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Table of signs and conventions

Symbol Meaning
ηab Spacetime flat metric
gµν Spacetime curved metric
g Spacetime metric determinant
hµν Boundary curved metric
h Boundary curved metric determinant
R AdS Radius
M Generic Manifold
eaµ Vielbein
ωabµ Spin connection
Γµνρ Christoffel symbols
Rµνρσ = ∂ρΓ

µ
σν − ∂σΓµρν + ΓµρλΓλσν − ΓµσλΓλρν Riemann Tensor

Rµν = Rλµλν Ricci Tensor
R Curvature Scalar
∇µ ; Dµ Covariant Derivative
SEH Hilbert-Einstein action
nµ Outward pointing normal to hypersurface
Kµν = −∇[µnν] Extrinsic Curvature
Tµν Stress–Energy Tensor
Λ Cosmological Constat
p Fluid Pressure
µ Energy density (chap. 3); Black hole mass
Pµν Transverse Projector
ρ Fluid Density
uµ Fluid velocity
T Fluid temperature
ψ Gravitino field
Γa ; γa Dirac gamma matrices
Aµ Gauge field
εµ1...µd Levi-Civita Symbol
Fµν ; Fµν Gauge field curvature
K,M,N, . . . Spinors Bilinears

Note that, if not explicitly specified, in the first and second Part, capital Latin indices from the
central part of the alphabet (M,N,R, . . .) are curved, bulk indices while those pertaining to the first
part of the alphabet (A,B,C, . . .) are flat; Greek indices are usually devoted to boundary coordinates.

In the third Part, since no boundary considerations are treated, Greek indices are used for (bulk)
curved indices and lower case Latin for flat directions. In chapter 12, capital Greek indices are used
for the R−symmetry group, barred and unbarred lower case Latin indices from the central part of
the alphabet (i, j, k, . . .) are Special Geometry ones. In chapter 13 lower case Latin indices from the
central part of the alphabet (i, j, k, . . .) are for the R−symmetry group while Capital and lower case
Latin indices are Very Special Geometry ones.
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Chapter 1

Introduction

“Hello, my friend. Stay awhile and listen.”

— Deckard Cain, Diablo

1.1 Prologue

Supersymmetry is an incredible and rich framework for modern high-energy physics. The in-
completeness of the Standard Model such as for example, coupling to the gravitational force, has
pushed the research for a more fundamental theory. Nevertheless the Coleman-Mandula theorem
[1] imposes strong constraints to the possible extension of the symmetry group of the theory. One
way to avoid these constraints is to promote the symmetry group to a supergroup. A supergroup is
generated by a superalgebra which, besides the usual bosonic generators, includes also anticommut-
ing (fermionic) generators.

A physical theory whose symmetry group is a supergroup is known as supersymmetric. There,
the number of fermionic degrees of freedom matches the number of bosonic degrees of freedom.
To achieve this, their Lagrangian must be invariant under supersymmetry transformations with an
anticommuting (global) parameter.

When this global parameter is promoted to local, the supersymmetric theory requires new fields,
such as the vielbein, and the theory becomes a supergravity1.

Supergravity theories have long been studied since their discovery in the late ’70s. Nevertheless
they went through a “renaissance” in the late ’90s due to discovery of the anti-de Sitter space/confor-
mal field theory correspondence (“AdS/CFT”) [4]. Loosely speaking, theAdS/CFT correspondence
relates type IIB supergravity in a AdS5 × S5 space with N = 4 super-Yang-Mills theory living on the
boundary ofAdS. Since the correspondence relates the strongly coupled regime of the boundary the-
ory to the weakly coupled regime of supergravity (and viceversa), it has proven to be a very powerful
tool for studying strongly interacting quantum field theories.

1.2 Fluid-Gravity correspondence

Most of the work reported in this thesis finds its roots in AdS/CFT correspondence, and in par-
ticular we deal with the more recent discovery of the Gravity/Fluid correspondence [5].

Due to experiments run at the Large Hadron Collider (LHC) and at the Relativistic Heavy Ion
Collider (RHIC) new developments in heavy-ion physics were achieved studying the quark-gluon
plasma (QGP) produced in collisions. The components of the QGP rapidly reach a local thermal
equilibrium and then, their physics can be approximated by a hydrodynamical model. In such a
model the transport coefficients are the most relevant quantities to be computed, and, among them, a
particular interested was found in the so-called shear viscosity. Weakly–coupled theories allow an easy

1For a comprehensive report and historical references see [2, 3].
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computation of the transport coefficients using perturbative calculation. However, the temperature
of the QGP is estimated to be 170 MeV, which is near the confinement scale of QCD. Being in the non-
perturbative regime of the QCD the usual Feynman-diagrams techniques cannot be applied. Even
using numerical approach (i.e. lattice approach to QCD) a precise analysis of the transport coefficients
is not available.

Here is where the AdS/CFT correspondence finds one of its most relevant applications. The
authors of [5] perturbed a (super)gravity solution in an AdS5 background using isometries trans-
formations whose parameters are boundary-coordinate dependent. Then one can read a dictionary
between those parameters and the hydrodynamical degrees of freedom. Finally, imposing Einstein
equations on the perturbed solution one finds the Navier-Stokes equations for the fluid degrees of
freedom. Using a boundary derivative expansion one can construct a new gravity solution (on the
AdS side), which has the remarkable property to have a boundary stress-energy tensor whose trans-
port coefficients reproduced the η

s ratio (the ration between shear viscosity and entropy density)
found in [6]2. Remarkably, the value of that ratio for QGP obtained at RHIC approximates this theo-
retical value.

This result is a general one. Among solutions of type IIB supergravity focusing on “black” objects
(i.e. objects with one or more singularity) we see that the dynamics of these kinds of solutions may
be holographically related to the dynamics of relativistic conformal fluids in a lower dimension.

So far the fluid/gravity correspondence concerned only the bosonic degrees of freedom. How-
ever we know that the full correspondence holds in a supersymmetric context. Therefore we would
like to study which are the fermionic degrees of freedom of the fluid corresponding to the supersym-
metric perturbation of a given supergravity solution.

In order to address to this problem, in [7] we developed an algorithm (see next sections) to gener-
ate the complete supersymmetric extension of a classical solution in both AdS and flat supergravity.
In the same paper, we applied this procedure for non–extremal Schwarzschild solution of N = 2,
D = 5 and D = 4 AdS-supergravity. Having the full metric solution we computed the boundary
stress–energy tensor using Brown–York procedure [8, 9]. The same analysis in the simpler set-up of
BTZ black holes [10, 11, 12] for N = 2, D = 3 supergravity was performed in [13]. Being a more
manageable case it was possible to analytically compute all charges associated to the BTZ black hole
corrected, order by order, by the presence of fermions. We notice that also the entropy of the black
hole is modified in terms of the fermionic bilinears. Moreover, using fluid/gravity techniques we
derived the linearized Navier–Stokes equations [14] and a set of new differential equations from
Rarita–Schwinger equation.

1.3 Supergravity solitons superpartners

Inspired by several works of Aichelburg and Embacher [15, 16, 17, 18, 19] we developed an al-
gorithm to generate full supergravity solution starting from purely bosonic ones. In fact, one can
actually generate all the supergravity multiplet fields by acting iteratively with the broken genera-
tors of the purely bosonic (black hole) solution. Schematically, if φ denotes the set of spacetime fields,
the other components are generated through

Φ = eδφ = φ+ δ1φ+
1

2
δ2φ+ . . . , (1.1)

where δ denotes a supergravity transformation. Following [15] we call Φ the superpartner of φ or the
“wigged” solution.

The supersymmetry (or supergravity) transformation parameter is a Grassmann quantity so the
series (1.1) truncates at a finite order. However it also leads to an interpretation problem first ad-
dressed in [20]. In fact, using (1.1) the bosonic fields acquire “corrections” in the forms of fermionic
bilinears (and powers of them). The issue arise when one tries to understand the meaning of a

2This was one of the first computation in this field. In this paper they derive the shear viscosity for a finite tempera-
ture N = 4 supersymmetric Yang-Mills theory through the computation of the absorption cross section of gravitons by
black–three branes.
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Grassmann valued metric or, in an AdS/CFT perspective, a Grassmann valued transport coefficient
(such as a temperature or an entropy ratio). The broken supersymmetries parameters correspond
to fermionic zero-modes. Those fermionic parameters satisfy non-trivial anti-commutation relations
and must be realized as operators acting on a space of quantum states3.

In our treatment we will deal with the gravitino expansion

ψµ = aiψ
i
µ,0 + non-zero modes , (1.2)

where ψiµ,0 are zero-modes. Upon quantization of the gravitino field the zero-modes operators ai
generates the algebra {ai, aj} = δij which follows from the canonical anti-commutation relations of
the gravitino field. Acting with the broken supersymmetries one can generate the zero modes of ψµ
and so the components of the “Anti-Killing” spinor [24] ε (see next sections), should be identified
with the coefficients ai and satisfy the same algebra.

Rather than being Grassmann valued, the metric and other fields are now seen to be operator
valued (see chap. 6 for further details on this point). In order to obtain c-number values for the
spacetime fields we take the expectation value in a specific vacuum state.

This partial quantization of the spacetime derive from a quantization of the fermionic zero-modes
that generates a back-reaction on the other spacetime fields. Note that this quantization is not related
to quantum gravity corrections. Nevertheless quantizing the fermionic zero-modes inevitably leads
to back-reaction effects that can modify the long-range fields even in regions of small curvature.

This is the case, for example, of the Aichelburg-Embacher supergravity soliton superpartner. In
[15] they constructed the exact superpartner of a Majumdar-Papapetrou solution (a multi-black hole
solution) [25, 26] showing that the back reaction of the metric to the presence of fermionic zero-
modes generates an intrinsic angular momentum (i.e. a spin). This new type of charge is quantum
mechanical in nature (of order ~) and was first analyzed in [27] where it was generalized to Israel-
Wilson-Perjes spacetimes [28, 29].

In order to characterize the wigged solutions one can try to analyze their “classical” properties.
Using the “probe” technique4 as in [20] one can show the presence of magnetic and electric dipole
moment. Note that even though the mass of the background is taken as macroscopic and much larger
than that of the probe, the background spin will be of order ~ and comparable to that of the probe.
Therefore the spin of the two states needs to be treated on the same footing.

1.4 Black holes attractors

Among rotating and/or electrical (and/or magnetically) charged black holes unconventional
thermodynamical properties are showed by the extremal ones. Those black holes are stable gravita-
tional objects with finite entropy but vanishing temperature [30]. Such a property establish a strong
relation among the various black hole charges such as the mass, the angular momentum and the
entropy.

Considering scalar fields in an asymptotically flat black hole background (typically described by a
non-linear sigma model), we see that the black hole does acquire new charges (scalar charges or hair)
corresponding to the values of the scalars at spatial infinity. Nevertheless the Bekenstein-Hawking
entropy-area formula [31, 32] is completely independent from them since “black holes have no hair”.

This apparent paradox can be resolved by the attractor mechanism5. Because of this mechanism,
the scalar trajectory is driven to a “fixed point” located on the black hole event horizon in the target
(moduli) space. In approaching such an attractor, the orbits lose all memory of initial conditions,
while the dynamics remains fully deterministic. The scalars at the black hole horizon turn out to
depend only on the dyonic (asymptotic) charges.

3In some sense this situation is similar to a bosonic BPS monopoles [21, 22]. In such a case one of the collective coordi-
nates is associated to a U (1) subgroup of the gauge group. Classically any value of this parameter is allowed but it is only
upon quantization that makes sense, being related to the quantize electric and magnetic charge of the monopole [23].

4The probe technique consists in considering two solitons solution: one as a probe (or test particle) moving in the
background of the other.

5This phenomenon was discovered in the context of supergravity. See, for example, [30, 33].
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Using the same iterative procedure developed for “pure” supergravity black hole solutions, in
[34] we constructed the full supersymmetric completion of extremal solutions also in the presence of
scalar fields. In particular we focused on the case of the N = 2 D = 4 double-extremal black hole
[35] a 1

2−BPS black hole where the near-horizon conditions [30, 36]

∂µz
i = 0 Gi−µν = 0 ,

hold all along the scalar flow. These conditions fix the values of the scalar fields to a constant for all
value of the radial coordinate r. The supersymmetry transformation iteration generates correction to
the scalar fields zi proportional to fermionic bilinears. Those corrections (interpreted as the fermionic
bilinear vev as above) vanish up to the third order. The only non-vanishing correction is the last one
(in the analyzed model) which introduce an angular coordinates of the spacetime dependence for the
scalar fields. This explicit result shows that there are choices of electric and magnetic charges such
that the modification to the attractor mechanism does vanish.

Such an unexpected result may bring to several conclusions. The first one might suggest a redef-
inition of the superpartner charges such that the attractor mechanism would not be spoiled; the sec-
ond one is the introduction of a completely new charge, a supercharge, in terms of the new fermionic
degrees of freedom.

In the last section of [37] we analyzed the case for an extremal black hole in N = 2 D = 5
supergravity [38]. Such a case is peculiar. In fact, in D = 5 no dyonic black holes are present and, as
a result, no modification to the attractor mechanism are found. This achievement is a strong proof of
the “sensibility” of the wig to the dyonicity of the solution.

1.5 Résumé of Fluid Gravity Correspondence

The idea we started with, was the work presented in the original paper [5] by Minwalla et al.
where they work out the universal values of all coefficients of (nonlinear) two derivatives terms
stress tensor of the conformal fluid dual to gravity on AdS5.

They start examining a boosted black brane (in Eddington-Finkelstein coordinates)6 in AdS5

ds2 =
dr2

r2f(br)
+ r2 [−f(br)uµuν + Pµν ] dxµdxν , (1.3)

where uv = (1 − β2)−
1
2 , ui = βi(1 − β2)−

1
2 , f(r) = 1 − r−4, Pµν = ηµν + uµuν and b = 1

πT and β
are the parameters of the dilatations and boost respectively. Recall that the isometry group of AdS5

is SO(4, 2). The Poincaré algebra plus dilatations form a distinguished subalgebra of this group:
one that acts mildly on the boundary. The rotations SO(3) and translations R3,1 that belong to this
subalgebra annihilate the static black brane solution inAdS5. However the remaining symmetry gen-
erators - dilatations and boosts - act non-trivially on this brane, generating a 4 parameter set of brane
solutions. These four parameters are simply the temperature and the velocity of the brane. In Min-
walla’s paper they effectively promotes these parameters to “Goldstone fields” and determines the
effective dynamics of these collective coordinate fields, order by order in the derivative expansion,
but making no assumption about amplitudes.

Imposing Einstein equations on the metric with the now local b (temperature) and β (velocity), it
turns out that the resulting equation for these are the linearized form of the Navier-Stokes equations
[14]

∂ib = ∂vβi , 3∂vb = ∂iβ
i . (1.4)

Once these equations are imposed, the analysis can be pushed further expanding both the func-
tions and the metric in a series expansion in order to reconstruct an exact solution of the Einstein
equations up to the second order in a derivative expansion

g = g0 + εg1 + ε2g2 +O
(
ε3
)
. (1.5)

6v = t+ r∗ where r∗ is the “tortoise” coordinate defined as
∫ (
r2 + µ

r2

)−1
dr
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Armed with this metric one can perform a quasi-local analysis [8, 9] and derive the boundary stress
energy tensor

Tµν =Kµν −Kgµν − (d− 1)gµν − 1

d− 2

(
Rµν − 1

2
gµν
)

(1.6)

∝T d (gµν + duµuν) , (1.7)

where d is the dimension of AdSd+1, Kµν the extrinsic curvature (see chap. 2), K its trace, Rµν

the Ricci tensor and T the temperature of the fluid. As it was shown, the result coincide with the
stress-energy tensor for a perfect conformal fluid at “zero” order, while, at the first order one gets
a correction to Tµν for a non-perfect (viscous) fluid from which you can read off the shear-viscosity
coefficient. In particular the η/s ratio that is shown to be 1/4π.

1.6 Generalization

In [39] we tried to generalize the work done by Minwalla considering not only the supergravity
bosonic truncation but the full theory. In order to do so, we relaxed the condition on the brane, and
tried to use all the isometries for a generic AdS black hole, that is the Lie derivative of the metric. Note
that in order to reproduce the computations for the black brane case, we had to know which of the
15 AdS5 isometries were broken by the presence of the black hole. In order to do this we derived the
“empty” AdS5 Killing vectors and then computed the AdS-black-hole-metric-Lie-derivative using
those vectors: the non-vanishing terms corresponded to the broken isometries. Working this way we
were able to exploit all the isometries parameters instead of just boost and dilatation. As we showed,
these parameters organize themselves to reproduce exactly the linearized Navier-Stokes equations
for all of the conjugate variables.

1.6.1 Killing Spinors

A further generalization to the original work of Minwalla required the introduction of fermions,
a result achievable through the use of the superisometries of AdS5, i.e. those “isometries” generated
by the Killing spinors [40].

Killing spinors are one of the most interesting concepts that emerge from the development of su-
pergravity. Supergravity actions are invariant under supersymmetry transformations with arbitrary
spinor functions ε (x). Killing spinors are associated with special classical solutions of the equations
of motion of a supergravity theory. Specifically they are the finite subset of the spinor functions
for which the supersymmetry transformation leaves the solution invariant, i.e. unchanged from its
original form. These spinors contain a finite number of constant parameters, and they determine the
residual global supersymmetry algebra of the solution. In favorable cases it is easier to find classical
solutions to the equations by studying the conditions for Killing spinors rather than the equations
of motions themselves. The Killing spinor conditions come directly from the fermion transformation
rule of supergravity. The conditions determine the spinors themselves, and they give information
on the spacetime geometry that support them. Many interesting solutions have been discovered by
studying these conditions. There is also an interesting relation between Killing spinors and Killing
vectors, which reflects the structure of supersymmetry algebra.

The Killing spinors are those spinors satisfying

DεAdS =

(
d+

1

4
ωabAdSΓab +

Λ

2
eaAdSΓa

)
εAdS = 0 , (1.8)

where Λ is the cosmological constat, ωab is the spin connection, Γa are the usual (flat) 5D−gamma
matrices and ea are the vielbein. Note the subscript “AdS”.

The presence of the black hole not only (partially) breaks some isometries but also (some) superi-
sometries (it depends, in absence of scalar fields, on the extremality of the black hole) so, as in the
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case of Lie derivative, we computed the Killing spinors equation for the black hole on the “empty”
AdS5 Killing spinors getting a non-vanishing result:(

d+
1

4
ωabbhΓab +

1

2
eabhΓa

)
εAdS 6= 0 . (1.9)

Actually, what we computed was the covariant derivative of a local spinor which in any super-
gravity theory corresponds, by definition, to the supersymmetry variation of the gravitino:(

d+
1

4
ωabbhΓab +

1

2
eabhΓa

)
εAdS =

(
δ(1)ψ

)
. (1.10)

Note that this equation cannot be zero at any point and in any coordinate frame, being just the
expression of the broken superisometries.

Being interested in the fermionic corrections to the Navier-Stokes equation, we iterated the super-
symmetry transformation in order to compute firstly the vielbein second variation (in N = 2, D = 5
AdS supergravity)

δ2eaµ =
1

2
ε̄Γaδ1ψ , (1.11)

and then the metric second variation

δ2gµν =
1

2

[
1

2
ε̄Γa

(
δ(1)ψµ

)
ebν + eaµ

1

2
ε̄Γb
(
δ(1)ψν

)]
ηab , (1.12)

(the overall factor 1/2 is due to the expansion, see next sections). As you can see the corrections to
the metric is a bosonic bilinear, that is a bosonic object with a fermionic “soul” [15]. Note that this is
an intrinsically fermionic correction to the metric, always seen as a purely bosonic object up to now.

Then we can proceeded in the analysis as done by Minwalla, which means, promote to local
functions the isometries parameters and the bilinears as well, and imposing Einstein equations once
again. Note that, differently from the case studied by Minwalla, we used the spin connection formal-
ism, in fact, due to the presence of fermions, the torsion did not vanish anymore

dea + ωab ∧ eb = ψ̄Γaψ , (1.13)

and the Einstein equations needed to be rewritten in the language of differential forms as

dω̂ + ω̂ ∧ ω̂ = 0 , (1.14)

where ω̂ is the null-torsion connection derived from the vielbein postulate.
The fermionic correction to Navier-Stokes equations in terms of the bilinear λ, reads (in D = 5)

(cf. chap. 7)

∂iβ
i − 3∂0b+

√
k

2
(wi∂iλ+N∂0λ) = 0 , (1.15)

∂0β
i − ∂ib−

√
k

2
(N∂iλ+ 3wi∂0λ) = 0 , (1.16)

where k is connected to the curvature of the boundary of AdS, wi = εijkwjk (wjk is a matrix of
parameter of the Killing vectors) and N =

√
3wiwi.

1.7 Wig

This interesting results opened an intriguing possibility: we can proceed order by order in the
construction of the full supergravity solution. In fact, we can image the above procedure as the first
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step in the complete supersymmetry transformation obtained acting with the exponentiation of the
variation, namely

Φ = eδφ = φ+ δ1φ+
1

2
δ2φ+ . . . , (1.17)

where Φ is the superpartner of φ. Note that in our case this expansion is an exact expansion that
automatically truncates when all the fermionic degrees of freedom are taken into account.

We analyzed the case of N = 2, D = 5, 4, 3 AdS supergravity [7, 13] and N = 2, D = 4, 5
minimally coupled supergravity [34, 37], but for all of them the procedure is the same:

• First compute the empty space Killing spinors;

• Take the metric of the desired black hole in the desired space (such as AdS) and compute viel-
bein and spin connection;

• Using the black hole vielbein and spin connection compute the Killing spinor equations on the
empty-space Killing spinors. The result is the first gravitino variation;

• Iterate the procedure computing the supergravity n-th variation for all the fields;

• Stop when all the fermionic degrees of freedom are soaked out.

1.7.1 Example

As an illustrative example we take the relatively simple case ofN = 2 D = 3 (see chap. 10 for the
detailed procedure). In this framework the only possible black hole is the BTZ and the action for the
supergravity multiplet is invariant under the following supersymmetry transformations

δ1ψ = Dε , δ1ea =
1

4

(
ε̄Γaψ − ψ̄Γaε

)
, δ1A =

i

4

(
ε̄ψ − ψ̄ε

)
. (1.18)

The BTZ black hole, when taken as non-extremal, brakes all the AdS3 superisometries so we have 4
fermionic dofs or, equivalently, 2 powers of the bilinear of ε. It is more instructive to deal with an
expansion in powers of the latter. This is denoted by the superscript [n], which counts the number of
bilinears7. Due to our choice of the background fields (purely bosonic), we have

B[n] =
1

2n!
δ2nB , F [n] =

1

(2n− 1)!
δ2n−1F , (1.19)

where B and F are respectively bosonic and fermionic fields. Then, for fermionic fields [n] counts n−1
bilinears plus a spinor ε while for bosonic fields it indicates n bilinears. The n = 0 case represents the
background fields

e[0]a
µ = eaµ|BTZ , ψ[0]

µ = 0 , A[0]
µ = 0 . (1.20)

In this formalism, from the supersymmetry transformations we derive algorithms to compute itera-
tively the various fields

ψ[n]
µ =

1

(2n− 1)
D[n]
µ ε , (1.21)

e[n]a
µ =

1

4(2n)
ε̄Γaψ[n]

µ + h.c. , (1.22)

A[n]
µ =

i

4(2n)
ε̄ψ[n]

µ + h.c. . (1.23)

7Note the square brackets. As explained in the following sections we adopt this notation to include the combinatory
factor so for example A[n] = 1

n!
A(n).
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Then the corrections to the metric are written, order by order, as

g[n]
µν =

n∑
p=0

e
[p]a
(µ e

[n−p]b
ν) ηab . (1.24)

These new fermionic contributions to the metric do provide contributions to the conserved charges
such as the ADM mass and the angular momentum. For the BTZ case they have been computed to
be

Mtot = M +
1

8
(1 +M + J)

(
〈B〉+

1

16
〈B2〉

)
, (1.25)

Jtot = J +
1

8
(1 +M + J)

(
〈B〉+

1

16
〈B2〉

)
, (1.26)

where B represent the fermionic bilinear. Note that the extremality condition, once imposed, is not
spoiled by the fermionic contributions. Note also that we have to introduce the vev of the fermionic
bilinears in order for the corrections to make sense (see interpretation).

The conserved electric and magnetic charges can also be computed but they receive no contribu-
tions from the wigging, as was shown in [15]. Since we are breaking all the superisometries, in this
case, no supercharges are conserved.

1.8 Attractor mechanism in N = 2 D = 4 Minimally Coupled Supergrav-
ity

Now that we have outlined the scheme for constructing the wig, we can focus on the case of
N = 2 D = 4 minimally coupled supergravity in absence of gauging and hypermultiplets. The
complex scalar fields from the vector multiplets, coordinatize the non-compact complex projective
spaces CPn characterized by the vanishing of the so-called C−tensor of special Kähler geometry [41].

For an extremal black hole in matter-coupled supergravities, approaching the event horizon the
scalar fields completely lose memory of the initial data, and take values which depend only on the
electric/magnetic charges of the black hole:

zi
∣∣
hor

= zi (Q,P ) , (1.27)

In other words, regardless of the initial conditions, the horizon values depend only on the charges,
but nevertheless the evolution remains deterministic. Hence the name “attractor”.

In such a framework the supersymmetry transformations are more complicated than before but
the philosophy required to build the wig remains the same. Once again we start with a purely bosonic
background of a double-extremal 1/2−BPS black hole, i.e. a black hole whose near horizon conditions

∂µz
i = 0 , Gi−µν = 0 , (1.28)

hold all along the scalar flow.
Being interested in the modification of the attractor mechanism we need only the fourth order

scalar variation, for which we get (
δ(4)zi

)
=
(
δ(3)λ̄iA

)
εA . (1.29)

It thus follows that the complete fermionic wig of the n complex scalar fields zi in the background
of a double-extremal 1/2−BPS black hole in N = 2, D = 4 minimally coupled supergravity reads (in
absence of gauging and hypermultiplets):

ziWIG = zi(0)|bg +
1

4!

(
δ(4)zi

)∣∣∣
bg
6= zi(0)|bg . (1.30)

This equation expresses how the attractor mechanism gets modified by the fermionic wig, and it is
therefore the first evidence of what we dub the “fermionic-wigged” attractor mechanism: the value of
the scalar fields in the near-horizon geometry of the fermionic-wigged extremal 1/2−BPS black hole
is different from the corresponding, purely charge-dependent, attractor value at the horizon of the
extremal black hole we started with.
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1.9 Attractor mechanism in N = 2 D = 5 Supergravity

In 5-dimensions things are pretty much the same as in 4-dimensions but this time the scalar fields
coordinatize a real special manifold [42, 43]. Once again we disregard any gauging and hypermul-
tiplets (and all possible tensor multiplets are dualized to vector ones). In this framework the super-
symmetry transformations generate a fourth order variation of the scalar field that can be written
as (

δ(4)φx
)

= AµI ∂µh
Ix + BµνhxIF Iµν + Cx , (1.31)

where A, B and C are pretty cumbersome expressions (see appendix D,E). Since the following near-
horizon conditions hold for an extremal electric8 black hole

Cx|hor = 0 , ∂µh
Ix = 0 , hxIF

I
µν = 0 , (1.32)

we get an identically vanishing result independent from the scalar geometry.
This general result has a simple interpretation: the attractor mechanism is sensible to the dyonicity

of the solution. In 4−dimensions we found a non-vanishing result strongly dependent on the electric
and magnetic charges of the black hole (see chap.12 and eq. (12.50)). The vanishing of the result in
5−dimensions may thus be actually traced back to the absence of dyonic solutions (see chap. 13).

1.10 Interpretation and future directions

What we actually computed is a black hole superpartner, a new object with an intrinsic angular
momentum and, in the case of the BTZ black hole (a black hole in AdS3), a modified mass. The
interpretation of these results is still under discussion. Nevertheless a complete study of the ther-
modynamical properties of these solution is still lacking. It would be interesting to study the mod-
ification to black hole charges both as a “classical” property and as new Smarr-formula terms. The
introduction of fermionic charges should lead to a new chemical potential related to the supercharge
(or equivalently to the black hole spin). Such a modification should be also present in the Bekenstein-
Hawking entropy formula since the fermionic fields should (at least in principle) contribute to it.

The quantization of fermionic zero modes is still a lacking point. The dynamics of bosonic black
hole zero modes is encoded in the Ferrel-Eardley lagrangian [45], while the complete (super)moduli
space dynamic was recently constructed in [46]. Nevertheless the wigging procedure should allow a
systematic and iterative method to compute these (super)moduli space for any bosonic solutions but
this is still under investigation.

8In 5−dimensions no dyonic black hole exists; electric black holes are dual to magnetic black strings. See chap.13 and
references therein.
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Chapter 2

Anti de-Sitter spaces

“So much space. Need to see it all.”

— The Space Sphere, P0rtal 2

Anti-de Sitter spacetime [47] is a maximally symmetric space being a conformal flat vacuum solu-
tion with a negative cosmological constant Λ. It thus has a constant scalar curvatureR = 4Λ < 0, and
is the complement of a flat Minkowski space (R = 0) and de Sitter space (R > 0). In this chapter, we
will describe the main properties of this constant-curvature exact solution of Einstein field equations
which has recently become important in the context of higher-dimensional theories, in particular due
to the conjectured anti-de Sitter space/conformal field theory correspondence.

For the purpose of the present work we provide some well-known definitions and considerations
about AdSp metric adapted to our derivation. In order to give an example we derive in some details
the Killing vectors for AdS5

1.

2.1 AdSp Space in global representation

We start by considering an AdSp space embedded in R2,p−1. The anti-de Sitter space-time can be
visualized geometrically as the hyperboloid

x2
0 + x2

p −
p−1∑
i=1

x2
i = R2 . (2.1)

with R the radius of AdSp which from now on we will set to 1. In order to obtain a metric for the
AdS surface, we can solve equation (2.1) for xp

xp =

√√√√1− x2
0 +

p−1∑
i=1

x2
i , (2.2)

and substituting it in the R2,p−1 metric

ds2 = dx2
0 + dx2

p −
p−1∑
i=1

dx2
i , (2.3)

we obtain

ds2 =

[
ηKL +

xIxJ

1− xRηRSxS
ηIKηJL

]
dxKdxL , (2.4)

1Killing spinors for AdS5 are derived in chap.. 8.
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where ηIJ = diag{+,−, · · · ,−} and {I, J} = {0, 1, · · · , p−1}. We can choose an alternative parametriza-
tion for AdSp

x0 = cosh ρ cos τ , xp = cosh ρ sin τ , xi =
√
k sinh ρ Ωi

(k) , (2.5)

where Ωi
(k) represents the coordinates of a (p− 2)-dimensional space with curvature k

∑
i

Ωi
(k)Ω

i
(k) =

1

k
. (2.6)

With this choice, metric (2.3) becomes

ds2 = − dρ2 − sinh2 ρ dτ2 + k cosh2 ρ dΩ2
(k) , (2.7)

As before we can solve equation (2.6) for xp−1 in order to obtain a metric for this (p− 2)-dimensional
hypersurface

xp−1 =

√√√√1

k
−

p−2∑
i=1

x2
i , (2.8)

which leads to

dΩ2
(k) =

[
δij +

xixj
1
k −

∑p−2
i=1 x

2
i

]
dxidxj . (2.9)

Metric (2.7) is mapped in (2.3) by the following coordinates transformations

ρ = arcsinh
r√
k
, τ =

√
k t , xi = xi . (2.10)

It is useful to introduce the metric used in [5, 53] (apart from an overall minus sign)

ds2 = +
(
k + r2

)
dt2 − 1

k + r2
d2r − r2dΩ2

(k) , (2.11)

which can obtained from (2.3) setting

x0 =

√
1 +

r2

k
cos
√
k t , x4 = r

√√√√1

k
−

3∑
i=1

x2
i , xi = r xi . (2.12)

To recover the minus sign we Wick rotate all coordinates. Setting for consistency k → −k we gain the
final form we will use for AdSp

ds2 = −f2dt2 +
1

f2
d2r + r2dΩ2

(k) , (2.13)

where f =
√
k + r2.

2.1.1 Killing Vectors

Starting from metric (2.4) we can derive a generic form of AdSp Killing vectors

ξI =
√

1− xRηRSxS
∂

∂xI
,

ξIJ = xI
∂

∂xJ
− xJ ∂

∂xI
, (2.14)
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that are translations and rotations respectively. Note that

ξ = aIξI + bIJξIJ , (2.15)

is a generic AdS Killing vector and aI , bIJ are the constant parameters of the isometry transforma-
tions. Some of them will be promoted to local functions as discussed in the next sections. From these,
using the change of coordinates (2.12) we write the AdSp Killing vectors components as follows

ξt =
1

f

(
r aIxI cos

√
kt+ rb0IxI sin

√
kt− a0

f√
k

)
,

ξr =
√
kf
(
−b0IxI cos

√
kt+ aIxI sin

√
kt
)
,

ξi = −1

r

[
f√
k

(
b0i −

1

2
kxi b0IxJ

)
cos
√
kt+

+
f√
k

(
−ai + kxi aIxJ

)
sin
√
kt+ r biJxJ

]
, (2.16)

where biJ is built by a vector bi(p−1) and an antisymmetric matrix bij , with i = {1, · · · , p − 2} as

usual. Moreover, xp−1 has to be substituted with xp−1 =
√

1
k − x2, where x2 =

∑p−2
i=1 x

2
i . Notice that

in AdS5 case we find 15 free parameters as expected, being 15 the dimension of conformal group in
4-dimensions SO(2, 4).

2.1.2 Vielbeins and Spin Connection

Solving vielbeins equation for metric (2.4) we find

eI = dxI +
1−
√

1− x2

x2
√

1− x2
xIx · dx . (2.17)

Imposing null torsion, we work out the spin connection

ωIJ =
1−
√

1− x2

x2

(
xIdxJ − xJdxI

)
. (2.18)

Vielbeins for metric (2.11) can be derived from (2.17) by a coordinate transformations or by direct
computation

e0 = fdt , e1 =
1

f
dr , ei = r

(
dxi +

1−
√

1− kx2

x2
√

1− kx2
xixjdx

j

)
, (2.19)

notice that vielbeins indices are flat, that is

eiejηij = gµνdxµdxν . (2.20)

This time the spin connection is given by

ωi0 = 0 , ω0
1 = r dt ,

ωi1 =
f

r
ei , ωij =

1−
√

1− kx2

x2

(
xidxj − xjdxi

)
. (2.21)

2.1.3 Killing Spinors

The easiest way to discuss Killing spinors [40] for a generic AdSd+1 space is through the use of a
specifical coordinate frame in which the metric takes the form2

ds2 = dr2 −N2
+(r) dt2 +N2

−(r) dΩ2
d−1 , (2.22)

2In order to avoid confusion, only in this section we use a hat to label flat coordinates.
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where

N±(r) = er ± 1

4
e−r (2.23)

and dΩ2
d−1 is the standard metric on Sd−1,

dΩ2
n = dθ2

n + sin2 θn dΩ2
n−1 dΩ2

1 = dθ2
1 , (2.24)

The radial coordinate ρ usually used in the standard global coordinates is given by ρ = N−.
We find that the Killing spinors can be written in the following compact form

ε = e
r
2 ε̂(− 1

2
) + e−

r
2 ε̂( 1

2
) , (2.25)

where

ε̂(− 1
2

) = P−O+
d−1Od−2 . . .O1Otη , (2.26)

ε̂( 1
2

) = −1

2
P+O−d−1Od−2 . . .O1Otη , (2.27)

with P± = 1
2

(
1± Γr̂

)
, η a constant spinor and

Ot = e−
t
2

Γt̂ = cos
t

2
− sin

t

2
Γt̂ , (2.28)

Oj = e
θj
2

Γĵ+1,ĵ
= cos

θj
2

+ sin
θj
2

Γĵ+1,ĵ j = 1, .., d− 2 , (2.29)

O±d−1 = cos
θd−1

2
± sin

θd−1

2
Γd̂−1. (2.30)

2.2 Boundary terms

TheAdS space is a space with a non trivial boundary. Usually, when one deals with a gravitational
action, the boundary terms3 are discarded being total derivatives. On the other hand, the boundary
terms become extremely relevant dealing with the AdS/CFT correspondence. This duality, in fact,
relates a gravity theory in the bulk of the AdS space with a conformal field theory living precisely on
the boundary of this spacetime.

In what follows we will see how this terms arise when the variational principle is applied. Note
that this construction is generic and so remains valid for every dimension.

As usual, we start with the Einstein-Hilbert action defined on a manifold 4M. The action reads

SEH =

∫
M

√
−gRddx , (2.31)

where g is the metric onM and R is the Ricci scalar. If we vary such an action we end up with

δSEH =

∫
M

ddx
√
−ggMNδRMN +

∫
M

ddx
√
−gRMNδg

MN +

∫
M

ddxRδ
√
−g =

=δSEH(1) + δSEH(2) + δSEH(3) . (2.32)

The Ricci tensor variation can be written as

δRMN =
(
∂RδΓ

R
MN + ΓRRSδΓ

S
NM − ΓSMRδΓ

R
NS − ΓSNRδΓ

R
MS

)
+

−
(
∂NδΓ

R
MR + ΓRNSδΓ

S
MR − ΓSNMδΓ

R
RS − ΓSNRδΓ

R
MS

)
=

=∇RδΓRMN −∇NδΓRMR . (2.33)

3Also known as Gibbons-Hawking terms [48, 49].
4For the present treatment we ignore all the coefficients in front of the action. This kind of redefinition can be performed

through a redefinition of the Newton’s constant Gd.
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Therefore eq. (2.32) becomes

δSEH(1) =

∫
M

ddx
√
−g∇R

(
gMNδΓRMN − gMRδΓNMR

)
=

∫
M

ddx
√
−g∇RJR , (2.34)

where

JR = gMNδΓRMN − gMRδΓNMN . (2.35)

Using Stoke’s theorem we can write∫
M

ddx
√
−g∇RJR =

∫
∂M

dd−1x
√
−hnµJµ , (2.36)

where nµ is the normal unit vector on the hypersurface ∂M normalized to −1 and the tensor hµν is
the induced metric associated with the hypersurface and defined by

ĥMN = gMN + nMnN . (2.37)

Using the fact that

δΓRMN =
1

2
gRS (∇MδgNS +∇NδgMS −∇SδgMN ) , (2.38)

we get

JR =
1

2

(
gMNgRS∇MδgNS + gMNgRS∇NδgMS − gMNgRS∇SδgMN+

−gMRgNS∇MδgNS − gMRgNS∇NδgMS + gMRgNS∇SδgMN

)
=

=gMNgRS (∇MδgNS −∇SδgMN ) . (2.39)

Contracting with nM and using the fact nMnNnR = 0 we obtain

nMJM = −nM ĥRS∇MδgRS , (2.40)

Next we introduce the extrinsic curvature KMN :

KMN = h R
M ∇RnN = −1

2
(∇MnN −∇NnM ) , (2.41)

and note that its variation is given by

δK =δ (hµνKµν) =

=hµνδΓρµνnρ =

=
1

2
hµνnρ∇ρδgµν = −1

2
nµJµ . (2.42)

Finally we can re-write the full gravitational action variation with the inclusion of the boundary
terms as

δSEH =

∫
M

√
−g
(
RMN −

1

2
gMNR

)
δgMNddx− 2δ

∫
∂M

√
−hKd(d−1)x . (2.43)
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2.2.1 Practical computation

Being interested in the boundary of an AdS space we, first of all, define the constraint that will
allow to foliate the spacetime in slices at constant r

Φ = r − c = 0 , (2.44)

with 5 c ∈ R+. The outward-pointing normal vector to the boundary M|r=c is defined as6

nM =
∂MΦ√

gRS∂RΦ∂SΦ
. (2.45)

Using nM we define the boundary metric as in (2.37).
In order to obtain a (d− 1)−dimensional metric we have to eliminate from ĥ (in this case) the

first column and the first row

ĥMN =

 hrr hrt hrj
htr hµνhir

 . (2.46)

In a completely similar fashion we calculate the extrinsic curvature KMN and then Kµν .

2.3 Boundary Stress Energy tensor

The Hamilton-Jacobi theory provides an elegant and efficient way to derive the stress-energy
tensor from a given action. In the context of a gravity theory, being the stress-energy tensor the
source for the gravity field (i.e. the metric), its derivation is straightforward, in fact, it is sufficient to
vary the action with respect to the metric:

T ab =
2√
−g

δS

δgab
. (2.47)

In [8] Brown and York proposed a useful recipe for a “quasilocal” stress-energy tensor defined
locally on the boundary of a given spacetime region:

Tµν =
2√
−h

δS

δhµν
. (2.48)

Their arguments were based on the conservation of Noether charges and geometric considerations;
nevertheless their results had divergencies once the boundary was taken to infinity. To obtain a finite
stress tensor, Brown and York proposed a subtraction derived by embedding a boundary with the
same intrinsic metric hµν in some reference spacetime, such as flat space. This prescription suffers
from an important drawback: it is not possible to embed a boundary with an arbitrary intrinsic metric
in the reference spacetime. Therefore, the Brown-York procedure is generally not well defined.

It was only six years later that Balasubramanian and Kraus [9] proposed a renormalization of the
stress-energy of gravity by adding a finite series in boundary curvature invariants to the action. In
that paper they were, in fact, able to show that the required terms were fixed essentially uniquely by
requiring finiteness of the stress tensor. Those counterterms proved to be the right ones since they
correctly reproduced the masses and angular momenta of various asymptotically AdS spacetimes
obtained in previous studies.

5We adopt the notation given in [50].
6This definition is valid as long as the surface is not null-like. In that case, the outward pointing normal will be kM =

−∂MΦ. See [50] for further details.
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2.3.1 Defining the Stress-Energy tensor

The gravitational action with cosmological constant Λ is:

S =

∫
M

d(d+1)x
√
−g (R− 2Λ) + 2

∫
∂M

dd
√
−hK + 2Sct (hµν) , (2.49)

where Sct is the counterterm we add to obtain a finite stress-energy tensor. Next we vary the action
and note that since we will always consider solutions to the equations of motion, only the boundary
term contributes:

δS =

∫
∂M

ddxπµνδhµν +

∫
∂M

ddx
δSct
δhµν

δhµν , (2.50)

where πµν is the momentum conjugate to hµν evaluated at the boundary

πµν =
1

2

√
−h (Kµν −Khµν) . (2.51)

The quasilocal stress energy tensor is thus

Tµν = Kµν −Khµν +
2√
−h

δSct
δhµν

. (2.52)

As explained and show in [9] it turns out that the correct counterterms one needs to add are

AdS3 : Lct = −1

`

√
−h ⇒ Tµν = Kµν −Khµν − 1

`
hµν , (2.53)

AdS4 : Lct = −2

`

(
1−
√
−h`

2

4
R

)
⇒ Tµν = Kµν −Khµν − 2

`
hµν − `Gµν , (2.54)

AdS5 : Lct = −3

`

√
−h
(

1− `2

12
R

)
⇒ Tµν = Kµν −Khµν − 3

`
hµν − `

2
Gµν , (2.55)

where ` =

√
−d(d−1)

2Λ , R is the Ricci scalar of hµν andGµν = Rµν− 1
2Rhµν is the Einstein tensor of hµν .
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Chapter 3

The Fluid/Gravity correspondence

“It is pitch black. You are likely to be eaten
by a grue.”

— Zork

3.1 Hydrodynamics in Curved Spacetime

For the sake of simplicity, we consider a simple perfect fluid flowing through spacetime. The
stress-energy tensor for a perfect fluid, in a curved spacetime as in a flat one, is [51]

Tµν = (p+ µ)uµuν + pgµν , (3.1)

where uµ is the fluid 4−velocity normalized to −1, p the fluid pressure and µ the energy density. The
local law of energy-momentum conservation is readily calculated

∇µTµν = ∇µ (p+ µ)uµuν + (p+ µ)∇µuµuν + (p+ µ)uµ∇µuν + gµν∇µp . (3.2)

Defining the projector Pµν = gµν + uµuν we can contract eq. (3.2) with uµ and Pµν in order to get

uµ∇µµ+ (p+ µ)∇µuµ = 0 , (3.3a)
(p+ µ)uµ∇µuν + Pµν∇µp = 0 , (3.3b)

the second equation being the Euler equation.

3.2 Fluid dynamics in Curved Spacetime

In this section we try to derive the Euler equations in a curved background from a variational
principle using the congruence technique1.

As a first step we define the covariantly conserved current

jµ = ρuµ ⇒ ∇µjµ = 0 , (3.4)

(where ρ is the density of the fluid), and the elastic potential (or internal energy) ε as a function of ρ.
The action is taken to be

S =

∫
−ρ [1 + ε (ρ)]

√
−gdx4 . (3.5)

1This section follows the pedagogical approach of [52] to which the interested reader is referred.

33
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The action S is required to be stationary when the flow lines are varied and ρ is adjusted to keep jµ

conserved. A displacement of a point on the flow line γ can be given in term of the Lie derivative Lk
where k is the vector tangent to the curve γ:

δuµ = Lk (uµ) = kλ∇λuµ − uλ∇λkµ − uµuν∇νkλuλ . (3.6)

Varying jµ and using eq. (3.6) we get

∇µδ (ρuµ) = ∇µ (δρuµ) +∇µ (ρδuµ) = 0 ,

⇒ δρ = ∇µ (ρkµ) + ρ∇µkνuµuν . (3.7)

Now the variation of the action (3.5) reads

δS =−
∫ [

δρ (1 + ε) + ρ
dε

dρ
δρ

]√
−gdx4 =

=

∫ {
ρ

(
1 +

dρε

dρ

)
uλ∇λuν + ρ∇µ

[
dρε

dρ

]
(gµν + uµuν)

}
kν
√
−gdx4 . (3.8)

In order to have δS = 0 for every kµ we require

ρ

(
1 +

dρε

dρ

)
uλ∇λuν + ρ∇µ

[
dρε

dρ

]
(gµν + uµuν) = 0 . (3.9)

Defining now the pressure p and the energy density µ

p = ρ2 dε

dρ
µ = ρ (1 + ε) , (3.10)

and contracting again with uµ and Pµν we derive the relativistic Euler equations

uλ∇λµ+ (µ+ p)∇λuλ = 0 , (3.11a)
(µ+ p)uν∇νuµ + (gµν + uµuν)∇νp = 0 . (3.11b)

3.3 Conformal Fluids in Minkowski Spacetime

3.3.1 Ideal Fluids

Consider the hydrodynamical description of a relativistic CFT at finite temperature. The hydro-
dynamics regime applies under the condition that the correlation length of the fluid lcor is much
smaller than the characteristic scale L of the variations of the microscopic fields (such as moments of
the stress-energy tensor). Since the only dimensionfull parameter is the characteristic temperature of
the fluid T , one has by dimensional analysis,

lcor =
~c
kBT

G (λ) , (3.12)

where λ denotes all the dimensionless parameters of the CFT.
The stress-energy tensor for a d dimensional CFT obeys

∂µT
µν = 0 Tµµ = 0 . (3.13)

Recalling eq. (3.1) we see that the second equation supplies the equation of state for conformal fluid

Tµµ = 0 =⇒ p =
1

d− 1
µ . (3.14)

For a CFT, by dimensional analysis, we have p = αT d and µ = (d− 1)αT d, where T represent the
fluid temperature and α is a dimensionless normalization constant. Substituting these expressions in
eq. (3.1) we find

Tµν = αT d (ηµν + duµuν) . (3.15)
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Imposing the vanishing of the stress-energy tensor divergence the resulting equations are (cf.
with eq. (3.3))

uµ∂µξ = − 1

d− 1
∂νu

ν , (3.16a)

uλ∂λu
µ = −ηµν∂νξ +

1

d− 1
uµ∂λu

λ , (3.16b)

where ξ ≡ lnT . Note that the first equation is equivalent to the entropy conservation

∂µ (σuµ) = 0 (3.17)

where σ = dαT d−1.

3.3.2 Dissipative Fluids

Ideal conformal fluids with stress-energy tensor given by eq. (3.15) are an approximation; they
don’t include any physics of dissipation (in fact, the entropy current eq.(3.17) is conserved). Note
that dissipation is necessary for a fluid dynamical system to equilibrate when perturbed away from
a given equilibrium configuration.

To model a hydrodynamical system incorporating the effects of dissipation we only need to add
extra pieces to the stress-energy tensor and charge currents

(Tµν)diss = (µ+ p)uµuν + pηµν + Πµν , (3.18a)
(jµa )diss = qau

µ + Y µ , (3.18b)

where qa are conserved charges.
We will work in the so-called Landau frame defined as

uµΠνρηµν = 0 , Y µuνηµν = 0 . (3.19)

In such a frame a conformal viscous fluid has a stress tensor which to first order in the gradient
expansion takes the form

Tµν = αT d (ηµν + duµuν)− 2ησµν , (3.20a)

jµa = qau
µ − ΩabP

µν∂ν

(µb
T

)
− Ξa`

µ , (3.20b)

where

• η is the shear viscosity

• σµν = PµαP νβ∂(αuβ) − 1
d−1∂λu

λPµν

• Ωab the diffusion coefficient matrix

• µa the chemical potential

• Ξa the pseudo-vector transport coefficient

• `µ = ε µ
αβγ uα∂βuγ

Note the absence of the bulk viscosity due to the conformal nature of the fluid.
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3.3.3 Non-relativistic limit

Consider now the non-relativistic slow motion limit v � c where v is the modulus of the (d− 1)-
velocity of the fluid. For the sake of simplicity we analyze the 4−dimensional case so −→v will be the
three-dimensional velocity:

uµ =

(
γ

γ
−→v
c

)
, (3.21)

and γ = 1√
1−v2/c2

.

Introducing the substantial derivative D = ∂t +−→v ·
−→
∇ , as in [14], we have

uλ∂λ =
γD
c
, (3.22a)

∂µu
µ =
Dγ
c

+
γ
−→
∇ · −→v
c

, (3.22b)

D ln γ =
−→v D−→v
c2 − v2

, (3.22c)

where
−→
∇ = {∂x, ∂y, ∂z}. Using these identities one may rewrite Eqs. (3.16) as

∂tξ +
2c2

3c2 − v2

(−→v · −→∇) ξ = − c2

3c2 − v2

−→
∇ · −→v , (3.23a)

∂tvi +
(−→v · −→∇) vi = −

(
c2 − v2

) [
δij −

2vivj
3c2 − v2

]
∇jξ −

(
c2 − v2

)
vi

(−→
∇ · −→v

)
3c2 − v2

. (3.23b)

In the lowest order in v/c we find the equations of linearized hydrodynamics,

∂tξ = −1

3
∂iv

i , (3.24a)

∂tvi = −c2∇iξ . (3.24b)

3.4 Non linear Fluid Dynamics from Gravity

3.4.1 Schwarzschild-AdSd+1 black hole

Let us consider the planar Schwarzschild-AdSd+1 black hole in Schwarzschild-type coordinates,
given by

ds2 = −r2f (br) dt2 +
dr2

r2f (br)
+ r2δijdx

idxj , (3.25)

where

f (br) = 1− 1

bdrd
. (3.26)

This is actually a one-parameter family of solutions labeled by the horizon size r+ which sets the
temperature of the black hole

T =
d

4πb
. (3.27)

To generate a d parameter family the solutions can be casted in Eddington-Finkelstein coordinates
and boosted along the translationally invariant spatial directions xi, leading to

ds2 =
dr2

r2f (br)
+ r2 [−f (br)uµuν + Pµν ] dxµdxν , (3.28)
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where2

uv =
1√

1− β2
, (3.29a)

ui =
βi√

1− β2
, (3.29b)

where βi is the boost parameter and β2 = βiβi.
The boosted black hole (3.28) is an asymptotically AdSd+1 solution which has a holographic stress

tensor on the boundary (see chap.2).

3.4.2 The procedure

Consider the metric (3.28) with the constant parameters βi and b replaced by slowly varying
functions b (xµ) , βi (xµ) of the boundary coordinates.

Generically such a metric (we will denote it by g(0) (b (xµ) , βi (xµ))) is not a solution to Einstein
equations. Nevertheless it can be shown that, provided the functions b (xµ) and βi (xµ) obey a set
of equations of motion, eq. (3.28) with local b (xµ) and βi (xµ) is a “good” approximation of a true
Einstein equations solution with a regular event horizon.

Einstein equations for g(0), yield terms which involve derivatives of the temperature and velocity
fields in the boundary directions which can be organized in a gradient expansion where the n−th
order in derivatives is suppressed by a factor 1

(TL)n
. Here L is the length scale of variations of the

temperature and the velocity fields in the neighborhood of a particular point. Therefore, provided
LT � 1, it is sensible to solve Einstein equation perturbatively in the number of field theory deriva-
tives.

Consider the metric g(0) (b, βi) defined above and try to compute Einstein equations for it3. The
(d+1)(d+2)

2 gravitational equations can be split into two classes: d(d+1)
2 dynamical equations and d con-

straint equations. These equations are corrected order by order in the ε expansion; this forces us to
correct the metric, the velocity and temperature fields themselves, order by order in this expansion.
Consequently we set

g = g(0) (b, βi) + εg(1) (b, βi) + ε2g(2) (b, βi) +O
(
ε3
)
, (3.30a)

βi = β
(0)
i + εβ

(1)
i +O

(
ε2
)
, (3.30b)

b = b(0) + εb(1) +O
(
ε2
)
, (3.30c)

where β(m)
i and b(m) are functions of εxµ.

• Constraint equations
The Constraint equations can be obtained contracting the Einstein tensor4 GMN with the one-
form normal to the boundary i.e. φN = dr:

G
(c)
M = GMNφ

N , (3.31)

These constraint equations can be used to determine b(n−1) and β
(n−1)
i ; this is essentially solv-

ing the fluid dynamics equations at order O (εn) in the gradient expansion assuming that the
solutions at preceding orders are known.

• Dynamical equations
The remaining constraint Grr and the dynamical Einstein equations Gµν can be then used to
solve for the unknown functions g(n). To determine the solution uniquely we need to prescribe
boundary conditions: we impose that our solution is normalizable so that the spacetime is
asymptotically AdSd+1; we also demand regularity for every r 6= 0.

2Note that the Greek indices pertains to the boundary where no radial coordinate is present.
3In what follow we just outline the procedure, leaving further details to references [5].
4The capital index are those referred to the full AdSd+1 space.
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3.4.3 The solution

Decomposition for the unknown correction g(n) to the metric, can be performed using the irre-
ducible representations of SO (d− 1):

• For the scalar and vector sector the constraint equations imply that (cf. eqs. (3.24)):

1

d− 1
∂iβ

(0)
i = ∂vb

(0) , (3.32a)

∂ib
(0) = ∂vβ

(0)
i . (3.32b)

• The solution for the other components of the corrections to the metric are a bit tedious but can
be performed easily.

3.5 Metrics dual to fluids

We have thus far discussed how to solve to Einstein equations order by order in boundary deriva-
tives. We now present the result for the general fluid dual to the bulk metric obtainable through
holographic prescription (see chap. 2).

3.5.1 The boundary Stress-Energy Tensor

The recipe for the computation of the boundary stress-energy tensor is different in every dimen-
sion one considers due to the presence of different boundary geometries. In general, as we saw, it
is necessary to vary the action (including the boundary terms) with respect to the boundary metric,
eliminating then the divergent terms through the use of counterterms. Eventually the large r limit
can be taken. In order to take an example we write the AdS5 prescription

Tµν = lim
Λc→∞

Λ2
c

16πG5
n

[
Kµν −Kgµν − 3gµν − 1

2

(
Rµν − 1

2
Rgµν

)]
, (3.33)

where Λc is a cut-off hypersurface r = Λc and the other quantities can be found in chap.2. Imple-
menting this procedure for the complete metric we recover the stress tensor quoted in (3.20a) with
the precise transport coefficients computable from the underlying CFT.



Chapter 4

The Wig

“If I’d gone with that stupid Einstein hair,
they wouldn’t be able to pick me out from a
line-up!”

— Gordon Freeman, Freeman’s mind

4.1 Introduction

In this chapter we explain in details the method used to construct a full non-linear solution to the
supergravity equations. This task is achieved using those supersymmetries transformations which
are not preserved by a purely bosonic (classical) solution. Such a procedure allows to construct, step
by step, a “fermionic completion” (Wig) of the original solution, generating a new solution with all
the supermultiplet fields turned on.

We can look at the problem in the following way: given a bosonic solution of supergravity field
equations, one can compute the zero modes of the fermionic field equations (3/2- and 1/2-spin fields)
using supersymmetry. Those solutions are the components of a supermultiplet and they transform
into themselves under supersymmetry transformations. This can be easily seen at the quadratic
level, namely, by taking into account fermionic quadratic terms in the action or, equivalently, linear
fermionic field equations. Nevertheless, those solutions can be extended at the non-linear level by
considering all terms of the Lagrangian and by expanding the solution in terms of fermionic fields.
That has an incredible advantage over the a solution with bosonic hair (see for example for a re-
cent development along that line [54]) since the fermionic wigs are automatically trimmed by their
fermionic nature.

Based on [15, 16, 17, 18, 19], we explain how to construct the complete solution of the supergravity
equations, preparing the ground for Part II, where we will start from a Schwarzschild–type solutions,
breaking all the supersymmetries of the AdS5 background.

The simplest case is pure supergravity, where only graviton and gravitino are present. In this
model, the procedure can be schematize as follows:

• We compute the empty space Killing spinors.

• In the black hole background, we compute the (first) variation of the gravitino fields under
the supersymmetry transformation (i.e. the supercovariant derivative of a local spinor) where
the generic local spinor is replaced by the Killing spinors for the empty space. This proce-
dure produces the first term of the fermionic expansion of the gravitino solutions to the Rarita-
Schwinger equation of motion.

• The next step is to compute the second variation of the metric in terms of fermionic bilinears.
That is achieved by computing the second supersymmetry variation of the metric. At this stage
one can check whether the Einstein equations are indeed satisfied. We compute then the effects

39
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of the interactions in the Rarita-Schwinger equations due to fermions and in the couplings of
fermions to bosons. Already at this step, the usage of Fierz identities to rearrange the bilinears
is essential to reduce all possible terms.

• The iteration proceeds until the number of independent fermions truncates the series. In the
process, the supermultiplet fields which may have been set to zero from the beginning, are
generated and their profile is proportional to the fermion bilinears.

Technically, in order to re-sum all contributions we compute the full solution using the software
MathematicaTM (see next chapter). In chap. 8 the results for AdS5 and AdS4 are provided in a form
which is still difficult to read (the electronic notebook with theD = 4 andD = 5 solutions is provided
as ancillary files [7] of the preprint publication). The AdS3 case, being peculiar, is treated in details in
chap. 10.

Our construction has different purposes. First of all, we will use the results for deriving the
complete non-linear Navier-Stokes equations with fermionic contributions [39]. That would be the
natural final aim of the present work, but since the results are independent from that, we decided to
present the derivation of Navier-Stokes equations in a separate chapter. Second, the natural question
is whether the same analysis can be done also in the case of BPS solutions. For that we refer to the first
step given in [55] and we will complete their constructions by our algorithm in Part II and ??. Finally,
an issue that can be addressed with our computation is the presence of ghost modes in construction
of [56].

4.2 Algorithms for N = 1 pure Supergravity

In order to fix the ideas we deal with the first supergravity theory containing the vielbein and
the gravitino. As outlined in the Introduction, to build the black hole wig we use the following
algorithm: we expand in powers of fermionic bilinears1. Formally setting Φ = (ea, ψ, . . .), one may
write

Φ −→ eδΦ ≡ Φ + δΦ +
1

2!

(
δ(2)Φ

)
+ . . . , (4.1)

thereby supersymmetry transformations are simply repeated. As an example, we compute the viel-
bein second variation: (

δ(2)ea
)

=
1

2
ε̄γa

(
δ(1)ψ

)
=

=
1

2
ε̄γa∇ε . (4.2)

4.2.1 Generalities for Algorithms

The algorithms are based on the perturbative expansions in fermionic bilinears (for the bosonic
quantities) or spinors (for fermionic ones). Then, every quantity is labelled by an integer index be-
tween square brackets [N = 1 · · · ] denoting the perturbative order. Note that since we start from a
purely bosonic background, we will get a correction to fermionic fields at every odd iteration and a
correction to bosonic fields at every even iteration2.

More in detail:

• e[1]A
M , e[1]M

A and ω[1]AB
M contain zero bilinears;

• e[2]A
M , e[2]M

A and ω[2]AB
M contain one bilinear;

1Notice that we could have performed a finite supersymmetry transformation, however it turns out to be more conve-
nient dealing with an iterative procedure due to the anticommuting character of fermions.

2In the following the Latin capital indices from the first part of the alphabet (A,B . . .) will be intended as flat indices
while those pertaining to the central part of it (M,N . . .) will be intended as curved indices.
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• e[N ]A
M , e[N ]M

A and ω[N ]AB
M contain N − 1 bilinears;

but

• δ[1]gMN , δ[1]AM contain one bilinear;

• δ[N ]gMN , δ[N ]AM contain N bilinear;

and

• δ[1]ψM contains one spinor (1/2 bilinear);

• δ[N ]ψM contains 2N − 1 spinors (N − 1/2 bilinears).

4.2.2 Inverse Vielbein eMA

To compute the inverse vielbein eMA , we use the definition

eAMe
M
B = δAB , (4.3)

for example, at the third order, expanding the vielbeins we get(
e

[1]A
M + e

[2]A
M + e

[3]A
M

)(
e

[1]M
B + e

[2]M
B + e

[3]M
B

)
= δAB . (4.4)

We then obtain one equation for each perturbative order

δAB =e
[1]A
M e

[1]M
B ,

0 =e
[1]A
M e

[2]M
B + e

[2]A
M e

[1]M
B ,

0 =e
[1]A
M e

[3]M
B + e

[2]A
M e

[2]M
B + e

[3]A
M e

[1]M
B . (4.5)

The first one is solved as usual by inverting the vielbein eAM . The other equations are solved by

e
[2]M
B =− e[1]M

A

[
e

[2]A
R e

[1]R
B

]
,

e
[3]M
B =− e[1]M

A

[
e

[2]A
R e

[2]R
B + e

[3]A
R e

[1]R
B

]
. (4.6)

In general we have, for N > 1

e
[N ]M
B =− e[1]M

A V
[N ]A
B , (4.7)

V
[N ]A
B =

N−1∑
p=1

e
[p+1]A
R e

[N−p]R
B . (4.8)

4.2.3 Spin Connection ωABM

The spin connection ωABM is defined through the vielbein postulate

deA + ωAB ∧ eB =
i

4
ψ̄ΓAψ . (4.9)

Extracting the 1–form basis
{

dxM
}

, it becomes

∂[M eAN ] + ωAB[M eCN ]ηBC =
i

4
ψ̄[M ΓAψN ] . (4.10)

As in the case of inverse vielbein, we expand in perturbative order. We obtain the following result

ω
[N ]DC
M =e

[1]
M A

[
Ω[N ]DC ,A − Ω[N ]CA ,D − Ω[N ]AD ,C

]
, (4.11)

Ω[N ]DC ,A =e[1]N [D e[1]MC]

∂[M e
[N ]A
N ] +

N−1∑
p=1

ω
[N−p]AB
[M ηBC e

[p+1]C
N ] − i

4

N−1∑
p=1

ηAB ψ̄
[p]
[M ΓBψ

[N−p]
N ]

 .

(4.12)
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4.2.4 Gravitino

The covariant derivative acting on the spinor, generates the gravitino field. It can be written as

δ[N ]ψM = DM ε =

(
∂M +

1

4
ω

[N ]AB
M − 1

4

N∑
k=0

F [N−k]ABγABγCe
[k]C
M +

Λ

2
γAe

[N ]A
M

)
ε , (4.13)

where Λ is the cosmological constant.



Chapter 5

Mathematica code

“It’s dangerous to go alone; take this!”

— Wise man, The Legend of Zelda

5.1 Introduction

The present chapter is devoted to the explanation of some of the code implemented in MathematicaTM.
MathematicaTM is a powerful tool we deeply employed in the computations. In particular we found
really useful the package EDCRGT. Such a package allows to perform general relativity in an easy
way and it comes endowed with a notebook full of examples. Download links can be found in Ref-
erences [57].

Supergravity computation offered a different challenge since using spinors and gamma matrices
it required more careful. MathematicaTM offers a lexicographical ordering of the variables which
can be exploited to keep track of the anticommutativity or reordering. The idea behind the code
we wrote is using a string replacement instead of “real” computations as much as possible. In fact,
dealing with hundreds of products, sum and so on, replacements are much more efficient and faster
and require an exponentially shorter time.

MathematicaTM software do present some drawbacks and weak points. First of all is complex
variables. In the implementation we tried to reduce its use as much as possible, using “tricks” such
as redefinitions of the complex part of the variables. Examples are shown in Sects. 5.3.2, 5.4.

5.2 General Relativity

As said in the introduction, general relativity computation are performed using the MathematicaTM

package EDCRGT. The only required information are the metric and the coordinate system. As an
example we examine the Reissner-Nordstrom metric.

S e t D i r e c t o r y [ NotebookDirectory [ ] ] ;

<< EDCRGTCcode .m

crd = { t , r , θ , φ } ;

gIN = { { 1 / ( 1 + M/r )^2 , 0 , 0 , 0 } , { 0 , −(1 + M/r )^2 , 0 , 0 } ,
{ 0 , 0 , −(1 + M/r )^2 r ^2 , 0 } , { 0 , 0 , 0 , −(1 + M/r )^2 r ^2 Sin [θ ] ^ 2 } } ;

RGtensors [ gIN , crd ]

43
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gdd =


1

(1+M/r)2 0 0 0

0 −(1 +M/r)2 0 0
0 0 −(1 +M/r)2r2 0
0 0 0 −(1 +M/r)2r2Sin[θ]2


LineElement = − ( ( (M+r )^2 d [ r ]^2)/ r ^2)+( r ^2 d [ t ] ^ 2 ) / (M+r )^2−(M+r )^2 d [θ ]^2
−(M+r )^2 d [φ]^2 Sin [θ ]^2

gUU =


(M+r)2

r2 0 0 0

0 − r2

(M+r)2 0 0

0 0 − 1
(M+r)2 0

0 0 0 − Csc[θ]2

(M+r)2


gUU computed in 0 .031 sec

Gamma computed in 0 . sec

Riemann (dddd) computed in 0 . sec

Riemann (Uddd) computed in 0 .016 sec

R i c c i computed in 0 . sec

Weyl computed in 0 .015 sec

E i n s t e i n computed in 0 . sec

All t a s k s completed in 0 .062400 seconds

5.3 Supersymmetry

In this section we report some of the algorithm implemented in MathematicaTM that have been
used in order to perform the computations. Note that the algorithm are written in order to imple-
ment the gamma matrices identities and the anti-commutativity of the spinors. The N = 2 D = 4
minimally coupled supergravity case (cf. chap. 12) has been treated separately and the computations
for it are presented in the next section.

5.3.1 Gammology

In what follows we present the code developed for gamma matrices computation in D = 4.
Generalization to higher dimensions is straightforward.

Besides the obvious definitions for the gamma matrices which are not reported here, we had to
develop a code able to simplify products and contractions of gamma matrices. This was achieved
defined the following vectors

gammamu = {gamma0, gamma1, gamma2, gamma3 } ;
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ALgammamu = {ALgammaN0, ALgammaN1, ALgammaN2, ALgammaN3 } ;
AMgammamu = {AMgammaN0, AMgammaN1, AMgammaN2, AMgammaN3} ;
ANgammamu = {ANgammaN0, ANgammaN1, ANgammaN2, ANgammaN3} ;
ARgammamu = {ARgammaN0, ARgammaN1, ARgammaN2, ARgammaN3 } ;
ASgammamu = {ASgammaN0, ASgammaN1, ASgammaN2, ASgammaN3 } ;

Because of the lexicographical ordering MathematicaTM uses the “ALgammamu” was always the
first, “AMgammamu” the second and so on.

We still had to expand a generic gamma matrices product upon the chosen gamma matrices base
i.e. {1l, γµ, γµν , γµγ5, γ5}. This required the introduction of a scalar product between gamma matrices,
the Frobenius inner product, defined as

A : B =
∑
i,j

AijB̄ij = Tr
(
AB†

)
. (5.1)

Using this definition we were able to expand any 4 × 4 matrix on the normalized gamma base (each
element of the base divided by its norm). Using this trick a (quite long) series of rules could be
defined. A sample of them is

rulesgammaLRR = {ALgammaNid ARgammaNid −> ARgammaNid,
ALgammaNid ARgammaN0 −> ARgammaN0,
ALgammaNid ARgammaN1 −> ARgammaN1,
ALgammaNid ARgammaN2 −> ARgammaN2,
ALgammaNid ARgammaN3 −> ARgammaN3,
ALgammaNid ARgammaijN01 −> ARgammaijN01 ,
ALgammaN0 ARgammaijN13 −> −I ARgammai5N2 , . . . } ;

this code has to be interpret as follows:

• “rulesgammaLRR” means “rules to send a product of two gamma matrices, the first one labeled
by L and the second one labeled by R into a single gamma matrix labeled by R”;

• ALgammaN0 ARgammaijN13 −> −I ARgammai5N2 means γ0γ13 = −iγ2γ5 and so on.

Similar rules for multiple product “rulesgammaLNL”, “rulesgammaRSR” and “rulesgammaRinL”
are defined. Note that these rules are defined in order to be applied sequentially using the following
command

rulesgammaTOT0 [AA_] :=
Expand [AA] /. rulesgammaLML /. rulesgammaLNL /. rulesgammaRSR /.

rulesgammaLRR ;

This kind of “computation” is entirely done using string replacement and not a single operation.
This reduce dramatically the required computational time.
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5.3.2 Spinors

The code we developed was aimed to be used with chirally projected Majorana spinors [41].
These are spinors where the components of 2 Majorana spinors ζ and ξ are re-arranged as follows

ε1 =
1

2
(1l− γ5) ζ ε2 =

1

2
(1l− γ5) ξ , (5.2a)

ε1 =
1

2
(1l + γ5) ζ ε2 =

1

2
(1l + γ5) ξ . (5.2b)

In MathematicaTM we defined ζ and ξ as “A” and “B” respectively:

majoRA = { Ra1 , Ra2 , −Conjugate [ Ra2 ] , Conjugate [ Ra1 ] } ;
ZZmajoRA = { ZZRa1 , ZZRa2 , −Conjugate [ ZZRa2 ] , Conjugate [ ZZRa1 ] } ;
barmajoLA = {−La2 , La1 , Conjugate [ La1 ] , Conjugate [ La2 ] } ;
barZZmajoLA = {−ZZLa2 , ZZLa1 , Conjugate [ ZZLa1 ] , Conjugate [ ZZLa2 ] } ;
majoRB = { Rb1 , Rb2 , −Conjugate [ Rb2 ] , Conjugate [ Rb1 ] } ;
ZZmajoRB = { ZZRb1 , ZZRb2 , −Conjugate [ZZRb2 ] , Conjugate [ZZRb1 ] } ;
barmajoLB = {−Lb2 , Lb1 , Conjugate [ Lb1 ] , Conjugate [ Lb2 ] } ;
barZZmajoLB = {−ZZLb2 , ZZLb1 , Conjugate [ ZZLb1 ] , Conjugate [ ZZLb2 ] } ;

where “RA”, “LA”, “ZZ” and so on are introduced to keep the ordering. The chiral projection is
obtained at the bilinear level using the proper prescription. For example

bil0DD = F u l l S i m p l i f y [
Table [1/4 barmajoLA . ( id4 + γ 5 ) .ALLgamma[ [ i ] ] . ( id4 + γ 5 ) . majoRB
− 1/4 barmajoLB . ( id4 +γ 5 ) .ALLgamma[ [ i ] ] . ( id4 + γ 5 ) . majoRA , { i , 1 6 } ] ] ;

where “ALLgamma” is a 16-vector containing all the gamma matrices base
ALLgamma= {1l, γ0, γ1, γ2, γ3, γ01, γ02, γ03, γ12, γ13, γ23, γ0γ5, γ1γ5, γ2γ5, γ3γ5, γ5}. In order to simplify
the products of bilinears we wrote rules, a sample of which is:

r u l e s B i l = { AAepsBarD ARgammaNid AZepsU −> 0 ,
AAepsBarD ARgammaN0 AZepsU −> bilN0DU ,
AAepsBarD ARgammaN1 AZepsU −> bilN1DU ,
AAepsBarD ARgammaN2 AZepsU −> bilN2DU ,
AAepsBarD ARgammaN3 AZepsU −> bilN3DU , . . . }

As in the previous case we give the reading-key: the line

AAepsBarD ARgammaijN01 AZepsU −> 0

has to be read as ε̄Aγ01ε
B = 0. The other relations give the common structures the bilinears

generate.
Finally, in order to simply products of multiple bilinears using Fierz identities we had to keep

track of the various power of the Grassmannian variables. This is done through the use of dummy
variables λ eventually set to one.

r u l e s B i l 2 = { bilN0DU −> λa1 λa1s bilA1A1s + λa2 λa2s bilA2A2s +
λb1 λb1s bi lB1B1s + λb2 λb2s bilB2B2s ,
bilN1DU −> −λa2 λa1s bilA2A1s − λa1 λa2s bilA1A2s
− λb2 λb1s bi lB2B1s − λb1 λb2s bilB1B2s , . . . }

where the “s” keeps track the complex conjugate1.
1For a Grassmannian variable a you have a2 = 0 but aa∗ 6= 0.
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5.4 N = 2 D = 4 Minimally coupled Supergravity

5.4.1 Kähler Geometry for the Axion-Dilaton model

In N = 2 D = 4 minimally coupled supergravity the scalar fields coordinatize a Special Kähler
manifold (cf. chap. 11). The computations are quite straightforward but we had to define some
routines due to the presence of complex coordinates. In the following code bz ≡ z̄.

Kähler potential

KK = − Log [2 (1 − z bz ) ] ;
XU = { 1 , z } ;

Metric

SKGdd = F u l l S i m p l i f y [D[D[KK, z ] , bz ] ] ;
SKGUU = 1/SKGdd ;

Christoffel symbols

chUdd = SKGUU D[SKGdd, z ] ;
bchUdd = SKGUU D[SKGdd, bz ] ;

Holomorphic sections

LU = F u l l S i m p l i f y [ Exp [KK/2] XU] ;
barLU = LU /. { z −> bz , bz −> z } ;
fU = F u l l S i m p l i f y [D[LU, z ] + 1/2 LU D[KK, z ] ] ;
barfU = fU /. { z −> bz , bz −> z } ;
ML = F u l l S i m p l i f y [

Table [Sum[NNΛΣ [ [ l , s ] ] LU[ [ s ] ] , { s , 2 } ] , { l , 2 } ] ] ;
barML = { I /Sqr t [2 − 2 bz z ] , (− I bz )/ Sqr t [2 − 2 bz z ] } ;

Kinetic Matrix

ηΛΣ = DiagonalMatrix [ { 1 , −1} ] ;
XD = Table [Sum[ηΛΣ [ [ l , s ] ] XU[ [ s ] ] , { s , 2 } ] , { l , 2 } ] ;

NNΛΣa = i Table [ ( ηΛΣ [ [ l , s ] ] −
2/XD.XU XD[ [ l ] ] XD[ [ s ] ] ) , { l , 2 } , { s , 2 } ] ;

NNΛΣ = NNΛΣa /. { i −> I } ;

NNΛΣ s t a r a = NNΛΣa /. { z −> bz , bz −> z , i −> − i } ;
NNΛΣ s t a r = NNΛΣ s t a r a /. { i −> I } ;

imNN = F u l l S i m p l i f y [1/(2 I ) (NNΛΣ − NNΛΣ s t a r ) ] ;

reNN = F u l l S i m p l i f y [ 1/2 (NNΛΣ + NNΛΣ s t a r ) ] ;
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5.4.2 Supergravity variations

In order to find the n-th supersymmetry variation we wrote a code able to compute its form. We
wanted to keep track of both the holomorphic and anti-holomorphic variation so we make every field
dependent on two dummy variables x and y and proceeded deriving by them and defining rules to
implement the various Special Geometry identities (see chap. 11). Here we present some of the basic
definitions and result found in this context.

The first variation of the gravitino field, can be schematically written as

var1bψ = cd [ x ] − 1/4 Kλψ [ x ] + (A[ x ] g + A1[ x ] γ ) em[ x ] en [ x ] + T [ x ] e [ x ] ;

where cd[x] is the covariant derivative (depending on the dummy variable x), Kλ is a function
of the gaugino field λ and the Kähler potential, A and A1 are auxiliary fields, es are vielbeins, g is the
flat metric, γ are flat gamma matrices and T is the graviphoton field strength.

Now, deriving var1bψ by x we can define rules to find the second order variation of the gravitino
field. Specifically

Rules =
{

em′(x)→ δem(x), en′(x)→ δen(x), G′(x)→ δG(x), bλ′(x)→ δbλ(x),

bλ1′(x)→ δbλ1(x),Drz′(x)→ Drδz(x), er′(x)→ δer(x), ψ′(x)→ δψ(x), λ′(x)→ δλ(x),

Γ(0,1)(x, y)→Module[{l, barm, t, baru, p},ggUU(baru, p)δbz(x)(barm)Rdddd(x, y)(l, barm, t, baru)], . . .
}

where Γ and Rdddd are the Christoffel symbols and the Riemann tensor of the Kähler manifold.
Note the use of the function Module; this is how the index contraction is taken into account.

Working iteratively, one can define each variation at every step and finally obtain all the variations
for the required field.

var2bψ =
ExpandAll [D[ var1bψ , x ] + D[ var1bψ , y ] ] / . Rules

Once again, being a simple derivative and a string replacement, the computational time is nearly
null.



Chapter 6

Results

“Maybe we’d fall short. Maybe we’d never
even come close. But someone, someday,
would know we’d tried”

— Vanille, Final Fantasy XIII

This chapter collects the results achieved in the thesis, explaining, step by step, the reasoning and
the open issues that brought to the conclusions. Here a non-technical description will be given; the
interested reader will find rigorous derivation in separate chapters.

6.1 Fluid Super-Dynamics from Black Hole Superpartners

The idea of this first chapter is to explain the presence of fermionic corrections to Navier-Stokes
equations due to dynamical bulk fermions. This task has been achieved by the AdS/CFT corre-
spondence: such a duality relates the Einstein equations in the bulk of given AdSd+1 space with
the Navier-Stokes equations in d dimensions, derived from the conformal field theory living on the
boundary of AdSd+1

1.
The AdS/CFT correspondence in the large N limit (where N is the number of D−branes) relates

a complete N = 2 type IIB 10D supergravity theory in AdS5 × S5 to a conformal field theory in
a lower dimension. Since supersymmetric theories do include fermions, the AdS isometry group
is promoted to a super-group where the gravitino can be viewed as the goldstino related to broken
super-isometries2. The presence of the gravitino induces a back reaction on the metric in terms of
fermionic bilinears. For our purposes, this fermionic completion of the bosonic solution has been
pushed only up to the second order, required to compute the metric second variation. Promoting the
(constant) fermionic bilinears to local functions of the boundary coordinates we computed the first
fermionic contributions to the Navier-Stokes equations.

Dealing with Grassmannian spinors, we faced the problem of the factorization of Killing spinor
in AdS space in a global parametrization. This factorization led to an AdS Killing spinor of the form

ε±+ =

(√
f +
√
k −

√
f −
√
kσ1

)
(1± σ2) ε0 × η± , (6.1)

where η are the Killing spinors for the d−2-dimensional Ω(k) space factored out by theAdS space and
k is related to the curvature of the Ω(k) space3. Since ε±+ had to be Grassmann-odd we had to decide
which of the two factors ε0 or η had to be Grassmannian-odd. Being interested in contributions
derived from the presence of bulk fermions we chose ε0.

1The viceversa is true only for an Einstein-Sasaki manifold. See [58, 59] for further details.
2If the supergravity variation of the gravitino δψµ = Dµε does not vanish, the field is turned on by the identification

ψµ = δψµ.
3Different parameterizations can be given to Ω(k). If k = −1 such a space is hyperbolic, k = 1 generates a sphere and

k = 0 generates a non-global parameterizations the so-called Poincaré patch. See [47] for further details.
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Contributions to Navier-Stokes equations came in the form of spacetime derivatives of the (local)
bilinear λ made from ε0 with a prefactor

√
k. The prefactors seems to indicate that only a global

parameterizations of theAdS space allows a fermionic contributions to Navier-Stokes equations since
in the limit of k = 0 (Poincaré patch) no contributions appears. The limit k = −1 is more subtle and
requires different Ω(k) spinors η.

6.2 Fermionic Wigs for AdS-Schwarzschild Black Holes

The next step is to push the fermionic completion of the black hole solution to all orders (that
in this case is eight) generating the full non-linear fermionic “wig”. Note that, in an AdS/CFT
perspective, this is a fundamental step: in fact, promoting the fermionic bilinears to be boundary-
coordinates functions, one can derive the Navier-Stokes equations from imposing Einstein equations;
moreover the full stress-energy tensor of the boundary fluid is then derived in terms of the complete
form of the metric. In [5] the complete form of the metric at the first order was found using general
considerations about the infinitesimal one and using the equations of motion. In our case in order to
find the complete form of the metric at zeroth order, the only possibility was to push the procedure
to the very last order in the fermionic bilinears. This can be achieved by a finite supersymmetry
transformation. In fact, we recall that a finite transformation has the form

Φ′ = eδΦ , (6.2)

and the series automatically truncates to the maximal number n of fermionic degrees of freedom

Φ′ = eδΦ = Φ + δΦ +
1

2!
δ2Φ + . . .+

1

n!
δnΦ . (6.3)

This well defined procedure, starting from a bosonic solution generates a full supersolution of
supergravity, where all the fields are non-vanishing and get corrections order by order.

Once again we encountered the problem of the statistics for Killing spinors factorization. Since
we had to consider all fermionic degrees of freedom we chose first ε to be anti-commuting and then
η defining the Killing spinor as

ε = ε|A ⊗ η|C + ε|C ⊗ η|A , (6.4)

where A and C stands for Anti-commuting and Commuting respectively.
Having established such a parametrization of the spinor we had to developed an iterative algo-

rithm to perform finite supersymmetry transformations (see chap. 4). Such a task was achieved with
a software developed in MathematicaTM which can be found in [7] and is described in chap. 5. The
results were checked against the equations of motion but the expressions remained very cumbersome
and we decided to exclude them from the text.

Being interested in the dual-fluid corrections induced by the presence of bulk fermions we shifted
the metric using both broken isometries (generated through the use of “anti”-Killing vectors) and
super-isometries (generated through “anti”-Killing spinors) and computed the boundary energy mo-
mentum tensor using the AdS/CFT prescription given in [8, 9]. The results were quite unexpected:
the bilinears could be fitted in a 4-vector using which, the first order corrections had the same form
for both AdS5 and AdS4 while the second order was more complicated. Nevertheless the knowledge
of the exact form of Tµν allowed the computation of the shift of fluid temperature and velocity.

Up to this point no conceptual problem showed up. We used a well-defined procedure applied
to known bosonic solutions. Now, dealing with pure bosonic quantities such as the temperature of a
fluid or even the distance between two events in the spacetime a natural question raised: how should
fermionic corrections be interpreted by a “classical” point of view? In [15, 16, 17, 18, 19] the problem
was not faced, simply splitting all the fields in a bosonic “body” and a fermionic “soul”. But now, in
the view of AdS/CFT correspondence the problem is more compelling.

As outlined in the introduction 1.3, a solution was found in [20] by replacing the operators with
their vevs. Taking the metric gµν as an example this meant:

gclassical = 〈0|gwig|0〉 . (6.5)
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This has a straightforward extension in the case of unwigged solution. In fact, assuming the
normalization of the vacuum state we get

gclassical = 〈0|gunwigged|0〉 = gunwigged〈0|0〉 = gunwigged . (6.6)

Using this interpretation it became clear that the vev only affected the bilinears contributions to
bosonic objects; the values of these vevs must be computed in terms of the gravitino condensates.

The second interpretation dilemma was due to the generation, through the fluid/gravity corre-
spondence, of an intrinsically “fermionic fluid”. Such a fluid has no classical counterpart and the
definition of these internal fermionic degrees of freedom claimed for an explanation. This kind of
degrees of freedom was first analyzed in [60] where the perfect fluid theory was extended to the su-
persymmetric case. There it was explained how classical fluids describe particles moving collectively
inheriting its mechanical properties, such as energy, momentum and angular momentum from the
corresponding underlying particle properties.

One consequence of this is that classical fluids cannot carry intrinsic spin. In fact, the angular
momentum with respect to the center of mass of a small volume V scales as its mass (which scales
as V ) times the residual velocity of the fluid about the center of mass (which scales like ` the linear
dimension of V ) times the distance to the center of mass (which also scales like `)4. Therefore, the
“self”-angular momentum density scales like `2, and goes to zero with `.

Introducing Grassmannian (anticommuting) variables in the description allows the inclusion of
a spin density in fluids. This spin density is represented as a bilinear in the Grassmannian variables.
This description reveals the possibility of implementing, within fluid mechanics, supersymmetry
transformations, which effectively mix spin and kinematical degrees of freedom. Particular forms of
the Hamiltonian, generalizing the classical Chaplygin gas [61], admit these supersymmetry transfor-
mations as an invariance and generate conserved quantities.

6.3 Fermionic Wigs for BTZ Black Holes

In this chapter we consider the black hole in an AdS3 space, namely a BTZ black hole. The BTZ
black hole is a peculiar black hole, obtained orbifolding the space with a conical singularity5.

In this background we performed the gauge completion verifying the equations of motions at all
orders (four in this case). This is a strong check of our results.

Note that, being the BTZ black hole a simpler framework (and, as so, more manageable), we could
admit a more generic black hole solution with non-trivial angular momentum. This allowed also to
consider extremal black holes.

In AdS3 the Killing spinors have 2[3/2] = 2 (complex) degrees of freedom, so we dealt with 4
bilinears, namely Bi (with i running from 0 to 3) up to the power 2; since we can use Fierz identities,
the computation was even simplified (cf. eq. (10.28) with (2.32)-(2.33) of [15]) and the results were
given in a closed, analytical form.

Following [62, 63] we recast the wigged form of the metric in a more conventional form from
which we were able to derive the conserved charges, such as the mass, the angular momentum and
the entropy. Those charges revealed an important property: both the mass M and the angular mo-
mentum J received the same shift due to the presence of bilinears so, their difference was preserved.
Therefore the extremality condition is not modified by the presence of the bilinears.

6.4 Fermionic Corrections to Fluid Dynamics from BTZ Black Hole

This chapter is devoted to the study of the 1 + 1-dimensional fluid dynamics dual to a wigged
BTZ black hole in AdS3. In order to study the conformal field theory living on the boundary of AdS3

4The angular momentum is defined as
−→
J = −→r ×m−→v

5The gravity theory in 3−dimension is topological. Conical singularity are generated by the identification of spacetime
infinities. For a detailed structure of the BTZ black holes we refer the reader to [11].
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we had to introduce further degrees of freedom to the black hole, in particular one dual to fluid ve-
locity and one dual to fluid temperature. This accounts for a boost and a dilatation of the solution
which generates a 1 + 1 parameter solution. Note that as long as those parameters are constant, it re-
mains a solution of Einstein equations. Promoting those degrees of freedom to boundary-coordinate
functions, new equations on the parameters must be imposed.

We noted that both the boost and the dilatation, could be obtained by a simple Lorentz-like trans-
formation on both mass and angular momentum. This observation simplified the calculation since
we know the wig (see previous chapter), in terms of M0 and J0 which can now be transformed using
a rescaling.

Once rescaled, we promoted the parameters to local functions and we imposed Einstein equations
(both in the scalar and in the vector sector) in the large r limit: the resulting equations determined a
very remarkable relations among the “usual” bosonic parameters and the local bilinears.

We pushed our analysis even further taking the fermions as local (boundary) functions. From
Einstein equations we get the corrected Navier-Stokes equations while from Rarita Schwinger equa-
tions we established a Dirac-like equation for the fermionic degrees of freedom for the fluid. This
resulted in a series of equations both on the spinor and on the bilinears which highlighted the clear
separation (at least at the linearized level) for the fermionic and the bosonic degrees of freedom.

The analysis of the stress-energy tensor followed. In this case the computation was not as straight-
forward as in other cases due to the presence of a parity-violating term. In general, such a term re-
veals an anomalous theory induced by a non-vanishing gauge field flux. Following [64] we found
that that term is a “fake” degree of freedom that could be reabsorbed through a fluid velocity redefi-
nition.

Using the redefined velocity the stress energy tensor could be cast in a perfect-fluid-like form, a
fluid whose temperature was shifted, once again by the presence of fermionic bilinears6.

6.5 Fermions, Wigs and Attractors

In this chapter we shifted our analysis from a fluid dynamical approach to a more geometrical
one, considering matter coupled supergravity theories. These theories contains more fields and they
require a bigger effort to complete the wig.

We analyzed the rather simple case of minimally coupled MESGT in N = 2, D = 4 in which,
beside the gravity multiplet, we deal also with a gauge multiplet, made of a gauge field and a (com-
plex) scalar. The scalar fields parameterized a complex manifold whose geometry is special Kähler.
The couplings are parameterized in terms of geometrical data.

In order to study the behavior under wigging of a well-known phenomena such as the attractor
mechanism, we chose a doubly-extremal, asymptotically flat black hole and computed the wig for
the scalar field. In purely bosonic black hole solution, the attractor mechanism states that the value
of the scalar fields are “freezed” at the horizon to a constant value which depends only on the black
hole charges.

We computed the wig for every field up to the fourth order (in fact, an extremal black hole pre-
serves half of the original supersymmetry, so in this case we had 4 -real- degrees of freedom) in the
most general framework. Explicit results are given for two manifolds, namely the CP1 and the t3. In
both cases we found a deformation to the attractor mechanism: on the horizon, in fact, the scalar, is
not constant anymore and becomes a function of the angles θ and φ. Note that for the first model a
peculiar combination of the charges nullifies the variation, for the second model such a possibility
does not exist.

This might suggest that the wig depends on the dyonic nature of the solution. The CP1 model, in
fact, cannot be uplifted to 5D where dyonic solutions are not allowed.

6The same argument for the vev we made in previous sections are valid also in this one.
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6.6 No Fermionic Wigs for BPS Attractors in 5 Dimensions

Due to the hint in the CP1 model, we constructed the full wig for N = 2, D = 5 supergravity
for which, once again, we studied the attractor mechanism. As well as in 4D, in 5D the attractor
mechanism holds for every BPS configuration. Proceeding in the usual way we computed, order
by order, the shifting of each field due to the presence of fermionic zero modes. This time, due
to some constraints on the near-horizon geometry, the scalar variation vanished identically for any
model considered.
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Part II

Supersymmetric Fluid Dynamics
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Chapter 7

Fluid Super-Dynamics from Black Hole
Superpartners

“Why you care about small things? World
very simple place. World only have two
things: Things you can eat and things you
no can eat.”

— Quina, Final Fantasy IX

As seen in chap. 3, the hydrodynamical equations for a conformal fluid can be written in the
linearized form for a non-relativistic limit as

3∂0b = ∂iβ
i , ∂ib = ∂0βi , (7.1)

where b is related to the temperature of the black hole by b = 1
πT and βi are the components of

the velocity of the fluid. As summarized in chap. 3 it has been shown [5, 65, 66, 67, 68, 53] that the
linearized form of the Navier-Stokes equations (7.1) can be obtained from the Einstein equations once
the parameters b and β are taken as local functions of the boundary coordinates and reinterpreted
as boundary local degrees of freedom whose dynamics is described by (7.1). Contextually, many
authors [69, 70, 58] have further investigated the close relationship between Einstein equations and
Navier-Stokes equations, showing how they are related. In particular, it has been shown how to
get the Navier-Stokes equations from different solutions of general relativity (such as charged and
uncharged black branes) and more recently [70, 58] how to get back to Einstein equation starting
from a boundary fluid. Nevertheless, the complete AdS/CFT correspondence can be only fully
established between the supergravity extension of the general relativity and its holographic dual. In
our case that would correspond to a supersymmetric extension of Navier-Stokes equations in 4D.

The aim of the present chapter is to compute the corrections to the Navier-Stokes equations due
to the presence of bulk fermions. In particular, we consider as bulk fermions the superpartners of the
zero modes of an uncharged black hole in AdS5, extending the original work by Minwalla et al. [5]:
we derive the consistency conditions needed for supergravity equations in terms of some bilinears in
fermions. The new dynamical degrees of freedom are implemented in the derivation by taking into
account a black hole metric transformed by a generic superisometry of the AdS5 space.

In the 5D case, the Killing vectors are parameterized by 15 variables which span the isometry
group SO(2, 4) of AdS5.1 As is well known the presence of a black hole partially breaks those isome-
tries i.e. not every AdS Killing vector is a Killing vector for the (asymptotically AdS) black hole
metric. In particular, taking a static, symmetric black hole in AdS5, there are 7 AdS Killing vectors
which preserve the black hole metric (its SO(3) part) and the variations of the black hole metric
g

(0)
bh (xM ), given by Lξ(g

(0)
bh ) with ξ, an AdS Killing vector, depends upon the eight remaining param-

eters. As in [5] we promote those parameters to local functions on the boundary and by plugging

1See [4, 71, 72] for further details.
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g
(1)
bh = g

(0)
bh (xM )+Lξ(g

(0)
bh ) into Einstein equations we derive, at the first order in these parameters and

their first derivatives, the modified equations in place of (7.1). Our derivation is suitable for both flat
and curved boundary. The latter is needed for describing the supersymmetric partner of the black
hole zero mode [55, 73, 74]. At first order those constraints coincide, in the large r expansion, with
the linearized form of Navier-Stokes equations on a curved or flat space-time. As underlined in [53]
the constraints (7.1) do not depend on the curvature k of the boundary.

For what concerns us, we recall that AdS5 space has a bigger isometry group which coincides
with the supergroup SU (2, 2 | 1). This means that, besides the bosonic Killing vectors, the AdS5

space admits also 8 Killing spinors [75], and together with the Killing vectors we can study whether
they are also Killing spinors for g(0)

bh .

In [55, 73, 74], a general solution for an AdS5 black hole has been constructed depending upon
some charges qI and a non-extremality parameter µ which turns out to be related to the mass and the
charge of the black hole. For simplicity we consider the uncharged case (qI = 0) which avoids the
analysis of the gauge-field sector.2 In that case, none of theAdS Killing spinors are Killing spinors for
the black hole metric. This is due to the fact that the charges qI must satisfy certain BPS conditions
with µ, which are however violated if qI = 0. The superpartners of the Killing vectors can be read
from the violation of the Killing spinor equation. At this point there are two alternatives. The first
one, according to [5], is promoting the fermionic zero modes to local fermions; in this case one is
forced to study the Rarita-Schwinger equations. Namely, one has to see if certain conditions on the
local functions, obtained by promoting the Killing spinors of the AdS, lead to dynamical equations
for boundary degrees of freedom. The second alternative is to consider the bilinears in the gravitino
fields3 and promoting them to local functions. In that case only the Einstein equations are indeed
affected since the we assume that the Rarita-Schwinger equations are preserved at that order and the
background has no fermions. We compute the second variations of the metric δ2g

(0)
blackhole which is

a linear function of fermionic bilinears and imposing Einstein equations for this new metric g(2)
bh =

g
(1)
bh + 1

2

(
δ(2)g

(0)
bh

)
, in the large r limit, we obtain

2 (∂iβi + 3∂0b) +
√
k (wi∂iλ+N+∂0λ) = 0 ,

2 (∂ib+ ∂0βi)−
√
k (N+∂iλ+ 3wi∂0λ) = 0 . (7.2)

The new equations depend explicitly on the curvature k of the boundary and in the limit k = 0 they
coincide with the original Navier-Stokes equations.

Obviously these equations must be supplemented by some independent differential equations
for λ. One possibility is to derive it from the conservation of a modified energy-momentum tensor;
another one is to derive a complete fluid super-dynamics in such a way that the original Navier-
Stokes equations get source terms as in (7.2).

This chapter is organized as follows. Sec. 7.1.1 introduces a AdS5 space with black hole; in
Sec. 7.1.2 we briefly review the procedure outlined in [5, 53] and we compute the Navier-Stokes
equations in a space with curvature k. In sec. 7.2 we compute the variation of the AdS5 black hole
metric due to the black hole superpartner: in sec. 7.2.1 solutions of Killing spinors equation for AdS5

is presented, in sec. 9.30 we plug these solutions in the Killing vectors equation for AdS5 with black
hole, obtaining the variation of gravitini. In sec. 7.2.4 through the identities given in sec. 7.2.3, the
second correction to AdS5 black hole metric is computed. Finally in sec. 7.3 we derive and analyze
the corrections to Navier-Stokes equations.

2To this regard we refer to works [65, 66].
3Actually the fermionic bilinears appearing in the metric second variations are λ, wi and N+ but only the first one is

interesting for our scopes, since the others are from the boundary of AdS and they are not bulk zero modes.
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7.1 Bosonic Construction

7.1.1 AdS5 with Black Hole

In order to have a black hole in AdS we modify our metric (2.13) as in [55] introducing a non-
extremality parameter µ. The metric in presence of black hole reads

ds2 = −
(
f2 +

µ

r2

)
dt2 +

1

f2 + µ
r2

dr2 + r2dΩ2
(k) . (7.3)

Working out vielbeins we find

e0 =

√
f2 +

µ

r2
dt ,

e1 =
1√

f2 + µ
r2

dr ,

ei = r

(
dxi +

1−
√

1− kx2

x2
√

1− kx2
xixjdx

j

)
. (7.4)

Again, with these vielbeins we compute the spin connection components finding

ωi0 = 0 , ω0
1 =

(
r − µ

r3

)
dt ,

ωi1 =

√
f2 + µ

r2

r
ei , ωij =

1−
√

1− kx2

x2

(
xidxj − xjdxi

)
. (7.5)

7.1.2 Navier-Stokes Equations

Here we sum up the technique developed in [5, 53]. Let g(0)
bh be the metric of a spherical, sym-

metric, planar, uncharged black hole in 5D. After deriving Killing vectors ξM for AdS5 (see chap.
8) we compute Lie derivative of the metric Lξ

(
g

(0)
bh

)
. As said, this depends only on Killing vector

parameters {χ}which break g(0)
bh isometries. The modified metric is then

g
(1)
bh

(
xM
)

= g
(0)
bh (xM ) + Lξ

(
g

(0)
bh

) (
xM
)
. (7.6)

The metric g(1)
bh with constant parameters {χ} is still a solution of Einstein equations. Now, we pro-

mote {χ} to local functions of the boundary coordinates εxµ, where ε is a formal counting parameter
of the number of derivatives. After that, the metric satisfies Einstein equations when some constraints
are imposed on the set {χ}. The constraints in the large r expansion and in a neighborhood of the
origin, can be identified with non-relativistic, linearized Navier-Stokes equations.

Applying the above procedure to metric (7.3) we find

A (r, k, µ) ∂iai −B (r, k, µ) 3∂0b04 = 0 ,

C (r, k, µ) ∂ib04 −D (r, k, µ) ∂0ai = 0 , (7.7)

where we have defined

A (r, k, µ) = µ
(
4r6 + 4k2r2 − µk + kr4

)
,

B (r, k, µ) = µ
(
4r6 + 18k2r2 − 7kr4

)
,

C (r, k, µ) = µ
(
4r4
(
−µ+ r4

)
+ 2k3r2 − 2k2µ+ 8k2r4 − 5µkr2 + 10kr6

)
,

D (r, k, µ) = µ
(
4r4
(
−µ+ r4

)
+ 3k2r4 − 2µkr2 + 7kr6

)
. (7.8)

We have used the notation explained after eq. (2.16) to denote the parameters ai and b04 as the zero
mode. Now, these parameters are local functions of the boundary. Setting k = 0, eqs. (7.7) become
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the usual linearized Navier-Stokes equations for a non-viscous fluid as seen in [5, 53]. It is interesting
to analyze (7.7) on the AdS5 boundary R+ × Ω(k) obtained for r →∞

∂iai − 3∂0b04 = 0 ,

∂ib04 − ∂0ai = 0 , (7.9)

which once again are the linearized Navier-Stokes equation for ideal fluids (i.e. the Euler equations
for hydrodynamics). Note that there is no dependence on k.

The presence of a curved 3-dimensional space seems to perturb the behavior of the ideal fluid
only for finite r. For r → ∞ the fluid described by the parameters of the AdS5 broken isometries is
ideal for every k (see [53] and references therein).

7.2 Black Holes Superpartner

7.2.1 Killing Spinors for AdS5

Let us now introduce Dirac gamma matrices in an arbitrary dimension. As is known, they form
the Clifford algebra

{Γa,Γb} = 2ηab . (7.10)

This algebra has an analogous in curved space, obtained introducing vielbeins{
Γae

a
µ,Γbe

b
ν

}
= 2ηabe

a
µe
b
ν = 2gµν . (7.11)

This observation allows us to write an analogous of Killing equation for spinors

dε+
1

4
ωabΓab ε+

1

2
eaΓa ε = 0 , (7.12)

where we have defined
1

2
[Γa,Γb] = Γab . (7.13)

Writing equation (7.12) in components we find

0 = ∂1ε+
1

2f
Γ1ε ,

0 = ∂0ε+
1

2
Γ0 (rΓ1 + f) ε ,

0 = ∇aε+
1

2
ebaΓb

[
1

r
f Γ1 + 1

]
ε , (7.14)

where ∇iε = ∂iε + 1
4ω

jk
iΓjkε. As explained in [74], we decompose the Hilbert space into two sub-

spaces: one related to r, t directions and the other corresponding to Ω(k). To find solutions to (7.14)
we decompose 5-dimensional Dirac gamma matrices in

Γ0 = iσ2 × 1l , Γ1 = σ1 × 1l , Γi = σ3 × σi , (7.15)

where all indices are flat. With these definitions, the adjoint spinor is defined as ε̄ = ε†Γ0. Using the
above factorization the solutions to (7.14) can be written as4

ε±+ =

(√
f +
√
k −

√
f −
√
kσ1

)
(1± σ2) ε0± × η± , (7.16)

where ε0± are 2-dimensional Majorana (real) spinors and η± are spinors defined for the 3-dimensional
r-normalized space Ω(k). Notice that, by construction, (7.16) satisfy the projector relations

P±+ε±+ = 0 , (7.17)
4These solutions are the generalization for a generic k of the ones found in [74].
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where

Pζζ̄ =
1

2

[
1 +

1

f

(
i ζ
√
kΓ0 + ζ̄ rΓ1

)]
, with ζ, ζ̄ = ±1 . (7.18)

The number of independent fermions is established by observing that the Dirac spinor in 5D is de-
composed into 2 real Majorana and 2 complex components of a SU(2)-spinors (for k > 0) or 2 com-
plex components of SU(1, 1)-spinor for k < 0. From now on we will drop subscripts ±+, using for
convenience, ε++ since both ε++ and ε−+ generates the same gravitino variations (see next section).

7.2.2 Gravitino Variations

We decompose in components the Killing equation (7.12) using the vielbeins and spin-connection.
We obtain

δψr = ∂rε+
1

2
√
f2 + µ

r2

Γ1ε ,

δψt = ∂tε+
1

2
Γ0

[(
r − µ

r3

)
Γ1 +

√
f2 +

µ

r2

]
ε ,

δψi = ∇iε+
1

2
e b
i Γb

[
1

r

√
f2 +

µ

r2
Γ1 + 1

]
ε , (7.19)

then, using (7.14) and expanding over µ = 0 we have

δψr = − 1

4f3

µ

r2
Γrε ,

δψt =
1

2
Γt

(
−1

r
Γr +

1

2f

)
µ

r2
ε ,

δψi =
r

4f
Γ̂iΓr

µ

r2
ε , (7.20)

where we defined the Dirac matrices for the unit 3-dimensional Ω(k) space σ̂i

Γ̂i = σ3 × σ̂i = σ3 × σj
eji
r
. (7.21)

7.2.3 Zero Mode Identities

We now sum up some useful identities that will come in handy to compute the metric second
variations

ε̄ε = −8
√
k λ N , ε̄Γ0ε = −8if

√
k λ N ,

ε̄Γ1ε = 0 , ε̄Γ1Γ0ε = −8ir
√
k λ N ,

ε̄Γ̂iΓ0Γ1ε = −8
√
k λK̂i , ε̄Γ̂iΓ0ε = 0 ,

ε̄Γ̂iε = 8ir λ K̂i , ε̄Γ̂iΓ1ε = −8if λ K̂i , (7.22)

where we defined

λ = ε0−ε0+ , N = η†η , K̂i = η†
σje

j
i

r
η , (7.23)

with eji r
−1 and K̂i respectively vielbeins and Killing vectors for the unit 3-dimensional space param-

eterized by k.

K̂i = wjk

εjki
√√√√1− k

(
3∑
i=1

x2
i

)
+
√
k
(
xjδki − xkδji

) , (7.24)

where wjk is a 3-dimensional antisymmetric matrix of parameters.
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7.2.4 Correction to Metric

Since we are only interested in the correction to the metric, we assume that the fermionic zero
modes do not depend on the boundary coordinates and we compute the second order variations of
the metric. Then we allow the bilinear λ to become xµ-dependent, we insert these variations in the
Einstein equations and we apply again the procedure outlined above. Using these results we obtain(

δ(2)gtt

)
= f2 2µ

√
k

r2f2
λ N ,(

δ(2)grr

)
=

1

f2

2µ
√
k

r2f2
λ N ,(

δ(2)gti

)
=

3µ
√
k

r2
λ K̂i ,(

δ(2)gri

)
=

(
δ(2)grt

)
=
(
δ(2)gij

)
= 0 . (7.25)

The last variations are absent because of the remaining symmetries of the solutions. The other varia-
tions are proportional to the fermionic bilinears. The product of the two bilinears is coming from the
usual factorization of the spinors. Obviously, they are proportional to the parameter µ responsible
for the black hole metric.

7.3 Corrections to Navier-Stokes Equations

We compute now the simultaneous variation under Killing vectors and Killing spinors of the
metric (7.3) expanded around µ = 0. Imposing that Einstein equations hold for the obtained metric
with local parameters we get the following constraints, which can be seen as corrected Navier-Stokes
equations.

0 = 2r3 (∂iai − 3∂0b04) + 2kr

(
∂iai −

9

4
∂0b04

)
+

−
√
k (k + r2)

(
εijk∂iλwjk

(
3k + 2r2

)
− r2N∂0λ

)
, (7.26)

and

0 = −2k2∂ib04 + 4r4 (−∂ib04 + ∂0ai) + 3kr2 (−2∂ib04 + ∂0ai) +

+2r
(
r2 + k

)√
k (k + r2) (N∂iλ− 6∂0λεijkwjk) . (7.27)

In the limit r →∞ these became

2 (∂iai − 3∂0b04) +
√
k (wi∂iλ+N∂0λ) = 0 ,

2 (∂0ai − ∂ib04)−
√
k (N∂iλ+ 3wi∂0λ) = 0 . (7.28)

where wi = εijkwjk. Setting to constant the parameters of the Killing vectors, we get equations for λ
only. The compatibility condition is

N2 = 3wiwi . (7.29)

The new equations depend explicitly on the curvature k of the boundary and in the limit k = 0
they coincide with the original Navier-Stokes equations. By computing the additional derivatives
and forming linear combinations, one finds a compatibility condition (7.29). However, this is guar-
anteed by the Fierz identity among SO(3) spinors appearing in wi and N .

The corrections due to the other bilinears N and K̂i to the Navier-Stokes equations can be also be
computed along the same line. In particular, it would be rather interesting to see whether they also
affect the Navier-Stokes equations. The other missing sector of our analysis is the complete study of
the supergravity equations for a more general black hole solution depending on the charges. In that
case, the extremality conditions implies that some of the superisometries are preserved and it would
be interesting to study the modifications to the Navier-Stokes equations. We will explore this sector
in chap. 8.



Chapter 8

Fermionic Wigs for AdS-Schwarzschild
Black Holes

“Conglaturation! You have completed a
great game!”

— Ghostbuster (NES)

In the previous chapter, we computed the corrections to Navier-Stokes equations due to the
fermionic superpartner of a non-extremal black hole in N = 2, D = 5 supergravity [39]. The tech-
nique is based on seminal work [5, 53]. Here we consider the following situation: we start form an
AdS5-Schwarzschild black hole solution of D = 5 supergravity which breaks all supersymmetries
preserving only seven isometries of the AdS space; then using the AdS-Killing spinors we perform
a supersymmetry transformation of the metric where the gravitino field is generated by the Killing
spinors. The metric acquires new terms which are proportional to the fermionic bilinears and in
terms of those we computed the modifications to the classical relativistic Navier-Stokes equations for
a conformal fluid on the boundary ofAdS space. Unfortunately, this is not enough to derive the com-
plete non-linear Navier-Stokes equations since a finite supersymmetry transformation is required in
order to compute the full result. Again following [5, 53], one has to construct the variation of the met-
ric under a finite isometry (or superisometry), which satisfies the Einstein equations, then allowing
the parameters of the isometry to become dependent upon the coordinates on the boundary, one can
derive the equations of motion corresponding to Navier-Stokes equations. To repeat the program for
supersymmetry, we have to construct a finite transformation, but in that case due to the anticommut-
ing nature of supersymmetry parameters, the series truncates after few steps. The number of steps
required depends upon the number of independent fermionic parameters entering the supersymme-
try transformations, therefore in our case it depends upon the number of the independent parameters
of the AdS Killing spinors.

We can change the perspective and look at the problem in the following way: given a bosonic
solution of supergravity field equations, one can compute the zero modes of the fermionic field
equations (3/2- and 1/2-spin fields). Those solutions are the components of a supermultiplet and
they transform into themselves under supersymmetry transformations. This can be easily seen at the
quadratic level, namely, by taking into account fermionic quadratic terms of the action or, equiva-
lently, linear fermionic field equations. Nonetheless, those solutions can be extended at the non-linear
level by considering all terms of the Lagrangian and by expanding the solution in terms of fermionic
fields. That has an incredible advantage over the a solution with bosonic hair (see for example for a
recent development along that line [54]) since the fermionic wigs are automatically trimmed by their
fermionic nature.

As explained in chap. 4, we mimic the algorithms introduced in [15, 16, 17, 18, 19], construc-
tions the complete solution of the supergravity equations. We start from a Schwarzschild–type solu-
tion, breaking all supersymmetries and preserving 7 isometries of the AdS5 background. The metric
depends upon the coordinate r measuring the distance between the center of AdS5 space and the
boundary. We choose a flat D = 4 boundary. Notice that Lorentz symmetry is manifestly broken
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by our solutions since the time is treated differently from 3D space coordinates. With the factoriza-
tion of the metric into a 2D space-time (r, t) and 3D space (xi), we can factorize the spinors into
corresponding irreducible representations. We compute the AdS5 Killing spinors and we see that
there are two independent choices which are relevant for our study. Then, we compute the variation
of the gravitino fields under the supersymmetry where the parameters are replaced by the Killing
spinors. That produces the first term of the fermionic expansion of the gravitino solutions to the
Rarita-Schwinger equation of motion. The next step is to compute the second variation of the metric
in terms of fermionic bilinears (λ, N, Ki). That is achieved by computing the second supersymme-
try variation of the metric. At this stage one can check whether the Einstein equations are indeed
satisfied. We compute then the effect of the interactions to the Rarita-Schwinger equations due to
fermions and to the coupling of fermions to bosons. Already at this step, the usage of Fierz identities
to rearrange the bilinears is essential to reduce all possible terms. The iteration proceeds until the
number of independent fermions truncates the series. In the process, the gauge field (the gravipho-
ton), which has been set to zero from the beginning, is generated and its field is proportional to the
fermion bilinears. We check also the Maxwell equations order-by-order.

The computation of the Killing spinors reveals that there are essentially two structures to be taken
into account (in the text we denote those contributions as η0 and η1). In the first case the complete
solution obtained by re-summing all fermionic contributions is rather simple since the dependence
upon the boundary coordinates is very mild. On the contrary the computations of the complete
metric in the case of η1 is rather length since all possible structures are eventually generated. In
addition, the two structures, at a certain point, start to mix and therefore a long computation has to
be done. This is due to the fact that by breaking Lorentz invariance from the beginning all terms
of the spin connection, of the vielbeins and of the gauge fields are generated. Therefore we cannot
use covariance under Lorentz transformation to cast our computation in an elegant and compact
form and, generically, all components are different from zero. Technically, in order to re-sum all
contributions we compute the full solution using Mathematica. The result is provided in a form
which is still difficult to read (the electronic notebook with theD = 4 andD = 5 solutions is provided
as ancillary files of the preprint publication). Nevertheless, we make some remarks regarding the
results and we give the explicit formulas for the simplest cases.

The natural question is whether the same analysis can be done also in the case of BPS solutions.
For that we refer to the first step given in [55] and we will complete their constructions by our algo-
rithm in chap. 12. The presence of ghost modes is an issue treated in construction of [56].

This chapter is organized as follows. In sec. 8.1, we summarize the main ingredients of D = 5
and N = 2 supergravity and we list the choices we made to build our complete solution. Notice
that the solution we are considering is suitable also for D = 4 and N = 2 and therefore we provide
the complete solution also in that case. We also provide some comments about spinor relations and
supersymmetry transformations. In sec. 8.3 we discuss the Killing vectors of AdS5 in our coordinate
system, the boosted solution and some considerations regarding the choice of the coordinate system.
In sec. 8.4, according to the precedent section we compute the Killing spinors. Finally, in sec. 8.2 we
discuss the algorithm and in sec. 8.5 we compute the metrics wigs. There, we show that even though
the metric explicitly depends upon the fermion bilinears, some macroscopic quantities such as the
ADM mass do not. The complete computation is obtained in the case for η1. In sec. 8.6, we compute
the boundary stress-energy tensor as the starting point for the Navier-Stokes equations.

8.1 Truncated N = 2, D = 5 Gauged Supergravity

In this section we provide some useful ingredients for our computation based on papers [76, 42,
77, 43, 38, 73, 55]. We consider the model N = 2, D = 5 gauged supergravity, but we truncate the
spectrum in order to deal with the simplest solution in AdS5 for the present paper.
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8.1.1 Action

The N = 2, D = 5 gauged supergravity action was constructed in [76, 42, 77, 43, 38], coupling the
pure supergravity multiplet with vector and tensor multiplets. In this paper we consider a consistent
truncation of that action, in order to deal with a Schwarzschild solution in AdS5. We consider the
pure supergravity multiplet, formed by the vielbein eAM , two gravitini ψiM and the graviphoton A0

M ,
and N − 1 vector multiplets composed by vector fields AĨM , gauginos λi Ĩ and scalar fields qĨ .1

To gauge the U (1) subgroup of SU (2) R–symmetry group, we consider a linear combination of
vector fields AĨM and graviphoton AM : AM = VIA

I
M , where {VI} are a set of constants and index

I labels the graviphoton and the N − 1 vector fields. The gauging procedure introduces a potential
in the action which depends upon the scalars qĨ . In order to simplify this AdS5 model we set the
potential and the scalars to constant, and the gauginos to zero. The resulting action is then

e−1L = 1
2R(ω)− 1

4aIJ F̂
I
MN F̂

JMN − 1
2 ψ̄RΓRMMDMψN + 4g2 ~P · ~P

+ 1
6
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e−1εMNLRSCIJKAIM
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K
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L

(
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8e
−1εMNLRSΩI′J ′tIK

I′tFG
J ′AIMA

F
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G
L

(
−1

2gF
K
RS + 1

10g
2fHG

KAHRA
G
S

)
−
√

6
16 ihIF

CDI ψ̄AΓABCDψ
B + g

√
3
8 iPijψ̄

i
AΓABψjB + 1

8 ψ̄AΓBψ
Bψ̄AΓCψ

C

− 1
16 ψ̄AΓBψCψ̄

AΓCψB − 1
32 ψ̄AΓBψCψ̄

AΓBψC + 1
32 ψ̄AψBψ̄CΓABCDψD . (8.1)

where g is the U(1) coupling constant. Indices {F, . . . ,K} are the very special geometry ones,
{L,M,N, . . . } are the curved bulk indices and {A, . . . ,D} labels flat bulk directions. The quantities
ΩIJ , CIJK , tIJK , ~P , hI are related to very special geometry (see chap. 11 and [77, 43, 38] for a defi-
nition of these quantities). Notice that when the i spinorial indices are omitted, northwest-southeast
contraction is understood, e.g. ψ̄CψD = ψ̄iCψiD. We define the supercovariant field strengths F̂ IAB
such that

F̂ IAB = F IAB − ψ̄[AΓB]ψ
I +

√
6

4
iψ̄AψBh

I ,

F IMN ≡ 2∂[MA
I
N ] + gfJK

IAJµA
K
ν . (8.2)

We define also ~P ≡ hI ~PI . The covariant derivative reads

DMψiN =
(
∂M + 1

4ωM
ABΓAB

)
ψiN − gAIMPI ijψNj . (8.3)

This action admits the following N = 2 supersymmetry:

δeM
A = 1

2 ε̄Γ
AψM ,

δψiM = Dµ(ω̂)εi + i
4
√

6
hI F̂

INR(ΓMNR − 4gMNΓR)εi − 1√
6
igP ijΓM εj ,

δAIM = −
√

6
4 ihI ε̄ψM . (8.4)

We also denoted

DM (ω̂)εi = DM (ω̂)εi − gAIMP
ij
I εj , (8.5)

where ω̂ indicates the spin connection defined through vielbein postulate, as we will see in the forth-
coming sessions.

8.1.2 Spinors Relations

For our purpose, we find convenient to work with Dirac spinors instead of symplectic–Majorana.2

Therefore we dedicate the present subsection to illustrate and remind the reader the translation table.

1Index i labels the two spinor fields in symplectic–Majorana representation.
2Dirac spinors are also used in [73, 55] while symplectic–Majorana ones are present in [76, 42, 77, 43, 38].
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For 5 dimensions symplectic–Majorana spinors λi with i = {1, 2}, the complex conjugate is de-
fined through

(λi)∗ = CΓ0λ
i , (8.6)

the bar is the Majorana bar

λ̄i = (λi)TC , (8.7)

where C is the charge conjugation matrix satisfying

CT = −C , C∗ = −C , C2 = C†C = I ,

(CΓM )T = −CΓM , ΓTM = CΓMC
−1 . (8.8)

Thus, the following expressions are real

iλ̄iψi , λ̄iΓMψi . (8.9)

Notice that the index i is raised and lowered by the antisymmetric tensor εij .
For our purpose, we need Dirac spinors ε and the bar represents the Dirac adjoint

ε̄ = ε†Γ0 . (8.10)

It is possible to construct one Dirac spinor from two symplectic–Majorana: one has ε = λ1 + iλ2. For
consistency then we have ε̄ = λ̄1 − iλ̄2.

Using the above relations we express the quantities (8.9) in terms of Dirac spinors

iλ̄iψi = Re (ε̄ψ) , λ̄iΓMψi = Re (−iε̄ΓMψ) , (8.11)

where Re(x) denotes the real part of x.

8.1.3 Susy Transformations

The supersymmetry transformations (8.19) for N = 2, D = 5 gauged supergravity written with
Dirac spinors are

δεe
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2
Re
(
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)
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6
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I
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√
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4
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(
ε̄ψMh

I
)
, (8.12)

where

F̂ IAB =F IAB +

√
6

4
ψ̄[AψB]h

I ,

DM (ω̂) =DM (ω̂)− gAIMPI ,

DM (ω̂) =∂M +
1

4
ω̂ABM ΓAB −

i√
6
gPΓM . (8.13)

In order to compare this with the AdS covariant derivative

DM (ω̂) = ∂M +
1

4
ω̂ABM ΓAB +

1

2
eAMΓA , (8.14)
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we set

gP =
i

2

√
6 . (8.15)

From the very special geometry construction, hI satisfies

hIh
I = 1 , (8.16)

then, in our particular case, where the gauge fields are generated only from susy transformation
(8.12) while the zero–order is zero, we define the gauge field as

AIM = AMh
I . (8.17)

Doing so, all the indices I and the quantity hI disappear from the equations. Moreover, using
eq. (8.15), the A–part in the covariant derivative becomes

−gAIMPI = − i
2

√
6AM . (8.18)

Finally, the simplified susy transformations now read
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where

F̂AB =FAB +

√
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Dµ (ω̂) =Dµ (ω̂)− i
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√
6AM ,

DM (ω̂) =∂M +
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ω̂ABM ΓAB +

1

2
eAMΓA . (8.20)

As last remark, notice that torsion is not zero:

deA + ωAB ∧ eB =
i

4
ψ̄ΓAψ , (8.21)

then, the spin connection ω̂ is written in terms of both vielbein and gravitino bilinears. Moreover, the
abelian field strength reads

FMN =DMAN −DNAM = ∂MAN − ∂NAM + i
1

4
ψ̄[M ΓAψN ]AA . (8.22)

We are left with the vielbeins, the gauge field and the Rarita-Schwinger field, which form the N = 2,
D = 5 pure supergravity. Now, we can truncate to the bosonic sector and we consider a Schwarzschild–
type solution which is asymptotically AdS. Of course there are also more convoluted solutions with
non–constant scalar fields or gauge fields, but we do not take these cases into account in the present
work.
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8.2 Algorithms

8.2.1 Gravitino

Using definitions (8.19), (8.20), and (8.22) we get
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. (8.23)

In order to compute the gravitino variation ψ[N ]
M order by order we separate the expression above in

different pieces
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With these definitions, (8.23) becomes
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. (8.24)

To obtain the correct perturbative order [N ] for δ[N ]
ε ψM the quantities Ne, NB, NC and ND must take

the value as shown in the following table.

N Ne NB NC ND

[1] (1/2) [1] (0) (1/2) [1] (0) 0

[2] (3/2) [1] (0) (1/2) [1] (0) [1] (1)

[3] (5/2) [1] (0) (1/2) [1] (0) [2] (2)
[2] (1) (1/2) [1] (0) [1] (1)
[1] (0) (1/2) [2] (1) [1] (1)

[4] (7/2) [1] (0) (1/2) [1] (0) [3] (3)
[2] (1) (1/2) [1] (0) [2] (2)
[1] (0) (1/2) [2] (1) [2] (2)
[2] (1) (1/2) [2] (1) [1] (1)
[3] (2) (1/2) [1] (0) [1] (1)
[1] (0) (1/2) [3] (2) [1] (1)
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The numbers in square brackets are the perturbative order of the various pieces (see sec. [4.2.1])
while the ones in round brackets are the numbers of bilinears in the term, with the convention that
1/2 bilinear = 1 spinor.

Now, we have to give explicit algorithms to compute C [N ], D[N ]
1 , D[N ]

2 and D[N ]
3 .
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Using the conventions given in sec. [4.2.1] we obtain the following result(
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while the latter reads
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Last, in analogy with (8.26) we have(
D

[N ]
3

)
RS

=− i
[
ψ̄[RψS]

][N ]
=

=− i
N∑
p=1

ψ̄
[p]
[Rψ

[N−p+1]
S] . (8.29)

8.2.2 Vielbein and Metric

The vielbein is obtained as in eq. (8.19)

δεe
[N+1]A
M =− 1

2
Re
(
iε̄ΓAψ

[N ]
M

)
, (8.30)
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then, the metric becomes

δ[N ]
ε gMN =

N∑
p=1

e
[p]A
(M e

[N−p+2]B
N) ηAB . (8.31)

8.2.3 Alternative Metric

The metric is obtained from the susy transformation eq. (8.19)

δ[N ]
ε gMN =− 1

2
Re
[
iε̄Γ(M ψN)

][N ]
=

= −1

2
Re

i N∑
p=1

ε̄ e
[p]A
(M ΓA ψ

[N−p+1]
N)

 . (8.32)

8.2.4 Gauge Field

Gauge field follows directly from eq. (8.19)

δ[N ]
ε AM = −

√
6

4
Re
(
ε̄ψ

[N ]
M

)
. (8.33)

8.2.5 Background Setup

We choose an AdS5 solution of pure Einstein gravity as background

ds2 = −r2dt2 +
1

r2
dr2 + r2

3∑
i=1

dx2
i , AM = 0 , ψM = 0 , (8.34)

where the metric is given in the Poicaré patch. Notice that in this initial set up the gauge field and
the Rarita–Schwinger fields are set to zero [74] and AdS5 radius is set to 1. The associated non-zero
vielbein components are

e0
t = r , e1

r =
1

r
, eai = rδai ; (8.35)

while the non-zero spin connection components are

ω01
t = r , ωa1

i = rδai . (8.36)

Notice that we will use capital Latin letters to indicate bulk directions (i.e. M,N run from 0 to 4)
leaving Greek alphabet to boundary ones (i.e. µ, ν run from 0 to 3) furthermore {t, r, i} are curved
indices and {0, 1, a} represent flat ones.

In presence of a uncharged, irrotational black hole eq. (8.34) becomes

ds2 = −
(
r2 +

µ

r2

)
dt2 +

1

r2 + µ
r2

dr2 + r2
3∑
i=1

dx2
i , (8.37)

in this case the non-zero vielbein components are

e0
t =

√
r2 +

µ

r2
, e1

r =
1√

r2 + µ
r2

, eai = rδai ; (8.38)

and the non-zero spin connection components are

ω01
t = r − µ

r3
, ωa1

i =

√
r2 +

µ

r2
δai . (8.39)
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Convenient coordinates are the Eddington-Finkelstein ones. They are defined through the following
change of variables:

t = v +
1

r
, (8.40)

thus we get

d2s = −r2dv2 + 2drdv + r2
3∑
i=1

dx2
i . (8.41)

In this case the non-zero vielbein components are

e0
v = r , e0

r = −1

r
, e1

r =
1

r
, eai = rδai ; (8.42)

while the non-zero components of spin connection are

ω01
v = r , ω01

r = −1

r
ωa1
i = r δai . (8.43)

Eq. (8.37) in this coordinates system is

ds2 = −
(
r2 +

µ

r2

)
dv2 + 2drdv + r2

3∑
i=1

dx2
i , (8.44)

where we used the following change of coordinates

t = v −
∫

1

r2 + µ
r2

dr . (8.45)

8.3 Killing Vectors for AdS5

The basis [5, 53] for deriving the boundary equations of motion is the analysis of the isometries of
AdS space. On a second step one can evaluate which of those isometries are preserved by the black
hole solutions and in terms of the broken isometries one can build local transformations, where the
parameters are replaced by local expansion on the boundary coordinates.

We would like to underly here that the supersymmetry transformations, viewed from the bound-
ary point of view, can be separated into supersymmetry and superconformal transformations. The
latter would not introduce new degrees of freedom on the holographic fluid on the boundary, nonethe-
less it is simpler to take into account all possible deformations and at the level on Navier-Stokes
equation it will become evident which combinations of parameters can be compared with fluid d.o.f.
(see also chap. 3, for further discussion).

Even though we are interested here only in the fermionic wigs, we present once again the form
of bosonic Killing vectors. That will turn to be useful in the forthcoming analysis.

The Killing vectors for metric (8.34) read

ξt =−
(
t2

2
+

1

2r2

)
c− t (xjej + e)− 1

2
xjxjc+ djxj + d ,

ξr =rtc+ r (xjej + e) ,

ξi =

(
1

2r2
− t2

2

)
ei − txic+ tdi +

1

2
xjx

jei − xixjej − xie+ wijxj + hi , (8.46)

where the 15 infinitesimal parameters are interpreted as follows: {di} are the boundary boost pa-
rameters, {d, hi} represent translations in

{
t, xi

}
directions, e is the dilatation, {c, ei} are associated

to conformal transformations and {wij} is the antisymmetric tensor responsible of the 3 rotations in
{xi}.
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The variation of the black hole metric in the Eddington-Finkelstein coordinates (8.44), generated
by these Killing vectors with all the conformal parameters set to zero reads

ds2 =2dv dr − h2 (r) dv2 + r2dxidx
i+

− 2bi

(
1− r2

h2 (r)

)
dxi dr − 2bi

(
r2 − h2 (r)

)
dxi dv + 4µ

b

r2
dv2 , (8.47)

where h (r) =
√
r2 + µ

r2 . In the work [5, 53] it has been chosen a different frame, and that is achieved
by setting µ = −1 and through a change of coordinate generated by the following vectors

ζi =

∫
f i (r)

r2
dr + ŵijx

j + d̂i ,

ζr =ζv = 0 , (8.48)

where f i (r) = 2bi
r2

h2(r)
, ŵij is an antisymmetric matrix and d̂i is a constant. We get

ds2 =2dv dr − h2 (r) dv2 + r2dxidx
i+

− 2bidx
i dr − 2bi

(
r2 − h2 (r)

)
dxi dv − 4

b

r2
dv2 . (8.49)

8.4 Killing Spinors for AdS5

Here we computeAdS Killing spinors. We found that there are two independent solutions. These
are obtained by first factorizing the Dirac spinors into a 2D spinor and a 3D spinor in their irreducible
representations.

Notice that, since we are interested into the complete solution – namely all powers of fermions –
we have to deal with the fermionic nature of the spinor fields. Therefore, factorizing the spinors into
a product of spinors in lower dimensions, we have to declare the statistic of each part. As a matter
of fact, we saw that the map between the original fermion ε and its decomposition ε ⊗ η spoils the
correct number of degrees of freedom only if all possible choices are taken into account. Namely, we
have to choose first ε to be anticommuting and η commuting and subsequently ε commuting and η
anticommuting:

ε = ε|A ⊗ η|C + ε|C ⊗ η|A . (8.50)

The generalization to an arbitrary number of dimensions is straightforward. As we will see, in the
present case ε has only one degree of freedom. This allows us to consider just ε = ε|C ⊗ η|A. In the
forthcoming we will drop indices A,C.

The Killing spinor equations for AdS read(
∂M +

1

4
ωabMΓab +

1

2
eaMΓa

)
ε = 0 . (8.51)

with Γab = 1
2 (ΓaΓb − ΓbΓa). In components we have

∂tε+
r

2
Γ0 (Γ1 + 1l) ε = 0 ,

∂rε+
1

2r
Γ1ε = 0 ,

∂iε+
r

2
Γi (Γ1 + 1l) ε = 0 . (8.52)

We can divide the 5 dimensional space in two parts: {t, r} and
{
xi
}

using the following gamma
matrices parametrization

Γ0 = iσ2 ⊗ σ̂0 , Γ1 = σ1 ⊗ σ̂0 , Γa = σ3 ⊗ σ̂a , (8.53)
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where σ0 is the identity matrix in 2D. Hatted matrices refer to xi space. In this way, the solution of
eq. (8.51) is

ε =

(
1√
r
− t
√
rσ3

)
ε0 ⊗ η1 −

√
rσ3ε0 ⊗ η2 , (8.54)

where

η2 =xkσ̂kη1 + η0 , (8.55)

and η1 , η0 are 2–dimensional complex spinors (and so contain 8 real dof’s) while ε0 is a real 2–
dimensional spinor with only one dof. The total number of degrees of freedom is then 1 × 8. The
solution (8.54) can also be written as

ε =
1√
r
σ0 ⊗ σ̂0 ε0 ⊗ η1 −

√
rσ3 ⊗

(
tσ̂0 + xiσ̂i

)
ε0 ⊗ η1 −

√
rσ3 ⊗ σ̂0 ε0 ⊗ η0 . (8.56)

Notice that ε̄ΓM ε reproduces the Killing vectors (8.46) as expected.

8.5 Results

In this section we collect the results obtained from the algorithms described in the previous chap-
ters.3 First, we present the AdS5 wigs constructed from one of the two Killing spinors η0 and η1.
Since each of them contains 4 real degrees of freedom, the series truncates after the second order in
bilinears.

The wig which depends only on η0 turned out to be too simple: we show that it gives no contri-
bution both to the ADM mass and to the boundary stress–energy tensor.

η1 6= 0, η0 = 0 case is more interesting: the explicit dependence on the boundary coordinates
leads to a modification to black hole Killing vectors. Furthermore, the boundary stress–energy tensor
is not trivial and it will be discussed in section [8.6].

In order to present the result in different ways, we give the full wig and two particular limits of it:
expanding in one case around small µ and in the other one around large r. The former limit allows
us to study a simplified, but a complete, metric while the latter shows the near boundary geometry.

The most general wig, obtained taking into account both η0 and η1, is derived. The degrees of
freedom are now 8, then the algorithm has to be iterated to the fourth order in bilinears. The full
expression is really cumbersome, even in the small µ and large r limits. Then, we do not write it in
this work, but the interested reader can find an electronic version in the ancillary files of [7].

We repeat the procedure described above for the AdS4 wigs. Apart from numerical coefficients,
we find no substantial differences from the AdS5 case. For this reason we present only the simplest
results, leaving the complete wigs in the ancillary files of [7]. Last remark, all wigs computed are
asymptotically AdS.

8.5.1 Results for D = 5: η1 = 0 and η0 6= 0

In this section we compute the finite black hole wig choosing η1 = 0 and η0 6= 0. We introduce
the following bilinears

M = −iη†0η0 , Vi = −iη†0σ̂iη0 , λ = εt0ε0 , (8.57)

with these definitions, M and Vi are real numbers.

3Notice that Fierz transformations (see appendix [F]) are used throughout the computation.
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Complete Wig

The metric at first order is

δ[1]g = − µ

r2h (r)
λM drdt , (8.58)

where we defined h (r) =
√
r2 + µ

r2 . The metric at second order is

δ[2]g = − 1

32r4

[
−3µ2 + µr3 (−7r + 10h(r)) + 12r7 (r − h(r))

]
λ2 M2 dt2+

+
1

32rh(r)

[
µr (14r − 3h(r)) + 16r5 (r − h(r))

]
λ2 M2 d~x2+

+
1

32
(rh(r))3/2 [µr (14r − 15h(r)) + 10r5 (r − h(r))

]
λ2 M2 dr2+

− 1

16r2

[
µr (3r + h(r)) + 8r5 (r − h(r))

]
λ2 M Vi dtdxi . (8.59)

The gauge field is zero at every order.

Expansion

The complete metric result is now presented here in large-r expansion and this coincides with the
small-µ expansion.

ds2 = −
(
r2 +

µ

r2

)
dt2 +

(
1

r2
− µ

r6

)
dr2 + r2d~x2 − µ

r2h (r)
λM drdt+

− 3µ

32
λ2 M2 dt2 +

3µ

32
λ2 M2 d~x2 − 3µ

16r4
λ2 M2 dr2 − 3µ2

32r4
λ2 M Vidtdx

i . (8.60)

ADM mass

Following the procedure outlined in [55, 78] we compute the ADM mass for the η0 6= 0, η1 = 0
case. The ADM mass is defined as

EADM = − 1

8πG

∫
Σ
N (K −K0) , (8.61)

where N =
√
gtt is the norm of the timelike Killing vector ∂t, K is the trace of the extrinsic curvature

of a spacelike, near–infinity surface Σ and K0 is K computed in the background AdS5 geometry.
Using the definition of extrinsic curvature (see chap. 2) we can rewrite eq. (8.61) as

EADM = − 1

8πG
N (nµ − nµ0 ) ∂µAΣ , (8.62)

where nµ is the vector normal to Σ and AΣ is the area of Σ. In order to consider a near infinity
space–like surface, we use the large–r metric eq. (8.60). We define a new radial coordinate

ρ2 = r2 +
3µ

32
λ2 M2 , (8.63)

thus, the area of Σ is simply ρ3Vp, with Vp the coordinate volume of the surface parameterized by xi.
The ADM mass is then

EADM = − 3µVp
16πG

+O

(
1

ρ

)
, (8.64)

which is the result for Schwarzschild black hole. The wig constructed by bilinears only in η0 gives no
contribution to the ADM mass.
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Boundary Stress–Energy Tensor

Using the prescription given in section [8.6] we compute the stress–energy tensor for the black
hole wig. The result is

Tµν = −µ
2

(4uµuν + ηµν) , (8.65)

where uµ = (1, 0, 0, 0) is the fluid velocity in the rest frame of the fluid. In this case, we have no
contribution from the black hole wig.

We would like to point out that the first corrections computed by means of the wig reconstruction
can also be inferred by simple supersymmetry algebra relations. Indeed, we checked the very first
corrections by that means and we agree with the full computation presented here.

8.5.2 Results for D = 5: η1 6= 0 and η0 = 0

In this section we compute the finite black hole wig choosing η1 = 0 and η0 6= 0. As in the
previous case, we introduce

N = −iη†1η1 , Ki = −iη†1σ̂iη1 , λ = εt0ε0 , (8.66)

where again N and Ki are real. Notice that in order to present the results we write the first terms in
the large-r expansion.

First order in µ

As a first check, we want to determine only the effects due to gauge field and not to bilinears in the
gravitino field. For this reason we consider the first order in the expansion around µ = 0 neglecting
the contributions coming from bilinears in the gravitini, since they contribute to order O

(
µ2
)
.

The metric at first order is

δ[1]g = − µλ

r2

(
Nt+ Kix

i
)

dt2 +
µλ

r3

[
−N

(
t2 + ~x2

)
− 2txi K

i
]

dtdr+

− µλ

2r2
(tKi + xiN) dtdxi +

µλ

2r5
Ki drdxi − µλ

2r2

(
Nt+ Kkx

k
)
δij dxidxj . (8.67)

The metric at second order is

δ[2]g = − µ

2r4
λ2 N

[
2r2txi Ki

(
4 + r2

(
t2 + ~x2

))
+ N

(
1 + r2

(
t2 − 3~x2

))]
dt2+

− 2µ

r6
λ2 N

[
Nt2 + r2txi Ki

(
t2 + ~x2

)]
dr2+

− µ

r5
λ2 N

[
tN

(
2 + r2

(
t2 − ~x2

))
+ xi Ki

(
1 + 2r2

(
3t2 + ~x2

))]
dtdr+

+
µ

4r4
λ2 N

[
−2r2xi

(
3tN + 2xj Kj

)
+ Ki

(
1 + r2

(
−3t2 + ~x2

))]
dtdxi+

− µ

2r5
λ2 N

[
xi
(
N + 8r2txj Kj

)
+ tKi

(
−1 + 2r2

(
t2 − ~x2

))]
drdxi+

+
µ

4r5
λ2 N

[
Nr
(
−1 + r2

(
t2 + 3~x2

))
δij + 4r3txk Kk

(
−1 + r2

(
t2 + ~x2

))
δij+

−2 Nr3xixj + r3txi Kj

]
dxidxj . (8.68)

In this limit, the gauge field is zero at each order.

Large r expansion

Here we compute the large-r expansion of the metric corrections.
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At first order, we have

δ[1]g = − µ

r2
λ
[
tN + xi Ki

]
dt2 − µ

r3
λ
[
2txi Ki + N

(
t2 + ~x2

)]
dtdr+

− µ

2r2
λ (tKi + xi N) dtdxi +

µ

2r5
Ki drdxi − µ

2r2
λ
(
tN + xk Kk

)
δij dxidxj . (8.69)

The metric at second order is

δ[2]g = − µλ2 Ntxi Ki

(
t2 + ~x2

)
dt2+

− 2µ

r4
λ2txi N Ki

(
t2 + ~x2

)
dr2+

− µ

r3
λ2 N

[
tN

((
t2 − ~x2

))
+ 2xi Ki

(
3t2 + ~x2

)]
dtdr+

+
µ

4r2
λ2 N

[
−2xi

(
3 Nt+ 2xk Kk

)
+ Ki

((
−3t2 + ~x2

))]
dtdxi+

− µ

r3
λ2 N

[
4t2xix

kkk + Ki

(
t2 − ~x2

)]
drdxi+

+ µλ2 N

[
txk Kk

(
t2 + ~x2

)
δij +

1

2r2
(txi Kj − 2 Nxixj)

]
dxidxj . (8.70)

The only non–zero components of the gauge field are the A[2]
i

A
[2]
i =

3
√

6µ2

256r6
λ2εijkx

j N Kk
(
t2 + ~x2

)
. (8.71)

Complete

Here we present the complete wig depending on η1 bilinears. The first order is

δ[1]g = − µ

r3
λh (r)

[
tN + xi Ki

]
dt2 − µ

r2h (r)
λ
[(
t2 − ~x2

)
N + 2txi Ki

]
dtdr+

+ λr (r − h (r)) [tKi + xi N] dtdxi − 1

rh (r)
(r − h (r)) Ki drdxi+

+ λr (r − h (r))
[
tN + xi Ki

]
δij dxidxj . (8.72)

The second order is

δ[2]g = − 1

16r8
Nλ2

[
2r2txi Ki

(
−3µ2

(
−11 + 4r2

(
t2 + ~x2

))
+ 3µr4

(
9 + 4r2

(
t2 + ~x2

))
+

+2µr3h (r) + 2r6
(
−3 + 4r2

(
t2 + ~x2

)) (
r2 − rh (r)

))
+

+ N
(
µ2
(

11 + 6r4
(
−t2 + ~x2

)2
+ r2

(
13t2 − 31~x2

))
+

+2r6
(
−3 + 6r4

(
−t2 + ~x2

)2
+ r2

(
−25t2 + 11~x2

)) (
−r2 + rh (r)

)
+

+µ
(

2r8
(
−t2 + ~x2

)2 − 6r3h (r) + r4
(
17 + 2r

(
t2 + ~x2

)
h (r)

)
+

−r6
(
8rt4h (r) + ~x2

(
37 + 8r~x2h (r)

)
− t2

(
31 + 16r~x2h (r)

))))]
dt2+

− 1

16r6h (r)
Nλ2

[
Nt
(
2r4
(
31 + r2

(
t2 − ~x2

)) (
−r2 + rh (r)

)
+

+µ
(
22rh (r) + r2

(
−21 + 5

(
t2 − ~x2

) (
−r2 + 4rh (r)

))))
+

+xi Ki

(
10r4

(
−1 + r2

(
3t2 + ~x2

)) (
−r2 + rh (r)

)
+ µ (14rh (r) +

+r2
(
7 + 9

(
3t2 + ~x2

) (
−r2 + 4rh (r)

))))]
dtdr+

+
1

8r7 (h (r))3 Nλ2
[
4r2txi Ki

(
2r6 − 2r5h (r) +

+µ
(
−rh (r) + r2

(
2−

(
t2 + ~x2

) (
−r2 + 5rh (r)

))))
+
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+ N
(

2r4
(

5 + 2r2
(
−t2 + ~x2

)
+ 2r4

(
−t2 + ~x2

)2) (
r2 − rh (r)

)
+

+µ
(

5r6
(
−t2 + ~x2

)2 − 5rh (r) + 2r2
(
5 + r

(
−5t2 + ~x2

)
h (r)

)
+

−r4
(
3rt4h (r) + 3r~x4h (r)− 2t2

(
−4 + 3r~x2h (r)

))))]
dr2+

+
1

32r5
Nλ2

[
K1

(
µr
(
6 + r2

(
3t2 + ~x2

)
+ 3r4

(
−t4 + ~x4

))
+

+2r5
(
3 + r2

(
9t2 − 5~x2

)
+ 4r4

(
−t4 + ~x4

)))
+

−2r3x1

(
N
(
13µ− 2r4

)
t+ xi Ki

(
−14r4 + 8r6

(
3t2 + ~x2

)
+

+µ
(
−1 + 3r2

(
3t2 + ~x2

))))
−
(
K1

(
µ
(
−1 + 2r2

(
3t2 + ~x2

)
+

+r4
(
t4 − ~x4

))
+ 2r4

(
3 + r2

(
9t2 − 5~x2

)
+ 4r4

(
−t4 + ~x4

)))
+

+2r2x1

(
2 N

(
−µ+ r4

)
t+ xi Ki

(
14r4 − 8r6

(
3t2 + ~x2

)
+

+µ
(
2 + r2

(
3t2 + ~x2

)))))
h (r)

]
dtdxi+

+
1

32r6 (h (r))3 Nλ2
[
−2
(
µ+ r4

) (
−x1

(
2xi Kir

2
(
−15µ+ 7r4

)
t+

+ N
(
11r4 + 25r6

(
−t2 + ~x2

)
+ µ

(
2 + 9r2

(
−t2 + ~x2

))))
+

+ K1t
(
13r4 + µ

(
4 + r2

(
7t2 − 9~x2

))
− r6

(
5t2 + ~x2

)))
+

−r3
(
K1t

(
−26r4 + 2r6

(
5t2 + ~x2

)
+ µ

(
−29 + r2

(
7t2 + 3~x2

)))
+

+x1

(
2xi Kir

2
(
9µ+ 14r4

)
t+

+ N
(
22r4 + 50r6

(
−t2 + ~x2

)
+ µ

(
23 + 43r2

(
−t2 + ~x2

)))))
h (r)

]
drdxi+

+
1

16r6h (r)2 Nλ2
[
−
(
µ+ r4

) (
−4xk Kkr

2t
(
13r4 + µ

(
1 + 5r2

(
t2 + ~x2

)))
+

+ N
(

4
(
r4 − 4r6

(
t2 − ~x2

)
+ 3r8

(
t2 − ~x2

)2)
+

+µ
(

6 + 5r4
(
t2 − ~x2

)2
+ r2

(
−11t2 + 3~x2

))))
+

+r3
(
−2xk Kkr

2t
(
26r4 + µ

(
23 + 2r2

(
t2 + ~x2

)))
+

+ N
(

4
(
r4 − 4r6

(
t2 − ~x2

)
+ 3r8

(
t2 − ~x2

)2)
+

+µ
(

4 + 11r4
(
t2 − ~x2

)2
+ r2

(
−15t2 + 23~x2

))))
h (r) δij+

−
(
µ+ r4

) (
+
(
−Nµ+ 8xk Kkr

2
(
µ+ 2r4

)
t
)
xixj+

+ ( Kixj + Kjxi) t
(
µ
(
−3 + 4r2

(
t2 − ~x2

))
+ 2r4

(
7 + 4r2

(
t2 − ~x2

))))
+

+r3
((
−5 Nµ+ 16xk Kkr

2
(
µ+ r4

)
t
)
xixj+

+2 ( Kixj + Kjxi) t
(
4µ
(
1 + r2

(
t2 − ~x2

))
+

+r4
(
7 + 4r2

(
t2 − ~x2

))))
h (r)

]
dxidxj . (8.73)

8.5.3 Results for D = 4: η1 = 0 and η0 6= 0

The AdS4 model is very similar to AdS5 one. For our purpose, the only relevant difference is the
Schwarzschild black hole metric

ds2 = f(r)2dt2 + f(r)−2dr2 + r2d~x2 , (8.74)

where f(r) =
√
r2 + µ

r . Due to the fact that 2– and 3–dimensions spinors have the same number of
degrees of freedom, our algorithm can be applied with no modifications. Notice also that the Killing
spinors are written in the same way of eq. (8.56), where xi denotes only x1 and x2.



78 CHAPTER 8. FERMIONIC WIGS FOR ADS-SCHWARZSCHILD BLACK HOLES

Last remark, in 4D Γ5 is defined by dimensional reduction from 5D as

Γ5 = σ3 ⊗ σ̂3 , (8.75)

then, bilinears in η with σ̂3 are still present.

Complete Wig

The first order is

δ[1]g = − 3µ

4rf (r)
λM drdt . (8.76)

The second order is

δ[2]g =
1

32r2
λ2 M2

(
7r3 − 2µ

) [
µ+ 2r2 (r − f (r))

]
dt2+

− 1

64f
λ2 M2

[
11µ2 + 14µr3 + r2

(
25µ+ 28r3

)
(r − f (r))

]
δijdx

idxj+

− 3

64
λ2 M Vi

[
4µr +

(
µ+ 8r3

)
(r − f (r))

]
dtdxi+

+
3

32rf (r)3λ
2 N2

[
2µr +

(
3µ+ 4r3

)
(r − f (r))

]
dr2 . (8.77)

Notice that, as in the 5–dimensional case, the gauge field is zero at every order.

8.5.4 Results for D = 4: η1 6= 0 and η0 = 0

In this section we compute the finite wig choosing η0 = 0 and η1 6= 0. We introduce the following
bilinears

N = −iη†1η1 , Ki = −iη†1σ̂iη1 , λ = εt0ε0 , (8.78)

with these definitions, N and Ki are real quantities.

First order in µ

As in [8.5.2], we focus on effects due to gauge field and not to bilinears in the gravitino field,
considering only the first order in the expansion around µ = 0. The metric at first order is

δ[1]g = − λµ

2r2

(
Nt+ Kix

i
)

dt2 − λµ

4r4

[
6r2t

(
Kix

i
)

+ N
(
−1 + 3r2

(
t2 + ~x2

))]
dtdr

− λµ

2r
( Kit+ Nxi) dtdxi +

λµ

2r4
Kidrdx

i − λµ

2r

(
Nt+ Kkx

k
)
δijdx

idxj .

(8.79)

The metric at second order is

δ[2]g = − µ

8r3
λ2 N

[
2r2t

(
Kix

i
) [

7 + 3r2
(
t2 + ~x2

)]
+ N

[
1 + r2

(
t2 − 5~x2

)]]
dt2 +

− 3µt

4r5
λ2 N t

[
Nt+

(
Kkx

k
) [
−1 + r2

(
t2 + ~x2

)]]
dr2 +

− µ

8r4
λ2 N

[
Nt
[
5 + 3r2

(
t2 − xixi

)]
+ 2

(
Kix

i
) [

1 + 3r2
(
3t2 + ~x2

)]]
dtdr +

− µ

4r
λ2 N

[
xi

(
3 Nt+ 2 Kkx

k
)

+ 2 Kit
2
]

dtdxi +

− µ

4r4
λ2 N

[
( Nxi − tKi) + r2t

[
3 Ki

(
t2 − ~x2

)
+ 12xix

j Kj

]]
drdxi +

− µ

8r3
λ2 N

[(
−1 + r2

(
t2 + 5~x2

))
δij + 6r2txk Kk

[
−1 + r2

(
t2 + ~x2

)]
δij+

−4r2 Nxixj + 2r2txi Kj

]
dxidxj . (8.80)

For both orders, the gauge field is zero.
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Large-r expansion

Here we compute the large-r expansion of the metric corrections.
The first order metric is

δ[1]g = − λµ

2r

(
Nt+ Kix

i
)

dt2 − 3λµ

4r2

[
2t
(
Kix

i
)

+ N
(
t2 + ~x2

)]
dtdr +

− λµ

2r
( Kit+ Nxi) dxidt− λµ

2r4
Kidx

idr +

− λµ

2r

(
Nt+ Kix

i
)
δijdx

idxj . (8.81)

The second order is

δ[2]g = − 3µ

4
λ2 Nrt

(
Kix

i
) (
t2 + ~x2

)
dt2 − 3µ

4r3
λ2 Nt

(
Kix

i
) (
t2 + ~x2

)
dr2 +

− 3µ

8r2
λ2 N

[
Nt
(
t− ~x2

)
+ 2

(
Kix

i
) (

3t2 + ~x2
)]

dtdr +

− µ

4r
λ2 N

[
2 Kit

2 + xi

(
xk Kk + 3tN

)]
dtdxi +

− 3µ

4r2
λ2 Nt

[
4xi

(
Kkx

k
)
− Ki

(
t2 + ~x2

)]
drdxi +

+
µ

4
λ2 N

[
3rt
(

Kkx
k
) (
t2 + ~x2

)
δij +

2

r
(tKixj − 2 Nxixj)

]
dxidxj . (8.82)

The non–zero components of the gauge field are the A[2]
i

A
[2]
i =

√
6µ2

128r4
λ2εijx

j N K3

(
−t2 + ~x2

)
, (8.83)

where εij is the 2d antisymmetric tensor, with ε12 = 1.

8.6 Boundary Stress–Energy Tensor

We now proceed calculating the stress–energy tensor dual to the black hole using the prescription
given in [8], [9] and explained in chap. 2.

KMN = −1

2
(∇MnN +∇NnM ) . (8.84)

Finally we can define our (boundary) stress energy tensor as

Tµν =
1

8πG

(
Kµν −Kγµν − 3γµν − 1

2
Gµν

)
, (8.85)

where K is defined as the trace of Kµν and Gµν is the Einstein tensor4 build from γµν . Note that we
set RAdS = 1 as usual.

8.6.1 Stress–Energy Tensor for AdS5

Using the prescription given in the previous chapters we present the result obtained in AdS5.
The first-order corrections are the same in 4 and 5 dimensions, while at second-order one they are
different. We decompose the contribution to the stress-energy tensor in the perturbative form as

Tµν = −µ
2

(4uµuν + ηµν) + λµT [1]
µν + λ2µT [2]

µν , (8.86)

4A careful reader may have noticed a change of sign in front of the Einstein tensor with respect to [9]. This is just a
matter of convention in the definition of the Riemann tensor.
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where uµ = (1, 0, 0, 0) is the fluid velocity in the rest frame of the fluid as usual, Bµ = (−N, Ki) is
the bilinear 4−vector. As usual, we define the projectors

P q
µν = ηµν + uµuν , P⊥µν = −uµuν . (8.87)

The first order of Tµν is

T [1]
µν = −d

8

[
(B · x)(ηµν + d uµuν) + 4P q

(µρP
⊥
ν)σB

[ρxσ]
]
, (8.88)

where d refers to AdSd+1. Notice that the second term in eq. (8.88) resembles a vorticity term. Actu-
ally, the relativistic vorticity term is defined as

∆µν = P q
µλP

q
ντ∇[λu τ ] . (8.89)

In our case the second spatial projector is actually an orthogonal projector, that in fact, mixes space
and time components as a result of the supersymmetry. B may be seen as a “super-correction” to
fluid velocity. However, a deeper analysis is due.

The second order reads

T [2]
µν = −1

4
P⊥µν

{
(xB)⊥ (xB)q +

1

12
x2 (BB)⊥ + 2 (B · x)

[
(xB)⊥ +

11

12
(xB)q

]}
+

+
1

4
P q
µν

{
15 (xB)⊥ (xB)q + 2x2 (BB)⊥ − 1

6
(B · x) (xB)q +

7

12
x2 (BB)q

}
+

1

2

(
d

4

)2

(B · x)2 (ηµν + 4uµuν) +
1

24
(BB)q xµxν −

1

12
(xB)q B(µxν)+

+ P q
(µ|ρP

⊥
ν)σ

{
x[ρBσ]

[
B · x− 1

3
(xB)⊥

]
+

1

36
xρxσ (BB)⊥ − 1

24
BρBσx2

}
(8.90)

with d = 4 and

(VW )⊥ = P⊥µνV
µW ν , (VW )q = P q

µνV
µW ν , (8.91)

and we have used Fierz identities (see appendix [F]) to substitute

(B · x)2 =

[
2 (xB)⊥ (xB)q +

1

3
x2 (BB)⊥

]
. (8.92)

We can analyze the coefficient associated to the tensor (4uµuν + ηµν). For the perfect fluid, this coef-
ficient is related to temperature T

Tµν ∝ T d (4uµuν + ηµν) . (8.93)

We have

−µ
2

[
1 +

d

4
λ (B · x) +

1

2

(
d

4

)2

λ2 (B · x)2

]
∝ T d exp

[
d

4
λ (B · x)

]
, (8.94)

where we reconstructed the series in the bilinears B. Doing this, the temperature of the fluid is
modified as follows

T −→ T exp
[

1

4
λ (B · x)

]
. (8.95)
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8.6.2 Stress–Energy Tensor for AdS4

The computation for the AdS4 case is similar to the previous one. We consider the perturbative
expansion

Tµν = −µ
2

(3uµuν + ηµν) + λµT [1]
µν + λ2µT [2]

µν , (8.96)

where we have defined T [1] as before and

T [2]
µν = −1

8
P⊥µν

{
37

8
(xB)⊥ (xB)q + x2 (BB)⊥ +

1

16
(B · x)

[
9 (xB)⊥ + 5 (xB)q

]}
+

+
1

2
P q
µν

{
7

4
(xB)⊥ (xB)q +

7

64
x2 (BB)⊥ + (B · x)2

}
+

1

2

(
d

4

)2

(B · x)2 (ηµν + 3uµuν) +
1

64
(BB)⊥ xµxν −

1

16
(xB)q B(µxν)+

+ P q
(µ|ρP

⊥
ν)σ

{
x[ρBσ]

[
5

8
B · x− 1

4
(xB)⊥

]
+

3

64
xρxσ (BB)⊥ − 1

32
BρBσx2

}
, (8.97)

with d = 3.
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Chapter 9

Fermionic Wigs for BTZ Black Holes

“(to a dying Reaper; Renegade) Tell your
friends we’re coming for them!
(calls another orbital strike) Never mind. I’ll
tell them myself.”

—Commander Shepard, Mass Effect 3

In chap. 8 we constructed the complete solution, starting from non-extremal black holes, for
N = 2, D = 5 and D = 4 AdS-supergravity. The construction presented in that chapter was based on
a Mathematica package used to “integrate” the fermionic zero modes of the solution into the metric
and the other fields. The word “integrate” means, in the present context, the re-summation of all
fermionic contributions to fundamental fields. This procedure is also known as “gauge completion”
and it has been used to re-sum all components of a given superfield.

In the present chapter we analyze a simpler situation where it possible to compute all contribu-
tions analytically and we present them in a compact and manageable form. For that we consider
N = 2, D = 3 supergravity theory [79, 10, 11, 12, 80, 81, 82, 83].

It has been pointed out that this theory is a topological one and therefore it does not possess any
local degrees of freedom, that is all fluctuations can be reabsorbed by gauge redefinitions. Neverthe-
less the theory has non–trivial localized solutions with singularities such as black holes, which are
trivial solution except for the fixed points of an orbifold action (the orbifold is defined in terms of a
discrete subgroup of the isometry group [11]).

Our motivations stem from the fluid/gravity correspondence discovered in [5, 53] and extended
in [7] to fermionic degrees of freedom. Starting from a solution of a gravity/supergravity theory on
AdS background such as black hole or black-brane solution, one acts with certain isometries trans-
formations whose parameters depend on AdS–boundary coordinates. The transformed expressions
are no longer solution of the equations of motion unless those local parameters satisfy some non-
linear differential equations. They are the Navier-Stokes equations for the boundary field theory. In
chap. 7, we showed that by extending the construction of [5, 53] it is possible to derive the fermionic
corrections to Navier-Stokes equations in terms of fermion bilinears. The latter may acquire a non-
vanishing expectation value yielding physical modifications of the fluid dynamics. Despite the orig-
inality of the result, our analysis in chap. 7 was limited to the linear approximation since we did not
possess the result after a finite superisometry. For that reason, in chap. 8 we constructed the general
solution. That reveals several interesting aspects that we present here in a simpler set–up.

The procedure can be also adapted to BPS objects and it will be presented in chap. 12. The
choice of the non-extremal solution is made to simplify the computation since all supersymmetries
are broken and any transformation can be used to construct the complete wig.

In the present work we start from BTZ black holes [10, 11, 12] for N = 2, D = 3 supergravity
[80, 81] and we construct the corresponding wig. We first compute the fermionic zero modes then, in
terms of them the gravitini, partners of the black hole, and finally the complete solution. The gauge
field, which is zero at the bosonic level, becomes non–zero by fermionic corrections. We compute all

83
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charges associated to the BTZ black hole with all fermionic contributions. Finally, we compute the
new stress–energy tensor on the boundary of AdS relevant for the fluid/gravity correspondence.

9.1 N = 2, D = 3 AdS Supergravity

As mentioned in the introduction, we consider the simplest non–trivial example ofN = 2, D = 3
of [79, 80] which is described by the vielbein eA, the gravitino (complex) ψ, an abelian gauge field A
and the spin connection ωAB . Those are the gauge fields of the diffeomorphism, the local supersym-
metry, the local U (1) transformations and of Lorentz symmetry. The gauge symmetry can be used
to gauge away all local degrees of freedom except when some fixed points are present, namely for
localized singular solutions [10, 11, 83, 84].

The invariant action has the following form

S =

∫ (
RAB ∧ eCεABC −

Λ

3
eA ∧ eB ∧ eCεABC − ψ̄ ∧ Dψ − 2A ∧ dA

)
, (9.1)

which in components reads

S =

∫
d3x

[
e (R+ 2Λ)− ψ̄MDNψRεMNR −AM∂NARεMNR

]
, (9.2)

where R is the Ricci scalar, {A,B, . . . } label flat indices and {M,N, . . . } refer to curved ones. The
action is invariant under all gauge transformations and it can be cast in a Chern–Simons form. For
AdS3, the cosmological constant is set to Λ = −1.1 The covariant derivative D is defined as

DM = DM + iAM +
1

2
ΓM , (9.3)

where D = d + 1
4ω

ABΓAB is the usual Lorentz-covariant differential. It can be easily shown that (9.2)
is invariant under the supersymmetry transformations

δεψ = Dε , δεe
A =

1

4

(
ε̄ΓAψ − ψ̄ΓAε

)
, δεA =

i

4

(
ε̄ψ − ψ̄ε

)
. (9.4)

The spin connection transforms accordingly when the vielbein postulate is used to compute ωAB .
The metric signature is (−,+,+) and the gamma matrices ΓA are real. From (9.2) we deduce the
following equations of motion

Dψ = 0 ,

dA =
i

4
ψ̄ ∧ ψ ,

DeA =
1

4
ψ̄ ∧ ΓAψ ,

RAB − ΛeA ∧ eB =
1

4
εABCψ̄ΓCψ . (9.5)

The third equation is the vielbein postulate, from which the spin connection ωAB is computed. It is
possible to check the above equations against the Bianchi identities. Note that the theory is topologi-
cal and therefore it can be written in the form language.2 The gravitino equation is nothing else than
the vanishing of its field strength, the second one fixes the field strength of the gauge field and the
fourth one fixes the Riemann tensor.

1Note that AdS3 radius and the Newton constant are set to one.
2Using the forms, the gauge symmetries are obtained by shifting all fields eA → eA + ξA, ψ → ψ + η, ω → ωAB + kAB

and A → A + C and consequently the differential operator d → d + s. ξA, η, kAB and C are the ghosts associated to
diffeomorphism, supersymmetry, Lorentz symmetry and U (1) transformation, respectively and s is the BRST differential
associated to those gauge symmetries.
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9.2 AdS3 and BTZ Black Hole

In the present section we describe two solutions of supergravity equations of motion (9.5): the
AdS3 space and the BTZ black hole in AdS3.

In global coordinates, AdS3 metric is

ds2 = −f2dt2 + f−2dr2 + r2dφ2 , (9.6)

where f2 = r2 + 1. The associated vielbeins are

e0 = fdt , e1 = f−1dr , e2 = rdφ , (9.7)

and the spin connection components read

ω0
1 = rdt , ω0

2 = 0 , ω2
1 = fdφ . (9.8)

The flat metric ηAB is mostly plus (−,+,+). The gamma matrices are defined as follows

Γ0 = iσ2 , Γ1 = σ3 , Γ2 = σ1 , {ΓA , ΓB} =2ηAB . (9.9)

Then, the Killing spinor equations read

∂r ε+
1

2f
Γ1 ε = 0 ,

∂t ε+
1

2
(−rΓ2 + fΓ0) ε = 0 ,

∂φ ε+
1

2
(rΓ2 − fΓ0) ε = 0 . (9.10)

The index of gamma matrices is flat since the vielbein is written explicitly. Note that (fΓ1 + rΓ0)2 =
1l. To solve eqs. (9.10), we define the projected spinors

ε± = ±Γ1ε± , (9.11)

hence, equations (9.10) read

∂rε+ +
1

2f
ε+ = 0 , ∂rε− −

1

2f
ε− = 0 ,

∂tε+ +
1

2
(f − r) ε− = 0 , ∂tε− −

1

2
(f + r) ε+ = 0 ,

∂φε+ +
1

2
(r − f) ε− = 0 , ∂φε− +

1

2
(r + f) ε+ = 0 . (9.12)

Solving the r–equations we have

ε+ = (r + f)−1/2 η+ (t, φ) , ε− = (r + f)1/2 η− (t, φ) , (9.13)

thus the t–and φ–equations reduce to

∂tη+ +
1

2
η− =0 , ∂tη− −

1

2
η+ =0 ,

∂φη+ −
1

2
η− =0 , ∂φη− +

1

2
η+ =0 . (9.14)

The solutions read

ε+ = (r + f)−1/2

(
ζ1 cos

[
t− φ

2

]
− ζ2 sin

[
t− φ

2

])
,

ε− = (r + f)1/2

(
ζ2 cos

[
t− φ

2

]
+ ζ1 sin

[
t− φ

2

])
, (9.15)
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that is

ε =
1

2

[(√
r + f +

1√
r + f

)
1l−

(√
r + f − 1√

r + f

)
Γ1

]
×

×
(

cos

[
t− φ

2

]
1l− sin

[
t− φ

2

]
Γ0

)
ζ , (9.16)

where ζ is a spinor with two complex Grassmann components ζ1 and ζ2.
Having analyzed the AdS3 space we now deal with the BTZ black hole. In global coordinates, it

is described by the following metric

ds2 = −N2dt2 +N−2dr2 + r2
(
Nφdt+ dφ

)2
, (9.17)

where N and Nφ are defined as

N =

√
−M + r2 +

J2

4r2
, Nφ =− J

2r2
, (9.18)

The parameter M is identified with the mass of the black hole while J represents its angular mo-
mentum. Notice that neither N nor Nφ depends on coordinate t which means that the solution is
stationary. The non–zero vielbein components are

e0 =Ndt , e1 =N−1dr , e2 =rNφdt+ rdφ , (9.19)

and the non–zero spin connection components read

ω0
1 =rdt− J

2r
dφ , ω0

2 =− J

2r2N
dr , ω1

2 =−Ndφ . (9.20)

The existence of a horizon is constrained by [10, 11]

M > 0 , |J | ≤M , (9.21)

the case J = 0, M = −1 reduces to empty AdS3 (9.6) while the case −1 < M < 0 can be excluded
from the physical spectrum since it corresponds to a naked singularity. Note also that for r → ∞
the metric approaches the empty AdS3 solution (9.6). It exists also an extremal solution for M = |J |,
which preserves two of the four supersymmetries of AdS3. In the present case we want to focus on
the non–extremal case where all supersymmetries are broken.

It is useful to define the following real bilinears

B0 =− iζ†ζ , B1 =− iζ†σ1ζ , B2 =iζ†σ2ζ , B3 =− iζ†σ3ζ , (9.22)

from which we compute

ε̄ε = B2 ,

ε̄Γ0ε = i [−fB0 + r (cB3 − sB1)] ,

ε̄Γ1ε = −i [cB1 + sB3] ,

ε̄Γ2ε = i [−rB0 + f (cB3 − sB1)] , (9.23)

where c = cos (t− φ) and s = sin (t− φ). Due to the anticommutative nature of ζ1 and ζ2, the
following identities hold

B2
1 = B2

2 = B2
3 = −B2

0 , BiBj = 0 , i 6= j , Bn
0 = 0 , n > 2 . (9.24)
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9.3 Wig for General BTZ Black Hole

The superpartner of a generic field Φ is constructed by acting with a finite supersymmetry trans-
formation on the original field [74]:

Φ = eδεΦ = Φ + δεΦ +
1

2
δ2
εΦ + . . . . (9.25)

In the present case, it is more useful to deal with an expansion in powers of bilinears of ε. This
is denoted by the superscript [n], which counts the number of bilinears. Due to our choice of the
background fields, we have

B[n] =
1

2n!
δ2n
ε B , F [n] =

1

(2n− 1)!
δ2n−1
ε F , n > 0 , (9.26)

where B and F are respectively bosonic and fermionic fields. Then, for fermionic fields [n] counts
n−1 bilinears plus a spinor εwhile for bosonic fields it indicates n bilinears. The n = 0 case represents
the background fields

e
[0]A
M = eAM

∣∣
BTZ

, ψ
[0]
M = 0 , A

[0]
M = 0 . (9.27)

In this formalism, from susy transformations (9.4) we derive algorithms to compute iteratively the
various fields

ψ
[n]
M =

1

(2n− 1)
D[n]
M ε ,

e
[n]A
M =

1

4(2n)
ε̄ΓAψ

[n]
M + h.c. ,

A
[n]
M =

i

4(2n)
ε̄ψ

[n]
M + h.c. . (9.28)

Then, the wig order by order is written as3

g
[n]
MN =

n∑
p=0

e
[p]A
(M e

[n−p]B
N) ηAB . (9.29)

At first order in bilinears the gravitino 1–form reads

ψ[1] =
1

2

[
(N − f) Γ0 −

J

2r
Γ2

]
ε (dt− dφ) +

1

2

(
1

N
− 1

f
− J

2r2N

)
Γ1εdr . (9.30)

The first order wig is

g[1] =
1

4

[
M − r2 + fN

]
B2 dt2 − 1

8r2N2f

[
2r2 (N − f) + fJ

]
B2 dr2+

− 1

8

[
J + 2M − 2r2 + 2fN

]
B2 dtdφ+

J

8
B2 dφ2 . (9.31)

The gauge field is4

A[1] =
1

8

[
B0

(
f (N − f)− J

2

)
+ (cB3 − sB1)

(
−r (N − f) +

fJ

2r

)]
(dt− dφ)

+
1

8

(
1

N
− 1

f
− J

2r2N

)
(cB1 + sB3) dr . (9.32)

3Note that e(M eN) = 1
2

(eMeN + eNeM ).
4c and s are defined as in (9.23)
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The first order of the spin connection is obtained from the vielbein postulate. Using standard coor-
dinates transformation, the singularity in N = 0, being apparent as in the zero order metric (10.3),
can be removed. Notice that all dangerous 1/N terms appear along the dr component. The pattern
repeats itself at the second order.

Iterating the procedure, namely by inserting the first order corrections in (9.28), we derive the
second order results. The gravitino is

ψ[2] =
1

96r(r + f)3/2

[(
(J − 2rf) (B0 − sB1 + cB3) +

−
(
r2J + 2rf(J + r2) + f2(J + 4r2) + 2rf3 − 2rN(r + f)2

)
×

× (B0 + sB1 − cB3)
)(

(1l + Γ1) + (r + f)(1l− Γ1)
)
+

+
(

(−J − 2rN + 2rf)(1l− Γ1) + (rJ − 2rN(r + f)+

+ f(J + 2r2 + 2rf))(1l + Γ1)
)

(r + f)Γ0B2

]
×

×
(

sin

[
t− φ

2

]
1l− cos

[
t− φ

2

]
Γ0

)
ε (dt− dφ) +

+
1

96r2Nf(r + f)1/2

(
2r2N + f(J − 2r2)

)
×

×
(
− (1l + Γ1) + (r + f)(1l− Γ1)

)(
cos

[
t− φ

2

]
1l− sin

[
t− φ

2

]
Γ0

)
B2εdr . (9.33)

The second order wig reads

g[2] =
1

128r2

[
−J2 + 2r2 (N − f) (2N − f)

]
B2

0 dt2+

+
1

256r2

[
J
(
3r2 + 2J

)
− 4r2 (N − f) (3N − 2f)

]
B2

0 dtdφ+

− 1

256r2N2f2

(
Jf + 2r2 (N − f)

) (
Jf + 2r2 (N − 2f)

)
B2

0 dr2+

− 1

256r2

[
J
(
J + 2r2

)
− 4r2 (N − f)2

]
B2

0 dφ2 . (9.34)

The second order gauge field is zero.
We note that first order wig (9.31) is proportional to the bilinear B2 only, while the second order

one (9.34) depend on B2
0 = −B2

2. In addiction, for J → 0 and M → −1 we recover the AdS3 solution
since in that case the supersymmetry preserves the solution and then there is no wig at all. The
complete wig does not depend on t and φ, therefore the isometries of the black hole are preserved. In
the next section we will compute the associated conserved charges, namely the mass and the angular
momentum. The gauge field, which is zero at the bosonic level, is generated at the first order, but it
receives no contribution at higher orders.

Notice that it is possible to recast the complete metric g = g[0] + g[1] + g[2] in the following form

ds2 = −Ñ2dt2 + ρ2
(
Ñφdt+ dφ

)2
+

R2

Ñ2ρ2
dR2 , (9.35)

where we defined

ρ2 = gφφ , Ñφ =
gtφ
gφφ

, Ñ2 = −detGred
gφφ

, R2 =

∫ r

0

√
−grrdetGred , (9.36)

with Gred reduced metric obtained cutting out the r–components of g.

9.4 Entropy and Conserved Charges

To investigate the properties of the black hole wig we compute its conserved charges, using holo-
graphic technique based on the boundary energy momentum tensor Tµν [83, 39, 84, 8, 9]. In the
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following, Greek indices label boundary directions t, φ. To perform the computation we cast the
boundary metric γµν in ADM–like form

γµνdxµdxν = −N2
Σdt2 + σ(dφ+Nφ

Σdt)2 , (9.37)

where Σ is the 2–dimensional surface at constant time and the integration is over a circle at spacelike
infinity. The conserved charges associated to the Killing vectors ξ are defined as

Qξ = lim
r→∞

∮
dφ
√
σuµTµνξ

ν (9.38)

where uµ = N−1
Σ δµt is the timelike unit vector normal to Σ.

In the present case, the wig does not depend on t and φ. Thus, the two resulting Killing vectors
are

ξµ1 = δµt , ξµ2 = −δµφ . (9.39)

The associated charges are respectively the mass Mtot and the angular momentum Jtot. After a short
computation we find

Mtot = M +
1

8
(1 +M + J)

(
〈B2〉 −

1

16
〈B2

0〉
)
,

Jtot = J +
1

8
(1 +M + J)

(
〈B2〉 −

1

16
〈B2

0〉
)
. (9.40)

The charges ought to be numbers with a given value, then in formula (10.98) the bilinears B0 and
B2 are substituted with their v.e.v. 〈B2

0〉, 〈B2〉. In that way the mass and the angular momentum
Mtot and Jtot make sense. A vacuum with non–vanishing v.e.v. for bilinears might explicitly break
supersymmetry, leading to a modified mass and angular momentum which depend on them.

Note that Mtot − Jtot = M − J and the fermionic corrections do not affect the difference between
mass and angular momentum. Thus, if the extremality condition is imposed we expect that it is not
lifted.

From action (9.1) we derive the conserved electric charge q

q = lim
r→∞

1

2

∮
dφ
√
σNσ ε

tMN iψ̄MψN . (9.41)

Using the equations of motion (9.5) we can rewrite it in terms of the field strength of gauge field A.
The computation shows that the leading term of the integral in the large r expansion is O

(
1
r

)
, thus

in the r →∞ limit q vanishes.
The supercharge Q is connected to the presence of Killing spinors [85, 86]. As we have already

pointed out, the present work deals with non–extremal BTZ black hole and therefore supersymmetry
is totally broken. As a consequence, no Killing spinor exists and thus there is no conserved super-
charge.

As first analysis, we find that event horizon is not modified by the fermionic wig.

r2
± =

1

2

(
M ±

√
M2 − J2

)
. (9.42)

We can compute the entropy from Bekenstein–Hawking formula

S =
1

4
AH , (9.43)

where the area of the horizon reads

AH =

∫ 2π

0

√
gφφ(r+)dφ . (9.44)
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We obtain the following result

S =
π

2

[
r+ + 〈B〉 J

16r+
+ 〈B2〉 1

512r3
+

(
J2 + 2r2

+ (J − 2− 2M)
)]

. (9.45)

As can be seen the entropy of the black hole is modified by the presence of the wigs confirming
that we study a new solution of the theory where the fermions play a fundamental rôle. By setting
J = 0 the first order corrections vanish. That could have been seen also by a simple perturbative
corrections. Nonetheless, the second order corrections do not vanish. In particular for vanishing
angular momentum the third term in the above equation becomes proportional to M + 1 which
vanishes for M = −1, namely global anti-de Sitter.

By setting J = M in the case of BPS solution, we find the simplified formula

S =
π

2

√
2M

(
1

2
+

1

16
〈B〉+

M − 2

128M
〈B2〉

)
(9.46)

showing that also in the case of BPS the entropy is modified.



Chapter 10

Fermionic Corrections to Fluid Dynamics
from BTZ Black Hole

Mastering a skill requires practice.

— Learning To Draw, Antichamber

10.1 Introduction

Motivated by the success of fluid/gravity correspondence [5, 53, 87], in this chapter we explore
the connection between supergravity and a hypothetical supersymmetric fluid (where with ”super-
symmetric” we intend a fluid which is a long range approximation of a supersymmetric theory) on
the boundary of the AdS space where a black hole (BH) is located. The reason for this analysis is
rooted in the idea that by performing some perturbations around the black hole and promoting the
parameters of the infinitesimal isometry transformations to local parameters on the boundary, one is
able to derive a set of partial differential equations for these parameters which can be identified with
Navier-Stokes equations. The fluid/gravity correspondence is obtained as follows: at first, one con-
siders a gravity equations solution such as a black hole or a black brane (note that in our case such a
solution will be a supergravity solution complete with all fermionic zero modes), then one performs
an isometry transformation of the AdS space to obtain a new solution which, of course, will depend
upon some constant parameters (such as the position or the scale). Then, those parameters are pro-
moted to fields of the boundary and, as a result, the solution will no longer solve the equations of
motion. Nonetheless, one can see new partial differential equations emerging from imposing Ein-
stein equations which have an interpretation as Navier-Stokes equations for the boundary fluid. For
that, one needs to interpret the parameters of the isometries, namely the translations and the scale,
as the four velocity and the temperature of the fluid.

In the previous chapters, following [39, 88], we generalized that scheme to supergravity and to
supersymmetric fluids on the boundary. In particular, we have to recall that AdS space is endowed
with superisometries which introduce new constant parameters in the solution. Again by promoting
them to local fields on the boundary, the solution will no longer solve the supergravity equations
and new equations emerge from imposing them. At this point, there are two problems to solve: 1)
we have to start with a complete supergravity solution, namely we have to take into account the full
supermultiplet – of which the black hole is the bosonic component – in order to take into account
the full orbit of the superisometries, 2) we have to promote the parameters of the superisometries to
local fields on the boundary and then interpret them as boundary fluid quantities.

In order to solve these problems, we adopt a simplifying framework where the computations can
be done analytically. We consider N = 2, D = 3 supergravity with a cosmological term. This theory
has two solutions, the AdS3 space and the BTZ black hole [10, 11]. In the previous chapter, following
[13], we computed the full supermultiplet of the BTZ black hole by performing a finite supersymme-
try transformation. Note that only by finite supersymmetry transformations, we are able to compute

91
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the complete orbit (wig) starting from the black hole solutions [15, 7]. That supersymmetry transfor-
mation automatically truncates at the fourth order. In the present paper, we parameterize the order
of computation by the powers of bilinears in Grassmann parameters.

In order to generate the complete wig we start from the supersymmetry transformations associ-
ated to the Killing spinors ofAdS space. Since the BTZ black hole is non-extremal any transformation
will produce a change in the solution. Multiple applications of the supersymmetry transformations
generated by Killing spinors will result in the application of the corresponding Killing vector gener-
ating the complete supergroup of isometries of AdS space which is OSp(2|2) × OSp(2|2)/SO(2) ×
OSp(2|2).1

Given the new solution, one can observe that the some isometries of the black hole such as the
translation invariance in the time direction and in the angular coordinate (or in the space coordinate
in the Poincaré patch) are preserved. That implies that the mass M and the angular momentum J
are still conserved charges. Indeed, we can compute them using the ADM formalism and that gives
a mass and an angular momentum which is shifted by fermionic bilinears. In the case of extremal
black hole where M = |J |, the fermionic corrections will not spoil the extremality condition. In the
same way, we can compute also the entropy of the black hole which is modified by the presence of
fermionic bilinears.

Having set up the stage for the computation, we promote the fermionic parameters of the su-
perisometries to local parameters on the boundary. Then, by inserting the fields in the supergravity
equations we find two sets of new equations which should be satisfied: Navier-Stokes equations
(which we also computed in previous chapter and in [39]) and new differential equations for the
fermionic degrees of freedom. In order to interpret the result obtained we also perform the bosonic
isometries associated to the dilatation and to the translation on the boundary reproducing the usual
linearized version of relativistic Navier-Stokes equations. On the other side, by inserting the solution
in the gravitino equation, we finally derive a new set of partial differential equations for the fermionic
degrees of freedom which we interpret as Dirac-type equation for the fluid.

With the complete metric, we can finally compute the extrinsic curvature and, using Brown-York
procedure [8, 9] we derive the boundary energy-momentum tensor. The form of the latter resemble
the tensor for a perfect fluid, except for a term (which violate chirality). Nonetheless a redefinition
of the velocity of the fluid takes the energy momentum tensor to the standard formula for a perfect
fluid and the temperature is shifted by terms dependent on bilinears. The computation has been
performed at the first level in the isometry parameters and it shows the absence of dissipative effects,
as expected from a conformal fluid in 1 + 1 dimensions. To see the emergence of new structures in
the fluid energy–momentum tensor one needs a complete second order computation.

In the first section, we set up the stage for the computation. In the second one we present the com-
plete wig solution of the black hole. We also provide the expressions for large r which are useful for
checking the structure of the solution. The third section is where we derive the new differential equa-
tions on the boundary of AdS and we compute the Dirac-type equation on the boundary. The fourth
section provide a computation the energy-momentum tensor and a discussion of the redefinition of
the fluid velocity in order to reabsorb the parity–violating term.

10.2 Setup

10.2.1 AdS3 and BTZ Black Hole

The supergravity equations of motion2 admit as solution the AdS3 space

gMN = (gAdS)MN , AM = 0 , ψM = 0 , (10.1)

1AdS space considered here is actually a superspace with 3 bosonic coordinates and 4 fermionic coordinates, it can be
viewed as OSp(2|2)/SO(2) (since Sp(2) ∼ SL(2,R) ∼ SO(1, 2)).

2We refer the reader to chap. 9 sect. 9.1 for the supergravity action, supersymmetry transformations and equations of
motion. Further details can be found in the references of the same chapter.
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where the AdS3 metric in global coordinates reads

ds2 = −(1 + r2)dt2 +
1

1 + r2
dr2 + r2dφ2 , (10.2)

Another solution is the so called BTZ black hole3 whose global metric reads:

ds2 = −N2dt2 +N−2dr2 + r2
(
Nφdt+ dφ

)2
, (10.3)

where N and Nφ are defined as

N =

√
−M0 + r2 +

J2
0

4r2
, Nφ =− J0

2r2
. (10.4)

The non–zero vielbein components are

e0 =Ndt , e1 =N−1dr , e2 =rNφdt+ rdφ , (10.5)

and the non–zero spin connection components read

ω0
1 =rdt− J0

2r
dφ , ω0

2 =− J0

2r2N
dr , ω1

2 =−Ndφ . (10.6)

The parameter M0 is to be identified with the mass of the black hole while J0 represents its angular
momentum. Setting M0 = −1 and J0 = 0 in (10.3) we obtain the AdS metric in global coordinates
(10.2).4

To analyze the boundary fluid dynamic using fluid/gravity technique it is convenient to consider
AdS3 metric written in a Poincaré patch

ds2 = −r2dt2 +
1

r2
dr2 + r2dx2 . (10.7)

As in [5, 53] we perform an ultralocal analysis and then we also use a Poincaré patch for BTZ black
hole metric

ds2 = −
(
r2 −M0

)
dt2 +

1

r2 −M0
dr2 + r2dx2 . (10.8)

Notice that in this case the AdS3 metric (10.7) is obtained by setting M0 = 0. The form of the metric
is similar to (10.3) but it will cover just a sector of the entire AdS space. As we will show in the next
section, after a finite boost transformation the metric (10.8) can be cast as in (10.3), with mass and
angular momentum depending on the boost parameters and M0.

10.2.2 Killing Vectors and Killing Spinors

In this section we compute the Killing vectors and the Killing spinors forAdS3. As we will discuss
later, we consider the isometries of AdS3 space to generate orbits of the black hole solution. This is
obtained by acting with the generators of AdS3 isometries on the black hole metric.

The Killing vectors are solutions to the equations

Lξ(gAdS) = 0 , (10.9)

where
ξ = ξt∂t + ξr∂r + ξφ∂φ , (10.10)

3We refer the reader to the vast literature on the subject for the geometry of this solution.
4Note that the region −1 < M0 < 0 is excluded since it corresponds to a naked singularity.
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and, for global AdS3 (10.2), they are

ξt =
r√

1 + r2
∂tA (t, φ) + e0 ,

ξr =
√

1 + r2A (t, φ) ,

ξφ =

√
1 + r2

r
∂φA (t, φ) + f0 , (10.11)

where the function A (t, φ) is defined as

A(t, φ) = a0 cos (t+ φ) + b0 cos (t− φ) + c0 sin (t+ φ) + d0 sin (t− φ) . (10.12)

The solution depends upon the 6 free parameters {a0, b0, c0, d0, e0, f0}, associated to theAdS3-isometry
group, namely, SO (2, 2).

The Killing vectors for AdS3 in Poincaré patch, defined as K = Kt∂t +Kr∂r +Kx∂x are

Kt = −c1

2

(
1

r2
+ t2 + x2

)
− c2tx− bt+ wx+ t0 ,

Kr = r (c1t+ c2x+ b) ,

Kx = −c2

2

(
− 1

r2
+ t2 + x2

)
− c1tx+ wt− bx+ x0 . (10.13)

The 6 real infinitesimal constant parameters describe the 6–parameters isometry group of AdS3: b is
associated with dilatation, w is the boost parameter, c1 and c2 are related to conformal transforma-
tions and t0 and x0 parameterize the t− and x−translations.

In order to complete the procedure outlined in [5, 53, 39, 13] we perform a finite boost on the BTZ
solution in the t-x plane, namely

t→ t− wx√
1− w2

, x→ x− wt√
1− w2

, (10.14)

where w is the boost parameter.
We now perform a finite dilatation of the BTZ black hole. This transformation will allow us to

define a parameter for the temperature of the fluid in the same fashion as [5]. The correct dilatation
weights can be obtained by redefining the coordinates as follows

r → b̂r , t→ b̂−1t , φ→ b̂−1φ . (10.15)

The infinitesimal dilatation are given by b̂ = 1 + b + O(b2), where b is the infinitesimal parameter
introduced in eq. (10.13).

The boosted and dilated metric can be recast in the form (10.3) by replacing

M0 →M =
1 + w2

1− w2

M0

b̂2
, J0 → J = − 2w

1− w2

M0

b̂2
, (10.16)

and

r2 → R2 = r2 +
w2

1− w2

M0

b̂2
. (10.17)

Note that the boost transformations can be applied to the global BTZ metric (10.3) to generate a new
set of solutions, as described in [89] (see eq. (10.14) with x substituted by the angular coordinate φ).
In this case the replacing rules for mass, angular momentum and radius coordinate will be

M0 →M =
1 + w2

1− w2
M0 −

2w

1− w2
J0 , (10.18a)

J0 → J =
1 + w2

1− w2
J0 −

2w

1− w2
M0 , (10.18b)

r2 → R2 = r2 − w

1− w2
(J0 − wM0) . (10.18c)
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Defining

γ =
w2 + 1

w2 − 1
, β = − 2w

w2 + 1
, (10.19)

the metric for the new global BTZ solutions can be written modifying mass and angular momentum
in the following Lorentz-like form, i.e.

M = γM0 − βγJ0 ,

J = γJ0 − βγM0 ,

R2 = r2 − 1

2
[βJ0 − (γ + 1)M0] . (10.20)

Now, we need to construct the Killing spinors of AdS3 and the isometries generated by them5.
To construct the BTZ wig we compute the Killing spinors ε for AdS3 Poincaré patch, defined from
Killing spinors equation

DAdSε = 0 . (10.21)

We have

ε =

[
1

2
√
r

(1l− rxµΓµ) (1l + Γ1) +

√
r

2
(1l− Γ1)

]
ζ , (10.22)

where ζ is a Dirac spinor with 2 complex constant components ζ1 and ζ2

∂Rζ = 0 . (10.23)

See also [13] where a deeper analysis of the Killing spinor is performed.

10.3 Fermionic Wig

We now proceed to the construction of the fermionic wig (i.e. the complete solution in the
fermionic zero modes) associated with a boosted and dilated BTZ black hole in Poincaré patch.6

As explained in the previous section, the boost and the dilatation shift the mass and angular momen-
tum of the black hole. Therefore, to get the complete solution, we first compute the wig for the BH
and then we perform the shift to the mass and of the angular momentum.

Thus, we proceed in the usual way by constructing the wig for the black hole metric (10.3) and
then replacing M0 and J0 with M and J as defined in (10.16). This procedure is iterative and can be
found in [13]. The superpartner of a generic field Φ is constructed by acting with a finite supersym-
metry transformation on the original field [74]:

Φ = eδεΦ = Φ + δεΦ +
1

2
δ2
εΦ + . . . . (10.24)

In the present case, it is convenient to deal with an expansion in powers of bilinears of ε. This is
denoted by the superscript [n], counting the number of bilinears. Due to our choice of the background
fields, we have

B[n] =
1

2n!
δ2n
ε B , F [n] =

1

(2n− 1)!
δ2n−1
ε F , n > 0 , (10.25)

where B and F are generic bosonic and fermionic fields respectively. Then, for fermionic fields [n]
counts n − 1 bilinears plus a spinor ε while for bosonic fields it indicates n bilinears. The n = 0 case
represents the background fields

e[0]A
M = eAM

∣∣
BTZ

, ψ[0]
M = 0 , A[0]

M = 0 . (10.26)

5We remind the reader that Killing vectors can be obtained constructing Killing spinors bilinears such as ξµ = ε̄Γµε. By
construction they will indeed satisfy the Killing vectors equation.

6Note that our Killing spinors (or anti-Killing spinors as defined in [24]) are not time independent but the fermionic
black hole superpartner does not depend on t.
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In the following we define the following real bilinears

B0 =− iζ†ζ , B1 =− iζ†σ1ζ , B2 =iζ†σ2ζ , B3 =− iζ†σ3ζ , (10.27)

due to the anticommutative nature of ζ1 and ζ2, these identities hold

B2
1 = B2

2 = B2
3 = −B2

0 , BiBj = 0 , i 6= j , Bn
0 = 0 , n > 2 . (10.28)

In the following, M,J are defined as in (10.14) and we replace ζ → ζ to highlight the fermionic
contributions. The gravitino reads

ψ[1] =
1

8r
√
r

[σ1 [−J (1 + r)− 2r (r − 1) (r −N)] +

+iσ2 [−J (r − 1)− 2r (r + 1) (r −N)] +

+ (σ0 + σ3) r (t− x)
(
−J − 2r2 + 2rN

)]
ζ (dt− dx) +

+
1

8r2
√
rN

(
J − 2r2 + 2rN

)
[σ0 (r − 1)− σ3 (r + 1) + (σ1 − iσ2) r (t− x)] ζ dr , (10.29)

and

ψ[2] =
1

192r2
√
r

[
iB3

([
1− r2

(
−1 + (t− x)2

)]
− 2r(r −N)

[
1 + r2

(
−1 + (t− x)2

)])
×

× (σ3(1− r) + σ0(1 + r) + (σ1 − iσ2)r(t− x)) +

+iB0

([
1− r2

(
1 + (t− x)2

)]
− 2r(r −N)

[
1 + r2

(
1 + (t− x)2

)])
×

× (σ3(1− r) + σ0(1 + r) + (σ1 − iσ2)r(t− x)) +

−2B2r (σ1 [J(1 + r) + 2r(r − 1)(r −N)] + iσ2 [J(r − 1) + 2r(r + 1)(r −N)] +

+(σ0 + σ3)r
(
J + 2r2 − 2rN

)
(t− x)

)
+

+2iB1r
2
(
−J − 2r2 + 2rN

)
(σ3(1− r) + σ0(1 + r) + (σ1 − iσ2)r(t− x))

]
ζ (dt− dx) +

+
J − 2r2 + 2rN

96r2N
√
r

[i (−B1 + (B0 −B3)(t− x))×

× (σ3(1− r) + σ0(1 + r) + (σ1 − iσ2) r(t− x)) +

+B2 (σ0(r − 1)− σ3(1 + r) + (σ1 − iσ2) r(t− x)] ζ dr . (10.30)

The metric corrections are

g[1] =
1

4

(
M − r2 + rN

)
B2dt2 − 1

8

(
J + 2M − 2r2 + 2rN

)
B2dtdx+

+
1

8
JB2dx2 − 1

8r2N2

(
J − 2r2 + 2rN

)
B2dr2 , (10.31)

and

g[2] =
1

192

(
7M − 10r2 + 10rN

)
B2

2dt2 +
1

192

(
2J + 3M − 6r2 + 6rN

)
B2

2dx2+

− 1

96

(
J + 5M − 8r2 + 8rN

)
B2

2dtdx+

+
1

384r4N2

[
3J2 − 6r2M + 20r3 (r −N)− 2Jr (5r − 3N)

]
B2

2dr2 . (10.32)

The gauge field one–form is

A[1] =
1

32r2

[(
J − 2r2 + 2rN

)
(B3 + B0) + r2

(
J + 2r2 − 2rN

) ((
1− r2 (t− x)2

)
B3+

−
(

1 + r2 (t− x)2
)

B0 − 2 (t− x) B1

)]
(dt− dx) +

− 1

16rN

(
J − 2r2 + 2rN

)
(B1 + (B0 + B3) (t− x)) dr , (10.33)
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at second order, the gauge field is zero. Notice that in the large r expansion A
[1]
r = O

(
1
r3

)
. As

expected, the fermionic corrections collapse in the AdS3 limit M → 0, J → 0. Note that the metric
correction (wig) does not depend upon the boundary coordinates x,t. Moreover, there is no off–
diagonal corrections in the rt and rx components. Last remark: notice that the metric does not
depend on boundary coordinates t and x, that is the two translational isometries of BTZ black hole
are preserved by the wig. This allows to define the wig’s mass and the angular momentum.

10.3.1 Large r Results

Here we present the obtained results in large r expansion. To simplify the notation, we define the
following expressions

F =
[
1 + (t− x)2

]
B0 +

[
−1 + (t− x)2

]
B3 + 2(t− x)B1 , F2 = 0 . (10.34)

and

H =
1

8
B2 +

1

96
B2

2 . (10.35)

The gravitino reads

ψ ∼ J +M

192

[√
rF (iσ0 + iσ3 − (iσ1 + σ2)(t− x)) +

− 1√
r

(2(12 + B2) (σ1 + iσ2) + (2(12 + B2)(t− x) + iF) (σ0 + σ3))

]
ζ (dt− dx) +

+
J −M
96r2
√
r

[12 + B2 − iB1 − i (B0 + B3) (t− x)] [σ0 − σ3 + (σ1 − iσ2)(t− x)] ζ dr . (10.36)

The full metric at large r is

g ∼−
[
r2 −M (1 + H)

]
dt2 − [J + (M + J)H] dtdx+

+
[
r2 + JH

]
dx2 +

1

r2

[
1 +

1

r2
(M − (M − J)H)

]
dr2 , (10.37)

that is

g ∼− (r2 −M)dt2 − Jdtdx+ r2dx2 +
1

r2

(
1 +

M

r2

)
dr2+

+ H

[
Mdt2 − (M + J)dtdx+ Jdx2 − 1

r4
(M − J)dr2

]
. (10.38)

Last, the large r gauge field is

A ∼ −J +M

32
F(dt− dx)− J −M

16r3
[B1 + (B0 + B3)(t− x)] dr . (10.39)

In this limit we can rewrite the vielbein and the spin connection for the metric (10.37). They read

e0 =

(
r − M

2r

)
dt+

M

2r
H(dx− dt) ,

e1 =

(
1

r
+
M

2r3
+
M − J

2r3
H

)
dr ,

e2 =

(
r − J

2r

)
dx+

J

2r
H(dx− dt) , (10.40)
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and

ω01 =

(
rdt− J

2r
dx

)
+ H

J

2r
(dt− dx) ,

ω02 = − 1

2r3
[J + (J −M)H] dr ,

ω12 = −
(
r − M

2r

)
dx−H

M

2r
(dt− dx) . (10.41)

The large–r curvature 2–form is computed from the definition in (9.1). The non–zero components are

R01 =
M

2r2
Hdr ∧ dx+

(
1− J

2r2
H

)
dr ∧ dt ,

R02 =

[
r2 +

J

2
H− M

2
(1 + H)

]
dx ∧ dt ,

R12 =
J

2r2
(1 + H) dr ∧ dt−

[
1 +

M

2r2
(1 + H)

]
dr ∧ dx . (10.42)

It is easy to show that the equations of motion (9.5) are satisfied. In particular, in the large r limit, the
term −Λ

4 ε
AB

Cψ̄ΓCψ is subleading order, hence it does not contribute to the equations of motion.

10.4 Linearized Boundary Equations

We refer to [5] and to chap. 3 to compute the Navier-Stokes equations dual to Einstein equations,
for a boosted and dilated BTZ. Note, however, that our method is slightly different: our fermionic
degrees of freedom induce a non–zero torsion that must be taken into account to verify Einstein
equations. Moreover, we derive a new set of equations of motion which emerges from the gravitino
field equation.

Technically for computing the Riemann tensor we use the spin connection formalism:

Rab = dωab + ωac ∧ ωcb . (10.43)

In the form language it is easy to check that – working at first order and expanding b̂ around 1 (no
dilatation) and w around 0 (no boost) – the boosted metric together with the boosted wig, satisfies
(9.5).

As explained in [5] when we promote the parameters to local functions of the boundary coordi-
nates the obtained metric is not a solution of the equations of motion anymore. In order to reconstruct
a solution, we must constrain the parameters to fulfil some equations which represent the equations
of motion for the boundary fluid and we also need to add corrections to the metric. Consequently,
also the parameters must be modified accordingly.7 Since we work in a perturbative procedure, the
metric is corrected order by order in the derivative expansion:

g → g(0) + g(1) + . . . , (10.44)

where g(0) represents the deformed metric and g(i) for i > 0 are the metric corrections at the order i in
boundary derivatives. In the following we limit our discussion at first order, namely we consider only
g(1) correction. Imposing the equations of motion on g, two kinds of equations are found. The first
one comprehends equations involving only derivatives of local parameters and no terms belonging
to the metric correction g(1): these are the linearized Navier-Stokes equations for local parameters
in 2–dimensions (the conformal factor in front of the “divergence” of w is just 1). The second set
of equations generically could depend on both parameters and g(1) components. These are called
dynamical equations and are used to obtain the metric correction g(1) in terms of the derivatives of
the parameters. Notice that being g(1) a first–order contribution, it will depend on a single derivative

7The interested reader shall refer to [5, 53] for further details.
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of the parameters. In general, it is convenient to classify them according to the representations of the
little group SO(1, d− 1).

As a warming–up exercise, we compute the Navier-Stokes equations derived from the metric
variation due to the AdS3 isometries acting on the global BTZ black hole metric

δg = Lξ (gBH) , (10.45)

where gBH is the BTZ metric (10.3) and ξ are defined in (10.11). We observe that all isometries are
broken, except the ones generated by e0 and f0.

We now proceed as follows. First of all, we promote all Killing vectors parameters to local func-
tions of the boundary coordinates (t and φ); then we check Einstein equations for the metric

g = gBH + δg + g(1) (10.46)

which, as expected, are not satisfied. Yet, imposing them yields the following equations for the
functions b0, d0 . . . expanding near t = φ = 0 we get:

J0 [∂φ (b0 + d0) + ∂t (b0 − d0)]− 2 (1 +M0) ∂t (b0 + d0) = 0 ,

J0 [∂t (b0 + d0) + ∂φ (b0 − d0)]− 2 (1 +M0) ∂φ (b0 + d0) = 0 . (10.47)

Note that these equations are computed in the global AdS3; for other choices of neighborhoods, for
example t = φ = π/2, similar equations for the other parameters are obtained. These are the Navier-
Stokes equations derived by the global metric. As expected in the emptyAdS3 limit J0 → 0,M0 → −1
they are satisfied identically.

For what concerns the dynamical equations, the 3–dimensional case is slightly different from
higher dimensional cases. In fact, once the constraint equations are satisfied, no further corrections
are needed and Einstein equations are satisfied up to the first order in the derivative expansion.
Therefore g(1) can be set to zero. This is an important result since it implies that we are dealing
with a perfect fluid with no dissipative corrections (contrary to [5], where the non-vanishing first
order corrections corresponded to the shear tensor) and with second order, non–dissipative transport
coefficients.

10.4.1 Corrected Navier-Stokes Equations

Having added fermionic fields to our scheme, the Navier-Stokes equations are now dual to the
equations of motion derived from the N = 2, D = 3 AdS−supergravity action (9.2).8

Once the fermionic bilinears are taken into account, imposing equations of motion (9.5) and taking
the large r limit, we find:

M0

[
∂xb+ ∂tw −

1

16
(∂x + ∂t) B2

]
= 0 ,

M0

[
∂tb+ ∂xw −

1

16
(∂x + ∂t) B2

]
= 0 . (10.48)

These are the Navier-Stokes equations for the Poincaré patch (cf. (10.47)). Note that in this case they
are identically satisfied if M0 is set to zero.

Remarkably, as in the case of BTZ in global coordinates without fermionic wig, all the equations
of motion lead to (10.48). Therefore, once again, the first order metric correction g(1) can be set to
zero. As in the previous section, this means that the conformal fluid on the boundary have non –
dissipative first order corrections, as expected for a two dimensional conformal fluid.

8Note that N = 2 supergravity Killing spinors do not suffer the problem pointed out by Gibbons in [90]. In fact, their
behavior is stable even in the large r limit, in contrast with inN = 1 theories.



100CHAPTER 10. FERMIONIC CORRECTIONS TO FLUID DYNAMICS FROM BTZ BLACK HOLE

10.4.2 Dirac-type equation

This is a truly original study, since nobody takes the deformation of Rarita-Schwinger equation
in to account in the present framework. Therefore we explain carefully the technique adopted.

We proceed as follows: first we consider the solution of Dψ = 0 where the spinor ζ is a constant
field (zero mode) and we promote it to be local upon boundary coordinates. This implies that we can
rewrite the gravitino field proportional to the fermionic field itself:

ψM = ΥMζ , (10.49)

where ΥM is a generic 2×2 matrix which depends on the coordinates t, r, x (and in principles also on
the bilinears) that can be decomposed on the basis of the Pauli matrices (9.9) and the identity. Notice
that since ψt = −ψx we have

Υx = −Υt . (10.50)

Consequently, the equations of motion read

εMNRDN (ΥRζ) = 0 , (10.51)

By promoting ζ to be local on the boundary coordinates t, x and using the equations of motion for
the constant ζ, eqs. (10.51) become

εMNRΥR∂Nζ(t, x) = 0 . (10.52)

Being ∂Nζ(t, x) a spinor, it can be written as a linear transformation of the spinor ζ(t, x) itself

∂Nζ(t, x) = ΘNζ(t, x) , (10.53)

where ΘN is a 2× 2 matrix. Notice that since ζ is not a function of the radial coordinate r, we have

ΘR = {Θt(t, x), 0,Θx(t, x)} . (10.54)

Eqs. (10.52) then reduce to

εMNRΥRΘNζ(t, x) = 0 , (10.55)

which in components read

(ΥrΘx −ΥxΘr) ζ = 0 , (ΥtΘx −ΥxΘt) ζ = 0 , (ΥrΘt −ΥtΘr) ζ = 0 . (10.56)

Using (10.50) and (10.54) we have

Θx = −Θt , ΥrΘtζ = 0 . (10.57)

Thus, there is only one independent matrix Θ:

Θt ≡ Θ =

(
θ11 θ12

θ21 θ22

)
. (10.58)

Considering only the first order gravitino (10.29), after a straightforward computation at leading
order in r →∞ expansion we get

Υr ∼
1

4
(J −M)r−5/2

(
−1/r 0

(t− x) 1

)
. (10.59)

In r → ∞ asymptotic limit the matrix Υr is no longer invertible, therefore the second equation of
(10.57) in that limit becomes:

[θ21 + θ11(t− x)] ζ1 + [θ22 + θ12(t− x)] ζ2 = 0 , (10.60)
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where ζ1 and ζ2 are the Grassmann components of ζ. Solving for generic ζ1, ζ2, we obtain

θ21 = −(t− x)θ11 , θ22 = −(t− x)θ12 . (10.61)

Summing up the results, eqs. (10.53) read

∂tζ1 = θ11ζ1 + θ12ζ2 , ∂tζ2 = −(t− x) (θ11ζ1 + θ12ζ2) ,

∂xζ1 = −θ11ζ1 − θ12ζ2 , ∂xζ2 = +(t− x) (θ11ζ1 + θ12ζ2) . (10.62)

Notice that this implies

(∂t + ∂x) ζ = 0 . (10.63)

From the definitions (10.27), we compute the bilinears derivatives

∂tB0 = B0 [Reθ11 − (t− x)Reθ12] + B1 [Reθ12 − (t− x)Reθ11] +

+ B2 [Imθ12 + (t− x)Imθ11] + B3 [Reθ11 + (t− x)Reθ12] , (10.64)

∂tB1 = B0 [Reθ12 − (t− x)Reθ11] + B1 [Reθ11 − (t− x)Reθ12] +

−B2 [Imθ11 + (t− x)Imθ12]−B3 [Reθ12 + (t− x)Reθ11] , (10.65)

∂tB2 = B0 [Imθ12 + (t− x)Imθ11] + B1 [Imθ11 + (t− x)Imθ12] +

+ B2 [Reθ11 − (t− x)Reθ12]−B3 [Imθ12 − (t− x)Imθ11] , (10.66)

∂tB3 = B0 [Reθ11 + (t− x)Reθ12] + B1 [Reθ12 + (t− x)Reθ11] +

+ B2 [Imθ12 − (t− x)Imθ11] + B3 [Reθ11 − (t− x)Reθ12] , (10.67)

where

Reθ =
1

2
(θ + θ∗) , Imθ =

1

2i
(θ − θ∗) . (10.68)

The x–derivative of bilinears satisfies

∂xBi = −∂tBi . (10.69)

The last equation has a strong implication on the linearized Navier-Stokes equations (10.48), indeed
this implies that the last term there vanishes. Therefore, the two sets of equations are decoupled
at the linearized level. This yields the possibility of a clear separation of the bosonic and fermionic
degrees of freedom. It would be very interesting to study the complete non-linearized version of
these equations.

10.5 Physics at the Horizon and at the Boundary

10.5.1 Energy–Momentum Tensor dual to BTZ black hole

Using [9] we compute the boundary energy–momentum tensor Tµν0 for the boosted metric. Notice
that Greek indices labels the boundary coordinates t, x. Defining the normal vector nM to constant
r−slice we can compute the extrinsic curvature

κMN =
1

2

(
∇MnN −∇NnM

)
, (10.70)

and then
TMN = κMN − (κ+ 1)γMN , (10.71)
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where κ is the trace of κMN and γMN is the boundary metric. This turns out to be

Tµν0 =
1

2

(
M −J
−J M

)
. (10.72)

In order to get the usual form of perfect fluid energy–momentum tensor

Tµν0 = ηµν + 2uµuν , (10.73)

it is sufficient to consider the case J0 = 0. Indeed the metric will acquire angular momentum due to
the Lorentz transformation as shown in (10.16). The fluid boundary energy–momentum tensor dual
to the metric (10.3) with J0 = 0,M0 6= 0 is the standard one for the perfect fluid in the rest frame.

Then we perform the boost transformation which switches on an angular momentum and modi-
fies the mass parameter

M =
1 + w2

1− w2
M0 , J =

2w

1− w2
M0 . (10.74)

Notice that our results are in perfect agreement with [89] since we obtain the extremality condition
once we set |w| = 1. Starting from the boosted metric, i.e. the metric (10.3) in which M0 and J0 has
been replaced with eqs. (10.16) and r with (10.17), the computation of Tµν0 yields

Tµν0 = M0γ

(
1 β
β 1

)
. (10.75)

where γ and β are defined in (10.19). Setting

u0 =
1√

1− w2
, u1 = − w√

1− w2
, (10.76)

we find precisely (10.73) where uµ is the normalized fluid velocity (i.e. uµuµ = −1).
It is now straightforward to recover the variation of Tµν0 due to a dilatation. In fact, being propor-

tional to M0, it scales as

Tµν0 → Tµν =
1

b̂2
Tµν0 . (10.77)

Using the results obtained in [13] we compute the Brown-York energy–momentum tensor dual
to the BTZ black hole with fermionic wig. Note that this is an exact result since the series in the
fermionic bilinears naturally truncates at second order:

Tµν =
M0

2b̂2
(1 + H) (ηµν + 2uµuν)− M0

2b̂2
H εµσ (δνσ + 2uνuσ) , (10.78)

Eq. (10.78) can be recast in the following form

Tµν =
M0

2b̂2
(1 + H) (ηµν + 2uµuν)− M0

b̂2
H ε(µ|σ uν)uσ . (10.79)

By assuming that the bilinears contained in H are local quantities, the equations for the conservation
of the energy-momentum tensor Tµν lead to differential equations involving also the bilinears. At
linearized level these equations reduce to eqs. (10.48).

10.5.2 Redefining the Velocity

At first glance, equation (10.79) reveals a parity-violating term. This term has been studied in
[64], where anomalous fluid are considered, and they concluded that the most general form for it is

∆Tµν = −
[
µ2C + α

(
T 2 +

2nTµ

s

)]
u(µ ũν) , (10.80)
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where ũµ = εµνuν , C is the coefficient of the anomaly, T is the temperature, n is the fluid charge
density, s the entropy density, µ is the chemical potential and α an arbitrary integration constant.

Nevertheless, as pointed out by [91], the anomaly requires the following background metric and
gauge field

ds2 = −e2σ (dt+ a1dx)2 + g11dx2 , (10.81)
A = A0dt+A1dx .

where σ, a1 and g11 are functions of x, t. In the present case we have

ds2 =− dt2 + dx2 , (10.82)

A =− 1

32
(M + J)

[
2B1 (t− x) + B3

(
−1 + t2 − 2tx+ x2

)
+

+B0

(
1 + t2 − 2tx+ x2

)]
(dt− dx) , (10.83)

and, comparing with (10.82) we get

σ = 0 , a1 = 0 , g11 = 0 , F = dA = 0 . (10.84)

Using the Poincaré lemma, we conclude that A = dλ globally, therefore A is a pure gauge and our
theory is not anomalous.

Thus C = 0 leads to
∆Tµν = 2αT 2u(µ ũν) . (10.85)

As explained in [64], in absence of an anomaly there is the freedom to add this term and it cor-
responds to a choice of the entropy current. In fact, it is possible to recast the energy–momentum
tensor (10.79) in the perfect fluid form

Tµν = (1 +
1

8
B2 +

1

384
B2

2)
M0

2b̂2
(2UµUν + ηµν) , (10.86)

through a redefinition of the velocity field

uµ → Uµ =

(
1 +

1

512
B2

2

)
uµ − 1

16

(
B2 −

1

24
B2

2

)
ũµ . (10.87)

Note that Uµ is correctly normalized to −1. Recalling the conformal thermodynamics identities [92]

b =
1

2πT
, p = ρ =

M0

2b2
= 2π2T 2 , (10.88)

we immediately see that the temperature gets a shift due to the presence of bilinears

T ′ = T

(
1 +
〈B2〉
16
− 〈B

2
2〉

1536

)
, (10.89)

where the brackets denotes the vev of the bilinears.
We have to make one important remark: the expression of the temperature in terms of the bilinear

acquires a numerical value whenever the bilinear have a vev computed by path integral means (we
have to recall that Grassmann numbers pertain only to the quantum realm). The procedure is similar
to what is usually done in the case of solitons in gauge theories and supergravity [93, 94] and the
gravitinos condensate leads to non-vanishing vev of the bilinears interested in the previous formula.
In the case of BTZ black hole, the gravitational action evaluated on the solution with the wig has
never been computed and it will be presented elsewhere.
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10.5.3 Horizon and Entropy

In the following we present the entropy computed from the wig of the BTZ in global coordinates
[13]. By direct computation we notice that the event horizon radius

r2
± =

1

2

(
M ±

√
M2 − J2

)
. (10.90)

is not modified by the presence of the fermionic wig. We can compute the entropy from Bekenstein–
Hawking formula

S =
1

4
AH , (10.91)

where the area of the horizon reads

AH =

∫ 2π

0

√
gφφ(r+)dφ , (10.92)

and is computed using the complete metric with the wig. We obtain the following result

S =
π

2

[
r+ + 〈B2〉

J

16r+
+ 〈B2

2〉
1

512r3
+

(
J2 + 2r2

+ (J − 2− 2M)
)]

, (10.93)

where we take the vev for the bilinears. As can be seen the entropy of the black hole is modified
by the presence of the wig confirming that we are studying a new solution of the theory where the
fermions play a fundamental rôle. Setting J = 0 the first order correction vanishes. This could also
have been checked by a simple infinitesimal calculation. Nonetheless, the second order corrections
do not vanish. In particular for vanishing angular momentum the third term in the above equation
becomes proportional to M + 1 which vanishes for M = −1, namely global anti-de Sitter.

By setting J = M in the case of extremal solution, we find the simplified formula

S =
π

2

√
2M

(
1

2
+

1

16
〈B2〉+

M − 2

128M
〈B2

2〉
)
, (10.94)

showing that also in the case of extremal black hole the entropy is modified.

10.5.4 Conserved Charges

Here we compute the conserved charges associated with the isometries of the BTZ black hole. We
use holographic technique based on the boundary energy momentum tensor Tµν [39, 8, 9, 83, 84]. To
perform the computation we cast the boundary metric γµν in ADM–like form

γµνdxµdxν = −N2
Σdt2 + σ(dφ+Nφ

Σdt)2 , (10.95)

where Σ is the 2–dimensional surface at constant time and the integration is over a circle at spacelike
infinity. The conserved charges associated to the Killing vectors ξ are defined as

Qξ = lim
r→∞

∫
V

dx
√
σuµTµνξ

ν (10.96)

where uµ = N−1
Σ δµt is the timelike unit vector normal to Σ.

In the present case, the wig does not depend on t and x. Thus, the two resulting Killing vectors
are

ξµ1 = δµt , ξµ2 = −δµx . (10.97)

The associated charges are respectively the mass Mtot and the angular momentum Jtot. After a short
computation we find

Mtot = M +
1

8
(M + J) 〈H〉 ,

Jtot = J +
1

8
(M + J) 〈H〉 , (10.98)

where H is defined in (10.35).
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10.6 Conclusions

In this chapter, we analyzed in detail the structure of the fermionic wig for the BTZ black hole.
We derive the fermionic corrections to the mass and to the angular momentum of the BTZ black hole.
In addition, we compute the entropy of the black hole which also shows new terms depending on
the vev’s of the fermionic bilinears. Finally, we also present the r-large expressions for the several
geometrical quantities in the presence of the fermionic corrections.

On the other hand, by following the rules of the fluid/gravity correspondence, we derived the
boundary equations of motion for a supersymmetric fluid. This means a set of bosonic equations
of motion, but also some Dirac-type equation for the supersymmetric long range d.o.f. of the fluid.
The computations were performed at the first order. Nonetheless, we were also able to provide
the energy-momentum tensor which is cast in a form from which one can read the thermodynamic
quantities.
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Chapter 11

Introduction to complex geometry

Chaos: “Enough! I lose patience in the
presence of inferior beings. You will now
instruct me in the use of this fascinating
instrument.”
Bobbin Threadbare: “Over my dead body!”
Chaos: “Preference noted.”

— Loom

11.1 Introduction

A complex manifold is a real manifold M2n of even dimension 2n on which we can choose n
complex coordinates zi in a smooth way. More rigorously there exist a cover ofM2n made by open
sets UI . On each UI there is a 1 : 1 continuous map ψI (p) =

(
z1, z2, . . . , zn

)
, where zi ∈ C. On inter-

sections the composed maps ψJψ−1
I are analytic. It is not always possible to define such a complex

structure on realM2n. Locally, it is however always possible to introduce complex coordinates zi by
combining real coordinates φi.1

Complex manifolds are included in this thesis since the scalar fields of supersymmetric theories
in four spacetime dimensions are a set of complex fields zi which can be viewed as coordinates of a
peculiar type of complex manifold known as Kähler manifold [42, 44, 40, 95, 41, 43]. We will focus
on special geometries defined by the vector multiplets’ scalar sector of N = 2 supergravities. In fact,
the R−symmetry group plays an important rôle for the geometries of the scalars in supergravity.
The R−symmetry group is Usp (2) ' SU (2) for D = 5 and SU (2) × U (1) for D = 4. The SU (2)
group acts on the scalars of the hypermultiplets. This leads to the three complex structures of the
corresponding manifolds. The U (1) factor acts on the complex scalars of the vector multiplets in
D = 4, whose manifold therefore inherits one complex structure. The manifold is a Kähler manifold,
but with “special” properties, which are related to symplectic duality transformations of the vector
fields, to which the gauge multiplet scalars are related by supersymmetry.

Note that in this chapter, notations introduced in “Table of sign and conventions” on indexes are
not valid. Indices meaning is explained throughout.

11.2 Complex and Kähler manifold

Locally, one can view an n−dimensional complex manifold as a 2n−dimensional real manifold
parameterized by n complex coordinates. To obtain complex coordinates one can start with a real

1We make no distinction between complex indices and real indices. This should not create any confusion.
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coordinate set φ1, . . . , φn, φn+1, . . . , φ2n and define (i denotes the imaginary unit):

zj = φj + iφj+n , j = 1, 2, . . . , n , (11.1a)

z̄j̄ = φj − iφj+n = z̄j . (11.1b)

We then take za to be the set of 2n complex coordinates where the index a runs first through the n
unbarred or “holomorphic” coordinates and then through the n barred or “anti-holomorphic” co-
ordinates. We consider the map φi → za defined above as a coordinate transformation, as usually
considered in differential geometry.

The “splitting” of an index a into i and ī is not preserved by general a transformation of complex
coordinates z′a = fa (z, z̄), but it is preserved under the special class of “holomorphic” coordinate
transformations z′a = fa (z). Under this subgroup of diffeomorphism the holomorphic index i of any
tensors transform into an holomorphic indices i′, and same for “anti-holomorphic” sector: ī→ ī′.

The Riemannian metric gab can also be split into holomorphic and anti-holomorphic components,
and the general form for the line element is:

ds2 = gabdz
adzb = 2gij̄dz

idz̄j̄ + gijdz
idzj + gīj̄dz̄

īdz̄j̄ . (11.2)

We now introduce two properties on the metric gab which are preserved by holomorphic coordi-
nate transformations. The metric is said to be Hermitian if there are choices of coordinates in which
gij = gīj̄ = 0. The line element then takes the Hermitian form:

ds2 = 2gij̄dz
idz̄j̄ . (11.3)

Note that it is not always possible to recast the general complex form ds2 = gabdz
adzb to an Hermitian

form.
Given an Hermitian metric, we can define the real fundamental 2−form Ω as:

Ω = −2igij̄dz
i ∧ dz̄j̄ . (11.4)

A manifold endowed with Hermitian metric is a Kähler manifold if and only if its fundamental form
(or Kähler form) is closed, i.e. dΩ = 0 where

dΩ = −i
(
∂kgij̄ − ∂igkj̄

)
dzk ∧ dzi ∧ dz̄j̄ + c.c. , (11.5)

so that the necessary and sufficient condition for a complex manifold to be Kähler is

∂kgij̄ − ∂igkj̄ = 0 . (11.6)

This condition implies that, locally, the metric can be represented as2

gij̄ = ∂i∂̄j̄K (z, z̄) , (11.7)

where the real function K (z, z̄) is called the Kähler potential. Note that the Kähler potential is not
uniquely defined since a Kähler transformation of the form

K (z, z̄)→ K ′ (z, z̄) = K (z, z̄) + f (z) + f̄ (z̄) , (11.8)

leaves gij̄ unchanged.

2Do not confuse the Kähler potential with the extrinsic curvature introduced in chap. 2.
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11.3 Special Kähler Geometry

11.3.1 Rigid Special Kähler Geometry

The rigid Special Kähler Geometry is the geometry of N = 2, D = 4 super Yang-Mills theories
coupled to abelian vector multiplets. A rigid special Kähler manifold is a Kähler manifold with holo-
morphic coordinate zi and “holomorphic symplectic sections”. A symplectic section means that at
any point of the manifold there are 2n quantities XΛ (z) and FΛ (z) (Λ = 1, . . . , n) that transform as a
vector V =

(
XΛ

FΛ

)
under a symplectic transformation.

By introducing Ξ as the symplectic matrix:

Ξ =

(
0 1l
−1l 0

)
, (11.9)

the symplectic inner product between two vectors can be defined as:

〈V, V̄ 〉 ≡ XΛF̄Λ − FΛX̄
Λ =

(
XΛ FΛ

)( 0 1l
−1l 0

)(
X̄Λ

F̄Λ

)
. (11.10)

Special Kähler geometry can be defined as a Kähler manifold with metric gij̄ based on a symplec-
tic vector V (z) such that

〈∂iV, ∂jV 〉 = 0 , (11.11)
gij̄ = i∂i∂̄j̄〈V, V̄ 〉 . (11.12)

Thus, K (z, z̄) = i〈V, V̄ 〉.
If XΛ are independent variables, then the first condition (11.11) is the integrability condition for

the local existence of a holomorphic function F (X), called prepotential, suck that

FΛ (X) =
∂F (X)

∂XΛ
. (11.13)

If the metric is positive definite, ∂iXΛ is invertible and thus a prepotential can be defined. Then
the metric is

gij̄ = NΛΣ∂iX
Λ∂̄j̄X

Σ, NΛΣ = 2Im FΛΣ . (11.14)

Note that both FΛΣ and NΛΣ are symmetric matrices (but only FΛΣ is holomorphic), therefore
the kinetic terms of the gauge fields are also determined by special geometry. Indeed, the complex
matrix is NΛΣ is the one entering in the spin−1 kinetic term as

L1 =
1

2
Im

(
NΛΣF

−Λ
µν F

−µνΣ
)
, (11.15)

and so3

NΛΣ∂iX
Σ = ∂iFΛ . (11.16)

11.3.2 Projective Special Kähler geometry

The Projective Special Kähler geometry is the geometry of abelian vector multiplets’ scalar man-
ifolds in N = 2, D = 4 Maxwell-Einstein supergravity theories. To define projective special Kähler
geometry, we have to start with the definition of the dilatation operator. In the context of the super-
conformal calculus, it is found that theXΛ have Weyl weight 1, and that a prepotential F should have
weight 2, such that FΛ also has weight 1. Indeed N = 2, D = 4 super-Poincaré gravity can be actu-
ally be defined through a suitable gauge fixing of N = 2, D = 4 superconformal gravity [96, 97, 40].

3See [40] for a detailed derivation of these results.
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We can thus use the properties of the projective Kähler manifolds: we split the coordinates for the
whole covariantly holomorphic symplectic section (with Kähler weights (1,−1)):

V = yv (z) , v (z) =

(
ZΛ (z)

FΛ (z)

)
, (11.17)

where XΛ (z) = yZΛ (z), v is a symplectic vector with 2 (nV + 1) components. The holomorphic
coordinates are: {y, zα}, α = 1, ..., nV , where zα are the coordinates introduced above in the con-
text of rigid special Kähler geometry. Owing to its homogeneity, we have F (X) = y2F (Z), and
FΛ (Z) = ∂F (Z) /∂ZΛ. Since these functions F (X) and F (Z) have the same functional forms, we
do not introduce different names. When we consider symplectic transformations that do not leave y
invariant, v does not transform in the same way. We obtain here

y = e
1
2
K(z,z̄) , e−K(z,z̄) = −i〈v, v̄〉 . (11.18)

We then define the Kähler transformations and introduce Kähler covariant derivatives. They can be
applied to the full holomorphic symplectic section v (Kähler weights (2, 0)), whose covariant deriva-
tives are

∇iv ≡ ∂iv + v∂iK , ∇̄īv = ∂̄īv ≡ 0 , (11.19)
∇̄īv̄ ≡ ∂̄īv̄ + v̄∂̄īK , ∇iv̄ = ∂iv ≡ 0 . (11.20)

Now we can also write down the Kähler and symplectic invariant form of the metric

gij̄ = i〈∇iV, ∇̄j̄ V̄ 〉 = iyȳ〈∇iv, ∇̄j̄ v̄〉 . (11.21)

Finally, if a prepotential does exist, the kinetic matrix of the vector fields of N = 2 supergravity
can be written as

NΛΣ = F̄ΛΣ (z̄)− 2
Im FΛΓZ

Γ (z) Im FΣΞZ
Ξ (z)

Im FΨΦZΨ (z)ZΦ (z)
= F̄ΛΣ (z̄)− 2

Im FΛΓX
ΓIm FΣΞX

Ξ

Im FΨΦXΨXΦ
. (11.22)

The curvature of a special Kähler manifold can be obtained from the general method of differen-
tial geometry, but also in terms of the curvature of the embedding manifold. This leads to

Rīijj̄ = −2gī(i g j)j̄ + Cijkg
kk̄C̄īj̄k̄ , (11.23)

where (cf. [40, 98] and reference therein)

Cijk = i〈∇i∇jV,∇kV 〉 = iFΛΣΞ∇iXΛ∇jXΣ∇kXΞ . (11.24)

11.4 Very Special Geometry

Dealing with D = 5 supergravity, the manifolds coordinatize by the scalar fields of n Maxwell
multiplets coupled to supergravity are called very special real manifolds. A very special real manifold
is an n−dimensional spaces M which can be regarded as a hypersurface with vanishing second
fundamental form Ω embedded intro an (n+ 1)−dimensional Riemannian space C. The equation of
the hypersurface is Φ (ξ) = 1 where Φ is a homogeneous cubic polynomial in the coordinates {ξ} of C.
The fact that the second fundamental form ofM vanishes with respect to C means that the geometry
ofM is uniquely determined by that of C.

Let us start and consider a n−dimensional hypersurfaceM of an (n+ 1)−dimensional Rieman-
nian space C. We denote the coordinates of C as {φx} with x = 1, 2, . . . , n plus one additional coordi-
nate Φ. but we shall consider C as parameterized by coordinates

{
ξI
}

with I = 1, 2, . . . , n+ 1 which
are functions of {φx,Φ} themselves:

ξI = ξI (φx,Φ) . (11.25)
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The equation

ln Φ = k , (11.26)

with k a real constant, defines a family of hypersurfaces of C,Mk, parameterized by k; in particular
the choice Φ = 1 implies k = 0. The normal to one of these hypersurfaces is

nI =
∂

∂ξI
ln Φ ≡ ∂I ln Φ . (11.27)

The vectors ∂xξI ≡ ξI,x span the tangent space of the hypersurface, and their orthogonality to nI
is expressed by the relation

ξI,xnI = 0 . (11.28)

We now define the functions hI and hI , related to ξI and nI by two constants α and β yet to be
determined:

hI = αnI |Φ=1 , (11.29a)

hI = βξI
∣∣
Φ=1

. (11.29b)

The geometry ofM can be determined by imposing the condition hIhI = 1, yielding the following
constraint on the coordinate Φ:

ξI∂I ln Φ = (αβ)−1 . (11.30)

Differentiating this equation, we get a relation between ξI and nI which, rewritten in terms of hI

and hI , reads

hI =

(
−α
β
∂IJΦ

)∣∣∣∣
Φ=1

hJ ≡ ãIJhJ . (11.31)

aIJ is defined to be the metric of the space C and ãIJ = aIJ |Φ=1 to be its pull-back onM.
From eq. (11.31) we can derive the Christoffel connection of C as a function of Φ:

Γ(IJK) = − α

2β
∂IJK ln Φ , (11.32)

as well as the Riemann tensor

R K
IJ L = 2ΓKM [J ΓMI]L , (11.33)

where indices are raised and lowered using aIJ and aIJ . Note that the Riemann tensor can be given
also in terms of the Gauss curvature as follows:

Kxyzu = 2β2Ωz[xΩy]u + RIJKLξ
I
,xξ

J
,yξ

K
,z ξ

L
,u

∣∣
Φ=1

, (11.34)

where Ω is the (real) second fundamental form ofM:

Ωxy = ξI
(
∇yξI,x + ΓIJKξ

J
,xξ

K
,y

)
, (11.35)

and satisfies

∇[zΩy]x = −1

2
RIJKLξ

I
,xξ

K
,y ξ

L
,zξ

J = 0 . (11.36)

The use of eq. (11.35), of differential constraints on hI , and of definition hIx ≡ −β
(√

3/2
)
ξI,x yield

the result

Ωxy = 0 , (11.37)
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which implies, as anticipated above, that the geometry ofM is entirely defined by the one of C. We
can now rewrite eq. (11.34) as

Kxyzu =
4

3

(
gx[u g z]y + T

w
x[u T z]yw

)
, (11.38)

where we defined

Txyz =

√
3

2
∇yhJxhJz . (11.39)

Using these definitions, eq. (11.32) yield that the pull-back of the Christoffel connection of C ontoM
reads

ΓIJK |Φ=1 = β
(
2hIhJhK − 3ã(IJ hK) − TxyzhxIh

y
Jh

z
K

)
. (11.40)

A further necessary restriction on C requires the rank 3-completely symmetric tensorCIJK , occur-
ring in supersymmetry transformations, to be constant (i.e. φx independent). This implies a relation
among CIJK and ΓIJK :

CIJK = −β−1 ΓIJK |Φ=1 +
9

2
hIhJhK −

9

2
ã(IJ hK) . (11.41)

This allows us to find an expression for CIJK directly in terms of Φ:

CIJK =

[
α

2β2
Φ,IJK +

9

2

(
αβ − 1

3

)
Φ,(IJ Φ,K) +

9α

2β2

(
αβ − 1

3

)(
αβ − 2

3

)
Φ,IΦ,JΦ,K

]∣∣∣∣
Φ=1

.

(11.42)

Being CIJK constant, the requirement CIJK,x = 0 implies

αβ =
1

3
, (11.43)

as customary4 we set β =
√

2
3 and so α =

√
1
6 . Contracting with hI , expression (11.42) can be

simplified down to

CIJKh
K =

1

2
(3hIhJ − ãIJ) , (11.44)

and we find

CIJKh
IhJhK = 1 . (11.45)

Thus, the geometry ofM, named real special geometry, can be completely determined in terms
of CIJK , and it is therefore “intrinsically cubic”; namely, all N = 2, D = 4 theories which can be
obtained by dimensional reduction of N = 2, D = 5 Maxwell-Einstein supergravity theory’s are
characterized, in a suitable choice of symplectic frame, by the holomorphic prepotential

F (X) =
CIJKX

IXJXK

X0
. (11.46)

4This choice matches the conventions of [42].



Chapter 12

Fermions, Wigs, and Attractors

“QUAD DAMAGE!!!”

— Quake III Arena

The remarkable Schwarzschild solution to Einstein equations is the first example of exact solution
in general relativity. Since then, several interesting solutions have been constructed with different
properties, and a number of theorems for black hole geometries has been proved. The search for
new solutions lived a new Renaissance with the discovery of supergravity: within this theory, Ein-
stein equations are just a sector of a broader framework, containing fermions and new matter fields.
The latter are sources of the gravitational field, but they are not generic since their interactions are
controlled by supersymmetry. Consequently, for such matter-gravity systems, new (BPS) solutions
can be constructed, since second-order partial-differential Einstein equations are replaced by first-
order ones1, thus easier to solve. In that context, the solution to supergravity equations of motion is
generically constructed by setting to zero all fermions, while the bosonic fields acquire non-vanishing
v.e.v.’s.

For extremal black hole solutions, the attractor mechanism [30, 36, 33, 99, 100] has been discovered;
essentially, it states that the solution computed at the horizon depends only upon the conserved
charges of the system, and it is independent of the value of the matter fields at infinity. This is
related to the no-hair theorem, under which, for example, a BPS black hole solution depends only
upon its mass, its angular momentum and other conserved charges. At the dawn of these studies,
some Authors [24] posed the question whether the attractor mechanism has to be modified in the
presence of fermions. Their conclusion was that, at the level of approximation of their computations,
in the case of double-extremal BPS solutions, the mechanism is unchanged. At the same time, [74]
investigated a similar issue for N = 2, D = 5 AdS-black holes, and they found that the solution,
as well as its asymptotic charges, is modified at the first order due to fermionic contributions (even
though they did not study the attractor mechanism nor its possible modifications).

All these studies followed the seminal paper by Aichelburg and Embacher [15], in which they
started from a N = 2, D = 4 asymptotically flat black hole solution and computed iteratively the
supersymmetric variations of the background in terms of the flat-space Killing spinors. Due to the
Grassmannian nature of the fermions, this procedure ends up after a finite number of iterations, and
the complete solution can be constructed. In terms of the latter, the modifications to the asymptotic
charges were computed in [15]. However, once again, the attractor mechanism was not investigated.

In the previous chapters we addressed the same question starting from a different perspective,
namely theAdS/CFT correspondence between asymptoticallyAdS black holes and strongly-interacting
fluids on the AdS boundary. We provided the complete fermionic solution (wig) to non-extremal
black holes in several dimensions [39].

1This is a subtle point. In fact, supersymmetric solutions obey a supersymmetry algebra that closes on translations and
equations on motion. If the BPS solution is maximally supersymmetric the equations of motion are automatically set to
zero since the algebra takes into account all the supersymmetry generators. This may not be the case for BPS solutions that
preserve just fractions of the original supersymmetries. In this case the supersymmetry equations must be supplied with
other constraints (such as the Hamiltonian constraint, Bianchi identities, Einstein equations...).
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Here, we present a complete computation of the fermionic corrections to static, spherically sym-
metric, asymptotically flat, dyonic, BPS double-extremal black holes of N = 2, D = 4 supergravity.
Differently from [24], we find that the scalar fields acquire a non-trivial contribution at the fourth
order of the fermionic expansion, leading to a non-trivial modification of the attractor mechanism.

We would like to point out that we compute the wigging by performing a perturbation of the
unwigged purely bosonic (double) extremal BPS extremal black hole solution; thus, within this ap-
proximation, we consider quantities like the radius of the event horizon unchanged. The complete
analysis, including the study of the fully-backreacted wigged black hole metric, will be presented
elsewhere [101].

The plan of the chapter is as follows.
In Sec. 12.1 we introduce the simplest class of models of N = 2, D = 4 Einstein ungauged

supergravity coupled to Abelian vector multiplets, namely the so-called minimally coupled class.
The wigging correction of all fields in the gravity and vector multiplets is then computed in

Sec. 12.2, and the modification of the attractor mechanism at the event horizon of the BPS double-
extremal black hole solution is derived in Sec. 12.3.

Within the aforementioned approximation (i.e., disregarding the backreaction), the simplest ex-
amples, namely the axion-dilaton model and the t3 model and their wigging, are studied in some
detail in Sec. 12.4 and Sec. 12.5.

12.1 Minimally Coupled Maxwell-Einstein N = 2 Supergravity

We consider n Abelian vector multiplets minimally coupled to the N = 2, D = 4 gravity multiplet
[102], in absence of gauging and hypermultiplets. The complex scalar fields from the vector multi-
plets coordinatize a class of symmetric special Kähler manifolds, namely the non-compact complex
projective spaces CPn, characterized by the vanishing of the so-called C-tensor Cijk of special Kähler
geometry (cf. e.g. [41], as well as [103], and Refs. therein). In turn, this implies the Riemann tensor to
enjoy the following expression in terms of the metric of the non-linear sigma model (i = 1, ..., n):

Cijk = 0⇒ Rijkl = −gijgkl − gilgkj . (12.1)

At least among the cases with symmetric scalar manifolds, minimally coupled models are the only
ones that admit “pure” supergravity by simply setting n = 0.

By virtue of (12.1), minimally coupled models exhibit simple properties, allowing for an explicit
study of various solutions to the equations of motion2.

This class of models can be seen as describing a multi-dilaton system [104]; note, however, that
they cannot be uplifted to D = 5 (see e.g. [107]), nor they can be obtained by standard Calabi-Yau
compactifications.

The case of only one vector multiplet (n = 1) corresponds indeed to the so-called axion-dilaton
system of N = 2 supergravity. This will be treated in some detail in Sec. 12.4.

Within this class, remarkable simplifications take place in the supersymmetry transformations,
which are reported below; the treatment of more general models will be presented elsewhere [101].

12.2 The Wigging

As mentioned above, we consider N = 2, D = 4 Poincaré supergravity minimally coupled to n
Abelian vector multiplets; as notation and conventions, we adopt the ones of [41]. The supersymme-

2For a treatment of the attractor mechanism [30, 36, 33, 99, 100] and marginal stability in extremal black hole solutions
of these models, see e.g. [105, 106, 107, 108], and Refs. therein. For an analysis of the duality orbits and related moduli
spaces, cf. [109, 110, 111]. These models have also been treated in [112], and more recently in [113].
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try transformations for fermionic fields are

δψAµ =∇µεA −
1

4

(
∂iKλ̄

i BεB − ∂̄ı̄Kλ̄ı̄BεB
)
ψAµ+

+
(
AA

ν Bgµν +A
′
A
ν Bγµν

)
εB+

+ εABT
−
µνγ

νεB ,

δλi A =
1

4

(
∂jKλ̄

j BεB − ∂̄j̄Kλ̄
j̄
Bε

B
)
λi A+

− Γijkλ̄
k BεBλ

j A + i
(
∂µz

i − λ̄i BψBµ
)
γµεA+

+Gi−µν γ
µνεBε

AB +Di ABεB , (12.2)

while bosonic fields transform as

δeaµ =− iψ̄AµγaεA − iψ̄AµγaεA ,
δAΛ

µ =2L̄Λψ̄AµεBε
AB + 2LΛψ̄Aµε

BεAB+

+ i
(
fΛ
i λ̄

i Aγµε
BεAB + f̄Λ

ı̄ λ̄
ı̄
AγµεBε

AB
)
,

δzi =λ̄i AεA , (12.3)

where the auxiliary fields AAµB , A
′
A
µB are defined as

AµBA :=− i

4
gk̄l

(
λ̄k̄Aγ

µλl B − δBA λ̄k̄Cγµλl C
)
,

A
′µB
A :=

i

4
gk̄l

(
λ̄k̄Aγ

µλl B − 1

2
δBA λ̄

k̄
Cγ

µλlC
)
, (12.4)

and the supercovariant field strength as

F̃Λ
µν := FΛ

µν + LΛψ̄Aµ ψ
B
ν εAB − ifΛ

i λ̄
i Aγ[ν ψ

B
µ]εAB + h.c. . (12.5)

From the vielbein postulate, the N = 2 spin connection reads (cf. e.g. [114])

ωabµ =
1

2
ecµ

[
Ωabc − Ωbca − Ωcab

]
+Ka b

µ , (12.6)

where Ωabc : = eµaeνb
(
∂µe

c
ν − ∂νecµ

)
and Ka b

µ := −iψ̄[a
A γ

b]ψAµ − iψ̄AaγbψAµ. For CPn models, various
quantities of special geometry [41] get simplified as follows:

T−µν :=2i (ImN )ΛΣ L
ΣF̃Λ−

µν ,

T+
µν :=2i (ImN )ΛΣ L̄

ΣF̃Λ+
µν ,

Gi−µν :=− gij̄ f̄Γ
j̄ (ImN )ΓΛ F̃

Λ−
µν ,

Gı̄+µν :=− gı̄jfΓ
j (ImN )ΓΛ F̃

Λ+
µν ,

FΛ
µν :=∂[µA

Λ
ν] ,

∇εA :=dεA −
1

4
γabω

ab ∧ εA +
i

2
Q ∧ εA ,

Qµ :=− i

2

(
∂iK∂µz

i − ∂̄ı̄K∂µz̄ ı̄
)
,

Di AB =0 , (12.7)

where ωab is the spacetime spin connection, Q is the connection of the U (1)R−line bundle, ω B
A :=

i
2ω

x (σx) B
A where ωx is the connection of the (global, in this case) SU (2)R−bundle and σx are the

SU (2) Pauli matrices. Note also that ωAB := εACεDBω
D

C . Furthermore, the (anti)self-dual superco-
variant field strength is defined as

FΛ±
µν :=

1

2

(
FΛ
µν ±

i

2
εµνρσFρσ|Λ

)
, (12.8)
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and the same holds for F̃Λ±
µν . Note that g is the determinant of the spacetime metric.

The following identities of the special geometry of CPn are used throughout:

fΛ
i = ∇iLΛ :=

(
∂i +

1

2
∂iK

)
LΛ ,

LΛ = e
K
2 XΛ , ∇ifΛ

j = 0 ,

∇if̄Λ
j̄ = gij̄L̄

Λ , ∇̄ı̄LΛ = 0 ,

Im NΛΓf
Λ
i L

Γ = Im NΛΓf̄
Λ
ı̄ L̄

Γ = 0 . (12.9)

We now start with a purely bosonic background: the double-extremal (1/2-)BPS black hole. For this
solution, the near-horizon conditions [30, 36, 33, 99, 100]

∂µz
i = 0 , Gi−µν = 0 , (12.10)

actually hold all along the scalar flow. In particular, the scalar fields are constant for every value of the
radial coordinate r.

In this framework, major simplifications take place in the computations. At the first order, the
unique non-trivial variation is given by3

(
δ(1)ψAµ

)∣∣∣
d.e.

= ∇µεA + εABT
−
µνγ

νεB , (12.11)

which does not vanish because εA is an anti-Killing spinor [15, 24, 39]. Moreover, the subscript “d.e.”
denotes the evaluation on (12.10), throughout. Exploiting the iteration procedure, we then find that
at the next order the bosonic fields are modified as follows:(

δ(2)eaµ

)∣∣∣
d.e.

=− i
(
δ(1)ψ̄Aµ

)
γaεA + h.c. ,(

δ(2)AΛ
µ

)∣∣∣
d.e.

=2LΛ
(
δ(1)ψ̄Aµ

)
εBεAB + h.c. . (12.12)

At the third order, the only non-vanishing variations read(
δ(3)ψAµ

)∣∣∣
d.e.

=
(
δ(2)∇µ

)
εA +

(
δ(2)T−µν

)
γνεBεAB ,(

δ(3)λ̄iA
)∣∣∣

d.e.
=−

(
δ(2)Gi−µν

)
ε̄Bε

ABγµν , (12.13)

where (
δ(2)Gi−µν

)∣∣∣
d.e.

=− gij̄ f̄Γ
j̄ Im NΓΛ

(
δ(2)F̃Λ−

µν

)
,(

δ(2)F̃Λ
µν

)∣∣∣
d.e.

=
(
δ(2)FΛ

µν

)
+ 2LΛ

(
δ(1)ψ̄Aµ

)(
δ(1)ψBν

)
εAB + h.c. ,(

δ(2)FΛ
µν

)∣∣∣
d.e.

=∇[µ

(
δ(2)AΛ

ν]

)
,(

δ(2)T−µν

)∣∣∣
d.e.

=2iIm NΓΛL
Γ
(
δ(2)F̃Λ−

µν

)
,(

δ(2)FΛ±
µν

)∣∣∣
d.e.

=
1

2

(
δ(2)FΛ

µν

)
± i

4

(
δ(2)εµνρσ

)
FΛ|ρσ

± i
4
εµνρσ

[
gαρgβσ

(
δ(2)FΛ

αβ

)
+ 2

(
δ(2)gαρ

)
gβσFΛ

αβ

]
, (12.14)

and the same result is obtained for F̃Λ±
µν .

3Note that from now on the r.h.s. is intended evaluated on the background (12.10).
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12.3 Modification of the Attractor Mechanism

By proceeding further with the iteration, one finds that the most relevant contribution to the
variation takes place at the fourth order, at which a non-vanishing contribution to the variation of
the scalar fields is firstly observed. Thus, the scalar fields get affected by the wigging at the fourth
order in the anti-Killing spinors, even on the simplest background, namely in the case of double-
extremal BPS black hole:(

δ(4)AΛ
µ

)∣∣∣
d.e.

= 2L̄Λ
(
δ(3)ψ̄Aµ

)
εBε

AB + ifΛ
i

(
δ(3)λ̄iA

)
γµε

BεAB + h.c. ,(
δ(4)eaµ

)∣∣∣
d.e.

= −i
(
δ(3)ψ̄Aµ

)
γaεA + h.c. . (12.15)

By a long but straightforward algebra, the computation of the fourth-order variation of the scalar
fields can be computed to read:(

δ(4)zi
)∣∣∣

d.e.
=
(
δ(4)zi∇

)∣∣∣
d.e.

+
(
δ(4)ziT

)∣∣∣
d.e.

,

where we separated two contribution: the one from the spinor covariant derivative and the one from
the graviphoton field-strength(

δ(4)zi∇

)∣∣∣
d.e.

:=gij̄ f̄Γ
j̄ Im NΓΛ (ε̄Cγ

µνεD) εDC
{

1

4
R−µνabL

Λ
(
ε̄AγabεB

)
εAB

− 1

2
F ρσ|Λεabcd

[(
∇µε̄AγaεA

)
ebνe

c
ρe
d
σ + eaµe

ν
ν

(
∇ρε̄AγcεA

)
edσ + h.c

]
+ FΛ

αβεµνρ
β
(
∇λε̄AγcεA + h.c

)
gλ(ρ eα)

c

}
, (12.16)(

δ(4)ziT

)∣∣∣
d.e.

:=gij̄ f̄Γ
j̄ Im NΓΛ

(
ε̄Cγ

µνεDε
DC
){

2LΛ
[
T−ρ[ν

(
∇µ]ε̄Aγ

ρεA
)

+T−ρ[ν

(
∇µ]ε̄

AγρεA
)

+ εABT−ρ[µT
−
ν]σ (ε̄Aγ

ρσεB)
]−

− 1

2
F ρσ|ΛερνωσT

−
λµ

[
εAB

(
ε̄AγλωεB

)
+ h.c.

]
+

1

2
FΛ
ρσεµν

σλT−λω
[
εAB

(
ε̄AγρωεB

)
+ h.c.

]}
, (12.17)

where we defined

R−µνab :=
1

2

(
Rµνab −

i

2
εµν

ρσRρσab

)
. (12.18)

Since (
δ(1)zi

)∣∣∣
d.e.

=
(
δ(2)zi

)∣∣∣
d.e.

=
(
δ(3)zi

)∣∣∣
d.e.

= 0 , (12.19)

it thus follows that the complete fermionic wig of the n complex scalar fields zi in the background
of a double-extremal 1/2-BPS black hole in N = 2, D = 4 minimally coupled supergravity reads (in
absence of gauging and hypermultiplets):

ziWIG

∣∣
d.e.

:= zi(0)

∣∣∣
d.e.

+
1

4!

(
δ(4)zi

)∣∣∣
d.e.
6= zi(0)

∣∣∣
d.e.

, (12.20)

where zi(0)

∣∣∣
d.e.

denotes the “unwigged”, near-horizon value of the scalar fields; according to the at-
tractor mechanism [30, 36, 33, 99, 100], the latter depends only on the electric and magnetic charges
of the black hole (for a detailed treatment, see [107], and references therein).

12.4 Axion-Dilaton Model

As an illustrative example, we analyze the simplest case within minimally coupled N = 2 super-
gravity, namely the CP1 model, with only one vector multiplet (containing one complex scalar field
z) coupled to the gravity multiplet.



120 CHAPTER 12. FERMIONS, WIGS, AND ATTRACTORS

In this case, we find convenient to consider the symplectic frame specified by the holomorphic
prepotential

F := −iX0X1 , (12.21)

which arises out by suitably truncating theN = 4 “pure” theory (see e.g. the discussion in [104, 108]),
and it determines the following Kähler potential (cf. e.g. [35]):

K = − ln [2 (z + z̄)] , (12.22)

from which the metric function is derived:

g11̄ =
(
g11̄
)−1

=
1

(z + z̄)2 . (12.23)

In special coordinates, after a Kähler gauge-fixing (Λ = 0, 1throughout the present Section):

XΛ = (1, z) , (12.24)

and then one can derive the covariantly holomorphic symplectic sections of special geometry:

LΛ := e
K
2 XΛ =

1√
2 (z + z̄)

(1, z) , (12.25)

MΛ := NΛΣL
Σ = −i 1√

2 (z + z̄)
(z, 1) , (12.26)

and their Kähler-covariant derivatives

fΛ :=

(
∂z +

1

2
∂zK

)
LΛ =

1
√

2 (z + z̄)3/2
(−1, z̄) (12.27)

(note the suppression of the i-index in fΛ
i , due to the presence of only one scalar field).

In a symplectic frame defined by a prepotential F , the symmetric complex kinetic matrix of vector
fields is defined as (see for instance [115, 116], and Refs. therein)

NΛΣ := F̄ΛΣ − 2iT̄ΛT̄Σ

(
LΓImFΓΞL

Ξ
)
, (12.28)

FΛΣ :=
∂2F

∂XΛ∂XΣ
, (12.29)

TΛ := −i ImFΛΞL̄
Ξ

L̄ΓImFΓΣL̄Σ
. (12.30)

In the case under consideration, the 2× 2 kinetic vector matrix reads

NΛΣ = −i diag

(
z,

1

z

)
, (12.31)

thus yielding

Im NΛΣ = −z + z̄

2
diag

(
1,

1

|z|2

)
, (12.32)

Re NΛΣ =
z − z̄

2i
diag

(
1,− 1

|z|2

)
. (12.33)

12.4.1 Double–Extremal Black Hole

We are now going to derive the explicit values for the various fields in our configuration. We will
be dealing with an asymptotically flat, static, spherically symmetric, dyonic 1/2−BPS double–extremal



12.4. AXION-DILATON MODEL 121

black hole, with z constant for every value of the radial coordinate r. Following the conventions of
[35], we consider a dyonic black hole metric4

ds2 =

(
1 +

M

r

)−2

dt2 −
(

1 +
M

r

)2 (
dr2 + r2dθ2 + r2 sin2 θdφ2

)
, (12.34)

with gauge field strengths given by

FΛ =

(
1 +

M

r

)−2 2QΛ

r2
dt ∧ dr − 2PΛ sin θdθ ∧ dφ , (12.35)

where QΛ and PΛ are symplectic, z-dependent, real quantities, defined by [35](
PΛ

QΛ

)
=

1

2

(
pΛ

(Im N−1Re N p)Λ − (Im N−1 q)Λ

)
. (12.36)

As showed in [33], in order to have a supersymmetric attractor solution one must require that
Gi−µν = 0 on the horizon; such a requirement constrains the scalar z to be a function only of the
electric (qΛ) and magnetic (pΛ) charges of the black hole. Starting from (12.22), it turns out that the
value of the constant scalar is fixed to be

z(0)
∣∣∣
d.e.

=
q0 − ip1

q1 − ip0
=

Q1 − iP 1

Q0 − iP 0

∣∣∣∣
d.e.

, (12.37)

where in the last step the inverse of (12.36), namely [35](
pΛ

qΛ

)
=

(
2PΛ

2ReNΛΣPΣ − 2Im NΛΣQΣ

)
, (12.38)

has been exploited. Note that z(0)
∣∣
d.e.

given by (12.37) expresses the value of the scalar field z at the
zeroth order.

By setting z = z(0)
∣∣
d.e.

, one gets Gi−µν = 0, and the BPS bound is saturated [35]:

M2 = −2
[
Im NΓΛ

(
QΓQΛ + PΓPΛ

)]
d.e.

= |Z|2 d.e.

= q0q1 + p0p1 =
AH(0)

4
=
SBH(0)

π
, (12.39)

where Z is the N = 2 central charge function:

Z := LΛqΛ −MΛp
Λ , (12.40)

and AH(0) and SBH(0) respectively denote the horizon area and the Bekenstein-Hawking entropy of
the black hole at the zeroth order (recall the comment at the end of the introduction in this chapter).

In order for the scalar to be fixed at order n (in particular n = 4), one has to require the vanishing
of the supersymmetry variation δ(n−2)Gi−µν . As shown below, due to the presence of a gauge field
variation, this is true only up to n = 3.

12.4.2 Fourth Order Scalar Variation

We now proceed to computing the fourth order variation of the scalar field z in the double-
extremal BPS axion-dilaton background specified by (12.34), (12.35) and (12.37), as described in
Sec. 12.4.1.

We start and recall the Minkowski-Killing spinors in spherical coordinates:

εA =

[
cos

θ

2

(
sin

φ

2
1l4 + cos

φ

2
γ23

)
+ sin

θ

2

(
cos

φ

2
γ13 − sin

φ

2
γ12

)]
ζA , (12.41)

εA =

[
cos

θ

2

(
sin

φ

2
1l4 + cos

φ

2
γ23

)
+ sin

θ

2

(
cos

φ

2
γ13 − sin

φ

2
γ12

)]
ζA , (12.42)

4This metric is of Papapetrou-Majumdar form, thus the radius of the event horizon is located at r = rH = 0.
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where ζ1 = (1+γ5)
2 1, ζ2 = (1+γ5)

2 2, ζ1 = (1−γ5)
2 1, ζ2 = (1−γ5)

2 2 and 1,2 are Majorana spinors defined as

1 = {a1, a2,−a∗2, a∗1} , 2 = {b1, b2,−b∗2, b∗1} , (12.43)

with a, b denoting constant complex Grassmannian numbers.
As mentioned above, the non-vanishing variation for the scalar field z is induced by the correction

that Gi−µν does acquire at the second order. In fact, one achieves the following result:(
δ(4)zi

)∣∣∣
d.e.

=
(
δ(3)λ̄iA

)∣∣∣
d.e.

εA = −
(
δ(2)Gi−µν

)
γµν
∣∣∣
d.e.

ε̄BεAε
AB , (12.44)

(cf. Sec. 12.2 for the explicit variation of the fields); we should note that we exploited the special
geometry identity (see e.g. [41])

Im NΛΣf̄
Λ
j̄ L̄

Σ = 0 . (12.45)

By recalling the results (12.16) and (12.17), the value of the scalar field at the fourth order (12.37)
yields (

δ(4)z
)∣∣∣

d.e.
=
(
δ(4)zT

)∣∣∣
d.e.

. (12.46)

It should be stressed that, upon acting with all vacuum super-isometries as supersymmetry pa-
rameters,

(
δ(4)z

)∣∣
d.e.

acquires a dependence also on the unbroken super-isometries. This redundance
can be eliminated by a gauge choice on the gravitino field, in order to work with a “pure” anti–Killing
spinor with 4 (complex) degrees of freedom. In order to highlight their contribution, we redefine the
constant Minkowski-Killing spinor zero modes as follows:

A := a1 + ib1 , B := b2 − ia2 ,

C := a∗1 + ib∗1 , D := b∗2 − ia∗2 . (12.47)

Such a redefinition allows us to work only with A,B,C and D, since these are the only generators
for the black hole wig itself (their complex conjugates are the zero modes for the black hole Killing
spinors). Using these variables, we finally achieve the result(

δ(4)z
)∣∣∣

d.e.
=

M4

4 (M + r)4

[
P 0Q1 − P 1Q0

(P 0 + iQ0)2 (Q0 + iP 0) (P 1 − iQ1)

]
d.e.

Q sin2 φ sin2 θ (12.48)

=
M4

(M + r)4

p0q0 − p1q1

(p0 + iq1)2 (p0 − iq1) (q0 + ip1)
Q sin2 φ sin2 θ, (12.49)

within the constraint q0q1 + p0p1 > 0 imposed by the saturation of the BPS bound (12.39). Note that
we have introduced the “quadrilinear” Q := ABCD, and Eqs. (12.36) and (12.37) have been used.
Also, for M = 0 the result (12.49) vanishes, as expected.

By evaluating the expression (12.49) on the event horizon r = rH = 0 of the bosonic solution
(12.34) (denoted by the subscript “d.e.h.”; recall the comment at the end of the introduction of this
chapter), one obtains(

δ(4)z
)∣∣∣

d.e.h.
=

p0q0 − p1q1

(p0 + iq1)2 (p0 − iq1) (q0 + ip1)
Q sin2 φ sin2 θ . (12.50)

12.5 The t3 Model

In this section we analyze the simplest cubic model of N = 2, D = 4 Maxwell-Einstein su-
pergravity theory, namely the so-called t3 model. This model uniquely uplifts to D = 5 “pure”
Maxwell-Einstein supergravity theory.

In a suitable symplectic frame, the t3 model is characterized by the holomorphic prepotential
[113]

F := −5

6

(
X1
)3

X0
, (12.51)
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which determines the Kähler potential

K = −3 ln

(
z − z̄

2i

)
, (12.52)

from which the metric is derived

g11̄ = − 3

(z − z̄)2 . (12.53)

We can use the same special coordinate we used in the last section and then obtain the covariantly
holomorphic symplectic sections (Λ = {0, 1}):

LΛ := − (1 + i)
√

5 (z − z̄)
3
2

(1, z) ,

MΛ := −
√

5

12

z2 (1 + i)

(z − z̄)
3
2

(z, 3) . (12.54)

Repeating the same steps we did in the last section we compute

fΛ = −
√

3

4

(1− i)
(z − z̄)

5
2

(3, 2z + z̄) , (12.55)

Im NΛΣ =
5

8
i (z − z̄)

(
1
3 (z + z̄)2 + 2 |z|2 − (z + z̄)
− (z + z̄) 2

)
, (12.56)

Re NΛΣ =
5

8
(z + z̄)

(
1
3 (z + z̄)2 (z + z̄)
(z + z̄) −4

)
. (12.57)

12.5.1 Double extremal black hole and scalar variation

The computations follows the steps of the previous section. In this case, requiring Gi−µν = 0 we
obtain

z(0)
∣∣∣
d.e.

=
Q1 − iP 1

Q0 − iP 0
=

=− 3p0q0 + p1q1

5 (p1)2 + 2p0q1

+
i√
5

√
15 (p1)2 q2

1 + 8p0q3
1 − 150 (p1)3 q0 − 45 (p0)2 q2

0 − 90p0p1q0q1

25 (p1)4 + 20p0 (p1)2 q1 + 4 (p0)2 q2
1

=

=− 3p0q0 + p1q1

5 (p1)2 + 2p0q1

+ 3i

√
1
3 (p1)2 q2

1 + 8
45p

0q3
1 − 10

3 (p1)3 q0 − (p0)2 q2
0 − 2p0p1q0q1

5 (p1)2 + 2p0q1

=

=− 3p0q0 + p1q1

5 (p1)2 + 2p0q1

+ 3i

√
J4

5 (p1)2 + 2p0q1

, (12.58)

where J4 is the quartic invariant of the special geometry, namely the unique quartic invariant poly-
nomial of the spin 3

2 representation of the U−duality group SL (2,R).
The fourth variation of the scalar field z for the t3 model then is(

δ(4)z
)∣∣∣

d.e.
=
i

2

P 0Q1 − P 1Q0

(P 1)2 + (Q1)2

sin2 φ sin2 θ

(M + r)2 Q , (12.59)

which, computed on the horizon r = 0 and reads(
δ(4)z

)∣∣∣
d.e.h.

=
3i

40

(P 0)2 + (Q0)2

(P 1Q0 − P 0Q1)2 sin2 φ sin2 θQ =

=
3i sin2 φ sin2 θ

10 (p1)2 + 4p0q1

Q . (12.60)

Note that
(
δ(4)z

)∣∣
d.e.h.

does depend on φ and θ in the same way of the analogue quantity of the
axion-dilaton model but it does not depend on q0
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12.6 Final Result

As resulting from (12.50) and (12.20), in the near-horizon background of a double–extremal BPS
axion-dilaton black hole, upon performing (the near-horizon limit of) a finite supersymmetry trans-
formation, the axion-dilaton z is not constant any more, but acquires a dependence on the angles φ and
θ.

Nevertheless, for M 6= 0, in the axion-dilaton model one can single out at least three peculiar
charge configurations in which z does remain fixed, and given by (12.37), i.e. in which5 (δ(4)z

)∣∣
d.e.

=

0 =
(
δ(4)z

)∣∣
d.e.h.

:

I. p0 = p1 = 0 =⇒ z(0)
∣∣
d.e.

= q0/q1;

II. q0 = q1 = 0 =⇒ z(0)
∣∣
d.e.

= p1/p0 ;

III. p1/p0 = q1/q0.

⇒ zWIG|d.e. = zWIG|d.e.h. = z(0)
∣∣∣
d.e.h.

= z(0)
∣∣∣
d.e.

(12.61)

Note, however, that such a choice is not possible for the t3 model where all charge configurations
give rise to a modification of the attractor mechanism, being the scalars invariant no more.

12.7 Conclusions

Eq. (12.20), with
(
δ(4)zi

)∣∣
d.e.

given by the results (12.48)-(12.49) and (12.17), expresses how the
value of the axion-dilaton gets modified by the fermionic wig along the radial flow in the background of a
bosonic BPS double extremal black hole of N = 2 supergravity.

In particular, its near-horizon limit, in which the expressions (12.48)-(12.49) are replaced by (12.50),
yields that the attractor mechanism gets modified by the fermionic wig. It is therefore the first evidence -
in the simplest case provided by the (double extremal) axion-dilaton black hole, of what we dub the
“fermionic-wigged" attractor mechanism: the fermionic-wigged value, depending on the “quadrilinear"
Q as well as on the angles φ and θ, of the scalar fields in the near-horizon geometry of the double-
extremal 1/2-BPS black hole is different from the corresponding, purely charge–dependent, horizon
attractor value at the zeroth order.

We would like to stress once again that we adopted the approximation of computing the fermionic
wig by performing a perturbation of the unwigged, purely bosonic (double) extremal BPS extremal
black hole solution; thus, within this approximation, we consider quantities like the radius of the
event horizon unchanged.

We leave to further future work [101] the complete analysis of the fully-backreacted wigged black
hole solution, also including the study of its thermodynamical properties, and the computation of its
Bekenstein-Hawking entropy; this may be done also in the non-supersymmetric (non-BPS) case.

Our analysis may also be applied to higher dimensions, as well as to extended supergravities.

5Note that (12.49) and its horizon limit (12.50) only differ by the r-dependent pre-factor M4/ (M + r)4. Furthermore,

z(0)
∣∣∣
d.e.h.

= z(0)
∣∣∣
d.e.

, because we are considering a double-extremal bosonic solution (12.34).



Chapter 13

No Fermionic Wigs for BPS Attractors in 5
Dimensions

“Prepare for unforeseen consequences.”

— G-Man, Hλlf-Life 2 - Episode 2

The question concerning the presence or absence of hairs of any kind around a black hole is
very compelling and, of course, it has been studied from several points of view. Nonetheless, in the
previous chapters we re-posed the question by considering possible fermionic hairs (first in [74], and
then in a series of papers [39]) for non-extremal, as well as BPS black holes. The first paper on the
subject is due to Aichelburg and Embacher (see chap. ?? and [15]). They considered asymptotically
flat black hole solution in N = 2, D = 4 supergravity without vector multiplets and computed
iteratively the supersymmetric variations of the background in terms of the flat-space Killing spinors.
In that paper, they were able to compute some of the physical quantities such as the corrections to the
angular momentum, while other interesting properties cannot be seen at that order of the expansion.
Afterwards, the works [74] and [24] applied their technique to some examples of BPS black hole, up
to the fourth order in the supersymmetry transformation.

In particular, for extremal black hole solutions, the attractor mechanism (see chap. ?? and [30, 36, 33,
99, 100]) is a very interesting and important physical property; essentially, it states that the solution
at the horizon depends only on the conserved charges of the system, and is independent of the value
of the matter fields at infinity. This is related to the no-hair theorem, under which, for example, a
BPS black hole solution depends only upon its mass, its angular momentum and other conserved
charges. As said, the authors of [24] addressed the question whether the attractor mechanism has to
be modified in the presence of fermions. The conclusion was that, at the level of approximation of
their computations, in the case of double-extremal BPS solutions, the mechanism is unchanged. In
[74] N = 2, D = 5 AdS black holes were investigated, and it was found that the solution, as well as
its asymptotic charges, get modified at the second order due to fermionic contributions. However, in
[74] the attractor mechanism and its possible modifications was not considered.

In [34], the fermionic wig for asymptotically flat BPS black holes in N = 2, D = 4 supergravity
coupled to matter was investigated. There, it has been shown that the attractor mechanism gets
modified at the fourth order even in the case of double extremal solutions in the simplest example
of N = 2 supergravity coupled to a single matter field (minimally coupled vector multiplet). The
surprising result is that to the lower orders all corrections vanish for the BPS solution, while at the
fourth order, despite several cancelations due to special geometry identities, some terms do survive,
and thus the attractor gets modified.

It has also been noticed that there are situations in which some combinations of charges render the
attractor modifications null; this led to the conjecture that, in those D = 4 models admitting an uplift
to 5 dimensions, the attractor mechanism is unmodified by the fermionic wig. That motivated us to
study in full generality the D = 5 case, by means of the same techniques; we found that there is no
modification to the attractor mechanism up to forth order for all the ungaugedN = 2, D = 5 supergravity
models coupled to vector multiplets. This is a rather strong result, and it has been obtained for a

125



126 CHAPTER 13. NO FERMIONIC WIGS FOR BPS ATTRACTORS IN 5 DIMENSIONS

generic real special geometry of the manifold defined by the scalars of the vector multiplets. The
cancelations appear to be due to identities of the special geometry, as well as to the extremal black
hole solutions taken into account (cf. Eq. (5.1)).

We should point out that the wigging is computed by performing a perturbation of the unwigged
purely bosonic BPS extremal black hole solution keeping the radius of the event horizon unchanged.
The complete analysis, including the study of the fully-backreacted wigged black hole metric, will be
presented elsewhere.

The plan of the paper is as follows. In Sec. 13.1 we recall some basics of N = 2, D = 5 un-
gauged Maxwell-Einstein supergravity. The fermionic wigging is then presented in Sec. 13.2, and
its evaluation on the purely bosonic background of an extremal BPS black hole is performed in Sec.
13.3. The near-horizon conditions are applied in Sec. 13.4, obtaining the universal result of vanishing
wig corrections to the attractor value of the scalar fields of the vector multiplets in the near-horizon
geometry. The universality of this result resides in its independence on the data of the real special geom-
etry endowing the scalar manifold of the supergravity theory. Comments on this result and further
remarks and future directions are given in Sec. 13.5.

Three Appendices, specifying notations and containing technical details on the wigging proce-
dure, are presented.

13.1 Ungauged N = 2, D = 5 MESGT

Following [42]––[38], we consider N = 2, D = 5 ungauged Maxwell–Einstein supergravity the-
ory (MESGT), in which the N = 2 gravity multiplet

{
eaµ, ψ

i
µ, Aµ

}
is coupled to nV Abelian vector

multiplets1 {Aµ, λxi, φx}, with neither hyper nor tensor multiplets2 :

δeµ
a =1

2 ε̄γ
aψµ , (13.1a)

δψiµ =Dµ(ω̂)εi + i
4
√

6
hI F̃

I
νρ

(
γ νρ
µ − 4δνµγ

ρ
)
εi+

− 1

6
εj λ̄

ixγµλ
j
x +

1

12
γµνεj λ̄

ixγνλjx+

− 1

48
γµνρεj λ̄

ixγνρλjx +
1

12
γνεj λ̄

ixγµνλ
j
x , (13.1b)

δhI =− 1√
6

iε̄λxhIx , (13.1c)

δφx = 1
2 iε̄λx , (13.1d)

δAIµ =− 1

2
ε̄γµλ

xhIx −
√

6

4
ihI ε̄ψµ , (13.1e)

δλxi =− i
2
/̂Dφxεi − δφyΓxyzλzi + 1

4γ · F̃
IhxI ε

i+

+ 1
4
√

6
T xyz

[
3εj λ̄

i
yλ

j
z − γµεj λ̄iyγµλjz − 1

2γ
µνεj λ̄

i
yγµνλ

j
z

]
, (13.1f)

where

FIµν =2∂[µA
I
ν] , (13.2a)

F̃ Iµν =FIµν + ψ̄[µγν]λ
xhIx +

i
√

6

4
ψ̄µψνh

I , (13.2b)

Txyz =CIJKh
I
xh

J
yh

K
z , (13.2c)

Γwxy =hwI h
I
x,y +

√
2

3
Txyzg

zw . (13.2d)

1i = 1, 2 of the fundamental 2 of USp(2) ∼ SU(2)R–symmetry, x = 1, . . . , nV and I = 0, 1, . . . , nV , where the 0 index
pertains to the D = 5 graviphoton. Note that γµ denote the D = 5 gamma matrices. Moreover, we adopt the convention
κ = 1 (cf. e.g. App. C of [38]).

2When not indicated, spinor indices are contracted using the standard SU (2) metric εij (see appendix C).
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From the Vielbein postulate, the N = 2 spin connection reads

ω̂abµ =
1

2
ecµ

[
Ωabc − Ωbca − Ωcab

]
+Ka b

µ , (13.3)

where Ωabc : = eµaeνb
(
∂µe

c
ν − ∂νecµ

)
and Ka b

µ := −1
2 ψ̄

[b γ a]ψµ − 1
4 ψ̄

bγµψ
a. The covariant derivatives

are defined as

D̂µφx = ∂µφ
x − 1

2 iψ̄µλ
x , (13.4a)

DµhI =∂µh
I = −

√
2
3h

I
x∂µφ

x = −
√

2
3h

I
xDµφx , (13.4b)

Dµλxi =∂µλ
xi + ∂µφ

yΓxyzλ
zi + 1

4ωµ
abγabλ

xi , (13.4c)

Dµψiν =
(
∂µ + 1

4ωµ
abγab

)
ψiν , (13.4d)

and ([42]; see also e.g. Eq. (C.10) of [38])

∇yhIx = −
√

2

3

(
hIgxy + Txyzh

Iz
)
, (13.5a)

∇yhIx =

√
2

3
(hIgxy + Txyzh

z
I) . (13.5b)

Note that only ωabµ (and not ω̂abµ ) occurs in the covariant derivative of the gravitino. Furthermore, it
holds that3 (see also e.g. [117, 118, 119])

hIx ≡−
√

3

2
∂xh

I , hIx ≡ aIJhJx , (13.6a)

aIJ =− 2CIJKh
K + 3hIhJ , (13.6b)

CIJKh
IhJhK =1, hIh

I = 1 . (13.6c)

It is worth pointing out that in D = 5 Lorentzian signature no chirality is allowed, and the small-
est spinor representation of the Lorentz group is given by symplectic Majorana spinors; for further
details, see App. C.

13.2 Fermionic Wigging

We now proceed to perform the fermionic wigging, by iterating the supersymmetry transforma-
tions of the various fields generated by the anti-Killing spinor ε (for a detailed treatment and further
details, cf. e.g. [7, 34]); schematically denoting all wigged fields as Φ̂ and the original bosonic config-
uration by Φ, the following expansion holds:

Φ̂ = eδΦ = Φ + δΦ +
1

2
δ(2)Φ +

1

3!
δ(3)Φ +

1

4!
δ(4)Φ , (13.7)

where, as in [15], the expansion truncates at the fourth order because of the 4-Grassmannian degrees
of freedom that ε contains.4

13.2.1 Second Order

In order to give an idea on the structure of the iterated supersymmetry transformations on the
massless spectrum of the theory under consideration, we present below the second order transfor-
mation rules5 (general results on supersymmetry iterations at the third and fourth order are given in

3In the present treatment, CIJK denotes the CIJK of [38], their difference being just a rescaling factor.
4In the present paper we will deal with a BPS background so just half of the supersymmetries are preserved.
5By exploiting Eq. (3.16) of [119], both ∇tT xyz and ∇tΓxyz can be related to the covariant derivative of the Riemann

tensor Rxyzt; this latter is known to satisfy the so–called real special geometry constraints (see e.g. Eq. (2.12) of [119]).
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Apps. D and E, respectively):(
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+
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δ(2)AIµ

)
=− 1

2
ε̄γµ

(
δ(1)λx

)
hIx −

1

2

(
δ(1)eaµ

)
ε̄γaλ

xhIx+

− i

2

√
3

2
ε̄hI

(
δ(1)ψµ

)
+
i

2
hIx

(
δ(1)φx

)
ε̄ψµ+

− 1

2
ε̄γµλ

x∇yhIx
(
δ(1)φy

)
, (13.11)(

δ(2)λix
)

=− i

2

(
δ(1)eµa

)
γaD̂µφxεi −

i

2
γµ
(
δ(1)D̂µφx

)
εi − 1

4
√

6
T xyzγµεj λ̄

i
yγµ

(
δ(1)λjz

)
+

+
1

4

√
3

2
T xyzεj λ̄

i
y

(
δ(1)λjz

)
− 1

8
√

6
T xyzγµνεj λ̄

i
yγµν

(
δ(1)λjz

)
+

−
(
δ(1)φy

)
Γxyz

(
δ(1)λzi

)
−
(
δ(2)φy

)
Γxyzλ

zi +
1

4

√
3

2
T xyzεj

(
δ(1)λ̄iy

)
λjz+

− 1

8
√

6
T xyzγµνεj

(
δ(1)λ̄iy

)
γµνλ

j
z −

1

4
√

6
T xyzγµεj

(
δ(1)λ̄iy

)
γµλ

j
z+

+
1

4
√

6
∇tT xyz

(
δ(1)φt

) [
3εj λ̄

i
yλ

j
z − γµεj λ̄iyγµλjz − 1

2γ
µνεj λ̄

i
yγµνλ

j
z

]
+

−
(
δ(1)φy

)
∇tΓxyz

(
δ(1)φt

)
λzi +

1

4
γ · F̃ I∇thxI

(
δ(1)φt

)
εi +

1

4
γ ·
(
δ(1)F̃ I

)
hxI ε

i+

+
1

2

(
δ(1)eµa

)
eνb + eµa

(
δ(1)eνb

)
γabF̃ Iµνh

x
I ε
i . (13.12)
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13.3 Evaluation on Purely Bosonic Background

Next, we proceed to evaluate the fermionic wigging on a purely bosonic background (characterized
by setting ψ = λ = 0 identically, and denoted by |bg throughout). This results in a dramatic sim-
plification of previous formulæ; in particular, all covariant quantities, such as the Ẽ–tensor [119],
characterizing the real special geometry of the scalar manifold (cf. Apps. D and E), do not occur
anymore after evaluation on such a background.

13.3.1 First Order

At the first order, the non-zero supersymmetry variations are:(
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Moreover, the supercovariant field strength collapses to the ordinary field strength and the covariant
derivative on φx reduces to an ordinary (flat) derivative.

13.3.2 Second Order

At the second order we find:(
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The supercovariant field strength, the covariant derivative on φx and the variation of the spin con-
nection ωabµ all collapse to zero.
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13.3.3 Third Order

At the third order, one obtains the following results :
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For the supercovariant field strength, the covariant derivative on φx, and the spin connection ωabµ , it
holds that:(
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13.3.4 Fourth Order

Finally, at the fourth order, one achieves the following expressions :(
δ(4)eaµ
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bg
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)∣∣∣
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)∣∣∣
bg
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)∣∣∣
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Again, the supercovariant field strength, the covariant derivative on φx and the spin connection ωabµ
all vanish.

13.4 Wigging of BPS Extremal Black Hole

Following the treatment of theD = 5 attractor mechanism given in [120, 121] and [122], we consider
the 1/2–BPS near–horizon conditions for extremal electric black hole (with near-horizon geometry
AdS2 × S3):

∂µh
I = 0 =⇒ ∂µφ

x = 0 ,

hIxF
I
µν = 0 , (13.24)

and we evaluate the results for purely bosonic background (computed in the previous section) onto
such conditions (denoted by |BPS , and always understood on the r.h.s. of equations, throughout the
following treatment).

13.4.1 First Order

At the first order, the gravitino variation is non–zero, while the gaugino variation vanishes :(
δ(1)ψiµ

)∣∣∣
BPS

=Dµ (ω̂) εi +
i

4
√

6
hIFIνρ

(
γ νρ
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ρ
)
εi 6= 0 , (13.25a)(

δ(1)λxi
)∣∣∣

BPS
= 0 . (13.25b)

13.4.2 Second Order

At the second order, one obtains :(
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2
ε̄γa

(
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δ(2)φx
)∣∣∣
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= 0 , (13.26b)(

δ(2)AIµ

)∣∣∣
BPS

= 0 . (13.26c)
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13.4.3 Third Order

At the third order, it holds that :(
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and (
δ(3)λix

)∣∣∣
BPS

= 0 . (13.27b)

Concerning the supercovariant field strength, the covariant derivative on φx and the spin connection
ωabµ , the following expressions hold:

(
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hI , (13.28a)(
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] (
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c
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+
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(
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− ∂ν

(
δ(2)ecµ

)∣∣∣
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]
, (13.28d)(
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=
(
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(
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+
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2

(
δ(1)ψ̄ρ
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γµ

(
δ(1)ψν
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eρaeνb . (13.28e)

13.4.4 Fourth Order

Finally, at the fourth order, by using the identity [42]

hIhIx = 0 ,

one achieves the following results :(
δ(4)eaµ

)∣∣∣
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=
1

2
ε̄γa

(
δ(3)ψµ

)∣∣∣
BPS
6= 0 , (13.29a)(

δ(4)φx
)∣∣∣

BPS
= 0 , (13.29b)(

δ(4)AIµ

)∣∣∣
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=− i

2

√
3

2
ε̄hI

(
δ(3)ψµ

)∣∣∣
BPS
6= 0 . (13.29c)

Once again, the supercovariant field strength, the covariant derivative on φx and the spin connection
ωabµ all vanish.

13.5 Conclusion

The general structure of the fermionic wigging (13.7) along a 4-component anti-Killing spinor, as
well as the results reported in Secs. 13.4.2 and 13.4.4, do imply that the attractor values of the real
scalar fields φx in the near–horizon AdS2×S3 geometry of the 1/2–BPS extremal (electric) black hole
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are not corrected by the fermionic wigging itself; an analogous result holds for extremal (magnetic)
black string with a near horizon geometry AdS3 × S2 (cf. e.g. [122] and [118]).

Thus, the attractor values of the scalar fields φx are still fixed purely in terms of the black hole
(electric) charges :

φ̂x
∣∣∣
BPS

=
(
eδφ
)∣∣∣

BPS
=

= φx|BPS +
(
δ(1)φx

)∣∣∣
BPS

+
1

2!

(
δ(2)φx

)∣∣∣
BPS

+

+
1

3!

(
δ(3)φx

)∣∣∣
BPS

+
1

4!

(
δ(4)φx

)∣∣∣
BPS

= φ|BPS , (13.30)

as it holds for the attractor mechanism on the purely bosonic background (cf. e.g. [120, 121, 122]). It
should also be stressed that the result (13.30) does not depend on the specific data of the real special
geometry of the manifold defined by the scalars of the vector multiplets.

We would like to stress once again that we adopted the approximation of computing the fermionic
wig by performing a perturbation of the unwigged, purely bosonic BPS extremal black hole solution
while keeping the radius of the event horizon unchanged.

The complete analysis of the fully-backreacted wigged black hole solution, including the study
of its thermodynamical properties and the computation of its Bekenstein-Hawking entropy is left for
future work. This study can also be generalized to the non-supersymmetric (non-BPS) case6.

It should also be remarked that in D = 4, the attractor mechanism receives a priori non-vanishing
corrections from bilinear terms in the anti-Killing spinor ε [34].

Further investigation of such an important difference concerning wig corrections to the attractor
mechanism inD = 4 andD = 5 is currently in progress, and results will be reported elsewhere. Here,
we confine ourselves to anticipate that the aforementioned non-vanishing wig corrections in D = 4
can be related to the intrinsically dyonic nature of the four-dimensional “large" charge configurations,
namely to the fact that charge configurations giving rise to a non-vanishing area of the horizon, and
thus to a well-defined attractor mechanism for scalar dynamics, contain both electric and magnetic
charges.

As further venues of research, we finally would like to mention that fermionic wigging techniques
could also be applied to other asymptotically flat D = 5 solutions, such as black rings [123, 122] and
“black Saturns" [124], as well to extended N > 2 supergravity theories in five dimensions.

6Note that in this case the series (13.7) truncates at the 8th order
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Appendix A

Supersymmetry Transformation in 4D:
Second Order

“Maybe I missed something. Because,
y’know, exits are supposed to be difficult to
locate. Because, God help you if somebody
exited your building by accident. Then,
they’d have to come back in.”

— Gordon Freeman, Freeman’s mind

We follow notation of [41], with no hypermultiplets. At second order we get(
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− gjī∂µz̄ ī
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=
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Appendix B

Supersymmetry Transformation in 4D:
Third Order

Some challenges are far harder than they
first appear.

— The Butterfly Effect, Antichamber

At third order we get(
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+
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)
εB − gjī
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+
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] (
δ(1)z̄j̄

)(
δ(1)λ̄iA
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+
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+ ∇̄ī∇jIm NΓΛL
Λ
(
δ(1)zj

)(
δ(1)z̄ ī
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)
Cijkg

kk̄LΛC̄k̄j̄m̄g
mm̄fΓ

m

(
δ(1)z̄j̄

)
λ̄iAγµνλ

jBεAB+



144 APPENDIX B. SUPERSYMMETRY TRANSFORMATION IN 4D: THIRD ORDER

+
i

4
Im NΓΛCijkg

kk̄LΛC̄k̄j̄m̄g
mm̄fΓ

m

(
δ(1)z̄j̄

)
λ̄iAγab

[(
δ(1)eaµ

)
ebν + eaµ

(
δ(1)ebν

)]
λjBεAB+

+
i

2
Im NΓΛCijkg

kk̄fΛ
p

(
δ(1)zp

)
C̄k̄j̄m̄g

mm̄fΓ
m

(
δ(1)z̄j̄

)
λ̄iAγµνλ

jBεAB+

+
i

2
∇pIm NΓΛ

(
δ(1)zp

)
Cijkg

kk̄LΛC̄k̄j̄m̄g
mm̄fΓ

m

(
δ(1)z̄j̄

)
λ̄iAγµνλ

jBεAB+

+
i

2
Im NΓΛCijkg

kk̄LΛC̄k̄j̄m̄g
mm̄fΓ

m

(
δ(1)z̄j̄

)(
δ(1)λ̄iA

)
γµνλ

jBεAB+

+
i

2
Im NΓΛ∇pCijk

(
δ(1)zp

)
gkk̄LΛC̄k̄j̄m̄g

mm̄fΓ
m

(
δ(1)z̄j̄

)
λ̄iAγµνλ

jBεAB+

+ 4i∇̄īIm NΓΛL
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δ(1)λjB

)
εAB +

i

8
Cijkg

kp̄f̄Γ
p̄

(
δ(1)λ̄iA

)
γµνλ

jBεAB+

+
i

8
Cijkg

kp̄LΓgmp̄

(
δ(1)zm

)
λ̄iAγµν

(
δ(1)λjB

)
εAB+

+
i

8
∇mCijk

(
δ(1)zm

)
gkp̄f̄Γ

p̄ λ̄
iAγµν

(
δ(1)λjB

)
εAB+

+
i

8
Cijkg

kp̄f̄Γ
p̄ λ̄

iAγab

[(
δ(1)eaµ

)
ebν + eaµ

(
δ(1)ebν

)]
λjBεAB

}
+

+ 4ifΛ
i Im NΓΛ

(
δ(1)zi

)(
δ(1)F̃Γ−

µν

)
+

1

4
Cijk

(
δ(1)zk

)
λ̄iAγµν

(
δ(1)λjB

)
εAB+

+
1

4
Cijk

(
δ(1)zk

)
λ̄iAγab

[(
δ(1)eaµ

)
ebν + eaµ

(
δ(1)ebν

)]
λjBεAB+

+
1

4
Cijk

(
δ(1)zk

)(
δ(1)λ̄iA

)
γµνλ

jBεAB+

+
1

4
∇pCijk

(
δ(1)zp

)(
δ(1)zk

)
λ̄iAγµνλ

jBεAB+

− 1

2
fΛ
p Im NΓΛ

(
δ(1)zp

)
Cijk

(
δ(1)zk

)
L̄Γλ̄iAγµνλ

jBεAB+

+ 4i∇pIm NΓΛL
Λ
(
δ(1)zp

){(
δ(1)F̃Γ−

µν

)
+
i

8
Cijkg

kp̄f̄Γ
p̄ λ̄

iAγµν

(
δ(1)λjB

)
εAB +

+
i

8
Cijkg

kp̄f̄Γ
p̄ λ̄

iAγµν

(
δ(1)λjB

)
εAB +

i

8
Cijkg

kp̄f̄Γ
p̄

(
δ(1)λ̄iA

)
γµνλ

jBεAB+

+
i

8
Cijkg

kp̄LΓgmp̄

(
δ(1)zm

)
λ̄iAγµν

(
δ(1)λjB

)
εAB+

+
i

8
∇mCijk

(
δ(1)zm

)
gkp̄f̄Γ

p̄ λ̄
iAγµν

(
δ(1)λjB

)
εAB+

+
i

8
Cijkg

kp̄f̄Γ
p̄ λ̄

iAγab

[(
δ(1)eaµ

)
ebν + eaµ

(
δ(1)ebν

)]
λjBεAB

}
+

− 1

4
Cijkf̄

Γ
p̄

(
δ(1)zk

)(
δ(1)z̄m̄

)
λ̄iAγµνλ

jBεAB+

− 1

2
Im NΓΛL

ΛCijkg
kk̄f̄Γ

k̄

(
δ(1)λ̄iA

)
γµν

(
δ(1)λjB

)
εAB+

− 1

2
Im NΓΛL

ΛCijkg
kk̄f̄Γ

k̄ λ̄
iAγab

[(
δ(1)eaµ

)
ebν + eaµ

(
δ(1)ebν

)](
δ(1)λjB

)
εAB+

− 1

2
Im NΓΛL

ΛCijkL̄
Γ
(
δ(1)zk

)
λ̄iAγµν

(
δ(1)λjB

)
εAB+

− 1

2
Im NΓΛL

ΛCijkg
kk̄f̄Γ

k̄ λ̄
iAγab

(
δ(1)eaµ

)(
δ(1)ebν

)
λjBεAB+

− 1

2
Im NΓΛL

ΛCijkg
kk̄f̄Γ

k̄

(
δ(1)λ̄iA

)
γab

(
δ(1)eaµ

)
ebνλ

jBεAB+

− 1

2
Im NΓΛL

ΛCijkg
kk̄f̄Γ

k̄

(
δ(1)λ̄iA

)
γabe

a
µ

(
δ(1)ebν

)
λjBεAB+
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− 1

2
Im NΓΛL

ΛCijk

(
δ(1)zk

)
L̄Γλ̄iAγab

[(
δ(1)eaµ

)
ebν + eaµ

(
δ(1)ebν

)]
λjBεAB+

− 1

2
Im NΓΛL

ΛCijk

(
δ(1)zk

)
L̄Γ
(
δ(1)λ̄iA

)
γµνλ

jBεAB+

− 1

2
Im NΓΛL

Λ∇pCijk
(
δ(1)zp

)
gkk̄f̄Γ

k̄ λ̄
iAγµν

(
δ(1)λjB

)
εAB+

− 1

2
Im NΓΛL

Λ∇pCijk
(
δ(1)zp

)
gkk̄f̄Γ

k̄ λ̄
iAγab

[(
δ(1)eaµ

)
ebν + eaµ

(
δ(1)ebν

)]
λjBεAB+

− 1

2
Im NΓΛL

Λ∇pCijk
(
δ(1)zp

)
gkk̄f̄Γ

k̄

(
δ(1)λ̄iA

)
γµνλ

jBεAB+

− 1

2
Im NΓΛL

Λ∇pCijk
(
δ(1)zp

)(
δ(1)zk

)
L̄Γλ̄iAγµνλ

jBεAB+

− 1

4
Im NΓΛL

Λ∇m∇pCijk
(
δ(1)zp

)(
δ(1)zm

)
gkk̄f̄Γ

k̄ λ̄
iAγµνλ

jBεAB+

− 1

4
Im NΓΛL

Λ∇̄m̄∇pCijk
(
δ(1)zp

)(
δ(1)z̄m̄

)
gkk̄f̄Γ

k̄ λ̄
iAγµνλ

jBεAB+

− 1

4
Im NΓΛL

Λ∇pCijk
(
δ(2)zp

)
gkk̄f̄Γ

k̄ λ̄
iAγµνλ

jBεAB+

− 1

4
Im NΓΛL

ΛCijkg
kk̄C̄k̄l̄m̄g

mm̄
(
δ(1)z̄ l̄

)
Cmpqg

qq̄f̄Γ
q̄

(
δ(1)zp

)
λ̄iAγµνλ

jBεAB+

+
i

4
Im NΓΛL

ΛCijkg
kk̄C̄k̄l̄m̄

(
δ(1)z̄ l̄

)
LΓ
(
δ(1)z̄m̄

)
λ̄iAγµνλ

jBεAB (B.9)

δ(2)Gi−µν =

[
F̃Λ−
µν +

i

8
Cklrg

rs̄f̄Λ
s̄ λ̄

kAγµνλ
lBεAB

] [
−2f̄Γ

j̄

(
δ(1)z̄j̄

)(
δ(1)zi

)
Im NΓΛ+

− L̄Γ
(
δ(2)zi

)
Im NΓΛ+

− 2L̄Γ
(
δ(1)zi

)
∂j(Im NΓΛ)

(
δ(1)zj

)
+

− 2L̄Γ
(
δ(1)zi

)
∂̄j̄(Im NΓΛ)

(
δ(1)z̄j̄

)
+

+ igij̄∇̄t̄C̄m̄j̄r̄gsr̄
(
δ(1)z̄ t̄

)
fΓ
s

(
δ(1)z̄m̄

)
Im NΓΛ+

− gij̄Rtm̄uj̄guūf̄Γ
ū

(
δ(1)zt

)(
δ(1)z̄m̄

)
Im NΓΛ+

− gtm̄giūf̄Γ
ū

(
δ(1)zt

)(
δ(1)z̄m̄

)
Im NΓΛ+

+ igij̄C̄m̄j̄r̄L
Γ
(
δ(1)z̄r̄

)(
δ(1)z̄m̄

)
Im NΓΛ+

+ igij̄C̄m̄j̄r̄g
sr̄fΓ

s

(
δ(2)z̄m̄

)
Im NΓΛ+

+ 2igij̄C̄m̄j̄r̄g
sr̄fΓ

s

(
δ(1)z̄m̄

)
∂t(Im NΓΛ)

(
δ(1)zt

)
+

+ 2igij̄C̄m̄j̄r̄g
sr̄fΓ

s

(
δ(1)z̄m̄

)
∂̄t̄(Im NΓΛ)

(
δ(1)z̄ t̄

)
+

− gij̄ f̄Γ
j̄ ∇t∂m(Im NΓΛ)

(
δ(1)zt

)(
δ(1)zm

)
+

− 2gij̄ f̄Γ
j̄ ∂̄t̄∂m(Im NΓΛ)

(
δ(1)z̄ t̄

)(
δ(1)zm

)
+

− gij̄ f̄Γ
j̄ ∂m(Im NΓΛ)

(
δ(2)zm

)
+

− gij̄ f̄Γ
j̄ ∇̄t̄∂̄m̄(Im NΓΛ)

(
δ(1)z̄ t̄

)(
δ(1)z̄m̄

)
+

−gij̄ f̄Γ
j̄ ∂̄m̄(Im NΓΛ)

(
δ(2)z̄m̄

)]
+

+ 2
[
−L̄Γ

(
δ(1)zi

)
(Im N )ΓΛ +

+ igij̄C̄m̄j̄r̄g
sr̄fΓ

s

(
δ(1)z̄m̄

)
(Im N )ΓΛ +
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− gij̄ f̄Γ
j̄ ∂m (Im N )ΓΛ

(
δ(1)zm

)
+

−gij̄ f̄Γ
j̄ ∂̄m̄ (Im N )ΓΛ

(
δ(1)z̄m̄

)] [(
δ(1)F̃Λ−

µν

)
+

+
i

8
∇tCklr

(
δ(1)zt

)
grs̄f̄Γ

s̄ λ̄
kAγµνλ

lBεAB+

+
i

8
CklrL̄

Λ
(
δ(1)zr

)
λ̄kAγµνλ

lBεAB+

+
1

8

(
Rkp̄lm̄g

tm̄ + gkp̄δ
t
l + glp̄δ

t
k

)
fΛ
t

(
δ(1)z̄j̄

)
λ̄kAγµνλ

lBεAB+

+
i

8
Cklrg

rs̄f̄Λ
s̄

(
δ(1)λ̄kA

)
γµνλ

lBεAB+

+
i

8
Cklrg

rs̄f̄Λ
s̄ λ̄

kAγabλ
lBεAB

((
δ(1)eaµ

)
ebν + eaµ

(
δ(1)ebν

))
+

+
i

8
Cklrg

rs̄f̄Λ
s̄ λ̄

kAγµν

(
δ(1)λlB

)
εAB

]
+

− gij̄ f̄Γ
j̄ Im NΓΛ

{(
δ(2)F̃Λ−

µν

)
+

+
i

8
∇t∇rCklm

(
δ(1)zt

)(
δ(1)zr

)
gmn̄f̄Λ

n̄ λ̄
kAγµνλ

lBεAB+

+
i

8
∂̄t̄∇rCklm

(
δ(1)z̄ t̄

)(
δ(1)zr

)
gmn̄f̄Λ

n̄ λ̄
kAγµνλ

lBεAB+

+
i

8
∇rCklm

(
δ(2)zr

)
gmn̄f̄Λ

n̄ λ̄
kAγµνλ

lBεAB+

+
1

8
∇rCklm

(
δ(1)zr

)
gmn̄C̄t̄n̄ūg

uūfΛ
u

(
δ(1)z̄ t̄

)
λ̄kAγµνλ

lBεAB+

+
i

8
∇rCklm

(
δ(1)zr

)
gmn̄f̄Λ

n̄

(
δ(1)λ̄kA

)
γµνλ

lBεAB+

+
i

8
∇rCklm

(
δ(1)zr

)
gmn̄f̄Λ

n̄ λ̄
kAγabλ

lBεAB

[(
δ(1)eaµ

)
ebν + eaµ

(
δ(1)ebν

)]
+

+
i

8
∇rCklm

(
δ(1)zr

)
gmn̄f̄Λ

n̄ λ̄
kAγµν

(
δ(1)λlB

)
εAB+

+
1

8

[
∇mRks̄lr̄

(
δ(1)zm

)
gts̄fΛ

t +

+ ∇̄m̄Rks̄lr̄
(
δ(1)z̄m̄

)
gts̄fΛ

t +

+Rks̄lr̄L
Λ
(
δ(1)z̄s̄

)
+

+ iRks̄lr̄g
ts̄guūCmtuf̄

Λ
ū

(
δ(1)zm

)
+

+ glr̄gkt̄L
Λ
(
δ(1)z̄ t̄

)
+

+ iglr̄g
uūCtkuf̄

Λ
ū

(
δ(1)zt

)
+

+gkr̄glt̄L
Λ
(
δ(1)z̄ t̄

)
+

+igkr̄Cmlug
uūf̄Λ

ū

(
δ(1)zm

)](
δ(1)z̄r̄

)
λ̄kAγµνλ

lBεAB+

+
1

8

(
Rks̄lr̄g

ts̄fΛ
t + glr̄f

Λ
k + gkr̄f

Λ
l

) [(
δ(2)z̄r̄

)
λ̄kAγµνλ

lBεAB+

+
(
δ(1)z̄r̄

)(
δ(1)λ̄kA

)
γµνλ

lBεAB+

+
(
δ(1)z̄r̄

)
λ̄kAγµν

(
δ(1)λlB

)
εAB+

+
(
δ(1)z̄r̄

)
λ̄kAγabλ

lBεAB

[(
δ(1)eaµ

)
ebν + eaµ

(
δ(1)ebν

)]]
+

+
i

8
∇sCklm

(
δ(1)zs

)
gmn̄f̄Λ

n̄

(
δ(1)λ̄kA

)
γµνλ

lBεAB+
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+
1

8

(
Rks̄lūg

uūfΛ
u + gks̄f

Λ
l + gls̄f

Λ
k

) (
δ(1)z̄s̄

)(
δ(1)λ̄kA

)
γµνλ

lBεAB+

+
i

8
Cklmg

mn̄f̄Λ
n̄

(
δ(2)λ̄kA

)
γµνλ

lBεAB+

+
i

4
Cklmg

mn̄f̄Λ
n̄

(
δ(1)λ̄kA

)
γµν

(
δ(1)λlB

)
εAB+

+
i

8
∇sCklmgmn̄f̄Λ

n̄

(
δ(1)zs

)
λ̄kAγµν

(
δ(1)λlB

)
εAB+

+
i

8
Cklmg

mn̄f̄Λ
n̄

(
δ(1)λ̄kA

)
γabλ

lBεAB

[(
δ(1)eaµ

)
ebν + eaµ

(
δ(1)ebν

)]
+

+
1

8

(
Rkp̄ls̄g

ss̄fΛ
s + gkp̄f

Λ
l + glp̄f

Λ
k

) (
δ(1)z̄p̄

)
λ̄kAγµν

(
δ(1)λlB

)
εAB+

+
i

8
Cklmg

mn̄f̄Λ
n̄ λ̄

kAγab

(
δ(1)λlB

)
εAB

[(
δ(1)eaµ

)
ebν + eaµ

(
δ(1)ebν

)]
+

+
i

8
Cklmg

mn̄f̄Λ
n̄ λ̄

kAγµν

(
δ(2)λlB

)
εAB

}
+

− 1

8
εAB

[(
δ(1)eaµ

)
ebν + eaµ

(
δ(1)ebν

)]
×

×
[
−1

2

(
Rkp̄lj̄g

ij̄ + gkp̄δ
i
l + glp̄δ

i
k

)(
δ(1)z̄p̄

)
λ̄kAγabλ

lB+

+ igij̄∂p(Im NΓΛ)
(
δ(1)zp

)
Cklmg

mn̄f̄Γ
j̄ f̄

Λ
n̄ λ̄

kAγabλ
lB+

+ igij̄ ∂̄p̄(Im NΓΛ)
(
δ(1)z̄p̄

)
Cklmg

mn̄f̄Γ
j̄ f̄

Λ
n̄ λ̄

kaγabλ
lB+

+ igij̄Im NΓΛ∇pCklmgmn̄f̄Γ
j̄ f̄

Λ
n̄

(
δ(1)zp

)
λ̄kAγabλ

lB+

− 1

2

(
Rkp̄lj̄g

ij̄ + gkp̄δ
i
l + glp̄δ

i
k

)(
δ(1)z̄p̄

)
λ̄kAγabλ

lB+

+ igij̄Im NΓΛCklmg
mn̄f̄Γ

j̄ f̄
Λ
n̄

(
δ(1)λ̄kA

)
γabλ

lB+

+igij̄Im NΓΛCklmg
mn̄f̄Γ

j̄ f̄
Λ
n̄ λ̄

kAγab

(
δ(1)λlB

)]
+

− i

8
gij̄Im NΓΛCklmg

mn̄f̄Γ
j̄ f̄

Λ
n̄ λ̄

kAγabλ
lBεAB×

×
[(
δ(2)eaµ

)
ebν + 2

(
δ(1)eaµ

)(
δ(1)ebν

)
+ eaµ

(
δ(2)ebν

)]
(B.10)(

δ(2)ωabµ

)
=

1

2

(
δ(2)ecµ

) [
Ωabc − Ωbca − Ωcab

]
+

+
(
δ(1)ecµ

) [(
δ(1)Ωabc

)
−
(
δ(1)Ωbca

)
−
(
δ(1)Ωcab

)]
+

+
1

2
ecµ

[(
δ(2)Ωabc

)
−
(
δ(2)Ωbca

)
−
(
δ(2)Ωcab

)]
+
(
δ(2)Ka b

µ

)
(B.11)(

δ(2)Ωabc
)

=
[(
δ(2)eµa

)
eνb + eµa

(
δ(2)eνb

)] (
∂µe

c
ν − ∂νecµ

)
+

+ 2
[(
δ(1)eµa

)(
δ(1)eνb

)
+
(
δ(1)eµa

)(
δ(1)eνb

)] (
∂µe

c
ν − ∂νecµ

)
+

+ 2
[(
δ(1)eµa

)
eνb + eµa

(
δ(1)eνb

)] [
∂µ

(
δ(1)ecν

)
− ∂ν

(
δ(1)ecµ

)]
+

+ eµaeνb
[
∂µ

(
δ(2)ecν

)
− ∂ν

(
δ(2)ecµ

)]
(B.12)(

δ(2)Ka b
µ

)
=− i

[(
δ(2)ψ̄Aρ

)
eρ[aγ b]ψAµ + 2

(
δ(1)ψ̄Aρ

)(
δ(1)eρ[a

)
γ b]ψAµ+

+ 2
(
δ(1)ψ̄Aρ

)
eρ[aγ b]

(
δ(1)ψAµ

)
+ ψ̄Aρ

(
δ(2)eρ[a

)
γ b]ψAµ+

+ 2ψ̄Aρ

(
δ(1)eρ[a

)
γ b]
(
δ(1)ψAµ

)
+ ψ̄

[a
A γ

b]
(
δ(2)ψAµ

)
+

+
1

2

(
δ(2)ψ̄Aρ

)
eρaγµψ

Ab +
(
δ(1)ψ̄Aρ

)
γµ

(
δ(1)ψAν

)
eρaeνb+
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+
(
δ(1)ψ̄Aρ

)
γµψ

Ab
(
δ(1)eρa

)
+
(
δ(1)ψ̄Aρ

)
γcψ

Abeρa
(
δ(1)ecµ

)
+

+
(
δ(1)ψ̄Aρ

)
γµψ

A
ν e

ρa
(
δ(1)eνb

)
+

1

2
ψ̄aAγµ

(
δ(2)ψAν

)
eνb+

+ ψ̄Aργµ

(
δ(1)ψAν

)(
δ(1)eρa

)
eνb + ψ̄aAγc

(
δ(1)ψAν

)(
δ(1)ecµ

)
eνb+

+ ψ̄aAγµ

(
δ(1)ψAν

)(
δ(1)eνb

)
+

1

2
ψ̄Aργµψ

Ab
(
δ(2)eρa

)
+

+ ψ̄Aργcψ
Ab
(
δ(1)eρa

)(
δ(1)ecµ

)
+ ψ̄Aργµψ

A
ν

(
δ(1)eρa

)(
δ(1)eνb

)
+

+
1

2
ψ̄aAγcψ

Ab
(
δ(2)ecµ

)
+ ψ̄aAγcψ

A
ν

(
δ(1)ecµ

)(
δ(1)eνb

)
+

+
1

2
ψ̄aAγµψ

A
ν

(
δ(2)eνb

)]
(B.13)(

δ(2)Qµ

)
=− i

2

[
∇m∇n∂iK∂µzi

(
δ(1)zj

)(
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+ gjī∂µz̄

ī
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(B.21)



Appendix C

Notation and Identities in 5D

“We’re made up of thousands of parts with
thousands of functions all working in
tandem to keep us alive. Yet if only one
part of our imperfect machine fails, life
fails. It makes one realize how fragile...
how flawed we are...”

— Ingun Black-Briar, Skyrim

We follow the notations in [42]. We adopt the Lorentzian D = 5 metric signature (−,+,+,+,+)
and we consider symplectic–Majorana spinors satisfying

λ̄i = (λi)
†γ0 = λiTC , (C.1)

where the charge conjugation matrix C fulfills the condition

CT = −C = C−1 , C2 = −1 , (C.2)

and

CγµC−1 = (γµ)T =⇒ C(γµ)TC = −γµ ,
C(γµν)TC = γµν , (C.3)

from which one obtains
(Cγµ)T = −Cγµ , (Cγµν)T = Cγµν .

Notice that C and Cγµ are antisymmetric matrices, while Cγµν is a symmetric one. Spinorial indices
i = 1, 2 are raised and lowered as follows

V i = εijVj , Vi = V jεji ,

with
ε12 = ε12 = 1 .

From these relations, one can derive the following identities :

λ̄iχi = λ̄iχjεji = −χ̄iλi = χ̄iλ
i , (C.4)

λ̄iγµχi = λ̄iγµχ
jεji = −χ̄jγµλj = χ̄iγµλ

i , (C.5)

λ̄iγµνχi = λ̄iγµνχ
jεji = χ̄jγµνλj = −χ̄iγµνλi , (C.6)

yielding

λ̄iλi = 0 , (C.7)

λ̄iγµλi = 0 , (C.8)

λ̄iγµνλi 6= 0 . (C.9)
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Appendix D

Supersymmetry Transformation in 5D:
Third Order

“What is better – to be born good, or to
overcome your evil nature through great
effort?”

— Paarthurnax, Skyrim

At third order in N = 2, D = 5 supersymmetry iterated transformations, one finds1(
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1∇t∇yhIx can be elaborated by exploiting Eq. (13.5). Furthermore, ∇w∇uT xyz = 12Ẽxyzwu, where the rank–5 com-
pletely symmetric tensor Ẽxyzwu is the real special geometry analogue [119] of the so–called E–tensor of special Kähler
geometry [125]; by using the last of (13.2a), a similar result holds for∇u∇tΓxyz .
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Supersymmetry Transformation in 5D:
Fourth Order

“Job’s done.”

— Orc, Warcraft II

Finally, at the fourth order we find1(
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1Note that∇w∇t∇uT xyz = 12∇wẼxyztu [119]; similarly,∇t∇z∇yhIx can be related to Ẽ–tensor (cf. footnote 7).
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+
1

4

√
3

2
T xyzεj

(
δ(3)λ̄iy

)
λjz −

1

8
√

6
T xyzγµνεj

(
δ(3)λ̄iy

)
γµνλ

j
z+

− 1

4
√

6
T xyzγµεj

(
δ(3)λ̄iy

)
γµλ

j
z+

+
3

4

√
3

2
∇tT xyz

(
δ(1)φt

)
εj

(
δ(2)λ̄iy

)
λjz+



160 APPENDIX E. SUPERSYMMETRY TRANSFORMATION IN 5D: FOURTH ORDER

− 1

8

√
3
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+∇u∇tT xyz

(
δ(1)φt

)(
δ(1)φu

)]
+

− 1

8

√
3

2
γµνεj λ̄

i
yγµν

(
δ(1)λjz

) [
∇tT xyz

(
δ(2)φt

)
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, (E.5)
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)
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+
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+
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+ ψ̄[µγν]λ
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+
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+

+
3

2
ψ̄aγc

(
δ(1)ecµ

)(
δ(1)ψσ

)(
δ(1)eσb

)
+

3

2
ψ̄ρ

(
δ(1)eρa

)
γµ

(
δ(1)ψσ

)(
δ(1)eσb

)
+



163

+
3

2

(
δ(2)ψ̄ρ

)
eρ[aγ b]
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+
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+
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+
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+
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Appendix F

Fierz Transformations

“You’re going to get stuck occasionally; it’s
a fact. Now don’t get all upset and start
hurling your controller at the cat, because
he might throw it back and it’ll just
escalate...”

— Narrator, Little Big Planet

F.1 Dirac Spinors

In this appendix we present the Fierz transformations used in chap. 8.
The spinors used are 3–dimensional Dirac spinors ηA with A labels the different spinors (and so,

repeated {A} indices are not summed). It is easy to show that

ηAηA
† = − 1

2
ηA
†ηAσ̂0 −

1

2
ηA
†σiηAσ̂

i . (F.1)

Using this, we get the following relations

ηB
†ηAηA

†ηB = − 1

2
ηB
†ηB ηA

†ηA −
1

2
ηB
†σ̂iηB ηA

†σ̂iηA , (F.2)

ηB
†ηAηA

†σ̂iηB = − 1

2
ηA
†ηA ηB

†σ̂iηB −
1

2
ηA
†σ̂iηA ηB

†ηB +
i

2
εijk ηB

†σ̂jηB ηA
†σ̂kηA , (F.3)

ηB
†σ̂iηAηA

†σ̂jηB = − 1

2
ηB
†ηB ηA

†ηA δij +
1

2
ηB
†σ̂kηB ηA

†σ̂kηA δij+

− 1

2
ηB
†σ̂iηB ηA

†σ̂jηA −
1

2
ηB
†σ̂jηB ηA

†σ̂iηA+

− i

2
εijk ηA

†ηA ηB
†σ̂kηB +

1

2
εijk ηA

†σ̂kηA ηB
†ηB . (F.4)

If A = B this reduces to

η†σ̂iηη
†σ̂jη = − 1

2

(
η†η
)2

δij . (F.5)

F.2 Majorana Spinors

We list here some of the properties of Majorana spinors and some useful Fierz Identities:

s̄1Ms2 = s̄2Ms1 if M = 1, γ5, γ5γ
µ ,

s̄1Ms2 = −s̄2Ms1 if M = γµ, γµν .
(F.6)
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The Fierz Identities for 2 identical spinors read

θθ̄ = −1

4

(
θ̄θ + θ̄γ5θγ5 − θ̄γ5γµθγ5γ

µ
)
, (F.7)

while those for 3 spinors are

θ(θ̄θ) = −γ5θθ̄γ5θ ,

θ(θ̄γ5γµθ) = −γµθθ̄γ5θ .
(F.8)

Using (F.8) it is easy to show that the following identities also hold

(θ̄θ)2 = −(θ̄γ5θ)
2 ,

(θ̄γ5γµθ)(θ̄γ5γνθ) = −ηµν(θ̄γ5θ)
2 ,

(θ̄θ)(θ̄γ5θ) = (θ̄θ)(θ̄γ5γµθ) = (θ̄γ5θ)(θ̄γ5γµθ) = 0 .

(F.9)

Finally the integration measure for Grassmann variables is∫
d4θ(θ̄γ5θ)

2 = −4 . (F.10)

F.3 Decomposition of fermions in chiral and antichiral parts

As in [41] we decompose fermions into chiral and antichiral parts. The indices of the spinors fix
their chirality according to the following conventions:

γ5

(
λiA

ψA

)
=

(
λiA

ψA

)
(F.11)

γ5

(
λīA
ψA

)
= −

(
λīA
ψA

)
(F.12)

(F.13)

Note that every fermion is Majorana which is then projected into two chiral parts. For example, if ζ
and ξ are Majorana fermions we have:

ε1 =
1

2
(1l− γ5) ζ ε2 =

1

2
(1l− γ5) ξ

ε1 =
1

2
(1l + γ5) ζ ε2 =

1

2
(1l + γ5) ξ
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