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Abstract

Many natural hazards involve large deformations of unsaturated soils, e.g. rainfall-
induced landslides, embankment collapses due to wetting, seepage-induced insta-
bilities of dams and levees, etc. The study of these phenomena requires account-
ing for the complex hydro-mechanical interactions between solid skeleton and
pore fluids and modeling large deformations to predict the post-failure behaviour,
which poses significant computational challenges. In recent years, several hydro-
mechanical coupled MPM formulations were developed to model saturated and
unsaturated soils. These approaches are slightly different in terms of governing
equations, integration schemes and have been implemented in different MPM soft-
ware; thus, they benefit from various computational features. The purpose of this
paper is to present an overview of the available MPM approaches to model unsat-
urated soils discussing differences and similarities of the formulations and their

impact on the results under different conditions in a range of geotechnical appli-
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cations. In addition, the effect of partially saturated conditions on the critical time
step in explicit numerical integration schemes is studied for the first time. Different
analytical expressions are derived and compared with the numerical results.
Keywords: unsaturated soils, material point method, large deformations,

dynamic coupled analysis, critical time step, state-of-the-are

1. Introduction

Many geotechnical applications involve multi-phase interactions and large defor-
mations of the ground. This is the case of rainfall-induced landslides, embankment
collapses due to seepage or wetting, shallow foundation stability, and penetration
problems in unsaturated soils, etc. Soil is a mixture of solid grains and pore
fluids (liquid and/or gas) that interact with each other. In some cases, e.g. when
considering dry or saturated soils in fully drained or fully undrained conditions,
the interactions among the different phases can be simplified or even neglected.
However, when the soil is in partially saturated conditions (i.e. gas and liquid
coexist in the pores) or in saturated conditions when simultaneous generation and
dissipation of fluid pore pressure is present, the mechanical and hydraulic response
of the soil is fully controlled by the coupling between pore fluids and solid skeleton
controls. Hence, the hydromechanical interactions need to be considered to accu-
rately capture the material behaviour. The numerical analysis of these problems
requires implementing multi-phase formulations and the consideration of appro-
priate boundary conditions (BCs) that can reproduce realistic scenarios of water

infiltration, seepage, ponding, and changes in the water table.

Historically, fully-coupled hydro-mechanical formulations have been developed

and adapted to traditional numerical frameworks such as finite elements (FEM)
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and finite differences (FDM) methods. However, it is well known that these tools
are limited to modeling relatively small deformations because of mesh tangling
limitations. Alternatively, the numerical tools used for the analysis of post-failure
runouts (i.e. propagation models) typically use rheological models that are difficult
to trace back to soil’s pre-failure conditions and commonly rely on depth-averaged

integration schemes that cannot capture the failure initiation [1, 2, 3]

Several techniques have been proposed to overcome such difficulties e.g. A Ar-
bitaryLagrangian Eulerian (ALE), Coupled Eulerian — Lagrangian (CEL), Particle
Finite Element Method (PFEM), Finite Element Method with Lagrangian Integra-
tion Points (FEMLIP), Smooth Particle Hydrodynamics (SPH), Material Point
Method (MPM), etc [e.g. 4, 5, 6, 7, 8]. A review of these methods and their ap-
plicability for the study of landslide mass movements can be found in [9]. Among
them, the Material Point Method (MPM) has recently increased its popularity in
the geotechnical community. The MPM is a particle-based numerical method es-
pecially well suited for the simulation of large deformations in history-dependent
materials. It was initially developed in the framework of fluid mechanics under
the name of Particle-In-Cell method (PIC) by Harlow [10] in Los Alamos National
Laboratory. The basis of the method was to represent the flow of a continuum
mass by a collection of material points (MPs) that moved through a background
fixed mesh. It was not until 1994 that Sulsky et al. [8] extended the concept to solid
mechanics for single-phase materials. During the last twenty years, MPM has been
increasingly applied in the geotechnical engineering field for the study of soils and
granular earth material. In particular, slope instabilities, failure of earth retain-
ing structures, tunneling and underground collapses, soil penetration testing, pile

installation, scour, internal erosion, among others [e.g. 11, 12, 13, 14, 15, 16, 17].
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Different MPM coupled multi-phase formulations have been developed to ad-
dress hydro-mechanical interactions between the solid skeleton and pore fluids.
These approaches are slightly different in terms of governing equations, integra-
tion schemes, and they benefit of different computational features. In particular,
this paper addresses the challenges of modeling hydro-mechanical interactions and
large deformations of unsaturated soils using the MPM framework. The objectives
are to provide an overview and discuss the available MPM approaches to model
solid-liquid-gas mixtures, highlighting differences and similarities of the formu-
lations, implementation aspects, and boundary conditions. Particular attention is
paid to explain the relevance and physical meaning of common simplifications and
their implications for the use of these approaches in practical applications. For the
first time, the effect of partially saturated conditions on the time step in explicit
MPM numerical integration schemes is studied. A set of analytical expressions for
the critical time step are derived and compared with numerical results. Addition-
ally, a discussion on existing applications is provided and the preliminary results

of potential future applications is presented.

The paper is organized into four different sections. First, the MPM formulations
are presented and discussed. Secondly, different implementation aspects are ex-
amined including boundary conditions and critical time step. Then, an overview of

geotechnical applications is presented. Finally, the conclusions are summarized.

2. MPM formulations for unsaturated soils

Unsaturated porous media consist of a combination of three phases (ph): solid
(8), liquid (L), and gas (G). The phases interact with each other determining the

mechanic and hydraulic behaviour of the material. The solid phase is made of

4
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solid grains that constitute the solid skeleton while the fluid phases (i.e. liquid and

gas) fill the pore space.

In MPM, the material is considered as a continuum and is represented by a finite
number of material points (MPs) that move together with the reference domain
carrying all the information (e.g. stress, strain, mass, constitutive state variables).
The computational cycle is summarized in Fig. 1. At the beginning of each time
step, information carried by MPs is mapped to the nodes of the computational
mesh and nodal mass, nodal velocities, forces, and dragging terms are evaluated.
The main governing equations, usually the momentum balances, are solved in
terms of main unknowns, typically acceleration or velocity. The nodal solution
is interpolated using shape functions and the kinematic quantities and position
of the MPs are updated accordingly. Finally, strains and stresses among other
quantities are evaluated at the MPs using compatibility equations, mass balances,
and constitutive relationships. At the end of the computational cycle, the nodal
information is generally discarded. These features make the MPM a powerful tool
in geotechnics. MPM also suffers from numerical artifacts (e.g. cell-crossing
instability, volumetric locking, sporadic occurrence of empty elements in the
material domain). Many publications are available in the literature describing the
MPM algorithm and the numerical solutions to address its limitations (the reader

is directed to [18] for an overview).

Two MPM frameworks have been presented to study multi-phase problems [19]:
the single-point approach and the multi-point approach. The single-point frame-
work represents the multi-phase soil mixture as a unique continuum represented
with one set of MPs. During the calculation, all MPs move with the displacement

of the solid skeleton represented using Lagrangian formulation and consequently
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Fig. 1. Diagram of the MPM computational cycle (modified from [22]).

the solid mass in the MP remains constant. Fluids are allowed to flow in and
out of the reference porous domain and their motion is described with respect to
the moving solid skeleton. The single-point approach is the general framework
selected to represent soils in unsaturated conditions as discussed herein. The
multi-point framework requires more than one set of MPs to represent different
phases. In particular, the double-point approach for saturated soil is available in
the literature and represents solid skeleton and liquid with two completely separate
sets of MPs [e.g. 20, 21]. Each set of MPs moves accordingly to the displacement
of the corresponding phase and carries the information of one phase only, hence
solid and fluid are represented using Lagrangian formulation. In the double-point
configuration presented in [20, 21], the soil is considered either fully dry or fully
saturated but this same approach can be extended to include hydro-mechanical
interactions resulting from partially saturated conditions. Based on the authors
knowledge, the study of unsaturated soils using a three-point approach (i.e. three

sets of MP for solid, liquid and gas) has never been attempted yet.

The aim of following subsections is to provide an overview of the MPM formu-
lations available in the literature for the simulation of unsaturated soils, proposed

by Yerro et al. [23], Yerro [24], Bandara et al. [25], Wang et al. [26, 27], Lei and
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Solowski [28], Lei et al. [16], Ceccato et al. [29, 30], Martinelli et al. [31]. A

summary of the main features discussed below is provided in Tab. 1.

The governing equations of a comprehensive hydro-mechanically coupled formu-
lation for unsaturated soils in a continuum framework should consider the balance
equations of the phases and the interactions among them. Additionally, compat-
ibility equations and constitutive relationships are also required to complete the
equations set. General assumptions considered in all MPM formulations presented
below include: (a) solid grains are incompressible, (b) fluids are weakly compress-
ible, (c) fluid flows are laminar (Darcy’s law is valid for gas and liquid phases), (d)

fluid convective terms are negligible, and (e) isothermal conditions.

2.1. Momentum balance equations

The first MPM formulation for unsaturated soils was proposed by Yerro [24], Yerro
et al. [23]. This is a three-phase single-point formulation and each MP represents
the solid-liquid-gas mixture. The main governing equations posed at the nodes of
the computational mesh are the linear momentum balances of the gas, liquid, and
mixture (Egs. 1, 2, and 3, respectively). The first two are posed per unit of fluid
volume, while the mixture is posed per unit of total soil volume. This formulation
is fully dynamic and all relative acceleration terms are fully accounted with the
accelerations of each phase being the primary unknowns of the system, i.e. ag, ap,

and ag.

pcag = Vpg — % + peg (1)
prap =VpL—ff +pLg (2)
nspsas+npprap +ngpgag = V-0 +p,g 3)

7
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Where ng, n; and ng are the volumetric concentration ratio of solid, liquid, and
gas; ps, pL, pc are densities of all phases and pp, is density of the mixture
(pm = nsps + nLpL + nGPG); fé and le are gas and liquid drag forces; pg and
pr are gas and liquid pressures; o is the total stress tensor; and g is the gravity
vector. The porosity of the solid skeleton becomes n = ny +ng, and the volumetric
concentration ratio of the fluid phases can be expressed in terms of the degree of
saturation (Sy) and porosity as n;, = nSy and ng = n(1 — S, respectively for
liquid and gas. Note that fully saturated conditions are the particular case when

the degree of saturation Sy, is one.

The fluid flow (either liquid or gas) is assumed laminar and the liquid and gas drag
forces (fé and fg) are written taking into account that Darcy’s law is valid (Eq. 4).

The subscript f denotes fluid phase, that can be either gas G or liquid L.

fd: Ry
f kf

(vy—vs) 4)

Where uy and k¢ correspond to the viscosity and intrinsic permeability of the
fluids (i.e. f = G, L). The intrinsic permeability is defined in terms of hydraulic

conductivity (k) as

"
k=KL 5)

The three momentum balances are integrated into the domain and discretised at
the nodes of the computational mesh (the detailed expressions can be found in
[24, 23]). At the beginning of each computational cycle, information carried by

the MPs is mapped to the mesh to calculate nodal mass, nodal velocities, internal
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and external forces, and dragging terms. Nodal gas and liquid accelerations are
obtained first from solving the discretised version of Eqgs. 1 and 2 independently.
Finally, the nodal acceleration of the solid skeleton is obtained by solving Eq. 3

and using updated nodal fluid velocities.

The rest of the MPM formulations addressing unsaturated conditions assume that
the density and pressure of the gas phase are negligible (oG = 0 and pg = 0). These
formulations are essentially two-phase approaches that account for the suction
effect. In consequence, the linear momentum balance of the gas is dropped from
the system of equations and only two momentum balance equations are considered
instead of three. This simplification reduces the computational cost. In the
formulations proposed by Wang et al. [26, 27], Lei and Solowski [28], Lee et al.
[32], Lei et al. [16], Ceccato et al. [29, 30] all dynamic terms, i.e. liquid and solid
inertia, are considered and the main unknowns of the system are the accelerations
of the solid and liquid phases (as and a;). The linear momentum of the liquid is
identical to Eq. 2. The linear momentum of the mixture is equivalent to Eq. 3 but

removing the dynamic term corresponding to the gas phase, which yields Eq. 6.

nspsas+nyprap =V-0o+p,g (6)

Very similarly, the formulation from Martinelli et al. [31] considers all dynamic
terms and the solid and liquid accelerations as primary variables, but the momen-
tum balance of the solid per unit of total volume (Eq. 7) is posed instead of the

momentum balance of the mixture. I is the identity matrix.

nspsas =V - (o —nppl) + (om — nppr)g + 17 (7N

10
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Finally, the formulation by Bandara et al. [25] neglects the relative acceleration of
the liquid with respect to the solid skeleton. Therefore, all phases have the same
acceleration a (i.e. acceleration of the system, a = ag = a;). The momentum
balances of the liquid, which is equivalent to the generalized Darcy equation
(Eq. 8), and the mixture (Eq. 9) are the governing equations posed at the nodes of
the computational mesh and the main unknowns are the acceleration of the system

a and the liquid seepage velocity (w = nSy(vy, — vs)).

K
W= —lu—I;(VPL +pL—pL) (3)

Pmas = V.o +Pom8 9)

2.2. Mass balance equations

Additional governing equations include the mass balances. In the three-phase
MPM formulation [23, 24] the liquid and gas are considered to be a mixture of
water and air, and mass exchange between liquid and gas phases is allowed to
account for "water vapour" in the gas and "dissolved gas" in the liquid. The
process of mass exchange is not included herein to facilitate the reading of the

D¥ps

paper. Assuming incompressible solid grains (—;

= 0), the expressions for the

mass balance of the solid and fluids (i.e. liquid and gas) phases are written as

Egs. 10 and 11, respectively. % is the material derivative with respect to the
solid motion.
DS
Ttn—(l—n)VNS:O (10)
D¥(pySy)
n#+v- (pfol’l(Vf—Vs))+pfoV-VS:O (11)

11
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The mass balance of the solid (Eq. 10) represents the variation of porosity n
caused by volumetric deformation of the solid skeleton. In those problems where
the spatial variations of fluids mass in the soil are small (V(psSsn) = 0), Yerro
et al. [23] simplify the term with the gradient of the advective fluxes of the fluid
phases (i.e. V- (psSrn(vy — vs))) yielding to Eq. 12. The effect of neglecting

part of the advective flow gradients is further discussed in Sec. 2.5.

D%(pySy)
n—

Di +pfol’lV'(Vf—VS)+pfoV-VS:0 (12)

The solid material derivatives from Eqs. 11 and 12 are evaluated using the chain
rule and considering the fluid pressures (pg and pp) as state variables (Eq. 13).
The fluid mass balances are solved in the MPM computational cycle in terms of

DSpy DSpg
o~ and —-=).

the variation of liquid and gas pressure (

D3(psS 0 dSs\D5 0 dSy\D*
(ps f):(S Py f) PL+(S pr f) PG (3

+ ~
Dt fapL fapL Dt f@pc pf@p(; Dt

The two-phase MPM formulations neglect the gas density and only the mass
balances of the solid and liquid phases are required. All approaches consider the
mass balance of the solid as presented in Eq. 10, but propose slightly different
versions of the mass balance of the liquid. Ceccato et al. [30] consider the liquid
mass balance with no simplification regarding the the gradient of the advective
fluxes, leading to Eq. 14. Wang et al. [26, 27], Ceccato et al. [33, 29], Lee et al.
[32], Martinelli et al. [31] neglect the gradients of the liquid mass (V(prSyn) = 0)

and use Eq. 15 instead. Bandara et al. [25] rewrites Eq. 14 in terms of w.

12
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D3p. St
n—

D - =V - (prSpn(vy —vs)) — prSLV - vs (14)
DSp; S
n% = —pLSLnV - (v —Vs) — pLSLV - Vs (15)

The solid material derivatives from Eqs. 14 and 15 are evaluated assuming a

weakly-compressible liquid (see Sec. 2.4.2), and the variation of the liquid pressure

(DSPL

5, ) is derived accordingly.

D¥p.S, b D’S;  pLD’py
Dt LD "k, Dt

(16)

Finally, the formulation proposed by Lei and Solowski [28], Lei et al. [16] extends
the previous works to account for internal erosion of the solid skeleton, based
on the work from Yerro et al. [34] for saturated conditions. The mass exchange
between the solid and liquid phases is allowed according to an erosion law that
controls the rate of eroded mass. This implies that the mass balances of solid and
liquid phases (Eq. 10 and Eq. 14) are extended with an additional term to account
for the lost or gained mass, respectively. In this formulation, the gradient of the
liquid density is neglected, but gradients of porosity and degree of saturation are
accounted. In addition to the solid and liquid mass balances, the mass balance of

the eroded grains (i.e. liquidized spices) is also required in the system.

2.3. Compatibility equations

All formulations consider the same compatibility equations to obtain the infinites-
imal strain rate tensor of each phase &,, (i.e. ph = §,L,G) at the MPs. These

can be written in terms of the corresponding phase velocities as in Eq. 17. In the

13
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MPM computational cycle, the compatibility equation is evaluated at the MPs and

updated nodal velocities are considered to calculate the corresponding gradients.

Ddg,, 1
Dtp =5 Vv + (Vv (17)

2.4. Constitutive laws

Different constitutive laws are required to complete the set of governing equations.

These are evaluated at the MPs, generally at the end of the computational cycle.

2.4.1. Stress-strain relationship for solid skeleton

The relationship between the strains of the solid skeleton and the stress is defined
by means of a constitutive equation. Various hydro-mechanical stress frameworks
are available in the literature to describe the behaviour of unsaturated soils [35].
They are inherited from the Bishop single effective stress approach [36] or from the
independent stress variable approach [37]. The Bishop effective stress approach is
the most commonly implemented in the MPM formulations [25, 27, 16, 32, 30, 31].
The general form of the constitutive equation is presented incrementally as Eq. 18,
where the effective stress essentially controls the stress state of unsaturated soil
and is defined as Eq. 19. D is the tangent matrix, & is the strain vector of the
solid skeleton, o, is the net stress (0, = 0 — pgl), s is the matric suction
(s = pc — pL), and y is an effective stress parameter generally assumed equal to

S1. Note that most of the works assume pg = 0.

do’ =D -de (18)

o' =0t — x5l (19)

14
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The independent stress variable approach is used in [23], where the net stress is
defined more generally as Eq. 20. In this context, the stress state is described by
two state variables (i.e. 0, and s) and a double constitutive matrix is required

(Eq. 21), where h is a constitutive vector controlling the influence of suction.

Oper =0 — maX{pG» pL}I (20)

do,.: =D -de +hds 21

Very limited number of constitutive models have been considered in both stress
frameworks. Linear elasticity has been used for validation purposes and the stan-
dard elastic-perfectly plastic Mohr Coulomb and the Mohr Coulomb with suction
hardening [38] have also been used for the study of different failure problems
(Sec. 4 includes a review of the applications). Finally, the Jaumann stress rate is
adopted in case of large deformation to achieve objectivity (i.e. frame indifferent

formulation) of the Cauchy stress rate matrix [25, 31].

2.4.2. Weakly-compressible fluids
All the currently available MPM formulations for unsaturated soils consider linear
elastic weakly-compressible fluids (Eq. 22), where K is the bulk modulus of the

reference fluid.

1dp; 10
S A (22)
Pr ot Kf ot

2.4.3. Soil water retention curve
The soil water retention curve (SWRC) is an essential relationship required to

model the behaviour of unsaturated soils that correlates suction (s = pg — pr) with

15
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degree of saturation (S;). For the purpose of simulating realistic soil behaviour,
the Van Genuchten SWRC [39] (Eq. 23) is preferred among the authors, where
po and A are fitting parameters. Alternatively, a linear SWRC (Eq. 24) is also
employed for validation purposes, where a, is a constant parameter, S, 1s the

residual degree of saturation, and S, is the maximum degree of saturation.

1 7-4
- -2
SL = Smin + (Smax - Smin) I+ (u) ] (23)

Po
St=1-a,(pG —p1) (24)

2.4.4. Liquid relative hydraulic conductivity

It is well known that unsaturated soils are less permeable than fully saturated
soils. The liquid relative hydraulic conductivity (i.e. the ratio between the actual
liquid hydraulic conductivity and the saturated hydraulic conductivity, «z /ksqr)
is a function of the degree of saturation. This dependence is also included in
the MPM formulations with the introduction of the hydraulic conductivity curve
(HCC). The most common HCC are the functions proposed by Hillel [40] (Eq. 25),

and Mualem [41] (Eq. 26), where r and A are fitting parameters.

oot (25)
Ksat
1 2
fL :@[1—(1—&2)*] (26)
Ksat

2.5. Discussion
This section discusses the effect of the gradient of advective fluxes in the fluid
mass balance equations. Eq. 11 can be written as Eq. 27, where f = L, G, by

expanding the gradient of the advective flux term.
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D3(p ¢S
. (0rSy)

D1 +V(pfon) . (Vf—VS)+pfonV-Vf +pfo(1 —I’l)V-VS =0 (27)

The first addend is related to the liquid mass change as a result of pressure and
degree of saturation variation in time (Eq. 16). All other terms explain the variation
of liquid mass as a result of the liquid inflow/outflow gradients resulting from
different mechanisms. In particular, the second term in Eq. 27 describes the
variation of the liquid mass induced by a flow triggered by the fluid mass gradient;
the third term describes the variation of liquid mass due to the divergence of the
fluid velocity (equivalent to a volumetric deformation of the fluid); and the fourth
term describes the variation of liquid mass due to the divergence of the solid

velocity (equivalent to a volumetric deformation of the solid skeleton).

The mass balance equation is solved at the MP level, where the computation of the
last two terms of Eq. 27 is straightforward because nodal velocities are already
available during the traditional computational cycle. In contrast, the evaluation of
the fluid mass gradient requires the additional step of mapping the quantity p ¢S rn
to the nodes and then calculate the gradient at the MP [24]. This is relatively
simple and does not increase significantly the computational cost. The gradient
of fluid mass can be calculated as Eq. 28. While the spatial gradient of liquid
density (Vpy) and porosity (Vn) can be assumed negligible in most cases, the
gradient of the degree of saturation depends on the pressure gradient and the
SWRC. The importance of the last term of Eq. 28 increases with pressure gradient

and 3Sf/0pf.

V(pfon) = anfo+Sfprn+nprSf (28)
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To visualize the effect of this term, the evolution of suction in a 1m soil column
during an infiltration test is considered. For ¢ = 0, an initial suction sq is applied
along the column. For ¢ > 0, zero suction is imposed at the top boundary while the
bottom is impervious. Gravity is neglected. The soil permeability is constant and
the SWRC is linear (Eq. 24). Under these assumptions, an analytical expression
that describes the evolution of the normalized suction along the column with time

can be derived from the mass balance equation of the liquid following [42]

Numerical simulations are performed with the two-phase formulations for unsat-

urated soils with the material parameters listed in Tab. 2.

Figure 2 compares the results obtained with the complete mass balance equation
(Eq. 14, circles) and with the simplified mass balance equation (Eq. 15, cross
symbol) considering different values of initial suction s¢ and S /dp = a,. For
so = 500kPaanda, = 1-1073 (Fig. 2a) the simplified mass balance equation leads
to a delay in the evolution of suction, while the complete mass balance equation
gives results in very good agreement with the analytical solution. Decreasing the
slope of the SWRC to a, = 1 - 107> (Fig. 2b) or reducing the initial suction to
so = 5kPa, i.e. the pressure gradient, (Fig. 2c) the two approaches give very
similar results. Indeed, in these cases, the contribute of the last term of Eq. 28 is
very small and neglecting the gradient of fluid mass is an acceptable simplification.
For the range of pressure gradients and SWRC typical of many civil engineering

applications the error introduced using Eq. 15 is acceptably small.

Similar results are obtained with the three-phase formulation as discussed in [43].
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Solid density [kg/m>] ps 2700

Liquid density [kg/m?>] pr 1000
Porosity [-] n 0.4
Liquid bulk modulus [k Pa] K; 80000

Liquid dynamic viscosity [kPa -s] ur 1-107°

Intrinsic permeability liquid [m?/s] «; 1-107!

Table 2. Material parameters for 1D infiltration example with applied pressure.

a) s,=500kPa, a,=1e-3 kPa b) s,=500kPa, a,=1e-5 kPa"! c) s,=5kPa, a,=1e-3 kPa"'

© Complete
+ Simplified
Analytical

0.4 0.6
s/sq [-]

s/s; [-]

Fig. 2. Evolution of normalized suction with depth. Comparison between numerical and analytical

formulations.

3. Implementation aspects

This section presents an overview of different implementation aspects concern-
ing unsaturated MPM formulations such as the stability of the solution and the

application of boundary conditions.

3.1. Time integration scheme and critical time step

All MPM formulations presented for the study of unsaturated soils are based on

numerical schemes explicitly integrated in time. Commonly, the Euler-Cromer
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algorithm is used. Explicit schemes are conditionally stable depending on a
maximum or critical time step Af., that depends on the material properties and
characteristic size of the computational grid. According to the authors’ knowl-
edge, no studies have been performed concerning the effects of partially saturated

conditions on Af,.

3.1.1. Review of stability criteria

In two-phase problems we can define two time scales of interest, namely that of
excess pore pressure dissipation related to consolidation and infiltration and that
of compression wave propagation within the solid-fluid mixture. In mathematics,
consolidation (infiltration) is seen as parabolic behaviour, while wave propagation
is hyperbolic behaviour. The associated critical time steps are expresses by Eq.
29 and Eq. 30 respectively, where L; is a characteristic length, i.e. the size of an

element.

L2
At, = —+ 2
! 2c 29
L;
At, = — (30)
Ve

The coefficient ¢ can be written as Eq. 31 where E_. is the effective oedometric

ds,

o= 0 it coincides with the consolidation

modulus. Note that for S; = 1 and

coeflicient.

c= 31
,UL(ELL, + X, +HW

v in Eq. 30 represents the one-dimensional compressing wave speed propagation
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and can be estimated with Eq. 32, where E, and p are the oedometric modulus

and the density of the considered material.

Ve =4 [— (32)
o

Eq. 32 can be particularized for undrained conditions using E. = E/. + n/K; and

P = Psa: or for dry conditions using E. = E/. and p = pgyy.

Yerro [24] and Mieremet [44] mathematically studied the stability of the two-
phase MPM formulation for saturated conditions proposed in [45]. In the work of
Yerro [24], the eigenvalue problem is solved to study the stability of four different
equations: (a) the liquid momentum balance Az jiguiq, (b) the mixture momentum
balance At ixiure, (¢) the coupled hydro-mechanical system (Afc couprea) (i-€.
liquid and mixture momentum balances), and (d) the momentum balance of the
mixture in undrained conditions (A, yndrainea)- The critical time step criterion for
the undrained analysis is identical to Eq. 30, while the other three criteria share

the following expression

Meyaro = 2| ~&+-fe+1] (33)

where w and ¢ vary depending on the set of equations considered, and provided in

Tab.3 (saturated column).

Mieremet [44] considered the stability of the coupled hydro-mechanical system
concerning liquid and mixture momentum balances. Rigorous mathematical sta-
bility analysis were conducted by means of the matrix method [46], and an esti-

mation of Az, is proposed as
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b+ Vb2 —4d

where terms a, b and d are reported in Tab. 4 (saturated column). The performance

AZLc,Mieremet = (34)

of the proposed criterion is verified with 1D FEM-based simulations.

3.1.2. New stability criteria for unsaturated conditions

Assuming that saturation can be understood as a particular case of unsaturated
conditions, one could expect that the Az, for unsaturated formulations is an ex-
tension of those obtained for saturated conditions. In this work, the stability of
the MPM formulation proposed by Ceccato et al. [30] in unsaturated conditions is
studied considering the same approach followed by Yerro [24]. The stability of (a)
the momentum balance of the liquid, (b) the momentum balance of the mixture,
and (c) the coupled system is derived. The main passages to obtain the stability
criteria are presented in detail in the Appendix (Sec. 7). The obtained expressions
for the critical time step follow the same structure as Eq. 33. The new terms w

and ¢ are reported in Tab. 3 (unsaturated column).

Given the consistent complexities in applying the same rigorous procedure by
Mieremet [44] to the formulation by Ceccato et al. [30], a simplified "adaptation”
of Eq. 34 to unsaturated conditions is proposed. The terms a, b and d are modified
in a similar manner to w and ¢ in saturated vs. unsaturated conditions (3). In
the term a, S% is added and py,; is replaced by p,,. In terms b and d, the liquid

bulk modulus K; is replaced by dSS—LS, based on w¢ and wy; unsaturated
L + L
ds Ky,

expressions. Note that, consistently for all the criteria, the saturated case (S = 1)

is a particular case of the unsaturated expressions.
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_1 [k E. (kg | R | PR —Ee
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a5 R
o n 1 _ Spnug N 1
éc= Trar [—(lfn)ps + PL] éc= 2krwc [(lfn)/?s + PL
P -1 (KL =1 [ S
T Li\pL i
Liquid |wp =7 wLr=1 s, s,
L\ =as tx;
£y = L 1 & = Sinur 1
L = w7 o1 T 2kpwr pr
. _ 1 [ B (ke 1 [ B (_g g 1) S
Mixture | oy = -4/ q=55s 0 ps wom =17 fos|m=m =5+ (dSL+SL)
ds " K
g — nzyL § — %
M = 30=n)pskrom M ~ 3(-npskrwm

Table 3. Parameters w and & used in A¢. expression by Yerro [24]. Left column: original version

for saturated conditions. Right column: new development for unsaturated conditions.

Saturated Unsaturated

S 2 npmy
(I-n)psprkr
s

4\ npm +(1-2n)pL. e +”pLEl.)
(dSL i) (dSL i)

nPsart
(I-mpsprkL

Mieremet | a = Mieremetadapred | @

+

b = s Kir(1-2n)p Ky tnpL Ec) b= TR a5 KL
n(l—n)pspLL? n(l—n)pSpLle
16E,—SL—_
(dSL +i)
_ __16E.Ky d= s "KL
(1-n)psprL} (1-n)psprL}

Table 4. Parameters a, b and d used in At expression by Mieremet [44]. Left column: original

version for saturated conditions. Right column: adapted criterion for unsaturated conditions.
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3.1.3. Numerical analysis and discussion

In this section, the performances of the unsaturated criteria are evaluated. A trial
and error procedure is used to explore At in unsaturated conditions. A series of
MPM-based simulations is performed with Anura3D [47] using the unsaturated
formulation in [30]. The objective is to determine Az, for different degrees of
saturation. The model is a soil column, 1m high and 0.05m wide. At the top of the
column, an external load of 100kPa is applied, see Fig. 3 (a). An initial suction
is imposed to the entire column and the same suction is applied at the top of the
column during the rest of the calculation to ensure that the degree of saturation
remains as constant as possible in the model. The material is linear elastic and the
intrinsic permeability (k; = 2 - 107!m?2, equivalent to a hydraulic conductivity
of k ~ 2-1073m/s) is assumed constant. The mesh is made by linear triangular

elements of 0.05m side length. The bottom boundary is fully fixed and impervious.

The lateral boundaries only allow vertical movement and are impervious.

The same analysis is repeated for three soil types (sand, silt, and clay) to evaluate
the effect of the SWRCs on the numerical stability. The Van Genuchten model
is used to describe three reference SWRC from [48] (Fig. 3 (b)). The SWRC
parameters are provided in Tab. 5. The simulations are performed for each soil
type ensuring a large range of suction values, covering degrees of saturation from

saturated (Sz = 1.0) to approximately dry conditions (S; = 1072).

Moreover, to evaluate the critical time step in diverse conditions we consider
different sets of analysis varying the porosity (n = 0.4 and n = 0.6) and the Young
modulus (E; = 10°kPa and E; = 5 - 10*kPa). The Poisson ratio is assumed

constant for all the simulations, v = 0.2.
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Fig. 3. Critical time step in unsaturated conditions obtained from numerical simulations: (a)

geometry of the problem, (b) SWRCs tested.

The time step of each calculation is manually increased until the simulation doesn’t
converge. This iterative process is repeated for each combination of material pa-
rameters. The maximum value that ensures the solution convergence is considered

the critical time step.

The critical time steps obtained from the numerical tests performed in sand, silt,
and clay are presented in Fig. 4, Fig. 5 and Fig. 6, respectively. In all figures, the
numerical results plotted together with the stability criteria proposed in this work
for unsaturated conditions (Tab. 3 and 4). In addition, the expressions from the
literature, i.e. consolidation and infiltration (Eq. 29), and CFL in undrained and
dry conditions (Eq. 30) are also presented for reference. All the expressions are
evaluated considering L; = 0.035m which corresponds to the minimum altitude

of the element.

The numerical results show a general increase of Af. in the unsaturated regime.
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Fig. 4. At. results from MPM simulations compared with mathematical expressions and literature

criteria. Sand SWRC.
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Fig. 5. At. results from MPM simulations compared with mathematical expressions and literature

criteria. Silt SWRC.
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Fig. 6. At. results from MPM simulations compared with mathematical expressions and literature

criteria. Clay SWRC.
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Sand Silt Clay

Smin [[] ~ 0.003 0.001 0.001
Smax [-] 1.0 1.0 1.0

Pref [kPal 9.9 100.0 196.0
A -] 08 075 05

Table 5. Van Genuchten parameters for the three SWRCs used in the critical time step numerical

analysis.

The coupled criterion Azc coupiea appears as the one better fitting the results,
however, it overestimates Af. near the extremes (dry and saturated conditions).
Ate Mieremetagaprea is the second closest criterion, and it trends to be more con-
servative than Af¢ coupieq- It is important to note that near the dry conditions
(Sp ~ 1072 a sharp decrease of Az, is consistently observed. This decrease is
highlighted by At coupied, At Liguia and Ate pieremer, dapted criteria. It should be
noted that the use of Af¢ picremer, dapred is limited by negative values under the
square root present at the numerator of this expression (Eq. 34). This situation
seems to occur when suction values are extremely high (i.e. Sy is very low).
This behaviour occurs for silt SWRC when s > 1800k Pa and for clay SWRC
when s > 4500k Pa (although it is difficult to appreciate in the figures because
of the logarithmic scale). These values of suction are hardly encountered in real

geotechnical scenarios.

To better quantify the increase of Az, in unsaturated conditions and to visualize the
effect of each material parameter on it, in Fig. 7(a) the numerical Az, values are
normalized with respect to Az azjeremer (Criterion for saturated conditions, Eq. 34).

We can observe that smaller porosity values result in bigger Atz., as highlighted
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by circle and diamond symbols. On the other side, the higher Young modulus
results in lower Az, values, visible with square and cross symbols. Furthermore,
the higher Young modulus gives a more flat trend in the interval between S; =
0.2 and S; = 0.8. It is interesting to observe the comparable (in some cases
identical) increase in Az, among the different materials for the same combination
of porosity and Young modulus. The major differences occur when approaching

dry conditions.

In addition, in Fig.7(b), the outcomes using the same model scaled up 10 times, L; =
0.5m are introduced to emphasize the mesh size effect on Az.. This comparison is
related to the silt material. It is clear that A7, depends on the mesh size. Results
with the coarser mesh have a different trend of critical time step. The sharp
reduction of Az, near dry conditions is no more present, on the contrary, in this
normalization, Az, is continuously increasing and the two porosity values tested
results in very similar results. A more extensive investigation in this regard is

further necessary to understand the different behaviours.

These preliminary results can encourage future studies and provide an indicative
support to stimulate researchers using MPM unsaturated formulations in testing
higher values of Az, in situations where significant variations of S; or extreme
values in the unsaturated regime, i.e. full saturation or dry conditions, are not
encountered. Further studies need to be performed to investigate the effect of

other parameters such as permeability on the stability of the solution.

3.2. Boundary conditions

Given the multi-phase nature of the formulation, the boundary conditions (BCs)

need to be applied on each phase separately (solid, liquid, and eventually gas).
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Fig. 7. Comprehensive numerical results normalized with respect to At. aieremer, as function of

saturation degree (a) (L; = 0.05m). Comparison of normalized A¢. for different mesh sizes using
silt SWRC (b).
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Fig. 8. BC applied with the boundary layer approach.

Two kinds of BCs can be distinguished — essential and natural. Essential BCs
are imposed directly on the solution, and the degrees of freedom are eliminated
from the system of equations. Fixities, prescribed accelerations, velocities, or
displacements are typical examples of essential BCs. Natural BCs are imposed
on a secondary variable, such as stresses or pressures, and they are included in
the weak form of the governing equations. In classical FEM, the application of
BCs is relatively simple as these can be specified directly on the boundary nodes,
which coincide with the boundary of the continuum body, and are well defined
throughout the computation. However, the computational mesh in MPM does not
necessarily align with the boundary of the material making the application of the

BCs more challenging.
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Fig. 9. BC applied at the boundary MP or at the boundary nodes.

Bandara et al. [25] apply the concept of boundary layer in which the applied
traction or pressure is prescribed to all the MP inside the boundary cells. Boundary
cells are those adjacent to empty cells, and they are determined at each time step
(Fig. 8). The disadvantage of this approach is that traction (or pressure) is
distributed over a thickness that has the size of the cell. In the Anura3D software
[47] used by [23, 30, 32, 31] loads can be applied on either the boundary element
side or the boundary material points (BMPs, Fig. 9) [49]. The first option
is applicable only when the boundary of the body remains aligned with loaded
element boundaries throughout the computation. The nodal traction force is
integrated like in FEM applying Gauss quadrature and then used in the momentum
balance equation. The applied load is thus integrated accurately, and the traction

nodal force is non-zero only for the nodes belonging to the loaded surface. The
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second option consists of storing the load on specific MPs (loaded BMP, LBMP)
that can move through the mesh. This is mapped from LBMPs to all nodes of
the element where it is located by means of the shape functions. In this way, the
surface force is distributed across the layer of elements that borders the boundary,
but the effect is less severe compared to the boundary layer approach. The LBMPs
may move a long distance and become non-boundary material points, which may

lead to unrealistic results.

An alternative definition of pressure BC is the hydraulic head BC, which is very
useful to simulate, for example, water levels in reservoirs [30, 50]. A total head
value H is prescribed on the boundary, which is related to the applied pressure py
by means of Bernoulli’s equation (Eq. 35) where h;, is the geometric head

pL

H=n- 12 (35)

Essential BCs on the liquid phase include impermeable boundaries and infiltration
BC. While the first is trivial, the second is more complex because the infiltration
capacity of a soil depends on its hydraulic conductivity, and it can be solved
in different ways. Bandara et al. [25] impose the infiltration velocity w at the
surface boundary nodes (BNs), i.e. nodes of the cell side which bound active and
non-active nodes (Fig. 8). The infiltration velocity is applied only if the MPs
located adjacent to the BNs are unsaturated. There is no control on the maximum
infiltration velocity, i.e. the user should not apply a value of W larger than the
maximum soil infiltration capacity w,,,, if ponding is not allowed. The case
W > Wy Will lead to pore pressures higher than zero at the boundary, meaning

that a layer of free water is present above the free surface.
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Martinelli et al. [31] and Ceccato et al. [30] apply a predictor-corrector scheme:
liquid and solid velocities (¥, Vs) are predicted assuming zero pressure at the
infiltration boundary and then (eventually) corrected to ensure the prescribed
infiltration rate w = ny (v — vg). If the net infiltration discharge g,.; (Eq. 36) is
positive, ponding conditions occur, and if fluid accumulation above the boundary is
not allowed (it must remain at zero pressure), no correction is necessary, meaning
that the maximum soil infiltration capacity is met. If the net infiltration discharge
is negative or liquid ponding is allowed above the surface, then the liquid velocity

must be corrected to ensure the correct infiltration rate.

Gnet = (np (V72 — ¥ — W) - n (36)

n is the normal direction at the node that is determined by means of the gradient

of mass.

The two approaches differ in terms of velocity correction. Martinelli et al. [31]
correct both liquid and solid velocity, while Ceccato et al. [30] correct only liquid
velocity. The first one accurately ensures the conservation of momentum balance
of the mixture at the boundary, i.e. the total stress remains constant at the ground
level. The second one implicitly assumes that the relative acceleration between
solid and liquid is negligible and that the effective stress at the boundary is constant

and equal to zero.

In order to emphasize the difference between the two implementations on the
results, a 1D infiltration example is used for comparison. A 1m-high soil column
is considered with the material parameters listed in Tab. 6. For simplicity,

the intrinsic permeability is assumed constant and equal to k; = 1 - 107'1m?,
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corresponding to an hydraulic conductivity of x = 1.0 - 10~*m/s. Van Genuchten
SWRC is accounted (Eq. 23), with parameters p,.r = 3kPa, A = 0.7, Sy, = 0.0,
Smax = 1.

Solid density [kg/m?] ps 2700
Liquid density [kg/m>] pr 1000
Porosity [-] n 0.4
Liquid bulk modulus [k Pa] K; 80000
Liquid dynamic viscosity [kPa -s] pu; 1-107°
Young modulus [k Pa] E 10000
Poisson ratio [-] % 0.2

Table 6. Material parameters for 1D infiltration example with applied infiltration velocity.

The column is discretised with 20 rows of 2 square triangular elements filled with
3 MPs each (Fig. 10a). The bottom and lateral boundaries are impervious, while
a vertical infiltration rate wy = 1.0 - 10~* my/s is applied at the top boundary. An
initial suction of 2kPa is assigned along the column at ¢ = 0, which corresponds

to an initial degree of saturation Sz = 0.85.

The liquid infiltrates from the top and flows down through the column accumu-
lating at the impervious bottom. Liquid suction decreases while soil saturates.
As expected, the approaches proposed by Martinelli et al. [31] and Ceccato et al.
[30] give different results. Due to the different correction of solid velocity, soil
displacements at the column head are different. The approach from Ceccato et al.
[30] results in a non-realistic solid velocity at the beginning of the calculation.
This difference reduces with time, i.e. with the reduction of relative acceleration

between liquid and solid. Despite the results obtained in terms of liquid pres-
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Fig. 10. 1D infiltration BC (a) geometry of the problem, (b) liquid pressure with depth, (c)

displacement with time.

sures are very similar (Fig. 10b), the formulation from Martinelli et al. [31] is

theoretically more accurate and therefore recommended.

In some cases, it is unknown if the boundary is an essential or a natural BC, for
example, interface between soil and atmosphere where the fluid is free to exit at
zero pressure when the soil is saturated. Still, it cannot enter when the soil is
partially saturated. This boundary is called potential seepage face, and it is typical
of the downstream surface of a dam or levee, or it can also arise on the reservoir

side after a rapid drawdown of the water level.

Once more, Bandara et al. [25] solve this BC with the concept of boundary layer.
If the boundary cell is fully saturated, i.e. Sy = 1 for all MP inside the cell, the
pore pressure of all the MPs inside the cell is set to zero. If the boundary cell is

unsaturated, i.e. there is at least 1 MP for which §; < 1, then zero infiltration
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rate is prescribed at the boundary nodes. The BC switches between natural and
essential depending on the saturation level of the boundary cell. Ceccato et al.
[30] solves the potential seepage face as a particular case of infiltration boundary
condition in which w = 0 and applies the predictor-corrector scheme described
previously. In this case, the BC switches between natural and essential depending
on the infiltration discharge (Eq. 36). Similarly, the formulation by Martinelli

et al. [31] can also be used for the same purpose.

4. Applications

All MPM formulations for partially saturated soils developed to simulate large-
deformation problems were first validated using applications where soil displace-
ment is limited. In general, the 1D infiltration problem is considered and the
MPM results are compared with analytical solutions [24, 29], experimental data

[25, 27, 16], or FEM calculations [33, 30, 31, 16].

For large-deformation applications, the MPM formulations for unsaturated soils
were mainly used to study rainfall-induced slope failures, with particular emphasis
on levees [30], embankments [24, 23] and landslides [25, 27, 32, 51, 16]. Ceccato
et al. [30] looked at the displacement evolution of a levee after failure induced
different boundary conditions, i.e. the rapid drawdown of the water level on the
river side or an infiltration due to heavy rainfall, highlighting the importance of
a large deformation tool for improving the accuracy of risk assessment. Yerro
[24], Yerro et al. [23] described the instability of a embankment slope subjected
to rain infiltration for a real case described in [52]. The model was able to show
the development of the initial failure surface, and the progressive large strain

deformation of the slope together with the dynamics of the motion characterised
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by the history of displacement, velocity and acceleration of the unstable mass.
The first rainfall-induced landslide using MPM considering a rainfall boundary
condition was performed by Bandara et al. [25] for a case study inspired by the
full-scale field test performed in Riidlingen, Switzerland [53]. The model was
able to show the negative effects on the stability of unsaturated slopes due to the
presence of continuous rainfall and shallow soil cover to bedrock surface. Wang
et al. [27] highlighted the importance of using coupled formulations for rainfall-
induced landslides, as large difference in retrogressive failure modes was observed
compared to the total stress analysis. More recently, the catastrophic event of
the Fei Tsui Road landslide, occurred on 13 August 1995 in Hong Kong, was
studied [32, 51, 54]. The first attempt was made by Lee et al. [32] where a linearly
distributed suction with depth was initialized and the rainfall was applied as zero
suction at the free surface. The evolution of the degree of saturation during the
failure is illustrated in Fig. 11. Later on, Liu et al. [51] revised the initial conditions
and simulated the failure process using a rainfall intensity equal to the saturated
conductivity of the soil. Lastly, Cuomo et al. [54] simulated the complete rainfall

event, exploring the failure process also in axisymmetric conditions.

Beside slope instability, other interesting applications using MPM for unsaturated
soils are in the field of site investigation, soil-structure interaction (e.g. pile
installation), excavation and trenching, and many others. For example, the role of
unsaturated behaviour during soil characterization by means of site investigation
(e.g. CPT, SPT, DMT, etc.) is relevant for soils above the water table. A new
example of cone penetration test (CPT) in unsaturated soil is illustrated hereafter.
The numerical simulation represents a penetration of a CPT, with radius r. = 3.6

cm, in a virtual calibration chamber. The thickness of the soil domain is 1 m and
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Fig. 11. Evolution of the degree of saturation during failure ([32])

the radius of 84 cm, loaded by 50 kPa constant in time. The computational mesh
and numerical settings are equivalent to the one used by Martinelli and Galavi
[55] for dry sand, but here unsaturated soil is considered. The soil behaviour
is simulated using Mohr-Coulomb model with friction angle ¢ = 28° and zero
cohesion. The full list of material parameters is in Table 6 and the water retention
curve is the one for "clay" in Table 5. The contact between pile and penetrometer is
perfectly smooth. The simulations are performed using the unsaturated formulation
described in [31], with the additional assumption that soil-water relative movement

is negligible.

Three different values of initial suction in the liquid pressure are considered (i.e.
0, 50 and 100 kPa), and the corresponding initial effective stress is then calculated
to meet the equilibrium. The cone penetrates 40 cm into the soil sample and the

cone resistance (q.) is calculated as the ratio between the vertical reaction forces
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on the cone and the area of the cross section of the penetrometer. The evolution
of g, during the penetration is illustrated in Fig. 12, where the cone resistance

increases with the initial suction (ug).

Fig.13 shows the distribution of pore water pressure in a close-up view of the
computational mesh, close to the cone, at the penetration of 40 cm. It is observed
that, if ug = 0, the soil domain is fully saturated and large pore water pressure
is computed nearby the cone and along the shaft. In this case, a soil region of
approximately 5 cone radii (5r.) is affected by such a large pore water pressure
change. As the initial suction increases (uo = 50 or 100 kPa), the degree of
saturation decreases and the volumetric compressibility increases. It follows that,
during the penetration, large pore pressures can still be developed below the cone,
due to the large volumetric strains. However, the larger soil compressibility makes
such a pore pressure changes concentrated in the vicinity of the penetrometer,

whereas the rest of the domain remain almost unaffected.

Despite the relatively simple constitutive model used for to describe soil behaviour,
this example highlights the important role of the initial suction and the unsaturated

behaviour of soils on the measured cone resistance during site investigations.

As discussed in Sec. 3.1, all MPM formulations developed for unsaturated soil
are implemented in explicit, typically suitable for fast processes (e.g. impacts,
fast flows). For some of the applications which include long-term process (e.g.
consolidation or creep), the very small time step, required by explicit integration
schemes for stability criteria, makes the simulation extremely time consuming and
sometimes unfeasible. The implementation of implicit MPM codes will overcome

this issue.
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5. Conclusions

This paper presented an overview of the MPM formulations available for the
simulation of unsaturated soils. Three-phase and two-phase formulations are
proposed in the literature. The first one accounts for solid-liquid-gas interactions,
while the second one neglects the pressure and density of the gas. While the three-
phase formulations can be essential for the simulation of problems where pressure
variations are important such as extremely rapid motions and explosion, the two-
phase formulations are adequate for the study of problems where the gas pressure
remains constant. The two-phase approach is computationally more efficient than

the three-phase one because a reduced number of governing equations is required.

Most of the formulations include all inertial terms, which is ideal when dealing with
dynamic problems. Neglecting the relative acceleration of the fluid with respect
to the solid is not recommended in dynamic problems where relative movement
between liquid and solid is expected. Finally, a few approaches neglect the gradient
of fluid mass when evaluating the mass balances. This assumption is acceptable
for most of the pressure gradients and SWRC present in many geotechnical appli-
cations, but it can induce errors when large gradients of pressure and degree of

saturation are expected.

All MPM formulations currently available for unsaturated soils are integrated
using explicit time schemes. The stability of the solution is limited by a critical
time step. This paper presents the first investigation on the effects of degree of
saturation (among other properties) on the stability of the solution. In general, the
critical time step increases in unsaturated conditions. Practical recommendations

are proposed based on the results to optimize the time step of the calculations.
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Nevertheless, the implementation of implicit schemes is needed to study long-term

processes efficiently.

Despite the large number of geotechnical applications involving unsaturated soils,
a limited number of problems have been investigated, mainly focused on slope
stability and runout analysis. In this paper, preliminary results of a CPT model are
presented to illustrate the capabilities of unsaturated MPM in application involving

soil-structure interaction.
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7. Appendix

In this appendix, we present the steps followed to study the stability of the for-
mulation presented by Ceccato et al. [30] for the simulation of unsaturated soils.
Three different At criteria are obtained taking into the stability of (a) the coupled
system of momentum balance equations, (b) the momentum balance of the liquid

phase, and (c) the momentum balance of the mixture.

7.1. Stability of the coupled system of momentum balance equations

The governing equations in the strong form considered are the liquid momentum

balance and the mixture momentum balance as in

prar =Vpr —f+pLg (37)
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nspsas+nyprap =V-0+p,g (33)

s« Additionally, the mass balance equation is considered to express the liquid pressure
sss as function of velocity (Eq.39). A linear elastic solid constitutive law (Eq.40) is
sss assumed to express effective stress as function of solid displacements. The sign

7 convention used expresses suction s as § = —py.

0 aS.\DS
n SL PL + pL, L pL = anSLdiV(VS - VL) - PLSLdiV(VS) (39)
JopL dpL) Dt

do’ =E. - de (40)
sss If a single node i is considered, the momentum balances per unit volume at time ¢,

ss9 can be written as a system of second-order ordinary differential equations (ODE).

s0 The homogeneous form for both equations is

1-n
PLa]i +qulz - qu1§ +KLulz + ( . )KLulg =0 41
k k p (I=-n) k
(1 _n)p‘YaS+nSLpLaL+KSuS+TKLMS+KLML =0 (42)
where
S
qr = > (43)
L
St 1
Kp=— +——— 44
ds K,
E.
Ks = B (45)

ssr In this notation K,, is the bulk modulus of the liquid, while K is a term which

2 includes K,,, Sy is the saturation degree, d;—sL is the derivative of Sy respect to
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ses suction, and L; is the characteristic length of the element. The use of an Euler-
s« Cromer time scheme leads to the following set of equations for the kinematic

eos variables of liquid and solid phases.

Vi =K A ak (46)
vgf” = v + At ag 47)
ub = uk + A v (48)
Ukt = uf + Arvi! (49)

s From Eq.41 and Eq.42 it is possible to express accelerations as function of all the

sz Other terms as follows.

alliz—— v11i+—v§——uL— Kpug (50)
PL L

nSrpr Sk Ks Sk Ky uk Ky 4
(1-n)ps L (1 =n)p;s S nps S (1 -n)ps L

(5D

ss  INow, the acceleration expressions (Egs. 50 and 51) are substituted in the explicit

s time scheme set (Eqgs. 48, 46, 49, 47).

K 1-

ulz” = ui +At[v§ +At( _ vi + ar v§ - =L ulz — ( n)KLufé)] (52)
PL PL PL npr
K 1-

R PO (R o R T S et D IR =

oL oL oL npr

S K K K
u1§+1 :u§+At[vf+At(— MLPL alz— S ué— Luﬁ— L uﬁ)]
(1 =n)ps (1 =n)ps nps (1 -n)ps

(54)
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705

kel _ nSLpr Ks + Ko i KL

k
= +At(— _ _ -
s T Vs A=mps b~ U=n)p, S nps' s~ (1-

) 55

The coeflicients’ matrix of the system of Eqs.52, 53, 54, 55 is evaluated to solve

the eigenvalues problem,

det(A—AI)=0

(56)

Thus, a quadratic equation for A is obtained, where the terms > Ar> are neglected,

cAt? .\ K1 At?
Ps PL

22 +/1(AthLQ -

If Eq.57 is solved for Az, by imposing |1| = 1, it results in

~q10 + \/(qLQ>2 +4(K- <)

KL _ ¢
PL Ps

At =

Arranged in a more general form, it is equivalent to Eq.33 proposed by [24],

AtC:%[—§+1/§2+l]

where

-2)+ (1-4rg10) =0

(57)

(58)

(59)

we = (%‘f)ﬁd[(s—L)][,%*,%(%‘SL)]*

£ = qLQ _ SU’l,UL[ Sin N i]
2w 2kpwel(1-n)ps  prL
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7.2. Stability of the momentum balance of the liquid phase

Same procedure presented for the coupled system can be applied to study the
stability of the momentum balance of the liquid phase. By considering the ho-
mogeneous form of Eq.41 (without the terms referring to the solid phase), we

obtain

pLaIIi + qulz + KLuI/i =0 (62)

The set of two ODEs (by considering the Euler-Cromer time scheme) is now

K
uk*! :ulli+At[vI’i+At(—q—va——Lulli)] (63)
PL PL
K
vith = vk o At( _ar i — —L u,’i) (64)
PL PL

The characteristic polynomial based on the resolution of the eigenvalues problem

for Egs. 63 and 64 is

At K Af? At
/12+/1( cdr | L °—2)+(1— c‘“):o 65)
PL PL PL

Eq.65 solved for At gives
_4qr + (q_L)2 + 4&
oL

PL PL
At, = (66)

Arranged in a more general form, it is equivalent to 33, where
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K 1 S
o=\ o STl T o 67
PL i pL(d_sL_FK_a)

aL
(PL) _ Senpp 1

- 2w 2krwr pr

33 (68)

7.3. Stability of the momentum balance of the mixture

Same procedure presented for the coupled system can be applied to study the sta-
bility of the momentum balance of the mixture. By considering the homogeneous

form of Eq.42, we obtain

1
(1 —n)pgalg +nSLqu§ + [KS + (1 - n)( -SL+ ;)KL]ME =0 (69)

The set of 2 ODEs (by considering the Euler-Cromer time scheme) is now

ugtt = uk + Ar(vE + Atal) (70)
virh = vk 4+ Arat (71)

The characteristic polynomial (related to Eqs.70 and 71) is now

SLAt, SLAt,
/12+/1[PAtg+L—nqL— ]+[1—L—”‘“]:0 (72)
(1-n)ps (1-n)ps
where the term P is expressed as
1 K 1
:_[ s +(—SL+—)KL] (73)
psL(1—n) n
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723 If we solve Eq.72 for Az, we obtain

(_ nSLqL + ( nSrLqr )2 +4P)
(1-n)ps (1-n)ps

At, = 74
P (74)

72« Arranged in a more general form, it is equivalent to 33, where

725

7

N
[

727

7.

N
®©

729

730

731

732

733

734

735

736

737

ds K,,

wM:«F:LiiniS[(icn)+(_SL+%)(£LS#_L)] (75)

nSLqL
( (T-n)ps ) Sin*ur

2wy - 2(1 —n)pskrwuy

Em =

(76)
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