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Abstract

Droplet-based microfluidics is a blossoming research field that presents great
potential for many applications, including high-throughput chemical and biologi-
cal analysis, synthesis of advanced materials, sample pretreatment, protein crystal-
lization, and encapsulation of cells. In most biomedical applications, non-Newtonian
fluids are frequently involved. The complete understanding of the role of their rhe-
ology on droplets breakup is still far from being achieved, which is crucial for the
realization of robust devices which have to be operated with those fluids.

The present work reports a comprehensive and systematic study of the droplet
breakup in a microfluidic T-junction, involving Newtonian droplets formed in ei-
ther Newtonian, purely shear-thinning or purely elastic (Boger) fluids. As shear-
thinning fluids, dilute and semidilute solutions of Xanthan, a stiff rod-like polysac-
charide, are investigated. At the concentrations considered, they exhibit a well
pronounced shear thinning behaviour with finite thinning exponents, while weak
elastic effects emerge only at relatively high concentrations. The role of elasticity
is instead investigated using solutions of polyacrylamide (PAA). In order to isolate
the elasticity from the shear-thinning behaviour, a Boger fluid is employed, which
is characterized by a constant viscosity due to a particular choice of the solvent.

From preliminary experiments with PAA results that, while the shape of droplets
formed in the Boger fluid is considerably altered with respect to the one in the cor-
responding Newtonian, there is no strong evidence for the elasticity to affect the
droplets size resulting after breakup. Instead, by quantitatively comparing New-
tonian and shear-thinning data, robust experimental evidence is provided that the
droplet size rescales nicely with an effective Capillary number (Ca), which reduces
to the usual Capillary number (Ca) when both liquids are Newtonian. System-
atic experiments with Xanthan are complemented with numerical simulations of
purely thinning fluids based on the lattice Boltzmann models (LBM), which are in
good quantitative agreement with the experimental data and confirm the proposed
scaling.
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Introduction

The field of microfluidics[1] has blossomed in the last two decades since effective mi-
crofabrication techniques, adapted from those used in microelectronics, became readily
available[2, 3]. Microfluidics involves the precise manipulation of fluids in extremely
small volumes, of the order of nano or pico-liter. At these scales, the high surface-to-
volume ratio implies that interfacial phenomena, such as wetting and capillarity, have
usually a dominant role. Microfluidics can be divided broadly in two categories, open
microfluidics and closed microfluidics. In the former, the liquids are deposited on a mi-
crostructured surface which is exposed to air, as in Fig. 1a, while in the latter the fluids
are enclosed in microchannels, as in Fig. 1b.

More specifically, in the field of (closed) droplet microfluidics, the liquids are fur-
ther confined into droplets, surrounded by another immiscible liquid, as shown in
Fig. 2. The fluid forming the droplets is called dispersed phase, while the fluid which
carries them is called continuous phase. Confining the fluids in droplets resolves many
problems which are inherent to single-phase microfluidics. In particular, different
droplets can act as independent microreactors in which the reagents can rapidly mix, as
in Fig. 2, without cross-contamination, as the dispersed phase does not get into contact
with the channels walls.

Droplets and bubbles are generated in a variety of microfluidic geometries designed
to bring two immiscible fluid streams into contact with one another. The most common
geometries can be broadly categorized into three types: coflow geometries in which im-

(a)

(b)

Figure 1: (a) A picture of an open droplet microfluidic platform controlling more than 20 reaction mi-
crovessels (droplets) with no microvalves or other moving parts. Source: [4]. (b) Example of microfluidic
chip with six parallel microchemostat reactors, used to study the growth of microbial populations. The
coin is 18 mm in diameter. Source: [5]
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Figure 2: Example of closed droplet microfluidic device. Three aqueous solution (reagents) are simultane-
oulsy injected into a stream of oil forming droplets (microreactors), where they can rapidly mix. Source: [6]

miscible fluids meet in parallel streams; cross-flow geometries, in which the immiscible
fluid streams meet at an angle to one another; and flow-focusing geometries in which
there is a geometric element that causes the streams to accelerate, narrowing the inner
fluid thread. While co-flow and flow-focusing geometries are usually the choice when
high-throughput droplet production is required, simpler devices like the T-junction
(Fig. 3), which is an example of cross-flow geometry, are still widely used due to their
simplicity of fabrication and ease of use, having only two inlets and one outlet.

The materials employed to fabricate these devices affect considerably the range of
possible applications. In particular, the wetting properties determine whether the dis-
persed phase is going to be oil or water. The most widespread materials used in micro-
fabrication are naturally hydrophobic (i.e. water-repellant) thus favoring, without any
surface treatment, an oil continuous phase and a water dispersed phase. The opposite
situation can occur if hydrophilic materials are employed, like glass. However, micro-
fabrication of glass devices is complex and expensive, requiring dedicated facitities. A
viable alternative is to use plastics. Many plastics are weakly hydrophilic, thus allow-
ing the production of oil droplets in water, once suitable surfactants (which affect the
wettability) are added to the continuous phase.

Figure 3: Example of droplet production in a T-junction. The dispersed phase and the continuous phase
meet at 90 degrees in a T-shaped junction. Source: [7]

The breakup dynamics of a fluid stream injected into a second, immiscible liquid
and the consequent formation of droplets are relatively well understood in the case of
two immiscible Newtonian fluids, such as water and oil. More specifically, beside the
precise geometry, an important parameter determining the size of the resulting droplets
is the capillary number Ca, which expresses the balance between viscous stresses and
interfacial tension.

Recently, this investigation has been extended to non-Newtonian liquids because
of their importance in real applications. Indeed, practically all fluids of interest for
biological application (e.g. blood, sinovial fluids) are non-Newtonian, exhibiting flow
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dependent viscosity and elastic effects.
Until now, most of the research has focused on the formation of non-Newtonian

droplets carried by Newtonian continuous phases. Only a few studies considered the
opposite case of droplets carried by a non-Newtonian continuous phase, mostly involv-
ing the flow-focusing geometry. An exhaustive description of the breakup mechanism
driven by non-Newtonian continuous phases in T-junctions is still effectively lacking.

This thesis reports a comprehensive and systematic study of the droplet breakup
in a microfluidic T-junction, involving Newtonian droplets formed in either Newto-
nian, shear-thinning (i.e. flow-depentent viscosity) or Boger (i.e. purely elastic) fluids.
As shear-thinning fluids, dilute and semidilute solutions of Xanthan, a stiff rod-like
polysaccharide, are investigated. At the concentrations considered, they exhibit a well
pronounced shear-thinning behaviour, i.e. the viscosity decreases with increasing shear
rate. Weak elastic effects emerge only at relatively high concentrations. The role of
elasticity is instead investigated using solutions of polyacrylamide (PAA), a polymer
which has a long and flexible structure. In order to isolate the elasticity from the shear-
thinning behaviour, a Boger fluid is employed, which is characterized by a constant
viscosity due to a particular choice of the solvent.

By quantitatively comparing Newtonian and shear-thinning data, robust experi-
mental evidence is provided that the droplet size rescales nicely with an effective Cap-
illary number (Ca), which reduces to the usual Capillary number (Ca) when both liq-
uids are Newtonian. Systematic experiments with Xanthan are complemented with nu-
merical simulations of purely thinning fluids based on the Lattice-Boltzmann method
(LBM), which are in good qualitative and quantitative agreement with the experimen-
tal data and confirm the proposed scaling. Preliminary experiments with PAA show
that, while the shape of droplets formed in the Boger fluid is considerably altered with
respect to the one in the corresponding Newtonian, there is no strong evidence for the
elasticity to affect the droplets size resulting after breakup.

This thesis is organized as follows: in Chapter 1 the main concepts of the physics
underlying droplet microfluidics are introduced. In Chapter 2 the droplet generators
and the breakup mechanisms are covered. In Chapter 3 the experimental method-
ologies are presented, including the microfabrication techniques which allow the re-
alization of the microfluidic T-junction. In Chapter 4 one of such fabrication tech-
niques, involving low-cost and readily available materials and equipments, is demon-
strated to be a valuable alternative to other standard, but more demanding, micro-
fabrication techniques. Chapter 5 contains the main results of the present work, ex-
ploring the production of droplets in non-Newtonian fluids, involving both elastic
and shear-thinnig properties. In particular, the effective capillary number used to
rescale the shear-thinning data is introduced and its validity is tested, complemented
by Lattice-Boltzmann numerical simulations. Finally, there are the conclusions and
an appendix, which reports an introduction to the Lattice-Boltzmann Method, i.e the
numerical scheme adopted for the simulations which complement the experimental
results.





Chapter 1

Basic concepts in fluid dynamics

In this chapter the main concepts of the fluid dynamics underlying droplet microflu-
idics will be briefly introduced. Section 1.1 covers the dynamics of both Newtonian
and non-Newtonian fluids. Section 1.5 introduces the concept of interfacial tension.

1.1 Fluid mechanics

In the approximation of continuum mechanics1, a fluid is described by classical fields,
e.g. continuous functions of space and time, which specify its properties in every point.
The fluid element in the volume dV in the position x at time t is described by a mass
density ρ(x, t) and a velocity field u(x, t). The conservation of mass is given by the
continuity equation:

∂tρ+∇ · (ρu) = 0 (1.1)

which states that the mass in the (fixed) volume dV , can change in time only via a mass
current ρu through the surface enclosing dV . This equation can be rewritten as:

Dρ

Dt
+ ρ(∇ · u) = 0 (1.2)

where the material derivative DA/Dt = ∂tA + u · ∇A expresses the time variation of
some quantity A in the reference frame of a fluid element which is moving along the
flow u. For an incompressible fluid, the density of a fluid element must remain constant
during time evolution, i.e. Dρ/Dt = 0, therefore the contraint of incompressibility is
equivalent to:

∇ · u = 0 (1.3)

i.e. the flow velocity is solenoidal. The general equation for the conservation of mo-
mentum is the analogous of Newton’s second law, called Cauchy equation:

ρ
Du

Dt
= ∇ ·T+ Fext (1.4)

where T is the total stress tensor and Fext is an external bulk force density (e.g. gravity).
This equation, together with the continuity equation 1.1, states that the variation of
momentum in a volume element dV , enclosed by the surface S, in the time dt, is due to
the momentum transported (advected) by the flow through S, the momentum Fextdt
due to a bulk force, and the momentum variation due to the stress T on S. The quantity

1that is the lenghtscale of the variation of the properties of the fluids are large compared to the gran-
ularity of the material

7
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Figure 1.1: Components of the stress tensor

Txy represents the ŷ component of the force (per unit area) exerted on a surface normal
to the x̂ direction, as in Fig. 1.1. Thus off-diagonal elements of T like Txy are shear
stresses, while the diagonal elements like Txx are normal stresses. In the case of an
incompressible fluid, the isotropic part of the normal stresses of T does not constribute
to the deformation of the fluid element, and is usually explicited out. The total stress
is then written as T = −pI+ τ , where p is the pressure, I is the identity matrix and τ is
called deviatoric or viscous stress tensor. The tensor τ is symmetric2 and traceless3, thus
only three shear stresses τ xy, τ xz , τ yz and two normal stress differencesN1 = τ xx−τ yy

andN2 = τ yy−τ zz must be specified. The quantitiesN1 andN2 are called, respectively,
first normal stress difference and second normal stress difference. A small deformation of a
fluid element can be described by the strain rate tensor:

ϵ̇ = ∇u+ (∇u)T

whose elements ϵ̇ij = (∂iuj + ∂jui) are linear in the components of the gradient of the
velocity field u. In the limit of small deformations, the viscous stress tensor can then be
expressed as a function of the strain rate tensor τ (ϵ̇). The particular stress-strain rate
relation τ (ϵ̇) is called costitutive law, and it is what specifies the properties of a fluid.
Once a particular form of the constitutive law is assumed then, at least in principle, the
eq. 1.4 can be solved.

1.2 Newtonian fluids

Many common fluids, e.g. water, gases and most liquids composed of small molecules,
are accurately described by a linear relationship:

τ = ηϵ̇ (1.5)

All these fluids are called Newtonian fluids and the constant of proportionality η is called
viscosity. In the case of a simple shear flow, as in Fig. 1.9c, this reduces to:

τ = η
dux
dy

= ηγ̇ (1.6)

2due to conservation of angular momentum.
3because the trace is included in the pressure p.
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where the quantity γ̇ = dux/dy is called shear rate. The relation in eq. 1.6, instead of the
more general in eq. 1.5, is commonly used as the definition of a Newtonian fluid.

Inserting the stress τ from eq. 1.5 in the Cauchy momentum equation 1.4, with the
additional assumptions of incompressibility ∇·u = 0 and of constant viscosity η (which
in general may depend on the local temperature), then the incompressible Navier-Stokes
equation is obtained:

ρ∂tu+ ρ(u · ∇)u = −∇p+ Fext + η∇2u (1.7)

with the constraint ∇ · u = 0. Boundary conditions have to specified for the pressure p
and the velocity u. In particular, in the case of a solid (impermeable) wall, if the fluid
is viscous (η > 0) the no-slip boundary condition is imposed, i.e. the u = 0 at the wall.

The non-linear term (u · ∇)u is commonly called inertial term, while η∇2u is called
viscous term. The non-linear term makes the equation difficult to solve and can lead
to very complex dynamics, however, in practice, in the context of microfluidics it can
usually be neglected. If L denotes the typical lenghtscale and U the typical velocity, by
dimensional analysis the ratio between the inertial term and the viscous term can be
written as:

Re =
ρUL

η
(1.8)

called Reynolds number. In microfluidics in most cases Re << 1, thus the dynamics is
dominated by viscous dissipation and the flow is laminar.

1.3 Non-Newtonian fluids

While there are many materials that can be adequately described as Newtonian fluids,
most real-world fluids exhibit at least some deviation from eq. 1.5, and they are thus
generally called non-Newtonian fluids.

In order to exhibit non-Newtonian behaviour, the flow must be able to alter the local
microstructure of the fluid, and that is why simple fluids composed of small molecules
are Newtonian at the velocity gradients available in nature or in the laboratory. This,
however, is not true for most complex fluids like solutions of colloidal particles, long
flexible polymers, wormlike micelles, and polymer melts. If λ denotes the stress relax-
ation time of the fluid element, then Wi = λγ̇, called Weissenberg number, is the ratio
between the stress relaxation time and the timescale of the flow. For instance, λ may
be the time it takes to a polymer chain to return to its equilibrium configuration after
being stretched by the stress exerted by the flow. Typical value of λ for a dilute polymer
solution are in the range 10−3 − 100s.

The number Wi determines whether the flow is able to depart the fluid microstruc-
ture from its equilibrium configuration. If the velocity gradients are small enough,
then Wi << 1 and even a complex fluid will behave as Newtonian. In order to trigger
non-Newtonian effects, Wi must be in the order of unity or larger.

There are many kinds of non-Newtonian fluids, and different ways to categorize
them based on their behaviour. The rest of this section will focus on the so-called gen-
eralized Newtonian fluids, which comprise both shear-thinning and shear-thickening,
and viscoelastic fluids.

1.3.1 Generalized Newtonian fluids

In time-independent fluids, the stress in some point is a function only of the strain rate in
that point τ = τ (ϵ̇), and thus such fluids have no memory of their past history. More
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Figure 1.2: Dependence of the shear stress τ and of the viscosity η on the shear rate γ̇ for different kinds
of generalized Netonian fluids.

specifically, in a generalized Newtonian fluid, the flow can instantaneously affect only the
local viscosity, but not the structure of the stress tensor:

τ = η(γ̇)ϵ̇ (1.9)

This is the simplest generalization of eq. 1.5. The flow-dependent viscosity η is a func-
tion only of shear rate γ̇ =

√
ϵ̇ij ϵ̇ij/2, which is an invariant quantity. It is common for

the viscosity to increase or decrease monotonically with the shear rate.
If the viscosity η increases with the shear rate γ̇, then the fluid is called shear-

thickening, or dilatant, fluid. An example is a suspension of cornstarch in water.
On the contrary, if η decreases with increasing γ̇, then the fluid is called shear-

thinning, or pseudoplastic. Shear-thinning fluids are quite common. Examples are
ketchup, paint, nail polish, whipped cream, many polymer solutions and polymer
melts.

Another kind of behaviour is that of Bingham plastics. At low shear stress, they ex-
hibit a solid-like behaviour and, in order for them to flow, the stress must exceed some
threshold value above which they can behave either as Newtonian or shear-thinning
fluids. An example is toothpaste. Fig. 1.2 summarizes the behaviours of the various
time-independent fluids described so far.

1.3.2 Power-law fluids

An important class of fluids is that of the so-called power-law fluids which exhibit, at
least in some range of shear-rate, a power law dependence on the shear-rate:

τ = kγ̇n

η = kγ̇n−1
(1.10)

The exponent n is called flow behaviour index and k is called flow consistency index. For a
shear-thinning fluid n < 1, while n = 1 corresponds to a Newtonian behaviour. Shear-
thickening fluids are described with n > 1, although these fluids are less common.
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Figure 1.3: Molecular structure of xanthan gum. Source: [8]

Xanthan gum

An example of shear-thinning fluid, which will be used in the experiments of this thesis
as the prototypical power-law fluid, is an acqueous solution of xanthan gum. Xanthan
gum is a semi-rigid rod-like polysaccharide (Fig. 1.3) secreted by the bacterium Xan-
thomonas campestris. It is vastly used in the industry as a rheology modifier. For
instance, it is used in the food industry as a thickening agent and stabilizer, and for the
drilling fluids in the oil industry. Indeed, even an amount of xanthan as small as 1% can
increase the viscosity of a solution by orders of magnitude. Although the molecule of
xanthan is quite stiff, elastic effects are reported in concentrated solutions[8], which are
due to network interactions. However, in dilute and semidilute solutions the dominant
behaviour is that of shear-thinning. Fig. 1.4 reports the viscosity dependence on the
shear-rate, for solutions of xanthan in water4 at different concentrations. The viscosity
has a power-law behaviour for a large range of shear rates, whereas at very low and at
very high shear rates a Newtonian behaviour is recovered, with viscosities ηo and η∞
respectively. In particular, the value of η∞ is slightly above the solvent viscosity. Both
the magnitude of the slope and ηo increase with concentration. A phenomenological
model which capture this behaviour is given by the Carreau-Yasuda model:

η(γ̇) = η∞ + (η0 − η∞) (1 + (λγ̇)a)
n−1
a (1.11)

where ηo and η∞ are the low shear-rate and high shear-rate limit viscosities, respec-
tively, λ is a relaxation time, and a is a parameter affecting the shape of the curve. For
high shear-rates γ̇ this model is practically equivalent (neglecting η∞) to that of eq.
1.10. The behaviour of xanthan solutions depends not only on the polymer concentra-
tion, but also on the polymer molecular weightMW , as shown in Fig. 1.5. At smallMW

the non-Newtonian behaviour is practically absent, while the shear-thinning becomes
important at molecular weights of the order of MW ∼ 106g/mol.

1.3.3 Viscoelastic fluids

Viscoelastic fluids exhibit, with shearing, some partial elastic recovery, behaving halfway
between an elastic Hookean solid and a purely viscous fluid. In a purely elastic situa-
tion the stress τ is a function of the strain ϵ (i.e. the displacement):

τ = Gϵ

4to which salt is added in order to stabilize the suspension
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Figure 1.4: Viscosity-shear rate curves for Xanthan solutions at different concentrations cp. Source: [9]

Figure 1.5: Viscosity-shear rate curves for Xanthan solutions at different molecular weights MW . Source:
[9]



1.3. NON-NEWTONIAN FLUIDS 13

while in a purely viscous fluid τ is a function of the strain rate ϵ̇:

τ = ηϵ̇

A viscoelastic behaviour would thus be described by a mixture of the two. The simplest
model is the Maxwell fluid, which is equivalent to a spring connected in series with a
dashpot. Its constitutive law has the form:

τ +
G

η
τ̇ = ηϵ̇

This fluid behaves like a solid at short times scales with respect to the relaxation time
λ = η/G, while it behaves as a viscous fluid at longer time scales. This simple model
however does not predict normal stress differences.

The minimal constitutive law which can adequately describe normal stress differ-
ences is that of a second-order fluid:

τ = ηϵ̇− Ψ1

2

∇
ϵ̇ +Ψ2ϵ̇ϵ̇ (1.12)

where the quatities Ψ1 and Ψ2 are parameters that depend on the material. This equa-
tion contains non-linear terms up to the second order. Analogously to the material

derivative, here the symbol
∇
A represents the upper convected time derivative, i.e. the

time derivative of some quantity A with respect to a reference frame which is moving,
rotating and stretching along with the flow5. In the case of a simple shear flow, this
constitutive law predicts normal stress differences N1 and N2 which are quadratic in
the shear rate γ̇:

N1 = Ψ1γ̇
2

N2 = Ψ2γ̇
2

(1.13)

The quantities Ψ1 and Ψ2 are parameters of the material, called viscometric functions,
and generally approach a constant value in the limit of small γ̇.

The existence of such normal stress differences in a shear flow implies that curved
streamlines exert a force in the (radial) direction normal to the flow. This gives raise
to phenomena like the Weissenberg effect, as shown in Fig. 1.6, in which a viscoelastic
fluid raises a vertical spinning rod because the centrifugal force is overcome by the
normal stress difference of the fluid.

Boger fluids

The fluid modeled by eq. 1.12 has a constant viscosity η. Although most viscoelastic
polymer solutions also exhibit shear-thinning (for which a third-order approximation
would be required), it is suitable to model the so-called Boger fluids, which are defined
as viscoelastic fluids with a constant viscosity. While a real Boger fluid does not exist,
good approximations can be obtained with polymer solution with a particular choice of
the solvent. Examples of Boger fluids are polyisobutylene solutions in polybutene, and
polyacrylamide in a viscous solvent like wheat syrup or glycerine. Molecules of these
polymers, like polyacrylamide (Fig. 1.7), are long flexible chains that tend to occupy
the available space in such a way as to have maximum entropy, to which correspond
the largest number of possible microscopic configurations. When they are streched, the

5the upper convecter time derivative of a tensor A is defined as
∇
A = DA/Dt− (∇u)TA−A(∇u).
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Figure 1.6: (a) An illustration of the mechanism of normal stress differences in viscoelastic fluids. A
shear flow rotates and stretches polymers along streamlines creating anisotropic elastic stresses. (b) The
Weissenberg effect (rod climbing): a rotating rod inside of a viscoelastic fluid excites an upward climb of
fluid, unlike in a Newtonian flow. (c) The Weissenberg effect is explained by normal stress differences
which develop along curved streamlines, leading to “strangulation” and an upward ascent. Source: [10]

Figure 1.7: Molecular structure of polyacrylamide.

number of available configurations is reduced, and thus there is effectively an entropic
restoring force which acts as a spring. Table 1.1 reports examples of Boger fluids com-
positions, made of solutions of polyacrylamide in different solvents. Fig. 1.8 reports
viscosity and first normal stress difference data for these Boger fluids. Indeed, the vis-
cosity is practically constant and the first normal stress difference is well described by
1.13.

1.4 Flows in microfluidics

In Fig. 1.9 are depicted some examples of confined flows, which are of particular inter-
est for droplet microfludics.
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Table 1.1: Composition of various polyacrylamide (PAA AP30) Boger fluids, in different solvents. Source:
[11]

Figure 1.8: Steady shear properties for the polyacrylamide Boger fluids reported in Table 1.1, indicating
the dependence on the shear rate of the viscosity and first normal stress coefficient. Source: [11]
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Figure 1.9: Examples of flows in microfludics. (a) extensional flow in a cross-junction; (b) Poiseuille flow;
(c) simple shear flow, or Couette flow. Source: [12]

The central region of a cross-junction, as in Fig. 1.9a, is a particular case of elonga-
tional flow (sometimes called extensional flow). In this flow, due to incompressibility,
the strain rate in one direction (e.g. the vertical one) is compensated by an opposite
strain rate in the other (lateral) direction. In other words, the fluid is elongated, or
stretched, in one direction and compressed in the other. The normal stresses in this
situation are not isotropic and, even in the case of a Newtonian fluid, the normal stress
differences N1 and N2 are generally non zero.

Fig. 1.9b shows the Poiseuille flow, which is confined between two fixed parallel
walls. The flow is obtained by applying a constant pressure difference ∆p between
the two lateral sides of the channel. The velocity profile is parabolic, and the average
velocity is proportional to the applied pressure difference. The shear rate is maximum
at the walls and zero at the center.

Fig. 1.9c reports the case of a simple shear flow. This flow, called also Couette flow,
is confined between two parallel walls with a distance L, one moving with a constant
velocity U withe respect to the other. Thus the shear rate is constant and equal to
γ̇ = U/L In this kind of flow the diagonal components of the strain rate ϵ are zero.
Therefore, the corresponding components of τ are also zero in Newtonian fluids, and
thus in a simple shear flow they do not exhibit normal stress differences. This is not true
in general for non-Newtonian fluids, which can exhibit finite normal stress differences
even in a simple shear flow, as shown in the previous section.

1.5 Interfacial tension

The previous sections dealed with the bulk description of fluids with a homogeneous
composition, whose fluid elements interact through local stresses. The particles of a
real fluid, or a mixture of real fluids, however exhibit also long range interactions (van
der Waals), as well as short range cohesive forces (between like particles) and adhesive
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forces (between unlike particles). Macroscopically, this can lead to the formation of an
interface, that is a surface separating two phases, e.g. the interface between a liquid
and its vapor or the interface between two immiscible fluids.

1.5.1 Interfacial energy

The formation of such an interface can be described with thermodynamics. Consider-
ing the case of a mixture of two fluids A and B, the local composition of the system
can be described in terms of some quantity ϕ. For example, ϕ may be the fraction of
particles (per unit volume) of the A component of the fluid, i.e. ϕ = nA/N , where
N = NA + NB is the total number of particles. The total free energy F of the sys-
tem in the volume V can then be approximated as the sum of two contributions in the
following form[13]:

F =

∫
V
dV f0(ϕ) + κ(∇ϕ)2 + . . .

where f0(ϕ) is the free energy per unit volume that there would be if the system was
homogeneous in composition, i.e. the energy required to have a composition ϕ, and
the other term is a function of the gradient of the local composition, i.e. an energy term
due to spatial variations of the composition. Only small variations of the composition
are assumed and higher order terms are neglected.

Assuming that there is a flat interface of area A (with coordinate z normal to it)
separating the system in two phases of bulk composition ϕ1 and ϕ2

6, as in Fig. 1.10,
then F can be rewritten as:

F = A

∫ +∞

−∞
dz f0(ϕ) + κ

(
dϕ

dz

)2

The interfacial free energy per unit area σ is defined as the difference of the total free
energy (per unit area) with respect to the one that there would be if the same particles
were in one of the two phases:

σ =

∫ +∞

−∞
dz f0(ϕ) + κ

(
dϕ

dz

)2

−NϕηeqA −N(1− ϕ)ηeqB

=

∫ +∞

−∞
dz∆f(ϕ) + κ

(
dϕ

dz

)2

where ηeqA and ηeqB are the equilibrium chemical potentials of the component A and
B, respectively, in one of the two phases (which are equal at equilibrium). The term
∆f(ϕ) = f0(ϕ)−NϕηeqA −N(1−ϕ)ηeqB can be interpreted as the free energy (or “chemical
work”) required to transfer the particles in the volume Adz from an infinite reservoir
with composition ϕ1 or ϕ2 to a composition ϕ, while the other term is again due to the
spatial gradient in composition.

The system, in general, is not at equilibrium and σ is not at its minimum value.
For example, starting from a situation with an interface diffused over a large distance
(or even a uniform composition), the gradient term κ (dϕ/dz)2 would be very small,
at the expense however of a large intergrated value of ∆f due to the system being
distant from the composition ϕ1 or ϕ2. At equilibrium the composition will have a
sigmoidal shape as depicted in Fig. 1.10, with the interface being practically localized

6that is, in this context, ϕ1 is the fraction of particles of the A component in one phase, while ϕ2 is the
fraction of particles of the same A component in the other phase.
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Figure 1.10: Interface forming in a mixture of two fluids, separating two regions of uniform composition
ϕ1 and ϕ2.

in a region of thickness δ which separates the two phases. The thickness δ increases
with the temperature T , and can become infinite at some critical temperature Tc, at
which the two phases reach the same composition ϕc.

However, for all practical purposes in droplet microfluidics where two immiscible
fluids are involved, the interface has a thickness of the order of the molecular size and
is usually approximated with a geometrical surface. The effective interfacial energy, or
interfacial tension, is then defined as the free energy dF required to increase the area of
the interface by an amount dA:

σ =

[
∂F

∂A

]
T,V,N

(1.14)

Since σ is positive, in order to minimize free energy, the system will naturally evolve
towards a configuration of minimum surface area A. If two parallel lines of lenght L
lying on the surface are considered, the product σL is the work required to pull apart
these two lines (in the perpendicular direction) by a small amount dx, thus increasing
the area A by an amount Ldx. Interfacial tension can therefore be interpreted as a force
per unit lenght required to pull apart two regions of the interface. An interface acts, in
some sense, as an elastic membrane and, e.g., a gas bubble or a liquid drop surrounded
by another immiscible liquid tend to assume a spherical shape, which has the smallest
surface area.

Young-Laplace equation

In order to minimize its area, the interface assumes in general a curved shape, as in
the example of the bubble above. At equilibrium, the tangential stresses exerted on the
fluid by the interface must obviously be zero since, by definition, a static fluid cannot
sustain a tangential stress. A curved interface, however, can still exert normal stresses,
which are opposed by the fluid with a pressure discontinuity across the interface. This
pressure difference ∆p, called Laplace pressure, is balanced by surface tension according
to the Young-Laplace equation:

∆p = σH = σ

(
1

R1
+

1

R2

)
(1.15)
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where R1 and R2 are the principal radii of curvature and H is the total curvature. In the
simple case of a spherical drop, the two radii are equal R1 = R2 = R and the equation
simplifies to ∆p = 2σ/R.

1.6 Two-phase flows

The existence of an interface separating two different fluids A and B introduces new
boundary conditions for the Navier-Stokes equation. If n̂ denotes the normal to the in-
terface, then the normal component of the velocity u · n̂ must be continuous across the
interface and equal to the velocity of the interface. The tangential velocity must also be
continuous and be the same in the two fluids at the interface. Similary, the tangential
stress must be continuous. Assuming, for simplicity, two Newtonian fluids of viscosi-
ties ηA and ηB , the surface normal in the ŷ direction and the tangential velocity in the
x̂ direction, then:

ηA

(
dux
dy

)
A

= ηB

(
dux
dy

)
B

(1.16)

This shows than an important parameter affecting the flow is the viscosity ratio:

λ =
ηA
ηB

(1.17)

As already mentioned in Sec. 1.2, in microfluidics the inertial effects are usually negligi-
ble when compared to viscous stresses, since the Reynolds numberRe << 1. Similarly,
the ratio between the inertia and interfacial tension is given by the Weber number

We =
ρU2L

σ
(1.18)

The Weber number in microfluidics is also usually small, although in particular cases it
can become important, for instance in microfluidic devices operated at very high speed.
When this is not the case, since also the effect of gravity is usually negligible, then the
forces that dominate the flow are viscous stresses and interfacial tension.

Capillary number

The ratio between the viscous stresses and interfacial tension defines the capillary num-
ber Ca, and can be found by dimentional analysis. If L is the typical lenght scale, then
the force due to viscous stress τ on the surface L2 is ηγ̇L2, while the force due to inter-
facial tension is σL. The shear rate γ̇ is the velocity gradient U/L, where U is the typical
velocity. Thus the ratio between the viscous force and the interfacial tension is:

Ca =
ηU

σ
(1.19)

Typical values for Ca in droplet microfluidics are in the range 10−4 − 101.





Chapter 2

Droplet formation mechanisms

Droplets and bubbles are generated in a variety of microfluidic geometries designed to
bring two immiscible fluid streams into contact with one another. The most common
geometries can be broadly categorized into three types: coflow geometries in which im-
miscible fluids meet in parallel streams; cross-flow geometries, in which the immiscible
fluid streams meet at an angle to one another; and flow-focusing geometries in which
there is a geometric element that causes the streams to accelerate, narrowing the inner
fluid thread. These geometries are illustrated in Fig. 2.1.

Droplet formation in a T-junction device was first reported by Thorsen et al.[14],
who used pressure controlled flows in microchannels to generate droplets of water in
a variety of different oils. A typical example of a T-junction is depicted in Fig. 2.2,
which shows the two phases flowing through two orthogonal channels and forming
droplets when they meet. The T-junction is widely adopted due to the simplicity of
microfabrication and ease of operation, having only two inlets and one outlet. The
only geometrical parameters are channel height h, the main channel widthwout and the
lateral channel width win, as shown in Fig. 2.2. The effects of varying the geometrical
parameters are relatively well understood[15].

The first flow-focusing device was reported by Anna et al.[16]. This geometry is
more complex, involving more geometrical parameters, as shown in Fig. 2.3. The
large number of geometrical aspect ratios characterizing flow-focusing devices has pre-
vented the determination of simple scaling laws to predict the droplet size, distribution
and rate of emission as a function of the key parameters. Nevertheless, these devices
are widely used, as well as coflow devices, expecially when high throuhput production
of monodisperse droplets is required. The frequency of prodution can go over 10kHz
and the size of the droplets can go down to ∼ 1µm [17].

In all these systems, droplet breakup is observed to occur in different regimes, de-
pending on the parameters of the systems. In all geometries, two regimes, called drip-
ping and jetting, are observed. In these regimes droplet formation is due to a complex
interplay between viscous drag, interfacial tension and, in some cases, inertia, which
determine the size of the resulting droplets.

In addition, when the size of droplets becomes comparable with the size of the chan-
nels, the geometrical confinement becomes important, and in some cases it becomes
the dominant effect in determining the droplet size. This results in a third regime of
breakup, called squeezing, which is not always observed, depending on the particular
geometry.

The role of geometrical confinement can be better understood by first considering
the opposite, simpler situation of an unconfined coflow. In section 2.1 the dynamics of

21
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Figure 2.1: Illustrations of the three main microfluidic geometries used for droplet formation. (a) Co-
flowing streams, (b) cross- flowing streams in a T-shaped junction, and (c) elongational flow in a flow
focusing geometry. In each case the widths of the inlet and outlet streams are indicated. It is assumed that
the device is planar with a uniform depth h. Source: [18]

droplet breakup is described in the coflow geometry without confinemet. In this situ-
ation the breakup can happen either in dripping or in jetting, and is due to interfacial
instabilities. Section 2.2 gives some insight on the role of confinement, and how it can
suppress the interfacial instabilities. In this situation, the squeezing regime of breakup
can arise, in which the breakup is driven by geometrical confinement and is caused
by the pressure build-up due to the channel obstruction. In the same section, given its
simplicity, a full derivation of the scaling law of the droplet size in squeezing is given
in the case of the T-junction geometry.

2.1 Breakup in unconfined coflow

In this geometry a liquid stream is injected co-axially in another viscous liquid. An
implementation of such a system, shown in Fig 2.4a, is realized by inserting a tapered
capillary tube, with a tip diameter dtip = 30µm, inside another tube which has a square
cross section with lateral size D = 1mm. Since dtip/D ∼ 10−2, the geometrical con-
finement on the local flow close to the tip due to the outer tube walls can be negleted.
In this system droplet breakup is observed to happen in two distinct regimes, called
dripping and jetting.
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Figure 2.2: Example of droplet production in a T-
junction. The dispersed phase and the continuous
phase meet at 90 degrees in a T-shaped junction.
Source: [7]

Figure 2.3: Example of droplet production in
a flow-focusing device. The dispersed phase
is squeezed by two counter-streaming flows of
the continuous phase, forcing droplets to detach.
Source: [7]

Figure 2.4: Example of droplet production in a co-flowing device. (a) Device geometry showing the ta-
pered inner capillary in the outer square capillary. (b) Image of the dripping regime. (c) Image of a narrow-
ing jet generated by increasing Qout above a threshold while keeping Qin constant, with ηin/ηout = 0.1.
(d) Image of a widening jet generated by increasing Qin above a threshold while keeping Qout constant,
with ηin/ηout = 0.1. Scale bar applies to (b)-(d), the walls are not shown. Source: [19]
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Figure 2.5: Droplet formation in the dripping regime: (a) growth; (b) necking and separation. Source: [20]

2.1.1 Dripping

At small flow rates of both the inner and the outer fluid, the droplets are emitted pe-
riodically close to the tip, as shown in Fig. 2.4b. In this dripping regime, the growing
droplet experiences two competing forces: viscous drag pulling it downstream and
forces due to interfacial tension holding it to the tip. Initially, interfacial tension dom-
inates and the droplet has a spherical shape. As the droplet grows, the drag forces
eventually become comparable with the interfacial tension, and the droplet is pulled
downstream leaving behind a neck, as shown in Fig. 2.5. The neck then rapidly col-
lapses due to interfacial instability, i.e. a perturbation of the interface that leads to a
decrease in interfacial area is amplified by interfacial tension. Such instability grows
faster than it is advected by the flow, and leads to a self-sustained, well-tuned oscilla-
tion, that has a fixed position in space and is called absolute instability The diameter of
the resulting droplet is found to decrease with the capillary number Caout of the outer
fluid as ddrop ∼ Ca−1

out [20]

2.1.2 Jetting

When the capillary number Caout is increased above a value of the order of unity, the
absolute instability is suppressed since it does not have time to grow, and a steady,
narrowing jet is formed as shown in Fig. 2.4c. The jet then breaks into droplets further
downstream due to the Rayleigh-Plateau instability: a perturbation, due to noise in
the system, can be decomposed in different wavelenghts, and the fastest growing com-
ponent has a wavelenght which is proportional to the cylinder diameter; the cylinder
then decomposes into spherical droplets whose diameter is roughly twice the one of
the original cylinder.

As shown in Fig. 2.6, the diameter of the jet, and consequently that of the droplets,
is found to scale with the flow rate ratio as djet ∼ (Qin/Qout)

1/2. This instability is
different from the absolute instability as it does not have a specific position in space and
is independent on the geometry of the tip. The position of breakup depends on how
far the perturbation can travel during the growth time, therefore this kind of instability
is called convective instability.



2.2. BREAKUP IN CONFINED GEOMETRY 25

Figure 2.6: Example of droplet production in a co-flowing device in the jetting regime, at varying the flow
rate ratio φ = Qin/Qout. The viscosity ratio and the capillary number of the outer phase are fixed and are,
respectively, λ = ηin/ηout = 10−2 and Caout = 5. (a) φ = 10−2; (b) φ = 6 · 10−3; (c) φ = 5 · 10−4 Source:
[21]

2.1.3 Dripping to jetting transition

The transition from dripping to jetting by increasing the capillary value Caout can be
interpreted as a transition from an absolute to a convective instability[22], and is found
to happen at a critical value of Caout which is a function of the viscosity ratio between
the two phases[23].

In the coflowing system, another kind of transition from dripping to jetting is ob-
served when the velocity uin of the inner phase is increased, while keeping fixed Caout.
At small uin, the Weber number We = ρindtipu

2
in/σ is very small, and inertia is neglible

with respect to interfacial tension. However, when We ∼ 1 a widening jet is observed,
as shown in Fig. 2.4d. The reason that it widens is that the inner flow velocity is higher
that the velocity of the outer fluid, thus because of viscous drag it is slowed down in
the axial direction. Again, the formation of droplets due to an absolute instability is
observed[22], until Caout is increased above ∼ 1, where a stable jet is obtained which
later breaks down into droplets due to the Rayleigh-Plateau convective instability. A
phase diagram of dripping and jetting at varying Caout and We is shown in Fig. 2.7.

2.2 Breakup in confined geometry

The situation can be dramatically different when the flows are confined along one di-
mension, like between two parallel walls, or along two dimensions, like in a microchan-
nel. Fig. 2.8a shows an example of planar geometry in which the channels have a
rectangular cross-section, all with the same height h. This situation is typical in mi-
crofluidics, and is a result of most of the microfabrication techniques. The particular
case in Fig. 2.8 is a coflow in which, similarly to the one described in the previous sec-
tion, the dispersed phase exiting the nozzle, with flow rate Qi, meets in parallel with
the continuous phase that comes from two lateral channels, with flow rate Qo. The
outlet channel has a lateral size W which is large compared to the height h, thus the
confinement is mainly due to the height h.
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Figure 2.7: State diagram of the dripping-to-jetting transition in a coflowing stream as a function of the
capillary number continuous (outer) phase Caout and the Weber number of the dispersed (inner) phase
Win. Filled symbols represent dripping while open symbols represent jetting. Each symbol shape is a
different viscosity ratio, interfacial tension, or geometry. Source: [19]

Figure 2.8: (a) Schematic of a coflowing device with confinement. The devices have an outlet channel of
width W = 700µm and a height h = 34µm. The inner fluid enters through a nozzle of width d = 20µm.
The scale bar is 200µm. The inner and outer fluids have flow rates Qi and Qo, respectively. (b) Drop
formation in a dripping regime, (c) drop formation in a jetting regime, and (d) jetting without breaking.
Source: [24]

The droplet breakup is observed in dripping (Fig. 2.8b), close to the nozzle, or in
jetting, i.e. after the formation of a jet which then breaks downstream into droplets due
to the Rayleigh-Plateau instability (Fig. 2.8c). However, when the lateral size of the
jet, which grows with the ratio Qi/Qo, becomes comparable with or greater than the
height h of the channel, the jet becomes stable and no droplet is formed, as shown in
Fig. 2.8d. Due to confinement, the jet doesn’t have a cylindrical shape anymore and, in
this situation, any perturbation of the interface results in a increase of its surface area.
The interfacial instability is thus suppressed by the confinement.

2.2.1 Squeezing regime

When the flows of the dispersed and continuous phases are further confined, by both
being forced through a microchannel, like in Fig. 2.2, a third regime of breakup may
arise. In this regime, called squeezing, the otherwise stable stream of the dispersed
phase is broken down into segments, not by shear stresses like in dripping, but by
the build-up of the upstream pressure due to the increased resistance to flow of the
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Figure 2.9: (a) A schematic illustration of the microfluidic T-junction composed of rectangular channels.
The channels are planar and have uniform height h. (b) A top view of the same schematic in a two-
dimensional representation. Flow along the main channel proceeds from left to right. Oil is used as the
continuous phase, which is injected in the main channel, of width w. Water, which is used as the dispersed
phase, is injected in the orthogonal inlet. The dispersed phase inlet has a width win which is smalled than
the main channel width w, in particular 1 < w/win < 4. The length L of the droplet is the distance
between the furthest downstream and upstream points along the interface of a fully detached immiscible
plug. Source: [25]

continuous phase, which results from the obstruction of the channel caused by the
dispersed phase.

This regime is observed both in cross-flow, e.g. T-junctions and cross-junction, and
in flow-focusing geometries when they are operated at very low capillary numbers
Ca < 10−2 and only if the confinemet is important enough for the dispersed phase to
obstruct the main channel.

2.2.2 T-junction

The squeezing mechanism of breakup was first proposed by Garstecki et al.[25] con-
sidering the T-junction geometry, as shown in Fig. 2.9. The T-junction is made by two
microchannel joining at a right angle. The main channel has a width w, the lateral one
has a width win, and both have the same height h. In their experiment, Garstecki et al.
used oil as continuous phase, injected with a flow rate Qoil in the main channel, while
water is used as dispersed phase, injected in the lateral channel with flow rate Qwater.

When the lateral channel widthwin is very small compared to the main channel, e.g.
win ≲ 1/4, then the dispersed phase stream is distorted due to the viscous stress exerted
by continuous phase, and breakup happens before the emerging dispersed phase can
reach the opposing channel wall. This situation is analogous to that in Fig. 2.8, and
breakup happens either in dripping, at small Ca, or in jetting, at higher Ca.

Whenwin is comparable with the main channel widthw, e.g. 1/2 ≲ win/w ≲ 1, then
the dispersed phase entering the main channel can completely obstruct the it before
breaking up, as depicted in Fig. 2.9b. Actually, the continuous phase can still flow
around the dispersed phase, either by the thin lubricating film or leaking through the
four corners (gutter flow), as shown in Fig. 2.10.

The breakup dynamics was originally thought to be driven by the shear stress[14]
on the interface exerted by the continuous phase in the gap between the interface and
the wall. However, experiments with continuous phases of different viscosity µ, re-
ported in Fig. 2.11, show that the size L of the droplets is practically independend on
the viscosity, but is determined mainly on the flow rate ratio Qwater/Qoil, being L ∼ w
for Qwater/Qoil ≲ 1 and L ∼ Qwater/Qoil for greater ratios. This, in addition to the
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Figure 2.10: Cross section view of a large moving droplet (green) in a rectangular capillary filled with the
continuous phase (orange), featuring thin lubrication films, with thickness e, and corners gutters. Source:
[7]

fact that the capillary numbers in these experiment are very small, being in the range
10−5−10−3, suggests that viscous stress is not the driving force in the squeezing regime.

In the mechanisms proposed by Garstecki et al.[25], described in Fig. 2.12, the forces
which act on the dispersed phase are the interfacial tension, the viscous force exerted
by the continuous phase flowing in the gap, and the force due to the increased pressure
upstream of the emerging dispersed phase, which results from the continuous phase
being forced to flow in a narrow gap.

The surface tension force is associated with the Laplace pressure jump ∆pL across
the (quasi-)static interface, ∆pL = σ(r−1

a +r−1
r ), where ra is the radius of axial curvature,

in the plane of the device, and rr is the radius of the radial curvature, in the cross-
section of the neck joining the inlet for the dispersed phase with the tip.

In the intermediate stage of the process of formation of a droplet (Fig. 2.12a) the
radial curvature is bounded by the height of the channels (h < w) and rr ∼ h/2 (or
less) everywhere. The axial curvature is greater at the downstream tip of the dis-
persed phase (rtipa ∼ w/2) than at the upstream side of it (rupa ∼ w). The interface
on the downstream side of the thread acts on the liquid inside the thread with a stress
pL ∼ −σ(2/w + 2/h), oriented upstream. The interface located upstream acts on the
dispersed phase with a stress pL ∼ σ(1/w + 2/h), oriented downstream. The sum of
the two, multiplied by the cross-section wh of the channel gives the estimate of the
interfacial tension force Fc ∼ −σh, which is oriented upstream.

If ugap = Qoil/hϵ denotes the velocity of the continuous phase in the gap ϵ, the
viscous stress can be estimated as τ ∼ µugap/ϵ. The force exerted on the area of the gap
Agap ∼ hw by the continuous phase is then Fτ = Agapτ ∼ µQoilw/ϵ

2.
The pressure drop of a fluid flowing in a rectangular channel of length ∼ w and

with lateral dimension h and ϵ << w is given by the Hagen-Poiseuille law as ∆P ∼
µQoilw/hϵ

3. The resulting force on the surface on the upstream side of the dispersed
phase, which has area ∼ hw, is FR ∼ ∆phw ∼ µQoilw

2/ϵ3. If ϵ << w, then it is now
evident why the viscous force Fτ is negligible with respect to FR.

Four stages are identified during droplet breakup, as shown in Fig. 2.12c-e: (I) the
dispersed phase enters the main channel, (II) the dispersed phase obstructs the channel,
(III) the droplet grows and the neck thins until (IV) detachment.

The length L of the droplet can then be found by estimating the volume Vfill of
fluid that is injected in the droplet during the growth stage (III), in addition to the
initial volume V0 at the stage (II).

When the dispersed phase has obstructed the main channel (II), the neck has a char-
acteristic size d, as shown in Fig. 2.12a. The pressure upstream increases due to the
increased resistance to flow and the continuous phase starts to “squeeze” the upstream



2.2. BREAKUP IN CONFINED GEOMETRY 29

Figure 2.11: Dependence of the length L of the aqueous droplets produced in the T-junction (h = 33µm,
w = 100µm, win = 50µm), on the flow rates of the dispersed (Qwater) and continuous (Qoil) phases. (a)
Dependence of L on Qwater for constant value of Qoil, (b) dependence of L on Qoil for constant value of
Qwater . The Roman numerals correspond to the optical micrographs shown below the figures. (c) Dimen-
sionless length of the droplets (L/w) plotted as a function of the ratio of the flow rates of the dispersed
and continuous phases. There are five different series of data plotted on this graph, each corresponding
to a different combination of the viscosity (µ) of the continuous fluid and its flow rate (Qoil). The legend
is given in the figure. There is a hundred-fold difference in the shear stress τ ∝ µQoil between the first
(open circle) and last curve (filled square). Source: [25]

side of the interface. The neck size decreases at a rate usqueeze which is of the order
of the velocity of the continuous phase, i.e. usqueeze ∼ Qoil/hw. The neck thins un-
til it reaches the corner of the junction (Fig. 2.12b), at which it rapidly collapse and
the droplet detaches. The total time in which the droplet it connected through the
neck to the dispersed phase thread is thus tneck = d/usqueeze. During the time tneck
the droplet is filled by the dispersed phase at a rate Qwater, and the injected volume is
Vfill = Qwatertneck. The initial volume in the channel is of the order of ∼ w2h, which is
the cross section multiplied by the initial length ehich is of the order of ∼ w (Fig. 2.12a).

The total volume of the droplet is thus Vdroplet = V0+Vfill and the length is obtained
by dividing this by the cross-section hw, i.e. L ∼ w+(d/usqueeze)Qwater/hw. The length
of the droplet is thus L ∼ w+ dQwater/Qoil. It is common to normalize the length L by
the channel width w:

L

w
= 1 + α

Qwater

Qoil
(2.1)

where α = d/w ∼ win/w. The scaling in eq. 2.2 shows that in the squeezing regime,
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Figure 2.12: (a) A schematic illustration (top view) of the shape of the tip of the immiscible thread at an
intermediate stage of break-up. The separation between the interface and the wall of the main channel
is denoted as ϵ. The length of the tip is on the order of the width w of the main channel. The radii ra of
axial curvature (in the plane of the device) are rtipa ∼ w/2 (at the downstream side of the tip) and rupa ∼ w
(at the upstream side). The positions at which are defined the hydrostatic pressures in the dispersed and
continuous phases are indicated with pd and pc, respectively. At this stage of breakup, the neck has a
characteristic size d of the order of ∼ w. In (b) is depicted the moment right before breakup, when the
neck is collapsing. Insets (a) and (b) (bottom view) illustrate the axial and radial curvature. (c) - (e) Four
stages of formation of a droplet are idientified: the stream of the dispersed phase enters into the main
channel (I), the stream blocks the main channel (II), the droplet elongates and grows downstream (III), the
droplet separates from the inlet (IV). (c) Evolution of the Laplace pressure jump across the interface (∆pL),
(d) micrographs of at the respective stages. (e) Schematic illustration of the evolution of the hydrostatic
pressure pd in the dispersed phase at the end of the inlet, pressure pc in the continuous phase in the
junction, and the difference pd −∆pL. Source: [25]

which holds at very small capillary number Ca ≲ 10−2, the droplet size depends only
on the flow rate ratio and the geometry of the T-junction. The parameter α has been
derived here as a constant of the order of the ratio between the lateral and the main
channel widths. It is common express the scaling law of the droplet length as:

L

w
= α1 + α2

Qd

Qc
(2.2)

where Qd and Qc are, respectively, the flow rate of the dispersed phase and of the
continuous phase, while α1 and α2 are fitting parameter which depend on the geometry
of the T-junction, which are both of order ∼ 1.



Chapter 3

Materials and Methods

This chapter gathers the various experimental methodologies which are used to realize
the experiments presented in subsequent chapters.

The T-junction and the overall microfluidic system are described in Sec. 3.1. The
pendant drop technique, used to measure the interfacial tension between different liq-
uids, is presented in Sec. 3.2. The microfabrication techniques used to realize the
microfluidic devices are presented in Sec. 3.3. Finally, the experimental setup which
allows the measurement of the droplets is described in Sec. 3.4.

3.1 Microfluidic system

The microfluidic system used in this work consists of both a microscopic fluidic device,
which has inputs and outputs, as well as some external macroscopic actuators which
control the fluids injected in the system. The microfluidic device is composed of two
microchannels that meet at a right angle, forming the so called T-junction, as shown inf
Fig.3.1. The two microchannels have the same rectangular cross section, with a lateral
width W and a height H . In general, the T-junction is used by injecting two different
fluids independently in the two inlets of the microchannels, controlling either the input
pressure or the flow-rate by some external device.

In the case of droplet microfluidics, the two injected fluids are immiscible, e.g. water
and oil (or a liquid and a gas), and when they meet at the junction droplets of one fluid
are formed and carried out by the other fluid. The fluid of which the droplet are made
of is called dispersed phase, while the outer fluid, which carries them, is called continuous
phase. The overall resulting fluid exiting the outlet, consisting of both the dispersed and
the continuous phases, is called microemulsion.

Figure 3.1: Schematic representation of the geometry of the T-junction microfluidic device.
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The two inlets of the main and the side microchannels of the T-junction are coupled
by Teflon tubing to two glass syringes (500µl), while the outlet tubing goes to a reser-
voir at atmospheric pressure. Two identical syringe-pumps (PHD 2000, Harvard Appa-
ratus) are used to actuate the syringes, therefore the flow rateQd of the dispersed phase
and the flow rate Qc of the continuous phase at the inlets of the T-junction (Fig.3.1) are
forced to be the same as the ones at the outlets of the respective syringes, which are
determined by the speed of the syringe-pumps. This is true only if the tubing are rigid,
as in the case of Teflon tubing. If they are elastic, as in the case of silicone tubing, the
flow rate at one inlet of the T-juntion are not istantaneously equal to the syringe one,
but it will become so if the system is given enough time, in order for the tubing to de-
form and for the fluid to reach a stationary flow. The two syringe pumps are controlled
independently, it is thus possible to obtain any value of the flow-rate ratio φ, defined
as the ratio between Qd and Qc:

φ =
Qd

Qc
. (3.1)

Although the dispersed phase is usually injected from the side channel and the continu-
ous phase is injected from the main channel, the choice of whether one fluid is going to
become the dispersed or the continuous phase is definitely determined by the wetting
properties of the microchannels. If both the fluids wet the walls of the microchannel
there can be a moving contact line with some dynamic contact angle θ. This situation
is indesirable since the dispersed phase touches the wall and this can lead to contam-
ination of subsequent droplets. In order to avoid this the walls must be preferentially
wetted by one of the two fluids, therefore it is possible to obtain a situation in which
one fluid completely wets the walls and the other is confined in droplets that never go
into contact with them, due to the presence of a lubricating film of continuous phase.
The ideal case is when the walls are completely wetted by the continuous phase, with
θ = 0◦, and they are not wetted at all by the dispersed phase, with θ ≳ 120◦. This
situation can be realized for example when the walls are superhydrophobic, and the
continuous and dispersed phases are oil and water, respectively.

The opposite configuation of a water continuous phase and an oil dispersed phase
is much more challenging. While it is relatively simple to have hydrophilic materials,
i.e. wetted by water, the same material is likely to be wetted by oil as well. This is due
to the fact that oils have a very low interfacial energy, thus the wetting of a material by
oil is hardly discouraged. If the walls are hydrophilic enough (e.g. glass or plastics),
one possibility is to first fill the microchannels by water, and only then the oil is injected
in the inlet of the side channel. Hopefully, the oil will not ever get in contact with the
walls, which are always surrounded by a film of water. This way the oil dispersed
phase therefore effectively has a contact angle θ = 180 with the water-covered walls.

Although this works, it is not stable over a long period of time. Eventually, the
oil in the side channel will get in contact with the walls, and a contact line will form.
This contact line will move over time downstream of the side channel up to the corner
of the T-junction, and depending on the flow rates, it will overstep it. When the oil
starts to wet the main channel walls the droplet break up process is strongly altered,
degenerating to coflow. However, by carefully controlling the flow rates, it is possible
to deal with this problem, at least for the time of the experiment. Then the microchannel
can be washed in order to start again from a condition with clean, water-wetted walls.

A robust solution to this problem is to add a surfactant to the continuous phase.
This will both improve the wetting of the walls by the continuous phase and help to
stabilize the interface. Adding a surfactant, however, can sometimes be undesirable,



3.2. PENDANT DROP 33

since it may be incompatible with the experiment, depending on the application. More-
over, the interfacial tension will be lowered to some value which is difficult to estimate
analitically, and therefore it must be measured experimentally.

3.2 Pendant Drop

The interfacial tension between two fluids can be measured in many different ways.
One simple and effective technique is based on the fact that the shape of a drop pending
from a solid, e.g. a needle (Fig.3.2d), is due to a balance between gravity, which pulls
the drop downward, and the interfacial tension which holds the drop attached to the
solid. Locally, the interface geometry is described by the Young-Laplace equation:

σ

(
1

R1
+

1

R2

)
= ∆P0 +∆ρgz (3.2)

where z is the vertical coordinate, in the same direction as gravity, and ∆ρ is the dif-
ference between the density of the drop and the density of the surrounding fluid. In
principle, if the geometry of the drop is measured experimentally, it can be fitted by
this equation in order to extract the interfacial tension σ as a fitting parameter[26].

The experiment is carried out by fixing a syringe with a simmetrical needle in the
vertical position, and by taking pictures of pending drops with a camera equipped
with either a telecentric or a common objective. In case a common (non-telecentric)
objective is employed, the picture can be calibrated using the diameter of the needle
(if it is known), which is visible in the picture itself (Fig. 3.2d). For the surface tension
of a liquid with air, this is just enough. Instead, if the interfacial tension between two
different liquids is of interest, the drop has to be immersed in the other liquid, which
can be contained in a glass couvette.

It is important, of course, for the pending liquid to be denser than the surrounding
liquid in the couvette. In the case of water and oil, the syringe is thus filled with water,
and the couvette with oil, since most oils have a density in the range 0.7 − 0.9g/cm3.
However, care has to be taken with other liquids, for example ethanol has a density of
∼ 0.79g/cm3.

Even more care has to be taken with the wetting properties of the needle, which
supports the pending drop. If the needle is wetted too well by the pending liquid, then
the liquid exiting from the needle will go upward wetting the outer walls of the needle
itself. If this is the case, then Teflon can sometimes be used instead of metal. In all cases,
however, it is important for the needle to have a precise and axial-symmetric shape. In
axial symmetric coordinates, shown in Fig.3.2a, the Young-Laplace equation becomes:

dx

ds
= cosθ

dz

ds
= sinθ

dθ

ds
= 2b+ cz − sinθ

x

(3.3)

with the initial conditions x(0) = z(0) = θ(0) = 0. The parameter b = ±1/R0 is the
curvature at the apex of the drop and c = ∆ρg/σ = λ−2

c is a constant related to the
capillary lenght λc. The equations 3.3 can be made dimensionless with the definitions
x = R0x̄, z = R0z̄, s = R0s̄. The last equation in 3.3 then becomes:
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(a) Coordinates system for the droplet pro-
file. The origin is positioned in the apex of
the droplet

(b) Fitting procedure of the drop profile
(dots) with a curve generated by solving
the Young-Laplace equation (solid line).
The sum

∑
d2i , where di is the distance of

the curve from the i-th experimental point,
is used to estimate the distance of the curve
from the experimental profile.

(c) Examples of curves generated by nu-
merically integrating the Young-Laplace
equation, at varying parameters. Both pen-
dant (P) and sessile (S) drops can be ob-
tained.

(d) Example of experimental image taken
through a telecentric objective

Figure 3.2

dθ

ds̄
= 2 +Boz̄ − sinθ

x̄
(3.4)

where Bo = ∆ρgR2
0/σ, called Bond number, is the only free parameter. The shape of

the drop is thus determined only by the value of Bo, while the size of the drop also
depends on the value of R0. Depending on the sign of b and c (or the orientation of the
z axis), the solution of 3.3 can represent both sessile of pendant drops (Fig.3.2c).

The ordinary differential equations 3.3 cannot be solved analitically, however they
can be easily integrated numerically, e.g with a Runge-Kutta algorithm, once the pa-
rameters are fixed. The pendant drop technique consists of fitting the solutions of the
equations 3.3 with the experimental drop profile (Fig.3.2b), which can be extracted from
the images (Fig.3.2d) after some simple image processing. The fitting is an iterative pro-
cess, called non linear regression, which attempts to minimize a sum squared of errors,
or SSE. The error is defined as the minimum distance of an experimental profile point
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from the numerically integrated curve (Fig.3.2b). The fitting procedure can be imple-
mented with the following algorithm:

1. the parameters (b, c) are initialized with some value which, in order for the al-
gorithm to converge to the global minimum of the SSE, should be as close as
possible to the real values. The starting value of the curvature b can be estimated
from the curvature of the experimental profile, while the value of c can be initial-
ized by estimating the value of σ from the literature. Alternatively, if the software
is interactive, the starting values can be adjusted by trial and error until the nu-
merical curve look close enough to the experimental profile, which is by itself a
fitting procedure.

2. with the parameters (b, c) the equations 3.3 are integrated numerically and the
SSE is computed.

3. A new value of the parameters (b∗, c∗) = (b + ∆b, c + ∆c) is estimated with an
algorithm like Gauss-Newton, Levenberg-Marquardt or Gradient Descent. The
increment in the parameters space (∆b,∆c) is in a direction that, hopefully, leads
closer to the minimum of the SSE.

4. the above two steps are iterated until convergence, i.e. until the SSE reaches a
chosen lower limit value, called tolerance, or a maximum number of iterations is
reached (in the case the algorithm fails to converge).

If the above procedure is successfull, the numerical solution of the Young-Laplace equa-
tion will closely match the experimental drop profile. From the value c = ∆ρg/σ the in-
terfacial tension σ can be extracted, assuming that the densities of the fluids are known.
It is possible to statistically associate an uncertainty to the value of σ by repeating the
pendant drop experiment several times with different drops.

One limitation of the pendant drop technique is that it relies on gravity. If the effect
of gravity is small with respect to the interfacial tension, i.e. if the the Bond number is
very small, then the drop will assume an almost spherical shape. In that case the same
drop profile can be fitted well by the solutions of eq.3.3 for a large number of values of
the fitting parameter c, corresponding to a range of values for σ which gives an almost
spherical drop. Therefore in this situation the measured value of the interfacial tension
is not reliable. The drop must be deformed by gravity, as in Fig.3.2d, thus the value of
σ is uniquely determined.

3.3 Microfabrication

There are many possible ways to realize the microfluidic device descibed in section 3.1.
During the course of this thesis a number of different microfabrication techniques have
been employed, using the facilities available in the laboratory. The different techniques
present advantages and disadvantages, in terms of flexibility, complexity, time, and the
quality and specs of the final product.

3.3.1 Polyester-Toner

The Polyester-Toner (PeT) microfluidic devices are fabricated by direct-printing com-
bined with xurography. Polyester sheets (A4 size, 100µm thick) are first printed twice
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on both sides using a laser printer (Hewlett-Packard model 4250) with 600-DPI reso-
lution and equipped with a black toner cartridge (model Q5942A). This process yields
two layers of toner printing on each side of the polyester film.

The T-junction layout for the devices is drawn using the AutoCAD 2011 software
and the microchannels are created in small pieces (55 mm x 35 mm) of printed polyester
using a knife plotter (Craft Robo CC200-20, Graphtec). The main steps of the fabrication
process are outlined in Fig. 3.3A-E. The cut-through printed polyester film is placed
between two unprinted polyester layers; with the upper one provided with access holes
made with a paper punch. The three polyester sheets are then laminated using an office
laminator at 150◦C. Finally, reservoirs are constructed by gluing small pieces of rubber
tubes (4 mm of i.d. and 10-mm-long) with epoxy resin (Fig.3.3F).

This procedure allows to produce channels having a minimum width of 60µm and
heights of 120µm. The width is set by the resolution of the knife plotter, while the height
is set by the thickness of the middle polyester sheet (∼ 100µm) and the toner layers.
The thickness of one layer of toner is about 7µm as determined with a micrometer.
Thus, the four toner layers result in a total height of about 28µm, which decreases to
about 20µm after the lamination process. Photos of channels cross-sections of different
width are shown in the bottom part of Fig.3.3. For the smallest channels, the observed
irregularities are also due to the cutting of the chip with a razor blade to open up the
cross-section. More generally, the surface finish depends on the quality of the cutting
plotter.

Figure 3.3: Schematic diagram showing the main steps of the fabrication process: (A) polyester film, (B)
polyester film toner-printed on both sides, (C) polyester film with perforated access holes, (D) microchan-
nels cut on the printed polyester, (E) polyester film used for sealing. (F) Full view photograph of the
T-junction microfluidic device constructed in PeT. (G-N) Photographs of the cross-section of microchan-
nels of different sizes. Each image refers to a different PeT chip. Characteristic widths: (G and H) 60µm;
(I and J) 90µm; (K and L) 250µm; (M and N) 350µm.

3.3.2 Photo and Soft Lithography

The T-Junction device is made using standard photo-lithography and replica-molding
techniques[27, 28]: a master is first made in SU-8 on a silicon substrate using UV pho-
tolitography, through a mask with the desired geometry. The master is then casted in
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PDMS to obtain a negative replica of the geometry of the master. The replica-molding
process from the same master can be repeated as many times as needed, providing
multiple identical copies of the T-junction geometry.

The master can be either a positive or a negative representation of the final geom-
etry of the microchannels. A PDMS replica of a negative master can be used straight
away to make a chip, by closing it with a microscope glass, while a PDMS replica of a
positive master can be used instead as a master itself. The latter can be useful in partic-
ular for replica molding with other kinds of polymers, like the epoxy based resin NOA,
which is described later.

Master

The T-junction pattern is designed with AutoCAD (Autodesk, Mill Valley, CA, USA)
and transferred to a transparency-based photomask using a high-resolution printer
(4000 DPI). In a Class-V Clean Room a silicon wafer is spin-coated with the negative
photoresist SU-8 (2050, MicroChem Corp.) and exposed to UV light through the pho-
tomask, then it is cured. Finally, the master is silanized in order to ease the peeling off
of the subsequent replicas.

PDMS replica

The PDMS pre-polymer (Polydimethylsiloxane, Sylgard 184, Dow Corning) and its
cross-linker are mixed in a ratio of 10:1 (w/w), stirred thoroughly and degassed un-
der vacuum. The SU-8 master is then prepared, by fencing it with alluminium foil or
putty, in order to avoid PDMS spilling. The PDMS is then carefully poured onto the
master up to a height of about 5mm and, if any, air bubbles are removed with a needle.
The master with PDMS is then cured in an oven at 80◦C for about 1 hour, after which
the PDMS replica is carefully peeled off from the master and wrapped in aluminium
foil in order to keep it clean. In order to make access holes for the external tubing, the
PDMS is perforated with a steel needle in the three points corresponding to the two
inlets and the outlet.

Plasma Bonding

The PDMS replica and a microscope glass (precedently cleaned with distilled water,
acetone and ethanol) are put under an oxygen plasma treatment using a FEMTO Plasma
System (Type B, 0-1000 W, Diener Electronic, Ebhausen, Germany) at a power of 300 W
for 0.8min (48 s). The two pieces are then put in contact, carefully removing any en-
trapped air by pushing it out from the inlet and outlet holes. After a few seconds, the
PDMS replica is irreversibly bonded to the glass. The internal walls of the microchan-
nels remain chemically reactive, due to the plasma treatment, for as long as roughly
1/2 − 1 hour, after which the PDMS exposed to air returns to it natural state. It is pos-
sible to exploit this temporary surface chemistry of both the PDMS and the glass to
functionalize the walls.

Functionalization

After a few minutes (∼ 10min) from the bonding, the chip is sealed and can be al-
ready used. Teflon tubing are temporarily inserted in the holes and a solution of 5%
PVP/Water (Polyvinylpyrrolidone K90, AppliChem) is slowly flowed ( at ∼ 1µL / min)
through the microchannels with a syringe-pump for about 30-45 minutes, after which
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they are flushed with distilled water and dried out with compressed air. As a result,
both the PDMS and the glass walls are coated with a thin, permanent hydrophilic layer
of PVP, allowing then to use an aqueous continuous phase with no wettability issues.
As a last step, the tubing are then permanently glued with a drop of PDMS, which is
then cured again in then oven.

The PVP solution must be flowed in the microchannel while the internal walls are
still chemically activated by the plasma treatment, otherwise the inert PVP molecules
will not react with the surfaces.

It is possible to functionalize the walls in a later moment, i.e. without exploiting
the plasma treatment, by exposing the microchannels to a silane, which is composed of
chemically reactive molecules. In particular, hydrophobic microchannels are made by
flowing a solution 1mM OTS/Hexadecane (Octadecyltrichlorosilane, Sigma Aldrich)
which will coat both the PDMS and the glass walls, allowing to use an oil continuous
phase with no wettability issues.

3.3.3 NOA

Another polymer that can be used in microfabrication is NOA, or Norlad Optical Ad-
hesive. It is slightly hydrophilic, having a contact angle of ∼ 70◦, and thus it is an
interesting material to make a T-Junction when a acqueous solution is going to be em-
ployed as the continuous phase. NOA81 (Norland Products) is a thiolenic resin that
cross-links when exposed to UV light, and can be used as a photoresist in a similar
way as the SU-8 photoresist.

NOA can be used also for replica molding. When it is cross linked, NOA is hard
and not elastomeric as the PDMS, therefore it is not suitable to use with a SU-8 master
on a silicon substrate. However, a positive SU-8 master can be casted with PDMS, and
the (negative) PDMS replica can be used as the master for NOA. The PDMS master is
in fact elastomeric and can be detached easily from the NOA replica. Moreover, NOA
does not stick to PDMS, thus the master does not need to be silanized first.

The PDMS master is prepared by inserting pieces of metal wire in the inlets and
the outlet. This way, after cross-linking, the NOA replica will have already the access
holes where the tubing will be inserted. These otherwise need to be drilled in a later
step. After fencing the master with putty (to avoid spilling of the liquid NOA), NOA
is poured and put under UV light (365 nm) for about 1 h (depending on the thickness).

If the thickness of the NOA is large, e.g. 3-4mm, the cross linking will not be ho-
mogeneous and the NOA will cure on the UV exposed side first, and less effectively
close to the master.This can results in a slightly curved replica, which cannot easily be
closed on a microscope glass. One possible solution is to close the NOA replica with
piece of transparency foil (Polyester) which is both transparent and flexible, and thus
can adapt to the rounded shape of the replica. The piece of transparency foil is first
spin coated with a small layer of NOA, and is then partially cured with UV light (for
roughly 1 min), in order to avoid obstruction of the microchannels. The NOA replica is
then closed with the sticky transparency foil and put under the UV light for about 30
min in order to complete the curing. Finally, tubing are inserted in the access holes and
glued with a drop of NOA, with subsequent exposure to UV light.



3.4. EXPERIMENTAL SETUP 39

3.4 Experimental setup

A custom made software controls the pumps and a high speed Camera-Link CMOS
camera (EoSens CL MC1362, Mikrotron) coupled to an inverted microscope (Eclipse
Ti-E, Nikon), which acquires images of the droplets. The same software analyzes the
images in a region of interest far downstream of the T-Junction where the droplets are
fully formed. All the droplets crossing this region are tracked, measuring quantities
such as the droplets lenght L, velocity u and the time interval T between consecutive
droplets in real-time (up to ∼ 1000 fps). It thus allows to acquire quantitative infor-
mation for a large amount of droplets in limited time and storage space, reducing the
number of saved images to be just enough to cover a few full droplet breakups, for of-
fline qualitative analysis. More importantly, it allows to monitor whether the droplets
production has reached stability (i.e. the average droplet size has become constant in
time) before starting to collect data.

3.4.1 Droplet size estimation

Volume

The volume of the droplets in a ideal thread of equally spaced identical droplets can
be computed from the frequency of droplets f by the relation V = Qd1/f . This can
be estimated using the measured time interval between consecutive droplets T , by the
relation V = Qd⟨T ⟩. While this usually works reasonably well, however at very high
flow rates it becomes difficult to measure T due to the overall speed limitation of the
acquisition system (camera and software), and at very low flow rates the same T has
a large error, even if the volume has not, due to limitations of the syringe-pumps and
the overall microfluidic system. Further, estimating the droplet polydispersity is not a
simple task[15].

Lenght

Another approach is to use the average normalized droplet length L/W (and corre-
sponding error) to estimate the droplet size, as it is directly measured from the im-
ages and makes a direct estimation of the droplet polydispersity possible. More pre-
cisely, the average lenght is estimated by the median of the lenghts, which is not af-
fected by the outliers (due to image processing and tracking failure) that are some-
times present when the acquisition system is pushed to the highest speeds. Correpond-
ingly, for the same reason, the error is computed by the Inter Quartile Range (IQR). The
lenght, with respect to volume, however introduces other drawbacks. It depends on
the droplet shape, scaling linearly with the volume when the droplets completely fill
the microchannel, while scaling as L ∼ V 1/3 when the droplet is small compared to
the channel width and has a spherical shape. Therefore the measurements need to be
carefully interpreted. A limitation in measurement of the droplets arises when they are
either too long to stay in the field of view, or when the inter-droplet distance is small
and has large fluctuations (at very low flow rates), because the fixed region of interest
can not be suitable for all droplets. In these cases the measurement is not possible by
the current setup.





Chapter 4

Generation of droplets with
disposable polyester-toner
microfluidic devices

In this chapter disposable polyester-toner microfluidic devices are used to produce
either water-in-oil (W/O) or oil-in-water (O/W) droplets without using any surface
treatment of the microchannels walls. Highly monodisperse W/O and O/W emulsions
are generated with the T-junction geometry by simply adding appropriate surfactants
to the continuous phase. The dispersion in size of droplets generated at frequencies up
to 500 Hz is always less than about 2% over time intervals of a couple of hours. The
polyester-toner microfabrication technique, when applied to droplet-based microflu-
idics, is demonstrated to be a flexible and valuable low-cost alternative to the more ex-
pensive and demanding standard microfabrication techniques, when the applications
do not require high resolutions in the channels geometry.

4.1 Introduction

The generation of stable droplets depends, among other things, on the wettability of the
channel walls. The continuous phase should completely wet the channel walls, while
the degree of wetting by the dispersed phase should be very low. Oils preferentially
wet hydrophobic surfaces, whereas aqueous solutions preferentially wet hydrophilic
surfaces. Thus, W/O droplets are usually produced in hydrophobic microchannels
and O/W droplets are commonly generated in hydrophilic devices. Most published
studies involve the production of W/O droplets because the majority of biological and
chemical reactions occur in an aqueous solution [29], [30], [31] and [32]. This signifi-
cantly simplifies the fabrication of microfluidic devices because it requires hydropho-
bic walls, a feature guaranteed by the use of common polymers. These include poly-
dimethylsiloxane (PDMS) [33] and [34] and poly(methylmethacrylate) (PMMA) [35]
and [36]. However, when O/W droplets are needed, the polymeric channel walls must
be turned hydrophilic. Over the past few years various methodologies [30], [31], [37],
[38] and [39] have been devised to accomplish this task, which are usually technically
demanding and time consuming. An alternative way consists in the addition of suit-
able surfactants to the continuous phase [29] and [40].

The direct-printing technology for fabricating toner-based microfluidic devices was
first proposed by do Lago et al. [41]. In this technique, the device layout is laser-printed
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POLYESTER-TONER MICROFLUIDIC DEVICES

on two sheets of polyester film that are then sealed together by thermal lamination in
order to create the channels. The toner printing acts as a glue in the lamination pro-
cess. The depth of the channels (∼ 12µm) is determined by the height of the two toner
layers that are laminated together. More recently, this fabrication process was modified
in order to produce multilayered polyester-toner devices with larger channel depths
[42]. In this latest methodology, the microchannels are made by cutting a polyester
sheet containing uniform layers of toner. This cut-through sheet is sandwiched be-
tween uncoated polyester sheets containing precut access holes. Thus, the depth of
the channels is determined by the number and the thickness of the middle cut-through
sheets and the toner layers. When compared to other rapid prototyping techniques,
the toner-based technology presents some advantages owing to its very short fabri-
cation time, independence of clean room facilities and low cost (∼ $0.15 per device)
[43]. Polyester-toner (PeT) devices have found widespread applications in many areas
including clinical bioassays [43], microchip electrophoresis [44], DNA extraction and
PCR amplification [42], and DNA analysis [45]. However, all of these applications were
developed for conventional continuous flow systems and, considering the increasing
demand for droplets based devices [46] and [47], it would be important to merge these
two technologies.

In the following sections it will be shown that PeT (Polyester-Toner) technology is
capable of supporting droplet microfluidics, by demonstrating that T-junctions made
in PeT can be used to generate droplets that are highly monodisperse and are sepa-
rated by an equal spacing [46], [47], [48] and [49]. These disposable PeT devices can
be used to make either W/O or O/W droplets without any surface modification of the
microchannels.

Stable W/O droplets are obtained using hexadecane or mineral oil as continuous
phases with the addition of Span 80, while O/W droplets are obtained using aqueous
solution with Triton X-100 as continuous phases and hexadecane or mineral oil as dis-
persed phases. Surfactants are added to the continuous phase in order to lower the
interfacial energy, that is to facilitate the formation of new interfaces and to stabilize
the formed emulsion droplets from coalescence during their motion [49] and [40].

4.2 Materials and Methods

All chemicals used are of analytical reagent grade quality and are employed as re-
ceived. Hexadecane (CAS number: 544-76-3, viscosity ∼ 3cP , density ∼ 0.77g/cc),
mineral oil (light) (CAS number: 8042-47-5, viscosity ∼ 16cP , density ∼ 0.84g/cc),
Span 80, and Triton X-100 were purchased from Sigma-Aldrich. Polyester sheets (trans-
parency films, model CG3300) were acquired from 3 M. Distilled water was used in all
experiments.

The microfluidic devices used for droplets generation are made in PeT with a T-
junction layout [14], with an overall size of 40 by 20 mm. The fabrication procedure of
these devices is described in the previous chapter in section 3.3.1. All experiments are
conducted in microfluidic channels with widths of ∼ 250µm and height of ∼ 120µm.
These devices have been used repeatedly up to a couple of weeks without noticing any
variation in their performance.

The liquids are introduced into the microfluidic devices through flexible polyethy-
lene tubing (0.5mm i.d.) and plastic syringes (5ml), using two independent syringe
pumps (PHD 2000, Harvard Apparatus) working at constant flow rates between 0.5
and 20µL/min. The images of on-chip droplet formation are obtained using a monochrome



4.3. RESULTS AND DISCUSSION 43

Figure 4.1: Optical microscope images showing
the generation of W/O droplets in the PeT de-
vices. Hexadecane and mineral oil are used as
continuous phases in the absence (A and B) and
with increasing concentrations of Span 80 (C-H).
The flow rates of the continuous and dispersed
phases are 5 and 3µL/min, respectively.

Figure 4.2: Optical microscope images showing
the generation of O/W droplets in the PeT mi-
crofluidic devices. Hexadecane and mineral oil
are tested as dispersed phases, while pure water
(A and B) and aqueous solutions containing in-
creasing amounts of Triton X-100 (C-H) are used
as continuous phases. The flow rates of the con-
tinuous and dispersed phases are 5 and 1µL/min,
respectively.

camera (MV D1024 CMOS, Photonfocus) coupled to an inverted microscope (Eclipse
Ti-E, Nikon). All data presented in the next section refer to as made chips. The chips
have never been reused flowing different liquids in the channels.

4.3 Results and discussion

4.3.1 Wetting properties of PeT

The static contact angle (CA) of water on the transparency (polyester) surface is mea-
sured to be 49± 2◦, and this value compares well with recently reported data [50]. The
partial hydrophilicity of the polyester surface together with the addition of suitable
surfactants to the corresponding continuous phase are the key ingredients for the ef-
fective production of stable W/O and O/W droplets in the same PeT device. Since the
wettability of thiolenic resins is similar to that of polyester, W/O and O/W droplets
generators are also expected to be successfully fabricated in thiolene by rapid proto-
typing techniques [51].

Water in oil droplets

The first studies aim at producing W/O droplets. Hexadecane and mineral oil (vis-
cosity ∼ 3cP , density ∼ 0.77g/cc) are evaluated as continuous phases in the absence
and with different concentrations of the lipophilic nonionic surfactant Span 80. A se-
ries of pictures showing the formation of water-in-hexadecane and water-in-mineral
oil droplets in the PeT T-junction is displayed in Fig. 4.1 for different surfactants con-
centrations. In the absence of the surfactant, no droplets are obtained and a continuous
water stream is formed parallel to the oil continuous phase (see Fig. 4.1A and B). Sta-
ble water-in-hexadecane droplets are obtained after adding 0.5%(w/w) of Span 80 to
the continuous phase (Fig. 4.1C). However, 0.5% of Span 80 is not enough to gener-
ate water-in-mineral oil droplets (Fig. 4.1D). Stable water-in-mineral oil droplets are
obtained only when the concentration of Span 80 is 1.0%(w/w) (Fig. 4.1F).
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Hexadecane completely wets the polyester surface while pure mineral oil forms
a CA = 10 ± 2◦, which remained practically constant (9 ± 2◦) after the addition of
1.0%(w/w) of Span 80, suggesting that the wettability of the channel walls by the oil
phase was not affected by the presence of Span 80. Thus, the surfactant is facilitating
the on-chip droplets generation by reducing the interface tension between the contin-
uous and discrete phases and by preventing the coalescence of the resulting droplets
[39]. The droplet length is found to be independent of surfactant concentration for
both water-in-hexadecane (Fig. 4.1C, E, and G) and water-in-mineral oil (Fig. 4.1F
and H) droplets. This behavior is expected once the minimum interfacial tension be-
tween the two liquids is achieved and this condition occurs whenever the surfactant
concentration is over the critical micelle concentration (0.03%(w/w) and 0.025%(w/v)
for hexadecane and mineral oil [29, 52]).

Oil in water droplets

The production of O/W droplets in the polyester-toner devices are carried out using
hexadecane and mineral oil as dispersed phases. Pure water and aqueous solutions
containing different amounts of the surfactant Triton X-100 are tested as continuous
phase. Fig. 4.2 displays optical microscope images about the formation of oil-in-water
droplets.

Again, without the surfactant, no droplets are formed and the two liquids form
two parallel streams (see Fig. 4.2A and B). The addition of 0.5% of Triton X-100 to
water leads to the formation of reproducible and well defined hexadecane-in-water
and mineral oil-in-water droplets (Fig. 4.2C and D). The reason is likely the enhanced
wettability of the channel walls by the continuous aqueous solution. Actually, after the
addition of 0.5% of Triton X-100, the CA of water is found to decrease from 49 ± 2◦

to 13 ± 2◦. As observed in the production of W/O droplets, the length of the O/W
droplets also remains constant upon increasing the surfactant concentration to 1.0%
and 1.5%(w/w) (Fig. 4.2E-H). As the critical micelle concentration of Triton X-100 in
water is 0.015%(w/v)1, the interfacial tension between the two phases is at its minimum
value for all the considered surfactant concentrations.

Fluorocarbon oil compatibility

For biological applications, it is attractive to use a fluorocarbon oil as the continuous
phase, as these oils are both hydrophobic and lipophobic, hence they have low solubil-
ity for the biological reagents of the aqueous phase and are well suited for inhibiting
molecular diffusion between drops [33]. The compatibility of two common fluorocar-
bon oils, FC40 and HFE 7500, is tested with Pe foils. They both completely wet the Pe
surface and no indication of swelling is found after the oils have been kept in contact
with Pe for one day. Since their viscosities (FC40 ∼ 4.1cP , HFE 7500 ∼ 1.2cP ) are quite
similar to that of hexadecane, it is expected that they can also be successfully used in
PeT droplet generators.

4.3.2 Performance

For a more complete evaluation of the performance of these PeT chips, the produc-
tion of droplets is studied over a time scale of about 2 h. Sequences of more than 50
droplets are acquired in time intervals of 60 s separated by 20 or 30 min, and the length

1Sigma-Aldrich Co. (1999) TX100, T9284 product information sheet (Sigma-Aldrich, St. Louis).



4.3. RESULTS AND DISCUSSION 45

Figure 4.3: Left: stability over time of the length of droplets of different types produced with PeT devices.
A data point corresponds to an average of at least 50 measurements. Each type of droplet has been pro-
duced in a different chip. (A) Hexadecane-in-water, (B) water-in-hexadecane, (C) mineral oil-in-water, and
(D) water-in-mineral oil. Right: histograms showing the size distribution for the four types of droplets.

Dispersed Continuous Qd Qc Qd/Qc

Phase Phase (µl/min) (µl/min)
Water Mineral oil + 1.5% (w/w) Span 80 2 5 0.4
Water Hexadecane + 0.5% (w/w) Span 80 2 7 0.3

Hexadecane Water + 1.0% (w/w) Triton X-100 5 8 0.6
Mineral oil Water + 1.5% (w/w) Triton X-100 2 10 0.2

Table 4.1: Fluidic conditions of the trains of droplets presented in Fig. 4.3.

l of the droplets is then analyzed. The graph in the left part of Fig. 4.3 displays the
mean values l of each sequence together with the accompanying dispersion σ for the
four different combinations tested in this work. It clearly appears that the stability in
time of the droplet generators is quite good and this implies that the mechanical sta-
bility of the device, as well as that of the channels walls wettability, is quite good. For
instance, after storing some used chips in a cabinet for a couple of months, the mea-
surements have been repeated with the same combination of liquids without finding
any difference with respect to their initial performance. In the case of PDMS channels
which have been functionalized to become hydrophilic after an oxygen plasma treat-
ment, this effect usually disappears after they have been exposed to air for a couple of
hours [30].

The four accompanying histograms in the right part of Fig. 4.3 report the droplet
size distributions corresponding to the empty symbols in the graph taken after 2 h. The
resulting polydispersity, i.e. the ratio σ/l, is always less than 2%. The variations in l
for the four combinations are due to the different flow rates employed in the measure-
ments. The data on the stability over time of the PeT droplet generators presented in
Fig. 4.3 are acquired under the conditions summarized in Table 4.1.

The production of droplets has then been systematically analyzed varying the two
flow rates Qd and Qc of the dispersed and continuous phases. Fig. 4.4 shows the sum-
mary of these measurements. The graph displays the variation of the droplet length
l, normalized to the channel width w, as a function of the ratio between the two flow
ratesQd andQc. Each data point refers to a different chip and different combinations of
the two liquids plus surfactants. The chips have the same nominal width w = 250µm
and height h = 120µm. The vertical error bars are mainly due to the cross-section
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Figure 4.4: Normalized droplets length as a function of the ratio between the flow rates of the dispersed
and continuous phases. Each point corresponds to a different chip. The empty symbols refer to the data
presented in Fig. 4.3. The error bars are mainly due to the uncertainty in the determination of the channels
width w. The straight line is a linear fit to all the data.

irregularities, as shown in Fig. 3.3 in the previous chapter. According to this optical
investigation, the estimated deviation of the channel size w is about 50µm. Despite
the ample variations of all system variables, the data are found to collapse in a narrow
region of the graph and the points are statistically consistent within one standard devi-
ation. The observed scatter is likely to be significantly reduced if a better cutting plotter
is employed.

In the squeezing regime, the dynamics of break-up is dominated by the pressure
drop across the droplet as it forms [25]. The length of the droplets can be conveniently
expressed with the following scaling equation:

l

w
= α+ β

Qd

Qc
(4.1)

where α and β are two fitting parameters, whose value is mainly affected by the ge-
ometry of the T-junction [53]. The straight line appearing in the graph is the linear fit
to all the data with α = 1.8 and β = 2.3. These values compare well with those in the
literature [53] and confirm the robustness of PeT droplet generators.

The chip-to-chip reproducibility is checked by comparing the lengths of water-
in-hexadecane and hexadecane-in-water droplets produced in three different devices
working at the same flow conditions. The results are summarized in Table 4.2. The
flow rate of the continuous phases (hexadecane with 1%(w/w) Span 80 and distilled
water with 1%(w/w) Triton X-100, respectively) is 7µL/min, while the one of the dis-
persed phases (distilled water and hexadecane, respectively) is 3µL/min. The mean
droplet size deduced from analysing more than 50 drops is found to change by less
than 10% among the chips. Again, these variations are likely due to the cheap cutting
plotter employed in this work. A better one will significantly improve the chip-to-chip
reproducibility.

High-frequency generation of small volume droplets is useful for biological assays
as the individual, picoliter-scale microvessels can contain small numbers of molecules
or cells which can nevertheless be at biologically relevant concentrations [33]. In a T-
junction generator, the droplet frequency depends also on the flow rates of the two
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Water-in-hexadecane Hexadecane-in-water
Microchip Drop length (mm) Microchip Drop length (mm)

1 1.41± 0.02 1’ 0.49± 0.02
2 1.55± 0.03 2’ 0.62± 0.02
3 1.34± 0.03 3’ 0.56± 0.02

Mean 1.43± 0.11 Mean 0.56± 0.07

Table 4.2: Mean lengths of water-in-hexadecane and hexadecane-in-water droplets measured in six differ-
ent chips.

Figure 4.5: Flow rate Q induced by an increasing pressure gradient ∆P applied across a PeT microchannel.

injected (immiscible) liquids: higher frequencies are achieved with higher flow rates.
The channels therefore must be able to sustain considerable pressures, up to a few bars.
The maximum sustainable pressure is the one above which the PeT channels start to
delaminate and leak. This can be evalueated exploiting the fact that the flow rateQ in a
microfluidic channel depends linearly on the pressure gradient ∆P along it, i.e. ∆P =
R · Q, where R is the hydrodynamic resistance of the channel. In particular, straight
microchannels have been fabricated for this purpose, with cross sections of about 60µm
by 120µm and length of 2.5cm. A flow controller (MFCS-Flowell, Fluigent) is used to
inject distilled water with small, known pressure gradients ∆P across the channels
and the resulting flow rate Q is measured. The graph in Fig. 4.5 shows a representative
set of data. The straight line is the linear fit to the data. The channel flow resistance
R is the slope of this curve, which is equal to 1.87 ± 0.02mBar min/µL. This value
compares reasonably well with 2.5± 1mBar min/µL calculated for a straight channel
having a rectangular cross section with width w = 60µm and height h = 120µm, a
length l = 2.5cm and a water viscosity of 0.9cP corresponding to 25◦C [54]. The large
error mainly reflects the uncertainty in the width w of ∼ 10µm due to irregularities in
the cross-section as shown in Fig. 3.3 in the previous chapter. Afterwards, the channel
is connected to a syringe pump (PHD 2000, Harvard Apparatus) and an increasing
flow rate is applied in steps of 100µL/min. The channels are found to leak at a flow
rate of about 1200µL/min, corresponding to a ∆P ∼ 2.3bar. In conventional PDMS
channels used for the production of droplets at high frequency, the typical pressures
used to produce droplet are normally below 1.5bar [55]. Therefore, the PeT chips can be
successfully employed in similar conditions. Finally, droplet generation in PeT devices
is measured at the maximum flow rates reachable with the setup. Droplets of water in
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Figure 4.6: Top: histogram showing the size distribution of water-in-hexadecane droplets produced at a
frequency of 550 Hz. Bottom: optical image of the droplets flowing in the main channel.

hexadecane with 2%(w/w) Span 80 are produced at a frequency close to 550Hz with
Qd = 10µL/min and Qc = 800µL/min. The analysis of the droplets images taken with
a fast camera (Phantom VRI v7.3) yield the histogram shown in Fig. 4.6 which presents
a polidispersity of 1.6%, compatible with those measured at much lower frequencies
(a few Hz) of Fig. 4.3. The droplet volume is of about 0.4nL and, as evident by the
snapshot of Fig. 4.6, the PeT device is working in the dripping regime [25] and [53].

4.4 Conclusion

In conclusion, T-junction microfluidic devices constructed in polyester-toner have been
demostrated to be suitable for generating highly monodisperse W/O and O/W droplets
in the same device without any specific surface treatment of the channels walls. This
is mainly due to the partial hydrophilicity of the polyester surface together with the
addition of suitable surfactants. The fabrication procedure is characterized by being
very simple, fast and inexpensive. We estimate that it is possible to complete the whole
fabrication in less than 10 min, with a cost of ∼ $0.10 per device. This makes the lami-
nation of PeT foils the fastest and cheapest rapid-prototyping technique. Actually, the
standard chips in PDMS require the fabrication of a master, typically done by lithogra-
phy, and a process in oxygen plasma for the sealing of the chip. Furthermore, PDMS
is hydrophobic so that the formation of O/W drops needs prior functionalization of
the surface walls. On the other hand, very uniform channels of any size can be made
by replica molding of PDMS. The poor resistance of PeT and PDMS chips to organic
solvents can be overcome using glass chips. The production of W/O drops in these
chips requires a functionalization of the surface walls. However, the main limitation
of glass chips is the difficulty in fabrication. There are commercial companies selling
them with standard and custom designs at a starting cost of tens of $ per piece. Table
4.3 reports a synthetic comparision between the PeT chips for droplet productions with
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respect to those made in PDMS and glass. The features of the PeT chips and the possi-
bility of large-scale production make the polyester-toner technology very attractive for
widespread utilization also in droplet-based microfluidics.

PeT PDMS Glass
Rapid prototyping Yes Yes No

Channel size

Minimum height
set by PE thickness.
Minimum width
set by plotter blade.

Any Any

Channel uniformity Good (depends on
cutting plotter) Very good Very good

Chip sealing Lamination Oxygen plasma Thermal bonding

Equipment required Very cheap and
simple

Standard equipment
for microfabrication

Specialized
equipment for
microfabrication

Chemical resistance No organic solvents No organic solvents Very good
Water contact angle 50◦ 110◦ < 20◦

Droplets combination
without surface treat-
ment

W/O and O/W W/O O/W

Table 4.3: Main specs of microfluidic droplets generators made in different materials.





Chapter 5

Droplet production in
Non-Newtonian Continuous phases

The breakup dynamics of a fluid stream injected into a second, immiscible liquid and
the consequent formation of droplets are relatively well understood in the case of two
immiscible Newtonian fluids, such as water and oil [14, 16, 25, 56]. Recently, this in-
vestigation has been extended to non-Newtonian liquids because of their importance
in real applications. Actually, non-Newtonian liquids involve physiological fluids [57]
such as blood (including fibrinogen to fibrin formation [58]) synovial or salivary flu-
ids [59], as well as fluid jets in printing and spraying technology [60, 61], and food
emulsions [62, 63]. Most of the attention has been so far focused on the formation of
non-Newtonian droplets carried by Newtonian continuous phases [64, 65]. For elastic
polymers, the effect of the molecular weight on filament thinning has been clarified
in flow-focusing devices [66, 67]. Only a few studies considered droplets carried by
a non-Newtonian medium, using either flow focusing geometries [68, 69], or air bub-
bles formation [70]. Accordingly, an exhaustive description of the breakup mechanism
driven by non-Newtonian continuous phases in T-junctions is still effectively lacking.

This chapter reports a comprehensive and systematic study of the droplet breakup
in a microfluidic T-junction, involving Newtonian droplets formed in either Newto-
nian, purely shear-thinning or purely elastic (Boger) fluids. As shear-thinning fluids,
dilute and semidilute solutions of Xanthan, a stiff rod-like polysaccharide, are investi-
gated. At the concentrations considered, they exhibit a well pronounced shear thinning
behaviour with finite thinning exponents, while weak elastic effects emerge only at rel-
atively high concentrations [71, 72]. The role of elasticity is instead investigated using
solutions of polyacrylamide. In order to isolate the elasticity from the shear-thinning
behaviour, a Boger fluid is employed, which is characterized by a constant viscosity
due to a particular choice of the solvent.

Preliminary experiments are first carried out with both polyacrylamide (PAA) and
Xanthan solutions. From the experiments with PAA results that, while the shape of
droplets formed in the Boger fluid is considerably altered with respect to the one in
the corresponding Newtonian, there is no strong evidence for the elasticity to affect the
droplets size resulting after breakup.

Instead, by quantitatively comparing Newtonian and shear-thinning data, robust
experimental evidence is provided that the droplet size rescales nicely with an effec-
tive Capillary number (Ca), which reduces to the usual Capillary number (Ca) when
both liquids are Newtonian. Systematic experiments with Xanthan are complemented
with numerical simulations of purely thinning fluids based on the lattice Boltzmann
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models (LBM), which are in good quantitative agreement with the experimental data
and confirm the proposed scaling.

This chapter is organized as follows: in Section 5.1 the materials and the experimen-
tal and numerical methodologies are presented. In particular, the effective Capillary
number is introduced in Sec. 5.1.3. Experimental preliminary results involving both
shear-thinning and elastic fluids are reported in Sec. 5.2. Sec. 5.3 reports the results of
the systematic experiments with the shear-thinning Xanthan solutions, complemented
in Sec. 5.4 with the results of the numerical simulation with pure thinning fluids. Con-
clusions and final remarks are discussed in Sec. 5.5.

5.1 Materials and Methods

5.1.1 Liquids

Table 5.1 reports the main physical parameters of the Newtonian liquids used in this
study, as deduced from the literature [73, 74] or measured directly. For the non-Newtonian

Liquid ρ(g/cm3) σ(mN/m) η(mPas)
Hexadecane 0.77 - 3
Linseed oil 0.93 - 22.3
Soybean Oil 0.917 - 49.1
Water 0.997 72 0.89
Glycerol/Water 40% (w/w) 1.09 69 3.22
Glycerol/Water 60% (w/w) 1.15 67 9
Glycerol/Water 67% (w/w) 1.17 66 14.5
Glycerol/Water 80% (w/w) 1.21 65 43
Glycerol/Water 85% (w/w) 1.22 64 79

Table 5.1: Main physical properties of the Newtonian liquids used in this study: density ρ, surface tension
σ, dynamic viscosity η.All data refer to a temperature of 25◦C.

liquids, aqueous solutions of xanthan (molecular weight, Mw ∼ 106g/mol, Sigma
Aldrich) are prepared at different concentrations. The rheology of the xanthan solution
is characterized with a parallel plate rheometer (Ares TA Instruments, New Castle, DE,
USA). Figure 5.1 shows the dependence of the viscosity on the shear rate for the xan-
than solutions at different concentrations. The viscosity ηXan of the xanthan is expected
to vary with the shear rate γ̇ according to the power law fluid model:

ηXan = Kγ̇ (n−1) (5.1)

where K is the flow consistency and n is the flow behavior index, both dependent on
the polymer concentration [75]. Table 5.2 shows the fitting parameters for the three
solutions. The data are in good agreement with the ones reported in [76] that explore
a range of concentration and shear rate larger than the one accessible by rheometer
employed in this work.

The Boger fluid used in Sec. 5.2.3 is prepared as a solution 300ppm of polyacry-
lamide in a solvent composed of glycerol/water 80% . The viscosity of such a solution
is shown in Fig. 5.1 as a function of the shear rate . The viscosity results practically con-
stant with a value η ∼ 50mPas in a large range of shear rates. This value is very close
to the viscosity of the solvent alone (see Table 5.1). It is reported in the literature that
polyacrylamide solutions degrade over time[77], on a timescale of the order of weeks.
The solution used in this work has been prepared the day right before the experiments,
after which it was not reused again.
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Liquid K(mPasn) n
Xanthan/Water 400 ppm (w/w) 32.6 0.589
Xanthan/Water 800 ppm (w/w) 75.5 0.491
Xanthan/Water 1500 ppm (w/w) 312.5 0.389
Xanthan/Water 2500 ppm (w/w) 985 0.302

Table 5.2: Fitting parameters of the power-law fit of the xanthan solutions.

Figure 5.1: Shear viscosity as a function of the shear rate γ̇ of the Xanthan solutions at different concentra-
tion (in p.p.m. w/w) and of the Boger fluid. For the Xanthan solutions, the experimental data are fitted
according to the power fluid model (Eq. 5.1). The fitting parameters are reported in Table 5.2.

5.1.2 Experiments

Droplets are produced by merging two immiscible liquids in a microfluidic T-junction
(Fig.5.2-A), which is composed of a main microchannel encountering perpendicularly a
side channel, with the same cross section. The chips, with an overall size of 2 cm×5 cm
and microchannels of width W ∼ 150 µm and height H ∼ 100 µm, are made in PDMS
using standard photo-softlithography. The fabrication process is described in detail in
Sec. 3.3.2.

The dispersed phase forming the droplets is injected by the side channel with a
flow-rate Qd, while the continuous phase carrying away the droplets is injected in the
main channel with a flow-rateQc, the flow-rates being controlled by a couple of syringe
pumps. It is thus possible to obtain any value of the flow-rate ratio φ, defined as the
ratio between Qd and Qc:

φ =
Qd

Qc
. (5.2)

Images of the droplets are acquired and analyzed in real-time with a software, which
also controls the syringe pumps. The lengthL of the droplets is measured, after breakup,
in a region of interest downstream the T-junction (Fig.5.2-A), and is averaged over at
least a hundred droplets. The experimental setup is described in more detail in Sec.
3.4.
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5.1.3 Effective capillary number

The breakup process occurring in a microfluidic T-Junction is driven by the concur-
rent action of the shear stress exerted by the continuous phase on the dispersed phase
and the interfacial tension. The ratio between these two forces defines the Capillary
number [78, 25]:

Ca =
ηcUav

σ
(5.3)

where the quantities Uav and ηc are the average velocity and the viscosity of the con-
tinuous phase, respectively, while σ is the interfacial tension. In the context of a shear
thinning continuous phase, the viscosity is not a constant and thus the definition 5.3
cannot be used. The preliminary results of the droplet breakup experiments presented
next (Sec. 5.2.2) suggest that, as a first approximation, a shear-thinning continuous
phase behaves like a Newtonian one. Therefore, an effective Capillary number may be
defined in terms of the actual viscosity ηeff (Qc) of the shear-thinning solution:

Caeff =
ηeff (Qc)Uav

σ
(5.4)

The most obvious way of defining ηeff is by using the power law model of the fluid
expressed in equation 5.1. Since ηeff depends only on Qc, a particular value of the
shear rate γ̇∗(Qc) must be assumed to be the typical shear rate at that particular Qc.
One simple way of estimating such a shear rate is by considering a Newtonian fluid in
a Poiseuille flow between two parallel walls, positioned in y = 0 and y =W :

ux(y) = (∆P/2ηc)y(W − y)

where ux(y) is the fluid velocity in the x direction, and ∆P is the applied pressure
difference. In this flow, the fluid velocity is maximum in the middle of the walls, at
ux(y =W/2) = umax. The typical shear rate may thus be simply estimated by:

γ̇∗ =
umax

W/2
(5.5)

which can be computed directly from the known flow rate Qc = Uav/WH , since Uav =

2
∫W/2
0 ux(y) dy/W = 2/3umax, thus γ̇∗ = 3Uav/W . Another way of estimating the

typical shear rate is by averaging γ̇ over y:

γ̇av =
2

W

∫ W/2

0
γ̇ dy =

2

W

∫ W/2

0

∂

∂y
ux(y) dy = 3Uav/W (5.6)

which, in the case of a Poiseuille flow, gives exactly the same expression as above, i.e.
γ̇av = γ̇∗. Once the shear rate is estimated, the corresponding effective viscosity can be
computed by the power law model:

ηeff = K γ̇ (n−1) (5.7)

The definition of the effective Capillary number (5.4) takes into account the thinning
behaviour of the continuous fluids, in that the viscosity is computed for a shear rate
which is dependent on the driving velocity itself. However, the following simple di-
mensional argument suggests that further refinements, dependent on the thinning ex-
ponent, are required. Indeed, the motion of a viscous fluid results in the balance of the
viscous forces with the pressure driven forces as ∇ · (ηc(γ̇)∇u) = ∇P or, equivalently,
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(∇ηc(γ̇)) · ∇u + ηc(γ̇)∇2u = ∇P . For a Newtonian fluid, ∇ηc(γ̇) = 0, and the def-
inition of Capillary number (5.3) is recovered from the usual balancing of ηc∇2u and
∇P . In presence of thinning contributions, the term (∇ηc(γ̇)) ·∇u must be account for.
A simple dimensional estimate gives ∇ηc(γ̇) ≈ ∂ηc/∂γ̇∇2u = (n − 1)ηc(γ̇)γ̇ ∇2u, hence
(∇ηc(γ̇)) · ∇u ≈ (n − 1)ηc(γ̇)∇2u. Thus, by considering a small gradient expansion
around γ̇ ≈ γ̇av, the viscous contributions can be approximated as ∇ · (ηc(γ̇)∇u) ≈
nηc(γ̇av)∇2u. This argument suggests that a better description of the thinning effects is
provided by the definition:

Ca = nCaeff = n

[
ηeff (γ̇av)Uav

σ

]
(5.8)

n being the flow behaviour of the power-law fluid. This definition is used to rescale the
data in section 5.3.

5.1.4 Numerical Simulations

The numerical simulations used to complement the experiments, which rely on lattice
Boltzmann models (LBM), are carried out by Prof. Mauro Sbragaglia and Dr. Anupam
Gupta. The numerical work falls in the continuity of their papers [79, 80, 81, 82, 83],
where a Navier-Stokes description of the solvent based on LBM is coupled to consti-
tutive equations for polymer dynamics. In two recent papers [79, 80], 3D simulations
have been conducted to study the characteristic mechanisms of breakup in confined
T-junctions [79] and cross-junctions [80], showing that elastic effects can sensibly per-
turb the flow driving the breakup process and influence the droplet dynamics and the
resulting size after breakup.

The LBM code used in the following work is essentially the very same employed
in [79, 80, 81], hence the interested reader is redirected to those papers where all the rel-
evant technical details are discussed. At difference with respect to those previous stud-
ies, elastic effects are not included here, hence no explicit polymer dynamics is consider.
Thinning effects are included by making the relaxation times in LBM dependent on the
local shear properties, as explained in [84, 71]. The equations that are solved with the

Ca φ n

0.001− 0.1 0.5 1.0, 0.9, 0.8, 0.75, 0.7
0.001− 0.1 1.0 1.0, 0.9, 0.8, 0.75, 0.7

Table 5.3: Parameters for the numerical simulations
with the T-junction geometry for thinning fluid.

LBM in the outer continuous (c) and dispersed (d) phases are the Navier-Stokes (NS)
equations:

ρc,d [∂tuc,d + (uc,d ·∇)uc,d] = −∇Pc,d +∇
(
ηc,d(∇uc,d + (∇uc,d)

T )
)
. (5.9)

In the above equations, uc,d and ηc,d are the velocity and the dynamic viscosity of
the continuous and dispersed phase, respectively. The quantity (∇uc,d)

T indicates the
transpose of the velocity gradient tensor (∇uc,d) = ∂iuc,d;j . The (total) densities and
bulk pressure are indicated with ρc,d and Pc,d, respectively. In the continuous phase,
the viscosity is chosen to be

ηc(γ̇) =

{
η0 + aγ̇n−1

0 γ̇ ≤ γ̇0

η0 + aγ̇n−1 γ̇ > γ̇0
(5.10)
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where a = 0.05 (lbu, lattice Boltzmann units hereafter) and where the cut-off shear rate
γ̇0 = 10−5 lbu is introduced to prevent a divergence of the viscosity at small shear rates.
The background viscosity η0 = 0.3 lbu is chosen to avoid a zero viscosity in the high
shear rate limit, which would cause numerical instabilities. For all practical purposes,
in the range of shear rates relevant for the problem involved, the simulated fluid is a
power-law fluid. In the dispersed phase, the viscosity is kept constant to ηd = η0 ≈ 0.3
lbu so that the viscosity ratio between the dispersed and the continuous phase ranges
in the interval [0.1 − 1] for the thinning exponents considered (n ∈ [0.7 : 1.0]). Larger
thinning exponents are not easily handled in numerical simulations, due to the larger
viscosity ratio associated with them. Table 5.3 summarizes all the parameters used in
the numerical investigations for both Newtonian and non Newtonian phases.

5.2 Newtonian droplets in non-Newtonian continuous
phases: preliminary results

5.2.1 Breakup regimes

The breakup regimes commonly reported with Newtonian liquids [85, 86, 78] are rep-
resented in the snapshots of Fig. 5.2a. In panel (A), droplets form at the junction
and fill the channel. The dispersed phase completely obstructs the channel leading to
an increase in the upstream pressure, which eventually breaks up the interface into
a droplet. This regime is commonly called squeezing and the droplet size does not
strongly depend on Ca, but only on the flow rate ratio [25, 78, 15, 87]. In panel (C)
the droplets are emitted before they can block the channel and their formation is due
to the action of the viscous shear stress. In this regime, called dripping, the droplet size
decreases with Ca [14, 78, 15]. Finally, panel (E) shows that, at high Ca, the detachment
point moves gradually downstream and the breakup process signals the emergence of
the so-called jetting regime[78]. The snapshots (B) and (D) show the intermediate cases
right before the transition to dripping and jetting, respectively.

The snapshots of Fig. 5.2b refer instead to oil droplets in a shear-thinning solution.
They clearly show that, with suitable values of the flow rates, it is possible to reproduce
the same regimes reported for the Newtonian systems. The same is true in the case of
oil droplets produced in a Boger fluid, shown in Fig. 5.2c.

In particular, in the squeezing regime (panels A), there is no observable difference
in the morphology of breakup and in the shape of the resulting droplet, with respect
to the Newtonian. At higher flow rates, in the dripping (C) and jetting (E) regimes,
while there is still no evident difference in the breakup morphology, the droplets shape
results considerably deformed. With respect to the Newtonian, the droplets are elon-
gated alogn the direction of the channel, the elongation being barely visible in the
shear-thinning continuous phase and remarkable in the Boger fluid. This is a sign
that, at higher flow rates, non-Newtonian effects in the flows are triggered. Whether
these effects have an impact on the resulting droplets size can be evaluated only by a
quantitative analysis.

5.2.2 Shear-thinning continuous phases

In the following experiments, Newtonian oil droplets are produced in both Newto-
nian and shear-thinning continuous phases, in the squeezing regime. Three acqueous
solutions of xanthan are employed as shear-thinning continuous phases, at the concen-
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(a) Newtonian (b) Shear-thinning

(c) Boger

Figure 5.2: Snapshots of droplets generation in the microfluidic T-Junction. Top left snapshot (A): the two
inlets of the T-junction have the same width W and the same height H (not shown); the dispersed phase
enters in the junction from the top with flow-rate Qd, the continuous phase enters from the left side with
flow-rate Qc. The length L of the droplets is measured while they cross a rectangular region of interest
(the dashed contour) positioned downstream of the T-Junction. Top left snapshots (A-E) report a breakup
occurring in a Newtonian continuous phase (the system N3 is shown, see Table 5.5 for details) , top right
snapshots report breakup occurring in a shear thinning continuous phase (the system XA400 is shown, see
Table 5.6 for details). , bottom snapshots report breakup occurring in a Boger fluid continuous phase (see
Table 5.4 for details). Droplets are formed in squeezing (A), dripping (C) or jetting (E) regimes. Snapshots
(B) and (D) outline the emergent dripping and jetting regime, respectively.

tration of 800, 1500 and 2500 ppm (w/w). The rheologycal parameters are reported in
Table 5.2. For the Newtonian continuous phases, pure water and aqueous solution of
glycerol at 60% and 85% are employed. Linseed oil is used in all cases as the Newtonian
dispersed phase. No surfactant is added to the liquids.

The glycerine concentrations are chosen in order to have comparable viscosities
with respect to the xanthan solutions. In particular, the viscosity of 85% glycerol/water
is similar to the viscosity exhibited by xanthan 800ppm at a shear rate of 1s−1, which
is numerically equivalent to its consistency index K (compare Tables 5.2 and 5.1). The
viscosities of 60% and 85% glycerol/water are then comparable to the viscosities of
xanthan 800ppm and 2500ppm, respectively, in the middle of the range of shear rates
shown in Fig.5.1. Linseed oil is used as dispersed phase because, as a vegetable oil, it
has a large molecular size and therefore swelling of the PDMS is minimized.

The interfacial tensions between the liquids are measured with the pendant drop
technique (see Sec.3.2). The interfacial tension σ between water and linseed oil is 10.1±
0.6mN/m while σ = 9.8 ± 0.4mN/m between 85%(w/w) glycerol/water and linseed
oil, therefore σ between 60%(w/w) glycerol/water and linseed oil is expected to be
∼ 10mN/m. The surface tensions between the xanthan aqueous solutions and linseed
oil are assumed to be the same as that between pure water and linseed oil due to the
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Figure 5.3: Dimensionless droplet length L as a
function of the flow rate ratio φ for three xanthan
solutions characterized by different rheologycal pa-
rameters (empty symbols). As a comparison, the
data of the Newtonian solutions 60% (w/w) glyc-
erol/water and 85% (w/w) glycerol/water are also
plotted (full symbols). The data refer to a constant
flow rate of the continuous phase Qc = 0.6µL/min.

Figure 5.4: Dimensionless droplet length L as a
function of the flow rate ratio for the xanthan 800
ppm solution (empty circles) for different values of
Qc (different colors). As a comparison, the data of
the Newtonian solution 60% (w/w) glycerol/water
is also plotted (full squares) for the lowest and the
highest Qc.

very low xanthan concentrations.
Accordingly, in the following experiments the only parameter that sensibly varies is

the viscosity of the continuous phase, as the interfacial tension is practically the same
for all combination of liquids. Figure 5.3 shows the variation of the average droplet
lenght L as a function of the flow rate ratio φ at a fixed value of Qc = 0.6µL/min, for
all the solutions employed[88].

The droplet length in glycerol solutions increases linearly with the flow rate of the
dispersed phase Qd = Qcφ as expected [25, 53, 15]. Instead, increasing the viscos-
ity of the continuous phase produces shorter droplets [89, 53, 15]. The lengths of oil
droplets corresponding to 800ppm(w/w) xanthan/water are significantly longer, about
30%, than those obtained with the 85% glycerol solution. However, they are very sim-
ilar to the oil droplet lengths formed in the 60% glycerol solution. Increasing the xan-
than concentration to 1500ppm does not markedly affect the droplet length. A small
decrease in L, about 10%, is found at the highest xanthan concentration investigated,
2500ppm. The data of Figure 5.3 suggest that the effective viscosity of the xanthan solu-
tions when the T-junction is operating is much lower than the static one (i.e. the one at
low shear rate γ̇ = 1s−1). Given the good agreement with the data corresponding to the
solution 60%(w/w) glycerol/water, it is possible to estimate that, at Qc = 0.6µL/min,
the effective viscosity of the 800ppm xanthan solution amounts to about 10mPa · s,
i.e. it has decreased by a factor of approximately eight, with respect to its consistency
value (i.e. the viscosity measured at γ̇ = 1s−1). This implies that the shear rates of this
continuous phase during droplet breakup are on the order of 50s−1, as derived from
the rheological data of Figure 5.1. Similar considerations hold for the other xanthan
concentrations at different flow rates. For instance, if a much higher continuous flow
rate is considered, Qc = 4µL/min, the length of oil droplets in presence of the 800ppm
xanthan solution is similar to that of oil in water. Therefore, the effective viscosity of
the xanthan solution is now decreased by a factor ∼ 80 and the corresponding shear
rate increases to about 1000s−1. To complete the characterization of the droplet forma-
tion in a shear-thinning medium, Figure 5.4 shows the average length of oil droplets
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as a function of the flow rate ratio of the 800ppm(w/w) xanthan/water solution for
different values of flow rate Qc[88]. As in Figure 5.3, the droplet length increases al-
most linearly with the dispersed flow rate Qd = Qcφ. Furthermore, L decreases with
the increasing of the continuous flow rate, again in agreement with the general trend
found in Newtonian fluids [25, 53, 15]. The data corresponding to Qc = 0.2µL/min
practically coincide with those obtained with the 60%(w/w) glycerol/water solution,
confirming that also at this continuous flow rate the dynamic behavior of the 800ppm
xanthan solution in the T-junction is very similar to that of the 60% glycerol solution.
However, if the flow rate of the xanthan solution is increased to Qc = 2µL/min, the
droplets are ∼ 15% longer than those obtained with the 60% glycerol solution at the
same Qc. Again, this difference can be explained in terms of a variation of the viscosity
of the xanthan solution with the continuous flow rate.

5.2.3 Elastic continuous phases

The effects of elasticity on droplet breakup are investigated with a Boger fluid as contin-
uous phase, composed of a solution of 300ppm polyacrylamide in 80% glycerol/water.
This non-Newtonian fluid is characterized by non negligible normal stress differences,
as well as a constant viscosity (see Sec. 5.1 for details). Thus, in principle, the compar-
ison of the droplets breakup with respect to Newtonian fluids is straightforward, by
employing a Newtonian fluid with the same viscosity. In particular, in the following
experiment the solvent of the Boger fluid, i.e. glycerol/water 80%, is used as the New-
tonian reference. Soybean oil is used as the dispersed phase in both cases. Table 5.4
reports the details of the Newtonian and the non-Newtonian systems.

Since the shape of the droplets is considerably affected by the flow, the droplet
volume is measured instead of the length (see Sec. 3.4). Figure 5.5 shows the depen-
dence of the droplet volume V as a function of the Capillary number Ca for both the
Newtonian and the non-Newtonian systems, for different values of the flow rate ratio
φ = Qd/Qc in the squeezing (lower Ca) and dripping regimes (higher Ca). For each φ,
the volume is reported only up to the emerging of the jetting regime. The data clearly
show that, in the limits of the resolution of this experiment, the size of droplets pro-
duced in the Boger fluid practically coincides with the size of droplets produced in the
Newtonian one.

System Dispersed
Phase Continuous Phase ηc σ(mN/m)

Newtonian Soybean
Oil Glycerol/Water 80% + 0.26% Tween 20 43 6.5± 0.5

Boger Soybean
Oil

PAA 300ppm + Glycerol/Water 80%
+ 0.2% Tween 20 ∼ 50 8.2± 0.9

Table 5.4: Experimental parameters of the Newtonian system (top) and the non-Newtonian system
(bottom). All quantities refer to a temperature T = 25◦C. Concentrations are expressed in terms of
weight/weight ratio.

5.2.4 Summary

From this preliminary study results that the droplets breakup process both in a Boger
fluid and in a shear thinning continuous phase is very similar to the one in Newto-
nian continuous phase. In the limits of the range of flow rates investigated, the size of
droplets produced in the Boger fluid considered in this study is the same as the one
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Figure 5.5: Volume of oil droplets produced in a Newtonian (full squares) and in a Boger fluid (empty
circles) continuous phases, as a function of the capillary number Ca for different values of the flow rate
ratio φ (different colors)

of droplets produced in the corresponding Newtonian liquid, at the same Capillary
number Ca and flow rate ratio φ.

From the experiments with shear-thinning fluids results that, for a fixed value of
Qc, the droplets size in shear-thinning solution can be closely matched to the one in a
particular Newtonian solution of some viscosity η1, independently of the flow rate ratio
φ. For a higher (fixed) value of Qc, again the shear-thinning solution can be matched to
another Newtonian solution, which has a different, lower viscosity η2. It follows that,
as a first order approximation, during the operation of the T-junction a shear-thinning
solution can be well approximated as a Newtonian liquid, with an effective viscosity
which is a function only of the continuous flow rate ηeff = η(Qc).

This fact suggests that it is possible to define an effective Capillary number which
can be used to compare the droplets production in shear-thinning and Newtonian con-
tinuous phases. A definition of such an effective Capillary number is proposed in Sec.
5.1.3, and its validity is explored in a more systematic study with shear-thinning solu-
tions in Sec. 5.3.

5.3 Newtonian droplets in shear-thinning continuous phases:
systematic experiments

The experiments in this section address the generation of droplets both in Newtonian
continuous phases (Newtonian system) and in shear thinning continuous phases made
of polymer solutions (non-Newtonian system), keeping a Newtonian dispersed phase.
Table 5.5 summarizes the parameters of the Newtonian systems, reporting the liquids
composition, dynamic viscosity ηd of the dispersed phase, dynamic viscosity ηc of the
continuous phase, viscosity ratio λ and interfacial tension σ. The viscosity ratio is de-
fined as the ratio between the dynamic viscosity of the dispersed phase and the one of
the continuous phase:

λ =
ηd
ηc

(5.11)
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ID Dispersed Phase Newtonian Continuous Phase λ = ηd/ηc σ(mN/m)
N1 Soybean Oil Water + 0.50% Triton X-100 ∼ 50 2.55± 0.03
N2 Soybean Oil Glycerol/Water 60% + 0.56% Triton X-100 ∼ 5 3.59± 0.27
N3 Glycerol/Water 67% Hexadecane + 1% Span 80 ∼ 5 3.99± 0.11
N4 Glycerol/Water 40% Hexadecane + 1% Span 80 ∼ 1 4.17± 0.03
N5 Water Hexadecane + 1% Span 80 0.3 5.01± 0.15

Table 5.5: Experimental parameters of the liquids of the Newtonian systems. All quantities refer to a
temperature T = 25◦C. Surfactants and Glycerol concentration are expressed in terms of weight/weight
ratio.

The Newtonian experiments span two decades of λ using various combinations of ei-
ther Soybean oil (Alfa Aesar) or Hexadecane (Sigma Aldrich), and water solutions of
Glycerol (≥ 99.5% anhydrous, Sigma Aldrich) at different concentrations. A surfac-
tant is added to the continuous phase in order to improve the wetting of the chan-
nel walls. Triton X-100 (Sigma Aldrich) is used in the water solutions while Span 80
(Sigma Aldrich) is added to Hexadecane. The values of the interfacial tension σ are
measured with the pendant drop technique (see Sec.3.2). The non-Newtonian systems

ID Dispersed Phase Shear Thinning Continuous Phase σ(mN/m)
X400 Soybean Oil Xanthan 400 ppm + 0.2% Triton X-100 3.42± 0.01
X800 Soybean Oil Xanthan 800 ppm + 0.2% Triton X-100 3.00± 0.04
X1500 Soybean Oil Xanthan 1500 ppm + 0.7% Triton X-100 2.28± 0.02

Table 5.6: Experimental parameters of the liquids of the non-Newtonian systems. All quantities refer to a
temperature T = 25◦C. The concentrations are expressed in terms of weight/weight ratio.

are summarized in Table 5.6. Soybean oil is used as the dispersed phase while, as con-
tinuous phase, water solutions of Xanthan (molecular weight Mw ≃ 106 g/mol, Sigma
Aldrich) at different concentrations are employed. The concentration of polymers is
chosen to ensure that the rheological response of the continuous phase is dominated
by shear thinning rather than viscoelasticity. At the highest concentration, the appear-
ance of elastic effects due to the presence of first normal stress differences has been
reported [71, 72].

Droplets generation in non-Newtonian systems will be compared to that in Newto-
nian systems in terms of the droplet size as a function of the flow rates. The comparison
is made in similar conditions, such that the forces involved in the breakup process are
the same. Therefore, a systematic investigation of the breakup is initially required, in
order to characterize the Newtonian and non-Newtonian systems and to find a suitable
range of flow rates where they can be safely compared.

5.3.1 Breakup Maps

The preliminary study in section 5.2 showed that the droplets breakup in a shear-
thinning continuous phase is completely analogous to the one in Newtonian contin-
uous phases, occurring in one of the regimes described in section 5.2.1, i.e. squeezing,
dripping or jetting.

In Fig. 5.6, for each of the Newtonian and non-Newtonian systems investigated,
a corresponding “phase diagram” is shown, reporting whether the breakup occurs in
squeezing (S), dripping (D) or jetting (J) as a function of the flow-rateQc of the continu-
ous phase and the flow rate ratio φ = Qd/Qc, . Panels (A-E) refer to the Newtonian liq-
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uids whose details are listed in Table 5.5, while panels (G-I) correspond to the droplets
formed in shear thinning continuous phases described in Table 5.6.

The data refer only to values of φ and Qc for which droplet formation is stable
and occurs at the T-junction. For each φ, the data stops at a certain value Qc, which
represents either the maximum Qc for which droplet breakup still occurs before the
detection window (see Fig. 5.2), or the maximum Qc reachable by the setup (see Sec.
3.4 for details). Production at other φ and Qc are either not stable (low φ, Qc) or are not
investigated.

The transition to jetting is characterized by particular values Qc
∗ of the continu-

ous flow rate which depend on φ. These are identified by analyzing the evolution of
droplet breakup, at fixed φ and increasing Qc, as shown in panel (F). The left and right
snapshots refer, respectively, to the instant just before and just after breakup for a typ-
ical sequence. At low Qc the breakup takes place at the corner of the T-junction and
after the droplet detachment the tip of the dispersed phase returns back into the side
channel (1). At higher Qc the breakup starts to take place after the corner and the tip
returns back stopping at the level of the corner of the T-Junction (3) and then oversteps
it (4) persisting in the main channel. At even larger Qc the dispersed phase starts to jet
(6). As the transition is continuous over a range of Qc, the delimiting value Qc

∗ is cho-
sen to be the one at which, just after breakup, the tip of the dispersed phase oversteps
the corner of the T-junction, as indicated in the figure.

The transition to jetting displays approximately a power-law behaviour with φ ∼
Qc

−1, corresponding to a constant value of Qd, as reported in the literature [63]. Fur-
ther, as other authors report [90], hysteresis has been observed in the transition to jet-
ting, i.e. after reaching the full jetting regime (Fig. 5.2-E) by increasing Qc, the jet per-
sists even after decreasing Qc. For the Newtonian systems (A-E), the breakup maps
are observed to vary strongly between different combination of Newtonian liquids.
Overall, as λ decreases the transition is shifted to higher Qc. In particular, for the low-
est λ ∼ 0.3 (Fig. 5.6-E) the transition to jetting is observed at Qc higher than the ones
accessible by the acquisition system, and thus can not be measured accurately.

5.3.2 Droplet size

Figure 5.7 shows the dependence of the dimensionless average droplet length L/W
as a function of the flow-rate Qc and of the Capillary number Ca (for the Newtonian
systems) of the continuous phase, at different flow-rate ratios φ = Qd/Qc, for the same
systems analyzed in Fig. 5.6. The empty circles overlying the curves mark the flow-rate
Q∗

c corresponding to the onset of the jetting regime, described in the previous section.

Newtonian droplets in a Newtonian continuous phase

For the Newtonian systems, the droplet size is observed to increase at increasing φ,
and decrease at increasing Ca [25, 15]. This trend is consistent with previous studies
performed in similar conditions [15, 87]. For instance, at small Ca, the droplet size is
independent of the viscosity ratio (see, for instance, the data at φ = 0.4 in Fig. 5.7 B-E)
and increases with the flow-rate ratio (compare, for instance, the data at φ = 0.4 and
φ = 0.6 in Fig. 5.7 B-E), in agreement with the scaling argument valid for the squeezing
regime [25]. Furthermore, the change in the slope found at Ca ≃ 10−2 for the curve
φ = 0.2 and λ = 1 in Fig. 5.7-D (see dashed line) is very close to the transition from
squeezing to dripping calculated in phase-field numerical simulations of immiscible
fluids at Ca ≈ 0.015 for φ = 0.25 and λ = 1 [78].
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Figure 5.6: Panels (A)-(E) show the breakup maps of the Newtonian systems for all the combination of φ
and Qc investigated, reporting whether the breakup occurs in squeezing (S), dripping (D) or jetting (J).
Similarly, panels (G)-(I) report the breakup maps for the non-Newtonian systems. Close to the transition
to jetting, the data are marked as jetting when, at a fixed φ, the value of Qc ≥ Qc

∗. The value Qc
∗ of the

continuous flow rate corresponding to the transition to the jetting regime is described in the snapshots in
panel (F). The left and right snapshots correspond to the time just before and just after breakup, respec-
tively, at a fixed φ and increasing Qc (from top to bottom) for a typical experiment (N2, φ = 0.4 is shown).
The value of Qc

∗ is chosen to be the minimum Qc at which, just after breakup, the tip of the dispersed
phase remains inside the main channel, as indicated in the snapshots. Panel (E) does not report the jetting,
as the corresponding flow rates are out the reach of the experimental setup.

Figure 5.8 summarizes the data of the panels (C,D,E) concerning with only the
squeezing and dripping regimes, showing the droplet size as a function of the capil-
lary number.

In the squeezing regime, i.e. for Ca ≲ 0.01, the length of the droplets can be conve-
niently expressed with the following scaling equation:

L = α1 + α2
Qd

Qc
(5.12)

where α1 and α2 are two constants of order one that depend on the junction geometry
[25, 53, 91]. Accordingly, L should not depend on Ca if φ is constant. Instead, the
measurements show no sign of approaching a constant value as the capillary number
decreases, in the limits of the investigated range. It is found that the droplet length
exhibits a power-law dependence on the capillary number L ∝ Caβ , in good agreement
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Figure 5.7: Normalized, dimensionless length L/W of the droplets formed at the microfluidic T-junction
as a function of either the flow-rate of the continuous phase Qc (top axis of panels (A-E), bottom axis
of panels (G-I)) or the corresponding Capillary number Ca (bottom axis in panels (A)-(E)) for different
values of the flow-rate ratio φ, indicated by different symbols according to the legend reported in Panel
(F). Panels (A-E) refer to the Newtonian fluids listed in Table 5.5, while Panels (G-I) correspond to the
polymers listed in Table 5.6. Open circles mark the flow-rate Q∗

c corresponding to the onset of the jetting
regime.

with numerical results [78] and other experiments [15]. More interestingly, the data are
found to scale according to the formula L = kφαCaβ , where k is a constant whose
value depends on the geometry of the T-junction [53]. The right plot of Figure 5.8
shows the dimensionless droplet length, L/W , normalized to φ0.3 as a function of the
capillary number of the continuous phase Ca. It is evident that the normalized droplet
lengths nicely collapse on a straight line. The resulting scaling exponents are in good
agreement with those originally found in similar conditions by Xu et al. in a narrower
Ca range [53], who reported α = 1/3 and β = −0.2.

Newtonian droplets in a shear-thinning continuous phase

For droplets carried by shear thinning liquids, the droplet size is observed to increase
with φ and to decrease with increasing Qc, just like the Newtonian counterparts. How-
ever, the size of the droplets produced in Xanthan solutions appears to increase at high
Qc. A more accurate analysis of the images reveals that droplets volume actually de-
creases with increasing Qc and the increase of the droplet size at high Qc (Fig. 5.7-A,B)
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Figure 5.8: Left: Dimensionless droplet length as a function of the capillary number Ca, for the three
Newtonian systems N3 (squares), N4 (circles), N5 (triangles), characterized by different viscosity ratios
λ = ηd/ηc. The colors refer to different flow rate ratios φ = Qd/Qc. Right: The same data is normalized to
φ0.3. The line corresponds to the power law Ca−0.06

has to be ascribed to an elongation of the droplet as it is transported along the main
channel (Fig.5.2-H). It is noteworthy that such elongation takes place when the shear
forces appear to be quite consistent, and noticeably in the emergence of the jetting
regime. Apart from this elongation, the droplet production in shear thinning contin-
uous phases is qualitatively similar to that occurring in purely Newtonian systems.
A quantitative comparison between Newtonian and non-Newtonian systems is then
performed for selected values of the viscosity ratio λ, and of the flow-rate ratio φ.

In the left column of Fig.5.9 the average normalized droplet length L/W is reported
as a function of the continuous flow-rate Qc for selected φ, covering more than one
decade, from φ = 1/40 to φ = 0.4. Data taken at Qc ≲ 0.1 µL/min are discarded due to
poor reproducibility of our syringe pumps in this range. Similarly, droplets formed in
the jetting regime are not considered because of elongation effects. The graphs clearly
show that the droplets formed in the shear thinning Xanthan solutions get smaller as
the Xanthan concentration is increased, at a given φ. In addition, the size difference
between droplets carried by Xanthan at 1500 ppm and the ones formed in water is
about 30% for about one decade of φ. However, when plotted against the effective
Capillary number Ca defined in Sec. 5.1.3, a remarkable degree of collapse on the same
curve is observed for all the data. With such rescaling, the droplets produced at a
given φ display essentially the same size either they are formed in Newtonian or non-
Newtonian, shear thinning, continuous phases. This provides a direct, experimental
evidence of the validity of the Ca number to capture the shear distribution inside the
microfluidic channel when a shear thinning fluid is flowing at a given Qc. To better
understand the role played by the Xanthan solutions, the droplet breakup experiments
are complemented with realistic numerical simulations.

5.4 Numerical Results

Initially, the LBM simulations are compared to experiments performed with pure New-
tonian fluids. The results are reported in Fig. 5.10. Specifically, in panels (A-H) a rep-
resentative case is reported, corresponding to Ca = 0.0085, φ = 0.4 and λ = 1.0,
where the system is transiting from the squeezing dominated regime to the dripping
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Figure 5.9: Experimental normalized droplet length L/W as a function of the flow-rate of the continuous
phase Qc (left column) and the effective Capillary number Ca defined in Eq. 5.4 (right column), for differ-
ent values of the flow-rate ratio φ, which is increasing from top to bottom rows. Empty symbols refer to
Newtonian fluids, full symbols to shear-thinning Xanthan solutions at different concentrations.

regime. The experiments and numerical simulations are compared using the character-
istic shear time τshear =W/Uav as a unit of time.

More quantitatively, for a fixed φ, the droplet size is a decreasing function of Ca (see
Panel (I)); moreover, for a fixed Ca, a linear scaling law for the droplet size as a function
of φ is reproduced (see inset). For capillary numbers Ca ≈ (10−2) the droplet size is
in good agreement with the experimental results, while a slight mismatch emerges
at higher Ca [92, 93], in the jetting regime, which is however not of interest for the
present study. Overall, the simulations of Newtonian fluids retain the key relevant
outcomes of the experiments, in terms of droplet size behaviour as a function of Ca
and φ. Hence, with respect to the reference Newtonian case, they are good candidates
to explore quantitatively the effects induced by the non-Newtonian behaviour as well
as the validity of the suggested rescaling in terms of Ca, n and φ.

Fig. 5.12 shows the effect of thinning phases on the droplet size for a fixed flow-
rate Qc. The simulations refer to a representative case with Qc = 1.23 lbu (lattice
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(A) t = t0 + 0τshear (B) t = t0 + 0τshear

(C) t = t0 + 0.58τshear (D) t = t0 + 0.65τshear

(E) t = t0 + 0.87τshear (F) t = t0 + 1.01τshear

(G) t = t0 + 1.45τshear (H) t = t0 + 1.50τshear

Figure 5.10: Left: panels (A-H) show the time dynamics for the droplet formation process close to the
squeezing-to-dripping transition from experiments (left snapshots) and LBM simulations (right snap-
shots) for Ca = 0.0085, φ = 0.4 and λ = 1.0. Time is made dimensionless using the shear time
τshear = W/Uav . Right: quantitative comparison between the numerical simulations and the experi-
ments (N3 and N4 are shown, see Table 5.5) of the normalized droplet size as a function of the Capillary
number. The inset reports data for a fixed Capillary number Ca ≈ 0.008 as a function of the flow rate ratio
φ.

Boltzmann units), viscosity ratio λ = 1.0 and flow-rate ratio φ = 0.5. Both Newto-
nian (n = 1, snapshots (A-B)) and non-Newtonian (n = 0.9 snapshots (C-D), n = 0.7
snapshots (E-F)) cases are considered. For the non-Newtonian fluids the droplet size
is observed to be smaller in comparison to the Newtonian case, and the effect is more
pronounced at decreasing thinning exponents. This is in the same trend as the experi-
mental findings reported in the left panel of Fig. 5.9. At the microscales of the present
experiments, the non-Newtonian LBM contain essentially the same information as the
hydrodynamic NS equations supplemented with shear thinning bulk rheology Eq. 5.1
(see also Sec.5.1.4), hence they strongly corroborate the idea that the observed results
originate from a combination of hydrodynamics and bulk thinning phases.

To further support this idea, the viscous stress in the continuous phases is com-
puted along a slice located at half of the channel height. This is overlaid on the density
contours in Fig. 5.12. Indeed the viscous stress is more intense close to the boundaries
at decreasing n. This explains the observed discrepancies in droplet sizes, in that when-
ever a larger viscous stress is present close to the wall, this results in a smaller droplet
size.

To complement the results reported in Fig. 5.9, numerical data for the normalized
droplet length at changing Ca, φ and n are reported in Fig. 5.11. The overall picture
emerging from Fig. 5.9 and Fig. 5.11 highlights that the proposed rescaling arguments
work well for a wide range of thinning fluids (n = 0.5 − 1.0) and flow-rate ratios
(φ = 1/40 − 1.0). Overall, whenever weak discrepancies emerge, they are of the same
order of magnitude for both experiments and numerical simulations; since numerical
simulations are performed with purely thinning fluids, it is unlikely to attribute such
discrepancies to the weak normal stresses of Xanthan [71, 72].
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Figure 5.11: Numerical normalized droplet length L/W as a function of the flow-rate of the continuous
phase Qc (left column) and the effective Capillary number Ca defined in Eq. 5.4 (right column), for differ-
ent values of the flow-rate ratio φ, which is increasing from top to bottom rows. Open symbols refer to
Newtonian fluids, full symbols refer to power-law fluids with different flow behaviour indexes n.

(A) t = t0 + 9.75τshear;n = 1.0 (B) t = t0 + 10.50τshear;n = 1.0

(C) t = t0 + 11.25τshear;n = 0.9 (D) t = t0 + 12.00τshear;n = 0.9

(E) t = t0 + 10.50τshear;n = 0.75 (F) t = t0 + 11.25τshear;n = 0.75

Figure 5.12: Snapshots of droplet formation process in numerical simulations with LBM, reporting two
representative situations before (left column) and after (right column) the breakup process has occurred.
3D snapshots are overlaid on the viscous stress in the continuous phases computed along a slice located at
half of the channel height. The flow-rate ratio is kept fixed to φ = 0.5 and the flow-rate in the continuous
phase to Qc = 1.23 lbu. Different power-law exponents are used: Newtonian fluid (n = 1, snapshots
A-B), thinning fluid with thinning exponent n = 0.9 (snapshots C-D) and n = 0.75 (snapshots E-F).
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5.5 Conclusion

The droplets breakup in a microfluidic T-junction driven by either Newtonian or non-
Newtonian continuous phases has been extensively studied. The droplets size has been
measured over a wide range of the viscosity ratio λ and flow-rate ratio φ still partly
unexplored [78] [94] [15]. Squeezing, dripping and jetting regimes are identified for
Newtonian and non-Newtonian continuous phases and the resulting breakup maps
look quite similar.

The size of droplets produced in a Boger fluid is observed to be the same as the
one of droplets produced in a Newtonian liquid with the same viscosity and at the
same Capillary number Ca and flow rate ratio φ. Despite the droplets are considerably
deformed as they are carried away by the Boger fluid, there is no strong evidence that
the elasticity of the continuous phase affects the droplet size resulting after breakup.

The size of droplets produced in shear-thinning solutions in the squeezing and drip-
ping regimes is found to nicely scale with an effective Capillary number, which reduces
to the usual Capillary number when the fluid is Newtonian. The experiments are com-
plemented with numerical simulations based on lattice Boltzmann models (LBM) with
purely thinning fluids. The simulations show that for the same injection flow-rate, the
viscous stress is more intense close to the microchannel walls for a shear-thinning fluid,
thus yielding smaller droplets as observed in the experiments. The rescaling with the
effective Capillary number is also verified in numerical simulations, thus confirming
that the observed properties are solely ascribed to a combination of continuum hy-
drodynamics and purely thinning phases. These results provide new insights into the
formation and the manipulation of droplets in the presence of non-Newtonian confined
environments and show that LBM can be successfully employed for the simulation of
such complex microfluidic systems.





Conclusions

The study of breakup dynamics of droplets formed in non-Newtonian fluids is impor-
tant for the applicability of droplet microfluidic devices in many reseach fields, which
often involve non-Newtonian fluids. Moreover, the development of microfabrication
techniques which are simple and involve cheap materials is an important aspect for the
widespread diffusion of microfluidics as a viable research tool.

This thesis describes how T-junction microfluidic devices can be constructed in
polyester-toner technology, using common office equipment. These devices have been
demostrated to be suitable for generating highly monodisperse water-in-oil and oil-in-
water droplets in the same device without any specific surface treatment of the chan-
nels walls. This is mainly due to the partial hydrophilicity of the polyester surface
together with the addition of suitable surfactants. The fabrication procedure is char-
acterized by being very simple, fast and inexpensive, being possible to complete the
whole fabrication in less than 10 min, with a cost of ∼ $0.10 per device.

It also presents the systematic results of droplets breakup in a microfluidic T-junction
driven by either Newtonian or non-Newtonian continuous phases. The droplets size
has been measured over a wide range of the viscosity ratio and flow-rate ratio. Squeez-
ing, dripping and jetting regimes are identified for Newtonian and non-Newtonian
continuous phases and the resulting breakup maps look quite similar.

The size of droplets produced in a Boger fluid is observed to be the same as the one
of droplets produced in a Newtonian liquid with the same viscosity and at the same
Capillary number and flow rate ratio. Despite the droplets are considerably deformed
as they are carried away by the Boger fluid, there is no strong evidence that the elastic-
ity of the continuous phase affects the droplet size resulting after breakup. However,
further experiments may be done in the future using different viscoelastic fluids, which
exhibit stronger elastic responses.

The size of droplets produced in shear-thinning solutions in the squeezing and drip-
ping regimes is found to nicely scale with an effective Capillary number, which reduces
to the usual Capillary number when the fluid is Newtonian. The experiments are com-
plemented with numerical simulations based on lattice Boltzmann models (LBM) with
purely thinning fluids. The simulations show that for the same injection flow-rate, the
viscous stress is more intense close to the microchannel walls for a shear-thinning fluid,
thus yielding smaller droplets as observed in the experiments. The rescaling with the
effective Capillary number is also verified in numerical simulations, thus confirming
that the observed properties are solely ascribed to a combination of continuum hy-
drodynamics and purely thinning phases. These results provide new insights into the
formation and the manipulation of droplets in the presence of non-Newtonian confined
environments and show that LBM can be successfully employed for the simulation of
such complex microfluidic systems.
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Appendix A

Lattice Boltzmann Method

In this chapter the main concepts underlying the Lattice Boltzman Method are intro-
duced. The general structure of this chapter is adapted from[95]. In section A.1 the
Boltzmann equation, which describes a fluid at the microscopic scale, is introduced.
Starting from that, in section A.2, the well known Navier-Stokes equations are recov-
ered, which describe the fluid at the macroscopic scale. The Lattice Boltzmann Method
is presented in section A.3. Section A.4 shows how the interfacial tension can be imple-
mented.

A.1 Boltzmann equation

The microscopic description of a dilute gas composed of particles of equal massm1 can
be accomplished by a distribution function in the phase-space. f ≡ f(x,v, t) denotes
this distribution function, such that f(x,v, t) d3x d3v is the number of particles in the
position x within the volume element d3x, with velocity v within d3v and at time t,
which are under the effect of the (optional) external force F ≡ F (x)2. If collisions
are neglected, the above-said particles at the time t + ∆t will have moved to the new
position x + v∆t with a velocity v + F∆t, within the same volume element d3x d3v
(due to Liouville’s theorem), that is:

f(x+ v∆t,v + F∆t, t+∆t) d3x d3v = f(x,v, t) d3x d3v (A.1)

which for ∆t→ 0, becomes:

D

Dt
f = 0 (A.2)

where D/Dt denotes the total derivative (also called material derivative), showing that f
is conserved during time evolution. Since f is a distribution function, the integration
of a quantity A weighted by f gives the average value of that quantity:

∫
Af∫
f

=< A >

1For simplicity of notation m will not be shown and assumed to be m = 1.
2Actually within the notation adopted in this section F is a force per unit mass m = 1, i.e. F = F /m.

73



74 APPENDIX A. LATTICE BOLTZMANN METHOD

In particular, from the first three moments of f with respect to the velocity v the follow-
ing macroscopic quantities are obtained:∫

d3v f = n

1

n

∫
d3v fvα =< vα >= uα

1

n

∫
d3v f

v2

2
= K

(A.3)

which are, respectively, the number of particles per unit volume or density n ≡ n(x),
the average velocity u ≡ u(x) and the kinetic energy. These are macroscopic quantities
that are transported by the gas. Equation A.2 can be rewritten equivalently:

∂

∂t
f + (v · ∇x)f + (F · ∇v)f = 0 (A.4)

to obtain what is called collisionless Boltzmann equation or Vlasov equation (commonly
in plasma physics). This equation describes the microscopic time evolution of the
distribution function for a collisionless gas. The fact that the collisions are absent in
this equation means that this gas cannot ever reach any equilibrium state. It is well
known that, in absence of an external force, the equilibrium distribution of a gas is the
Maxwell-Boltzmann distribution:

f0(v) =
n

(2πkT )3/2
e−

(v−u)2

2kT (A.5)

Similarly to A.3 the moments of this distribution can be computed as follows:∫
f0 = n∫
f0 (vα − uα) = 0∫
f0 (vα − uα)(vβ − uβ) = nkTδαβ∫
f0 (vα − uα)(vβ − uβ)(vγ − uγ) = 0∫
f0 (vα − uα)(vβ − uβ)|v − u|2 = 5n(kT )2δαβ

(A.6)

The collisions between particles have the effect of changing the value of f and can be
accounted for by adding a term to the right-hand side of the equation A.4:

∂

∂t
f + (v · ∇x)f + (F · ∇v)f =

(
∂

∂t
f

)
collision

(A.7)

The general expression for the collision term (∂tf)collision is very complicated and will
not be reported here. Instead, the common BGK (Bhatnagar-Gross-Krook) approxima-
tion will be used, which is based on the observation that the effect of collisions over
time is to lead the distribution f towards the equilibrium distribution f0. Equation A.7
becomes:

∂

∂t
f + (v · ∇x)f + (F · ∇v)f = −1

τ
(f − f0) (A.8)
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where the approximated collision term is linear in f and f0 is a local Maxwell-Boltzmann
distribution (i.e. n, u and T depends on position x). The constant τ , called relax-
ation time, is the characteristic time between collisions, and its inverse, 1/τ , is the
collision frequency. It is simple to show that if f is uniform in space and F = 0, i.e.
∂tf = −(f − f0)/τ , then f exponentially converges to f0 with a time constant τ , i.e.
equilibrium is rapidly reached after few collisions. Although this seems quite a drastic
approximation, equation A.8 is enough to derive the full hydrodynamic equations.

The Boltzmann equation describes microscopically the evolution of the particles in
a gas, however, fluid dynamics is more concerned with the evolution of macroscopic
quantities like the fluid density ρ, the fluid velocity field u, the temperature T and so
on. In analogy from the equations A.3, where the moments of the distribution func-
tion f are directly connnected to the macroscopic quantities, taking the moments of the
Boltzmann equation A.8, i.e. integrating in some power of v both members of the
equation, leads to conservation equations for the macroscopic quantities, as shown in
the following section.

A.2 Hydrodynamics

The zero-order moment of the Boltzmann equation A.8 is obtained simply by integrat-
ing both members with respect to velocity v

∂t

∫
d3vf + ∂xα

∫
d3vfvα + Fα

∫
d3v∂vαf = −1

τ

∫
d3v(f − f0)

The distribution function f can be approximated, from equation A.8, by the equilib-
rium distribution as f = f0 − τ(∂t + v · ∇x + F · ∇v)f , and using the equations A.6
for the moments of the distribution f0, last equation trivially3 becomes (to first order
in derivatives) the equation of the conservation of mass:

∂tn+ ∂α(nuα) = 0 (A.9)

Expliciting m and defining ρ = nm the mass density, in vector notation this is the
continuity equation:

∂tρ+∇ · (ρu) = 0 (A.10)

Similarly, the first order moment of the Boltzmann equation is obtained multiplying
by vα and integrating

∫
d3vvα(. . . ) both members of the equation. The computation

in much more involved, but it ultimately leads to the equation for the conservation of
momentum:

n∂tuα + nuβ∂βuα = −∂α(nkT ) + nFα + ∂β[η(∂βuα + ∂αuβ − 2

3
∂γuγδαβ)] (A.11)

This equation can be rewritten in vector notation in the more familiar form, called
Navier-Stokes equation:

ρ∂tu+ ρ(u · ∇)u = −∇P + F+∇ · [η(∇u+ (∇u)T )]− 2

3
∇(η(∇ · u)) (A.12)

where P = nkT and η = nkTτ are, respectively, the pressure and the viscosity of a
gas, F = ρF /m is a force per unit volume, ∇u denotes the Jacobian matrix of u and

3remembering that for the Gauss’s theorem Fα

∫
d3v∂vαf =

∫
d3v∂vα(Fαf) = 0 since it is the integral

of the divergence of the vector F f , and f vanishes at infinite.
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(∇u)T its transpose. Although this equation has been derived from the Boltzmann
equation for a dilute gas, it is well known that this equation can accurately describe a
general Newtonian fluid.With the additional assumptions of constant viscosity η (which
in general may depend on the local temperature T ) and incompressible fluid (∇·u = 0)
this equation simplifies to

ρ∂tu+ ρ(u · ∇)u = −∇P + F+ η∇2u (A.13)

This last equation tells that the vector field u(x, t) changes in time (∂tu) due to different
contributions. The term (u ·∇)A represents advection of some general quantity A along
the field u, i.e. the fluid carries the quantity A as it flows. In particular in (u · ∇)u
the same velocity u is advected by u, and this is commonly called inertial term. The
term η∇2u instead denotes diffusion of the velocity field u. Diffusion ∇2A of some
quantity A has the effect of “spreading” A in nearby regions until it becomes uniform
in space. In particular, diffusion of momentum η/ρ∇2(ρu) gives rise to the effects of
viscosity, where the diffusion constant ν = η/ρ is called kinematic viscosity, η is called
dynamic viscosity. Thus η∇2u is commonly called viscous term. The remaining two terms
represent the force exterted on the fluid by pressure P and some general external force F ,
e.g. gravity.

The second order moment of the Boltzmann equation, again, leads to a conservation
equation which is called heat conduction equation, and the conserved quantity is energy.
It is omitted here because it is not of much use for the rest of this thesis, as the systems
studied are usually isothermal.

Lastly, a very important point to stress is the connection between the microscopic
nature of the fluid, described by the Boltzman equation, and its behaviour at the macro-
scopic scale, which is described by the moments of the equation and of the distribution
function. The equations A.9 and A.11 have been derived from the Boltzmann equation
A.8 without particular assumptions on the miscoscopic nature of the gas, but only as-
suming particular properties for the equilibrium distribution f0. Actually, in order to
derive the hydrodynamic equations, the miscoscopic system described by f is not even
required to be a physical gas behaving “in the usual way”, as long as its equilibrium
distribution f0 has the same moments. This fact is at the very fundation of the Lattice
Boltzmann Method, described in the next section.

A.3 Lattice Boltzmann Method

Computational fluid dynamics techniques commonly involve the discretization of the
hydrodynamic equations A.9 and A.11, in order to solve them by many possible nu-
merical schemes, e.g. finite differences methods. Particular care has to be taken if mass,
momentum and energy have to be accurately conserved.

In a Lattice Boltzmann Method the solution of the Boltzmann equation is attempted
instead. Such solution will then automatically satisfy the hydrodynamic equations as
a consequence.

The finite difference in equation A.1, together with the collision term, can be rear-
ranged (for ∆t→ 0) in the following way4:

f(x+ v∆t,v, t+∆t)− f(x,v, t) + (F · ∇v)f∆t = −1

τ
(f − f0)∆t (A.14)

4by adding and subtracting the term f(x+ v∆t,v, t+∆t)
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to obtain an equation which is equivalent to the Boltzmann equation A.8, except for the
external force term being explicited out from the difference, which now represents only
advection. This equation can be discretized with the constrains that time takes integer
values (∆t = 1), and both x and v take values on a lattice (e.g. x ∈ Z3,v ∈ Z3) in such
a way that, if x is a node in this lattice, then x + v is again a node in the lattice. For
every x there is a full set of possible velocities v (i.e. (x,v) ∈ Z3 × Z3). Last equation
then reads:

f(x+ v,v, t+ 1)− f(x,v, t) + F(x,v) = −1

τ

(
f(x,v, t)− f0(v, n,u, T )

)
(A.15)

where F(x,v) generalizes the force term (F · ∇v)f . Once an expression for F is chosen
(or if it is just assumed to be zero) then, in principle, equation A.15 already defines a
numerical scheme for solving the Boltzmann equation. In fact, once f and the macro-
scopic quantities n(x),u(x), T (x) are initialized at the time t, then equation A.15 tells
how to compute the values of f for all the lattice nodes at time t+1. Once f is computed,
the new macroscopic quantities for time t+ 1 can be computed from the moments of f
with A.35. The discrete equation A.15, expanded in Taylor series, returns to the origi-
nal Boltzmann equation6, therefore it simulates the time evolution of the macroscopic
quantities as described by the Navier Stokes equations A.11.

Although in principle with this discretization scheme the Boltzmann equation could
be integrated, it is evident that this would be impractical. If L = N∆x denotes the lat-
eral size of the lattice (i.e. |x| < L), and if |v| also has some upper limit, say L/∆t, then
the lattice size (for a tridimensional system) is of the order ∼ L6, which corresponds to
∼ N6 lattice nodes to be updated at every time step. For non-trivial problems, this can
be impractical even in a modern cluster of supercomputers.

A.3.1 Lattice Boltzmann equation

The power of the Lattice Boltzmann Method relies on the fact that, in order for the
hydrodynamic equations A.9 and A.11 to be derived from the Boltzman equation, the
equilibrium distribution f0 is not required to be the Maxwell-Boltzmann distribution
A.5, which is defined in all R3. The distribution f0 is only required to have the same
moments as the Maxwell-Boltzmann. That is, any function f0(v) which have the prop-
erties expressed in equations A.6 will be enough. In particular, it is not required to be
defined in all R3, but instead it can be defined only for a smaller set of velocities vi,
such that x is connected by vi only to it first neighbors (or up to some neighborhood
order). This only fact reduces the number of computations per time step from ∼ N6

to ∼ kN3, where k is the number of first neighbors, which is of the order of tens for a
tridimensional problem. Equation A.15 thus becomes:

f(x+ vi,vi, t+ 1)− f(x,vi, t) + F (x,vi) = −1

τ

(
f(x,vi, t)− f0(vi, n,u, T )

)
(A.16)

The velocities vi can be written as vi = cei, where the adimensional vector ei connects
the lattice node x with its i-th nearest neighbor, and c = ∆x/∆t, called lattice speed
of sound, contains the spacing between lattice nodes ∆x. Since the set of possible mi-
croscopic velocities vi is small, it is convenient to write the distibution function in the
following notation:

fi(x, t) ≡ f(x,vi, t)
5 at time t + 1 the parameters of the equilibrium distribution f0 are updated with the ones extracted

from the out-of-equilibrium distribution f , as an approximation.
6with a difference in the collision time that is renormalized as τ → τ − 1/2.
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The macroscopic quantities associated to fi can be computed by the analogous of A.3:∑
i

fi = n

1

n

∑
i

ficei = u
(A.17)

With the same notation for the force term Fi ≡ F (x,vi), equation A.16 can be written
in the more compact form

fi(x+ cei, t+ 1)− fi(x, t) + Fi(x) = −1

τ

(
fi(x, t)− f0i (n,u, T )

)
(A.18)

which is called lattice Boltzmann equation. The are many possible choices for the set of
velocities vi, which can constrain the conservation properties of the equation. If the
number of velocities is large enough it is possible for this equation to satisfy the con-
servation laws for mass (eq. A.9), momentum (eq. A.11) and energy. Instead, by using
a reduced number of velocities, it is possible to limit the equation to satisfy the con-
servation laws of mass and momentum only, thus not conserving energy but instead
keeping a constant temperature T . In this latter case the lattice Boltzmann is isothermal,
and this is the most common situation.

Figure A.1 shows a 2-dimensional example of such an isothermal lattice, called
D2Q9 (2 dimensions and 9 velocities). In this lattice for every (spatial) node, repre-
sented by a dot in Fig. A.1a, there are 9 possible velocities vi = cei leading to the first
neighboring nodes and to the node itself (with velocity v0 = 0).

A.3.2 Equilibrium distribution

The equilibrium distribution function f0i can be derived, with a polynomial expansion,
from the Maxwell-Boltzmann distribution A.5 for u≪ c:

f0i = nwi

(
1 +

3

c2
u · vi +

9

2c4
(u · vi)2 −

3

c2
u · u

)
(A.19)

where c =
√
3kT and the weights wi depend on the set of velocities. In particular, for

the D2Q9 set w0 = 4/9, w1 = w2 = w3 = w4 = 1/9, w5 = w6 = w7 = w8 = 1/36.
To this equilibrium distribution there correspond the same moments of the origi-

nal Maxwell-Boltzmann distribution (A.6). Therefore the corresponding macroscopic
quantities, like n and u, evolve in time with the lattice Boltzmann equation A.18 in the
same way as the original Boltzmann equation A.8, that is according to the hydrody-
namic equations A.9 and A.11.

A.3.3 Time evolution

The time evolution of f , as directly stated by the lattice Boltzmann equation A.18, can
be implemented with the following algorithm for each time step:

1. Macroscopic quantities: At the time step t, the macroscopic quantities n and u, for
the lattice node x, are computed from the distribution fi by A.17, or are initialized
to some value if t = 0.

2. Equilibrium distribution: the values of the equilibrium distribution f0i are com-
puted with A.19 from the macroscopic quantities
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(a) Lattice Node (b) Streaming

Figure A.1: (a) Representation of a node (central dot) and its 8 neighbours in a two-dimensional (D2Q9)
lattice. The node has a generic position x and is connected to its neighbouring nodes at positions x +
vi∆t = x + ∆xei for i = 0, ..., 8 with e0 connecting the node to itself. In the figure ∆x = ∆t = c = 1.
(b) Streaming step in the time evolution from t to t + ∆t. The post-collision values of the distribution
function f0, ..., f8 in the node x (central dot) are transferred to the corresponding neighbouring nodes,
with f0 remaining in place. That is, the fraction of particles with velocity vi, fi = f(x,vi), is moved to the
position x + vi∆t. This operation is performed simultaneously for all the nodes in the lattice therefore,
e.g, the value f1 in the central node after the streaming step will be the value f1 that was previously in the
left node at position x− v1∆t = x+∆xe3. Source of the pictures:[96].

3. Collision: the values of the distribution function after collision are computed from
A.18 as f∗i (t) = fi(t)− (fi(t)− f0i )/τ − Fi

4. Streaming: the post-collision values f∗i , at the node x, are transferred to the corre-
sponding neighbouring nodes for time t+1, i.e. fi(x+ cei, t+1) = f∗i (x, t), as in
Fig. A.1b

If the above operations are applied simultaneously to all the nodes in the lattice, the
microscopic gas described by the distribution function fi will have evolved by one
time step. Such microscopic gas, of course, is not realistic, since its particles can only
jump from one node to the surrounding ones, with fixed velocities. What is important,
however, is that the fraction of particles that move in each direction, i.e. fi, are such that
the macroscopic quantities computed by A.17 evolve according to the Navier-Stokes
equation. Therefore this gas, macroscopically, can describe a realistic fluid.

A.3.4 Boundary conditions

The boundary conditions can be imposed in a number of different ways. The simplest
one is the no-slip boundary condition, which states that at a solid wall the macroscopic
velocity field is u = 0. This can be implemented in the lattice Boltzmann with the so
called bounce-back rule. The solid wall lies at halfway between two nodes, as shown in
Fig.A.2. The bounce-back rule applies only to the components fi that have velocities
directed to the wall. After these are streamed to the nodes past the wall, they are
inverted and then streamed back to the origin node. This way the macroscopic velocity
u at the wall, computed from fi by A.17, is forced to be zero.

Other kind of boundary conditions, like velocity or pressure boundary conditions,
can be implemented as well by imposing particular properties to the values fi at the
boundary, in order to force some value of the velocity u or the density n, the latter
being proportional to the pressure by P = nkT .
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Figure A.2: Representation of the bounce-back rule boundary condition. The time evolution of the solid
nodes is treated differently from the others, and the solid-fluid interface (the wall) virtually lies in the
middle between two neighbouring solid and fluid nodes. Top: the streaming step of the post-collision
values fi is performed as usual, as described in Fig. A.1b, only for the nodes which lie in the fluid. Bottom:
after streaming, the values fi which have crossed the wall are returned back to their original position and
with inverted velocities. This way, the macroscopic velocity at the wall is approximately zero.

A.4 Lattice Boltzmann methods with surface tension

There are many approaches to the implementation of interfacial phenomena in lattice
Boltzmann simulations. In the case of droplet microfluidics, the two-phase flow can be
either described as a single component fluid, in which there is a separation between
a liquid phase and a vapor phase, using the same lattice Boltzmann equation A.18, or
as a multiple component fluid, i.e. with a mixture of two or more different species
of particles. In the latter case, the lattice Boltzman equation is extended to include a
distribution function fα for each component α = a, b, . . . of the fluid. For example, a
binary fluid is described by fa and f b. The two components are usually treated inde-
pendently, that is they relax toward equilibrium each with its own relaxation time τα.
The equation then becomes the following:

fαi (x+ cei, t+ 1)− fαi (x, t) = − 1

τα

(
fαi (x, t)− fα,0i (n,u, T )

)
(A.20)

the main difference in the various methods is the way in which the interaction between
the components is included.

A.4.1 Free Energy models

Since the lattice Boltzman method comes from a microscopic description of a fluid, the
natural approach is to define a free energy, in a similar way as in Sec. 1.5.1, which is
the sum of a bulk term and of some function of the gradients of the densities na and
nb of the two components. Briefly, once the free energy is defined, a non-ideal pressure
tensor Pαβ is computed, which contains the equation of state of the non-ideal fluid.
The equilibrium distribution function fα,0 is then modified from A.19 to include Pαβ ,
in such a way as to recover the Navier-Stokes equations where a non ideal pressure
appears. Although this approach is quite involved, it ultimately leads to a thermodi-
namically consistent description of phase separation[97, 98].
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A.4.2 Shan-Chen model

Another, much simpler approach is the so-called Shan-Chen method[99]. Although it
proves not to be thermodinamically consistent, it still exhibits phase separation and
is effective in implementing interfacial phenomena in lattice Boltzmann simulations.
Thus, due to its simplicity, is widely adopted. The interaction between the particles is
introduced with a potential V of the form:

V (x,x′) =
∑
α

∑
β

Gαβ(x,x
′)ψα(nα(x))ψβ(nβ(x′))

where the value Gαβ(x,x
′) is the strenght of the interaction between the components

α and β and its sign determines wheter the interaction is attractive or repulsive. It is
different from zero only when x and x′ are first neighbours. The function ψ(n) is an
“effective density” and is usually assumed to be of the form ψ(n) = n0(1 − e−n/n0)
or even just ψ(n) = n. With this interaction potential, the force, or rate of change of
momentum for the particles α in the node x is:

dpα

dt
(x) = −ψα(x)

∑
β

Gαβ

∑
i

ψβ(x+ cei)cei

This force can then be included as a bulk force (specifying a suitable expression for
Fi) in the collision step of time evolution (Sec. A.3.3) or, alternatively, the momentum
increment ταdpα/dt can be added to the one used to compute the equilibrium distribu-
tion function before the collision step.
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