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Abstract

This Dissertation consists of seven chapters.

Chapter 1 is an introduction, where, in particular, the importance of study-
ing the second order degenerate systems is discussed and motivated. In this
chapter we present some well-known auxiliary facts and necessary notation.

In Chapter 2, we obtain the conditions of the unique solvability of the
semiperiodical Dirichlet problems in the rectangle for second order degenerate
systems with the right hand side in Ls.

In Chapter 3, we establish a coercive estimate for the solutions of the se-
miperiodical Dirichlet problem for a second order degenerate system in the
rectangle.

In Chapter 4, we prove the existence, uniqueness and regularity in the
Sobolev space WZ(G,R?) of the solutions of second order singular degenerate
systems with variable principal coefficients.

Chapter 5 is devoted to the questions of coercive estimates for the solutions
of second order singular degenerate systems.

Chapter 6 is devoted to the questions of compactness and approximation
properties of the solutions of second order singular degenerate systems. We
also obtain double-sided estimates for the distribution function of the approxi-
mation numbers of the corresponding operator. We extend the main results of
K.Ospanov on approximation properties of the solutions of an elliptic operator
[42] for Bitsadze-type systems with variable lower order coefficients to the case
of degenerate systems.

The unique solvability of the semiperiodical nonlinear problems for second

order singular elliptic systems is proved in Chapter 7.
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Riassunto

Questa Tesi consiste di sette capitoli.

Il Capitolo 1 e una introduzione, dove, in particolare, viene discussa e
motivata 'importanza dello studio di sistemi degeneri del secondo ordine. In
questo capitolo presentiamo alcuni risultati ausiliari noti e notazioni necessarie.

Nel Capitolo 2, otteniamo condizioni di risolubilita con unicita dei problemi
di Dirichlet semiperiodici nel rettangolo per sistemi del secondo ordine degeneri
con il dato in L.

Nel Capitolo 3, stabiliamo una stima coerciva per le soluzioni del pro-
blema di Dirichlet semiperiodico per sistemi del secondo ordine degeneri nel
rettangolo.

Nel Capitolo 4, dimostriamo I'esistenza, I'unicita e la regolarita nello spazio
di Sobolev W2(G,R?) delle soluzioni di sistemi degeneri del secondo ordine
singolari con i coefficienti principali variabili.

Il Capitolo 5 e dedicato a questioni di stime coercive per le soluzioni di
sistemi degeneri del secondo ordine singolari.

I1 Capitolo 6 ¢ dedicato a questioni di compattezza e a proprieta di approssi-
mazione delle soluzioni di sistemi degeneri del secondo ordine singolari. Otte-
niamo anche stime sia dal basso che dall’alto per la funzione di distribuzione dei
numeri di approssimazione dell’operatore corrispondente. Estendiamo i risul-
tati principali di K. Ospanov sulle proprieta di approssimazione delle soluzioni
di un operatore ellittico [42] per sistemi di tipo Bitsadze con coefficienti di
ordine inferiore variabili al caso di sistemi ellittici degeneri.

La risolubilita con unicita dei problemi nonlineari semiperiodici per sistemi

ellittici del secondo ordine singolari ¢ dimostrata nel Capitolo 7.
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Chapter 1

Introduction

This work is devoted to study the questions of regularity and approximation
properties of the solutions of second order degenerate singular systems. The
analysis of singular differential equations had began with the work of H.Weil
(1910). The Schrédinger equations and the Dirac system are the basic math-
ematical models of quantum mechanics. The problem of the selfadjointness
of the differential operators is important in the theory of partial differential
equations and it leads to the problem of existence and uniqueness of square
summable generalized solutions. The effective conditions for unique solvabil-
ity of the equations of quantum mechanics were obtained in the works of P.
Hartman (1948), B.M. Levitan (1953), R.S. Ismagilov (1962) and others.

For the treatment of elliptic equations on bounded domains and with reg-
ular coefficients, we refer to the papers of J. L. Lions and E. Magenes [27],
L. Bers, S. Bochner and F. John [4], A. V. Bitsadze [5], [7], F.E. Browder
[10], L. Garding [17], V.P. Glushko and Yu.B. Savchenko [18], O. A. Lady-
zhenskaya [24], O.A. Ladyzhenskaya and N.N. Uraltseva [25], S.G. Mikhlin
33], O.A. Oleinik and E.V. Radkevi¢ [37] and others. M.I. Vishik [64], and O.
A. Ladyzhenskaya [24], and L. Nirenberg [35], and K.O. Friedrichs [16] used
the Hilbert space method to study boundary value problems for second order
elliptic equations.

We consider the linear equation
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= F(z,...,z,), (1.1)

with the unknown function w(xy,...,x,). The functions A, ;, B;, C, F are

real and defined in some region G of the Euclidean space R". We assume
Al,] — Ajﬂ;.
The equation (1.1) is said to be elliptic in a region G C R™ if

ZA”tt e Zt

i,7=1
where u(x) is a positive function of the point x € G and for arbitrary real

numbers ¢4, ..., t, such that Z t? # 0. If, in addition, there exists a constant
=1

fo, such that p(x) > pug for all x € G, the elliptic equation (1.1) is said to be

uniformly elliptic.

Obviously, inf p(z) > 0 for an uniformly elliptic equation and we may set

pio = inf ().

zeG
If 1112#@) = 0, the elliptic equation is said to be degenerate.
S

The equation (1.1) is said to be strongly elliptic at a given point = € G, if
for arbitrary real numbers t1, ..., t, such that > ¢? # 0,

i=1
Z A jtit; > qutQ
ij=1

Every strongly elliptic equation is elliptic.

The strongly elliptic systems and degenerate systems are well studied in
the works of M.I. Vishik [64], M.I. Vishik and V.V. Grushin [65], N.E. Tov-
masyan [59] -[62], L. Nirenberg [35], Ya.B. Lopatinskiy [29], F.E. Browder [10],
A.P.Soldatov [58]. Among the last works devoted to study the strongly elliptic
systems, we mention the works of N.E. Tovmasyan [61], [62], A.P. Soldatov [57]
and K.N. Ospanov [39]. Among elliptic systems only some classes, which were
considered in the works of M.I. Vishik [64] and of Ya.B. Lopatinskiy [29] have
a theory which is anolog to the theory of the second order single equations.
The well-known Bitsadze system [7]

2 2
0%u 0%u _0

x2 ~ 9y2 89383/ (12)
o lu 4 Py Dy _
Oz0y Ox? 8y2 -

is an example of elliptic system which does not satisfy the conditions of [64],

[29]. The first boundary value problem with homogeneous boundary conditions
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for an elliptic system (1.2) is not well posed (i.e. it may have an infinite number
of linearly independent solutions in an arbitrarily small circle [5]). Under the
theoretical point of view, it is important to know what is the nature of the
well posed problems for system of Bitsadze-type in an unbounded region. In
particular, for the problem considered in this work, which is analog to the
Dirichlet problem. The functional methods are used successfully to study linear
boundary problems for strongly elliptic systems. Such methods do not apply
in the case of degenerate systems, and in particular, in the case of unbounded
domains.

One of the basic methods of research of the boundary value problems and
of the Cauchy problem for partial differential equations is the integral equation
method. Beside the existence and uniqueness theorems, the integral equation
method gives a manner of finding the approximate solutions of the problems
considered. However this method does not carry over for singular differential
equations because the corresponding integrals do not converge in the domain,
or the corresponding operators are not compact. At the same time, in the sin-
gular case one can sometimes establish properties of the resolvent, which allow
to obtain good properties of approximation of the solutions for the problem.
Such approaches are based on the general theory of the operators [20], and are
connected with spectral and approximation properties of the resolvent.

One of the effective methods to study a singular differential equation with
unbounded coefficients is the method of coercive estimates of the solutions,
which is the analog of the famous ‘second basic inequality’ for boundary value
problems [24]. There are two approaches to establish the coercive estimates of
the solutions. Namely, the variational and the Tichmarsh methods. In order
to apply the variational method, it is necessary to prove the well posedness
of certain classes of boundary value problems for the equations we consider.
The resolvent of the singular problems is constructed via resolvent of the cor-
responding boundary value problems. The method of coercive estimates of
the solutions for different classes of singular elliptic equations was found and
developed in the works of W.N. Everitt and M. Giertz [13]-[15], M. Otelbaev
[48], K.Kh. Boimatov [9]. Later, it was extended to elliptic systems of equa-
tions with higher order derivatives (M. Otelbaev [44]-[47], R. Oinarov [36],



6 INTRODUCTION

K.N. Ospanov [38]-[43] and others). In such a case coercive estimates of the
solutions of singular differential operators enable

a) to obtain the differential properties of the solutions;

b) to establish weighted estimates of the norm of the solutions and their
derivatives;

c) to obtain the estimates of the approximation numbers of the solutions;

d) to find the effective conditions of solvability of the quasilinear general-
ization of the given systems.

The questions of the spectrum and of the approximation properties have the
importance in the spectral theory of differential operators. A.M. Molchanov
[31], Don B. Hinton [21], M. Otelbayev [48]-[51], J.V. Baxley [3], D.E. Edmunds
and W.D. Evans [12], O.D. Apyshev and M. Otelbayev [2] have studied these
problems for second and higher order singular elliptic operators. M. Otelbayev
[44], [45] and K.N. Ospanov have studied this problem for first order multi-
dimensional systems, and for generalized Cauchy-Riemann type systems [40],
and for Beltrami-type systems.

The interest is growing up to the problem connected with studding non-
linear system given in unbounded domains. The questions of existence and
uniqueness of the solutions of the boundary value problem of hydrodynamics
are studied O. A. Ladyzhenskaya, V.A. Solonnikov, K.I.Piletskas and V. Kalan-
tarov. The conditions of the coercive solvability of the singular Sturm-Liouville
equation with nonlinear potential have been obtained in the work of M. Otel-
baev and M.B.Muratbekov (1981). The analogous results for multidimensional
equations of Schrodinger-type and higher order equations have been established
in the works of M. Otelbaev, and M.B.Muratbekov, and E.Z.Grinshpun, and
R. Oinarov.

The so far developed methods do not apply in the case of degenerate sys-
tems especially if defined on unbounded domains and if with variable coeffici-

ents. We consider the system

R(y) 5% — 5% — 228 + o(y) 3 + aly)u + b(y)v = f(x,y),

82 32 82 b} (13)
250, T kW) gz — 57 +v(W)gs + cu+dy)v = g(z,y)

which is a nonstrongly degenerate system.
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System of equations of the form given by (1.3) may be classified at a point
as follows. Let us consider a particular point (zg,yo) in the domain G C R

(see Notation, p.8) and construct the quadratic form
F = A) d? + 2A%, drdy + AYydy?,

where

k 0 0 —1 -1 0
(yO) ) A?2 = ) A(Q)Q =
0 k:(yo) 1 0 0 1

0 _
All_

This quadratic form can be rewritten in the following form

Q) = AL N + 240\ + A, (1.4)
where A = %7
or
k‘(yo))\2 —1 —2A
Q) =
2\ k(yo)A? — 1

If Ajs = Ay, we can use the Sylvester theorem in order to determinant
type of the system (1.3) in the domain G without reducing the quadratic form
(1.4) to its canonical form. System of equations (1.3) is of the elliptic type at
the point (zg,yo) if at this point the quadratic form (1.4) is non-singular and
positive definite [6, p.17], [8, p.14], [19, p.6], [63]. That means that determinant
of of the quadratic form (1.4) is positive. Namely detQ(\) > 0 and A;; > 0
at the point (zg,yo). So, if k(y) > 0 and detQ(\) = (k(y)A? — 1) +4X* > 0
the system (1.3) is elliptic at the point (xg, o). In this case the characteristic
equation (k(y)A? — 1)? + 4X? = 0 has four solutions. That means that elliptic
system has four characteristic curves.

If k(y) = 0 and the quadratic form (1.4) is singular at the point (z¢,yo) € G
is called the system (1.3) of parabolic degeneracy. Thus, the determinant of

the quadratic form (1.4) is equal to zero:
AN +1=0.

This characteristic equation has two solutions. That means that corresponding

parabolic system has two characteristic curves.
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We note that the corresponding traditional questions such as the existence,
uniqueness, regularity and approximation properties of the solutions , the con-
ditions of solvability of the nonlinear generalization of the given systems have
not been studied completely. The importance of studying such problems have
been explained in the monographs [24], [5], [52].

In the applications, there is an interest in the question of extending the
coercive estimate method to more general systems of partial differential equa-
tions, and in particular, to second order singular degenerate systems. Such
systems are important in problems of hydrodynamics, quantum mechanics,

membrane theory of shells and geometry.
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1.1 Notation

Below we introduce some notation and terminology with the corresponding
definitions.

We denote by G a domain in Euclidean space R™ and by X = (z1,...,x,)
a point in R".

We denote by G a subset of R2.

We denote by G the closure of the set G.

We denote by C the set of complex numbers.

We denote by C(G) the class of continuous real valued functions in G.

We denote by C®)(G) the class of real valued functions which are contin-
uous in GG together with their derivatives up to order k.

We denote by C*(G) the class of infinitely differentiable functions in G.

We denote by P, the set of polynomials of degree up to k.

We denote by C§°(G) the class of infinitely differentiable functions, which
may differ from zero only a compact subset of the domain G.

We denote by v a Borel measure in G.

A set M in the metric space R is said to be precompact if every sequence of
elements in M contains a subsequence which converges to some x € R. If from
every sequence of elements in M it is possible to select a subsequence which
converges to some x belonging to M, then the set M is said to be compact.

We denote by L,(G,R?) the space of measurable functions defined on G
such that the following norm is finite

1/p

1o = / FXOPAX| L 1< p < ool
G

For brevity, we set L, = L,(R?) and || f|l, = || fllz,®2)-

We denote by LLOC(G,]W) the class of locally p-summable functions in G
with respect to Lebesgue measure dX = dxdy in R?, i.e., the class of measur-
able functions f in G which are p-summable [ |f(X)|PdX < oo, (1 <p < o)

K

for every compact set K C G.
We denote by C'(G) the subset of C'(G) of those functions f such that

D®f admits a continuous extension to G for all & € N*, with |a| < 1. We
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introduce the following norm

1wy / D3

k=0 (k)

" f

ok
okt Aok
Oxy' ...0xkn

where p > 1 and where ) is the sum on all of possible derivatives of order
(k)
k. We define the Sobolev space W)(G) to be the closure of C'(G) under norm

I o)

Let f(z) be a complex-valued function defined in an open set 2 of R". By
the support of f, denoted by suppf, we mean the smallest closed set containing
the set {z € ; f(x) # 0}. It may be equivalently defined as the smallest closed
set of €2 outside which f vanishes identically.

We denote by D(A) and by R(A) the domain of definition and range of the
operator A, respectively.

We denote by E the identity operator or matrix. For example,

10
E = in the space R2.
01

We denote by KerA = {x € D(A) : A(x) = 0} the kernel of the operator
A.

The following inequality
€ 1
bl < =lal* + —|b?
jab| < Slal? + 5 b

is said to be ‘the Cauchy inequality with weight ¢’and holds for all € > 0 and
for arbitrary a, b.

Let z(t) and y(¢) be functions measurable on the set X. The following
inequality holds:

/|x Dt < /|x Pt /|y )|dt

It is said to be the Holder’s inequality, where p and ¢ be real positive numbers
such that % + % =1.

A subset M of a metric space X is said to be dense in the set Xq C X if
there exists, for every € Xy and € > 0, a point z € M such that p(z, z) < e.
M is dense in X if and only if the closure M of the set M contains X, i.e.
M > X,.
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A set X is called a linear space over a field K if the following conditions
are satisfies

[. A sum is defined: for every x,y € X there is an element of X, denoted
by x + vy, such that

De+y) +z=2+y+2) (v,y,2 € X);

Qr+y=y+z (v,y € X);

3) an element 0 exists in X such that 0 +x = z for any = € X;

IT. A scalar multiplication is defined: for every z,y € X and each a € K
there is an element of X, denoted by ax, such that

Halx+y) =ar+ay (r,ye X, a€ K);

5) (a+pPBlx=ax+ Pz (xe€ X, o, € K);

6) (af)x = az(fx) (v € X, a,f € K);

7) 1-2 =z (1 is the unit element of the field K).

A linear space will be said real or compler according as the field K is the
real number field R or the complex number field C.

A linear space X is called a Banach space if it is complete, i.e., if every

Cauchy sequence {x,} of X converges strongly to a point x of X:
lim ||z, —z| = 0.

Let A be an operator acting from Q C X to Y, where X, Y are metric
spaces. The operator A is said to be continuous at the point xy € Q if A(x,) —
A(zo) as x, — xo (z, € Q). If the operator A is continuous at every point of
a set £ C ), we simply say that A is continuous on FE.

If X, Y are normed spaces and (2 is a linear set contained in X. An operator

A acting from 2 C X to Y is said to be homogeneous if
AAz) = MA(x) (VAER, z€Q).
The operator A is described as additive if
A(xg +29) = A(z1) + A(ze) (V21,20 € Q).

The operator A is called linear if it is additive and homogeneous on 2. An

operator A whose range is a set of numbers is called a functional.
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Let A; and A, be linear operators with domain of definition D(A;) and
D(A3) both contained in a linear space X, and with ranges R(A;) and R(A3)
both contained in a linear space Y, respectively. If D(A;) € D(As) and
Az = Agx for all © € D(A;), then A, is called an extension of Ay, and A; a
restriction of A,.

The set of all bounded linear functionals acting from a normed space X
into a (generally speaking complex) Banach space Y is called the conjugate
space of X and denoted by X™*.

Let A be a linear operator acting from X to Y, where XY are Banach
spaces. Let the operator A have a domain D(A) which is dense in X. Let f be
a bounded linear functional on Y. We consider the functional f(Ax) defined
for all x € D(A). Since f is bounded on D(A) and D(A) is dense in X by
assumption, the functional f can be extended uniquely to a bounded linear
functional g on X by the Hahn-Banach theorem. In this case we can say that
the adjoint operator A* is defined on the functional f, and denote by g = A*f.
The following formula defines the functional A* f

(A" f)(x) = f(Az)

for all z € D(A).
An operator A that coincides with its adjoint is said to be self-adjoint. A

self-adjoint operator is characterized by the equation

(Az,y) = (z, Ay),

for x,y € D(A).

Let A be a linear operator acting from X to Y, where X, Y are Banach
spaces. The linear operator A is said to be completely continuous if it is
defined on the whole of the space X and maps every bounded subset of X into
precompact subsets of Y.

Consider the equations

where x € D(A), y € R(A) and

A*g = f, (1.6)
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where g € D(A*) C Y™, fe R(A*) C X*.
If a linear operator A gives a one-to-one map of D(A) onto R(A), the

inverse map A~! gives a linear operator on R(A) onto D(A):
A Az =z for x € D(A)

and

AA Yy =y for y € R(A).

A1 is said to be the inverse operator of A.

The operator Al_l is called the left-hand inverse of the operator A if
A'A=E.

Similarly, the operator A1 is called the right-hand inverse of the operator A
if
AAT' =E.

If the left-hand inverse operator A;l exists, the solution of the equation
(1.5) is unique, if it exists. Similarly, the existence of the right-hand inverse
operator can be shown to involve the (generally not unique) solvability of the
equation (1.5) for any y € R(A).

Equation (1.5) is uniquely solvable on R(A) provided that the homogeneous
equation Az = 0 has only the null solution, i.e., if KerA* = 0.

Equation (1.5) is said to be well posed on R(A) if there exists k(A) > 0 such
that the inequality ||z|y < k||Az|y holds for all z € D(A). Well posedness
implies unique solvability.

If equation (1.5) is well posed, then the operator A has a bounded inverse
on R(A).

Equation (1.5) is said to be densely solvable if R(A) is dense in Y:

R(A) =Y.

Theorem 1.1. /23] Equation (1.5) is densely solvable if and only if equation
(1.6) is uniquely solvable (KerA* = 0).

A linear operator A is called closed if whenever {x,} is a sequence in D(A)

such that z,, — x and Az,, — y, we have © € D(A) and Az = y. A nonclosed
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operator is said to be closable (or to admit a closure) if it can be extended
to a closed operator. A linear operator A is closable if and only if given a
sequence x,, — 0 with z,, € D(A) and Az, — y we always have y = 0. The
least closed extension of the operator A is said to be the closure of A. The
closure of the operator A is denoted by A. If an operator A admits a closure
then r, — z, 1, € D(A) and Az, — y imply that x € D(A) and Az = y.
Also, if both nh_)nolo x,, and nh_%lo Az, exist, we can write AT}LH;O Ty = nh—>Holo Ax,,.

It is not difficult to show the truth of the following assertion: if the operator
A is closed, then each operator A — AE' is closed, and if the inverse operator
A~ exists then it is closed.

Each bounded linear operator, defined on the whole space is closed.

Next we assume that H is a Hilbert space.

Let A be a linear operator whose domain D4 and range R(A) both lie in

the linear space X. We consider the operator equation
Az — dx =y, (1.7)

where A is a complex number.

We denote by A4(A) the range of the operator A — AE. The operator
A — AE = A, defines a(not necessarily one-to-one) correspondence between
D4 and A4 (). If this correspondence is one-to-one, then the operator A—AF
has an inverse operator (A — AE)~! with domain A4(\) and range D 4.

If X is such that the range A4()) is dense in X and A, has a continuous
inverse (A — AE)™!, we say that \ is in the resolvent set p(A) of A. We denote
the inverse (A — AE)™! by Ry(A) and call it the resolvent of A. All complex
numbers A not in p(A) form a set o(A) called the spectrum of A. The resolvent
set is open.

Let X be a complex Banach space and A a closed linear operator with
domain D4 and range R(A) both in X. Then the resolvent (A — AE)~! is an
everywhere defined continuous operator for any A € p(A).

If a (real or complex) number A is in the resolvent set p(A) of the operator

A, then there exists a constant k = k(\) > 0 such that

I(A=AE)fI = EIIfI,
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for all f € D(A).
If A is a symmetric operator and z = z + iy (y # 0), then

1A = =E)fII* = (A= =E)FII* + L £1* > oIl £

for all f € D(A). Hence, the upper and lower z-half-planes are connected

subsets of the resolvent set of an arbitrary symmetric operator.

Theorem 1.2. [1, p. 92] If " is a connected subset of the resolvent set of a
linear operator A, then the dimension of the subspace H © Aa(X) is the same

for each A € T'.

[We note that in [1, p. 92] a resolvent set is called ‘field of regularity’.|

Equation (1.7) above can be rewritten in the form

(A= AE)x =y.

A0
For example, if H = R?, then A\F = for z € D(A) C R
0 A

Lemma 1.3. [30] Let M be a subspace of a Hilbert space H. Then M is dense
in H if and only if the null element of H is the only element of H which is
orthogonal to M .

Proposition 1.4. [23] The kernel of the adjoint operator is the orthogonal

complement of the range of the initial operator.

Theorem 1.5. Let X be a Banach space. Let E be the identity operator in
X, and A be a bounded linear operator, of X to itself such that ||A| < ¢ < 1.
Then the operator (E — A)™! ewists, is bounded and

1
(B =A< —
lI—q

Theorem 1.6. [3/] Let 1 < q < oo. Let K C L,(R"™). Then K is precompact
in L,(R™) if and only if all the following three conditions are satisfied

1) sup || flz, @) < o0

fex

(boundness of K );

2) sup sup [[f(- +h) = f()llz, @ — 0, 6§ =0
fEK |h|<6
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(uniform continuity by displacement of the translations);
3) Jim sup [ f(2)]|z, @ /BNy =0
—00 feK
(uniform decay at infinity).

Theorem 1.7. [22, p.645] A continuous operator A mapping a closed convex

set Q in a Banach space X into a compact set A C ) has a fixed point.



Chapter 2

The unique solvability of the
semiperiodical Dirichlet
problem for second order

degenerate systems

We consider the following semi-periodical problem

{ Ry) 5% — 5% — 220 + o(y) 3 + a(y)u + b(y)v = f(x,y), 21)
200 4 k(y) 58 — 58 + v(y) 2 + c(y)u + dy)v = g(z,y),

w(=m,y) = w(m,y), we(—m,y) = we(m,y), w(z, o) = w(z, B) =0, (2.2)
in the rectangle Gy = {(z,y) € R* : —w <z < m, «a <y < (3}, where

w(z,y) = u(x,y),v(x,y). Here k(y) is a continuous and bounded real val-

ued function such that inf k(y) > 0, f,g € La(Gp). Let the functions
cla,

y€[a,f]
0,1, a,b,c,d be continuous from [, 5] to R.

Now we introduce the following notation

52 52 52
B, — ( 9o — o7 2oy ) |

o2 92 92
2557 k(W) om — 5,2
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w = (U,U), F= (fvg)a X:<x>y)'

System (2.1) can be written in the following form
Low = Byw + P(y)w, + Q(y)w = F(X). (2.3)

Assumption 1. We assume that the real valued functions ¢, v, a, b, c,d of

[a, B] to R satisfy the following conditions

yeiﬁfﬁ]{—so(y), a(y),d(y)} =0 > 0; (2.4)
L (bw)] + ety < 22, (25)
2 ()] + ety < 22,

JY(y) > d(y),

where 7, ¢ and 1 are constants such that r >0, ¢ >0, r+¢=1, 0 < ¢ < 3.

We denote by CZ ,(Go, R?) the set of twice continuously differentiable func-
tions in Gy = {(z,y) € R?>: —7 <z <7, a <y < #} with values in R? which
are periodic in the variable x with period 27 and which have compact support
in (a, ) in the variable y for each fixed value of z in [, 7]. We denote by L
the closure of the operator Ly defined in the domain D(Lg) = C% (G, R?) in
the space Lo(Go, R?).

Definition 2.1. A function w = (u,v) € Ly(Go, R?) is said to be a solution
of the problem (2.1),(2.2), if there exists a sequence {wy},—, in CZy(Go, R?)

such that [|w, — wl|;, G, g2y = 0 and |[[Lw, — F[, g, g2y — 0 as n — oo.

Lemma 2.2. Let Assumption 1 hold. Then there exists a constant Cy such

that
2 2 2 2 2
lwllwg @orey = lwelly gy + Wyl g, + lwllye, < Colllwllyq,, — (2.6)
for all functions w = (u,v) € D(L).

Proof. Let w = (u,v) € CZ(Go, R?). Integrating by parts and using the

boundary conditions for the function w, we have

(Lo + A\E)w,w) =
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/ (k(y)uxm — Uyy — Qny + @(y)uer
Go
a(y)u+ A+ b(y)v) udedy +

/ (2uay + k(Y) Ve — vy + Y(y)vat
Go
c(y)u + d(y)v + \) vdzdy =

/ﬁk(y) (/7T umud:c) dy —/ﬂ (/ﬁ uyyudy) dx —

(e —TT —T [e%

B ™
2/vxyuda:dy+/go(y) (/ uxuda:) dy +

Go « — T

[atwtuasdy+ [ slulioidrdy +2 [ o,odeay +
Go Go Go

i k(y) ( ] vmvdx> dy — ] ( i vyyvdy) dz +

T —T «

i¢(y> (/ﬂvxvdx) dy + /c(y)|u||v|dxdy+

Go

/d(y)!v|2dl‘dy+/A(lu!2+ v[?)dzdy =
G’O Go

f k(y) ( - / |uz2d:c) dy —

« -7

™

B
/ (uyug/uy|2dy) dx —

—T

™ 8
2/ (vxug /vxuydy) dz +

—T «

/ﬁgo(y) (/ uzudx) dy +

« T

/ a(y)ul*dzdy + / b(y)lullvldedy +

GO Go

™ B
2/ (uxvg —/uxvydy) dr —

—T «
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B

/k (va| /|vx| d:r;) dy —

«

] <vyv§ /vyzdy) dx+/¢(y) (/ﬂvmvdx) dy +

[ewaetazay + [ awepasdy +

Go Go
/)\(]u\Q—i— [v|*)dzdy = —/k(y)]ux\zdxdy—l—/|uy\2d:z:dy+
Go Go Go
B o |7

2/uyvxdxdy+/<,0(y) (% )dy+/a(y)u2dxdy+

Go a Go
/Au%xdy%—/b(y)uvdxdy— 2/uyvxdxdy—
Go Go Go

[ rwle dxdy+/|vy|2dasdy+/¢ (

) dy +
Go -

/c(y)uvdmdy—i—/d(y)dea:dy+/)\1)2dxdy:

GO C"VO GO
- [ WPy + [, Paody +
GO GO
/a(y)|u|2dxdy+/d(y)v%xdy%—
G() GO
/)\(u2 + v?)dzdy + /(b(y) + c(y))uvdzdy.
G() GO
((Lo+ AByw,w) = = [ (o)l Pdady+ (27)

Go

/ jwyPdady + [ alg)ad + d(y)o?)dady +

Go
/A\wﬁd:cdy + /(b(y) + c(y))uvdzdy.
G() GO
By applying the Holder and Cauchy-Bunyakovsky inequalities to the last

term of (2.7), we obtain

/ (b(y) + cl(y)uvdzdy 28)

0
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/<|b< )|+ e uldudy Q/ b+ |e())) 0 dedy

1/<|b< )+ () uddady + - /(\b( )|+ [e()]) e dudy.

G() GO

2

IN

I/\

By (2.8), we can transform equality (2.7) in the following way

(Lo + MEJw, w) > — ma [k(y) / o [Pdzdy+ (2.9)
S

/|wy| dxdy+/>\\w| dxdy—l—/( (y)u® + d(y)v*)dzdy —

G() GO
1 ; 1
5 [0+ ket ) dady - 5 [ (bGw)] + et re?dedy
G() GO
We now apply to the left hand side of the last inequality ‘the Cauchy inequality
with weight €’ for some € = vy > 0. Then by condition (2.5), we obtain
1 70
7 o+ APyl g, + 3wl (210)

> — max |k (y ]/|wx] dxdy+/\wy]2dacdy+

Go
2 2(y
/ Mw|2dzdy + / %qu:cder / %v%xdy.
Go Go Go

Below, we consider the functional ((Lo + AE)w, w,), where @ = (—u,v),
(Lo + AE)w, w,) =

/ (k(y)tee — Uyy — 20y + ©(y)uz+
Go

a(y)u + Au + b(y)v) (—u,)dzdy +
/ (g + k() 0sa — vy + ()00t

Go
c(y)u + d(y)v + \v) v dedy =

T s

A ]

o ™ —T «

B8 ™

Go

/a(y)uﬂxd:cdy— /b(y)vﬂxda:dy—i-

Go GO
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J6] s

Z/Uzyvxdxdy+/k(y) /vmvxdx dy —

Go a -

T s

B B
/ /vyyvxdy d:p+/@/)(y) /vmvxdm dy +

/c(y)u@mdxdy—l—/d(y)v@mdxdy—l—
G() GO

/(—)\uﬁx + Aty )dxdy =

Go

B
2|
_/k(y) (% )dy+/uyyuxdxdy+

o Go

2/vxyumdxdy— /ap(y)uidxdy— /a(y)uuxd:vdy—

Go Go Go

/)\uuxdxdy— /b(y)vuxdxdy+2/uxyvxdxdy+
Go Go Go

) dy — /vyyvxdmdy + /w(y)vidasdy +
_W J

a Go
/c(y)uvxdxdy+/d(y)vvxdxdy%—/)\v%da:dy =

Go Go Go

—/uy (uy), dedy — Q/Uxuxyd:pdy— /gp(y)uidmdy—
Go Go Go
/b(y)vuxdxdy+2/vxuxydxdy+/vy (v2), dedy +
Go Go Go
/1/1(y)vfcdxdy+/c(y)uvmdxdy.

G() GO

[ owntdsdy+ [40) + ) uvsdsdy.

<@mmmmwaz—/ﬂw@mw+/w@ﬁmw—

5 [ Q0w+ ket ) dady - 5 [(bGw)] + ket o2y
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By condition (2.5) and by applying ‘the Cauchy inequality with weight € > 0’

to the left hand side of the last equation, we obtain

1 €

oo (o + AR wlisg, + 5 el g, (211)
- / p(y)urdedy + / U(y)videdy —
Go GO
/@u%xdy—ﬁ/@vidmdy.
G() GO

By combining inequalities (2.10), (2.11) and by condition (2.4), we obtain

11 ,
— 4+ — Lo+ \E >
(5 + 3¢ ) Mo+ ABJl g, >
5(1-2) — &~ mas k)] ) sl +
— -] — - — max Wy
3) 72 yelas %G
g 70
e, + |5 +3 = 3| HolR
Thus
~ 2
C Lo+ MYl g, = el + Iyl +Hlwla,

Whereé’:ﬁ—i—i,u:é(l—ﬁ)—E—yrél[gg]|k(y)|77=g+/\—%o- Hence,

inequality (2.6) follows and the proof is complete. O

Remark 2.3. Lemma 2.2 holds, if condition (2.5) is replaced by the following

inequalities

(b + ey < B2,
L] + lefw)) < XY

—dp(y) > aly),

where r,q and V¥ are constants such thatr >0, q¢>0,r+q=1, 0 <9 < 3.

Remark 2.4. If b(y) = —c(y), then one can prove Lemma 2.2 with condition
(2.5) replaced by the following

inf ¢(y) =46>0.

y€[a,f
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We now write the functions f and g in the right hand side of (2.1) in the

following form

oo o0

F= hhe™, g=">_ gly)e™. (2.12)

We will search for a solution w = (u,v) of the problem (2.1), (2.2) as a limit

in the norm Ly(Gy, R?) of the sequence {(uy,0n)}x__ .., Where

N N
uy = Z u, (y)e™, Uy = Z v (y)e™. (2.13)

n=—N n=—N
By replacing u, v, f, g by the corresponding expression of (2.12) and (2.13), we

obtain that

. N N N A
— > w,e™ —2in > v,e™ —n?k(y) > u,(y)em+
n=—N n=—N n=—N
' N ) N )
ine(y) Do ua(y)e™ +aly) >0 un(y)e™+
n=—N n=—N
N . N .
by) > vay)e™ = 37 fuly)e™,
n=—N n=—N
N " ; . N ! - N .
— 20 v, (@)emt +2in Y0 w,(y)e™ +ely) Do un(y)e™—
n=—N n=—N n=—N
N , ‘ N ,
n’k(y) Y un(y)e™ +ind(y) > valy)e™ +
n=—N n=—N
N
N mnx mnx
d(y) >y Un(y)e™ = ZNgn(y)e :
\ n—=-—

U}n(Oé) =0, U)n(ﬁ) =0,
and by equating the coefficients of €™*, we obtain the following problem for

Wy, = (Un(y),vn(y)) (n=0,£1,£2,...)

—u, — 2inv, + (—n?k(y) + ine(y) + a(y))un + b(Yy)vn = fu(y),
—v,, + 2inu, + c(y)u, + (—n2k(y) + ind(y) + d(y))v. = gu(y),

(2.14)

wn (@) =0, wy(B) =0, (2.15)

where f,, g, € La(a, 3).

Next we set

0 —1
T — 9
1 0
—n2k(y) + ing(y) + aly) b(y)
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Then we consider the differentiation operator [, + AE defined by
(ly + \E)Yw = —w" + 2inTw + Q,(y)w + \w,

for all functions w(y) in the space C2 ((a, 3), C?) of twice continuously differen-
tiable of [, 3] to C* which satisfy the boundary conditions (2.15). We denote
also by I, + AE the closure of [, + AF in the norm of Ly = Ly ((cv, ), C?).

Lemma 2.5. Let A > 0. Let Assumption 1 hold. Then there exists a constant
Cy such that

B B
0
0,4 2Byl = Co | [l ans [ (§4n+m)lwnfay| . 210

« o

’

wy,

for all wy, = (un(y),vn(y)) € D(I,, + A\E), where we have denoted by |||, the
norm of Ly = Ly ((a, 3), C?).

Proof. Let w = (u,v) € C3((a, 3),C?). By the conditions (2.4), (2.5) and
(2.15), we obtain

Re ((I,, + A\E)w,,, w,) =
B

Re /{—u;; — 22'm);+

«

(—n’k(y) + ing(y) + a(y) + N, + b(y)v, } tndy +
8

/ {—v;: + 2inu,, + c(y)u,+

(—n’k(y) + in(y) + d(y) + Mo, } tady] -

Further

Re ((I,, —|—/\E)wn,wn) >

B
/( A —n? max |k(y )|> |un|2dy—|—
y€[a, 0]

B8
/( —n? max |k (y )|) |vn|2dy+
y€[a,0]

(a(y)up + (b(y) + c(y))unvn + d(y)v2) dy.

®

Q\m
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Hence,

Re (b + )\E)wmwn) 2 -
/ / ( Y + A —n? yréliué] |k (y )|> |w|2 dy,

by conditions (2.4) and (2.5).
Furthermore, the following holds

Im [(— fn, nty) + (g, 0] =
B

Im /{u;; + Qinv;—

(—n2k(y) + inp(y) + a(y))u, — b(y)vn} ni,dy +
B

/ {—v; + 2inu,, + c(y)u,+

(—nk(y) + intp(y) + d(y))vn } ndy] >
B

otndy — / o) ul2dy +

«

i

B B
2 ! 2 2 _
i

8 B
unvn|§ —/u;vndy +2n2/u;vndy+

(up, +vp)dy = on’|Jwl3 g,
or
Im [(—fo, nn) + (9,700)] = on*[|w]]3 g, (2.18)

By multiplying both hand sides of (2.18) by p > 0 and by invoking (2.17), we

obtain

Re ((ln + AE)wy, wy,) + pIm [(— frn, nuy) + (gn, nvy)] >

/

« «

/

Wy,

B
26
dy—l—/(pén + = + X —n? max |k(y )|> |wn|? dy.
3 y€la, O]

Hence, the ‘Cauchy’s inequality with weight €’ implies that

B 8
3 2 ) 2
2 B °
45/|(ln—|-/\ Yw| dy+3/|wn| dy+

«
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B B
€
Qﬁ/ a0+ o) dy + G [y >

/

« «

«

/

wy,

B
20
dy+/<p(5n + == 4+ X —n? max |k(y )]) \wn]2dy.
3 y€la,f

Finally,

B

(55+ 2) It + 2Byl > |

o

!/

wy,

dy

B
0 p
5 A— k(y)| — = o2 d
/(pn+3+ nygl[gé]l() 2n>|w| Y.

«

We now choose p and € so that pd — m[a%] |k(y)| — % > 1 and assume that
ye|a
Co=(=+ ﬁ)_ . Then the last inequality implies (2.16) and the proof of the

lemma is complete. O

Lemma 2.6. Let A > 0. Let Assumption 1 hold. Then the operator I, + \E
has an inverse defined on the whole of Ly ((a, 3),C?). Namely, the operator
(I, + AE) ™

Proof. The existence of the inverse operator (I, + )\E)_1 is ensured by
inequality (2.16).

We assume by contradiction that the range R ([, + AE) of the operator
l, + AE is not dense in Ly ((a, 3),C?). Then in accordance with Lemma
1.3, there exists a nonzero element U = (p,s) in Ly ((a, 3),C?) such that
(I, + AE)w,U) =0 for all w € D (I,, + AE). Then the density of D (I,, + A\E)
in Ly ((or, 3),C?), and Proposition 1.4 of Chapter 1 imply that
Ue D((l,+AE)") and (I, + AE)*U = 0, where (I, + AE)* is the adjoint
operator to [, + AL, i.e.

—p" + 2ins’ + (—=n’k(y) — ingp(y) + a(y) + N)p + c(y)s = 0,
—s" = 2inp’ +b(y)p + (—n’k(y) —ind(y) + d(y) + \)s = 0, y € (a, §).

Hence, the following inclusions hold

—p" +2ins |, —s — 2inp € Ly(a, B), (2.19)
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and thus
—p (y) + 2ins(y) + p (Yo) — 2ins(yo) € C(a, B)

and

!/

—s'(y) — 2inp(y) + s (y0) + 2inp(yo) € Cla, B).
It follows, that p' € Ly(a, 3) and s* € Ly(a, 3), respectively. Hence, by (2.19)
we obtain p’,s" € Ly(a,3) . Thus, the function U = (p,s) belongs to the
Sobolev space W3 ((a, 3),C?). We now show that U = (p,s) satisfies the
boundary conditions (2.15). Clearly

0= (w, (I, + AE)*U) = (B)p(B) — u () p(cr)+

’

v'(8)5(8) = v'(@)3(c) + (I + AE)w,U),

for all w = (u, v) from D (I,, + AE). Hence by definition of the adjoint operator,

we obtain the following equality

! / /

u (B)p(B) — u' (@)p(er) +v'(8)3(8) — v' () 5(cr) = 0. (2.20)

The last relation holds if and only if p(a) = p(8) = 0, s(a) = s(f) = 0. In
order to show such an equality, we now make a different choice of the ‘test’

function. We take the following functions

wi(y) = ((y — a)*(y — B),sin*(y — ) (y — 3)),
wa(y) = ((y — a)(y — B)% sin*(y — o) (y — B)),
ws(y) = ((y — a)*(y — B)% (y — B) sin*(y — @)

wi(y) = ((y — @)*(y = B)*, (y — @) sin*(y — 5)
(where k > 2,k € N), each of which belongs to D (I, + AE) and we substitute
them into equality (2.20). Thus, the function U = (p, s) belongs to the Sobolev
space W3 ((a, 8), C?) and satisfies conditions (2.15). Hence, by arguing as in

the proof of Lemma 2.5, we obtain the inequality
[t + AE) Ul (p).c2) = C2 U Ly a8).c2) »
for all U = (p,s) € D ((l, + \E)*). Consequently U = 0, a contradiction.

Thus the proof of the lemma is complete. n

We now have the main statement of this Chapter.
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Theorem 2.7. Let the coefficients of the system (2.1) satisfy Assumption 1.
Then the problem (2.1), (2.2) has an unique solution w = (u,v) in the Sobolev
space W (Go, R?) for every right hand side F = (f,g) € Lo (G, R?).

Proof. Let (u,,v,)(n € Z) be a solution of problem (2.14), (2.15). Then
the function wy = (ij:_N up(y)e®*, ST vk(y)eikl’) is the solution of
problem (2.1), (2.2), where F'(z,y) is replaced on
Fy = (fosz fr(y)e®s S gk(y)e““>. Since the sequence {Fy} con-
verges to the right hand side F(x,y) of system (2.1), it is a Cauchy se-
quence. Then by inequality (2.6), {wn}y__ . is a Cauchy sequence also in
W3 (Go,R?). Since Wy (Go, R?) is complete, then the sequence {wy}y_
has a limit w = (u,v) in Wy (Go, R?). By definition w = (u,v) is a solution
of problem (2.1), (2.2). The uniqueness of the solution follows by inequality
(2.6). Thus the proof is complete. O
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Chapter 3

On the regularity of the solution
of the semiperiodical Dirichlet

problem for system (2.1)

Let A, \ be constants such that \ > A>0. Let

o -1 0
E= .
0 1
We consider the operator [,, + in\E + \F defined by

(I + inAE + AE)w = —w’ 4 2inTw' + Qy(y)w + inAib + Aw,

for all functions w = (u,v) in the space C? ((a, 3), C?) of twice continuously
differentiable of [c, 3] to C which satisfy the boundary conditions (2.15), where
W = (—u,v), T and @Q,(y) are the matrices associated to system (2.14). We
denote by [, + in\E + \E the closure of the operator [,, + in\E + \E in the
norm of Ly = Ly ((a, 3),C?) .

Lemma 3.1. Let \ > A > 0. Let Assumption 1 hold. Let

: »*(y) V()
y,ne[a,lﬁIllvlfy—n\Su a(n) za >0, yelasly—nl<n d(n) z e >0, (3.1)
‘ e(y) Y(y) aly) d(y) a(y)} < .
oAyl {90(77)’ Sl a(n) Ay dip f S < (32
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Then

+ (3.3)

Lo—Lo

In| (P(~) + XE) (ln +inAE + )\E>_1

< Q.
Lo—Lo

H(Q(-) +AE) (zn inAE + )\E>_1

Here P(y) and Q(y) are matrices of (2.1) and p = ﬁ*Ta

Proof. By arguing as in the proof of Lemma 2.6, one can show that if
Assumption 1 holds, then the operator [,, + in\E + \E has a bounded inverse.

Also, by the argument of the proof of Lemma 2.5, we obtain

12 2 ) )
Hw Lt <§y€1ﬁfjm[a(y),d(y)] +A-n max |k(y)|) lwl?, —  (3.4)

2 inf [a(y),d(y)] + A

y€la,f]

2
[wllz, <

4C =
C oy
S inf [a(yid(y)]ﬂ H@"*”‘AEHE)“’

y€[a,f

2

)
Lo

~

yei[gfﬁ][—@(y),w(y)] + A
In|—= Jwl], < (3.5)

\/ inf_[a(y), d(y)] + A -

y€la,f]

Y

Lo

H <ln +in\E + )\E) w

for all w € D(l,, + inA\E + AE) . Hence, we have

2 ) 1 9
o+ (ant .t ) (1= 5 ) Tl +

) 01( inf [—w(y),@b(y)]vLX)Q

y€[a,B] )
— max |k wl|7. <
inf [a(y),d(y)] + Jnax (k)] [ llwllz, <

y€la,f]

’
w

n

2

Co+C4
inf [a(y),d(y)] + A
y€la,f]

b
Lo

H (zn +inAE + /\E> w

which we can rewrite as

< Cs
Lo—Ls inf [a(y),d(y)] + A

y€la,f]

n U —1
H (zn indE + AE)
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Hence, condition (3.2) implies that

. -1
H(Q(') +AE) <ln +inAE + AE) <
Lo— Lo
. -1
Oy max {a(y) + A, d(y) + A} H (zn A+ AE) < .
y€la,f] Lo—1Lo
Next we note that inequality (3.5) implies that
ay -1 1
H (tn+nAE + AE) < .
pamte ol (it o, 00)] )
y€[a,f]
Hence, by condition (3.2), we obtain
. .. -1
In| (P(-) + )\E) (zn A+ AE) <
Lo— Lo
. . o -1
il s (1900 + 3 ot) + 3] | (1 + A + 25) <
y€[a,f] Ly—Lo
. . 1
ol sup (Jo()|+ 4, v() + 4) — : — < oo,
yela,d] In| inf [lo(y)] + A ¢(y) + A
y€[a,f]
and the proof is complete. O]

We now consider the operator L, 5 defined by
Ly sw = Bpyw + (P(y) + XE) wy; + (Q(y) + AE) w,

for all functions w = (u,v) in the space C2(Go, R*). We denote by L, 5 the

closure of L, 5 in the norm of Ly(Gjo, R?).

Definition 3.2. The operator L, 5 is said to be separable, if the following
inequality holds

+
2,Go

el gy + I0nllog, + ey, + || (PO) +AE) w,
Q)+ AB)wllg, <€ (|Easa], + lollag, )
for all w € D(L, ).
We now prove the following intermediate statement.

Lemma 3.3. Let the folowing conditions hold.
a) The coefficients @, a,b,c,d of system (2.1) satisfy Assumption 1.
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b) The function k(y) of [c, B] to [0; +00) is twice continuously differentiable

and satisfies one and only one of the following three conditions

i) V2<h(y) <2, min {%(y), v2(y)} + K () > 2 [K ()]
i) k(y) <2, YW <, min {%(y), V2 (W)} +E () > 2

ii) k(y) <2, k*(y) > 2k (y), min {¢*(y), ¥* ()} + k' (y) > 2k (y).

c¢) There exist non-negative constants \ and \ such that the following in-

equality holds

+ (3.6)

Beywllg, + | (Pw)+AE) w.]|
,&0
+ ||w||27G0> )
2,Go

H@@w+nmwm%so<WL+x§%+Amw

for all w = (u,v) € D(L, )

Then the operator L, 5 is separable.

Proof. Let w = (u,v) € Cﬁ,o(Go, R?). By simple computations, we obtain

HB:vyw”g,Go = (3.7)
[ 1wl + o2 ddody -+ [, + o2 )dndy +
Go GO
4/v§ydxdy+4/uiydxdy — Q/k(y)umuyydxdy —
Go Go Go
4/k:(y)umv$ydxdy—|—4/uyyv$ydxdy—|—4/k(y)uwyvmdxdy—
Go Go Go
4/uzyvyydxdy— Z/k(y)vmvyydxdy.
GO GO

We now introduce some notation. Let

I = =2 [ k(y)ugzuy,dedy,
Go

]2 =—4 f k(y)u:carvzydxdya
Go

I =4 [ uyyvg,dedy,
Go

I =4 [ k(y)ugyvededy,
Go

Iy = —4 [ ugyvy,dady,
Go

Is = =2 [ k(y)vgpvy,dady.
Go
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Integrating by parts, we obtain I3 =4 [ uy,v,,dedy, and thus Iy + I5 = 0.
Go

By similar computations, we obtain

I, = —4/k(y)uxyvmdxdy — 4/k,(y)uwvmdxdy,
Go GO

then Ir + Iy = —4 [ k' (y)u,vg.dady.
Go

B
—2/ (k(y)uzuy,|™,) dy+2/k(y)uxuyyxdxdy

Go
Go Go
f 4 B "
- / (k (y)u; >d:c+ / kK (y)uldedy — 2 / k(y)u?, dady =
o & 0
/ K (y)uidady — 2 / k(y)u2, dedy.

Go GO

B
2/ Yo" ) dy + Q/k(y)vxvyyxdxdy =

Go

- / K (y) (v3), dedy —2 / k(y)vz,dedy =

Go GO

r ! ﬂ 1"
—/ (k‘ (y)v? )d:v—i—/k: (y)vidxdy—2/k:(y)viydxdy.

—T Go Go

Hence, I, + Is = f E' (y)|w, 2 dady — 2 [ k(y)|wy,|*dzdy.
Go
Then by (3. 7) we obtain

Byl = [ Kl dady + [ fu,Pdodys

Go GO
[ fuafPody + [ K ()l Pdody -
Go Go
Q/k(y)]wxy|2dmdy—4/k/(y)uxvmdxdy,
G() GO

and thus

N 2
|Bayolls e, + || (P@) + AE) w,

2,Go
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/kz(y)|wm|2dxdy—l—/|wyy|2dxdy+

GO Go
[ fwafPdody + [ K (luPdody —2 [ b0l Pdady -
GO GO GO
4/k’(y)uzvmdxdy+/g@%y)uidmdy—l—/¢2(y)v§dxdy.
Go Go Go
Hence,
. 2
1Baywlls g, + H (P(y) + AE) Wl . 2 (3.8)
[ @ luealdrdy + [ fu, Pasdy +
GO G()
[ Py + [ K @lo.Pdody 2 [ k), Pdody -
Go Go Go
4/k/(y)uxvxxdxdy+ rer[li%]{¢2(y)aw2(y)}/\wz|2dxdy.
yela,
Go GO

We now consider the following three cases, which we label as 1), 2), 3).

1) Let k(y) satisfy conditions i) of the statement. In accordance with ‘the

Cauchy inequality’, we have

/ 1 / 2 1
/k (Y)ugvprdrdy| < 5/ [k (y)] uZdrdy + §/v§xd:cdy.

0 GO Go

Therefore inequality (3.8) implies that

2
>

7G0

/kz(y)\wMIQCla:dy+/]wnydedy—l—éL/|wwy\2dxdy—|—
Go Go Go

/k;”(y)|w30]2dxdy — Q/k(y)\wxylgdxdyjt

Go

Go
min {2?(y), 42()} / g Pdady —
Go

|Bayolly g, + || (Pw) + AE) e

y€la,f]

, 12
2/ [k: (y)} uldrdy — Q/Ug%xdxdy
Go GO

and

2

1Bl g, + || (P) + AE) w,

> 3.9
v (3.9)
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ﬁ#@—mmﬁmw+

Go

/Mmﬂmw+z/m—uwmwﬁmw+

Go Go
/(gg%wﬂwwﬂw}+kh»—z%@ﬂﬁh%mmw.
Go

Hence, condition i) of the statement implies the validity of the following in-
equality

2

> (3.10)

|Ball g, + | (P) + AB) w|) >
2,Go

2 2 2
Cr [waalls g, + lwyyllyy + Co llwaylly g, +

Cs (Ca+A) lwlly -

2) Let condition ii) of the statement hold. We estimate the last term in the
right hand side of (3.8) by applying ‘the Cauchy inequality’ in the following
form

2
0 GO GQ

) 1 1 / 2
[ ¥ vy < 5 [ adzay 5 [ [F )] o dody.

Then we have

2
>

|Baywl g, + | (P@) + AB) w | =
2,Go

//{:Q(y)|wm|2dxdy+/|wyy|2dxdy+
GO GO

4/\wxyIdedy—i-/k”(y)|wx|2dxdy—
Go GO

2 [ Kl Pdrdy + min {520), 0200} [l sy -
Go Go

.12
2/uidxdy—2/ [k (y)} v? dxdy

Go Go
and
~ U 2
1Baywlls g, + H(P(y) +AE> Wal, 2 (3.11)
[ [P0 =206 2] lwulaody +

Go

[ sy +2 [ 2= k)] oy Py +
Go GO
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[ (i, (2000200} + ') = 2) s Py,

y€la,fB
Go

Hence, by condition ii) of this lemma, we obtain inequality (3.10).

3) Let condition iii) of the statement hold. By using ‘the Cauchy inequality’

/ 1 I 1 !
/ B (y)tgvandudy| < - / k(y)uzdedy + 5 / k (y)vz,dedy,
0 G() GO
we transform inequality (3.8) in the following form

2
>
2,Go

/k:2(y)\wm|2dxdy+/lwnyQd:(:dy—i—
G() GO

4/]wxy|2dxdy+/k//(y)]wx\2d:cdy—
Go GO

2 / k(y)\wxyIdedy+yrer[1i%]{goZ(y),w?(y)} / |w, |dedy —
Go GO

HBxywH;’GO + H <P(y) + XE) Wy

2/k,(y)uidazdy—Z/k:,(y)vﬁxdxdy
Go GO

and thus

2

> 3.12
- (3.12)

/ [kQ(Z/) - 2k/(y)} W, |Pdady + / |wy, |*dxdy +
Go Go

2 / 12— k(y)] |way Pdady +

Go

[ (i, (2000200} + ') = 26'0)) s Pty

y€[a,f]

1Byl g, + || (P@) + AE) w,

Go
Hence, by condition iii) of the statement, we obtain the inequality (3.10).
Consequently, from inequalities (3.6) and (3.10) we obtain

me”2,co + HwyyHQ,GO + le’yHZGO +
(PO +AB) we||,  +11(Qw) +AB)wllyg, <

1Baytol g, + || (P) + AB) s, + Q) + AB) wly g, <

a0 ([, + o,
2,Go
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and the proof of the lemma is complete. O

We now introduce the main result of this chapter.

Theorem 3.4. Let A > A\ > 0. Let the coefficients of system (2.1) satisfy
Assumption 1, conditions (53.1), (3.2). Let k(y) be twice continuously differ-
entiable on [, 8] and satisfy one and only one of conditions i), ii), iii). Then

the operator L, 5 is separable.

Proof. By Lemma 3.3 it is enough to show the correctness of (3.6). The
operator L is bounded and invertible by the assumptions of the theorem. The
operator L + \E a% satisfies all the conditions of Theorem 3.4. Hence,

L+ S\Eua% is bounded and invertible. Furthermore, the following inequality
holds
H(L + S\E% + A\E)w

> Cllwllygq, ,
2,Go

for all w € D(L + S‘Ea% + AE). Then by the well-known Theorem 1.2, the
operator L+ \E % +AE is bounded and invertible in Ly(Gg, R?). Furthermore,

we have

(L + XE% +AE)'F = Y (I +inAE + AE) " F,e™,

n=—0oo

by construction. Here F'=>>° _ F.e™ F = (f,9), F, = (fn,gn)-

o0

Hence, by the orthonormality of the system {e”*} in Lo[—m, 7], we

n=—oo

obtain

;) -1
DL+ =+ \E
p(y) x( + A af” )

L2(Go,R?)—L2(Go,R?)

N -1
| p(y) (zn +inAE + )\E)

sup
n

La((a,8),C?)— L2 ((,8),C?)

Here D] = 2=, 7 =0,1 and p(y) is a 2 x 2-matrix with continuous elements.

Since (3.3) holds, we have

_|_

(P()+5\E) 9 (ps3el 1 aE B
ox ox
L2 (Go.B2)—La(Co B2)

d <o O -
(@) +A8) = (L VLA )\E)

L2(Go,R2)— L2 (Go,R?)
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_|_

U -1
In| (P(-) + \E) (zn B + AE)
La((@8),C2)—La((,),C2)

sup
n

sup
n

< OQ.
La((e,8),C?)—La((ex,3),C?)

'(Q(-) +AE) (ln FindE + AE) -

Then we obtain

-1
ox

L2(Go,R2)—L2(Go,R?)

from system (2.1). Hence, inequality (3.6) follows and the proof is complete.
O

Corollary 3.5. Let the coefficients @, 1, a,b,c,d, k of system (2.1) satisfy the
conditions of Theorem 3.4. Then the following inequality holds

2 2 2 2
[anlls.co + Nupyllzqy + eyl gy + [[0a2llz,q, + (3.13)
2 2 2
oyl gy + vaylls o + @) ualls gy + gl 6 +
2 2 2 2
[0W)vellzq + 10sllzq, + lal)ully g, + 11056, +

le()ulls., + ld@)le, < CIF g,
for the solution w = (u,v) of problem (2.1), (2.2).

Remark 3.6. The definition of separability ensures the validity of the following

inequality

2 2 2 2
||uzz||2,Go + ||uyy||2,c;0 + ”uwaz,GO + HUMHQ,GO + (3.14)
2 2 2 2
loyylls, gy + [1Vaylly gy + 1)l gy + lluylly 6y +
2 2 2 2
[VW)vallaqy + vylls 6y + la@ullzq, + 10@)0l5q, +

le@)ully 6, + 1dw)ol 6, < € (ILwlg, + )i, )
If ineqality (2.6) is holds, then (3.14) is equivalent to (3.13).

By the well-known norm of the Sobolev space W3 (Gy, R?), one can rewrite

(3.13) in the following compact form

2 2 2
lwllwz oz + 1eWuallyq, + 10 ©)vallzq, +
2 2 2
(el + lel) ully g, + 1(6] + [dD) vllyq, < CLllFllyq, -
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Example 3.7. We consider the following problem

(

39%u 8%v y2+210u
Y oz2 ay 23$8y € oz 1

(arctgy + 2Y)u +yv = f(z,y),

2 2 v
25 + s - a_y2 +x(y )Qy TG

\ Tt T (y+siny)v = g(@,y),

w(=m,y) = wlm,y) w,(~7,y) = wa(m,y), wlz, V2) = w(z, V19) = 0

in the rectangle G; = {(z,y) eR*: —w <z <, V2<y< m} Here
X(y) is an arbitrary function such that 2 < y(y) < 3 for all y € [\6/5, €/1_9] and
f,9 € La(Gh).

By Theorem 2.7 this problem has an unique solution w = (u,v) € Lg for
any data f,g € La(Gy). Moreover, the solutions of the above system satisfy
the coercive inequality with the norm of space Lo(Gy) in the form (3.13).

We now show that the following functions

a(y) = arctgy + 2,

b(y) = v,

(o) = ==
Y= =

d(y) =y + siny,

2
—eY +21,

satisfy Assumption 1.
Indeed

1)there exists a constant 0 > 0 such that

ye[g}g%@] {—e(y),aly),dy)} =

[{"’}gf?/ﬁ] {ey2+2l, arctgy + 2Y,y + siny} =0 > 0;
ye s .

2) there exist constants r,q,(r >0, ¢ >0, r+¢ =1) and ¥(0 < ¢ < 3)

2r
: <|y| Fl)) < e,

2q
ly| + === sy
5\/4+y - 3

Ix(y)2Y" 15 > y + siny

such that
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for all y € [v/2,v/1.9).
Further, we can see that the functions a(y), d(y), ¢(y), ¥ (y) of R satisfy the

conditions (3.1) and (3.2) of Lemma 3.1. There exist constants ¢y, c; and C

such that
e2(y°+21)
inf >0,
ymel 92, V2l ly—nl<n (arctgn +27) =
ynel V2,32 ly-ni<u (M + sing)
and
sup e’ ()20 qretgy 4 2V
e 93, 93 y—mi<p | €T T2 X ()27 arctgn 4 207

Yy + siny arctgy + 2Y
n+ sinn’ 1+ siny

}§C<oo,

where p = w.

The function k(y) = y* on [v/2,v/1.9] is twice continuously differentiable
and satisfies the condition (i) of Lemma 3.3.

First of all we show that

1"

min _ {*(y), V3 (y)} > 20k’ () — k" (v).

yel[V/2,V1.9]
Indeed,
2[K (y)]* = 18y* and k" (y) = 6y.
Then

max 2k’ 2 _ " }: max 18y* — 6y} < 84.
AP =K} = max {18y'— 6}

min {62(y2+21), XQ(y)QQ(yQ”Lm)} > 84
ye[ V2, ¥1.9)

holds for any y € [v/2,v/1.9].

Example 3.8. We consider the following problem

e
—y%ny% - 327”; — 68;521 + (25w — 23) 2% 4 elvltly + ‘/?gv = f(x,y),

1 .
28‘%; — y%ny% — % (2aresing 15)% + @u +x(y)2¥v = g(z,y),
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w(=m,y) = wlm, y), we(—7,y) = w,(m,y), w(z, e 5) = w(z, 1) =

in the rectangle Gy = {(z,9) € R2: —r <z <, e3 <y < 1}. Here
inf k(y) = inf (—y*lny) = 0 and x(y) is an arbitrary function such
yE[e_%,l] yE[e_%,l]

that 1 < y(y) < 2forall y € [e75,1], and f, g € Ly(Ga).

By Theorem 2.7 this problem has an unique solution w = (u,v) € Lq for
any data f,g € La(Gy). Moreover, the solutions of the above system satisfy
the coercive inequality with the norm of space Lo(Gs) in the form (3.13).

We now show that the following functions

a(y) = e*,

satisfy Assumption 1.
Indeed

1)there exists a constant 6 > 0 such that

inf  {—p(y),a(y),d(y)} =

1
yele™3,1]

inf {—2@ +23, e'yl+1,x(y)2ly‘} — 5> 0;

yele 5 .1]
2) there exist constants r,q,(r >0, ¢ >0, r+¢ =1) and ¥(0 < ¢ < 3)
such that o
(R 1)) < e

Y

2 vl
5 (P71 P < e
J(27@m +15) > x(y)2¥
for all y € [e73,1].
Also we can see that the functions a(y), d(y), ¢(y), ¥(y) of [e73,1] satisfy

the conditions (3.1) and (3.2) of Lemma 3.1. There exist constants ¢y, ¢; and
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C such that

259y — 23)2
inf 1 ( - S>>0
ymele™ 3 1] Jy—n|< =2 ¢
2aTcsin 15 2
inf 1( y;—m) >c >0
ymele™3 1, ly— pl<ize 2 x(n)
and

1 1
23tgy — 23 2arcsiny + 15
sup ;
_1 13
ym€le” 3,1],|ly—n|<=5

9%ign — 23 Qares + 15

The function k(y)

elvl+1 X(y)g\yl elvl+1

L 3 ()2 x(n)2"'} sC<oo
fies the condition (ii) of Lemma 3.3
Really

—13lny is twice continuously differentiable and satis-

Dk(y) = —y’lny < 1

2) VoK (v) _ _ V2(3lny+1
k(y) ylny

) And k" (y)

—6ylny — by

<0foralyeles,l)
Then we show that

min {gpz
yele™5,1]
namely

min
1
y€le™3,1]

We can see that

}>2 -k (y),
2 1 2
{(231593/ - 23> , <2m + 15> } > 2 + y6lny + Sy

1
yele™ 3,1]

max {2+ y6lny + 5y} < max {245y} <7
since y > 0 and Iny < 0 on [e”3, 1]
Then

yele™ 3,1]

1 2 1 2
min {(23 —23)", (2557 +15) } >7
yele 1)
holds for any y € [e73,1].
Example 3.9
( 0%

We consider the following problem
9%u 9%v
?JW T oy T 28&:83}

+ (20 — 17) 2
2008yu+

Pu 0% _ 0%

dxdy ¥ 02

5T X+ 10)‘%
\

sinyv = f(x,y)
1
Ecos u +

(3sin2y + cosy)v

= g(7,y),

ON THE REGULARITY OF THE SOLUTION
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'lU(—T(',y) = w(ﬂ-ay)vwa:(_ﬂ-wy) - wx(ﬂay)7w(x’ _1) = U}(LL',O) =0

on the rectangle G3 = {(z,y) € R* : -7 <z <7, —1 <y < 0}. Here
inf k(y) = inf (—y) = 0 and x(y) is an arbitrary function such that
y€[—1,0] y€[—1,0]

1 <x(y) <2forally e [-1,0], and f,g € Ly(G3).

By Theorem 2.7 this problem has an unique solution w = (u,v) € Lg for
any data f,g € Ly(G3). Moreover, the solutions of the above system satisfy
the coercive inequality with the norm of space Ls(G3) in the form (3.13).

We now show that the following functions

a(y) _ 2cosy7
b(y) 1 .
= —sin
Y 10 Y,
1
cly) = Ecos%,
1
d(y) = isinQy + cosy,
ply) = 2y° - 17,

U(y) = x(y)(y* + 10)

satisfy Assumption 1.
Indeed
1)there exists a constant 0 > 0 such that
inf {=(y),aly),dy)} =
ye[fLO]

1
inf {—2y3 + 17,2°%Y, §sm2y + cosy} =0 > 0;

yE[—l,O}

2) there exist constants r,q,(r >0, ¢ >0, r+¢ =1) and ¥(0 < ¢ < 3)
such that

9cosy
3 )

5 (If5siny] + |f5eos¥])” <
L (1§ siny| + | Seost])™ < —ésmgﬂosy,
Ix(y)(y® + 10) > 1sin2y + cosy
for all y € [—1,0].
Also we can see that the functions a(y),d(y), ¢(y), ¥ (y) of [—1,0] satisfy

the conditions (3.1) and (3.2) of Lemma 3.1. There exist constants ¢y, ¢; and
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C' such that
ST C /i L S 0,
ymel-10)ly-n<s 2907
e KOO0
ynel-1,0),ly—n|<i 58in2n + cosn
and
“up {21/3 —17 X(y)(y® + 10)’ 2
ymel-10Lly—ni<t L 20° =177 x(n)(n® + 10) " 2007
%sinQy + cosy 2c08y
1

, < (C < .
58in2n + cosn %sinQn + cosn} -

The function k(y)

—y is twice continuously differentiable and satisfies
the condition (iii) of Lemma 3.3.

Really

Dk(y) = —y <2

2) k'(y) = —1 < 0, then k*(y) > 2k'(y) holds, ie. y*> > —2 for all
y e [_]—7 0]7

3) And k" (y) = 0.

Then we verify that

min {@*(y),4*(y)} > 2k (y) — k" ().
ye[_lvo]
We can see that

yg[l?fm {Qk’(y) — /{;//(Z/)} < max {_2 _ yz} <0

ye[flvo]
Then

. 2 2
min_ {(2y3 —17)", (x(»)(y* + 10)) } >0
holds for any y € [—1,0].



Chapter 4

The solvability of the
semiperiodical problem for
second order degenerate system

on the strip

We consider the following problem

2u 2u 2'U u
k(y) 58 — 54 — 25 + 2(y) 55 + a(y)u + b(y)v = f(z,y), (1)
255, HEW) G — g +v)gs + c(y)u+dy)v = g(z,y),
w(=,y) = w(m,y), wa (=, y) = wa(,y) (4.2)
on the strip G = {(z,y) € R? : -7 <z < m —00 <y < +oo}. Here

k(y) is a continuous and bounded real valued function such that inﬂfg k(y) > 0,
ye

f,g € Ly(G). Let functions ¢, 1, a,b, ¢, d be continuous on R.

The system (4.1) can be written in the following form

Low = Byyw + P(y)w, + Q(y)w = F(X), (4.3)
here
B — k(y)% 66_3,12 _2aiay
Ty 2 2 2
2628;1/ k(y)% 5972



48 THE SOLVABILITY OF THE SEMIPERIODICAL PROBLEM FOR

U= (U’U)7 F= (fug)a X:(x7y)'

Assumption 2. We assume that the real valued functions ¢,,a,b,c,d

on R satisfy the following conditions

Inf {—p(y), aly), d(y)} =0 > 0; (4.4)
2 ()] + le(wly < 42, (4.5)
(bl + ke < 2,

IP(y) > d(y),

where «, § and 19 are constants such that o >0, 6 >0, a4+ =1, ¥ < 3.
We denote by C7 (G, R?) the set of twice continuously differentiable real-

valued vector-functions w = (u, v) from

G={(z,y) eR*: —m1 <z <m oo<y< oo} toR? satisfy (4.2) which are

periodic in the variable x and which have compact support in the variable vy,

for each fixed value of z in [—7, 7]. We denote by L the closure under the norm

of Ly(G,R?) of the differential operator Ly with domain D(Lg) = C2 (G, R?).

Definition 4.1. A function w = (u,v) € Lo(G,R?) is said to be a solution
of the problem (4.1), (4.2), if there exists a sequence {wy,},~ | in CZ,(G,R?)

such that |[wy, — wl|,, g rey — 0 and |[[Lw, — F| ;g rey — 0 as n — oo.

Lemma 4.2. Let Assumption 2 hold. Then there exists a constant Cy such

that the following inequality holds
2 2 2 2 2
”wHWQl(G,R?) = “wiU”Q,G + Hwazg + ||w||2,c < Co ||Lw||27G, (4.6)
for all functions w = (u,v) € D(L).

Proof. Let w = (u,v) € CF,(G,R?) and @ = (—u,v). Integrating by

parts and exploiting the boundary conditions for the function w, we obtain

((Lo+ ABw,0) = [ (H(y)utas =ty — 200, + p(0)uot
G
a(y)u + Au + b(y)v) udxdy +
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/ <2uxy + k(y)vxm - Uyy _I_ w(y)vx_}'
e
c(y)u+ d(y)v + \) vdxdy =

7074?@) ( ] Umudx) dy — ] <+/oouyyudy) dx —

+oo g
2/fuxyad:r;dy+ / o(y) /umud:r;) dy +
G -0 -
[ awluPdzdy+ [ s)luloldody +
G G
+oo 7r
2/u$y17dxdy+ / k(y) (/ vmvdx) dy —
G -0 -

] (Jr/oovyyvdy) dr + 701/}(1;) (/ﬂ vxvdx) dy +

—T [e.9] T

/&memw+/AWWM@+

G G
/Mwﬂwﬁw@:
G

+o00

/k’(y) (Uxuﬂ,, juxzdx) dy —

—00

™ +oo
/(uqurz/uyzdy) dx —

-7

s “+00
2 [t~ [ vy | do -
boo .
/(,p(y) (/uxudx> dy+/a(y)|u|2dxdy+
e o 4

s 400

[owluleldsdy+2 [ (vl = [ wndy ) do-
G -7 —00

+/Ook(y) (wvl’ﬂr — j UIde) dy —

—00 -

s

+oo
/(vyvﬁz/vady) dr +

—T

49
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“+00 s
/ww /Wm @3ﬁwmmm@+

/ o dxder/)\ (ul? + [v]?)dzdy =

G

/k )|t da:dy+/|uy| dzxdy +
G

2/u vpdady + / o(y) (?

—00

G
//\ 2dxdy+/b( )uvdmdy—Q/uyvxdxdy—
G

G

k(y)|ve| dxdy+/|vy\ dxdy + /1/1 (

uvdxdy+/d(y)dexdy+/)\v2dxdy
G G

) dy + /a(y)qua:dy +
_ﬂ J

)dy—l—

[
[

and

(Lo + \E)w, w,) = — /uy(uy)xda:dy — 2/uxyvxdxdy—
G G

oy uidrdy + | bly)uv.dzdy +

VpUgydady +

/
2
G
2
G/ U(y)vydzdy +

Since the functions u,v,u,,v, have compact support in the variable y, the

vz (vz), drdy +

c(y)uvdzrdy.

R

integrals in the previous equalities are actually integrals are bounded thus
converge. Then we obtain

(Lo + AE)w,w) = —/k:(y)|wx|2d:vdy~|— (4.7)
G

/]wy\zdxdy+/)\\w|2dxdy+
G

/mwﬁ+aw&mw+/ww+mmWw@

G G

(Lo + AE)w /go u?dwdy+ (4.8)
G
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/ b(y)oidrdy + / (b(y) + c{y)yuvsdzdy.
G

G

By applying the Holder and Cauchy-Bunyakovski inequalities to the last term
of (4.7), we have

[ 0) + clwyuvdeay) < (49)
G
/| y))uv| dedy =

/ b(y) + c() | lullb(y) + c(y)||oldzdy <

1
2 2

e+ ietwy=dody | | [ Q)] + et dady | <
G G

5 [ Q0w+ el Pedudy + 5[]+ el o2dsdy.

G G

Then by arguing on (4.8) so as to obtain (4.9) from (4.7), we have the following

inequality

[ 0) + sy < (4.10)
G

3 [ () + e dady + 5 [ (b)] + e(w)])o2dzdy,

G G
By conditions (4.4) and (4.5), and by applying inequalities (4.9) and (4.10),
and by applying ‘the Cauchy inequality with weight ¢’ for some 7y > 0 and
¢ > 0 to the left hand side of equalities (4.7) and (4.8), respectively, we have

G (Lo + AB)w|; ¢ > (4.11)
g
'50 HwH;G — sup |k(y)| / |w, [Pdxdy +
yeR
/|wy|2d$dy+/)\|w|2dxdy+
G
2a( 2d
/ ay Qdd +/ ?()y>?12dxdy
G G
and
1 5 € )
2 (Lo + AE) wlly ¢ + B [wall e = (4.12)
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5/u§dxdy—l—/1/1(y)v§dxdy—
G

e

9

/Mquxdy—/Mvidwdy.
3 3

e a
By combining inequalities (4.11) and (4.12), we obtain

11 )

— 4+ — Lo+ A\E >

(5 + 3¢ ) Na A uil >

70
5432 ol + ol +

% €
(5 (1 — —) — = —sup Ik(y)\) lwall3.c -
3 2 yEeR

Hence, for C) = = +2LE, C’gz%#—)\—%o, ngé(l—%)—%—SUpU{:(yﬂ

270
yeR
inequality (4.6) follows. Thus the proof of the lemma is complete. O

Remark 4.3. Lemma 4.2 holds, if the condition (4.5) is replaced by the fol-

lowing inequalities

U

L) + lew)y < 22,

3
L)+ ke < “Y,

—Jp(y) > aly),

where o, B and V¥ are constants such that a >0, >0, a+ =1, ¥ < 3.

Remark 4.4. If b(y) = —c(y), then one can prove Lemma 4.2 with condition
(4.5) replaced by the following

inf ¢(y) =0 > 0.

yeR

We now write the functions f and ¢ in the right hand side of (4.1) in the

following form

[e.9] [e.9]

F=Y f@e™ g= > galy)e™. (4.13)

We will search for a solution w = (u,v) of the problem (4.1), (4.2) as a
limit in the norm of Ly(G,RR?) the sequence {(ay,0n)}5y—_.,, where

N N

Uy = Z u, (y)e™, Ty = Z v (y)e™, (4.14)

n=—N n=—N
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9 [ & , N .
@ < Z uk(y)ezkr> _ Z k’QUk(y)elkx,
n=—N

n=—N

02 [ & , N .
@ ( Z ,Uk(y)ezk:(:> _ Z k2vk(y)€lkx7

n=—N =—N

8y n=—N =—N
52 N ‘ N
o ( > uk(y)em> = > u(y)et,
Yy n=—2N n=—N
Dy N,
=1 Z kuk(y>81kxa
Oyox Rt
020y N
=1 Z kv, (y)e™®.
0yox Rt

By replacing u, v, f, g by the corresponding expression of (4.13) and (4.14), we
obtain that

( N, N, N 4
— > w,e™ —2in > v,e™ —n2k(y) > u,(y)e™+
n=—N n=—N =—N
. N . N .
inp(y) 22 un(y)e™ +aly) > un(y)e™ +

n=—N n=—N
N

N
by) > va(y)e™ = > fuly)e™,
n=—N n=—N
N 9 ) N , ) N )
— > v, (e +2in Y u,(y)e™ +c(y) D un(y)emr—
n=—N N n=—N N n=—N
n?k(y) > un(y)e™ +in(y) > vu(y)e +

n=—N n=—N
N

W) 3 e = % e,

\ n=—N

and by equating the coefficients of €®, we obtain the following problem for

Wy, = (un(y),vn(y)) (n=0,£1,£2,...)

—u, — 2inv, + (—n2k(y) + ing(y) + a(y))un + b(Yy)vn = fu(y),

. , (4.15)
—v, + 2inu,, + c(y)u, + (—=n2k(y) + np(y) + d(y)) v, = ga(y).
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Next we consider the operator [,, + AE defined by
(ln + AE)Yw = —w" + 2inTw + Q,(y)w + \w,

for all functions w(y) in the space CZ (R, C?) of twice continuously differen-

tiable functions w(y) of R to C* with compact support in R. Here

0 —1
T = )
10
0uly) = —n?k(y) +ine(y) + aly) b@)
c(y) —n?k(y) +ind(y) + d(y)

We denote also by l,,+AE the closure of ,,+AF in the norm of Ly = Ly (R, C?).

Lemma 4.5. Let A > 0. Let Assumption 2 hold. Then there exists a constant
Cy such that
2 ’ 2 (5 2 2
(L, + AE)w]||5 > Cy /’w ‘ dy+/ 3 +A+n7 ) |w|"dy]| , (4.16)

R R

for all w, = (u,(y),vn(y)) € D(l,, + AE), where we denote by ||-||, the norm
of Ly = Ly (R, C?).

Proof. Let w = (u,v) € C2 (R,C?). By Assumption 2, we obtain

Im [(_fn7nu7_l) + (gn7nvn)] =

Im /{u; + 2inv;—

R

(—n’k(y) + ing(y) + a(y))u, — b(y)vy } nttndy] +

Im / {—v,’; + 2inu,, + c(y)u,+

R

(=n2k(y) + int(y) + d(y))vn } nady] =

on?

<
S.
<
3
Q.
<
_l’_
3
no
R
<
s
<
3
Q.
<
vV
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or

I [(—fo 1tn) + (g, 0a)] = 00 |03 (4.17)

And accordingly

Re ((I, + A\E)w,w) >

Re /{—u;; — Qinv;—l—

(—n’k(y) + ing(y) + a(y) + N, + b(y)vy } Gndy +

/ {—U;; + 2inu,, + c(y)un+

(—nk(y) + intp(y) + d(y) + N)vn } Undy] =

2
/ u,| dy +/ (—n2 sup |k(y)| + )\) |un|2dy +
R R ver
12
v, dy+/ (—n2 sup |k(y)| +)\> v, [2dy +
5 yeR

yeR

2 ) 26 9
dy + —n®sup |k(y)| +§+)\ lw|” dy
R
or

Re ((1, +)\Eww (4.18)
26
/ /( n?sup | k( )|—|——+)\) lw|? dy.
yeR 3

By multiplying both hand sides of (4.17) by p > 0 and by invoking inequality

(4.18), we obtain that

Re (b + AB), ) 4 pln [(— o i) + (g, 0] >
/ dy—l—/(p§n2+2§(5+)\—n25up|k(y)|)

yER
R R

/

wy,

/

w, | dy.

Hence, ‘the Cauchy inequality with weight €” implies that

(55°+ o) Nt + 2EYul 2 /\w) dy+

J
/ (p5n2 + =+ X —nsup |k(y)| — EnQ) lw|? dy.

3 ye]R 2
R
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We now choose p and € so that pé — sup |k(y)| — & > 1. Hence, the last
yeR
inequality implies (4.16) for all w = (u(y),v(y)) € D(l,, + AE) and the proof

of lemma is complete. n

Let A; = (j—1,7+1), j € Z. We consider the operator lff; + AE defined
by
(lg- +AE)w = —w" + 2inTw + Qn(y)w + Aw,
for all functions w(y) in the space C? (A_j, C2) of twice continuously differen-

tiable functions of A; = [j — 1,/ + 1], j € Z to C* which satisfy the following

conditions

w(j—1)=0, w(j+1) = 0. (4.19)

We denote by [, ; + AE the closure of 17(33' + AE in the norm of Ly (A;, C?)

. By arguing as in the proof of Lemma 4.5, we obtain

(Tng + AEYwI[7, a, 2y = (4.20)

/2 5 2 2
o /‘w dy+/(§+)\+n>\w\ dy| ,
Aj

Aj
for all functions w € D(l,; + AE), where C} is a constant which does not

depend on 7, w, A.

Lemma 4.6. Let A > 0. Let Assumption 2 hold. Then the operator l,, ; + A\E
has an inverse, defined on the whole of Ly (A;,C?). Namely, the operator
(ln,_] + )\E)_l.

Proof. The existence of the inverse operator (I,,; + AE)™! is ensured by
the inequality (4.20).

We assume by contradiction, that the range
D((ln; +AE)™") = R(l,; + AE) is not dense in Ly (A;,C?). Then under
Lemma 1.3 there exists a nonzero element U = (p,s) in Lg (A;, C?) such
that ((l,; + \E)w,U) = 0 for all w € D(l,; + AE). Then the density of
D(l,; + AE) in Ly (A;,C?), and Proposition 1.4 of Chapter 1 implies that
UeD((l,; + A\E)*) and (I,,; + AE)*U = 0, where (I, ; + AE)* is the adjoint
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operator to [, ; + AE, i.e.

—p" +2ins" + (=n’k(y) — inp(y) + aly) + \p + c(y)s = 0,
—s" = 2inp +b(y)p + (—n2k(y) + inY(y) + d(y) + N)s =0, y € A;.

The function U = (p, s) belongs to the Sobolev space W3 (A, C?) and satisfies
the boundary conditions (4.19), as one can show by arguing as in the proof of
Lemma 2.6. In order to show that U = (p, s) satisfies the boundary conditions
(4.19), we now make a different choice of the ‘test’ function. We take the

following functions

wi(y) = ((y = G = D)y — (G +1),sin(y = (G =)y — (G +1))),
j=0,41,42 ... (k>2keN),

wa(y) = ((y = (G = D)y — (G + 1) sin(y — (5 — 1)y — (G +1))),

ws(y) = ((y = (G =)y — G+ )% (y = (7 +1))sin"(y — (j = 1)),

wi(y) = (v — G =Dy~ G +1)% y— G —1)sin*(y — (5 +1))),

each of which belongs to D (I, ; + AE) and we substitute them into the equality
which correspond to equality (2.20) in our argument.

Since U = (p,s) € Wi (A;,C?), we can argue as in the proof of Lemma
4.5 and obtain the inequality ||(, ; + )\E)*U]|L2(Aj£2) = C3||U]| 1, c2) for all
U= (p,s) € D((ln; +AE)*). Consequently U = 0, a contradiction. Thus the

proof of the lemma is complete. O

Lemma 4.7. Let Assumption 2 hold. Then there exists a number Ao > 0 such

that

[l + AE , (4.21)

-1
) HLQ(AJ',(C2)—>L2(A]'7(C2)

(ln,] + )\E)_l

H d < L (4.22)

dy

La(A;,C?)—L2(A;,C2)
for all X > ).

Proof. We note that inequality (4.20) implies that

2 2
[l + MBI, o, ey = CiM ol o
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Hence,
OVl ya, 02 < g + AE) 0l ya, 2y @ € Dlln + AE).

If we set (I, + AE)w = v, then w = (I,,; + AE) 'v , for all
v E R(lnyj + )\E) = D((ln,j + )\E)fl).

Hence,
(L + /\E)_1”‘|L2(Aj,¢:2) < Co
HUHLQ(AJ-,@) BR2N
and thus . N
[(ln; + AE) U||L2(Aj,<(:2) C
sup =
v£0,0€D((lp,;+AE) 1) ||U||L2(A]~,C2) \/X

and accordingly (4.21).
Furthermore, (4.18) implies that

26
[((lnj + AE)w, w)| > <A+ 5~ sup [k(y )I) [l Ly, c2) -

ye]

We now multiply both hand sides of the last inequality by \/+_ > (0. Then
by applying ‘the Cauchy inequality with weight € for ¢ = v > 0, we obtain

that
Y 2 1 2
2 )\ —|— 3 2")/\ / )\ +
n? suAp |k(y)]
ye 2
At ? /—)\ T ||w||L2(A]-,(C2) :
Hence
2
5/ S “(lmj + )‘E)wHLQ(Aj,(cz) > (4.23)
T3
n* sup |k(y)|

A+ ves ]
L2(A]’,C2) .
29 20
1/)\+ JA+Z

Inequality (4.17) extends to all the functions w in D(l,,; + AE). We now

. . . . 1 ¢
multiply both hand sides of inequality (4.23) by ST > 0 and apply ‘the
Cauchy inequality with weight €’ for e = 1 > 0, and we obtain that

L/[\f 2 4 Jgal?] dy+
2~/>\+2§Aj

n? 9 n%y

2
—25 ||w||L2(A]-,(C2) > N ||w||L2(A]-,<c2) :
2,[“/)\—1- \/)\—F 3



SECOND ORDER DEGENERATE SYSTEM ON THE STRIP 59

Hence,
il

——|
0
20 /A + 2

(Ing + ABYW[l7, a, c2) 2 (4.24)

n2

- _ 2% + 9 Hw||L2(A]‘,C2)'
2,LL\/)\ + 3 \/)\ + 5
Next we note that inequality (4.18) implies that

|((lnj + AE)w, w)| >

o / ' [2dy +
Aj

for all w € D(l,,; + \E).

20
/ (— + A —n® sup Ik(y)|> lw|*dy|
3 yEA;

A

By applying ‘the Cauchy inequality with weight €’ for some € = /\’1 — >0,
k3

we obtain

A+ 2

P 2 3
(nj + AE)W[| 7, A, 02 + Q—pllwllizmj,(cz) > (4.25)

——
20

2\ /A + 3

3 yEAj

/ 20
Chllw ||%2(Aj,<c2) + Oy (— + X\ —n? sup |k(y)|) ||w||%2(A]',(C2)'

Now by combining (4.23), (4.24) and (4.25), we have

fity+p >
2 by + A0l g0, )2
2, /A+2
' 20 [ 26
Chl|w ||%2(Aj,<c2) + <Cl(§ + A+ A+ e
5
VAT 1 )
2% T [wllZya,.c2) +

)
n? ——=— Ci sup |k(y)|-
A+ 3 YEA,
n? sup [k(y)|
1 yEA]‘ 2
- 5 Y Hw”Lg(Aj,(CQ)'

Hence, there exists a number Ay > 0 such that

/

Cy

2 ’
(g + MBIy, 02y 2 Cullw Ly, 02);
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for all A > Ao, where C = #51*2 and thus

Hw,HLz(Aj,CQ) 02

[y 3Bl ya,c ~ ofas 2

for all w € D(l,;+AE). If we set (1, ; +AE)w = v, then w' = & (1, ;+AE) v,

for all v € R(l,, j; + A\E) = D((l,; + AE)™') and the last inequality implies that

H%(ln,j + )‘E)_IUHLQ(AJ',CQ) < 02

HUHLQ(AJ-,@) S %5

that is equivalent to (4.22). The proof of the lemma is complete. ]

Let 61,6,, ... be non-negative functions in C7 ;(G, R?) such that

0<06;(y) <1, suppb; € NG €Z, Y 63(y) =1.

j=—00
We assume that the conditions of Lemma 4.6 hold. We now introduce the

operators K, M, (A)(s =1,2,3) defined by

KF =Y 0;(y)(ln; + AE)"'0;F, F € Ly(G,R?),

j=—o00
o0

Myy(NF == > 0(y)(In; + AE)'0,F,

J
j==o0

<. . d
My, (MF =-2 > ejd—y(zn,j +\E)7Y9,F,

j=—00

My, (\F =2in > 0;T(l,; + AE)"'0;F.

j=—o0

By virtue of properties of the functions 61, s, ... at each point y € R the right
hand side of these expressions consists of finite numbers terms (no more then
three). Since [, ; is the restriction of the operator I, to A;, then

KF € D(l, + A\E) and

(I + NE)KF =
> (g + AE)[0;(y)(Lny + AE)'0,F] =

j=—o0
oo

> {—[Gj(y)(ln,j +AE) 0, F) +

j==o0
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2inT (0;(Ln; + \E)"'0;F) +
Qn(¥)10;(y)(Lnj + NE)T'0;F] +
AE[0;(y) (I + \E) 10, F]} =

D -0 )l + AE) 0P -

2 _
Oy gzl + AE) 0, F +

2inT0;(y) (I, + \E) 0, F +

d
QZnTQJ(y)d—y(lw + )\E’)_19jF +

0;(y)Qn(y)(Lnj + AE) 10, F +
0;NE (L + AE)10,F]} =

0 2

d _
> {—ej@(zn,j+AE) 19, F+

Jj=—00
d
ZZnTOJ(y)d—y(lw -+ )\E)_lejF -+
0;()Qn(y)(lny + AE) "0, F +
0;[\E(l,; + AE)'0;F]} —
> 05 )y + AE);F —

j=—o00

= d .
QjZZ_:mej@(znﬁAE) 0;F +

2in Y TO(y)(ln; + AE)'0,F =

Y 05l + AE)(ln + AE)T'0,F —

j=—o0

Y 0 )l + AE)TOF —

j=—o00

= d .
zj;wej@(znﬁw) 0;F +

2in Y TO;(y)(ln; + AE)'0,F =

By our assumptions on the functions 0 (k = 1,2,...) and by Lemmas 4.5, 4.6,
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we can estimate the norms of operators M ,,(A)(s = 1,2, 3) as follows

M1 (N FIIZ, =

/

> / ‘ 05 (y) Ly + AE) O3 F (y)+

2

Z 0 () (g + NE) 60, F| dy =

k=—o00

0" 5 (y)(In—2 + AE)T0_oF(y) +
") (a1 + ANE) MO F(y) +
0o (1) (Ino + AE) 00 F () +
0, (1) (lna + AE) 10, F(y) +

0y () (lna + AE) 10, F (y) + . .. Zdy.

Hence, by inequality (A + B + C)* < 3(A? + B? + C?), which holds for any

numbers A, B, C', we obtain the following inequality

1My (N FI, =

32/)[9; L) Tngo1 + AE)10p 1 F(y)]*+

161 () (lnse + AE) 0. F (1)) +
01 (V) Ly + AE) 00 F(y)]?| dy <

k+1
3 [ [0x()(lng + AE)0.F (y)Pdy +
k+l=—00,” |
k+1
33" [0 s+ AB 0 )y +
k=—o0,” 4
k+1

33 [+ A F Gy <

kflzfook_1
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k+1

> / 00) (s + AE) 0, F(y) 2y

kpZq

We now set Cr = 9 max max (16, (y)|?), and thus we obtain
Yok

1M1 (N FIIZ, <

G 30 [ s 4 2B 0 )Py <

szooAk

Cr Z | (L + )\E)_lng(y)H%g(Ak,(CQ)'

k=—o00

Hence, by inequality (4.21), we have

Cr &
IMya(NFZ, < 77 D 0 F )7y, <

k=—o0

Cl o0

77 Z HekF(y)H%Q(R,C?)-
k=—00

Thus -
C/ gy /
My (M) F||7, < fIIF(y)IIiy C7 =6C5.
Moreover

M50 (ML, =
2

2in Y 0T (L + AE) 0, F (y)

/
R k=—o00
(o] o0 2
n® ) / > 0T (L + AE) 0 F (y)| dy =
k:—ooAk k=—00
4n? Z / QéflT(ln,k_l+)\E)_10k_1F(y)+
k:—ooAk

0,7 Ly + AE) 10, F(y) +

, 2
Opir T (ln g1 + AE)_19k+1F(y)’ dy <

[e)e] _ , 2
1902 / O T(lupr + AE) 0 F(w)]| dy +

- , 2
12n? Z / 0,1 (L, + )\E)*lekF(y)} dy +

2 [ 1 2
1202 3 / s T (Lo + AE) 01 Ply)] dy <

63
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0 k+1

, 2
1202 Y [ekT(ln,kHE)—lekF(y)} dy +
chrlzfook 1
k+1
2
12n? Z /[ (lngx + AE)~ 19kF(y)} dy +
k=—oo,”
o k+1
, 2
1202 Y [HkT(ln,m—)\E)‘lekF(y)} dy <
kflzfook_l
o k+1
36n* / [9 Ty + AE) 0 (y)} dy <
k=—oo,”

36n? 0, (y)|? T(l, E)'0,F(y <
nmkaxr;éaézc\k v)| Z/! kT AE) 0 }dy

k=— OOAk
Cs > T (s + AE) ' 0F )17 a0 c2)-
k=—oc0

Consequently

1M5, (N FI7, <

Cs D T, el s+ AB) M IZya, o) 106 F ()12, a, o)

k=—o00

Then by inequality (4.21), we obtain

M5 (N F, <

o0

08
> 0 F W), apc) <
k=—0o0
)
Z 10 E W17k c2)-
k=—0o0

Hence,

C, ~, ,
M WFIE, < SIFWIE,, ¢ =6c)

We now consider M ,(\)F.

1Mo (N FIIZ, =

2
[P Y bt s rm 0| ay <
R k=—0o0
2
4 Z/ Z O (i + AB) 0P (y)| dy <
k—fooA k=—o00
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o k+1

U3 [ s 0B 0P+
s |
e/i(z + AE) 0. F(y)
kdy n,k k
. d 2

9k+1d—(ln,k+1 + AE) 0,1 F(y)| dy <

k+1
d 2
12 FE F
kZ (0 i #3800 ) 4
_—oo_l

,d 2
(de—y(ln,k + )\E)_lekF(y)) +

,d ?
(9k+1d—y(ln,k+1 + AE)_lek—i-lF(y)) dy <
k41
12 Z /<0k (I + AE) 0, F (y )) +
k:—i—l——oo
k41
12 0 !
Z/(kd nk+)\E) O F (y )) dy +
h=—o0," 4
k41
- . d . 2
kflzfook_l
e’} k+1 d 2
36 0, —(lnx + \E) 10, F dy <
3 [ (duss a0 0r) ) a <
=—00 1
k+1
2 / d 1oL F 2d <
36 0 —(ln g + AE)
maxmax\ | Z iy K+ KE(y)| dy <
— 4 -1 2
Cy Y Hd—y(ln,k+AE) O F ()| 200 02)-
k=—0o0
Hence, by inequality (4.22), we obtain
||M2,n(/\)F||%2 <
\/_ Z ||Qk ||L2(Ak (CQ) —
k=—00
k_ZOOHek DI, @ece) < \/—Q—HF( Wl
where C~’é = 6C,. Consequently
Cho

[Myn(A) + Mo (A) + M3 (M)l 2, = 190 (M)]] 2oL, < No%
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for A > 1. Therefore, there exists a number \y > 1 such that

1

IS0l zata < 5
1 3
§ < ”E+ Sn()‘)||L2—>L2 < 5

and

I(E + Su(X) lzo—r. < 2,

for all A > A\g. Hence, it follows that E + S, ()\) : Ly(R, C?) — Ly(R,C?) is an
one-to-one map. We set (E + S, (A\))F = h. Clearly,

(In + AE)K (E + S,(\))""h = h,

for all h € Ly(R,C?), X > Ag. Thus, the operator I, + AE has an inverse for
all A > Ao, and the inverse operator K (E + S,()\))~! is defined on the whole
of Ly(R,C?). Hence, and inequality (4.20), and the well-known Theorem 1.2
[1, p. 92|, implies that

Lemma 4.8. Let Assumption 2 hold. Then the operator l, has an inverse,

defined on the whole of Ly(R, C?). Namely, the operator 1.
We now have the main statement of this chapter.

Theorem 4.9. Let the coefficients of system (4.1) satisfy Assumption 2. Then
the problem (4.1),(4.2) has an unique solution w = (u,v) in the Sobolev space
WHG,R?) for every right hand side F = (f,g) € Ly(G,R?).

Proof. Let (uy,,v,) (n € Z) be a solution of system (4.15). Then the func-
N

N
tion wy = ( ST oup(y)ett® M Uk(y)e“”) is the solution of problem (4.1),

(4.2), where F(x,y) is replaced on Fy = ( fj fe(y)ete, é\[) gk(y)ei’“)
Since the sequence {Fy} converges to the rigﬁt:_hjzmnd side ofkgy_sji\:[em (4.1), it
is a Cauchy sequence. Then by inequality (4.6), {wn}y__ ., is a Cauchy se-
quence also in W3 (G, R?). Since W, (G, R?) is complete, then the sequence
{wn}r__ has a limit w = (u,v) € Wy (G,R?). By definition w = (u,v) is
a solution of problem (4.1), (4.2). The uniqueness of the solution follows by
inequality (4.6). Hence, the proof is complete. H



Chapter 5

A coercive estimate for the
solutions of a singular

degenerate system

Let Ay =(j—1,7+1), j € Z. Let A, A be constants such that A > X > 0. Let

-1 0
0 1

E =

For each j € Z we consider the operator ZSB + inAE 4+ \E defined by
(19 4 inAE + AEYw = —w” + 2inTw’ + Qu(y)w + inAid + M,

for all functions w = (u,v) in the space C? (Aj,((:2) of twice continuously
differentiable functions of A; = [j — 1,/ + 1], j € Z to C? which satisfy the
boundary conditions (4.19), where @ = (—u,v), T and @, (y) are the matrices
associated to system (4.15).

We denote by I, ; +inAE + \E the closure of the operator lg?;- +inAE+\E
in the norm of Ly = Ly(A;,C?) . We denote by v;(y), ¥;(y), a;(y), b;(y),
¢j(y), dj(y) the extensions to R of the restrictions of functions ¢(y), ¥(y),
a(y), b(y), c(y), d(y) to A; with period 2.

Lemma 5.1. Let \ > X >0. Let Assumption 2 hold. Let

2
o ¥ (y)

> co >0, 5.1
y,mER,|ly—n|<2 a('n) =0 ( )

67
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()
ymeR Jy—nl<2 d(n)
Then there exist constants Cy, Cy such that

ZCl>O.

-1

o

' (tns + inAE + AE) < (5-2)
LQ(AJ.7(C2)~>L2(A]',C2) |n|A
d . -1 C
' = (tng + inAE + AE) <= (5-3)
dy L2(A;,C2)—Ly(A;,C2) VA

Proof. Let Assumption 2 hold. By arguing as in the proof of Lemma 4.6
one can prove that the operator [, ; + in\E 4+ \E is bounded and invertible.
Let w = (u,v) € C? (A;,C?). We denote by
v = (mf( ©0i(y)), mf V;(y), 1€nAf a;(y), mf di(y )) Then

yeEA i
Re ((zm +in>\E+)\E)w,w> > (5.4)
! 2 2
/un dy+/ A\ —n? sup k()| | Jun|” dy +
yeA i
A A
12
/vn dy+/ A —n?sup |k(y)| | [va|?dy +
A, A, YEA;

/ (W + () + )t + () dy >
/ /( 2= sup [k(y >|> wl* dy,

[ (g + inAE + 2By, w) | = (5.5)
(o +inAE + ABYw, D) | 2 Inl (3 + W) [0,

and accordingly

Hence, we obtain the following inequalities

27;
G ( = A= sup |k (y )!) lwlZa,.c2) —
27
=L+ A CO o 2
e el e < g [|ng + A 2B
v+ A
n|—2 |l zoa;.c2) < (5.7)

3 )\
‘

NECED

(L, + inAE + \E) w’

La(A;,C2)
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Hence, inequality (5.2) follows. By taking the square of both hand sides of
inequality (5.7) and by inequality (5.6), we obtain

/ 27y, 1
2 J 2
I o+ (2 +3) (1 307 ) Nolfaca, ot (55)
Ci(y; +A)
2 1\ 2
: — sup |k(y W7, a0 <
( G -k >|) ol o
Co+C . 2
S+ inAE + AB)w .
3+ A La(A;,C?)

We now choose Cy so that Cy > 1. Hence, by condition (5.1) inequality (5.3)
holds for all \ > X > 0 and the proof is complete. O

We now consider the operator [,, + in\E + \E defined by
(I + inAE + AE)w = —w’ 4 2inTw" + Qy(y)w + inAi + Aw,

for all functions w = (u,v) in the space C? (R, C?) of twice continuously dif-
ferentiable of R to C? which have compact support.

We denote by [, + in\E + \E the closure of the operator [,, + in\E + \E
in the norm of Ly = Ly(R, C?) .

Lemma 5.2. Let A\ > )\ > 0. Let Assumption 2 and condition (5.1) hold.

Then the following equality holds

(In 4+ inAE + AE)P,(\, \)F = (5.9)
F+ PL,(MAF + Py (MANF + Py (M AF,

for all F € Ly(R,C?), where

Po(MNF =Y0,(y)(In; + in\E + \E) 16, F,
J
Piu(MANF = =307 (y)(lnj +inAE + AE) 10, F,
J

Pon(N AN E = S 2inT0(y) (1 + inA\E + AE) ™10, F,

0, (y)(Ln; + inAE + A\E) ™16, F.
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Proof. By simple computations, we obtain that

(Ln + inAE + AE)P, (A, A\ F =
> (ln+ inAE + AE)[0;(y) (In + inAE + \E)™'0,F] =
j=—00

Z {_[Qj(y)(ln +in\E + ,\E)—lgjp}”jL

2inT e»i I, +in\E +\E)'0.F ) b+
Jd J
Y

Z {Qn(y)[9j(y)(ln +inAE + AE)"'0,F] +

inAE[0;(y) (L, + in\E + \E) "', F] +
AE[0;(y) (1 + inAE + /\E)’lejF]} -

> 0;(ly +inAE + AE)(I, + inAE + AE)"'0;F —
Jj=—00
> 0 (y) (Lo + inAE + AE) 710, F +

J
> " 2inT0(y)(l; + inAE + \E) 0, F —

J
2y d%e;(y)(zn,j +inAE + AE)'0,F =

J

F+ P,(MAF + Py (MA)F + Py (A N)F.

and thus the proof of the lemma is complete. m

Lemma 5.3. Let Assumption 2 and condition (5.1) hold. Then there exists a

number Ag > 0 such that

3 -1
(I +inAE + AE) " = P,(\,A) [E+ ) Pra(), A)] , (5.10)

k=1

for all X € [\, ).

Proof. By definition of le(j\,)\) in (5.9) and by the properties of the

functions 6; (j € Z) , we obtain

2

Pi,(\MAF

Lo

/%

1 ~ v 2
0, (y)(ly; + inAE + \E)"'0,F| dy <
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2 2
3 / 0,F | dy <
Lo—1Lo -
J Aj

2

sup
JEL

0 (y)(In; + inAE + AE)‘l‘

(In; +inAE + /\E)‘l‘

2 ma 0| FIE,.
max|6; (y)| sup o I,

Hence, by applying inequality (5.2), we have
Cy

Lo—Ls — An|’

a3

(5.11)

Now by definitions P;,(), A) and P37n(5\,)\), and by the properies of the

matrix 7" and of functions 6; (j € Z) , we obtain

HPM(S\,)\)F‘

2
<
Lo

, .o 2
/ > ‘zmTej () (Lo +inAE + AE)*lejF‘ dy <
R J

2 2
3 / 0,F | dy <
Lo—1Lo -
J A

4n? sup HT@;(y)(Zm +inAE + )\E)_l‘
jez

J

~ U 2
2 max |6, ‘z- WAE + AE)~! Pl
8" max [6; () [ sup || (g +inAE+AE)T| - IFIL,
and
N 2
’Pgn(A,A)F <
2 ; N )
/ > ‘zd—yej(y)(zn,j +in\E + \E)'0,F| dy <
J
d e 1P )
4sup d—Gj(y)(ln,j—l—zn)\E—i-)\E) Z 0;F|"dy <
JEZL Y Lo—Lo j A

J
2

, d .
0 —(lnj +in\E + A\E) Fl3 .
Bmax |0 (y)sup |15 (I +INAE + AE) . 171z,
Hence, by inequalities (5.2), (5.3), we have
. s
Py (A A ‘ <22 5.12
ol <5 22
and R
. Cs
Pyn(A N ‘ <3 5.13
|G, = (5.13)

If Assumption 2 and condition (5.1) hold, then

lim HPkyn(;\,A)’ — 0 (k = 1,2,3). By inequalities (5.11)-(5.13), it
A A—00 Lo—Lo

follows that there exists a number Ay > 0 such that

|

IN

Pin(, /\)’

d

Pon(3, A)’

- 1
+ szs,n()\, A) 5

Lo—Lo Lo— Lo Lo—Lo
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for all A € [\, A
Then the operator S , = E+Pi,(MA) +Pon(MA)+Ps (A A) is bounded

and invertible for \ > A > Ao by Theorem 1.5. Moreover, SJ\,A’ < 2,

Lo— Lo

HS;i‘ < 2. This means that the operator S5 , is a bijection of the whole
M Ly—Lo :

of Ly(R,C?) onto itself. We now set G5 ,(T') = (S5 ,F)(T) (A>X>X\). By
the equality of Lemma 5.3, we obtain that

(I, + inAE + AE) (P, (), NSGT) = G5, (),

for all G5 ,(T) € La(R, C?).

-1

N 3 N
Thus, the operator P,(A\,A) |E+ > Pun(AA) coincides with operator
k=1

(In + inAE + AE) ™ for A > A > Aq. O

Lemma 5.4. Let Assumption 2 and condition (5.1) hold. Then there exists a

number \g > 0 such that

‘ (I, +in\E + /\E)‘l‘ < (5.14)
Lo— Lo
V8sup ||(In; + inAE + \E) ™ :
JEZ L2(A;,C?)—L2(A;,C?)
Jor all X € [\, A].
Proof. By virtue of the properties of the functions 64, 6s, ... at each point

y € R the sum P, (), A) h(y) consists of a finite numbers of terms for all h € Ly
(no more then three). Therefore, (5.10) implies that

|

2

(I + in\E + A\E)"'h|| <

Lo
2

3 -1
E+)  Pra(X, )\)] X

/%
4/21:
R

4 sup
JEL

Lo—Lo

~ U 2
0;(y)(ln; +nAE + AE)"10,h| dy <

~ v 2
0;(y)(Ln; + inAE + AE)'0,h| dy <

. 2
0;(y)(ln,; + inAE + )\E)’l .

2
N

A U 2
() (Inj + inAE + AE) La(A;,C2)—La(A;,C?)
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/I9 y)|*dy <

5 () (g +inAE + AE)™! I1AIIZ,.

JEZ L2(A;,C2)—L2(A;,C2)

(see definition (5.10)). Thus the proof of the lemma is complete. O

Lemma 5.5. Let Assumption 2 and conditions (5.1) hold. Let

{w(y) Y(y) aly) d(y) “(y)} <O < oo (5.15)
i< . .

sup
y,mER,|ly—n|<2

Then

In| <P(-) + XE) (zn Vot AE) B + (5.16)

Lo—Lo

H(Q(-) + \E) (zn +in\E + AE)

—1
< Q.
Lo— Lo

Here P(y) and Q(y) are matrices of (4.1).

Proof. Without loss of generality, we can assume that A> N> Ao, where
Ao is a constant of Lemma 5.4. By Lemma 5.4 and by the properties of the

functions 6, (j € Z) , we obtain

H(Q(~) +AE) (ln +in\E + >\E>_1 hl| <

Lo

max { sup (a;(y) + A), sup (d;(y) + )\)} X
YEA; YEA;

3 -1
E+ ZPk,n(X,A)] X

k=1

Lo—Lo

Wl

A v 2
Y(lnj +inAE + AE)~ dy | <

' max { sup (a;(y) + A), sup (d;(y) + )\)} X

yEA; yeA;

() (L + inAE + \E) ™!

X
L2(A;,C?)—L2(4;,C?)

M=/

2

/|e WiEdy | <
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Cy max { sup (a;(y) + A), sup (d;(y) + )\)} X

YEA; YEA;
L i +in\E + \E) ™! Rl |
s (g inAE + AB) La(A),C2)—La(A;,C?) iz,
or
~ U -1
H(Q(-) +AE) (zn +inAE + AE) B < (5.17)
Lo
C5 max { sup (a;(y) + A), sup (d;(y) + )\)} X
YEA; YEA;
L i +in\E + \E) ™! Rl |
jlelIZ) ( g N ) L2(A;,C2)—L2(A;,C2) || ||L2
Accordingly
n o N -1
In| (P(-) n )\E) (zn +inAE + AE) | <
Lo
InlmaX{Sup(l%( )| +A), Sup(%( )+>\)} X
yeA j yeA j
3 —1
E+  Pra(), )\)] X
k=1 Lo—1Lo>
) 3
Y) (L + inAE + AE)™ dy | <
Csln!maX{Sup(l%( )| +A), Sup(%( ) + A)} X
yeA j yeEA j
L : +in\E + \E) ™! hll, .
?lelzp ( g AL ) La(A;,C2)—Ly(A;,C2) I HL2
or
n n -1
In| (P(-) n )\E> (zn +inAE + AE) | < (5.18)
Lo

Cs[n| max { sup (|ip; (y)] + ), sup (v;(y) + A)} x

sup
JET

(ln; +inAE + /\E)‘l‘

h .
La(A;,C2)—La(A;,C2) 17,

Inequality (5.8) implies that

~ 2’7 C~'1
¢ J+A> a0 < 7 |
b (5 ) Iwlfa,en < 3

)

La(A,,C2)

(L, + in\E + \E) w‘

for all w € D(l,; + inAE + AE). Hence, if we set (I, ; + inAE + \E)w = v,

then w = (I, ; + nAE + AE) 'v, for all v € R(l,,; + inAE + \E) =
D((In; +in\E 4+ AE)™1).
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So we obtain that

Hence, conditions (5.15) and inequality (5.17) imply that

Cs
< 5 .
L2(A;,C2)—L2(A;,C2) % + A

(I + inAE + AE)‘l‘

<
Lo— Lo

H(Q(-) +\E) (zn B+ )\E) -

C
Comax ¢ sup (a;(y) + ), sup (d;(y) + A) ¢ 5 ° < o0
yeA; yeA; =5+ A

Inequality (5.7) implies that

1

~ U —1
H(zn+z‘nAE+AE) < -
Lo(A;,C2)—La(A;,C2) Inf(; +A)

Hence, conditions (5.15) and inequality (5.18) imply that

<
Lo—Lo

In| (P(') + S\E) (ln +inAE + AE>_1

Cafn| max {;EUAP_(!%(@/)\ +A), sup (¢;(y) + A)} x

YEA;

; A
sup lpi(y)] +
nER, |y—n|<2 : ; i
YR [y—n| min (ylenAfj [o(m)| + A,ylengj o (m)| + )‘)

Y

¥i(y) + A
min (nf Loy + ). i o)l + )
1
altr + )

X

< 00,

and the proof of the lemma is complete. m

Let G ={(z,y) eR?*: -1 <z <m —00<y< +oo}. We now consider

the operator L, 5 defined by
Ly sw = Byyw+ (P(y) + ;\E'> w, + (Q(y) + AE) w,

for all functions w = (u,v) in the space C (G, R?). We denote by L, 5 the

closure of L, 5 in the norm of Ly(G,R?).
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Definition 5.6. The operator L, 5 is said to be separable, if the following

inequality holds

+
2,G

Iialla + 0l + Il + || (PO) +AE) w,
Q)+ AB) il < € (L], + ol
for all w € D(L, 5)-
We now prove the following intermediate statement.

Lemma 5.7. Let the following conditions hold.
a) The coefficients ¢, 1V, a,b, ¢,d of the system (4.1) satisfy Assumption 2.
b) The function k(y) of R is twice continuously differentiable and satisfies
one and only one of the following three conditions

2

i) V2<k(y) <2, min {*(y), »*(y)} + K" (y) > 2 [F ()]
i) k() <2 G <L min{@) 2w} + K G) > %

iti) k(y) <2, K(y) > 2K (y), min{*(y), 0% (y)} +*"(y) > 2K ().

¢) There exist non-negative constants X\ and X such that the following in-

equality holds

|Buoll g + || (Py) + AE) w,

1
o + (5.19)

+ Hng,G> :
2,G

(Q(y) + AE) w]l, < C (H(L - XE’(% + AE)w

for all w = (u,v) € D(L, 3)-

Then the operator L, 5 is separable.

Proof. Let w = (u,v) € C’%O(G, R?). By simple computations, we obtain
that

”B:vywH;,G = /[k<y)u:mc — Uyy — 2Uzy]2dl'dy—|—
[2umy - k(y)vzm - Uyy]dedy =

[K2(y)u2, + ”zy = 2k (y) Uiy, +

Q\Q\Q



OF A SINGULAR DEGENERATE SYSTEM 7

4U3:y — 4(k(Y) gz — Uyy)Vay]dady +

[, 4 ) = vy +
G
K (y) vy — 2k(y)vasvyy + v2y)dady =

/ K2 ()2, + o2 )dedy + / 2, + 2, Jdrdy +
G G

4/Uiyd$dy+4/uiydxdy — 2/k’(y)umuyydxdy —

G G

4 | k(y)ugaveydady + 4/uyyvxydxdy +

4 | k(Y)ugyVszdrdy — 4 | ugyvy,dedy —

Q\Q

2 | k(y)veavy,dedy.

Q\ Q\ Q\Q

Hence, by arguing as the derivation of (3.3) from (3.2), and by exploiting
the fact that the function w has compact support in R in the variable y, we

obtain

t s (5.20)

2,G

/ k() |was [Pdzdy + / lw, [2dzdy +
G

1 / [y Py + / (9 Py 2 [ k() Pdady -

|Bull g + || (P) + AE) w,

G
4/k YUy Uppdrdy + mf {gp ), 0% (y) }/|wx|2d$dy.
G

The last term of (5.20) satisfies the following inequalities

, 1 [, 72 1
/fmeMMysi/%@}@M@+§/@W@,

G G G

/ 1 1 ’ 2
/k (Y)uzvppdrdy| < —/uidmdij 5/ [k (y)] v2 dxdy,

G G G

\)

/ 1 , 1 /
/fQMMMMySé/k@@M@+§/k@ﬁﬁmy
G G G
Hence, we obtain

ts (5.21)

|Baywlls g + || (P + A8 w2
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[wy, [*dxdy + 2 /[2 — k()| way | dxdy +
Go

(32]12 [P )W)} + () -2 [k’@)T) s drdy,

Q\ Q\ Q\

~ oy 2
||B:vyw||§,c + H (P(y) + )\E> Wa |, o > (5.22)
[ [0 =200 0 lwwalnay +
G
/’wnydQ?dy + 2/ Y)] |wey|Pdzdy +
G G
2 2
G
~A U 2
| Beywlly ¢ + H( AE) = (5.23)
/ [ — 2K'( ] |wm| dxdy +
G
/|wyy|2d$dy+ / Y)] |y Pdzdy +
G G
: 2 o ’ 9
/ <;gﬂg{w W), ¥ (y)} + k" (y) — 2k <y)> |w, [*dzdy.
G

By conditions i), ii) and iii) and the inequalities (5.21), and (5.22) and (5.23)
by arguing as to prove Lemma 3.3, we obtain that

2

|Baywl2 ¢+ )+ AE > (5.24)
2,G

2 2 % 2
Ch ||w:crH2,G + O ||wyyH2,G + Cs wasz,G +(Ca+A) ”waQ,G .

and inequality HLA 5\wH > Co(A, ) (Hj\wx
S | PYE 2,G
inequalities (5.19) and (5.24) imply that

+ ||)\w||27G> holds. Hence,

me‘HQ,G + HwyyHQG + Hwa:yHQG +

| (P AE)

|Baywlly g + || (Pl) + AE) w

Q) + A uly g <

+ QW) + 2B wllyg <

0 ([ 2asa],, + olag )
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and the proof of the lemma is complete. O

We now introduce the main result of this Chapter.

Theorem 5.8. Let A\ > A > 0. Let the coefficients of system (4.1) satisfy
Assumption 2, conditions (5.1), (5.15). Let k(y) be twice continuously differ-
entiable on R and satisfy one and only one of conditions i), ii), iii). Then the

operator L, 5 1is separable.

Proof. By Lemma 5.7 it is enough to show that (5.19) holds. By the
assumptions of this theorem the operator L is bounded and invertible. The
operator L+\E a% satisfies all the conditions of Theorem 5.8. Hence, L+\E a%
is bounded and invertible. Furthermore, the following inequality holds

> Clwllye

H(L a2y AE)w
ox e

for all w € D(L + 5\5’8—‘1 + AE). Then by the well-known Theorem 1.2, the
operator L+ ;\E% + AE is bounded and invertible in Lo(G, R?) for 2>\ > 0.
Furthermore, we have

+oo
(L + XE% +AE)'F = Y (I +inAE + AE) " F,e™,

n=—0oo

by construction. Here F = >~ F,e™ F = (f,9), Fn = (fn 9n)-

n=—oo

Hence, by the orthonormality of the system {em’?}Jroo

n=—oo

in Lo(—m,m), we

obtain

;| -1
DT L+ NE—=— + \E
p(y) x( + A aerA )

Lo (G7R2)4’L2 (GvRQ)

In|"p(y) (ln +inAE + AE) -

sup )
n LQ((O(,B),(C2)—>L2((Oz,ﬂ),CZ)

Here D7 = 2 and 7 = 0,1, and p(y) is a 2 x 2-matrix with continuous

T )

elements. Since (5.16) holds, we have

-1
+

N, e 0
P()+AE) — (L +AES- + AE)
( ) or Ox L2(G,R?)—L2(G,R?)

d N -
(@) +A8) (L VLA )\E)

Lo (Gsz)_)LQ (GvRQ)
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sup sup
noj

_|_

N -1
In| (P() + \E) (ln,j i\ + AE)
La(A;,C2)—La(A;,C2)

< 00.

. -1
sup sup '(Q() + A\E) <ln7j + inAE + AE)

n J

L2(A;,C%)—La(A;,C?)

Then we obtain

< 00,

;) -1
Bay (L +AE S+ AE)
v L2(G,R2)— Lo (G,R2)

by system (4.3). Hence, inequality (5.19) follows and the proof is complete. []

Corollary 5.9. Let the coefficients ¢, 1, a,b,c,d, k of system (4.1) satisfy the
conditions of Theorem 5.8. Then the following inequality holds

vaallzq + ltgylly e+ lttaylls o+ (5.25)
vaells . + 1yylls 6 + 1vaylls ¢ + lo(W)ualls ¢ +
luylly ¢ + 10 @)valls e + lvylls 6 + la()ulls ¢ +
Ib(y)vlls.¢ + lle@)ulls e + ldw)olse < CIF 5,

for the solution w = (u,v) of problem (4.1), (4.2).

Remark 5.10. The definition of separability ensures the wvalidity of the fol-

lowing inequality
ltzallg. + Nty N3, + ety 5.+ (5.26)
vaally + llogyllz. o + ey llz 6 + le(@)ually ¢ +
g I3, + 18 @)vs 5.6+ oyl 6 + lla(y)ullse +
b(y)ollsq + le@)ulls. + ldy)vls e <
O (2wl e+ lwle)

If ineqality (4.6) is holds, then (5.26) is equivalent to (5.25).

By the well-known norm of the Sobolev space WZ(G,R?), one can rewrite

(5.25) in the following compact form

2 2 2
lwllwzcrz) + leWually e + [10@)vell56+
2 2 2
[(la] + [e) ully e + 1[0l + [d)) vilye < CrlFllyq -
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Example 5.11. The following system satisfies the conditions of Theorem 5.8.

—5 52 2,, 2 e (4 +3) ou
V2 e R - B - 20 — 2+ R R (P + Dut v = f(x,y),

2 — 2 2 e 3) v
288338y+ 2—e yQ%_g_yQ \/2+ y2(yy2—:_1)gz+%u+(y2+1)vzg($ay)7

where f,g € Ly(G).

Example 5.12. We consider the following problem

2u 2u v — u
B)%S - 5 — 28 — [(1+ 8y2)el 21 — 2122

(11y* — y + 8)u + Jsinyv = f(x,y),
2 2'U 2'U v
228+ k(y) 58 — 58 + [x(y)e™ ! + T)5e+

seosyu + (5y* — 2y + v = g(,y),

w(_ﬂ-a y) = w(ﬂ—7 y)? wﬂﬂ(_ﬂ-v y) = wﬂU(ﬂ-a y)

on the strip G = {(z,y) ER?*: —m <z <m, —o0 <y < +oo}. Here

le=v” for y>0
k(y) = 2 o
1—ge™ fory <0

such that ;Ielﬂf& k(y) =0, and x(y) is an arbitrary function such that 1 < x(y) <
2 for all y € R and f,g € Ly(G).

By Theorem 4.9 this problem has an unique solution w = (u,v) € Lg for
any data f, g € Ls(G). Moreover, the solutions of the above system satisfy the
coercive inequality with the norm of space Lo(G) in the form (5.25).

We now show that the following functions

aly) = 11y* —y +38,

1
()=
c —cos
Yy 3 Y,
d(y) = 5y* — 2y + 1,

o(y) = —(1 + 8y2)e™ "2+l 1 9
) =

(
U(y) = x(y)e™ T+ 7

satisfy Assumption 2.
Indeed
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1)there exists a constant 0 > 0 such that

inf {—¢(y),aly),d(y)} =

yeR

inﬁfa {(1 + 8y2)e7y2’2y+1 — 2, 11y* —y + 8,5y — 2y + 1} =0 > 0;
ye

2) there exist constants r,q,(r >0, ¢ >0, r+¢ = 1) and ¥(0 < ¥ < 3)

such that
3 (13siny| + [geosyl)™ < 2525,
3 (13sing] + [jeosy]) ™ < 2=,
Ox(y)e?' 1 +7] > 5yt — 2y + 1
for all y € R.

Further, we can see that the functions a(y), d(y), ¢(y), ¥ (y) of R satisfy the
condition (5.1) of Lemma 5.1 and the condition (5.15) of Lemma 5.5. There

exist constants cg, ¢; and C such that

1 8 2\, 7y?—2y+1 _ 2 2
e A+ 8ye ]

> co > 0,
y,neR, |y—n|<2 11t —n+38 =

4
e @A
ymeR jy—n<2 St —2n+1

and

sup

(1 + 8y2)€7y2—2y+1 ) X<y)65y4+1 + 7 11y4 —y 4 8
ynER,|ly—n|<2

(1 + 8n2)e7n2—2n+1 —9 X(n)e5n4+1 + 7’ 11774 —n+ ]’

Syt — 2y +1 11yt —y+38
St —2n+1"5n* —2n+1

The function k(y) is twice continuously differentiable and satisfies the con-

}§C<oo.

dition (ii) of Lemma 5.7.
Really
Dk(y) <2;

2) If y > 0 then - — —2,/2 <0,
if y < 0 then ‘/i’zygy) = 22;?;7’1 < 0.

Thus Y20 < 1 for all y € R.

And we show that

min {¢*(y), V3 (y)} > 2 — k" (y).

yeR

Indeed,
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if y > 0 then k;”(y) = —2v/2 <0,
if y < 0 then k" (y) = igy < 1.

e

So k"(y) < 1 for all y € R.
Then

min {©*(y),¥*(y)} > 3,

y€R

namely

ain {[(1+ 897)e™ 2141 — 97, [y()e 1 + 72} > 3,
ye

holds for any y € R.

Example 5.13. We consider the following problem

;

s 2U 2“ 2’U
(5 — arctgy) 2% — 2 — 228 — | /(T +2y0e™ + 11

ou
Bu

el 1y 4+ X sinycos3yn = f(a,y),

2u T 2’U 2’U — v
28393(% + (% — arctgy) % — g—yQ + ‘\/(3 + yt)ebvit2y=3 + 7 %—i—
\ scosysin3yu + SV = g(z,y),
w(—7r, y) = w(ﬂ-ay)a wz(_ﬂa y) = wz(”a y)
on the strip G = {(z,y) € R? : -7 <z <7, —00 <y < +oo}. Here

inf k(y) = inf (3 — arctgy) = 0 and x(y) is an arbitrary function such that
yeR yER
1 <x(y) <2foralyeR, and f,g € Ly(G).

By Theorem 4.9 this problem has an unique solution w = (u,v) € Ly for
any data f, g € Ly(G). Moreover, the solutions of the above system satisfy the
coercive inequality with the norm of space Lo(G) in the form (5.25).

We now show that the following functions

a(y) = el
b(y) = %sinycosiﬁy,
cly) = %casysmi’)y,
d(y) = M09,

ply) = - ’\/(1 +2y*)et” + 11‘ ,

Uly) = '\/(3 + y4)eby?+2y=3 4 7‘

satisfy Assumption 2.
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Indeed

1)there exists a constant 6 > 0 such that

inf {
yeR

2) there exist constants r,q,(r >0, ¢ >0, r+¢ = 1) and ¥(0 < ¥ < 3)

inf {—p(y),aly),d(y)} =

yeR

\/(1 + 2y*)etv? + 11

7€\y|+1’ 68ly+0~5} =46 >0;

such that )
3 <’%smycos3y\ + |écosysm3y‘> < e|y£|;+1’
% (’%sinycosiiy\ + \%cosysimy‘)?q < 88\y\3+0.5’
v ‘\/(3 + y4)ebv 23 ¢ 7’ S Slyl+0.5
for all y € R.

Also we can see that the functions a(y), d(y), ¢(v), ¥ (y) of R satisfy the
condition (5.1) of Lemma 5.1 and the condition (5.15) of Lemma 5.5. There
exist constants cg, ¢; and C such that

(14 2y%)e®” +11

il’lf > ¢ > 0
y,mER,|y—n| <2 elnl+1 = 0 )

Byt g

inf > >0
y,MER,|y—n|<2 e8In|+0.5

and

’\/(1 + 2y4)eby? + 11‘ )\/(3 + yt)ebv =3 4 7‘ olyl+1
sup

ymER,Jy—n|<2 ‘\/<1 + 2n4) e + 11’ ’ ‘\/(3 + yt)edn*+2n—3 4 7‘ el

eBlyl+05  lyl+1

}§C<oo.

e8Inl+0.57 o8|n|+0.5

The function k(y) = 5 — arctgy is twice continuously differentiable and

satisfies the condition (ii) of Lemma 5.7.
Really

Dk(y) < 2;

VaK'(y) _ 2
2) W) T G ) < 1 for all y € R.

3) If y < 0 then k:”(y) = (lf%)z <0,

if y >0 then k" (y) = uf%)Q <1

So k"(y):(lf%)g <lforallyeR

Then we see that

min {W), v*(y)} > 3,
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namely

min {(1 4 2yh)eS 111, (3 + yh)etr S 7} >3,
ye

holds for any y € R.

85
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Chapter 6

Compactness of the resolvent
and properties

of the Kolmogorov

diameters of the set M =

{we D(L): Ll + wlze < 1}

Theorem 6.1. Let the conditions of Theorem 5.1 hold. Let

lim a(y) =+oc0 and lim d(y) = +oo. (6.1)

|y|—+oc0 |y[—-+o0

Then the inverse L= of the operator L is completely continuously in the space

La(G, R?).

Proof. We denote by W3, (G, R?) the weighted space of functions w =

(u,v) with the norm

[wllypq =
2 2 2
HUMHQ,G + HuyyHQ,G + HuwaQ,G +
2 2 2
vaHz,G + HvyyHQ,G + Hvl”yHZG +

2 2 2
(W)l + V(@) valls o + llaly)ully g +

1
2

lo(y)llze + lle)ulls g + Hd(y)vHia] ~

87



88 COMPACTNESS OF THE RESOLVENT AND

By Corollary 5.9 inequality (5.25) holds for all w in D(L), which is contained
in W3 p (G, R?). Since the elements of the matrices P(y) and Q(y) are con-
tinuous and condition (6.1) holds then Theorem 1.6 implies that the space
W3 po(G,R?) is compactly imbedded into Ly(G,R?). We now prove the com-
pactness of the unit ball M of W3 (G, R?) in Ly(G,R?) by exploiting of the
Fréchet-Kolmogorov theorem, see Theorem 1.6 of Chapter 1. We first verify
conditions 2) and 3) of such statement. Let w = (u,v) € W3 po(G,R?). Let
hi,he # 0 and N > 0. Clearly

/ lw(t + hy, 7+ hy) — w(t,7)| dtdr <

2

t+hy T+ho
/ /w;(fﬁ—i‘hﬂdf-l- / w;,(t,n)dn dtdr <
G |t :

t+h 2 42 2
2/ /w;(5,7+h2)d5 dtdr+2/ /w;(t,n)dn dtdr <
G t G T

t+h1 t+hq

, 2

2//d§/‘w5(5,7+2‘ dédtdr +
G t t

T+ha T+ho )
2 / / 12dn / w;(t,n)‘ dndtdr <
G T T

t+h1

2| / dt/)wE 13 T+2h2)‘ dedr +

T+h2

2’}12 dr

2|hq)? ||wz|\2,G + 2|ho|? HwaQG — 0 as hy — 0,hy — 0.

Now

/ ul?dedy <
SEe

t|>N

(tif;gva(t)) h

<mMWH%®®_/MOHWWW%ms

2

—0 as N — +o0
2,G

=

(a(t) + (1))

u
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and

/ v[2dedy <
VE2+?>N

[t|=N

(g )

This means, that operator L= maps the whole of Ly(G,R?) into the weighted

(it o) + 1) [ 0) + ooy <
G

— 0 as N — +oo.
2,G

space VV22 pg» 1-e. the operator L1 is completely continuously. Thus the proof

is complete. O]

Theorems 5.8 and 6.1 allow us to consider the problem of estimating the
diameters of the set M = {w € D(L) : | Lw||2,¢ + ||w]]2,¢ < 1}, which is a part
of the domain of definition of the operator L. By definition, the k-diameter of

Kolmogorov of a set M in Ly is a number, which is equal to

di. (M) = inf inf — k=12, ...
k(M) 1&5255&”?” wl|L,, 2,

where G}, is the set of the all subsets of Ly with dimension no more than k. The
estimate of the diameters can be used to understand the rate of convergence
of the approximate solutions of equation Lw = F' to the exact solution.

We denote by N(A) the number of diameters di(M) greater than A > 0.

Theorem 6.2. Let the functions ¢,,a,b,c,d, k satisfy Assumption 2 and
conditions (5.1) and (5.15) and (6.1) and one and only one of conditions i),

ii), iii). Then there ezist constants cy, ¢ such that

coN " tmeas (X QX)) < cl_l)\_%> <
N(A) < cAtmeas (X QX)) < 02)\_%) ,

for the function N()), where meas is the Lebesque measure on R2.
We introduce the following sets
M, = {w € Ly,(G,R?) : ||w||W227P’Q < s},
N, = {w € Lo(G,B?) : lwllwz, <p).

In order to prove Theorem 6.2, we need some lemmas.
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Lemma 6.3. Let the assumptions of Theorem 6.2 hold. There exists a constant
Cy > 1 such that
Mcfl C M C Mg,.

Proof. Let w = (u,v) € MC;L Since the conditions of Theorem 6.2 hold,
the operator Lw = By,w+ P(y)w,+Q(y)w is separable in the space Ly(G,R?).

Hence, we obtain that

HLsz,G + Hw“z,P,Q <
|Zwlly g+ 1 Beytolly g + [ P@)welly o <
Ca [lltze 3 + Ny 3 + N 3 +
loeellyc + lowl e + ol 6 + o)l g +
Ity . + 10l + oyl 6 + lat)ully
1
bl + le@ull g + ldwelle]” < 0o,

for all w = (u,v) € MC;L We set Cy = Cy, then MCO—I C M.
Let w = (u,v) € M. By inequality (5.25), we have

C 2 C (| Lullyg + 0l ng) =

=

2
Cs (1Bl + 1Pl + 1QWwlag) " =
2 2 2
Ci [Itaslly 6 + 3. + iy 13+
2 2 2
||U:v:v||2,G + Hvyy“z,c + ||Uwy||2,c +

2 2 2
le(®)ually e + 1)l + la(y)ully e +

%
l6@)olls + le)ulls e + ld@)vllse|
for all w = (u,v) € D(L). Thus M C M,.. We now choose a constant C} so

that C; > C and C; ' < C;*, and the proof is complete. n

Lemma 6.4. Let the assumptions of Theorem 6.2 hold. The diameters dy(M)
satisfy the following properties:

a)dy>dy >dy > ...

b) diM < di(M), if M C M;

c) dp(nM) =ndp(M), n >0, here nM ={z:2=mnf, 0 € M}.
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The proof of Lemma 6.4 is an immediate consequence of the definition of

the diameters.

Lemma 6.5. Let dk, dy. be k-diameters of the sets Mcl_l,Mcl, respectively.
Then the following inequalities hold

C_ydy, < dp(M) < Cdy, k=1,2,.... (6.2)

The inequalities (6.2) follow by Lemma 6.3 and by condition b) of Lemma
6.4.

We now introduce the functions N(A\) = 32 1, N\) = 3 1,
dip>A Jk>A~
N(A) = > 1, which equal the number of diameters dy (M), dp(M), dp(M)
dk>)\
greater than A > 0, respectively. From estimates (6.2), we easily deduce the

validity of the following

Lemma 6.6. Let N(\) be a number of diameters di(M) greater than A > 0.

Let N(A) = > 1. Then there ezists a constant C > 1 such that
dip>A

N(CX) < N(A) < N(C7N).
We now recall the following well known result of M.Otelbayev [51].

Theorem 6.7. Let N(X) be the number of diameters di,(M) greater than A > 0
of imbedding Lé(]R”,q) — L,(R™), for 1 < p < 400, pl > n, | > 0. Here
LL(R™, q) the completion of Cg°(R™) in the following norm

D=

[[ull £ e ,q) = II(—A)ZUI|§+/Q(t)IU(t)Ipdt

R

Then the following estimates hold

_n 1
] ]

CIN(CA) < A~ Fmes (x ER": ¢*(x) < A~ ) < ON(C1\).

Here

N L
Qa(x)

Qa(x) is a cube in R™ with center at x and sides equal to d.



92 COMPACTNESS OF THE RESOLVENT AND

Proof of Theorem 6.2. By Theorem 6.7 and by Lemma 6.6 the number
N(A) of diameters di(M) of the unit ball greater than A\ > 0 satisfies the

following inequalities
CIN(CA) < A 'meas (v € R? - [|Q(X)]| < A—%) < ON(CIN).

Hence, by inequalities (6.2), the proof of the theorem is complete. H

By taking the inverse functions, and by Theorem 6.2 we can prove an
asymptotic formula for the eigenvalues. If we denote by
F(\) = A\ Ymeas (m eR?: [|QX)| < A—%),
then by Theorem 6.2 implies that the functions N(\,) satisfy the following
estimates

F(CQ)\n) S N(/\n) S F(Co)\n)
Corollary 6.8. Let the conditions of Theorem 6.2 hold. Then
c;'FHn) <\, < cgtF(n),

where F'~1 is the inverse function of the strongly momotone non-negative func-

tion F'.



Chapter 7

The solvability of the
semiperiodical nonlinear
problem for second order

elliptic systems

We consider the folowing problem

{ (y) 5 — 58 — 220 + o(y) 3 + aly, u, v)u+ b(y, u, v)v = f(z,y)
208+ k(y) 58 — 53 + V() 2L + cly, u, v)u+ d(y, u, v)v = g(x,y),
(7.1
w(=m,y) = w(m,y), we(—,y) = wa(m,y), (7.2)
in the strip G = {(z,y) € R®* : —7 <z <7, —oo <y < +oo}. Here

k(y) is a continuous and bounded real value function such that in]fR k(y) > 0,
ye
f,9 € Ly(G). Let the functions ¢, 1, a, b, ¢, d be continuous on R.

The system (7.1) can be written in the following form

Low = Byyw + P(y)w, + Q(y, w)w = F(X), (7.3)
here
92 52 92
B., - k(W) 5e — 52 —25.5;
T 2 2 2 ’
28281/ k(y)% - 68_y2
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a(y,u,v) b(y,u,v)
Qy,w) =
C(y? u? U) d(y7 u? /U)
U=(u,v), F=(f9), X =(z,9).
Assumption 3. We assume that the real valued functions ¢, 1, a,b,c,d

on R satisfy the following conditions

inf {—p(y). a(y.€¢).d(y.§.C)} = >0, {CER; (7.4)
(b€, 01 + lely, €, < D08 (7.5)
d
(b€, 01 + lely, €, < W08

(y) > d(y,§, ),

where «, § and ¢ are constants such that o >0, 3 >0, a+3=1, ¥ < 3.
We denote by L the operator with domain D(L) = {w(X) € Ly : Lw € Ly}
defined by the formula

Lw = Byw + P(y)w, + Q(y,w)w = F(X). (7.6)

Let W3(G,R?) be the space of functions belonging to Ly(G, R?) together
their generalized derivatives up to second order. The norm of the space

W2(G,R?) is defined as follows

||wHW2 G,R?) — mew HwyyH2
2( )
G

N|=

[way |12 + [l ]| + [wylw? + [|w]|?) dedy]? .

We denote by W3,,.(G,R?) the class of vector valued functions
® = (o(z,y),%(z,y)), such that ® - 0(x,y) € W3(G,R?) for all functions
O(z,y) € Cg°(G,R?).

We denote by W3 p,(G,R?) the space of functions w = (u,v) with the

norm

2 2 2
[wlly,pq = [Hum”Q,G +llugylly. e + eyl 6 +
2 2 2
va||2,c + ||UyyH2,G + HvxyHQ,G +
2 2 2
leW)uzllzq + 10W)vellzq + llaly)ullyq +

1
lo(y)ollze + lle)ulls + IId(y)vHi,G]

2
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Definition 7.1. A function w = (u,v) € Lo(G,R?) is said to be a solution
of the problem (7.1), (7.2), if there exists a sequence {w,} —, of functions in
the class Wy (G,R?) N W3,,.(G,R?) such that ||f(w, — )|, qrey — 0 and
10(Lwy, — F)|l 1y g2y — 0 asn— oo for all § € C° (G, R?).

Theorem 7.2. Let the following conditions hold.

a) The coefficients ¢, 1, a,b,c,d of system (7.1) satisfy Assumption 3.

b) Let there exist constants K,(0), Ko(0), K3(0) such that (U = (p,s), Uy =
(p1,81), Us = (p2,52))

2
inf 2W S o) >0, (7.7)
ymeR ly—n|<2,UER? a(n), p, 5)
2
inf ) > Ks(o) > 0;

yMER,ly—n|<2,UER? d(n,p, 3)

sup {90(9)’ Qﬁ(y)7 a(y, p1, 81>, d<yap1751)7 a(y, p1, 81)} < K4(0) < o0,
ynUnUseR Jy—ni<2 L P(1M) ¥(n)" a(n,p2,s2)” d(n, p2, s2) " d(1, pa, s2)
(7.8)
for all o > 0;
c)
lim a(y,p,s) = +oo and lim d(y,p,s) = +oo, (7.9)
ly|—+o00 ly|—+o0

for allU = (p, s) € R%
d) The function k(y) of R is twice continuously differentiable and satisfies

one and only one of the following three conditions

() Va<h(y) <2, min {@(y), ¥*(4)} + K" () > 2 [K ()]
(i) k) <2 B <L min{ed),vim)}h -k () > 2

(i) k(y) <2, K (y) > 2K (y), min {?(y). ¥* (1)} + &7 (y) > 2K (y)-
Then problem (7.1), (7.2) has a solution w = (u,v) in the Sobolev space

W3 po(G,R?) for every right hand side F(X) € Ly(G,R?) of system (7.1).

Moreover, there exists a constant C>0 independent of F such that

2 2 2 2
||u:c:c||2,G + Huysz,G + Huwy”z,c + ||Uzw||2,c + (7.10)
2 2 2 2
[oyylls.q + lvaylly 6 + le(W)uellzq + lluylly 6 +
() valls. e + lloyllz 6 + llaty, w,v)ully ¢ + 116y, w, v)oll; ¢ +

2 2 ~ 2
||C(y’ uav)u”Q,G + ||d(y7u’ U)””ZG < C ||F||2,G :
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In order to prove Theorem 7.2, we need the following lemmas.

We consider the following ‘system with weight ’
Lewe = Byywe + P(y)(we)s + Qy, we) + e(1 + [X[)we = F(X),  (7.11)

where F(X) € Ly(G,R?).

We now choose the following ball
Sty = {w(u,v) : |lw(u,v)|cmere) < H(o)}

in the space C(R?* R?). Here H(c) = 2C||F||+1 = T (C is a constant in
Corollory 5.9). In this ball we define the operator ®.(w) (e > 0), by following

formula

where L.(w) is the operator generated as system (7.3) and with the following

coefficients
ac(y) = ay,w(y)) + (1 + |y[?),
b(y) = by, w(y)),
&y) = cy,w(y)),
de(y) = d(y, w(y)) + (1 + [y,

for all w(y) € Su(y) and for fixed F(X) € Ly(G, R?).

Lemma 7.3. Let condition (7.9) of Theorem 7.2 hold. Then there exist con-
stants Cy, Cy > 0 such that

N

{2} s

y,MER,|y—n| <2

sup { e(y)} < () < .

ynER,|ly—n|<2 CZ& (77)

!

Proof. If |y — n| < 2 we have
w(y) —w(n)| < 2Jw(y)| < 2T,

for all w € S (o).

Then by condition b) of Theorem 7.2 we obtain

Q

~—

sup {~6(y }S
y,nER, |ly—n|<2 ac(n)
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{ a(y, p1781)+€(1+|yl2)} <

a(1), p2, s2) + (1 4 [nl?)

sup sup
ymER,ly—n|<2 U1 —Uz|<o

{ y p1781) }
sup +
yER Jy—n| <2 |U1 U2\<a a(n, p2, s2) + €(1 + |nf?)
1

sup sup { + [y[?) } <
ynER |y—n|<2 U1 —Us|<o a(n, p2782) e(1+ [n[?)

sup {a’(y , P1, 1)}
yER,Jy—n|<2 |U1 U2\<a a(n, p2, $2)

1

sup {6( +|y|)}<K(2T)+4<oo

y,nER, |ly—n|<2 |U1 U2\<cf 1+ ’77| )

where Uy = (p1, 1), Us = (p2, 82) € G. The second inequality of this lemma

can be proved analogously. O]

Lemma 7.4. Let the assumptions of Theorem 7.2 hold. Let F(X) € Lo(G,R)
be fized. Then the operator ®.(w) maps the ball Sy into itself and is com-

pletely continuous for all € > 0.

Proof. By the assumptions of Theorem 7.2, which hold for the functions
ac(y), b(y), é(y), de(y) and by Lemma 7.3 the operator L (w) is bounded and
invertible in the space Ly(G, R) for every function w € Sg(s). So, the existence
of the operator ®.(w) has been proved.

By Lemma 7.3 and by Theorem 6.1, we have that

@) ez < el F(X)wz,, < Hio) ~ 1.

Hence it follows that the operator ®.(w) maps the ball Sy () into itself.
Corollary 5.9 also implies that the operator ®.(w) maps the ball Sy (. into

some of part of the Sobolev space VV22 po With the norm

Hw“z,P,Q =
2 2 2

(a3 + Mty 3. + et 13+

2 2 2 2
”UzszG + HvyyHQG + ||ny||27a + H‘P(y)utz,G +

2 2 2 . 2
luyllz.q + 1 W)velly e + vyl 6 + lac()ully g +

: . ) 2 13
i, + letwntie + @] |
Since | ‘lim ac(y) = +oo, |hm d.(y) = +o0, Theorem 6.1 implies that the
y|——+o0 |y]—~+o00

operator (L.(w))™" is compact. Hence it follows that the operator @ (w) is
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compact in C(R? R?). Finally, the operator ®.(w) is continuous. Indeed, the
functions a.(y), b(y), é(y) and d(y) depend continuously on w.

Proof of Theorem 7.1 By Lemma 7.4 the operator ®.(w) is completely
continuous and maps the ball Sy () into itself. Thus, all the conditions of the
well-known Schauder Fixed Point Theorem hold for the operator ®.(w) (cf.
e.eg., Theorem 1.7 of Chapter 1). Hence, ®.(w) has fixed point w, g = weo(u, v)

in the ball Sy (o), i.e,
(I)e(we,0> = (Le<we,0))_1 F = We0-

Now we set
a<y7we,0) + 6(1 + ‘yP)a

N
o
o
—
<
N~—

I

de,0<y) = d(y7 wE,O) + 6(1 + |y‘2)
We now show that weg = weo(tep, Vep) is a solution of (7.11) and that it

satisfies the following inequality

2 2 2
[(te0)zzll,q + 1 (Ueo)yylly,q + [[(Ue0)aylly o +
2 2 2
||(U6,0>m||2,c + ||(U6,0)yyH2,G + H(UQO)WHQ,G +
2 2 2
||90(y)(u6,0):v||27a + H(ue,O)sz,G + ||¢(y)(0670)x||27c +

2
be,O (y)ve,(]

2 ~ 2
1@l + leo®)ueolls o + o+
~ 2 7 2 ~ 2
leco(w)ucolly + || dotwlves|, < CIFIG-

We show that if € — 0, then w, ¢ converges to the solution of system (7.1).

Let e, — 0 as k — co. For every €, > 0 we have w,, € W3p, (G,R?). The
space W3 p o (G, R?) is compactly imbeddes in Ly (2, R?), where € is a bounded
subset of G. Hence, there exists a subsequence of {w,, } which converges in
Ly(9,R?). We denote it by {w,,}. Let w be a limit of the sequence {w, }.
Then ||0(we, — w)l| L, g2y — 0 as k — oo. By choosing the operator ®.(w),
it follows that

c(we) = (Le(we,) ™ F = we,

or

Lewe, = Baywe, + P(y)(we)e + Q(y, we,) + €(1 + [ X[ )we, = F(X).
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This means that [|0(Lewe, — F)l| 1, g2y — 0 as k — oo for all
0 € C5°(G,R?). Thus, by definition w is the solution of the system (7.1).
Since w belongs to the set {w,, }, then w satisfies the inequality (7.10). The

proof of the theorem is complete. O]
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