, we define the vertical sections F} = {t € R: (z,t) € Ex}and F? = {t e R :
(z, t) € E}. By Fubini-Tonelli theorem, we have

G(Eg \ E) = / / (1—?divv(z,t))dtdz.

{|z|<R} E3\E=
The function t — divV(z, t) is increasing, and thus letting m(z) = zl(E,a \ E?), by monotonicity we obtain
f(|z|;R)

Y(ER\E) 2 / / (1 - %divV(z, t))dtdz
{lz]<1} f(|z[;R)-m(2)

m(z)

_ / /(1—ng(t))dtdz,

{lz1<1} ©

where g,(t) = u(z, f(]z|; R) - t) is the function introduced in (5.10).
When § = 0, by the inequality (5.4) and by Holder inequality we find

m(z)
1 2
Y(ER\E) 2 ————————— / /t dtdz
4RKk2 _ +f(0; R)2
Rer f( ) {|z|<R} O (5-16)
1 Z3(EAER)®.

>
2472 R4 (4RI, + [(0; R)?)

From (5.16) and (5.15) we obtain (5.3).
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By (5.5), when 0 < 6 < 1 the function g, satisfies the estimate 1 — 1/g.(t) > (v/8/(kger + f(0; R)))t and we
find
s m(z)
YER\E)z VO / / tdtdz
Rkpger + f(0; R){WR} ) 5.17)
N V6
- 87R2(Rkger + f(05 R))

From (5.17) and (5.15) we obtain Claim (5.2). O

L3(EAER)?.

A Topological CMC spheres are left translations of X

In this Appendix we give a self-contained proof of the rotational symmetry of CMC spheres in the Heisenberg
group. Our proof follows the scheme of the fundamental paper [1]. We remark that the same result can be
obtained, for instance by combining [1] and Daniel’s correspondence theorem [6, Theorem 5.2] applied to the
Heisenberg case [6, Example 5.7]. Nonetheless, our proof does not rely on the fact that the isometry group of
H' is 4-dimensional.

We introduce the following notation. For an oriented surface X in H! with unit normal vector .+, we
denote by h € Hom(T,ZX; TpZ) the shape operator h(W) = V.4, at any point p € X. The 1-form 9 in H?,
defined by (W) = (W, T) for W e I'(TH'), can be restricted to the tangent bundle TZ. The tensor product
9 ® 9 € Hom(TpZ2; TpZ) is defined, as a linear operator, by the formula

(9 @ W) = IW)(I(X1)X1 + I(X2)X2), W e I(T2),

where X1, X, is any (local) orthonormal frame of TX. Finally, for any H € R with H # 0, let ay € (-71/4, n/4)
be the angle

ag = %arctan (%), (A1)

and let gy € Hom(T,Z; TpX) be the (counterclockwise) rotation by the angle ay of each tangent plane T,
withp € 2.

Definition A.1. Let > be an (immersed) surface in H' with constant mean curvature H # 0. At any pointp € %,
we define the linear operator k € Hom(T,2; TpX) by

272
VH? + 12 2

The operator k is symmetric, i.e., (k(V), W) = (V, k(W)). The trace-free part of k is ko = k - %tr(k)ld. In
fact, we have

k=h+ 9®9)oqi. (A2)

272
VH? + 12
In the following, we identify the linear operators h, k, 9 ® 9 with the corresponding bilinear forms
(V, W) — h(V, W) = (h(V), W), and so on.
The structure of k in (A.2) can be established in the following way. Let X be the CMC sphere with R =
1/eH. From the formula (3.4), we deduce that, in the frame X;, X> in (3.1), the trace-free shape operator at the

point (z, t) € Xy is given by
(T )
ho = 5 ,
1+p T -H

where g = T¢|z|. On the other hand, from (3.9) and (3.8), we get

oVT1? + H?
Tv/1+ 02 ’

ko = ho + qro(9® 9o o qx. (A3)

S(Xl) =0 and S(Xz) =
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and we therefore obtain the following formula for the trace-free tensor (9 ® 9)o in the frame X1, X>:

_ (*+HY) ¢’ 1 0
I® 90 = o 71_'_@2 o -1 )"

Now, in the unknowns ¢ € R and q (that is a rotation by an angle f), the system of equations hg + cq(9 ®
9)oq ! = 0 holds independently of g if and only if ¢ = 272/vH? + 12 and § is the angle in (A.1). We record
this fact in the next:

Proposition A.2. The linear operator k on the sphere X with mean curvature H, at the point (z,t) € Xy, is
given by

k= <H+ 0’ 5V 12 +H2)Id.

1+p
In particular, 2 has vanishing kg (i.e., ko = 0).

Remark A.3. Formula (A.2) is analogous to the one discovered in the product spaces S* x R and H? x R in [1].
In conformal parameters, the trace-less part of (A.2) coincides, up to the sign, with the formula in [8].

In Theorem A.8, we prove that any topological sphere in H! with constant mean curvature has vanishing
ko. We need to work in a conformal frame of tangent vector fields to the surface.

Let z = x; + ix, be the complex variable. Let D ¢ C be an open set and, for a given map F € C=(D; H'),
consider the immersed surface X = F(D) c H'. The parametrization F is conformal if there exists a positive
function E € C*(D) such that, at any point in D, the vector fields V; = F*a%l and V; = F*a%z satisfy:

Vi? = [Va|* = E, (V1, V) =0. (A4)

We call Vy, V, a conformal frame for ¥ and we denote by .#" the normal vector field to X such that triple
V1, Vo, 4 forms a positively oriented frame, i.e.,

N = %Vl A\ Vz. (AS)
The second fundamental form of X' in the frame V1, V, is denoted by
L M
h= (hij)i,j=1,2 = (M N) , hi}' = (VAN Vj), (A.6)

where V; = Vy, fori = 1, 2. This notation differs from (3.4), where the fixed frame is X1, X,, .#". Finally, the

mean curvature of X' is
_ L+N _ h11+h22

2F 2E

By Hopf’s technique on holomorphic quadratic differentials, the validity of the equation ko = 0 follows

from the Codazzi’s equations, which involve curvature terms. An interesting relation between the 1-form 9
and the Riemann curvature operator, defined as

H (A7)

R(U,VW=VyVyW-VyVygW - V[U,V]W

forany U, V, W € I'(THY), is described in the following:

Lemma A.4. Let V, V, be a conformal frame of an immersed surface £ in H* with conformal factor E and unit
normal .¥'. Then, we have

(R(Vy, V)N, V3) = 4T*EI(V1)I(N). (A.8)

Proof. We use the notation
Vi=VEx+Viy+viT, i=1,2,

(A.9)
N = N X+ Y+ NTT.
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Using the fundamental relations (3.2) to write (R(V5, V1).4", V3), a direct computation based on the fact that
Vi, ) =(Vy, ) = (V1, V3) =0, and (V;, V,) = E yields the claim. O

For an immersed surface with conformal frame V,, V,, we use the notation V;E = E;, V;H = H;, V;N = N;,

ViM=M;, ViL=L;,i=1,2.

Theorem A.5 (Codazzi’s Equations). Let Z = F(D) be an immersed surface in H* with conformal frame V1, V,
conformal factor E and unit normal .#". Then, we have

1(Li-N; 5

Hy - E{ LMy -4t E9(V1)3(w)}, (A.10)
C1(Ny-Ls X

H, - E{ =2 My - 4 ES(VZ)S(,/V)}, (A11)

where L, M, N, H are as in (A.6) and (A.7).

Proof. We start from the following well-known formulas

1(L1-N
Hi= p{Z55 + My + ROV, Vo)A, Vo) (A12)
1(N,-L
H2=f{ 22 2+ My + (R(Vy, V)., V1>}- (A.13)
Our claims (A.10) and (A.11) follow from these formulas and Lemma A.4, see e.g. [13] for the flat case. O

Now we switch to the complex variable z = x; + ix, € D and define the complex vector fields

7= %(V1 —iV,) = F*(%),
7- %(V1 +iV,) = F*(%).

Equations (A.10)-(A.11) can be transformed into one single equation:
EzH) = 2(P 5N - iM) - 4T E9()3(2). (A14)

Consider the trace-free part of b = k - h, i.e.,
272
VH? + 12

The entries of by as a quadratic form in the conformal frame V;, V,, with 9; = 9(V;) and cg = Hz%rz’ are given
by

bo = quo(9® 900 g

2 2
A=bo(Vy, V1) = CH(H31 > % T'91l92>,

. (A15)

B = bO(Vly Vz) = CH(HL91192 + T@)

These entries can be computed starting from g (9 ® 9oqzt = q4(9 ® 9)o, where g is the rotation by the
angle 2ay that, by (A.1), satisfies cos(2ay) = H/vVH? + 12 and sin(2ag) = T/VH? + 12.

Lemma A.6. Let X be an immersed surface in H* with constant mean curvature H and unit normal 4 such

that V1, V,, ¥ is positively oriented. Then, on X we have

Z(A - iB) = —-412EY(A)I(2). (A.16)

Proof. The complex equation (A.16) is equivalent to the system of real equations

A1 + By = —412E9()I(V1),

2 (A17)
AZ - Bl =41 ES(L/V)B(VZ)’

where A; = V;A and B; = V;B, i = 1, 2. In order to verify (A.17), we proceed by direct computations. O
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Let 2 be an immersed surface in H! defined in terms of a conformal parametrization F € C*(D; H). Let
f € C*(D; C) be the function of the complex variable z € D given by
f(2) = # - iM+A-1iB, (A18)
where L, M, M, A, B are defined as in (A.6) and (A.15) via the conformal frame V;, V, and are evaluated at
the point F(z).

Proposition A.7. If X has constant mean curvature H then the function f in (A.18) is holomorphic in D.
Proof. From (A.14) with ZH = 0 and (A.16), we obtain the equation on X = F(D)

Z(#—iM+A—iB) -0,

that is equivalent to 0zf = 0 in D. O

Now, by a standard argument of Hopf, see [12] Chapter VI, for topological spheres the function f is iden-
tically zero. By Liouville’s theorem, this follows from the estimate

<
|2

If(2)] <

zeC,

that can be obtained expressing the second fundamental forms in two different charts without the north and
south pole, respectively. We skip the details of the proof of the next:

Theorem A.8. A topological sphere ¥ immersed in H* with constant mean curvature has vanishing k.

In the rest of this section, we show how to deduce from the equation ky = O that any topological
sphere is congruent to a sphere X. In fact, unlike the theory of holomorphic quadratic differentials in three-
dimensional manifolds, we do not use the fact that the isometry group of H! is four-dimensional.

Let h be the Lie algebra of H! and let (-, -) be the scalar product making X, Y, T orthonormal. We denote by
S2={veb:|v|=+/(v,v) = 1} the unit sphere in h. For any p € H', let 77 : H* — H' be the left-translation
7°(q) = p~! - q by the inverse of p, where - is the group law of H', and denote by ¥ € Hom(T,H';b) its
differential.

For any point (p, v) € H'xS? thereisaunique .#* € TpH" such thatv = 7¥.4" and we define TyH' = {W ¢
TpH' : (W, .#) = 0}. Depending on the point (p, v) and on the parameters H, T € R, with H? + 72 # 0, below
we define the linear operator ¢ € Hom(T,H L. T,52). The definition is motivated by the proof of Proposition
A9.Forany W e TyM, we let
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where V¥ € Hom(T,H 1.p) is the covariant derivative of ¥ in the direction W and the trace-free operator
(9® 9)o € Hom(TyH'; TyH") is

LW = 1P (Hw - 9@ 9Nogit w) + (V) ),

@29o=929- %tr(& © 9)Id.

The operator gy € Hom(TpH L T,H 1)is the rotation by the angle ay; in (A.1). The operator .%; is well-defined,
ie., ZygW € hand (ZyW,v) = Oforany W € TyH 1, This can be checked using the identity |.#'| = 1 and

working with the formula
3

(Vwtd)(A4) =Y (N, VY Yi(0),
i=1
where Y;, Y5, Y5 is any frame of orthonormal left-invariant vector fields.
Finally, for any point (p, v) € H! x §2, define

Eup,v) = {(W, ZgW): W € TyH'} € TpH' x T, S°.
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Then (p, v) — &y4(p, v) is a distribution of two-dimensional planes in H' x 2. The distribution &} origins
from CMC surfaces with mean curvature H and vanishing k.

Let Z be a smooth oriented surface immersed in H! given by a parameterization F € C=(D; H') where
D c Cis an open set. We denote by .4 (F(z)) € TpH', with p = F(z), the unit normal of  at the point z € D.
The normal section is given by the mapping G : D — S? defined by G(z) = tF @_y (F(2)), and we can define
the Gauss section @ : D — H' x §? letting @(z) = (F(z), G(z)). Then ¥ = &(D) is a two-dimensional immersed
surface in H* x §2, called the Gauss extension of X.

Proposition A.9. Let X be an oriented surface immersed in H' with constant mean curvature H and vanishing
ko. Then the Gauss extension 2 is an integral surface of the distribution &; in H' x S2.

Proof. Let .4 be the unit normal to X. For any tangent section W € I'(TX), we have

WEE) =tE (V) + VwthH(r)
= £ (h(W)) + (Vi tE) (),

where h(W) = V.# is the shape operator. Therefore, the set of all sections of the tangent bundle of X is
I(T%) = {(W F(h(w)) + (vwrf)(w)) CWe F(TZ)}.
The equation ko = 0 is equivalent to h = HId - b where, by (A.3),

tr(9 e 9 _
Qld) qu,

27?
bo = —an (909~

N/
and thus the sections of X are of the form

(W, ZyW) € I(TY) with W e I(T).
This concludes the proof. O

The proof of the next theorem follows the argument in [1, Proposition 4.3] with two minor differences.
First, the construction of the distribution &y is easier thanks to the Lie group structure of H'. Moreover, we
do not use the fact that the isometry group of H! is four dimensional. We instead observe that any topological
sphere has T as normal vector at some point.

Theorem A.10. Let X be a topological sphere in H* with constant mean curvature H. Then there exist a left
translation 1 and R > O such that 1((X) = 2.

Proof. Let H > 0 be the mean curvature of X, let R = 1/He, and recall that the sphere X has mean curvature
H.

Let T*(p) € T,Z be the orthogonal projection of the vertical vector field T onto TpZ. Since X is a topolog-
ical sphere, there exists a point p € X such that T?(p) = 0. This implies that either T = .4 or T = —.#" at the
point p, where .4 is the outer normal to X at p. Assume that T = .+,

Let 1 be the left translation such that ((p) = N, where N is the north pole of Xy. At the point N the vector
T is the outer normal to X'y. Since T = T (this holds for any isometry), we deduce that Xy and ((X) are two
surfaces such that:

i) They have both constant mean curvature H.
ii) They have both vanishing kg, by Proposition A.2 and Theorem A.8.
iii) N € Xg N 1(X) with the same (outer) normal at N.

Let M; = 2 and M, = () be the Gauss extensions of Zg and (), respectively. Let v = 7¥.4 € S2. From
i), ii) and Proposition A.9 it follows that M; and M, are both integral surfaces of the distribution &y. From
iii), it follows that (N, v) € M; N M,. Being the two surfaces complete, this implies that M; = M, and thus
Sp=102). O
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