RECOLLEMENTS OF MODULE CATEGORIES

CHRYSOSTOMOS PSAROUDAKIS, JORGE VITORIA

ABSTRACT. We establish a correspondence between recollements of abelian categories up to equivalence
and certain TTF-triples. For a module category we show, moreover, a correspondence with idempotent
ideals, recovering a theorem of Jans. Furthermore, we show that a recollement whose terms are module
categories is equivalent to one induced by an idempotent element, thus answering a question by Kuhn.

1. INTRODUCTION

A recollement of abelian categories is an exact sequence of abelian categories where both the inclusion
and the quotient functors admit left and right adjoints. They first appeared in the construction of the
category of perverse sheaves on a singular space by Beilinson, Bernstein and Deligne ([6]), arising from
recollements of triangulated categories with additional structures (compatible t-structures). Properties of
recollements of abelian categories were more recently studied by Franjou and Pirashvilli in [13], motivated
by the MacPherson-Vilonen construction for the category of perverse sheaves ([25]).

Recollements of abelian categories were used by Cline, Parshall and Scott to study module categories
of finite dimensional algebras over a field (see [30]). Later, Kuhn used them in the study of polynomial
functors ([22]), which arise not only in representation theory but also in algebraic topology and algebraic
K-theory. Recollements of triangulated categories have appeared in the work of Angeleri Hiigel, Koenig
and Liu in connection with tilting theory, homological conjectures and stratifications of derived categories
of rings ([2], [3], [4]). In particular, Jordan-Holder theorems for recollements of derived module categories
were obtained for some classes of algebras ([3], [4]). Also, Chen and Xi have investigated recollements in
relation with tilting theory ([8]) and algebraic K-theory ([9]). Homological properties of recollements of
abelian and triangulated categories have also been studied in [31].

Recollements and torsion torsion-free triples (TTF-triples, for short) of triangulated categories are well-
known to be in bijection ([6], [7], [26], [27]). We will show that such a bijection holds in the category of
right A-modules, Mod-A, for a unitary ring A (Proposition 5.2). Similar studies were made for TTF-triples
in functor categories ([1]) or split TTF-triples in Mod-A ([28]). More generally, we show that recollements
of an abelian category (up to equivalence) are in bijection with its bilocalising TTF-classes (Theorem 4.3).

Examples of recollements are easily constructed for the module category of triangular matrix rings (see
[10], [18], [24]) or, more generally, using idempotent elements of a ring (see Example 2.10). In fact, we will
see that there is a correspondence between idempotent ideals of A and recollements of Mod-A, recovering
Jans’ bijection ([21]) between TTF-triples in Mod-A and idempotent ideals. Moreover, Kuhn conjectured
in [22] that if the categories of a recollement are equivalent to categories of modules over finite dimensional
algebras over a field, then it is equivalent to one arising from an idempotent element. In our main result,
we prove this conjecture for general rings.

Theorem [Theorem 5.3, Corollary 5.5] A recollement of Mod-A is equivalent to a recollement in which
the categories involved are module categories if and only if it is equivalent to a recollement induced by an
idempotent element of a ring S, Morita equivalent to A. If, furthermore, A is semiprimary (e.g., A finite
dimensional algebra over a field), then any recollement of Mod-A is equivalent to a recollement induced by
an idempotent element of A.
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This paper is structured as follows. Section 2 collects some preliminaries on recollements, (co)localisations,
TTF-triples and ring epimorphisms. In section 3, we discuss T TF-triples in abelian categories and we use
them in section 4 to classify recollements of abelian categories. Finally, in section 5 we focus on recolle-
ments of module categories, proving Kuhn’s conjecture.
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2. PRELIMINARIES

Throughout, 7 denotes an abelian category. All subcategories considered are strict (i.e., closed under
isomorphisms). For an additive functor F' between additive categories, we denote by Im F' its essential
image and by Ker F' its kernel.

2.1. TTF-triples. A torsion pair in 7 is a pair (X,Y) of full subcategories satisfying:
e Hom(X,Y)=0,1e. VX € X, VY € Y, Hom,(X,Y) = 0;
e For every object A € 7, there are objects X4 in X and Y4 in Y and a short exact sequence
0—X4—A—Y4—0.

Given a torsion pair (X,Y) in &7, we say that X is a torsion class and Y is a torsion-free class. It
follows easily from the definition that

X =°Y:={A € VY €Y Homy(A,Y) =0},

Y=%°:={A € VX €X,Homy (X, A) =0}

and that the assignment Ry (A) = X4 (respectively, Ly(A) = Y4) yields an additive functor Ry : & — X
(respectively, Ly : &/ — Y) which is right (respectively, left) adjoint of the inclusion functor ix: X — &/
(respectively, iy: Y — 7). Hence, X (respectively, Y) is a reflective (respectively, coreflective) subcategory
of @7. Moreover, the endofunctors ixRy and iyLy satisfy:

e ixRy is a radical functor, i.e., there is p: ixRy — Id, a natural transformation such that p
is a monomorphism and ixRy (Coker pa) = 0.
e iyly is a coradical functor, i.e., there is v: Id,, — iylLy a natural transformation such that
4 is an epimorphism and iyLy(Kervy) = 0.
e Both ixRx and iyly are idempotent, i.e., both i, r,(4) and v;, |, (4) are isomorphisms, for all
Ain .
In fact, there are bijections between torsion pairs in &7, idempotent radical functors F': &/ — & and
idempotent coradical functors G: & — &/. Thus, the endofunctors ixRx and iyLy determine the torsion
pair uniquely ([11, Theorem 2.8], [29, Theorem 1.2]).

Example 2.1. Consider the category of abelian groups, Mod-Z and let T (respectively, F) denote its full
subcategory of abelian groups whose elements have finite (respectively, infinite) order. It is well-known
that (7,5) is a torsion pair in Mod-Z. Moreover, the right adjoint Ry to the inclusion functor iy is
given by associating to an abelian group its subgroup formed by its elements of finite order. It is clear
that i7Rqg is an idempotent radical functor and that it determines T (as the class of objects X such that
iRy (X) 2 X).

Often, torsion and torsion-free classes can be identified by closure properties. Recall that < is said to
be well-powered if the class of subobjects of any given object forms a set.

Proposition 2.2. [11, Theorem 2.3] Let &7 be a well-powered, complete and cocomplete abelian category.
A full subcategory X is a torsion (respectively, torsion-free) class if and only if it is closed under quotients,
extensions and coproducts (respectively, subobjects, extensions and products).

Recall that a torsion pair (X,Y) in 7 is hereditary if X is closed under subobjects and cohereditary
if Y is closed under quotients. We will be interested in classes which are both torsion and torsion-free.

Definition 2.3. A triple (X,Y,2) of full subcategories of o is called a torsion torsion-free triple
(TTF-triple, for short) if (X,Y) and (Y,2) are torsion pairs. In this case, we say that Y is a TTF-class.
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Clearly, if (X,Y,2) is a TTF-triple in &/, then the torsion pair (X,Y) is cohereditary and (Y,2) is
hereditary. By Proposition 2.2, when <7 is well-powered, complete and cocomplete, a full subcategory Y of
& is a TTF-class if and only if it is closed under products, coproducts, extensions, subobjects and quotients.
We refer to [7] for further details on torsion theories and TTF-triples in both abelian and triangulated
categories. In ring theory, TTF-triples are well understood due to the following result of Jans, which will
be proved in section 5 (Proposition 5.2) using our results on TTF-triples of abelian categories. Note that
by an idempotent ideal of a ring A, we mean a two-sided ideal I of A such that I? = I.

Theorem 2.4. [21, Corollary 2.2] Let A be a ring. The correspondence associating to an ideal I of A the
full subcategory of Mod-A formed by the right A-modules annihilated by I yields a bijection between the
idempotent ideals of A and the TTF-classes of Mod-A.

2.2. Localisations and Colocalisations. For a subcategory Y of o7 closed under subobjects, quotients
and extensions, we consider the quotient abelian category «//Y, introduced by Grothendieck in [19] and
studied in depth by Gabriel in [14], whose morphisms can be described by

Hom,,y(i*(M),5*(N)) = lim  Hom (M', N/N'). (2.1)

N/<N:N'ey
M'<M:M/M’'eY

Such a subcategory Y is called a Serre subcategory and it yields an exact and essentially surjective
quotient functor j*: &/ — &/ /Y. A Serre subcategory Y is said to be localising (respectively, colo-
calising) if j* admits a right (respectively, left) adjoint. Moreover, it is said to be bilocalising if it is
both localising and colocalising. These properties are related to the structure of subcategories orthogonal
to Y with respect to the pairings Hom (—, —) and Extl,(—, —) (in the sense of Yoneda), i.e.,

LYy .={Ac o :VY €Y,Hom,(A,Y)=0=Ext,(A,Y)} and

Yt = {A €&/ : VY € Y,Hom (Y, A) = 0 = Ext., (Y, A)}.

Theorem 2.5. [16, Lemma 2.1, Proposition 2.2] The following hold for a Serre subcategory Y of o .

(i) The quotient functor j* induces fully faithful functors Y+ — o7 /Y and +Y — o7 /Y.
(ii) The functor j*: Y+ — o7 /Y is an equivalence if and only if Y is localising, in which case a
quasi-inverse for j* is its right adjoint j,.
(iii) The functor j*: *Y — &/ /Y is an equivalence if and only if Y is colocalising, in which case a
quasi-inverse for j* is its left adjoint j;.

Localisations and colocalisations with respect to a torsion pair (X, Y) in & first appeared in [14] (see also
[29], [34]). As in [29], we say that (X,Y) is strongly hereditary, (respectively strongly cohereditary),
if there is a functor L: &/ — & (respectively, C: & — &), the localisation, (respectively the colo-
calisation) functor with respect to (X,Y), and a natural transformation ¢: Id,, — L (respectively,
¥: C — Idy) such that, for all A in <7 :

(i) Kerga,Cokerps € X (respectively, Kert 4, Cokeripa € Y);

(ii) L(A) € Y (respectively, C(A) € X);

(iii) L(A) is X-divisible (respectively, C(A) is Y-codivisible), meaning that Hom(—,L(A)) (respec-
tively, Homg (C(A),—)) is exact on exact sequences, 0 - K — M — N — 0, with N € X
(respectively, K € Y).

The embedding in & of ImL, the Giraud subcategory of &/ associated with (X,Y), admits an exact left

adjoint such that L is given by the composition of the functors and ¢ is the unit of this adjunction ([29]).
Also, ImL is the full subcategory of X-divisible objects of Y. Dual statements holds for Im C.

Definition 2.6. We say that a TTF-triple (X,Y,2) in & is strong if (X,Y) is strongly cohereditary and
(Y,2) is strongly hereditary.

If o/ has enough projectives (respectively, injectives), then by [29, Theorem 1.8-1.8*], a torsion pair
is cohereditary (respectively, hereditary) if and only if it is strongly cohereditary (respectively, strongly
hereditary)
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2.3. Recollements. We now discuss recollements of abelian categories ([6], [13], [22]).

Definition 2.7. A recollement of an abelian category 7 by abelian categories & and %, denoted by
R(#, o ,€), is a diagram of additive functors as follows, satisfying the conditions below.

R(B,o,C): B o —— @

(i) (j1,5*,J«) and (i*,i,,4') are adjoint triples;
(i) The functors 4., j', and j, are fully faithful;
(iii) Imi, = Kerj*.

Throughout, we fix a recollement R(#, <7, %) as in Definition 2.7. The next proposition collects some
properties of R(#, o7, ¢) that can be easily derived from the definition (see for example [13], [31]).

Proposition 2.8. The following hold for a recollement R(AB, </ ,€).

(i) The functors i, and j* are exact.

(ii) The compositions i*j; and i'j. are identically zero.

(iii) The units Idg — i'ix and Idey — j*j1 and the counits i*i, — Idg and j*j. — Idg are
natural isomorphisms.

(iv) & is a Serre subcategory of & and j* is naturally equivalent to the quotient functor o — of | AB.
In particular, we have that € = &/ /% and that B is bilocalising.

(v) For all A in &, there are B and B’ in & such that the units and counits of the adjunctions
induce the following exact sequences

0= in(B) = jij*(A) = A — i,i*(A) = 0,
0 — iyi'(A) = A — j.j%(A) = i (B") — 0.

A full subcategory of & is said to be bireflective if it is reflective and coreflective. For a recollement
R(B, o ,F), i.(H#) is a bireflective subcategory of 7.

Remark 2.9. Any TTF-class is clearly bireflective. Also, any bilocalising subcategory Y is bireflective
and, thus, it induces a recollement of 7. Indeed, let ji be the left adjoint and j. be the right adjoint of
the quotient functor j*: o — </ /Y. We can define functors i*: & — Y and i': &/ — Y by setting
i*(A) to be the cokernel of the counit of the adjunction (j;,j*) at A and 4'(A) the kernel of the unit of the
adjunction (j.,5*) at A. It then follows that i* is a left adjoint and i' is a right adjoint of the inclusion
i1y — .

We end this subsection with a widely studied example of a recollement.

Example 2.10. [22][30][31] Let A be a ring and e an idempotent element of A. There is a recollement
R(Mod-A/AeA, Mod-A, Mod-eAe) of Mod-A, as in the diagram below, which is said to be induced by
the idempotent element e.

—®aA/AeA ~®ecaceA

inc Hom 4 (eA,—)

Mod-A/AeA ————— Mod-A ———— Mod-cAe.

Hom 4 (A/AeA,—) Home ac(Ae,—)

2.4. Ring Epimorphisms. We fix A a unitary ring. To study recollements of Mod-A we look at its
bireflective subcategories, which are classified by epimorphisms in the category of unitary rings. A ring
homomorphism f: A — B is an epimorphism if and only if the restriction functor f,: Mod-B — Mod-A
is fully faithful ([34]). Theorem 2.11 states that all bireflective subcategories of Mod-A arise in this way.
Two ring epimorphisms f: A — B and g: A — C lie in the same epiclass of A, if there is a ring
isomorphism h: B — C such that g = hf.

Theorem 2.11. [20, Theorem 1.6.3][16][15, Theorem 1.2] There is a bijection between epiclasses of A and
bireflective subcategories of Mod-A, defined by assigning to an epimorphism f: A — B, the subcategory
Xp := Im f.. Moreover, a full subcategory X of Mod-A is bireflective if and only if it is closed under
products, coproducts, kernels and cokernels.
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Remark 2.12. Some properties of a ring epimorphism f: A — B can be seen from the bireflective
subcategory Xp. For example, Xp is extension-closed if and only if Tor{'(B, B) = 0 ([33, Theorem 4.8]).

Given a ring epimorphism f: A — B, let ¢p;: M — M ® 4 B denote the unit of the adjoint pair
(— ®4 B, f+) at a right A-module M (given by 1y;(m) = m ® 1p, for all m in M). Note that ¥ is an
isomorphism for all N in Xg. In fact, ¥, is the Xpg-reflection of the right A-module M. In particular,
f: A — B, regarded as a morphism in Mod-A, is the X g-reflection 1 4.

3. TTF-TRIPLES IN ABELIAN CATEGORIES

In this section we discuss some aspects of TTF-triples in abelian categories.
We start with an adaptation of the classical bijection between torsion pairs and idempotent radicals.
This will, later, yield a proof for Jans’ correspondence (Theorem 2.4).

Proposition 3.1. Let & be a well-powered, complete and cocomplete abelian category </ . There are
bijections between the following classes:
(i) TTF-triples in < ;
(ii) Left exact radical functors F: of — o preserving products;
(iii) Right exact coradical functors G: of — & preserving coproducts.

Proof. We show a bijection between (i) and (ii) (a bijection with (iii) can be obtained dually). Let (X, Y, Z)
be a TTF-triple in «/. By Remark 2.9, Y is bireflective and, hence, iy of Y in o/ admits a left adjoint Ly
and a right adjoint Ry. Thus, iy is exact and iyRy is a left exact radical functor preserving products. We
define a correspondence:

d: (X,Y,2) —— (iyRy: & — &).
Given a left exact radical functor F': of — & preserving products, it is easy to see that F' is idempotent
and (Yp = {A € & | F(A) = A},Y% = Ker F) is a hereditary torsion pair (see also [34, Proposition
VI.1.7]). Since F preserves products, Y is closed under products and thus, Proposition 2.2 shows that
Yr is a TTF-class. Hence, we can associate a T TF-triple to F' as follows.

U: F —— (°Yr,Yr, Yr°)
Finally, it easily follows that ® and ¥ are inverse correspondences. O
Now we will identify TTF-classes which are localising and colocalising.

Lemma 3.2. Let (X,Y,2) be a TTF-triple in o/. Then Y is a localising subcategory of <7 if and only if
(Y,2) is a strongly hereditary torsion pair. Dually, Y is a colocalising subcategory if and only if (X,Y) is
a strongly cohereditary torsion pair.

Proof. Tt is enough to prove the first statement. Suppose that the torsion pair (Y, Z) is strongly hereditary.
Let L and ¢: Id,, — L be the associated localisation functor and natural transformation, respectively,
and j*: & — o/ /Y the quotient functor. Recall that L = il, where i: § — & is the inclusion functor
of the Giraud subcategory G := ImL in & and | is its left adjoint. We observe that j*i: § — &7 /Y is an
equivalence. It is essentially surjective since it is easy to check that j*¢ is a natural equivalance between
j* and j*L. On the other hand, it is fully faithful by the description (2.1) of morphisms in </ /Y. Indeed,
given M and N in G, there are no subobjects of N lying in Y and, for all subobjects M’ of M such that
M /M’ lies in Y, Y-divisibility guarantees that Hom, (M’ N) = Hom (M, N). Since both j*i and | have
right adjoints then so does (j*i)l = j*L = j5*.

Conversely, suppose that Y is a localising subcategory of & and let j.: &//Y — & be the right
adjoint of the quotient j*: &/ — &7/Y. Given any object A in <7, consider the map given by the unit
of the adjunction ¢4: A — j.j*(A). We will show that this is a localisation with respect to (Y,2). By
Theorem 2.5, j,j*(A) lies in Y+ and, thus, in Z = Y°. Since j* is exact and j*j, = Id. y, it is also
clear that j*(Ker¢4) = 0 = j*(Coker ¢4) and, thus, both Ker$4 and Coker ¢4 lies in Y. Finally, since
Extl (Y, 7.5%(A)) =0 for all Y in Y, j.j*(A) is Y-divisible, as wanted. O

Remark 3.3. In Lemma 3.2 we in fact prove that, if Y is a localising subcategory and j. is the right
adjoint of the quotient functor j*: & — 7 /Y, then the Giraud subcategory G associated to the strongly
hereditary torsion pair (Y,2) coincides with Y*. Similarly, the Co-Giraud subcategory H of &7 induced
by the strongly cohereditary torsion pair (X,Y) (formed by the Y-codivisible objects of X) coincides with
the subcategory Y.
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4. RECOLLEMENTS OF ABELIAN CATEGORIES

We define an equivalence relation on the class of recollements of 7. Although seemingly artificial,
Lemma 4.2 shows that Definition 4.1 is natural.

Definition 4.1. Two recollements R(%, o, ¢) and R(#', /', €") are equivalent if there are equivalence
functors ®: & — &' and ©: ¥ — %" such that the diagram below commutes up to natural equivalence,
i.e. there is a natural equivalence of functors between ©5* and j* ®.

¢l~ ~l@
i
Lemma 4.2. Two recollements R(A,</,€) and R(B', o', €") are equivalent if and only if there are

equivalences ®: of — o', V: B — B and ©: € — 6’ such that the six diagrams associated to the
sixz functors of the recollements commute up to natural equivalences.

Proof. The condition in the lemma is clearly sufficient to get an equivalence of recollements. Conversely,
suppose that we have an equivalence of recollements as in Definition 4.1. Recall that left (or right) adjoints
of naturally equivalent functors are naturally equivalent. Thus, the left (or right) adjoints of ©j* and of
J ' are equivalent. Such adjoints can be obtained by choosing a quasi-inverse of the equivalences ® and
O. Using then the fact that the composition of two quasi-inverse functors is naturally equivalent to the
identity functor, we easily get the desired natural equivalences between @3 and j{© and between ®j, and
j;@. Up to equivalence, the two recollements are uniquely determined by these functors (see Remark 2.9).
Let ¥ be the restriction of ® to Ker j* (which is equivalent to %), where j*: & — %. Then, the diagram
associated with the inclusion functor i,: Kerj* — &7 clearly commutes and so do the other two, by an
adjunction argument analogous to the one above. O

Equivalences of recollements whose outer equivalence functors (¥ and © in the lemma) are the identity
functor have been studied in [13]. Equivalences of recollements of triangulated categories also appear in
[30, Theorem 2.5].

In the following theorem, we use the fact that structural properties of <7, such as TTF-triples, are
preserved under equivalence.

Theorem 4.3. Let o/ be an abelian category. The following are in bijection.

(i) Equivalence classes of recollements of abelian categories R(#B, o/, €);
(ii) Strong TTF-triples (X,Y,2) in & ;
(iii) Bilocalising TTF-classes Y of o ;
(iv) Bilocalising Serre subcategories Y of < .

Proof. Let R(#,.4,%) be a recollement of <. Firstly, (Keri*,i,(%),Keri') is a TTF-triple in /. The
adjoint triple (i*,4,,i') ensures that

Hom ., (Keri*,i,(#)) = 0 = Hom (i, (%), Keri').
Let A be an object of &. From Proposition 2.8, we have an exact sequence

0 —— Ker g — jij*(A) > A —— i.i*(A) —>0
where Ker pi 4 lies in i, (%). Applying the right exact functor i* to the sequence, we see that i*(Im p4) = 0.
Thus, the sequence
0—Impug — A—ii"(A) — 0

shows that (Keri*,i,(9)) is a torsion pair. Similarly, the exact sequence induced by vg: A — j.j*(A)
can be used to show that (i.(%),Keri') is a torsion pair in /. Since R(%,/,%) is a recollement,
i+(ZA) is a bilocalising subcategory of «/. Hence, by Lemma 3.2, the torsion pairs (Keri*,i,(%)) and
(i.(B),Keri') are, respectively, strongly cohereditary and strongly hereditary and (Keri*, i, (%), Keri') is
a strong TTF-triple. Note that this TTF-triple depends only on the equivalence class of the recollement.
Indeed, if R(#', &', €") is a recollement equivalent to R(4, o7, €) via an equivalence ®: &/’ — o, then
the corresponding TTF-class of & associated to it is given by ®i/(%’) which coincides, by Lemma 4.2,
with 7, (%).
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We construct now an inverse correspondence (see also [29, Theorem 4.5]). Let (X,Y,2) be a strong
TTF-triple in 7. Since Y is a TTF-class, by Remark 2.9 it is bireflective and the embedding i, of Y in &/
admits a left adjoint i* and a right adjoint i'. It is also a Serre subcategory, and we consider the quotient
functor j*: & — <7 /Y. Since the triple is strong it follows from Lemma 3.2 that Y is bilocalising. Thus,
j* has both left and right adjoints, j; and j. respectively, which are fully faithful (because j*j. and j*j
are naturally equivalent to Id y, see [14]). Hence, we have a recollement R(Y,.<7,.27/Y). Clearly these
correspondences are inverse to each other, up to equivalence of recollements.

Finally, since i.(£) is a bilocalising TTF-class as well as a (bireflective) Serre subcategory, the bijection
between (i) and (ii) easily implies the bijections between (i), (iii) and (iv). O

Note that for some abelian categories &7 it is indeed possible to find TTF-classes which are not bilocalis-
ing. Under some conditions on 7, however, the above bijection resembles the one known for triangulated
categories (see [6], [7], [26], [27]).

Corollary 4.4. If &/ has enough projectives and injectives, then the equivalence classes of recollements
of & are in bijection with the TTF-triples in <f .

Proof. Let (X,Y,2) be a TTF-triple in 7. Since &7 has enough projectives and injectives it follows from
[29, Theorem 1.8/1.8*] that every TTF-triple in & is strong. The result then follows from Theorem 4.3. O

Given a recollement, we then have the following notable equivalences.

Corollary 4.5. Let R(#,/,€) be a recollement of o7/, G be the Giraud subcategory associated to the
torsion pair (i,(%),Keri') and H the Co-Giraud subcategory associated to the torsion pair (Keri*,i.(2%)).
Then, 7% induces:

(i) an equivalence i, (B)* =G = Imj. = /i (B) ,
(ii) an equivalence ‘i, (%) = H = Im jy = o [i.(AB) and

(iii) an equivalence Keri* N Keri' = o [i.(B) .

!

Proof. Statements (i) and (ii) follow immediately from the fact that the TTF-triple (Keri*,i.(%), Ker i
is strong and from Remark 3.3. Statement (iii) is well-known for TTF-triples (see [17, Theorem 1.9]). O

5. RECOLLEMENTS OF MODULE CATEGORIES AND TTF-TRIPLES

In this section, A is a unitary ring and Mod-A the category of right A-modules. Since Mod-A has
enough projectives and injectives, by Corollary 4.4, there is a bijection between equivalence classes of
recollements of Mod-A and TTF-triples in Mod-A. Moreover, there is a bijection between TTF-classes
and bireflective Serre subcategories, since the closure conditions for both types of subcategories are the
same (see Proposition 2.2 and Theorem 2.11). In particular, any bireflective Serre subcategory of Mod-A
is bilocalising by Lemma 3.2. We will describe these categories in terms of ring epimorphisms. Similar
results can be found in [5, Section 7] and in [16, Proposition 5.3].

Proposition 5.1. Let Y be a bireflective Serre subcategory of Mod-A. Then there is an idempotent ideal
I of A such that Y is the essential image of the restriction functor induced by the ring epimorphism
frA— A/I

Proof. Since Y is a bireflective subcategory of Mod-A, by Theorem 2.11, there is a ring epimorphism
f: A — B, for some ring B, such that f,(Mod-B) =Y. We will now prove that f is surjective. Since
Y is a TTF-class, (°Y,Y) is a torsion pair and the composition iyLy (iy being the inclusion Y — Mod-A4
and Ly its left adjoint) is the idempotent coradical functor sending a module M to its torsion-free part.
In particular the unit of this adjunction is surjective on every A-module. On the other hand, since
f«(Mod-B) =Y, it follows that iyLy is naturally equivalent to f.(— ®4 B). Thus, ¢p;: M — M ®4 B
is surjective for every A-module M. In particular, f = 14 is surjective. Since f,(Mod-B) is closed under
extensions, for I = Ker f we have by Remark 2.12

0 = Tor{'(B, B) = Tor{"(A/I,A/I) = I/I?
and, thus, we infer that Y = f,.(Mod-A/I), with I? = I. O

We now recover Jans’ bijection between TTF-triples and idempotent ideals (Theorem 2.4) and classifiy
equivalence classes of recollements of Mod-A.
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Proposition 5.2. There is a bijection between equivalence classes of recollements of Mod-A, TTF-triples
in Mod-A and idempotent ideals of A.

Proof. The bijection between equivalence classes of recollements and TTF-triples follows from Corollary
4.4, since Mod-A has enough projectives and injectives. The bijection between T TF-triples and idempotent
ideals of A can be seen as a consequence of Proposition 3.1. Indeed, the bijection in that proposition assigns
to a TTF-triple a functor which, by Proposition 5.1, is precisely f.(— ®4 A/I) for some idempotent ideal
I and f: A — A/I the canonical projection, thus uniquely determined by the ideal I. Conversely, given
an idempotent ideal I and the quotient map f: A — A/I it is easy to check that f.(—®4 A/I) is a right
exact idempotent coradical endofunctor of Mod-A preserving coproducts, thus finishing the proof. |

We say that a recollement of Mod-A is a recollement by module categories if it is equivalent to
a recollement in which the categories involved are module categories. We recall the conjecture made by
Kuhn in [22].

Conjecture [22] Let A be a finite dimensional algebra over a field. Then any recollement of Mod-A by
module categories is equivalent to a recollement induced by an idempotent element.
Indeed, this statement is true for any ring A.

Theorem 5.3. A recollement of Mod-A is a recollement by module categories if and only if it is equivalent
to a recollement induced by an idempotent element of a ring S, Morita equivalent to A.

Proof. By Proposition 5.1, any recollement of Mod-A is equivalent to

—®aA/l Ji
Mod-A/T — "~ Mod-A —> @, (5.1)
Homa (A/I,—) Jx

for some idempotent ideal I of A and %} the corresponding quotient category. Clearly, if I is generated
by an idempotent element e in A, then %7 is equivalent to Mod-eAe, see Example 2.10.

Conversely, assume that (5.1) is equivalent to a recollement by module categories. Let P be a small (i.e.,
Home, (P, —) commutes with coproducts) projective generator of €7, which exists since we assume that
@7 is equivalent to a module category. Let us denote by C the ring Ende, (P) and by © the equivalence
Home, (P, —): €1 — Mod-C. The object j(P) is projective since we have the adjoint pair (j,j*) and
the functor j* is exact. It is also small since j* commutes with coproducts and P is small. Since a
projective object is small in a module category if and only if it is finitely generated, there is a surjective
map p: A®" — j(P), for some n in N. This surjective map splits since j(P) is a projective A-module,
i.e., there is an injective map h: ji(P) — A®" such that ph = Idj,(py. Let S denote the endomorphism
ring of A®" i.e., S = Ends(A%"), and let ® := Hom4(A®" —) denote the Morita equivalence between
Mod-A and Mod-S. Then we have a surjection ®(p): S = ®(A%9") — ®(5(P)) which splits via ®(h),
ie., ®(5(P)) is a direct summand of S. Moreover, it is precisely generated by the idempotent ®(h)®(p)
in Endg(S), which, under the isomorphism Endg(S) = S is identified with hp. Denote this element by e.
Clearly, eS is the image of ®(h)®(p) and it is isomorphic to ®(5(P)) in Mod-S. Since both j and ® are
fully faithful, we have the following chain of ring isomorphisms:

Cc = HOmsgI(P,P) = HOmA(j!(P),jg(P))
Homg(®(5i(P)), ®(51(P))) = Homg(eS,eS) = eSe.

174

The last isomorphism is «: eSe — Endg(eS), sending an element in eSe to the endomorphism given
by left multiplication with it. Now, the functors ©: 7 — Mod-eSe and & form an equivalence of
recollements from R(Mod-A/I,Mod-A, €;) to R(Mod-S/SeS, Mod-S, Mod-eSe). Indeed, we have natural
isomorphisms

@j*(M) = Hom(gl(P,j*M) = HomA(j!(P)aM)
=~ Homg(®(ji(P)),®(M)) = Homg(eS, ®(M)),

1

Since the functor Homg(eS, —) is the quotient functor Mod-S — Mod-eSe, ® and © form an equivalence
of recollements, as wanted. O
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Under additional conditions, we can say more about the ideal I of A. If A admits the Krull-Schmidt
property for finitely generated projective A-modules (i.e., A is semiperfect), we can simplify the statement
of the theorem.

Corollary 5.4. Let A be a semiperfect ring. Then a recollement of Mod-A is a recollement by module
categories if and only if the associated idempotent ideal I is generated by an idempotent element.

Proof. This follows from the proof of Theorem 5.3. Let P be a basic (i.e., every indecomposable summand
occurs with multiplicity one) small projective generator of 7. Then j(P) is also basic. Since A satisfies
the Krull-Schmidt property for projective modules, ji(P) is a direct summand of A®™ if and only if
it is a direct summand of A. Using the arguments in the proof of Theorem 5.3 for S = A, we see
that there is an equivalence of recollements induced by ®, Idmod.a and ¥ from the recollement (5.1)
to the recollement induced by the idempotent element e (see Example 2.10). Thus, the essential image
of the embeddings Mod-A/I — Mod-A and Mod-A/AeA — Mod-A coincide. By Theorem 2.11, the
epimorphisms f: A — A/I and g: A — A/AeA must then lie in the same epiclass, i.e., there is an
isomorphism h: A/T — A/AeA such that hf = g. Note now that, since h is an isomorphism, we have
that I = Ker(f) = Ker(g) = AeA, thus finishing the proof. O

Recall that A is semiprimary if the Jacobson radical J(A) is nilpotent and A/J(A) is semisimple. Indeed,
semiprimary rings are semiperfect (see, for example, [23, Corollary 23.19]) and every idempotent ideal is
generated by an idempotent element of A ([12]). Finite dimensional algebras over a field are well-known
examples of semiprimary rings. The following corollary provides an answer to Kuhn’s question in the
context where it appeared.

Corollary 5.5. Let A be a semiprimary ring. Then any recollement of Mod-A is equivalent to a recolle-
ment induced by an idempotent element of A. In particular, any recollement of Mod-A is a recollement by
module categories.

Proof. Let I be the idempotent ideal associated to a recollement of Mod-A, as in the proof of Theorem 5.3.
Since A is semiprimary, I = AeA for some e idempotent element of A. Thus, the equivalent recollement
(5.1) is induced by the ring epimorphism f: A — A/AeA, thus finishing the proof. O

In general, however, there are recollements of module categories which are not equivalent to a recolle-
ment by module categories (i.e., which are not equivalent to one induced by an idempotent element).

Example 5.6. Let R be an infinite countable product of copies of a field K and consider its idempotent
ideal I defined by the direct sum of the same copies of K. Clearly I is not generated by an idempotent
element. By Proposition 5.2, I induces a recollement of Mod-R. It can be checked that € (using the
notation in the proof of Theorem 5.3) is not equivalent to a module category and, thus, the induced
recollement cannot be equivalent to one induced by an idempotent element. More examples of this nature
occur in the class of rings considered in [32].
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