
 

 
 

 

 
 

Sede Amministrativa: Università degli Studi di Padova 

 

 

Centro Interdipartimentale di Studi ed Attività Spaziali 

 

 

 

SCUOLA DI DOTTORATO DI RICERCA IN : Scienze Tecnologie e Misure Spaziali 

INDIRIZZO: Astronautica e Scienze da Satellite  

CICLO XXIV 

 

 

OPTICAL VORTEX DIFFRACTIVE OPTICS  

FOR TERRESTRIAL AND SPACE APPLICATIONS 

 
 

 

Direttore della Scuola : Ch.mo Prof. Giampiero Naletto 

Coordinatore d’indirizzo : Ch.mo Prof. Giampiero Naletto 

Supervisore : Ch.mo Prof. Cesare Barbieri 

Co-supervisore : Dott. Fabrizio Tamburini 

 

 

       Dottorando : Elettra Mari 

          

 

 

 





A tutti quelli che hanno creduto in me,
nonostante il loro buon senso.





"What can be asserted without evidence
can also be dismissed without evidence."

Christopher Hitchens





Abstract

Optical vortices (OVs) are topological dislocations in light beams due to phase singularities asso-
ciated with angular momentum (OAM). The wavefront of the waves that make up the light beam
that carries OAM is twisted around its axis of propagation with a helicoidal shape. Along the axis
of the helicoid the phase is undefined, so the waves cancel each other out. Hence, due to the
destructive interference, the intensity (linear momentum) distribution of a vortex exhibits a dark
core that is surrounded by a ’ring of light’. The vortex is characterized by a number, called the
topological charge that indicates how many full 360 degree twists the wavefront phase makes
around the beam axis within one wavelength.

In the past decade, the OAM of light beams has attained a large attention in many applications
in science. Among these, the most promising are those in optical communications, nanotechnolo-
gies, biology and astronomy.

Optical vortices may be generated naturally and by a variety of different techniques, one of
which is the use of a diffractive vortex mask the spiral phase plate. The spiral phase plate is a
helicoidal lens that looks like a spiral staircase with a certain number of steps, that imposes an
azimuthally dependent phase delay on an incident optical wavefront.

The objective of the research presented in this dissertation is to study the properties of these
particular optical devices and some of their possible applications.

Firstly, we have studied the spiral phase plate in the visible light domain. We have found,
through numerical simulations and experimental tests using an optical bench, a relationship be-
tween the number of steps that build the phase gap, and the topological charge imposed onto
incident light beam.

This result has allowed us to optimize the design parameters of the spiral phase plates for
astronomical purposes that we have manufactured on PMMA. We have assembled our first proto-
type of the optical vortex coronagraph based on the insertion of a spiral phase plate in the optical
path of a telescope. Coronagraphs are instruments designed to block the light from a bright
source so that nearby much fainter sources can be directly imaged without glare. The optical
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vortex coronagraph (OVC) exploits the dark area in the intensity distribution of even-topologically
charged optical vortices produced by a spiral phase plate, attenuating the light of the bright source
but keeping the light from secondary sources intact.

In this framework of our project we performed coronagraphic tests at the Asiago 122 cm optical
telescope and managed to extinguish the light of one component of a stellar double system by
almost one order of magnitude.

The astronomical use of the spiral phase plate has prompted us to investigate the efficiency of
this device with respect to the angular distance at which the secondary source crosses the central
singularity. Through numerical simulations we found that the optical vortex coronagraph works
also above the limit posed by the Rayleigh criterion. The research has led to the proposition of
a new method to determine the angular separation between two sources above the sub-Rayleigh
condition, exploiting the asymmetric intensity distribution of the OVs produced by a double system
that crosses the spiral phase plate.

As Maxwell’s equations are equally valid for all wavelengths, optical vortices can be produced
also at radio frequencies. Based on this fundamental principle we have studied diffractive optics
also in the radio domain, presenting the first experimental evidence of a radio vortex. In order to
do so, we built a reflective spiral phase plate made from Styrofoam clad with aluminum foil, with a
design based on the results obtained in optics. The experimental verification that OAM-carrying
beams can be generated and exploited by using radio techniques paved the way to the outdoor
radio communication experiment that we subsequently carried out.

In this real-world experiment we were able to show that it is possible to simultaneously trans-
mit two radio channels on the same frequency by physically encode the channels in two different
orbital angular momentum states. This novel radio technique allows, in principle, the implemen-
tation of an infinite number of channels in a given band centered on one and the same carrier
frequency. Our experimental findings that electromagnetic OAM can be used for radio and TV
transmission are likely to open new perspectives on wireless communications and radio-based
science.
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Sommario

I vortici ottici, sono caratteristiche topologiche dell’onda, legate alle singolaritá di fase nei campi
elettromagnetici che trasportano momento angolare orbitale (OAM). Il fronte d’onda ha forma
elicoidale, si attorciglia spiraleggiando attorno all’asse di propagazione in cui la fase é indefinita.
Lungo l’asse dell’elica le onde fanno interferenza distruttiva le une con le altre, con il risultato di
una distribuzione d’intensitá caratterizzato da una regione buia nel centro, circondata da luce a
forma di ciambella. I vortici ottici sono caratterizzati da un valore, detto carica topologica che
indica quante volte la fase compie una completa variazione di 360 gradi attorno all’asse ottico in
una lunghezza d’onda.

I vortici ottici possono essere prodotti con l’utilizzo di strumenti ottici. In particolare in questa
tesi sono state studiate delle particolare ottiche diffrattive dette spirali di fase. Le spirali di fase
sono ottiche il cui spessore cresce gradualmente intorno ad un asse; somigliano a scale a chioc-
ciola, costruite con un certo numero di scalini ed impongono al fascio incidente un ritardo di fase
che dipende dall’angolo azimutale.

L’oggetto di questa ricerca é lo studio delle proprietá delle spirali di fase, la caratterizzazione
e alcune possibili applicazioni.

Lo studio si é inizialmente concentrato sulle spirali da fase nel range del visibile. Attraverso
simulazioni numeriche ed esperimenti al banco ottico, siamo riusciti a ricavare una relazione tra il
numero degli scalini che costruiscono il salto di fase nella spirale e la carica topologica che viene
imposta al fascio incidente.

Questo risultato ci ha permesso di ottimizzare i parametri di costruzione della spirale realiz-
zata in PMMA per applicazioni astronomiche. Abbiamo infatti assemblato il primo prototipo di un
coronografo a vortici ottici, nel cui cammino ottico é stata inserita la spirale di fase realizzata in
base ai parametri da noi definiti. I coronografi, in generale, sono strumenti progettati per bloccare
la luce proveniente da una sorgente brillante in modo tale da poter osservare direttamente delle
sorgenti piú deboli nelle vicinanze. Il coronografo a vortici ottici sfrutta la regione buia nella di-
stribuzione d’intensitá di un vortice ottico per attenuare la luce di una sorgente luminosa, senza
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diminuire l’intensitá della sorgente secondaria.
Abbiamo testato il nostro prototipo al telescopio ’Galileo’ 122cm di Asiago, attenuando l’in-

tensitá di una componente del sistema stellare doppio Epsilon2 Lyrae di quasi un ordine di
magnitudine.

L’applicazione astronomica della spirale di fase ci ha spinto allo studio delle sua efficienza,
ovvero del contrasto che si ottiene nella zona buia del vortice ottico, a diverse distanze angolari
della sorgente secondaria rispetto alla singolaritá centrale della spirale. Simulazioni numeriche
hanno mostrato che il coronografo a vortici ottici funziona anche al di sotto del limite di risoluzione
di Rayleigh. La ricerca si é sviluppata fino alla formulazione di un nuovo metodo per determinare
la distanza angolare tra due sorgenti distanti meno del criterio di Rayleigh. Il nuovo metodo
sfrutta la distribuzione d’intensitá asimmetrica dei vortici ottici prodotti dalla sorgente secondaria
che passa attraverso la spirale di fase, ma non in corrispondenza della singolaritá centrale.

Poiché le equazioni di Maxwell sono valide su tutto lo spettro elettromagnetico, i vortici posso-
no essere prodotti anche in diverse bande rispetto al visibile. Basandoci su questo fondamentale
principio abbiamo studiato delle ottiche diffrattive per la produzione di vortici nel range del radio.
Abbiamo costruito con polistirolo e alluminio una spirale di fase basandoci sui risultati trovati nel
visibile ed abbiamo ottenuto la prima evidenza sperimentale di un vortice radio. La verifica speri-
mentale della possibilitá di generare e sfruttare vortici radio ha spianato la strada all’esperimento
successivo che é stato condotto nel campo della comunicazione radio.

Abbiamo compiuto la prima trasmissione OAM in cui due segnali sono stati trasmessi con-
temporaneamente e sulla stessa frequenza, su due canali radio codificati in due diversi stati di
momento angolare orbitale. Questa nuova tecnica radio permette, in teoria, di codificare un infinito
numero di canali in una singola banda centrata su una frequenza. I risultati dei nostri esperimenti
nel dominio del radio aprono nuove prospettive nel mondo della comunicazione.
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Chapter 1
Introduction

Vortices are an appealing feature of waves that are found in nature. The space-time evolution of a
beam of waves is ruled by its phase front topology. When the phase front has a helicoidal shape
owing to the circulation of momentum around the helix axis [1] the wave is carrying an optical
vortex [2].

Optical vortices (OVs) are phase defects embedded in light beams that carry orbital angular
momentum [1] (OAM). OAM of light is a new degree of freedom associated to the spatial field
distribution of an optical beam. In optics, vortices are characterized by a dark core in the intensity
(linear momentum) in a beam of light, due to the destructive interference along the optical axis,
where the phase in undefined.

OAM and optical vortices have found practical applications in many fields such as radar [3],
nanotechnology [4] and quantum experiments [5]. In particular we mention two applications in
astronomy and space sciences that we have drawn on in this work: improve the resolving power
of diffraction-limited optical instruments [6] and facilitate the detection of extrasolar planets [7].

Several methods may be used to imprint OVs onto a incident beam. Among them, the most
efficient are phase masks [8] and computer-generated holograms [9]. In this thesis we have
studied the diffractive optics called spiral phase plate, a particular kind of phase mask. The spiral
phase plate is a helicoidal lens with a thickness that increases proportionally to the azimuthal
angle. As a consequence, an incident beam of electromagnetic waves acquires a helicoidal phase
retard on its wavefront.

This thesis covers three main topics:

1. Study of peculiar properties of an optical and high quality spiral phase plate;

2. Coronagraphic astronomical application in the visible range;

3. Study of electromagnetic vortices and their application in communication within the radio
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CHAPTER 1. INTRODUCTION

frequency range.

The chapters in this thesis are organized as follows. A brief introduction to diffractive optics
is given in Chapter 2. A literature overview about optical vortices and orbital angular momentum
is presented in Chapter 3. In Chapter 4 we present the fabrication process and tests of two
different types of spiral phase plates in the visible wavelength regime. We report the results
obtained with our first prototype of the optical vortex coronagraph, mounted at the 122 cm Asiago
telescope in Chapter 5. A new optical vortex coronagraph (OVC) method to determine the angular
distance between two sources when the separation is sub-Rayleigh is introduced in Chapter 6.
The first experimental evidence of a radio vortex is described in Chapter 7. The experimental
demonstration of the first radio transmission that encode signals in OAM channels is reported in
Chapter 8.

We have used both numerical and experimental methods.

Firstly, we have studied the spiral phase plate in the visible domain. The author of this thesis
has developed specific numerical routines to simulate the behaviour of different spiral phase plates
built with different number of steps, finding a relationship between the number of steps and the
OAM value imposed to incident light beam. The author has confirmed the numerical conclusions
in experiments performed by using an optical bench. Based on this result, the author defined the
design parameters for the spiral phase plate manufactured on PMMA to be inserted into an optical
vortex coronagraph.

Our first prototype of this optical instrument was assembled with the aim of detecting and
imaging faint objects near much brighter sources, and it is was mounted and tested at the Asiago
122 cm telescope. We obtain an attenuation of the light from one component of a stellar double
system of almost one order of magnitude. The author took part in the campaign of observations,
and then she reduced and processed all data, taking into account the lucky imaging technique.

Further and deeper investigation of the properties of these spiral phase plates was then
achieved with the writing of new numerical routines, written entirely by the author, that simu-
late the secondary source crossing the phase mask at different angular distance with respect to
the central dislocation. We have discussed the superresolution capabilities of an OVC, and the
author contributed to the formulation of a new method that allows the determination of the angu-
lar separation between two sources above sub-Rayleigh condition by exploiting the geometrical
properties of the optical vortices.

The third part of this thesis is centered on the study of radio vortices. We have studied a
solution to build a phase mask for the radio domain. We built a reflective eight steps spiral phase
plate made on Styrofoam and aluminum foil, taking into account the results obtained in the visible
domain. The author has participated in the preparation and realization of the experiment. The
main contribution was the development of numerical routines to simulate the experiment and to
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process the collected data.
Finally, we have carried out an outdoor experiment that demonstrate the feasibility of wireless

information transfer over large distances that exploits the OAM states of electromagnetic waves.
We have encoded and transmitted two independent channels in the same frequency, discrimi-
nated only by their OAM. Our findings extend previous indoor laboratory tests in which the trans-
mission of optical OAM states of radio beams were discussed. We demonstrated the possibility of
using different orbital angular momentum channels without increasing the frequency bandwidth.
The contribution of the author to this experiment was crucial at every stage of the experiment,
from the transformation of a commercial parabolic antenna to a vortex reflector for the generation
of the OAM channel, to the general organization and performance of the experiment.
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Chapter 2
Diffractive optics

Conventional optical devices such as lenses, mirrors and prisms used in optical instruments are
based on refraction or reflection. A diffractive optical element (DOE) is a new class of optics that
operates on the principle of diffraction. In conventional optical design diffraction is a limitation
because it determines the limit resolution of an optical imaging system. The developments of
analogue holography (demonstrated in the 1940s and made practical in the 1960s), synthetic
aperture radar (1960s), and computer-generated holograms and kinoforms, more generally known
as diffractive optical elements (DOE’s) (late 1960s) marked the beginning of the development of
optical elements based on diffraction. More recently, the combination of diffractive and refractive
optical elements, such as a refractive lens corrected by diffractive optics, showed how to achieve
new design strategies.

2.1 Diffraction

Diffraction is a phenomenon characteristic of the propagation of a wave which occurs when a
wavefront encounters an obstacle in its path. The wavefront is thus altered in its amplitude or
phase. The general problem of diffraction is to find an expression of the field over the obstacle.

2.1.1 History

The first reference to diffraction phenomena appears in the work of Leonardo da Vinci (1452-
1519). The effects of diffraction were first carefully observed and characterized by Francesco
Maria Grimaldi (1618 - 1663), who also coined the term diffraction, from the Latin diffringere, ’to
break into pieces’, referring to light breaking up into different directions. The results of Grimaldi’s
observations were published posthumously in 1665. The corpuscoular theory, which, at that time,
was widely belived to described the propagation of light, could not explain diffraction. In 1818
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CHAPTER 2. DIFFRACTIVE OPTICS

Fresnel [10], in his memoirs, showed that diffraction can be explained by the application of the
wave theory of light that had been advanced by Huygens in 17th century [11].

Diffraction problems are amongst the most difficult ones encountered in optics. The theory of
Huygens and Fresnel is by far the most powerful and adequate for the treatment of the majority of
problems in instrumental optics.

2.1.2 The Huygens-Fresnel principle

A wavefront that propagates beyond an obstacle may be studied in terms of secondary spherical
waves that interfere with each other (Fig.2.1) [12]:

Each area element dΣ of a wavefront Σ can be formally considered as a secondary source of
spherical waves in phase with the primary one and with amplitude proportional to the amplitude of
the primary wave and to that dΣ area. The disturbance produced at a point in space can always
be obtained as a superposition of all the secondary spherical waves that reach that point.

Figure 2.1: Graphical representation of the Huygens - Fresnel principle. Σ is the wavefront, dΣ is
an area element of the wavefront. a is the size of the aperture.

The Huygens-Fresnel principle provides a good basis for understanding and predicting the
wave propagation of light.

The basic idea of the Huygens-Fresnel theory was put on a stronger mathematical basis by
Kirchhoff [13, 12]. Kirchhoff’s diffraction formula provides a rigorous mathematical foundation
for diffraction, based on the wave equation. The assumptions made by Fresnel to arrive at the
Huygens - Fresnel equation emerge automatically from the mathematics developed by Kirchhoff.

2.1.3 Fresnel and Fraunhofer approximations

The form of a diffraction pattern can be determined from the sum of the phases and amplitudes
of the Huygens wavelets at each point in space. There are various analytical models which can
be used to do this including the Fraunhofer diffraction equation for the far field and the Fresnel
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2.1. DIFFRACTION

diffraction equation for the near field. Most configurations cannot be solved analytically, but can
find numerical solutions through finite elements and boundary element methods.

Fresnel number

The Fresnel number F is a dimensionless number used in diffraction theory. It is defined, for an
electromagnetic wave passing through an aperture, as:

F =
a
2

Lλ

where a is the size of the aperture, L is the distance between the screen and the aperture, and λ

is the wavelength.

Figure 2.2: Diffraction geometry. Aperture plane (x�
, y

�) and image plane (x, y).

Depending on the value of the Fresnel number one can distinguish two different type of diffrac-
tion:

• Fresnel approximation F � 1

• Fraunhofer approximation F � 1

Fresnel diffraction

The electric field at the point (x, y, z) of the image plane is given by:

�E(x, y, z) =
z

iλ

��
�E(x�

, y
�
, 0)

e
ikr

r2
dx

�
dy

� (2.1.1)

where

r =
�
(x− x�)2 + (y − y�)2 + z2 = z

�

1 +

�
x− x�

z

�2

+

�
y − y�

z

�2

(2.1.2)

Using the binomial series expansion

�
1 + ρ = (1 + ρ)1/2 = 1 +

ρ

2
− ρ

2

8
+ · · · (2.1.3)
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and defining
ρ = (x− x

�)2 + (y − y
�)2 (2.1.4)

we can write r as

r = z

�
1 +

ρ2

z2
= z

�
1 +

ρ
2

2z2
− 1

8

�
ρ
2

z2

�2

+ · · ·
�
= z +

ρ
2

2z
− ρ

4

8z3
+ · · · (2.1.5)

In the Fresnel approximation it is assumed that the third term is negligible. To satisfy this assump-
tion, this term has to be much smaller than 2π:

k
ρ
4

8z3
� 2π with k =

2π

λ

so that
ρ
4

z3λ
� 8

Multiplying both sides by z
3
/λ

3, and substituting the eq. (2.1.4) we have:

[(x− x
�)2 + (y − y

�)2]2

λ4
� 8

z
3

λ3
(2.1.6)

If this condition is true for all values of x, x�
, y, y

� the third term in the binomial expression is
negligible. In general for the wavelength the conditions λ � z and λ � ρ are valid. If it is also
valid ρ � z, we have the Fresnel approximation [12]:

r ≈ z +
(x− x

�)2 + (y − y
�)2

2z
(2.1.7)

With this approximation, the equation (2.1.1) becomes:

�E(x, y, z) =
e
ikz

iλz

��
�E(x�

, y
�
, 0) exp

�
ik

2z
[(x− x

�)2 + (y − y
�)2]

�
dx

�
dy

� =

=
e
ikz

iλz
exp

�
i
k

2z
(x2 + y

2)

�
·

·
��

�E(x�
, y

�
, 0) exp

�
i
k

2z
(x�2 + y

�2)

�
exp

�
−i

k

2z
(xx� + yy

�)

�
dx

�
dy

� (2.1.8)

This equation represents the electric field vector at point (x, y, z). The Fresnel diffraction gives
good results in the region very near the diffraction plane, at distances of the order of tens of λ.
Analytical solution of this expression is still only possible in rare cases.

Fraunhofer diffraction

We introduce the Fraunhofer approximation. It requires that the image plane, that is at distance z

from the aperture plane, is such that this condition applies:

z � k(x�2 + y
�2)

2
=

π(x�2 + y
�2)

λ
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2.2. DIFFRACTIVE OPTICS

Under these conditions the quadratic term inside the integral in (2.1.8) is negligible, so the distri-
bution of the field in image plane becomes:

�E(x, y, z) =
e
ikz

iλz
exp

�
i
k

2z
(x2 + y

2)

� ��
�E(x�

, y
�
, 0) exp

�
−i

k

2z
(xx� + yy

�)

�
dx

�
dy

� (2.1.9)

The term in front of the integral is a phase factor that depends on the geometry of the aperture,
on the position of the image plane and on the wavelength of the incident radiation. Equation (2.1.9)
describes the field in the image plane in terms of superposition of waves emitted by each point of
the aperture, seen as source point. Each wave is weighted with a phase factor.

In the Fraunhofer approximation the distribution of the field in the image plane, at constant
distance z from the aperture, is proportional to the Fourier transform of the aperture function.

2.2 Diffractive Optics

When we talk about devices that control light through diffraction, a number of terms are used:
binary optics, kinoforms, computer generated holograms, holographic optical elements etc. All of
these are diffractive optics elements (DOEs, see Fig.2.3).

Figure 2.3: Various types of DOEs [14].

We can classify these diffractive optics as follows:

• Diffractive Optical Elements: Components that modify wavefronts by segmenting and
redirecting the segments through the use of interference and phase control;

• Kinoform: Surfaces that control the phase of the incident beam varying smoothly;

• Binary Optics: DOE with a discrete number of phase-controlling surfaces. The simplest
form is a mask, made by lithography, with two surfaces, which introduce either a 0 or a π-
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CHAPTER 2. DIFFRACTIVE OPTICS

phase difference on the incident wavefront. When N masks are used, a multilevel binary
optic can be generated, usually resulting in 2N phase levels;

• Computer-Generated Hologram: Generated by reducing a calculated interference pattern
to a series of phase or amplitude masks;

• Holographic Optical Element: DOE generated by the interference of two wavefronts to
produce a component that will be used to acts as an optical component.

This is just one possible scheme to describe diffractive optical elements. In fact, during the last
three decades diffractive optics have been given numerous names, by academics, engineers or
marketing managers.

Another possible classification is one that based on the design techniques and the physical
implementations used to produce them. In that way we can introduce five different groups of
diffractive optics, partially coinciding with the previous classification, that have been reported in
literature since 1967 [15], reported in Fig. 2.4.

Figure 2.4: The five different diffractive elements types [16].

• Holographic optical elements: Refer to traditional optical holographic recording of volume
phase holograms (in phase modulation materials) or surface relief holograms (in photo resist
materials).

10



2.2. DIFFRACTIVE OPTICS

• Analytic type diffractives: Refer mostly to elements that can be designed or optimized by
means of analytical methods, such as ray tracing or by solving an analytical equation (as is
done for Fresnel lenses or gratings). These are the most common diffractives.

• Numeric type diffractives: Refer mostly to elements that cannot be designed or optimized
by analytical methods and require stochastic iterative optimization procedures and algo-
rithms. These elements can implement more complex optical functions than analytic-type
diffractives, but have their limitations

• Subwavelength diffractive elements: Refer to elements which basic structures are smaller
than the reconstruction wavelength and are thus highly polarization sensitive and act very
differently from the previous two diffractive types.

• Dynamic diffractives Refer to all the technologies used to implement reconfigurable, tun-
able, or switchable diffractive optical functionalities. These elements can incorporate any of
the four previous diffractive types

As DOEs are based on diffraction, they are highly dispersive: their properties depend on wave-
length. Hence they are more commonly used with monochromatic light. However, the dispersive
properties can also be used to advantage. For example, light at one wavelength can be focused
at one point, and light at another wavelength can be focused at another point in space. DOEs
have some advantages that we can resume as follows:

• A diffractive optics can perform more than one function. For example, it can multiple focal
points, corresponding to multiple lenses on a single element. It can also be designed for
use at multiple wavelengths;

• DOEs are generally much lighter and occupy less volume than refractive and reflective opti-
cal elements;

• One surface of a conventional glass lens is curved, whereas for a diffractive lens there is
no such requirement. A diffractive element can be fabricated on any arbitrary shape of the
substrate;

• The fabrication and replication of DOEs are relatively easy and cheap.

In addition, refractive and diffractive optical elements can be combined in order to extend
existing optical functionality, or introduce additional functionality. For example, the hybrid lens
consists of a conventional refractive lens with a diffractive structure etched into one of its surfaces;
the diffractive surface corrects image aberrations and color aberrations.

11



CHAPTER 2. DIFFRACTIVE OPTICS

2.3 A brief survey of Diffractive Optics

Diffraction gratings

Linear diffraction gratings have historically been the first type of diffractive element that has been
studied, fabricated and used successfully in industrial applications. Some major application areas
for diffraction gratings are spectroscopy, spectroscopic imaging, optical communications, and net-
working. They can be fabricated with a wide variety of techniques and technologies, from diamond
ruling to holographic exposure and microlithography.

A diffraction grating is an optical device that periodically modulates the amplitude or the phase
of an incident wave. Both the amplitude and the phase may also be modulated. In the simplest
case, a grating can be considered as a large number of parallel, closely spaced slits. Regardless
of the number of slits, the peak intensity occurs at diffraction angles governed by the following
grating equation:

d sinα�
m = mλ (2.3.1)

where d is the spacing between the slits, m is the diffraction order, and α
�
m is the diffraction

angle (see Fig. 2.5).

Figure 2.5: Section of a diffraction grating [17].

Linear diffraction gratings are designed according to the formula (2.3.1), and thus are analytic-
type elements. Diffraction gratings are very effective to separate a wave into different wavelengths
with high resolution (see Fig. 2.6).

The spectral dispersion of such a grating can be written as:

∂α
�
m

∂λ
=

m

Λ cos(α�
m)

(2.3.2)

where Λ is the period of the grating, α the incident angle. The resolution is:

R = mN0 (2.3.3)

where N0 is the total number of grating grooves.

12



2.3. A BRIEF SURVEY OF DIFFRACTIVE OPTICS

Figure 2.6: Diffraction grating as dispersor [17].

Fresnel zone plate

Fresnel zone plate (FZP) is a classical DOE, that consists of opaque and transparent circular
zones (see Fig. 2.7).

Figure 2.7: Fresnel zone plate.

Such a DOE serves as a flat lens, can be mass-manufactured and is commonly used in many
technologies such as overhead projectors.

FZP is an analytic type element. The analytic equation is given by the path difference between
two rays traveling along SOP and SAP (see Fig. 2.8).

∆(r) = (ρ0 + ρ)− (z0 − z) =
�
r2 + z

2
0 +

�
r2 + z2 − (z0 + z) (2.3.4)

The Fresnel-zone parameter, n, is defined such that the path difference is an integer multiple
of half wavelengths:

n
λ

2
= ∆(r) (2.3.5)
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Figure 2.8: Fresnel zone plate: side view.

The nth Fresnel zone is the area between the circles with radii rn−1 and rn. The field at P
emanating from a point on the circle with radius rn is half a wavelength out of phase with the
field from a point on the circle with radius rn±1. So the adjacent zones cancel each othereq. by
destructive interference. As a consequence the total field at P will increase if either all even or all
odd zones are blocked out; the remaining zones reinforce each other, thus creating a focal point
at distance z. Assuming the zone plate is illuminated by a plane wave, z0 ≈ ∞, and setting z = f0,
eq.(2.3.4) becomes

rn

λ
=

�
f0

λ

�
n− 1

2

�
+

(2n− 1)2

16
(2.3.6)

The quantity f0 is called the focal point. Fresnel zone plate operates as a lens with focal length
f0. The equation of a FZP is:

r
2
n =

�
f0 +

nλ

2

�2

− f
2
0 (2.3.7)

where rn is the radius of th n-th circle. Substituting eq.(2.3.6), the eq.(2.3.7) becomes

r
2
n = f

2
0

�
nλ

f0
+

1

4

�
nλ

f0

�2
�

(2.3.8)

When n is large, this can be approximated as

rn ≈
�
nλf0 (2.3.9)

The phase profile of a diffractive element can take many forms depending on the optical soft-
ware used to design and optimize it. Once the aspheric phase profile is defined in this infinitely
thin surface, the phase profile is sliced into 2π phase shift slices for the considered wavelength for
maximum diffraction efficiency in the fundamental positive order, a process shown in Fig. 2.9.
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Figure 2.9: From the initial aspherical phase profile to the DOE fringes [17].

Computer Generated Holograms

Computer Generated Holograms (CGHs) are numeric type elements (see Fig. 2.4), which are
often used as single standing optical elements.

An hologram represents the synthetic image of an object. This is produced by using particular
plates in which the information on the EM field of the objects that one wants to reproduce is
recorded. Essentially, a holographic plate records the interference pattern obtained from the
superposition of the EM field diffused by the object and a coherent reference beam. For this
reason, when the plate is illuminated by a beam having the same characteristics of the reference
beam, an image of the object will appear (see Fig. 2.10).

Figure 2.10: Left: production scheme of an hologram. Right: Reconstruction of 3D image.

Holography was invented in 1948 by Gabor [18]. At that time the production of holographic
plates was limited by the absence of coherent sources that are strongly required to obtain stable
interferograms. A great improvement of the holographic techniques was made possible only after
the development of laser sources in the Sixties.

Until now, two distinct types of transmission holographic plates have been developed: the on-
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axis Gabor holograms [18] and the off-axis Leith-Upatnieks holograms [19]. A Gabor hologram
produces both virtual and real images of the object along the same axis. Thus, an observer will
always see a superposition of the two images. Instead, with the Leith-Upatnieks holograms it
is possible to separate the two images, since the holographic plate is produced by imposing an
offset angle between the reference wave and the light scattered by the object.

In the mid Sixties the synthesis of holographic plates was improved with the aid of computers
[20]. In fact, computers allow to easily calculate the complex amplitude of the EM field propagated
from the object to the hologram plane, which is then encoded as a real non-negative function.

Computer generated holograms offer important advantages over the optical holograms since
there is no need for a real object: the objects, which one wants to show, do not have to possess
any physical reality at all. It is a completely synthetic hologram generation.

There are two types of CGHs, the Fourier type and the Fresnel type. The first one projects the
desired pattern in the far field whereas the second one reconstructs the pattern in the near field,
and thus can be considered as a complex diffractive lens. Fig. 2.11 represents a Fourier and a
Fresnel CGHs which split the incoming beam into an array of 3 × 3 beams. Fourier type element
creates nine collimated beams from a single collimated beam, whereas the second one creates
nine converging beams from the same collimated beam. In other words the Fresnel-type CGH
could be considered as a multifocus diffractive lens.

Figure 2.11: Two types of CGHs: Fourier type on the left and Fresnel-type on the right [17].

There are several steps in the creation of a CGH. These are sampling of waves, computation
of wave propagation, coding of complex wave information on the hologram and recording of the
resulting CGH. Many different iterative optimization algorithms have been successfully developed
and applied in literature to the CGH design process. The most commonly used algorithm in
industry to design both Fresnel or Fourier CGHs is an iterative Fourier transform algorithm.

Fourier transformation: Lohmann method

The Fourier transformation concept was first introduced by Brown and Lohmann [15]. It utilizes
the Fourier transformation property of a lens and generate a CGH design for a Fourier transform
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hologram. It is assumed that the reconstructed image is on an output plane, as shown in Fig.
2.12.

Figure 2.12: The Fourier transform system used in CGH design.

In the Lohmann method the hologram plane is divided into smaller rectangles, each containing
an aperture. Amplitude modulation is achieved by controlling the sizes of the apertures, and phase
modulation is achieved by controlling their positions. This results in a binary transmission pattern.

We define H(vx, vy) as the binary transmission function of the hologram and h(x, y) the output
amplitude from hologram, that is proportional to the desired image f(x�

, y
�). When a tilted plane

wave, exp(2πix0vx) is incident on the binary hologram, the complex amplitude after the hologram
is H(vx, vy) exp(2πix0vx). The complex amplitude at the image plane is its Fourier transform (see
Fig. 2.13).

This is always valid, and in theory it is referred to an infinite number of aperture sizes and
positions. But it is not practical for many methods of implementations. To overcome this obstacle,
a discrete method can be used to quantize the size and position of the apertures in each cell. In
the modified method, the size of each aperture still controls amplitude, and phase is controlled
by shifting the aperture position. However, the possible values of amplitude and phase are now
quantized. In the quantized Lohmann method, each hologram cell is divided into an N ×N array.
This will be referred to as N -level quantization. This restricts the possible center positions and
heights of each aperture. Thus, the phase and amplitude at each cell is quantized. Specifically,
there are N possible positions for the center of the aperture (phase), and N/2+1 potential height
values (amplitudes) including zero amplitude, since the cell is symmetric in the y direction. A
large N produces a pattern close to that of the exact hologram. Quantizing aperture positions is
useful in practical implementations. For example, spatial light modulators (SLMs) can be used in
real time to control amplitude and phase modulation at each hologram point. Unfortunately, the
SLM cannot accurately generate an exact Lohmann cell, and quantization is necessary to make
realization practical.
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In Fig. 2.13 we show an example of computer reconstruction from an hologram.

Figure 2.13: On the left there is the image used in the generation of the Lohmann hologram which
is visible in the central panel. This hologram was generated with 16 levels of quantization. The
computer reconstruction from its Lohmann hologram is shown in the right panel. The twin images
are the real and virtual images [21].
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Chapter 3
Optical vortices

3.1 Optical dislocations

In 1974, John Nye and Michael Berry broke with the conventional view of waves and their propa-
gation and introduced the concepts of wavefront dislocations. This seminal paper marks the birth
of a new branch of physics called singular optics. In a recent paper Berry gave a definition of
singularities [22] as:

"Singularities are places where mathematical quantities become infinite, or change abruptly.
In waves - of light, for example - there can be singularities in the intensity, in the phase, or in the
polarization. This is a modern view, sharply different from the traditional approach where waves
were simply the solutions of wave equations, and singularities - if considered at all - were regarded
as awkward places where the usual treatments fail".

There exist three types of dislocations:

1. screw dislocations;

2. edge dislocations;

3. mixed screw-edge dislocations.

The first takes the name from the screw topology of the wavefronts. The second are characterized
by the topology of two half-planes that are joined discontinuously, resulting in an infinitely long
dislocation line or edge. Similar to dislocations in crystals, an edge dislocation can also end in a
screw dislocation, resulting in the so-called mixed screw-edge dislocation, the latter type.
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3.2 New electromagnetic degree of freedom

We can describe the EM field of generic beam with wavefront dislocations as

ψ(�r, t) = A(�r, t) exp[iΦ(�r, t)] (3.2.1)

where Φ(�r, t) is the phase term. The amplitude A(�r, t) has to be zero in correspondence of the
position of a wavefront dislocation, where the phase is not defined [23].

Coullet et al. [2] have introduced optical vortices (OVs) as new term to indicate screw dis-
locations. OVs are topological defects due to phase singularities in light beams, related to the
helicoidal shape of the wavefront.

The propagation of OVs in paraxial approximation1 is described with good approximation by
the scalar wave equation

∇2
E − 1

c2

∂
2
E

∂t2
= 0 (3.2.2)

The complex solution can be written in cylindrical coordinates [24]:

E = (r,ϕ, z, t) ∝
�

r
|�| exp[i(kz − ω + �ϕ)]
r
−|�| exp[i(kz − ω + �ϕ)]

(3.2.3)

In both solutions the phase depends on azimuthal angle ϕ and on the integer number � called
topological charge. Before explaining the physical meaning of the topological charge, we notice
that these solutions cannot describe any real wave because the first equation diverges for r → ∞,
whereas the second one tens to infinity for r → 0. The problem is the amplitude growth, that can
be avoid by introducing an additional amplitude term so that the amplitude (A(�r, z)) results zero
at the center (r = 0) and decreases in periphery (∝ 1/r).

The topological charge is defined by the path integral

� =
1

2π

�
∇Φ · d�r (3.2.4)

taken along a closed circuit �r around the vortex and which involves the phase gradient ∇Φ. It
indicates the number of 2π phase changes along any closed circuit around the dislocation center.

The helicoidal wavefront, when � �= 0, is defined by the equation

�ϕ− kz = const (3.2.5)

whereas, if � = 0, it describes a planar surface. The topological charge attributed to this wavefront
structure is positive for a right-screw helicoid. When |�| > 1, the wavefront is composed by |m|
identical helicoids nested on the z axis and separated by the wavelength λ.

The value of the topological charge indicates also the number of the lobes of the helicoidal
wavefront, as shown in Fig. 3.1.

1Paraxial approximation is valid when the propagation vector �k forms a small angle with the propagation axis.
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Figure 3.1: Wavefronts of light beams containing OVs with � = 0, 1, 2, 3. Source: http://www.

physics.gla.ac.uk/Optics/play/photonOAM/.

3.3 Orbital angular momentum

That electromagnetic (EM) fields can carry not only energy and linear momentum but also angular
momentum over very large distances has been known for over a century. However, it is less than
twenty years ago that optical methods for the manipulation of light in well-defined EM orbital
angular momentum (OAM) eigenstates were developed [8]. In classical electrodynamics terms,
the electromagnetic field (E,B) in a volume V of free space, where the dielectric permittivity is
ε0, carries the total linear momentum

�p = ε0

�

V

dx
3( �E × �B) (3.3.1)

associated with translational dynamics and force action, and the total angular momentum

�J = ε0

�

V

dx
3(�x− �x0)× ( �E × �B) (3.3.2)

associated with rotational dynamics and torque action about the moment point �x0. To leading
order in distance from the source

r = |�x− �x0| (3.3.3)

the conserved physical observables �p and �J are independent of r. It is worth noticing that the
linear momentum �p from a radiation source may tend to zero at infinity, while the angular momen-
tum �J from the same source may tend to a non-zero constant there. This is typically the case
of an OAM structured electromagnetic beam whose field intensity falls off sufficiently rapidly with
distance from the beam axis.

The total angular momentum density �J is given by

�J = �r × �P (3.3.4)
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where �r is the vector from the chosen origin around which the total angular momentum density is
measured to the point under consideration, �P is the linear momentum density at that point. This
angular momentum density can be separated into two parts when integrated over the volume of
the system,

�J =

�
�J d

3
r = �L+ �S (3.3.5)

The vector �L is the orbital angular momentum, intimately related to beam vorticity and phase
singularities, spans a state space of a denumerably infinite dimension and �S is the spin angular
momentum, associated with the two states of wave polarisation. Spin and orbital angular mo-
menta of a light beam can be divided only for the component of the total angular momentum
parallel (or at least paraxial) to the propagation axis [25].

OAM was already theoretically predicted at the quantum level by Poynting and later also by
Majorana in his unpublished notes about the formulation of quantum electrodynamics [26]. Heitler,
in 1936 [27] wrote a classical formulation of the OAM by using multipolar expansions. Allen
et al. [1] in 1992 showed that light beams with phase singularities can carry orbital angular
momentum (OAM). This is a property of the electromagnetic field, related to the helicoidal shape
of the wavefront.

The amplitude of this electromagnetic field is usually described in terms of superpositon of
Laguerre-Gauss (LG) modes, a particular class of cylindrically symmetric laser cavity modes. LG
modes are characterized by two indices: l, the azimuthal index indicating the number of twists of
the helical wavefront within a wavelength, and which coincides with the topological charge �, and
p the number of radial nodes present in the LG mode (see Fig. 3.2).

In cylindrical coordinates, in the plane orthogonal to the beam propagation direction, z, the
Electromagnetic field is given by

upl(r,ϕ, z) =

�
2p!

π(p+ |l|)!
1

w

�
r
√
2

w

�|l|

L
|l|
p

�
2r2

w2

�
×

× exp

�
−r

2

w2

�
exp

�
−ikr

2

2R

�
exp[−i(2p+ |l|+ 1)ψ]e−ilϕ

(3.3.6)

where w is the beam width (the radius at which the amplitude decreases by a factor e−1), zR is
the Rayleigh range, R is the curvature radius, ϕ(z) = arctan(z/z0) is the Gouy phase and L

l
p is

the generalized Laguerre polynomial. The phase varies linearly with the azimuthal angle, ϕ, as
expressed by the term exp(−i�ϕ).

The physical form of a beam carrying orbital angular momentum is shown in Figure 3.3.
A three dimensional plot of the azimuthal phase variation of the beam shows a linearly in-

creasing phase change about the azimuthal direction. The phase variation along a closed path
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Figure 3.2: Various intensity distributions of LG modes. For each increment of p, an additional
concentric ring is added to the mode profile while an increment of l results in an increase in the
diameter of the dark core located on the beam axis.
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Figure 3.3: Wavefront of the Laguerre - Gausse mode LG1
0 and, at the bottom, the intensity

distribution, i.e. linear momentum. Source: Mair et al. Entanglement of the orbital angular
momentum states of photons, Nature (2001).
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C around the optical axis is 2π. The intensity distribution shows a distinctive doughnut pattern
that is directly due to the azimuthal phase variation and the consequent destructive interference
along the beam centre. The associated Poynting vector precesses around the optical axis, with
constant inclination with respect to the propagation axis [28, 29].

Returning to the eq.(3.2.1) we can define the amplitude A(�r, t) of the EM field of a generic
vortex beam as

�A (�r, t) = �σu(�r)ei(kz−ωt) (3.3.7)

where �σ is a complex vector that describes the polarization of the field, ω is the frequency and
u(�r) describes the field amplitude distribution in the paraxial approximation [1]

u(r,ϕ) = u(r)ei�ϕ (3.3.8)

For this kind of beam, the linear momentum density, �P, in cylindrical coordinates with unit
vectors r̂, ϕ̂, and ẑ is [30]

P =
ε0

2
( �E∗ × �B + �E × �B

∗) = iω
ε0

2
(u∗∇u− u∇u

∗) + ωkε0|u|2ẑ + ωσz

ε0

2

∂|u|2

∂r
ϕ̂ (3.3.9)

The first two terms are independent of polarization and refer to the orbital angular momentum,
while the third term recognizes the spin angular momentum, related to polarization. The term
u
∗∇u − u∇u

∗ has reference to the quantum-mechanical expression of the expectation value of
the linear momentum of a wave function. From this equation it is evident that only beams that
contain at least one discontinuity (∇u �= 0) can carry OAM.

For a circularly polarized beam propagating in the z-direction the r, ϕ and z components of
linear momentum density are given by [28]

Pr = ε0
ωkr

R(z)
|u|2 (3.3.10)

Pϕ = ε0

�
ω�

r
|u|2 − 1

2
ωσ

∂|u|2

∂r

�
(3.3.11)

Pz = ε0ωk|u|2 (3.3.12)

The first component refers to the enlargement of the beam during its propagation; the azimuthal
component Pϕ has two terms: the first depends on the topological charge �, therefore on OAM,
whereas the second term depends on spin (σ). The last component, Pz , is the linear momentum
along the propagation axis. Using eq.(3.3.5), it is simple to obtain the z component of the total
angular momentum density:

Jz = ε0

�
ω�|u|2 + 1

2
ωσr

∂|u|2

∂r

�
(3.3.13)
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Integrating the previous equation over the cross-section of the beam we obtain the z component of
the total angular momentum; dividing by the total energy W we have the total angular momentum
per unit of energy. The two components of Jz are evident: the first one depends on OAM (�) and
the second one on the spin (σ). We can conclude that any photon of a vortex beam with an energy
W = �ω carries a quantity of �� of OAM.

Jz

W
=

�

ω
+

σ

ω
(3.3.14)

The same result is obtained in the next section, describing the problem from a quantistic point
of view.

3.3.1 Orbital angular momentum in quantum regime

The wavefunction in Dirac notation is |ψ�. In a paraxial mode, say an LG mode, we can write the
wave function as

|ψ� = |�� = u(r)ei�ϕ (3.3.15)

where e
i�ϕ is a phase term. The stationary solution ψ(�r) satisfies three eigenvalue equations

of three different quantum operators. The equations relate the Hamiltonian Ĥ, i.e. the operator
associated to the total energy of the system, the momentum operator P̂ and the projection along
the z axis of total angular momentum Ĵz.

ĤΨ = �ωΨ con Ĥ = c

�
�s · �

i
∇
�

(3.3.16)

P̂Ψ = �kΨ con P̂ =
�
i
∇ (3.3.17)

ĴzΨ = �jΨ con Ĵ = �r × �
i
∇+ ��s (3.3.18)

�s is the spin vector. �s = (sx, sy, sz), with:

sx =




0 0 0
0 0 −i

0 i 0



 sy =




0 0 i

0 0 0
−i 0 0



 sz =




0 −i 0
i 0 0
0 0 0



 (3.3.19)

The equation (3.3.18) shows that each photon carries both spin and orbital angular momen-
tum. The first term of the expression of Ĵ is the z component of the orbital angular momentum
operator L̂. The Cartesian components of L̂ are [31]

L̂y = −i�
�
y
∂

∂z
− z

∂

∂y

�
(3.3.20a)

L̂y = −i�
�
z
∂

∂x
− x

∂

∂z

�
(3.3.20b)
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L̂x = −i�
�
x
∂

∂y
− y

∂

∂x

�
(3.3.20c)

In cylindrical coordinates (r,ϕ, z) they are

L̂x = −i�
�
sinϕ

�
z
∂

∂r
− r

∂

∂z

�
+

z

r
cosϕ

∂

∂ϕ

�
(3.3.21a)

L̂y = −i�
�
cosϕ

�
z
∂

∂r
− r

∂

∂z

�
+

z

r
sinϕ

∂

∂ϕ

�
(3.3.21b)

L̂z = −i� ∂

∂ϕ
(3.3.21c)

and in spherical coordinates (r,ϕ, θ) they are

L̂x = −i�
�
sinϕ

∂

∂θ
+ cosϕ cot θ

∂

∂ϕ

�
(3.3.22a)

L̂y = −i�
�
cosϕ

∂

∂θ
+ sinϕ cot θ

∂

∂ϕ

�
(3.3.22b)

L̂z = −i� ∂

∂ϕ
(3.3.22c)

For an electric field �E that depends on the azimuthal angle ϕ in such a way that

�E = �E0(t, �x)Φ(ϕ) (3.3.23)

we find that

L̂z
�E(t, �x) = −i�

�
∂ �E0(t, �x)

∂ϕ
Φ(ϕ)− �E0(t, �x)

∂Φ(ϕ)

∂ϕ

�
(3.3.24)

If �E0 is rotationally symmetric around the z axis, so that �E0 = �E0(t, r, z) in cylindrical coor-
dinates, �E0 = �E0(t, r, θ) in spherical coordinates etc., and if the azimuthal part is expressed n a
Fourier series

Φ(ϕ) =
∞�

�=−∞
c�e

i�ϕ (3.3.25)

we see that

L̂z
�E(t, �x) =

∞�

�=−∞
c��� �E0e

i�ϕ =
∞�

�=−∞
c��� �E� (3.3.26)

�E is a weighted superposition of OAM eigenstates �E� = �E0e
i�ϕ. In other words, equation (3.3.26)

represents the OAM spectrum of the electromagnetic field �E. Furthermore,

L̂z
�E� = �� �E� (3.3.27)

which means that the z component of the orbiatl angular momentum of each photon is �� [1].
The OAM of classical beams can be measured when absorbed by small particles [32]. Instead,

the OAM of a single photon is difficult to measure, since it only contains an angular momentum of
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order �. Leach et al. [33] introduced a technique to overcome this problem based on a modified
Mach-Zehnder interferometer. A single photon interferes with itself, so the technique depends on
examining the local phase distribution of the mode in which the photon resides. The interferometer
sends the even OAM states to one output port, while the odd OAM states appear at the second
output port. By cascading such interferometers in combination with vortex-generating devices and
single-photon detectors, it is possible to determine the OAM value of an incoming photon in an
integer basis.

3.4 Intrinsic or extrinsic nature of OAM

It is well known that spin angular momentum is an intrinsic property2 of the photons, but the
question for orbital angular momentum was debated for a long time [34, 32].

The covariant formulation of the photon wave function has been shown to be formally equiva-
lent to quantum electrodynamics [26]. This implies that OAM is not an intrinsic property of single
photons. In fact, the rank of the spinor representation of the photon is 1, representing its lowest
boson degree of its wavefunction in the momentum/space representation. If OAM were intrinsic,
the rank of the spinor representation would be infinite, according to Majorana infinite component
equation [26].

At the same time Berry demonstrated that the magnitude of the orbital angular momentum,
in paraxial approximation, is unchanged when measured about any axis for which the transverse
linear momentum of the beam vanishes [35]. OAM therefore can exhibit both intrinsic and extrinsic
behaviour and has thus been described as ’quasi-intrinsic’ [36].

3.5 Generation of Optical Vortices

There are some spontaneous processes that were before postulated and, then, demonstrated in
beams propagating through irregular refracting media or reflected from rough surfaces [37]. OVs
were recognized in the phase fronts of light beams propagating through nonlinear media like Kerr
refractive media [38], but also in nonlinear optical system [39]. The appearance of screw wave-
front dislocations has been demonstrated also in the simple case of three (or more) interfering
plane waves [40]. These spontaneous mechanism produce OVs with random value of topological
charge and usually appear at random locations.

In laboratory experiments is necessary to produce OVs with a certain value of topological
charge and in predefined locations. For this reason, several methods to produce OVs in light
beams have been developed.

2The intrinsic properties of a particle are those that do not depend on the choice of a reference frame. Those quantities
are simply rest mass, electric charge and spin.
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There are several techniques that can be use to generate this form of azimuthal phase delay
in conventional optics [41]. It is possible to generate the LG modes directly from within the laser
resonator cavity by tuning the cavity mirrors [42].

Another method consist in the astigmatic conversion of an HGmn Hermite-Gaussian laser cav-
ity mode into an �-charged LGl

p vortex mode [43]. The mode conversion is achieved by using two
cylindrical lenses placed consecutively along the propagation axis z of the HGmn mode. The first
cylindrical lens converts a HGmn to a LGl

p mode, producing a π/2 difference between the phases
of the two modes. The second lens (a π converter) exchanges the indices of the incoming mode,
converting an LGl

p mode into one with opposite azimuthal dependence. Analogously it is possible
to produce LG modes with the first cylindrical lens that focuses the light along a transverse axis.
In the focal plane, the beam undergoes a rotation by 45◦ around the z axis. This is equivalent to
have a superposition of the original HGmn mode with a HGnm mode. The position of the second
lens can then be chosen in order to produce a π/2 difference between the phases of the two
modes. The final result is an LGl

p mode, with l = |m− n| and p = min(m,n).

It is more convenient to generate LG beam modes directly from a fundamental Gaussian
mode rather than a higher order HG mode due to accessibility of single mode Gaussian beam
lasers. Here, I will describe two common optical elements use to generate LG beams directly
from Gaussian beam, namely computer the generated hologram and the spiral phase plate.

3.5.1 Computer-generated fork hologram

We have introduced computer generated hologram in the previous chapter (Sect. 2.3) as numeric
type elements. An hologram represents the synthetic image of an object. The most important
property of computer-generated holograms is the possibility of reproducing optical fields from
objects that do not physically exist, like light beams. For this reason, computer-generated holo-
grams have been used to produce and study light beams containing screw wavefront dislocations
[9, 44, 45].

The CGH used to produce OVs is a diffraction grating with a fork dislocation. For this reason it
is called fork hologram (see Fig. 3.4). The beam crosses the discontinuity of the hologram, so that
it acquires a certain value of orbital angular momentum. The value of � depends on the number
of dislocations in the fork of the hologram.

When a monochromatic beam with a wavelength λ intersects perpendicularly a FH, the grating
structure ideally produces an infinite number of diffraction orders. The direction of an order m

subtends an angle αm with the propagation axis of the input beam. αm is given by the grating
equation [12]

Λ sinαm = mλ (3.5.1)
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Figure 3.4: Interferogram of a single point vortex of charge � = 1. The vortex core is located at the
fork of the grating lines.

where Λ is the grating period, i.e. the spatial separation of the lines far from the center (see Fig.
3.5).

The pattern of the fork hologram is designed following the approach of Bazhenov [9]. It is
the interferogram of two waves, a planar reference wave and the "object" wave that contains the
holografic image.

In our case the object wave is

uobj = Cobj exp(i�ϕ) (3.5.2)

where Cobj is the amplitude and ϕ the azimuthal angle in the (x, y) plane. The reference beam
is a plane wave of amplitude Cref , whose wavevector lies in (x, z) plane, forming an angle β with
the optical axis z:

uref = Cref exp(−
i2πx

Λ
) (3.5.3)

with Λ = λ/ sinβ. The intensity of the interfering waves produce the desired interferogram:

I(x,ϕ) = |uobj + uref |2 = 2C2

�
1 + cos

�
2πx

Λ
+ �ϕ

��
(3.5.4)

having set Cobj = Cref = C to achieve unity contrast ((Imax − Imin)(Imax = 1).
An alternative expression useful for computational purposes is the transmission function writ-

ten as power spectrum of the Fourier series [46]

T (x,ϕ) =
∞�

−∞
Cm exp(im�ϕ) exp

�
i2πmx

Λ

�
(3.5.5)
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Figure 3.5: A fork hologram crossed by a light beam ideally produces an infinite number of diffrac-
tion orders.

A binary hologram (so called because each pixel can only assume one of two values, zero
for black and one white) is poorly efficient: most of the crossing wavefront does not assume
phase singularities. One can build the hologram so as to maximize the efficiency of diffraction in a
particular order of diffraction. In other words the fork hologram can be blazed and the transmission
function is expressed by:

T (r,ϕ) = exp

�
iδ

1

2π
mod

�
Qφ− 2π

Λ
r cosφ, 2π

��
(3.5.6)

where δ is the amplitude of the phase modulation and mod(a, b) = a− b int(a/b).

3.5.2 Spiral Phase Plate

The spiral phase plate (SPP) is a helicoidal transmission optical device that imposes an az-
imuthally dependent phase retard on an incident optical wavefront [8, 47]. This is a transparent
plate in which the thickness increases around the central axis of the plate. The SPP looks like a
spiral staircase with a certain number of steps that progressively build the total phase gap hs after
a complete rotation of the azimuthal angle ϕ (see Fig. 3.6).

h = hs

ϕ

2π
+ h0 (3.5.7)
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where hs is the step height and h0 the base height of the device.

Figure 3.6: A spiral phase plate.

When an SPP is crossed by a light beam it imprints orbital angular momentum with a topolog-
ical charge

� =
hs∆n

λ
(3.5.8)

where ∆n is the difference between the refractive index of the SPPs material and the refractive
index of the surrounding medium and λ the wavelength. The value of orbital angular momentum,
expressed by �, depends explicitly and implicitly (through the refractive index) on the wavelength
of the incident light, betraying the chromatic nature of this device. The resulting phase distribution
is visualized in Fig. 3.7

Figure 3.7: The phase distribution that an SPP imprints onto the transverse plane of an incident
beam.

Differently from a FH, which imprints a vorticity with a topological charge depending on the
diffraction order, an SPP has only the zero diffraction order. For this reason, the produced beam
propagates along the same axis of the incident beam. A deeper investigation about spiral phase
plate will be shown in the next chapter.
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Chapter 4
Spiral phase plates � = 2 for optical
vortex coronagraph

In this chapter we present the fabrication process and tests of two different types of � = 2 spiral
phase plates (SPPs), designed for an Optical Vortex Coronagraph (OVC) in the visible wavelength
regime. Each phase mask is realized dividing the spirals area in sectors respectively of 8 and 512
of levels using lithographic nanofabrication approach. The SPPs produces different optical vor-
tices (OVs) with topological charge � that depends on the number of steps and on the wavelength.
We found that the residual light in the central dark region of the OV tends to zero as the number
of steps increases.

E. Mari, G. Anzolin, F. Tamburini, M. Prasciolu, G. Umbriaco, A. Bianchini, C. Barbieri and F.
Romanato Fabrication and Testing of � = 2 Optical Vortex phase masks for Coronography Optics
Express (2010) vol. 18 pp. 2339-2344

M. Prasciolu, F. Tamburini, G. Anzolin, E. Mari, M. Melli, A. Carpentiero, C. Barbieri and F. Ro-
manato Fabrication of a three-dimensional optical vortices phase mask for astronomy by means
of electron-beam lithography. Microelectronic Engineering (2009) vol. 86 (4-6) pp. 1103-1106
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4.1 Introduction

The spiral phase plate (SPP) is a transparent plate, introduced in section 3.5.2, characterized by
an increasing thickness around the central axis of the plate. It imposes an azimuthally depen-
dent phase retard on an incident optical wavefront, imprinting a certain value of orbital angular
momentum. We have characterized this particular optical device, designed for an optical vortex
coronograph (OVC). The OVC is an innovative instrument that can be applied to both space and
ground-based telescopes for direct imaging of planets around bright stars. It exploits the geomet-
rical properties of the optical vortices produces by SPP inserted in the optical path rejecting the
light of the on-axis star without altering that of off-axis sources. A deeper study of this instrument
will be presented in the next chapter.

In the SPP, the total phase gap, hs, after a complete rotation of the azimuthal angle ϕ, can be
built in two possible ways (see Figure 4.1):

1. the thickness, and as a consequence also the phase of the light, is modulated smoothly and
continuously. This is the ideal continuous phase mask (CSPP);

2. the SPP looks like a spiral staircase with a certain number of steps N that progressively
build the total phase gap. This is called Multi-level Spiral Phase Plate (MLSPP) in which
each step introduces a constant phase variation.

Figure 4.1: Simulated three-dimensional images of CSPP (left) and a MLSPP with 8 steps (right).
hs is the total phase gap built by the increasing thickness of the plate.

SPPs are built for a specific wavelength (λ0) that produces a specific value of topological
charge according to the formula [47]

� =
∆n · hs

λ0
(4.1.1)
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where ∆n is the difference between the refractive index of the SPPs material and the refractive
index of the surrounding medium. This is valid for CSPPs. As a consequence the performances
of SPPs are strongly dependent on the bandwidth of the incident beam.

We will illustrate the fabrication process and the optical tests of two different types of monochro-
matic � = 2 SPPs, designed for OVC in visible light (λ0 = 550 nm). These SPPs differ from each
other for the number of steps used to build the total phase gap.

4.2 Fabrication process

The SPPs were built by the Electron Beam Lithography (EBL). EBL is a powerful nanofabrication
technique that allow the fabrication of three dimensional (3D) structures. It offers high flexibility
in the elements design with good optical quality well adapted to the requirements of micro-optics
[48]. The core of EBL process is the interaction between highly energetic electron beams and
an electron-sensitive polymer material, called resist. The electron beam, entering the resist film,
loses energy via elastic and inelastic collisions, namely electron scattering. The 3D profiles are
obtained by changing locally the electron dosage, inducing changes in the dissolution rate of
polymer film. After the development process, zones of polymer having different thicknesses are
obtained.

For our experiments we have patterned a series of MLSPPs with 8 or 512 levels [49]. In
Figure 4.2 scanning electron microscope (SEM) images of the optics are shown. The side of the
squared MLSPP and the diameter of the other circular mask are 1 mm wide. The 3D-spiral phase

Figure 4.2: SEM images of fabricated SPPs with � = 2. (1) 8 phase levels, (2) 512 phase levels.

mask profiles were written on a 2.7 mm-thick polymethyl-methacrylate (PMMA) slide clinical grade
free from Ultra-Violet absorber. The mechanical and optical properties of PMMA slide allow direct
use as transmission phase mask in the OVC setup. Figure 4.3 shows the transmission profile of
the PMMA slab used to build the SPPs. Data were obtained with a monochromator in an interval
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spanning from 450 - 950 nm, i.e. from the Ultra Violet to the near infrared. In our range, λ0 = 550
nm, the transmittivity function is quite good, of the order the 90%.

Figure 4.3: Transmittivity function of the PMMA bulk slab in the interval 450 - 950 nm.

The PMMA slide used for the fabrication of the masks has high electrical resistivity (about
1015Ω cm) that creates a charging effect highly affecting the EBL writing. In order to avoid this
detrimental effect, on the top of the PMMA slide was evaporated a 50 nm-thick aluminum film.
The thin layer was grounded with the EBL chuck, thus discarding the slide during the EBL writing.
The metal layer can easily be removed in a 10:1 HF (10 H2O : 1 HF 48%) solution bath before the
development step. The 10:1 HF solution etching rate on PMMA is negligible. Electron-beam ex-
posure was carried out at 30 kV with a beam probe currents of 100pA. The development process
was performed in GG developer bath, a mixture of diethylene-glycolmonobutyl ether, morpholine,
ethanolamine and deionized water, at 25◦C for 30 minutes and rinsed in deionized water.

4.3 Optical tests

For the characterization of the SPPs we will show the results of our numerical simulations and we
will discuss the tests of stepped SPPs performed at the Laboratory of Optics of the Department
of Astronomy (University of Padova).

4.3.1 Numerical simulations

Continuous-SPPs produce OVs with a topological charge that depends on the jump hs and on the
wavelength λ0 at which the maximum fainting of the on-axis source is obtained (equation 4.1.1)
For a Multi Level SPP the equation (4.1.1) is not completely matched.
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We found that the topological charge of the OVs depends also on the number of levels used to
build the total phase gap. The structure of an MLSPP produces additional L-G terms in addition
to the fundamental OAM mode. This implies that the central dark zone of the OV is partially filled,
and its intensity distribution modified. As result, for given hs and ∆n, the maximum fainting inside
the central singularity of the OV is obtained at a wavelength different than λ0.

We developed new numerical codes in IDL to simulate the central fainting of the OVs produced
by a CSPP and MLSPPs with different number of steps. We have encoded our SPPs and the Airy
patterns of the simulated stars, like those produced by an ideal telescope without obstructions, in
4096 × 4096 matrices. The intensities of the ideal stellar sources were normalized to unity and
the value of topological charge in equation (4.1.1) was fixed at � = 2. The fainting produced by
the SPPs is defined as the ratio between the light passing through the phase mask and the Lyot
stop, which aperture is equivalent to 0.8 times the exit pupil aperture, and the light that should
pass through the same area when the SPP is removed. This ratio was calculated at the image
plane, instead of in correspondence of the exit pupil plane [50]. This solution has minimized the
error associated to the Fast Fourier Transform algorithm, hugely increasing the precision of the
simulations.

Tab. 4.1 reports the new values of the maximum fainting obtained for the CSPP (indicated
by symbol "∞") and for MLSPP having 8, 16, 32, 64, 128 and 512 steps and the corresponding
wavelength at which the fainting is minimum.

Table 4.1: Values of the maximum fainting of the light passing through the SPPs and Lyot stop
and the corresponding wavelengths at which they are obtained

N steps Fainting λmin

8 2.27·10−4 624

16 6.70·10−5 585

32 1.75·10−5 567

64 4.42·10−6 558

128 1.09·10−6 554

512 7.21·10−8 551

∞ 5.63·10−10 550

We draw our attention to the fainting obtained in the ideal case of a CSPP. It resulted of the
order of 10−10 in the monochromatic regime, which is close to the limit needed to image earth-
like planets orbiting around nearby stars [51, 52]. This implies that the capability of the OVC is
strongly connected with the technology and the challenging task of building the SPP device.
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From our numerical results we can see that the wavelength at which the maximum fainting
(λmin) obtained is inversely proportional to the number of steps. We can express this behaviour,
showed in Figure 4.4, with the approximated equation

λ
N

min = λ
∞
min +

λ
∞
min

N
(4.3.1)

where λ
∞
min

is the wavelength at which the maximum fainting of light is found for our CSPPs. We

Figure 4.4: Maximum efficiency wavelenght for different MLSPPs. vs. number of steps.

can also define a relationship between the topological charge � and N , starting from equations
4.1.1 and 4.3.1:

� =
∆n · hs

λ

�
N + 1

N

�
(4.3.2)

Fig. 4.5 shows the fainting for each of the MLSPPs (8, 16, 32 steps) and for the CSPP with
respect to the wavelength. The intensity scale has been normalized to that of a beam without any
loss.

The dependence of the attenuation from the wavelength and the number of steps causes
problems of chromaticity and contrast for the OVC. This behaviour strongly connects the capability
of the instrument with the progress of technology. For this reason we have not used liquid crystal
SPPs [53] because they have both a smaller spatial resolution and a smaller number of steps than
those provided by EBL.

The best attenuation can be obtained with a CSPP within a narrow-band around the maximum
efficiency wavelength. We estimate that a shift of ±10 nm corresponds to a loss of contrast of
about two orders of magnitude. The problem of chromaticity can be partially solved with the use of
an achromatic SPP [54] that could guarantee a constant efficiency of the SPP across a bandwidth
of 100 nm.

38



4.3. OPTICAL TESTS

Figure 4.5: Fainting efficiency of the MLSPPs and of the ideal CSPP vs. the wavelength.

4.3.2 Laboratory tests

In this section we report the results of laboratory tests of two different MLSPPs with N = 8 and
N = 512, having the same central jump of 2.2µm. We are interested in studying the behaviour of
the masks also at wavelengths different than λ0, for which the mask was designed. In fact, at the
telescope it is not always possible to work in monochromatic regime because of the faintness of
the sources. So, we tested the phase masks by comparing the experimental far-field diffraction
pattern with numerical simulations using a He-Ne laser at 632.8 nm as the source of coherent
light. Figure 4.6 shows the optical setup that reproduces the focal ratio f/16 of the Cassegrain
configuration of the T122 Asiago Telescope. All images were recorded with a 1024 x 768 24-Bit
Color CCD camera.

Figure 4.6: Optical setup used in laboratory for testing MLSPP. L1 and L2 are lenses that form a
beam expander, L3 focuses light on the central dislocation of the SPP.

Examples of the experimental and simulated patterns are reported in top panel of Figure 4.7
for two differentely stepped SPPs. All the observed patterns contain spots with zero intensity in
correspondence of the position of phase singularities. In the low panel isolines of the central zone
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are reported.

Figure 4.7: Simulated (A and C) and experimental (B and D) optical vortices obtained using SPPs
with N=8 (left panel) and N=512 (right panel). Low panel shows the corresponding isolines of the
dark zone of the optical vortices.

Fig. 4.8 shows the intensity profiles of the simulated (continuous line) and experimental (dash-
dotted) OVs plotted with normalized intensities to put in evidence the existing similarities. In
general, the experimental images are in quite good agreement with numerical simulations.

Figure 4.8: The profiles of the OVs shown in Fig. 4.7
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The different patterns observed for the two MLSPP are due to the different topological charges
of the OVs as predicted by equation 4.3.2. In fact, for N = 8 the maximum fainting is achieved
at λmin= 624 nm, that is quite close to that of the laser. For this reason, the OV of left panel
present the expected central dark region. For N = 512, instead, the prediction is λmin= 550 nm.
As result, the light of the laser partially fills the central OV region, as shown by isolines of the right
panel. The main differences observed between the numerical simulations and the corresponding
experimental results are partially due to possible imperfections in the optical quality of the mask
and/or to small misalignments in the optical setup affecting the symmetric shape of the OV.

So, we have analyzed the properties of MLSPPs at different wavelengths for future application
in OVC. We have shown both numerically and experimentally that the topological charge of the
OVs produced by MLSPPs depends on the number of steps N to build phase gap, even if the
materials and the height of the total phase jump are the same. The number of steps N is crucial
for the efficiency of the OVC.
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Chapter 5
Optical Vortex Coronagraphy:
introduction and astronomical
demonstration

This chapter gives an overview of the instrumental concept of the otpical vortex coronagraph. I
also report the results obtained with our first prototype of the optical vortex coronagraph, mounted
at the 122 cm Asiago telescope. We test the instrument in the visible band, with a broad bandwidth
filter, in seeing dominated visibility conditions. We used a chromatic spiral phase plate placed at
the focus of the telescope to generate � = 2 optical vortex from the light of any star aligned with
the telescope optical axis. The generated optical vortex is collimated and then blocked by a ring-
shaped Lyot stop. The light of the off-axis sources remains unaffected. We have extinguished one
of the component of the multiple stellar system Epsilon2 Lyrae (ε2 Lyr) by using the lucky imaging
technique. A contrast of more than one order of magnitude was obtained at 2.3 arcsec from ε

2 Lyr
C although it had a size of ∼1.75 arcsec FWHM with an almost Gaussian intensity profile because
of the seeing effects.

E. Mari, F. Tamburini, G. Umbriaco, F. Romanato, G. A. Swartzlander Jr, Bo Thidé, C. Barbieri,
and A. Bianchini Astronomical demonstration of an optical vortex coronagraph at the 122 cm
Asiago telescope in seeing dominated visibility conditions. In preparation
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5.1 Introduction

Coronagraphy was invented in 1939 by Lyot [55]. The first coronagraph was developed with the
aim to suppress the light emitted by the disk of the Sun and observe the Solar corona. This
first purpose gave the name to the instrument. Nowadays, with the term coronagraph we intend
an optical device which allows to achieve high contrast with a single aperture telescope, without
any connection with the original problem of observing the Solar corona. A practical definition that
encompasses the current usage of this term is that a coronagraph is an optical system that rejects
the stellar light from a predefined area of the focal plane of a telescope in order to reduce spurious
effects produced by the associated speckle and photon shot noises [56].

Coronagraphic devices are at the present time being used for direct detection of faint sources
around bright astrophysical objects. One of the primary goals of coronagraphs is to obtain images
of terrestrial extrasolar planets. This important result was accomplished in 2010 by Serabyn et
al. [57], when three exoplanets around the star HR 8799 have been discovered by using a phase
mask coronograph.

The direct imaging of planets around a bright star is a challenging task because of the very
high contrast ratio and the very small angular separation of the sources. In the case of giant
extrasolar planets, a typical contrast ratio of ∼ 107 is expected in the near infrared [58], while
Earth-like planets are about 3− 4 orders magnitudes fainter, depending on the wavelength range
(10−10 the visible [59] and 7× 10−6 in the infrared [58]).

5.2 Visible or infrared?

Coronagraphs generally work within the visible bandwidth (700 - 400 nm, from red to violet), rather,
for the moment, than within the infrared bandwidth (700 - 1000 nm). This is can be explained by
several reasons:

• Discoveries of extrasolar planets.
The wavelength (λ) is smaller within the visible bandwidth than the infrared. As a conse-
quence the size of the optics (D) can be decreased, for a given angular resolution (∆θ =

1.22λ/D). The second advantage is that the telescope can work at ambient temperature,
while telescope that works in infrared band requires an environment cooled to 40 Kelvin.
The third advantage is the flexibility that the visible allows in the design of a coronagraph
for a given telescope. The visible band allows the direct application of conventional large
telescopes for astronomical studies.

• Chemical characterization of the planets.
The range of wavelengths in the visible band provides a set of spectral signatures much
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broader than the infrared, from which one can derive many properties of the planets, includ-
ing indicators of life and environmental conditions that lead to the creation and maintenance
of life.

5.3 Coronagraphic concept

In the last years several coronagraphs have been developed, each of them characterized by
different methods of rejection of the stellar light. This can be achieved basically in two ways:

• by inserting a stop in the image plane;

• by inserting a stop in the exit pupil plane.

The first solutions, like the original Lyot coronagraph, are generally one-stage Fourier spatial
filters. Inserting a stop in the exit pupil plane implies that the coronographs have two (or in some
cases more) stages of Fourier spatial filtering, one in the first image plane and one in the exit pupil
plane.

Here we present a general model that describes the propagation of the wavefront between four
consecutive planes [60] and that represents the current coronagraphic concepts. This general
model is sketched in Fig. 5.1

Figure 5.1: General and simplified model of a coronograph.

The four planes are A,B,C and D. A is the entrance pupil, usually is the aperture of the
telescope, the coronagraphic mask is place in the plane B that represents the focal plane of the
telescope, the Lyot stop is located in correspondence of the plane C, i.e. the exit pupil, D is the
final focal plane where we collect the coronagraphic image. In each plane we define a complex
transfer function of the position vector �r = (r,ϕ) with respect to the optical axis: the aperture
function of the telescope A(�r), the coronagraphic mask transmission function T (�r) = 1 − M(�r))
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and the Lyot stop transmission function LS(�r). The exact mathematical expressions for A(�r), T (�r)
and LS(�r) depends on the specific task required for the corresponding optical element.

Consider an optical wave Ψ(�r) with a complex amplitude before the aperture plane of the tele-
scope. We assume that the wavefront is unaberrated, as it can be obtained in space or by using
an adaptive optics system in ground-based telescopes. We make also the usual paraxial approx-
imation, neglecting the quadratic phase terms associated with the propagation of the waves. So,
we can easily explain the propagation of the wavefront between two consecutive planes in terms
of classical Fourier optics [61]. Thus, the wavefront in the planes A,B,C and D can be calculated
as:

ΨA(�r) = Ψ(�r)A(�r) (5.3.1a)

ΨB(�r) = Ψ̂A(�r)T (�r) = Ψ̂A(�r)−M(�r)Ψ̂A(�r) (5.3.1b)

ΨC(�r) = Ψ̂B(�r)LS(�r) = ΨA(�r)− [(ΨA(�r) � M̂(�r))]LS(�r) (5.3.1c)

ΨD(�r) = Ψ̂C(�r) = Ψ̂A(�r)− [(Ψ̂A(�r)M(�r))] � L̂S(�r) (5.3.1d)

where f̂ is the Fourier transform of a function f and � is the convolution operator defined by

(f � g)(x) =

�
f(y)g(x− y)dy =

�
f(x− y)g(y)dy (5.3.2)

The action of the phase mask is described in eq. (5.3.1b). The wave ΨB(�r) is the wave
that have crossed the phase mask: the first term coincides with the wave entering the telescope
pupil, while the second term corresponds to the wave diffracted by the phase mask. To obtain an
efficient nulling effect, the second term must be canceled in the C plane by properly choosing the
aperture, mask and Lyot stop functions (eq. (5.3.1c)).

Two techniques for design a coronagraph can be used:

1. concentrate the light of the on-axis star, thus reducing the diffracted light of off-axis sources;

2. reject the light of the on-axis star without altering that of off-axis sources.

The first case is to the apodization technique (see e.g. [62]). It can be achieved by using
particular models of the aperture function A(�r). In the second case, instead, the two terms in
eq. (5.3.1c) must balance each other (destructive interference) for the on-axis star, while only the
second term must vanish for the off-axis source. This can be obtained by using coronagraphic
masks having specific transmission functions that allow to modulate either the amplitude or the
phase of the wavefront. Generally, phase masks are preferable with respect to amplitude masks.
In fact, an amplitude mask produces an opaque zone that occults a significant fraction of the
central field of view and, thus, all the sources located very close to the on-axis bright object.

Currently, a lot coronagraphic solutions containing phase mask have been developed. We
report some examples.
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• the phase mask coronagraph of Roddier and Roddier [63] based on a circular π-shifting
focal plane mask;

• the phase knife coronagraph [64] based on a π-shifting screen;

• the annular groove phase mask coronagraph [58] based on a circular sub-wavelength grat-
ing.

• the vector vortex coronagraph [65, 57], based on the previous four quadrant phase mask
coronagraph [66], based on a rotationally symmetric halfwave plate that provides a "geo-
metrical" phase shift that applies opposite phase screws to the incident beam;

• the optical vortex coronagraph (OVC) [7] with a spiral phase plate inserted in the optical
path.

The last two solutions exploit the nulling effect provided by the dark core of an OV.

5.3.1 Evaluation of coronagraphic performance

The performance of a coronagraphic design can be quantitatively described in terms of

• useful throughput, that is the maximum fraction of the companion light collected by the
telescope that can be separated from starlight;

• inner working angle (IWA), commonly scaled to λ/D, defined as the minimal angular dis-
tance at which the throughput of the faint object is half of the maximal throughput [59].

5.4 Optical Vortex Coronagraphy: optical design for Asiago
Galileo telescope

The Asiago OVC is designed in a Fourier transforming configuration, with the phase mask placed
in the focal plane of the telescope. The optical scheme is shown in Figure 5.2.

The telescope scale in the f/16 Cassegrain configuration is 10.8��/mm. After the optics L1 and
L2 the scale on the CCD plane is 8.5��/mm. which corresponds to a final f/20 relative aperture.
On the left-hand side we show the image of a double stellar system S1 and S2 and on the right-
hand side the output image produced by the OVC, where the on-axis S1 is suppressed. The
experimental results will be described in details in the next section. The light from the on-axis star
S1 is focused on the centre of the SPP and transformed into an OV with a central circular dark
region. The so-called ’ring of fire’ that surrounds the circular dark zone is collimated by lens L1,
with focal length f1, and blocked on exit pupil plane by the Lyot stop (LS) placed at a distance f1

from the collimator L1. The light from the secondary source S2 passes through the LS and then it
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Figure 5.2: Optical vortex coronagraph at the Cassegrain focus of the 122 cm Galileo Telescope
in Asiago (Italy).

is focused on the CCD by the camera lens L2. In fact, the secondary off-axis source crossing the
phase mask far from the central optical singularity, does not acquire enough vorticity [67] and can
be still detected. To illustrate an example of the performance of the OVC, we show in Figure 5.3
a laboratory test, performed using a SPP with 512 steps and two He-Ne lasers, with λ = 632.8

nm, separated by 4λ/D. The optical system was design in order to simulate the same paraxial
approximation of the f/16 Asiago Galileo telescope.

Figure 5.3: Laboratory test: image of the OV produced by an on-axis source. Inside the dark
region the image of an off-axis source is clearly visible. The ring of fire can be suppressed by a
Lyot Stop (see text).

The secondary source is clearly visible, as it is expected at the distance of 4λ/D from the
primary [68].

5.5 Optical vortices produced by Airy diffraction pattern

In this section we present the mathematical description of the OV produced by incident beams
with Airy diffraction pattern and the basic concepts of the Fourier transforming (FT) configuration
of the OVC generated by an Airy disk.
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In the ideal case of an OV produced by a diffraction limited telescope with a circular aperture
and no central obscuration, the stellar image is described in terms of a separable and circularly
symmetric function

E�(r,ϕ) = A�(r) exp(i�ϕ) (5.5.1)

which FT, in the conjugated space (k,φ), is described in terms of the �-th order Hankel transform
(H�{})

u(k,φ) = 2π(−i)� ei�φH�{A�(r)} (5.5.2)

The circular aperture produces the Airy diffraction pattern

E(k,φ) = 2πR2
J1(k R)/(k R) (5.5.3)

where J1(k R) is the first-order Bessel function and R is the radius of the circular aperture. After
having crossed the phase mask, the pattern of the diffracted light at the exit pupil is described by
the FT of the product of equation (5.5.3) and a point vortex of even nonzero topological charge

E�(r,ϕ) = FT
−1{2πR2ei�φJ1(k R)/k R} (5.5.4)

= i�ei�ϕRH�{J1(k R)/(k R)}

The pattern described by equation (5.5.4) is characterized by a circular dark region and |�|/2− 1

concentric rings with zero amplitude superposed to the doughnut-shaped intensity distribution.
In our case, the phase mask imprints to the on-axis beam the topological charge � = 2 and the
solution becomes

E±2 =






0 r < R

−e± i2ϕ (R/r)2 r > R

where the second term describes the so-called ring of fire that surrounds the circular dark zone
[52]. The choice of using an even-valued OV for the OVC is strongly recommended, because in
this case OV provides an extended central zone of total darkness instead of the point-like region
of darkness of an OV with odd � [58, 52].

5.6 Optical vortices on ground-based telescopes

The intensity pattern of an OV generated with a phase mask placed near the focal plane of a
telescope is affected by the point spread function (PSF), i. e. the spatial intensity distribution,
of the stellar image [69]. Without the atmosphere, a stellar image would be determined by an
Airy diffraction pattern, and the corresponding OV would be mathematically described as in the
previous section 5.5.

Images taken with ground-based telescopes are instead subject to the blurring effect of the
atmospheric turbulence (seeing). The typical seeing image of a star presents a Gaussian profile
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with a full width at half maximum (FWHM) determined by the actual seeing conditions. Thus, when
the seeing image crosses the SPP, it generates a different OV with respect to the one expected
with a diffraction limited image. In Fig. 5.4 we show two numerically determined Fraunhofer
diffraction images, in the exit pupil plane, for an � = 2 OV produced by a monochromatic Airy
diffraction pattern (hereafter ’Airy-OV’), and one produced by a monochromatic Gaussian beam
(hereafter ’Gaussian-OV’).

Figure 5.4: Numerically calculated intensity distributions of � = 2 monochromatic Airy-OV (center)
and Gaussian-OV (right). Left panel: radial profiles of the two OVs. The solid line represents
the Gaussian-OV, the dashed line the Airy-OV. In abscissa radius of the OVs in units of pixels.
The Gaussian beam and the central Airy disk that produced the two OVs were simulated with the
same FWHM.

In order to compare the two OVs, the input beams in the telescope focal plane, were chosen
with the same FWHM. The intensity scale of the two profiles has been normalized to the maximum
value. From the radial profiles shown in the left panel of Fig. 5.4 we see that in both cases the
destructive interference due to the phase singularity along the optical axis produces a null intensity
at the center. Gaussian-OV presents just a single point with zero intensity. Inside an Airy-OV,
instead, the phase singularity produces an extended circular area with null intensity. Therefore,
high-contrast OV coronagraphy can be achieved only with a diffraction-limited telescope. This is
the reason why good adaptive optics correctors are required for the better performances of OVC
on ground telescopes. Fig. 5.4 also shows that in an Airy-OV the light is concentrated in a sharp
ring, whereas a Gaussian-OV produces smoother and broader intensity profiles with the results
of a lower contrast in the central dark region [70].

A second critical task in the OV coronagraphy is to keep the stellar PSF on-axis with the
central dislocation of the SPP. In fact, the atmospheric turbulence causes the stellar beam to
wander around the line of sight. In this obseravtions we tried to solve this problem by adopting an
imaging technique known as lucky imaging [71, 72, 73], adapted to the use of OVs [70].

Lucky imaging is one form of speckle imaging that can be used as alternative to adaptive
optics in certain particular observing conditions. This technique uses a high-speed camera with
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exposure times shorter than the turbulence timescale (∼ 10 − 100 ms in the optical/near infrared
band). In this way single images, almost diffraction-limited and aligned with the dislocation of the
SPP, can be occasionally produced. Typically, 1% - 10% of exposure frames are selected [73].
These ’lucky’ exposures can be properly combined to produce a higher quality image.

5.7 Experimental results

The prototype of our OVC was tested at the Asiago 122 cm f/16 Galileo Telescope (Italy). We
report the results obtained with the multiple system ε

2 Lyr under variable seeing conditions of
∼ 1.75− 2.5 arcseconds (��).

The multiple system ε
2 Lyr is composed by two stars: ε2 Lyr C with magnitude mV = 5.1, and ε

2

Lyr D (mV = 5.5), separated by 2.3�� [74]. The components of this system have similar magnitudes,
so we had a direct and immediate test of the efficiency of the OVC. ε2 Lyr was observed in white
light, with a bandwidth limited by the quantum efficiency response of the CCD camera, with a
FWHM of 300 nm centered on λ0 = 550 nm. The spectral transmittivity function of the lenses
and of the SPP, made of polymethyl-methacrylate (PMMA), is flat in the interval 400 - 700 nm
[75]. ε

2 Lyr D was suppressed by focusing the star onto the central dislocation of the SPP. The
companion ε

2 Lyr C, instead, was imaged 2.3�� away from the central dislocation, so it passed
almost unaffected through our 0.7 mm diameter LS.

We used a 1392×1040 12-Bit CCD camera, with a pixel size of 4.65µm, in 4×4 binning. The
effective size of the pixels is therefore 18.6µm corresponding to 0.16��. This leads to a spatial
Nyquist frequency of (0.32��)−1[76]. Observing in the visible band, speckles [77, 78] have di-
mension of the order of (550 nm/D) radians, namely 0.09��. This value is lower than our 0.32��

sampling limit. For this reason we did not resolve individual speckles. We recorded a series of
frames taken with an exposure time of ∼70 ms.

We made a selection of ’lucky’ frames made of 39 frames , corresponding to the 2% of the
total collected frames. In those frames the star is aligned with the central dislocation of the SPP
in order to produce a fainting of at least one order of magnitude.

In Figure 5.5 we report the results obtained with the double system ε
2 Lyr observed without and

with the insertion of the coronagraphic mask, respectively. The profile in the left hand-side upper
panel shows the double system observed without phase mask. ε

2 Lyr C and D are both clearly
visible. The result of inserting the SPP is shown in the right hand-side upper panel that represents
the intensity profile taken along the intensity maxima of the double system so observed. The
component ε2 Lyr D of the double system was strongly attenuated. This intensity profile is the
sum of the secondary off-axis star plus the residual light from the obscured star, so that in order
to evaluate the actual perfomances of the OVC, we have de-blended the residual light of the
on-axis star from the ideal Gaussian profile of the unobscured star (see Fig. 5.6).
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Figure 5.5: Coronagraphic experimental results of the double system Epsilon2 Lyrae. 2% of
total frames were selected and combined. Left hand-side upper panel: intensity profile taken
without the phase mask along the intensity maxima of the two stars. Right hand-side upper panel:
intensity profile of the double system observed with OVC. ε2 Lyr D is extinguished. The abscissa
reports distances in units of arcseconds. Insets represent the stellar images obtained with lucky
imaging. The two lower panels show the respective three-dimensional intensity representations.
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Figure 5.6: Left panel: the ideal Gaussian profile of the unobscured star (dashed line) and the
residual light of Epsilon2 Lyrae D (solid line). Right panel: enlargement of the residual light of
Epsilon2 Lyr D. The zero level corresponds to the average background calculated from the left
portion of the residual light. The upper dashed line is the mean residual light.

The peak of the extinguished star passed from the normalized intensity value of one, to 0.171,
whereas the mean residual light is around 0.06.

These results are not in agreement with a theoretical model [79, 80, 65] that puts in relationship
the Strehl ratio with the rejection factor that is possible to achieved. The Strehl ratio (S) is defined
as the ratio of the observed peak intensity at the detection plane from a point source as compared
to the theoretical maximum peak intensity of a perfect imaging system working at the diffraction
limit [12]. This is the simplest meaningful way of expressing the effect of wavefront aberrations on
image quality. In our experiment we can estimate a Strehl ratio of the order of 10%.

Boccaletti et al. [79] defined the rejection factor R, i.e. the ratio of total intensity of the direct
image to that of the coronagraphic image, at the first order, as R ∼ 4/σ2 where sigma is the am-
plitude of the phase aberrations. S allows to roughly estimate the attenuation by substituting the
residual wavefront phase variance σ

2 from Marechal’s approximation S = e
−σ

2
, in the attenuation

formula, obtaining
R = −4/ ln(S) (5.7.1)

According to this equation the total rejection obtained by our prototype should result 1.7,
whereas we have obtained a rejection factor of 5.85.

This mismatch could be explained by the optical quality or our spiral phase plate, carved in
PMMA by electron beam lithography. The vector vortex coronagraph instrument [65], for example,
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that have experimentally confirmed the eq. (5.7.1), that uses liquid crystal polymers, has a limited
efficiency of attenuation around 10−6. We have shown [50], through simulations, that OVC with a
SPP placed in its optical path, can theoretically reach an attenuation of the order of 10−10. This
difference between the ideal attenuation that can be achieved with these two different instruments
could be one of the reasons of the higher rejection factor obtained in the Asiago observations. A
further investigation will be carried out.

5.8 Conclusions

We have built and mounted to the Asiago 122 cm Galileo telescope an optical vortex coronagraph
prototype with a 512 step � = 2 SPP. We performed coronagraphic tests by fainting the light of one
component of the double system Epsilon2 Lyrae. Observations were performed under mediocre
seeing conditions ∼ 1.75 − 2.5�� with a 300 nm spectral bandwidth. The lucky imaging approach
allowed to partially overcome the effects of the seeing. Selecting 2% of total frames in which the
light from ε

2 Lyr D crossed the central singularity of the SPP, a fainting of the order of 10−1 was
achieved, keeping unaffected the intensity of the secondary star.

We have thus shown that OV based coronography is a promising technique also for ground
telescopes, provided adaptive optics is implemented, as demonstrated also by [81] and [57]. A
further important improvement would be given by the use of an achromatic SPP [54] and a further
analysis of the data will explain the mismatch with the theoretical model proposed by Boccaletti
[79].
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Chapter 6
Sub-Rayleigh resolution with optical
vortices

We introduce a new optical vortex coronagraph(OVC) method to determine the angular distance
between two sources when the separation is sub-Rayleigh. We have found a direct relation-
ship between the position of the minima and the source angular separation. A priori knowledge
about the location of the two sources is not required. The superresolution capabilities of an OVC,
equipped with an � = 2 N -step spiral phase plate in its optical path, were investigated numerically.
The results of these investigations show that a fraction of the light, increasing with N , from the
secondary source can be detected with a sub-Rayleigh resolution of at least 0.1 λ/D.

E. Mari, F. Tamburini, G. A. Swartzlander Jr., A. Bianchini, C. Barbieri, F. Romanato and B.
Thidé Sub-Rayleigh optical vortex coronagraphy. Optics Express (2012) vol. 20 (3) pp. 2445–
2451
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6.1 Introduction

In 1879 Lord Rayleigh formulated a criterion that describes the resolving power of an imaging
device, i.e. the ability to separate the superposed diffraction patterns of two equally-luminous
point sources at a small angular distance.

I will consider only the case of a telescope, being relevent to this Thesis. The diffraction image
produced by a diffraction-limited telescope with a circular aperture of radius a can be mathemati-
cally described by the Airy function

I(θ) = I(0)

�
2J1(ka sin θ)

ka sin θ

�2
(6.1.1)

where k = 2π/λ (λ is the wavelength), θ is the angle between the optical axis of the telescope
and a point in the observation plane and Jm is the Bessel function of the first kind [12]. The
Rayleigh criterion states that the diffraction images of two mutually incoherent point-like sources
(Airy disks) are resolved when the maximum of intensity of one source overlaps the first inten-
sity minimum of the second equally bright source. For a telescope having diameter D = 2a, at
wavelength λ, the angular separation is achieved when [61]

θR = 1.22
λ

D
(6.1.2)

This separability criterion for a telescope was based on the analysis of the superposed diffrac-
tion patterns produced by the two sources through a circular aperture. Lord Rayleigh said that this
rule is convenient on account of its simplicity and it is sufficiently accurate in view of the necessary
uncertainty as to what exactly is meant by resolution [82].

Fig. 6.1 shows how the superposed diffraction patterns appear for different separations of the
two sources.

The separability limit defined by the Rayleigh criterion is a physical limit of any optical system.
In the last decades different techniques to overcome this limit have been developed in certain
special cases, especially in the fields of astronomical imaging [83] and microscopy [84]. For
example, super-resolution can be achieved by using superlenses made with artificially engineered
metamaterials [85, 86] or by using super-resolving pupils [87].

6.2 Optical resolution above Rayleigh criterion: methods ex-
ploiting OAM

The idea of using an optical vortex mask to detect faint objects with sub-Rayleigh resolution has
been already suggested by Swartzlander [52] and Tamburini et al. [6].
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Figure 6.1: Images of the intensity distributions of two point sources as observed by a diffraction-
limited telescope, and the corresponding radial profiles. (A) the two sources are resolved,
(B) separated at the Rayleigh limit θ = 1.22λ/D, (C) unresolved. Figure adapted from
http://hyperphysics.phy-astr.gsu.edu/Hbase/phyopt/Raylei.html

Swartzlander proposed a method based on the analysis of the far-field intensity distributions
produced by two vortex beams. Consider two infinitely-distant and incoherent point sources ob-
served with a telescope having an aperture diameter D and a focal length f . The two fields radiate
form distance monochromatic point source subtending an angle α � 1. So, the corresponding
EM waves are nearly collinear. An SPP is placed just before the aperture of the telescope in
order to produce an optical vortex, opening a window that allows one to examine signals from
other sources of light. The image formed at the focal plane of the telescope is the superposition
of the intensity distributions produced by the two sources. Mathematically the intensity distribution
at the focal plane can be calculated as the Fourier transform of the product between the fields of
two plane waves and the transmission function of the SPP. When � = 0, two Airy patterns will be
observed. In this case, the two sources are separated when α = θR = 1.22 λ/D. Instead, if the
SPP imposes a topological charge different from 0, then the two sources possess a symmetric
’doughnut’ shape with a central dark spot. As a result, both radial profiles appear double peaked.
When one of the two intensity peaks of one source overlaps with the vortex core of the other
source, the Rayleigh criterion can be similarly satisfied. When � = 1, it can be demonstrated that
the angular separation of the two sources corresponds to 0.64θR, which is lower than that provided
by the Rayleigh criterion. By using SPPs with larger values of the topological charge, instead, the
separation angles are larger than θR, namely 1.03θR for � = 2, 1.37θR for � = 3, 1.71θR for � = 4

and so on.

This method could thus find its best application in astronomy, where it might be used to improve
the resolving power of telescopes, but it would be necessary to built large SPPs to be placed
before the aperture of the telescope. The application of this method is strongly limited by the
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technological advance.
Another method to overcome the Rayleigh criterion that exploits the orbital angular momentum

of light was proposed by Tamburini et al. It was demonstrated that, by using the topological
properties of OVs, the resolving power of any optical instrument can be improved up to an order
of magnitude below the Rayleigh criterion limit with white, incoherent light and even up to fifty
times when monochromatic and coherent sources are used.

This criterion is based on the asymmetric intensity of the peaks of the OVs by using for two
sources a combination of integer and non-integer values of �, produced by a fork hologram blazed
at the first diffraction order (see Sect. 3.5.1). One beam always coincides with the optical center
of the hologram, thus generating an OV with integer topological charge � = 1. The other beam
spanned the fork hologram in different positions starting from the optical center. For non-central
positions the second beam formed an OV carrying non-integer components of OAM producing an
asymmetric pattern. The central dark regions of the two OVs produced by the two sources are
always superposed, because they have been generated by the same central optical singularity.
When the two sources are superposed and they cross the optical singularity of the fork hologram,
the profile is symmetric and the two maxima have the same intensity given by the exact super-
position of two identical Laguerre Gauss modes. When the sources are separated by an angular
distance below the Rayleigh criterion, the intensity of one of the two maxima decreases much
faster than the other one, the latter tending to reach the intensity level of the single source. Using
this property Tamburini et al. proposed a separability criterion based on the peaks intensity ratio,
that can be resume as : ’that two identical sources are just resolved when the intensities of the
asymmetric peaks differ by at least 5%’.

6.3 Sub-Rayleigh coronagraphy

We now introduce a new criterion to determine the angular separation between two sources under
sub-Rayleigh condition that exploits the position of the minima of the optical vortex generated by
each off-axis source.This new method has been developed studying the superresolution capabil-
ities of the optical vortex coronagraph (OVC), instrument described in the previous chapter. In
order to clarify our results we report in this chapter the optical scheme of a general OVC (Fig.6.2).

We modeled two mutually incoherent monochromatic point sources, with the same wave-
length, arranged at different angular separations. Observed by a diffraction-limited telescope,
they would form two ideal Airy patterns that intersect the vortex lens at different transverse loca-
tions. Without vortex lens we should have the � = 0 case that for a single point source corresponds
to the point spread function (PSF). When one of the source is aligned with the axis of the SPP, it
forms a ’ring of fire’ at the exit pupil plane (see Fig. 6.2), that then is ideally blocked from reaching
the detector by the Lyot stop. A fraction of the light from the second off-axis source passes through
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Figure 6.2: Optical scheme of an OVC. T is the telescope, L1 the collimating lens, and LS the Lyot
stop, placed at the same focal distance as that of L1. The light of the on-axis object, O1, crosses
the central dislocation of the SPP and it is transformed into a ’ring of fire’ in the back focal plane
of L1. The ring of light is blocked by a Lyot stop LS placed in the back focal plane of L1. The light
emitted by the off-axis source, O2, evades the central dislocation of the SPP and the LS, so it is
focused by L2 to be detected on the detector array CCD.

the Lyot stop and is recorded on the detector. The fraction depends on the angular separation of
the sources, the diameter of the Lyot stop, and the surface profile of the SPP. Here we assume
the area of the Lyot stop to be one half the area of the ring of fire [51]. This change the resolution
criterion to 1.22λ/D�, where D

� = D/
√
2.

Fig. 6.3 shows the combined intensity distributions in the image plane for both sources, and
the corresponding horizontal profiles observed without and with the � = 2 SPP with 512 steps. The
unresolved peaks in Fig. 2(a) are separated by an angular distance of 0.1λ/D�. The asymmetric
doughnut pattern in Fig. 2(c) is attributed to the small separation of the image of the second
source on the SPP from the vortex axis.

Figure 6.4 shows the separate image profiles for each source obtained by two independent
measurements. Three cases are shown for different angular separations between the sources.
We have found that the minima of the profiles of the asymmetric doughnut pattern occur exactly
at the angular separation when the separation is sub-Rayleigh.

Fig. 6.5 shows a plot of minima position versus angular separation and an example of image
profile for one beam when the other sources is completely nulled by the OVC. The two sources
are separated by 0.2λ/D�.

Therefore, a reliable measure of the sub-Rayleigh angular distance between two controlled
point sources can be determined by measuring the position of the minimum of the OV generated
by the off-axis source with respect to the optical axis. The measured profiles are the sum of
the residual light of the primary plus that of the secondary source and the minima are absolute
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Figure 6.3: Numerically generated intensity distributions and profiles (a) Two unresolvable point
sources with the same intensity separated by 0.1λ/D (b) corresponding intensity profiles (c) In-
tensity pattern of the off-axis source when crosses an � = 2 SPP (see text) and its intensity profile
(d).

Figure 6.4: Numerically generated intensity profiles of two unresolvable point sources with the
same intensity obtained by two independent measurements. Angular separations: (a) 0.1λ/D� (b)
0.2λ/D� (c) 0.5λ/D�.
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Figure 6.5: (a): Plot of minima position versus angular separation. points represent numerically
calculated examples. (b): Numerically generated intensity profile of one of two unresolvable point
sources with the same intensity. Arrow indicate the minimum position θmin for the angular separa-
tion 0.2λ/D�. (c) Enlargement of the minimum zone of the profile (b). The minimum occur exactly
at the angular separation 0.2λ/D�.

minima. The average power within the dark vortex core (see for example Fig. 6.4 (c)) is plotted
in Fig. 6.6 for the case where the primary and secondary sources subtend a fixed angle of ∆θ

� =

0.3λ/D�, and where the relative position of the axis of the SPP with respect to the primary source,
∆θ

�
SPP

is varied. This corresponds to scanning the telescope across the sky and measuring
the intensity within the vortex core on a CCD pixel. The plot demonstrates the correspondence
between the minimum measured value(within the vortex core region) and the angle ∆θ

� when the
primary is aligned with the SPP axis. The point ∆θ

�
SPP

= 0 corresponds to the alignment of the
secondary source with the SPP axis. This plot shows that the position of the minimum power

Figure 6.6: Power measured in the dark vortex core region when the sources subtend a fixed
angle ∆θ

� = 0.3λ/D� and when the telescope is swept through an angle, ∆θ
�
SPP

(along a line
defined by the two sources). The position ∆θ

�
SPP

= ∆θ
� corresponds to an alignment of the SPP

axis and the primary star.

indicates the angular distance of the secondary source from the primary. In other words the
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absolute minimum is obtained when the primary is aligned with the SPP and, as a consequence,
when ∆θ

� = ∆θ
�
SPP

.

6.3.1 Numerical evaluation of the efficiency of detection of a secondary
source

We calculated the percentage of power of the off-axis source transmitted through the LS. From
an experimental point of view it is important to consider the surface profile of the SPP when it
is multi-stepped. We numerically examined how the ideal results will differ when N = 8, 16, 64

and 512. Note that the N = 8 is the easiest to fabricate using lithographic methods [88].The
Interactive Data Language (IDL) software routines encoded and manipulated the images by using
a set of 4096 × 4096 matrices, where the diameter of the Airy disks were encoded in 20 pixels,
and the exit pupil in 256 pixels. When the Airy diffraction pattern intersects the SPPs, the IDL
routine calculates the output image point by point using the Fourier imaging technique [89, 90].
The intensities of the stellar sources were normalized to unity.

The secondary source is displaced in order to avoid that the center of the Airy disk falls on the
highest step, i.e. the phase pitch. When the off-axis source is at sub-Rayleigh distance the Airy
disk partially always cross the central singularity (Fig. 6.7).

Figure 6.7: Off-axis secondary source crossing the SPPs at different distances. The center of the
Airy disk does not cross the highest step.

Table 6.1 shows the numerical results obtained for different angular separations of the two
sources.

From the calculated percentage of light, we see that the OVC has a transmission up to 100%
at angular separations larger than 3λ/D�. A certain percentage of the light from the secondary
source passes through the LS to be detected even below the Rayleigh criterion [52, 6]. We find
that the amount of light increases with the number of steps of the SPPs.
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��������N

∆θ
�

0.1 0.2 0.5 1 1.22 1.5 2 3

∞ 0.58 2.36 15.39 56.94 74.25 88.17 97.25 100

512 0.57 2.35 15.37 56.84 74.13 88.17 97.16 100

64 0.54 2.28 15.21 56.16 73.25 87.42 96.31 100

16 0.52 2.06 13.94 51.72 67.76 81.39 90.09 98.99

8 0.49 1.99 10.78 40.07 53.32 69.98 79.22 95.37

Table 6.1: The percentage of the light of the secondary source passing through the LS with a
diameter 0.7 times that of the exit pupil of the telescope. It depends on the number of the steps N

used to build the total phase gap and on the angular distance ∆θ in units of λ/D.

6.3.2 Results in graphical form

In confirmation of the numerical results shown in the previous section, we present here, in graph-
ical form, some results obtained in the image plane with our numerical simulations of Table 6.1,
below and above the Rayleigh criterion limit.

Figure 6.8 shows the intensity plots obtained by inserting an ideal continuous SPP in the OVC
when around the primary star there is a companion with intensity 10−8 times lower that of the main
source. When the secondary source is at angular distance 0.5λ/D�, 15.4% of its light is visible. At

Figure 6.8: Coronagraphic image (2D and 3D) of a CSPP-OVC, when the two sources have an
intensity ratio of 10−8. 1 indicates the on-axis star and 2 the detected secondary source. Angular
distances between two objects: 0.5λ/D� and 3λ/D�.

3λ/D�, 100% of the detectable light of the secondary source passes through the LS.
Figure 6.9 presents the results obtained with N = 8 stepped SPP. The intensity ratio between

the two sources was set to 10−2. We have used different intensity ratios between two sources
because each SPP has a different efficiency that depends on the number of steps [75].

For an SPP with N = 8, when ∆θ = 0.5λ/D�, the percentage decreases to 10.78%. From
these plots we see that at ∆θ = 0.5λ/D� the coronagraphic image loses its symmetry because of
the presence of the secondary source. In fact, the OV produced by the on-axis source is partially
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Figure 6.9: Simulated coronagraphic image in 2D and 3D for a MLSPP with 8 levels. Intensity
ratio: 10−2. Angular distances between two objects: 0.5λ/D� and 3λ/D�.

filled by a portion of the light of the fainter companion, revealing its presence. Our results suggest
that the OVC could be applied to the detection of the unresolved companions in double systems
and to the study of planets that are approaching the star before a transit, i.e. when the planet is
at angular distance below the Rayleigh limit.

6.4 Conclusions

We have introduced a new criterion to determine the angular separation between two sources
above sub-Rayleigh condition. We exploit the asymmetric intensity distribution of the OVs pro-
duced by a double system that crosses an � = 2 SPP, and we found that the distance from the
optical axis of the absolute minimum of the intensity of the OV is equal to the angular separa-
tion between the two sources. As a consequence, measuring the displacement of the absolute
minimum of the OV from the center, we can determine the sub-Rayleigh angular distance. This
minimum is obtained when the telescope is pointing exactly at one of the sources. So, the exact
position of the bright source does not need to be known a priori. This is a new criterion different
from the ones proposed in [6] and [52]. In fact, those schemes require the measurement of the
maxima of an intensity distribution, whereas we propose to exploit the positions of the absolute
minima.

We have also made a numerical study of the efficiency of the OVC simulating the separation
of two sources at different angular distances with different � = 2 SPP. In the simulations the
instrument was assumed to operate in the monochromatic regime. In all optical configurations
considered, there is always a fraction of light from the fainter companion that becomes visible
even below the Rayleigh criterion limit. The percentage of light from the secondary star passing
through the LS increases with increasing angular separation. For this reason we suggest that
OVC could be used as a pratical method to detect faint unresolved companions with ground-
based and space-based telescopes, where the detrimental effects of the atmospheric turbulence
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do not affect the profile of the OVs. The possibility of observing solar systems below the Rayleigh
criterion will open new frontiers in the study of planet transit.
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Chapter 7
Orbital angular momentum and
vorticity in radio

The first experimental evidence that radio techniques can be used for synthesizing and analyzing
non-integer electromagnetic orbital angular momentum of radiation is presented. The technique
used amounts to sampling, in space and time, the EM field vectors and digitally processing the
sampled data to calculate the vortex structure, the spatial phase distribution, and the OAM spec-
trum of the radiation. The experimental verification that OAM-carrying beams can be readily
generated and exploited by using radio techniques paves the way for entirely new paradigms of
radar and radio communication protocols.

F. Tamburini, E. Mari, B. Thidé, C. Barbieri, F. Romanato Experimental verification of photon
angular momentum and vorticity with radio techniques. Applied Physics Letters (2011) vol. 99
(20) pp. 204102
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7.1 Introduction

During the past few decades the use of orbital angular momentum has come to the fore in the
optics range of the electromagnetic spectrum with several possible applications. Of course, the
basic physical properties of the EM fields can be translated from optics to radio, but not too much
work on this has been reported in the literature. In fact, OAM in radio range has been explored
only since 2007 when numerical experiments showed how low-frequency radio beams can be
readily prepared in pure OAM eigenstates and their superpositions by using antenna arrays of a
kind already in use [91]. Thidé et al. [91] proposed to use such antenna arrays for generating and
detecting both spin and orbital angular momentum in radio beams. The OAM-carrying fields can
be generated in a simple way by a phased circular antenna array, where the N array elements
are distributed equidistantly around the perimeter of the circle. The antennas are fed the same
signal, and delayed relative to each other of a phase difference δϕ = 2π�N such that after a full
circuit around the antenna array axis, the phase has been incremented by 2π�. Singular antenna
arrays of a similar type are used for various applications, including generating the so called phase
modes in radio. The results of Thidé et al. shows that these modes may contain electromagnetic
OAM.

Figure 7.1: Configuration of a typical OAM-generating antenna array. In this case N = 12 an-
tennas are equidistantly spaced along the perimeter in a circular geometry, phased such that
δϕ = 2π�N [92].

If one wants to produce or detect OAM-carrying beams in arbitrary directions, one needs in
such arrys to have access to the complete 3D vectors of the radio EM field. This can accomplished
with vector antennas, e.g., tripoles [93]; crossed dipole antennas will be useful for beam directions
nearly perpendicular to the antenna planes. The local 3D radio field vectors can be measured
using digital samplers connected to each tripole. In this way they can be manipulated freely
in software. This is in contrast to infrared and optical frequencies for which current detectors
are incapable of measuring first-order field quantities, but are based on the use of second-order

68



7.2. EXPERIMENTAL SETUP

quantities such as intensities and correlations, i.e. products of field quantities. Far field intensity
patterns, calculated in these numerical simulations are displayed in Fig. 7.2 and are very similar
to those obtained in paraxial optics.

Figure 7.2: Radiation patterns for radio beams with � = 0 (A), � = 1 (B), � = 2 (C), and � = 4 (D).
They have been numerically generated by one circle of 8 antennas and radius λ plus a concentric
circle with 16 antennas and radius 2λ [91].

The results from these numerical calculations were experimentally confirmed in the laboratory
tests reported in this chapter.

7.2 Experimental setup

In order to test the validity of the numerical experiments and to explore radio OAM, we per-
formed a laboratory experiment in the large anechoic antenna chamber of the Ångström Lab-
oratory of the Uppsala University, Sweden. The chamber is electromagnetically as well as acous-
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tically/vibrationally shielded. The measurements were performed at 2.4 GHz (12.49 cm wave-
length) and the source was realized with a commercial off-the-shelf (COTS) seven-element Yagi-
Uda antenna for 2.4-2.5 GHz WLAN communications, fed with a continuous 0.01 watt monochro-
matic signal from a signal generator. The radio beam was reflected off a discrete eight-step
staircase phase mask, that represent a discrete approximation of a non-focusing spiral reflector
designed for a total 2π phase shift spiral; see fig. 7.3.

Figure 7.3: Spiral phase plate with 8 steps. Left: SPP inside the anechoic antenna chamber.
Right: zoom of the central dislocation

The spiral reflector that imposes OAM to the antenna beam was made from styrofoam blocks,
trimmed into a staircase-like structure with eight steps. Each of the eight surfaces were clad with
aluminium foil, causing the corresponding part of the incident linearly polarised beam from the
Yagi-Uda transmitting antenna to experience near total reflection. Each staircase of the structure
introduced a local, successive, discontinuous phase step of −π/8 radians, except in the −45◦

direction where the phase step was 2π radians, causing the given part of the incident beam to
acquire a phase shift. The reflector had N discrete jumps and a surface pitch hs (in the right-
handed sense). At the wavelength λ the reflected beam acquires a total OAM value evaluated as
[50]

� =
2hs

λ

�
N + 1

N

�
(7.2.1)

For hs = −6.22 cm, λ= 12.49 cm (ν= 2.40 GHz) and N = 8 as in the experiments reported
here, this formula predicts that the reflected radio beam had a total non-integer OAM value of
� ≈ 1.12.
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7.3 Results and data analysis

As first measurement we have detected the horizontal transverse component of the electric field of
the reflected, twisted radio beam, Ex (Fig. 7.4), by using a single COTS electric dipole antenna for
WLAN. The Ex was sampled in correspondence of fixed square grid points of 3 cm lattice period,
reported on a plane placed in the far zone, about 55λ away from the non-focusing reflector.

Figure 7.4: Map of the transverse electrical field intensity. Experimental map obtained by probing
the radio beam in a plane perpendicular to the beam axis.

The spatial map of Ex shows the existence of OAM spatial field distribution in the radio beam
represented by a sub-wavelength hairpin shaped configuration centered around a central mini-
mum (x = 12), (y = 9) cm. In the ideal case of a beam endowed with a pure state OAM � = ±1,
the typical fingerprint of a field intensity is a perfect doughnut-shaped intensity map (Fig. 7.3).

In our case the Ex field intensity distribution is slightly suppressed in the +45◦ direction as
an effect of the non-integer character of � and of the corresponding imperfect phase matching
over the full circuit around the central minimum. We have taken into account the expected non-
integer OAM value � = −1.12 in the simulation of Ex map (Fig.7.6) obtaining a quite satisfactorily
agreement with our experimental findings.

To determine the phase in the far zone, two identical COTS WLAN dipole antennas, both
oriented along x-direction transverse to the radio beam axis, were used in a interferometric con-
figuration set up. One of the receiving antennas was held at a fixed position far from the singularity,
Ex0 , and conventionally taken at the maximum of Ex in order to maximize the signal response.
The other antenna was moved around to sample the field signal at different fixed grid points. The
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Figure 7.5: Simulation of the field intensity for the ideal case of � = 1. The intensity distribution
show the typical symmetric doughnut shape.

difference of two antenna signals, ∆Ex = Ex−Ex0, has been mapped out (Fig.7.7) and compared
with the corresponding fields difference simulation (Fig. 7.8). The row experimental data show
the presence of a strong modulation of the ∆Ex field characterized by a change of the sign along
the direction of the step (−45◦) and roughly centered on the singularity point.

The experimental and simulated phase distributions (Fig.7.9 and 7.10 respectively) have been
extracted from the ∆Ex field (Fig.7.7 and 7.8) and the Ex field intensity map (Fig.7.4 and 7.6 ) by
using the simple analytical formula

cosϕ =
∆E

2
x − E

2
x0

− E
2
x

2ExEx0

(7.3.1)

Notwithstanding some spurious signal in the experimental map, the major features of the spa-
tial phase distribution are clearly recognizable. Namely, we observe the predicted distribution
around the singularity point that eventually results in the 2π phase step line structure across −45◦

to +45◦ direction expected in correspondence of the phase mask cut (see Fig. 7.3). As expected,
we found that the symmetry axis of the vortex structure and the phase singularity are both aligned
with the mask center. Our simulations show that the monochromatic and coherent beam propa-
gates in vacuum without any modification of the line phase singularity and without decaying into a
cascade of pairs of vortex-antivortex like expected in a turbulent inhomogeneous medium. These
features of phase map dependence clearly indicate the exp(i�ϕ) electromagnetic OAM vortex
structure harboured in the reflected radio beam.
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Figure 7.6: Simulation of the field intensity for � = 1.12. The colour scale is normalized to the
maximum value measured of 7.5 µV/cm. The experimental map exhibits a deep minimum in the
position correspondent of that where is expected from simulation the vortex singularity.

The OAM (spiral) spectrum of the experimental phase map has been computed [94] and re-
ported in the inset of Fig. 7.9. The OAM components � = 0, � = ±1 and � = ±2 are the most
relevant in particular for the experimental map, whereas the other higher OAM components (
|�| = 3, 4, ..., 10) give only minor contributions to the intensity. Both the experimental and simula-
tion OAM spectra show an asymmetric dominance towards the negative OAM components that
represent an effect of the harbored vorticity, determining the direction of the phase gap rotation.
More details can be found in Ref. [95] and references therein.

The presence of a range of integer OAM components in the experimental spiral spectrum
confirms that the radio beam was not in a pure OAM state but, in accordance with Eq. (3.3.26),
was a superposition of several orthogonal states, independent of each other and all at the same
frequency. Each of these orthogonal OAM states of the total non-integer OAM beam can prop-
agate, be detected, and characterized individually, thus enabling new methods and techniques
for wireless communications based on topological diversity. The use of spiral spectra will reveal
both the OAM content of an EM wave and the additional information of the spatial orientation of
the source. This is a distinctive advantage over conventional experiments in which only products
of EM field components (intensities, correlations, averages) are measurable. The emergence
of completely new classes of fundamental as well as applied OAM-based studies in disciplines
ranging from astrophysics [81, 57, 96] to high spectral efficiency wireless communications, both
classically [97, 98] and quantum mechanically [99, 100], can therefore be envisaged.
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Figure 7.7: Experimental sum of the fields: sum of two antenna signals. The colour scale is
normalized to the maximum value measured of ≈ 1m V/m.

Figure 7.8: Numerical simulated sum of the fields.
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Figure 7.9: Phase map, based on measurements of the interference of two antenna signals as
described in the text and, in the lower panel, the corresponding OAM spectrum. The biggest
contribution is given, as expected, by � = −1. The map indicates the predicted phase step
indicating the presence of a vortex structure, across the direction −45◦ to +45◦.
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Figure 7.10: Simulated phase map and its corresponding OAM (spiral) spectrum.
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Chapter 8
Communication with radio vorticity:
more channels on the same frequency

We have shown experimentally how to propagate and use the properties of twisted non-monochromatic
incoherent radio waves to simultaneously transmit two radio channels on the same frequency en-
coded with different orbital angular momentum states. This novel radio technique allows, in prin-
ciple, the implementation of an infinite number of channels on one and the same frequency, even
without using polarisation, multiport or dense coding techniques. This might represent a possible
solution for the problem of radio band congestion, paving the way for entirely new paradigms in
radio communication protocols.

F. Tamburini, E. Mari, B. Thidé, F. Romanato and C. Barbieri Experimental verification of
photon angular momentum and vorticity with radio techniques. Applied Physics Letters
(2011) vol. 99 (20) pp. 204102
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8.1 Introduction

The first radio signal transmitted and received by Guglielmo Marconi on 8 December 1895 started
the revolution of wireless communication in our modern world [101]. Nowadays, information is
mostly exchanged through wireless channels and the rapid increase of the use of mobile devices
has led to a congestion of the available radio bands even after the application of dense coding
and channel sharing techniques [102].

Here we report results from real-world, outdoor experiments that demonstrate the feasibility
of wireless information transfer over large distances that exploits the orbital angular momentum
(OAM) states [103] of general electromagnetic waves. OAM states have been proved to be in-
dependent orthogonal physical states and can be generated, modulated and propagated inde-
pendently without causing mutual interference between each other. EM-OAM is a fundamental
physical property of the EM field that, applied to wireless communication, may offer additional
degrees of freedom to use as a set of new orthogonal and independent communication channels
at any given frequency become available.

Unlike already existing communication protocols that use the spatial phase distribution gen-
erated by a set of antennas to artificially increase the transmission bandwidth, the immediate
advantage that can be provided by a protocol based on OAM states as independent communica-
tion channels is that of using the peculiar spatial phase distribution of each of these states as a
reference pattern to generate, modulate and detect them in a better way.

In this chapter i report the proof that this property can be used for certain types of long-range
communications, allowing for innovative physical coding schemes.

8.2 Experimental setup

To date, no one has managed to do a real radio transmission of twisted beams outdoor, in a
real world-setting outdoor experiment, by using an that makes use of an incoherent achromatic
wide frequency band of twisted radio beams. We prove experimentally that on one and the same
frequency, the natural orthogonality of these states provide ideally an infinite set of independent
transmission channels, each characterized by their unique spatial phase front topological charge.

To this end, we set up an experiment, generating and detecting two different channels on the
same frequency: the first untwisted, with � = 0 orbital angular momentum, and the other with an
� = 1 OAM twist. We have adopted a very basic hardware configuration made by two identical
WiFi-FM transmitters, each with an output power of 2 Watts, driven by a signal generator. The
transmitters were tuned to the carrier frequency of 2.414 GHz to feed the � = 0 and � = 1

antennas. In an FM transmission the amplitude and intensity of the EM wave remain constant in
time; only the carrier frequency is modulated. The signal-to-noise ratio of the Wifi modules was 38
dB for the video channel and 45 dB for the audio band. The receiver sensitivity was -90dBm. The
transmitted signal bandwidths of both signals were 15 MHz, such as those used in video signals.
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The � = 0 source was generated by a commercial 16.5 dBi Yagi-Uda antenna [104, 105]. To
generate the � = 1 vortex beam, we mechanically modified a 26 dBi commercial off-axis parabolic
antenna, with diameter D = 80 cm, to attain an off-axis shaped spiral parabolic.

Yagi-Uda antennas

A Yagi-Uda antenna is a directional antenna consisting of a driven element (typically a dipole or
folded dipole) and additional parasitic elements (usually a so-called reflector and one or more
directors) [104, 105]. The reflector element is slightly longer (typically 5% longer) than the driven
dipole, whereas the so-called directors are a little bit shorter (see Fig. 8.1). This design achieves
a very substantial increase in the antenna’s directionality and gain compared to a simple dipole.

Figure 8.1: Yagi-Uda antenna in one of the interferometer’s arms

In our experiments we used twelve-element, 16.5 dBi Yagi-Uda antennas for WiFi communi-
cations, tuned to 2.4 GHz. One as a linear polarisation, � = 0 emitter at the transmitting end,
and two as a linear-polarisation phase interferometer at the receiving end. In Tab.8.1 we report
technical details of the Yagi-Uda antennas.

Transmitter/receiver modules

The radio signals for the calibration and radio transmission were generated with commercial high-
quality super-heterodyne frequency modulating (FM) transmitting modules using audio generator
as modulation signal input. The deviation in frequency (≤ 27 MHz) due to the FM modulation
of the carrier frequency (2.4 GHz) can be considered negligible and do not cause a significant
distortion of the vortex or an ensuing change of the topological charge obtained with the twisted
antenna. For modulation of the � = 0 beam, a sinusoidal audio modulation with the frequency of
400 Hz was used, while in the twisted channel was modulated at 1 KHz.
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Table 8.1: Yagi-Uda antennas 16.5 dBi

Frequency [MHz] 2400-2480

Gain ≈ 16.5 dBi

Size ≈ 45×5×4 cm

Vertical Irradiation (linear momentum) 35◦

Horizontal Irradiation (linear momentum) 35◦

Impedance 50 Ohm

SWR < 1.3

Figure 8.2: Horizontal and vertical diagram of the lobes of the Yagi-Uda antennas. The diagrams
show a complicated pattern of the secondary lobes.

Offset vortex parabolic antenna

In order to have a single source of OAM radiation, we built a vortex reflector, using a pair of
equal 80 cm, 15◦ offset, steel parabolic antennas for WiFi. One of the dishes was transformed by
incrementally elevating, from the original shape, the surface of the quantities reported in the table
8.2 for given values of the azimuthal angle. The unmodified dish was used as mechanical support
for the vortex antenna (Fig. 8.3).

Phase-difference interferometer

Since the � = 0 and � = 1 wavefronts have different shapes, we identified and measured the two
radio signals, twisted and untwisted, by using an interferometric phase discrimination method that
puts in evidence the wavefront phase fingerprints due to the twisting of electromagnetic waves
[106, 3, 107, 108, 109].

The receiving station comprised a COTS (commercial off the shelf) frequency-modulation (FM)
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Figure 8.3: Twisted parabolic antenna for generating � = 1 OAM channel.

Table 8.2: Offset vortex parabolic antenna: elevation of the surface with azimuthal angle.

Azimuthal angle Elevation (in units of λ) Elevation (cm)

0 = 2π 1/2 6.25

π/2 3/4 4.69

π 1/4 3.12

3/2π 1/8 1.56

radio module receiver fed by two identical 16.5 dBi Yagi-Uda antennas (hereafter antenna A and
B), mounted on the top of two identical plastic columns connected together with 180◦ - phase-
shifted cables through a beam adder module, in order to obtain a phase-difference interferometer.
The baseline was of 4.50 meters, with laser controlled levelling and calibrated mutual distance. We
decided to use such directive antennas to spatially reduce any possible background interference
due to the presence of other WiFi sources. Antenna A was mounted on a mechanical translator
oriented towards the direction of the transmitting station to select one of the two channels by
exploiting the spatial phase front properties of different OAM states present in the two beams,
whereas antenna B could be moved mechanically in the orthogonal horizontal direction only.

8.3 Intensity mapping of the field

As a first step, we characterized experimentally the physical properties of the twisted uncorrelated
achromatic EM wave train, proving that vorticity can be actually radiated all the way to infinity
[31]. In this way, we also proved that the topological properties of the twisted waves, namely the
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Figure 8.4: Phase-difference interferometer. Two identical Yagi-Uda antennas connected together
with π dephased cables through a power-combiner adder module.

presence of the singularity and the spatial phase signature, are preserved in the far-field zone.

The intensity distribution of the radio vortex was mapped out 40 metres (320λ) distant from
the transmitting antenna. We inserted a signal attenuator in the output of the transmission line
for safety reasons. The mean signal background measured at λ = 2.414 GHz inside the 15 MHz
bandwidth was −90 dBm. The polarisation was kept horizontal. The expected beam waist was
given by the diffraction limit of the antenna, δϕ = 1.22(λ/D) ≈ 10.9◦ and the half-power beam
width (HPBW), the angular separation between the points on the antenna radiation pattern at
which the power drops to one-half (−3 dB) its maximum value, was found to be θ = kλ/D = 8.75◦.
The characteristic parameter of the antenna k is a factor that depends on the shape of the reflector
and the method of illumination. The HPBW diameter of the twsted parabolic antenna at 40 metres
distance is on the order of 6 meters. As shown in Figure 8.5, the region where the radio signal
intensity, i.e., its linear momentum, was not detectable had a diameter of 21 cm (∼ 1.7λ) and
we determined the position of the field singularity with an inaccuracy of 3 cm (∼ 0.24λ). The
experimental limitations were dictated by the resolving power of the spectrum analyzer used in
the field sampling. The average intensity measured in the 3 cm region around the singularity was
-82 dBm.

The confirmation that the minimum found was the phase singularity of the field was obtained
by measuring the phase distribution around it with a phase interferometer constructed from two
identical Yagi-Uda antennas deployed along a baseline perpendicular to the direction of the trans-
mitters. First we positioned the centre of the interferometer’s baseline where the minimum of the
field was measured, then, we mechanically tilted the transmitting antenna in the horizontal and
vertical directions and measured the phase change. Finally, we verified the phase and field inten-
sity distribution of the Yagi-Uda antenna used for transmitting the untwisted signal. No appreciable
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Figure 8.5: Intensity map of the radio beam vortex at 40 metres in free space in the region
harbouring the singularity. The beam was attenuated because of its high strength. The intensity
distribution in this region exhibits fluctuations caused by environmental interference effects. The
central dip indicates the region where the field singularity is located, less than 3 cm wide, with a
measured intensity of −82 dBm. The actual position of the singularity was confirmed by the phase
change measured by the two-antenna interferometer.

phase twist in the Yagi-Uda beam was detected.

8.4 Radio transmission with OAM

After having verified that the properties of the twisted beam were preserved, by analyzing the
beam shape with an intensity/spectrum analyzer, we performed the experiment with the purpose
of encoding two different signals in the two different spatial modes on the same frequency of 2.414
GHz, and within a fixed given bandwidth. We transmitted and received the two channels in the
directory from the lighthouse of San Giorgio island to the balcony of Palazzo Ducale in Venice,
separated by 442 metres (3536λ). The HPBW diameter of the main lobe was 67 meters. At the
point of the phase singularity we expect the field to drop almost to zero, as found in experiments
at optical frequencies.

The darker zone where the central singularity was located, identified by a dramatic drop down
to 10 dBm of the averaged field intensity, had a diameter of about 2λ. This small region was
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Figure 8.6: Site of San Marco experiment in Venice. T: transmitter inside the lighthouse of San
Giorgio island. R: receiving station in Palazzo Ducale.

contained inside a wider zone with ∼ 190 cm (∼ 15λ) diameter where a smooth decrease of the
mean field intensity from 3 to 5 dB was observed. Outside this region, at distances larger than
2 meters (∼ 16λ) from the singularity, the field intensity was found to be more stable and flatter.
The measured signal intensity was only 3 dB lower than what is expected from a non-helicoidal
parabolic antenna with the same diameter and focal length. The field strength, measured around
the beam singularity, was higher than expected from a perfectly coherent beam. In fact, the an-
tenna lobe presented an intensity shape similar to that of a non-coherent beam. So, the expected
central intensity dark hole was partially filled up and the phase distribution preserved. After the
propagation, the signal intensity near the singularity, where the electric field is expected to tend to
zero, exhibited a more uniform and flatter intensity profile as would be expected from a coherent
beam with a Laguerre-Gaussian profile. This actually suggests behaviour typical of incoherent
beams carrying OAM. Such beams preserve the phase profile but the region of the lobe in which
the singularity is located appears much more filled by the signal because of the presence of a
large width of the transmission band and, probably, also because of the shape of the transmitting
antenna. The only insignificant variable interference effects that were detected during the exper-
iments were due to reflections of the beam from the water surface of the lagoon that varied with
the tidal height of the sea.

The interferometer, i.e. the receiving station, measured the phase difference between the two
antennas, A − B, and therefore characterized the spatial phase properties of the beams, that
are the fingerprints of different vorticity OAM states of the field. To discriminate the two different
spatial modes of the EM field, we aligned antenna A, antenna B and the field singularity along
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the same line parallel to the horizon, and the singularity was set in the middle of the segment
delimited by antennas A and B (Fig 8.7).

Figure 8.7: Scheme of the experiment in San Marco (not in scale). From left to right: the transmit-
ting antenna, the two antennas A and B aligned with the singularity of the beam, located in the
middle of the segment AB.

During the experiment, the main practical difficulty was that of positioning the singularity in the
middle of the two Yagi antennas, that was then solved with the find-and-track direction method
[110], commonly used to locate with precision a radio transmitter. If the setup were perfectly
aligned, the twisted EM wave would have shown an exact π azimuthal phase difference between
the two antennas, subsequently compensated by the cable electric delay thus producing an inten-
sity maximum. For the untwisted beam, instead, a minimum is found in the same position.

EM waves with wavelength λ, propagating along the two paths from the source to the two
receiving antennas A and B, acquired a phase difference, ϕ that depends on the angle θ between
the incident plane wavefront and the interferometer baseline, the relative azimuthal term between
the two receiving antennas ϕ� due to the beam vorticity (ϕ� = 0 when � = 0 and ϕ� = π when
� = 1) and a generic additional spatial/temporal phase term ϕ0 introduced by the experimental
setup (e.g. cable delay, non perfect parallelism of the receiving antennas, etc.),

ϕ = 2π
d sin θ

λ
+ ϕ� + ϕ0 (8.4.1)

The parameter d is the separation of the two antennas. The signal was collected equally by
antenna A and B in phase and the signal of antenna A arrives at the signal adder π out of phase
with respect that of antenna B because of the electric λ/2 cable delay, resulting in a difference
signal configuration, |A−B| such that

|A−B| ≈ |V0 − V0e
iϕ| = 2V0 sin

ϕ

2
(8.4.2)

where V0 is the voltage measured by the receiver at the antenna cable end. The direction of
the transmitter, in the ideal case, is identified by a minimum or absence of signal. A maximum is
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obtained when
ϕ = (k + 1)π

and k is an integer. By introducing an additional phase term to the antenna A, one can change
the pointing direction of the antenna system, in such a way the segment AB, delimited by the
two antennas, would rigidly rotate around the field singularity in the direction orthogonal to the
propagation of the EM signal, with the result of moving the position of the null interference fringes
and compensate for the additional phase term and inclination of the interferometric base with
respect to the direction of the source. Alternatively, a similar compensation is obtained by moving
the antenna A along the direction of the source by a quantity ∆x = λn/2π. Consequently, the
phase difference between the two paths can be written as

ϕ = 2π
d sin θ

λ
− n (8.4.3)

The parameter n can be adjusted to improve the tuning of the receiving system and read a
signal minimum in the exact direction of the transmitting antenna. Here, n is negative when the
antenna A is moved towards the source.

If the beam carries OAM, the phase distribution of the wavefront arriving to antenna A and
B will exhibit a characteristic topological signature. In the simplest case, when the centre of the
vortex coincides with the centre of the interferometer, the two antennas will experience a phase
gap due to the OAM of the EM wave ϕOAM = �π and a maximum of the signal is obtained when
the phase factor is

ϕ = 2π
d sin θ

λ
− n+ �π = (k + 1)π; k ∈ Z (8.4.4)

where Z is the set of positive and negative integer numbers. When � = 1, a maximum for the
vortex is achieved when n = 0 and k = 0. Because of destructive interference, at the same time,
the � = 0 signal intensity will experience a minimum. On the other hand, a maximum, for the � = 0

mode will be found when n = −λ/2, corresponding to a minimum for the vortex. Following these
considerations, we aligned the interferometer on the center of the singularity so to have the field
singularity in the centre of the segment joining the two receiving antennas (i.e. the interferometer
basis) and obtain the phase gap ϕ� = π between the two antennas expected during the reception
of the � = 1 vortex. To better optimize the interference fringe structure we oriented the baseline by
an inclination θ ∼ 10◦ with respect to the balcony in order to be orthogonal to the incoming beam.

In order to have a simple, straightforward practical method to discriminate the two orthogonal
OAM channels, transmitted on the same carrier frequency, we frequency modulated them with
constant-level audio signals at different modulation frequencies (400 Hz and 1000 Hz for the
untwisted and twisted wave, respectively) by injecting a −5dBm monophonic audio signal in the
video band of each transmitter. The radio signal was received by the two Yagi-Uda antennas,
summed by the a beam adder module and then re-converted in a monophonic audio signal,
subsequently digitally sampled, recorded and analyzed in real time with 32-bit resolution. Each
dataset so produced is 22870008 bytes long.
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The total signal loss measured in the receiving line of the interferometer was 6 dB. We attribute
this to cables losses the use of the 3 dB a beam adder module (power splitter-combiner Mini-
Circuits ZX10-2-42+). In order to reduce the power of the signal we added a 10dB attenuator in
the receiving line to reduce the power of the signal so that the audio digitalizer connected to the
receiver output would not saturate due to overvoltage. In a conventional single-antenna receiver
set up for detection of linear momentum only, the two radio signals were audible simultaneously.
By mechanically moving the antenna A with respect to B to select one of the two orthogonal
OAM beams, one signal was alternately suppressed with respect to the other due to the different
spatial phase signature of the two OAM states. We adjusted the baseline in order to optimize the
discrimination of the two different OAM channels by movements of antenna A. As a frequency
modulation transmission has the property of generating a constant amplitude output, we adjusted
the output of the two transmitters to measure the same positive output voltage in the FM reception,
1 Vcc (Volt in continuous current) for each channel. In this way we were able to characterize the
transition between equal-intensity twisted and untwisted channels. Fig. 8.8 shows the maximum
positive voltage of the signal measured at the output of the antenna receiver and amplifier. The
untwisted beam (blue line) showed destructive interference in the interval 8.5 − 9.4 cm from the
initial antenna position. In the corresponding audio track, that the carrier disappears and the
400 Hz tone is suddenly replaced by white noise, which appears louder due to the automatic
gain control, AGC, of the receiver, indicating destructive interference. This behaviour is seen in
two other smaller regions and is possibly due to effects of the secondary Yagi lobes that were
not considered in our autocorrelation analysis. The twisted beam (red line) , on the other hand,
presented a richer forest of alternating maxima and minima; only near the initial position of the
antenna (0.4 − 1.6 cm) a wide region of total destructive interference was observed.

In Fig. 8.9 we display the audio frequency spectrum, from 0 to 3 kHz, of the two separate
OAM channels ( � = 0, upper panel, � = 1, middle panel) obtained from the best acquisition made
during our OAM tuning experiments.

Each single channel is tuned when the other one experiences destructive interference and
the corresponding audio tone disappears. In the lower panel we show the spectrum of both the
channels superposed measured outside the regions of destructive interference. This result is
confirmed by the Tolonen-Karjalainen autocorrelation for multi-pitch detection [111], as shown in
Fig. 8.10. Whereas the � = 0 mode always showed a clear autocorrelation, the � = 1 mode
always presents a series of harmonic tones at higher frequencies.

Already with this setup one can obtain four physically distinct channels on the same frequency
by additionally introducing the use of polarization (spin angular momentum, SAM) that is inde-
pendent from OAM; the vector sum of SAM and OAM is the total angular momentum which is a
conserved quantity. A further multiplication of a factor five after the implementation of multiplexing
would yield a total of 20 channels in the same frequency. The utilization of multiport techniques
can increase the capacity further.
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8.5 Conclusions

Our results may open new perspectives in wireless communications and demonstrate the possibil-
ity of tuning along different orbital angular momentum channels without increasing the frequency
bandwidth from a physical principle. Looking back to the past, history books report that Mar-
coni invented wireless telegraph and from that the communication world spread its branches in
all directions [101]. All the wireless devices are based on various forms of phase, frequency
and/or amplitude modulation of the electromagnetic (EM) radiation. In order that many different
broadcasting stations could transmit simultaneously without overlapping their radio signals, Mar-
coni suggested a division of the available spectrum of radio frequencies in different bands [106].
Nowadays, the wide use of wireless has unavoidably led to the saturation of all available fre-
quency bands, even with the adoption of artificial techniques to increase the band capacity. With
this experiment we have shown that the use of orbital angular momentum states might dramati-
cally increase the capacity of any frequency band, allowing the use of dense coding techniques
in each of these new vortex radio channels. This might represent a concrete proposal for the
solution of the band saturation problem. Moreover, our experimental findings show that the prop-
agation of the physical properties of twisted radio beams is preserved after the propagation. We
found that the spatial phase signature was preserved even in the far-field region and for incoher-
ent non-monochromatic wave beams. These results open new concrete perspectives for science,
including astronomy and in particular radio-astronomy.
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Figure 8.8: Diagram of the monophonic audio recordings of the twisted/untwisted beams. The
output of the two transmitters were adjusted to ensure the same maximum input voltage of 2 volts
when both channels were present, and 1 Vcc max for each individual channel. The first minimum
is found at around 1 cm of antenna shift for the � = 1 mode. Here the � = 0 channel has a
maximum and the associated audio tone is clearly audible. The same was found for the � = 0
mode around the 9 cm antenna position. The inner boundaries of the two minima regions are
separated in distance by half a radio wavelength. Between these positions there was a forest of
minima of the � = 1 mode, a phenomenon due to the sampling of the field from a finite-sized
antenna. Beyond the minimum located at 9 cm, two additional alternating signal minima due to
the cross talk of the two Yagi-Uda antennas were found.

89



CHAPTER 8. COMMUNICATION WITH RADIO VORTICITY: MORE CHANNELS ON THE SAME FREQUENCY

Figure 8.9: Spectral analysis of the demodulated audio signal when the antenna interferometer
was tuned by the spatial motion of one antenna to receive two independent and superposed OAM
modes in the same frequency band. The spectra are truncated at 3 kHz for better clarity. Upper
panel: audio frequency spectrum of the beam in the region where the interferometer is tuned for
the � = 0 mode signal. Clearly visible is the main peak at 400 Hz followed by the higher-frequency
harmonics. The power of the signal is distributed with decreasing power at higher frequencies.
Middle panel: audio spectrum in the position where only the � = 1 mode audio signal is audible.
Also in this case the power is distributed with less power for higher frequency harmonics of the 1
kHz main frequency. In both the two spectra there are no spurious frequencies introduced by the
other twisted signal. Lower panel: audio spectrum of the signal where the two twisted beams are
not separated. Both the audio frequencies are visible.
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Figure 8.10: Autocorrelation spectral analysis of the audio transmission in three different antenna
positions. Upper panel: the � = 0 mode (∼ 408 Hz) detectable when the antenna is at a position
between 0.4 and 1.6 centimetres and (middle panel) the � = 1 (1 KHz), from 8.5 cm to 9.4 cm,
with the exception of the two small intervals where a cross talk of the two antennas was observed.
In the lower panel, the superposition of both the audio signals at 400 Hz and 1 kHz is clearly
evident, showing the impossibility of separating the two channels when the moving antenna is in
the interval (1.8 - 8) cm.
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