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ABSTRACT

In this thesis, we study three kinds of modules: cyclically presented modules in relation to factor-
ization of elements in a noncommutative integral domain, automorphism-invariant modules and
poor modules. First, we investigate projective covers of cyclically presented modules, character-
izing the rings over which every cyclically presented module has a projective cover. Such rings
R are Von Neumann regular modulo their Jacobson radical J(R) and their idempotents can be
lifted modulo J(R). Then we study the modules Mp whose endomorphism ring E := End(Mg)
is Von Neumann regular modulo J(E) and their idempotents lift modulo J(E). Next, the en-
domorphism rings of automorphism-invariant modules and their injective envelopes are investi-
gated. We consider some cases where automorphism-invariant modules are quasi-injective and a
connection between automorphism-invariant modules and boolean rings. Finally, we give some
necessary conditions for rings over which every non-zero cyclic module is poor.
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SOMMARIO

In questa tesi studiamo tre tipi di moduli: i moduli ciclicamente presentati in relazione alla fat-
torizzazione degli elementi di un dominio di integrita non commutativo, i moduli automorphism-
invariant e i moduli poveri. Innanzitutto studiamo i ricoprimenti proiettivi dei moduli ciclica-
mente presentati, caratterizzando gli anelli sui quali ogni modulo ciclicamente presentato ha un
ricoprimento proiettivo. Tali anelli R sono regolari alla Von Neumann modulo il loro radicale
di Jacobson J(R) e i loro idempotenti si sollevano modulo J(R). Poi studiamo i moduli Mg
il cui anello degli endomorfismi £ := End(Mpg) e regolare alla Von Neumann modulo J(R)
e i loro idempotenti si sollevano modulo J(R). Studiamo quindi gli anelli degli endomorfismi
dei moduli automorphism-invariant e i loro inviluppi iniettivi, consideriamo alcuni casi in cui i
moduli automorphism-invariant sono quasi-iniettivi ed una relazione tra i moduli automorphism-
invariant e gli anelli booleani. Infine diamo alcune condizioni necessarie per gli anelli sui quali
ogni modulo ciclico & povero.
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A is an essential submodule of B.

A is a superfluous submodule of B.

the endomorphism ring of the module Mg.

the set of all module morphisms f: M — M whose kernel Ker(f) is an essential submodx
the class of modules orthogonal to all members of A.

the ring of n X n matrices over the ring R.
the injectivity domain of the module M.
the category of all right R-modules.

the cardinality of the set A.

the composition length of the module M.
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INTRODUCTION

In recent years, some new powerful techniques have been introduced in Module Theory which
can be conveniently subdivided as follows:

e the study of modules over arbitrary rings,
e the study of modules over special rings,
e the study of rings R by way of the category Mod-R, or subcategories of it.

The aim of this thesis is to study three kinds of modules: cyclically presented modules, automorphism-
invariant modules and poor modules. The organization of the thesis is given as follows.

In the first chapter of the thesis we review the background knowledge needed for studying
our targets that would appear in the rest three chapters.

In the first section of chapter two, we recall some properties of cyclically presented modules
over a local ring R. The material for this section is from the paper [AAF08|. The rest of this
chapter contains the material from my joint paper with Alberto Facchini and Daniel Smertnig
[FDT14]. We study some natural connections between cyclically presented R-modules, their
submodules, their projective covers and factorizations of elements in the ring R. That is, we
find some results on projective covers of cyclically presented modules and apply them to the
study of factorizations of elements in a ring. In this way, we are naturally led to the class of
2-firs. Recall that a ring R is a 2-fir if every right ideal of R generated by at most 2 elements
is free of unique rank. This condition is right/left symmetric, and a ring R is a 2-fir if and only
if it is a domain and the sum of any two principal right ideals with non-zero intersection is
again a principal right ideal [Coh85L Theorem 1.5.1]. P. M. Cohn investigated factorization of
elements in 2-firs, applying the Artin-Schreier Theorem and the Jordan-Hoélder-Theorem to the
corresponding cyclically presented modules [Coh85]. One of the main ideas developed in this
chapter is to characterize the submodules of a cyclically presented module Mg that, under a
suitable cyclic presentation 7y;: Rr — Mg, lift to principal right ideals of R that are generated
by a left cancellative element (Lemmas [2.2.2] [2.3.1] and [2.4.3)). The key role is played by a class
of cyclically presented submodules of a cyclically presented module Mg, which we call 7-ezact
submodules of M. We show (Theorem that, for every cyclically presented right R-module
Mp and every cyclic presentation 7wp;: R — Mpg with non-zero kernel, the set of all cyclically
presented mys-exact submodules is closed under finite sums if and only if R is a 2-fir. As we have




said above, when sums and intersections of exact submodules are again exact submodules, we
can use the Artin-Schreier and the Jordan-Hélder Theorems to study factorizations of elements.
We also study the rings over which every cyclically presented module has a projective cover. We
characterize these rings as the rings R that are Von Neumann regular modulo their Jacobson
radical J(R) and in which idempotents can be lifted modulo J(R) (Theorem [2.4.1). Finally, in
the last Section, we consider the modules Mg whose endomorphism rings £ are Von Neumann
regular modulo the Jacobson radical J(E) and in which idempotents can be lifted modulo J(E).
In particular, this applies to the case in which the module Mg in question is quasi-projective
(Lemma and Proposition .

The third chapter is devoted to automorphism-invariant modules. We review some basic facts
of automorphism-invariant modules in section 3.1. The main result of section 3.2 is that every
automorphism-invariant module is the direct sum of a quasi-injective module and a square-
free module [ESS13, Theorem 3]. In section 3.3, automorphism-invariant modules are proved
to satisfy Condition (C2) and (C3) as well as satisfy Condition (C}) if and only if they are
quasi-injective. In the next section, we will see that automorphism-invariant modules have the
exchange property [AS13], so that indecomposable automorphism-invariant modules have a lo-
cal endomorphism ring. Moreover, idempotents can be lifted modulo every right ideal both in
End(M) and in End(E(M)) [Nic77]. The main theorem of section 3.2 leads us to study, for an
automorphism-invariant square-free module M, the relation between M being quasi-injective
and the existence of factors isomorphic to Fy in End(M) and in End(E(M)) in section 3.5.
Notice that if M is an automorphism-invariant right R-module and End(M) has no factor iso-
morphic to Fo, then M is quasi-injective [AS14, Theorem 3]. In the last section, we study the
connection between automorphism-invariant modules and boolean rings. The existence of such
a connection was suggested to us by the results in Section 5 of [VamO05], where Vamos consid-
ers modules whose endomorphism ring (or endomorphism ring modulo the Jacobson radical)
is a boolean ring. He studies modules in which the identity endomorphism is the sum of two
automorphisms. This condition is related to the existence of factors of the endomorphism ring
isomorphic to the field Fy with two elements [KS07]. The part of results in this chapter is taken
from my joint paper with Adel Alahmadi and Alberto Facchini [AFT15]

Chapter four is about poor modules introduced for the first time by Alahmadi, Alkan and
Loépez Permouth in the paper [AAL10Q]. In the first section of chapter 4, we mention some basic
properties of poor modules and investigate rings having projective semisimple poor modules. In
Section 4.2, we characterize rings having semisimple poor modules and give some examples for
such rings. In section 4.3, we consider rings whose modules are either injective or poor and give
necessary conditions for such rings. Moreover, we give some sufficient conditions for those rings,
too. The material for the first three sections is all taken from the paper [AALI(] and the paper
[ELS1I]. The last section is devoted to characterizing rings over which every non-zero cyclic
module is poor. The results in this section are based on the unpublished paper [ELT], which is
presently being prepared for submission.



Chapter 1

Preliminaries

1.1 Basic concepts

All rings we consider are associative rings R with 1 # Or and modules are unital right R-
modules unless we state differently.

Proposition 1.1.1. The following conditions are equivalent for a ring R:
1. For every element x € R, there is an element y € R such that xyx = x.
2. Every principal right ideal is generated by an idempotent of R.
3. Fvery finitely generated right ideal is generated by an idempotent of R.

”Right” can be replaced by "left” everywhere in the conditions of this proposition because
of the left-right symetric condition (1). A ring R satisfying one of these equivalent is said to be
Von Neumann regular .

Definition 1.1.2. A ring R is abelian if all its idempotents are central.

Definition 1.1.3. An element e € R is an idempotent if e = e. Moreover, if ex = ze for every
x € R, then e is called a central idempotent of R.

Superfluous submodules

Definition 1.1.4. Let Mg be a right R-module. A submodule N of Mg is superfluous in Mg
if, for every submodule Lr of Mg, N + L = M implies that L = M. To denote that Ng is
superfluous in Mg, we will write N << M.

Example 1.1.5. Let I be a non-zero submodule of Zy and n be a non-zero element in I. Let p
be a prime that does not divide n. Then I+ pZ = Z and pZ is proper. Hence I is not superfluous
in Z, so that the only superfluous submodule of Zz is 0.



Definition 1.1.6. Let Mg, Nr be two right R-module. An epimorphism f : Mr — Np is said
to be superfluous if Ker f is superfluous in Mpg.

Proposition 1.1.7. A surjective morphism g : M — N is superfluous if and only if for every
morphism h such that gh is epic, then h is surjective.

PROOF. Assume that g is superfluous and h is a morphism such that gh is surjective. Then
g(Imh) = N = g(M), so that Imh + ker g = M. Hence Imh = M because ker g is superfluous
in M.

Conversely, let K be a submodule of M such that K +kerg = M. Hence g(K) = g(M) = N.
Now let h : K — M be the canonical injection. Then Imgh = g(Imh) = g(K) = N, that is, gh
is surjective. It follows that h is surjective, that is, K = M. =

Local rings and the exchange property

Definition 1.1.8. A ring R is local if it has a unique maximal right ideal. Equivalently, if
R/J(R) is a division ring.

Definition 1.1.9. Given a cardinal A, an R module M is said to have the A-exchange property
if for any R-module G and any two direct sum decompositions

G=M &N =®erA,;,

where M’ 2 M and |I| < A, there are submodule B; of A;,i € I such that G = M’ & (®c1B;).

A module has the exchange property if it has the A-exchange property for every cardinal A.
A module has the finite exchange property in case it has the exchange property for every finite
cardinal A. A ring R is an exchange ring if R has the exchange property.

Lemma 1.1.10. Let A be a cardinal and M = M; & Ma. Then M has the A-exchange property
if and only if M1 and My have the A-exchange property.

PROOF. Assume that M has the A-exchange property. Let G, M{, N and A;(i € I) be
modules such that G = M| & N = ;e A; where M| = My and |I| < \. Set G' = G @ Ms. Then
G =M &N = My ® (BierAi) where M = M{ & My = M; & My = M. Fix an element k € T
and set I' = I\k. Then G’ = M' & N = (Ms & Ay) ® (PierrAi). Because M has the A\-exchange
property, there exist a submodule B of My @ Aj, and submodules B; of A; for all i € I'. such
that G' = M' & B ® (®ie1B;). As My < My @ B < My & Ay, we have that My & B = My & By,
where By, = (M2 @ B) N Ag. It follows that M’ @& B = (M{ & M) ® B = M| & My & By,. Thus
G = M{ & M P Bk (o) (@iEI’Bi) = M{ & M D (@QGIBZ) Since M{ ) (@ZEIBz) < G, we obtain
that G N (Ma + (M] @ (®ie1Bi))) = GN My + (M] & (Pie1Bi)) = M| @& (®ie1B;), and hence
G = M| @ (®ierBy).

Conversely, assume that M; and My have the A-exchange property. Let G, M’, N and A;(i €
I) be modules such that G = M' @& N = @&;c;A; where M’ = M and |I| < A. Hence there are
two submodules My, Mj of M’ such that M; = M;(j = 1,2) and M’ = Mj & Mj. We have
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that G = M{ ® M5 ® N = ®;erA;. As M has the A-exchange property, there exist submodules
Al < A;(i € I) such that M{ & My & N = G = M| & (®crA]). Hence

G/M{ = [(My @ My)/Mj] ® [(N ® M7)/Mi] = ®ic1(A; & My)/Mj.

Because Mj has the A-exchange property, there are submodules B; of Al(i € I) such that
G /M = [M} ® M{/M{] ® [®icr(B; © M{)/Mj]. This implies that G = M} + M| + (®;c1B;). In
order to prove that this sum is direct it suffices to show that if m4 +m/ +>,.;b; = 0 for some
my € My, my € My and b; € B; almost all zero. We have that (mé + Mj) + (3o, (bi + M) =0
in G/Mj, so that mj € M and b; € M for every ¢ € I. Hence mi € M{ N M) = 0 and
b € B;N M| C A; N M{ =0, and therefore mj = 0. So G = M{ ® M) ® (®;c1B;). m

Recall that a module M is called an indecomposable module if 0 and M are its only direct
summands.

Lemma 1.1.11. Let M be a module with the 2-exchange property. Then M has the finite
exchange property.

Theorem 1.1.12. The following conditions are equivalent for an indecomposable module Mpg.
1. The endomorphism ring of Mg is local.
2. Mg has the finite exchange property.
3. Mg has the exchange property.

Let M be a module. Suppose that {M;|i € I} and {N;|j € J} are two families of submodules
of M such that M = @;c;M; = ®jesN;. These two decompositions are said to be isomorphic if
there is a bijection ¢ : I — J such that M; = Ny for every i € I, and the second decomposition
is a refinement of the first if there is a surjective map ¢ : J — I such that N; C M) for every
Jjed

Proposition 1.1.13. Let X\ be a cardinal and M be a module with the \-exchange property. If
M = ®ierM; = ®jegN;j are two direct sum decompositions of M with I finite and |J| < X, then
these two direct sum decompositions of M have isomorphic refinements.

Lemma 1.1.14. Let M be a direct sum of modules with local endomorphism ring. Then every
indecomposable direct summand of M has local endomorphism ring.

PROOF. Assume that M = A® B = &;c1M;, where A is indecomposable and all the modules
M; have local endomorphism rings. Let F' be a finite subset of I such that AN®i € FM; # 0 and
set C' = ®;crpM;. Because C has the exchang property, there exist direct sum decompositions
A=A ®A" and B= B'®B" such that M = C® A’ ® B’. Since ANC #0and A'NC =0, A’ is
a proper submodule of A. As A is indecomposable, A’ = 0. Hence M = C® B’ and C = A¢ B”.
Therefore A is isomorphic to a direct summand of C'. This gives that A has the exchange property

by [1.1.10} Hence A has local endomorphism ring by [1.1.12| m



Theorem 1.1.15 (Krull-Schmidt-Azumaya). Let M be a direct sum of modules with local en-
domorphism rings. Then any two direct-sum decompositions of M into indecomposable direct
summand are isomorphic.

ProOOF. Assume that M = ®;e;M; = ©jcsN;j, where M; and N; are indecomposable. By
all the modules M; and N; have local endomorphism rings. For I’ C I and J' C J, set
M(I') = ®icpM; and N(J') = @cyNj. Then M(I') and N(J') have the exchange property
whenever I’ and J’ are finite. Since N; is indecomposable for every j € J, for every finite subset
I' C T there is a subset J' C J such that M = M(I') & N(J\J') and hence M (I') = N(J').
By the two decompositions M (I') = @i M; and N(J') = @ N; have isomorphic
refinements. Because of the indecomposability of the M; and Nj;, we obtain that there is a
bijection ¢ : I' = J' such that M; = N, for every i € I'. For every module A set

I(A) = {i € I|M; = A} and J(A) = {j € JIN; = A}.

It follows that I(A) finite implies that |I(A)| < |J(A)| and if I(A) # 0, then J(A) # (. In order
to prove the theorem it is sufficient to show that |I(A)| = |J(A)]| for every module A.

Assume first that I(A) is finite. In this case we argue by induction on |[I(A). If |[I(A)| = 0,
then |J(A)| = 0. If |[I(A)| > 1, fix an index ig € I(A). Then there is an index jo € J such that
M = M({io}) ® N(J\{jo}). Hence N(J\ {jo}) = M(I\ {io}).

By the inductive hypothesis we get that |[I(A)\ {io}| = |J(A)\ {Jjo}| and hence [I(A4)| =
|J(A)|. By symmetry, we can conclude that J(A) finite implies that |I(A)| = |J(A)].

Thus we may assume that both I(A) and J(A) are infinite sets. By symmetry, it suffices to
show that |J(A)| <|I(A)| for an arbitrary module A.

Foreachi € I(A),set J; ={j € JIM = M; & N(J\{j})}. Then J; C J(A). If z is a non-zero
element of M;, then there is a finite subset J” of J such that z € N(J”). Therefore M;NN(K) # 0
for every K C J that contains J”. Thus J; C J”, so that .J; is finite.

We claim that (J;c7(4y Ji = J(A). In order to prove the claim, fix j € J(A). Then there is a
finite subset I of I such that N; N M (I") # 0. Thus there exists a finite subset J’ of J such that
M =M(I")® N(J\J'). Since j € J" and N(J'\ {j}) has the exchange property, we obtain that
for every i € I’ there is a direct summand M/ of M; such that M = N(J'\ {j}) & (Dier M) ®
N(J\J'). Then N; = @&;cp M), so that there is an index k € I’ with M = M}, and M] = 0 for
every i € I',i # k. Note that M), = N; = A, so that k € I(A). Thus

M =N\ {j}) & My & N(J\J') = My & N(J\ {j}).

that is, j € Ji. Hence j € (J;cj(4) Ji- This proves the claim.
It follows that

T =] | 5l <114
i€I(A)



Projective modules Let My be a right R-module, X a subset of Mg, and F the
family of all the submodules of Mp that contain X. The family F is always non-empty be-
cause it contains Mpg. The intersection of all the submodules in F is the smallest submod-
ule of Mg that contains X. It is called the submodule of Mg generated by X and is de-
noted by XR. If X is empty, then XR is the zero submodule of Mp. Otherwise, XR =
{zir+- +ayrpn>1lz;€ X,r; € Rfori=1,...,n}.

We say that a subset X of a right R-module is a set of generators of Mp if XR = Mp.

Definition 1.1.16. Let X be a set of generators of a right R-module Mp. The set X is called
a free set of generators if, for every n > 1,x1, ..., x, distinct elements of X and r1,...,7r, in R,
one has that z1r1 + - -+ + 7, = 0 implies that 1y =--- =r, = 0.

Definition 1.1.17. A right R-module Mg is free if it has a free set of generators.

Proposition 1.1.18 (Universal Property of free modules). Let Mg be a free right R-module,
X a free set of generators for M and € : X — Mp the embedding of X into Mp. Then for
every right R-module M}, and every mapping f : X — M}, there is a unique right R-module
morphism f : Mg — M}, such that f = foe.

Definition 1.1.19. Let Pr, Mg be two right R-module. We say that Pg is projective relative
to Mp (or Pr is M-projective) if, for each epimorphism f : Mr — Kpg and each morphism
g : Pr — KRg, there exists a morphism h : Pp — Mp with foh =g.

Proposition 1.1.20. Let Mp be a right R-module and (My)aca be a family of right R module.
Then ®acaM, is M -projective if and only if M, is M -projective.

Proposition 1.1.21. Let Ug be a right R-module.

1. Assume that 0 — M’ — M — M" — 0 is a short exact sequence and U is M -projective.
Then U is projective relative to both M’ and M".

2. If U s projective relative to My, ..., My, then U is projective relative to ®}'_; M;

Definition 1.1.22. A right R-module Pg is projective if it is projective relative to every right
R-module, that is, for every epimorphism f : Mp — Kpg and every morphism g : P — KRp,
there exists a morphism h : PR — Mg with foh =g.

Lemma 1.1.23. 1. FEvery free module is projective.
2. Every direct summand of a projective module is projective.
3. Every direct sum of projective modules is projective.

PROOF. (1) Let FRr be a free module. Then Fp has a free set of generators X. Let f: Mp —
Np be an epimorphism. For every z € X, let m, be an element of Mp such that f(m,) = g(x).
Let h: X — Mp, © — m,. By the universal property of free R-modules, there exists a unique

7



morphism h : Fr — Mg that extends h. Because, for every x € X, f(h(z)) = fh(z) = f(ms) =
g(z), we have foh = g. This proves that Fg is projective.

(2) Let Pgr be a projective module and assume P = A @ B. We claim that A is projective.
Let f: Mr — Npg be an epimorphism and g : Ap — Ng be a morphism. Let ¢ : A — P and 7 :
P — A be the embedding and the canonical projection, so that moe = 14. Since P is projective,
there exists h : P — M such that foh = gow. It follows that fohoe =gomoe=gols=g.
Hence A is projective.

(3) It follows from the fact that Hom(@®;c;M;, N) = @jcrHom(M;, N). m

Lemma 1.1.24. Let f : M — N and g : N — M be morphisms such that gf = 1p;. Then
N = f(M) @ Kerg.
Proposition 1.1.25. The following conditions are equivalent for a right R-module Pg :

1. Ppgr is projective.

2. FEvery short exact sequence 0 — Mr — Nr — Pr — 0 splits.

3. Pgr is isomorphic to a direct summand of a free module.

PROOF. (1) = (2): Let Pgr be a projective module and

0 Mp Np —2 Py 0
be a short exact sequence. Since g is surjective and Pp is projective, there exists a morphism
h : Pr — Ng such that gh = 1p. This means that g is right invertible, which implies that the
short exact sequence above splits.
(2) = (3) : Assume that (1) holds. Since every R-module is a homomorphic image of a free
module, there exist a free R-module Fr and an epimorphism g : Fr — Pr. Now consider the
following short exact sequence:

0 —— Ker(g) Fr —— Pp 0

This exact sequence splits by (2), and hence Fr = Pr @ Ker g.
(3) = (1) : It follows from the fact that every free module is projective, and every direct
summand of a projective module is projective. m

Proposition 1.1.26. If P is a projective R-module, then Rad(P) = J(R)P.

Proor. By one may assume that P is a direct summand of a free module R(4) =
P @& P'. Then Rad(P) ® Rad(P') = Rad(R™W) = (Rad(Rg))™) = (J(R))® = RWJ(R) =
(P®P)J(R)=PJ(R)® P'J(R). So, since PJ(R) < Rad(P), we must have Rad(P) = PJ(R).

Proposition 1.1.27. Let P be a projective R-module with endomorphism ring S = End(P)
and a € S. Then a € J(S) if and only if Im(a) << P.
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PRrROOF. Let a € J(S) and assume that K < P with Im(a) + K = P. Then we readily see
that if ng : P — P/K is the natural epimorphism, ang : P — P/K is epic. So, there is an
element s € S such that anxs = nx. Hence (1 — sa)ng = 0. But, since a € J(S), 1 — sa is
invertible. Therefore nx = 0, that is, K = P.

Conversely, assume that Im(a) << P. Then it suffices to show that aS << Sg. Let I < Sg
such that aS + 1 = S. Hence 1p = sa + b for some s € S and b € I. Then P = Plp <
Psa+ Pb < Im(a) + Pb, so that Pb = P. But then b is an epimorphism b : P — P. Thus, since
P is projective, this epimorphism splits and there is some ¢ € S with 1p = ¢b € I. Therefore
I=5and Sa<<S. =

Proposition 1.1.28. If P is a non-zero projective R-module, then Rad(P) is a proper submodule
of P.

Proor. By we may assume that there is a free R-module F' with F' = P @ P'. If
Rad(P) = P, then P has no maximal submodule. By we have P = J(R)P C J(R)F. Let
x € P and e be an idempotent endomorphism of F' such that Fe = P. Let (x4)aca be a free
basis for F. Then, for some finite subset H C A, and some r, € R (a € R),

T = g TaLea-
acH

Also, for each o € H, there are finite sets Hy, C A and aqnp € J (8 € H,) such that z,e =
> geH,, Gap®s. Now, inserting 0’s where necessary, we may assume that all of these sums are
taken over a common finite subset K C A to get

0 = =zx—ze= (Z TaTa) — (Z TaTaC)

acK acK
= (DD Gapzp)) = (Y ral D ansp))
acK  BeK acK  BeK
= Z(Z Ta(0ap — Gag))Tg.

BeEK acK

Since the zg are independent this equation yields the matrix equation

(ra)(In — (aap)) = (0) € Mixn(R)

where n = card(K) and I,, is the identity matrix in My (R). But (ass) € J(M,(R)) and hence
I, — (aqp) is invertible. Thus (ry) = (0) € M1xn(R), so that =)k TaZe =0. =

Definition 1.1.29. A projective cover of a right R-module Mp, is a pair (Pg, f) where Pg is a
projective right R-module and f: P — M is a superfluous epimorphism.

Lemma 1.1.30. Assume M has a projective cover p : P — M. If Q is projective and q : Q — M
is an epimorphism, then Q has a decomposition Q = P’ ® P” such that
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1. PP~ P;
2. P" < Kerg;
3. (q'p) : P" = M is a projective cover for M.

Moreover, if f : My — Ms is an isomorphism and if p1 : P, — M1 and ps : Po — My are
projective covers, then there is an isomorphism f : Py — Ps such that pof = fp1.

Proposition 1.1.31. The following conditions are equivalent for two idempotents e, f of R:
1. eR= fR.
2. eR/eJ(R) = fR/fJ(R).

Proposition 1.1.32. Let P be a projective R-module. Then the following conditions are equiv-
alent:

1. P is the projective cover of a simple R-module.
2. PJ(R) is a superfluous mazimal submodule of P.
3. End(P) is a local ring.
Moreover, if these condition hold, then P =2 Re for some idempotent e € R.

PrROOF. (1) = (2). Clearly P is the projective cover of a simple module if and only if P
contain a superfluous maximal submodule. But P.J is contained in every maximal submodule of
P; and PJ contains every superfluous submodule of P by

(2) = (3). Assume that End(P) is local. Then P # 0. By[L.1.28|there is a maximal submodule
K < P. We claim that the natural epimorphism P — P/K — 0 is a projective cover, that is,
K << P. Suppose that K + L = P for some L < P. Then P/K = (L+ K)/K = L/(LNK).
So there is a nonzero morphism f : P — L/(L N K). Thus, since P is projective there is an
endomorphism s : P — L < P such that f = ws where 7 : L — L/(L N K) is a canonical
projection. Since 0 # f = smw, Ims is not contained K; from which it follows that I'ms is not
superfluous in P. Therefore s ¢ J(End(P)) by s is an invertible endomorphism of P,
L = P; and we have shown that K << P.

Moreover, every simple module is a factor of R, so by a projective cover P of a simple
module must be isomorphic to a direct summand of Rg, that is, P & eR for some idempotent
eof R. m

Corollary 1.1.33. Let e be an idempotent of R. Set J = J(R). Then the following conditions
are equivalent:

1. eR/Je is simple.

2. eJ is the unique mazximal submodule of eR.
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3. eRe is a local ring.
Semisimple rings and modules

Definition 1.1.34. A right R-module Mg is simple if it is non-zero and has exactly two sub-
modules Mgz and 0.

Definition 1.1.35. A right R-module My is said to be semisimple if every submodule of Mp
is a direct summand.

Note that the zero right module is semisimple but not simple. Moreover, every simple right
module is semisimple.

Lemma 1.1.36. Every submodule and every quotient module of a semisimple right module is
semisimple.

PROOF. Let Mg be a semisimple right module and Ni be a submodule of Mp. If N’ is a
submodule of N, then we have M = N’ @& N” for some N” < M. Thus

N=NNnM=Nn(N'a&N")y=N & (NnN").

Lemma 1.1.37. Let My be a right semisimple right R-module. Then Mp contains a simple
module.

PRrROOF. Since M is non-zero, then there exists a non-zero element m of M. By our previous
Lemma, it suffices to prove the statement for the case M = mMR. There exists a maximal
submodule K of M. Now we have M = K @ K’ for some submodule K’ of M because M is
semisimple. Since K/ & M/K and K is a maximal submodule of M, it follows that K’ is a
simple submodule of M. =

Proposition 1.1.38. Let My be a right R-module. Then the following conditions are equivalent:
1. M is semisimple;
2. M is the sum of a family of simple submodules;
3. M is a direct sum of a family of simple submodules.

Definition 1.1.39. A ring R is called semisimple (or semisimple artinian) if Rp is a right
semisimple module.

Theorem 1.1.40. Let R be a ring. The following conditions are equivalent:
1. The ring R is semisimple artinian.

2. Every right R-module is semisimple.
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3. The ring R is right artinian and J(R) = 0.

4. There exists a finite number of division rings D1,..., Dy an positive integers ni,...,mn;

such that R = [['_, My, (D;).

Since condition (4) is left-right symmetric, it follows that "right” can be replaced by ”left”
everywhere in the conditions of Theorem [1.1.40)]

Semiperfect rings

Let R be a ring and I be an ideal of R. Let g + I be an idempotent of R/I. We say
that idempotents can be lifted modulo I if, for every idempotent g + I of R/I, there exists an
idempotent e € R such that g+ 1 =e+ 1.

Definition 1.1.41. A ring R is said to be semiperfect if R/J(R) is semisimple and idempotents
can be lifted modulo J(R).

Lemma 1.1.42. Let Mg = M1 ® --- ® M,, where M; has a projective cover. Thenp: P — M
s a projective cover if and only if P has a decomposition P = Py & --- ® P, such that for each
1=1,....,n

18 a projective cover.

Lemma 1.1.43. A cyclic module M has a projective cover if and only if M = Re/Ie for some
idempotent e € R and some right ideal I C J(R). For e and I satisfying this condition the
natural map Re — Re/Ie — 0 is a projective cover.

PROOF. The natural map Re — Re/Ie has kernel Ie. So if I C J(R), then Ie C J(R)e <<
Re. Conversely, suppose M has a projective cover p : P — M. If M is cyclic, then there is an
epimorphism f : R — M. So by we may assume that R = P & P’ with p = (f|P). Thus
for some idempotent e € R, P = Re and Ie = Kerp << Re. Whence Ie C J(R)e C J(R) and
M = Re/le. m

Proposition 1.1.44. Let R be a ring and let I be an ideal of R with I C J(R). Then the
following are equivalent:
1. Idempotents can be lifted modulo I.

2. Every direct summand of the R-module R/I has a projective cover.

3. Ewery (complete) finite orthogonal set of idempotents in R/I can be lifted to a (complete)
orthogonal set of idempotents in R.

PROOF. (1) = (2). A direct summand of R/I is also one of R/Ip,; and so is generated by
an idempotent of R/I. Assuming (a), we can lift any such idempotent, so it suffices to prove
that if e € R is idempotent, then (Re + I)/I has a projective cover in Mp. But (Re + I)/I =

Re/(I N Re) = Re/Ie and so applies.
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(2) = (3). Let g1,...,gn be a complete orthogonal set of idempotents module I. ( This will
suffice since any finite orthogonal set can be expanded to a complete orthogonal set.) Since
I < J(R) << R, the natural map n; : R — R/I is a projective cover. By hypothesis each
term in R/I = R/I(g1 + 1) ® ... ® (R/I)(gn + I) has a projective cover, so by there is
a complete orthogonal set of idempotents eq,...,e, € R such that (R/I)(e; + I) = ni(Re;) =
(R/I)(g;+1I) (i=1,..n). But then we have e; + I =g;+1 (i=1,..n).

(3) = (1): This is clear. m

Lemma 1.1.45. Let f : M — N be a superfluous epimorphism and p : P — M be a morphism.
Then p: P — M 1is a projective cover if and only if fp: P — N is a projective cover.

Theorem 1.1.46. The following conditions are equivalent for a ring R:
1. R is semiperfect.

2. R has a complete set eq,..., e, of orthogonal idempotents such that each e; Re; is a local
7ing.

3. FEvery simple right R-module has a projective cover.
4. Fvery finitely generated right R-module has a projective cover.

PRrROOF. Set J = J(R).

(1) = (2). If R is semiperfect, then we can, by lift the idempotents for a semisimple
decomposition of R/J to obtain a complete orthogonal set eq, ..., e, of idempotents in R with
each Re;/Je; = (R/J)(e; + J) simple. Then by each e;Re; is local.

(2) = (3). Given (2), each Re;/Je; is simple by [1.1.33] and has a projective cover by
But each simple R-module is isomorphic to a factor of R/J = Re;1/Je1 & ... ® Re,/Je, and so
is isomorphic to one of the Re;/Je;. (See [1.1.36)).

(3) = (4). Assume (3) and let P be a complete set of projective covers of simple R-modules.
Then P generates every R-module. Let M be finitely generated. Then there is a sequence Py, ...P,
in P and an epimorphism

P=P&.oP = M—0

Since f(JP) = JM, we infer that there is an epimorphism
P/JP,®..® P,/JP, = P/JP =/ M/JM — 0.

But each P;/JP; is simple by so M/JM is a finite direct sum of simple modules
Therefore, by M/JM has a projective cover. But JM << M by Nakayama’s Lemma, so
M — M/JM is a superfluous epimorphism. Now apply

(4) = (1). Assume (4). Since this implies in particular that every direct summand of R/.J has
a projective cover, idempotents can be lifted modulo J by To see that R/J is semisimple,
let J < K < Rp. Then, since the cyclic R-module R/K has a projective cover, we have by
R/K = Re/lIe for some left ideal le C Je. But then J.Re/Ie & JR/K = 0 so that
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Je = JRe C Ie. Thus Ie = Je and R/K = Re/Je = (R/J)(e + J) is projective over R/J.
Hence K/J is a direct summand of R/J. Thus R/J is semisimple. m

Essential submodules

Definition 1.1.47. Let Mg be a right R-module. A submodule Ni of Mg is essential in Mp
if, for every submodule Lg of Mg, L N N = 0 implies that L = 0.

Proposition 1.1.48. Let M be a module with submodules K, N, H such that K < N < M and
H < M. Then

(a) If N <. M, then HNN <. H.

)
(b) K <. N and N <. M if and only if K <. M.
(c) H<.M and K <, M if and only if HN K <. M.
() If f: M — M’ and N' <, M', then f~Y(N') <. M.

Lemma 1.1.49. Let K < M. Then K is essential in M if and only if for every 0 £ x € M
there exists an element r € R such that 0 # xr € K.

Proor. If K <, M and 0 # x € M, then xR is a non-zero submodule of M, and hence
KnzxzR #O0.

Conversely, let L be a non-zero submodule of M. Then there exists 0 #% x € L, and hence
there is an element r € R such that 0 # xr € K. It follows that 0 # xr € K N L, that is,
KNL#0. =

Definition 1.1.50. A monomorphism f : K — M is called essential monomorphism if Imf <.
M.

Proposition 1.1.51. Let f : L — M be an injective morphism. Then f is essential if and only
if, for every morphism h such that hf is injective, then h is injective.

PROOF. Assume that f is essential and h is a morphism such that Af is injective. Then
f~Y(ker h) = ker fh = 0, so that ker h N Imf = 0. Hence ker h = 0, that is, h is injective.

Conversely, let K < M such that K N Imf = 0 and h : M — M/K be the canonical
projection. Then hf is injective since ker hf = f~!(kerh) = f~1(K) = 0. Hence h is injective,
that is, K =kerh=0. =

Proposition 1.1.52. Let M = M1 & Mo, K1 < My < M and Ko < My < M. Then K1 & Ky <,
My & My if and only if K1 <. My and Ko <. Ms.

Proposition 1.1.53. Let (Ly)aca be a set of independent submodules of M and (My)aca be a
set of submodules of M such that Lo <. M, for every o € A. Then (My)aca is independent,
and QCacalo <e Mg,
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PrROOF. We claim that the proposition holds for every finite subset F' of A. By induction,
it suffices to prove the claim in the case that F' has two elements. Assume that L; and Lo are
independent submodules of M with Ly <. M; and Ly <. My. Then (LyNM3)NLy = LiNLy =0
implies that L; N My = 0 because Ly <. Ma. Moreover, we have (M; N M) N Ly < LN My =0,
so that M7 N My = 0 since Ly <. Mj. Therefore (M7, Ms) is an independent set of submodules
of M and L1 & Lo <. My & M5 by Now we will show that (M, )aca is independent and
Bacala <e¢ M. Let « € A and x € M, N Zﬂ;ﬁa Mpg. Then there exists a finite subset F' of
A\{a} such that z € Mo N> gcp Mg = 0. Hence Mo N3 5,, Mg = 0. Let 0 # y € SacaMa.
Then there exists a finite subset G of A such that 0 # y € ®acg M., so that there is an element
r € R such that 0 # yr € GacrLa < Bacala. It follows from [[.1.49 that BpcaLla <e¢ BacaMas.
n

Injective modules

Definition 1.1.54. Let Er, Mr be two right R-module. We say that Eg is injective relative
to Mg (or ER is M-injective) if, for each monomorphism f : Kr — Mpg and each morphism
g : Kp — ER, there exists a morphism h: Mrp — Er with ho f = g.

Definition 1.1.55. Let M be a right R-module. The injectivity domain of M is the class
In~Y(M) = {N € Mod- R| M is N-injective} .

Proposition 1.1.56. Let Er be a right R-module. Then

1. Assume that 0 — M’ — M — M" — 0 is a short exact sequence and E is M -injective.
Then E is injective relative to both M’ and M".

2. If E is injective relative to each of the R-modules M, (o € A), then E is @ 4, My -injective.

Proposition 1.1.57. A module E is M-injective if and only if E is aR-injective for every
a € M.

Proor. If E is M-injective, then, by [1.1.56] F is aR-injective for every a € M.
Conversely, if F is aR-injective for every a € M, then E is @4epraR-injective by [1.1.56] Since
there is an epimorphism f : @qepraR — M, E is M-injective (see|1.1.56). m

Definition 1.1.58. A right R-module E is injective if F is injective relative to every right
R-module, that is, for every monomorphism f : K — M and every morphism g : K — FE, there
exists a morphism A : M — E such that g = ho f.

Proposition 1.1.59. The following conditions are equivalent for a right R-module ER :

1. For every exact sequence 0 — My, — M}, — 0 of right R-modules, the sequence of abelian
groups 0 — Hom(MF, Eg) — Hom(Mpg, Er) — Hom(My, ER) — 0 is ezact.

2. For every monomorphism My — Mpg of right R-modules,
Hom(Mg, Eg) — Hom(Mp, ER)

is an epimorphism of abelian groups.
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3. For every submodule M}, of a right R-module Mg, every morphism My, — Er extends to
a morphism Mpr — ERg.

4. For every monomorphism f : M, — Mp and every morphism g : My, — Eg, there exists
a morphism h : Mp — Eg such that ho f = g.

Proor. It follows immediately from the definition of injective modules. =

In the next Proposition, we give a further criterion to determine injective modules, that is,
a further characterization of injective modules.

Proposition 1.1.60 (Baer’s criterion). The following about a right R-module E are equivalent:
1. E s injective.
2. E is injective relative to R.

3. For every right ideal I < Rp and every morphism h : I — E there exists an x € E such
that h(a) = za (a € I).

PRrROOF. (1)< (2): It follows from [1.1.56]

(2) = (3) : If E is injective and I < Rp with h : I — E, then there exists an h : R — F
such that h|; = h. Let 2 = h(1). Then h(a) = h(a) = h(1)a = za for all a € I.

(3) = (2) : Let I < Rr and h : I — E. Then there exists an element z € E such that
h(a) = xa for all a € I, then left multiplication by x extends h. Hence F is injective. m

Definition 1.1.61. An abelian group G is divisible if nG = G for every non zero integer n.
Hence G is divisible if and only if, for every g € G and every n > 0, there exists h € GG such that
g = nh. A Z-module G is injective if and only if it is a divisible abelian group.

Definition 1.1.62. An injective envelope of a right R-module Mp is a pair (Er,i) where Fr
is an injective right R-module and ¢ : Mp — EpR is an essential monomorphism.

Lemma 1.1.63. Let My be a right R-module and assume thati : M — E is an injective envelope
of Mp. If Qg is injective and q : M — @Q is a monomorphism, then Q) has a decomposition
Q =FE @ E" such that

1. B' = FE;
2. Imq < E;
3. q: M — E' is an injective envelope of Mp.

Furthermore, if f : M1 — M is an isomorphism anfd i1 : M7 — E7 and 23 : My — E5 are
injective envelopes, then there exists an isomorphism f : E1 — Eo such that fi, = isf.

Theorem 1.1.64. Every right R-module has a unique injective envelope up to isomorphism.
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Proposition 1.1.65. Let E be an injective module with endomorphism ring S = End(E) and
a € S. Then the Jacobson radical of S is the set of all endomorphisms whose kernels are essential
n E.

Let N be a submodule of M. We say that L is a complement of N in M if L < M is maximal
with respect to the property that N N L = 0.

Proposition 1.1.66. Let M be a module. Then every submodule N of M has a complement L
and N ® L <. M. Furthermore, (N & L)/L <. M/L.

ProOOF. Set F = {K < M|NNL=0}. Then 0 € F, that is, F is non-empty. By Zorn
Lemma, there is a maximal element L of F and L is a complement of N in M. Let K < M such
that (N® L)N K = 0. Hence NN (L & K) =0, so that L & K = L because of the maximality
of L. It follows that K = 0. This proves that N & L <. M.

Assume that K/LN(N@&L)/L = 0. Then KN(N+L) = L, which implies that KNN+L = L.
Hence K NN C L, so that K "N C LN N = 0. By the maximality of L, we get that K = L,
that is, K/L =0. m

Definition 1.1.67. Let Mg be a right R-module. A submodule Ng of Mg is said to be closed
in Mp if Ny has no proper essential extension within Mg.

Proposition 1.1.68. Let C < M. Then the following conditions are equivalent:
1. C is closed in M ;
2. C is a complement of a module D in M;
3. C=XNM for some direct summand X of an injective envelope E(M) of M.

PROOF. (1) = (2): Let D be a complement of C' in M. Then, by CoD<.M.Let
C’" > C be a complement of D in M. Then C ® D <, C' ® D <., M, which implies that C' <., C’
(see . But C' is closed in M. Therefore, C' = C’ is a complement of D in M.

(2) = (3): Assume that C is a complement of D in M. Hence C & D <. M by
and E(M) = E(C) @ E(D) where E(M), E(C), E(D) denote injective envelopes of M,C, D
respectively. Because E(C)NE(D) = 0, we get that (E(C)NM)ND = 0. Moreover, C' < E(C)NM
and C' is a complement of D in M. Therefore C = E(C) N M.

(3) = (1): Assume that C = X N M where X is a direct summand of an injective envelope
of M. Hence X is injective and C' <, X, that is, X is an injective envelope of C. Let C’
be an essential extension of C’ in M. Then X is also an injective envelope of C’, so that
C'" < XN M = C. This proves that C is closed in M. =

Proposition 1.1.69. Let E be an injective module. Then End(E(M))/J(End(E(M)) is a von
Neumann regular ring and idempotents can be lifted module J(End(E(M)).

ProOF. This follows trivially from [[.4.10| m
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1.2 Quasi-injective modules
Definition 1.2.1. A right R-module Mg is called quasi-injective if M is M-injective.

Definition 1.2.2. A module M satisfies Condition (C4) if every submodule of M is essential
in a direct summand of M.

A module M satisfies Condition (C3) if every submodule of M isomorphic to a direct sum-
mand of M is also a direct summand of M.

A module M satisfies Condition (C3) if, for any two direct summands N, Ny of M with
N1 N Ny =0, the direct sum N7 @ Ny is a direct summand of M.

Lemma 1.2.3. Let M = K ® K’ and L be a submodule of M. Let g : M — K be a canonical
projection. Then M = L & K' if and only if (rx|r) : L — K is an isomorphism. If these
equivalent conditions hold, the canonical projection wp, : M — L with respect to the decompostion
M=L&K'is (7TK|L)_1 oK.

PROOF. The morphism 7|y, is injective if and only if K’ N L = 0, and is surjective if and
only if for every k € K, there exists [ € L such that [ = k + k' for some k' € K if and only if
K C L+ K'ifand only if K + L = K’ + L. This proves the first part of this proposition.

For the second part, let m € M. We have that m = k' + 7 (m) for some k' € K’', so that
mx(m) = mx(K') + 7x|p(mp(m)) = 7x|p(rr(m)). It follows that mx = (7x|r)7r, and hence
(WK‘L)flﬂK =7. u

Proposition 1.2.4. Let Mp be a right R-module. If My has Condition (Cs), then it satisfies
Condition (C3).

PROOF. Let My, My be direct summands of M such that M;NMy = 0. Write M = M; & M{
and let 7 : My @® M| — M be the canonical projection. By we have M@ My = My (M,).
Since m|pz, is @ monomorphism, m(Ms) is a direct summand of M by Condition (C2). Because
m(Ms) < Mj, there exists K < M; < M such that pi(Ms) @ K = M{. Hence M = My & M| =
My®n(My)® K = M; @ My @ K, so that M; @ My is a direct summand of M. This proves that
M satisfies Condition (C3). m

Theorem 1.2.5. Let M be a module. Then M is quasi-injective if and only if it is invariant
under every endomorphism of E(M).

PROOF. Assume M is quasi-injective and let f be an element of End(E(M)). Then L =
{m € M|f(m) € M} is a submodule of M. Since f € Hom(L, M), there exists g € End(M)
such that f|p = g|r. Since g extend to an element of End(FE(M)), without loss of generality
we may assume that g € End(E(M)). Suppose that (9 — f)M # 0. Then M N (g — f)M # 0,
so that (g — f)m = m’ # 0 for some m,m’ € M. Now f(m) = g(m) —m’ € M implies that
m € M, and f|;, = g|1 leads to m' = 0, a contradiction. Thus we have (¢ — f)(M) = 0, and
hence f(M) = g(M) C M.
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Conversely, let L < M and f € Hom(L, M). Then f extend to an endomorphism g of E(M)
since E(M) is injective. Hence g(M) C M, so that g|ys € End(M) extends f. This show that
M is quasi-injective. m

Proposition 1.2.6. Let M be a quasi-injective module. Assume that E(M) = ®;erX; is a direct
sum decomposition of E(M). Then M = &;c1(M N X;).

ProOOF. It suffices to show that M C @®;c;(M N X;). Let m € M and 7; be the canonical
projection from E(M) to X;. Then m = z;; + .-+ + x;, where z;; € M;,. Hence by
zi; € m;(m) € M N X;,, sothat m € @ier(M N X;. This completes the proof. =

Corollary 1.2.7. Let M be a quasi-injective module. Then M satisfies Condition (Cy).

PROOF. Let N be a submodule of M and T be a complement of N in M. Then N®T <. M
by [1.1.66}, so that E(M) = E(N)® E(T). By[1.2.6] we get that M = (M NE(N))® (MNE(T)).
Since N <. E(N), we obtain that N <., M N E(N) by This proves that N is essential in
a direct summand of M, that is, M satisfies Condition (C}). m

Proposition 1.2.8. Every quasi-injective module satisfies Condition (C3) and (Cs).

PrOOF. Let M be a quasi-injective module. By [1.2.4] it suffices to show that M satisfies
Condition (C2). Let M; be a direct summand of M and Ms be a submodule of M isomorphic to
M. We have M; is M-injective, so that My is also M-injective. Hence My is a direct summand
of M. This proves that M satisfies Condition (C3). m

Theorem 1.2.9. Fvery quasi-injective has the exchange property.

PROOF. Let A= M @® N = ®crA;. Set X; = A; NN and X = P71 X;. By Zorn’s Lemma,
we can find B < A maximal with respect to the following properties:

1. B= @ZEIBZ' With Xz S Bz S Az‘,
2. MNnB=0.

Now we claim that A = M @ B. For every submodule Y of A, we denote Y the image of Y
under the natural morphism A — A/B. In order to prove the claim, it suffices to show that
M <, A and M is a direct summand of A. Let D be an arbitrary submodule of Aj such that
B; is a proper submodule of D. Then B is a proper submodule of D + B = D ® (®;45;). By
maximality of B, we deduce that M N (D + B) # 0. Since M N B =0, M N (D + B) is not a
submodule of B. Hence (M NA;)ND = MND # 0. Thus M NA; <, Aj for all j € I. Therefore
®jer(M N Aj) <. ®jesA; = A, which implies that M <. A. Let 7 be the canonical projection
from M @ N to M. The restriction of 7 to A; has kernel X;, and therefore A;/X; is isomorphic
to a submodule of M. Since M is quasi-injective, M is A;/X;-injective (see . Because
A/X = ®ierAi/ X, we get that M is A/X-injective, hence M is A/B injective by As
M = (M + B)/B = M, M is A-injective, so that M is a direct summand of A. m
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1.3 Quasi-continuous modules

Definition 1.3.1. A right R-module My, is said to be quasi-continuous if it satisfies Condition
(C1) and Condition (Cs).

Theorem 1.3.2. The following conditions are equivalent for a module M :
1. M 1is quasi-continuous.

2. M =X @Y where X and Y are two submodules of M which are complements of each
other.

3. M is invariant under every idempotent of End(E(M)).
4 IFE(M) = @, Ei, then M = @,.; M N E;.

PROOF. (1) = (2) : Since X and Y are complements of each other, X and Y are closed.
Hence X and Y are direct summands of M because M satisfies Condition (C}). Note that X @Y
is a direct summand of M thanks to the fact that M satisfies Conditon (C3). Furthermore,
X®Y <, M. Therefore M = X @Y.

(2)=3):Set Ay =MnNf(E(M))and A2 =MnN(1— f)(E(M)). Let By be a complement
of As that contains A; and Bs be a complement of By that contains As. Hence M = By & Bo.
Let 7 : By @ By — B be the canonical projection. We will show that M N (f —7)(M) = 0. Let
x,y € M be such that (f — 7)(x) = y. Then f(x) = y + 7(x) € M, and therefore f(x) € A;.
Hence (1 — f)(z) € M, and hence (1 — f)(z) € Az. Thus n(x) = f(z), so that y = 0. It
follows that M N (f — 7)(M) = 0. Since M <., E(M), (f — m)(M) = 0, which implies that
F(M) = =(M) < M.

(3) = (4) : It suffices to show that M < @;c;M N E;. Let m be an arbitrary elment of M.
Then m € ®;ecr E; for a finite subset I C I. Write E(M) = (®icrE;) ® E' where B = ®;cp\ pE;.
Then there exists orthogonal idempotents f; € End(E(M))(i € F') such that E; = f;(E(M)).
Since f;(M) < M by assumption, we get that

m=(>_fi)(m)=>_ fi(m) € DierM N E;.

ieF ieF

Hence M < ®;etM N E;.

(4) = (1) : Let A < M. Write E(M) = E(A)® E'. Then M = (M N E(A)) ® M N E’" with
A <. MNE(A). Hence M satisfies Condition (C1). Let My, Ms be direct summands of M. with
MiNMy = 0. Write E(M) = E(M;) ®E(M)®E"”. Then M = (MNE))®(MNE)®(MNE").
Since M;(i = 1,2) are direct summands of M and M; <. M N E(M;), M; = MNE; (i=1,2).
Hence M satisfies Condition (C3). m

Proposition 1.3.3. An indecomposable module M satisfies Condition (C1) if and only if M is
uniform. Any uniform module is quasi-continous.
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ProoOF. If M is indecomposable and satisfies Condition (C1), then every submodule of M
is essential in a direct summand of M and every direct summand of M is either 0 or M. This
gives every non-zero submodule of M is essential in M, that is, M is uniform.

Conversely, if M is uniform, then every non-zero submodule of M is essential in M. Hence
M satisfies Condition (C7). Assume that M is not indecomposable, that is, there is two non-zero
submodules N and K such that M = N & K. But N <. M. This leads to N = M, so that
K =0, a contradiction. Therefore M is indecomposable.

The last statement is obvious. m

1.4 Continuous modules

Throughout this section, denote A the set of all endomorphisms with essential kernels.

Definition 1.4.1. A right R-module Mp, is called continuous if it satisfies Conditions (C}) and
(Ca).

Proposition 1.4.2. Let M be a module. Then the following conditions are equivalent:
1. M has the exchange property.

2. If M & N = ®;crA; with A; = M for all i € I, then there are submodules C; < A; such
that M @ N = M @ (P;e1C5).

3. For every summable family (f;)icr in S with Y fi = 1, there are orthogonal idempotents
e; € Sfi such that > e; = 1.

PROOF. (1) = (2) follows from the definition of the exchange property.

(2) = (3) : Let (fi)ier be a summable faimly of elements of S such that > f; = 1. Set
A = BierA; with A; = M for all i € I. Define f : M — A via f(m) = (fi(m))ier and
g A —= M via g((mi)ier = Y jcymi- Then gf = 1p7, and hence A = f(M) @ Kerg. By
hypothesis, A4; = B; ® C; such that A = fM @ (D;erCi).

Let p : A — @®;c;B; be the canonical projection with respect to the decomposition A =
(®ic1B;) ® (DicrC;). Then the restriction of p to f(M) is an isomorphism and pfgp~! is the
identity on @®;crB;. Let m; : ®;e;B; — Bj be the canonical projection and set e; = gp tmipf.
Then e;e; = gp_lmpfgp_le«pf = gp_lmﬂjpf. Hence e;e; = 0 for j # ¢ and e% = €;.

Let p; be the canonical projection from B; & C; — B;. For any m € M,

mipf(m) = mip(fij(m))jer = mi(pj fi(m))jes = pifi(m).

Thus mpf = pif;, and therefore e; = gp~'p;fi € Sf;. In particular, the family (ei)ier is
summable. By construction, we have ) e; = 1.

(3) = (1) et X = MY = @iEIXi- Let [ Dier —)Xj andq MY — M be
the canonical projections, and set h; = quj|p. Then h; € S = End(M), the family (h;)ier is
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summable, and > h; = 1. By hypothesis, we can find orthogonal idempotents v; = s;h; € Sh;
with > v; = 1. Define ¢; : X — M by ¢; = visiqu;. We claim that X = M @ (Der(X; NKer ¢;)).

Once this is established, (1) follows.

Note that (¢;)ier is summable. Let ¢ = > ;. Then p;|pr = 45 indeed @;(m) = ~;s;qu;(m) =
visihi(m) = vivi(m) = ~i(m) for every m € M. Hence ¢|pr = (O @)l = D vi = 1ar. Therefore
X = M @ Ker ¢. Now we have p;0; = @;i(v;85q15) = Vivjsiqu; = 0.

Using this, one can check that Ker ¢ = @;c1 X; N Kerp;. =

We say that two R-modules are orthogonal if they have no non-zero isomophic submodules.

Lemma 1.4.3. Let N and @;c;X; be submodules of a module M. If N N (®;erX;) # 0, then
there exists j € I such that X; and N are not orthogonal.

PROOF. Since N N (®;erX;) # 0, we get that N N (®;epX;) # 0 for a finite subset F' C 1.
Let K be a maximal subset of F' such that N N (®;exX;) = 0. Fix j € F\K and let 7 be
the canonical projection from X; & (®icx) to X;. Hence N' = NN (X; & (®iexX;)) # 0 and
N > N’ = r(N’') < Xj. This proves that X; and N are not orthogonal. m

For any class A of modules, A" denotes the class of modules orthogonal to all members of
A. A pair of classes A and B is said to be orthogonal if A+ = B and B+ = A.

Lemma 1.4.4. Let A and B be an orthogonal pair classes of modules. Let M be a module. If
M satisfies Condition (Ch), then M = A® B with A € A and B € B.

ProOOF. By Zorn’s Lemma, M has a submodule A maximal with the property A € A.
Since A is closed under essential extensions, A is closed submodule of M. Hence A is a direct
summand of M because M satisfies Condition (C7). Applying the same argument to B, we get
that B = C' @ D where C' is maximal with the property C € B. Assume that D # 0. Since
D ¢ B, D contains a non-zero submodule Z € A, a contradiction to the maximality of A.
Therefore D =0, and hence M = A® Bwith Ac Aand BEB. =»

Definition 1.4.5. Let M be an R-module. Then M is said to be square-free if it does not
contain a direct sum of two non-zero isomorphic submodules. The module M is called a square-

full module if every non-zero submodule N o M contains a non-zero submodule K such that
K? embeds in N.

Theorem 1.4.6. A quasi-continuous module M decomposes as a direct sum M = My ® My
where My is square-free, Mo is square-full and My is orthogonal to My. Moreover, My is quasi-
injective.

Lemma 1.4.7. If M is a quasi-continous, then idempotents modulo A can be lifted.

PROOF. Let a+ A be an idempotent of End(M)/A. Then a? —a € A. Set K = Ker(a?—a).
Since aK N (1 —a)K = 0 and M is quasi-continuous, then there exist two submodules M, My
of M such that M = M; @ My, aK < M; and (1 —a)K < Ms. Let e be the canonical projection
from M; & My to M;. Then (e—a)K < (e—a)aK + (e—a)(1l —a)K = 0. Furthermore, K <. M.
Hence e — a € A, which completes the proof. =
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Corollary 1.4.8. Let M be a quasi-continuous module. Then any family of orthogonal idempo-
tents of S = End(M)/A can be lifted to a family of orthogonal idempotents of S = End(M).

Lemma 1.4.9. 1. If (gj)jes and (f;)ier are both summable, then so is (g;fi)ix1-

2. If (gi)ier is summable, and (f;)icr is finitely valued, that is, { f;(m)|i € 1} is finite for each
m € M, then (g;fi)icr is summable.

3. If (gi)ier and (fi)ier are both summable and g; = f; (modulo A) for all i € I, then
2.9 = fi

ProOF. For m € M, set F(m) = {i|f;(m) # 0} and G(m) = {j|g;(m) # 0}.

(1) If g; fi(m) # 0, then f;(m) # 0, and therefore i € F/(m), as well as j € G(f;(m)). Since
g(fi(m)) € Ugep(m)G(fr(m)), which is finite. Hence g; f; is summable.

(2) Let {fitm)li eI} = {ur,...,uwt},u; € M. If g;fi(m) # 0, then i € G(fi;(m)) C
UZ:1 G(ug), which is finite. Hence g; f; is summable.

(3) Without loss of generality, we may assume that g; = 0, that is, f; € A. Let 0 #m € M.
Then Njcp(m) Ker fi <¢ M, and hence the intersection contains 0 # mr for some r € R. Since
fi(m) = 0 for all i ¢ F(m), we get that mr € N;cr Ker f;. This gives that N;er Ker f; <. M.
Because Y fi(Nier Ker f;) = 0, it follows that > f; € A. =

Proposition 1.4.10. If M is continuous, then S/A is a Von Neumann regular ring and A
equals the Jacobson radical J of S.

PROOF. Let o € S and let L be a complement of K = Kera. By Condition (C}),L <g M.
Since a7, is a monomorphism, o <g M by Condition (Cs). Hence there exists 8 € S such that
pa = 1r. Then (o — afa)(K @ L) = (¢ — afa)L =0, and so K & L < Ker(a — afa). Since
KoL <.M,a—afa € A. Therefore S/A is a Von Neumann regular ring. This also proves
that J < A.

Let a € A. Since keranker(l1—a) = 0 and kera <. M, ker(1—a) = 0. Hence (1—a)M <g M
by Condition (C3). However (1 —a)M <. M since kera < (1 —a)M Thus (1 —a)M = M, and
therefore 1 — a is a unit in S. It then follows that a € J, and hence A < J. m A ring R is said

to be reduced if R has no non-zero nilpotent elements.

Lemma 1.4.11. Let M be a square free module. Then End(M)/A is reduced. In particular, all
idempotents of End(M)/A are central.

Proor. It suffices to show that if o € S such that a®> € A, then o € A. Let L be
a complement of kera in M. Then kera & L <, M. Since keraa N L = 0, we obtain that
kera? N L = a(kera®? N L) < Kera. Because M is square free, kera? N L = 0, and hence L = 0
because ker a? <, M. Thus ker v <, M, that is, o € A.

Let e be an idempotent of End(M) and a € End(M). We have (ea(1—e))? = ea(1—e)ea(l—
e) = 0 because e? = e. Since End(M) is reduced, we get that ea(1 — e) = 0, that is, ea = eae.
By a similar argument, we also deduce that ae = eae. It follows that ea = ae, and hence e is
central. This completes the proof. m
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Theorem 1.4.12. Every continuous module has the exchange property.

Proor. By[1.4.6] [1.1.10] and [1.2.9] it suffices to prove the exchange property for a square-
free continuous module M. By [1.4.11} all idempotents of S = S/A are central. Furthermore,
J(R) = A and S is von Neumann regular by |[1.4.10}

We establish the result by verifying (3) of Let I be a set of ordinals, and f; € S (i € I)
be a summable family with Y f; = 1. Since S is von Neumann regular, there exists a; € S such
that f; = fiaif; (modulo A). Let h; = a; fi. Then (h;); € I is a summable family and the h; are
central idempotents in S.

We define inductively 44 = (1 — >, vi)hx € Sfi. By induction, we see that the -y, are
well defined, summable, and are orthogonal idempotents modulo A. By [[.4.8 the v, lift to
orthogonal idempotents v, € S. Now

e =+ (O ¥i)he = e+ be Y e
i<k i<k

By we have

L= > f=>_ fih

k k
= D (Y v)
k i<k

> (Fve + fe > v)
k i<k
= Z Z Jrvi

k i<k

= Zka%-

i k>i

Let p; = ZkZi Jr- Then 1 = 3" v = >, giwivi- Thus ) gipivi = 1+ « for some z € A, so
that > (1 + ) gy =1= > gipivi(1 + )7L Hence M = ®;g;M, and M = (1 +2)"'M =
@2(1 + l‘)ilgiM.

Let (e;)icr be the canonical projections of M with respect to the decomposition M = @G(1 +
x)"tg;M. Since > 1+ x) " tgipiy = 1, we get that e; = (1 + ) Lg;piv; € Sf; for all i € I. By
(3) of M has the exchange property. m

1.5 Morita equivalent rings
Definition 1.5.1. A category C consists of:

1. A class object Ob(C), whose elements will be called the objects of C;
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2. For each pair (4, B) of objects of C, a set Hom(A, B), whose elements will be called
morphisms of A to B;

3. For each triple (A, B, C) of objects of C, a mapping
o: Home(B,C) x Home(A, B) = Home(A, C),
called composition .

Definition 1.5.2. Let C,D be categories. A functor F : C — D assigns to every object C €
Ob(C) an object F(C) € Ob(D), and to every morphism f : C — C’ in C a morphism F(f) :
F(C) — F(C') in D, and the following axioms are satisfied:

1. If f:C; — C5y and g : C5 — (5 are morphisms in C, then
F(go f)=F(g) o F(f);

2. F(1¢) = 1p(c) for every C' € Ob(C).

Definition 1.5.3. Let C and D be arbitrary categories. Then a functor F': C — D is a category
equivalence if there is a functor G : D — C and natural isomorphisms GF 22 1¢ and FG = 1p.

We say that two categories are equivalent if there exists a category equivalence from one to
the other. We write C &= D in case C and D is equivalent.

Definition 1.5.4. Let R and S be two rings. We say that R is Morita equivalent to S if
Mod-R ~ Mod-S.

Proposition 1.5.5. Let R, S be two rings and F' : Mod-R — Mod-S be a category equivalence.

Then a sequence

0 M, —— My —2 My —— 0

is (split) exact in Mod-R if and only if the following sequence

0 —— FM) Y9 pon) 9% (M) —— 0

is (split) exact in Mod-S.

Proposition 1.5.6. Let R, S be two rings and F' : Mod-R — Mod-S be a category equivalence.
Then

1. A pair (M, (7a)aca) is a direct product of (My)aca if and only if (F(M), (F(7a))acA) 1S
a direct product of (F(My))acA-

2.

3. A pair (M, (ja)aca) is a direct sum of (My)aca if and only if (F(M),(F(ja))aca) is a
direct sum of (F(My))acA-
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4. An R-module M is N-projective (N-injective) if and only if F(M) is F(N)-projective
(F(N)-injective).

5. An R-module M is projective (injective) if and only if F(M) is projective (injective).

6. A monomorphism (epimorphism) f : M — M’ is essential (superfluous) if and only if
F(f): F(M) — F(M') is essential (superfluous).

7. f: M — M' is a projective cover (injective envelope) if and only if F(f) : F(M) — F(M')
is a projective cover (injective envelope).

8. An R-module M is simple (semisimple, finitely generated, artinian, noetherian, indecom-
posable) if and only if F(M) is simple (semisimple, finitely generated, artinian, noetherian,
indecomposable).

9. Two modules M and F(M) have the same composition length.

1.6 Singular modules and right S/-rings

Definition 1.6.1. Let M be a right R-module. An element m € M is said to be a singular
element of M if the right annihilator ann(m) is essential in Rp. Denote the set of all singular
element of M by Z(M).

Proposition 1.6.2. Let M be a right R-module. Then
1. Z(M) is a submodule, called the singular submodule of M.
2. Z(M).soc(Rgr) = 0, where soc(RR) is the socle of Rpg.
3. If f € Homg(M, N), then f(Z(M)) < Z(N).
4. If M < N, then Z(M) = Z(N) 0 M.
Definition 1.6.3. 1. A module M is singular if Z(M) = M.
2. A module M is nonsingular if Z(M) = 0.
3. A ring R is right nonsingular if Z(Rg) = 0.
4. A ring R is right ST if every singular right R-module is injective.
Proposition 1.6.4. [Goo72, Proposition 3.3] If R is a right SI ring, then:
1. Rad(RpR) < Soc(RR).
2. Rad(Rg)? = 0.

3. I? = I for all essential right ideals of R.
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4. R 1is right hereditary.

Theorem 1.6.5. [Goo72, Theorem 3.6] Let R be a right SI ring. Then % s a right
noetherian ring '

Theorem 1.6.6. [Goo72, Theorem 3.11] Let R be a ring. Then R is right SI if and only if R
is isomorphic to K X Ry x --- X Ry, such that K/soc(K) is semisimple artinian and each R; is
Morita equivalent to a right SI-domain.

1.7 Semiartinian modules and right semiartinian rings

Let M be a right R-module. The Loewy series (or socle series) of M is the ascending chain of
submodules
0=2Sp(M)CS1(M)C So(M)C---CSy(M)C...

where, for each ordinal a > 0, Sq41(M)/Sa(M) = soc(M/Sa(M)), and, if « is a limit ordinal,
then S (M) = Up<g<aSs(M). Note that the Loewy series is always stationary, that is, for every
module M there exists an ordinal a such that S, (M) = Sg(M) for every 8 > « ( for instance,
let a be any ordinal whose cardinality is greater than the cardinality of M).

Definition 1.7.1. A module M is semiartinian if every factor of M has essential socle.
Theorem 1.7.2. Let M be a right R-module. The following conditions are equivalent:
1. M s semiartinian.
2. Every factor of M has non-zero socle.
3. S\(M) = M for some ordinal A > 0.

Proposition 1.7.3. Let M be a noetherian right R-module. If M is semiartinian, then M 1is
artinian.

Definition 1.7.4. A ring R is said to be right semiartinian if Ry is semiartinian.

Theorem 1.7.5. A ring R is right semiartinian if and only if every right R-module is semiar-
tinian.

PROOF. (<) : Obvious.
(=) : By [DHSW94, 3.12] =
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Chapter 2

Cyclically presented modules,
projective covers and factorizations

2.1 Preliminaries

Definition 2.1.1. An R-module Mp is said to be cyclically presented if M = R/aR for some
a € R.

For the rest of this section, we will review some results in [AAFO§]

Remark 2.1.2. The endomorphism ring of a non-zero cyclically presented module R/aR is canon-
ically isomorphic to E/aR where E = {r € R|ra € aR} is the idealizer of aR and the right ideal
aR turns out to be an ideal in the subring F of R.

Theorem 2.1.3. Let a be a non-zero non-invertible element of a local ring R and E be the
idealizer of aR. Let I = {r € R|ra € aJ(R)} and K = J(R)NE. Then I and K are completely
prime ideals of E containing aR, the union (I/aR) U (K/aR) is the set of all non-invertible
elements of the endomorphism ring E/aR of R/aR, and every proper right ideal of E/aR and
every proper left ideal of E/aR is contained either in I/aR or in K/aR. Moreover, exactly one
of the following two conditions hold:

1. Either the ideals I and K are comparable, so that E/aR is a local ring with mazimal ideal
(I/aR)U (K/aR), or

2. I and K are not comparable, J(E/aR) = (INK)/aR, and }(ngﬁ{))

phic to the direct product of the two division rings E/I and E/K.

s canonically isomor-

PrROOF. Set K = J(R) N E. Then K is an ideal of E because K is the intersection of the
maximal ideal J(R) of R with the subring E of R. We conclude that K is a proper, completely
prime ideal of E containing aR thanks to the fact that E/K is a subring of the division ring
R/J(R).
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Consider the morphism ¢ : E — End(aR/aJ(R)) that sends an element r € E to the
endomorphism ¢(r) of the right R-module aR/aJ(R) defined by ¢(r)(x+aJ(R)) = rz+aJ(R)
for every x € aR. Set I = Kerp. Then E/I is isomorphic to a subring of the division ring
End(aR/aJ(R)), so that I is a proper, completely prime ideal of E containing aR. Hence I /aR
and K/aR are proper ideals of E/aR. In particular, all the elements of (I/aR) U (K/aR) are
non-invertible elements of E/aR. Conversely, let » ¢ I U K be an element of E, so tha there is
a commutative diagram

0 aR R R/aR —— 0
Lo l
0 aR R R/aR —— 0

in which the vertical arrows are the morphisms induced by left multiplication by 7.

Since r ¢ K = J(R)NE and r € E, it follows that » ¢ J(R), so that r is invertible in R. This
gives that the vertical arrow in the middle is an isomorphism, and hence the vertical arrow on
the right is an epimorphism. As r ¢ I, the vertical arrow on the left is an epimorphism. By the
Snake Lemma, the vertical arrow on the right is injective, and hence it is an automorphism of
R/aR. It follows that r + aR is invertible in the endomorphism ring E/aR of R/aR. Therefore
(I/aR)U (K/aR) is exactly the set of all non-invertible elements of E/aR.

Thus every proper right or left ideal L/aR of E'/aR is contained in (I /aR)U(K/aR). If there
exist € L\l and y € L\K, thenx+y € L, r€ Kandy € I. Thusz+y ¢ [ and x+y ¢ K, so
that x +y ¢ I UK, which contradicts the fact that x +y € L. Therefore L is contained either in
I or in K. In particular, the unique maximal right ideals of E/aR are at most I /aR and K/aR.
Similarly, the unique maximal left ideals of E/aR are at most I /aR and K/aR.

If I and K are comparable, then (I/aR) U (K/aR) is the unique maximal right (and left)
ideal of F'/aR. If I and K are not comparable, then E/aR has exactly two maximal right ideals
I/aR and K/aR, so that J(E/aR) = (I N K)/aR, and there is a canonical injective morphism
7 : (E/aR)/J((E/aR)) — E/I x E/K. Since I and K are incomparable maximal ideal of E,
we get that I + K = E, and hence 7 is surjective thanks to the Chinese Remainder Theorem. m

Lemma 2.1.4. Let R be a local ring and r, s be two elements of R. Then R/rR = R/sR if and
only if there are invertible elements u,v of R such that urv = s.

PROOF. Assume that there are invertible elements u,v € R such that urv = s. Define a
morphism f : R — R/urR via f(x) = ux + urR. It is clear that f is onto and Ker f = rR.
Hence R/rR = R/urR. Moreover, urR = sv™ ' R = sR. Therefore R/rR = R/sR.

Conversely, let f : R/rR — R/sR be an isomorphism. Then there is an element u € R such
that left multiplication by w is a morphism Rp — Rp that induces the isomorphism f. Since
f is onto, we have R = uR + sR. If s is invertible, so is 7. Set u = r~',v = s. Then u,v are
invertible and urv = s. If s is not invertible, then w is invertible. Thus we have a commutative
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diagram with exact rows

0 rR R R/rR —— 0
u|rRJ/ “l fl
0 sR R R/sR —— 0

Applying the Snake Lemma, we have an exact sequence
Ker f —— Coker(u|,p) —— Coker u.

Because f is an isomorphism and u is invertible, Ker f = Cokeru = 0, so that Coker(u|rR) = 0.
Hence urR = sR. By |[Kap49, Lemma 2.1], there is an invertible element v € R with urv =s. =

The following corollary is immediate.

Corollary 2.1.5. Let R be a local ring and r,s be two elements of R. Then R/rR = R/sR if
and only if R/Rr = R/Rs.

Definition 2.1.6. Two m x n matrices A and B over a ring R are said to be equivalent if there
exist an m X m invertible matrix P and an n X n invertible matrix @ such that A = PBQ.

Definition 2.1.7. 1. Let A, B be two modules. We say that A and B have the same epigeny
class and write [A]. = [B]e if there are an epimorphism from A to B and an epimorphism
from B to A.

2. Let R be a local ring. Two cyclically presented modules R/aR and R/bR have the same
lower part and write [R/aR]; = [R/bR]; if there are r,s € R such that raR = bR and
sbR = aR.

3. For cyclically presented left modules over a local ring, we say that R/Ra and R/Rb have
the same lower part, and write [R/Ra|; = [R/Rb]; if there are r, s € R such that Rar = Rb
and Rbs = Ra.

Remark 2.1.8. The unique cyclically presented module, up to isomorphism, with the same
epigeny class as 0 is 0, and Rp is the unique cyclically presented module, up to isomorphism,
with the same epigeny class as Rp. Similarly for the lower part. Note that, if a,b are elements
of a local ring R, then [R/aR]. = [R/bR]. if and only if there are u,v € U(R) with ua € bR and
vb € aR, if and only if there are u,v € U(R) and r,s € R with ua = br and vb = as. Moreover,
for a,b € R, [R/aR]; = [R/bR]; if and only if there are u,v € U(R) and r,s € R with au = rb

and bv = sa.

Lemma 2.1.9. Let a,b be elements of a local ring R. Then R/aR = R/bR if and only if
[R/aR]; = [R/bR]; and [R/aR]. = [R/bR).
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PROOF. Assume that [R/aR]; = [R/bR]; and [R/aR]. = [R/bR].. Then there exist two
invertible elements u,v € R and two elements r,s € R with ua = br,sa = bv. If either r or
s is invertible, then R/aR = R/bR by Hence we may suppose that both r and s are in
J(R), in which case u + s and r + u are invertible. Because (u + s)a = b(r + v), we obtain that

R/aR = R/bR by
The converse follows from 2.1.4 =

Corollary 2.1.10. Let a,b be elements of a local ring R. Then:
1. [R/aR); = [R/bR]; if and only if [R/Ral. = [R/Rbe.
2. [R/aR]. = [R/bR]. if and only if [R/Ra]; = [R/RD];.

Proor. (1) [R/aR]; = [R/bR]; if and only if there are r,s € R and u,v € U(R) such that
ra = bu and sb = av. if and only [R/Ral. = [R/Rb]e.
(2) is exactly (1) applied to the opposite ring R? of R. m

Proposition 2.1.11. Let R be a local ring. If R is either a commutative ring, or a chain ring,
or it it has the acc on principal right ideals, or it has the dcc on principal right ideals, or J(R)
is nil, then [R/aR]. = [R/bR]. implies that R/aR = R/bR for every a,b € R.

PROOF. Case l: R isa chain ring. The proof is given in the proof of [Facl0, Theorem 9.19].

Case 2 : R is a commutative ring. Since [R/aR]. = [R/bR]e, it follows that R/aR and R/bR
have the same annihilator, so that aR = bR.

Case 3 : R has the acc on principal right ideals or it has the dcc on principal right ideals
or its Jacobson radical J(R) is nil. Let a,b € R be two elements such that [R/aR]. = [R/bR]e.
Assume that R/aR 2 R/bR. By both a and b are non-zero and in J(R).

[R/aR]. = [R/bR]. and R/aR 2 R/bR imply that R/aR has an endomorphism which is epi
but not mono. Hence there is an element u € U(R) with uaR C aR and aR C u~'aR, so that
uaR C aR. Multiplying by the unit u” for some arbitrary integer n, we obtain that u"*'aR C
u"aR. Thus {u"aR|n =1,2,...} is a strictly descending chain and {v"aR|n = —1,-2,...} is
a strictly ascending chain. It follows that R does not have the dcc and the acc on principal
right ideals, which implies that J(R) is nil. Now waR C aR implies that ua = ar for some
r € J(R). Hence u"a = ar™ for every positive integer n. Since u"a # 0, we get that r™ # 0,
which contradicts the fact that J(R) is nil. This proves that R/aR = R/bR. m

From [2.1.10, we immediately obtain the following result:

Corollary 2.1.12. Let R be a local ring. If R is either a commutative ring, or a chain ring, or
it it has the acc on principal right ideals, or it has the dcc on principal right ideals, or J(R) is
nil, then [R/aR]; = [R/bR]; implies that R/aR = R/bR for every a,b € R.

Proposition 2.1.13. Let a,ci,...,c, (n > 2) be non-invertible elements of a local ring R. If
R/aR is a direct summand of R/ciR®---®R/cp,R and R/aR 2 R/c¢;R for everyi=1,2,...,n,
then there are two distinct indices i,j = 1,...,n such that [R/aR); = [R/c¢;R); and [R/aR)]. =
[R/CjR}e.
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PROOF. Since R/aR is a direct summand of R/ciR® ---® R/c, R and R/aR 2 R/c;R for
every i = 1,2,...,n, it follows that the endomorphism ring of R/aR is not local. Let ¢ : R/aR —
R/itR® - @ R/cp,Rand m: R/c1 @ -+ @® R/cp, R — R/aR be morphisms with the composite
mapping e = lg/.g- Then there are elements ry,...,7r,,81,...,8, € R with ra € ¢;R and
s;¢; € aR whose residue classes are the entries of the matrices representing € and , that is, such
that

™
(s1...80) | —leaR

Tn

Note that s;r;a € s;c;R C aR, so that s;r; € F, the idealizer of aR. Hence E?:l siri — 1 €
aR C I, so that Zyzl sir; ¢ I, and therefore there exists an index i with s;r; ¢ I. Similarly,
Sy siri —1 € K, so that there is an index j with s;7; ¢ K. Assume that ¢ = j. Then
sir; ¢ I UK, so that s;r; represents an invertible element of the endomorphism ring F/aR
of R/aR. Thus there are morphisms R/aR — R/c¢;R and R/c;R — R/aR whose composition
is an automorphism of R/aR. It follows that R/aR is isomorphic to a direct summand of
&7 1 R/c;R. Because both R/aR and R/c;R have dual Goldie dimension one, R/aR and R/c¢;R
are isomorphic, a contradiction. This proves that i # j.

Since s;r; € E\I, sjria € aR\aJ(R), so that s;r;aR = aR. Furthermore, r;aR C ¢R.
Assume that r;aR C ¢;R. Then r;aR C ¢;J(R). Hence aR = s;rjaR C s;c;J(R) C aJ(R), a
contradiction. Therefore r;aR = ¢; R. Similarly, s;c; R = aR. This gives [R/aR]; = [R/c;R);.

Similarly, s;r; € E\K implies that s;r; ¢ J(R), so that s;,r; ¢ J(R). Hence [R/aR]. =
[R/ CjR}e. u

We say that a ring R is semilocal if R/J(R) is semisimple.

Lemma 2.1.14. Let R be a local ring and a,b,c be non-invertible elements of R. Assume that
[R/aR]; = [R/bR]; and [R/aR]. = [R/cR].. Then:

1. There exists a module D such that R/aR ® D = R/bR & R/cR.
2. The module D in (1) is unique up to isomorphism and is cyclically presented.
3. [D]; = [R/cR]; and [D]. = [R/bR]..

PRrOOF. Since [R/aR]; = [R/bR];, there exists r,s € R such that raR = bR and sbR = aR.
Because [R/aR|. = [R/cR]e, there are 1/, s’ € U(R) with r’a € cR and s'c € aR. If one of the
elements a, b, c is zero, then so are the others. Hence the statement is trivial. So we may suppose
that a, b, c are all non-zero.

(1) If r is invertible, then raR = bR implies that ra = bv for some invertible element v by
[IKap49, Lemma 2.1]. Hence R/aR = R/bR by It suffices to take D = R/cR in this case.
Now we may suppose r € J(R), and so both rs and sr are in J(R). Then sr belongs to the ideal
K of the idealizer E of aR, but not to the ideal I.

If ”’aR = cR, then there exists a unit u € R with r’au = ¢, so that R/aR = R/cR by
It is sufficient to take D = R/bR in this case. Thus we may suppose ’aR C c¢J(R). Therefore
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s'r'aR C aJ(R). It follows that s'r' belongs to the ideal I of the idealizer F of aR, but not to

the ideal K.
,
()
—

Now matrix muliplication
R/aR —— R/bR® R/cR —— R/aR,

. (s ¢)

RoR R

induces morphisms

whose composite mapping is the endomorphism of R/aR given by left multiplication by sr+s'r’ ¢
TUK. Hence this composite mapping is an automorphism of R/aR, so that R/aR is isomorphic
to a direct summand of R/bR & R/cR.

(2)If R/aR®D = R/bR®RcR and R/aR®D' = R/bR®R/cR, then R/aR®D = R/aR&®D'.
Hence D = D’ because the endomorphism ring of R/aR is semilocal, and therefore R/aR cancels
from direct sums [Facl(, Corollary 4.6]. This proves that D is unique up to isomorphism.

Assume R/aR®D = R/bR®R/cR. Then D is finitely generated. Moreover, R/aR, R/bR, R/cR
are right vector spaces of dimension one over the division ring R/J(R). Hence D/DJ(R) is also a
one dimensional right vector space over R/J(R). By Nakayama’s Lemma, D is cyclic. Therefore
D = R/T. Now there are exact sequences

0 —— bR®cR —— R®R —— R/BR®R/cR —— 0
0 — aRT —— R®R —— R/aR®D —— 0

Since R/aR® D = R/bR ® R/cR, Schanuel’s Lemma implies that bR & cR = aR® T. It follows
that 7' is finitely generated. Moreover, aR,bR and cR are one-dimiensional over R/J(R), so
that T'/TJ(R) also is one-dimensional. By Nakayama’s Lemma, T is cyclic. This proves that
D = R/T is cyclically presented.

(3) If D= R/cR, then R/aR = R/bR and hence [D]. = [R/cR]. = [R/aR]. = [R/bR]. and
[D]; = [R/cR);. Similarly, the statement holds in the case D = R/bR. Therefore we may assume
that D is not isomorphic to R/bR and R/cR.

By[2.1.13] [R/bR]. = [R/aR]. or [R/bR]. = [D].. If [R/bR]. = [R/aR]., then R/aR = R/bR,
so that R/cR = D, a contradiction. Hence [R/bR]. = [D],. Similarly, [R/cR|; = [D];. =

Theorem 2.1.15. Let ay,...,an,b1,...,b be non-invertible elements of a local ring R. Then
R/anR®---®R/apnR= R/bjR®---® R/bR if and only if n =t and there are two permutations
o,7 of {1,2,...,n} such that [R/a;R|; = [R/bs;R]; and [R/a;R]e = [R/b.;R]e for every
1=1,2,...,n.

PROOF. (=) :1If a is not invertible, R/aR is couniform, that is, has dual Goldie dimension
one. f R/JayR&--- & R/ap,R=R/biR& --- & R/ R, then n = t.

For the existence of the permutation ¢ and 7, we argue by induction on n. The case n = 1 is
trivial. Assume that R/a;R is isomorphic to one of the R/b;R’s. We can cancel the isomorphic
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modules R/a; R and R/b; R because they have semilocal endomorphism rings. Now we can clearly
proceed by induction. Hence we can assume that for every i,j = 1,2,...,n, R/a;R is not
isomorphic to R/b;R. In particular, the endomorphism rings of R/a;R and R/b;R are not local.

Since R/a1 R is isomorphic to a direct summand of R/biR®- - -® R /b, R, by [2.1.13| there exist
two distinct indeces 4, j = 1,2,...,n such that [R/a1R]; = [R/b;R]; and [R/a1R]. = [R/b;R]e.
Applying to the three cyclically presented modules R/a1R, R/b;R, R/b;R, we can find
a cyclically presented module R/dR, unique up to isomorphism, such that R/a;R & R/dR =
R/b;R @ R/bjR, [R/dR]; = [R/b;R]; and [R/dR]. = [R/b;R].. Hence R/a1R® --- ® R/a,R =
R/bhWR®---®R/b,R=R/a1R® R/dR® (@k€{1,2,...,n}\{i,j}R/ka)- It follows that R/as @ --- &
presented modules, and ag:;dn’ we can conclude by induction.

(«<=) : We argue by induction on n = t. The case n = t = 1 is obvious. Assume that
ai,...,an,b1,...,b, are non-invertible elements of R and there are two permutations o, 7 of
{1,2,...,n} with [R/a;R]; = [R/bs;)R]; and [R/a;R]e = [R/b.;R]e for every i. If o(1) =
7(1), then R/a1R = R/by)R. Thus o and 7, induce two bijections from {2,3,...,n} to
{1,2,...,n}\{o(1)}, with the same properties as ¢ and 7. Now, by induction, R/asR & --- &
R/anR = @jcqi 2, ny\ (o)} R/ R.

Hence we can suppose (1) # tau(1). Applying we obtain that there exists a cyclically
presented module R/agR, unique up to isomorphism, such that R/a1 R @ R/agR = R/by1)R ©
R/b.1)R, [R/aoR]; = [R/b.1)R]; and [R/agR]e = [R/bs(1)R]e. That is, the modules R/a1 R,
R/agR and the modules R/by(1), R/b;(1)R have the same lower parts and the same epigeny
classes, counting multiplicities. The modules R/agR, R/a1 R, ..., R/a, R and the modules R/agR,
R/biR, ..., R/b,R have the same lower parts and the same epigeny classes as well, so that the
modules R/asR, R/agR, . .., R/a,R and the modules R/agR, R/biR, ..., R/by)R, ..., R]by1)R,
..., R/byR have the same lower parts and the same epigeny classes. By the inductive hy-
pothesis, R/a2R ® R/azR @ -+ © R/anR = R/agR © (Dje(12,..n1\{o1),r(1)} F/0;R). Thus
R/aoR@R/blR@' : '@R/bnR = R/CLQR@R/CLP,R@' . '@R/ba(l)R@R/bT(l)R = R/CL()R@R/CUR@
R/asR® ---® R/a,R. It follows that R/blR®---® R/b,R= R/a1R® R/aaR® --- ® R/anR.

Proposition 2.1.16. Let R be a local ring and ay,...,ay,b1,...,b be non-zero non-inertible
elements of R. Then [R/a1R® - - ® R/ayR]); = [R/b1R& --- & R/ R]; if and only if n =1t and
there is a permutation o of {1,2,...,n} such that [R/a;R]; = [R/by; R]; for everyi =1,2,...,n.

Proposition 2.1.17. Let R be a local ring and Mg, Ngr be finite direct sums of cyclically pre-
sented R-modules. Then Mpr = Ng if and only if [MRg]; = [Ng]; and [Mg]e = [NR]e.

PROOF. Assume that [Mg]; = [Ng]; and [MRg]. = [Ng]e. By hypothesis, we can write Mpr =
R/aiR&---® R/amR and Np = R/bilR&® --- & R/b, R with ay,...,ap,b1,...,b0, € J(R)\{0}
and apy1 = =ay =byy1 =---=b, =0.

Applying [DF02, Theorem 2] to M and Ng, we find that the epigeny classes [R/a;R]¢,i =
1,...,m coincide with the epigeny classes [R/bjR].,j = 1,...,n, counting mulitiplicity. Note
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that [R/aR]. # [Rg]. for any a € J(R)\{0}. Thus p = t,m = n and there exists a permutation
7 of {1,...,p} such that [R/a;R]c = [R/b, ;)R] for every i € {1,...,p}.

Now we have [R/alR D---D R/apR]l = [MR]I = [NR]Z = [R/blR D---D R/btR]l. Applying
2.1.16/to R/a1R&--- & R/ayR and R/biR® - -- & R/b;R, we obtain that there is a permutation
o of {1,...,p} such that [R/a;R]; = [R/by;)R]; for every i € {1,...,p}. Hence, by we
have R/aiR&® - - ® R/a,R= R/LlR& --- & R/b;R. It follows that Mp = Np. =

The material for the rest of this chapter is based on my joint paper with Alberto Facchini
and Daniel Smertnig [FDT14].

2.2 Factorization of elements

Let R be a ring. An element a € R is left cancellative if, for all b,c € R, ab = ac implies
b = c. Equivalently, a € R is left cancellative if it is non-zero and is not a left zero-divisor. A
(non-necessarily commutative) ring R is a domain if every non-zero element is left cancellative
(equivalently, if every non-zero element is right cancellative). If a € R, the right R-module
homomorphism A,: Rg — aR,x — ax, is an isomorphism if and only if a is left cancellative.
More precisely, aR = Rp if and only if there exists a left cancellative element a’ € R with
a’R = aR. If a,a’ € R are two left cancellative elements, then aR = 'R if and only if a = d’e
for some € € U(R).

Let a,x1,...,z, € R\U(R) be n+1 left cancellative elements and assume that a = x1-...-zy,.
If £1,...,en_1 € U(R), then obviously also a = (w161) - (] 'aga) - ... - (¢, 1,xy). This gives an
equivalence relation on finite ordered sequences of left cancellative elements whose product is
a. More precisely, if F, := {(x1,...,2n) | n > 1, 2; € R\ U(R) is left cancellative for every

i =1,2,....,nand a = 1 ... x,}, then the equivalence relation ~ on F, is defined by
(1, ... xn) ~ (2],...,2),) if n = m and there exist £1,...,eo—1 € U(R) such that 2} = z1e1,
x; = ei:llxisi foralli=2,...,n—1and 2], = E;il.l‘n. We call an equivalence class of F; modulo

~ a factorization of a up to insertion of units. Notice that the factors need not be irreducible.
When this causes no confusion, we will simply call a representative of such an equivalence class
a factorization.

A factorization a = x1 - ... - x, gives rise to an ascending chain of principal right ideals,
generated by left cancellative elements and containing aR:

aR C x1-...-2naR C ... C 11 RC R,
hence to an ascending chain of cyclically presented submodules
0O=aR/aR C z1-...-zp1R/aR C ... C x1R/aR C R/aR

of the cyclically presented R-module R/aR. Notice that z1 ... -x;-1R/aR = R/x;-... -z, R is
cyclically presented because the elements x; are left cancellative.

The next lemma shows that, conversely, every chain of principal right ideals generated by left
cancellative elements in aR C R, determines a factorization of a into left cancellative elements,
which is unique up to insertion of units.
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Lemma 2.2.1. Let a € R be a left cancellative element, aR = y, R C yp—1R C ... C 1R C
yoR = R be an ascending chain of principal right ideals of R, where y1,...,yn—1 € R are left

cancellative elements, yo = 1 and y, = a. For every i = 1,...,n, let x; € R be such that
Yi—12; = v;. Then x1,...,x, are left cancellative elements and a = x1 - ... xy.

Moreover, if yi,...,yh_1 € R are also left cancellative elements with y;R = y;R, y, = 1
and y), = a, and we similarly define x} by y,_,x; =y, for every i =1,2,...,n, then there exist
€1,...,en—1 € U(R) such that £y = x1€1, x}, = 5;11362-81' foralli=2,....,n—1 and x|, = 6;i1xn.
Proof. Assume that x; is not left cancellative for some ¢ = 1,2,...,n. Then there exists b £ 0
such that z;b = 0. Therefore y;b = y;—1x;b = 0. This is a contradiction because y; is left
cancellative. Notice that a = yp—1Tp = Ypn—2Tn—1Tn = ... = YoT1...Tp = T1 ... Ty.

Now if y/R = y;R for every ¢ = 1,...,n — 1, then there exists €1,...,e,—1 € U(R) such
that y; = y;e;. Therefore y]_ 2} = yi_1z:6; = y,_,&; Y wie;. But y)_, is left cancellative, so that
xh =g, e for every i = 2,...,n — 1.

Moreover, y; = yoxr1 = x1 and, similarly, y; = 2}, so that y| = yie; implies 2] = z1¢e;.
Finally, yp—12p = yn = a =y, = Y}, 12}, = Yn—16n—12,. Thus z,, = €,_12], and =], = 5;;3;,1.

]

We will characterize, in Lemmas[2.3.T] and [2.4.3] the submodules of cyclically presented mod-
ules Mg that, under a suitable cyclic presentation m: Rr — Mg, that is, a suitable epimorphism
m: Rr — Mg, lift to principal right ideals of R generated by a left cancellative element. The
following lemma will prove to be helpful to this end.

Lemma 2.2.2. Let Agr, Br, Mg, Nr be modules over a ring R, mpr: Agp — Mp and my: Br —
Npg be epimorphisms, A\: B — Agr be a homomorphism and e: Ng — Mpg be a monomorphism
such that Ty X\ = ey, so that there is a commutative diagram
A
Br — AR

™ 4 \LWM
€

Npg — Mpg.
Then the following three conditions are equivalent:
(a) ™/ (e(NRr)) = A(Bg).
(b) A(ker(mwn)) = ker(mas).
(¢) ma induces an isomorphism coker(\) — coker(e).

If, moreover, Ay, B, are right R-modules such that there exist isomorphisms pa: Ay — Ar
and pp: By — Bgr, and one defines mly := TN@p, Thy = Tmupa and N = @ A\pp, then the
three conditions (a), (b) and (c) are equivalent also to the the three conditions

(d) (mhy) " (e(NR)) = N (Bp).
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(e) N(ker(mly)) = ker(m),).
(f) m), induces an isomorphism coker(\') — coker(e).

Proof. (a) < (b): We have myA(Br) = enn(Bgr) = &(Ng). It follows that 7,/ (¢(Ng)) =
A(BRr) +kermy. Thus (a) is equivalent to ker mp; C A(Bg). The inclusion A(ker(my)) C ker(mps)
always holds by the commmutativity of the diagram, so that b is equivalent to ker(my;) C
A(ker(mn)). Thus (b) = (a) is trivial. Conversely, if (a) holds, and a € ker(mys), then a = A(b)
for some b € Bp, so that 0 = m(a) = mpA(b) = emn(b). But ¢ is mono, so mn(b) = 0, and
a = A\b) € Aker(my)).

(b) & (c) Apply the Snake Lemma to the diagram

0 —— ker(my) Br —Y> Ng 0
l)‘h(er l)\ E\L
0 —— ker(mpy) AR —> Mg 0,

obtaining a short exact sequence
0 = ker(e) —— coker(\|ger) — coker(\) — coker(e) — 0.

Therefore A(ker(my)) = ker(myy) if and only if A|ye, is surjective, if and only if coker(A|ker) = 0, if
and only if the epimorphism coker(\) — coker(e) is injective, if and only if it is an isomorphism.

Now assume that there exist isomorphisms @4 : A}z — Apr and ¢p: B}z — Bpr and set
Ty = TNpB, Ty = Tarea and N o= 30;11)\@3. To conclude the proof, it suffices to show that
Aker(my)) = ker(mas) if and only if N(ker(nly)) = ker(w),). This is true, since ker(n},) =
o1 (ker(mps)) and

N (ker(my)) = X (¢3! (ker(mn))) = 953 App(pp (ker(mn))) = @3 (A(ker(ny))).- 0

2.3 m-exactness

Let Mg be a cyclically presented right R-module and 7s: Rr — Mp a cyclic presentation. We
introduce the notion of mys-exactness to characterize those submodules of Mp that lift, via 7y,
to principal right ideals of R, generated by a left cancellative element of R. We give sufficient
conditions on R for this notion to be independent from the chosen presentation ;.
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Definition and Lemma 2.3.1 (m-exactness). Let Ng < Mp be cyclic right R-modules. Let Fp =
Rp, fix an epimorphism my;: Fr — Mpg and let €: Ngp < Mpg denote the embedding. The
following conditions are equivalent:

(a) 73/ (NR) = Rpg.

(b) There exists a monomorphism A\: Rr — Fr and an epimorphism 7y : Rp — Npg such that
Aker(mn)) = ker(mps) and the following diagram commutes:

Rp—2~ Fp

”Ni lw (2.1)

(¢) There exists a monomorphism A\: Rr — Fr and an epimorphism 7y : Rp — Npg such that
diagram ([2.1) commutes and induces an isomorphism coker(\) — coker(¢).

If these equivalent conditions are satisfied, we call Ni a textitmys-exact!submodules of Mp.

Proof. (a) = (b). By (a), there exists an isomorphism \o: Rp — m,;(Ng). Let X be the

composite mapping Rpg 2o, 771741(]\73) <3 Fr and e7': ¢(Ng) — Npg be the inverse of the
corestriction of € to e(Ng). Noticing that mypA(Rg) = £(Ng), one gets an onto mapping
nn = e 'myA: Rg — Ng. Then diagram clearly commutes and A(Rgr) = 7T]T41(NR).
The statement now follows from Lemma 2.2.21

(b) & (c) and (b) = (a). By Lemma [2.2.2 O

Corollary 2.3.2. Let Fr =2 Ry and let mpr: Fr — Mg be an epimorphism. If p: FI’% — Fp 1s
an isomorphism and Nr < Mg, then Np is a wpr-exact submodule of Mg if and only if it is a
map-exact submodule of Mpg.

Proof. Let N be a myr-exact submodule of Mg and let A\: Rg — Fr be a monomorphism
satisfying condition (b) of Definition and Lemma Apply Lemma to Bg = B = Rp,
AR = Fp, Ay = F}, o = 1g and pa = ¢. Setting N := ¢!\, it follows that X (ker(ry)) =
ker(mpr¢) and hence Np is a myrp-exact submodule of Mpg. The converse follows applying what
we have just shown to ¢~ 1. O

Corollary 2.3.3. Let Ngp < Mp be cyclic R-modules, mpr: Rr — Mpg be an epimorphism and
Nr < Mpg be a mpr-exact submodule. Then Mp/Ng is cyclically presented with presentation
induced by myr.

Proof. Let \: Rp — Rp be as in condition (c) of Definition and Lemma Then Mpr/Np =
Rr/A(RR), from which the conclusion follows immediately. O
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Corollary 2.3.4. Let Np < Mgr < Pg be cyclic R-modules and let mp: Fr — Pr be an

epimorphism, where Fr =2 Rgi. If Mr < Pg is mp-exact and Ngr < Mp 1is 7rp|7r_1(MR)—ea:act,
P

then Nrp < Pg is mp-exact.

Proof. Set Fly := 75" (Mg). By condition (a) of Definition and Lemma/2.3.1} Fj, = Rp. Therefore
the notion of p|pr -exactness of N in Mp, is indeed defined. Since 5 (NRg) = (Wp]plr%)*l (Ng) =
Rpg, the claim follows. ]

Let ¢ € R be left cancellative and denote by L(cR, R) the set of all right ideals aR with a € R
left cancellative and ¢cR C aR C R. It is partially ordered by set inclusion. Let 7: R — R/cR
be an epimorphism. Denote by L;(R/cR) the set of all m-exact submodules of R/cR. This set is
also partially ordered by set inclusion.

Lemma 2.3.5. Let ¢ € R be left cancellative and let w: Rr — R/cR be the canonical epimor-
phism. Then 7 induces an isomorphism of partially ordered sets L(cR, R) = L;(R/cR).

Proof. Tt suffices to show that Ny C R/cR is m-exact if and only if there exists a left cancellative
a € R with 7~}(Ng) = aR. But this is equivalent to 7~ }(Ng) & Rg. The statement now follows
from condition Definition and Lemma (a) of O

The following example shows that, in general, the condition of m-exactness indeed depends
on the particular choice of the epimorphism 7: Rr — Mp. We refer the reader to any of [MR03],
[Rei75] or [Vig80] for the necessary background on quaternion algebras.

Example 2.3.6. Let A be a quaternion algebra over Q and R be a maximal Z-order in A such
that there exists an unramified prime ideal 8 C R and maximal right ideals I, J of R with I, J D
B, I principal and J non-principal. Then p = P NZ is principal, say p = pZ with p € P, P = pR,
R/ = My(F,) and P = Amn(R/P). (Eg., take A = (52, R = 2(1i, 3 + ), 5(1 + b)),
p=3,1=7(3(145k),3(i+55),34,3k) and J = z(3(1 + 25 + 3k), 3 (i + 3j + 4k), 3], 3k)).

The module R/ has a composition series (as an R/P- and hence as an R-module)

0CI/B S R/B,

and there exists an isomorphism R/ — R/ mapping J/B to I/B, as is easily seen from
R/ = M;(F,). Therefore there exist epimorphisms my;: R — R/ and 7),: R — R/ with
mf (I/%) = I and 7, (I/%8) = J. This implies that I/% is a mps-exact submodule of R/ that

: /
1s not ) ~exact.

However, under an additional assumption on Rg, which holds, for instance, whenever R is a
semilocal ring, the notion is independent of the choice of 7.

Lemma 2.3.7. Suppose that Rg ® Kr = Rr & Rr implies Kr = Rp for all right ideals Kgr
of R.

1. If Mr = R/aR with a € R left cancellative and mpr: R — Mg is an epimorphism, then
there exists a left cancellative a’ € R such that ker(myr) = o' R.
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2. If Mg is a cyclic R-module, mpr: Rp — Mp and 7,2 Rp — Mg are epimorphisms and
Nr < Mg, then Ng is a mpr-exact submodule of Mp if and only if it is a 7 -exact
submodule of Mg.

Proof. (1) Let myr: Rr — R/aR,1 — 1+ aR be the canonical epimorphism. Since a is left
cancellative, aR = Rp. Consider the exact sequences

0 — aR < Rr =% R/aR — 0

and
0 — ker(my) = Rr =% R/aR — 0.

By Schanuel’s Lemma, Rr ® aR = Rp @ ker(mps), and hence by assumption aR = ker(mys).
Thus there exists a left cancellative a’ € R with ker(mys) = a/R.

(2) Let mpr/n: Mr — MRg/Np be the canonical quotient module epimorphism. There are
exact sequences
TM/NTM

O—>7T]T41(NR)—>RR MR/NR—>O

and

!
TM/NT M

O—>7T§\;1(NR)—>RR MR/NR—>O,

and by Schanuel’s Lemma therefore Rp @ 7T]T41(NR) ~ Rr® WEI(NR). If Ng is a mp-exact
submodule of Mg, then 771741(]\73) = Rp and hence ﬂg\zl(NR) & Rp by our assumption on R,
showing that Np is a 7;-exact submodule. The converse follows by symmetry. ]

Suppose that R has invariant basis number (for all m,n € No, R} = R}, implies m = n).

Then the condition of the previous lemma is satisfied if every stably free R-module of rank 1 is
free [MRO1) §11.1.1]. This is true if R is commutative [MROI) §11.1.16]. The condition is also
true if R is semilocal [Facl0), Corollary 4.6] or R is a 2-fir (by [Coh85, Theorem 1.1(e)]).

Let Mg be a right R-module with an epimorphism 7y, : R — Mg with ker(my) = aR and
a € R left cancellative. We say that a finite series

O=MycCcM i CMyC...CM,=DMp

of submodules is mys-exact , if every M; is an 7TM|7|_;11( MZ_H)—exact submodule of M; ;. By Lemma
the myr-exact series of submodules of R are in bijection with series of principal right ideals
in L(aR, R). By Lemma they are therefore in bijection with factorizations of a into left
cancellative elements, up to insertion of units.

Recall that a ring R is a 2-fir if and only if it is a domain and the sum of any two principal
right ideals with non-zero intersection is again a principal right ideal [Coh85, Theorem 1.5.1].
In the next theorem, we will consider, for a cyclically presented right R-module Mg and a
cyclic presentation mys: Rrp — Mp with non-zero kernel, the set of all submodules of cyclically
presented 7r-exact submodules. We say it is closed under finite sums if for every two cyclically
presented myr-exact submodules M7 and Mo of Mg, the sum M; 4+ My also is cyclically presented
and a mps-exact submodule of Mg.
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Theorem 2.3.8. Let R be a domain. The following conditions are equivalent.

1. For every cyclically presented right R-module M and every cyclic presentation myr: R —
Mpg with non-zero kernel, the set of all cyclically presented wyr-exact submodules is closed
under finite sums.

2. R is a 2-fir.

Proof. (1) = (2): Let a,b,c € R\ {0} be such that cR C aR N bR. We have to show that
aR + bR is right principal. Let Mr = R/cR, mpr: Rr — R/cR be the canonical epimorphism,
M; = aR/cR and My = bR/cR. By Lemma M, = mp(aR) and My = 7 (bR) are -
exact submodules of Mp. By assumption M; + Ms is a mpr-exact submodule of Mp. Again by
Lemma aR + bR = WJT/[l(Ml + M>) is a principal right ideal of R, generated by a left

cancellative element.

(2) = (1): We may assume M7, My # 0, as the statement is trivial otherwise. Let mpr: Rp —
Mp be an epimorphism with non-zero kernel. Since M; and M> are mys-exact submodules
of Mg, there exist a,b € R\ {0} such that 7=1(M;) = aR and 7~ '(My) = bR. Because
ker(m) # 0, we have aR N bR # 0. Since R is a 2-fir, there exists ¢ € R\ {0} such that
aR + bR = 77]741 (My + M) = cR. Therefore M + My is cyclically presented and a 7y/-exact
submodule of Mg. O

Notice that if we assume that sums and intersections of exact submodules are again exact
submodules, one may use the Artin-Schreier and Jordan-Hoélder-Theorems to study factorizations
of elements. As we have just seen, such an assumption leads to the 2-firs investigated by Cohn
in [Coh85].

2.4 Projective covers of cyclically presented modules

Let R be aring and R/zR a cyclically presented right R-module, € R. The module R/xR does
not have a projective cover in general, but if it has one, it has one of the form 7|.g: eR — R/xR,
where e € R is an idempotent that depends on x and 7|.p is the restriction to eR of the canonical
projection m: Rp — R/xR (see [1.1.30). More precisely, given any projective cover p: Pr —
R/zR, there is an isomorphism f: eR — Pg such that pf = 7|.g. The kernel of the projective
cover mler: eR — R/xR is eR N xR and is contained in eJ(R) because the kernel of 7|.r is a
superfluous submodule of eR and eJ(R) is the largest superfluous submodule of e R. Considering
the exact sequences 0 - zR — Rp - R/tR — 0 and 0 - eRNzR — eR — R/xR — 0, one
sees that Rp @ (eRNzR) = eR @ xR (Schanuel’s Lemma), so that eR N xR can be generated
with at most two elements.

Recall that every right R-module has a projective cover if and only if the ring R is perfect,
and that every finitely generated right R-module has a projective cover if and only every simple
right R-module has a projective cover, if and only if the ring R is semiperfect. Denoting by J(R)
the Jacobson radical of R, R is semiperfect if and only if R/J(R) is semisimple and idempotents
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can be lifted modulo J(R) (see [1.1.46)). The next result gives a similar characterization for the
rings R over which every cyclically presented right module has a projective cover.

Theorem 2.4.1. The following conditions are equivalent for a ring R with Jacobson radical
J(R):

(1) Every cyclically presented right R-module has a projective cover.

(2) The ring R/J(R) is Von Neumann regular and idempotents can be lifted modulo J(R).

Proof. Set J := J(R).

(1) = (2) Assume that every cyclically presented right R-module has a projective cover.
In order to show that R/J is Von Neumann regular, it suffices to prove that every principal
right ideal of R/J is a direct summand of the right R/J-module R/J by ?? and ?7. Let x
be an element of R. We will show that (xR + J)/J is a direct summand of R/J as a right
R/J-module. By (1), the cyclically presented right R-module R/xR has a projective cover. By
the projective cover is of the form 7|.z: eR — R/xR for some idempotent e of R, where
m: Rrp — R/xR is the canonical projection.

Applying the right exact functor —®g R/J to the short exact sequence 0 — eRNxR — eR —
R/xR — 0, we get an exact sequence (eRNzR)®r R/J - eR®r R/J - R/cR®r R/J — 0,
which can be rewritten as (eRNzR)/(eRNxzR)J — eR/eJ — R/(xR+ J) — 0. It follows that
there is a short exact sequence 0 — ((eRNzR)+eJ)/eJ = eR/eJ = R/(xR+J) — 0. Now the
kernel eRNx R of the projective cover 7|.g is superfluous in eR and e is the largest superfluous
submodule of eR, hence ((eRNzR) +eJ)/eJ =0 and eR/eJ = R/(zR + J).

Now (e+J)(R/J) = (eR+J)/J =eR/(eRNJ) =eR/eJ, so that eR/eJ = R/(xR+J) is a
projective right R/J-module. Thus the short exact sequence 0 — (x+J)(R/J) = (zR+J)/J —
R/J — R/(zR + J) — 0 splits, and the principal right ideal of R/J generated by =z + J is a
direct summand of the right R/J-module R/J.

We must now prove that idempotents of R/J lift modulo J. By this is equivalent
to showing that every direct summand of the R-module R/J has a projective cover. Let Mp
be a direct summand of (R/J)g. Then it is also a direct summand of (R/J)g/; and hence
is generated by an idempotent of R/J. Let ¢ € R be such that ¢ + J € R/J is idempotent
and Mp,; = (9 + J)(R/J). Then R/J = (g + J)(R/J) @ (1 — g+ J)(R/J) as R/J-modules,
and hence also as R-modules. The canonical projection my: R/J — Mp has kernel ker(m,) =
(1—g+J)(R/J). Let m: Rp — R/J,r — r + J be the canonical epimorphism. Set f := mq.
Then ker(f) = (1 — g)R+ J and so f factors through an epimorphism f: R/(1 — g)R — Mg

with ker(f) = (J 4+ (1 — g)R)/(1 — g)R. In particular, ker(f) is the image of the superfluous
submodule J of Rg via the canonical projection Rg — R/(1 — g)R. Tt follows that ker(f) is
superfluous in R/(1 — g)R, i.e., f is a superfluous epimorphism.

By hypothesis, there is a projective cover p: Pp — R/(1—g)R. Since the composite mapping
of two superfluous epimorphisms is a superfluous epimorphism (this follows easily from ,
fp: Pr — Mg is a superfluous epimorphism and hence a projective cover of M.

(2) = (1) Assume that (2) holds. Let R/xR be a cyclically presented right R-module, where
z € R. The principal right ideal (z+J)(R/J) of the Von Neumann regular ring R/.J is generated

by an idempotent and idempotents can be lifted modulo J. Hence there exists an idempotent
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element e € R such that (z+J)(R/J) = (e+J)(R/J). Let 7|(1_¢)r be the restriction to (1—e)R
of the canonical epimorphism 7: Rg — R/xR. We claim that 7|q_¢)g: (1 —e¢)R — R/xR is
onto. To prove the claim, notice that tR+J = eR+ J, so that (1 —e)R+zR+J = R. As J is
superfluous in R, it follows that (1—e) R+xR = R and so 7|(;_)p is onto. This proves our claim.
Finally, ker(7|(1_¢)r) = (1—e)RNzR C (1-e)R+J)N(zR+J) = (1-e)R+J)N(eR+J) C J,
so that ker(m|(1_¢)r) € J N (1 —e)R = (1 —e)J is superfluous in (1 — e)R. Thus 7|_¢)g is the
required projective cover of the cyclically presented R-module R/xR. O

Corollary 2.4.2. If R is a domain and every cyclically presented right R-module has a projective
cover, then R is local.

PROOF. By the previous Theorem, R/J(R) is Von Neumann regular. Since idempotents
can be lifted modulo J(R), and R has only two idempotents 0,1 thanks to the fact that R is
a domain, the only idempotents of R/J(R) are 0+ J(R) and 1 + J(R). Let 0 # =z € R/J(R).
Because R/J(R) is von Neumann and R/J(R) has only two idempotents 0+ J(R),1+ J(R), we
deduce that zR/J(R) = R/J(R), which implies that x is right invertible. Hence every nonzero
element of R/J(R) is right invertible. Let 0 # y € R/J(R). Then there is an element z € R/J(R)
such that yz = 1+ J(R). As z # 0, there is an element ¢ € R/J(R) such that zt = 1 + J(R).
Now we have that y = y(zt) = (yz)t = t, and hence zy = zt = 1 + J(R). Thus y is invertible.
Therefore R/J(R) is a division ring and so R is local. =

Notice that, conversely, if R is a local ring and Mpg is any non-zero cyclic module, then every
epimorphism 7: R — Mg is a projective cover.

Lemma 2.4.3. Let R be an arbitrary ring, let Np < Mp be cyclic right R-modules with a
projective cover and let £: Ng — Mp be the embedding. Then the following two conditions are
equivalent:

1. There exist a projective cover wn: Pr — Ngr of Ng, a projective cover myr: Qr — Mp of
Mp and a commutative diagram of right R-module morphisms
Pr—>>Qr
Wi iw (2.2)
Np —— Mg,
such that the following equivalent conditions hold:
(a) M(Pr) =my/ (e(NR)):
(b) Aker(mn)) = ker(mar);

(¢) mar induces an isomorphism coker(\) — coker(e).

2. For every pair of projective covers mn: Pr — Ngr of N and mpr: Qr — Mp of Mp and
every commutative diagram (2.2) of right R-module morphisms, the following equivalent
conditions hold:
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(2)) A(Pr) = 7y (¢(NR));
(b”) A(ker(mn)) = ker(mar);

(¢") mar induces an isomorphism coker(\) — coker(e).

Proof. The equivalences (a) < (b) < (c) and (a’) < (b’) < (¢’) have been proved in Lemma
2.2.2.

(b) = (b’): Assume that mx: Pr — Ng, mar: Qr — Mp and A\: Pr — Qp satisfy condition
(b), that is, make diagram commute and A(ker(mwy)) = ker(my). Let 7y P, — Np and
mhr: Qr — Mg be projective covers and \': Pj, — Q' be a morphism that make the diagram
corresponding to diagram commute, that is, such that 7),\" = en’y. Projective covers are
unique up to isomorphism and, by Lemma, we may therefore assume Pj, = Pr, Qr = Qr
and 7, = 7, Ty = TN

Then (A — N) = ay\ —enry = ery — enrny = 0, so that (A — X)(Pgr) C kermys. Let
L: ker mpyr — Qr denote the inclusion. Then there exists a morphism 1 : Pr — ker wps such that
A — X = w1p. As images via module morphisms of superfluous submodules are superfluous sub-
modules and ker 7 is a superfluous submodule of Pg, it follows that i (ker 7y ) is a superfluous
submodule of ker p;. Now ker mpy = A(ker my) = (N + ) (ker ) C N(ker ) + wp(ker ) =
N(kermy) + ¢(kermy) C kermps. Thus kermy, = N(kerny) + ¢(kermy). But ¢(kermy) is
superfluous in ker 7y, hence ker mp; = N (ker 7y ), which proves (b’).

(b’) = (b): Let my: Pr — Ng and mpr: Qr — Mg be projective covers of Ng, respectively
Mpg. Since Ppg is projective and mas: Qr — M is an epimorphism, there exists a A: Pr — Qg
such that Ty A = emy. By (b), then A(ker(my)) = ker(mps). O

Definition 2.4.4. If Np < Mp are cyclic right R-modules and the equivalent conditions of
Theorem [2.4.3| are satisfied, we say that Ng is an exact submodule of Mp.

Corollary 2.4.5. If Lr < Mg < Ng are cyclic right R-modules, Mg is exact in Ng and Lr is
exact in Mg, then Lg is exact in Npg.

PROOF. Since Lp is exact in Mgr and Mp is exact in Ng, there exist projective covers
7 PR = Lg, mu: Qr — Mg, my;: Qp — Mp and 7n: Ur — Npg and homomorphisms
A: Pr = Qg and p: Q% — Upg such that my A = 7p, myp = 7y, Aker(nr)) = ker(my) and
p(ker(mh,)) = ker(my).

Since the projective cover of Mg is unique up to isomorphism, we may assume by Lemma
that Qr = Q' and 7}, = my (replacing A accordingly). Then myp\ = Ty A = 77 and
ker(my) = u(ker(mar)) = p(A(ker(nr)) = (uA)(ker(nz)). Therefore Ng is an exact submodule of
Mgp. m

Corollary 2.4.6. If a cyclic module Ng is an exact submodule of a cyclic module Mr and Mg
has a projective cover isomorphic to Rr, then Mpr/Npg is cyclically presented.
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PROOF. Since Ng is an exact submodule of Mg, there exists a commutative diagram

Pr—>Qr

ﬁNl lw

Nr —— Mg

where my: Pp — Ng and mpr: Qr — Mp are projective covers of Nr and Mp and coker(\) =
coker(e). By assumption, there exists an idempotent e € R such that Pg = eR and Qr = Rp.
By Lemma we may therefore assume Pr = eR and Qr = Rp (replacing 7y, mn and A
accordingly). Therefore Mp/Npr = coker(e) = coker(\) = R/eR. Hence Mp/Npg is cyclically
presented. m

The following example shows that if R is not a domain, then even if a non-unit x € R is not
a zero-divisor, the projective cover of R/zR need not be isomorphic to Rpg.

Example 2.4.7. Let D be a discrete valuation ring and # € D a prime element. The unique
maximal ideal of D is 7D. Let R = M»(D), x = Ll) g] and e = {0 O].

01
We have

D D 0 0
acR—[ﬂD 7TD:| and eR—[D D}

Let p: R — R/xR be the canonical projection. We will show that pler : eR — R/xzR is a

projective cover of R/xR. We have ker p|.r = tRNeR = [72) 73)] . Since J(R) = My(J(D)) =
D 7wD| . . . . . .
D =D\’ it follows that ker p|c.g = eJ(R). Since e is an idempotent of R, eR is projective and

eJ(R) = J(eR). In particular, ker p|.g is superfluous in eR. Therefore eR is a projective cover
of R/zR.
We now show that eR 2 R. Assume eR is isomorphic to R. Then there exists an isomorphism

f: Rr — eR. Hence f(1) = [2 2] # 0.
Let b = [_Cd 8] Then b # 0, because f(1) # 0. But f(1)b = [2 SJ [_Cd 8] = [8 8]

implies f(b) = 0. It follows that b = 0, which contradicts b # 0. Thus eR is not isomorphic to R.

The next example shows that the condition for the projective cover of Mg to be isomorphic
to Rp is necessary in Corollary

Example 2.4.8. Let R = T5(Z/2Z) be the ring of all upper triangular 2 x 2 matrices with
coefficients in Z/27Z. Since J(R) consists of all strictly upper triangular matrices, R/J(R) =
(Z/2Z)? is semisimple and obviously idempotents lift modulo J(R). Therefore every finitely

generated R-module has a projective cover. Set

e o= B DG S 6 O}
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s [0 ol m= {0 8.2 3]}

Mp/Ng = {[8 8} + Nk, [(1) 8} +NR}-

Consider

0 1
0 ¢ . 0 0
0 0 0 ¢
. . . . . . 0 0]. . 0 0 . .
It is obvious that ¢ is an isomorphism. Since g 1|san idempotent of R, 01 R is a projec-

tive R-module. Hence Np is a projective R-module. On the other hand, My is also a projective

R-module, because is an idempotent of R. Hence 15: Ng — Ng and 1p: M — Mp

10
00
are projective covers. This implies that the diagram

N —— Mg

N |1

Np —= Mg,

where e(ker 1) = ker 17, commutes. Therefore Ng is an exact submodule of Mp.

Assume Mp/Ng is a cyclically presented module. Then Mp/Npg is isomorphic to R/xR,
where x € R. Since |Mp/Ng| =2, |xR| = 4. We have

b on={[o Jf}-
o m= {6 alls T o]y

B 8]R—MRa
o o)1

b 9 i)
(6 6 3-1 2
(o
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[1 o] R= R,

0 1
11
e

Thus xR = Mpg. Hence

RJoR = R/Mp — { [8 8] + M, [[1) (1)] + MR} ,

ann(MR/NR) =

Il
—— —— ——
o e
, o o
m
=

——
[en}

10080 )

ann(R/zR) = { [g ﬂ €R [(1] (1)] [8 i] € 2R = MR} = Mp.

Hence ann(Mpr/Ng) # ann(R/xzR). On the other hand, we have ann(Mpr/Ng) = ann(R/zR)
since Mr/Np is isomorphic to R/xR. This is a contradiction. Therefore Mpr/Np is not a cyclically
presented module.

Proposition 2.4.9. Let R be a local domain. Let N, Mpr # 0 be cyclically presented right
R-modules and let mpr: Rr — Mg be an epimorphism. Then Ng C Mg is exact if and only if it
18 war-exact in the sense of Definition and Lemma [2.5. 1]

Proof. Suppose first Np C Mp exact. Let mny: Rp — Npg be any epimorphism. Then 7y
and 7y are necessarily projective covers, because ker(mys) and ker(wy) are superfluous. Let
€: Nr — Mp denote the inclusion. By projectivity of Rg, there exists a A: Rg — Rpg such that
mm A = emy. By condition (a) in Lemma AM(RR) = 73/ (Ng). Since 7y} (Ng) # 0, it follows
that 7, (Ng) = Rp and hence condition (a) in Definition and Lemma ﬂ is satisfied.
Suppose now that Np C Mp is mwp-exact. Let my: Rg — Ngr be an epimorphism and
A: Rp — Rp a monomorphism satisfying condition (b) of Definition and Lemma Then
TN is a projective cover of Ng, and condition (b) of Lemma is satisfied, implying that
Ngr C Mp is exact. O

The previous proposition, together with the results from the previous section, shows that in
the special case of R a local domain and = € R a non-unit, series of exact submodules of R/zR
may be used to study factorizations of x € R up to insertion of units.
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2.5 Cokernels of endomorphisms

Let Mg be a right module over a ring R and let E := End(Mpg) be its endomorphism ring. Let
s be a fixed element of . In this section, we investigate the relation between projective covers
eE — E/sE for an idempotent e, induced by the canonical epimorphism Er — FE/sE, and
properties of the module e(Mp). This is of particular interest if we assume that E/J(E) is Von
Neumann regular and idempotents can be lifted modulo J(E), as in this case for every non-zero
s € E the module E/sE has a projective cover. For instance, every continuous module Mg has
this property (see(1.4.10and [1.4.8)), in particular every quasi-injective module has this property,
and every module of Goldie dimension one and dual Goldie dimension one has this property (see
1.3.9).

Let s: Mr — Mp be an endomorphism of Mpg. We can consider the direct summands M;
of Mg such that there exists a direct sum decomposition Mg = M7 ©& My of Mg for some
complement My of M7 with the property that mos: Mr — Ms is a split epimorphism. Here
mo: Mpr — My is the canonical projection with kernel M;. Let F be the set of all such direct
summands, that is,

F:={M; | My < Mg, there exists My < Mp such that M = M; @& Mo
and mes: Mg — My a split epimorphism }.

The set F can be partially ordered by set inclusion.

It is well known that there is a one-to-one correspondence between the set of all pairs
(My, My) of R-submodules of Mg such that Mp = M; @ M and the set of all idempotents e € E.
If e € FE is an idempotent, the corresponding pair is the pair (M := e(Mg), Mz := (1—e)(MRg)).
If s € End(MRg), we always denote by ¢: Eg — E/sE the canonical epimorphism ¢(f) = f+sE.

Lemma 2.5.1. Let Mg = My @ Mo, let m9: Mp — Ma be the projection with kernel My, and let
e € End(Mg) be the endomorphism corresponding to the pair (My, Ms). If s: Mp — Mp is an
endomorphism, then mas is a split epimorphism if and only if p|leg: eE — E/SE is surjective.

Proof. We have to show that mos: Mpr — Ma is a split epimorphism if and only if eEF + sE = E.
In order to prove the claim, assume that mos: Mpr — Ms is a split epimorphism, so that there is
an R-module morphism f: My — Mp with masf = 1,,. Let e2: My — Mg be the embedding.
Then the right ideal eE' 4 sE of E contains the endomorphism

e(1pr — sfma) + s(fma) = e+ (1 — €)sfmy = e + eamasfma
:6+621M27T2 :e+(1M—e) = 1p,

so that el + sE = E. Conversely, let e € F be an idempotent with eE + sE = F, so that there
exist g,h € E with 1 = eg + sh. Then (1 —e) = (1 — e)sh, so that (1 —e) = (1 —e)sh(1 —e),
that is, eqmy = e9moshegmy. Since €4 is injective and 7o is surjective, they can be canceled, so
that 1,7, = mashea. Hence mas is a split epimorphism, which proves our claim. ]
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Proposition 2.5.2. Let Mg be a right module, and let E := End(Mpg) be its endomorphism
ring. Let s € E and suppose that E/sE has a projective cover. Then

F:={DM; | My < Mg, there exists My < Mp such that Mp = My ® Mo
and mas: Mpr — My a split epimorphism }

has minimal elements, and all minimal elements of F are isomorphic R-submodules of Mp.

Proof. From the previous lemma, it follows that there is a one-to-one correspondence between the
set F' of all pairs (M7, M3) of R-submodules of Mg such that Mp = M1&M; and mas: Mp — Mo
is a split epimorphism and the set of all idempotents e € E for which the canonical mapping
eE — Ep/sE, x € eE — x + sE, is surjective. In order to prove that F has minimal elements,
it suffices to show that if the canonical mapping eE — Eg/sE is a projective cover, then e(Mpg)
is a minimal element of F. Let e € E be such that e — Eg/sE is a projective cover, and let
M/ € F be such that M{ C e(Mg). Let ¢’ € E be an idempotent such that M| = ¢/'(Mp) and
mhs: Mp — (1 —€)(MRg) is a split epimorphism. Then M| = ¢/(Mpg) C e(Mpg), so that ee’ = ¢’
Thus ¢'E = e’ E C eE. If p|l.g: eE — E/sE is the projective cover, p|op: € E — E/sE denot!
es the canonical epimorphism and e: ¢'E — eFE is the embedding, it follows that ¢|.pe = ¢|ep-
Now ¢|cg is a superfluous epimorphism and ¢|.pe = ¢|osg is onto, so that ¢ is onto, that is,
¢'E = eE. Thus e = ¢'f for some f € E, so that e(Mg) C ¢/(Mgr) = M{ and M| = e(Mg). It
follows that e(Mpg) is a minimal element of F.

Now let M} be any other minimal element of F, and let ¢” be an idempotent element of E
with 74s: Mr — (1—€”)(Mpg) a split epimorphism. Then the canonical projection e’E — E/sE
is an epimorphism. As the canonical projection ¢|.g: eE — E/sE is the projective cover, there
is a direct sum decomposition ¢"E = P}, @& Py, with the canonical projection Py, — E/sE a
projective cover. Thus P, = p'E for some idempotent p’ of E with p’E + sE = E, so that
p'(Mg) € F. Now ¢"E O P, = p'E implies that p’ = ¢”g for some g € E, so that p'(Mp) C
e’(Mg) = M{. By the minimality of M{ in F, it follows that p/(Mg) = €”(Mg), so that
M{/ = €/I(MR) = p/(MR) = p/E ®g Mp = P ®p Mgr =2 eE ®p M = €(MR). Thus every
minimal element of F is isomorphic to e(Mg). O

Let Mpg be quasi-projective, F := Endr(Mpg) and suppose s € E. In the following, we relate
projective covers of the R-module Mpr/s(Mp) and the cyclically presented E-module E/sE.

Lemma 2.5.3. Let My be a quasi-projective right R-module, E the endomorphism ring of Mp
and let s € E. Let 7 be the canonical epimorphism of Mg onto Mp/s(Mpg) and ¢ the canonical
epimorphism of Er onto E/sE.

1. For every g € E, m|y(ry) s surjective if and only if ¢|yg is surjective.

2. For every g € E, gF is a direct summand of Eg if and only if g(Mpg) is a direct summand
Of MR.

3. Let e, e’ be idempotents in E. Then e(Mpg) = €' (MRg) if and only if eE = ¢'E.
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4. Let e € E be idempotent. Then ker(m|e(ary)) is superfluous if and only if ker(¢ler) is
superfluous.

Proof. (1) ( <) Since ¢|y4g is surjective, there exists h in E such that gh+sE = 1)/ +sE. Hence
there exists b’ in E such that gh = 17 + sh/. For all m € Mg we have n(m) = w(1p(m)) =
m(g(h(m)), whence |g(nr,) is surjective.

( = ) Since Mp is quasi-projective and mg: Mr — Mp is an epimorphism, there exists
h: Mr — Mpg such that mgh = 7. Therefore (gh — 1)) (Mg) C s(MRg). Since s: M — s(MRg) is
an epimorphism, quasi-projectivity of Mg implies that there exists A’ € E such that gh — 1, =
sh’. This implies that ¢(gh) = 1 + sE. Therefore ¢|qg is surjective.

(2) (= ) If gF is a direct summand of E, there exists an idempotent e in E such that
gE = eE. Hence there exist h,h’ in E such that ¢ = eh and e = gh’. This implies that
g(Mp) = e(Mp). On the other hand, e(Mpg) is a direct summand of Mg since e is an idempotent
of E. Therefore g(Mpg) is a direct summand of Mpg.

(< ) If g(Mp) is a direct summand of E, there exists an idempotent e in E such that
g(Mp) = e(Mg). Hence eg = g. Therefore gFE C eE. Since g: Mr — e(Mp) is an epimorphism
and Mp is quasi-projective, there exists h: Mr — Mpg such that e = gh. This implies that
eFE C gFE. Hence eE = gF.

(3) ( < ) Since eE = ¢'E, there exists an isomorphism I': eE — €' E. Consider the two
following homomorphisms f: e(Mg) — € (Mpg) defined via f(m) = €'z(m) where ¢’z = T'(e)
and g: ¢/(Mpg) — e(Mpg) defined via g(m) = ey(m) where ey = I'"!(¢’). It suffices to show that
19 = Lamy and gf = Ly For m € €/(Mg), fg(m) = f(ey(m)) = ¢'zey(m) = e/zy(m) =
L(e)y(m) = L(ey)(m) = T(T~1(e'))(m) = €(m) = m, it follows that fg = 1. (). By an
argument analogous to the previous one, we get gf = 16( Mpg)-

( = ) Since e(Mg) = € (Mpg), there exists an isomorphism h: e(Mg) — €/ (Mpg). Consider
the two following homomorphisms 6: eE — ¢'FE defined via 6(ex) = e¢’hex, and ¢': ¢E — eFE
defined via @'(e'x) = eh~!e¢’z. It suffices to show that 60’ = 1, and 0’0 = 1.p. Since
00'('x)(m) = O(eh~te'z)(m) = e'heh ™ e'x(m) = ehe(h~('z(m))) = h(h~(z(m))) =
ee'(x(m)) = € (x(m)), it follows that 66’ (e'x) = ¢’z. Hence 00’ = 1. 5. By an argument analo-
gous to the previous one, we get 0’0 = 1.5.

(4) ( = ) Let Kg be a submodule of eE such that Kg + ker(¢|.g) = eE. It suffices to
show that Kp = eE. There exists h € ker(¢|leg) = eENsE and k € Kg such that e = k + h.
Hence e(Mp) = k(Mg) + h(Mg). This implies that e(Mg) = k(Mg) + (e(Mg) N s(Mg)). Since
e(Mpg) N s(Mg) is superfluous in e(Mg), then e(Mg) = k(Mg). Since k: Mr — e(Mpg) is an
epimorphism and Mg is quasi-projective, there exists A’ in E such that e = kh’. This implies
that e € Kg. Therefore K = eFE.

( <= ) Let Ng be a submodule of Mg such that Ng + ker(w|c(rr,)) = Mg. Hence 7|y,
is surjective. It suffices to show that Np = Mpg. Since Mpg is quasi-projective and Ng is a
submodule of Mg, it follows that Mg is also Nr-projective. Therefore the induced homomor-
phism (7|n,)«: Hom(Mpg, Nr) — Hom(Mpg, Mp/s(Mp)) is surjective and hence there exists
g: Mg — Np such that mg = we. Again by quasi-projectivity of Mg, there exists h: Mr — Mp
such that g — e = sh. Since g(Mpg) C Ngr C e(MRg), for every = € Mp there exists y € Mp such
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that g(x) = e(y). We have eg(z) = e(e(y)) = e(y) = g(x). Thus eg = g. Since g—e = eg—e = sh,
eg —e € eE and sh € sE, it follows that ¢ — e € eE N sE. From e = g — (g — e), we have
eE = gE + (g — e)E. Hence eE = gE + (eE N sE). Since eE N sE = ker ¢l g is superfluous,
eE = gE. Therefore e(Mpr) = g(Mgr) C Ngr. Thus Ng = e(Mp). O

Corollary 2.5.4. Let My be a projective right R-module and E the endomorphism ring of Mg.
Let s € E, let w be the canonical epimorphism from Mg to Mp/s(Mg) and ¢ the canonical
epimorphism from E to E/sE. Then |y) is a projective cover of Mg/s(Mg) if and only if
©ler is a projective cover of E/sE.

Proof. Since MR is projective, so is e(Mg). Hence m|.(ar,) is a projective cover if and only if
ker(7|e(arg)) is superfluous. Therefore the corollary follows from the previous lemma. O

Proposition 2.5.5. Let My be a quasi-projective right R-module, let s € E = End(MRg) and let
m: Mr — Mp/s(MRg) be the canonical epimorphism. Suppose that E/sE has a projective cover.

Consider € := {Nr < Mpg | 7|n, is surjective} and €y = {Nr € € | Ng is a direct
summand of Mg}, both partially ordered by set inclusion. Then Eg has minimal elements, any
two minimal elements of Eg are isomorphic as right R-modules and any minimal element of Eg
is minimal in E.

Proof. Let Ng < Mg be a direct summand of Mg, let e € E be an idempotent with e(Mg) =
Npr and let mo: Mp — ker(e) be the canonical projection corresponding to the direct sum
decomposition Mp = Npg ® ker(e). Lemma [2.5.3|(1) implies that 7|y, : Ng — Mpg/s(Mp) is
surjective if and only if p|.g: eE — E/sE is surjective. By Lemma this is the case if and
only if mos is a split epimorphism. This shows that & = F, where the latter is defined as in
Proposition The claims about &g, therefore follow from the proposition.

It remains to show that the minimal elements of £ are minimal in €. Let Np € &g be
minimal, and let e: Mp — Ng be an idempotent with e(Mpg) = Ng. From the proof of
Proposition we see that eE — E/sE is a projective cover. Therefore Lemma [2.5.3|(4)
implies that ker(7|y,) is superfluous. Therefore, if Lr < Np and 7|, is surjective, we have
L + ker(m|y,) = Ng and hence Lr = Ng, showing that Ng is minimal in £. O
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Chapter 3

Automorphism invariant modules

3.1 Basic properties

Definition 3.1.1. A module M is called automorphism-invariant if it is invariant under auto-
morphisms of its injective envelope, that is, if (M) C M for every ¢ € Aut(E(M)) (equivalently,
if (M) = M for every ¢ € Aut(E(M))).

Quasi-injective modules are clearly automorphism-invariant. The following example show
that there exists an automorphism-invariant module Mg that it is not quasi-injective.

Example 3.1.2. Let R = {(2n)nen € [[,,en Ze : all except finitely many x, are equal to some
a € Zo}. Then R is a ring, and E(RRg) = [[,,cy Z2. Because End(E(Rg)) has only one automor-
phism, namely the identity, R is automorphism-invariant but it is not quasi-injective.

Theorem 3.1.3. [LZ13, Theorem 2] Let M be an R-module. Then the following conditions are
equivalent:

1. M is an automorphism-invariant module.

2. Every isomorphism between two essential submodules of M extends to an endomorphism

of M.

3. Every isomorphism between two essential submodules of M extends to an automorphism

of M.

PrROOF. (1) = (3): Let X,Y be essential submodules of M and o : X — Y be an iso-
morphism. Then there is an endomorphism 5 of E(M) such that f|x = «. Because E(X) =
E(Y) = E(M) and (|x is an isomorphism, 8 must be an automorphism of E(M). Since M is
automorphism invariant, (M) C M and 3~1(M) C M, so |5 is an automorphism of M which
extends o.

(3) = (2) : It is clear.

(2) = (1) : Let o be an automorphism of E(M). Set Y = o(M) N M,X = o~ }(Y) and
a = o|x. Then « is an isomorphism between X and Y. Moreover, by we deduce that
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X and Y are essential submodules of M. By (2), o extends to an endomorphism 8 of M .
Let y € Y N (0 — B)(M) and write y = (6 — 8)(z) with x € M. Then o(x) = y+ 8(z) € Y
implies that z € X, and hence y = (0 — 8)(z) = o(x) — B(z) = a(z) — f(z) = 0. It follows
that Y N (o — B)(M) = 0. Since Y is essential in E(M), we get that (¢ — 3)(M) = 0. Therefore
oc(M)=pB(M)C M. =

Proposition 3.1.4. [LZ15, Lemma 4] Let M be an automorphism invariant module. Then every
direct summand of M is automorphism invariant.

PROOF. Let N be a direct summand of M. Then there is a submodule N’ of M such that M =
N& N'. Hence E(M) = E(N)® E(N') where E(M), E(N) and E(N’) are injective envelopes of
M, N and N’ respectively. Let f be an automorphism of E(N). Then f&1gnry : E(M) — E(M)
is an isomorphism of E(M). Since M is automorphism invariant, (f @ 1gxny)(NON') € NON'.
It implies that f(N) C N. Hence N is an automorphism invariant module. m

Theorem 3.1.5. [LZ13, Theorem 5] If the direct sum M = My &M, is automorphism-invariant,
then My and My are relatively injective.

Proor. Let A < Ms and f : A — M;. We wish to show that f extends to a morphism
f : My — M. Let B be a complement of A in My. Then A @ B <, M, by and
f extends to a morphism g : A@® B — M; where g(B) = 0. Set C = A @& B and define
a: M ®C — M; &M by a(x,c) = (x+g(c),c) for x € My and ¢ € C . Then ker v = 0, that is,
« is injective. Furthermore, a(M; & C) = My @ C is essential in My & M, (see[1.1.52)). Hence
is an automorphism of M7 ® C <, M1 & Ms. As My & M> is automorphism-invariant, o extends
to an endomorphism 5 of My ® M by Set f = 7fi: My — M; where i : My — My @& Mo
is the canonical injection and 7 : My @ My — M is the canonical projection. Thus f extends f,
so that M; is Ms-injective. By a similar argument, we also obtain that My is Mi-injective. This
complete the proof. m

Corollary 3.1.6. [LZ15, Corollary 6] Let M be a module. Then M is quasi-injective if and only
if M & M is automorphism-invariant.

Let E(M) be the injective envelope of a module M. It is easily seen that

Yo (M)

pEAUL(E(M))

is the smallest automorphism-invariant submodule of E(M) containing M. We call it the automorphism-
invariant envelope of M, and denote it by AI(M). Clearly, a module is automorphism-invariant
if and only if M = AI(M).

Lemma 3.1.7. [AFTI15, Lemma 2.9] Let M, N be arbitrary R-modules. Then every monomor-
phism M — N extends to a monomorphism AI(M) — AI(N).
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PROOF. A monomorphism ¢: M — N extends to a monomorphism ¢': E(M) — E(N),
which is necessarily a split monomorphism. Thus there is a direct-sum decomposition E(N) =
¢ (E(M)) @ C and, with respect to this direct-sum decomposition, ¢': E(M) — ¢'(E(M)) & C
can be written in matrix form as ¢’ = (J), where a: E(M) — ¢/(E(M)) is an isomorphism It
suffices to show that ¢'(AI(M)) C AI(N). Let f be an automorphism of E(M). Then (O‘fo‘ )
is an automorphism of ¢'(E(M)) ® C = E(N). Thus ¢'(f(M)) = af(M) = (afa_l)(a(M)) C

(47 ) (a(d) € (7 Y(N) € AI(N). Therefore ¢/(AI(M)) € AI(N). =

3.2 Decomposition of automorphism-invariant modules

Lemma 3.2.1. [SS14, Lemma 7] Let M be an automorphism-invariant module and E(M) its
injective envelope. Assume that E(M) decomposes as a direct sum E(M) = Ey @ Es @ E3 where
E1=FEy. Then M = (M NEy))® (MNEy) & (MnNEs).

PROOF. Let o : Ey — E3 be an isomorphism and let 7y : E(M) — E1,m : E(M) — Ea,
and 73 : E(M) — Es be the canonical projections. Then M N E; C w1 (M), M N Ey C ma(M)
and M N E3 C 7T3(M).

Let n = o~!. Consider the map \; : E(M) — E(M) given by A\ (21, x2,23) = (z1,0(z1) +
xo,x3). Then A; is an automorphism of F(M ). Since M is automorphism invariant, M is invariant
under A\; and 1g(pp). Hence M is invariant under A\; — 1g(ap), that is, (A — 1)) (M) € M.
Consider the map Ag : E(M) — E(M) given by Ao(x1,x2,23) = (21 + (x2),z2,23). Then Ao
is also an automorphism of E(M). Therefore, as explained above, M is also invariant under
/\2 — 1E(M)7 that iS, ()\2 — 1E(M))(M) g M.

Let x = (71,72,73) € M. Then (A1 — 1guy))(z) = (0,0(21),0) € M. Also we have (Ay —
Lgan)(w) = (n(z2),0,0) € M. This implies that (A1 — 1gp))(n(22),0,0) = (0,0n(z2),0) =
(0,22,0) € M. Hence m2(M) € M. By a similar argument we get that (A2 —1g7))(0,0(z1),0)
(no(z1),0,0) = (21,0,0) € M. Therefore (M) C M, so that (0,0,z3) € M, that is, w3 (M)
M. 1t follows that m (M) @ ma(M) @ m3(M) C M and hence, M = m (M) @ mo(M) & w3(M
Thus M = (M NE)®(MNEy)®(MNE3). =

\.-/Iﬁ Il

Recall that a module is square-free if it does not contain a direct sum of two non-zero
isomorphic submodules.

Theorem 3.2.2. [ESS13| Theorem 3] Every automorphism-invariant module M decomposes as
a direct sum M = X @Y, where X is quasi-injective, Y is a square-free module orthogonal to
X, and X and Y are relatively injective modules.

Proor. Let I' = {(A,B,f): A B< M,ANB =0, and f: A — B is an isomorphism} .
Define a partial order on as follows: (A, B, f) < (A", B’, f/)if AC A", BC B’, and [’ extends f.
By Zorn Lemma, " has a maximal element, say (A, B, f). Let C’ be a complement of A& B in
M. Then A®@B&C' <, M and (" is closed in M by [1.1.68] Hence E(M) = E(A)®E(B)®E(C")
where E(M), E(A), E(B) and E(C") are injective envelopes of M, A, B and C’ respectively. Since
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C' <. E(C"YNM < M and C’ is closed in M, we get that ¢’ = E(C") N M. Now we claim
that C’ is square-free. Assume the contrary. Then there is nonzero submodules X and Y of C’
with X NY = 0, and an isomorphism: ¢ : X — Y. Hence (A® X,B@Y, f ® ¢) is a maximal
element of I'; which contradicts the maximality of (A, B, f). This proves the claim. Consider
g: A®BC" — A@B®(C" as follows: Foreach a € A,b € B,c € C, g(a+b+c) = f~1(b)+f(a)+c.
Since A® B ® C' <, M and M is automorphism invariant, g extends to an automorphism ¢’
of M (see . Let A’ be a closed submodule of M essentially containing A. If A were prop-
erly contained in A’ ¢’|4 would contradict the maximality mentioned above. Thus, A must
be a closed submodule of M, so that B is closed in M too. Since A <, E(A)NM < M and
B <. E(B)N M < M, we obtain that A = E(A)N A and B = E(B) N B. Hence by
M= (E(AAnM)® (E(B)nM)ad (E(C'YNM) = A® B® C'". It follows that A ® B is
automorphism-invariant by Therefore A and B are relatively injective (see . Since
A= B, A® B is then quasi-injective, and hence B is quasi-injective (see . Furthermore,
A ® B and C' are relatively injective modules by Hence C' is B-injective. Next, in a
similar way to the above argument, we can find a maximal monomorphism ¢ : B — B from a
submodule B’ C C" into B. Since B is C'-injective, t can be monomorphically extended to every
submodule of C” essentially containing B’ (see [1.1.56 and [1.1.51)). Because of the maximality
of t, we deduce that B’ is closed in C’'. Now we claim that ¢(B’) is a direct summand of B.
Because of the fact that B is quasi-injective and in order to prove the claim it suffices to
show that ¢(B’) is closed in B. Let D < B such that ¢(B’) <. D. Since C’ is_B-injective, the
monomorphism ¢! : ¢(B’) — €’ extends monomorphically to t=1 : D — C” by|1.1.56/and [1.1.51]
Note that B’ = t~1(t(B")) <. t~1(D) < C’ because t(B’) <. D and t~! is injective. It follows
that B’ = t~1(D), and therefore t(B’) = D. This proves that t(B’) is closed in B. Since B is
(’-injective and t(B’) is a direct sumand of B, t(B’) is C’-injective, so that B is a C’-injective
submodule of C’. Hence C' = B’ & C for some C. Now, we will show that C' and B are orthog-
onal. Assume that C' and B have nonzero isomorphic submodules C; and By. Then C and B’
are orthogonal thanks to square-freeness of C’,and hence so are By and ¢(B’). It follows that
By Nt(B') = 0. This contradicts the maximality of the monomorphism ¢ because we can define
a monomorphism a @t : C; & B’ — B where « is an isomorphism from C to By. Therefore C
and B are orthogonal. Now we claim that C' and A @® B @ B’ are orthogonal. Assume that there
are two submodules X,Y such that X <A@ B® B, Y < C and X 2 Y by an isomorphism
7: X =Y. If XN B =0, we could define an isomorphism f @&~ !: A®Y — B ® X, which
contradict the maximality of (A, B, f). Therefore X N B # 0. But then X N B,~(X N B) are two
isomorphic submodules of B, C' respectively, which contradict the fact that B and C' are orthog-
onal. This proves the claim. Now we will show that A @& B & B’ is quasi-injective. On the one
hand, because A @ B is quasi-injective and A® B is C' = B’ @ C-injective, A® B is A® B @ B'-
injective. On the other hand, B’ is A & B @ B’-injective since B’ is C' = B’ @& C-injective and
C' is A @ B-injective. Therefore, A® B ® B’ is quasi-injective. The proof is completed by taking
X=A¢BeB andY =C. =
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3.3 Conditions (C;) (i =1,2,3)

Definition 3.3.1. A module M is called pseudo-injective if, for any submodule A of M, every
monomorphism f : A — M can be extended to an element of End(M).

Lemma 3.3.2. [Nic77, Lemma 14] Let M be a module such that M = M; & Ms. Then My is
Ms-injective if and only if for any submodule N of M with NN My = 0, there is some submodule
M' of M such that N < M’ and M = M, & M’

PROOF. Assume that M; is Ma-injective. Let m; : M — M; (i = 1,2) be canonical projections
and N be a submodule of M with NN M; = 0. Because 7|y is injective and M; is Ma-injective,
there is a morphism f : My — M such that mi|y = ma|n o f. Set M' = {f(m) + m|m € My}.
Then N C M’ and M’ = eM where e = < 8 1f ) € End(M). Since e? = e and M; =

Mo
(1 —e)M, we get that M = My & M'. Conversely, let L < My and g : L — M;. Now we will
show that g extend to a morphism g : My — M;. Set N = {—g(x) +z|x € L}. Then N < M
and N N M; = 0. Now by hypothesis, there is a submodule M’ of M such that N < M’ and
M = M;®M'. Set g=m: M — M, where 7 is the canonical projection with kernel M’. Hence
g extend g. This completes the proof. =m

Theorem 3.3.3. [ESS13, Theorem 16] Let M be a module. Then M is automorphism-invariant
if and only if it is pseudo-injective.

PROOF. The fact that every pseudo-injective is automorphism-invariant follows from [3.1.3
Conversely, assume that M is automorphism-invariant. Then by [3.2.2] M decomposes as a direct
sum M = A& B where A is quasi-injective and B is square-free. Hence E(M) = E(A) & E(B)
where E (M), E(A) and E(B) are injective envelopes of M, A and B respectively. Let C be a
submodule of M and f: C' — M be a monomorphism. Set D = f(C'N B) N (C N B). We claim
that D <. f(CNB) and D <, C'NB. Assume that there is a nonzero submodule X < f(CNB)
such that X N (CNB) = 0. If X N B = 0, then the restriction of the canonical projection
m: A® B — A to X would be injective. Furthermore, X is isomorphic to a submodule of
C N B by a monomorphism f~!|x : X — C'N B. Because A and B are orthogonal, we get that
X = 0, a contradiction. Therefore X N B is a nonzero submodule of B. Now we can embed
(XNB)® (XNB)into (X NB)® (CnNB) < B, which contradicts the square-freeness of B.
This proves that D <. f(C' N B). Similarly, we also show that D <. C'N B.

Let K be a complement of D in B. Then by K®D<.,B,sothat KD ® A <,
B®A=M.Since K&D <, K f(CNB)by[l.1.53land (K & D)NAC BNA=0, we obtain
that (K ® f(CNB))NA=0.By[L.1.52 we get that (K ® f(CNB))® A<, M.

By A is B-injective. Now by there is a submodule B’ of M such that f(C'NB)®
K C B and M = A® B'. Hence E(M) = E(A) ® E(B’) where E(B’) is an injective envelope
of B' and B’ is closed in M. Since (K ® f(CNB))®A<. M =A¢ B, K& f(CNB) <. B
(see [1.1.52)). The isomorphism flonp @ 1x : (CNB) & K — f(C N B) @ K extends to an
isomorphism f : E(B) — E(B’), so that 154y & f : E(M) — E(M) is an isomorphism. Since M
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is automorphism invariant, (1g4y @ f)(M) C M. It follows that f(B) € M N E(B'). Moreover,
MNE(B') = B’ because B’ <, MNE(B') < M and B’ is closed in M. Therefore, f(B) C B'. As
1pea) @ f is an isomorphism from E(B) to E(B’) and B is closed in M, f(B) = (1g4) ® [)(B)
is essential in E(B’) and closed in M. Hence f(B) <. B’, which implies that f(B) = B’. Set
f" = f|B. Then f’ is an isomorphism from B to B’ and extends f.

From f'|cns = flons = flons, we can define a morphism g : C + B — f(C) + B’ as
follows: For ¢ € C,b € B, g(c+b) = f(c) + f'(b). Then g extends f. Let 7 : A®@ B — A
be the canonical projection. Hence B + C = B @ 7(C) and n(C) = (B + C) N A. Because
A is quasi-injective and B is A-injective by we obtain that M is A-injective (see 77).
Thus gl : 7(C) — M extends to some g’ : A — M. Consider the morphism f:M = M
defined by f(a +x) = ¢'(a) + g(z) for a € A,z € B + C. This morphism is well-defined because
9'rc) = 9'l(B+c)na = glxc) = 9l(B+c)na- Moreover, f extends f. This completes the proof. m

Theorem 3.3.4. [Din05, Theorem 2.6] Every Pseudo-injective module satisfies Condition (Cs).

PROOF. Let M be a Pseduo-injective module and A be a direct summands of M. Let B < M
with B = A. Since A is a direct summand of M, M decomposes as a direct sum M = A @ A’.
Denote an isomorphism from B to A by f. Define o : M — B as follows: For a € A,a’ € A,
ala+a’) = f~!(a). In order to prove that B is a direct summand of M it suffices to show
that the canonical injection ¢ : B — M is split. As M is Pseudo-injective, there is a morphism
g: M — M such that f = goi. Hence cogoi=ao f = 1p, that is, 7 is split. m

Theorem 3.3.5. Every automorphism invariant satisfies Condition (C3).

Proor. It follows from B.3. 4 and 333 =

Theorem 3.3.6. [LZ13, Theorem 12] If M is an automorphism invariant module, then it sat-
isfies Condition (C3).

PROOF. Assume that A and B are two direct summands of M such that ANB = 0. We wish
to show that A @ B is a direct summand of M. Write M = A® A’, and let w7 : M — A’ be the
canonical projection. Let C be a complement of A& B in M. Then by ApBaC <, M.
Set D = B ® C. Note that 7|p : D — 7D is an isomorphism. By [[.2.3] A® D = A® 7D. Thus
la@7p: A®D — A® 7D is an isomorphism. Because M is automorphism invariant and
A@ D is essential in M |, 14 @ 7|p extends to an automorphism o of M by Theorem Since
B is a direct summand of M and ¢ is an automorphism, ¢ B is a direct summand of M, so that
7B = 0B is a direct summand of A’. Therefore A® B = A® 7B is a direct summand of M. =

Corollary 3.3.7. [LZ13, Corollary 13] An automorphism-invariant module M is quasi-injective
if and only if it is automorphism invariant and satifies Condition (C1).

Proor. If M is quasi-injective, it is automorphism invariant and satisfies Condition (C1)

by [25 and 27
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Conversely, if M is automorphism invariant and satifies Condition (C1), then M is quasi-
continuous by Theorem m Hence M is invariant under idempotent endomorphisms of E(M)
by Because M is already invariant under automorphisms of E(M), M is invariant under
all endomorphisms of E(M) by [3, Theorem 3.9]. Therefore M is quasi-injective. m

3.4 The exchange property and the endomorphism ring

From now, let A(M, M) denote the set of all module morphisms f: M — M whose kernel
Ker(f) is an essential submodule of M

Proposition 3.4.1. [War72, Theorem 2] Let M be a module. Then M has the finite exchange
property if and only if End(M) is an exchange ring.

Theorem 3.4.2. [Niell(, Theorem 9] Let M be a square-free module with the finite exchange
property. Then M has the exchange property.

Proposition 3.4.3. [AS13, Proposition 1] Let M be an automorphism-invariant module. Then
the Jacobson radical of End(M) is A(M, M), End(M)/J(End(M)) is a von Neumann regular
ring and idempotents can be lifted modulo J(End(M)).

PrROOF. Let r € End(M). Then there is a morphism s € End(F(M)) such that s|p = 7.
Set K = Ker(r) and let L be a complement of K in M. Then by [1.1.66 K & L C. M, so that
E(M) = FE(K)® E(L). Let g € End(F ( )) defined by g|gx) = 0 and g|g) = s|g(r)- Then
(9—5)|kerr) = 0 and hence, g—s € J(S) by|[L.1.65 Therefore 1—(g—s) is an automorphism of
E. Because M is automorphlsm—lnvarlant (1- (g s))(M) C M. It follows that (g—s)(M) C M.
Now since s is an extension of r € R, we get that s(M) C M, so that g(M) C M.

As LN Ker(g) = 0, glg) is a monomorphism. Let E' = Im(g) = Im(g|gr)). Then
E'" = E(L) is injective. Moreover, as g|gy : E(L) — E’ is an isomorphism, there is a
morphism h : E' — E(L) such that hogou = uo lg(r) and hence, uohog = uom,
where u : E(L) - E(M) and 7w : E(M) — E(L) are the inclusion and projection associ-
ated to the decomposition F(M) = E(K) @ E(L). Since L is essential in E(L), g(L) is es-
sential in E' and hence, N = M N g(L) is also essential in E’, thanks to the fact that M
is essential in F(M). It follows that the monomorphism h|y : N — L C M extends to an
endomorphism t : E(M) — E(M). Because M is automorphism-invariant, t(M) C M. Set

= t|p € End(M). Since N is essential in E = Im(g),g '(N) is essential in E(M) and
hence, N’ = (K @ L) N g~ *(N) is also essential in E(M) (see . Consider the morphism
@: End(M) — End(E(M))/J(End(E(M))) is defined as follows. If f € End(M), let f be an
endomorphism of E(M) that extends f. Then o(f) = f+J(End(E(M))) [FHO6, §4, p. 412]. Tt is
easily seen that ¢ is a well-defined ring morphism. Since J(End(E(M)) consists of all endomor-
phisms having essential kernels, we get that kerp = A(M, M), and hence ¢ factors through an
injective morphism 1 : End(M)/A(M, M) — End(E(M))/J(End(E(M)). Let x € N'. Then
g(x) € N and x = k+[ where k € K and [ € L. Thus g(I) = g(k)+g(l) = g(z) € N C M. There-
fore t' og(z) =tog(l) =t' og(l) = hog(l) =1. As tog|ny, = uom|y and N’ is essential in E(M),
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it follows that to g+ J(End(E(M)) =uonw+ J(End(E(M)). Thus sotos+ J(End(E(M)) =
gotog+J(End(E(M)) = gouon+J(End(E(M)) = g+ J(End(E(M)) = s+ J(End(E(M)), so
that ¢ ((rot’or)+A(M, M)) = (sotos)+J(End(E(M )) = s+J(End(E(M)) = ¢(r+A(M, M)).
Since 1) is injective, we get that (rot' or) + A(M,M) = r + A(M,M). This proves that
End(M)/A(M, M) is von Neumann regular.

Since End(M)/A(M,M) is von Neumann regular, J(End(M)/A(M,M)) = 0, so that
J(End(M)) € A(M,M). Let a € A(M, M). Because Ker(a) N Ker(l —a) =0 and Ker(a) C,
M, Ker(1—a) = 0. Thus (1—a) is an isomorphism from M to (1—a)(M). As M is automorphism-
invariant, M satisfies Condition (C2) (see , that is, submodules isomorphic to a direct
summand of M are direct summands. Hence (1 — a)(M) is a direct summand of M. But
(1 —a)(M) Cc M because Ker(a) C (1 —a)(M). Thus (1 — a)(M) = M and hence, 1 — a
is a unit in End(M). It follows that a € J(End(M)) and hence, A(M, M) C J(End(E(M)).
This gives J(End(M)) = A(M, M), so that End(M)/J(End(M)) is a von Neumann regular
ring.

Now, we will show that idempotents can be lifted modulo J(End(M)). Let € + J(End(M))
be an idempotent in End(M)/J(End(M) and f' + J(End(E(M)) = ¢(¢' + J(End(M))). Then
[+ J(End(E(M)) is an idempotent in End(E(M))/J(End(E(M)). Because idempotents can
be lifted modulo J(End(E(M)), there is an idempotent f in End(E(M)) such that f/ = f +j
with j € J(End(E(M)). Now, 1 — j is a unit in End(E(M), and hence M is invariant under
1 — j. Therefore j(M) C M, so that f(M) C f' (M) + j(M) C M. It follows that e = f|a
belongs to End(M) and it is an idempotent since so is f. By construction, ¢(e+ J(End(M))) =
[+ J(End(E(M))) = f'+ J(End(E(M))) = ¢(e’ + J(End(E(M)))). And, as 1 is an injective
morphism, we obtain that e + J(End(M)) = ¢’ + J(End(M)). This complete the proof. m

Theorem 3.4.4. [AS13, Theorem 3] Every automorphism-invariant module satifies the ex-
change property.

PROOF. Let M be an automorphism-invariant module. Set R = End(M By- R/J(R
is a von Neumann regular ring and idempotents can be liftted modulo J (R) By [Nic77, Propo—
sition 1.6], R is an exchange ring. Hence M has the finite exchange property by Now M
decomposes as a direct sum M = P @& @ where @ is quasi-injective and P is square-free (see
. Applying we dedude that P has the finite exchange property, so that P has the
exchange property thanks to and the fact that P is square-free. Applying to Q, we
get that @ has the full exchange property. Now by M has the exchange property. m

Theorem 3.4.5. [AFT15, Theorem 2.1] Let M be an automorphism-invariant module and
E(M) be its injective envelope. Then

(a) There is a canonical local morphism
v: End(M) — End(E(M))/J(End(E(M)))

with kernel J(End(M)), so that ¢ induces an embedding @, as a rationally closed subring,
of the von Neumann regular ring End(M)/J(End(M)) into the von Neumann regular right
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self-injective ring
End(E(M))/J(End(E(M))).

(b) For every invertible element v of the ring End(E(M))/J(End(E(M))), there exists an
invertible element u of End(M)/J(End(M)) such that o(u) = v.

(¢) For every idempotent element f of the ring End(E(M))/J(End(E(M))) there exists an
idempotent element e of End(M)/J(End(M)) such that B(e) = f if and only if the module

M s quasi-injective.
(d) If M is quasi-injective, then @ is an isomorphism.
PrOOF. (a) For any module M, the morphism
¢: End(M) — End(E(M))/J(End(E(M)))

is defined as follows. If f € End(M), let f be an endomorphism of E(M) that extends f. Then
o(f) = f+J(End(E(M))) [FHO6, §4, p. 412]. It is easily seen that ¢ is a well-defined ring mor-
phism. Moreover, ¢ is a local morphism, because if f € End(M) and ¢(f) is invertible in the ring
End(E(M))/J(End(E(M))), then f is an automorphism of E(M). Since M is automorphism-
invariant, it follows that f(M) = M; that is, f(M) = M. This proves that f is onto. Moreover,
f is an automorphism of E(M) implies that its restriction f is an injective endomorphism of M.
Thus f is an automorphism, and the ring morphism ¢ is a local morphism. It follows that the
injective morphism @: End(M)/ker(¢) — End(E(M))/J(End(E(M))) induced by ¢ is a local
morphism as well. Moreover, ker(¢) = A(M, M) = J(End(M)) by

(b) If v is an invertible element of End(E(M))/J(End(E(M))), then v = o'+ J(End(E(M)))
for some element v' € End(E(M)), necessarily invertible. Therefore v is an automorphism of
E(M). Since M is automorphism-invariant, the restriction «’ of v’ to M is an automorphism of
M. Thus u := v 4+ J(End(M)) is an invertible element of End(M)/J(End(M)) and ®(u) = v.

(d) If M is quasi-injective, for every f € End(E(M)), the restriction f’ of f to M is an
endomorphism of M. Thus @(f' + J(End(M))) = f + J(End(E(M))). Hence ¥ is onto, and (a)
allows us the conclusion.

(c) Assume that for every idempotent element f € End(E(M))/J(End(E(M))) there exists
an idempotent element e of End(M)/J(End(M)) with $(e) = f. In order to show that M is
quasi-injective, we will prove that it satisfies Condition (C1). Let N be a submodule of M. We
must show that NV is essential in a direct summand of M. Now E(M) has a direct-sum decom-
position E(M) = E(N)@ E. Thus there is an idempotent € € End(E(M)) with E(N) = eE(M)
and £ = (1 — e)E(M). By hypothesis, there exists an idempotent e € End(M)/J(End(M))
with P(e) = ¢ + J(End(E(M))). As idempotents lift modulo J(End(M)), there is an idempo-
tent ¢/ € End(M) such that e = ¢/ + J(End(M)). The idempotent ¢’ € End(M) corresponds
to a direct-sum decomposition M = &’'M @ (1 — ¢’)M. This direct-sum decomposition of M
induces a direct-sum decomposition E(M) = E(e'M) @ E((1 — ¢')M). Thus there is an idem-
potent ¢’ € End(E(M)) with E(e'M) =¢"E(M) and E((1 —&')M) = (1 —&")E(M). We claim
that endomorphism &” of E(M) extends the endomorphism &' of M. To prove this claim, it
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suffices to show that ”(z) = x for every x € ¢’M and ¢”(y) = 0 for every y € (1 —&')M. Now
e'M C E(e'M) =&e"E(M), so that ¢’ (x) = z for every x € ¢’ M. Similarly (1 —&")M C E((1 —
eYM) = (1—-¢")E(M), so that for every y € (1 —&’)M one has that y € (1 —&”)E(M). Hence
¢’ (y) = 0. This proves the claim. Thus @(e’ + J(End(M)) = " + J(End(E(Mg))). But §(e) =
e+ J(End(E(M))) and e = &' + J(End(M)), so that (¢’ + J(End(M))) = e + J(End(E(M))).
It follows that ¢’ + J(End(E(M))) = ¢ + J(End(E(M))); that is, " — e € J(End(E(M))),
so 1 —&” + ¢ is an automorphism of E(M). As M is automorphism-invariant, we have that
Q1—e"+e)(M)=M. Thuse(M) C (1—&"+e)(M)+1(M)+" (M) =M+ M +¢€'(M) = M.
It follows that e restricts to an idempotent endomorphism of M. In particular, (M) is a direct
summand of M. Moreover, N C E(N)NM =eE(M)NM = e(M), so that N is a submodule
of e(M). It remains to show that IV is essential in (M ). This follows immediately from the
fact that (M) C eE(M) = E(N) and N is essential in E(N). This proves that M satisfies
Condition (C1), and hence is quasi-injective by

The converse follows immediately from (d), noting that the inverse image of an idempotent
via an injective morphism is necessarily idempotent. =

Proposition 3.4.6. [AFT15, Proposition 2.2]Let M be an automorphism-invariant module.
Then

(a) If M is indecomposable, then End(M) is a local ring.

(b) If M has finite Goldie dimension, then every injective endomorphism of M is an auto-
morphism of M and the endomorphism ring End(M) is a semiperfect ring.

PROOF. (a) Automorphism-invariant modules have the exchange property by and
indecomposable modules with the exchange property have a local endomorphism ring by

(b) Let M be an automorphism-invariant module of finite Goldie dimension and let ¢: M —
M be an injective endomorphism of M. Then ¢ extends to an endomorphism ¢g: E(M) —
E(M), which is necessarily injective. As M has finite Goldie dimension, ¢y is an automorphism
of E(M). But M is automorphism-invariant, so @o(M) = M. Thus ¢(M) = M, that is, the
endomorphism ¢ is also surjective.

Finally, every module of finite Goldie dimension is a direct sum of indecomposable modules.
Thus if M = M; & --- & M, is automorphism-invariant and the M; are indecomposable, then
the modules M; are automorphism-invariant. Hence they have a local endomorphism ring by
(a). Since M = My @ --- @ M, there is a complete set eq,...e, of orthogonal idempotents in
End(M) such that M; = Me;. Moreover, e;End(M)e; = End(Me;) = End(M;) is local for
every i = 1,...,n. This proves that End(M) is semiperfect (see . [

Corollary 3.4.7. [AFT15, Corollary 2.3] If M, N are two automorphism-invariant R-modules
of finite Goldie dimensions isomorphic to submodules of each other, then M 1is isomorphic to

N.

PROOF. By the hypothesis, there exists two monomorphisms f: M — N and g : N — M.
So fg € End(IN) and fg is injective. Hence fg is an automorphism by Proposition m(b)
Thus f is onto. Since f is a monomorphism, f is an isomorphism. m
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3.5 A connection with quasi-injective modules

Lemma 3.5.1. [AFTI15, Lemma 2.6] Let M be an automorphism-invariant module. If M =
My & My &®--- D M, where each M; is a quasi-injective module, then M is quasi-injective.

PROOF. It clearly suffices to prove the case n = 2. Assume that M = M; & M is
automorphism-invariant, where M; and My are quasi-injective. By M is Ms-injective
and My is Mi-injective. Since M; and M, are quasi-injective, M is quasi-injective (see |1.1.56)).
[

Proposition 3.5.2. [AFT15, Proposition 2.7] Let My, Ma, ..., M,, be uniform modules. If M :=
My ® My & --- D M, is automorphism-invariant, then M is quasi-injective.

PROOF. By the previous lemma, it suffices to show that each M; is quasi-injective. On the
one hand, each M; is uniform, and each M; satisfies (C}). On the other hand, by each M;
is automorphism-invariant. By every M; is quasi-injective. Now apply Lemma [3.5.1} =

Proposition 3.5.3. [AFT15, Proposition 2.8] The following conditions are equivalent for a ring
R.

1. Every automorphism-invariant R-module of finite Goldie dimension is quasi-injective.

2. Every automorphism-invariant indecomposable R-module of finite Goldie dimension is uni-
form.

3. Every automorphism-invariant indecomposable R-module of finite Goldie dimension is
quasi-injective.

PrOOF. (1) = (2) An automorphism-invariant indecomposable module M of finite Goldie
dimension is quasi-injective by (1). Hence it satisfies Condition (Cy) (see . Therefore M is
uniform.

(2) = (3) Let M be an automorphism-invariant indecomposable module of finite Goldie
dimension. Then M is uniform by (2), and hence it satisfies Condition (C}). By M is
quasi-injective.

(3) = (1) Let M be an automorphism-invariant module of finite Goldie dimension. So M =
My & Ms® --- D M, where each M; is an automorphism-invariant indecomposable module of
finite Goldie dimension. By (3), every M; is quasi-injective. From Lemma it follows that
M is quasi-injective. m

Proposition 3.5.4. [AFT15, Proposition 2.5] If R is a ring of odd characteristic, then every
automorphism-invariant R-module is quasi-injective.

PROOF. Suppose that R is a ring of odd characteristic n with a module M that is automorphism-
invariant but not quasi-injective. By Theorem the endomorphism ring End (M) has a factor

63



End(M)/M isomorphic to Fy. Then nR = 0, so that nM = 0. Hence nEnd(M) = 0, so that
n(End(M)/M) = 0. Thus nFs = 0, which is a contradiction because n is odd. m

By Proposition every ring R of odd characteristic satisfies the equivalent conditions of
Proposition [3.5.3

Lemma 3.5.5. [MM90, Lemma 3.3] Let M be a module. Assume that M decomposes as a
direct sum M = M; & My where My and My are orthogonal. Then End(M)/A(M, M) =
End(My)/A(M1, M1) x End(Ms)/A(Ms, Ms). The converse holds if My and Ms are relatively
mjective.

P S2
End(Ma), € Hom(M, M) and ¢ € Hom(Ms, M;). Furthermore, we can consider s1, s2, ¢ and
1 as elements of S by defining them to be zero on the other summand. Then ¢, € A(M, M)
because M; and My are orthogonal. We have kers N M; = kers; Nkerp and kers N My =
ker so M ker 1.

Now we will show that s € A(M, M) if and only if s; € A(My, M;) and sy € A(Mo, My).
Assume that s € A(M,M). Then kers <. M, so that kers; Nkerp = kers N M; <. M;
by It follows that kers; <. My, that is, s € A(M;, M1). By a similar argument, we
also have so € A(Ma, Ms). Conversely, assume that s; € A(My, M;) and so € A(Ma, Mo).
Since ker ¢ <, My, kerp Nkers; <. M; by and therefore ker s N My <. Mj.Similarly
Ker sN My <. Ms. Thus ker s <, M, that is, s € A(M, M). It follows that End(M)/A(M,M) =

End(Ml)/A(Ml,Ml) 0
( 0 End(My)/A(Ms,, M) ) -

PROOF. Let s € S = End(M). We can write s = ( suY ) where s; € End(M),se €

Lemma 3.5.6. [AS13, Lemma 1] Let M be an R-module such that End(M) has no factor
isomorphic to Fa. Then End(E(M)) has no factor isomorphic to Fs.

PROOF. Let M be any R-module such that End(M) has no factor isomorphic to Fy and
set S = End(E(M)). Assume that End(E(M)) has a factor isomorphic to Fa, that is, there is
a ring morphism 1) : S — Fy. It follows that there is a ring morphism ¢’ : S/J(S) — Fa. Set
f = where ¢ : End(M) — S/J(S) as in[3.4.5| (a). Then f is a ring morphism from End(M)
to [F, a contradiction. m

Lemma 3.5.7. [AS1], Lemma 2] Let M be a continuous module over any ring S. Then each
element of the endomorphism R = End(Mg) is the sum of two units if and only if R has no
factor isomorphic to Fy.

PROOF. Assume that R has no factor isomorphic to Fo. Set A = A(M,M). By
R/A = Ry @ Ry where R; is von Neumann regular, right self-injective, and Rz is an exchange
ring with no non-zero nilpotent element. m

Theorem 3.5.8. [AS14, Theorem 3] Let M be a right module such that End(M) has no factor
isomorphic to Fy. Then M is quasi-injective if and only if M is automorphism-invariant.
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PROOF. Let M be an automorphism invariant module such that End(M) has no factor
isomorphic to Fo. Then by Lemma End(E(M)) has no factor isomorphic to Fo. Moreoer,
by Lemma [3.5.7 each element of End(E(M)) is a sum of two units. This means that for every
endomorphism A € End(E(M)), we have A = u; + uz where uj,ug are automorphisms in
End(E(M)). Since M is automorphism-invariant, it is invariant under both u; and ug, and we
obtain that M is invariant under A. This shows that M is quasi-injective by The converse
follows from [.2.5 =

3.6 Boolean rings

Lemma 3.6.1. [AF'T15, Lemma 3.1]Let T be a ring and I the two-sided ideal of T generated
by the subset {t —t> |t € T'} of T. Then

(a
(b

The ideal I is the smallest ideal of T with T /I a boolean ring or the zero ring.

The ideal I is the intersection of all maximal two-sided ideals M of T with T /M = Fs.

d

)
)
(¢) The ideal I contains the Jacobson radical J(T') of T.
(d) The kernel of every ring morphism T — Fo contains I.
)

(e) I is a proper ideal of T if and only if there exists a ring morphism T — Fo, if and only if
T has a mazimal two-sided ideal M with T /M = Fy.

PROOF. (a) is trivial.
(b) Let us check that

I= (| m

T/ M=F,

(C) Since I is generated by the elements ¢ — ¢2, it suffices to show that ¢ —t> € M for every
t € T and every maximal two-sided ideal M with 7'/ M = Fy. Now F3 is boolean, so that 7'/ M
is boolean, hence t + M = t> + M. It follows that t — t? € M.

(2) By (a), the ring T/I is boolean. Boolean rings are isomorphic to subrings of Fz for
some set X. Let e: T/I — F¥ be an embedding and 7,: F¥ — Fy (z € X), p: T — T/I be
the canonical projections. Then the morphisms ¢, := mzep: T" — Fa have kernels ker ., which
are maximal two-sided ideals of T', T/ ker ¢, = Fa and (,cx ker ¢z = N,ex(ep) *(kerm,) =
(ep) " H(Nyex ker z) = p~'(kere) = kerp = I. Thus (rjper, M S Nyex ker g = 1.

(c) By (b), I is the intersection of all maximal two-sided ideals M of T with T /M = Fy,
and all maximal two-sided ideals M of T with T'/M = Fy are maximal right ideals of 7". Hence
I is an intersection of maximal right ideals of T, so that I O J(T).

(d) The kernel of every ring morphism 7" — [y is a maximal two-sided ideal of T' with
T/M = Ty. Thus (d) follows from (b).

(e) is now trivial. m
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Lemma 3.6.2. [AFTI15, Corollary 3.3] Let M = M; @ My be an automorphism-invariant R-
module where My and My are orthogonal. Then End(M) has no factor isomorphic to Fy if and
only if each End(M;) (i = 1,2) has no factor isormophic to Fs.

PROOF. Let I be the two-sided ideal of End(M) generated by the set { z—2? | x € End(M) }.
By Lemma[3.5.5, End(M)/A(M, M) = End(M;)/A (M, My)xEnd (M) /A(Ms, Ma). As A(M, M) =
J(End(M)) for any automorphism-invariant R-module M (see[3.4.3)), it follows that End(M)/J(End(M)) =
End(M;)/J(End(M;)) x End(Ms)/J(End(Mz)) in a canonical way. Thus there is a homomor-
phism End(M) — Fq if and only if there is a homomorphism End(M)/J(End(M)) — Fa, if
and only if there is a homomorphism End(M;)/J(End(M;)) — Fa for an i equal to 1 or 2. The
conclusion follows immediately. =

Lemma 3.6.3. [AFT15, Lemma 3.5] If My, My are two right modules over a ring R and My, M,
have isomorphic injective envelopes, which are non-zero modules, then My and My have non-zero
isomorphic submodules.

PROOF. Let f: E(M;) — E(Ms3) be an isomorphism. Then M; and f~1(Ms) are essential
submodules of E(Mj). Hence M N f~1(My) is an essential submodule of E(M;) by It
follows that M; N f~1(M3) is a non-zero submodule of M. Via the isomorphism f, we find
that f(My N f~1(My)) is an essential submodule of F(Mz) isomorphic to My N f~(Ms). But
f(My N f~1(Ms)) = f(M;y) N My is a submodule of M;. m

Corollary 3.6.4. [AFT15, Corollary 3.6/ A module M is square-free if and only if its injective
envelope E(M) is square-free.

PRrOOF. If M is not square-free, then it contains a submodule isomorphic to N @ N for some
non-zero module N. Hence the same holds for F(M), that is, (M) is not square-free.

Conversely, assume that F(M) is not square-free. Then E(M) contains a submodule iso-
morphic to N @ N for some non-zero module N. It follows that E(M) = E; @ Es ® E3 with
Ei = E5 # 0. Then by M N E; is a non-zero essential submodule of E; for ¢ = 1,2. In
particular, M N E; and M N Es have isomorphic injective envelopes, which are non-zero modules.
By Lemma M N E; and M N E5 have non-zero isomorphic submodules. Thus M is not
square-free. m

Corollary 3.6.5. [AFT15, Corollary 3.7]If M is an automorphism-invariant square-free mod-
ule, then every injective endomorphism of M is an automorphism of M.

PROOF. Let M be an automorphism-invariant square-free module and let ¢: M — M be
an injective endomorphism of M. Then ¢ extends to an endomorphism ¢o: E(M) — E(M),
which is necessarily injective (see [L.1.51)). Then E(M) = @o(E(M)) & C, so that E(M) =
QA(E(M))®¢o(C)®C with po(C) = C. By Corollary E(M) is square-free, so C' = 0. This
proves that ¢g is an automorphism of E(M). But M is automorphism-invariant, so po(M) = M.
Thus (M) = M, that is, the endomorphism ¢ of M is also surjective. m

Arguing as in Corollary we find that:
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Corollary 3.6.6. [AFT15, Corollary 3.8/ If M, N are two automorphism-invariant square-free
R-modules isomorphic to submodules of each other, then M is isomorphic to N.

Corollary 3.6.7. [AFT15, Corollary 3.9] Let M be an automorphism-invariant R-module. As-
sume that M = My & My, where M1 and My are orthogonal. Let E; be an injective envelope of
M;. Then E7 is orthogonal to Es.

PROOF. Assume that there exists 0 # Ny < Fq and 0 # Ny < E5 such that Ny & Ns. Let
E! be an injective envelope of N;. Then E; = E| ® E{ and Ey = E) & EJ where E] = El.
Set E := E1 ® Fs = E} ® E}, @ (E{ @ EY). Then E is an injective envelope of M. Since M is
automorphism-invariant and E] & El, we get that M = (M NE}) @& (MNE))® (MN(E]®EY))
from We will show that M N E] < M. Let x € M N EY, then x = x1 + x2 where z; € M;
and x € F] C Ey. Hence 29 = —x1 € MaN E; C Ey N Ey = 0. Therefore © = 1 € M;. By a
similar argument, we get that M N By < M. As M N E] is essential in E} and E is injective,
E! is an injective envelope of M N E!. Moreover, E} = E}. Hence, by Lemma there exist
non-zero submodules P, < M NE] < M; and P, < M N E} < My such that P, = P. Therefore
M is not orthogonal to Ms. This is a contradiction. m

Lemma 3.6.8. Let e, f be two idempotents of R. Then
1. Ife, f are central idempotents of R, then eR = fR if and only if e = f.
2. eR= fR and (1—e)R = (1— f)R if and only if there is a unit u € R such that e = u~" fu.

ProoOF. (1) It suffices to show that if eR = fR, then e = f. There exists an isomorphism
p:eR— fR. Set a = ¢(e) and b = varphi~'(f). Then ab = p(e)varphi=1(f) = p(ep™1(f)) =
ele™1(f)) = f and ba = ¢~ (f)p(e) = o~ (fele)) = ¢~ (¢p(e)) = e. Now we have e = ¢? =
baba = bfa = fba = abba = abe = aeb = abab = f? = f.

(2) If eR= fR and (1 —e)R = (1 — f)R, then there are two isomorphism h; : fR — eR,
he : (1—f)R — (1—e)R. Note that eR®(1—e)R = fR®(1—f)R = R. Then h1®hs : R — Risan
isomorphism given by left multiplication by some unit v € R. From uf € eR and u(1—f) € (1—
e)R, we get that ufu~' € eRu™" = eR and u(1— f)u™' € (1—e)Ru~' = (1 —e)R, which implies
that ufu 'R < fRand u(1— f)u™! < (1— f)R. Since ufu=!, u(l— f)u~! are two idempotents
of R, and ufu~t+u(1— f)u~! = 1, we obtain that ufu 'ROu(l— flu 'R=R=eR®(1—¢)R.
It follows that ufu~'R = eR and u(1 — f)u 'R = (1 — e)R. Hence (ufu~')e = e = €2, so that
(ufu~! — e)e = 0. Moreover, (ufu=t —e)(1 —e) = 0. It follows that ufu~! — e = 0, that is,
f=u"teu.

Conversely, if f = u~eu for some unit v € R, then ufR = euR = eR. Hence left multiplica-
tion by u defines an isomorphism from fR to eR. Similarly, we also have 1 — f = u~ (1 — f)u,
which implies that (1 — f)R= (1 —e)R. =

Proposition 3.6.9. [AF'T15, Proposition 3.10] Let M be an automorphism-invariant module
and E(M) be its injective envelope. The following conditions are equivalent:
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) M is square-free.

) E(M) is square-free.

(¢) The von Neumann regular ring End(M)/J(End(M)) is abelian.
)

The von Neumann regular right self-injective ring End(E(M))/J(End(E(M))) is abelian.

PROOF. (a) < (b) has been proved in Corollary

(b) = (d) follows from the fact that A(E, E) = J(End(E)) for any injective module E and
C4T1T

(d) = (c) follows from the fact that every subring of an abelian ring is an abelian ring and
Theorem B.4.5

(c) = (a) Assume that (c) holds. Set S := End(M). Suppose that M contains a direct sum
X @Y of two isomorphic submodules. Taking the injective envelopes in E(M), one finds that
EM)=EX)® E(Y)®C. If ¢o: X — Y is an isomorphism, ¢ extends to an isomorphism
v: BE(X) — E(Y) by Thus there is an isomorphism

0 vt 0
wi=[1% 0 0 |:EMM)=EX)eEY)®C—-EM)=EX)®EY)aC.
0 0 1¢

The automorphism w of E (M) restricts to an automorphism w’ of M because M is automorphism-
invariant. From we know that M = (M NE(X)) & (M NEY)) & (M nC). Thus
M = egM @ eaM @ esM for orthogonal idempotents e; € S, where eyM = M N E(X) and
eaM = MNE(Y). Now o'(MNE(X)) =w(MNE(X)) =w(M)Nw(E(X)) =MnNE(Y). Thus
MNE(X)) = MnE(Y), that is, egM = ea M. Applying the functor Hom(M, —): Mod- R —
Mod- S, one finds that Sg = e1.S®eaSDesS and e1Sg = e2Sg [Facl0l Theorem 4.7]. If €; is the im-
age of e; in S/.J(S), then S/ J(S) = e1S/J(S) DexS/J(S)@e3S/J(S) and e1S/J(S) = €3S/ J(S)
(see[L.1.31)). But S/.J(S) is abelian, so that e1.5/J(S) = €5/J(S) implies &1 = &3 by [3.6.8] Thus
e1 — ez is an idempotent in J(S), from which e; = e3. Thus M N E(X) = M N E(Y), and
X=Y=0.nm

The next Corollary generalizes [Biel4]. Recall that a ring is duo if all its right ideals and all
its left ideals are two-sided ideals. A ring is quasi-duo if all its maximal right ideals and all its
maximal left ideals are two-sided ideals.

Corollary 3.6.10. [AFT15, Corollary 3.11] The endomorphism ring of an automorphism-
mvariant square-free module is quasi-duo.

PrROOF. Let M be an automorphism-invariant square-free module. By Proposition |3.6.9
End(M)/J(End(M)) is an abelian von Neumann regular ring. Because every one-sided principal
ideal of abelian von Neumann regular ring is generated by a central idempotent, all of one-
sided ideal of End(M)/J(End(M)) are two-sided. Thus End(M)/J(End(M)) is a duo ring. The
conclusion now follows from the fact that a ring S is quasi-duo if and only if S/J(S) is quasi-duo.
]
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Theorem 3.6.11. [AFTI15, Theorem 3.12] Let M be an automorphism-invariant module and
let E(M) be its injective envelope.

(a) If M is quasi-injective and End(M) has a factor isomorphic to Fa, then End(E(M)) has
a factor isomorphic to Fs.

(b) If M has finite Goldie dimension and End(M) has a factor isomorphic to Fa, then the
following conditions hold.

(i) End(E(M)) has a factor isomorphic to Fs.

(ii) E(M) has a direct-sum decomposition E(M) = E @ C with E orthogonal to C, E an
indecomposable R-module and End(E)/J(End(F)) = Fa.

(iii) Aut(F) = 1+ J(End(E)), so that every automorphism of the R-module E is the
identity on an essential R-submodule of E.

(iv) E is the injective envelope of its non-zero R-submodule anng(2).
PROOF. (a) If M is quasi-injective, the mapping
@: End(M)/J(End(M)) — End(E(M))/J(End(E(M)))

is an isomorphism by Theorem [3.4.5(d). Thus End(E(M)) has a factor isomorphic to Fs.

(i) We first consider the case of M indecomposable. If M is automorphism-invariant inde-
composable, then End(M) is local by Proposition If End(M) also has a factor isomorphic
to Fg, then

End(M)/J(End(M)) = Fo.

Since M is automorphism-invariant, we get that M = N @& P, where N is quasi-injective
and P is square-free (Theorem . But M is indecomposable, so that either M = N or
M = P. If M = N is quasi-injective, End(E(M)) has a factor isomorphic to Fy by (a). In
the other case, M = P is square-free, so that End(E(M))/J(End(E(M)) is abelian. As M
has finite Goldie dimension, F(M) has finite Goldie dimension. Hence End(E(M)) is semilo-
cal. Therefore End(E(M))/J(End(E(M)) = Dy x Dy X -+ x D,,, where each D; is a division
ring. Consider the mapping ¢: End(M) — End(E(M))/J(End(E(M)) of Theorem From
ker p = J(End(M)), it follows that im ¢ = End(M)/J(End(M)) = Fy. Moreover, the group of
units of End(E(M))/J(End(E(M)) is contained in im(y), because M is automorphism-invariant
(see [3.4.5(b)). Hence the group of units of

End(E(M)/J(End(E(M))

has one element. Since it is isomorphic to D; \ {0} x --- x D,, \ {0}, it follows that D; = Fy for
every i = 1,...,n. So End(E(M)) has a factor isomorphic to Fy. This concludes the proof of (i)
for M indecomposable.

Now let M be an arbitrary automorphism-invariant module of finite Goldie dimension and
assume that End(M) has a factor isomorphic to Fo. The proof will be by induction on the
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Goldie dimension n of M. If n = 1, then M is indecomposable, and we are done. Suppose n > 1.
Since M is automorphism-invariant, we have that M = N @ P, where N is quasi-injective, P
is square-free and IV, P are orthogonal. If P = 0, then M is quasi-injective, and we conclude by
(a). If N =0, then M is square-free. If M is indecomposable, we are done, as we have seen in the
previous paragraph. Otherwise M = M; & M, for suitable non-zero submodules M7, My. The
modules M7, My are orthogonal because M is square-free. By Corollary either End(M;) or
End(M>) has a factor isomorphic to Fo. Without loss of generality, we can assume that End(M;)
has a factor isomorphic to Fy. Let E; be an injective envelope of M;, so that E(M) = E1® Es. By
the inductive hypothesis, we get that End(E7) has a factor isomorphic to Fo. Moreover, E7, Eo
are orthogonal by Corollary Thus End(F) has a factor isomorphic to Fg by Corollary
and we are done.

It remains to consider the case M = N @& P with both N and P non-zero. Then E(M) =
E(N) @ E(P). Then E(N) and E(P) are orthogonal (Corollary [3.6.7), and either End(N) or
End(P) has a factor isomorphic to Fy (Corollary[3.6.2)). By the inductive hypothesis, End(E(N))
or End(E(P)) has a factor isomorphic to Fa. The conclusion follows by Corollary

(ii) Since M is of finite Goldie dimension, E(M) decomposes as E(M) = E1 & ... ® E,,
where the E; are indecomposable injective R-modules. Now End(M) is semiperfect (Proposi-
tion [3.4.6|(b)), hence semilocal. By the hypothesis, there exists a ring morphism End(M) — Fa,
so that there exists a ring morphism End(M)/J(End(M)) — Fy. The semisimple artinian ring
End(M)/J(End(M)) is a finite direct product of rings of matrices M,;(D;) over division rings
D;. The kernel of the ring morphism End(M)/J(End(M)) — Fa is a maximal ideal of this finite
direct product of rings of matrices M, (D;). It follows that there exists an index j with n; =1
and D; = F5. Thus, in the direct-sum decomposition E(M) = E; @ ... ® E,, there exists an
index i with F; 2 E} for every k = 1,...n different from i and End(FE;)/J(End(F;)) = Fa. Set
E=EandC:=E & - ®E_1®E41® @ E,. In order to conclude the proof of (ii), it
suffices to show that E is orthogonal to C'. Assume the contrary. Then there exist isomorphic
non-zero submodules A of F and B of C. Thus F(B) is an indecomposable direct summand of
C' isomorphic to E(A) = E. By the Krull-Schmidt-Azumaya Theorem, the module E(B) must
be isomorphic to one of the modules F1,...,FE;_1,F;y1,..., E,. This is a contradiction.

(iii) If ¢ € Aut(E), we have that ¢ + J(End(F)) is an invertible element in the ring
End(E)/J(End(F)). But End(E)/J(End(E)) = Fa, so that ¢ + J(End(E)) = 1+ J(End(E)).
Thus ¢ € 1+ J(End(E)). This proves that Aut(E) = 1+ J(End(£)). In particular, every
automorphism of the R-module F is the identity on an essential R-submodule of E.

(iv) From End(E)/J(End(E)) = [Fa, it follows that 141 € J(End(F)); that is 2 annihilates
an essential submodule of E. Therefore anng(2) is a non-zero R-submodule of E. But E is
uniform. =m

Theorem [3.6.11](b) does not hold when M is not automorphism-invariant. To see this, take
R =7 and M = Zz. Then Qg is an injective envelope of Zz. The endomorphism ring of Zy is
isomorphic to Z. So it has a factor isomorphic to Fy. But the endomorphism ring of Qz has no
factor isomorphic to Fs.

Remark 3.6.12. Let M be any right R-module, let E(M) be its injective envelope and S :=
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End(E(M)) be the endomorphism ring of E(M), so that E(M) turns out to be a S-R-bimodule.
Let I be the two-sided ideal of S generated by the set {s — s? | s € S}. Then the annihilator
annpn [ = {e € E(M) | Ie =0} is an S-R-subbimodule of sF(M)g, as is easily seen. Thus
there is an R-module direct-sum decomposition E(M)r = E; @ E, where E; is an injective
envelope E(anng) ) of anngyy) [ in E(M)g and Ep is a complement of Ey in E(M)g, so
that no non-zero element of Fs is annihilated by I, i.e., e € Eo and Ies = 0 imply es = 0.
Assume there are two non-zero R-submodules A1, A such that A; < Ey, Ay < FEy and A1 =
Ay. Then their injective envelopes FE(A;), E(Ag) are isomorphic and each E(A4;) is a direct
summand of E;. So E(M) decomposes as a direct sum E(M) = e; E(M) & eaE(M) @ esE(M)
for orthogonal idempotents e; € End(E(M)) where ¢;E(M) = E(A;)(i = 1,2). Since E(A4;) =
E(As), e1E(M) = eaE(M). Applying the functor Hom(E (M), —): Mod- R — Mod- S, one finds
that Sg = €15 @ €25 © €3S and e1Sg = e2Sg [Facll, Theorem 4.7], where S = End(E(M)). So
there exists a unit element u € S such that e; = u=lesu (see . As egannp(py I = 0 and
e1 = u~tequ, it follows that e; annpyn I = 0. But this contradicts e; anngay I # 0, because
erannpg I = E(A1) Nanngyy I # 0. Therefore two R-modules Ey and Ey are orthogonal.
By Lemma S/AE(M),E(M)) = S1/A(E1, E1) x S2/A(E2, Es), where S; denotes the
endomorphism ring of the R-module E;. As A(E,E) = J(End(F)) for any injective R-module
E by [1.1.65] it follows that S/J(S) = S1/J(S1) x S2/J(S2) in a canonical way. If I; denotes the
two-sided ideal of S; generated by all x — 22 with x € S;, then I/J(S) = I/J(S1) x I2/J(S2).

Now consider the ring morphism p: S — End(anngp I) that associates to any f € S its
restriction f \annE< ay I 80 anng(ar) I. The ring morphism p is well defined because anng ) I is
a left S-submodule of E(M). The morphism p is clearly an onto mapping, and its kernel is
kerp := {f € S| f(anng) ) = 0}. In particular I C kerp. Since S/I is a boolean ring,
the ring End(anng,) I) is also boolean. Moreover, J(S) C I C ker p, so that p induces a ring
morphism p: S/J(S) — End(anngy) I). As S/J(S) = S1/J(51) x Sa/J(S2) and the elements
of S/ J(S2) are clearly mapped to 0 by p, we get that 0 x Sa/J(S2) C ker(p). Thus there is a
surjective ring morphism S1/I1 — End(anngyp ).

From Remark we get in particular that:

Proposition 3.6.13. [AFT15, Proposition 3.14[Let M be an R-module, S := End(E(M)) be
the endomorphism ring of E(M) and I be the two-sided ideal of S generated by the set { s — s |
se S}

(a) If annpgyp I # 0, then End(M) has a factor isomorphic to Fa.

(b) If M is automorphism-invariant and anng ) I is an essential submodule of the R-module
E(M), then the ring End(M)/J(End(M)) is a boolean ring.

PRrOOF. Compose the ring morphism ¢: End(M) — S/J(S) of Theorem [3.4.5| with the mor-
phism p: S/J(S) — End(anng ) I) in Remark obtaining a morphism py: End(M) —
End(annga 1), where End(ann gy 1) is a boolean ring. If ann gy I # 0, then End(anng ) 1)
is a non-zero boolean ring, so that there is a morphism End(anng ) I) — Fa. Thus there is a
morphism End(M) — Fq, necessarily surjective. Hence End(M) has a factor isomorphic to Fo.
This concludes the proof of (a).
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If M is automorphism-invariant and anngy I is essential in E(M ), then in Remark
we have that E(M) = Ey, E; = 0 and kerp C A(E(M),E(M)) = J(S). As I C kerp and
J(S) C I, it follows that I = kerp = J(S). Thus S/J(S) = End(anngyp I) is a boolean
ring. By Theorem(a) the ring End(M)/J(End(M)) is isomorphic to a subring of the ring
End(E(M))/J(End(E(M))) = S/J(S). Thus End(M)/J(End(M)) is boolean. m

Proposition 3.6.14. [AFT15, Proposition 3.15] Let M be an automorphism-invariant square-
free module of finite Goldie dimension. Then M decomposes as a direct sum M = N @ P, where
N is a module orthogonal to P, End(N) has no factor isomorphic to Fe, and End(P)/J(End(P))

s 1somorphic to a boolean ring Fy for some n.

Proor. The automorphism-invariant module M of finite Goldie dimension, decomposes as a
direct sum M = M1 @ - --® M, of indecomposable modules, necessarily automorphism-invariants
by Let eq,...,e; € End(M) be the orthogonal idempotents corresponding to this direct-
sum decomposition of M. Then e1,...,& € End(M)/A(M, M) are orthogonal idempotents
of End(M)/A(M, M), which is an abelian ring by Proposition [3.6.9] Thus the idempotents
e1,...,e of End(M)/A(M,M) = End(M)/J(End(M)) are central, so that

End(M)/J(End(M)) =
= e End(M)/J(End(M))er x --- x ez End(M)/J(End(M))e; =
=~ End(My)/J(End(M;)) x - -+ x End(M;)/J(End(My)),

is isomorphic to the direct product of the residue division rings End(M;)/J(End(M;)). Let N be
the direct sum of the M; with the residue division rings End(M;)/J(End(M;)) not isomorphic
to Fo and P be the direct sum of the M; with the residue division rings End(M;)/J(End(M;)) iso-
morphic to Fa. Then M = N&P, End (V) has no factor isomorphic to Fa, because End(N)/J(End(V))
is a direct product of finitely many division rings not isomorphic to Fy, and End(P)/J(End(P))
isomorphic to a direct product of finitely many copies of Fo.

Finally, N and P are relatively injective by As

End(M)/A(M, M) = End(N)/A(N, N) x End(P)/A(P, P),

we conclude that N and P are orthogonal (see|3.5.5)). m
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Chapter 4

Poor modules

4.1 Basic properties

Definition 4.1.1. A module M is poor in case, for every module N, if M is N-injective, then
N is semisimple. Equivalently a module M is poor if for every non-semisimple module N there
exists a submodule N’ of N and a morphism f : N’ — M can not be extended to N.

Proposition 4.1.2. [AALI0, Remark 2.3] The following conditions are equivalent for any ring
R:
1. R is semisimple artinian.

2. FEvery module is poor.

3. There exists an injective poor module E.

PROOF. (1) = (2): It follows from the fact that every right R-module is semisimple.

(2) = (3) : Obvious.

(3) = (1) : Assume that E is an injective poor module. Then F is Rp-injective, so that Rp
is semisimple. This proves that R is semisimple artinian. =

Proposition 4.1.3. [AALI0, Proposition 3.1] The intersection of all injectivity domains
(| In'(M)
MEMod-R

18 the class of all semisimple modules.

PROOF. Let N be an element of (y/cniod-r In~1(M) and K be an arbitrary submodule of
N. Then N € In"!(K), so that the embedding map from K — N has a left inverse. Hence K
is a direct summand of N, which implies that N is semisimple.

Conversely, let N be a semisimple module and K be an arbitrary submodule of N. Then

N = K@ K’ for some K’ < N. Let M be an arbitrary module. Then, for every f € Hom(K, M),
the morphism f @ 0: N — M extends f. Therefore, N € In~(M) for every module M. m
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Proposition 4.1.4. [AAL1(, Remark 2.4] Let M be a poor module. Then M @& N is poor for
every module N.

PROOF. Assume that M @ N is K-injective. Then M is K-injective, so that K is semisimple.
This proves M @& N is poor. m

Proposition 4.1.5. [ELS11, Proposition 1] Every ring has a poor module.

ProOOF. Let {Ay|a € I} be a complete of representatives of isomorphism classes of non-
semisimple cyclic R-modules. Since A, is non-semisimple for each « € I, there exists a proper
essential submodule K, of A,. Now set T' = ®,c7K,. Now we claim that T is poor. Assume
the contrary. Then there exists a non-semisimple cyclic module B such that T is B-injective.
Hence B = A, for some « € I, so that B has a proper essential submodule, say N, isomorphic
to K. Because T is B-injective, so is N. This implies that N is a direct summand of B, which
contradicts the fact that N is a proper essential submodule of B. m

Corollary 4.1.6. [ELS11, Corollary 1] Let R be a ring. Then the following conditions are
equivalent.

1. R is semisimple artinian.

2. All poor right R-modules are semisimple.

3. Non-zero direct summands of poor right R-modules are poor.

4. Non-zero factors of poor right R-modules are poor.

PrOOF. (1) = (2), (1) = (3) and (1) = (4) : follow from [4.1.2]
(2) = (1), (3) = (1) and (4) = (1) : follow from[1.1.4] =

Theorem 4.1.7. [AALI(, Theorem 4.3] Let M be a projective semisimple poor module. Then
any semistimple module B orthogonal to M is injective.

PROOF. In order to prove this theorem, it suffices to show that M is E(B)-injective. We
claim, for every X < E(B), that Hom(X, M) = 0. Let X be a submodule of E(B) and f be
a morphism from X to M. Since X is projective, we have X =Y @ Ker f where Y = f(X).
Assume that f(X N B) # 0. Then f(X N B) is a projective submodule of M. Hence X N B &
f(XNB)®Ker fN (XN B)), which contradicts the hypothesis that B is orthogonal to M.
Therefore f(X N B) =0, so that X N B < Ker f. Since X N B <. X, f(X) = 0. This gives that
M is E(B)-injective. m

Corollary 4.1.8. [AALI0, Corollary 4.5] Let R be a ring which is not semisimple artinian. If
there is a simple projective poor module M, then

1. Every direct sum of simple injective modules is injective.
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2. Fvery simple module is either injective or poor.

PRrROOF. Let V be a simple projective poor module and (V;) (i € I) be a family of simple
injective modules. If V; 2 V for some ¢ € I, then V would be an injective poor module, which
would implies that R is a semisimple artinian ring, a contradiction. Therefore, for each i € I, V;
is not isomorphic to V, so that @;c;V; is orthogonal to V. Applying we get that ®;c/V; is
injective. This proves (1).

For (2), let U be an arbitrary simple module. Then U is either isomorphic to V' or orthogonal
to V. For the former case, we deduce that U is poor. For the latter case, we conclude that U is

injectve by ]

Corollary 4.1.9. [AALI(, Corollary 4.8] If there is a projective semisimple poor module M,
then

1. Soc(Rp) is projective.
2. The socle of any projective R-module is projective.

Proor. (1) It suffices to prove the corollary in the case that R is not semisimple artinian.
If Soc(Rg) = 0, we are done. Otherwise, let S be a minimal right ideal of R. By [4.1.8/S is
either projective or injective. If S is injective, then S is a direct summand of Rp, which implies
that S is projective. Therefore, all minimal right ideals of R are projective, so that Soc(Rpg) is
projective.

(2) follows from the first one and the fact that every projective module is a direct summand
of some free module. m

4.2 Existence of semisimple poor modules

Definition 4.2.1. Let M be a module. If socles split in all factors of M, we will say that M
crumbles .

Lemma 4.2.2. [ELS11, Remark 1] Let B be a cyclic module that crumbles. Then every factor
of B has finite Golide dimension.

PrOOF. Let N be a factor of B. Assume that N has infinite Goldie dimension. Then N
contain an infinite direct sum @®;c7A; of non-zero cyclic submodules A;. For each ¢ € I, there
exists a maximal submodule T; of A;. Set T = @®;<;T;. Because % o @ig(%), the factor %
has an infinite socle, which is not a direct summand of %, a contradiction. This completes the

proof. m

Theorem 4.2.3. [ELST1, Theorem 1] Let R be any ring. The following conditions are equivalent:

1. R has a semisimple poor module.
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2. Fvery cyclic right R-module that crumbles is semisimple.
3. Every right R-module that crumbles is semisimple.

4. Fvery noetherian but not artinian cyclic right R-module has a factor whose radical has
non-zero socle.

5. Every noetherian but not artinian cyclic right R-module has a factor with non-zero radical.

PROOF. (1) = (2): Let S be a semisimple poor module. Assume (2) does not hold. Then
there exists a non-semisimple cyclic module B that crumbles. Since S is poor, S is not B-
injective. Hence there is a morphism f : B — FE(S) such that f(B) is not contained in S, which
implies that f(B) is non-semisimple. Because Soc(E(S)) = S <. E(S), f(B) has essential socle.
Thus f(B) = Soc(f(B)) thanks to the fact that B crumbles, a contradiction.

(2) = (3) and (4) = (5) : Obvious.

(3) = (2) : follows from the fact that cyclic submodules of crumbling modules are also
crumbling.

(2) = (4) : Let N be a noetherian but not artinian cyclic module. Then N is non-semisimple,
so that N has a factor B whose socle does not split by assumption. We claim that B contains
a simple submodule V' which is not a direct summand of B. Assume the contrary. Then every
simple submodule of B is a direct summand of B. Hence Soc(B) is a direct summand of B
because Soc(B) is finitely generated. This is a contradiction. Now since V' is not a direct sum-
mand of B, every maximal submodule of B contains B. It follows that V' C Rad(B), and hence
Soc(Rad(B)) # 0.

(5) = (2) : Assume that B is non-semisimple cyclic module that crumbles. By and
[Er09l Proposition 1], B is noetherian. Since B is non-semisimple, B is not artinian. Now suppose
there is a factor C' of B has non-zero radical. Then Rad(C') contains a non-zero cyclic D and
a maximal submodule E of D. Since C is cyclic, Rad(C) is superfluous in C, so that D is
superfluous in C. Hence % is superfluous in % Since B crumbles, % is a direct summand of %,
which contradicts the fact that % is superfluous in %

(2) = (1) : Let T be a complete set of representatives of isomorphism classes of simple
modules. Set S = @pcrBH). In order prove (1) it suffices to show that S is poor. Assume that
S is not poor. Then there exists a non-semisimple cyclic module A such that S is A-injective. By

assumption, there is a semisimple subfactor of A, say %, which does not split in %. Let % be a
Lo K A
complement of % in g. Then Ce% is a proper essential submodule of &. Then % has a proper

C

C
essential socle isomorphic to % Since S is A-injective, it is %—injective. Note that Soc(%) can

be embedded in S because of the choice of I' and S. Therefore the embedding Soc(%) —+ S
extends to some monomorphism f : % — 5, so that % is semisimple, a contradiction. =m

We say that a module M is said to be locally noetherian if every finitely generated submodule
of M is noetherian. A module N is a V-module if every simple module is N-injective.

Corollary 4.2.4. [ELS11, Corollary 2] Let R be a ring. The following conditions are equivalent:
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1. R has a semisimple poor module.
2. FEwvery locally noetherian V -module is semisimple.

PrROOF. (1) = (2): Let M be a locally noetherian V-module and N be an arbitrary factor
of M. Then Soc(N) is M-injective by [DHSW94, 2.5], so that Soc(NN) is N-injective, and slits
in N. Hence M crumbles. By £.:2.3] M is semisimple.

(2) = (1) : Let M be a cyclic module that crumbles. Then M is noetherian by the proof of
(5) = (4) in In order to prove (1), it is enough to show that M is semsimple thanks to
423 Let S be an arbitrary simple module. Let A be a submodule of M, and f : A — S be
any non-zero morphism. Since M crumbles, we have Kﬂ/r[ 7= Kg 7O B for some submodule B
of #rf Hence the composition of the natural maps M — Kgf’ K]e\f — K(‘if, and K;if — S
extends f. This means that S is M-injective, so that M is V-module. By (2), we have that M

is semisimple. =

Corollary 4.2.5. [ELS11l, Corollary 3] Let R be a ring such that every noetherian right module
is artinian (in particular a right semiartinian ring), then R has a semisimple poor module.

ProoF. It follows immediately from [4.2.3] =

4.3 Rings whose modules are either injective or poor.

Definition 4.3.1. A ring R is said to have no middle class if every right R-module is either
injective or poor.

Lemma 4.3.2. [ELS11, Lemma 1] Let R be a ring. If R has no middle class, so is every factor
ring of R.

PROOF. Let I be an ideal of R and Mp,; be a non-poor R/I-module. Then there is a non-
semisimple R/I-module Npg/r such that Mp,r is Nr,r-module, so that Mp is Ng-injective and
Ng is non-semisimple R-module. Since R has no middle class, Mg is injective as an R-module,
which implies that Mg, is injective as a R/I module. =

The second singular submodule of a module M is defined to be the singular submodule
Z(M/Z(M)) of M/Z(M). Denote it by Zy(M).

Lemma 4.3.3. [ELS11, Lemma 2] Let R be a non-right SI ring with no middle class. Then:
1. Every nonsingular module is injective (hence semisimple).
2. The second singular submodule splits in any module.

3. There is a ring direct sum R =S @& T such that S is semisimple artinian ring and Tt has
essential socle with Z(Tr) = Soc(Tr).
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4. R has essential socle.

PrOOF. (1) Since R is not a right ST ring, there is a non-injective singular module M.
Assume that F(M) is semisimple. Then M = E(M) is injective, a contradiction. Hence E(M)
is not semisimple. Because R has no middle class, in order to prove that every nonsingular module
is injective it suffices to show that every nonsingular module is F(M )-injective. Let A be an
arbitrary nonsingular module and B be any submodule of E(M). Assume that there is a non-zero
morphism f : B — A. Since A is nonsingular and M is singular, f(BN M) < Z(A) = 0, so that
BNM < Ker f. It follows that Ker f <. B. Hence B/ Ker f is singular. But B/ Ker f = Imf < A
implies that B/Ker f is nonsingular. Therefore B/Ker f = 0, so that Ker f = B, that is,
f =0, a contradiction. So, Hom(B, A) = 0, which implies that A is E(M )-injective. Note that
every submodule of any nonsingular module is also nonsingular and hence injective. Thus every
submodule of any nonsingular module is a direct summand, so that all nonsingular module are
semisimples.

(2) Let N be an arbitrary module. Then Z(N) <. Z3(N) and Z3(N) is closed in N. Hence
CoZa(N) N : C®Z3(N) ~
ZQ(QN) <e ZN) Since ZQ(2N) =X0,

is injective. It follows that C?i"}\(fj)v) = ZQJE[N)’ so that C® Zy(N) =

Z5(N) is a complement of some submodule C' of N, so that

CPZy(N)
Z3(N)

and C is nonsingular,
N.

(3) Applying (2) to Rg, we get that R = A® Zs(Rp) for some semisimple right ideal A. Now
we claim that A is an ideal. Let r be an arbitrary element of Z3(R). On the one hand, rA is
isomorphic to a factor of A, which implies that rA is isomorphic to a direct summand of A, and
hence r A is nonsingular. On the other hand, since Z2(R) is an ideal of R, rA C Zs(R). Therefore
Z(rA) =rANnZ(R) = 0 implies that rA = 0. It follows that Z3(R)A = 0, and hence A is an ideal
of Rp. This proves the claim. Set S = A and T' = Z3(R). Then we have a ring decomposition
R = S®T where S is a semisimple artinian ring. Now we have Z(Rr) = Z(Sr)®Z(Tr) = Z(Tr),
so Z(Tr) <. Tr. It remains to show that Soc(Tr) = Z(Tr). Note that Soc(Tr) < Z(Tr) because
Z(Tr) <. Tr. Now assume that Z(Tr) is not semisimple. Then Z(Tr) # 0. Since Z(E(Tr)) is a
fully invariant submodule of Z(E(T7)), it is quasi-injective, so that Z(FE(Tr)) is Z(Tr)-injective
as an T-module. It follows that Z(Tr) is not a poor T-module. Because R has no middle class,
so does T' by Hence Z(Tr) is injective, so that Z(Tp) = T, a contradiction. Therefore
Z(Tr) is semisimple, that is, Z(Tr) < Soc(Tr). It follows that Z(Tr) = Soc(Tr).

(4) Soc(RRr) = Soc(Sr) ® Soc(Tr) = S® Soc(Tr) <. S@®T = Rp because Soc(Tr) <. T by
(3). m

Recall that a ring R is said to be indecomposable if R has no ring decompositions with more
than one term.

Lemma 4.3.4. [ELS11, Lemma 3] Let R be a ring with essential singular socle. If R has no
middle class, then R is an indecomposable ring.

PROOF. Assume that R = R; & Ry with two non-zero ideals Ry, Ry. Then every right ideal
I < Ry is Rj-injective because Hom(X,I) = 0 for every X < R;. In particular, Soc(Ry) is
Ri-injective. Since R has no middle class, either Soc(Rs2) is injective or R; is semisimple. It
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follows that R always has a simple direct summand V, which contradict the hypothesis that
Soc(Rp) is singular. This proves that R is an indecomposable ring. =

Lemma 4.3.5. [ELS11, Lemma 6] Let R be a ring with singular right socle. If R has no middle
class, then R is right noetherian.

PrOOF. Case 1 : R is right semiartinian. Then Soc(Rg) is non-zero, so that there is a
simple right ideal S of R. Since R has singular right socle, S is singular, which implies that S
can not be a direct summand of R. It follows that S is not injective, that is, S # E(S). As R is

right semiartinian, Soc( Egs) # 0, and hence we can find a submodule S” of E(S) such that %/
is simple. It is clear that S’ is a module of length 2, so that S’ is a non-semisimple noetherian
module. Let {F;|i € I} be any family of injective modules. Because S’ is noetherian, then ®;c1 F;
is S’-injective. Since R has no middle class and S’ is non-semisimple, we obtain that @&;cE} is
injective. This proves that R is a right noetherian ring.

Case 2 : R is not right semiartian. Let I be the union of the right socle series of R. Then
% is a non-zero ring with zero right socle. By % has no middle class. Applying |4.3.3(3),
we obtain that % is a right SI-ring. Then, by % is a right noetherian ring. Now R has
a non-semisimple noetherian module % By an argument similar to the argument in case 1, we

conclude that R is a right noetherian ring =

Lemma 4.3.6. [ELS11, Lemma 7] Let R be a ring with non-zero singular socle. If R has no
middle class, then R is right artinian.

Proor. By in order to prove that R is right artinian it is enough to show that R is
right semiartinian. Assume that R is not right semiartnian. Let I be the union of the right socle
series of R and set R = % Then Soc(R) = 0 and R # 0. Assume that Rp is injective. Then R is
a QF-ring because R is right noetherian, so that R is right artnian. It follows that Soc(R) # 0,
a contradiction. Therefore Rp is poor.

Let Z be an arbitrary non-semiartinian cyclic R-module and D be the union of the socle
series of Z. Set Z = %. Then Soc(Z) = 0 and Z # 0. Now we claim that Z has a non-zero

submodule W = % such that % = % Assume the contrary. Then every factor % with respect

to a non-zero submodule X < Z is semiartinian. Note that Soc(E(R) N R = Soc(R) = 0 implies
that Soc(E(R) = 0. Combining this with assumption that % is semiartinian, we obtain that
Hom(%, E(R)) = 0. Hence R is %, so that % is semisimple because R is poor. Since R has
non-zero singular right socle, there is a simple singular right ideal V' of R, so that V' can not be
a direct summand of R. It follows that V' is not injective, and hence V is poor because R has
no middle class. Let G be an arbitrary submodule of Z and f be a non-zero morphism from G
to V. Since Soc(G) < Soc(Z) = 0, Ker f # 0, so that %rf is semisimple. Now we can write

zZ _ G U 7 4 Z . _G U G
Rerf = Korf @ Rerf” for some submodule U of Z. Let g1 : Z — Ko7' 92" Rer7 © Rerf — Korf

be the canonical projections and f : %rf — V be an isomorphism induced by f. Then fgog; :

7 — V extends f. Thus V is Z-injective, so that Z is semisimple, a contradiction. This proves
the claim.
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Taking Z = R, we obtain a non-zero right ideal Ag of R with A% is non-semiartinian.
Repeating this argument with Z = A% and so on, we have a strictly ascending chain {4;|i € N}.
This contradicts the fact that R is a right noetherian ring. Therefore R is right semiartinian.
This completes the proof. m

Definition 4.3.7. 1. A ring R is a QF-ring if R is right artinian and right self-injective.
2. A ring R is a right PCT ring if each proper cyclic right R-module is injective.

Proposition 4.3.8. [ELS11, Proposition 3] Let R be a ring with no middle class. If R is not a
right SI-ring, then R is the ring direct sum of a semisimple artinian ring S and a ring T is an
indecomposable right artinian ring satisfying the following conditions:

(a) soc(Tr) = Z(Tr) = J(T),
(b) T has homogeneous right socle, and

(c) there is a unique non-injective simple right T-module up to isomorphism.
Moreover, T is either a QF-ring with J(T)? =0, or Tr is poor.

PrROOF. By (3), we have a ring decomposition R = S @& T, where S is a semisimple
artinian ring and T has essential socle with Z(Tr) = Soc(Tr). Without loss of generality, we
may assume that T # 0. By T has no middle class, and it is an indecomposable ring by
Moreover R is a right artinian ring by

Let E be an injective T-module. Because f(Rad(E)) < Rad(E) for every f € End(E), Rad(E)
is a fully invariant submodule of its injective envelope, so that Rad(F) is quasi-injective. Since R
is right artinian, Rad(FE) is superfluous in E. Hence Rad(F) is semisimple because R has no mid-
dle class. In particular, Rad(E(T)) is semisimple, so that J(T') < Rad(E(T)) is semisimple, that
is, J(T') < Soc(Tr). As Z(Tr) = Soc(Tr), every simple right ideal is singular, and belongs to all
maximal right ideals of R. This means Soc(Tr) < J(T'). Therefore Z(Tr) = Soc(Tr) = J(T).

Now let S; be a simple right ideal of T'. Since S; is singular, it is not a direct summand of T,
and hence it can not be injective. Let S5 be any non-injective simple T-module. Since T is right
artinian, Soc(%‘?)) # 0, so that we can find a submodule S} of E(S2) such that S is maximal in
S%. Since Sp is non-injective and 7" has no middle class, Sy is poor. Hence S; is not Sh-injective,
which implies that there exists a morphism f : S5 — E(S1) such that f(.5%) is not contained in
S1. It follows that S; is properly contained in f(S5). Thus, the length of f(S%) is greater than
1. Moreover, S5 has length 2. Hence f(S5) has length 2, so that f is a monomorphism. This
gives that S, = f(S), so that So = Soc(S}) = Soc(f(S5)) = Si. Therefore T' has a unique
non-injective simple module up to isomorphism. In particular, Soc(Tr) is homogeneous. The
last statement is now clear. m

Lemma 4.3.9. [ELS11, Lemma 8] Let R be a right nonsingular with no middle class. Then
there is a ring direct sum R = S @ T where S is a semisimple artinian and T is a ring with
homogeneous (possibly zero) socle.
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PROOF. Assume that Soc(Rr) = A @ B where A, B are infinitely generated orthogonal
submodules. Then A and B are non-injective. Otherwise, either A or B is injective, so that one
of them is a direct summand of R. This contradicts assumption that A and B are infinitely
generated. Let f be a morphism from F(A) — E(B). Since A is orthogonal to B, B must be
contained in Ker f, so that Imf is singular. Since A is nonsingular, F(A) is nonsingular, and
hence Imf is nonsingular. Thus I'mf = 0, that is, f = 0. Therefore A is E(B)-injective. Because
R has no middle class and E(B) is non-semisimple, A is injective, a contradiction. Similarly, we
also obtain the two following facts: First, for any two non-isomorphic simple right ideals S7 and
So, at least one of them must be injective, because, by the same argument as above, each S;
is E(S;) for i # j and ¢,j € {1,2} if both of them are non-injective. And next, a simple right
ideal S which is orthogonal to an infinitely generated semisimple right ideal I is injective, since
S is E(I)-injective and E(I) is not semisimple. Therefore Soc(Rpr) can only have finitely many
homogeneous components, at most one of which may possibly be infinitely generated, in which
case the rest of the homogeneous components will be injective. Now we have a ring decomposition
R =S @ T where S is a semisimple artinian ring and 7" is a ring with homogeneous (possibly
zero) right socle. =

Lemma 4.3.10. [ELS11, Lemma 9] Let R be a right semiartinian. If R has no middle class,
then R is either a right V-ring or a right artinian ring.

PROOF. Assume R is not a right V-ring. We wish to prove that R is right artinan ring.
In order to do this it is sufficient to show that R is right noetherian. Since R is not a right
V-ring, then there is a non-injective simple module. Note that Soc(=¢> E(S) ) # 0 because R is right
semiartinian. Hence we can find a submodule S” of E(S) such that Sl is simple. It is clear that
S’ is a module of length 2, so that S’ is a non-semisimple noetherian module. Let {E;|i € I} be
any family of injective modules. Because S’ is noetherian, then &;c;F; is S’-injective. Since R
has no middle class and S’ is non-semisimple, we obtain that @®;c;E; is injective. This proves
that R is right noetherian. m

Lemma 4.3.11. [ELS11, Lemma 10] Let R be a (non-semisimple) right SI-ring with

Soc(R Soc(RR)
semisimple. If R has no middle class, then R has a unique simple singular R-module. "

PROOF. Since % is semisimple, Soca(RR) = SOC(RR) so that R is right semiartinian.

n B; :
Hence Soc(Rp) is essential in Rr. Now we can write SOC( i=1 Soc(fim) for some right

Rr) —
ideals B; of R such that each SOC(;%R) is simple. As R is not semisimple, then there exists a
non-projective simple module V. It is clear that V is singular. Fix a non-zero element of V.
Then V' = vR and ann(v) contains Soc(Rpg) because it is essential in Rp. Thus V =wR =

Yo, vB; implies that V = vB; for some i € {1,...,n}. It follows that V = W Similarly,

we can prove that every simple singular module is isomorphic to some % Let ¢ #£ j.
Then B; = aR + Soc(Rpg) for some a € Bj. Note that for all k&, E(Rgr) = E(Bj) because
By contains essential right socle of Rpg. Since Trgp,)(Bi) is quasi-injective, it is B;-injective.

Hence Trg(p,)(Bi) is not poor because B; is not semisimple. This gives that Trgp,)(B;) =
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E(B;) = E(Rg). Thus there is an epimorphism f : Bl — E(Rpg) for some index set T', so
that there exists an element x € Bl such that f(z) = a. Therefore there exists a positive
integer ¢ and a morphism ¢ : B! — E(Rg) such that aR C Im(¢). Set C = ¢~!(aR). Since
R is right SI, it is right hereditary by [1.6.4] so that aR is projective. It follows that aR is a
direct summand of C, and hence aR can be embedded in C, whence in B! as well. Without
loss of generality, we may assume that a = (b1,...,b), with by € B (k = 1,...,t). Since aR
is non semisimple, there exists some u € {1,...,t} with b, not contained in Soc(Rpr). Hence
byR+ Soc(RRr) = B;. Since ann(a) C ann(b,), we can defined an epimorphism 7 : aR — b, R via
m(ax) = byx. Because b, R is projective, then we have aR = Kerm @ L for some L < aR. Note

K L~ Ker n@®L . R~ aR+Soc(Rgr) __ B; ~ .
that Soc(?(r;w) ® Soc(L) — Soc(Kefr;)r@Soc(L) - SOZ(CLR) —  Soc(Rr) Soc(i{R)’ and L = b, R is not
semisimple. As % is simple, % = 0, that is, Ker 7 is semisimple. Since L ¢ Soc(Rp),

we hfave L + Soc(RRr) = Bj. Hence Soc(RR) = Soo(I) — Soc(bu ) — Soc(lep): Lhis completes the
proof. m

Proposition 4.3.12. [ELS11, Proposition 4] Let R be a right SI-ring with no middle class.
Then R =S & T where S is semisimple artinian and either T is Morita equivalent to a right
PCI-domain or T is an indecomposable right SI-ring satisfying the following conditions:

(a) T is either a right artinian or a right V-ring,
(b) T has a homogeneous essential right socle, and

(c) there is a unique simple singular right T-module up to isomorphism, or

PrOOF. By we get that R = S @ T where S is a semisimple artinian ring and T is
a ring with homogeneous socle which may be zero. By T has no middle class. We claim
that T' can not decompose into two non-semisimple artinian rings. If T =T} @ T» where T; are
ideals of T, and one of T; is non-semisimple, say 77, then every right ideal of T5 is Ti-injective
as a T-module. It follows that every right ideal of T5 is injective, which splits in T5. Hence T5 is
a semisimple artinian ring. This proves the claim.

Since R is right SI, so is T. Then, by and since T' can not decompose into two non-
semisimple artinian rings, without loss of generality, we may assume that T is either Morita

equivalent to a right PCI-domain, or % is a semisimple artinian ring with Soc(Tr) essential

in Tr. Now it remains to show that if % is a semisimple artinian ring with Soc(7Tr) essential

in T, then T satisfies as in (2). Now assume that % is a semisimple artinian ring
with Soc(Tr) essential in Tp. Then T is right semiartinian. Note that 7" is an indecomposable
ring: Assume that T'= T} @ T, where T; are non-zero ideals of T. Since Soc(Tr) is essential in
Tr, Soc(T;) are essential in T;. Hence, for each i = 1,2, there is a simple right ideal V; of T in
T;. But then ViTy = 0 and V,Ty = Vs, which contradicts the fact that Soc(Tr) is homogeneous.
Moreover, by T is either a right V-ring or a right artinian ring. To avoid triviality we
may assume that T is non-semisimple artinian. Then, by T has a unique simple singular

module. =
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Theorem 4.3.13. [ELS11l, Theorem 2] Let R be a ring with no middle class. Then R = S x T,
where S is a semisimple artinian ring and T s zero or it belongs to one of the three following
classes:

1. T is Morita equivalent to a right PCI-domain, or
2. T is an indecomposable right SI-ring satisfying the following conditions:

(a) T is either a right artinian or a right V-ring,
(b) T has a homogeneous essential right socle, and

(c) there is a unique simple singular right T-module up to isomorphism, or
3. T is an indecomposable right artinian ring satisfying the following conditions:

(a) soc(Tr) = Z(Tr) = J(T),

(b) T has homogeneous right socle, and

(c¢) there is a unique non-injective simple right T-module up to isomorphism.

In the third case, T is either a QF-ring with J(T)? =0, or Tr is poor.

Proor. It follows from [4.3.8 and [4.3.12] =

Proposition 4.3.14. [ELS11, Proposition 5] Let R be a ring which is Morita equivalent to a
right PCI-domain T, then R has no middle class.

PRrROOF. We claim that T has no middle class. Let A be an arbitrary T-module. Assume
that A is non-injective and A is B-injective where B is cyclic. Because A is non-injective, every
submodule of B is not isomorphic to Rr. Hence every submodule of B is injective, which splits
in B. This gives that B is semisimple. Therefore A is poor. This proves the claim.

Since R is Morita equivalent to T, there is a category equivalence F' : Mod-R — Mod-T. Let
M be an arbitrary R-module. Assume that M is not poor. Then there exists a non-semisimple
N such that M is N-injective. Hence F(M) is F(N)-injective as a T-module and F(N) is
non-semisimple. Because T has no middle class, F'(M) is injective, so that M is injective. m

Proposition 4.3.15. [ELS11, Proposition 6] Let R be a right artinian right SI-ring with ho-
mogeneous right socle and a unique local module of length 2 up to isomorphism. Then R has no
middle class.

PROOF. Since R is right artinian, we have a decomposition Rr = e R®--- D e RO fLR--- D
fnR where e; R are isomorphic simple right ideals by the hypothesis that R has homogeneous
socle, and f;R are local modules of length > 2. Because R is right artinian right SI, for each

te{l,...,n}, Soc(f:R) is essential in f;R and is contained in Rad(f;R) = f;J(R). Thus 5]26{}%)

is singular, so that it is injective and splits in %. This gives that Soc(fiR) = fiJ(R). Now,
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for any ¢,¢ € {1,...,n}, we can find two right ideals A; < f;R and Ay < fyR such that fé—?

R~ fu R
Ay At/’

and fracfy RAy are modules of length 2. Then, by assumption, which implies that

% = %. This means that fiR = fy R.

Now let M be an arbitrary module. Assume that M is not poor. Then M is A-injective
for some non-semisimple cyclic module A. We will show that M is injective. Since A is cyclic,
then there is a epimorphism ¢ from R to A. Then there is an index ¢ € {1,...,n} such that
A" = o(f;R) # 0. It is clear that A’ is local. Now, as in the preceding paragraph, we can find a
factor B of A’ such that B has length 2. Assume that Soc(f1R) = S1 @ --- @ S for some simple
right ideals S;. For each i, set V; = @;cq1,. ipgipSe (if I = 1, set V1 = 0). Then NL_, Vi =0

and f‘lf—? has length 2 for every i € {1,...,1l} because Soc(fiR) = fiJ(R) and fiR is local. By

assumption, we have f‘l/—R & Bforeveryi=1,...,l. Note that M is B-injective thanks to the fact
that M is A-injective. It follows that M is @ézlf‘l/—f% because @ézlf‘lf—f = B!, Moreover, fiR can

be embedded into @ézlf‘l/—ﬁ. Hence M is f1R-injective. Since fiR = fiR for every t € {1,...,n}
and e;R (i = 1,...,k) are simple, M is R-injective, that is, M is injective. This completes the
proof. m

Proposition 4.3.16. [ELS11l, Proposition 7] Let R be a right artinian ring with unique (up
to isomorphism) local module of length 2, and homogeneous Soc(Rgr) = J(R). Then R has no

middle class. In particular, R is a ring of[4.53.15 (3).

PROOF. By the same way as in the proof of the previous one, we also conclude that R has
no middle class. It remains to show that the last statement. By there is a ring direct
sum R =5 @ T where S and T are as described in Assume that R and T are non-zero.
Then R has two simple right ideals (one in S and one in T') with distinct annihilators, which
contradicts the homogeneous socle assumption. Moreover, R is not semisimple artinian because
there exists a local module of length 2. Hence R =T, and 7' is not semisimple artinian, so that
T can not be Morita equivalent to a domain since 7T is right artinian but not semisimple. Since
R is right artinian and Soc(Rg) = J(R), every right maximal ideal of R is essential in Rp. It
follows that every simple module is singular, and hence Z(Rpr) # 0. This means that R is not
right SI-ring. Therefore R must be as in (3). m

Proposition 4.3.17. [ELS11, Proposition 9] If R is a non-semisimple QF -ring with homoge-
neous right socle and J(R)? = 0, then R has no right middle class.

PROOF. Since R is a QF ring and J?(R) = 0, R is right artinian and J(R) is semisimple.
Now we have R = @], ¢; R with e; R local for every ¢ = 1,...,n. Because R is right self injective,
e; R is injective, so that e;R is uniform for every i = 1,...,n. Hence, for each i € {1,...,n},
the socle of e; R is an essential simple submodule of e¢; R. Since R has homogeneous right socle,
Soc(e;R) = Soc(ejR) for every i,5 € {1,...,n}, so that ¢,R (i = 1,...,n) are isomorphic
modules. If Rad(e;R) = e;J(R) = 0 for some i € {1,...,n}, then ¢;R is simple, which implies
that R is semisimple artinian, a contradiction. Therefore Rad(e;R) # 0 for every i € {1,...,n}.
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As J(R) = @' {Rad(e;R) is semismiple, 0 # Rad(e;R) < Soc(e;R) for every i = 1,...,n.
Hence Rad(e;R) = Soc(e;R) thanks to the fact that Soc(e; R) is simple. It follows that e; R is
an uniserial of length 2 for every ¢ = 1,...,n. This gives that R is an artinan serial ring.

Let M be an arbitrary module. Then M = @;c;M; where M; are cyclic uniserial. Each M;
is isomorphic to either e;R or Soc(e;R) for some ¢t = 1,...,n. Assume that M is not injective.
Then M; is non-injective for some ¢ € I. We wish to show that M is poor. In order to prove
that M is poor it suffices to show that M; is poor. Suppose that M is not poor. Then there
is a non-semisimple cyclic module N such that M; is N-injective. We can write N = @} | N,
where N are uniserial modules, each isomorphic to e;R or Soc(e;R). If N = e;R, then M; is
e+ R-injective, which implies that M; is injective, a contradiction. Therefore M is poor. m

4.4 Rings over which every non-zero cyclic module is poor.

The results in this section are from the unpublished paper [ELT], which is presently being
prepared for submission.

Lemma 4.4.1. Let N be an essential submodule of a poor module M. Then N is poor.

PROOF. Since N is essential in M, E(N) is also an injective envelope of M, we may assume
that E is an injective envelope of M and N. Let xR be a cyclic module in the injectivity domain
of N. Hence ¢(xR) C N for every ¢ € Hom(zR, E(N)). Therefore, p(xR) C N C M for every
¢ € Hom(zR, E) . It follows that xR belongs to the injectivity domain of M and thus xR is
semisimple. =

(P) stands for the property that every non-zero cyclic module is poor.

Proposition 4.4.2. Let R be a ring with (P) and M be a cyclic R-module. Then every nonzero
submodule of M is poor.

PrROOF. Let K be a submodule of M. Then there is an R-module N such that K%N is
essential in % Since M is cyclic, so is % By we obtain that K is poor. m

Lemma 4.4.3. Let R be a ring. The following conditions are equivalent
1. There exists a nonzero nonsingular module.
2. Z(R) is not essential in R.
3. There exists a nonzero module M such that Z(M) is not essential in M.

PrOOF. (1) = (2): Assume M is a nonzero nonsingular module. Let 2 # 0 and x € M.
Thus, Ann(z) is not essential in R. Therefore, there exists a nonzero right ideal U of R such that

Ann(z)NU = 0. Since U = Uﬁ% and R = A%(x’ U is nonzero nonsingular. It follows
that Z(R)NU = Z(U) = 0 and hence, Z(R) is not essential in R.
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(2) = (3): It is trivial.
(3) = (1): Let M be as given in the Proposition. Since Z(M) is not essential in M, there

exists a nonzero submodule U such that Z(M)NU = 0. Hence U is non zero nonsingular because
Z{U)=Z(M)NU =0. =

Lemma 4.4.4. If R is a right SI-ring satisfying (P), then R is semisimple artinian.

PRrROOF. Assume that R is not semisimple artinian. Then there is a proper essential right
ideal I of Rp. Hence, ? is a nonzero singular cyclic module. Therefore, it is an injective poor
module so that R is semisimple artinian, a contradiction. m

Theorem 4.4.5. Let R be a ring with (P).Then either
1. R is semisimple artinian, or
2. R satisfies the following conditions:

a) Z(RR) is essential in R.

b) Every noetherian right module is artinian.

PrOOF. Case 1: Z(RR) is not essential in Rp. Assume that R is not semisimple artinian.
Then R is not right SI-ring, so that there is a singular noninjective module S. By hypothesis,
there exists a nonzero right ideal I such that I N Z(Rg) = 0, that is, I is nonsingular. Let
0 # z € I. Then xR < I is a nonsingular poor module. Since S is singular and z R is nonsingular,
zR is E(S)-injective, from which it follows that E(S) is semisiple. Hence, S = E(S5), that is, S
is injective, a contradiction. This proves that R is semisimple artinian.

Case 2 : Z(Rp) is essential in Rg. Let M be a noetherian right module. In order to prove that
M is artinian it suffices to show that M is semiartinian. We claim that every cyclic submodule
of M is semiartinian. Let IV be a cyclic submodule of M. Then N is noetherian. Assume that N
is a non-semiartinian and I be the union of the socle series of N. Set N = % Then N # 0 and
soc(N) = 0. We will show that there is a non-zero proper non-semiartinian factor K of N. Note
that K is isomorphic to a factor of N. Assume the contrary. Then every non-zero proper factor of
N is semiartinian. Let f € Hom(K, E(N)) where K is a proper factor of N. Hence Im f = %rf
Since 0 = soc(N) = soc(E(N))N N, we infer that soc(E(N)) = 0. It follows that soc(Imf) = 0.
Thus soc(%rf) = 0. Because %rf is a factor of IV, we get that %rf = O so that f = 0. Therefore
N is K-injective, which implies that K is semisimple. Let V be a simple module. Then V is
poor. Let N’ be a submodule of N and f: N' =V be a non-zero morphism. Since soc(N') = 0,

Ker f # 0. As %rf is semisimple by the above argument, Ké\; 7= K]:r/ f@Kgr 7 for some submodule

Uof N.Nowlet g; : N — %, g2 : K]:rlf &) Kgrf — K]:rlf be the i:anoniciﬂ projections. Moreover,
f induces an isomorphism f : %rf — V. Then the morphism fgog; : N — V extends f. Hence

V is N-injective so that N is non-zero semisimple, which contradicts the fact that soc(N) = 0.
This proves that there is a non-zero proper non-semiartinian factor K of N. Note that K is
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isomorphic to % where K7 is a non-zero proper submodule of N. Repeating this argument

with % and so on, we have a strictly ascending chain {K;/i € N} of submodules of N, which
contradicts the fact that IV is noetherian. This proves the claim. Now it remains to show that M
. . /

is semiartinian. Let % be a non-zero factor of M and x + M’ be a non-zero element of M/M’'.
Since IRA’},M/ = MﬁiR and xR is semiartinian, we get that soc(%{w) # 0. Hence soc(%) # 0.

It follows that M is semiartinian. This completes the proof. =

Corollary 4.4.6. If R is a simple ring with (P), then R is right artinian.
Corollary 4.4.7. A right noetherian ring R with (P) is right artinian.
Proposition 4.4.8. Let R be a ring with property (P). Then, either

(i) R is right semiartinian, or

(i) The only semiartinian (right) modules are the semisimple ones. In this case, SOC(WMM)) =

0 for any (right) module M, and the ring W}%R) contains its right singular ideal essentially.

Proor. If R is not right semiartinian then there is a nonzero cyclic module A with
soc(A) = 0. Then soc(E(A)) = soc(A) = 0. Let B be an arbitrary semiartinian module and
f € Hom(B,E(A)). Assume f # 0. Then Kgf = Imf. Hence soc(Imf) # 0 because B is
semiartinian. But this contradicts the fact that soc(Imf) = soc(E(A)) N Imf = 0. This gives
Hom(B, E(A)) = 0. Therefore A is B-injective, so that B is semisimple artinian. It follows that
every semiartinian module is semisimple. In this situation, since the second socle of any module

M is semiartinian, we get soc(%) = 0, as desired. Taking M = R in the preceding argument,
we get that WRRR) is not right semiartinian; then yields the last part of (i7). m

Proposition 4.4.9. If R is a right semiartinian but nonsemisimple ring that satisfies (P), then
R has a unique simple right R-module.

PrOOF. Assume that A and B are nonisomorphic simple modules. If B were injective, it
would be poor injective. Hence R would be semisimple artinian, a contradiction. Therefore B
is not injective. By the semiartinianness assumption, there exists some K C E(B) such that
B is maximal in K. A is clearly K-injective because Hom(B,A) = 0 and K has only three
submodules 0, B and K. Then K is semisimple, but then B = K since B <, K <., E(B). This
contradicts the fact that B is maximal in K. This concludes the proof. m

Proposition 4.4.10. Let R be a ring satisfying (P) that is not right semiartinian. If M is a
nonsemisimple module, then for any simple module S, there exists a sequence

NneBiCTh B C...C M

such that, for each k € N, %’: =~ 6.
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PROOF. Let M be as in the statement of the proposition. By Proposition [4.4.8] semiartinian
right modules are semisimple and, in particular, soc(%) = 0. So, without loss of generality,

we may assume that soc(M) = 0. Since S is poor, we can not have Hom(D,S) = 0 for all
D C M. Thus, there exist modules 77 C B; and a nonzero homomorphism f : By — S such
that Ker(f) = T1, By € M and f can not be extended to any element of Hom(M,S). This

implies that the simple module % is not a direct summand of TM Thus, % is a superfluous
1 1 ]\1/1

submodule of TM1 and the latter is not a semisimple module. Moreover, soc(ﬁ) = 0, whereas
i
the module in the numerator is itself nonzero. Note that %1 - soc(%). So, we iterate the same

M

argument as above for soc?M) and obtain some T and By such that By C 7o € By C M and
T
Bo

T = S. Continuing in this manner we build the sequence in the statement of this proposition.
14.4.8/ and 4.4.10| show that a non-semiartinian ring with (P) is as far away from being semi-
artinian and Noetherian as possible. =

Corollary 4.4.11. If R is a non-right-semiartinian ring satisfying (P), then for any module M
the following are equivalent:

(i) M is noetherian,
(ii) M s finitely generated semiartinian (or artinian),
(iii) M is finitely generated semisimple.
The following simple lemma has some interesting consequences:

Lemma 4.4.12. Let R be a ring satisfying (P). Then, for any ideal I of R such that % s not
semisimple Artinian and any nonzero right module B, there exists some 0 # C C B annihilated
by I (i.e. CI =0).

PROOF. Since B is non-zero, there exists a non-zero cyclic submodule D of B. Then D
is poor, so that D is not %-injective. Hence there exists an R-submodule % - % and an R-
homomorphism f : % — B that cannot be extended to any map ? — B. Then C = f (%) is the
desired submodule of B. =

Let R be a ring. A proper ideal I of R is called prime if for each a,b € R,aRb C I implies
that a € T or b € I, if and only if AB ¢ I whenever A and B are ideals of R not contained in
1. The prime radical of R is the intersection of all prime ideals of R. In what follows, J and N
will denote the Jacobson radical and the prime radical, respectively.

Proposition 4.4.13. Let R be a ring satisfying (P). Then the following hold:

(i) If I, I, ..., I, are ideals of R with % nonsemisimple for each k € {1,2,...,n}, then any
nonzero module B has a nonzero submodule C such that C(I; + Is + ... + I,) = 0.
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(i) If I, I, ..., I, are ideals of R with I} + I + ... + I, = R, then % is semisimple Artinian
for some k € {1,2,...,n}.

(iii) For any proper right ideal A and any (two-sided) ideal T" of R with % nonsemisimple, there
is a right ideal B properly containing A such that BT C A.

iv) Every ideal T for which £ is not semisimple Artinian is contained in the prime radical N
T
of R.

(v) J = N or R is semilocal. In particular, if R is semiprime, then either J = 0 or R is
semilocal with J = J" for all n € N.

(vi) If R is not right semiartinian and 7" is the union of the socle series of Rg, then soc(Rg) =
TCN.

(vii) If A and B are proper ideals with A+ B = R, then J C A, B.
(viii) Every ideal of R is either below N or above J.

PROOF. (i) By repeated application of Lemma we can find a finite sequence 0 #
Cpn C Ch_1 C ... C Cy C B such that Cxlp = 0 for each k € {1,...,n}. Then, C,,I; = 0 for all
k€ {1,...,n}, implying that C,,(I; + ... + I;) = C,, R = 0, a contradiction.

(7i) Assume the contrary. Then, by (i), there exists a nonzero C' such that C'(I1+---+1,,) = 0.
Hence C = CR=C(I1 +---+ 1I,) = 0, a contradiction.

(7i1) Applying Lemma to %, we get that there exists a right ideal B of R such that
0 +# % and (%)T = 0. It follows that B contains properly A and BT C A.

(iv) Let A be an arbitray prime ideal of R. Applying (iii) to A, we get that there exists a
right ideal B containing properly A such that BT C A. This gives T' C A because A is prime
and B contains properly A. Hence T is contained in the prime radical N of R.

(v) If R is not a semilocal ring, then J C N by (iv). Hence J = N. In particular, if R is
semiprime, then N = 0. Therefore either J = 0 or R is semilocal with J # 0. In the latter case,
because R is semiprime and J # 0, we get that J™ # 0 for every n € N, so that J* ¢ N. By
(iv), R/J™ must be semisimple artinian, which implies that J C J". It follows that J = J™ for
every n € N.

(vi) It follows from and (iv).

(vii) Assume that % is not semisimple artinian. Then, by (iv), the proper ideal A is contained
in N C J, so that A is superfluous in R. Hence A+ B = R implies that B = R, a contradiction.
This proves that % is semisimple artinian. Therefore J C A. Similarly, J C B.

(viii) Let A be an arbitrary ideal of R. If & is not semisimple, then A is below N by (iv).

Otherwise, % is semisimple artinian, which implies that A is above J. =

Lemma 4.4.14. The property (P) is inherited by factor rings.
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PROOF. Let M be a nonzero cyclic R/I-module. Then there is a right ideal K of R containing
I such that M is isomorphic to R/K as R/I-module. We have that R/K is a poor module as
R-module so that it is also a poor module as R/I-module. This completes the proof. m

Recall that an R-module M is said to be uniserial if for any submodules A and B of M we
have A C B or B C A. A ring R is a right chain in case Rp is uniserial. A left chain ring is
defined similarly. A ring R is said to be a chain ring if it is both a right and a left chain ring.

Proposition 4.4.15. If R is right noetherian with (P), then R is right artinian. Moreover, R is
either semisimple artinian or isomorphic to a matriz ring over a local Tight artinian ring which
s not a chain ring.

PROOF. By R is right artinian. Hence Rr = &} e;R with e;(i = 1..n) local
idempotents. Assume that R is not semisimple Artinian. Then, by ejR e;R. Hence
R = End(Rg) = End((e;R)") = My(End(e;R)). Set S = End(e;R). S is a local right artinian
ring because ¢; is a local idempotent and R is right Artinian which is Morita equivalent to S. If
S is a chain ring, then S is a QF-ring, which implies that R = M,,(S) is a QF-ring. Therefore
R is semisimple Artinian because R has a poor injective module, namely R, a contradiction. m

1l

Theorem 4.4.16. Let R be a nonsemisimple ring satisfying the property (P). Then, R is an
indecomposable ring such that

(i) Z(Rg) is essential in Rg, every Noetherian right R-module is Artinian, and

(ii) (a) % is a simple Artinian ring and
(a1) R is a right semiartinian but not Artinian ring, or
(az) R = My,(S), where S is a (nonuniserial) local right Artinian ring,
or

(b) R is not right semiartinian and the following conditions are equivalent for a right
R-module M

(b1) M is Noetherian,

(b2) M s finitely generated semiartinian,
(bs) M is Artinian,

(by) M s finitely generated semisimple,

and
(iii) Every ideal of R is either below the prime radical N or above the Jacobson radical J.

PRrROOF. If R = A® B, where A and B are non-zero ideals, then A and B are relatively injec-
tive cyclic R-modules, which by assumption of the condition (P), implies that R is semisimple
artinian, a contradiction. Therefore, R must be indecomposable as a ring.

(1) follows from Theorem Now assume R is right semiartinian. Then there is a unique
simple R-module by Proposition Hence there is a unique right primitive ideal, thus a
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unique maximal ideal, an dthey all coincide with J(R). Therefore, R/J(R) is a simple ring with
the condition (P) by Lemma It follows that R/J(R) is a simple artinian by Corollary
4.4.6

Now, if R is not right artinian, this yields part (a1). Else, if it is right artinian, by uniqueness
of the simple R-module, R = (eR)"™ for some primitive idempotent e and some n € N. This
immediately yields that R is isomorphic to a matrix ring over a local right artinian ring, namely
M, (eRe), yielding (az). With this, we have established (i7)(a).

Part (i2)(b) follows from Corollary and part (7i7) from Lemma The proof of

the theorem is now complete. m

Proposition 4.4.17. If R is a commutative Noetherian ring satisfying (P), then R is isomorphic
to a finite direct product of fields.

ProOF. To prove this proposition it is sufficient to show that R is semisimple Artinian.
Assume that R is not semisimple Artinian. Then R is a commutative local Artinian ring thanks
to the last proposition and the commutivity of R. Hence there is a right ideal A of R such that
R/A is a local module of composition length 2. Note that soc(R/A) is the only nonzero proper
submodule of R/A. Let f : soc(R/A) — R/A be a nonzero morphism and 0 # = € soc(R/A).
Then f(soc(R/A)) = soc(R/A) and there is an element r € R such that f(x) = xr. Since R is
commutative, f extends to a morphism f : R/A — R/A defined by f(y) = ry = yr. Therefore
R/A is quasi-injective, so that R/A is semisimple, a contradiction. m
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