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φ = 2π ·2∆L/λ ∆L

λ

20 nm 900 nm
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θA = θB = 0

V = (max−min)/(max+min) ≈ 94%
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{|HHSS〉, |HHSL〉, |HHLS〉, |HHLL〉, |HV SS〉, .., |V V LL〉}
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a d

A
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Pratio
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1 bin = 81 ps

R12 = Peak1/(Peak1 +

Peak2) 200

vr(t)
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4f
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4f

φ(t)

φ(t)

Pc(t)

φ(t)

∆ =

tmeas− tref φ( mod 2π) ∈
[4π/5, 6π/5]

Nl =

112±11 Nc = 196±14

φ( mod 2π) ∈ [−π/5, π/5] Nl = 112±11 Nc = 46±7

Nc = 1245±35
Nl = 1306 ± 36 Pc = 1/2

P exp
c

Vexp = 67±11% Vexp = 53±13%
Vexp = 38±4%
Pc

Ij = [(j1/10)π, (j + 1/10)π]

φ( mod 2π) ∈ Ij
P exp
c

φ φ = 0 φ = 2π

rtt



δθ(τ)

ρA

E t(m)
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r̃

ρX =
∑1

x=0 = px|x〉〈x|
p0 = 0.9973 p1 = 0.0027

H∞(Z)

ρZ =
∑1

z=0 Pz|z〉〈z| P0 = 0.5020 P1 = 0.4980

ρX =
∑3

x=0 px|x〉〈x| p0 = 0.9937 p1 = 0.00359 p2 = 0.00266

p3 = 1−p0−p1−p2 ρZ ρZ =
∑3

z=0 Pz|z〉〈z| P0 = 0.2527

P1 = 0.2412 P2 = 0.2608 P3 = 0.2453
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{|0〉, |1〉} |·〉 〈·|

〈·|·〉

|ψ〉 = α|0〉+ β|1〉

α β |α2|+ |β2| = 1 |ψ〉



|ψ〉 |0〉 |1〉

α2 β2

|0〉 |1〉 | ↑〉 | ↓〉

|H〉 |V 〉

O

A

A =
∑

i

ai|ai〉〈ai|

ai |ai〉



I = σ0 =



1 0

0 1


 σx = σ1 =



0 1

1 0




σy = σ2 =



0 −i

i 0


 σz = σ3 =



1 0

0 −1


 .

ρ =
1

2

∑

i

Siσi

Si Si = Tr{ρσi}

σ0 = PH + PV σ1 = P+ + P−

σ2 = PL − PR σ3 = PH − PV

Pa = |a〉〈a|

|+〉 = 1√
2
(|H〉+ |V 〉) |−〉 = 1√

2
(|H〉 − |V 〉)

|R〉 = 1√
2
(|H〉+ i|V 〉) |L〉 = 1√

2
(|H〉 − i|V 〉).

|H〉 =



1

0


 |V 〉 =



0

1


 Pa

|ψ〉 |a〉 |〈a|ψ〉|2



|Φ〉 6= |ΦA〉 ⊗ |ΦB〉

|Φ〉 = 1√
2
(|0〉A|0〉B + |1〉A|1〉B)

A B A

|0〉 |1〉 B

H = HA ⊗ HB

|Φ±〉 = 1√
2
(|0〉A|0〉B ± |1〉A|1〉B)

|Ψ±〉 = 1√
2
(|0〉A|1〉B ± |1〉A|0〉B)



ρ σ

F (ρ, σ) =

(
Tr

[√√
ρσ
√
ρ

])2

0 ≤ F (ρ, σ) ≤ 1 F (ρ, σ) = 1 ρ = σ

ρ = |ψ〉〈ψ| σ = |φ〉〈φ|

F (ρ, σ) = |〈ψ|φ〉|2

P (ρ) = Tr
[
ρ2
]
.

ρ P (ρ) = 1 P (ρ) = 1/d d

SL(ρ) =
d

d− 1
(1− Tr

[
ρ2
]
)

0 ≤ Sl(ρ) ≤ 1



τ

∆T

τ

τ >> ∆T



S2

S1

|Φ〉 = 1√
2
(|HAHB〉+ |VAVB〉).

|H〉 |V 〉



+1 −1 A1,2 = ±1

B1,2 = ±1

S = E(A1B1) + E(A1B2) + E(A2B1)− E(A2B2) ≤ 2

E(AjBi) Aj Bi

λ

A1 = A1(λ) B1 = B1(λ)

A2 = A2(λ) B2 = B2(λ).



p(λ) λ ∈ Λ Λ

∫

Λ
p(λ) λ = 1,

E(Aj(λ)Bi(λ))

E(Aj(λ)Bi(λ)) =

∫

Λ
Aj(λ)Bi(λ)p(λ) λ.

λ

S =

∫

Λ
A1(λ)B1(λ)p(λ) λ+

∫

Λ
A1(λ)B2(λ)p(λ) λ

+

∫

Λ
A2(λ)B1(λ)p(λ) λ−

∫

Λ
A2(λ)B2(λ)p(λ) λ

=

∫

Λ
(A1(λ)B1(λ) +A1(λ)B2(λ) +A2(λ)B1(λ)−A2(λ)B2(λ))p(λ) λ

=

∫

Λ
(A1(λ)(B1(λ) +B2(λ)) +A2(λ)(B1(λ)−B2(λ))p(λ) λ

±1 (B1(λ) + B2(λ))

(B1(λ) − B2(λ))

S =

∫

Λ
(A1(λ)(B1(λ) +B2(λ)) +A2(λ)(B1(λ)−B2(λ))p(λ) λ ≤ 2.

E(Aj(λ)Bi(λ))

E(AjBi) =
N++ −N+− −N−+ +N−−
N++ +N+− +N−+ +N−−

= P++ − P−+ − P+− + P−−

N++ +1



P++ α

S A B a b
D+ +1 D−

−1

|+ 1A〉 = cos(α)|V 〉 − sin(α)|H〉 | − 1A〉 = sin(α)|V 〉+ cos(α)|H〉

β

|+ 1B〉 = cos(β)|V 〉 − sin(β)|H〉 | − 1B〉 = sin(β)|V 〉+ cos(β)|H〉.

α β

P++(α, β) = |〈+1A|〈+1B|Φ〉|2 =
1

2
cos2(α− β)

P−−(α, β) = |〈−1A|〈−1B|Φ〉|2 =
1

2
cos2(α− β)

P−+(α, β) = |〈−1A|〈+1B|Φ〉|2 =
1

2
sin2(α− β)

P+−(α, β) = |〈+1A|〈−1B|Φ〉|2 =
1

2
sin2(α− β)

E(Aj(λ)Bi(λ))

E(AαBβ) = P++(α, β)− P−+(α, β)− P+−(α, β) + P−−(α, β)

= cos2(α− β)− sin2(α− β) = cos(2(α− β))



A1 α1 = 0 A2

α2 = π/4 B1 β1 = π/8 B2 β2 = −π/8

S = E(Aα1
Bβ1

) + E(Aα1
Bβ2

) + E(Aα2
Bβ1

)− E(Aα2
Bβ2

)

=

√
2

2
+

√
2

2
+

√
2

2
− (−

√
2

2
)) = 2

√
2

100%

83%

30%



|Φ+〉 = 1√
2
(|0A0B〉+ |1A1B〉)

x y

x y

x = 0 y = 0 |Φ+〉 (σ0 ⊗ σ0)|Φ+〉 |Φ+〉
x = 0 y = 1 |Φ+〉 (σ3 ⊗ σ0)|Φ+〉 |Φ−〉
x = 1 y = 0 |Φ+〉 (σ1 ⊗ σ0)|Φ+〉 |Ψ+〉
x = 1 y = 1 |Φ+〉 (iσ2 ⊗ σ0)|Φ+〉 |Ψ−〉

x y |Φ+〉



|Φ+AB〉 =
1√
2
(|0A0B〉+ |1A1B〉)

|ψ〉 = α|0A〉+ β1A

|ψ〉|Φ+AB〉 = (α|0A〉+ β1A)
1√
2
(|0A0B〉+ |1A1B〉).

|ψ〉|Φ+AB〉 =
1√
2
(α|0A0A0B〉+ α|0A1A1B〉+ β|1A0A0B〉+ β|1A1A1B〉)

=
1

2

[
|Φ+AA〉(α|0B〉+ β|1B〉) + |Φ−AA〉(α|0B〉+ β|1B〉)

−|Ψ+
AA〉(α|1B〉+ β|0B〉) + |Ψ−AA〉(α|1B〉 − β|0B〉)

]
.

|ψ〉 |Φ+AB〉

|Φ+AB〉

α|0B〉 ± β|1B〉 α|1B〉 ± β|0B〉



|ψB〉 = α|0B〉+ β|1B〉.

|Φ+AA〉 ⇒ σ0(α|0B〉+ β|1B〉)⇒ |ψB〉

|Φ−AA〉 ⇒ σ3(α|0B〉 − β|1B〉)⇒ |ψB〉

|Ψ+
AA〉 ⇒ σ1(α|1B〉+ β|0B〉)⇒ |ψB〉

|Ψ−AA〉 ⇒ iσ2(α|1B〉 − −β|0B〉)⇒ |ψB〉

A B A B

A B

|Ψ−〉AC1

|Ψ−〉C2B C1 C2

|Ψ〉AC1C2B = |Ψ−〉AC1 ⊗ |Ψ−〉C2B.

|Ψ〉AC1C2B =
1

2

[
|Ψ+〉AB ⊗ |Ψ+〉C1C2 − |Ψ−〉AB ⊗ |Ψ−〉C1C2

−|Φ+〉AB ⊗ |Φ+〉C1C2 + |Φ−〉AB ⊗ |Φ−〉C1C2
]
.



C1 C2

|Φ+〉C1C2

(1AB ⊗ |Φ+〉C1C2〈Φ+|C1C2)|Ψ〉AC1C2B ∝ |Φ+〉AB ⊗ |Φ+〉C1C2.

X

Z a = a1, .., an b = b1, ..bn a



b

|Φ00〉 = |0〉

|Φ10〉 = |1〉

|Φ01〉 = |+〉

|Φ11〉 = |−〉

|Φxy〉 x y

|Φab〉

b′

a′ a a′

d

d

n′ n





2



ωP = ωs + ωi.



~kP = ~ks + ~ki.



|Ψ′〉 = 1

2

(
|HAVB〉+ eiφ|VAHB〉

)

φ

φ = π

|Ψ〉 = 1

2
(|HAVB〉 − |VAHB〉) .

π

π/2



2x2

Wh(θ) =




cos(2θ) − sin(2θ)

− sin(2θ) − cos(2θ)


 ,

Wq(φ) =
1√
2



i− cos(2φ) sin(2φ)

sin(2φ) i+ cos(2φ)




θ φ h q

PH = |H〉〈H| =



1 0

0 0


 , PV = |V 〉〈V | =



0 0

0 1


 ,

PH PV

|H〉

|Ψ′θ,φ〉 =Wq(φ) ·Wh(θ) · |H〉

= h(θ, φ)|H〉+ v(θ, φ)|V 〉,



hθ,φ =
1√
2
(i cos(2θ)− cos(2φ− 2θ))

vθ,φ =
1√
2
(−i sin(2θ) + sin(2φ− 2θ))

|Ψ′′p〉 = |Ψ′θ1,φ1
〉 ⊗ |Ψ′θ2,φ2

〉

= hθ1,φ1
hθ2,φ2

|HH〉+ hθ1,φ1
vθ1,φ1

|HV 〉

+ vθ1,φ1
hθ2,φ2

|V H〉+ vθ1,φ1
vθ2,φ2

|V V 〉.

|Ψ′′p〉 |Φ〉

p = |〈Ψ′′p|Φ〉|2.

(θ1, φ1, θ2, φ2)

Cp = N|〈Ψ′′p|Φ〉|2,

n |HH〉

(θ1, φ1, θ2, φ2) = (0, 0, 0, 0)

p = |〈Ψ′′(0,0,0,0)|Ψ〉|2 =
∣∣∣∣
1√
2
(i− 1)

1√
2
〈HH|HH〉

∣∣∣∣
2

=
1

2
.

|H〉 (θ, φ) = (0, 0) |V 〉 (θ, φ) = (45, 0) |+〉

(θ, φ) = (22.5, 45) |−〉 (θ, φ) = (−22.5, 45) |R〉 (θ, φ) =



(22.5, 0) |L〉 (θ, φ) = (22.5, 90)

λ/2



τ

∆L

∆T = ∆L/c

|Φp〉 =
1√
2

(
|Sp〉+ eiθe |Lp〉

)

θe

|S〉 |L〉

|ΦAB〉 =
1√
2

(
|SASB〉+ eiθp |LALB〉

)

A B θp

∆L

|tA〉 =
1√
2

(
|SA〉+ eiθA |LA〉

)

|tB〉 =
1√
2

(
|SB〉+ eiθB |LB〉

)
.



|Sp〉 |Lp〉 θe

θA θB

|Φe〉 = |SpSA, SpSB〉+ eiθA |SpLA, SpSB〉+ ei(θA+θB)|SpLA, SpLB〉+ eiθB |SpSA, SpLB〉

+ eiθp |LpSA, LpSB〉+ ei(θp+θA)|LpLA, LpSB〉

+ ei(θp+θA+θB)|LpLA, LpLB〉+ ei(θp+θB)|LpSA, LpLB〉

θA θB

|SpLA, SpSB〉

tp tA tB

tA − tp

tB − tp



|Φps〉 =|SpSA, SpSB〉+ ei(θA+θB)|SpLA, SpLB〉

+eiθp |LpSA, LpSB〉+ ei(θp+θA+θB)|LpLA, LpLB〉

|SpLA, SpLB〉 |LpSA, LpSB〉

|Φtb〉 = |SASB〉+ eiθ|LALB〉

θ = θA + θB − θp

θp

θA θB

C ∝ cos2
(θA + θB)

2



θA/B =
2π2∆L

λr

∆L λr = 808 nm
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θA θB
φ = 2π · 2∆L/λ ∆L λ

20 nm 900 nm

n

{aj} {bj} j = 1, .., n

|φ〉



∃ j |φ〉 = |φ1〉ajI |φ2〉bjJ

{I, J} Ti = {a1, b1, ..., an, b,n } \ {aj , bj}

I ∪ J = T I ∩ J = ∅



|ΨHE〉 =
1

2

(
|HAVB〉+ eiθp |VAHB〉

)
⊗

(
|SASB〉+ eiθt |LALB〉

)

∼

150fs

2 mm

2 mm

40% 808 nm

100 40 ns

81 ps

12000



300mW

R̃T

R̃T ∝
1

w2(1/r + 2r)2

w r = wp/w

r = 1/
√
2

L3 = 500mm



808

L3

L1 = 75mm
L2 = 200mm

r = 1/
√
2 wp =

123.3+81.1
2 = 102.2µm

w = wp/r = wp/
√
2 ≈ 144µm

wi,s = 153.3µm

r = wp/wi,s

35000 300

wcol
p = 1.2mm

∆L = L − S = 60cm



3nm

808nm ± ≈ 98%

L S

λ

V = (max−min)/(max+min) max min



θ =
2π(L− S)

λ

θA = 0

θB = 0



339 nm θA = θB = 0

V = (max−min)/(max+min) ≈ 94%



TB
TA

81ps



m m

tBi → (tBi − tB0 )
[
tBi+m − tBi
tAi+m − tAi

]
+ tAi → t

′B
i ,

tBi tAi
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σ =2.1724

|ΨHE〉 =
1

2
(|HAVB〉 − |VAHB〉)⊗ (|SASB〉 − |LALB〉) .

|HV 〉 |V H〉



-0.5

HH

0

HV

0.5

Real part

VV

VH VH

HV

VV
HH

-0.5

HH

0

HV

0.5

Imaginary part

VV

VH VH

HV

VV
HH

Density matrix, polarization

|Ψ−〉 = |HV 〉 − |V H〉 ρP = |Ψ−〉〈Ψ−|

ρP =
1

2




0 0 0 0

0 1 −1 0

0 −1 1 0

0 0 0 0






ρ̂P =




0, 005 −0, 014 + 0, 017i 0, 011− 0, 027i −0, 006− 0, 003i

−0, 014− 0, 017i 0, 484 −0, 465− 0, 044i −0, 017− 0, 003i

0, 011 + 0, 027i −0, 465 + 0, 044i 0, 495 0, 033− 0, 018i

−0, 006 + 0, 003i −0, 017 + 0, 003i 0, 033 + 0, 018i 0, 016




ρ̂P ρ

F (ρ̂P , ρP ) = 0.95± 0.01

P (ρ̂P ) = 0.92± 0.02

SL(ρ̂P ) = 0.10± 0.02

|Φ−〉 = |SS〉 − |LL〉 ρT = |Φ−〉〈Φ−|

ρT =
1

2




1 0 0 −1

0 0 0 0

0 0 0 0

−1 0 0 1






-0.5

SS

0

0.5

SL

Real part

LL

LS LS

SL

LL
SS

-0.5

SS

0

SL

0.5

Imaginary part

LL

LS LS

SL

LL
SS

Density matrix, time-bin

ρ̂P =




0, 477 0, 017 + 0, 006i −0, 013− 0, 010i −0, 463− 0, 021i

0, 017− 0, 006i 0, 007 0, 001 −0, 013− 0, 003i

−0, 013 + 0, 010i 0.001 0, 003 0, 004− 0, 016i

−0, 463 + 0, 021i −0, 013 + 0, 003i 0, 004 + 0, 016i 0, 513




ρ̂T ρ

F (ρ̂T , ρT ) = 0.96± 0.02

P (ρ̂T ) = 0.92± 0.03

SL(ρ̂T ) = 0.10± 0.03



2600

n m = 4n n = 4

m = 256

m′ = 144

F ( ˆρ144HE , ρ
ID
HE) = 0.96± 0.01

P ( ˆρ144HE) = 0.94± 0.02

SL(
ˆρ144HE) = 0.11± 0.02



{|HHSS〉, |HHSL〉, |HHLS〉, |HHLL〉, |HV SS〉, .., |V V LL〉}



3

ρ

d d2



ρ r

ρ O(rd log2 d) O(rd)

B

B



f ∈ R
n f = Bx x

n f

yk = 〈f,Ak〉, k ∈M

〈·〉 A = {A1,A2, ...,An} M ⊂

{1, 2, ..., n} m < n

f∗ = Bx∗ x∗

min
x′∈Rn

||x′||l1 yk = 〈Ak,Bx′〉, ∀k ∈M

||x||l1 =
∑

i |xi| l1

x∗ f

n

s s n

fmax/2

s log(n)



s
s log(n)

r r < d

r

l1

l1

||A||∗ = (
√
A∗A) =

∑

i

σi

σi A



every r

r rd log2(d)

ρ d = 2n

σnk σnk = ⊗n
i=1σi σi ∈ {σ0, σ1, σ2, σ3}

m Tr [ρσnk ] = ak

ρ∗

min ||ρ′||∗ s.t. (ρ) = 1, (ρ′σnk ) = ak, k = 1, ...,m

c m =

crd log2(d)

(ρ) = 1

min ||ρ′||∗ s.t. (ρ) = 1,

m∑

k=1

[
(ρ′σnk )− ak

]2 ≤ ǫ,



ǫ

ǫ =
m∑

k=1

ω2k,

ωk ak



ak

ρ d

ρ =
1

d
+ ~r · ~Γ ,

~r Γk

Tr(ΓjΓk) =
d−1
d δjk , j, k = 1, . . . , D ≡ d2 − 1 ,

Tr(Γk) = 0

Γk = Γ∗k

(ρ2) = 1+(d−1)~r2
d ≤ 1

D ~r2 ≤ 1 A

A = Tr(A)
1

d
+ ~s · ~Γ

Tr(A) = 1 |~s| = 1 A Tr(Aρ) = a

A ρ

~r · ~s = δ

1− 1
d

,

δ = a− Tr(A)/d



R
D

D (D − 1)

R =
√
|~s| − (~r · ~s)2 =

√
1− δ2

(1− 1/d)2
≤ 1 .

Tr(Aρ) = a

A

VSd2−2
=
πd

2/2−1

Γ(d2/2)
Rd2−2

a = Tr(A)/d

Vmax =
πd2/2−1

Γ(d2/2)
a Tr(A)/d

VSd2−2
Vmax

VSd2−2

Vmax
= Rd2−2 .

1/d

(Aρ) = a

a d = 2

(Aρ) = 0 (Aρ) = 1

ρ2 A (Aρ2) = 1 (0)

ρ2 = |A〉〈A| (|A⊥〉〈A⊥|) (Aρ2) = 0.5
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d=2

d=4

d=8

d=16

(Aρ) = a
d

1/d

N

~sk Tr(ρAk) = ak

~r · ~sk =
ak − Tr(A)/d

1− 1/d
≡ γk

~sk ~r

~r =

N∑

k=1

ck~sk + ~S⊥ ,



~S⊥ · ~sk = 0 ∀k ck

ck =
∑

j

(Λ−1)kjγj ,

Λjk = ~sj · ~sk

=
1

d− 1
[dTr(AjAk)− Tr(Aj)Tr(Ak)]

c = Λ−1γ ~r |~r| ≤ 1

|~r|2 = |~S⊥|2 + γ
TΛ−1γ ≤ 1

|~S⊥| ≤
√
1− γTΛ−1γ

N Tr(Akρ) = ak d2 − N − 1

|~S⊥| γ
TΛ−1γ

γ
TΛ−1γ



A



ρD = argmin
X
||X||tr s.t. ||M∗(M(X)− y)|| ≤ λ

ρL = argmin
X

[
1

2
||A(X)− y||22 + µ||X||tr

]

M(X) = (Tr(A1X), . . . ,Tr(ANX)) y = (b1, . . . , bN )

|ΨHE〉 =
1

2
(|HV 〉 − |V H〉)⊗ (|SS〉 − |LL〉) .

{|HP 〉, |VP 〉, |DP 〉, |LP 〉}

|DP 〉 = 1/
√
2(|HP 〉+ |VP 〉) |LP 〉 = 1/

√
2(|HP 〉+ i|VP 〉) {|LG〉, |ST 〉, |DT 〉, |LT 〉}

|DT 〉 = 1/
√
2(|LG〉 + |ST 〉) |LT 〉 = 1/

√
2(|LG〉 + i|ST 〉)

λ µ



ρp = (1− pc − pw)|Φp〉〈Φp|+ pcρ
c
p + pw

1

4

|Φp〉 = 1√
2
(|HV 〉 − |V H〉) ρcp = |HV 〉〈HV |+ |V H〉〈V H|

ρt = (1− pc − pw)|Φt〉〈Φt|+ pcρ
c
t + pw

1

4

|Φt〉 = 1√
2
(|SS〉 − |LL〉) ρcp = |SS〉〈SS|+ |LL〉〈LL|

pc = 0.05

pw = 0.1

|ΨGHZ〉 = |0000〉+ |1111〉.

|ΨGHZ〉



|ΨHE〉 |ΨGHZ〉

4 0 |ΨHE〉 16 0

4 0

Tr(Aρ)

|HPVP 〉|LGLG〉 0, 25
|HPVP 〉|STST 〉 0, 25
|VPHP 〉|LGLG〉 0, 25
|VPHP 〉|STST 〉 0, 25
|HPVP 〉|LTLT 〉 0, 25
|HPVP 〉|DTDT 〉 0
|VPHP 〉|DTDT 〉 0
|VPHP 〉|LTLT 〉 0, 25
|DPDP 〉|LGLG〉 0
|DPDP 〉|STST 〉 0
|LPLP 〉|LTLT 〉 0
|LPLP 〉|LGLG〉 0
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ρ12

ρHE

F (ρ12, ρHE) 0.94± 0.01
P (ρ12) 0.97± 0.01
SL(ρ12) 0.03± 0.01



F (ρST12 , ρHE) 0.15± 0.06
P (ρST12 ) 0.16± 0.06
SL(ρ

ST
12 ) 0.90± 0.07

ρ12 ρ144

F (ρ12, ρ144) = 0.99± 0.01

ρ12

d = 16

d2 = 256



4

94.63%



∆L = L − S τc ≪ ∆L/c ≪ τp

τc τp c

%

∆L/c



50%

50%

t0−∆T

t0

t0+∆L ∆L

E M L a b

+ −

P (a, b|φA, φB)

φA φB M −M

P (M+,M+|φA, φB) = P (M−,M−|φA, φB) =
1

16
[1 + cos(φA + φB]

P (M+,M−|φA, φB) = P (M−,M+|φA, φB) =
1

16
[1− cos(φA + φB]



P (M±, E±|φA, φB) = P (E±,M±|φA, φB) =
1

32

P (M±, L±|φA, φB) = P (L±,M±|φA, φB) =
1

32

P (E±, E±|φA, φB) = P (L±, L±|φA, φB) =
1

32

P (E±, L±|φA, φB) = P (L±, E±|φA, φB) = 0

1

p = 4pMM + 4pME + 4pEM + 4pML + 4pLM + 4pEE + 4pLL + 4pEL + 4pLE

= 4
1

16
+ 4

1

32
+ 4

1

32
+ 4

1

32
+ 4

1

32
+ 4

1

32
+ 4

1

32
+ 0 + 0 = 1

λ = (θ, r) θ 0 2π r 0

1 A(λ;φA) B(λ;φB)



(θ, r)

φA φB A(λ;φA) B(λ;φB)

φB φA

M±M± E±E± L±L± E±M± M±M± M±L± L±M± E±L±

L±E±

P (a, b|φA, φB)LHV =
1

2π

∫ 2π

0
θ

∫ 1

0
r [A(θ, r;φA)B(θ, r;φB)] .

[A(θ, r;φA)B(θ, r;φB)]

a = {E±,M±, L±}

b = {E±,M±, L±}

L− S



a =
M− b = M+

a =M− b =M+

SCHSH =〈A1B1〉 − 〈A2B2〉+ 〈A2B1〉+ 〈A1B2〉



〈AiBj〉

Sre ≤ 3

Sqm = 2
√
2

N

2N

SN = 〈ANBN 〉+
N∑

k=2

[〈AkBk−1〉+ 〈Ak−1Bk〉]− 〈A1B1〉

Ai Bj

θ = π/(2N)

SN
QM = 2N cos(

π

2N
)

2N − 2

SN
LHV = 2N − 1

SN
QM > SN

LHV 2N ≥ 6

SS LL

∆L/c

V ≥ SLHV/S
N
QM

94.63%



〈AiBj〉 Ai Bj

N++, N+−, N−+, N−− + +1 − −1

〈AiBj〉 =
N++ −N+− −N−+ +N−−
N++ +N+− +N−+ +N−−

SCH = p(a2b2) + p(a1b2) + p(a2b1)− p(a1b1)− p(a2)− p(b2)

1−N ≤ SN
CH ≤ 0

SN
CH =p(aNbN ) +

N∑

k=2

[p(akbk−1) + p(ak−1bk)]− p(a1b1)−
N∑

k=2

[p(ak) + p(bk)]

p(aibj) +1



p(ak) p(bk)

p(ak) = p(akbk−1) + p(ak b̄k−1)

p(bk) = p(ak−1bk) + p(āk−1bk)

āj −1 p(ak) p(bk)

SN
CH,1 =p(aNbN )−

N∑

k=2

[p(ak b̄k−1) + p(āk−1bk)]− p(a1b1)

p(aibj) p(āibj)

āi ai

〈AiBj〉

ak bk āk b̄k

+1 −1

SN
CH,2 =p(āN b̄N )−

N∑

k=2

[p(ākbk−1) + p(ak−1b̄k)]− p(ā1b̄1)

SN
CH,3 =p(aN b̄N )−

N∑

k=2

[p(akbk−1) + p(āk−1b̄k)]− p(a1b̄1)

SN
CH,4 =p(āNbN )−

N∑

k=2

[p(ākbk−1) + p(ak−1bk)]− p(ā1b1)



SN
CHSH =SN

CH,1 + SN
CH,2 − SN

CH,3 − SN
CH,4

=〈ANBN 〉 −
N∑

k=2

[〈AkBk−1〉+ 〈Ak−1Bk〉 − 〈A1B1〉]

|SN
CHSH| ≤ 2N − 2.

〈AkBj〉 = p(akbj) + p(āk b̄j)− p(ākbj)− p(ak b̄j)

= 4p(akbj)− 2p(ak)− 2p(bj) + 1

|SN
CHSH,SS| ≤ 2N

1

2
−N ≤ SN

CH,SS ≤
1

2

SN
CHSH,SS 2N −1 +1

SS LL

SN
CHSH = 4SN

CH + 2(N − 1)



SS LL

S̃N = 1
2S

N
SS+

1
2S

N
LL

|S̃N
CHSH| ≤ 2N − 1

3

4
−N ≤ S̃N

CH ≤
1

4

SCH

p(aibj)

SN
ch,QM =

1

2
−N sin2

π

4N

N ≥ 3

∼ 150fs



81ps

|Ψe〉 =
1√
2
(|SASB〉 − |LALB〉) .

|SASB〉 |LALB〉



3 sec

1 sec

|Ψs〉 = 1√
2
(|Sp〉 + eiφp |Lp〉) φp =

2π∆λ/λred λred = 808nm ∆λ = (|Lp − Sp|, λred)

|Ψs〉 =
1

2

[
|SpSA〉+ eiφA |SpLA〉+ eiφp |LpSA〉+ ei(φp+φA)|LpLA〉

]



|SpLA〉 |LpSA〉

|LpSA〉 |SpLA〉

NA ∝ cos2
(φA − φp)

2
.

NB ∝ cos2
(φB − φp)

2

1nm

φA = φp + α , φB = φp + β .

α β

|Ψe〉 = |Sp〉+ eiφe |Lp〉 φe = 2π∆λ/λSHG = 2φp λSHG = 404nm

|Ψe〉 =|SpSA, SpSB〉+ eiφA |SpLA, SpSB〉+ ei(φA+φB)|SpLA, SpLB〉+ eiφB |SpSA, SpLB〉

+eiφe |LpSA, LpSB〉+ ei(φe+φA)|LpLA, LpSB〉

+ei(φe+φA+φB)|LpLA, LpLB〉+ ei(φe+φB)|LpSA, LpLB〉



|ipkA, ipjB〉 i ∈ {S,L} kA (jB)

k ∈ {S,L} (j ∈ {S,L})

|SpLA, SpLB〉 |LpSA, LpSB〉

C ∝ cos2
(φA + φB − φe)

2

φA = φp + α φB = φp + β φp = φe/2

C ∝ cos2 (α+β)
2

|SpSA〉 P1 |LpSA〉

|SpLA〉 PC |LpLA〉 P2 PC

φ = φA − φp



PC

Pratio =
PC

P1 + P2
.

I = I1+I2+2g
√
I1I2 cosφ

P1 = I1 P2 = I2

Pratio =
P1 + P2 + 2g

√
P1P2 cosφ

P1 + P2
= 1 + C cosφ.

Pratio φ

Pratio

Pratio = 1
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∆L
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3 sec

Pratio = 1



0 1 2 3 4 5 6
0

50

100

150

200

250

300

350

400

C
o
in
ci
d
en

ce
s
[/
1
2
s]

Phase α+ β [rad]

 

 

AB Visibility 99.0%

A⊥B Visibility 99.4%

π

t = 0

|LALB〉 |SASB〉

t −0.405ns ≤ t ≤ 0.405ns ±5

∆τ |∆τ |

|∆τ | ≤ 0.810ns

99%

α + β



N = 3, 4, 5 θ = π/6

S3CHSH = 5.163 θ = π/8

S4CHSH = 7.169 θ = π/10

S5CHSH = 9.271

N = 3 N = 4 N = 5

SN
CH,i SN

CHSH

SN
CHSH SN

CH,i SN
CHSH

p(a, b) =
C(a, b)

C(a, b) + C(ā, b) + C(a, b̄) + C(ā, b̄)

C(a, b) a b

i S3LHV,i S3CH,i errS

σ

σ

σ

σ

S3CHSH σ

N S3
LHV,i

S3
CH,i



i S4LHV,i S4CH,i errS

σ

σ

σ

σ

S4CHSH σ

N S4
LHV,i

S4
CH,i

i S5LHV,i S5CH,i errS

σ

σ

σ

σ

S5CHSH σ

N S5
LHV,i

S5
CH,i

α

α 0 π ∆T

|Ψ〉 =



a

b


 =



1

0






B =
1√
2



1 i

i 1


 P =



1 0

0 eiα






|Ψout〉 = B2PB1|Ψ〉 =
1

2



1− eiα

i+ ieiα




ρout = |Ψout〉〈Ψout| =
1√
4




|1− eiα|2 i(eiα − e−iα)

i(eiα − e−iα) |1 + eiα|2




α = π α = 0

α

|S〉

|L〉

t0

10GHz 76MHz



1 bin = 81 ps
R12 = Peak1/(Peak1 + Peak2) 200

2N ≥ 6



2N = 4

2N ≥ 6

∆L/c

2N ≥ 3

≥ 94.63%

99%
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1.5

100

λM = 1064

10 λL = 532

100 532

λL = 532 100 1.1

|Ψout〉



∆L = c∆t ≃ 1 c

∆t ≃ 3.4

τc ≈ 83 ∆t

|Ψout〉

|Ψr〉 = (1/
√
2)(|S〉− eiφt|L〉)

|S〉 |L〉 |Ψr〉

φ(t)

vr(t) t δr(t)

∆t

δr(t) ≈ vr(t)δt

θ(t) ≈ 2δr(t)(2π/λ) |L〉 |S〉 λ



vr(t)
−6 +6

4f

Nc

θ

4f

4f

f = 12.5 4f

4f



0.95 1

4f

|S〉

|L〉

|S〉 |L〉

10%

Pc

Pc(t) =
1

2
[1− V(t) cosφ(t)]



φ(t) =
2β(t)

1 + β(t)

2πc

λ
, V(t) = exp

(
−λ

2φ2(t)

8πc2τ2c

)
≃ 1

Pc = 0 β(t) β(t) =

vr(t)/c

ω0 ≡ 2πc/λ ω0(1− β)/(1 + β)

V(t) 1 β 3× 10−5

∆t/τc 102

θ(t)

r

∆T = 100ms

∆T ′

vr(t) ∆T ′ = ∆T (1+β)/(1−β)

vr(t) = c
(∆T ′ −∆T )

(∆T ′ +∆T )
.

∆T ′ r

∆T ′ = ∆T +
∆r

c

∆r

100 vr(t) φ(t)

φ(t)



vr(t) φ(t)

Pc(t)
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φ(t)

φ(t) Pc(t)
φ(t)

tref

107

81

tmeas

10 ∆ = tmeas − tref

φ(t)



φ( mod 2π) ∈

[4π/5, 6π/5] φ( mod 2π) ∈

[−π/5, π/5]
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∆ = tmeas − tref (ns)
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800 C No interference

0  

20 

40 

60 

C
o
u
n
ts

B Destructive

interference
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20 
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∆ = tmeas − tref
φ( mod 2π) ∈ [4π/5, 6π/5]

Nl = 112± 11 Nc = 196± 14
φ( mod 2π) ∈ [−π/5, π/5]

Nl = 112 ± 11 Nc = 46 ± 7
Nc = 1245 ± 35

Nl = 1306 ± 36 Pc = 1/2

φ



φ

P
(exp)
c

Nc Nl

P (exp)
c =

Nc

2Nl
.

P
(exp)
c

0.5

P
(exp)
c

0.87± 0.10
0.20± 0.03

P
(exp)
c

P
(exp)
c φ

P
(exp)
c = 1

2(1 − Vexp cosφ)

Vexp

67± 11%
53± 13%
38± 4%

95%



0 π/2 π 3π/2 2π

ϕ (mod 2π)

0
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0.8

1

Pc

Ajisai

0
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0.6

0.8

1

Pc

Stella

0

0.2

0.4

0.6

0.8

1

Pc

Beacon-C

P exp
c

Vexp = 67 ± 11%
Vexp = 53 ± 13% Vexp = 38 ± 4%

Pc

Ij = [(j1/10)π, (j + 1/10)π] φ(
mod 2π) ∈ Ij
P exp
c φ φ = 0 φ = 2π

1/rtt rtt rtt

rtt 10.7 16.7 rtt

10

µrX

µrx = µtxηtxGtΣ

(
1

4πR2

)2

T 2aAtηrxηdet



µtx ηtx Gt

Σ

R Ta

At ηtx ηdet

µrx

µrx

7× 10−4
9× 10−4
2× 10−4

t

θ(t)

φ

τ

−θ(t+ τ) = −θ(t)

−θ(t+ τ) 6= −θ(t)



θ(t)− θ(t+ τ)

τ θ(t) − θ(t + τ) = δθ(τ)

φ τ

Pc(φ, τ) =
1− V0 cos(φ+ δθ(τ))

2
,

V (τ) = Pc(π, τ)− Pc(0, τ),

P (π, τ) P (0, τ) V0

V (τ) =
1− V0 cos(π + δθ(τ))

2
− 1− V0 cos(δθ(τ))

2

=
−V0 cos(π + δθ(τ)) + V0 cos(δθ(τ))

2

=
V0
2
(cos(δθ(τ)) + cos(δθ(τ))) = V0 cos(δθ(τ)).

rtt



δθ(τ)

δθ(τ)

∆t ≈ 3.5 ns

δθ(τ) θ

Vi =
max(I(t))−min(I(t))

max(I(t)) + min(I(t))

θ(t)HeNe = arcsin

(
(

2I(t)

max(I(t)) + min(I(t))
− 1)/Vi

)

θ(t)green = θ(t)HeNe
632.8

532

δθ(τ, t)green = θ(t)green − θ(t+ τ)green



V (τ, t) = Vn cos(δθ(τ, t)green).

V (τ) =
1

T

∫ T

0
V (τ, t)dt.

Vn ∝ 95%

τ rtts 10

5000

t
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d

A ρA Z

ρA d Z

Pz H∞(Z)



ρA

H∞(Z) = −max
z

[log2 PZ ]

PZ = Tr [ZρA]

ρA

A E

E Z

E Z

Hmin(Z|E) E Z

pguess = (Z|E) = 2−Hmin(Z|E).

|Φ〉 = 1√
2
(|HH〉+

|V V 〉)

{H,V }

|H〉 |V 〉

|Φ〉

pguess(Z|E) = 1

Z X

Hmin(Z|E) ≥ log2 d−H1/2(X)



d H1/2 X

Z Z X

Z

ρA

d

|ψ〉A
H∞(Z) Hmin(Z|E)

ρA

Z

ρA = 1/212 H1/2(X) = 1

Hmin(Z|E) ≥ 0 pguess(Z|E) ≤ 1

ρA

M̂z N̂x



ρA
E t(m) {M̂z} {N̂x}

Z X Z
X Z Y

M̂z N̂x

m

m {N̂x} nX = ⌈√m⌉

X 1/
√
m

X px = TrA

[
N̂xρA

]

Hmin(Z|E) ≥ q − H1/2(X)

H1/2(X) nX nx

nX nx X = x



H̃1/2({nx}) = 2 log2

[
Γ(nX + d)

Γ(nX + d+ 1
2)

d−1∑

x=0

Γ(nx +
3
2)

Γ(nx + 1)

]

m Z

m − nX (m − nX)
[
q −H1/2(X)

]

r̃({nx}) =
bsec
m

,

bsec

bsec = (m− nX)
[
q −H1/2({nx})

]
− t(m),

t(m) t(m) =
⌈
log2

m!
nX !(m−nX)!

⌉

m → +∞ t(m) ≈ √m log2
√
2 H̃1/2({nx}) ≈

H1/2(X)

|ψ〉 = |HV 〉−|V H〉



Z X

|H〉

|V 〉

|H〉

Z X

Z = {|+〉, |−〉} X = {|H〉, |V 〉} |±〉 = 1/
√
2(|H〉 ±

|V 〉) H̃1/2({nx}) r̃({nx})

X Z nX = ⌈√m⌉ X nZ =

m−nX Z r̃

X nX

〈r̃〉 =∑
nx
= Π({nx})r̃({nx}) r̃({nx})



Π({nx}) =
nX !

n0!n1!...nd−1!
pn0

0 p
n1

1 ...p
nd−1

d−1

r̃

ρX =
∑1

x=0 = px|x〉〈x| p0 = 0.9973 p1 = 0.0027

H∞(Z) ρZ =
∑1

z=0 Pz|z〉〈z| P0 = 0.5020 P1 = 0.4980

Z X

{| + +〉, | + −〉, | − +〉, | − −〉} {|HV 〉, |V V 〉, |HH〉, |V H〉}

m r̃

X nX(m)

m 106

r(Z) r(Z)4 = 1.685

r(Z)2 = 0.8583

H̃∞(Z)



ρX =∑3
x=0 px|x〉〈x| p0 = 0.9937 p1 = 0.00359 p2 = 0.00266 p3 = 1 − p0 − p1 − p2 ρZ
ρZ =

∑3
z=0 Pz|z〉〈z| P0 = 0.2527 P1 = 0.2412 P2 = 0.2608 P3 = 0.2453

Z nZ H∞(Z) r̃

E H∞(Z)

Hmin(Z|E)

X

Z Z X
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A

A B E ρABE

Z X A {M̂z} {N̂x} Z X



{|z〉} {|x〉}

Hmin(Z|E)ρ +Hmax(X|B)ρ ≥ q,

ρZE =

∑
z |z〉〈z| ⊗ TrAB

[
M̂zρABE

]
ρXB =

∑
x |x〉〈x| ⊗ TrAE

[
N̂xρABE

]

q = log2
1

c
, c = max

z,x
||
√
M̂z

√
N̂x||2∞.

c q

M̂z N̂x

d c = 1
d

ρA Z ≡ {M̂z}

ρA ρA = TrE [ρAE ] ρA

{|z〉A}

ρZE ≡
∑

z |z〉〈z|⊗TrA
[
M̂zρAE

]
=

∑
z Pz|z〉〈z|⊗ρzE ρzE

Hmin(Z|E) ρZE

Z Hmin(Z|E)

X B

Hmin(Z|E) ≥ −Hmax(X)



ρX ≡ ∑
x px|x〉〈x| px = TrAE

[
N̂xρAE

]
Hmax(X) = 2 log2Tr

[√
ρX

]

H1/2(X) 1/2 X

Hmin(Z|E) ≥ q −H1/2(X)

q log2 d d
























