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Abstract

The present Thesis is dedicated to the investigation of necessary and sufficient
conditions for which a weighted Hardy type inequality holds in weighted spaces
of sequences and on the cone of non-negative monotone sequences, and their
applications. We prove a new discrete Hardy type inequality involving a kernel

which has a more general form than those known in the literature.
This Thesis consists of four chapters.

In Chapter 1, we shortly describe the development and current status of the
theory of Hardy type inequalities. Moreover, Chapter 1 includes the statement
and motivation of the problems and the main results. In Chapter 1, we also
present some well-known auxiliary facts and necessary notation on Hardy type
inequalities in weighted spaces of sequences and on the cone of non-negative

monotone sequences.

In Chapter 2, we study the problems of boundedness and compactness of
matrix operators in weighted spaces of sequences. We introduce a general class
of matrices, and introduce their properties. Moreover, Chapter 2 contains ex-
amples of matrices from the introduced classes and here we show that such
classes of matrices include well-known classical operators such as the operator
of multiple summation, Holder’s operator, Cesaro operator and others. We
establish necessary and sufficient conditions for the boundedness and com-
pactness of the matrix operators in weighted spaces of sequences, where the
corresponding matrices belong to such classes. Such classes of matrices are
wider than those which have been previously studied in the theory of discrete

Hardy type inequalities. Moreover, some related results are also proved.



In Chapter 3, we investigate a Hardy type inequality restricted to the cone
of non-negative and non-increasing sequences under weaker conditions than
those studied before in the literature. We obtain new results, which generalize
the known results concerning this subject.

Chapter 4 is devoted to the application of the main results. Here we ap-
ply the main results of Chapter 2 in order to obtain criteria on boundedness
and compactness of composition of matrix operators in weighted spaces of se-
quences. By using the results of Chapter 2 we obtain necessary and sufficient
conditions for which three-weighted Hardy type inequalities hold. Moreover,
in Chapter 4, by exploiting the main results of Chapter 2 and 3 we obtain
two-sided estimates for summable matrices in weighted spaces of sequences

and on the cone of non-negative and non-increasing sequences.

i



Sunto

Questa tesi e dedicata allo studio di condizioni necessarie e sufficienti per cui
valga una disuguaglianza di tipo Hardy con peso in uno spazio pesato di succes-
sioni e nel cono delle successioni monotone non-negative, e alle corrispondenti
applicazioni.

Proviamo una nuova disuguaglianza discreta di tipo Hardy con nucleo di

forma piu generale di quelli noti in letteratura.
La tesi consiste di quattro capitoli.

Nel Capitolo 1 descriviamo brevemente lo sviluppo e lo stato attuale della
teoria delle disuguaglianze di tipo Hardy. Inoltre il Capitolo 1 contiene I’enun-
ciato e la motivazione dei problemi e dei principali risultati. Nel Capitolo 1
presentiamo anche alcuni fatti ausiliari ben noti e la notazione necessaria per
le disuguaglianze di tipo Hardy negli spazi pesati di successioni e nel cono delle

successioni monotone non-negative.

Nel Capitolo 2 studiamo il problema della limitatezza e compattezza degli
operatori matriciali negli spazi pesati di successioni. Introduciamo una classe
generale di matrici e le loro proprieta. Inoltre il Capitolo 2 contiene esempi di
matrici delle classi introdotte e qui mostriamo che tali classi di matrici con-
tengono ben noti operatori classici come 'operatore di sommazione multipla,
I'operatore di Holder, 'operatore di Cesaro ed altri. Stabiliamo condizioni
necessarie e sufficienti per la limitatezza e la compattezza di operatori ma-
triciali in spazi pesati di successioni, nel caso in cui le corrispondenti matrici
appartengano a tali classi. Tali classi di matrici sono pitt grandi di quelle che

sono state studiate in precedenza nella teoria delle disuguaglianza discrete di

il



tipo Hardy. Inoltre, si dimostrano anche dei risultati ad esse relativi.

Nel Capitolo 3, studiamo una disuguaglianza di tipo Hardy ristretta al
cono delle successioni non-negative e non crescenti in condizioni piu deboli
di quelle studiate prima nella letteratura. Otteniamo dei nuovi risultati che
generalizzano i risultati noti su questo argomento.

Il Capitolo 4 e dedicato alle applicazioni dei risultati principali. Qui ap-
plichiamo i risultati principali del Capitolo 2 al fine di ottenere criteri di limi-
tatezza e compattezza per la composizione di operatori matriciali in spazi pe-
sati di successioni. Utilizzando i risultati del Capitolo 2 otteniamo condizioni
necessarie e sufficienti affinche valgano disuguaglianze di tipo Hardy a tre pesi.
Inoltre nel Capitolo 4, sfruttando i risultati dei Capitoli 2 e 3 otteniamo stime
bilatere per matrici sommabili in spazi pesati di successioni e nel cono delle

successioni non negative e non crescenti.
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Chapter 1

Introduction

1.1 Preliminaries.

One of the main problems in the theory of matrices is to find necessary and
sufficient conditions for the elements of a matrix so that the corresponding ma-
trix operator maps continuously one normed space of sequences into another
normed space of sequences. Thus it is very important to find the norm of a
matrix operator, or at least, an upper or lower bound for the norm. However,
in several spaces, which are very important both theoretically and in the appli-
cations, such problems have not been solved yet in full generality for operators
corresponding to arbitrary matrices. Therefore, in such spaces researchers
have considered some specific classes of matrix operators and have established
criteria of boundedness and compactness for operators of such classes.

For a summary of results on matrix operators acting in 11 spaces of se-
quences and on their norms, we refer to [1]. However, as pointed out in [1],
general criteria for the action of a matrix operator from [, to I, with p > 1,
g > 1 and for the corresponding norms are not known yet. Such operators
have their own self interest and they are also a discrete analogue of integral
operators, which play a very important role in functional analysis (see [2], [3]).

In the second half of last century researchers singled out a class of integral
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operators, which is called the class of Hardy type operators, which is related
to the work [4] of G.H. Hardy (1925). Hardy has established the boundedness
of the operator H in L,(0,00) for 1 < p < oo defined by

x

()@ = [ $5)ds VE € Ly{0.00),

0
and has proved that [[H||,—, = ;5.

However, in several applications in function theory, harmonic analysis and
differential equations, one needs to consider weighed forms of Hardy opera-
tors. Namely, one needs to consider non-negative weights u(z) and v(z) in
Lebesgue spaces and operators Ky of the form (Kof)(z) = u(z) fv(s)f(s)ds.
The problem was not easy. Only in 1969 the Italian mathematicia%s G. Talenti
[5] and G. Tomaselli [6] have established, independently of each other, crite-
ria of boundedness of the operator Ky in L,(0, 00). During the next 11 years
B. Muckenhoupt [7], J.S. Bradley [8], V.M. Kokilashvili [9], V.G. Maz’ya [10]
have obtained criteria of boundedness for the operator Ky from L,(0,00) to
L,(0,00) with 1 < p,q < co. The initial results of G. Talenti, G. Tomaselli,
B. Muckenhoupt gave a new impetus in the analysis of weighted embedding
theorems and spectral problems for singular differential operators. Thus, for
example, M. Otelbaev and his school have obtained important results in the

1970s concerning such topics (see e.g. [11], [12], [13]).

The next step was a study of the operator
(k7)) = [ Kaos)f(s)ds
0

with non-negative kernel K (-,-). Such type of operators are called Hardy type
operators. However, even in the space Ly(0,00) finding a criterion of bound-
edness for such general form operators in terms of the kernel K(-,-) is very
difficult and is still an unsolved problem. Therefore, many researchers have
identified several classes of kernels, which satisfy some specific conditions and
have proved boundedness criteria for the corresponding integral operators from

L,(0,00) to Ly(0,00), 1 < p,q < 0.
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The first impulse in this direction was given by the works of F. Martin-Reyes
and E. Sawyer [14], and V.D. Stepanov [15]-[18]. They have obtained criteria of
boundedness of the Riemann-Liouville fractional integration operator from L, ,,
to Lgu, 1 < p,q < 0o, which has several applications in various fields of science.
In [19] V.D. Stepanov has investigated the operator I with kernel K (z,s) =
k(x — s), where k(-) is not decreasing and for which there exists d > 1 such
that k(z + s) < d(k(x) + k(s)), z,s € (0,00). In 1989-1990 R. Oinarov in [20]
and independently the American mathematicians S. Bloom and R. Kerman in
[21] in 1991 have studied the operator K, when its kernel satisfies the following

condition

é(K(:c,t) +K(t,)) < K(z,5) < d(K (2,1) + K(t,5)),

r>t>s5>0,d>1. One of the important feature of this class of oper-
ators is that it includes almost all known operators of fractional integration.
Nowadays, this condition imposed on the kernel K(-,-) of the operator K is
called the “Oinarov condition” in the mathematical literature. An operator K
with Oinarov condition has been investigated by many authors (see e.g. [2],
[22]). Necessary and sufficient conditions for the boundedness and compact-
ness of operator I for a more general classes of kernels have been obtained by
R. Oinarov in [23].

In the twenties of the last century G.H. Hardy considered the discrete
analogue of the operator H in the form (HYf); = %ilfj and proved the

j=

boundedness of H¢ in the space of sequences [, and a formula for the norm

|HY|pep = Ll’ 1 < p < oco. As in the continuous case, this result of
p —_—

Hardy had various applications in many problems. The discrete analogue
i

(K4f): = ug Z v; f; of the operator K, has been studied by many authors
and the mainj :ﬁlnal results have been obtained in [24]-[29] only in 1987-1994.
Such delay of decades is related with the discrete changes of sequences { f; } and
{(Kgf):}, which do not enable to transfer methods of the continuous case based
on the continuity of the function (Ko f)(-). The results which were obtained for

the operator K§ have been successfully applied by mathematicians of different
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countries. For example in Kazakhstan M. Otelbaev [13], E.S. Smailov [30]-
[32], A. Stikharnyi [33], R. Oinarov, A. Stikharnyi [34] and other authors have
proved several applications in various problems of analysis.

An attempt to investigate more general matrix operators of Hardy type
(Af)i =y i a; jv; f;, ai; > 0 has been done by K.F Andersen and H.P. Heinig
[24], who h;;ze proved sufficient conditions for the boundedness of the operator
A in the space [, under some conditions on the matrix (a; ;).

In recent years M.L. Goldman [35] has introduced the method of discretiza-
tion for solving various problems in the embedding theory and in the theory of
integral operators, where the estimate of matrix operators plays a main role.

Thus, not only the theory of matrix operators has an important significance,
but also different and versatile applications.

Let 1 < p,q < o0, %4—[% =1 and let u = {u;}2,, v={v;}2, be sequences
of positive real numbers. Let [,, be the space of sequences f = {f;}32, of real

numbers with the following norm

1
o P
||f||p,v = (Z |’Ulfl|p> s 1< p < oQ.

i=1
In Chapter 2, we consider the problems of boundedness and compactness
from the weighted [, ,, space into the weighted [, ,, space of the matrix operators

of Hardy type

i

(ATf), = Zai,jfja 1> 1, (1.1)
=1
(Af), = > aiifi i1 (1.2)

The boundedness of such operators is equivalent to the validity of the following

Hardy type inequality
1A fllgu < Cllfllp Vf € lpa, (1.3)

where C'is a positive finite constant independent of f and (a; ;) is a triangular

matrix with entries a;; > 0 for i > 7 > 1 and a;; = 0 for ¢ < j.
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For a;; = 1,7 > j > 1, the operators (1.1), (1.2) coincide with the discrete
Hardy operators of the forms (A(J)r f)l. = > fi (Ag f)]. := Y fi, respectively.
j=1 i=j

References about generalizations of the original forms of the (Jiiscrete and con-
tinuous Hardy inequalities can be found in different books, see e.g., [2, 3, 36].

R. Oinarov, S.Kh. Shalgynbaeva [37] and R. Oinarov, C.A. Okpoti, L-
E. Persson [38] have proved criteria of boundedness and compactness for the
operators A™ and A~ from [,, to l,,, when the entries of the matrix (a; ;)
satisfy a discrete analogue of the “Oinarov condition”.

R. Oinarov, L-E. Persson, A.M. Temirkhanova [39] and A.M. Temirkhanova
[40] have obtained necessary and sufficient conditions for the boundedness of
operators AT and A~ from the weighted [, , space into the weighted [, ,, space
for a slightly more general classes of matrix operators.

For more information, we refer to  the PhD dissertations of
A M. Temirkhanova [41] and C.A. Okpoti [42].

Moreover, C.A. Okpoti in his PhD thesis [42, Chapter 4] has pointed out
the following open questions.

Open question 1. Find necessary and sufficient conditions for (1.3) to
hold for all non-negative sequences {f;}5°, for as general kernels as possible.

Open question 2. Find necessary and sufficient conditions for (1.3) to

hold on the cone of non-increasing sequences for as general kernels as possible.

The main part of the present PhD thesis is dedicated to the above men-
tioned open problems. In the present PhD thesis we consider a discrete Hardy
type inequality involving a kernel which has a more general form than those

known in the literature.
In Chapter 2 we have obtained the following new results.

— Firstly, we have introduced the classes of matrices O} and O, forn > 0,
which cover much wider classes of matriz operators than those studied be-
fore. Such classes of matrices include well-known matrices of analysis such
as summable matrices, and in particular, matrices satisfying a discrete ana-

logue of the “Oinarov condition” and the condition considered in [39], [40].
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Moreover, we have introduced properties of such classes, which allowed us to
to consider the problem of boundedness and compactness of composition of
matrix operators.

— We have shown that the classes of matrices O, and O, forn > 0 include
well-known classical operators such as the operator of multiple summation,
Holder’s operator, Cesaro operator and others.

— We have obtained necessary and sufficient condition for the boundedness
and compactness of the matriz operators A* and A~ from the weighted I,,
space into the weighted 1., space when the corresponding matrices (a; ;) belong
to the class OF U O, , n >0 for 1 <p<q< 0.

~ We have obtained boundedness criteria of the matriz operators AT and A~
from the weighted 1, , space into the weighted l ., space when the corresponding
matrices (a; ;) belong to the class Op for 1 < q <p < 0.

Chapter 3 is devoted to the second open problem, which is pointed out in

[42]. Actually, we consider an inequality of the following form

<§: uj (Z am‘fj) ) =C (i vffi”)p (1.4)

on the cone of non-negative and non-increasing sequences f = {f;}3°, of 1,,,,
where C'is a positive constant independent of f and (a; ;) is a triangular matrix
with entries @; ; > 0 for ¢ > 7 > 1 and a;; = 0 for 7 < j.

If a;j =1 fori>j>1anda;; =0 for i < j, then we obtain a discrete

Hardy inequality of the form

(i)

for all non-negative and non-increasing sequences f € [, ,.

Q=

<c (fj f) E (15)

=1

The Hardy type inequalities restricted to the cones of monotone functions
and sequences have been actively studied in the last two decades. This prob-
lem has some applications in the investigation of boundedness of operators in
Lorentz spaces and in the embedding theory in Lorentz spaces. For a history

of Hardy type inequalities on the cones of monotone functions and sequences
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and for references to related results we refer to the book of A. Kufner, L.
Maligranda and L.-E. Persson [3, Chapter 10], and to the PhD thesis of O.
Popova [43].

Note that the impulse to study Hardy inequality on the cone of monotone
functions was given by the work of E. Sawyer [44], which allows to reduce
an inequality restricted to the cone of monotone functions to a corresponding
inequality for some positive linear operators on the cone of positive functions.
Now this result of E. Sawyer is known as the Sawyer duality principle. Some
generalizations of Sawyer duality principle and a corresponding result for the
discrete case were studied by many authors under some conditions on weights

(see [3, Chapter 10]).

In 1998 R. Oinarov and S.Kh. Shalgynbaeva [45] obtained an analogue of
the Sawyer duality principle for the discrete case for 1 < p,q < co. Moreover,
S.Kh. Shalgynbaeva in her PhD thesis [46] obtained criteria for the validity
of inequality (1.5) for some other values of the parameters p and ¢. Also
inequality (1.4) was studied in [46] under some conditions on the entries of the
matrix (a; ;).

In 2006 G. Bennett and K.-G. Grosse-Erdmann [47] obtained a complete
characterization of the weights for which the Hardy inequality (1.5) holds on
the cone of monotone sequences of different nature of the conditions of S.Kh.

Shalgynbaeva.

In [48] S.Kh. Shalgynbaeva has obtained necessary and sufficient conditions
for the validity of (1.4) on the cone of monotone sequences for 1 < p < g < oo,
when the entries of the matrix (a; ;) satisfy a discrete analogue of the “Oinarov

condition”.
Chapter 3 contains the following new results.

— Necessary and sufficient conditions for the walidity of inequality (1.4)
on the cone of non-negative and non-increasing sequences f > 0 when the
corresponding matriz (a; ;) belongs to the class O WO, , n >0 for 1 <p <

n?’

q < 0.
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— Two-sided estimates for matriz operators on the cone of non-negative
and non-increasing sequences f > 0 for the case 1 < q¢ < p < oo, when the
corresponding matrices (a; ;) belong to the classes OF and O7 .

Chapter 4 is devoted to the applications of the main results. Here we
apply the results of Chapter 2 and 3 for composition of matrix operators, for
three-weighted inequalities of Hardy type, and for summable matrices.

In Chapter 4 we have obtained the following new results.

~We have proved both boundedness and compactness results for composition
of matrixz operators in weighted spaces of sequences when the corresponding
matrices (a; ;) belong to the classes O;fUO,, , n > 0 for the case 1 < p < q < 0.

—Necessary and sufficient conditions for which three-weighted inequalities
of Hardy type hold when the corresponding matrices belong to the class O,
n >0 in the case 1 < p < q < 0.

—Necessary and sufficient conditions for the validity of three-weighted in-
equalities of Hardy type when the corresponding matrices belong to the class
O71 in the case 1 < g < p < .

—~Two-sided estimates for summable matrices in weighted spaces of sequences

and on the cone of non-negative and non-increasing sequences.
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1.2 The history and development of weighted

Hardy type inequalities.

Since the present Thesis deals with some generalizations of weighted Hardy
type inequalities, in this section we focus our interest on the history and ref-
erences results on the weighted Hardy type inequalities.

The theory of Hardy type inequalities is a wonderful subject with a proud
history and a great future. The study of Hardy type inequalities in weighted
Lebesgue spaces began in 1915 with the work of G.H. Hardy. In 1925 G.H.
Hardy proved the following result [4]:

Let p > 1 and {a,}>2; be a sequence of non-negative real numbers, such

that the series ) a? converges. Then the well-known discrete Hardy inequality
n=1

i (% kz:ak)p < (%)piag (1.6)

n=1 n=1
holds.
The continuous Hardy inequality reads: if p > 1 and f is a non-negative
p-integrable function on (0, oo), then f is integrable over the interval (0, x)

for all x > 0 and

07 io/xf(t)dt pdx < (%)pffp(x)dx. (17)

P

It should be noted that the constant (Ll) in both inequalities (1.6)
and (1.7) is sharp in the sense that it can not be replaced by any smaller
number.

The inequalities (1.6) and (1.7) imply the following information, respec-
tively.

If Zaﬁ < 00, then Zhﬁ(a) < 00, (1.8)
n=1 n=1

where a = {a,} with a, > 0 and h(a) = {h,(a)}, hn(a) == £ 3 ap < oo is
k=1
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the discrete Hardy operator. Similarly, in the continuous case, we have the

following.
If /fp(:v)da: < 00, then / z))’ dx < oo, (1.9)
0
where f(z) >0 and Hf(z) := * f f(t)dt is the continuous Hardy operator.

Note that (1.8) and (1 9) are called the weak forms of (1.6) and (1.7),
respectively.

The inequalities (1.6) and (1.7) imply that the Hardy operators h and H
map the spaces [, into [, and L, into L, (p > 1), respectively, and that their
norms are equal to p’ = %. Here, as usual, the spaces [, and L, are the
Lebesgue spaces of all sequences a = {a,, }2; of real numbers and all (equiv-

alence classes modulo equality almost everywhere of) measurable functions

f = f(x) on (0, c0), respectively, with the following norms

lall,, = (Zw) and ||flls, == / f

Hardy’s original aim was to find a new, more elementary proof of Hilbert’s
double series theorem and he showed that in fact it follows from (1.6). Sim-
ple proofs of inequality (1.6) and its generalizations were obtained by Hardy
(1925), Elloit (1926,1929), Copson (1927, 1928), Kaluza-Szeg6 (1927), Hadry-
Littlewood (1927), Broadbent (1928), Grandjot (1928), Knopp (1928, 1929,
1930) and Mulholland (1932).

Many books and articles have been devoted to the investigation and gener-
alization of Hardy inequalities ever since. The first book on the Hardy inequal-
ity was the book of G.H. Hardy, J.E. Littlewood and G. Pélya Inequalities [49]
of 1934. The first book has been fully devoted to the Hardy inequality, and
has been published in 1990 by B. Opic, A. Kufner [50]. We also mention here
the book of A. Kufner and L.-E. Persson Weighted Inequalities of Hardy Type
[2], which is devoted to basic overview of the subject of weighted Hardy type
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inequalities in weighted Lebesgue spaces. A description of the most impor-
tant steps in the development of the Hardy inequalities has been published by
A. Kufner, L. Maligranda and L.-E. Persson [3].

In 1928 G.H. Hardy [51] proved the first “weighted” modification of in-

equality (1.7) for some integral operators, namely he proved the inequality

7 %/mf(t)dt pxsda: < <#)p7f”(x)xedx. (1.10)
o 0 0

for all measurable non-negative functions f and for p > 1, ¢ < p— 1. Here the

P p
) is the best possible.
p—e—1
Some generalizations of the Hardy inequalities (1.6) and (1.7) have been
studied by Higaki (1935), Takahashi (1935), Chow (1939), Beesack (1961),

Petersen (1962), Levinson (1964) and others.

constant (

During the last decades inequalities (1.6) and (1.7) have been developed in

the following forms

(f; "

n=1

=

N o0 >
) §C<Z|an|pvn> , (1.11)
n=1

n
D
k=1

Q|
B =

b
<C /\f(a:)\pv(a:)dx , (1.12)

/b]f(t)dtqu(x)dx

respectively, which are called weighted Hardy inequalities.

In 1930 G.H. Hardy and J.E. Littlewood [52], and G.A. Bliss [53] studied
inequality (1.12) with different parameters p and ¢ in the case 1 < p < ¢ <
0o. They considered the interval (0, co) and the weight functions v(z) = 1,
u(z) = 2" with r = £ and derived inequality (1.12). Moreover, G.A. Bliss
found the best constant in this case.

The systematic investigation of (1.12) started in the fifties-sixties for the
case p = ¢ in the papers of P.R. Beesack [54], [55], J. Kadlec and A. Kufner
[56], V.R. Portnov [57], V.N. Sedov [58], F.A. Sysoeva [59], G. Talenti [5],
G. Tomaselli [6]. Note that G. Talenti and G. Tomaselli obtained the following
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necessary and sufficient condition for the validity of inequality (1.12) in the

case p = ¢

00 t '

sup /u(:p)dx /vl_p,(y)dy <oo, p= L
>0
¢ 0

Nowadays this condition is called the Muckenhoupt condition in honour of
B. Muckenhoupt, who presented a very nice proof of this result in [7] even in
a more general form with 1 < p = ¢ < oo and for some Borel measures du(z),
dv(y) instead of u(x)dx and v(y)dy.

The study of the case of different parameters p and ¢ has been started by
J.S. Bradley in [8]. He consider inequality (1.12) with (a, b) = (0, occo) and

proved that the condition

ES
00 t P’

sup /u(x)d:zc /vl_pl(y)dy < 0
>0\ J )

is necessary for (1.12) to hold for all 1 < p,q < oo and that it is also sufficient
for 1 <p<g< .

From the 60’s of the last century weighted Hardy inequalities have been
intensively studied by many authors. Let us mention here some of them:
V.M. Kokilashvili [9], V.G. Maz'ya [10], K.F. Andersen and B. Muckenhoupt
[60], L.-E. Persson and V.D. Stepanov [61], R.K. Juberg [62], V.D. Stepanov
[63], G. Bennett [28], V.M. Manakov [64], V.G. Maz'ya and A.L. Rozin (see
[10]), G. Sinnamon [65], [66], G. Sinnamon and V.D. Stepanov [67] and others.
Moreover, for more information we refer to the books [49], [50], [2], [68], [69]
and to the PhD dissertations of M. Nassyrova [70], D.V. Prokhorov [71], and
A. Wedestig [72].

Almost all references concern the continuous case (1.12), and surprisingly
little has been done for the discrete case.

The first result related to inequality (1.11) belongs to K.F. Andersen and
H.P. Heinig ([24], Theorem 4.1). In 1983 they proved that if 1 < p < g < o0
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and
1

o (En) (Ei7) <

k=1

then the inequality (1.11) holds.

In 1985 H.P. Heinig [25] obtained a sufficient condition for the validity of

inequality (1.11). Namely, he proved that if 1 < g <p < oo, L = % —

r

and

D=

S
Il
gk
A
ingk
S
SN~———
Qs
YO
M=
xdu
=
SN—
~\
3@7'—‘
ﬁ\
. 5
3

then inequality (1.11) holds with C' < qé(p’)%B.

In 1987-1991 G. Bennett [26], [27], [28] gave a full characterization of the
weighted inequality (1.11), except for the case 0 < ¢ < 1 < p < oo. The
remaining case was obtained by M.S. Braverman and V.D. Stepanov [29] in
1992.

Now we state the following important result mainly taken from the Ben-

nett’s paper [28] (see also [3]):

Theorem 1.1. (i) If 1 < p < g < oo, then inequality (1.11) holds if and only
if either

1 1
00 q n 'y
Ay = 1-p/
1 1= sup o Uy, < 00
neN n 1
or
1
n ) n k a9\ 4
1—p/ -
Ay = sup v, ” E Uy E vl-P < 00
neN \ -1 k=1 m=1
or

\\H

o0 o0 ! F
Az = sup (Z uk> Zv,i*p, (Z um> < 0.
neN k=n m=k

(19) If 0 <p <1, p < q < o0, then inequality (1.11) holds if and only if

Ay = sup (Zuk> v < 00.

neN
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(i0) If l<p<oo, 0<qg<p and % = % — %, then inequality (1.11)
holds if and only if

As = i U, <i uk> (i v;_p/> ' < 00.
k=n k=1

n=1
() If ¢ < p =1, then inequality (1.11) holds if and only if

LB

q
o oo 1—q q
—1
Ag = E Uy, g Uy, max vy < 00.
£ 1<k<n
=n

n=1

1 1 1
() If0<qg<1l<p<oo, —=———, then inequality (1.11) holds if
r q P
and only if

<
3=

00 00 2 n q

1—p' —y
E E U, E T I Ve < 00.
n=1 \k=n

C.A. Okpoti [42] in his PhD thesis has proved that for the case 1 < p <
g < oo there are infinite many conditions characterizing (1.11).

More general Hardy type operators (Kf)(x f K(xz,s)f(s)ds with non-
negative kernel K (-, -) have been studied by many authors including F. Martin-
Reyes and E. Sawyer [14], V.D. Stepanov [15]-[19], R. Oinarov [20], [23],
S. Bloom and R. Kerman [21], L.-E. Persson, V.D. Stepanov [61], D.V. Pro-
khorov [71].

It is now natural to study the following general discrete Hardy type oper-

ators
A+f Zawfja i 2> 1, (1.13)
=> aiifi,  j>=1, (1.14)
i=j

where (a;;) is a triangular matrix with entries a;; > 0 for ¢ > j > 1 and
a;; =0 for i < j.
The boundedness of such operators from the weighted [, , space into the

weighted [, space is equivalent to finding necessary and sufficient conditions
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on the weight sequences {u;}2, and {v;}32; such that the following general

discrete Hardy type inequality

(Zuq \(Aif)i\q> <c (va\fi\p> (1.15)

holds for all f € [,,.

When one of the parameters p or ¢ is equal to 1 or oo, necessary and
sufficient conditions for the validity of (1.15) with the exact value of the best
constant C' > 0 have been obtained in [1]. In case 1 < p,q < oo inequalities
as (1.15) have not been established yet for arbitrary matrices (a; ;). Instead
inequality (1.15) has been established with certain restrictions on the matrix
(i;)-

The first result in this direction has been obtained by K.F. Andersen and
H.P. Heinig [24], who proved a sufficient condition for general discrete Hardy
type inequality (1.15) to hold for the case 1 < p < ¢ < oo with special
non-negative kernels (a;;) that was assumed to be non-increasing in ¢ and
non-decreasing in j.

In [73] C.A. Okpoti, L-E. Persson, A. Wedestig have studied inequality
(1.15) for the case a;; = a;f3;, i > j > 1, where {a;}2, and {3;}32, are
positive sequences. Moreover, in [74] they have obtained a sufficient condition
for which inequality (1.15) holds for a general kernel.

Now we introduce the following notation.

Notation. If M and K are real valued functionals of sequences, then we
understand that the symbol M < K means that there exists ¢ > 0 such that
M < cK, where c is a constant which may depend only on parameters such as
p, ¢, rp and h,. If M < K < M, then we write M ~ K.

R. Oinarov, S.Kh. Shalgynbaeva [37] and R. Oinarov, C.A.Okpoti, L-E.
Persson [38] have obtained necessary and sufficient conditions for the validity
of (1.15) for 1 < p,q < oo under the assumption that there exists d > 1 such

that

ik g Sodp >k >j>1 (1.16)
Ck, by

@ij ~



18 INTRODUCTION

holds, where ¢ = {¢;}32,, b = {b;}32, are sequences of positive numbers.

However, inequality (1.15) is equivalent to the following inequality

1A% fllg < Cllf lp:

where u; = u;b}, v; = v;c;”, ¢ > 1 and the entries @, ; = gi’j of matrix (a; ;) of
iCj

operator A satisfy the following condition
iy~ Aip +ar; 1>k>j>1,

which is equivalent to the condition (1.16).
We now list some of the most relevant results of R. Oinarov, S.Kh. Shalg-

ynbaeva [37] and R. Oinarov, C.A.Okpoti, L-E. Persson [38].

Theorem 1.2. [37] Let 1 < p < ¢ < co. Let the entries of the matriz (a; ;)
satisfy condition (1.16). Then inequality (1.15) for the operator (1.13) holds
if and only if M = max{ My, My} < oo, where

1
k o’ e
q .4
M, = sup — E v a; i |
k>1 Ck —
J=1 i=k

1
k o’ 0o q
—sup P blul | .

Moreover, M ~ C, where C' is the best constant in (1.15).

Q=

2=

Theorem 1.3. [37] Let 1 < p < ¢ < co. Let the entries of the matriz (a; ;)
satisfy condition (1.16). Then inequality (1.15) for the operator (1.14) holds
if and only if M* = max{M;, M} < oo, where

1 1
q 00 'Y
* P, P
M —supc— E E a; kU ;
k>1 Ck Pt

1 1
1 k q oo o
)
M} = sup — E aj ul E b, v, * .
k>1 b \ 4 R
= j=1 1=k

Moreover, M* ~ C, where C' is the best constant in (1.15).
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Theorem 1.4. [38] Let 1 < g < p < oo. Let the entries of the matriz (a; ;)
satisfy condition (1.16). Then inequality (1.15) for the operator (1.13) holds
if and only if B := max{B, Ba} < oo, where

p—q
P pg=1) Pq
o0 o0 p—q 1 k P—q
o —p’ qa ,4 o
By = E :Uk' E :az’,kui g E e v; ;
k=1 i=k k i=1
p—q
a(p—1) q Pq

r—q pr—q

%) k o0
/ / 1
o S (St} (o)
k=1 i=1 ki=k
Moreover, B = C, where C is the best constant in (1.15).

Theorem 1.5. [38] Let 1 < q < p < oo. Let the entries of the matriz (a; ;)
satisfy condition (1.16). Then inequality (1.15) for the operator (1.14) holds
if and only if B* := max{Bj, B} < oo, where

Q<P71) 9 Pq
o 0 p—q 1 k p—q
* L E:qE:p’fp’ E:qq
k=1 i=k k=1
_p_ p(g—1) %
00 , k P—q 1 00 ) ) p—q
* L E 4 E q ,4 E —p
k=1 =1 k i=k

Moreover, B* = C', where C' is the best constant in (1.15).
Now we introduce the following definition.

Definition 1.6. A sequence {a;}2, is called almost non-decreasing (non-
increasing), if there exists ¢ > 0 such that co; > oy (ap < caj) for all

i>k>j>1.

R. Oinarov, L-E. Persson, A.M. Temirkhanova [39] and A.M. Temirkhanova
[40] have studied estimate (1.15) for 1 < p,¢ < oo under the assumption
that there exist d > 1 and a sequence of positive numbers {wy}?2;, and a
non-negative matrix (b; ;), where b, ; is almost non-decreasing in ¢ and almost

non-increasing in j, such that the inequalities

1
E(bi’kwj + CL}CJ’) S am S d(bi,ku)j + ak’j) (117)
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hold for all+ > k > 7 > 1.
We now state the main results of [39] and [40].

Theorem 1.7. [39] Let 1 < p < q < co. Let the entries of the matriz (a; ;) of
the operator (1.13) satisfy assumption (1.17). Then inequality (1.15) for the
operator (1.13) holds if and only if G = max{G;, Gs} < oo, where

1 1 1
@ [ n n 4
Gl—SIi}? (me Z) (Zwﬁ?v;p> GQ—SliIl) (Zu) <Zan]y]p) )
n 7 7j=1 n i

7=1
Moreover, G = C, where C is the best constant in (1.15).
Theorem 1.8. [39] Let 1 < p < q < co. Let the entries of the matriz (a; ;) of
the operator (1.14) satisfy assumption (1.17). Then inequality (1.15) for the
operator (1.14) holds if and only if G* = max{G7, G5} < oo, where

7k J o[k ¢
G} = sup A 4 whut] | = sup v; al ul| .
>1 <Z ) (; i3 k>1 Z ; k.3 ™7

Moreover, G* = C, where C' is the best constant in (1.15).

Theorem 1.9. [40] Let 1 < ¢ < p < oco. Let the entries of the matriz (a; ;) of
the operator (1.13) satisfy assumption (1.17). Then inequality (1.15) for the
operator (1.13) holds if and only if G = max{G;, Ga} < 00, where

p—q
_p_ p(g—1) Pq
o0 o0 pP—q k PrP—q
VA V)
E (E b?w‘j) <E wfvﬁ) wy vt :
k=1 \j=k i=1
p—gq
q i a(p—1) Pq
(e.) o0 — —
q o p - o q
G2 = Z Z“j Zak,z‘“z’ Up,
k=1 \j=k i=1

Moreover, G =~ C', where C' is the best constant in (1.15).

Theorem 1.10. [40] Let 1 < ¢ < p < co. Let the entries of the matriz (a; ;)
of the operator (1.14) satisfy assumption (1.17). Then inequality (1.15) for
the operator (1.14) holds if and only if G* = max{G;, G5} < oo, where

p—q
q(p—1) _a_ Pq

oo o.9] P—q P—q
/ /
-p q,4 9,4
E g bs v g wiu wiug :

k=1 \j=k
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p(g—1) _p_ Pq
00 00 p—q k P—q
* - q .4 -
Gy = Z (Z Yj ) ( ak,iui) Uy
=1

k=1 \j=k
Moreover, G* =~ C, where C' is the best constant in (1.15).

(2

21
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1.3 Weighted Hardy type inequalities on the

cones of monotone functions and sequences.

The properties of the cone of monotone sequences of real numbers, of the
cone of monotone functions, and several related extremum problems have an
important significance in functional analysis, in the problems of the mathemat-
ical economics, of the theory of probability and statistics. The approximation
numbers of operators, quantitative characteristics of the best approximations
of functions, moment sequences of function are monotone sequences of num-
bers, which carry certain information. Many qualitative properties of this type
can be expressed by functional relations of monotone sequences.

It is known that the properties of a class of functions or of a class of
sequences of numbers can be obtained from the functional relations of their
non-increasing rearrangements, which are monotone functions and monotone
sequences, respectively. Therefore, the problem of establishing the various
functional relationships on the cone of monotone sequences of numbers is an
actual direction of mathematical analysis.

Hardy type inequalities on the cone of monotone functions and sequences
have some applications in the investigation of boundedness of operators in
Lorentz spaces and in the embedding theory in Lorentz spaces. In 1951
G. Lorentz [75] first introduced the Lorentz spaces AP(u), 0 < p < 0.

1

o0

W) =8 L 1 e = | [ @ a0 <o

0

Here f* is the equimeasurable decreasing rearrangement of | f| defined by

fr(t) ==inf{y > 0: Ar(y) < t},
where Ay is the distribution function:

Ar(y) :=meas{x € X : |f(z)| > y}.
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A weight characterization of classical operators in Lorentz spaces led to the
necessity to study operators defined on the cone of decreasing functions.
Now we consider the Hardy-Littlewood maximal function M f, which is
defined by the following formula
1 n
(Mf)(x) :==sup — [ [f(z)|dz, x€R",
zEQ |Q| o

where @) ia a cube in R” with sides parallel to the coordinate axes and |Q)| is

its n-dimensional Lebesgue measure. It is known that

(anﬂz%/j%@@,t>o

(for the proofs and historical notes concerning this estimate, see e.g. [76], [77]).

Thus, the characterization of weight functions u and v, for which the mapping
M: AP(v) - A%u), 1<p,qg<o0

is bounded between Lorentz spaces, is equivalent to the characterization of

weight functions u and v, for which the following Hardy inequality

/ %/ﬂ@@ wpydt| < /ﬂww@ﬁ (1.18)

0 0

holds for all decreasing functions f > 0.

Hardy type inequalities on the cone of monotone functions and sequences
have been intensively studied during the last two decades. In 1990 M. Arino
and B. Muckenhoupt [78] obtained a necessary and sufficient condition for the
validity of (1.18) on the cone of non-negative and non-increasing functions f
in the case 1 <p = ¢ < oo and u(t) = v(t). The result is the following.

Let 1 < p < co. Then the inequality

7 : / f(s)ds pv(t)dt <c 7 Pooleyie|

0 0
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holds for all non-negative and non-increasing functions f if and only if there

18 a constant D > 0 such that

00 t
/s_pv(s)ds < Dt_p/v(s)ds for all ¢ > 0.

t 0

Previously, such problems were studied by D.W. Boyd [79] in 1967 and by
S.G. Krein, Yu.l. Petunin, E.M. Semenov [80].

E. Sawyer [44] has extended the result of M. Arifio and B. Muckenhoupt to
the case of different weights v and v and 1 < p,q < oco. Nowadays this result
of E. Sawyer is known as the Sawyer duality principle.

The Sawyer duality principle. Let 1 < p < oo, g, v be non-negative

measurable functions on (0, 0o) with v locally integrable. Then

[ F(@)gle)da
i ;
N (Loffp(:r)v(:v)dz)
oo x r’ T -7’ i Tg(.fl?)d.lf

~ / / o(t)dt / IO B

> \o ’ (Jotaras)

0

It Tv(x)dm = 00, then the second term on the right hand side of the last
eqlcl)ivalence can be omitted.

Moreover, E. Sawyer [44] has used this duality result to obtain necessary
and sufficient conditions for which (1.18) holds for all non-negative and non-
increasing functions f in the case 1 < p,q < oo. This result of E. Sawyer
was extended by V.D. Stepanov [81] to the cases 0 < ¢ < 1 < p < o0 and
0<p<qg<oo,0<p<1. ML. Goldman [35], G. Bennett and K.-G. Grosse-
Erdmann [47] have characterized the weights u and v, for which inequality
(1.18) holds for all non-negative and non-increasing functions f in the case
0 < g < p < 1. The duality principle for the case 0 < p < 1 has been
proved in [81], [82] and [83]. A simpler proof of the Sawyer duality principle
has been obtained by by V.D. Stepanov [81], M.J. Carro and J. Soria [82].
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Some generalizations of Sawer duality formula were proved by D.E. Edmunds,

R. Kerman, L. Pick [84] and A. Kaminska, M. Mastylo [85].

Various aspects of weighted inequalities for monotone functions and their
applications in the estimation of maximal functions, in the theory of inter-
polation of operators, in the embedding theory and their relations with the
stochastic inequalities have been studied in [21], [81], [86]-[94]. Such intensive
investigation of various weighted inequalities on the cone of monotone func-
tions in recent years has been made possible due to the achievements of the
study of weighted inequalities in various spaces (see e.g. [7], [8], [9], [10], [16],
[17], [20], [50] and many others).

At the same time the investigation and generalization of the discrete Hardy

inequality

(i U (%i:fy) )q <C (ivifip> ” (1.19)

on the cone of monotone sequences f > 0 was developed. Results on weighted
Hardy inequalities on the cone of monotone sequences have been obtained by
K.F. Andersen, H.P. Heinig [24], H.P. Heinig [25], L. Leindler [95], M.Sh. Braver-
man, V.D. Stepanov [29], J. Nemeth [96], F.P. Cass, W. Kratz [97], P.D. John-
son, R.N. Mohapatra, David Ross [98], R. Oinarov, S.Kh. Shalgynbaeva
[45], G. Bennett, K.-G. Grosse-Erdmann [47], M.L. Goldman [35], [99], [100],
S.Kh. Shalgynbaeva [48] and others.

In 1998 R. Oinarov, S.Kh. Shalgynbaeva [45] obtained an analogue of the
Sawyer duality principle for the discrete case if 1 < p,q < oo. This result of
R. Oinarov, S.Kh. Shalgynbaeva allows to reduce a Hardy type inequality on
the cone of monotone sequences to a corresponding inequality on the cone of

non-negative sequences from [, ,. Indeed, we have the following.

Theorem 1.11. [45] Let 1 < p, q < co. Let (a; ;) be a triangular matriz with

k
entries a;; > 0 fori>j>1and a;; =0 fori < j. Let Vi, =Y v; for k > 1.
i=1
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Then inequality

(Z Ui <Z ai,jfj) ) <C <Z Uifip) " (1.20)

on the cone of non-negative and non-increasing sequences f = {fi}2, of Ly,

1s equivalent to the following inequality

1
I

00 k oo P o Y _ 00 ) ) %
> <ZZ%9¢> (VQ - Vkﬁ) < C (Z g u;Q> (1.21)
=1

k=1 \j=1 i=j
for all non-negative sequences g = {g;}52,, if Voo = klim Vi = 00, and to the
—00

mequality

o’

00 koo 4 ’ ’
> (S 5w) (7 i)

k=1 \j=1 i=j
. (z Z%gi) (Z ) e (Zg;,u;_qf) 12)
j=1 i=j k=1 i=1
for all non-negative sequences g = {g;}2, if Voo < 0.
Moreover, C~C if Voo = 00, and C =~ C if Vo, < 00, where C, C and C
are the best constants in (1.20), (1.21), (1.22), respectively.

Moreover, S.Kh. Shalgynbaeva in her PhD thesis [46] has obtained criteria
for the validity of inequality (1.19) for some other values of the parameters p
and q.

In 2006 G. Bennett and K.-G. Grosse-Erdmann [47] obtained a complete
characterization of the weights for which the Hardy inequality (1.19) holds on
the cone of monotone sequences of different nature of the conditions of S.Kh.
Shalgynbaeva.

M.L. Goldman in his papers has studied inequalities of the type (1.19) on
the cone of monotone sequences and has applied the corresponding results to

establish Hardy inequalities on the cone of quasi-monotone sequences, see e.g.

[35], [99], [100].
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In [48] S.Kh. Shalgynbaeva has obtained necessary and sufficient conditions
for the validity of (1.20) on the cone of monotone sequences for 1 < p < g < oo

under the assumption that there exists d > 1 such that the inequalities

1
E(aM + aw) < a; j < d(ai,k + ak,j), 1> k Zj >1 (123)

hold. Namely, the following result.

Theorem 1.12. /48] Let 1 < p < q < co. Let the entries of the matriz (a; ;)
in (1.20) satisfy condition (1.23). Let V; = i v; for k>1 and Ay, = i ai;
for i > k > 1. Then inequality (1.20) on thljcone of non-negative amjiziwn—
increasing sequences f > 0 holds if and only if Ho = max{H;y, Ha, Hs} < oo,

where

Jun

Hy =supV, 7? (Z Agiu,) ,
i=1

s>1

1 1
H, = su w(v " —v_ aboui |,

1 1
Hs=s A7 (v —vr .

Moreover, Hy =~ C, where C' is the best constant in (1.20).

Nowadays inequalities on the cone of monotone functions and sequences are
still being intensively developed. This fact is confirmed by a great number of
recent publications [2], [36], [67], [88], [92], [101]-[114] and most recently [100]
and [115]. For a history of Hardy type inequalities on the cones of monotone
functions and sequences and for references to related results we refer to the
book of A. Kufner, L. Maligranda and L.-E. Persson [3, Chapter 10], and to
the PhD thesis of O. Popova [43].



28

INTRODUCTION



Chapter 2

Boundedness and compactness
of matrix operators in weighted

Lebesgue spaces

2.1 Preliminaries and notation.

In this Chapter we consider the problems of boundedness and compactness

from the weighted [, ,, space into the weighted [, ,, space of the matrix operators

(AT f), Za”f], i>1, (2.1)
(Af), = > aifi, j=1 (2.2)

The boundedness of such operators is equivalent to the validity of the following

Hardy type inequality
1A= fllgu < Cllfllpw VS € bpos (2.3)

where C'is a positive finite constant independent of f and (a; ;) is a triangular

matrix with entries @; ; > 0 for i > 57 > 1 and a;; = 0 for ¢ < j.

29
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Here and further 1 < p,q < oo, %—I—I% =land u = {w;}2,, v={v;}2, are
positive sequences of real numbers. [,, is the space of sequences f = {f;}7°,

of real numbers such that

1
00 P
1 fllpw = (Z |Uifi|p> < 00, 1 <p<oo.

i=1
In this Chapter we consider inequality (2.3) under the following assumption
in the case 1 < g <p < o0.
Assumption A. There exist d > 1, a sequence of positive numbers {wy }32,
and a non-negative matrix (b; ;), whose entries b, ; are almost non-decreasing

in 7 and almost non-increasing in j such that the inequalities

(@i + b jwi) < a;; < d(aip + by jw;) (2.4)

QU

hold for all e > k> j > 1.

Here and further, a matrix is said to be non-negative provided that all its
entries are non-negative.

Let a > 0. Let a;; = (b; —d;)" for ¢« > j > 1 and a;; = 0 for ¢ < j,
where the sequences {b;};°; and {d;};°, are such that b, > d;, i > j > 1.
If {b;}52, is a non-decreasing sequence and {d;}$°, is an arbitrary sequence,
then the entries of the matrix (a; ;) satisfy condition (1.17). Indeed, we have
a;,; ~ (b — br)" + aj, © > k > j > 1. In general, the entries a;; do not
satisfy condition (2.4). If {d;}3°, is a non-decreasing sequence and {b;}32,
is an arbitrary sequence, then the entries a;; satisfy condition (2.4), but in
general, condition (1.17) does not hold for the entries of the matrix (a; ;).

Thus, conditions (1.17), (2.4) include condition (1.16) and complement
each other.

Moreover, in this Chapter we introduce a general class of matrices. We
establish necessary and sufficient conditions for the boundedness and com-
pactness of the operators (2.1) and (2.2) when the corresponding matrices
belong to such classes. Such classes of matrices are wider than those which

have been previously studied in the theory of discrete Hardy type inequalities.
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The content of the Chapter is as follows. In Section 2.2, we introduce the
classes of matrices O and O, for n > 0, which include well-known matrices
of analysis such as summable matrices, and in particular, matrices satisfy-
ing conditions (1.16), (1.17), (2.4). Moreover, in this section we introduce
properties of such classes. Section 2.3 contains examples of matrices from
the introduced classes and here we show that such classes of matrices include
well-known classical operators such as the operator of multiple summation,
Holder’s operator, Cesaro operator. In Section 2.4, we prove the theorems,
which give criteria of boundedness of the operators defined by (2.1) and (2.2)
in weighted spaces of sequences when the corresponding matrices belong to the
classes O and O, n > 0 in case 1 < p < ¢ < oo. In Section 2.5, we obtain
necessary and sufficient conditions for the compactness of the matrix operators
defined by (2.1) and (2.2) when the corresponding matrices belong to one of
the classes O} and O, , n > 0. Section 2.6 contains the main results for the
case 1 < p < g < oo and their proofs. Section 2.7 is devoted to the problem of
boundedness of the operators defined by (2.1) and (2.2) in weighted spaces of
sequences when the entries of the corresponding matrices satisfy Assumption
Aincase 1 < ¢ <p < .

For the proof of our main theorem we will need the following well-known
results for the discrete weighted Hardy inequality (see [3]) and the criteria of
precompactness of sets in [, (see [116, p. 32]).

Theorem A. Let {y1;}52, be a non-negative sequence of real numbers.

(1) If 1 < p < q < o0, then the inequality

-
B =

(i jilﬂjfj

=1

Uf) <C (Z |Uifi|p> (2.5)

i=1
holds for all f € 1, if and only if

1

n »’
(Zuli’vi—p) < 00.

=

nzl =1

Hy = sup (Z uj)
Jj=n

Moreover, Hy = C, where C' is the best constant in (2.5).
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(17) If 1 < ¢ < p < oo, then the inequality (2.5) for all f €1, holds if and
only if

p—q
p(g—1) Pq

i (iuq> (Zu” p) | <o

k=1 \i=k

Moreover, Hy = C, where C' is the best constant in (2.5).
Theorem B. Let {/LJ} be a non-negative sequence of real numbers.

(1) If 1 < p < q < o0, then the inequality

(Z Zﬂjfj (Z |Uifi|p> ” (2.6)

i=1 | j=i i=1

1

q q
uf) <C

holds for all f € l,, if and only if

1
/

Hy = sup (Zu) (i,uf/v;p)p < 00.

n>1

Q=

Moreover, Hy = C, where C' is the best constant in (2.6).
(17) If 1 < ¢ < p < o0, then the inequality (2.6) for all f € 1, holds if and
only if

plg—1)

_p pq
0o k P—q o] P—q
q P, —p P —p
E E u; E o g, Uy < 0.
Jj=k

k=1 \i=1
Moreover, Hy ~ C, where C' is the best constant in (2.6).
Theorem C. Let T be a set inl,, 1 < p < oco. The set T' is compact if

and only if T is bounded and for all € > 0 there exists N = N(e) such that for
all v = {x;}2, € T the inequality

o0
Dl <e
i=N

holds.
We also need the following well-known result (see [38]).

Lemma D. Let v > 0. Then there exists ¢ > 0 such that

<§ ﬁk‘) ZJ: (Z; @) B <c (; m)ﬁy VjieN (2.7)

ol



IN WEIGHTED LEBESGUE SPACES 33

for all sequences {Br}32, of positive real numbers.

Moreover, there exists ¢; > 1 such that

C—ll <Z 5k> <> B (Z @‘) <a (Z 5k> (2.8)

for all j,k € {1,2,..,N}, N € NU {oo} and for all sequences {0r}3>, of

o
positive real numbers such that > [y < 00.
k=1
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2.2 Introduction of classes of matrices and their

properties.

For n > 1, we introduce the classes O and O, of matrices (a; ;). We denote
by < z"f) a generic element (a; ;) of O or (a; ;) of O,,.

We now introduce the set M of non-negative matrices (a; ;) such that a; ;
is non-decreasing in the first index for all ¢ > j > 1. We define the classes O,
n > 0 by induction. If n = 0 the class OF is defined as the set of matrices
of M™* of the type az(?j) = aj, Vi > j > 1. Next we assume that the classes
O> have already been defined for v = 0,1,...,n — 1, n > 1. By definition a
matrix (aij) = ( a; ; ) of M* belongs to the class O; if and only if there exist

matrices (a! ) € 0f,v=0,1,...,n — 1 and a number 7, > 0 such that
ny (
Z] )<, Z b; k’ya,:] (2.9)

foralli > k > j > 1, where bZ}?E 1 and

(n)

a;
(T - 1 :.7 _ o
biw = inf ok v=01...,n-1 (2.10)
7]

From (2.10) it follows that entries of the matrices (b;}) are non-decreasing in
the first index and are non-increasing in the second index. Moreover, (2.10)

provides the validity of the following inequality

> b)) (2.11)

7.7 - Zk
foralli >k>j>1, v=0,1,...,n, n=20,1,... Then for (az(z)) € OF we
have

a") ~ Z a),  n>0 (2.12)

=0

foralli >k >j>1.

Remark 2.1. [t is easy to show that if for the matriz (agz)), n > 0 there exist

matrices (a%)) € Of, v=0,1,...,n — 1, and matrices (g?g), ~v=0,1,....n
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such that the equivalence (2.12) is valid for alli > k > j > 1, then (ag})) € Of
and AI;Z;;’ ~ by}, Hence, we may assume that the matrices (b}!) are arbitrary

non-negative matrices which satisfy (2.12).

For the proof of our main results we also need the following inequality. Let

n > 1> ~. Then we have
o > b Vizs> k> L (2.13)

Indeed, using (2.11), for i > s > k> 1, n > [ > -y we obtain
(n) O

a: a’.
: ) 1l 7 ) 1l l:
bl = inf —L > - inf 2L =00 - b))
R 1K<k o) 1<k o) s
k?j k7]

As above, we introduce the classes O, m > 0. We now define the set M~
of non-negative matrices (a;;) such that a;; is non-increasing in the second
index for all ¢ > j > 1. By definition a matrix (a; ;) = (agg-)) of M~ belongs to

the class O if and only if it has the form al(g-) = ; for all + > j > 1. Let the
(m))

classes O, v =0,1,...,m —1, m > 1 be defined. A matrix (a;;) = (a;;
of M~ belongs to the class O, if and only if there exist matrices (ag«)) €0,

v=0,1,...,m — 1 and a number h,,, > 0 such that
o™ <y Y al)dT (2.14)

v=0
foralli > k> 7 > 1, where d;”jm =1 and
al™
mo_ s 1,] o N

dy; —kgl?gfoo_a('Y)’ ~v=0,1,...,m— 1. (2.15)
ik
From the definition of the matrix (d,""), v = 0,1,...,m — 1, m = 0,1,...,
it is obvious that the entries of the matrix (dz;n) do not decrease in the first

index and do not increase in the second index and for m > 1>y, k> s> j

satisfy the following inequality
m J l,m
dzvj > dZ’S dJ (2.16)
From (2.15) it follows that for alli >k > j > 1
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As in (2.12) every class O,,, m > 0 of matrices (aggl)) is characterized by

the following relation
o~y al)d)r (2.18)

7‘7
=0

for all i > k > j, where """, v = 0,1,...,m are defined by the formula (2.15).

Remark 2.2. As mentioned before, we may assume that the matrices (dZ;n),
v = 0,1,...,m, m > 0 are arbitrary non-negative matrices which satisfy

(2.18).

Remark 2.3. By the definitions of the classes O, n > 0 we have OFf C OF C

CO%C

In particular, the matrices of the classes O] and O are characterized by

the following relations, respectively,

az(,lj) ~ blligai(coj) + a,(fj) Vi>k>j>1,

al) ~aly) +alld)  Vizk>j>1.

It is obvious that the class OF include the matrices, whose entries satisfy
conditions (1.16) and (1.17). Also it should be noted that the matrices with
conditions (1.16) and (2.4) belong to the class O . This implies that the classes
Of,n>1and O,, m > 1 are wider than the classes of matrices which have
been used in this connection before.

The matrices of the classes OFf and O, are described by the following

relations, respectively,

off) = b2pa) + bhal) + 0l Vizk>j>1,
o) = al) +alld? +alQdy?  Vizk>j>1

A continuous analogue of the classes O and O, , n > 0 has been studied

by R. Oinarov in [23].
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Definition 2.4. If there exist a non-negative sequence o = {;}2, and a
matriz a;; € OF, n >0 such that a;; = a;a; j, then we say that (a; ;) € aOF,

n > 0.

Definition 2.5. If there exist a non-negative sequence 3 = {3;}52, and a
matriz a; ; € OF, n >0 such that a; ; = @; ;3;, then we say that (a;;) € OFp,

n > 0.

Such classes of operators include a lot of well-known operators, which play
significant role in analysis. As an example of matrices from the classes aOF
and O3, n > 0 we can take Cesaro matrix, Holder’s matrix and others. For

more detailed information, see Section 2.3.

Next, we show properties of the classes of matrices O; and O, , n > 0.
We set

%

Wik = E :ai,jaj,k'

=

Then we have the following
Lemma 2.6. Let (a;;) € O, (0jx) € Oyf. Then (w;y) € O, .1

Proof of Lemma 2.6. Since (a;;) € O, there exist matrices (a! ) € OF,
v=0,1,...,n — 1, and matrices (d;;") such that

ny () _ nn _
aw_a-wg 1y n=0,1..., ¢; =1

forall: >1> 75> 1.
Since (0,;) € O, there exist matrices (Uj(f;)) €O, p=01,....,m—1,

and matrices (e};") such that
U]k—U NZ ml“al(’,i, m=0,1,..., " =1

forall j > 1>k >1.

We set

j— nm __
Wik = Wik § :aJ Ujk .
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First, we consider the case when m > 0, n = 0. In this case ag,oj) = oy,

Vi > j > 1. For Vi > [ > k we obtain
i l i
om (m) (m) (m)
Wi = Y agot =Yy e Yo
j=k j=k j=l
i+ Z ol Z e,

m

_ ~m+1,u
= wlk + E :6z,l

Q

where e Nm“’“ = Z azel", pw=0,1,...,m. Suppose that ¢ erthmtl = 1. Since

<al i ) € Of for p=0,1,...,m, by definition we easily see that w;," € O, .,
By induction, we assume that forn =0,1,....,r—1, r>1 (wlnkm) belong to

the classes O ;. For i > 1>k we have

rmo (m) ~
Wi = aJ Jik a” J, U Jk
r7’y
§ (E :5”@13) _]k‘ "’ E :a,g (E :el Um)
j=k \~v=0
r l
— Y () T) mu
= Zf%,zZ% +Zm2a
JE— r?’y 7“
- Zala Tjk +Z(S Zalj Ojk +Zal Za,yeyl

_ wl " + Z(Sr“/ ~(y+m+1) vam—i-l,,uo_l(/;C ’

Q

!
~(y+m+1) _ () (m) _ smAlu T) Mot —
where 7, :%aljajk, ¥=0,...,r—1land ¢, Zad =

0,...,m. We denotzz ¥+ m+ 1 by . Then we have

r+m m
r,m ~ T p—m—= 1~ +1nu (,LL
w o~ w+ 2,5 07"‘2:1,1 O
pu=m+1 pn=0
r+m

= wy +Zé’”*m“~§'~;,
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where

gt 0 < <m

’5r+m,,u - 1,1 ’ S U )
# = 7
' 5£’l"m1,m+1§,u§r+m,
and
6:('“) o O-l(fli)v 0 S 1% S m,
Lk =\
al(f,i), m+1<pu<r+m.
Since 51(,/1? €OF, pu=0,1,...,74+m we obtain that w;;* € OF,, . . The

proof is complete.

Now we set
k
C,j = E Ol
=7

Then we have the following lemma.
Lemma 2.7. Let (a;;) € O, (or:) € O,,. Then (C;) € O inin-

Lemma 2.7 can be proved in the same way as Lemma 2.6.

We define

k
Wik = E Q; j0k g, i >k,
Jj=1

i
Ok = g OkjQij, k>4
j=1

Lemma 2.8. i) If(a;;) € OF, n>0 and (o) is an arbitrary non-negative
lower triangular matriz, then (w; ) belongs to the class O;.

it)  If (o;) € Of, m >0 and (a;;) is an arbitrary non-negative lower
triangular matriz, then (py;) belongs to the class O} .

i) If (a;j) € O,, n >0 and (o) is an arbitrary non-negative lower
triangular matriz, then (w;y) belongs to the class O, 5, where = {Bk}7,
and By = Zk:la;w-.

iv) }}(J;w) €O,,, m>0 and (a;;) is an arbitrary non-negative lower
triangular matriz, then (py,;) belongs to the class Oy, a, where o = {a;}2, and

i
a; = Z Qi 5.
j=1
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Proof of Lemma 2.8
i) Since (a;;) € O, there exist matrices () € Of,v=0,1,...,n—1,

1,J

and matrices (d;') such that

foralli >s>j5>1.

We set
(n) } : (n)
Wik = wz,k’ = az,j Ok,j
J=1
O _ §
First we consider the case when n = 0. In this case w, , = Y a;jo;; = ay,

j=1
which means that (wﬂ?) belongs to the class Of . By induction we assume that

forn=0,1,....,r—1, r>1 (wl(?) belong to the classes OF. For i > s > k we
have
k r
=)~ 3 Y dilallon, = Y Z ayong = 3 Al
j=1 =0 v=0 7=0
which implies that (wﬁ)) belongs to the class O, r > 0.
it) Since (o) € O, there exist matrices ( ) €cO0f,v=0,1,...,m—1,

and matrices (e;"}") such that

m

m,m — 1
Ok,j = Jk] ,j’ ek,s -

forall k> s>7>1.

We set,

sok:l § :O-k’] Q5

First we consider the case when m = 0. In this case 90 Z Bia;; = ﬂz,

which means that ((p,(col) ) belongs to the class Of . By induction we assume that
form=0,1,....,r—1, r>1 (gp,“ ) belong to the classes O. For k > s > i

we obtain

7 r T

ol D Y o = ZeksZa”)au = el

j=1 v=0 =0
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According to definition we obtain that (gpk ) belongs to the class OF, r > 0.
it11) Since (a; ;) € O,,, there exist matrices ( ) €0;,v=0,1,..,n—1,

and matrices (d,}') such that
n
aij = agz) Y Z EWS dy, dyt =1
v=0

foralli>s>j5>1.
Let ¢ > s > k. Then

k
— () _ (n) ~ () gvn
Wik =W = E Q; Ok, =~ E a; s dS] Ok,j
n
= E CL E ds Ki Ok,j
_ )E : § : § : v
- z s Ok,j + az ,8 ds,j Ok,j

7=1

k (%@ + Z a§,1’DZ,’,?> = Bri
v=0

where (3}, = ijlam, Qg = agz) + nz_:; aEL)DZ:,? and D]} = Z Al o
By deﬁn;tion of (a;x) we seevthat (a;1) € O,, n>0. Therefore (@i k)
belongs to the class O,/ 3, n > 0.
iv) Since (o) € O,,, there exist matrices (0,(:8)) €07,7v=0,1,..m—1,

and matrices (e]’}") such that

forallk>s>j>1.

Let kK > s > 4. Then

= oM =Ny, el ™ma,
Pri = $Pri — k] iJ ks €sj Qiyj
i m—1 i
_ . (m) (v yom
= Okgs Qij+ Q  Oks Q  Csy Qi
1
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i
where a; = Y a; 5, O = crks + Z JksEvm and EJ" = <Z el am> .
=1 '

o
By definition of (6y;) we see that (cy,;) € O,,, m > 0. Since py; ~ @;0k,

we obtain (g ;) belongs to the class O, a, m > 0.

Thus the proof of Lemma 2.8 is complete.

We define
o0
Urg = ) oipaig, k>,
i=k

o0

Pjk = Zai,jai,k7 Jj > k.

i=j
Lemma 2.9. i) If(a;;) € O,, n >0 and (o ) is an arbitrary non-negative
lower triangular matriz, then (1 ;) belongs to the class O,, .

it)  If (oix) € O,,, m >0 and (a;;) is an arbitrary non-negative lower
triangular matriz, then (p;x) belongs to the class O,,.

iit)  If (aij) € OF, n >0 and (ox;) is an arbitrary non-negative lower
triangular matriz, then (1 ;) belongs to the class BO,, where B = {By}2,
and Bj, = Z Ti k-

iv) ]f (Jk]) € O, m>0 and (a;;) is an arbitrary non-negative lower
triangular matriz, then (pjx) belongs to the class AO;,, where A = {A;}52,
and A; = i a; ;-

i=j

Proof of Lemma 2.9
i) Since (a;;) € O, , there exist matrices (a%)) €0;,7v=0,1,..,n—1, and
matrices (d]’}') such that

aw_a - NZa(WdV" dyt =1

1,8 7'S,J )

foralli >s>j5>1.

We set
Y = w’g’? = Z UMCL%(-Z).
i=k
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First we consider the case when n = 0. In this case 1/1,(” Z Ti k0 = Oy,
i=k

which means that (1/),(;)])) belongs to the class O, . By induction we assume that
forn=0,1,....,r—1, r>1 (w,(g)) belong to the classes O, . For k > s > j we

have
WY oy aldly = Zd Zaz ki Z%s
i=k v=0

which means that (w,(:)) belongs to the class O, r > 0.
i1) Since (o;x) € O,,, there exist matrices ( ) €07, v=0,1,...m—1,

and matrices (el}") such that

1

~ 7) 7y,m m,m
Ulk—a § :Uzs sk’ es,k

foralli>s>k > 1.

We set

p]7k_p]k : :a'lmj ’Lk'

First we consider the case when m = 0. In this case ,0( ,2 = Z a; ;3 = Bj,

i=j
which means that (pj’k) belongs to the class O . By induction we assume that

form=0,1,....,r—1, r>1 (pgolz) belong to the classes O, . For ¢ > j > k we

have

r
NE :aZJE :O—zs slc § :6 § :a%] zs E :ij slc’
v=0 i=

which implies that (,0 k) belongs to the class O, r > 0.
iii) Since (a;;) € O;f, there exist matrices (a! ) €0 v=0,1,...,n—1,

and matrices (d;;') such that

— A S g o _
Qij = ;5 ~ dzs 537 d =

foralli >s>j5>1.
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Let kK > s > j. Then we have

oo o0 n
— (n) _ (n) ny, (V)
Vi = 77Z)k,j = Z OikQ; 5 =~ Z Oik Z di,s Qg j
i=k i=k +=0
o) n—1 o)
_ (n) () 7y
= Gy Z Tik + Z s, Z il
- § : ny M) _ rao
- ( Sj+ Dks sy> _Bkak‘d’

By deﬁn1t10n of (ay,;) we see that (ar;) € Of, n > 0. Therefore (¢ ;)

o0
n,’y ’\/ n,y __ u2ni
where B, = § Tik, A j = § Dks o and Dks =5 (§ ai,kdi’s> )
i=k

belongs to the class BO!, n > 0.
iv) Since (o;) € Oy, there exist matrices ( ) €0, v=0,1,..,m—1,
and matrices (e;y") such that

m

azk_a E ol k, € s 1

foralli>s >k > 1.

Let « > 7 > k. Then we have

o oo m
— (m) _ (m) myy _(7)
Pik = Pjx = ;0 =~ Qi 5 Cis Osk
i=j i=j +=0
m—1 e’}
_ § : E : )§ : myy
- s k aw + Us k awez S
v=0 i=j

where A; = 3" a;j, 0, = agz) + Z Ello “’k and 7" = + (Z RN
i=j V=

By definition of (7,;) we see that (0,k) € Of, m > 0. Hence, (pjx)
belongs to the class AO} m > 0.

Thus the proof of Lemma 2.9 is complete.
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2.3 Examples of matrices of the classes aO

and 0.

In this section we give examples of matrices of the classes aOF, O3, n > 0,
which can be estimated in [, ,, and on the cone of monotone sequences by using
our main results.

1. We consider an operator of multiple summation

i k1 ko
Snf)i = Z W1,k Z W2 ks Z W3 k- Z Wn—1,kn_1 Z I (2.19)

ki1=1 ko=1 ks=1 kn_1=1

By changing the order of summation in (2.19), we obtain

=D [iWara (i), (2.20)
j=1

where W,,_;1(i,j) =1 for n =1 and

%

i
W, 1,1 Z ] E Wn—1ky_1 E Wn—2k, o+ E W1,k
k1=ko

kn—1=j kn—2=kn_1
for n > 2.

The boundedness and compactness criteria of such operators have been
established in [117].

Assume that W, (¢,5) =1 for m > [ and

7
Wiml(i,7) = E Wik g Wi—1dy_ - E Win ko

ki=j ki—1=k km=km+1
fornm—1>1>m>1.
By Lemma 1 of [117] it easily follows that

I+1

Wim (3, 7) ZW’” 1 (0, T)YWi (T, §) (2.21)

form—1>1>m>1andforall¢, 7, jsuch that 1 < j <7 <1 < o0.
Form=1andn—12>1>1(2.21) implies that

l
Wia(i,g) & Y Wi, 7) Wi (7, ) (2.22)

r=0
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foralli >7>75>1.
We define a™ (i, j) = W,1(i,j) for r = 0,1,...,1. Then we have

l
aV(i,5) = Y a6, 7 )Wy (7, 5) (2.23)

r=0
for i > 7 > j > 1. If we prove that (a)(i,5)) € O] for {=0,1,....,n — 1, then

we obtain that (¢~ (i,5)) = (W,_1.1(i,5)) € O,,_,.

Indeed, if [ = 0, then a®(i,j) = Wy.(i,j) = 1, which implies that
(@i, ) € O;.

For [ =1, by (2.23) and (2.18) we have

a4, j) = aW (i, 7) + aP(r, j)

for i > 7 > j > 1. Hence, (a™ (i, j)) € O7.

Assume that (a(i,5)) € OF forr =0,1,...,1 =1, n—1>1> 1. Then
taking into account that W ;.1(7,j) =1, by (2.23) and (2.18) we deduce that
(aW(i, 7)) € Oy . Consequently, (W,_11(i,7)) € O, for n > 1.

Next we prove that (W,_11(i,7)) € O, forn > 1.

For m =1 and [ = n — 1 relation (2.21) implies that

n—1

Wa11(6,5) 2 Y W io1,1 (6, 7)Wast (7, 5)

k=0
foralli >7>5>1.

We define a® (i, j) = W, _1,_1(i,j) for k = 0,1,....,n — 1. Then we have
Wn—l,l@?j) = a(n—l) (Zaj) and

n—1

a(n_l)(iaj) ~ Z Wn—k—171(i77—)a(k)(77j)7 l Z T Z j
k=0

Since Wy 1(i,7) = 1, if (a®)(i, j)) € O} for k = 0,1,..n— 2, then we obtain
that (e (i,5)) € O ;.

By assuming that L =n—1land m=n—%, 0 <k <n—11in (2.21), we
obtain

a(k)(za.]> ~ Z erl,nfk(ivT)anl,r('nj) (224)

r=n—=k

k
— Z Wn—r—l,n—k(iu T)a(r) (Tv ])
r=0
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foralli >7>j5>1.
If k=0, then a((i, j) = W, _1.,(1,7) = 1. Therefore, (a\”(i, 7)) € OF .
If £ =1 by (2.12) and (2.24) we obtain that

a(l) (27 j) ~ anl,nfl(iu T)G(O) (T7 j) + Wn72,n71(i7 T)a(l) (7—7 j)

= aW(i,7) +aP (7, ),

which implies that (a*) (3, 7)) € OF.

Assume that (a(i,j)) € Of for r = 0,1,...,k — 1, k > 1. Since
Wik-1nri(i,7) = 1 for k = 0,1,...,n — 1 from (2.24) it follows that
(a®(i,5)) € OFf for k = 0,1,...,n — 1. Therefore, (W,_11(i,7)) € O},
for n > 1.

Thus, we prove that the matrix (W, _11(i,)) belongs to the class O, ; N
O,

2. By definition, the series ) f; is summable with sum s by the Holder
j=1

method (H, n) if

lim H" = s,

1—00

where ,
1
=8 = E fja
i=1

o H b+ HMY

(2 . Y

(4

This summation method was introduced by O. Hélder [118] (see also [119]) as

i=1,2,..

a generalization of the summation method of arithmetic averages.

The expression H can be written in the following form

kn—1 kn
Hi' = (H"f)i Zk Zk Z szﬂ
ki=1 " F kp=1 "2 n11 D=1 j=1

If we consider the operator of multiple summation of order (n+1) by taking

Wik = k;l, for 1 <1 <n—1and w,y, =1, then we obtain
n 1 k‘n

(Snsrf)i Zklzkg Z ZZf]_@H"

k1=1 kp_1= k—ljl
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According to the previous example, the matrix of the operator of multiple
summation of order (n+ 1) belongs to the class O N O, , n > 0. Therefore, we
obtain that the Holder’s matrix of order n belongs to the class 0O, N O,
n >0, where ¢ = {1},

3. We consider Cesaro summation method, which is a matrix summation

method with matrix (af;), where
'k—'l
o .
S S 2
af; =1 "
0, j7>1
and T — (k+1)(k+"2)...(k+i).
_ 1 _
If £ =1, then a;; = ; +1’ which gives a Hardy operator and we already

know how to estimate a Hardy operator in weighted spaces of sequences, on
the cone of monotone sequences (see e.g. [3]).

If k> 2 for j <, we have

k-1
af; = T}; = TG +k2>m(z, vy (i—j+D(—j+2)(i—j+k—1).
We set
= fay; ",
where Eigkfl) =(i—j+1)(i—3j+2)..(i—j+k—1)and ¥F = m

Now we prove that the Cesaro matrix (a? ;) belongs to the class YOO N
Pk (9,; 1, k> 1, where Y = {3pF1 . For that purpose, we need to prove
that (@ ") € Of , NO . k>2.

We assert that for VI > 1 the following factorization is valid

A ==+ D)i—j+2).(—j+1) = Za”d;”J Vi>s>j, (2.25)
where dlsl] =1 for any [ > 0, d;;’l = 0 for any [ > 0, and dv’ =d,; L1
A=y —1+s—j) fory=0,..,1—-1,1>1

Ifl =1, then’dg}j) =(i—j+1)=>G(—s+1)+(s—7) —a(1)+d01 where

ENE
d(s)j1 =s5—jand ZL’E}OS) = 1.
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By induction, we assume that (2.25) holds for [ = 2,....7 — 1, r > 2 and
we prove that (2.25) holds for [ = r. We assume that dzv’;_l =0if v < 0. For

Vi > s > j we obtain

A = (Z—j+1)(2—j+2) (i—j+r)=a i —j+7)

AT (= s+ y+ D)+ (r—y =1+ (s~ )

I
P1H

3 2
it

= > ald i s+y+1)

v=0
r—1
+ (mdz; l(r_’y ) zsdz; 1( _])>
v=0
r—1
= Dl +§:¢2@51 (r=y=1+5-3)
v=0

= Z a; zjlr 1+Za§75 s,j _7_1+S_j)
y=1
—i—dmT Y(r —1—1—3—])

= ZS+Z< zl)dzng 1+ Esdz,; 1(7"—7—14—8—]))
+ff1(—1+s—ﬁ

= zs+z zs d7 1T1+d’Y7" 1( _7_1—’_5_]))

p— 77
- zs+§ : ’LSde7

where d]’} = dz,;l’r_l + dzj;_l(r —y—=1+s—7).

By definition of classes O;, [ > 1 we see that the matrix ( ) belongs to
the class O; . We assume that the matrices (E”)) belong to the classes O, for
[ =2,..r—1. We see that for (51(-;)) equality (2.25) holds. By assumption (5513)
belong to the classes O, for [ = 1,2, ...r — 1. Then equality (2.25) implies that
(Zig;)) belongs to the class O, .

In the same way one proves that for ( ) [ > 1 the following factorization
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is valid
1
al) =>"eal) vizs>j (2.26)
~v=0
L _ —1,0 _ ly  I-1y—-1
where e = 1 for any [ > 0, e; ;7 = 1 for any [ > 0, and e;/; = ¢;, +
62;1’7(2' —s+l—vy—1)fory=0,..,0l—1,1 > 1. Moreover, as above we obtain

that (Ziflj)) belongs to the class O}, 1 > 1.
Therefore, we see that ('d(l;*l)) € O ,NO;_,, k > 1. This implies that the

2,

Cesaro matrix (aﬁj) belongs to the class 1/1(’“)(’),:_1 N a*) w1 k> 1.
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2.4 Necessary and sufficient conditions for the
boundedness of matrix operators in weighted
spaces of sequences, the case 1 < p < ¢ <
.

In this section we give necessary and sufficient conditions for the boundedness

of the operators AT and A~ from the weighted I,, space into the [,, space

when the corresponding matrices belong to one of the classes O and O,,,

n > 0.

We define

Q=

Q=

jo

We set BT = sup <B;:‘I)k;’ B~ = sup (B, )k, AT = sup (A;q)k and A~ =

k>1 k>1 k>1
sup (A~ ,), .
kZl( P7Q)k

Theorem 2.10. Let 1 < p < ¢ < oco. Let the matriz (a;;) in (2.1) belong to
the class Of, n > 0. Then the estimate (2.3) for the operator defined by (2.1)
holds if and only if at least one of the conditions BT < oo and B~ < oo holds.

Moreover, BT ~ B~ ~ C, where C is the best constant in (2.5).
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Theorem 2.11. Let 1 < p < ¢ < oco. Let the matriz (a; ;) in (2.2) belong to
the class O,., m > 0. Then the estimate (2.3) for the operator defined by (2.2)
holds if and only if at least one of the conditions AT < oo and A~ < 0o holds.
Moreover, AT =~ A~ ~ C, where C is the best constant in (2.3).

Here we present only the proof of Theorem 2.11, since the proof of Theorem
2.10 is very similar.

For the proof of Theorem 2.11 we need the following.

Lemma 2.12. Let the matriz in (2.2) belong to the class O,,, m > 0. Then

m?

for k > 1 we have the following equivalence

(A;q)k ~ (Ap), = max (A,,), ~ (A, )k, (2.27)

0<y<m 7 P

where

By (2.27) it follows that

AT = A, =sup (Ap), =A™, VYm>0. (2.28)

k>1

Indeed, this equivalence follows from (2.18).

Proof of Theorem 2.11. Necessity. Suppose that the matrix of the
operator (2.2) belongs to the class O, , m > 0 and (2.3) holds.
u, 1<i1<k

0, >k
It is known that inequality (2.3) holds if and only if the following dual

For k > 1 we assume that g = {g;}3°;: ¢ =

inequality
HA*g”p/,v‘l < CHQHq’,u—lv g € lyu (2-29)

holds for the conjugate operator A*, which coincides with the operator defined

by (2.1). Moreover, the best constants in (2.3) and (2.29) coincide (see e.g.,

2])-
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Hence, choosing g = ¢ in (2.29) and by exploiting (2.17), we obtain

/ -

) k p P
ChE > ATl > z(za,@%)

i=k \j=1
1
0 P’ , 'y k
> (Z (agl)> Uz‘_p> (Zdz;nuj> ., v=0,1,...,m.
i=k j=1
Therefore {aE’Vk) 21 € Ly 1.

Now for 1 < r < M < oo, we assume that f = {f,}°2,, where

~ (ag}))plflv;p/, r<s<mM
fs =

0, s<r or s> M.

By choosing f = ]?in inequality (2.3) and exploiting (2.17), we find that

M 5 00 00 4 ‘
C (Z (al))"” ) > [|A fllgu = (Z (Zaﬁf?)fs) u)

s=r Jj=1 s=j

which implies that

r Y / 5
C>><Z(d3,’}n)qu?> (Z(@‘J))p vf’) - (2.30)

7j=1 s=r
Since inequality (2.30) holds for all v = 0,1,...,m and r > 1 is arbitrary,

passing to the limit as M — oo we have

sup (A,,), < C. (2.31)

k>1

Then by Lemma 2.12, we obtain
AT~ A < C (2.32)

and thus the proof of the necessity is complete.
Sufficiency. Let the matrix (a; ;) of the operator (2.2) belong to the class
O,,, m>0.Let 0 < f €1,, and at least one of the conditions A" < co and

A~ < oo hold. Assume that m = 0. By the definition of O, the matrix of
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the operator (2.2) has the form az(?j) = [; Vi > j > 1. Then the estimate (2.3)
coincides with the estimate (2.6) and the operator (2.2) is the matrix operator

A, . Hence from Theorem B it follows that

||A6f|’q,u < AOHpr,v Vf € lp,v'

Based on Lemma 2.12 it follows that the inequality (2.3) holds for m = 0 and

for the best constant in (2.3) the following estimate is valid
C< AT = A" (2.33)

Now we assume that the inequality (2.3) holds form =0,1,...,n—1,n > 1
and for the best constant in (2.3) the estimate (2.33) is valid. We consider the

inequality
[Anfllgw < Amllfllpe VS € b, (2.34)

where A is given by (2.2) with the matrix (al(-?)) €0,

Now our aim is to show that the inequality (2.34) holds for m = n with
the estimate (2.33).

Let h = h,, where h,, is the constant in (2.14) with m = n. For all j > 1

we define the following set:

Ty={keZ:(h+1)* < (A;f) },

J
where Z is the set of integers. We assume that k; = inf T}, if T; # () and
kj = oo, if T; = (). In order to avoid trivial cases we directly suppose that
(A, f), # 0. Since aglj) is non-increasing in j, we have k; < k;j1. If k; < oo,

then

(h+ 1) < (A f), < (h+1)"®"D >0 (2.35)

J
Let miy = 0, ky = kpy41 and My = {j € N: k; = ki = kyy 11}, where
N is the set of natural numbers. Suppose that my is such that sup M; = mso.

Obviously my > my and if the set M is bounded from above, then my < oo and

ms = max M;. We now define the numbers 0 = m; < map < -+ < my < o0,
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s > 1 by induction. To define mgs,; we assume that mgy; = sup My, where
MS — {j c N . k] - km5+1}.
Let Ny = {s € N: m, < oo}. Further, we assume that k,, , = ns1, s €

Ny. From the definition of m, and from (2.35) it follows that, for s € N,
(h+ 1) < (A f), < (h+ )70 m +1<j <mey (2.36)
and

N = U [ms 4+ 1,mgy1], where [ms+ 1, meq] N my+1,myq] =0, s #1.
EIS)

Therefore, for 0 < f € [,,, the left-hand side of (2.3) has the following form

ms41

1AL FIg =D > (ALf)Tul. (2.37)

s€No j=ms+1
mst1
We assume that > =0, if m, = oo.
There are twé:pnéssgible cases: Np = N and Ny # N.
1. If Ny = N, then we estimate (2.37) in the following way.
Clearly inequalities ns11 < ngio < ngyg imply that —ng 3 +1 < —ngyy — 1

for all s € N. Hence, (2.36), (2.18) imply that

(h+ 1)t = (b4 1)+ — h(h+ 1)t (2.38)
< (h+ 1)+ — h(h+ 1) ettt
< (Aif)m s+1 - h (Aif)ms+3
- Z almsﬂfl_h Z a”ﬂs+sfZ
= =M1 1= =Ms+3
ms43 o] ( )
n n)
S Z 1, m5+1 -fZ Z [ai,ms+1 - ha’l(,ms+3]fi
T=Mst1 1=Ms43
Mst3 o0
< Z al ms+1 fit Z [ Z al m s+3 s, M1 hag%ws]fi
= =M1 i_ms+3
Ms+3

- Z azm+1fl+h Z ZalmaJrS ms+dms+1f

1=Ms41 i=ms43 v=0
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Now, by using (2.36) and (2.38), we can estimate (2.37) in the following

way.
Ms+1 Msi1
> 2 (Mnfui <D > ()T (2.30)
seEN j=ms+1 SEN j=ms+1
msit1
= (h+ 12> (h+ 1) 3l
sEN .7 ms+1
q
Ms+3 Msi1
'Y» . § : q
<<Z Z azmé+1fl+h’z Z a1m5+3 ms+37ms+1fl uj
SEN \i=ms+1 =0 i=ms43 j=ms+1
Ms+3 Ms+41
E (n) 2:
<< Z a/ivm.s«l»l fl u
SEN i:merl ] ms+1
0 Ms+1 n—1
T E ™) . § : q._ 2:
+ZZ dme+37mq+1 ai,ms+3f2 u- = [n + I’Y?
Y= =0 se N i:ms+3 J =ms+1 7:0
where
Ms+3 Ms+1
— (n) } :
o Z Z aizms+lfi u
SEN i=m5+1 ] ms+1
and
o0 Ms41
Ysn § : B
Z dms+3:ms+1 zms+3fl g U 0 S ’y S n 1
&N i=mats j=mat

To estimate I,, we apply Holder’s and Jensen’s inequalities and find that

Ms+3 7;1/ ms41 Ms43 %
Loo< Do D0 @ e Y u | Y il (2.40)
seN \i=msi1 Jj=ms+1 1=Ms41
1 1949 4
k q oo o Msy3 P
< () (D) | (S o
k=1 j=1 i=k SEN \j=mst1
r 1 1 A
k q 0o o’ Msi3 P
< (X wpra) (z<aﬁzw) > 5 g
_k21 7=1 i=k ] SEN i=msy1
< AL
Ms+1
We introduce the sequence {A;}32, defined by A; = (d],;ﬁs,msﬂ)q > uj,
j=ms+1

j = msgs and A; = 0, 7 # mg3, s € N. Hence, we can rewrite I,
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v=0,...,n— 1 in the following form.

q

o0 Ms+1
q
L= 3 afi] (@) D ul (241
SEN \i=msy3 i=ms+1

£

By the assumptions on az(?, v=0,....,n—1,7> 7 > 1, we have the validity

of (2.34). Therefore,
L< Alflle, v=0,....,n—1, (2.42)

where

1

Ao (S () s) (D)) e

j=1 i=k
Using (2.16) and taking into account that di? is non-decreasing in ¢+ and non-

increasing in j, we find that

k q M1
S (d) A S () @) > wl (244)
i=1 mara<k o

Ms+1 k
« XS (@) ey (@)
ms+3<k i=ms+1 i=1
By combining (2.42), (2.43), and (2.44), we obtain that
L < A1 (2.45)
Thus, from (2.39), (2.40), and (2.45) it follows that

147 Fllgu < Anl[ fllp.v: /=0, (2.46)

which means that inequality (2.3) is valid. Hence, by Lemma 2.12, we obtain
that

C< A, ~ At~ A". (2.47)

2. If Ny # N, then max Ny < oo and Ny = {1,2,...,80}, so > 1. There-

n
fore, mg, < oo and mg, 41 = 0o. We assume that > = 0, if & > n and
s=k
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n n

> =>,if £ < 0. We have two possible cases: ng,11 < 0o and ng,11 = oo.
s=k s=1

We consider these cases separately.

1) If ngy41 < 00, then from (2.37) it follows that

Ms41

1AL lg. = > D> (Auf)jul (2.48)

s€Np j=ms+1

S0 Ms+1
= > > (AN
s=1 j=ms+1
so—3 Ms41 so—1 Mst1
= 2 2 (At 3 ) (A
s=1 j=ms+1 s=so—2 j=ms+1
+ > (ATl
J=msy+1
- J1+J2+J3.

If J; # 0, then for sy > 3, we estimate J; using (2.38) and the previous proof

for the case Ny = N as in estimate /,. Hence, we get
I < AL fIL (2.49)

If J5 # 0, then by using (2.36) and applying Holder’s and Jensen’s inequalities,
we obtain the following estimate

so—1 Ms41

o= > Y (A, f)] (2.50)

s=s50—2 j=ms+1

so—1 Ms41

< Y (b )iy

s=s0—2 j=ms+1

so—1 Ms41
= (h+1)1 g (h 4 1) "e+1d E uj
s=s0—2 j=ms+1
so—1 Ms+41
< E (An f)ms+1 E u;
s=s0—2 Jj=ms+1
so—1 o0 Ms41
_ (n) q
= 2| 2 amafi] 2 Y
s=50—2 \i=msy1 j=ms+1

IA
]
]
=
t
=t
@@%

(\

|
gk
QQQ
N—————
<l
WE
=3
=
i
RS




IN WEIGHTED LEBESGUE SPACES 59

IN

o] i’ k a1 so—1 00 %
sup (Z(aﬁ,’;’)p’v;p’)p (Zu‘j)q Z > |uifil

k21 i=k s=80—2 j=ms41

< 24007150 < ARG,

Using (2.36) and applying Hélder’s inequality we estimate J3 in the following

way.
oo
Ty o= > (A )l (2.51)
j:mso+1
t

< sup Y (ALf)jul

t2m50+1 j:mso+1

¢
< (h+1)7 sup (A1) Tont Y
t>msg+1 J=msy+1
t

< swp (A4 N) D

t2Msgt1 j=msy+1

9] q t

= sw | Doals) Y

t2msot1 \ = j=masg+1

. 1749
9) o t a

< owp (Damw) ] | s,

t2Misgt1 i=t j=msy+1
< ALSIZ.

By (2.48), (2.49), (2.50), and (2.51) we obtain (2.46) and, consequently (2.47).

2) If ng1 = oo, which means that k,,, ,, = oo, then by the definition
of mg,41 we have k; = oo and T; = 0, if j > my, + 1, ie, (A f), = 0, if
Jj > mg, + 1. By the assumption that (A, f), # 0 it follows that sy > 1.

Therefore, my < oo and sg > 2. Thus by (2.37) we have

Ms+1

1AL, = D0 > (Auf)jul (2.52)

SENO j:ms+1

Sg—3 Ms+1 so—1 Ms+41
_ -r£\9,4 -r\9,4
= 2 2 ANid+ X D (A
s=1 j=ms+1 s=sp—2 j=ms+1

= J+J.
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By estimating J; and J; as J; and Jo, respectively, from (2.52) we obtain
(2.46) and, consequently (2.47). Therefore, we see that inequality (2.34) holds
for m = n and the estimate (2.33) is valid. This means that inequality (2.34)
holds for all m > 0 with the estimate (2.33), which together with (2.32) gives

C =~ A,,. Thus the proof is complete.
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2.5 Compactness criteria of matrix operators

in weighted Lebesgue spaces.

This section is devoted to the compactness criteria of the matrix operators A™
and A~ from the weighted [, ,, space into the [,,, space when the corresponding

matrices belong to one of the classes O and O, n > 0.

Theorem 2.13. Let 1 < p < ¢ < oo. Let the matriz (a; ;) of (2.1) belong to
the class O

n

n > 0. Then the operator defined by (2.1) is compact from l,,

into g, if and only if at least one of the following conditions holds

Jim (B)), =0, (2.53)
Jlim (B,,), = 0. (2.54)

Theorem 2.14. Let 1 < p < g < oco. Let the matriz (a; ;) of (2.2) belong to
the class O,,, m > 0. Then the operator defined by (2.2) is compact from I, ,

into g, if and only if at least one of the following conditions holds

Jim (A7), =0, (2.55)
lim (A, ), = 0. (2.56)

Now we give the proof of compactness for the class OF, n > 0.
Proof of Theorem 2.13. For the proof of Theorem 2.13, we need the

following equivalence

(B;q)k ~ (B,), = max (B,,), = (B, )k, (2.57)

OS’YS’H ’ p,q

where

Q=

(Byn)y, = <Z (bzg)q uf)

i=k

k ’ g
o
(z (462) ) .

j=1

The equivalence directly follows from (2.12).
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Necessity. Suppose that the matrix of operator (2.1) belongs to the class O,
n > 0. Let the operator (2.1) be compact from [, into I, .

For r > 1, we introduce the following sequence:

[o¢] f”‘?‘
$r = {Qpr,j}jzl : Prj = I H] )
r||p,v

p'—1 /
. (a)" e 1<
where f, = {fr,j}j:l: frj =

0, j>r.
It is obvious that ||¢;|l,» = 1. Since the operator (2.1) is compact from

lpv into I, the set {uA* g, |||y, = 1} is precompact in /,. Hence, from the

criterion of precompactness of the sets in [, (see Theorem C) we conclude that

lim sup (Zuf (A*go)?) =0. (2.58)

" lepllp,0=1

Moreover, by using (2.11) we have that

sup (Z u? (A*gp)?) ‘1 > (Z u? (A*goﬁ?) q (2.59)

llellp,v=1 i=r
1
00 i a9\ ¢
(Y (Sl
7 1,
=7 jil ! ||f7"”P77J
1
00 r 9\ ¢
> (Lt Sat it
i =B PR
N oy Y (= oy )
— q n Y —Pp Y —-bp
= Zuz Z%‘ (%j) Yj (“m‘) Yj
i=r j=1 j=1

Q=

> (Yo <b?,;7)q> (Z (a)" ) B,

j=1
Since inequality (2.59) holds for all v = 0, 1,...,n and from the validity of
(2.58) we obtain
lim (B,), =0

The proof of the necessity is complete.

Sufficiency. Let the matrix of operator (2.1) belong to the class O, n > 0.

n

Assume that at least one of the conditions (2.53) and (2.54) is valid. Then, by
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Theorem 2.10, the operator (2.1) is bounded from [, , into [,,. Consequently,
the set {uA*f, ||fllpo < 1} is bounded in [,. Let us show that this set is
precompact in [,. By the criterion on precompactness of the sets in [, (see

Theorem C), the bounded set {uA" f, ||f||,» < 1} is compact in [, if

lim sup (i uf| (AT f), \q> q = 0. (2.60)

TSl <1\ G2

B 0, 1<i<r—1

For r > 1 we assume that v = {u;}2,: u; =
u;, 1T < 1.

Then, by Theorem 2.10, we have that

sup (Zuﬂ(ﬁf)irq)q: sup (Z”dﬂww) < Bu(r), (261)

1 £llp. o<1 \ ;= 1£llp, o<1 \ ;=4

Qe

where

~|

50 % k » o
B,,(r) = sup max b"V : ( ) .

Since u; = 0 when 1 < i <7 — 1 we have

Q|-
R
<

™
o
~—
:SA
.2
N——
’E\
=
\—/
Ry
~—~
[\]
D
[\
S~—

) s (300

i=k
= sup (Bn),
k>r
By (2.53), (2.54), (2.57), and (2.62) we deduce
lim B,(r) = lim sup (Bp), = lim (B,), = 0.

r
T—00 r—00 k>r r—00

Hence, by using (2.61) we obtain (2.60) and the proof is complete.

Theorem 2.14 is proven in a similar way.
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2.6 Boundedness and compactness of a class of
matrix operators, the case 1 < p < ¢ < oc.

Proof of the main result.

In this section we give criteria on boundedness and compactness of the matrix
operators AT and A~ from the weighted [,,,, space into the [ ,, space when the

corresponding matrices belong to class O U O, m > 0.

Theorem 2.15. Suppose that 1 < p < q < oo. Let the matriz (a;;) in (2.1)
belong to the class O U O, . m > 0. Let AT be the operator defined in (2.1).
Then the following statements hold:

(i) AT is bounded from l,, into l,, if and only if at least one of the
conditions BT < oo and B~ < oo holds. Moreover Bt ~ B~ ~ C, where C is

the best constant in (2.3).

(ii) AT is compact from l,, into l,., if and only if at least one of the
conditions lim (B},), =0 and lim (B, ), =0 holds.

Theorem 2.16. Suppose that 1 < p < q < co. Let the matriz (a; ;) in (2.2)
belong to the class O U O, . m > 0. Let A~ be the operator defined in (2.2).
Then the following statements hold:

(7) A~ is bounded from l,, into ly, if and only if at least one of the
conditions AT < 0o and A~ < 0o holds. Moreover AT ~ A~ ~ C, where C is
the best constant in (2.3).

(77) A~ is compact from 1, into l,, if and only if at least one of the
=0 and lim (A )k = 0 holds.

o . +
conditions lim (.Ap,q) k—oo P

k—oo

k

Now based on the results of Sections 2.4 and 2.5 we prove Theorem 2.15.
The proof of Theorem 2.16 can be carried out by the same method as in the
proof of Theorem 2.15. Hence we give the proof of Theorem 2.15.
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Proof of Theorem 2.15.

(i) If the matrix of (2.1) belong to O} m > 0, then the statement (i)
of Theorem 2.15 directly follows from Theorem 2.10. Suppose that the matrix
(a; ;) = (ag?) of (2.1) belongs to O,,, m > 0. It is known that the boundedness
of the operator (2.1) from [, into [, is equivalent to the boundedness of the
conjugate operator from [, ,-1 into I,y ,-1, which coincides with operator (2.2).
From the condition that 1 < p < ¢ < oo it follows that 1 < ¢’ < p’ < co. Then
by Theorem 2.11 and the identities (.Aj,’p,)k = (B;q)k and (Aq_,@,)k = (B;q)k )
the boundedness of the operator defined by (2.2) from [, ,-1 into I, ,-1 is
equivalent to the conditions of the statement (i) of Theorem 2.15. Hence the
statement (i) of Theorem 2.15 is also valid in the case when the matrix of (2.1)
belongs to O,,, m > 0. Thus the proof of the statement (i) of Theorem 2.15 is
complete.

(i)  Let the matrix of (2.1) belong to O}, m > 0. Then the statement
(i1) of Theorem 2.15 follows from Theorem 2.13. If the matrix (a; ;) = (al(-?))
of (2.1) belongs to O,., m > 0, then by arguing with Theorem 2.14 as above
statement (i7) of Theorem 2.15 follows. Thus the proof of Theorem 2.15 is

complete.
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2.7 Boundedness criteria of a class of matrix

operators, the case ¢ < p.

In this Section we obtain necessary and sufficient conditions for the bounded-
ness of the matrix operators AT and A~ from the weighted [, space into the

weighted [, ,, space in case 1 < ¢ < p < oo0.

In this Section we consider inequality (2.3) under the Assumption A (see
condition (2.4)).
We note that from (2.4) it easily follows that

daj > @i, (2.63)

dai,j Z kawi, (264)
fori>Fk>j>1.

Theorem 2.17. Let 1 < ¢ < p < co. Let the entries of the matriz (a; ;) satisfy
Assumption A. Then estimate (2.3) for the operator defined by (2.2) holds if
and only if F' = max{F), Fy} < oo, where

p(g—1)
p—q

p
0 7 p—q 0
/ / / /
— q ., P p,—p
Fy = E g bi ju; g wy, Uy, w; v,
i=1 \j=1 k=i

and
a(p—1)

) q Pq
00 1 P—q 0 pP—q
/ /
— q P =P q
Fy = E ( g uj) ( E ay. Uy, ) u; .
i=1 \j=1

k=i

Moreover, F' =~ C, where C' is the best constant in (2.3).

Proof of Theorem 2.17. Necessity. Let us assume that (2.3) holds for a
finite constant C'. Let m > 1. Then we take a test sequence }; = {fmk}zo:l

such that

1

d a .4 T o' —p e p'=1 —p
P by, ju dowlv; wp vt if 1<k <m,
m,k — =1 i

j
0, if &> m.
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o = ( fﬁi,wi) (2.65)
k=1

1
p(g—1) P
p—q

_p_
r—q m
_ P, —p P —p
= E E by juj E w; v, Wy, Uy,
i=k

Substituting f,, in the left hand side of inequality (2.3) and using (2.8) and
(2.64), we deduce that

_ m m _ m _ q—1
Al > 3 afs (zf) uz
k=1 j—k i=j

m j m q-1
NS (zf)

j=1 k=1 i=j

m j m q-1
o 3 T St (zf)

j=1 k=1 i=j

= medwj Zukb?k sz <Z bzs s)

Then

1 fom

_1
p—q

g=1 g-1
m / / p=a / /
P, —p p'—1, —p
X E Wy, Uy, w; v
k=i
. g=1
J P—q
q14
> E fm,JWJ E :ukb]k: E :
g—1\ q—1

p=1 (p—1)(g—1)

m J p—q m p—q
A q ..q o —p
> E frm,jwW; bjﬁus wi v;

j=1 i=j
_r_ p(g—1)
m i P—q m p—q
_ q .4 P —p =P
= E (E bj7sus> (E w; ; ) w;i vt
j=1 \s=1 i=j
which implies that
P p(g—1) %

m j P—q m Tp—aq
1A™ finllgu > Z(Zbg,su‘;) (walvi—p) o | (2.66)
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From (2.3), (2.65) and (2.66) it follows that

p(g—1) pa
m
=1

. _p_
J pP—q m p—q
r_ ro_
E E b} Jul g WP wj vy " < C
=1 i=j

J

for all m > 1. Since m > 1 is arbitrary we have that
P <. (2.67)

We know that inequality (2.3) holds if and only if the following dual in-
equality

HA*QHP’,U*I < OHqu’,u*% g€ lq’ﬂf1 (2-68)

holds for the conjugate operator A*, which is defined by (2.1). Moreover, the
best constants in (2.3) and (2.68) coincide.

Now let m > 1. By taking a test sequence G, = {Gm }7o; such that

1
k qu m , 7((]7;1,),(271)
I > uj <Za£kv;p> ul for 1<k<m,
Imk = j=1 i=k
0 for k>m.

we have that

S
a(p—1) 7

m k ﬁ m , , P—q
(Gl = | D <Z u?) (Z ag{kvgp> ul | (2.69)
j=1 i=k

k=1

By using (2.7) and (2.63) we deduce that

/

m 7 p
TR z(zg)

i=1 \j=1
/
m i J p-1
~ —~ _p/
> E E Q. 59m.;j E i kGm.k v;
i=1 j=1 k=1
/
m m i p-1
~ ~ 7p/
> E gm,jE aj; @i kGm.k U,
j=1 =5 k=1

/
m m

j Pl
S (z)
k=1

J=1 =]
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. g=1
m m J k p—q
_ ~ p - q
= E :gm,y E a; ;; § E Ug
j=1 i=j k=1 \s=1
(a=1)(p=1) p'-1

pr—q

m

p = q

X E a; kY Uy,
i=k

a=1 . g=1\ P'—1
m m m p—q J k P—q
~ p/ _p/ p/ _p/ q q
> Z Ym.j Z ;.5 Vi Z a; Vi Ug, Ug
j=1 i=j i=j k=1 s=1
p—1 . 1
m m p—q J p—q
— ' p/ _p/ q
> D G | D abjv; > uf
j=1 i=j k=1
. _a_ a(p—1)
m J P—q m p—q
j=1 \k=1 i=j
which implies that
1
. a4 a(p=1) o
m J P—q m p—q
*~ q p/ _p/ q
||A gm”p’,v*l >> § ( E uk) ( § ai,jvi ) u] . (270)
j=1 \k=1 i=j

Since m > 1 is arbitrary, then (2.68), (2.69), (2.70) imply that F;, < C. Hence,
(2.67) implies that

F<C. (2.71)

The proof of the necessity is thus complete.
Sufficiency. Let F' < ooand 0 < f €1p,.

For all j > 1 we define the following set:

Ty={keZ:(d+1)"<(Af).},

J
where d is the constant from (2.4) and Z is the set of integers. We assume
that inf 7; = oo, if T; = () and k; = inf T}, if T; # 0. We can clearly assume
that (A~ f), # 0. Without loss of generality, we may assume that a; ; is non-
increasing in j, otherwise we take a, ; ~ a;; = sup a;j. Therefore k; < kj;;.

j<k<i
If k;j < oo, then

d+1)™M<(Af), <@+1)" %D >0 (2.72)

J
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Let my =0, ky = kpy+1 and My = {j € N: k; = k) = kpyy11}, where N
is the set of natural numbers. Suppose that msy is such that sup M; = ms.
Obviously ms > mq and if the set M; is upper bounded, then ms < co and
mo = max M;. We now define inductively the numbers 0 = m; <ms < ... <
ms < 00, s > 1. We set mgyq = sup M, where My ={j € N : kj =k 41}

Let Ny = {s € N: m, < oo}. Further, we assume that k,, , = ne1, s €

Ny. From the definition of m4 and from (2.72) it follows that
(d+1)"+ < (A*f)j <(d+1) 0 1< <mg (2.73)

for all s € Ny. Then

N = U [ms + 1,msy1], where [ms+ 1,mep] N my+1,my] =0, s #1.

s€Ny

Therefore
Ms+1
1A Flgu=2_ D (Af)juf (2.74)
s€ENg j=ms+1
Ms41
We assume that . =0, if my; = oc.
Jj=ms+1

There are two possible cases: Ny = N and Ny # N.
1. If Ny = N, then we estimate the left hand side of (2.3) in the following
way.

Clearly inequalities ns11 < ngio < ngyg imply that —ng 3+1 < —ngyy — 1

for all s € N. Hence, (2.73), (2.4) imply that

(d+ 1) = (d+ 1) —d(d+ 1) (2.75)
< (d+ 1)t —d(d A 1) et

< (A*f)ms+1 —d(A™f)

Ms+3
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) [e's)
= § Qjmsqq fl —d E Aimgqs fl
T=Mg41 1=Mg43
Ms+3
S E a; ,Ms+1 fz § [ai,ms+1 - dai,ms+3]fi
1=Ms41 1=Ms43
Ms+3
< E Qi fi
i:m5+1
+ § : [d<a’i7ms+3 + bms+37ms+lwi) - da’iyms+3]f7:
1=Ms43
ms+3 o
- E Qi mg iy fz + dbms+3,ms+1 E szz
1=Mst1 1=Ms43

Now, by using (2.73) and (2.75), we can estimate the summand on the left
hand side in (2.3) in the following way:

Ms4+1 Ms41

> ) (A f)uf < > ) (A 1)t (2.76)
seN j=ms+1 seEN j=ms+1
Ms+1
— 2q (=ns+1—1)q q
— @+ 12> (d+1) S
seN Jj=ms+1
Ms+3 o0 a Ms+41
q
< § E Qi mg iy fz + dbms+37ms+1 E Wifi E U,
seN T=Mg41 1=Mg43 Jj=ms+1
Ms43 Mms41
< g E Wiy fi E U
seN 1=Msy1 j=ms+1
q
o0 Ms41
q 3 q._
+ Z bms+37ms+1 Z wifi Z Uj = S1+ 52,
seN i:ms+3 ]:ms+1
where
Ms43 msi41
S = E E ai,ms+1fi E U
seN \i=ms41 Jj=ms+1
and
[ee} mMs+1
: : bms+57ms+l : : wlfl : : u
seN 1=Ms43 j=ms+1

To estimate S7, we apply the Holder’s inequality in the inner summand with

the powers p, p’ and in the outer summand with the powers 1%1’ 5 , and we
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obtain that

Ms43 ﬁ Ms43 % Mst1
/ .
S1 < Z Z U Vi Z vi fil? Z ui  (2.77)
seN \it=msyi1 i=msq1 j=ms—+1
a(p—1) Y %
ms+43 p—a Ms+1 —q
p/ —P/ q
< T X S )
seN T=Mgt1 j=ms+1
q
Ms43 p
~\P—4
<D0 X0 lfil ) < )T,

seEN i=mgsy1

By (2.8) and (2.63) we can estimate Fy as follows:

a(p—1)
p—q

D (D S (Z ) o ew

seN \i=msyi1 Jj=ms+1
a(p—1) q
Ms+3 p—q Mst1 Ms+1 P—q
§ : § : P’ —p/ § : } : q q
< aiymerl/Ui Uy, uj
seN 1=Mg41 J=ms+1 k=j
q a(p—1)
Ms+1 Ms41 P—q 0o p—q
q p —p q
<D > (> > dhu U
seEN j=ms+1 k=1 1=Mgs41
. _4q a(p—1)
o J rP—q o0 pP—q
q p = q =
< g E Uy, E a; ;V; u; = Fy".
j=1 \k=1 i=j
By (2.77) and (2.78) we deduce that
q q
St < FY| fII3 - (2.79)
Ms+1
; oo — X q
Next we introduce the sequence {A;}52, such that A; =68, .~ > 1 uy,
i=ms+

Jj =mg3 and A; =0, j # msys, s € N. Hence, we can rewrite Sy in the fol-

lowing form:

0 ? Ms41 %) 00 q
So=> | D wifi| Wi D usz(Z%ﬁ) A, (2.80)

seN 1=Mg43 i=ms+1 7j=1

Thus, by Theorem B, we have that

Sy < H|f]2 (2.81)

p7’U’
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where

[e’e) k p}%q e p—q
H= (Y (Z Ai> (Z wg?'vgp') o | (2.82)

k=1 \i=1
By Assumption A, b; ; is almost non-decreasing in ¢ and almost non-increasing

in 7, and accordingly,

k Ms+1
. — q q
YA =Y W, > (2.83)
1=1 ms+3<k Jj=ms+1
Ms+1 k
q q q q
< DL W<y ofl
ms4+3<k j=ms+1 Jj=1

By combining (2.81), (2.82) and (2.83), we obtain
Sy < FY|If113,0- (2.84)
Thus, from (2.74), (2.76), (2.79) and (2.84) it follows that
IA™ Fllgw < Fll fllpo fz0. (2.85)

This means that inequality (2.3) holds and that C' < F', where C' is the best
constant for which (2.3) holds.

2. If Nyg #N, i.e. max Ny < oo and Ny = {1,2,..., 80}, so > 1. Therefore
ms, < 00 and mg,+1 = 0o. We assume that Z =0, if £ > n and Z Z if
E < 0. We have two possible cases: ng,41 <S:cfo and ng,4+1 = 00. \87\75 corslsilder

such cases separately:

1) If ng,41 < oo, then from (2.74) it follows that

Az, = XY Afu—XjZ (A7)] (2.86)
SENg j=ms+1 s=1 j=ms+1
So—3 Ms+1 Ms41
= > Y ANl +Z Yo (ANl =6+
s=1 j=ms+1 s=s0—2 j=ms+1

If I # 0 then we estimate [; using (2.75) and the previous proof for the case
Ny = N. Hence, we obtain

I < FOf]2,. (2.87)
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By using (2.73) and applying the Hélder’s inequality with the powers p, p’

and with the powers -~ , we obtain the following inequality

p q .
L = Z >, (A (2.88)
s=sp—2 j=ms+1
< Z mz+:1 (d + 1)1ty
s=so—2 j=ms+1

Ms+1

= (d+1)1 § (d+ 1) "=+ E uf
s=s09—2 Jj=ms+1
S0 Ms+4+1
— q q
A ) E ul
< Z ( f Msi1 J
s=s0—2 j:ms+1
S0 o0 Ms41
- E E ai,m5+1fi E U
s=s50—2 \1=Ms4+1 j=ms+1
i/ q
S0 [e'e) 4 o] Ms41
/ /
P —p £|P q
< E E A mgyq Vi E |vi fil E U,
s=s0—2 1=Mgs41 1=Mst1 j=ms+1
p—q
a(p—1) 3

S0 [e’s)
| XY ) < B

5=850—21=Mgs41

Using (2.8) and (2.63) we can estimate B, as follows:

a(p—1)
S0 oo

p=a Ms41 p—q

™ _ P’ —p’ q

F, = g g W ey Vi g uj (2.89)
s=s0—2 \i=ms41 Jj=ms+1

a(p—1)

q

S0 %) p—q Msit1 Ms+1 P—q
P’ —p’ q q

s=s0—2 \i=ms41 Jj=ms+1 k=j

Ms+1 Ms41 p—q “p—q
< ¥ ¥ (Xa) ([ Tar] s

s=sp—2 j=ms+1 1=Mst1

AN
3
R
-
I~
R
~_
=
»Q‘Q
N
gk
Q
ST
S
N@
<
~
=
&
I~
Soe
Il
&?g
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From (2.88) and (2.89) we obtain
b < FI ] (2.90)

From (2.86), (2.87) and (2.90) we deduce (2.85).

2) If ngy41 = 00, which means that k,,, 11 = oo, then we have k; = oo and
Ty =0,if j > mg + 1, 1e. (A7f); =0,if j > myy41 and (A7f); = %S‘jai,jfi,
1 < j < mg,. Therefore my < 0o and sy > 2. Then from (2.74) we hz;\:nja

Ms41 so—1 Ms+1

JATAlE. =D D (A Hlud=>" > (A f)iud (291

sENp j=ms+1 s=1 j=ms+1

Similarly, we can exploit (2.91) to prove (2.85). Then (2.85) together with
(2.71) implies that C' ~ F' and thus the proof is complete.

It is known that inequality (2.3) for the operator (2.2) holds if and only
if the dual inequality defined by (2.68) holds for the conjugate operator A*,
which coincides with operator defined by (2.1). Moreover, the best constants
in (2.3) and (2.68) coincide.

Therefore by using Theorem 2.17 with p’, ¢, v=! and u~! replaced by ¢, p, u

and v, respectively, we obtain the following dual version of Theorem 2.17:

Theorem 2.18. Let 1 < ¢ < p < 0o. Let the entries of the matriz (a; ;) satisfy
Assumption A. Then estimate (2.3) for the operator defined by (2.1) holds if

and only if F* = max{F}, Fy} < oo, where

) a(p—1) _q %
[e'e} [ , , r—q o°] P—q
* -p q,,9 q,,.4
Fy = E E by v; E wiuf wy u; :
i=1 \j=1 k=i
) p(g—1) _p_ %
[ele} [ r—q oo r—q
K -p’ q ,4 —p’
Fy = ( E v; ) < E ak,iuk) v;
i=1 j=1 k=i

Moreover, F* = C, where C is the best constant in (2.3).
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Chapter 3

Weighted Hardy type
inequalities on the cone of

monotone sequernces

3.1 Weighted estimates for a class of matrices
on the cone of monotone sequences, the

case 1 <p < g < oo.

In this Section we consider weighted Hardy type inequalities restricted to the
cone of monotone sequences under conditions which are weaker than those

known in the literature.

We consider an inequality of the following form
[e) % q % o) %
(St (3eun) ) <o () o
i=1 j=1 i=1
on the cone of non-negative and non-increasing sequences f = {f;}3°, of 1,,,,

where C' is a positive constant independent of f and (a;;) is a non-negative

triangular matrix with entries a; ; > 0 fors > 5 > 1 and a;; = 0 for 7 < j.

7
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In this Section, we consider inequality (3.1) restricted to the cone of mono-
tone sequences when the corresponding matrices belong to the classes O;f UO;, |
m>0forl<p<g< .

In [45] R. Oinarov and S.Kh. Shalgynbaeva have proved a statement which
allows to reduce inequality (3.1) on the cone of monotone sequences to a cor-
responding inequality on the cone of non-negative sequences from [, ,,. Now we
give this statement in a form convenient for us (see also Theorem 1.11 for an
equivalent statement).

k
Theorem E. [45] Let 1 < p, ¢ < oco. Let Vi, = > P, Vk > 1. Then
i=1

i
inequality (3.1) on the cone of non-negative and non-increasing sequences f €
Iy 15 equivalent to the inequality

1

o’

< o(aur) oo
=1

for all non-negative sequences g = {g;}52,, if Voo = klim Vi = o0, and to the

00 koo 4 ’ ’
> (Z > ai,jgi> (Vk_p - Vk_ﬁf)

k=1 \j=1 i=j

imequality

, 1
) koo p Y ) v’
Z (Z Z ai,jgi> (Vk "= Vkﬁ)
k=1 \j=1 i=j

oo o) -1 [e%e) i/
+ <Z Z ai,jQi) <Z Ui) < C (Z ggluz‘q/> <3~3)
k=1 i=1

=1 i
for all non-negative sequences g = {g;}2,, if Voo < 00.
Moreover, C~C if Voo = 00, and C =~ C' if Vo < 00, where C, C and C
are the best constants in (3.1), (3.2), (3.3), respectively.

We define

k k 1 s q
_ D _ _ P q,,4
Vi = E vy, Ag= E a;j, Fp=supVs? E Ajug )
i=1 i=1

=1 s>1

-

, 1
I

Qs
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1
q 1

E5 = sup Zuk (ZA (V;Z:—‘/Hf”/))p .

s>1

Theorem 3.1. Let 1 < p < g < co. Let the matriz (a; ;) in (3.1) belong to the
class OF UO,, m > 0. Then the inequality (3.1) on the cone of non-negative
and non-increasing sequences f € l,, holds if and only if at least one of the
conditions Ey = max{F;, Ey} < oo and Ey3 = max{F,, E3} < oo holds.

Moreover, Eyg = Ey3 =~ C, where C is the best constant in (3.1).

Proof of Theorem 3.1. Let the matrix (a; ;) in (3.1) belong to the class
Of U0, . m>0. We consider two cases separately: V,, = oo and V, < 0.

1. We first consider case V., = oo. Then by Theorem E inequality (3.1)
on the cone of non-negative and non-increasing sequences f € [, , holds if and

only if the following inequality holds
/ 1 1
[e%S) koo p o o v _ 0 rd
S (So5urn) (w7 )] <o (Saa) o
—1 \j=1 i= i=1

holds for all non-negative sequences g = {g;}:2,. Moreover, C~C , where C

is the best constant in (3.1).

a) Let the matrix (a; ;) = ( a; ; ) of (3.1) belong to the class O, m > 0.
Since az(-?), g; are non-negative we have
koo k k k [e%e)
2 ae = L aet ] ) als (3.5)
j:l ’L=] : : ]:1 i=k+1
k o0
SOILTES S
=1 i=k
Therefore,

koo P’ & o
(Z Z az(?)gi) ~ (Z Aﬁn)gi> (Z Azk gz> .
i=1

=1 i=j

Substituting the last inequality in the left hand side of inequality (3.4) we
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obtain the following inequality

/

0o k P 0o p ’ ’
S| (Sa) o+ (Sawa) | (7 - i)
k =1 1=k

=1

3 e

(3.6)

AN
)
~~
[~
Q
.
£
Q\
N~
Q\‘ -

for all non-negative sequences g = {g;}5°,, which is equivalent to the inequality
(3.4). Moreover, C =~ C.
Inequality (3.6) holds if and only if the following inequalities hold simulta-

neously
/ 1
OO k p p’ » ' o) q
> (Z A )gi) (Vk v Vk+§’) < (Z y u;fl) (37
k=1 \i=1 P

0 o P , , i oo %
S (Sapa) (7F-uf)) <o (Saue) o
=1

k=1 \i=k

for all non-negative sequences g = {g;}2,. Moreover,
C ~ max{Cy, Cs}. (3.9)

Inequality (3.7) is a Hardy type inequality. Hence, by Theorem A inequality
(3.7) holds if and only if the following condition holds

u (Z (- V'ﬁ)) (Z ( ))q“3>

k=s i=1
1
1 (8 a
=sup Vs * (Z (Agﬂ))qug) = F, <oo. (3.10)
s21 i=1
Moreover,

In (3.8) by passing to the dual inequality we obtain

00 k q % 00 o o —5 %
(Z (Z Ali?)SOi) uZ) <Gy <Z o (Vk "= Vkﬁ) ) (3.12)
=1

k=1 k=1
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for all non-negative sequences ¢ = {p;}32,
Suppose that Al(c:.") = 0 for ¢ > k. Since (a,(:?) € O, then we have
(A"™) € OF 'm > 0. Indeed, for k > s > i

z ~ 3 Sl zwz o) =3 A, (3.13)
v=0

7j=1 ~=0

If m = 0 we see that (A,(g)) belongs to the class Of . Assume that (A,(CT)) € Of
for m = 1,...,7 — 1. Then by induction on m = r, (3.13) implies that (A,(;;))
belongs to the class O;.

Then by Theorem 2.15 inequality (3.12) holds if and only if one of the

following conditions holds

sup zk: (Vj G ) (i (A“”) u> oo By < oo, (3.14)

k>1 i—k

k>1

) k , o Y »\ ¢
sup Zuf (Z (Agﬁ)>p <V7p —V1 )> = FE3 <oco. (3.15)
J J

Moreover,
Cy =~ Fy ~ Ejs. (3.16)

By (3.11) and (3.16) we deduce that inequalities (3.7), (3.8) hold if and
only if at least one of the conditions Ej; = max{E;, Es} < oo and Fj3 =
max{F;, F3} < oo holds. Moreover, F1s ~ Ej3 ~ max{C, Cs}, which im-
plies that Es ~ Fi3 ~ Cj. Since Cy ~ 6, C ~ C we get Fis =~ Fi3 ~ (. The
last equivalence proves the statement of Theorem 3.1 when (a;;) € O in the

case Vo, = oo.

b) Let the matrix (a; ;) = (al(-?)) of (3.1) belong to the class O,,, m > 0.
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(m)

,L’-] )

koo k %)
oD ae = ZZG,J g+ > "y, (3.17)

j:l 7,:] j 1 i= ] ]:1 i=k+1

k 00 k
ZA§T)9i+ZQiZGE?)
ZA 9z+ZgzZZa”dZ:}"

= 7j=1 v=0

— ZA(m gz—l—ZDZk’"Zamgl,

=1

Since a g; are non-negative we have

Q

Q

k
where D" = Z "', Therefore,

koo 4 k 4
(Z Z aggl)gi> ~ (Z AZ(»;”)gl-) + Z (Dzkm Z a; ) g2> .
=1 i=j =1

Substituting the last inequality in the left hand side of inequality (3.4) we

obtain the following inequality

/ ’ —

00 k p m oS p o o P
> (ZA%-) +Z( Dy’ 57392) (v " i)

v=0 i=k

~|

1
7

< Cy (Z gf’u;q’> (3.18)
=1

for all non-negative sequences g = {g;}5°,, which is equivalent to the inequality
(3.4). Moreover, C' ~ C.
Inequality (3.18) holds if and only if the following inequalities hold simul-

taneously

00 k p o S
Z (Z Agn)gi) (Vkp - Vkﬁ)

k=1 =1



ON THE CONE OF MONOTONE SEQUENCES 83

/ v

Z (Z szZ> (D™ (sz_l; - Vl;—%)

k=1 i=k

<G, (Z gf’uﬁ) Vg >0 (3.20)
for all v = 0,1, ..., m. Moreover,
5 ~ C() ~ max{(]l, 507 51, ceny ém} (321)

(3.19) is a Hardy type inequality. Hence, using Theorem A as in (3.10), we
obtain that inequality (3.19) holds if and only if the following condition holds

Ey =supVi * (Z (Ag"))qu;?> < o0. (3.22)

s21 i=1

Moreover,

In (3.20) by passing to the dual inequality we obtain

@(;Wyuy
(Zsoz (D} (VV)> (3.24)

for all non-negative sequences ¢ = {y;}2; and for all v =0,1,....,m
Since (a,(gz)) € 07, v=0,1,...,m, by Theorem 2.15 inequality (3.24) holds

if and only if one of the following conditions holds

Qs
S

k o o o]
—ap | Sy () (S () ) | < o
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k>1
g\ L
k ' L ) p\
= sup Zu (Z( ) oy (% ’” —m)) <00, (3.20)
J=1
and
C,~ Bf ~B;. (3.27)
The expression (Ej ) can be written in the following form.
k
N L
k o q % v
(), - |3 (v i) (3 (evar) )
j=1 i=k s=1
Then we have
N v

S(E), = S ()

7=0 7=0 \ j=1

Q

X
-

- |z (" -vh) (fﬁ (AE??’)quz) ’
j i=k

J=1

Therefore, we have sup Z ( ) ~ F,. Since sup E (B*) ~ Z Ej,
k

k;>1 v=0 k>1 ~=0
we obtain max BI ~ Z B+ ~ Fj5. In the same way, we deduce that max B
0<y<m ! 320 0<y<m
mo
2 B’y ~ E3.
=0

By (3.22), (3.25) and (3.26) we obtain that inequalities (3.19), (3.20) hold

if and only if one of the conditions Ej5 = max{E;, Es} < oo and Fj3 =
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max{F, E3} < oo holds. Moreover, we have E5 ~ E13 ~ max{CY, Co, Ch, ...,
5m}, which implies that Fy ~ F3 ~ C'. Since C ~ C, we get Fio =~ Fi3~ C.
The last equivalence gives the statement of Theorem 3.1 when (a;;) € O,,,
m > 0 in the case V, = oo.

2. Next we consider case V., < co. By Theorem E inequality (3.1) on the
cone of non-negative and non-increasing sequences f € l,,, holds if and only if

both inequality (3.4) and the inequality

1 1
oo 00 00 p 00 q
( aﬁ,?g@-) (va) sc(Zggu;q> 329
k=1 =k i=1 i=1

for all non-negative sequences g = {g;}°; hold. Here C is the best constant
for which (3.28) holds. Moreover, C' ~ max{C, C}.

So in case V,, < 00, inequality (3.4) holds if and only if one of the conditions

max{FE], E2} < oo and max{E], Es} < oo holds, where

I\ [ .\
E =sup (Vi 7 —V> (AQ")) ul
1 3211) ( ) (Z (1) 1

i=1
Indeed, if V, < oo, (3.10) implies that inequality (3.7) (and accordingly in-

equality (3.19)) holds if and only if E] < co. Moreover, E| ~ C.

(m)

Since a; ;*, g; are non-negative, changing the order of summation in the left

hand side of (3.28) we obtain

q/

(i Az(zm)gi> < avoé (i gf/u;q,) Vg > 0.
i=1 i=1

By the reverse Holder’s inequality we have
o] q q 1
(Z (A§§“>) ug) = VL.
i=1
Hence, inequality (3.28) holds if and only if
~ _1 > q %
C =V’ Z(Al(lm)) ul | < oo.
i=1
It is obvious that % (E{ + 6) < FE,. At the same time, for s > 1 we have

1 1 1

_1 '\ P _r _r '\ P _r o'\ P _1
‘/sp—(‘/s p> —(‘/sp_voop‘i‘voop> S(‘/sp_voop> +Voop7
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which implies that £; < <E{ + 6) . Hence, we obtain that 3 (E{ + 6) <
E, < <E{ +5) Therefore, inequalities (3.7) (and accordingly (3.19)) and
(3.28) hold if and only if E; < co. Moreover, By ~ max{Cy, C}.

Now we see that max{F;, E»} ~ max{F), B3} ~ max{C;, C, C} ~ C

regardless of whether V,, is finite or infinite. Thus the proof is complete.
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3.2 Two-sided estimates for matrix operators
on the cone of monotone sequences, the

case ¢ < p.

In this Section we consider inequality (3.1) on the cone of monotone sequences

for 1 <q<p< 0.

We define

k k

k k
_ » _ _ _
Vi = E vy, Wi= E wi, A= E a;j, By = g bi j,
i—1 j=1

=1 j=1

q p—q
q

00 4 k pf prq
_ 9-p q,,9 q ,,.9
F, = E Vi E Auuz Ay, )
k=1 i=1

k ’ ’ p—q
)
=1

o |3 ()

g a(p—1) pl;lq
[e%) 0 p—q k o o p—q
q 4 P T p q
Fs = Z ZUJ ZAM (Vz Vil ) (0 ;
k=1 \j=k i=1
P pr(g—1)
o o P—q k P P—q
Ty = E E wiu? E BP' V. r V. P
2 i % JJ J J+1
k=1 \i=k j=1
’ / p—q
4 _% _% e
X By \ Vi = Vit )
a(p—1) _q %
o0 k , pl p/ pP—q o0 pP—q
_ P’ “p _ Y P q,,4 q,4
§3 = § E Jr oy (VJ V}+1> E wiu Wy Uy, ;
k=1 j=1 i=k
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p p(g—1)

o) 00 P—q k » pP—q
w= [ (St) (S (v v

k=1 \i=k j=1

Theorem 3.2. Let 1 < ¢ < p < 0o. Let the entries of the matriz (a; ;) satisfy
assumption (1.17). Then inequality (3.1) on the cone of non-negative and non-
increasing sequences f € l,, holds if and only if Fy = max{F,, Fy, F3} < o0.

Moreover, Fy =~ C, where C' is the best constant in (3.1).

Theorem 3.3. Let 1 < g < p < 0o. Let the entries of the matriz (a; ;) satisfy
Assumption A. Then inequality (3.1) on the cone of non-negative and non-
increasing sequences f € l,, holds if and only if Fo = max{Fy, F2, §3, Fa} <
00. Moreover, §o = C, where C' is the best constant in (3.1).

Proof of Theorem 3.2. Let the entries of the matrix (a;;) satisfy as-
sumption (1.17). We consider two cases separately: Vi, = 0o and V,, < 0.

1. Let V, = 0co. Then by Theorem E inequality (3.1) on the cone of non-
negative and non-increasing sequences f € [, , holds if and only if the following
inequality

<o) e
i=1

00 ko 4 L S
S (S o) (55 0i)
k=1 \j=1 i=j

holds for all non-negative sequences g = {g;}:2,. Moreover, C ~ C, where C

is the best constant in (3.1).

Since a; j, g; are non-negative we have

koo k k k 00 k o0
Z Z a;j9i = Z Z a;;gi + Z Z a;,j9i ~ Z Aiigi + Z Airgi- (3.30)
i=1 i=k

j=1 i=j j=1 i=j j=1i=k+1

Therefore,

/ /

koo P k v i~ P
(Z Z ai,jgi) ~ (Z Aiigi> + (Z Aiin) :
= i=1 i=k

7j=1 i=j
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Substituting the last inequality in the left hand side of inequality (3.29) we

have the following inequality

1
I

o0 k 4 ) P o )
Z (Z Aiigi) + (Z Az‘sz‘) (Vk_p — Vit )
k=1 =1 i=k

q/

< Co (Z gf'u;q’> (3.31)
i=1

for all non-negative sequences g = {g;}5°,, which is equivalent to the inequality
(3.29). Moreover, C' = C.
Inequality (3.31) holds if and only if the following inequalities hold simul-

taneously
/ i, 1

0o k p i / P o) rFd
Z ( Azzgz) (Vk_p - Vk:j) S 51 (Z g;}/u;q/> ) (332)
k=1 =1 i=1

00 0o P / ’ ' 0o Fd
5 (z Az-kg,-) (vF b)) <a (z gz'u;q’) 53)
=1

k=1 i=k

L

for all non-negative sequences g = {g;}2,. Moreover,
5 ~ max{él, 52} (334)

Inequality (3.32) is a Hardy type inequality. Hence by Theorem A inequal-
ity (3.32) holds if and only if the following condition holds

q £2—49

k

Z VP (Z A?ﬁf) Al ul =T < 0. (3.35)
k=1

i=1
Moreover,

F, ~ C. (3.36)

By passing to the dual inequality in (3.33) we obtain

oo k q % 0o o o —5 %
(Z (ZAM@Z) uZ) < Oy <Z¢g <Vk_p—Vk_ﬁ) ) (3.37)

k=1 i=1 k=1
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for all non-negative sequences ¢ = {©;}32;.

The entries of the matrix (Ag;) for k > s > i satisfy the following condition.

Api = Z Q,j ~ Z (bgswj + asj) = by, W; + Z as; = bp Wi + Ay, (3.38)
j=1

j=1 j=1
which asserts that the entries of the matrix (Ay;) satisfy assumption (1.17).
Therefore, by Theorem 1.9 inequality (3.37) holds if and only if the following

conditions hold

00 00 ﬁ k o o p—q
> (Som) (xowr (1% v
k=1 \j=k i=1

/
P P

x WP (Vk” AN )) =TF, < o0, (3.39)

=TF3; < o0, (340)
and
Cy ~ max{F,, Fs}. (3.41)

By (3.35) and (3.39), (3.40) we obtain that inequalities (3.32) and (3.37) hold
if and only if Fy = max{[F;, Fs, F3} < co. Moreover, Fy ~ max{él, 5’2},
which implies that Fy &~ C. Since C ~ C , we get Fg =~ C'. The last equivalence
gives the statement of Theorem 3.2 in the case V,, = oo.

2. Let V, < 00. By Theorem E inequality (3.1) on the cone of non-negative
and non-increasing sequences f € [, ,, holds if and only if both inequality (3.29)
and the inequality

(f} > g> (i ) <o (igu) q (3.42)
k=1 i=k i=1 i=1
for all non-negative sequences g = {¢;}32, hold. Here C is the best constant

for which (3.42) holds. Moreover, C' ~ max{C, 6}
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Since a; ;, g; are non-negative, changing the order of summation in the left

hand side of (3.42) we obtain

Vg > 0.

/\
NE
<
=
~
VAN
(O)
R
—
NE
&,
Sg )
~_—
]

By the reverse Holder’s inequality we have

(f: A;Iluf) q = aVOé’

i=1

and accordingly

Vo ? (Z Afiu;?) =C. (3.43)

i=1

Therefore, inequality (3.42) holds if and only if C' < co.

As proved above, inequality (3.29) holds if and only if the inequalities (3.32)
and (3.33) hold simultaneously.

In the same way as in the case V, = oo we prove that inequality (3.33)
holds if and only if Fy < 0o, F3 < o0.

By Theorem A inequality (3.32) holds if and only if the following condition
holds

a(p—1) _a_ %
oo oo Y Y p—q k p—q
A P P q,4d q ,4
) = § (V; — Vi ) E A Ay,
k=1 \j=k i=1
_q_ =4
NN = P "
— P P q,.4 q q
= E V. 7 =V g Al Al uy < 00.
k=1 =1

Thus, in case V,, < oo, inequality (3.1) on the cone of non-negative and
non-increasing sequences f € [, , holds if and only if max {IF/l, Fy, 3, C } <
oo. If we prove that F; ~ max {F’l, C } , then we obtain that inequality (3.1)
on the cone of non-negative and non-increasing sequences f € [, , holds if and
only if Fy < oo and Fy ~ C.

It is obvious that F} < F;. Now we show that C < Fy.
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Note that
1 r oo pp%q %
(ZA” ) _ (zAzuz)
=1
- pP—q
00 k p}%q k—1 ﬁ rq
(s (zAza-uz) . (zAzuz)
k=1 =1 =1
q pP—g
') k p—q k k—1 Pq
< z(zA;zuz) (zm S At z)
k=1 \i=1 i=1 i=1
[e'e) k p;1q %
< (3 () )
k=1 =1
which implies that
1 o0 % 1 [e'e) k %q pl;qq
C=V" (ZA; ;’) < Vo' Z(ZAZ 3) A,
=1 k=1 =1
pP—q

q
—q

< Z‘/;gq g (Z Au z) p Azku% - Fl'

Therefore, we deduce that max{[F, C } < Fy. The reverse relation follows

by using Minkowski inequality in the following way:.

. o o q(p 1) ﬁ %
Foo= |y (Vk P Ve? Vo ? (Z Ay ) A9l
k=1
0o , , q(p k ﬁ %
_p _p ¢ q
S (Vk "= VOO p) <Z Azz z) Akku’k
k=1
P—q
s e e
(3 (3 r)
k=1 i=1

< F,+C < 2max{F,,C}.

Hence, we obtain that F; ~ max {]F’l, 6} .
Therefore, we deduce that inequality (3.1) on the cone of non-negative

and non-increasing sequences f € I[,, holds if and only if Fy < oo and
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C ~ Fy = max{F;, Fy, F3} regardless of whether V, is finite or infinite.
Thus, the proof is complete.

Now we prove Theorem 3.3.

Proof of Theorem 3.3. Let the entries of the matrix (a; ;) satisfy As-
sumption A. We consider two cases separately: V., = oo and V < oc.

1. Let V, = oco. Then based on Theorem E inequality (3.1) on the cone
of non-negative and non-increasing sequences f € [,, holds if and only if
inequality (3.29) holds for all non-negative sequences g = {g;}:2,. Moreover,
C =~ C, where C and C are the best constants in (3.1) and (3.29), respectively.

Since a; j, g; are non-negative and according to Assumption A we have

koo k k k 0o
Z Z @ij9i = Z Z a;,j9i + Z Z a; ;9 (3.44)
J=1i=j j=1 i=j j=1 i=k+1

k o) k
R Z Aiigi + Z Gi Z ;.
i=1 =k j=1
k 00 00
Z Ayigi + k Z a; 19; + B Z Wigs-
i=1 i=k i=k

Q

Therefore,

koo v k P 0o P’ 00 4
(Z Z ai,jQi) ~ (Z Aiigi> + </< Z ai,kgi) + <Bkk Z Wigi) .
i=1 i=k i=k

i=1 i=j

Substituting the last inequality in the left hand side of inequality (3.29) we

obtain the following inequality

o) k 4 00 P’ . P’
Z (Z AiiQi) + (k‘ Z aivkgz) + <Bkk Z wigZ)
k =1 i=k i=k

=1

1

1
. (v - v)) " <6, (Z gz’u;q’> (3.45)
=1

for all non-negative sequences g = {g;}:2,, which is equivalent to inequality

(3.29). Moreover, C' = C.
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Inequality (3.45) holds if and only if the following inequalities hold simul-

taneously

/ 2 1

0 k p / / [e%) a
(Z Au-gi> (V,JP - V[ﬁ) < (Z gl u; q') . (346)
k=1 =1 ]

for all non-negative sequences g = {g;}°,. Moreover,
C ~max{Cy, Cy, Cs}. (3.49)
By passing to the dual inequalities in (3.47) and (3.48), we obtain

00 k q q 0o o o —ﬁ %
(z (z) ) <& (Zs@f o (v i) ) (350
=1

k=1 i=1

(& (&) 4

for all non-negative sequences ¢ = {¢;}°;.

Q=

Q=

< Cy (Z 1B (Vk;—p - Vk:tf) > (3.51)

k=1

Inequalities (3.46) and (3.51) are Hardy type inequalities. Hence, by The-
orem A inequalities (3.46), (3.51) hold if and only if the following conditions
hold, respectively.

oo q k %q %
kam (Z Al f) Al ul =TF; < oo, (3.52)
k=1 i=1
P plg=1)
> (Sum) (S (v -u))
k=1 i=k

x BY, (V,jp —~ Vk};)) =32 < oc0. (3.53)
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Moreover,
Fl =~ Ch 32 ~ Cg. (354)

The entries of the matrix (ay;) satisfy Assumption A. Therefore, by The-
orem 2.18 inequality (3.50) holds if and only if the following conditions hold

a(p—1) q %
) k o Y p—q 00 P—q
S (S (7)) ()
k=1 \j=1 i=k
=3 <00, (3.55)
P p(g—1)
00 oo pP—aq k / Y P—q
> (Sat) (S (v -wd))
k=1 i=k 7j=1
x k¥ (Vk” VH{)) =31 <00 (3.56)
and
Cy ~ max{Fs, T} (3.57)

By (3.52), (3.53) and (3.55), (3.56) we obtain that inequalities (3.46), (3.50)
and (3.51) hold if and only if §o = max{F;, F2, T3, S4} < 0o. Moreover,
S0 ~ max{ab 6’2, 6’3}, which implies that §, ~ C. Since C' ~ C we get
So &~ C. The last equivalence gives the statement of Theorem 3.3 in the case
Vo = 0.

2. Let V, < c0. By Theorem E inequality (3.1) on the cone of non-negative
and non-increasing sequences f € [,, holds if and only if both inequality
(3.29) and inequality (3.42) for all non-negative sequences g = {g;}:2, hold.
Moreover, C' ~ max{C,C}.

As in the proof of Theorem 3.2 in case V., < oo we obtain that inequality
(3.42) holds if and only if C' < cc.

As proved above, inequality (3.29) holds if and only if the inequalities
(3.46), (3.47) and (3.48) hold simultaneously.
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In the same way as in the case V, = oo we prove that inequality (3.47)
holds if and only if §3 < 00, §4 < oo and that inequality (3.48) holds if and
only if §2 < o0.

By Theorem A it follows that inequality (3.46) holds if and only if

pP—q

0o ;. a=1)

/ E: -z AR - q,49 o q .49 "
— p p
i=1

k=1

Thus, in case V,, < 00, inequality (3.1) on the cone of non-negative and
non-increasing sequences f € [, , holds if and only if max {IF’l, $2, 83, S4, C }
< Q.

However, in the proof of Theorem 3.2 we have already proved that F; ~
max {F’l, C } . Therefore, we obtain that inequality (3.1) on the cone of non-
negative and non-increasing sequences f € [,, holds if and only if §y =
max{F, F2, F3, S4} < o0 and C' = max{é’, 6} ~ §o regardless of whether

V. is finite or infinite. Thus, the proof is complete.



Chapter 4

Applications of the main results

4.1 Boundedness and compactness criteria of
compositions of matrix operators
In this Section we consider boundedness and compactness problems of the

composition of matrix operators in weighted spaces of sequences when the cor-

responding matrices belong to the classes O UO;, n >0 for 1 < p < g < 0.

We define
(1), Zamfj, i>1, (4.1)
= Zo—i,jgi, j>1. (4.2)
1=j

Remark 4.1. If we consider operator defined by (2.1) and (4.1), then for

non-negative a; j, 0jr and g; we have
(AT ox) (g9); = (AT (Z9)) Za”Zcrjkgk
7=1
= (Z az‘,jUj,k> Ik = Z Wi,k Gk -
k=1

k=1 \j=k

97
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Therefore, if (a;;) € OF, (o) € O, then according to Lemma 2.6 the matriz
(w; ) of the operator At o X% belongs to the class OF, ., ..

In the same way using Lemma 2.7 one can prove that if (a; ;) € O, , (o,x) €
O,,, then the matriz of the operator A* o 3% belongs to the class O, ..

In general, if the matrices (ai-fj) of the operators (A;f)l = éaﬁjfj belong
to the classes (’)Tink, k=1,...,n, then the matriz of the opemjt_or Af = Afo

n

ASo---0 Al belongs to the class OF, where m = S my+n—1. Thus, according
to Theorem 2.15 we can obtain criteria of bounle;Less and compactness of the
matriz operator A} from the weighted l,,, space into the weighted l,, space for
l<p<g<oo.

Similarly, if the matrices (a; ;

k) of the operators (A,;g)j = iaﬁjgi belong
to the classes (’)ﬁlk, k=1,...,n, then by Lemmas 2.6 and 2. ’;:Jand Theorem
2.16 we obtain necessary and sufficient conditions for the boundedness and
compactness of operator A, = A7 0 Ay o---0 A~ from l,, into l,, for1 <

p < q<oo.

We define

\
Q|

>
w
Cn\-/
Il
I~
S
[~
R R
8
&
S)
ﬂk‘
<
~_
ﬁd\
4
-
\_\/
,ﬁ\
Q|

Qs
&l

V)

4
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Q-

/ 7

o] s 0 p P
_ q -’
(Gq), = E Uy, g a; j0ik | U, )
k=s

j=1 \i=k

/ 7 q

o) p P
/
} : —p
;505 k Y; )

=7

(Gs)y = | > uf Z

J=s

e’} S fe'e) q
_ —p’ q
(Ga)y= D v, @i Ok | Uy,
j=s k=1 \i=j

Then we set

QS
s

Dl = Sup<D1)sa D2 = SUP(D2)37 D3 = Sup(D3>87 D4 = SUP(D4>57

s>1 s>1 s>1 s>1

G, = Sup(Gl)sa Gy = SUP(GQ)S, Gs = Sup(Gz)s, Gy = SUP(G4)s

s>1 s>1 s>1 s>1

and

D13 = max{Dy, D3}, Diy = max{D;, D,},
Dog = max{Dy, D3}, Dy = max{D,, D,},
Gz = max{G1, Gs3}, Gy = max{Gy, G4},
Goz = max{Gs, G3}, Gay = max{Gy, G4}.

Theorem 4.2. Suppose that 1 < p < g < oco. Let the matriz (a;;) in (2.1)
belong to the class O;f U0, , n > 0. Let the matriz (0;;) in (4.2) belong to the
class Of U O, , m > 0. Then the following statements hold.

(i) The operator AT o X~ is bounded from l,, into l,, if and only
if at least one of the suprema Di3, D14, Dog and Dsy is finite. Moreover,
|A* 0 X571, 1., & D13 = D1y = Doz = Dyy.

(ii) The operator At o X7 is compact from l,,, into l,, if and only if
at least one of the following conditions holds
1) Slirglo (Dy), =0, Slirglo (D3),=0;  2) lim (Dy), =0, lim (Dy), =

0
§—00 §—00
0

3) lim (Dl)s = 0, lim (D4)s = 0, 4) lim <D2)s = O, lim (Dg)s =

S§—00

9
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Theorem 4.3. Suppose that 1 < p < g < oco. Let the matriz (a;;) in (2.1)
belong to the class O UO; , n > 0. Let the matriz (0;;) in (4.2) belong to the
class OF U O, m > 0. Then the following statements hold.

(7) The operator ¥~ o AT is bounded from l,, into l,, if and only
if at least one of the suprema Gi3, G4, Gog and Gy is finite. Moreover,
X7 o A+||lp,v—>lq,u ~ Gz~ Gy = Gag = Goy.

(77) The operator ¥~ o AT is compact from 1, into l,, if and only if

at least one of the following conditions holds

1) lim (G1), =0, lim (G5),=0;  2) lim (G3), =0, lim (G4), = 0;
3) lim (Gl)s = 0, lim (G4)s = 0, 4) lim (GQ)S = O, lim (G3)s =0

Next we define

W+f Z fk Z Qi j0k.j, 1 Z 1, (43)

j=1

kaZak]a”, i> 1. (4.4)

By exploiting the results of Sections 2.2 and 2.6 we obtain.

Theorem 4.4. Suppose that 1 < p < q < oo. Let the matriz (a;;) of the
operator W+ belong to the class O UO; , n > 0. Let the matriz (o, ;) of the
operator W+ be non-negative. Then the following statements hold.

(i)  The operator W is bounded from l,, into l,, if and only if at least
one of the conditions Dy < oo and Dy < 0o holds. Moreover, |W*|,,  —i,. ~
D, =~ D,.

(i)  The operator W+ is compact from l,,,, into l,., if and only if at least

one of the limits lim (Dy), and lim (D,), equals zero.

Theorem 4.5. Suppose that 1 < p < ¢ < oo. Let the matriz (o;;) of the
operator @~ belong to the class O U O, ., m > 0. Let the matriz (a; ;) of the

m?

operator ®~ be non-negative. Then the following statements hold.
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(i) The operator ®~ is bounded from l,,, into l,, if and only if at least
one of the conditions D3 < oo and Dy < oo holds. Moreover, || 9|1, ,—1,. ~
D3 ~ D4.

(i)  The operator ®~ is compact from l,, into l,,, if and only if at least

one of the limits lim (Ds), and lim (Dy), equals zero.

Proof of Theorem 4.4. The boundedness of the operator W is equiva-
lent to the validity of the following inequality

W fllgu < CllFllp (4.5)

for all f € l,, with a positive finite constant C' independent of f.
k

We set @, = > a; 0k, © > k. Then we have
Jj=1

(W) kazai,jak,j = sz‘,kfka i>1
k=1

1. Let (a;;) € Of, n > 0. Let (0;;) be an arbitrary non-negative matrix.
Then according to Lemma 2.8 it follows that (w; ;) € O, n > 0. Therefore, by
Theorem 2.15, inequality (4.5) holds if and only if at least one of the following
two conditions holds

, .
D P

sup ka (Z wzkug) =sup(D;)s = Dy < o0, (4.6)

s>1

sup Zu (Z @, N ) = sup(Dy)s = Dy < 0. (4.7)

s>1

Moreover,

In addition, by Theorem 2.15 operator W+ is compact from [, , into [, if

and only if at least one of the limits lim (D;), and lim (D,), equals zero.
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2. Let (a;;) € O,), n > 0. Let (0;;) be an arbitrary non-negative matrix.
Then according to Lemma 2.8 it follows that (w;x) € O, 3, n > 0, where
5= (B and 6= 3 o

The membership (YJD_Zk) € 0,8, n > 0 means that w,; ~ [y, , where

(@ix) € O, , n > 0. Substituting this equivalence in the left hand side of

n’

inequality (4.5), we obtain that

(ZU Zﬁszkfk
=1

holds for all f € l,,,, which is equivalent to inequality (4.5). Moreover, C~C.

) <0 (Z vf|fi|p)p (49)

i=1

By taking gx = Ok fr we see that the validity of inequality (4.9) is equivalent
to the validity of the following inequality

(Zu ngk ) s5<2@%§’|gm)p. (4.10)
=1 i=1

By inequality (4.10), we see that the boundedness of the operator W from

lp. into ,,, is equivalent to the boundedness of operator W+ from lppp—1 into

o~ (A
lgu, where WT = 3" @, 1 gi.
k=1

Since (w;x) € O, , n > 0, Theorem 2.15 implies that operator W+ is

n

bounded from [,,3-1 into I, if and only if one of the following conditions

holds

1
/ o

b P
—p'
sup E Uk 5k; <§ :wzku>
szl \ k=1
1
2\ o
q
A sup E Uy E @y puf =Dy < o0,
s>1 1

q £
v q
p/

sup iuf (szk P v, )

s>1
1
q

A sup Zu (szk ) =Dy < 0.

s>1
= i=s

4
P’
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As a consequence, the operator W7 is bounded from [, into {,, if and only

if at least one of the conditions D; < oo and Dy < 0o holds. Moreover,

D~ Dy~C ~C. (4.11)

In addition, by Theorem 2.15 the operator W+ is compact from [, ,3-1 into
lg. if and only if at least one of the limits lim (D;), and lim (D), equals
zero. Thus, the validity of at least one of these conditions is necessary and

sufficient for the compactness of the operator W+ from [, into l,,.

Hence, the proof of Theorem 4.4 is complete.

The proof of Theorem 4.5 follows directly from Theorem 2.16 by using

Lemma 2.8.

Proof of Theorem 4.2.
(i) Proof of boundedness. Necessity. Let (a;;) € OF U0, , n >0 and (0;,) €
Ot U0, m > 0. Let the operator AT o 3~ be bounded from [, into l,,.

m?

Then the following inequality
(AT o E) Mgu < Cllifllpw VI € lpw (4.12)

holds with a positive finite constant C' independent of f.
Since a; ; and o0y ; are non-negative, we note that for all non-negative f €

l,» we have the following.

(AT o) (f)i = (ANSTf)i=D ai; > owife (4.13)
J=1 k=j
=~ Z a; j Z O'kJ‘f]g + Z Q5 Z Uk,jfk
j=1 k=j J=1 k=i
i k 00 i
= Z fk: Z CLi’jO'k’j + Z fk Z O'k,jai,j
k=1 j=1 k=i Jj=1

- (W+f)z + ((I)_f)i’

where the operators W and &~ are defined by (4.3) and (4.4), respectively.
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Therefore, for all f > 0 we obtain the following.

1
q

<Zu (AT ox) f]l>
> max (Zu (WF) ) (Zu (@) ) . (4.14)

We consider the following four cases separately.

Q=

1. Suppose that the matrix (a; ;) belongs to the class O, n > 0 and that

the matrix (o;;) belongs to the class O U O,,, m > 0. Then by Lemma
k

2.8, we have that (w;;) € O}, n > 0, where w;, = Y a;;0x;, ¢ > k. The
j=1

membership (w; ;) € O,f, n > 0 means that there exist matrices (w; ;) € OF,

m?

v =0,...,n — 1 and matrices (d;;') such that
Wik = wz(j;c) ~ Z dfiwﬂ) (4.15)
v=0
for all i > j > k > 1, where d?]" =1.

For » > 1 we introduce the following sequence.

fr = {fr,k}zozl : fr,k = <
0, k>
Applying f, to the right hand side of inequality (4.12) we obtain

1 llpo = (Zrmr%z) = (Z (=) ) . (4.17)
k=1

k=1

Since f, is the non-negative sequence, by (4.14) we have the following.
00 i q G
(A% 0 57) folgw 3 W follg = (Z (Zwﬁ)f"’“> “>
- (4.18)
> (Z (quuz) (z (=)" ) |

i=r

By (4.12), (4.17) and (4.18) we deduce that

O»(fﬁ (dwu?) (Z (wﬁ}i)”'vgp’) = (D), (419)

i=r k=1

Q=
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Since inequality (4.19) holds for all v =0,1,...,n, we obtain

C > max (D,,), = (D,), -

0<~<n

Moreover,

(Do), = goax (D), = Y (Dy0), = (D1), = (D). (4.20)
<< ~

Since r > 1 is arbitrary, we deduce

C > sup (D,,), ~ sup(D), ~ sup(D2),,

r>1 r>1 r>1

and accordingly, we have C' > D; ~ D,.

2. Suppose that the matrix (a; ;) belongs to the class O, , n > 0 and that
the matrix (o, ;) belongs to the class O UO,., m > 0. Then by Lemma 2.8, we
have that (w; ) € O, 3, n > 0. The membership (w; ;) € O 3, n > 0 means
that there exist a non-negative sequence {;}72, and matrices (@, ;) € O,

such that

i, 5.J gk

n
Wik = w%) ~ %E;?ﬁk and %E;? ~ Z%W)d%" (4.21)
v=0

forallizjzkzl,wherec@?le.

For » > 1 we introduce the following sequence.
(Tea) " 1<
0, k> r.

fr={f}i: o=

Taking into account inequality (4.14), we apply f; to inequality (4.12).

P

~ T ~ o, o~
Nl = C(Z (@5) ) > (A" 0 ) F
k=1

[e'e) 7 q %
> Tl = (z (z ws,?fr,k) )
k=1

=1

- (o) ()

i=r k=1
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which implies that

C> (i uf (fv“ﬂ))q) 6 (Z (éi::;:ﬁk)p’ ) " (Do) - (a23)

i=r

Since inequality (4.23) holds for all v =0, 1,...,n, we obtain

C > max (25%n>r = <5n>r

0<~<n

Since

(Do), = max (D) D" (Do) ~(Di)~ (Do) (424)

and since r > 1 is arbitrary, we deduce
C > sup <5n> ~ sup(D1), ~ sup(D3),.
r>1 T r>1 r>1

Hence, we have that C' > D = Ds.

It is known that the inequality (4.12) holds if and only if the following dual

inequality
||<AJr © E_)*pr’,v*l < CHqu’,zrla VS lq’ﬂfla (4'25>

holds for the conjugate operator (AT o ¥7)*, which has the following from

k o)
(AT o) [l =D ons Y aijfe (4.26)
=1 i

Moreover, the best constants in (4.12) and (4.25) coincide.

Since a; j, 0y,; are non-negative, for all non-negative f € [, ,—1 we have the

following.
(A+OE_V(ﬂk=:§éOhj§3amﬁ
Lo f e
~ ;ak,j ;ai,jfi + ;a,w» ;ai,jfi .
= Zk: fi i: @j0k; + i fi zk: i, j Ok, j
=1 j=1 P

= (q)+f)k + (W_f)k’
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where the operators ®* and W~ are the conjugate operators to the operators

®~ and W, respectively.

(I)+f Z fz Z Q; j0k g, k Z 1, (428)

(3] k
= Zfi Zai,jo'k,ja k>1 (4.29)
=k j=1

By (4.27) for all f > 0 we obtain that

(S ooy 1)
> max (kapl (<1>+f)§'>p, (kapl (Wf)i’)p - (4.30)

k=1 k=1

3. Suppose that the matrix (a;;) belongs to the class O U O, , n > 0

and that the matrix (o;;) belongs to the class O;,. Then by Lemma 2.8,
we have that () € Of, m > 0, where ¢r; = > oy a;;, k > i. The

=1
membership (@) € Op, m > 0 means that there exist matrices (¢x;) € OF,

v=0,...,m — 1 and matrices ek 7 such that
i = 0N Z 1o (4.31)

for all kK > j >4 > 1, where ez}m =1.

For » > 1 we introduce the following sequence.

F={fid: Fu= (4.32)

Applying fr to the right hand side of inequality (4.25), we obtain

1 L
=R [e'e) R . q’ r q q’
Hfqucu—IZ(Z\fr,ilquiq) :<Z (#7) u) . (4.33)
i=1

i=1
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Since ﬁ is non-negative, by using (4.30) we have the following.

(AT o X7) frllpw-t > @7 fillyo (4.34)

N o

0 k p P
= Zvﬁ( som’f”)

k=1 i=1

1
7

> (ka ) (i(go&?)"ug).

Hence, by (4.25), (4.33) and (4.34) we deduce that

1

C > (Zv (e )pl (Z (@i?) u) = (Dy), - (4.35)

i=1

Since inequality (4.35) holds for all v = 0,1, ..., m, we obtain

C > max (D,,,), = [Dn),.

0<y<m
Moreover,
(D), = max (D), ~ ZO (D), = (D3), = (D), (4.36)
’Y:

Since r > 1 is arbitrary, we deduce that

C > sup (Dy,), =~ sup(D3), =~ sup(Dy),,
r>1 r>1 r>1

and accordingly, we have that C' > D3 ~ Dj,.

4. Suppose that the matrix (a; ;) belongs to the class O UO; , n > 0 and
that the matrix (o; ;) belongs to the class O;,. Then by Lemma 2.8, we have
that (¢r:) € O,,a, m > 0. The membership (¢;;) € O,,a, m > 0 means that
there exist a non-negative sequence {;}°, and matrices (¢r,;) € O,, such

that
ori = iy ~ BvPag and BUY & ) G (4.37)
v=0

for all k > j >4 > 1, where é’;’?l-’m =1.
For r > 1 we introduce the following sequence.
o @reyte 1zi<h

v ’ (4.38)
0, 1>
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Taking into account inequality (4.30), we apply f, to inequality (4.25)

CH?THQ',U*l - C <Z |7r,i|q/uz‘Q/> — C (Z (A;,YZmOéZ)qUZq>
=1

=1
> (AT o BT) folly o1 > 197 F ol

1
7

) k '\ »
= ka (ng ki rz)
=1
1

k=1
[e’e) , o r
> (Z (‘Pkr) Uy ) ( (E;yzmaz)qug> ;

k=r

which implies that

C> (i <<P;(33>p/ v;f”)pl (Z (@’Z”%)qu?> -

k=r i=1

Il
/N
Sh
2
3
N——
3

(4.39)

Since inequality (4.39) holds for all ¥ =0,1,...,m we obtain

C > max <]13)%m>r = (]ﬁ)m>r.

0<y<n
Since
(]ﬁm)r — max (ﬁmm)T ~ i (ﬁ%m)r ~ (Ds), ~ (Da)r,  (4.40)
and since r > 1 is arbitrary, we deduce
C > sup <f)m)r ~ sup(Ds), ~ sup(Dy),.

r>1 r>1 r>1
Hence, we have that C' > D3 ~ Djy.
Finally, we have that C' > Dy =~ Dy and C' > D3 =~ D,, which imply that

C > max{Dy, D3}, C' > max{Dsy, D3},
tP, Ds) 1Dz, Ds} (4.41)

C > max{Dl, D4}, C > maX{DQ, D4}
Thus, the proof of necessity is complete.
Sufficiency. Let the matrix (a;;) in (2.1) belong to the class O} U O, ,
n > 0. Let the matrix (o;;) in (4.2) belong to the class O UO,,, m > 0. Let

at least one of the suprema D3, Dq4, Do and Doy be finite. Now we show
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that the operator AT o3~ is bounded from [, , into /. It means that we have
to prove that inequality (4.12) holds for all f € [,,,.

However, since a; j, 0; ; are non-negative, we have the following.

)1 (4.42)
(£ ()

Therefore, if we prove that inequality (4.12) holds for all non-negative f € [,,,,

H(AJFOXr)qu,u = (Zu Zauzakjfk

IN

by (4.42) we obtain that inequality (4.12) holds for all f € [,,. Actually, we
have to prove the validity of the following inequality

(iu? (Zauza,”fk> ) <C (ivg’ff)p 0< feEl, (443)
i=1 j=1 i=1

Moreover, we have

C<C, (4.44)

where C' and C are the best constants in (4.12) and (4.43), respectively.

By using (4.13) for all non-negative f we have the following.
o] % ) q
>t (s o)
i=1 j=1 =j
S PordIns oI e |

o0

}: f(}:j}E:%Jmu>-+§:u§<§;j}§:Uma”)

“»Q

Z (W) +Zu (@ f)!
=1

Substituting the last inequality to the left hand side of inequality (4.43) we

obtain

<i o (7)Y (@f)?) <q (ivfff) 0< f €1y, (4.45)
i=1 =1 i=1

S =
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which is equivalent to the inequality (4.43). Moreover, C =~ C,.

Inequality (4.45) holds if and only if the following inequalities hold simul-
taneously

(fﬁ uj (W+f)?)q < C (fj vfff) . 0< f €l
=1

=

(4.46)

i=1

(i Ui (q’_f)?> <Gy (ivﬁ’ﬁ’) p , 0< f el (4.47)

=1

Q=

Moreover,

O() ~ maX{Cl, CQ} (448)

According to statement of Theorem 4.2 (a; ;) belong to the class O U O,

n > 0. Then by Theorem 4.4 inequality (4.46) holds if and only if one of the
conditions Dy < oo and Dy < oo holds. Moreover,

D1 ~ DQ = Cl. (449)

In addition, since (o; ;) belong to the class O U O,,, m > 0, by Theorem

4.5 we have that inequality (4.47) holds if and only if one of the conditions
D3 < oo and Dy < oo holds. Moreover,

D3 ~ D4 ~ CQ. (450)

By (4.49), (4.50) and (4.48) we obtain that inequalities (4.46) and (4.47),
accordingly inequality (4.43) hold for all non-negative f € [,, if and only if

one of the following conditions holds
D3 = max{D;, D3} < oo, Dyy=max{D;, Dy} < o0, (4.51)

D23 = maX{Dg, D3} < 00, Doy = maX{Dg, D4} < 0Q.

Moreover,

D13 ~ D14 ~ D23 ~ D24 ~ maX{C'l, Cg} ~ Co ~ 6 (452)
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Since C' < 6, we obtain that C' < D3 ~ Dy =~ Ds3 &~ Doy, which together
with (441) 1mphes that C' ~ D13 ~ D14 ~ D23 ~ D24.

Thus, the proof of boundedness is complete.

(11) Proof of compactness. Necessity. Let the operator AT 0¥~ be compact

from [, , to l;,. We introduce the following set:

M= {g (g g = 0<f= (i € Z}

Jr
1 llp’
Clearly, ||g||,» = 1 for all g € M. Since the operator A* o ¥~ is compact from
lpv into l,,, the set {u(AT oX7)g, g € M} is precompact in ;. Hence, by
Theorem C we conclude that

1
q

lim sup (Zu [(AToX7) } ) =0. (4.53)

T—=00 ge M

However, since g = {gx}72, is non-negative, by (4.13) we have that

q

(Zu [(ATox7) ].) > max (Zu (Wg) ) (Zu g) )

for all g € M. Therefore,

lim sup (Zu (Wtg)! )‘1 =0 (4.54)

T—00
geM i—r

and

lim sup (Zu (P g) )q = 0. (4.55)

T—00
gEM 1=r

1. Suppose that the matrix (a; ;) belongs to the class O;F, n > 0 and that

the matrix (o;;) belongs to the class O U O, m > 0. Then by Lemma
k

2.8, we have that (w; ;) € OF, n > 0, where w;;, = > a;;0%;, @ > k. Since
j=1

(@ir) € OF, n > 0, there exist matrices (w;x) € OF, v = 0,...,n — 1 and

n?

matrices (d;}') such that (4.15) holds for all 7 > j > k > 1, where ;"

m?

Let f, = {frr}22y, 7 > 1 be the sequences defined by (4.16).
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fr,k

Let M; = {gr ={g i} Gri = W,
r||pv

have

1}. Since M; C M, we

Q=

lim sup (Zu W*g,q)) = 0. (4.56)

r—00
greEMy j=r

Moreover, as in (2.59), we obtain

1

sup (Zu (Wg,) ) (Zu (Wg,) > (4.57)

greM1 \ T

i

) f q %
- (e (=gt )

<i=r k=1 ' ||f7’||p,v

o) r N
UZI w(n) fr,k
(2 ; el

=<i >l ()))(
> (Zu () >‘7 (i (wm)p, v,;p/)p/ = (Dyn), -

k=1

v

ﬁ
9
aﬁ S
=2
N————
’.B\
S
=)
NG\
\_/
|
|

Since inequality (4.57) holds for all v = 0,1,...,n, the limiting relation (4.56)
implies that
lim (D), = lim max (D,,), =0.

r—00 r—oo 0<y<n

Therefore, (4.20) implies that

lim (D), =0 and lim (D), = 0. (4.58)

r—00 T—00

2. Suppose that the matrix (a; ;) belongs to the class O, , n > 0 and that
the matrix (o; ;) belongs to the class O U O;., m > 0. Then by Lemma 2.8,
we have that (w; ) € O, 3, n > 0. Therefore, for the matrix (w; ;) € O},
n > 0 there exist a non-negative sequence {G;}7°, and matrices (@; ;) € O,
such that (4.21) holds for all i > j > k > 1, where J;L,? =1.

Let f, = {ﬁk}zozl, r > 1 be the sequence, which is defined by (4.22).

Let My = {’g} ={0k} Gk = . T > 1}. Clearly, My, C M.

fr,k
1frllp.0
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Hence, we have

Q=

lim sup <Zuq (W*’gﬁ)f) = 0. (4.59)

T—00 5
9r €Mz i=r

Moreover, taking into account that (w; ) € O, 3, n > 0, we obtain

ap (Zug <w+:c/;>3)q > (Zuz (W*@})Z)q (4.60)

g’r €M2 i=r
_1
~ P ’ P
Y, —-p
(dr,k 51@) Uk )

00 r q %
) [ p'—1 o
= (E u;’ <§ :wE,k) <d:fkﬁk> Ukp) > (
i=r k=1 k=
(5.) .

9] q q T _ o , i
> (Z uf (27) ) (Z (@6) )
Since inequality (4.60) holds for all v =0,1,...,n and by (4.59), we obtain

<

—_

=T

lim <§">r = lim max (5%")r =0.

r—00 r—oo 0<y<n

Moreover, by using (4.24), we obtain (4.58).

Next we consider the conjugate operator to the operator A™ o ¥, which is
defined by (4.26). Since the operator A* o ¥~ is compact from [, , to Iy, the
conjugate operator (At o X7)" is compact from Iy ,-1 t0 Iy ,-1.

We introduce the following set:

M={o=tadins o= e 057 i el )
Clearly, ||g|ly.u-1 = 1 for all g € M. Since the operator (A" o £7)" is compact
from [y -1 to [y -1, the set {v™ (AT 0 X7)*g, ¢g € M} is precompact in I,.
Therefore, by Theorem C we obtain that

lim sup (; v [(ATox7)" g}zl> o (4.61)
Since {g;}5°, is non-negative, by using (4.27) we obtain that

(i o (A7 OE)*QLZ:);

k=r
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for all g € M, where ®* and W~ are operators defined by (4.28) and (4.29),
respectively. Therefore, (4.61) implies that

lim sup (Z v (c1>+g)§'> =0 (4.62)

r—00
geEM k=r

S

and

lim sup <Z v, ? )P = 0. (4.63)

=00 geM
3. Suppose that the matrix (a; ;) belongs to the class O;f UO; , n > 0 and
that the matrix (o; ;) belongs to the class O;,. Then by Lemma 2.8, we have
m > 0, where ¢g; = i Ok ;i , k > 1. Since (¢ri) € O,

j=1
m > 0, there exist matrices (pr;) € OF, v = 0,...,m — 1 and matrices e}

that (¢x,) € O

m?

such that (4.31) holds for all £ > j > i > 1, where ezz.m =1.
Let f, = {ﬁz 2., r > 1 be the sequence defined by (4.32).

Let M, = {ﬁr ={0.:}2,: Gri = ,\f#, r> 1} . Since My C M, we
||f7“||q’,u*1
have
1
o0 , , p/
lim  sup <Z v, (@*@)2) = 0. (4.64)
r—00 §TEM1 k:T.
Moreover,

sup (Zv (©*3,) ) >< (@*Z]})ij (4.65)

g'reMl
00 r P\ »
Fri
i ( ot
k=r i=1 ”fTHq u—l

-1 Pl p r q -7
= o (o)l S (#7)
i=1 =1
(4.6

<

i ekr ) (i <901(l)> U’z) E = (Dym), -

=1

Since inequality (4.65) holds for all v = 0, 1, ..., m, the limiting relation (4.62)
implies that

lim (D,,), = lim max (D,,,), =0.

r—00 r—oo 0<y<m
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Therefore, by (4.36) we deduce that

lim (D3), =0 and lim (Dy), = 0. (4.66)

r—00 T—00

4. Suppose that the matrix (a; ;) belongs to the class O UO, , n > 0 and
that the matrix (o; ;) belongs to the class O;,. Then by Lemma 2.8, we have
that (¢r:) € O, m > 0. Therefore, for the matrix (¢x;) € O,,a, m > 0
there exist a non-negative sequence {o;}°; and matrices (@;) € O, such
that (4.37) holds for all £ > j > i > 1, where eM’ =1.

Let f, = {TH 2., r > 1 be the sequence defined by (4.38).

Let My = {gr = {gr,i 2921 : gr,i = #7 r > 1} . Since My C M7
r q/7u71
we have
1
oo ) N\ 7
lim sup ZU;” (CI>+§T)Z =0. (4.67)
T—00G e My —
Moreover,

9.EM2

1 1
p (zvk (43, ) z( <q>+ar>z’) (1.8

k=r
%) r 7 P i
> m) ri
B ,; (Z Tl u—1>
P\ ¥ L
p r -7
(S (e @rera) | (S @rar)
k=r i=1

1 1
> (o)) (z Eraat) = (5.)
=1

k=r =

Since inequality (4.68) holds for all ¥ = 0,1,...,m and from the validity of
(4.67) we obtain

lim (]ﬁm> = lim max (]IA]/),Ym> = 0.

r—00 r—o00 0<y<m

Hence, by using (4.40) we obtain (4.66).

Thus, the proof of the necessity is complete.
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Sufficiency. Let (a;;) € OFf UO,, n >0 and (0,;) € O} UO,,, m > 0.

m?

Assume that the first condition of statement (i7) of Theorem 4.2 holds. Then,
according to statement (i) of Theorem 4.2, the operator AT o ¥~ is bounded
from [, into [,,. Therefore, the set {u(A*oX7)f, ||fllp., < 1} is bounded in
l4. Now we show that this set is precompact in /,. By Theorem C the bounded
set {u(AT o X7)f, || fllpo < 1} is compact in [, provided that

1
q

lim sup (Z ull [(AT o X7)f], |q> = 0. (4.69)

IS llp 0 <1

0, 1<i<r—1

For r > 1 we assume that u = {u;}32,: u; =
u;, < 1.
Then, by statement (i) of Theorem 4.2, we have that

sup (Z uf [(AT o X7)f], |q> q

1l <1\ =

Q=

£llp o<1 \ ;=4

= Sup (Z ﬁg‘ [(A+ o 2_).]0]1 ’q) < Elg(T’), (470)

where

513(7“) = max{ﬁl(r), 53(7”)}

and

S o q % P
Di(r) = sup (U (Z (Zai,jak,j) 773) (4.71)
szl | =1 i=s \j=1
N
s %) k q % g
= sup v, ? (Z (Zamam) uf)
SZ1\ k=1 i=s \j=1
= sup(D1)s,
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~
Q=

S

0 i p P
Ds(r) = sup Zﬂf Z(Zai’jak’j> U];p/ (4.72)

szl \ 4 k=s

Q=

s>r

s 0o % p v
/
_ q w4
= 8Sup E U; E , § : Qi,jOk,j Uk
i=r

< sup(Ds)s,

s>r

By the first condition of statement (ii) of Theorem 4.2 and by conditions
(4.71), (4.72), we obtain

lim Dy(r) = lim sup(D;), = lim (Dy), =0,

r—00 T—=00 g>p T—00

lim Ds(r) < lim sup(Ds), = lim (D3), = 0.

r—00 T—00 g>p
Hence, by inequality (4.70), we obtain (4.69).
The other cases of statement (i7) follow from the equivalences (D;)s =~
(Ds)s and (Ds3)s = (Dy)s for s > 1.
Thus the proof of Theorem 4.2 is complete.

The proof of Theorem 4.3 can be carried out by using Lemma 2.9 and by
the same method of the proof of Theorem 4.2.
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4.2 Three-weighted inequality of Hardy type.

Our main results can be used to derive other inequalities. We consider an

additive estimate of the form

1A fllgae < C (1f o + 147 fl1.0) (4.73)

for all non-negative sequences f = { f;}2,, where the matrix operator AT is de-
fined by (2.1) and the Hardy operator Af is defined by (A f), = 3. fj, i >
1. !

We assume that the weighted sequences v and p satisfy the following con-
ditions

vk>0,k21,2pk<oo.
k=1

We denote by Ap; = ¢; — ¢;_1 and for n > 1 we define

"N e V)
— 3 P P —
Pn = 12}%1” ZI; Yy + Z]; Pi , o= 0.

Next we introduce the following result of R. Oinarov [120] on the equiva-
lence of inequalities (4.73) and (2.3) which we exploit below.

Theorem F. Let 1 < p,q < oo and the entries of the matriz (ay;) of
the operator A% are non-negative and non-increasing in i, which means that
agiv1 < ay; for k> 1,1 > 1. Then inequality (4.73) holds for all non-negative

sequences [ = {f;}52, if and only if the inequality

0 k q % o) p %
(Z u <Z ak;,ifi) ) <C (Z fr (@il — SOZ/_1>1 ) (4.74)
k=1 k=1

i=1

holds for all non-negative sequences f = {f;}32,. Moreover, C' ~ 5’, where C

and C are the best constants in (4.73) and (4.74), respectively.

By exploiting Theorem F, we obtain the following statement.
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Theorem 4.6. Suppose that 1 < p < q < oo. Let the matriz (a; ;) in (4.73)

belong to the class O, , m > 0. Then inequality (4.73) holds for all non-

m’

negative sequences f = {f;}52, if and only if at least one of the conditions

Dt < 0o and D~ < oo holds, where

, =
P /

Dt = sup ZA(p] (Zalku>q

k>1

3

and

Qe

q

3
DT = Zu (Z Al A )

Moreover, DT = D~ ~ C, where C' is the best constant in (4.73).

Theorem 4.7. Let 1 < ¢ < p < 0o. Let the entries of the matriz (a; ;) satisfy
Assumption A. Then inequality (4.73) holds for all non-negative sequences
f=A{fi}2, if and only if E = max{E", E~} < oo, where

]
|
b

q(p q Pq

—q

o= (S (Srag) (z) o)

p pP—q

ZA@ (Zkuk> "

Moreover, E =~ C, where C' is the best constant in (4.73).

S

Proof of Theorem 4.6. Let the matrix (a;;) in (4.73) belong to the
class O,,, m > 0. Therefore (a; ;) is a matrix which is non-negative and non-
increasing in the second index for all 7 > 57 > 1. Then according to Theorem

F inequality (4.73) holds if and only if the inequality

S =

(Z u (Z akl Z) q)Q <o (i i (sz’)l_p> V>0 (4.75)

holds. Moreover, C; ~ C, where C' and C} are the best constants in (4.73)

and (4.75), respectively.
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Inequality (4.75) is equivalent to inequality (4.73). Then by Theorem 2.15
inequality (4.75), and accordingly (4.73) holds if and only if at least one of the

conditions DT < oo and D~ < oo holds. Thus the proof is complete.

Proof of Theorem 4.7. We set sup a;; = a;;. Obviously,
j<k<i

Q; 5 S ’C\l/i,j. (476)
According to Assumption A we have

dai,j 2 Sup a;r = 5i,j. (477)
J<k<i

From (4.76) and (4.77) it follows that a; ; ~ @; ;. The matrix operator (K*f) =

7

> ai;fj, @ > 1is equivalent to the operator AT, namely, (A" f), < <g+f> <

i =
J=1

d(ATf), or (ATf), = (g+f) for all f > 0, ¢ > 1. Then inequality (4.73) is

equivalent to
A Fllgw < C1 (I fllpo + AT Fllpp) Y 20, (4.78)

Moreover, C' ~ C4, where C' and C; are the best constants in (4.73) and (4.78),
respectively. It is easy to see that the entries of the matrix (a; ;) satisfy the
following condition a; ; > a;x, ¢ > k > j > 1. Then according to Theorem F

inequality (4.78) holds if and only if the inequality

0 k q % [e'e) —p
(Z uf (Z ak;,ifi) > < Cy (Z i <Agp§,>1 ) V>0, (4.79)
k=1 i=1 k=1

holds. Moreover, C &~ Cy, where C is the best constant in (4.79).

Since (4.78) is equivalent to inequality (4.73), inequality (4.79) is equivalent
to inequality (4.73). By Theorem 2.18 inequality (4.79) (and, thus, (4.78) and
(4.73)) holds if and only if £ = max{E*, E~} < oc.

Hence, the proof is complete.
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4.3 Applications of the main results

for summable matrices.

In the theory of series it is very important to obtain estimates for the norms of
summable matrices. Note that a lower triangular matrix A = (a; ;) is called a

summable matrix ifa; ; > 0and > @, ; = 1. If (a; ;) € O or (a;;) € O, ,n >0
j=1

then the matrix (a;;) = (Z—J> satisfies all conditions of summable matrix,

where A;; =

a; ;. If we consider inequality (2.3) for matrix (@; ;) = (Biai ;).
j=1
then we obtain inequality of the type (2.3)

(ZU?5? ) SC(Zvﬂmp) -
i=1 =1

Therefore using the results of Chapter 2 and 3 we obtain two-sided estimates

7

Zai,jfj

j=1

for the matrix (a; ;) = (f;a;;) in [,, and on the cone of monotone sequences.
Consequently, we can estimate summable matrices, and in particular Holder
and Cesaro matrices.

Now we define

>~
|
=
=g
(]2
<
)
7 N\
7
+ | =
=
N
(]
RS
I~
»
VR
<
|
<.
||+
L
= |
=
~_
’E\
B\
~__
<
Q=

a

s o0 N(r o _ | p' p’
v q ii—j+k—1)! -
Ji = sup Zuj (Z( (i — 5)!(k +1)! Vi ’
=1

i=s

e (S () (S ()

=1

\
Y e

Now by using the results of Chapter 2 we obtain the following statements

for the Cesaro matrix.
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Theorem 4.8. Let 1 < p < g < oo. Let the matriz (a; ;) in (2.1) be the Cesaro
matriz of order k, k > 1. Then the inequality (2.3) for the operator defined by
(2.1) holds if and only if at least one of the conditions J; < oo and J; < 0o
holds. Moreover, Ji ~ Jy ~ C, where C is the best constant in (2.3).

Theorem 4.9. Let 1 < p < g < oo. Let the matriz (a; ;) in (2.2) be the Cesaro
matriz of order k, k > 1. Then the inequality (2.3) for the operator defined by
(2.2) holds if and only if at least one of the conditions J;* < oo and J; < 0o
holds. Moreover, J;" = J; = C, where C is the best constant in (2.3).

Next we set

e

s>1

e[S (3

By using the results of Chapter 3 we obtain the following statements for

the Cesaro matrix.

Theorem 4.10. Let 1 < p < g < oco. Then the inequality (3.1) on the cone
of non-negative and non-increasing sequences f € l,, for the Cesaro matriz
of order k, k > 1 holds if and only if at least one of the conditions E5 =
max{E;, Es} < oo and Ei3 = max{E;, E3} < oo holds. Moreover, Eiy =~
Ei3 = C, where C is the best constant in (3.1).

Now we define

. LY 1 1 1
I/i(,j) = Z Z P Z o Z o > 1,

kn=3 kn—1=kn kn—2=kn—1 k1=k2

~

Q=



124 APPLICATIONS

P p
+_ ~ (NN ()
G PO (Z(m) (7)) 7

J=1 =8

2\
B TN I \P o\’

i e (S () (S0 5) )
8= i=s j=1

By exploiting the main results of Chapter 2 we have the following state-

ments for the Holder’s matrix.

Theorem 4.11. Let 1 < p < q < oo. Then the inequality (2.3) for the Hélder’s
operator of order n, n > 1 holds if and only if at least one of the conditions
J5 < 0o and J; < oo holds. Moreover, Ji ~ Jy ~ C, where C is the best

constant in (2.3).

We define
k k 1 s Ui\ 4 é
V=30, v =300, £ =supV.” Z(fo)) (71) ,
i=1 j=1 5= i=1

4}
S~ g(%)f’<2(v§))p' (%‘5—%1?»? -

By using the main results of Chapter 3 we have the following two-sided es-
timates for the Holder’s matrix on the cone of non-negative and non-increasing

sequences.

Theorem 4.12. Let 1 < p < q < oo. Then the inequality (3.1) for the Hélder’s
matrix of order n, n > 1 on the cone of non-negative and non-increasing
sequences [ € l,, holds if and only if at least one of the conditions £ =
max{&;, &} < oo and E13 = max{&;, £} < oo holds. Moreover, £ = E13 ~

C, where C' is the best constant in (5.1).
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