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Abstract

In modern physics the role of symmetries is central and, even when they are
broken, their remnants can pose constraints on the interactions. In considering
effective descriptions of certain physical models, the symmetry group can be
indeed spontaneously broken to some subgroup, but it is still possible to write
symmetry transformations which leave a given action invariant. These trans-
formations are usually realised non-linearly on the fields, while in the unbroken
regime they act linearly.

The Standard Model of particle physics can be though of as an effective theory.
In this respect, beyond the Standard Model scenarios have been proposed, of
which supersymmetry is one of the best motivated at present. Having been
yet no direct detection in the experiments, supersymmetry is postulated to be
spontaneously broken at some energy scale above the TeV. For this reason, it is
important to study supersymmetry breaking mechanisms and to consider low
energy effective theories with spontaneously broken and non-linearly realised
supersymmetry. An essential ingredient of this class of models is the presence
of a massless goldstone fermion in the spectrum, namely a goldstino, which is
associated to each broken generator.

The subject of this thesis is the construction and the study of four-dimensional
effective theories with spontaneously broken and non-linearly realised global and
local supersymmetry. In the first part, the global supersymmetric case is analysed.
The discussion starts from the supersymmetry breaking sector, describing the
goldstino and its interactions, in the case of minimal supersymmetry and it is
then generalised to a generic number of spontaneously broken supersymmetry
generators. A systematic procedure is given in order to construct effective
theories with non-linearly realised supersymmetry and with any desired spectrum
content. In the second part of the thesis, non-linear realisations are analysed
in the case of local supersymmetry, namely supergravity. The coupling of the
goldstino sector to gravity is presented first and the superhiggs mechanism on a
generic background is discussed. Matter couplings are then constructed in some
simple examples. A new class of models is introduced in which supersymmetry
is spontaneously broken and non-linearly realised already on the gravity sector.
As a consequence, it is possible to construct actions in which the cosmological
constant is bounded to be positive, which can be motivated for studying inflation.
Two applications of non-linear realisations in local supersymmetry are discussed
in detail. In the first one it is shown how to implement Kéhler invariance in a way
that mimics the global supersymmetric case. In particular, the Kahler-Hodge
restriction on the scalar manifold, which is typical of supergravity, is avoided.
In the second application the role of non-linear realisations in the construction
of de Sitter vacua is discussed. Attention is devoted to the relationship with
known de Sitter uplift constructions and with a new, recently proposed D-term
in supergravity.
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1 Introduction and motivation

Symmetry principles are central in modern physics. They represent an essential
tool in the construction of theoretical models and they have revealed to be
a fundamental mean in the understanding of Nature. Particles, for example,
can be classified according to their symmetry properties while, in the Standard
Model of particle physics, interactions are described by gauge symmetries and
the causal structure of spacetime is captured by Lorentz symmetry. This is the
most accurate theory of Nature we have been able to develop so far.
Symmetries are important also when they are broken. Even in those cases
in which symmetry breaking occurs, in fact, symmetries or their remnants can
still pose constraints on the model under investigation and they can be most
conveniently used as an organising principle. To understand better the point,
suppose that a given theoretical model possesses a certain amount of symmetry in
some high energy regime. In a realistic scenario however, the experimental access
to such regime could be very challenging. In this situation, physical aspects of
the theory can nevertheless be tested by constructing an effective description for
it, which captures information about the low energy region, where experiments
can be performed. In practice this is obtained by reducing the number of degrees
of freedom of the original theory and by keeping only those whose affection by
high energy phenomena is negligible. To quantitatively govern the description,
a cut-off parameter can be introduced, which bounds the regime of validity of
the effective theory and suppresses its interactions. It is therefore not surprising
that, together with the number of degrees of freedom, also the original amount
of symmetry can be reduced, along the procedure. The symmetry group is said
to be spontaneously broken to some subgroup and the transformations become
non-linearly realised, in contrast to the unbroken case in which they are realised
linearly on the fields of the theory. In the presence of such a type of breaking,
the information on the original symmetry might not be completely lost, as it
should be possible in principle to follow the reverse path and understand how to
reconstruct the original theory from its effective description. Such bottom-up
approach can be tough to pursue, but the analysis of the symmetry in its non-
linearly realised form can give precious hints along this direction. The concepts
of spontaneous symmetry breaking and that of effective theory are therefore
intimately related and the interest in them is motivated both from a theoretical
and a phenomenological perspective: by studying the low energy description,
where symmetries are non-linearly realised and where experimental data could
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be available, information can be gained about the nature of the complete theory
in the high energy regime, which might not be accessible experimentally.

The Standard Model itself can be viewed as an effective theory. Even though
it is renormalisable and thus it could be in principle properly applied at any
energy scale, phenomena are known which are not described within it. The most
vivid reason for this interpretation is perhaps that gravity is excluded a priori in
any of the interactions. The ultimate problem in theoretical physics at present is
indeed to understand which is the form of the theory, in the high energy regime,
from which the Standard Model might be originated. To this purpose, several
proposals have been formulated and are currently under investigation: they are
generically named Beyond the Standard Model scenarios. In the so called Grand
Unification Theories, for example, the gauge group of the Standard Model is
embedded into a larger symmetry group, which is supposed to be spontaneously
broken at low energies. In this class of models, different gauge coupling constants
become unified in the unbroken phase, as the gauge group at high energies is
unique by construction. The simplest versions of such models however, seem to
be ruled out, as they predict a lifetime for the proton which is in tension with
the current experimental bounds. Beside gravity, the Standard Model cannot
describe other phenomena for which there is experimental evidence, as dark
matter and neutrino oscillations. A further aspect, which is not satisfactory
from a more theoretical perspective, is the presence of a large gap between the
electroweak breaking scale and the natural cut-off of the theory, namely the
Planck scale. The difference indeed is roughly of seventeen orders of magnitude.
The electroweak breaking scale, moreover, is related to the mass of the Higgs
boson, which is the only particle of spin zero in the Standard Model. Being a
scalar, it receives corrections to the mass growing quadratically with the energy
and in principle running up to the cut-off of the theory. Dramatic cancellations
among these corrections have therefore to occur, in order to reproduce the
measured value of the Higgs mass, which is extremely small if compared to the
Planck scale.

Supersymmetry is one of the best motivated beyond the Standard Model scen-
arios, as it provides a mechanism to explain the occurrence of such cancellations,
but it can also suggest possible candidates for dark matter particles and it allows
for the unification of the gauge couplings. It is a spacetime symmetry, extending
the Poincaré group and relating bosons to fermions. In addition, theories with
local supersymmetry automatically include gravity among their interactions and,
for this reason, they are called theories of supergravity. From a more theoretical
point of view, supersymmetry is an essential ingredient of string theory, which is
at present one of the best proposals for a complete theory of Nature.

At the present stage, there is no direct evidence for supersymmetry at the
energy regime probed by the experiments. Since its theoretical motivations are
solid, however, supersymmetry is still not discarded, but it is supposed to be
spontaneously broken at some scale above the TeV. In the spirit of the previ-
ous discussion, it is therefore important to study the supersymmetry breaking
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mechanism and, more in general, to consider low energy effective theories with
broken and non-linearly realised supersymmetry, in order to extract information
concerning the fully supersymmetric theory in the high energy regime.

This thesis is about the construction and the studying of four-dimensional
effective theories with spontaneously broken and non-linearly realised global and
local supersymmetry. Both technical and physical aspects of the subject are
presented. In particular, a systematic recipe to build models with any desired
particle content in the low energy is given. This prescription is the starting point
for the studying of systems of phenomenological interest and some applications
are also discussed within this work.

This thesis is based on the following publications by the author.

I Interactions of N' Goldstini in Superspace,
with G. Dall’Agata and F. Farakos,
Phys. Rev. D 94 (2016) no.6, 065019, arXiv:1607.01277 [hep-th];

IT Minimal Constrained Supergravity,
with G. Dall’Agata, F. Farakos and M. Porrati,
Phys. Lett. B 764 (2017) 228, arXiv:1611.01490 [hep-th];

IIT From Linear to Non-linear SUSY and Back Again,
with G. Dall’Agata and F. Farakos,
JHEP 1708 (2017) 117, arXiv:1704.07387 [hep-th];

IV Fayet-Iliopoulos terms in supergravity without gauged R-symmetry,
with F. Farakos, M. Tournoy and A. van Proeyen,
JHEP 1804 (2018) 032, arXiv:1712.08601 [hep-th].

The author also contributed to

V' On the off-shell formulation of N=2 supergravity with tensor multiplets,
with G. Dall’Agata,
JHEP 1808 (2018) 132, arXiv:1803.08059 [hep-th].

Part of the material in the thesis has never been published before.


https://arxiv.org/abs/1607.01277
https://arxiv.org/abs/1611.01490
https://arxiv.org/abs/1704.07387
https://arxiv.org/abs/1712.08601
https://arxiv.org/abs/1803.08059

4 Introduction and motivation

1.1 Supersymmetry and its breaking

Supersymmetry is a spacetime symmetry which relates bosons and fermions,
viewing them as a single object: a supersymmetric multiplet. It is generated by
a spin-1/2 parameter, which can become a local function of spacetime. In this
case supersymmetry becomes local and it is called supergravity. According to a
result of Haag, Lopuszanski and Sohnius, within the framework of quantum field
theory, supersymmetry is the only extension of the Poincaré group which can be
a consistent symmetry of the S-matrix.

For what concerns interactions, supersymmetric theories are usually more
constrained with respect to non-supersymmetric ones and in general they display
certain common features. For example, a given spectrum is said to be supersym-
metric if it contains the same number of bosons and fermions and if particles
which are related by supersymmetry transformations, namely superpartners,
have the same mass. The mass degeneracy within supersymmetric multiplets
can have important consequences, when calculating quantum corrections. Since
in supersymmetric theories pairs of particles exist with the same mass, but with
opposite statistic, cancellations occur in the calculation of loop diagrams. When
applied to a supersymmetric extension of the Standard Model, these cancellations
can therefore give a solid explanation for the smallness of the predicted masses
in the theory, like for example the one of the Higgs boson, with respect to the
Planck scale. In other words, supersymmetry can give a motivated solution to the
so called hierarchy problem of the Standard Model. Supersymmetric extensions
of the Standard Model require moreover the existences of particles yet to be
discovered: at least all the superpartners of the observed ones, in a minimal
setup. Some of these additional particles, for example, can be sensible candidates
for dark matter. These are among the main reasons why supersymmetry is at
present one of the best motivated beyond the Standard Model scenarios.

Supersymmetry is not observed in the experiments at present. For this reason
it is justified the assumption that, if realised in Nature, supersymmetry has
to be spontaneously broken above the TeV scale and therefore the mechanism
of spontaneous supersymmetry breaking becomes of phenomenological interest.
The class of models with spontaneously broken supersymmetry can be large but,
since there should exist a regime of validity in which supersymmetry is restored,
even in the broken phase certain common features can be present. The essential
ingredient of any spontaneous breaking of supersymmetry is the presence in
the spectrum of a massless goldstone fermion, which is called goldstino, whose
supersymmetry transformation is non-linear on the fields and non-homogeneous.
More in general, spectra can contain a different number of bosons and fermions
and the mass degeneracy among superpartners can be removed by the presence
of some mass gap. In any case, supersymmetry still constraints the form of the
interactions, since it is possible to define supersymmetry transformations which
leave a given action invariant.
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1.2 Effective theories with spontaneously broken
supersymmetry

Given the general properties of models with spontaneously broken supersymmetry,
one can wonder which is the simplest example which realises them. In 1973
Volkov and Akulov [1] proposed the following Lagrangian for a single spin-1/2
massless field \,:

Lya=—1>—i (A" 0u = OuAa™ ) + O(f72), (1.2.1)

where f is a parameter of mass dimension 2, which is suppressing the interactions.
This Lagrangian is left invariant by the transformation

f

which is generated by a spin-1/2 parameter €, and it consists of a non-homogeneous
part, namely the first term, and a non-linear part in A,, namely the second
term. It can be checked that the transformation (1.2.2) closes the algebra of
supersymmetry

0Aa = f€q — <A0m€ — eamj\) OmAa, (1.2.2)

[0c, Op) Aa = 2i(ec™ ) — 0™ €) O Aar- (1.2.3)

The motivation behind this model was the interpretation of neutrinos, which
at that time were believed to be massless, as Goldstone modes of a certain
spontaneously broken symmetry. Since neutrinos are fermions, however, such
symmetry has to be generated by a fermionic parameter. One of the very first
appearences of supersymmetry was therefore at the spontaneously broken and
non-linearly realised level. Within this interpretation, the fermion A, is the
goldstino and the supersymmetry breaking scale is given by /.

The model (1.2.1) presents a non-supersymmetric spectrum, since it does not
contain bosonic degrees of freedom, and it is organized as a power series in the
parameter f. It is therefore tantalising to think of (1.2.1) as an effective theory,
where the cut-off is some scale Aqyof < +/f. This intuition is correct, even
though at this stage it is not clear what could be the form of the theory in the
high energy regime. It turns out eventually that the model proposed by Volkov
and Akulov is universal in the sense that, as it is going to be discussed further
in the thesis, it captures (part of) the low energy information of any generic
model with spontaneously broken supersymmetry. In other words, the class of
Lagrangians whose (deep) infrared description is given by (1.2.1) is infinite.

Before proceeding with the discussion, a technical comment is in order. In
the original paper, the derivation of (1.2.1) employed a geometric method. Given
a goldstino with supersymmetry transformation (1.2.2), the following differential
form can be defined

dx™A," = dx™ |9, ! OmAT\ + -

m 7 AT O | (1.2.4)
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in terms of which the Volkov—Akulov Lagrangian (1.2.1) is
Lya=—f>det A,° (1.2.5)

and the invariance under supersymmetry follows from the fact that the determ-
inant transforms as a density, namely

5. det A,,* = —;an [(A\o"€ = eo™ ) det A" . (1.2.6)

The construction can be extended to include other fields which are usually
called matter, in order to distinguish them from the goldstino. The result is a
systematic strategy to build models with spontaneously broken and non-linearly
realised supersymmetry, which generalises the so called CCZW procedure adopted
in the case of bosonic symmetries [2]. The underlying logic is the following: given
a non-supersymmetric Lagrangian, supersymmetry can be realised non-linearly on
it by introducing a goldstino, together with its sector (1.2.1), and by replacing the
other fields with some redefined ones, the field redefinitions including appropriate
goldstino interactions. The precise recipe is discussed in several publications and
it is not going to be reviewed within this work. This procedure is systematic
and general enough to reproduce any desired model, nevertheless it could be
not completely satisfactory, as the supersymmetric structure of the theory is
not transparent. The reason is rooted in the fact that, within this approach,
operations are performed onto components of supersymmetric multiplets, but
the structure of the multiplets themselves is lost from the very beginning.

The situation can be different when using other techniques. Superspace,
for example, is a very convenient tool for the investigation of supersymmetric
theories. In this formulation, fields are embedded into superfields and operations
are performed onto superfields as a whole. Supersymmetry is therefore manifest
at every step of the computations. It is quite remarkable then that superspace
methods can be used also in the case in which supersymmetry is broken and
non-linearly realised. In particular, after the work of [3,4], it has been understood
that, by imposing certain constraints on superfields, it is possible to eliminate
some of their components and to construct representations of supersymmetry
with a different number of bosons and fermions. For these reasons, superspace is
the formalism adopted in this thesis, in the conventions of [5].

1.3 Supergravity

The very existence of gravity is perhaps the most urgent reason why beyond the
Standard Model scenarios have to be pursued on. In this respect, supersymmetry
seems to be a very promising candidate, as it can lead automatically to an
extension of General Relativity which is left invariant by supersymmetry trans-
formations. The algebra of a generic number A/ of supersymmetry generators Q)
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and Q sy, Where I, J =1,... , N, closes in fact on the generator P, of spacetime
translations

{QF, Qs = 05005 Pon. (1.3.1)

As a consequence, a theory invariant under local supersymmetry is automatically
invariant under local spacetime translations and it is therefore a theory of gravity.
It is called supergravity and it reduces to General Relativity when all the amount
of supersymmetry is broken. It requires the existence of a spin-3/2 particle,
which is the superpartner of the graviton and it is called gravitino. Theories of
supergravity appear also in ten and eleven dimensions, as the classical limit of
string and M-theory respectively.

For these reasons, supergravity is a natural framework to study the effects of
gravity on the four-dimensional world, in particular in the low energy region. One
of the main open problems in this context is the explanation, from a theoretical
perspective, of the observed value of the cosmological constant [6]: A ~ 107122
in reduced Planck Units. Besides the problem of explaining its smallness, even
more compelling is perhaps the urge for motivating its positive sign. It is
known that any de Sitter background, namely a solution of Einstein equations
with positive cosmological constant, breaks supersymmetry. The mechanism of
supersymmetry breaking within supergravity becomes then of phenomenological
interest while, from a theoretical level, what occurs is a supersymmetric version
of the Brout-Englert-Higgs mechanism which predicts a massive gravitino.

The starting point for constructing models of supergravity with spontaneously
broken supersymmetry is to generalise the goldstino sector (1.2.1) to curved space,
coupling it to the graviton and to the gravitino [7-9]. Matter fields can then
be added and a possible strategy is to operate at the component level. For the
same reasons expressed before, however, working in a manifestly supersymmetric
setup could be preferable and therefore superspace techniques can be adopted,
which are the generalisation of those used in the rigid case.

A characteristic of supergravity theories is the presence of scalars in the
spectrum, which can be natural candidates for the inflaton in applications
to inflation and cosmology, for example. Dealing with the complete setup
of supergravity can be technically demanding, as the number of fields in the
spectrum is usually large, in particular in the case of extended supersymmetry.
Once again, however, supersymmetry breaking comes to the rescue. If the
spontaneous breaking of supersymmetry is assumed, in fact, an effective theory
of supergravity can be produced by integrating out the massive fields and leaving
only the light degrees of freedom. In this way the model becomes approachable,
in principle, and predictions can be made. This is the main lesson of [10, 11],
where non-linear realisations of supersymmetry are implemented in models of
inflation, in order to eliminate undesired fields from the spectrum. These works
inaugurated indeed the studying of inflation with non-linear supersymmetry,
which is an active field of research at present.
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1.4 An example: Pions as goldstone bosons

One of the purposes of this introduction is to show that the concepts of effective
theory, spontaneous symmetry breaking and non-linear realisation of a certain
symmetry are related one another. An explicit example is given in the present
section for a purely bosonic system, namely a model describing pions, where a
SO(4) global symmetry is spontaneously broken to SO(3). The rest of the thesis
is going be devoted to the study of effective theories with spontaneously broken
and non-linearly realised supersymmetry.
Consider the following SO(4)-invariant Lagrangian

1 m ! oo Ay
where &, with [ = 1,...,4, are four fields transforming in the fundamental of

SO(4), i and X are parameters and the invariant quantity o2 = ®;® has been
defined. To study the theory perturbatively, a specific vacuum has to be chosen
among the infinitely many admitted by the scalar potential V(o). Consider
therefore the SO(3)-invariant vacuum

(@) =v , (1.4.2)

_ o O O

where v = y/—u2/X and pu? < 0 has been assumed. This vacuum is breaking
spontaneously the original SO(4) global symmetry to its subgroup SO(3). By
applying the Goldstone theorem and by counting the number of broken generators,
three goldstone modes are expected in the theory. This is in agreement with the
fact that three pions are going to be identified precisely with these goldstone
bosons.

To proceed with the analysis and to read the spectrum, take the field ®;
which is breaking the original symmetry and parametrise it as

The logic underlying this parameterisation is the following: the degrees of freedom
associated to the will-be goldstone modes, which are embedded into the four fields
I1;, are being separated from all the remaining degrees of freedom, represented in
this simple example by the sole field p(z). To preserve the number of degrees of
freedom on both sides of (1.4.3), the field II; has to be constrained in order that
not all of its components are independent, but one of them is function of the
others. The parameterisation (1.4.3) therefore has to be supplemented with the

condition II;II’ = 1, which can be solved in terms of Il = /1 — I12. Because of
this constraint, the symmetry transformations on the unconstrained II;, which
represent the pions, act non-linearly

I, — T =AT; +AY1 -T2, A € SO4). (1.4.4)
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In other words, as a consequence of the spontaneous breaking the symmetry
transformations on the goldstone modes become non-linearly realised. On the
contrary, the constrained fields II; allow to describe the spontaneously broken
symmetry in a linear way. Inserting the parameterisation (1.4.3) into the original
Lagrangian (1.4.1) gives

1 , TI,11, N
- _ B ey L™
L 2(v+p) <5ZJ+1_Hi>6m 0
1 A
= 50mp0"p = X*p* = Xvp® — 2,

(1.4.5)

It is now possible to read the spectrum and realise that the field p is massive,
with mass m, = V2 v, while the fields II; are massless. The result is consistent
with the interpretations of the pions II; as goldstone bosons. After the insertion
of the parameterisation (1.4.3) into the Lagrangian therefore, the mass gap in
the spectrum has become evident.

At this point an effective theory can be produced from this model with
spontaneously broken symmetry. Since p is massive, it can be integrated out by
restricting the analysis to an energy regime £ < m,. An equivalent procedure
would be to take the formal limit in which A\ — oo, with v fixed, and the mass
of p becomes infinite. The equations of motion for p in the zero-momentum
limit are solved by p = 0 and, after rescaling II; — II; /v the following effective
Lagrangian is obtained

1 , )
Lerr = =59 0mIl0"IL, (1.4.6)
where UL
=04 — 1.4.
gz] i + ’U2 1_ 11—% ( 7)

is the metric of the non-linear sigma model which captures the low energy
information of the original system. The first corrections to the Lagrangian (1.4.6)
are terms O (1/)), which can be safely neglected for all the purposes of the
effective description.

To conclude the analysis, notice that the parameter v is still present in the
effective theory and it gives information on the scale at which the symmetry
breaking occurs. The Lagrangian can be expanded as a power series in 1/v?, for
v — 00, to obtain

1 , 1 . 1
Logs = = 50" M0nIl = o (011 +0 (), 148
=3 52 )+ O (1.4.8)
which has a strong similarity with the Volkov—Akulov Lagrangian (1.2.1). At
this level, the particular model (1.4.1) from which the analysis started is not
relevant anymore and, in order to write the most general effective theory, in
the expression O (1/v?) can be inserted any interaction which is invariant under

SO(3).






2 The supersymmetry breaking
sector

The analysis of theories with spontaneously broken and non-linearly realised
supersymmetry is initiated. The attention is devoted first to global and then
to local supersymmetry. In this chapter the supersymmetry breaking sector in
rigid supersymmetry is described. It is known as goldstino sector and it is a
common ingredient of any theory with spontaneously broken supersymmetry.
Using superspace techniques, models with a goldstino are constructed and it
is shown then how the corresponding Lagrangians can be related one another.
A superspace formulation of the Volkov—Akulov model (1.2.1) is going to be
given as well. The minimal supersymmetric case is analysed first and then the
discussion is generalised to extended supersymmetry.

2.1 The N =1 goldstino in superspace

In this section the supersymmetry breaking sector is described in the case of
minimal supersymmetry. This is going to be the essential building block for all
the rest of the discussion.

2.1.1 Decoupling the sgoldstino

For the sake of simplicity, start from considering a chiral superfield X, which
is an irreducible representation of supersymmetry. It can be expressed as an
expansion in the coordinates 6%, 65 of N' = 1 superspace as

X = A+V20°G, + 6°F (2.1.1)

and it contains a complex scalar A, a Weyl fermion G, and a complex auxil-
iary field F'. With only this ingredient, the simplest Lagrangian that breaks
supersymmetry has a canonical Kahler potential and a linear superpotential:
L= /d49X5( + (f/d20X + c.c.>
= —0,,A0™A — iG5™0,,G + FF + fF + fF,

(2.1.2)

11
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where the parameter f is assumed to be real, without loss of generality. The
field F' is called auxiliary because it is not propagating, namely it does not have
a kinetic term, nevertheless it can be used to break supersymmetry. Indeed by
taking its equations of motion, F' = — f, and by integrating it out, a (constant)
positive definite scalar potential is produced

L= —0,A0"A — iGG™0uG — 2 (2.1.3)

and supersymmetry is spontaneously broken at the scale v/f. This is confirmed
by the fact the supersymmetry transformation of the fermion G, becomes non-
homogenous

—V2feq + V2 (0™E) 0 O A (2.1.4)

and therefore the field is a goldstone mode of the broken supersymmetry, or a
goldstino. A model with spontaneous breaking of supersymmetry and with a
massless goldstino in the spectrum has therefore been described.

Following the logic of the example of the pions, it should be possible to
construct an effective theory from this model, by integrating out the massive
degrees of freedom. At this stage, however, both the scalar A and the fermion G,
are massless. The mass of the fermion, moreover, is protected by the goldstone
theorem. The only field which can acquire mass is then the sgoldstino A. By
modifying the original Lagrangian and by adding a curvature term in the Kahler
potential directly in superspace, a mass for A can be generated. Consider
therefore the model

L= /d4 ( X——X X)+ <f/d29X+c.c.>
= — 0, AO™A — i (Gamamc;) + FF+ f(F+F)
(2.1.5)

1 _ __ _ _
-3 [GQGQ — 2G?AF — 2G?AF + 4AAFF

AAAD, A A + 440, A(GF"C) + 4¢AA(amG5mG)]

where A is a parameter of mass dimension one. To shed light on the relation
between the off-shell and the on-shell structure, it could be useful to rewrite the
component expansion as

1AA . 1AA o
L:—( v )6/18 A—z( Az)(GO‘ e}
G?G?  2fGPA+G?*A 4 G*G?AA
A2 A2 | _ 444 A4 _aad (2.1.6)
A2 A

_ 2
2 2
F’l— GA, 7
/1 4AA A2 1 _ 444
A2

+ 5 A A(Go™ ) —
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where 12
4AA
A
is the scalar potential. Using this form of the Lagrangian in fact, the integration
of the auxiliary fields is immediate: it is sufficient to drop the term with the
squared modulus. The modification of the Kéhler potential produces a mass
for A, which is m% = 4f?/A?, and creates a mass gap in the spectrum. By
restricting the analysis to an energy regime £ < f/A, or equivalently by taking
the formal limit 1/A — oo, the scalar A can be integrated out. Its equation of
motion in the zero momentum limit gives
G2
A=—. 2.1.8
5F (2.1.8)

V(A A) = (2.1.7)

Notice the two important facts that this solution does not depend on the details
of the theory in the high energy regime, namely on the parameter A, and that
it requires (F') # 0 for its consistency. This last requirement, in particular, is
a signal of spontaneous supersymmetry breaking in the vacuum. The meaning
of the expression (2.1.8) is that, in the low energy regime, the massive scalar
A can be integrated out and eliminated from the theory by replacing it with
a composite expression built out of the remaining degrees of freedom, namely
the goldstino and the auxiliary field which is breaking supersymmetry. Inserting
(2.1.8) into (2.1.5) gives
Lepp=—i(Go"0,G) + FF+ f(F+F 6262G2

erf = =i (Go™0,G) + FF + f(F + )+ 5500 (2.1.9)
This is an effective theory with spontaneously broken supersymmetry, which
describes the interactions of the goldstino. The spectrum is manifestly not
supersymmetric, as it contains only one fermion. Notice that the information on
the theory in the high energy regime, which is encoded into the parameter A,
disappeared after the insertion of (2.1.8). The Lagrangian (2.1.9) is left invariant
by the supersymmetry transformations

G2

0.Go = V2Fe, + V/2i (0€)0 Om <2F> , (2.1.10)

6. F = 2iea"0,,G, (2.1.11)

which are non-linearly realised on the fields. By integrating out the auxiliary
field F', whose equation of motion is

F = _f_icj@aQGQ_'_

e 16f7é20282é282G2, (2.1.12)

the following on-shell Lagrangian can be obtained

- 1 = 1
Lojr = —f2+i0,Go™G + —G2O*G? —

e 1679 G?’G?o*°G?9°G?. (2.1.13)
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This is invariant under the non-homogeneous and non-linear supersymmetry
transformation

2
6.Go = V2F ¢ +iV2(0™€) 0 O (;) : (2.1.14)

where F'is given by (2.1.12). These calculations can be performed iteratively
and by using the anticommuting properties of the field G,. For example, the
variation of the Lagrangian (2.1.9) with respect to F' gives
G? _,G?
F=—f+-—=0_—. 2.1.15
S+ 2F2  2F ( )
From this one can calculate iteratively
ee 2 oL, @1,
DA I D - = 1 _—_G*G?9*G? 2.1.16
oF 2f< 2fF? 2F> of Tap (2.1.16)

and

= -2
& _G& (1 _& 32(;2) _ G 1 eepe (2.1.17)
2F2  2f? 2fF2° 2F 212 4f6
which, inserted into (2.1.15), give (2.1.12).

The model (2.1.13) has been derived from (2.1.5) by decoupling the sgoldstino
A. Tt describes the interactions of the goldstino in the low energy regime and, in
this respect, it is similar to the Volkov—Akulov model (1.2.1). The Lagrangian
(2.1.13) in fact can be recast into the form of (1.2.1) with a field redefinition, as
it is showed in [12,13] at the component level and as it is going to be proved
in superspace in the following. This is a manifestation of the universality of
the Volkov—Akulov model, namely the fact that any system with spontaneous
breaking of supersymmetry contains a goldstino sector which can be described

by (1.2.1).

2.1.2 The constraint X2 =10

In the example of the pions and in the previous supersymmetric model, the
standard procedure for constructing an effective theory has been employed,
which requires the integration of the massive modes through the solution of
their equations of motion. Since the interest in this thesis is in supersymmetric
systems, superspace methods can be used in order to outline a more efficient
strategy.

The main result of the previous example is that, in the low energy limit, the
scalar A is integrated out and replaced by the specific combination

GQ
T 2F
The crucial step, at this point, is to observe that it is possible to construct a
superfield which contains the fermion G, and the auxiliary field F' and whose

A (2.1.18)
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lowest component is given by G?/(2F). Such a superfield turns out to be a chiral
superfield X satisfying an additional constraint. In analogy with the example of
the pions in fact, in which the constraint IT;II’ = 1 has been used to remove one
of the four components of Il;, this additional constraint is going to eliminate
the scalar in X and replace it with the particular combination given by (2.1.18).
The constraint to be imposed on X to remove the scalar A is [3, 14]

X?=0. (2.1.19)

This is indeed a supersymmetric constraint and its solution is a superfield. It
is possible to solve (2.1.19) directly in superspace, by acting on the left with
superspace derivatives. The action of D? gives

D*XD.,X + XD*X =0, (2.1.20)
which, assuming that (D?X|) # 0, can be solved for

D*XD,X

X=-
D2X

(2.1.21)
By taking the projection of this solution onto the surface § = 6 = 0, the
expression (2.1.18) is recovered. This means that (2.1.21) is the superfield whose
lowest component is (2.1.18). Its higher components can be found by acting with
superspace derivatives and projecting then to spacetime

DPXDyX
Dy| ——————— | | =D, X|=vV2G,, 2.1.22
(-2585) |- paxi = vac (2.1.22)
D*XD,X
D? (—“ ) = D?X| = —4F. 2.1.2
) |- o (2.1.23)

Viceversa, given a generic chiral superfield X, in the case in which the condition
(D*X]) # 0 holds, it is always possible to construct a superfield

D*XD,X
- W = XNL, (2124)
such that
DXy = D,X,
o (2.1.25)
DXy, = D°X.

It can be checked then that this superfield is chiral and it satisfies the nilpotent
constraint X%; = 0. Notice finally that, by acting on the constraint with D,,
the relation X D,X = 0 is obtained. This is not a new constraint, but it is a
consistency condition for the solution (2.1.21). To summarise, it has been found
that the chiral superfield X such that

GQ

X?2=0 X =——
— 55 T

V200G, + 0*F, (2.1.26)
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contains only one fermion and one auxiliary field. Since the auxiliary field must
be non-vanishing everywhere on the vacuum, (D?X|) = (=4F) # 0 , in order for
the superfield to be well defined, supersymmetry is spontaneously broken and the
fermion G, is a goldstino. It has also been shown explicitly that, by imposing
constraints on superfields, it is possible to remove some of their components and
express them as functions of the remaining ones. This is the general logic behind
the so called constrained superfield approach.

Given a nilpotent chiral superfield X, the simplest Lagrangian to consider is

L= /d49XX - (f/dQHX - c.c.> ., X?=0. (2.1.27)

As stressed above, for the constraint X2 = 0 to be imposed consistently, it is
essential that supersymmetry is spontaneously broken by the auxiliary field F
in X, as it is the case in (2.1.27). To calculate the component expansion of
this model, it is possible to proceed in the usual manner and to substitute then

A= % in the final expression. The result is

. . _ _ _ G2 2G2

L=—i(Go™0,G) + FF+ f(F+F)+ kT (2.1.28)
and it corresponds precisely to the Lagrangian (2.1.9), which is invariant under
non-linearly realised supersymmetry transformations and which has been obtained
as an effective description of a system where the sgoldstino has been decoupled.
Notice that, with the use of constrained superfields, such an effective theory has
been constructed without the need for solving the equation of motion of the
massive scalar in the zero momentum limit. This is one of the advantages of the
constrained superfields approach, namely the possibility of obtaining effective
theories avoiding all the potential complications of the standard procedure. In
addition, as in the example of the pions, the constraint X? = 0 effectively allows
the use of the language and of the tools developed for linear supersymmetry for
studying instead models in which supersymmetry is spontaneously broken and
non-linearly realised. The constraint can also be imposed at the Lagrangian level
using a Lagrange multiplier, as it is discussed in [15]. In [16] the superfield X is
conjectured to be the infrared limit of the superfield violating the supercurrent
conservation equation in a supersymmetry-breaking setup, but this conjecture
might not be valid in more general systems, as it going to be discussed in the
subsection 3.3.1.

2.1.3 On the relation with other goldstino superfields

At this stage, two different descriptions of the same goldstino model have been
introduced. The one that appeared first, namely the Volkov—Akulov model, has
been constructed at the component level, while the one with the nilpotent chiral
superfield X has been embedded into superspace from the very beginning. Other
descriptions for the goldstino sector are known, as for example those studied
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in [17-19], and the relations among some of them are going to be explored in
this subsection. The purpose is to take advantage of superspace in order to
show that these descriptions are all equivalent, up to field redefinitions. As a
consequence of this result, the formulation of the supersymmetry breaking sector
in terms of a nilpotent chiral superfield X is going to be adopted for the rest
of the thesis and without loss of generality.! The reason behind this choice is
that, in a modern language, chiral superfields are an essential ingredient in the
construction of supersymmetric models, since both the Kéhler potential and the
superpotential in general are functions of them.

The first step is to promote the Volkov—Akulov description to superspace.
This requires the introduction of a superfield with a spinor index. At first
instance it might seem quite exotic, but such a superfield is going to be an
essential ingredient for passing from one description of the goldstino sector to
another and it is going to provide also a new superspace goldstino Lagrangian
on its own. Consider therefore a spinor superfield A, satisfying the constraints

l

DQAB = feﬁa + f afgﬁﬁﬁml\ﬂ,
i ; (2.1.29)
Dals = =5 N} 0nhs,

where f is a parameter of mass dimension one, which eventually is associated to
the supersymmetry breaking scale. This superfield A, is closely related to the
one introduced by Ivanov-Kaputsnikov [20] and by Samuel-Wess in [21], as it is
going to be discussed in a while. More details on the Samuel-Wess formalism
are contained in the appendix A. Due to the constraints (2.1.29), which are
effectively eliminating component fields, the only independent degree of freedom
in A, is the Volkov—Akulov goldstino in the lowest component

Au| = Aa, (2.1.30)

and its supersymmetry transformation is given precisely by (1.2.2). The other
components can be found by acting with superspace derivatives and projecting

!There is actually a subtle point in this statement, which is the following. In this section
the equivalence is going to be proved only for models which are known. In principle then, one
cannot exclude the existence of a yet undiscovered description of the goldstino sector which
might not be related to the Volkov—Akulov, or one could not be convinced that such equivalence
holds also in the presence of other superfields, besides the goldstino. The question about the
generality of the Volkov—Akulov or, equivalently, of the nilpotent chiral superfield construction,
is going to be addressed again in section 3.3, where it is going to be given evidence for the
fact that, in any generic model in which supersymmetry is spontaneously broken, it is always
possible to recombine the degrees of freedom in order to let a chiral superfield X, such that
X? =0, appear in the low energy regime.
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onto the surface § = § = 0. For example, some of them are

l

DaAﬁl = nga + f aZ}X"’&mAg,
Dahs| = —; NoT D, (2.1.31)

1
1
and notice that they are all functions of \,, as expected. With this new ingredient

it is possible to define the superspace analogous of the matrix A% appearing in
(1.2.4) to be

m o\ 2 —mn\A \ N5 ARV
D*A,| = —— 0™ (N0 ha) + F(a )7 5(A0mA” — 0 A M) 0 Mg

a a i a A 4

and the superspace Lagrangian density associated to (1.2.5) has then the form

Ao?0,, A (2.1.32)

L=—f*det A" (2.1.33)

The superfield A, can be used also to write another supersymmetric Lagrangian
in superspace, namely

L= _;2 /d49A2I\2. (2.1.34)

It can be checked, at the component level, that this reduces to the Volkov—
Akulov action (1.2.1), however the equivalence between (2.1.33) and (2.1.34) can
be proved directly in superspace. Notice in fact that, due to the particular form
of A% . it holds that

_ _ 1 _ _
/ d*ON2A? = / dONN det A, = —-D*D* (A*A%det A7) |, (2.1.35)

up to boundary terms. The first equality in particular follows because of the fact
that terms in det A? containing either A, or A, are annihilated by the factor
A%A? and only the constant term has an effective role in the computation. Con-
centrating then on the right hand side and acting with the covariant derivatives
inside the parenthesis, the superfields A, are removed and, from the properties

a i m oA p a
D,det A}, = ?am ((fppAP det Am) ,

. ! (2.1.36)
D’ det A%, = ?am (6™ %A, det A,) |

which are the superspace generalisation of (1.2.6), the equivalence between the
two Lagrangians follows up to total derivatives

/ d'zd*0 A2A? = f* / d'z det A2 | . (2.1.37)
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To perform the calculation the following results have been used
DP(A’A?det A) = 2 A%A? det A, ( )
D?*(A?A*det A) = —4 A% det A, (2.1.39)
D,(A*det A) = 2 A, det A + total derivative, ( )
D?*(A*det A) = —4 det A + total derivative. ( )

The relation between the Volkov—Akulov and the formulation in terms of a
nilpotent chiral superfield is now investigated in superspace, with the explicit
use of the superfield A, as a tool to connect the two descriptions. Notice first of
all that, by using A,, it is possible to define a chiral superfield

1 = _
O = —_D?(A*A\?
41 (A%7) i ) (2.1.42)
= [N (2~ i0,M0™A — f2A%0,, A0, ).

The superfield ® contains all the supersymmetry breaking information and it
satisfies the constraints

d? =0,

_ (2.1.43)
OD*P = 41D,
which have been introduced in [3]. Their role can be understood by assuming that
® is an unconstrained chiral superfield. By imposing then the first constraint in
(2.1.43), as discussed before, the scalar component is removed from the spectrum,
while by imposing the second the supersymmetry breaking scale is fixed. As
usual, the constraints reduce the number of independent component fields and
provide them as functions of the remaining ones.
The goldstino inside the superfield ® is defined as the component D,®| and,
since

D,®| =G® = -2\, + ..., (2.1.44)

where dots stand for higher order terms in \,, it is related to the Volkov—
Akulov goldstino A, via a field redefinition. For this reason the supersymmetric
Lagrangian for the constrained chiral superfield &,

L= f/d2€ o, (2.1.45)

at the component level does not reduce directly to the Volkov—Akulov Lagrangian
(1.2.1), as the Lagrangian (2.1.34) does, because the goldstini have to be mapped
into each other. The proper field redefinition can be found by inverting the
relation (2.1.44) and by finding ), in terms of G®. Notice that such an inversion
can always be performed, due to the nilpotent property of the fermionic field A,.

The superfield ® is similar to the nilpotent X, however it satisfies one con-
straint more with respect to the latter, since also its auxiliary field is eliminated.
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To relate the Volkov—Akulov description to the one with X, which contains also
F' as independent component, a further step is needed. It has been shown that
the description in terms of A, reproduces exactly the Volkov—Akulov Lagrangian,
either in components or directly in superspace. In the original paper [21], Samuel
and Wess introduce a spinor goldstino superfield I', which is not satisfying
(2.1.29), rather it satisfies the quite similar constraints

D.l's = [ é€ga,
_ 2% . (2.1.46)
DdPB = — 7 Ppapdaml“ﬁ.

The relation between A, and I', is analogous to the one between the Volkov—
Akulov goldstino A, (z) and the same goldstino expressed in the chiral coordinates
y™ = ™ + ifc™0, as discussed in the appendix A or in [21,22]. The Lagrangian
for T, in superspace has the same structure as the one in (2.1.34):

L= —;Q/d‘*e r2re, (2.1.47)

To move from the description in terms of A, to the one in terms of I',, one can
set _ _
D,D?*(A%A\?)
D2D2(A2A2)
and, using this relation, the equivalence between the two Lagrangians follows
directly, because

T, =-2f (2.1.48)

202 = A?A2 (2.1.49)

With this new ingredient, the relation between the Volkov—Akulov and the

nilpotent chiral superfield X can be proved. It can be checked in fact that, given
X, one can construct [23]
D, X
D2X’
which satisfies the constraints (2.1.46), when X? = 0. The superspace Lagrangian
(2.1.27) for X can now be written as

T,=-2f (2.1.50)

1

L= 16 f4

/ d*0T°T? (D*X D*X +4fD*X + 4fD*X). (2.1.51)

where T, is given by (2.1.50). Once the superspace integration is performed and
up to boundary terms, this Lagrangian is equivalent to

L= (FF+ fF+ fF)det Ay, (2.1.52)

where the superfield

1

F=—
162

(D —i0"Ad,)*(D + iAo™d,)* (X T?) (2.1.53)
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has been defined. As a consequence of these last steps, the auxiliary degrees of
freedom, which are encoded into IF, have been separated from the rest of the
fields and the Lagrangian has been written in the factorised form (2.1.52). The
integration of the complex auxiliary scalar F| is straightforward and it gives

F| = —f. (2.1.54)

After substituting it back into the Lagrangian, (2.1.52) reduces exactly to (2.1.33).
This concludes the equivalence between the known goldstino descriptions and in
particular between the models (2.1.27) and (2.1.33) . Notice that, to relate these
two formulations, the integration of a complex scalar is expected, because the
model with the nilpotent chiral superfield X contains also the auxiliary field F'
in the Lagrangian. More details can be found in the appendix B of [24], where
the origin of the scalar superfield F is explained.

To summarise, the chain of equivalences presented in this subsection proceeds
as follows. The discussion has started from the original Volkov—Akulov descrip-
tion, which has been embedded into superspace after the introduction of the
goldstino superfield A,. Using this ingredient it is possible to construct other two
goldstino superfields, ® and I',, in terms of which two equivalent formulations of
the supersymmetry breaking sector are given. The description in terms of I',, is
finally related to the one with the nilpotent chiral superfield X, but this last step
requires the use of the equations of motion of the auxiliary degrees of freedom.

2.2 Extended supersymmetry

In this section the goldstino sector of theories with extended supersymmetry
is investigated. The analysis starts from the case of N' = 2 supersymmetry
and then it is generalised to an arbitrary number A of spontaneously broken
supersymmetries. The results are going to be organised eventually in the more
familiar language of N = 1 superspace. Notice that, for NV > 4 supersymmetries,
some superpartners of the goldstini are going to have spin higher than one. Due
to the non-linear realisation, however, these fields can be removed in terms of
the N goldstini, in the same way as the sgoldstino is removed from the spectrum
in the A/ = 1 theory. In other words, in contrast with the typical situation, when
supersymmetry is spontaneously broken and non-linearly realised, there is no
upper bound on the number of fermionic generators admitted in the theory and
N can be arbitrary. As the number of supersymmetries increases, the number
of constraints to be imposed on the goldstini superfields increases as well, since
more and more goldstini superpartners have to be eliminated. It turns out
however that all the necessary information can be obtained by solving one single
constraint in superspace, all the other constraints being consistency conditions.
This is one of the results contained in [24].

The interest in models with a generic number of goldstini can be motivated
by the fact that they have been used to describe composite quarks and leptons,
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under the assumption that the observed fermionic particles are goldstone modes
of spontaneously broken supersymmetry [25]. N of the Standard Model fer-
mions, indeed, can be interpreted as pseudo-goldstini [26] and a Lagrangian
invariant under A non-linearly realised supersymmetries can be employed in
phenomenological investigations [27].

2.2.1 N =2 supersymmetry

The strategy is to promote the Samuel-Wess formalism, namely the description
in terms of the superfield A,, or equivalently Iy, to N’ = 2 superspace and to use
this to find the appropriate constraints to be imposed on more familiar objects, as
for example chiral superfields. The first part of the analysis is similar to [28,29],
but it is worked out in a different superspace representation. Once the minimal
set of constraints is determined, the theory is reformulated in the language of
N =1 supersymmetry and the complete expression for the Lagrangian in terms
of the nilpotent chiral superfield X and other constrained superfield is given.
Total breaking of N/ = 2 supersymmetry with constrained superfields has been
discussed also in [30].

The algebra satisfied by the N/ = 2 superspace derivatives, without central
charges, is

{DQ,D}—{DQ,D}——QZU’”() : )
B 2.2.1
{DOMDB} = {DaaDﬁ} = {DaaDﬁ} = {Doc7D,B} =0,

where D, generates the second supersymmetry. The first step consists in de-
termining the minimal set of constraints needed to remove from the spectrum
all the undesired component fields. When N = 2 supersymmetry is sponta-
neously broken, two goldstini are present in the spectrum. To describe them
in superspace, two spinor superfield A, and A, can be used, which satisfy the
constraints

Dolg = fego+ fam MO, Ny, Dahg = _f o AP, Ag, .
Dl = f e+ 1ouMORe. Daky =~ onRonds B
and
Dolg = ;o—gypﬁﬁamAﬂ, Dohs = } " AP, A, o
DehAs = —? 0" NONs,  Dahg= —; o AP D A p. B

In analogy with the A" = 1 case, A, and A, contain all the information on the
breaking of supersymmetry. The only independent component fields they have
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are the goldstini, defined as
Aa‘e:é:o = )\a7 Aa’@:é:g = 5\(1 (224)

and whose supersymmetry transformations are non-linearly realised

o =f €4 — ;, ()\amé — eam;\) OmAa — JZC (S\Umé — €0m/~\> OmAas
| | (2.2.5)
~ 1 /[~ _ = ~ 2 — ~
Ay =f s — © ()\am€ _ 60’")\) Onde — L (Ao™E — €™ X) D, 0,

where €,, €, are the two supersymmetry parameters. A supersymmetric and
U(2)g-invariant Lagrangian for A, and A, can be written as a direct generalisa-
tion of (2.1.34) and it is

1 o=
L= [doadazizAA?
f ) ) (2.2.6)
= — 2 —i(A™ O A — O AT™N) — i(AT O\ — OpAa™N) + O(f72).
In the previous section the superfield A, has been used to construct a chiral

goldstino superfield satisfying the constraints (2.1.43). With the same logic, it is
possible to define a N = 2 superfield ®>

¢ =—

D2D? <A2A2]\2]\2>
1677 b (2.2.7)
IR ( 2 — 0,00 A — i9,A0"A + O f2)> ,

which is chiral,
Ds® = Dg® = 0, (2.2.8)

and, as it can be checked directly by inspection, it satisfies the following set of
constraints

P* =0,
®D,® = dD,P =0,
. o (2.2.9)
®DyDs® = ®D,D3d = ®D,Dsd = 0,
®D,DsD,® = ®D,DsD,® = 0,
together with - -
OD*D*® = —16 f . (2.2.10)

As a consequence of these constraints, the only independent fields in & are the
two goldstini, which can be found in the components

1 5= 8
—ZDQDQCID\(,:é:O =GP=-2\+...,

1~ .
—ZDQDQQD|9:§:0 =GP =—-2+...,

(2.2.11)

2The same notation of the ' = 1 case is used for this superfield. It is going to be clear
from the context whether ® is an object in A/ = 1, A/ = 2 or generic N superspace.
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where dots stand for terms with more fermions. Notice that, as anticipated, the
number of constraints has increased with respect to the description in the N' =1
case. The N = 2 Lagrangian for ® can be written as

L=f / 20420 @, (2.2.12)

At this stage the crucial observation is that, as for the analogous discussion in
the previous section, the constraint (2.2.10) implies that the highest component
of the superfield ®, namely the auxiliary field breaking supersymmetry in the
vacuum, is removed and expressed in terms of the supersymmetry breaking scale
and of the remaining fields. By imposing therefore only the set of constraints
(2.2.9), without (2.2.10), to a generic N' = 2 chiral superfield X, all of its
components are removed, except the goldstini and, this time, even the auxiliary
field which acquires the non-vanishing vacuum-expectation-value. This is indeed
the generalisation to N/ = 2 supersymmetry of the field content of the NV =1
nilpotent chiral superfield X. The strategy that is going to be adopted is
the following: to get the desired constrained superfield description, the set of
constraints (2.2.9), without (2.2.10), is going to be imposed to a generic N' = 2
chiral superfield. It is important to notice however that, as proved in [24], only
the last constraint in (2.2.9) is really essential, in the sense the its solution solves
also the remaining constraints, which indeed are just consistency conditions.
Consider therefore a N' = 2 chiral superfield X

DX = DyX = 0. (2.2.13)
Imposing the constraint
XD,DsD,X = XD,DsD, X =0 (2.2.14)
and solving it in superspace, a unique solution can be obtained

(D?DoX)*(D?D,X)*  1G*G?

X = ~ -
(D2D2X)? 4 F3

(2.2.15)

In this formula, which is the analogous of (2.1.21), the N' = 2 superfield F is
defined such that

1
(—4)?

is the complex scalar auxiliary field breaking supersymmetry, while the superfields
G, and G, are defined such that

F = Flo—jeo = D*D*X|s_—q (2.2.16)

~ 1 -
Ja = Ga|9:é:o = - 7D2D04X‘9:§:07
4\/§ (2.2.17)

_ 1 -
Jo = Ga|a:§:0 = mDQDaX‘G:é:Ov
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are two the goldstini. From the explicit form of the solution (2.2.15) and from
the properties (2.2.16), (2.2.17) one can realise that all the component fields in
A& are effectively solved in terms of the auxiliary scalar F' and of the goldstini
o, Jo. In the chiral coordinates y™ = z™ + ic™8 + i6o™0, in fact, X can be
expressed as

2 ~2 ~2 _« 2 ~a ~9 ~an B 2
9°9 99 99" 5 9 o 5900908 g 5
4F3  \/2F? V2F?2 2F F 2F (2.2.18)
+v25%0,0% + V2 g*0,0° + F 6%6°.
The Lagrangian for the supersymmetry breaking sector is
L= [doadxx + ( 7 [ o x + c.c.) . (2.2.19)

To get the explicit goldstini action, after projecting to components one has to
solve the equation of motion for the auxiliary field F' via an iterative procedure,
giving

F = — f + fermions, (2.2.20)

and then replace the solution back into (2.2.19). Additional details on this
Lagrangian are going to be given in the following subsection, where the results
are expressed in the language of NV = 1 superspace.

2.2.2 N =2 goldstini in N = 1 superspace

The previous analysis has been performed entirely at the full AV = 2 superspace
level, which might appear not completely transparent at first glance. It is therefore
instructive to rephrase the results in terms of the more familiar language of
N = 1 superspace, which is the one adopted in most of the applications. In this
respect, it turns out that there are different possibilities for describing the two
goldstini, depending on the choice of the superfields in which they are embedded.
As a consequence of the discussion in subsection 2.1.3 (see also the footnote 1), it
is assumed without loss of generality that one goldstino resides into a nilpotent
chiral superfield. Three descriptions for the other goldstino are given then using
different constrained superfields. The analysis can be relevant in the case one is
interested in studying the possible ultraviolet completions of the model in terms
of N' = 2 multiplets. For a better understanding of the constraints imposed
on the superfields in this subsection, the result that are going to be exposed in
section 3.2 are needed. Even though some of the formulas are not completely
proved within this section, the logic underlying them is explained in order for
the discussion to be self-contained as much as possible.

The first step is to write the N' = 2 chiral superfield X in terms of a set of
N = 1 superfields, among which a nilpotent chiral X is inserted. One possibility
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is to expand X as a series in the coordinates 6, corresponding to the second
supersymmetry:

X = 5(y,0) + V20°Wp(y, 0) + 6°X (y.0), (2.2.21)
where S, W, and X are N/ = 1 chiral superfields
D,S =0, D W, =0, DyX = 0. (2.2.22)

Notice that W, in (2.2.21) is not the superfield strength of a vector superfield V,
namely it cannot be expressed as W, = —%DQD,XV, since it does not satisfy the
superspace Bianchi identities D*W, = D;W%. The expansion above is reminis-
cent of the analogous for a N' = 1 chiral superfield: the lowest component is a
complex scalar, then there is a fermion and finally another complex scalar. In this
case, however, these objects are all N'= 1 superfields. The first supersymmetry
acts on them as usual,

610 = €*D, O + ,D0, (2.2.23)

and one can derive from here the supersymmetry transformations of the compon-
ent fields. The second supersymmetry acts by transforming the N' = 1 superfields

into each other
825 = V/2e*W,,

6 Wy = V/2i0™6%0,,S + V26, X, (2.2.24)
02X = V/2ié45™0,, W,

The auxiliary field acquiring a non-vanishing vacuum-expectation-value is now
expressed as

1
F = —1D2X| (2.2.25)
and, from the supersymmetry transformations

1

519a = E
1

N —162D2Wa| = V2%, F+...,

0D X| = V2 F+ ...,
(2.2.26)

it can be understood that the goldstini are accommodated inside the superfields
X and W,. The Lagrangian (2.2.19) can be written as

L= / d*o (XX — 0, SO™S + z'(?mW"‘a;”dW‘j‘) + f < / d*0X + c.c.) . (2.2.27)

Inserting the explicit expression (2.2.21) in (2.2.9), a large number of con-
straints emerges for the N/ = 1 superfields
S?P=W?*=X?=0,
SDgX =0,
W,DsX = 0,
WeD*W, =25D*X.

(2.2.28)
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As proved in [24], however, some of these constraints are not essential, rather they
are just consistency conditions, the set of essential constraints being considerably
smaller:

X?=0, (2.2.29)
X (D*W)?
== 2.2.
S ROD (2.2.30)
D2W,
Wo = X735+ (2.2.31)

Their role is going to be more clear after the results of chapter 3, but for the time
being it is possible to interpret them in the following way. The first constraint has
already been discussed in the previous section. The second constraint implies that
the full superfield S is removed and expressed in terms of W, and X, containing
in turn the goldstini and the auxiliary field F'. This is to some extent similar to
the fate of the lowest component A which, in the N/ = 1 case, has been entirely
removed from the spectrum by the constraint X? = 0. The interpretation of
the third constraint is less transparent at this level. A better insight can be
gained by acting on it with superspace derivatives and projecting the result to
spacetime. Being a generic chiral superfield, W, has some f—expansion. Acting
with D? on (2.2.31) gives an identity, which means that the component field
D*W,| = (, is not removed from the superfield. This is going to be in fact the
goldstino of the second supersymmetry. Acting with only D, gives

V26,

DaWB| - _T

(s, (2.2.32)
which means that the component D,Wj| is removed from the superfield and
expressed as a function of the two goldstini G, (, and of the auxiliary field
F' which breaks supersymmetry. The same reasoning applies to the lowest
component

G2
 8F?
which is removed as well. To sum up, as a consequence of (2.2.29), (2.2.30) and
(2.2.31) the superfield S is entirely removed, W, contains only a goldstino as
independent component, while X contains the other goldstino and the auxiliary
field which breaks supersymmetry.

The Lagrangian (2.2.27) can now be written in the N' = 1 constrained
superfield language, replacing S with its expression in terms of W, and X. The
result is the following low energy theory with N' = 2 spontaneously broken
supersymmetry

r :/d46 (XX - ‘am <§m>

+f (/d29X+c.c.> .

Wa' = Com (2233)

2

+ iamWaa;nde>
(2.2.34)
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Notice in fact that, on top of the manifest N' = 1 supersymmetry, (2.2.34) has a
second supersymmetry given by

mzan (X (DPW)? i
52Wa = \/Ezo—oao'ce 8m <2M —|— \/§€aX,

0 X = V/2i€50m0,, Wy,

(2.2.35)

and since the superfields W, and X are constrained, this second supersymmetry
is non-linearly realised. In component form the Lagrangian (2.2.34) reduces to

L=FF+ fF+ fF +i0,g%0™g" + i0png* o™ 3"

2.2.36
+ higher order fermion terms. ( )

As a final step one can integrate out F' and replace its expression into (2.2.36),
obtaining a theory with only goldstini.

A possible description of the two goldstini in N/ = 1 superspace has been
given in terms of the chiral superfields X and W,. As the Volkov—Akulov model
can be described in different ways, which are equivalent up to field redefinitions,
the same logic is expected to apply also in this case. There should exist therefore
other descriptions of the same system which use different superfields and which
should be related by a superfield redefinition. In the following two of them are
presented.

Given W, and X, one can define the spinor superfield

2
g, — 2 Wa (2.2.37)
D?X
This is a chiral superfield,
DsH; =0, (2.2.38)
satisfying the property
Dy (X Hy) =0. (2.2.39)

Since H, is chiral, it is known [16] that the constraint (2.2.39) removes all of
its higher components leaving just the lowest one, namely the goldstino of the
second supersymmetry, unconstrained. This statement is going to be justified
more concretely in chapter 3. The low energy theory of N’ = 2 spontaneously
broken supersymmetry can be expressed in this description in terms of X and
H, as

c :/d40 (XX - ‘am <ng>
—|—f(/d29X+c.c.>.

Another description of the N' = 2 supersymmetry breaking sector that it is
presented is in terms of the nilpotent chiral superfield X and of another chiral
superfield Y which is constrained in the following way

XY =0, (2.2.41)

2 + z'am(XHa)agg(XHd)>
(2.2.40)
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XD*Y =0. (2.2.42)

The origin of these constraints is going again to be clarified in chapter 3, but
at this level it is nevertheless possible to understand their role. Acting on them
with D2, in fact, their solutions can be found, as it has been done in section
2.1.2 for the constraint X2 = 0. They are

D*XD.Y X D?Y
DX T DX’
—16X0%Y + 8iDs X0 D,Y
DX ’
where the notation 0,4 = 074 0,, has been used. By projecting the first of these
expressions to spacetime, it can be understood that the lowest component Y| is
removed from the spectrum, while by projecting the second expression one can
realise that also the auxiliary field in the highest component, D?Y| = —4FY  is
removed. The constrained superfield Y contains therefore only one fermion as
independent component. This fermion is indeed providing the second goldstino.
More information concerning the nilpotent and orthogonal superfields X and
Y are going to be given in section 3.1.1, but at this stage it is necessary only
to keep in mind that X contains one goldstino and the auxiliary field which
is breaking supersymmetry, while Y contains only the other goldstino. Since
also the superfield W, introduced in the previous description contains only one
goldstino, it should be possible to use it to build a superfield having exactly the
properties of Y. The expression

Y =-2

(2.2.43)
D?Y =

1 DPXD Drw,
Y = ——_DoW, + 2 e e,
V2 V2 D?2X
satisfying (2.2.41) and (2.2.42) when W, satisfies the constraint (2.2.31), is the
desired one.
To rewrite the Lagrangian (2.2.34) in the X, Y system, the expression (2.2.44)

has to be inverted, in order to express W, in terms of the chiral constrained
superfield Y:

XDgY DY DPX | (DgX
Wy =2v2P 7 1 16v/2iX ap,-,< J )—

(2.2.44)

D2X D2X D2X DX (2.2.45)
DY D°X DPX\ DPX . (DgX o
— 128v2X __a(,(,( >__ ~<5 )
V2 D2X D2X D*X) DX " \D?X
By replacing (2.2.45) into (2.2.34) the following Lagrangian is obtained
L= /d49 (XX +YY[1+ A+ 5825*) + f (/ d*0X + c.c.> : (2.2.46)
where _ .
D, X0'D*XD.X0!DPX
A= 64— ekt (2.2.47)

| DX
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and )
DX
S=Y? — ——— : (2.2.48)
(55 4 g DsXo DPX) (52 _ g DﬁxaerpX)

|D2X|? |D2X|?

This is the complete expression of the N = 2 supersymmetry breaking Lagrangian
in the system of nilpotent and orthogonal superfields.

To summarise, three different descriptions of the goldstino sector for N' = 2
spontaneously broken supersymmetry have been given, using the language of
N = 1 superspace. Both supersymmetries are non-linearly realised and in the
low energy regime only the two goldstini are present in the spectrum. These
descriptions can be related one to the other by using field redefinitions, much
in the same way as the Volkov—Akulov model has been related to alternative
descriptions in subsection 2.1.3. The superspace form of these redefinitions has
been calculated and given explicitly in formula (2.2.37), to pass from the first to
the second, in formula (2.2.44), to pass from the second to the third, and vice
versa in formula (2.2.45).

2.2.3 N supersymmetry

In this subsection the goldstino sector of a generic number A of spontaneously
broken supersymmetries is described. The discussion is the direct generalisation
of the previous analysis of the N' = 2 case. The Samuel-Wess formalism, in
particular, is again going to be used in order to obtain the desired constraints
which remove all the fields from the spectrum except the A goldstini. The results
are going then to be expressed in the language of N’ = 1 superspace.

The algebra satisfied by N superspace derivatives, without central charges, is

{D! D;s} = —2i 6% 0™.0,,

(2.2.49)

{D gn D b] } =0,
where the indices I,.J, K, ... run from 1 to N and label the supersymmetries.
Lower indices refer to the fundamental representation of the R-symmetry group
U(N)g, while upper indices refer to the antifundamental one. Being N spontan-
eously broken supersymmetries, the theory contains N goldstini. To describe
them in superspace, define N spinor superfields A;,, which satisfy the constraints

P
DéAJ/B = f €8a 55 + ?aap/\“’@m/\m,
) ; (2.2.50)
D[dAJﬁ = —?O'Z(;AﬁamAJﬁ
The superfields A, contain all the information on the supersymmetry breaking.
Their only independent component fields are the goldstini, defined as

Aralor—o = Aoy (2.2.51)
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and whose supersymmetry transformations are non-linearly realised

i > (Ao —e;0mN) OAra, (2.2.52)

6)\Ia:f€]a_?
J

where €, are the A/ supersymmetry parameters. A supersymmetric and U(N) g-
invariant Lagrangian for Ay, is

_f4j/’2 /d4./\/9 A2NA2N

— — 2 = S (A0 0N = DA o™ + O(f72).
I

E:

(2.2.53)

The constrained superfield approach in A superspace is now developed. The
superfields A;, can be used to define the superfield ®

P — _(_4)/\[1]64/\[_1[92/\/ <A2NA2N)
(2.2.54)
_ e v (f%rzf\f(...)+Z/_\I/_\J(...)+...) ,
I I,J

where (...) contains terms with derivatives of the superfields AL. This superfield
® is chiral
D;y®=0 (2.2.55)

and, as it can be checked by direct inspection, it satisfies the following set of
constraints®

P? =0,
dD!d =0,
®D.DJ® =0, (2.2.56)
®DID;DED =0, -
@(DI;JéJ)Q./\/’—QDJ(I) — 07
together with ) )
S(DHYNG = —(—)V 1 D (2.2.57)

As a consequence of these constraints, the only independent fields in ® are the
N goldstini, which reside in the components

1

W(DW)M’ZDi@\eI:o =G% = 2\t ..

. (2.2.58)

3The notation (¥;)2N = 2N = w2 w2, . W3, is used to indicate the product of N squared
spinor superfields. The dummy index I is not summed and, to avoid confusion, whether sums
occur they are going to be explicitly written.
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where dots stand for terms with more fermions. The Lagrangian for ® can be
written as

L= f/d2N9 o. (2.2.59)

As in the N' = 2 case, consider now a generic chiral superfield X' in N
superspace and impose on it the constraints (2.2.56), without (2.2.57). As a
result, all the component fields of X are going to be removed, except for the
N goldstini and the auxiliary field which is breaking supersymmetry. Even
in this general case, however, only the last constraint in (2.2.56) is essential,
the remaining ones being consistency conditions, as proved in [24]. Imposing
therefore the constraint

X(DFH)N2DIx =0 (2.2.60)
and solving it in superspace, one can obtain the unique solution

X = (1)N (G1G1a)(G5Ga0) - - (GG aa) _ (1)/\/ (G

(2.2.61)

92 F2N-1 5 F2N-1°

In this formula the superfield F, which lives in N superspace, is defined such

that
1

(=4
is the complex scalar auxiliary field breaking supersymmetry, while the superfields
G, are defined such that

F=Floig = (DN Xg1 g (2.2.62)

1

gra = GIOz|QI:0 = \/W(DJ¢I)2N_2D(§X’91_O (2263)

are the A goldstini. The Lagrangian describing the supersymmetry breaking
sector is now

L= /dwe XX+ (f/dwe)c + c.c.) (2.2.64)

and F can be integrated out to obtain a theory including only the A goldstini.

2.2.4 N goldstini in N/ = 1 superspace

The previous analysis of the model with N goldstini is going now to be re-
formulated in the language of N' = 1 superspace, which is one of the most
employed for practical applications. As discussed in the analogous subsection on
the N = 2 case, different ways of describing N goldstini in N/ = 1 superspace
exist, depending on the particular choice of the superfields in which they are
embedded. The generalisation of the three descriptions presented in 2.2.2 is
constructed in the following. All of them are going to contain a nilpotent N =1
chiral superfield X as an essential ingredient.
As a first step, break the U(N')g-covariance explicitly by splitting the set of
superspace derivatives as
D! - {D,, D'}, (2.2.65)
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where the indices i,7,... take values from 1 to AN/ — 1. Introduce then the
nilpotent chiral superfield X defined as*

X = (_4)1N_1(Di)2N—22c. (2.2.66)

It contains the auxiliary field F' which is breaking supersymmetry,

1
F — _ZDQX|01:07 (2267)

and the goldstino of the first supersymmetry, namely the one related to the first
superspace derivative in (2.2.65):

1
Jo = Ga‘HI:O = EDOIXMI:O' (2268)
In the first description discussed in this subsection, the remaining N — 1
goldstini are embedded into the A" = 1 chiral superfields

1

(DI7)YN=Api (2.2.69)

satisfying the constraints

D*W;
Wia =X ) 2.2.70
In particular they reside in the highest component:
L
Gia = _ZD Wi o (2.2.71)

In the full N superspace, the solution (2.2.61) can be expressed in terms of the
goldstini and of the auxiliary field as

Hﬁil (D2Wia>2

__ 95—5N
X =2 NN

(2.2.72)
The lower components of X are constrained N' = 1 superfields and, similarly to
S of the N = 2 case, they are removed from the spectrum in terms of X and
Wi o They organise in representations of the group U(N — 1), which acts as a
flavour symmetry after the breaking

U g — U(1)g x UN — 1). (2.2.73)

4Since projections to the surface 62, = 0 are omitted in the definition of X, this object lives
in the full N superspace. The same observation applies also to W;, in (2.2.69) and in other
formulas thereafter. If this is source of confusion, it is possible to continue thinking of them as
N = 1 superfields, because this is the role they have been introduced for. The X, Y; appearing
in (2.2.74) and thereafter are indeed properly projected AN/ = 1 superfields.
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More details on them are going to be given in a while but, already at this stage,
it is possible to realise that the structure of the Lagrangian in the X, W;,
description is of the type

L= /d49 <XX + iZ@mWiaagng> + f (/ d*0X + c.c.> +..., (2.2.74)

where dots stand for higher order terms, which are essential for the non-linear
realisation of the A/ supersymmetries.
Mimicking the discussion of the N' = 2 theory, a set of chiral superfields Y;
can be defined such that
XY; =0,

_ 2.2.75
XD?; =0, ( )

where X? = 0 is always understood. As a consequence of the constraints, these
superfields Y; contain only fermions, which are going to be the goldstini of the
spontaneously broken supersymmetries. The explicit superfield redefinition which
connects W;, and Y; is the generalisation of (2.2.45):

Wig —2v/2

XDgY; DY, DPX DsX
16v/2i X = a-( )—
pry T IV2X e T O \ iy

D°Y; D’ X (DPX) DrX (Dﬂ)()
D2X D2X "\D2X) D2X "\ D2X

(2.2.76)

—128V2X

and it can be used in order to rewrite the Lagrangian (2.2.74) in terms of the
superfields X and Y;

= /d49 (XX+ZE-YZ‘[1 +A]> +f (/d20X +c.c.> o (2277

where A is defined as in (2.2.47) and dots stand for higher order terms, making
the theory invariant under the non-linearly realised additional supersymmetries.

A third alternative way to express the model is in terms of the chiral superfields
X and H} satisfying

X?=0,
_ _ (2.2.78)
The Lagrangian is of the type
_ X H2\ |2 _ o
c :/d40 <XX . ‘am ( ; ) +izam(XH§‘)a;”d(XH’a)>
i (2.2.79)

+f(/d29X—|—c.c.)+...,

where dots stand for higher order interactions which are again necessary for the
non-linear realisation.
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With some more effort, one can calculate the complete form of all these
Lagrangians and realise explicitly how all the lowest components are removed
from the spectrum. To deal with all the fields in X" in the general N case it is
possible to proceed as follows. The generic component can have a number p of
fermionic indices, with 0 < p < 2N, and some of them can be contracted in
pairs. In particular, being fermionic, the same index cannot appear more than
twice. An efficient way to handle with this situation consists in distinguishing
between the indices in the set M; = {iy, ..., 4} which are all different, and the
ones in My = {j1,...,j;} which are equal two by two. One can therefore split
the number of indices p as p = k 4 [ and construct

k41

(S(?Jr.l.;k’ﬁmﬂ)oq...ak,51..-51 - <\}§> D;ll e D;kk Djﬁll e Djﬁll X|91:0’ <2280)
which describes collectively all the components of X'. The explicit expression of
this object (2.2.80) is now given for the three different sets of N' = 1 constrained
superfields introduced before.

In the description in terms of X and W;,, the form of the lowest component
is obtained directly using (2.2.69) and no superfield redefinition is involved. In
the formulation in terms of X and Y;, the form of the lower superfields S, is
more involved, since superfield redefinitions are needed. It turns out that the
correct expression is

i 1 _ 02-2N 3k_
(S(;l) o jl)al...ak,ﬁl..-ﬁz =2 T €182 - - - EﬁzfﬁzX

(D Vi Z8}) - - (D Yir Z85)

ay ik oy,

_7_“2N72—k—l

(2.2.81)

(DUY;¢MZU)2N_2_2I€_Z7

where p =k + 1, M = M, + M, and Z? is a quantity containing only X

DPX Do X
_ ;B . o
75 =0y + 8ie == 0,5 (5o )

2
D°X DfBXD gﬁ)‘( DX (2:2.82)
4P 0, . ()
D2X ""(D?X) D2X PP\ D2X

This proves in fact that the only independent superfields in X are the nilpotent
X and the orthogonal Y;, while all the others are given in terms of these as a
consequence of (2.2.81). In the description in terms of the constrained superfields
X and H!, which can be obtained using the superfield redefinition
20770
H. = D_ Mfd7 (2.2.83)
D?2X

the form of the lowest components is

S(il...ik,jl...jl 5 — (_4)2N727’€7125*5N+3k+g
By

l
k+l)a1...o¢k,ﬁ1. 651/52 tet €ﬁl716lX

(F[-¢M)2N*2*2kfl_ (2.2.84)

XHilcn-'-H

ipay
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The last step consists in giving an expression for the Lagrangian in terms of
(2.2.80), which can eventually be specialised to the case of interest. After some
reordering the theory can be recast into the compact form

N—-1 N-1

L= [d0 X S 1+ ([ dox +ec), (2.2.85)
1=0 k=0
where the quantity
W R = kol { Qitoikadiod B2Ba...5
Lk,Ql —_ Z Z (—’L) 2= (S’Ll...’tk,jl...jl)Oél---Ollm 2 g;az“ﬂl
iteik =1 Gi>G1—p> > ja=1 (2.2.86)

)dl...dk, /8254131

11—kt 5
X amdl < aakdk (aQ)N h (SZ B2Ba...B

1Bk, J1--J1
has been introduced and the complex conjugate S has been defined with the
fermionic indices in the opposite order, namely

k+1
GUk-+) (1 Sk Hik-1 P i [l Pt
<Si1.~~ik,j1~--jl>d1---dk751---31 - (\/5) D;kDO'ékk—ll T Ddll Dé'lzDBlzi T Déll X‘
(2.2.87)

This is the complete form in N' = 1 superspace of the Lagrangian describing the
interactions of N goldstini. Notice that, using this formula, one can effectively
extract the contribution of the desired derivative order without necessarily
compute the whole action. In the following table 2.1, the N' = 1 superfield
content of the goldstino sector for the different descriptions presented above is
summarised.

SUSY N=1 N=2 N =4 generic N/
Goldstini Superfields X X, W X, Wi, WyWs X, Wi, ..., Wx_1
Goldstini Superfields X X, H X, H.,H%LH® X, H',..  HVT
Goldstini Superfields X XY X V1.5 Y; XY, ..., Yv

Eliminated Superfields — — SO 5O s 5@ g0 g SN

Residual Flavor Group — — U(1) U(3) UWN -1)

Table 2.1: The A = 1 chiral superfields content of a minimal N goldstini theory. The
shorthand notation S indicates all the possible components (2.2.80) with
p fermionic indices contracted in all the allowed ways.

As a check, in the N/ = 2 case the term Lg vanishes and the Lagrangian is
given by

L= / d'0 (Lo + LYY+ L§3) + f ( / 40X + c.c.> = ( |
2.2.88
_ / 4'9 (S6°5 — iW 0ua W™ + X X) + f ( / 20X + c.c.) ,
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which matches exactly with (2.2.34). One can calculate, for example, the Lag-
rangians for the goldstini in the N' =3 and N = 4 cases, which are

Lnes = [ d'9 L)+ LY + L§0 + L) + L) + L)

v (f/d29X + c.c.>

— / d49 [i80,3382s0,33 - i(sB,O)aaQaad(SrS,O)d

0,0 4—o,o_£ 2,33\ (Q2,33\d&
+ 89098 4(5 )"0 (S77) .

- 02,0\ 2 g20ya , L 0,22,33 50,2233 (2.2.89)
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L
1
1
1

. (SSQ’O)ﬁaawé?BB@Q (53270>Ba]

+ (f/dQQX + c.c.)

The discussion on the supersymmetry breaking sector is terminated. In the
next chapter the N’ = 1 goldstino is going to be coupled to other fields which
have the role of matter and which are in general present in any realistic scenario.

(54’22)(18260@ (514,22)d 4 i50,2284§0,22
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3 Matter sector

In this chapter the goldstino sector is coupled to matter. For simplicity, the
analysis is restricted only to the minimal case of N’ = 1 supersymmetry. Results
in extended supersymmetry can be found for example in [31-35]

When using superspace methods, matter fields have to be embedded into
superfields, as it has been the case for the goldstino. If supersymmetry is
spontaneously broken and non-linearly realised, some matter component fields
can be removed from the the spectrum, in much the same way as the sgoldstino
has been eliminated in the previous chapter. This can be performed in an
efficient manner by imposing constraints on matter superfields, avoiding thus the
procedure of calculating the equations of motion in the zero-momentum limit.

Depending on which is the particular matter component field that has to be
removed, the constraints to be imposed are different. In this respect, indeed,
several constraints have been proposed and discussed in literature [16]. Their
origin, however, has remained not completely clear until the work of [36], in which
the authors proposed a general constraint to be imposed on matter superfields
in order to eliminate any desired component. Being a central ingredient in
the constrained superfield approach to non-linear supersymmetry, this general
constraint is going to be introduced and analysed in some detail.

In particular, it relies only on the presence of a nilpotent goldstino chiral
superfield X. For this reason, in the second part of the chapter the existence of
such a superfield X is discussed and it is shown, by giving several examples, that
a nilpotent X is present in a large class of models with spontaneously broken
supersymmetry, either in the case of F-term or D-term breaking.

It is possible to conclude then that these two constraints, namely the nilpotent
one for the goldstino and the general constraint for matter, are the only two
ingredients which are needed for writing any low energy effective model with
spontaneously broken and non-linearly realised supersymmetry and with any
desired spectrum content. The results presented in this chapter constitute
therefore the theoretical basis for phenomenological applications.

3.1 Two chiral superfields

Given the superymmetry breaking sector of N’ = 1 supersymmetry, described
in terms of a nilpotent chiral superfield X, the more immediate generalisation

39
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consists in coupling it to another chiral superfield. Two particular examples
are going to be analysed: the case in which the second chiral superfield is a
Lorentz scalar, Y, and the one in which it has a spinorial index, W,. This last
example is going to motivate the introduction of a procedure for removing matter
component fields, which is different from their integration in the zero-momentum
limit via the equations of motion.

3.1.1 X and Y system

Consider two chiral superfields X and Y with superspace expansions

X = A+V20°G, + 6°F, (3.1.1)
Y = B+ V260%, + 0°FY. (3.1.2)

The simplest Lagrangian which can be written with only these two ingredients
and in which supersymmetry is spontaneously broken is

L= /d49 (XX—FY?) +f (/d29X+c.c.>
— — 0 A" A — 8, BO"B — iG5" 8, G — iXT " O X (3.1.3)
+FF + fF+ fF + F'F".

In this model there are two massless scalar, A and B, two massless fermions
G, and x, and two auxiliary fields, F' and F'Y. Since the auxiliary field which
acquires a non vanishing vacuum-expectation-value is (F) = —f # 0, while
(FY) = 0, supersymmetry is broken by F and the fermion G, is the goldstino.
The component fields of Y are then called matter fields, to distinguish them from
the goldstone mode and from the auxiliary field describing the supersymmetry
breaking sector.

To integrate out some of the degrees of freedom and to produce an effective
theory, a mass splitting in the spectrum has to be created. The only component of
X which can be removed is the sgoldstino A and its decoupling can be performed
exactly in the same way as it has been discussed in subsection 2.1.1. For what
concerns the components of Y, instead, alternatives are allowed. One possible
choice, which is going to be pursued in the following, is to eliminate the scalar
B in the lowest component, in order to obtain a theory with only two fermions:
G, and x,. This theory is going to be similar to the one presented in 2.2.2, with
the difference that, a priori, there is no reason why it has to be invariant also
under a second non-linearly realised supersymmetry.

As done in the goldstino sector, to create a mass gap the original model is
modified with curvature terms in the Kéhler potential. Consider therefore the
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following Lagrangian
L:/ﬂ%(xX+&§j+f(/fax+aa>

1 ipv2ve L A0y vV

—P/dGXX —E/dGXXYY

=2+ |F+ fP+ FYF" (3.1.4)

1 1

— ﬁ|2AF — G2 - p|BF + AFY — Gy/|?

+ terms with derivatives,

where A is a parameter of mass dimension one. Due to the modification, the
masses of A and B become respectively m?% = 4f2/A? and m% = f?/A?. By
restricting the analysis to an energy regime E < f/A, or equivalently by taking
the formal limit 1/A — oo, the scalars A and B can be integrated out. Their
equations of motion in the zero-momentum limit give

GQ

A= (3.1.5)
Gy G*FY

Notice that both these solutions do not depend on the details of the theory in
the high energy regime, namely on the parameter A. The effective theory can
be obtained then by substituting (3.1.5) and (3.1.6) back into the Lagrangian
(3.1.4).

As it has been done in the previous chapter, superspace techniques can be
employed to define an alternative procedure to eliminate degrees of freedom
and to produce a consistent effective theory. The starting point is again to
understand which are the superfields whose lowest components are given by
(3.1.5) and (3.1.6). For the particular case under consideration, in which two
scalars are removed from two chiral superfields, it turns out that also the sought
superfields are chiral and they are solutions to the constraints

X? =0,

3.1.7
XY =0. ( )

The nilpotent constraint on X has been already discussed, while the second
constraint, namely the orthogonality condition between the chiral superfields,
has been first introduced in [37]. The strategy for solving these constraints in
superspace is the usual one: act on them with superspace derivatives and find

D*XD,X
X=-"— 3.1.8
o' 2
y = oA DaY DY (3.1.9)

D2X DX’
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besides some consistency conditions. By projecting these solutions to spacetime,
the expressions (3.1.5) and (3.1.6) are recovered. The projections D,Y | and
D?Y'| do not change with respect to the unconstrained case, since the fermion and
the auxiliary field in Y are not eliminated from the spectrum. The #-expansions
of the constrained superfields X and Y therefore are

2
X = SF +26°G, + 6°F, (3.1.10)
Gy G*FY N 5y
Y_7—W+\/§9XQ+QF, (3.1.11)

and the Lagrangian governing their interactions in superspace has the form
L= /d‘*e(XX +YY)+ f (/ d*0X + c.c.> : (3.1.12)

where X? = 0 and XY = 0 are assumed. Notice that the constraints (3.1.7)
imply also Y? = 0, as it can be seen from inserting the explicit expansion (3.1.11).
As a consequence, the most general model involving only X and Y has a Kéhler
potential and a superpotential of the type:

K=XX+YY +a(XY?+XY?)
+b0(YY2+YYH +c(YY)?, (3.1.13)
W =fX+gY +hY?

where a,b,c, f,g and h are parameters. The generalisation of this model to
supergravity with spontaneously broken supersymmetry has been studied in
[38,39] and it is reviewed in section 4.2.

3.1.2 X and W, system

The next system which is analysed is the one in which the gaugino, namely the
fermionic superpartner of a gauge vector field, is decoupled from the spectrum.
The discussion can be adapted to supersymmetric extensions of the Standard
Model, where some of the gaugino fields are much heavier than the gauge vector
bosons. In this context, in fact, it could be desirable to have an equivalent
description in which the gauginos are removed, in order to facilitate the study of
the low energy effective action.

The first step is the embedding of component fields into superfields. The
goldstino is going to reside again in a chiral superfield X, while the gaugino \,
and the vector v, are components of another chiral superfield W,, which can be
expressed as the superfield strength of an abelian vector superfield V', namely

1 -
W, = —ZDQDQV (3.1.14)
In chiral coordinates, its expansion in superspace is

ac

W, = —ida + |6PD — %(am(}”)a%mn 05 + 020, D Y, (3.1.15)
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where v, = Onv, — Opvy and A\, = iW,| is the gaugino. Notice that this
superfield satisfies the constraint

D°W,, = DyW*?, (3.1.16)

which implies that the auxiliary field D = —D*W,| is real.
A minimal Lagrangian for the superfields X and W, in which supersymmetry
is spontaneously broken by X is

L— / POXX + f ( / 20X + c.c.) v i ( / POWW, + c.c.)

= —0,A0"A - iG6™0,G + FF + fF + fF (3.1.17)
1 - 1
— V0™ — i O A + = D
47} v AT + 5
In this model all the fields in the spectrum are massless. In particular, the masses
of the goldstino G, and of the U(1) vector v, are protected by supersymmetry
and gauge symmetry respectively. A mass gap can nevertheless be created
between these modes and their superpartners, namely the sgoldstino A and the
gaugino \,, by considering the modified Lagrangian

_ 1 _
L= / d*o (XX — AQXQXQ) + f ( / d*0X + c.c.>

1 2 X «
+4(/d9(1—A>W Wa—i-c.c.)

1 1
:_f?+|F+f|2—E|2AF—G2|2+§D2 (3.1.18)
2
1 V2., D
+ X F </\a - ZQGQF> +c.c

+ terms with derivatives.

The equations of motion in the zero-momentum limit give

G2
A= — 1.1
2 D
=i P (3.1.20)

Notice that the last steps were not completely rigorous. The correct way to
proceed would have been to introduce two different cut-off parameters: A,
governing the mass of A and A, governing the mass of A\. The decoupling should
proceed then in the following order: first the sgoldstino, by taking A — oo while
A fixed, and after the gaugino, by taking A — oo in the resulting Lagrangian.
Formulae (3.1.19) and (3.1.20) are indeed consistent with this specific procedure.

It is crucial to observe that the solution (3.1.20) of the equations of motion
of the gaugino in the zero-momentum limit differs from the one reported in
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literature, see for example [16]. The difference amounts precisely to terms
containing derivatives. Since the solution given in [16] has been obtained with
a different procedure, the strategy of taking the zero-momentum equations of
motion in order to decouple degrees of freedom in the low energy regime, has to
be applied with care, as it can be misleading.

Even if not completely correct, however, the result (3.1.20) can still give
some intuition on the form of the superfield W, in the infrared regime, after the
decoupling of its component \,. To have the correct solution, a more systematic
procedure is required and it is going to be described in the section 3.2. In
particular, the correct form of the superfield, together with the constraints it
satisfies, are going to be found and discussed directly in superspace. It can be
anticipated that the constraint which is eliminating the gaugino A\, from W, is
XW, =0, as given in [16].

3.1.3 Comment on the zero-momentum limit

The reason why the procedure of decoupling a massive mode by taking its equa-
tions of motion in the zero-momentum limit has failed for the gaugino is that, in
general, it has to be applied with care, since by neglecting derivatives interactions
supersymmetry could be broken explicitly. This is precisely what occurred in
the previous example, even though it did not happen for the decoupling of the
sgoldstino or for the scalar in the chiral superfield Y. The solution (3.1.20)
cannot be the lowest component of a constrained superfield W,,, as opposite to
(2.1.21) and (3.1.6), which have the correct structure to be inserted into super-
fields. In other words, the solution to supersymmetric constraints can in general
contain derivatives, indeed in order for (3.1.20) to be the lowest component of
a superfield, also derivatives interactions are needed. This means that, more
generally, it is not guaranteed that the integration at zero-momentum is going
to preserve supersymmetry, not even at the non-linear level. In the following, an
alternative and manifestly supersymmetric approach is presented.

3.2 The generic constraint for matter

In this section a general constraint to be imposed on matter superfields in order
to remove any desired component is given. This is one of the central results of
the constrained superfield approach and it is going to be used extensively in the
rest of the discussion.

In the previous example it has been shown that the zero-momentum limit has
to be performed with care, in order to get the desired result. This observation
motivates the need for a more straightforward procedure for constructing low
energy effective theories with spontaneously broken supersymmetry. Notice
moreover that, at this stage, several constraints have already been introduced
and discussed. An organising principle allowing to understand their origin would
therefore be welcome. The answer to both these issues has been given in [36],
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where the authors proposed one single constraint to be applied on any generic
superfield and from which all the known constraints can be derived. This is
going to be reviewed in the following.

In chapter 2 it has been shown that the constraint

X?=0 (3.2.1)

eliminates the lowest component from the chiral superfield X and expresses it as
a function of the other degrees of freedom. In the previous section it has been
discussed analogously that, assuming X2 = 0, the constraint

XY =0 (3.2.2)

eliminates the lowest component of the chiral superfield Y and replaces it with a
function of the remaining fields of X and Y. It has also been anticipated that,
assuming again X? = 0, the constraint

XW, =0 (3.2.3)

is removing the lowest component A\, = iW,| in a similar way. An educated
guess would therefore be that, given a generic matter superfield ) and under
the sole assumption that X is a nilpotent chiral superfield, the constraint

XQ=0 (3.2.4)

is removing the lowest component ¢ = @| in a similar manner. The guess is
meaningful but it is not completely correct: it works only for the case in which
() is a chiral superfield. The constraint needed to remove the lowest component
from any desired superfield )7, where L is representing some set of Lorentz
indices, has been proposed in [36] and it is

XXQp =0. (3.2.5)

This is one of the central results in the framework of constrained superfields and
the rest of the section is going to be devoted to comment and discuss it further.
Notice, first of all, that the constraints (3.2.2) and (3.2.3) can be obtained directly
from the general one. Specialising (3.2.5) to the case in which @, =Y, it results
indeed in XXY = 0, which can be reduced to (3.1.7) by acting with D? and
dividing by the expression D?X # 0. The same steps can be performed for the
constraint on W,,. In the work [36] it is shown how to derive also all the other
known constraints in a similar way.

The constraint (3.2.5) can be solved directly in superspace and, being super-
symmetric, its solution is going to be a superfield. The strategy is again to act
on it with the maximum number of superspace derivatives, obtaining

D*D*(XXQp) =0, (3.2.6)
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and solving then the resulting expression to find

D;XD'Q, X D0,

- _9 i _
QL DX D2X (3.27)
DX D.D? (XQ D2D? (X o
_ P(XQu) DD (XQu)
D2XD2X D2XD2X

Acting on the constraint with less derivatives gives consistency conditions for the
solution, which guarantee that the supersymmetric properties of the superfield
(@1 are not altered. This is precisely the point at which the zero-momentum
procedure failed in the previous example, when decoupling the sgoldstino: in
that case the solution of the equations of motion was not a superfield.

The constraint (3.2.5) is removing the lowest component of Q)r:

Qr=qr+0XFa+..., (3.2.8)

but it can be adapted to eliminate also the higher components in a straightforward
way. In order to remove, for example, the field X% in the #-component, it is
sufficient to impose the slightly modified constraint

XXD,Qp=0. (3.2.9)

The reason why this constraint is the correct one is that D, can be though
of as a superfield with lowest component Xga = D,Qr|. Along with the same
reasoning, the needed constraint to remove the §?-component of Q7 is

XXD*Qr =0 (3.2.10)

and the logic applies also to the higher components.

The role and the origin of the constraints introduced in the previous chapter
can now be understood more properly. In section 2.1.3, for example, the constraint
(2.1.43)

OD*D = 4fP (3.2.11)

has been used to set the auxiliary field to F'® = — f + fermions, thus fixing the
supersymmetry breaking scale. By multiplying this constraint with ®, it can be
recast into the form of (3.2.5), namely

¢® (D*® — 4f) =0. (3.2.12)

This proves then that the interpretation of (2.1.43) given above is correct. Notice
moreover that, being chiral and nilpotent, ® can be used instead of X in the
expressions of all the previous constraints. It has also been argued that the
constraint (2.2.39)

Ds(XHy) =0 (3.2.13)
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removes both the §- and the §%-component from the chiral superfield H,. Even
such statement can be justified at this point. By multiplying the constraint with
X, in fact, it reduces to

XXDyH,; =0, (3.2.14)

which confirms that the #-component is removed. By multiplying it with X Dﬁ,
instead, the constraint becomes

XXD?*H, =0, (3.2.15)

which has the correct form to eliminate the §>-component. Since the general
constraint (3.2.5) can be applied to superfields with any generic set of Lorentz
indices, in complete analogy with this last example it is possible to realise that,
a scalar chiral superfield H, such that Dd(X H ) = 0, contains just the scalar in
the lowest component as independent degree of freedom. This superfield is going
to be employed in section 3.3.2.

The analysis of the general constraint (3.2.5) proposed in [36] is concluded.
Additional details can be found in the original paper. Evidence has been given
that such an ingredient is central in the studying of non-linear realisations of
supersymmetry with the constrained superfields approach. This constraint, in
particular, can be used directly in supergravity without any further modification.

3.3 Emergence of X? =0 in the low energy

The only assumption on which the general constraint X XQ; = 0 is relying is the
existence, in the low energy regime, of a nilpotent goldstino chiral superfield X,
which contains all the information on the spontaneous breaking of supersymmetry.
Since one of the purposes of this work is to outline a systematic procedure to
build models with spontaneously broken supersymmetry and with any desired
spectrum content, the generality of the existence of such a superfield X has to
be investigated.

It has been discussed previously how the nilpotent constraint on X arises
as a consequence of the decoupling of the sgoldstino, the scalar superpartner
of the goldstino, from the low energy theory. Despite the fact that in various
known examples the decoupling can be performed in a smooth way, even the
generality of such a procedure can be questioned [40,41]. The aim of this
section is therefore to address the issues on how general is the description of
the supersymmetry breaking sector in terms of the nilpotent X and also if
the appearance of the constraint X2 = 0 has to be necessarily related to the
decoupling of the sgoldstino. The answer is going to be that the description in
terms of X is completely general, namely in any desired model the goldstino can
be embedded inside such a superfield, while, for what concerns the decoupling, it
is going to be shown that the nilpotent constraint can arise also in those systems
in which the sgoldstino is not decoupled.
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The strategy adopted is to consider both F-term and D-term supersymmetry
breaking and to proceed by examples. To analyse them, a particular approach
is proposed, which could be of interest in its own right: it is going to be
explained how each component field of a given superfield can be promoted to
a full constrained superfield or, vice versa, how any unconstrained superfield
arising from linear representations of supersymmetry can be parametrised as a
combination of constrained ones. Using this strategy, which is not going to be
altered by the decoupling of the heavy modes in the infrared regime, it is shown
that the low energy description of any spontaneously broken supersymmetric
theory contains the nilpotent chiral superfield X.

It has to be stressed that, even in the case of pure D-term breaking, namely
when only a vector superfield is present, the degrees of freedom can be reorganised
in order to parametrise the model with the nilpotent chiral superfield X. In
other words, D-term breaking itself can be interpreted as F-term breaking. This
applies also to the new type of D-term introduced in [42] and reviewed in section
6.2.

3.3.1 The goldstino and the Ferrara—Zumino supercur-
rent

To motivate further the forthcoming discussion, some known examples are given
of models in which a goldstino is present in the spectrum, but its embedding
into a nilpotent chiral superfield seems not to be viable. One possibility for this
to happen is when the sgoldstino cannot acquire a mass, for example due to the
presence of a shift symmetry protecting it in the low energy regime. Another
scenario in which there seems to be some obstruction is the case in which the
breaking of supersymmetry is not sourced solely by a nilpotent chiral superfield,
but it receives also other contributions. The goldstino is then a combination of
the fermions in the model and its relation with the nilpotent X might not be
completely transparent. Even if X is nilpotent, therefore, it is not describing
totally the goldstino sector. A third possibility is when no chiral superfields are
present from the very beginning, for example in the case of a model with only
a vector superfield and pure D-term breaking. In the present subsection these
situations are analysed in more detail, while in the next subsection it is going
to be shown how, even in all these models, it is nevertheless possible to let a
nilpotent X emerge.

It is known that, for any globally supersymmetric theory with Kéhler potential
K and superpotential W, there exists a supercurrent superfield 7, that satisfies
the conservation equation

D%Jos = D, Z | (3.3.1)
where Z is a chiral superfield given by the combination

1=
Z =4W — gDQK. (3.3.2)
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Following the reasoning of [16], it is possible to realise that, when supersymmetry
is spontaneously broken, the low energy supercurrent is expressed in terms
of the goldstino. In particular the #-component of 7,4, and in turn the one
of Z, should be identified with it. When the sgoldstino Z|s—¢ is not present
in the low energy theory, then the corresponding operator creates composite
states of the goldstino. Since on these composite states supersymmetry is acting
linearly, the transformations become non-linear when specialised to the single
objects constituting them. As a consequence, one can derive that the superspace

expansion of Z satisfies
Z22=0 (3.3.3)

and this would suggest the possibility of identifying it with the nilpotent goldstino
chiral superfield even in more general systems.

It is possible however to construct some situations in which this argument
does not seem to be straightforward and thus the existence of a nilpotent chiral
superfield X in the infrared regime can be questioned. For instance, in the simple
model

K=3d>, W=f0, (3.3.4)

where ¢ is a complex constant, the shift symmetry ¢ — ¢ + ¢ protects the mass
of the scalar ¢ = ®|. This implies that Z = % f® contains a massless scalar and
therefore

4
z2:%f%ﬂ¢o (3.3.5)

In addition, this is suggesting a possible relationship between the decoupling of
the sgoldstino and the presence of the nilpotent constraint.

Even in those cases in which a nilpotent X is present, it is not guaranteed
that Z is going to be nilpotent as well. For example, in a model with two
orthogonal constrained superfields X and Y, satisfying

X% =0=XY, (3.3.6)

such a situation occurs whenever a linear term in Y in the superpotential is
considered. For the simplest choice

K=XX+YY, W=fX+gV, (3.3.7)
it is possible to obtain Z = %( fX + gY), which satisfies

Z%=%Z%ﬂ¢o, (3.3.8)
since (3.3.6) implies Y3 = 0, but Y2 is still non-vanishing. In this model the
goldstino is not completely identified with G, = %DQX |, but it is a combination
of the two fermions. It is therefore evident that, even though a nilpotent X
is present in the model, Z cannot be completely identified with it in general
situations.
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A third example is when there are no chiral superfields and supersymmetry
is broken by a pure Fayet-Iliopoulos D-term &. In this case it can be calculated
that

§

Z= —§D2v, (3.3.9)

which is not nilpotent. The standard strategy for identifying a nilpotent X seems
to be failing again.

In the following it is going to be shown that, even in these models in which
Z?% # 0 in the low energy regime, it is always possible to parametrise the breaking
of supersymmetry by means of a constrained chiral superfield X, whose square
vanishes. This superfield may not contain the full goldstino, but it is going to
contribute in any case to the goldstino interactions and its auxiliary field will be
selected by the dominant source of supersymmetry breaking.

3.3.2 Chiral multiplets and F-term breaking

The first examples of supersymmetry breaking scenarios which are analysed, are
models with interacting chiral multiplets, with F-term breaking. They have been
already discussed previously [14,16], but the following presentation is going to
emphasise the salient features of the approach used to prove the general existence
of the nilpotent superfield X in the low energy effective theory. The analysis is
initially restricted to the supersymmetry breaking sector and then generalised
with the inclusion of matter couplings.

Start by considering the simplest model with a single chiral superfield ®! and
with a supersymmetry breaking linear superpotential

L= /d49 OO+ f (/ d*0 & + c.c.) : (3.3.10)

As usual, supersymmetry is broken because (F®) = —f # 0 and the fermionic
component of ® is the goldstino. The sgoldstino ¢ = ®|g—g is massless but, as it
has already been discussed extensively, one can amend this by introducing an
additional operator in the Lagrangian suppressed by a scale A > \/f, whose only
net effect is to generate a mass for ¢. For completeness the Lagrangian modified
by the addition of this new term is reported once more

= [ (cpci - A12 @2@2) +f (/ 20D + c.c.> . (3.3.11)

The sgoldstino acquires a mass of the order f/A and the infrared effective theory
valid at energy below this scale is expected to be described by the goldstino
alone.

The different approach proposed now to study this system consists in splitting
the degrees of freedom of ® between two constrained superfields X and S,

IThis ® is a generic chiral superfield and it is not related to the constrained superfield field
® introduced and used in the previous chapter.
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satisfying -
X?=0, XDsS=0. (3.3.12)

The first constraint removes the scalar from X and expresses it in terms of its
fermion G, and the auxiliary field F', delivering

G2

X=—_
2F

V260°G, + 0*F. (3.3.13)
The second constraint, as discussed at the end of section 3.2, removes the
fermionic component Y2 and the auxiliary field F¥ of S, giving

_ Y _ _
S =s+v2i05™ (i) Ons + 6* <2GF2825 — 0, (i) 5”0”?&”3) . (3.3.14)

Notice that the only independent field is the complex scalar s in the lowest
component. Using these constrained superfields it is possible to construct the
combination

db=X+5, (3.3.15)

1.e.
2

b =——
2F+S

ab
+V/20° (Ga +io™, (F) 8ms> (3.3.16)

G? G G
2 2 —m __n
+6 <F+2F28 s — 0, () oo F@ms>,

which indeed contains the same degrees of freedom as the original unconstrained
superfield ®. In other words, the unconstrained chiral superfield ® has been
parametrised in terms of two constrained chiral superfields: the nilpotent su-
perfield X, given by (3.3.13), and the sgoldstino superfield S, given by (3.3.14).
The important fact is that this decomposition does not depend on the details
of the model under consideration: it can always be performed and it is valid
at any energy regime. Notice also that the parameterisation (3.3.15) has been
constructed precisely with the same spirit of (1.4.3): the goldstone modes degrees
of freedom, contained in X, are separated from the remaining degrees of freedom,
contained in S.

The Lagrangian of the model (3.3.11), can be expressed in terms of the
parameterisation (3.3.15) as

= [ (XX + 55— A12(4xxss + 5252))

+f (/ PO(X + 5) +c.c.). 3310

Following the reverse reasoning, this procedure shows explicitly that a non-
linearly realised theory of supersymmetry, with very specific couplings as those in
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(3.3.17), can behave like a linearly realised one. The very expression (3.3.17) can
also be used to derive an effective description for the model under investigation.
If energies well below f/A are probed, the massive scalar s in the sgoldstino
superfield S is decoupled and, since this is the only independent component of S,
the effective theory should be obtained by setting S = 0 directly in superspace.
In the zero-momentum limit indeed, which can be performed safely in this simple
example, the Lagrangian (3.3.17) in component form becomes

F 2
L=—f+|F+f*- 4|Al]5\2 + terms with derivatives (3.3.18)

and this is minimised for configurations where
s=0, (3.3.19)

which implies S = 0, because of (3.3.14). The effective description of the original
model is given then by the expected Lagrangian for the goldstino:

ﬁ:/d%xx+f(/fex+aa>. (3.3.20)

In the case in which the starting Lagrangian for ® is more complicated, the
parameterisation (3.3.15) can still be used in the same form, but the expression
for the decoupling of S can be less transparent than (3.3.19). It is going to be
possible to express again the low energy Lagrangian in terms of the nilpotent X,
albeit in a more involved way than (3.3.20).

The same effective model can be derived by working entirely at the superspace
level. Assuming in fact that the operator governed by A in (3.3.11) dominates
the equations of motion, their superspace formulation becomes

dD*®* = 0. (3.3.21)
Decomposing ® as in (3.3.15) and acting with X X D? gives
XX (S|D?X | + 8595 + 16|S|*0°X ) = 0. (3.3.22)

This equation can then be used to find an expression for X XS in terms of
operators including derivatives on S and on X:

_ XXS
XXS=-8
|D2X|?

(05 +250°X). (3.3.23)

By substituting iteratively the resulting expression into itself it is possible to
arrive at

XXS=0 (3.3.24)

and therefore the desired result
S =0 (3.3.25)
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is obtained.

Another example involving solely the chiral superfield ® can be constructed.
It is known in fact that supersymmetry breaking in rigid supersymmetric models
is often related to R-symmetry breaking, which implies the existence of an
R-axion in the effective theory. For this reason, it is meaningful to be able
to construct a low energy Lagrangian describing the interactions between the
goldstino and one real massless scalar. Both supersymmetry and R-symmetry
are going to be spontaneously broken. Consider therefore the model

A
L= /d4 <q><1> + W P2Pp? — oAl q>3<1>3> +f (/ d’0 d + c.c.) . (3.3.26)

where © and A are positive real constants. This model has an R-symmetry and
the superfield ® has R-charge 2. The scalar potential

f2

=1 L6 — 25 (3.3.27)
where ¢ = ®|, admits a stable vacuum at
(pp) = 2>\A2 = ¢? (3.3.28)
with 12
(V) = T3An (3.3.29)

The spectrum at this vacuum consists of a massless real scalar, which is the

R-axion, another real scalar, with mass m? = 128 f . A7 4/\)f s and the goldstino.

To construct the effective theory, the superfield ® 1S parametrised using
constrained superfields and separating the goldstone mode degrees of freedom
from all the rest of the fields. The decoupling is different with respect to the
previous example, since the effective theory should contain one real scalar, while
before s was complex. The way ® is going to be parametrised is different as
well. One could still use the parameterisation (3.3.15), but then the decoupling
procedure would not work transparently. The parameterisation in fact reflects
the mass gap in the spectrum and consequently the decoupling one wants to
achieve. For this example the following parameterisation is proposed

d =X+ (v+B)R?, (3.3.30)

where X is the nilpotent goldstino superfield, while B and R are chiral constrained
superfields satisfying

XB = XB, (3.3.31)
X (RR—-1)=0. (3.3.32)
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In particular, the chiral superfield B has vanishing R-charge, while the chiral
superfield R has R-charge one. The constraint on B implies X DB = 0, therefore
its solution is a superfield of the form (3.3.14), where however the scalar in the
lowest component is split into real and imaginary part

B| =b+ih. (3.3.33)

Since (3.3.31) is more stringent than (3.3.12), the field & is replaced by the
composite expression

h = ; (gamg> Omb — (;gz@m (g) c_fnamlcj@nb + c.c.)

G2G? G

RV (F

while b is the real massive scalar of the model which eventually is going to

decouple. Assuming that (R) # 0, also the constraint on R implies X D4R = 0.
It is then possible to express R as

(3.3.34)

) (6"0™a? + a™oPe") D, (g) Opb.

R = e, (3.3.35)

where A is a chiral superfield satisfying X.A = X A. The lowest component of R
is therefore

R| =" +0O(G,G), (3.3.36)

where the real scalar a is the R-axion, which remains massless in the model. To
sum up, as a consequence of (3.3.30), the goldstino and the auxiliary field which
breaks supersymmetry are described by X, while the complex scalar ¢ is splitted
into two real degrees of freedom. One of them is embedded into B and, being
massive, it is going to decouple in the low energy regime, while the other one,
namely the R-axion, is encoded into R, or equivalently into A.

In terms of this parameterisation, the zero-momentum limit of the Lagrangian
becomes

f? v |z f
L=-— +(1+A | |F+
1+ A% A 1+ A%

+ terms with derivatives.

- A'if 0% (2v + b)’]

(3.3.37)

This is minimised when b = 0 which, because of supersymmetry, implies that the
complete superfield B vanishes, namely B = 0. The low energy effective theory
is then described by the Lagrangian

c :/d49 (IXP + £2IRP) + (/ &0 (X + fR?) + C.c.) : (3.3.38)

where it has been used the fact that XR? is chiral and that (RR)" — n> RR is
the real part of a chiral function. This model coincides with the one presented
in [16,43], upon identification of the parameters as follows:
Fet P wta Fouf,  a- 1+>\<U)4. (3.3.39)
Va “ ’ A
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As expected from the general analysis in [43], the vacuum-expectation-value of
the superpotential is at the threshold of the bound

[(W)] < ;faF, (3.3.40)

since, in the model presented here |(W)| = f and F = f.

It has been shown that, starting from a single chiral superfield which breaks
supersymmetry with an F-term, it is possible to parametrise the degrees of
freedom in such a way that a nilpotent chiral superfield X appears. This X is
usually partnered by other constrained superfields, which can decouple in the
low energy regime.

Up to this point however the discussion was devoted only to the supersym-
metry breaking sector. It is now shown how, even in the presence of matter
couplings, the nilpotent chiral superfield X can be introduced with the same
logic. In a general situation, in the low energy regime there are going to be both
complete and incomplete supermultiplets. Even if with the procedure introduced
before both complete and not complete supermultiplets can be parametrised
in terms of constrained superfields, usually a complete supermultiplet does not
need to be described using non-linear realisations of supersymmetry, since none
of its component is going to decouple in the effective theory. In particular if only
complete matter supermultiplets are present, solely the goldstino superfield is
going to realise supersymmetry in a non-linear way [44]. On the other hand, if a
given multiplet is incomplete, one can use the generic constraint

XXQ=0 (3.3.41)

discussed in the previous section to remove any undesired component field from
the spectrum. In the remaining part of this subsection a simple example in this
direction is discussed.

Consider a model with two chiral superfields ® and X. In general they can
both contribute to the spontaneous breaking of supersymmetry, but assume for
simplicity that only ® breaks supersymmetry. Since the scalar components of
both the superfields ® and ¥ are going to get a mass in the model that it is
considered, in terms of constrained superfields it is possible to parametrise ®

and X as
dP=X+5,

3.3.42
Y=Y+ H, ( )

where X, S, Y and H are chiral superfields satisfying
X?=0, XD,S=0, XY =0, XD,H=0 (3.3.43)

and their superspace expansion has already been given and discussed previously.
The meaning of the parameterisation (3.3.42) is the following. The superfield ®
is decomposed into the goldstino superfield X and into the sgoldstino superfield
S. The superfield ¥ instead is decomposed into the superfield Y, which contains
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the physical fermion y, and the scalar auxiliary component field F¥', and into
the superfield H, which contains the scalar component field h.
A simple model with spontaneously broken supersymmetry is

ot 02T
£:/d40 <|c1>|2+|2|2— |A|2 _ ‘AL | >+f</d26’<1>+c.c.> . (3.3.44)

where the couplings proportional to the parameter A are inserted in order to
give a mass to the scalars in the chiral superfields. As in the previous example,
after the replacement (3.3.42) this Lagrangian can be written only in terms of
constrained superfields

[ XPPIS]?1S)t | X+ 5P
A2 A2 A2

£:/d49 <|X|2+|S|2+|Y+H|2—4 |Y+H|2>

+f </d29(X—|—S) —i—c.c.> :

(3.3.45)

In particular the pure X sector has again the form (3.3.20) and this fact is not

going to change in the case in which also Y contributes to the spontaneous
breaking of supersymmetry.

It is possible to analyse once more the low energy effective limit by first
looking at the zero-momentum equations. In component form, this gives the
Lagrangian

F?

L=—f+|F+f+I|F _4W|3|2 —~

|[Fh+ FYs|?
A2 (3.3.46)

+ terms with derivatives.
It is again clear that in the low energy limit this Lagrangian is extremized by
h=0 and s=0, (3.3.47)

which eventually imply S = H = 0.

As in the previous example, one can also obtain the same result by considering
the formal limit in which the terms suppressed by A are large. The superspace
equation of motion of ® is going to be the same as (3.3.21), which is solved by
S = 0 once the decomposition ® = X + S is used. The superspace equation of
motion for ¥ in this limit is

¢ D* (@) =0 (3.3.48)
which, once the parameterisation (3.3.42) is inserted, reduces to
XD*(HX) =0, (3.3.49)

where S =0 and XY = 0 have been used. Due to the properties of H, equation
(3.3.49) gives directly X H = 0, which implies

H=0. (3.3.50)
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It has been shown that, with the superfield parameterisation proposed above,
the decoupling of the massive states in the low energy regime can be obtained
in an efficient way. The equations of motion at zero-momentum, in particular,
have a straightforward solution. When changing the parameterisation, it is not
guaranteed that the decoupling can still be performed and in general, even in
the cases in which it can, the calculations are going to be more involved. The
importance of the parameterisation is also related to the fact that it allows the
introduction of a nilpotent chiral superfield in the model and, in turns, it enables
the use of all the tools of the constrained superfield approach to non-linear
supersymmetry, like the general constraint (3.2.5), in order to study low energy
effective models with spontaneously broken supersymmetry.

3.3.3 A parameterisation for the nilpotent superfield X

It has been shown that, in generic examples with F-term breaking, even though
the nilpotent chiral superfield X is not present from the beginning, it is possible
to introduce it by parametrising appropriately the superfields in the model.
The other counterexample mentioned in subsection 3.3.1 to the appearance
of a nilpotent X is related to models in which there are no chiral superfields
from the very beginning at all and supersymmetry is broken by the auxiliary
field of a vector superfield. Before proceeding with the analysis of models with
D-term breaking or with mixed sources of supersymmetry breaking, however, it
is necessary to discuss a particular parameterisation for the nilpotent superfield
X that is going to be used to simplify the derivation of some of the forthcoming
results. Since this is a rather technical intermezzo, the reader interested in the
physics of the supersymmetry breaking mechanisms and in the discussion of the
resulting low energy effective theories can skip this subsection at first.

The nilpotent superfield X contains, as degrees of freedom, a fermion field
and a complex scalar auxiliary field. The idea is to separate further this three
modes and to construct three constrained superfields, each one containing only
one of them as independent component. This is going to be needed in order to
be able to keep track of the auxiliary degrees of freedom when passing from a
vector superfield, which has a real auxiliary field, to a chiral superfield, with a
complex auxiliary field.

Define first the chiral superfield

_ XX
Z=D?—"—~—|, (3.3.51)
D2X D?X
which satisfies -
7* =0, ZD*Z = 7. (3.3.52)

This superfield has been proposed in [3] and it has been introduced and discussed
in (2.1.43), where it has been called ®. The constraints (3.3.52) imply that
Z contains only a fermion field, which is related to the fermion in X by a
field redefinition such that the original goldstino always appears in the fixed
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combination G/F. To understand which is the desired parameterisation for
X according to the logic described above, observe that it is possible to invert
(3.3.51) and express X in terms of Z. The needed expression is indeed [22,24]

D*X
X = ZD2Z , (3.3.53)
which means that X is proportional to Z times an antichiral superfield D?X/D?*Z.
Since Z contains only the goldstino degree of freedom, the information on the
auxiliary field should be encoded into the quantity D*X/D?Z. Tt is indeed
possible to construct constrained superfields built from the chiral projections of
the real and imaginary parts of D?X/D?Z, namely

_ Z [D?*X DX
N2
a2 ) a5
and - o
_ 7 [D*X D?*X
2

They are manifestly chiral and satisfy the constraints
XA -A)=0, Z(A-A)=0. (3.3.56)

In particular, as explained before, the only independent field in A; is a real scalar,
which resides in its lowest component, namely

Ailggo = ai + O(G, G) . (3.3.57)

Since these two superfields contain therefore two real scalars, they can be used
to describe the complex auxiliary field of X. The parameterisation of X in terms
of the three constrained superfields Z, A; and A, is then

X = i (A +iAy) . (3.3.58)

The independent degrees of freedom in X, namely one fermion and two real
scalars, have therefore been isolated and promoted to constrained superfields 7,
A;, which can be treated as independent. In other words, the nilpotent goldstino
superfield X can be decomposed into three constrained chiral superfields: one
pure goldstino superfield Z, containing only one fermion, and two auxiliary
superfields A;, each one containing one real (auxiliary) scalar.

Inserting this parametrization (3.3.58) into the goldstino Lagrangian (3.3.20)
gives

L= i/d49 77 (|./41|2 + |A2|2) + g </ d292(./41 + Z.AQ) + C.C.) , (3.3.59)
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where for simplicity f is assumed to be real. The properties of the superfields
Z and A, imply the interesting fact that their combination drops from the
superpotential:

/ 20 (if ZA) + c.o. = —dif / d*0 ZZ( Ay — Ay) = 0. (3.3.60)
The Lagrangian (3.3.59) simplifies then to

/d49 2Z (| AP + AP (/ POZA, +cc> (3.3.61)

and the variation with respect to Ay gives?

Ay =0. (3.3.62)

This shows that A, is a trivial auxiliary superfield, whose net effect on the
calculation of the final Lagrangian is null. It is then clear that the model (3.3.20)
is equivalent to

= i/d“@ |Z 2| AL)? + ; (/ d*07Z A, + c.c.) (3.3.63)
and, using the inverse relation for 4; in terms of X
ZA =X (1 + D? ( s )) , (3.3.64)
D2X
this can be finally expressed as:
/d49 XX (2 4 gg gg) + (f/dQQX + c.c.) . (3.3.65)

With respect to (3.3.20), this Lagrangian contains two new terms, which have the
form of higher derivatives. As it has been shown, however, the two models are
effectively equivalent on-shell and the new terms are present in order to cancel
the degree of freedom encoded into the imaginary part of the auxiliary field F' of
the superfield X. It is important to stress that this result does not imply that
the imaginary part of F' is set to zero by the equations of motion: it is instead
replaced by a composite expression built out of goldstini. Following the reverse
reasoning, when the parameter f is real the higher derivative terms in (3.3.65)
can be eliminated by restoring the part containing A, in the Lagrangian. This
step can always be performed, at least at the classical level, because the models
(3.3.61) and (3.3.63) are equivalent due to (3.3.62). It is in fact straightforward

to show that B
_ X
- 2
ZAs = —1 X (1 - D <D2X>> , (3.3.66)

2The reader is referred to the appendix of [45] for a detailed proof.
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which implies

(3.3.67)

1 _ 1 _ DX  D?X
Z/d49ZZ|A2|2:Z/d49XX (2— ) ,

D2X  D2X

which, added to (3.3.65), reproduces precisely the Lagrangian (3.3.20). To
recapitulate, it has been shown that, if the parameter f is real, the model
(3.3.20) and (3.3.65) are equivalent on-shell.

Before ending this subsection, a comment is in order. The previous discussion
concerning the imaginary part of the auxiliary field F' involved only the pure
goldstino sector, without taking into account matter. In particular it can
be questioned if the solution (3.3.62) holds also in more general cases, where
matter superfields are present and some of their components might be removed.
To answer this question notice first that the generic way to eliminate matter
component fields is described by constraints of the form given in (3.3.41). Since
the constraint (3.3.41) is equivalent to

ZZQ =0, (3.3.68)

the eliminated components are not going to depend neither on the fields of A;
nor on the ones of Ay, but only on the components of Z. The constraints on
the matter superfields are therefore independent of as and the result presented
above holds also in the presence of matter couplings.

3.3.4 Vector multiplets and D-term breaking

All the ingredients have now been introduced, which are needed to discuss the
case of D-term breaking and to show that, even in the situation in which no
chiral multiplets are present from the beginning, it is possible to parametrise the
degrees of freedom in order to let a nilpotent chiral X emerge. In other words, it
is going to be proved that any model with D-term breaking can be recast into
an equivalent one with F-term breaking. The case of a pure D-term breaking is
considered first and then more general situations are analysed in which a mixing
between D-term and F-term breaking occurs.

Given a vector superfield V| a simple model realising pure D-term supersym-
metry breaking is

1
L= (/cﬂewawa —|—c.c.) +§/d46V
o (3.3.69)
= =0 o — AT DA+ SDP €D

1 =

where W, = —%DZDQV is the chiral super-field strength of the vector V and &
is a Fayet—Iliopoulos parameter. Supersymmetry is spontaneously broken by the
auxiliary field (D) = —(3D*W,|) = —¢, whenever £ # 0.

In the spirit of the previous discussion, the first step consists in parametrising
this theory with spontaneously broken but linearly realised supersymmetry in
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terms of constrained superfields. To this purpose, consider one chiral superfield
X and one real superfield V' such that

X?2=0, XW,=0 XXDW, =0, (3.3.70)

where W, = —%DZDQV. The first constraint removes the scalar component from

X, while the second and the third constraints remove the fermion Ao, and the
auxiliary field D from V. The only independent component field in V' is therefore
a real vector field. The superspace expansion of W,, in particular, is

Wy = —idg + [(5'8]) 2(0 o )aﬁvmn} 05 + 020700, e (3.3.71)

and, due to the constraints, the gaugino A\, and the auxiliary field D are expressed
as composite combinations of the other degrees of freedom:

it () =t ().
(o (i (155), sa7
-2(552) (o) () (7 ) (),
=52 (Gap) (EFW
() e ()] 5379
s (5 (Gap | e

where dots stand for higher order goldstino terms and L? = 65 D —2(0™5") V-
Notice that the term without derivatives in the expression for the gaugino
coincides with the one found in (3.1.20), as already anticipated in there.

Using these constrained superfields, the following parameterisation for the
vector superfield is proposed

~ XX XX
V_V+\/§D2X +\/§D2X’ (3.3.74)
which indeed contains the complete amount of degrees of freedom of an uncon-
strained vector superfield, namely one real vector, one fermion and one real
scalar. This parameterisation is again constructed with the same spirit of those
proposed for the chiral superfield ®: the degrees of freedom associated to the
breaking of supersymmetry are contained in X and they are being separated
from all the remaining fields, which are now embedded into V. It is important
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to note that, if also X is parametrised according to (3.3.58), the contribution of

Aj disappears from (3.3.74), because
XX N XX
D2X  D2X

=427 A (3.3.75)

This was not obvious a priori but it is complementary to the result obtained in
the previous subsection. In fact when parametrising (the auxiliary field part of)
a vector superfield in terms of constrained chiral superfields, one clear obstacle
arises because the auxiliary field of a vector superfield is real, while the auxiliary
field of a chiral superfield is complex. The problem related to this mismatching
of auxiliary degrees of freedom is immediately solved for all those systems in
which the imaginary part of the auxiliary field F' of the superfield X does not get
an independent vacuum expectation value. As shown in the previous subsection,
this occurs whenever the parameter f giving the vacuum expectation value of F'
is real, which is not a very restrictive condition.

At this point the parameterisation (3.3.74) can be inserted into the Lagrangian
(3.3.69) and, using the constraints (3.3.70), it is possible to obtain

1 o )
L=, (/dQQWO‘Wa+c.c.) +§/d40V

o (3.3.76)
1 [ o o DX  D2X\ &/2 )
+4/d9XX<2+ + )— ; (/d0X+c.c.>.

D2X  D2X

As explained in the previous section, one can harmlessly introduce a new term
proportional to (3.3.67), which vanishes on-shell, so that the Lagrangian takes
the more pleasant form

1 o )
L= (/dQGW“WaJrc.c.) v [aov

v /d49 XX — ’Sf (/ 20 X + c.c.> . S

The Lagrangian (3.3.77) manifestly describes a theory of non-linearly realised
supersymmetry, where the goldstino in X interacts with the real vector field
in V. This theory is equivalent to the original model (3.3.69), where only the
vector superfield V' is present and supersymmetry is spontaneously broken by the
Fayet—Iliopoulos term. In other words it has been shown that, for pure D-term
supersymmetry breaking, the theory can be parametrised in terms of a nilpotent
chiral superfield X accommodating the goldstino. Even in the case in which no
chiral superfields are present from the beginning, therefore, a nilpotent X can
emerge from the model.

This analysis can be easily generalised in order to include matter couplings
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and possibly an abelian gauge symmetry

c :i ( [ o F@)wew, + c.c.) vefaov+ | 0% BietV P
(3.3.78)
- /d492 [i; ((fieq’v(l)i) (@jeqqu)j) + (/ d*OW(P") + c.c.)
ij

The details of the parameterisation of the various fields depend on the supersym-
metry breaking pattern and especially on the low energy spectrum. A systematic
analysis would be then highly model dependent, but it is however possible to
recognise some general features of these systems. Notice in fact that, when
scalars are present in the infrared regime and some of the chiral superfields are
splitted as

' =H +Y" (3.3.79)

an additional contribution to the superpotential appears of the form?

V2,
4

§+Zqz'\Hi\2+Zﬂij(qi+Qj)|Hi’2\Hj|2] ; (3.3.80)
i ij
where the condition X Dy H' = 0 has been used. It should be pointed out also
that, for a generic choice of gauge kinetic function F, the normalisation of the
kinetic term of the nilpotent chiral superfield X gets modified to

[t (F;F_> XX. (3.3.81)

The discussion of this subsection is concluded. The major results which has
been obtained is that a model with pure D-term breaking and no chiral superfields
can be recast into an equivalent one in which supersymmetry is spontaneously
broken by the auxiliary field F' of a nilpotent chiral superfield X.

3.3.5 Mixed F-term and D-term breaking

It is finally considered the case involving a mixing between F-term and D-term
breaking contributions. In this class of models it is shown that, even if a nilpotent
chiral X is not present in the initial formulation of the theory, the degrees of
freedom can again be organised in order to let X emerge, independently from
the decoupling of the massive modes.

A simple system to start with is described by the following Lagrangian

_} 2 (I) a 4
L= (/d9{1+M} W Wa+c.c.>+§/d9V
4 ) o 2 m o
—|—/d9<1>q)+</d9(f(l>—|—2(I>>—|—c.c.>,

3The Wess-Zumino gauge XV = 0 proposed in [16] is used.

(3.3.82)
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where the parameters f, £, m and M are chosen to be real, for simplicity. At the
component level, the F-term and D-term contributions to the scalar potential
are respectively
62
Vr = f2+2mfa+m*(a* +b*) , Vp= —F—, (3.3.83)
8(1+ )

where the scalar component ¢ = ®| has been decomposed into its real and
imaginary parts ¢ = a + tb. The purpose of this example is to get a low energy
effective theory in which the goldstino is interacting with the vector, as in the
case of pure D-term breaking. The difference with respect to that example,
however, is that this time both the gaugino and the fermion in ® are going to
get a mass. The goldstino is going then to be the massless combination of this
two fermions, while the massive combination is decoupling in the low energy
limit. The analysis is differentiated between two regimes of supersymmetry
breaking: one where the F-term is dominating and the other where the D-term
is dominating. While some details of the two regimes change, both examples
can be covered by the same parameterisation of the linear multiplets in terms of
constrained superfields.
The regime where the F-term source of supersymmetry breaking is dominating
is obtained when
M>\/f> \e>E (3.3.84)

where F is expressing the energy range of validity of the effective theory, while
the linear theory (3.3.82) is valid for M > E > /f. For simplicity, given the
aforementioned hierarchy and since the interest is in the qualitative behaviour of
the model in the low energy, the parameters are tuned such that

£ =4V M3m, f= M2 (3.3.85)
With this particular choice the potential has a minimum at
(a) =0, (b) = 0. (3.3.86)

In this minimum the mass spectrum consists of one massless vector, two real
scalars of mass m2 = 4m? + 4mM and mj = 2m? respectively, one goldstino
and one massive fermion of mass mfc = (M;?jm)z. At low energies therefore only
the vector field and the goldstino are expected to survive. Since both V and ®
contribute to the spontaneous breaking of supersymmetry, the goldstino and the
massive fermion are given by combinations of x®, the fermion in @, and ), the

gaugino. They are indeed:

M
— \;5 Exi—k)\a ~  goldstino,

(3.3.87)
— V24 % X2+ X\, ~ massive fermion.
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For F-term to be dominating, M > m is required and thus the goldstino mostly
resides in .

On the other hand, the regime in which D-term dominates the spontaneous
breaking of supersymmetry breaking is when

M>\/e> \/f>E (3.3.88)
Once again, for simplicity, this situation is covered by setting
E=4VmdM,  f=m> (3.3.89)
With this particular choice the potential has a minimum at
(a) =0, (b) = 0. (3.3.90)

In this minimum the mass spectrum is made up of one massless vector, two real

2m2(2m+M . .
% and m} = 2m?, one goldstino and one massive

fermion of mass m} = %. Also in this case, in the low energy limit, only
the vector field and the goldstino are expected to survive. Since both V and &
contribute to the spontaneous breaking of supersymmetry, the goldstino and the
massive fermion are given by combinations of x2, the fermion in ®, and \,, the

gaugino. They are indeed:

t [m g .
— ==/ Xo T Ao~ oldstino,
V2V ke 5
. M 4 . .
—ivV2(/—x% + Ay ~ massive fermion.
m

scalars of mass m? =

(3.3.91)

For D-term to be dominating, M > m is required and thus the goldstino mostly
resides in V.

The model in the two regimes is now analysed using the strategy of the
previous subsections, in order to decouple degrees of freedom and to construct
effective theories which are valid in the low energy. In principle various different
parameterisations of the unconstrained superfields in terms of the constrained ones
can be adopted. To obtain the desired decoupling, in which the aforementioned
massive modes are not present in the infrared, a convenient choice for the
parameterisation is

. YX YX

V=V f[y)’( + \/§D2X ’ (3.3.92)
d=X+9,

where Y and V are respectively a chiral and a vector superfields satisfying

XY =0, XXD’¥=0, XW,=0, (3.3.93)

while the chiral superfields X and S satisfy (3.3.12). In particular, the only
independent component of Y is the fermion xY, which is going to be aligned
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with the massive fermion. By inserting the parameterisation (3.3.92) in the
Lagrangian (3.3.82), the model can be written entirely in terms of constrained
superfields as

c :i (/d29 {1 + XM+S} W2(V,Y, X) —i—c.c.) +§/d4ef/
SV ([ oy e+ [t (x5 + 53) (3.3.94)
+ </d20 (f(X+S) - ZL(XSJFSQ)) +c.c.> ,

where the vector superfield V' in W, is parametrized as in (3.3.92).
In the zero-momentum limit, this Lagrangian reduces to

9 2
Ez—f2—€8+|F+ms+f|2+; <D+§> —m®ss
1 1 _ 3.3.95
+ 7 [D? — 4mM f| (s + 5) + o (FO)?+ F(X)?) ( )

+ terms with derivatives.

Both in the D-term dominated scenario and in the F-term dominated one, the
minimisation of the action at zero-momentum is obtained by setting

F=—f, D:—§:—2 mM f, s =0, (3.3.96)
because of the large mass for s. In turns this also introduces an effective large

mass for xY, which is then stabilised at
XL =0. (3.3.97)

In the effective theory it is therefore possible to set S =Y = 0, which are directly
implied by s = y¥ = 0.

While the decoupling of the scalar s is straightforward, the decoupling of
the massive fermion needs to be commented further. Because of the constraint
XW, = 0 that has been imposed, the fermion Mo is removed from the spectrum
and expressed as

Na=iD—2 4 ..., (3.3.98)
F

where dots stand for terms with derivatives. The fermion A\, in V', which is
the gaugino of the linearly realised theory, is going to have then a contribution
coming from ;\a, one coming from G, and one coming from yY, due to the
fact that the parameterisation (3.3.92) has been used. On the other hand, a
massive fermion and a goldstino are present in the theory and they are given in
(3.3.87) and (3.3.91). It turns out however that, in the zero-momentum limit,
XY is aligned with the massive fermion and therefore when it is removed from



3.4 Discussion: End of the first part 67

the spectrum, what remains is automatically aligned with the goldstino. The
resulting low energy model is finally

1 2 1572 ap 1 4 o 2 )
£_4</d9w’+aa)%/d9v+/d9XX+f</daX+aa (3.3.99)

and describes a massless vector interacting with a goldstino. Notice that Lag-
rangian is similar to (3.3.77), even though it has been obtained from a different
UV model.

The discussion on the emergence of a nilpotent chiral superfield X in the low
energy limit of generic models with spontaneous breaking of supersymmetry is
concluded. Evidence has been given for the fact that the existence of such X
can be assumed without loss of generality. A systematic way for parametrising
multiplets of linear supersymmetry in terms of constrained superfields has also
been discussed. In the next chapter non-linear realisation of local supersymmetry
are introduced.

3.4 Discussion: End of the first part

In the first part of this thesis four-dimensional models with spontaneously broken
supersymmetry have been studied. It has been shown that the approach with
constrained superfields captures all the properties of their low energy descriptions
and, in particular, that the goldstino interactions can always be described by
means of a nilpotent chiral superfield X.

The results can be summarised as follows. When supersymmetry is spontan-
eously broken and non-linearly realised, without loss of generality the goldstino
sector can be described by means of a chiral superfield X satisfying

X?2=0.

In the presence of matter couplings, any matter component field can be eliminated
from a given matter superfield ();, by imposing

XXQL=0.

These are the only two ingredients which are needed to construct any desired
spectrum in the low energy regime. Another interesting result which has been
discussed is the fact that a model with pure D-term breaking and no chiral
superfields can be recast into an equivalent one with F-term breaking, sourced
by a nilpotent chiral superfield X.






4 | Supergravity

In this chapter the analysis of models with spontaneously broken and non-linearly
realised local supersymmetry is initiated. Being a broad subject and also an active
field of research, a thorough review would be out of the purposes of the present
work. This chapter can therefore be thought of as an introduction to the topic,
while the reader interested in additional details is addressed to the references
cited hereinafter. For simplicity, only the minimal case of N' = 1 supergravity in
four dimensions is considered. Generalisations to extended supersymmetry can
be found for example in [46-49]

Even though some results on non-linear realisations in supergravity are
already contained in [4,21], the recent interest in the topic starts with [7, 10, 11].
One of the motivations behind these works is the construction of models with
spontaneously broken local supersymmetry in which, as a consequence of the
decoupling of the massive modes, the setup is considerably simplified with respect
to the unbroken phase and applications to inflation, for example, can be plainly
analysed (see [50] for a recent review). In [7], the decoupling of sgoldstino fields
is discussed and a supergravity Lagrangian for the goldstino, without scalars,
is given. It is shown, in particular, how constraints that lead to non-linear
realisations of supersymmetry emerge as consequence of the equations of motion
of the goldstino superfield, when considering the aforementioned decoupling limit.
One of the first applications to inflation is contained in [10], in which a model
with two chiral superfields, namely an axion superfield and a nilpotent goldstino
superfield X, is mapped to the supergravity embedding of the Starobinski
model [51-53]. In [11], a more general analysis of inflationary models is presented
in the framework of constrained superfields. It is shown, in particular, how to
obtain an effective description of the setup proposed by Kachru, Kallosh, Linde
and Trivedi (KKLT) in [54,55] for constructing de Sitter vacua within string
theory, by working entirely in the supergravity approximation and by using a
nilpotent chiral superfield to describe the supersymmetry breaking sector.

A possible way to build theories with spontaneously broken and non-linearly
local supersymmetry is to generalise to curved superspace the model (2.1.27) in
which the goldstino is described by a nilpotent X. This is the approach that is
going to be adopted in the following section. In [8,56], superconformal methods
have been employed in this spirit in order to obtain Lagrangians in which the
spectrum is manifestly not supersymmetric, as it does not contain scalars, while
in [9] matter couplings have also been considered. In [57] the goldstino brane
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construction has been employed in order to obtain analogous models.

Even though the scalar potential admits in principle any value for the cos-
mological constant, these models are usually denoted “de Sitter supergravity”,
because the main motivation behind them is again related to inflation or to the
studying of the current phase of the Universe. In the following, a different class
of supergravity models with spontaneously broken supersymmetry is presented.
They have been called “minimal constrained supergravity” since, beside for what
concerns the supersymmetry breaking sector, non-linear realisations are present
also in the gravity sector, where the auxiliary fields are eliminated by constraints
and the field content is reduced to its minimum. A subclass of these models,
moreover, admits by construction only positive values for the vacuum energy.

In supergravity, in contrast to the rigid supersymmetric case, the goldstino
is a pure gauge degree of freedom and not a physical mode. It can therefore
be eliminated from any given model with a supersymmetry transformation and,
as a consequence, the gravitino acquires a mass in the vacuum. This is the so
called superhiggs mechanism [58] and it is going to be reviewed in the following.
Its net effect is that, when local supersymmetry is spontaneously broken and in
order to simplify the interactions, it is always possible to restrict the physical
analysis to the unitary gauge, in which the goldstino field is set to zero. For
the same reasons, it should be possible to construct models with spontaneously
broken and non-linearly local supersymmetry without any field or superfield
dedicated to the description of the goldstino. This has been done in [59,60], in
which supergravity models are obtained by using solely the superfields of the
gravity sector. In particular, the non-linear realisation of local supersymmetry
is implemented by imposing constraints on the curvature superfield R. These
models, as shown in the original works, can be mapped to the ones in which the
goldstino is described in terms of a nilpotent chiral superfield and thus they are
not discussed in the following.

4.1 Coupling the goldstino to supergravity

In this section the nilpotent chiral superfield X describing the supersymmetry
breaking sector is coupled to supergravity. The formalism adopted is that of
curved superspace in the conventions of [5] and with reduced Planck units,
namely 87Gy = 1. The minimal model with only X, besides the superfields of
the gravity sector, is discussed first. The main result is a Lagrangian for the
goldstino without scalars which, in general, admits any value for the cosmological
constant, even if this kind of models are mainly motivated for the study of de
Sitter solutions [61,62]. The generalisation to the case of two chiral superfields
X and Y, subjected to the constraints X2 = 0 and XY = 0, is also presented
in some detail. A different class of supergravity models [63] is then analysed
in which non-linear realisations are also contained in the gravity sector of the
theory, as a consequence of constraints which are imposed on the superfields
describing the geometry of curved superspace.
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4.1.1 The minimal model

In this subsection the goldstino Lagrangian (2.1.27) is coupled to local supersym-
metry. With respect to the rigid supersymmetric case, the complete calculation
of a supergravity Lagrangian, from superspace to components, is more involved.
For this reason and in order to keep the present discussion as plain as possible,
the main steps are summarised in the appendix B. The results there contained
are employed systematically through the present and the next chapters.

Given a set of chiral superfields

O = A" +20%\ + O’F", (4.1.1)

a Lagrangian describing their couplings which is invariant under local supersym-
metry can be written in curved superspace as

= [rox [—; (D2 - 8R) (@, ®) + W(@)] + e (4.1.2)

where Q(®, @) is a real function of the chiral superfields, eventually related to
the Kéhler potential K(®, ®) by

QD, D) = —3¢ K®D)/3, (4.1.3)

while W(®) is the holomorphic superpotential. The curvature superfield R is
chiral and it contains information on the geometry of curved superspace. It
is used in the Lagrangian to construct the chiral projector —1/4 (D2 — 8R)

of supergravity, which generalises that of rigid supersymmetry, —1/4D?. The
component expansion of R is

1 —
R = _G{M + 020"y — 10y M + ithyb")
2 1 - Ta=b 2 2 1 2 : a
0 (=5 R+ 00" + M+ 36 — i Dob (4.1.4)

+ ;¢¢ M — ;dzaaa% b + ; €l (Optea + 1/Ja0b¢cd)> }7

where R is the Ricci scalar, while M and b, are respectively the complex scalar and
the real vector auxiliary field employed in the old-minimal off-shell formulation of
supergravity. The chiral density £, instead, contains information on the vielbein
and its expansion is

28 = e {1 +i00"p, — O*(M + u0""y) } . (4.1.5)

At this point, the discussion is specialised to the case of interest, in which
only one chiral superfield X is present and the functions (2 and W are given by

QX, X)=XX -3, W(X)=Wy+ fX, (4.1.6)
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where Wy and f are complex parameters. This is the most generic model up
to two derivatives involving only X, if the latter is subjected to the nilpotent
constraint X? = 0. The solution to this constraint in supergravity is the same as
in global supersymmetry and therefore the component expansion of X is

G2

X =5+ V20°G, + 6°F, (4.1.7)

or, equivalently, its projections are

2
N
2B 4.1.8
Do X| =V2G,, (4.1.8)
D?X| = —

The procedure to calculate the supergravity Lagrangian (4.1.2) for the parti-
cular case in which Q and W are given by (4.1.6) is now presented. It is discussed,
in particular, how to incorporate the information about the constraint X2 = 0,
namely the fact that the scalar in X is given by X| = 7=. Following the steps
outlined in the appendix B and using the fact that

QX :Xv QX)_( = 5X)_(’ QXX :Oa

3 3 (4.1.9)
logN)g = —=—— log)yg = ——=—
(log ) XX _3 (log Q) x % (XX —3)2

the Lagrangian (4.1.2) has the form
L = Lyin + Laux + Log + Las, (4.1.10)
where
e Ligy = é(XX - 3)R - 12(XX = 3) ™ (Y151 — PrO1mn)
— O XX — (Go—mD G+ G Dy G)

4 Lkimn ()‘(akx — X0, X) 10mib (4.1.11)

W

(wmanamc;a X + o5 ™GO, X)

wma

(XGo™ s + XGT"™ )

2

X -
F

“ SFF
XX -3

1 _
e Lo = ~(XX —3)|M —3 S
9 XX -3

;(XX 3)b, b“—g(Xé? X = X0,X)b"
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~ £Go"Ghu + (V3 (X4~ X0,0) b (4.1.12)
—~M(Wo+ fX) = M(Wy+ fX)+ fF + fF,

e Lop = —(Wy + fX)heo™y, — (W + FX)hao iy, (4.1.13)
— ﬁi fGop, — ﬁi fG%,,
2 2
it = § [(Unnd™)(Go"G) + i (o) (G )
+ XMy i, (XwnG - Xzzné) (4.1.14)

Sl

- 42@ (X¢hm0™ G + X b ™) (10" by — 0™y,
In all these formulae, a projection to the lowest component on X is always
understood.

At this stage, the information about the constraint can be inserted. This
amounts to substitute X| = % and to expand the resulting Lagrangian in powers
of the fermion G,, which is going to be the goldstino. For simplicity, however,
terms are kept only up to O(G?). Notice that it is crucial to perform such a
step before taking the equations of motion for the auxiliary field F' since, when
supersymmetry is non-linearly realised, the lowest component X| depends on
F. Due to the fact that X? = 0 and since terms at most quadratic in G, are

considered, some simplifications occur, as for example

1
log(Q)x = -3, log(@xx =—3+ O(GY),
5 (4.1.15)
XX =064 =1+ 0(G*
(G, % 31t (G%),

and the Lagrangian becomes

e_l‘c = _;R + ieklmn(d_]ka_l'l/}mn - wko_ﬂz}mn)
- ;(GomDmG + Ga™D,,G)

V2

2

+ 7 | Wnond™)(Go"G) + i ™ (Y01 (G )]

1

ifGo“p, — \fz fGa%Y,

MM —

W = x|

1 - ZF ~2
<2MG 7+ 5MG _) (4.1.16)
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bbb+ [F 4 P |7
W, i M + ,5%)
- o+fﬁ ( + Va0 @Db)
T _é2 ab
- Wo+fﬁ (M*l-%g @Db)
+ O(G?)

Up to this fermionic order, the kinetic terms of all the fields in the Lagrangian
are already canonically normalised and therefore the Weyl rescaling mentioned in
appendix B is not needed. In other words, as a consequence of to the non-linear
realisation of supersymmetry, such a rescaling is only affecting terms of order
O(G*). This is one instance of the simplifications that can occur when local
supersymmetry is spontaneously broken and non-linearly realised.

It is now possible to take the equations of motion for the auxiliary fields in
order to obtain the on-shell expression of the Lagrangian. Notice that, while
in the linearly realised regime the coupling among the auxiliary fields is due
to the particular formulation that is adopted, for example usually it is present
when using superspace but it is not when using superconformal methods, in the
case under investigation such a coupling is always going to be present, since its
very origin resides in the non-linear realisation of supersymmetry. Even if the
auxiliary fields are coupled, their equations of motion can be solved with an
iterative procedure, which gives

M = —3W, + ;GQ + O(G?), (4.1.17)

by = iGaaG + O(G?), (4.1.18)
- 1 e f o W

F=—f-— Zﬁcﬂ%a by, + WOFG2 + Q;GQ +O(G?). (4.1.19)

Notice that these expressions are different from the analogous in the case in
which supersymmetry is linearly realised. Plugging them back, the following
on-shell Lagrangian is produced
1 1 - _
6—1»6 = _iR + Zeklmn(¢k6l¢mn - 2/}ko'll/Jm'n)

2 - 2. =
VG, - ifGan,

1 n a - _klmn n a
+ 1 [(0nond™)(Go"G) + i (Yrofin) (Gou )| (4.1.20)

7 =ab, 1 G2 7 =ab,_ | 762 a
— Woth 8y — Watbao™ty + £ 5, + Lt
f 2 f 2
f

~ TG~ WG — (117 =3 ) + 0(G?)

- %(GamDm@ + Go™D,,G) —
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where in the last line the scalar potential V = (| f|> — 3|Wy|?) appears. This is a
model with spontaneously broken and non-linearly realised local supersymmetry,
in which the field G, has the role of the goldstino, as it can be understood by
the fact that its supergravity transformation is non-homogeneous

—V2fe+ ... (4.1.21)

Such a model reduces to (2.1.27) in the flat space limit.

Before deepening further the role of the goldstino in supergravity, few com-
ments are in order. Notice first of all that, in the model under investigation, even
though the scalar potential can assume any value, nevertheless the parameters
can be tuned in order for the cosmological constant to be positive and the vacuum
to be de Sitter. In this respect, once one or more matter superfields are coupled,
the system can be employed for example to study inflation in a simplified setup,
in which the sgoldstino has been already integrated out. By imposing constraints
on matter superfields then, it is possible to eliminate also some of the matter
component fields, using the same techniques that have been introduced in the
previous chapters. In particular, the general constraint (3.2.5) can be implemen-
ted directly into supergravity without any modification. Constraints can also be
imposed at the Lagrangian level, by using a Lagrange multiplier [15], in order to
work in a manifestly linear regime until the equations of motions are considered.
Notice finally that a technical difference with respect to the linearly realised
regime is that the knowledge of the Kéhler potential K and the superpotential
W is not sufficient in presence of the nilpotent Goldstino multiplet to produce
the full supergravity action, since the equations of motion of the auxiliary fields
are modified by the constraint.

4.1.2 Superhiggs mechanism and unitary gauge

In this subsection it shown that, by using supergravity transformations, which
are symmetries of (4.1.20), it is possible to eliminate from the Lagrangian any
coupling involving the goldstino GG,. This is a consequence of the fact that, when
supersymmetry is local, the goldstino is a pure gauge degrees of freedom and
it contains no physical information. For this reason, in the following sections
the condition G, = 0 is going to be imposed in most of the situations as a
convenient gauge choice. It is called unitary gauge and it allows a drastic
simplification of the interactions, which makes models with spontaneously broken
local supersymmetry far more accessible.

The starting point is the Lagrangian (4.1.20) which, by using integration by
parts, can be recast into the form

1 _
L= —§€R — eV + ee®"™i)y. 5, Donihy, — eCamDmC

I
t e |=iCo"pa — Wathao “bwb—zl f|2<° tee (4.1.22)

+ four fermions interactions,
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where the fermion

V2

=5 [Ga (4.1.23)

Ca

has been introduced for convenience. Interactions involving four fermions are
neglected for simplicity. The idea is to perform, onto this Lagrangian, specific
supersymmetry transformations along the fermion (,, in order to eliminate
completely the couplings involving it. The required transformations are

der =i <wmaa§t — Caazzm) : (4.1.24)
6t = —2aDp,C — iaWoa™C + O(CP), (4.1.25)

where « is a real parameter to be fixed. For reasons that are going to be clear in
a while, also the second order transformation of the vielbein is needed [64], up
to two fermions

5’ =ia ((hbmaaf + 57,@,”5“{’)
_ . ) ) (4.1.26)
= a? (=2iDp(0 ¢ — 2D ¢ + Wolel, + WolZes, ) + O(C).

The application of these transformations onto the bosonic sector of (4.1.22) gives

1
Lhos = —§eR —eV

1 1 i} _
= ER—EV+E (RQ” - 21%3@) { — i (0,,0°C — (0",

OZ2

— (2iDnC0"¢ — 2iDpu(5"¢C + WolPEf, + WGP Ey,) } (4.1.27)

[\]

— EV{ — i (\I/mcrmg — Cam\ifm)

_l_

N)‘QM

(—2iDmCo™C — 20Dy CE™¢ + AW + AW (?) }

where £ and VU, are the transformed fields, namely ¥,,, = 1,,, + 0%, and the
commutator algebra €%z D, Dy = % (Rfj&“ — %R&k) ¢ has been used. Along
with the same logic, the gravitino mass term becomes

Va0 ™y = W0y + o (40,0 D¢ — 3iWyWaoC)

i - (4.1.28)
+ 02 (6iTWCo"Dal — 4G DuDIC + 6IEC?)

while the gravitino-goldstino mixing term instead is

(o%y = (0", + 205 D, — 4iaWy(? (4.1.29)
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and finally the gravitino kinetic term gives
MMy Dn = €5 Dy,
+ [ioz (an = ;Reﬁl> Yo"+ c.c}
+ (404W01;aa“b1)b( + c.c.)

1 _ _

+ia? (R; - QRef;) (Di¢o™C + DiCa™¢)
1 _

+ [aQ (an — 2Refn) WoCora™( + c.cl

+ 6ia*| Wy |*Co™DpC.

Putting together (4.1.27), (4.1.28), (4.1.29) and (4.1.30), the following Lag-
rangian is obtained

(4.1.30)

1
L= —ieR—eV

1
+e (R;" —S(R+ 2V)e;”> [ oty 0L
Oé2 - =
+ 5 (—2iDCoC + Wol?el,) + c.c.]

+ e{eklm"z/_)kaﬂ?mwn + [m (R,’; - ;Refn> Dea™C + c.c}
+ (4041/_[/015(10“17731,( + c.c.)
+ia? (R’fn - ;Re@ (Du¢o™C + Dila™C)

1
2 k =
+ {O‘ <Rm 2

(4.1.31)
Re%) Wolora™¢ + c.c} + 6ia2|WO|2C0mDmC}

21

I
~ W [waaabwb + o (46a0 D¢ — 3iWothao™C)

eCo™ Dy + e{ — (5%, — 20iCa D¢ — 4aWo(?

0 . . .
—2—5% 4 c.c.} + four fermions interactions,

Fik

where capital letters for the transformed field are omitted. At this point, several
cancellations occur and the crucial ones are commented below.

« The parameter « is fixed by requiring that the mixing between the gravitino
and the goldstino vanishes. The condition is

iear”C (Va + 1+ 3a|Wo[?) + c.c. = 0, (4.1.32)
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which gives
1

V43

For the particular model under consideration, therefore, « = —1/|f|?.

a= (4.1.33)

« The mass term for the goldstino must cancel. This is motivated by the
fact that the mass of the goldstino is protected by the Goldstone theorem.
The terms to be considered are

_ 1
2eWy (2 <a2V — 20 — 30z2|VV0|2 - |f|2> +ce. =0 (4.1.34)

and they cancel as expected.

« All the contributions to the kinetic term for the goldstino must cancel
as well, since they cannot propagate any physical degrees of freedom
in supergravity. Up to integration by parts, the terms involved in the
cancellation are

26iDpuCo™C (a?V + a + 302 Wy|*) = 0 (4.1.35)

and they vanish again as expected. Notice that integration by parts is
simplified by the fact that the scalar potential V' is constant, since the theory
does not contain scalars. This situation is different from the analogous
in the superhiggs mechanism in the linearly realised regime, in which
the vacuum condition 0,,)V = 0 is usually used in order to simplify the
calculation.

. Terms containing the geometric factor (RZ"” — %Re?) cancel among them-
selves and vanish trivially in flat space. Notice that one of these term arises
from the contribution (oD, Dy in (4.1.28) and several of them come from
(4.1.30). Their presence is the reason why a second order transformation
on the vielbein has been performed in the bosonic sector.

After these cancellations are taken into account, all the goldstino couplings
disappear and the Lagrangian (4.1.31) drastically simplifies to

1 1 - -
e IL = _iR + EEklmn(iﬂk&lwmn — R0 Ymn)

— Wothao®* oy — Worhea** oy — V.

(4.1.36)

It is possible to prove, in an analogous way, that also the goldstino couplings
in the terms with four fermions cancel among themselves and in fact the result
(4.1.36) is exact up to all fermionic orders. It can be obtained directly from the
original Lagrangian (4.1.20) by adopting the unitary gauge choice

Go=0 unitary gauge, (4.1.37)
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which is consistent since the goldstino in supergravity is a pure gauge degrees of
freedom. This gauge choice is going to be imposed in most of the calculations
in the rest of the work. To conclude it is important to notice that, after the
superhiggs mechanism has occurred and the goldstino has disappeared, the
gravitino has become massive, with mass given by Wy. The interpretation of W}
as a gravitino mass in (4.1.22), on the contrary, is not straightforward due to the
presence of a mixing term between (, and v¢,,. Such term has been cancelled
by the superhiggs mechanism. Notice finally that, being massive, in principle
also the gravitino could be decoupled in the low energy regime. A superfield
constraint along this direction has been proposed in [65].

4.2 'Two chiral superfields

In this section a generalisation of the previous model is considered, in which the
nilpotent goldstino superfield X is coupled to one chiral matter superfield Y.
These superfields are constrained such that

X?=0, XY =0 (4.2.1)

and their component expansions are given by (3.1.11), with the replacement
0, — O,. In the unitary gauge they reduce to

X =0%F, Y =120%,+06%F". (4.2.2)

The most generic model involving this two superfields is given by the Kéhler
potential and superpotential [38,39]

K=XX+YY +a(XY?+XY?)
+b0(YY2+YY?) +cy?Y? (4.2.3)
W =Wy+ fX +gY +hY?
where a,b,c, f, g and h are parameters. The supergravity Lagrangian can be

obtained by following the steps reported in the appendix B. The function
Q(X,Y, X,Y) is given by

K

Q=-—-3e 3
1 2
- 34+ K--K
6
) ) o (4.2.4)
:—3+XX+YY+a(XY2+XY2)

_ _ o 1. .
+b(YY24+YY?) +cV?Y? - 6Y?Y?,
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where the constraints (4.2.1) have been used. In the unitary gauge it is possible
to calculate

QXX" = QY?| =1,
(log Q)XX| = (log Q)YY‘ = Q_1| = -3,

(4.2.5)
QYY)'(| = 2a,
Qyyy| = 2.
The off-shell expression of the Lagrangian therefore is
E == »Ckin + ﬁaux + »Cgf + £4f, (426)
where
e Lyn = —ER + lﬁklmn (@Mﬂﬁmn - wwﬂmn)
2 4
_ % (X0 DX + X6 "D X) , (4.2.7)
1 _ _
e Lo = —gMM +FF+ FYFY
1 1
—bab® — =xo*xb,
+ 3 ) 6X_U X
—xX*(aF +bFY) — x*(aF + bF") (4.2.8)
— MWy — MWy + fF + fF + gFY 4+ gFY,
e Log = —hx* — hx® — Wohao™thy, — Wy + fX1,0",
V2. - N2,
— 729}(0 Vg — 7@9){0 Va, (4.2.9)

e £4f = le {WmUn?Zm)(XUn)_() + iﬁklmn(wkUl&m)(XUni)}
1 2
+3 <4C _ 3) N (4.2.10)
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Putting everything together it becomes

1 1 - -
€' L =~ R+ 2 (41mn — V01

7; m _ ——m \/§ a \/5'77*(1
b (x0"DmX + X6 Dyx) — 5 19 X0 0 — 1G X0 Ya

— (h4aF +bFY)x* — (h + aF + bFY)x?
- WOQZ}aC_Tabd]b - W0¢a0ab¢b
1 - _
+ 7 [Cmond™) (") + i (o) (xonX) |

1 _
- ) (1 - 80) ><2X2

(4.2.11)

1|J\4+3I/V|2+1<b ! )2
3 0 3 a 4X0-aX

+|F+ P+ |FY + g1 = (1P +19°] = 3[Wo|?)

and, since all the kinetic terms are canonically normalised in this gauge, there is
no need either for the Weyl rescaling or for the gravitino shift mentioned in the
appendix B. This simplification is again due to the fact the supersymmetry is
spontaneously broken and non-linearly realised.

The equations of motion of the auxiliary fields are

M = —3W,, (4.2.12)
1

b = 7 XOuX; (4.2.13)

F=—f+ax, (4.2.14)

FY = —g+by? (4.2.15)

and, by substituting them back in (4.2.11), the following on-shell Lagrangian is
obtained

1 1 - _ -
6_15 = —§R + Zeklmn (¢kal¢mn - ¢ko-l,¢)mn)

P V2. o V2,
— = (xo™ DX + X0 Dmx)—729X0 wa_TngO- (08

2
— (h—=af = bg)x* = (h — af = bg)X* (4.2.16)
41 [@nd™) (0™ + i€ (i) (x|
- ; [1 —8(c—a* — bQ)} X -V,

where

V=|[f[+1g° = 3|Wol* (4.2.17)

is the scalar potential. As in the previous case, in this supergravity theory
without scalars, the scalar potential is constant.
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Notice that the fermion mass matrix is different from the standard one of
supergravity. This is a general fact: the presence of the non-linear realisation
is adding bilinear contributions in the fermions and, as a consequence, their
spectrum is changed. The modified masses can be calculated directly from the
Lagrangian or, alternatively, using the mass formula

2D;,WD;,W ds"
M;; = " |D;D;W — 2= — 200V |sk—0m—— 4.2.18
=€ j 3 W S:O‘i‘ k |Sk706(XZXJ) ( )
given in [38], where s* = {X,Y} in the model under consideration. Mass

formulae with non-linear supersymmetry are also analysed in [66].

4.3 Minimal Constrained Supergravity

In the previous sections the strategy to construct models with spontaneously
broken and non-linearly realised local supersymmetry has been introduced. The
non-linearly realisation has been entirely encoded within the goldstino sector,
described by a nilpotent chiral superfield X. In the minimal case, the model
is called pure supergravity [8—10], since it contains only the graviton and the
gravitino as physical modes. It has been shown indeed that, when supersymmetry
is local, the goldstino is a pure gauge degrees of freedom. While these models,
which are mainly motivated from inflation [67-69], have been dubbed “de Sitter”
supergravities, their cosmological constant is a function of two parameters, related
to the supersymmetry breaking scale f and to the gravitino mass Wy, in order
that, depending on these values, it can be positive, negative or vanishing.

In this section supergravity models, whose physical spectra are also given by
the graviton and the gravitino in the minimal case, but where supersymmetry
is non-linearly realized even on the gravity multiplet itself are going to be
constructed. It is shown that the presence of the non-linear realisation within
the gravity sector produces interactions and Lagrangians that differ from those
in [8-10] and depend on three independent physical inputs: the supersymmetry
breaking scale, the gravitino mass and the cosmological constant. While this
problem has been already tackled from a different perspective in [70], with the
purpose of constructing a supersymmetric effective field theory for inflation and
using a supersymmetric generalization of the CCWZ construction [2], the analysis
presented in the following employs the language of superfields, allowing for more
general and different constraints. Additional details on the relationship between
this approach and that of [70] can be found in [63].

4.3.1 Constraining the auxiliary fields of gravity

The old-minimal off-shell formulation of the supergravity multiplet can be given
by means of three different superfields £, R and B,, two of which have already
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been introduced in (4.1.5) and (4.1.4).> The real superfield B, has the auxiliary
vector field b, as lowest component, B,| = —%ba, and it is related to R by means
of the superspace Bianchi identity

D*Bag = DsR. (4.3.1)

The complete component expression of B, can be found in [71,72], where it is
calculated in the superconformal setup. To summarise, the objects R and B,
are respectively a chiral and a real superfield which contain the two auxiliary
fields of gravity in the lowest component:

1 1
R| = 6]\/[, B,| = 3ba. (4.3.2)
When local supersymmetry is spontaneously broken, it is then possible to apply
the general constraint (3.2.5) and eliminate the auxiliary fields of the gravity
multiplet instead of integrating them out.? The technical aspects of this step are
addressed below, while the physical consequences are going to be commented in
the next subsection.
Since R is chiral, in order to remove its lowest component it is sufficient to
impose

XR =0, (4.3.3)

which fixes M as a function of the goldstino, the gravitino, the Riemann curvature
and of the auxiliary field b,. The solution in superspace is

D*XD,R XDQR
DR DX’

Such constraint, as noted in [39] for other constraints on auxiliary fields, implies
that the final form of the potential is going to be different from the one of
standard supergravity models. Both in global and in local supersymmetry, in
fact, a scalar potential is generated by the integration of the auxiliary fields via
their equations of motion. If a modification occurs in the auxiliary field sector,
therefore, the scalar potential could be modified as well. The previous constraint
can actually be replaced with the slightly more general form

R=—2

(4.3.4)

X(R+g>za (4.3.5)

where ¢ is a complex parameter on which the solution for M is going to depend.
For a generic chiral superfield, this constraint simply adds a constant vacuum

In [5] the superfield B, is denoted with G, and it is defined B,y = o0™e%b,. For
completeness, it is worth mentioning that there exists also another superfield describing the
gravity multiplet, Wa 4+» Which is chiral and symmetric in its indices, but it does not play any
role in the present discussion.

2The general constraint (3.2.5) can be applied in any model of spontaneously broken local
supersymmetry in which the goldstino is described by a nilpotent X. In global supersymmetry
it has been shown that this is always the case. The analogous proof in supergravity follows

without any additional complication. Details can be found in [42,45].
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expectation value to the lowest component of the constrained multiplet, but
for the case in which such a constrained multiplet is the supergravity curvature
superfield R, (4.3.5) has non-trivial implications on the effective Lagrangian. As
usual, (4.3.5) can be solved by inspecting its top component. Given the peculiar
structure of the R superfield, which contains the auxiliary field M in various
places, its solution can be found only after an iterative procedure, which gives

M=N (1 - \/fca%;a>

+e (1 G, — L (Gotiy)? — —— g G2>

2F2 AF?
V2F (4.3.6)
N 2 —_
3F2G [ (1 \/__Ga ¢a>
ve (1o iGot, — L (GTN) — LGPy I e
P T
where
V2, ) )
N = Y2Go™y, G+ 175G R + 575G Dub”
o @Z) b \/_F ¢ +
(2 m,J n_i 2
+ 2FQG l V"™ = b (4.3.7)

—1 1/1m "Vmn — 1 ekt (wkalwmn + wkaﬂ/}mn) ‘|

has been defined. Notice that, in the unitary gauge, the expression for M
drastically simplifies to

M=c. (4.3.8)

The other auxiliary field of supergravity, namely the real vector b,, resides in
the lowest component of B,. Since this superfield is real, the desired constraint
to be imposed on it is

XX Bus = 0. (4.3.9)

This is consistent because B, contains b, naked and not through its field-strength.
The superspace solution of this constraint is

Dy X D2B,
B, = -2 DB, — X
D2X D2X (4.3.10)
DaX 2 29N2 [ v
-2—— _D,D*XB,) - ————=D’D*XB,).
D2X D2X D2XD2X

and it produces an expression for b, that is a function of the graviton, the
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gravitino and the goldstino

b= 2L (Garobon) — Y2 L (do'as°)

321 - 3\f 21 ,
-5 F ( wca) T il (%C G) (4.3.11)

VM) fF (Ga) + O(G?).

This expression vanishes trivially in the unitary gauge.

Before addressing the discussion of physical models, notice that the constraint
(4.3.5) and (4.3.9) are closely analogous to the second constraint in (2.1.43).
They all have the role, in fact, of eliminating the auxiliary fields from a given
Lagrangian, substituting them with composite expressions of the goldstino and
of the remaining degrees of freedom. Their solution, in particular, is equivalent
to the standard procedure of solving the equations of motion.

4.3.2 A new class of models

In this subsection the consequences of the constraints (4.3.5) and (4.3.9) are
discussed at the level of supergravity Lagrangians. The model which is first going
to be considered is again the most general with non-linear supersymmetry, up to
two derivatives, involving only one chiral superfield X, subject to the nilpotent
constraint. It is defined by the Kéhler potential and superpotential:

K=XX, W =W, + X, (4.3.12)

where Wy and f are complex parameters. The Lagrangian in superspace is given
by

.c—g/d?@zs( — 8R)e~ s KEX) —|—/d2@28W+cc (4.3.13)
which, when using the nilpotent constraint X? = 0, simplifies to

| _ _
L— —3/d2@257z _ f/d2@25X (D* —8R) X

8 (4.3.14)
+ /d2® 2 W + cc..

The first term is the pure Einstein-Hilbert Lagrangian for supergravity, while the
second and the third contain respectively the kinetic term and the superpotential
contribution for the nilpotent X. The off-shell component expansion of this
model is given in (4.1.16) and, in the unitary gauge, it reduces to

1 1 - 0
6_1£ = —§R + Zeklmn (@Dkalwmn - wkalwmn) -
1 - 1 ;
= MM + b+ |F + f| £ (4.3.15)
- WO (M + @aaﬂbib) - I/T/v(] (M + %U(l%b) :
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At this point several possibilities with different outcomes can occur. The case
in which both M and b, are not constrained has been addressed already in section
4.1 and it is not going to be commented further. A different strategy is to impose
only (4.3.5), while leaving b, unconstrained. To obtain the on-shell Lagrangian
one has to substitute first (4.1.18) and (4.3.6) into (4.1.16) and then to integrate
out I’ by solving its equations of motion, which are modified by the contributions
coming from the solutions for M and b,. Another possibility is to constraint both
M and b, and to substitute (4.3.6) and (4.3.11) into (4.1.16). The integration
of F' can then proceed as usual but, depending on the situation, its expression
is going to differ for couplings involving the goldstino. The important fact is
that, up to field redefinitions, these last two possibilities are equivalent and in
the unitary gauge they lead to the on-shell Lagrangian

1 1 - -
6_1£ = —§R + 7€klmn (¢k6l¢mn - ¢k0l¢mn) -

4 (4.3.16)
— WothaG“ by, — Wothao ™ty — V,
where the scalar potential is
V = Ay — 3|Wo|? (4.3.17)
and )
Ausy = | fI2 + \% + V3 W, (4.3.18)

is the scale of supersymmetry breaking.

Notice that there are three independent parameters in the Lagrangian, cor-
responding to the gravitino mass W, the scale of supersymmetry breaking Agysy
and the cosmological constant A. As anticipated, the cosmological constant does
not follow the traditional form as in ordinary supergravity, where it is given by
the difference of the F-terms squared minus three times the mass of the grav-
itino squared. The constraint on the supergravity scalar auxiliary fields implies
indeed a different expression, whose numerical value can be positive, negative
or zero, depending on the choice of the parameters f, Wy and ¢. When ¢ =0 a
pure de Sitter supergravity, with a cosmological constant V = | f|? is obtained.
When ¢ = —3W, on the other hand, a cosmological constant in the standard
form V = | f|* — 3|W|? is reproduced and the supersymmetry breaking scale is
directly related to f, namely Agsy = |f|>. This is expected from models where
supersymmetry is realised linearly on the gravity multiplet and the auxiliary
field M gets replaced by its equation of motion M = =3 Wy + ... .

The simplest generalisation of the previous model is the case in which a
matter chiral superfield Y is coupled to X, such that

X?=0, XY =0 (4.3.19)

In the unitary gauge, the off-shell Lagrangian is still given by (4.2.11) but
differences in the couplings are going to appear on-shell. In the case in which
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only M is constrained by (4.3.5), the on-shell Lagrangian has again the form
(4.2.16), but the scalar potential is now

V = Agusy — 3|Wol%, (4.3.20)

where )

C
— + £+ |g/? (4.3.21)

V3
has been defined. A more interesting situation is when, beside M, also b, is

constrained by (4.3.9). In this case, the equations of motion of the auxiliary
fields in the unitary gauge are

Asusy = + \/§WO

F=—f+ax? (4.3.22)
FY = —g 4 b\, (4.3.23)

while the constraints (4.3.5) and (4.3.9) fix

M =c, (4.3.24)
by = 0. (4.3.25)
(4.3.26)

The resulting on-shell Lagrangian is
1 1 - _
e—lc = _§R + ieklmn (¢kal¢mn - ¢kal¢mn)

P V2. o V2,

= 5 WO DX + X" D) = =719 X0 Pa — 519 X0 Y

— (h—af —bg)x* — (h— af —bg)X* (4.3.27)
1 - _ - klmn - _

7 [Cnond™) (") + i (rorim) (xonX) |
1 _

~ 5 [1 —6(c —a® — bZ)} X -V,

where V is given by (4.3.20). A difference has appeared in the term with
four fermions, with respect to the supergravity Lagrangian (4.2.16) in which
supersymmetry is non-linearly realised only in the goldstino sector.

In this section supergravity models where supersymmetry is non-linearly
realized by constraining the goldstino superfield but also the auxiliary fields of
the supergravity multiplet have been considered. The resulting theories depend on
three parameters related to the cosmological constant, the mass of the gravitino
and the supersymmetry breaking scale. These models are different from those
appearing in the literature and the difference is manifest when matter couplings
are considered. Notice finally that, while the CCWZ procedure adopted in [70]
is so general that it is not guaranteed a priori that the resulting effective does
not break unitary, in the new class of models constructed in this section with
constrained superfields, the unitarity bound for the gravitino [73] is automatically
satisfied for any value of the parameter c.
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4.3.3 Comment on Kahler invariance and non-linear local
supersymmetry

In the class of models discussed in the previous section, constraints have been
imposed on the auxiliary fields M and b, of the gravity multiplet. As a con-
sequence of the constraint (4.3.5) on M, the scalar potential cannot be put in
the standard form

V=" (¢"D;WD;W — 3WW) (4.3.28)

since the negative contribution, proportional to the superpotential, comes pre-
cisely from the integration of M. The constraint (4.3.9) on b,, instead, has
consequences on the nature of the scalar manifold, when matter couplings are
considered. Since in N' = 1 supergravity in four dimensions both the fermions
and the superpotential transform under Kéhler transformations, the scalar mani-
fold is not simply Kéhler but it is restricted to be Kdhler-Hodge. This fact is
commented further in the next chapter but, already at this stage, it is possible
to understand how the constraint (4.3.9) influences it. From the appendix B
it is possible to notice that, in standard supergravity, the on-shell value of b,
provides the correct connection associated to a Kéhler-Hodge manifold. When
constraints are imposed on the gravity sector, instead, the auxiliary field b, is
substituted with the expression (4.3.11), which differs from (B.1.13) and which
is vanishing in the unitary gauge. In this class of models, therefore, the fermions
and the superpotential becomes trivial sections of the Kahler bundle and the
scalar manifold is expected to be an arbitrary Ké&hler manifold rather than
restricted to be Kahler—Hodge. This observation leads to the construction of the
supergravity models presented in section 5.2, where Kéhler invariance is restored
as in rigid supersymmetry. It is important to notice however that, even if in
the worst scenario Kahler invariance is lost when supersymmetry is non-linearly
realised, the metric of the scalar manifold still remains positive definite, as shown
in [74].

4.3.4 On the validity regime of the effective theory

The models presented in this chapter are four-dimensional low energy effective
theories with spontaneously broken local supersymmetry. In general, when
considering effective theories, interactions have to be small with respect to some
cut-off parameter and the appearence of a strong regime can be problematic. It
is important then to understand which is such a cut-off parameter at which the
effective description breaks down. For simplicity the analysis is performed on a
Minkowski background and only the pure theory without matter couplings is
considered. In this subsection, the Plank mass Mp is restored in the relevant
expressions and the gravitino mass my/, = exp(K/2M32)W is defined on the
vacuum.

One possible signal of the breakdown of the effective theory is the breaking of
the unitarity condition on tree-level scattering amplitudes. In supergravity the
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worst energy behaviour is expected for the scattering amplitude of two gravitini
into two gravitini. To calculate this it is possible to use a theorem concerning
the equivalence between gravitino and goldstino physical amplitudes [75], which
states that the S matrix elements for helicities +1/2 gravitini and other physical
particles are asymptotically equal, up to corrections of order O(ms/2/+/s), where
/s is the energy at which the scattering occurs, to the corresponding S matrix
elements where each +1/2 gravitino is replaced by the corresponding goldstino.
As a consequence, one can just consider the following effective Lagrangian
describing non-linear goldstino couplings (4.1.20)

2 . ~ = 2 = ~2 82G2 G2 ~2
ﬁz_f ‘I"LamGO'mG—mg/gG —mg/QG + ( 4f2 ‘f‘O(w))G —f-,
(4.3.29)

where dots stand for terms which are further suppressed with f or Mp. It
is important to notice that the goldstino and the gravitino mass coincide in
this model, otherwise the aforementioned theorem on the equivalence between
physical amplitudes could not be used. By looking at terms with four goldstini,
which are expected to have the worst energy behaviour, it is possible to notice
that, since non-derivative interactions are suppressed with Mp, the relevant
coupling in order to study the validity regime of the effective theory is

1 -
~ PGQaQGZ. (4.3.30)
This gives a contribution to the amplitude of the type [76]
2
A~ (4.3.31)

which, in turn, implies the unitarity bound

V5 SAJf ~ JmaMp. (4.3.32)

This is the same bound found in [76] but its origin is different. In the linearly
realised theory, in fact, the bound stems from the contribution of non-derivative
four goldstino terms with sgoldstino exchange. In the present case, instead, the
sgoldstino is removed from the spectrum and the bound originates from four
goldstino derivatives terms, coming from the non-linear realisation of supersym-
metry. In other words, the non-linearly realised terms play the same physical
role of their linear counterparts. When the unitarity bound is saturated, strong
interactions start to occur as, for example, the formation of bound states. One
candidate for this new states is the bilinear G2, which corresponds indeed to the
removed sgoldstino in the non-linear regime.






5 Alternative Kahler invariance
in supergravity

In this chapter non-linear realisations of supersymmetry are employed in order
to construct matter-coupled effective theories, with spontaneously broken local
supersymmetry, where the manifold of the matter fields is Kahler but, in general,
it is not Kéhler-Hodge. In contrast to the standard formulation of supergravity
where, when considering matter couplings within the superspace approach, Kéahler
invariance is not present from the beginning but it is implemented with a Weyl
rescaling, in the construction proposed in this chapter such a rescaling is not
needed and Kéahler invariance follows directly as for the global supersymmetric
case. The resulting Lagrangian, therefore, mimics a global supersymmetric model
with matter, which has been coupled to gravity. This framework can be adopted
for constructing models for inflation inspired by rigid supersymmetry, in which
all the obstructions due to supergravity are overcome.

The material presented in this chapter has never been published before, but
it enjoys connections with previously analysed constructions. In the discussion
of minimal constrained supergravity models, in fact, it has been stressed how
the elimination of the auxiliary fields of gravity could spoil the Kahler invariance
of the theory. By following the procedure given within this chapter, it is then
possible to restore such an invariance, even though in a form which is different
from the standard one of supergravity. The net effect of this construction is to
produce theories in which the scalar potential does not assume the usual form.
In this respect, these models are similar in spirit to those discussed in [77,78].

5.1 Linear realisations and Kahler invariance

In this section the properties of Kéahler invariance within linearly realised super-
symmetric theories coupled to matter are reviewed, both in the global and in the
local case. The discussion starts from the simple situation in which matter is
given by chiral superfields and then the presence of a real linear superfield is con-
sidered, which is going to be of utmost importance for the construction proposed
in the next section. Due to the properties of this superfield, in fact, it is going
to be possible to implement Kéhler invariance in supergravity in an alternative
way, which is much similar to the form it assumes in global supersymmetry.

91
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5.1.1 Kahler invariance in global and local supersymmetry

The matter sector of rigid supersymmetric theories is commonly described by a
set of chiral superfields ®*:

O = A"+ V20" + 0 F". (5.1.1)

The most generic supersymmetric Lagrangian, up to two derivatives and involving
only chiral superfields, is of the form

= [doK(@5)+ (/ POW (D) + c.c.>

= —gq; amAiﬁm/_lj —19;, X0 D,, ‘
Giy 9isX X (5.1.2)

]' .7 1 ™ 117 —1.— ]' 1. ]—1.—
— §Dz~ij X — §D@Wj—x X+ ZRizij XXX
- gijWin

where the Kahler potential K and the superpotential W are respectively a real
and a holomorphic function of the chiral superfields. The quantity g;, = 8%;/1][( |
is the metric of the scalar manifold.

It is known that, in order for supersymmetry to be preserved, the manifold
of the scalar fields is restricted to be Kahler. As a consequence, the Lagrangian
(5.1.2) has to be invariant under Kahler transformations

K(®,®) — K(®,®) + F(®) + F(P), (5.1.3)

where F is a holomorphic function of the chiral superfields. This property can
be checked to work at the component level, or directly in superspace, where it is
just a consequence of the fact that the integration of a holomorphic quantity in
full rigid superspace vanishes, namely

/d49 (F+F)=o. (5.1.4)

Implementing Kéhler invariance in supergravity is less straightforward. For
example the Lagrangian

/d“&EK(CI), P), (5.1.5)

which would generalise naturally the one of global supersymmetry, is not invariant
under (5.1.3) since, even ignoring total derivative terms, this time the superspace
integration of a holomorphic function is not vanishing,

/d4eE (F+F) #0, (5.1.6)
due to the presence of the real superspace density E. In this sense, Kahler invari-

ance in supergravity does not follow directly from the superspace construction,
but it has to be restored afterwards with a specific procedure, whose main steps
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are given in appendix B. As a consequence, the generic supergravity Lagrangian
with chiral matter couplings in superspace takes the form

L:/CPG% {2 (D? - 8R) e

_K
3

+ W] +c.c.. (5.1.7)

Notice first of all that, with respect to the global supersymmetric case, matter
couplings are implemented through an exponential of the Kéhler potential, instead
of with a linear coupling. This is a consequence of the fact that the Lagrangian
is invariant under Kéahler transformations only if they are accompanied by a
super-Weyl transformation of the vielbein E,,* of the form [5]

1 _
OBy =5 (F + F)Ej;.

1

) ; o (5.1.8)
OBy~ :6(2}" — F)Ey® + — By (e0p)*, D F.

12

The super-Weyl transformation of the gravity sector induces a super-Weyl
transformation on the matter sector. At the component level indeed the chiral
rotation of the gravitino induces an analogous local rotation on the other fermions
in the theory, namely on the fermionic component of the chiral superfields. In
this sense in supergravity fermions are non-trivial sections of a U(1)-bundle over
the scalar manifold.

The Kahler potential and the fermionic fields are defined locally on the
scalar manifold. Different local patches support different definitions, which are
eventually related by Kéhler transformations and chiral rotations respectively.
Inconsistencies might arise when considering triple intersections of three local
patches. The requirement that the three different definitions of the fermions
coincide in the common region translates into a global condition for the scalar
manifold to be Kéahler of restricted type, also called Kéhler-Hodge [79].

In addition, in order for the complete theory to be Kédhler—Weyl invariant, it
is necessary to require the superpotential to transform as

W —We ™. (5.1.9)

This property of the superpotential is new with respect to the global supersym-
metric case and it manifests itself already in the bosonic sector, in particular in
the scalar potential

V=X [g"D;WD,W — 3WW] (5.1.10)
where the connection K; appears explicitly in the covariant derivative
DW =W;+ K,W. (5.1.11)

The transformation (5.1.9) and the Kéahler transformation of K, in fact, com-
pensate each others. Following the reverse logic, one can think of the rigid
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supersymmetric case as the trivial situation in which the superpotential has
vanishing charge with respect to the connection K;.

To summarise, Kahler invariance of the supergravity Lagrangian (5.1.7) is a
consequence of the combined transformations

K - K+F+F, W — We 7, (5.1.12)
dJ9E — d'0Ee, PO2E — P O2E T

In the following, non-linear realisations are going to be used in order to
construct supergravity models where Kéahler invariance is realised as in global
supersymmetry. In particular, the fermions are going to be trivial sections
over the U(1) bundle, with a vanishing charge, the Weyl rescaling is not going
to be needed and the superpotential is going to be invariant under Ké&hler
transformations. As in the rigid supersymmetric case, the scalar potential is
then going to be constructed solely out of the partial derivatives W;. For these
reasons, the scalar manifold can effectively be thought of as simply Kéhler and
not restricted to be Kahler—Hodge.

5.1.2 Real linear superfields and Kahler invariance

In the previous discussion the crucial differences concerning Kéhler invariance
between global and local supersymmetry have been reviewed. In this subsection
it is shown how it is possible to implement Kéhler invariance in supergravity, for
a specific class of models, in a form which is closer to the global supersymmetric
case. Since the key ingredient for the construction proposed below is a real linear
superfield, its main properties are reviewed first [80].

A real linear superfield L is a real scalar superfield,

L=1L" (5.1.13)

subject to the constraints -
(D* -8R) L =0,
(D* —8R) L = 0.

The independent component fields it contains are a real scalar ¢, a Weyl fermion
w, and a real antisymmetric tensor B,,,. They are defined by the following
projections

(5.1.14)

¢ =L,
_ ! DL
Wa = ﬁ [ |7 (5115)
2 1 _
m'Hm Py bao’c = 75 Daade7
O H + 3[Da DI
where the antisymmetric tensor B,,, is encoded inside
1

H,, €mni10" B, (5.1.16)

~ 3l
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Given a set of chiral superfields ® with Kéhler potential K (®,®), it is
possible to construct a coupling between K and L in which Kéhler invariance
is manifest. The discussion is performed at the superspace level, where Kéahler
transformations work in a more straightforward manner, but the component forms
of the main results are going to be given as well. Under Kéhler transformations
the Kéhler potential changes according to

K- K+F+F, (5.1.17)

where F is an holomorphic function of the chiral superfields. Consider therefore
the following superspace coupling between K and L:

1 _
Lok = —g/d262€ (D? —8R)LK + c.c.. (5.1.18)
By using the superspace identity [81]
/d2@ 26 (D* — 8R) (U — U*) + c.c. = total derivative, (5.1.19)
which is valid for any superfield U, it is possible show that
/d2@ 28 (D* —8R) L (f + ]}) + c.c. = total derivative, (5.1.20)
which implies that (5.1.18) is invariant under Kéahler transformations (5.1.17),
up to boundary terms. This is precisely the requirement which is missing in
order for the standard supergravity Lagrangian to be invariant under Kéahler

transformations. For a generic Kéhler potential K (®, ®) the bosonic sector of
(5.2.8) is

e Lok =g, FIF — g, 8, Aim A7 — %Hm (K, 0 A' — K; 0, A7) (5.1.21)

and it is indeed Kéhler invariant up to a total derivative. Notice the presence of
a non-trivial coupling between H,, and the composite U(1) Kéhler connection

A = % (K. 00 A — [, 0, A7) (5.1.22)
This coupling is invariant under (5.1.17):
5 (H™A,,) = —%amfﬂm tee = %]:E)mHm +ee=0 (5.1.23)

up to total derivatives, since 0, H™ = 0 is the Bianchi identity for H,,.
A supergravity Lagrangian which incorporates (5.1.18) is of the type

L= [doB/(L)+ [a0BLK + ( [ zezew + c.c> , (5.1.24)
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where f(L) is a generic scalar function of the real linear superfield L. The first
superspace integral contains the degrees of freedom of the gravity sector, coupled
to L, while the second and the third are respectively the Kahler potential and
the superpotential contribution of the chiral model, coupled to the real linear
superfield. The bosonic sector of (5.1.24) is

L= ~ZR(f(9) ~ fop) — g MU (F(9) + foo# — f1¥)

1 1 1

+ 20" by (F() + Foo 0* = fo ) + 1 Fop H™Hun + % fpp 0 H™bm
| oA 3 (5.1.25)

wa 00 O + ¢ giy FIF1— Giy O A'O™ A

(3

—QH%mmﬁ—K@Mﬁ—WM—WM+mW+mﬁ,

where the shorthand notation f, = 5= f(L)|,

To better understand the origln of the proposed coupling (5.2.8) and the
reason why it is invariant under Kéhler trasformations, it can be instructive to
look at the dual description. It is known, in fact, that a real linear superfield
can be dualised into a chiral superfield. To perform the duality, the linearity
constraints on L, namely (5.1.14), have to be relaxed and imposed eventually
at the Lagrangian level using a Lagrange multiplier. Consider therefore the
following modified Lagrangian

3@ <9<p (L)‘ has been used.

=~ [@'Bf(1)+ [d0PL (K +5+5) + (/f@%wv+cQ (5.1.26)

where L is real, but otherwise unconstrained, while S is a chiral superfield with
the role of Lagrange multiplier. By integrating out S the constraints (5.1.14) are
obtained and the model reduces to (5.1.24). On the other hand, by taking the
superspace equations of motion for the unconstrained L gives

—fi+K+S+S=0, (5.1.27)

which can be solved to express L as a function of K + S + S. Inserting back the
solution, the resulting Lagrangian has the form

= [a0EF[K(®,8)+5+5]+ (/d?@zem )—l—cc) (5.1.28)

where [ indicates the Legendre transform. The origin of the Kahler invariance
of the coupling (5.2.8) is now manifest. The chiral superfield S, which is dual
to the linear superfield L, has the role of compensator in the dual picture: it
absorbs the variation of K under Kéhler transformations and makes the theory
Kéhler invariant. For completeness, the bosonic sector of this model is given
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below, even though it is not going to be used in the following
1 ) _
e lL=— §R —Fg;,0n,A'0™A
— F" ([0S + Kidn A[0™S + K,0™ A]) (5.1.29)

Ain

IE‘//

1 - _ _
—éf (Fg”ajwaiw —3WW + WW) :
The model (5.1.24) can be generalised to include also an abelian vector
superfield V. The resulting Lagrangian is

L=— / dOEf(L) + / POELK + ( / PO2EW + c.c)
(5.1.30)
+ i ( / POWEW W, + c.c.> 42 / dEVL,

where W, = —1(D? — 8R)D,V is the superfield strength of V and ¢ is the
Fayet—Iliopoulos parameter. This model is both Kéhler and gauge invariant.
Under gauge transformations, the vector superfield changes according to

Vo V4+o4+9, (5.1.31)

where @ is a chiral superfield. The superfield strength W, is gauge invariant by
construction, while the coupling proportional to £ is gauge invariant due to the
presence of L and as a consequence of the identity (5.1.20). The bosonic sector
of (5.1.30) is

L= S RU(9) ~ o 0) — gV (F(0) + Foo#® — f )

1 ’ 1 1
5V b (P Fop 0 = fo @) + oo H™ Hun + 5 fip 0 H™ b
— lefw 0™ O + ¢ giy FIFi— © gi O, A9 A (5.1.32)
- ;Hm (K, 0w A" = K; 0, A7) = WM — WM + W, F' + W, F*
+ ;DQ — ivmnvm” +&pD — Ev"H,,.

Notice finally that the coupling proportional to & is very similar in form to the
Fayet—Iliopoulos D-term of global supersymmetry [82]. This fact is going to be
commented further in subsection 5.2.3 and in the following chapter 6.

5.2 Non-linear realizations and Kahler invari-
ance

In the model discussed above Kéhler invariance in supergravity is implemented
as in rigid supersymmetry, at the cost of having introduced an additional linear
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superfield L which contains physical and propagating degrees of freedom. As it
has been shown in the previous chapters, however, if the spontaneous breaking
of supersymmetry is assumed, by using non-linear realisations it is possible to
construct composite expressions out of the goldstino. Since in supergravity the
latter is not a physical mode, such expressions would not contain new propagating
degrees of freedom. In the present section, the nilpotent goldstino superfield X
is therefore used to construct a composite object having the properties of a real
linear superfield. This composite real linear superfield is then used to reproduce
the results of the previous section: a theory of supergravity is constructed, where
Kahler invariance is realised as in global supersymmetry but where, this time,
the degrees of freedom are solely those of supergravity coupled to matter.

5.2.1 Chiral models

Given the chiral goldstino superfield X, such that X2 = 0, it is possible to
construct a composite real linear superfield L with the specific property

LI =1+0(G,G). (5.2.1)

The expression

L=D"(D*~8R) D, l (5.2.2)

XX
D2XD2X |’
in fact satisfies the conditions (5.1.13), (5.1.14) and (5.2.1). The lowest compon-
ent of this composite L has the form

0}
2f
o o +

L =1— L 75%, —

_ 1 o, 1,
YWo+ —=~2M + —5*M
5f Yo +3f27 +3f27

1
42
i ~ =0, m i a, m =
+ 720 ¢ Dy + 7279 ¢ Dy

1
—2 b-e a=
+74f27 W@beUU@Db—TfZ'VU Yba
(5.2.3)

- ;ﬂwa“zze)waaew " 2}2<wbabv><w%> Lo,

] ] E .
GOA
f}/o—’\/_

has been defined. In the unitary gauge, the independent components of the
composite real linear superfield are

(5.2.4)

Ll =1, (5.2.5)
DoL| = —L0% ¢ (5.2.6)

iaad a’

—; Do, Da] L| = zbad - iww (troto") — i (0°0"s) taa  (5:27)

e
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1
e
- 70-0451#19 wﬂa,ﬁa

By using this ingredient, along with the same logic of the previous section, it is
possible to construct a supergravity model where supersymmetry is spontaneously
broken and non-linearly realised and where Kéahler invariance is implemented
as in global supersymmetric theories. Such a model is not going to contain any
additional physical degrees of freedom associated to the real linear superfield L,
since the latter is a composite object built out of the goldstino. Consider first
the superspace term (5.2.8)

Lrx = —; /d2@ 2€ (D* — 8R)LK +c.c.. (5.2.8)

Inserting the explicit expression (5.2.2) for the composite real linear superfield
L, the resulting component form up to two fermions and in the unitary gauge is

e_lﬁLK = —gij—amAﬁmf_l’_ + gi]FiFJ_

Lo (X0 DX’ + X6 DX’ )

DN | =

(Xiamyz) (KijiamAj - Kﬁjamf_lj)

_|_
N | .

&

. 7 c—7 \/§ 7/ 7. =C. %
— —igizF" (YeoX’) — 90 F I(Yeo°X")
(5.2.9)

N

+ 20, [0 Ba') + e A (D,)]

E“

= Vg [0 A (.05 ) + €O Al (0570

1 7 z 1 7 7
~ SKF () — 5 KigF (¢)
+ terms with four fermions.

This is manifestly Kéhler invariant and it can be coupled directly to gravity. A
complete supergravity Lagrangian in which matter couplings are embedded with
this term is

1 _
L= —3/d2® 2R — §/d2@ 26 (D® — SR)LK + /d2@ 2 W + cc. (5.2.10)
and its invariance under Kéahler transformations

K— K+F+F, (5.2.11)

has been discussed in the previous section at the superspace level. In particular
the superpotential W has not to transform as (5.1.9).! Up to two fermions, the

!The only requirement which is needed for the superpotential W is that it should always
have a linear term in the superfield X, such that the supersymmetry breaking condition
(F) # 0 is satisfied.
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component expansion of the supergravity Lagrangian (5.2.10) is

1 1 . -
e 1L =— iR + 46klm" (%mwmn — wwzwmn)
— Gig O AO™ A7 + g, F'F?
1. - 1 _ _ o
— gMM + gbab“ — MW — MW + W, F' + W;F"
. 7 (X0 DX’ + X" DX’ )
597 (X X+ X mX

L) KD A = Koy V)
\/i' 7 c=7 \/§ 7(,], =C. &
= = Wl (o ™) = — g U (Veo"X')
+ Y2, [en0m A (') + 0™ A ()] (5.2.12)

_ @ ‘ [egbam,aii(lpca“a—c i)+eg”8mAi(1505“UC>Zj)]

o Wwao_abwb . W&aa_ablzb
V2
2

4+ terms with four fermions

o 5
Wi 0%, — {iwfxlawa

and, once again, this is manifestly Kéhler invariant. Notice that, in contrast to
the standard formulation of supergravity, this Lagrangian appears to be directly
in the Einstein frame and the Weyl rescaling reported in the appendix B is not
needed. Notice also the important fact that the integration of the auxiliary field
b, is gaussian and it sets b, = 0. In the standard formulation of supergravity, on
the contrary, the equations of motion (B.1.13) of b, give the composite connection
associated to the Kédhler—-Hodge nature of the scalar manifold. As expected,
this connection is not appearing in the present model, since the Kédhler—Hodge
condition has not to be imposed. In addition, by comparing (5.2.12) and (B.1.7),
it is possible to observe that terms in M, b, and F' which are present in the
latter, are not present in the former. These terms in fact would spoil Kéahler
invariance and then, in order to recover it, the Weyl rescaling would be needed.

At this point two different directions can be followed in order to eliminate
the auxiliary fields and to produce the scalar potential. In both approaches the
auxiliary fields F of the matter sector are going to be integrated out through
their equations of motion

7 T \/5 T o—a. 1 ]. i -
gt + W5 — Tlgij(wag X') — iKijj(X xX’) = 0. (5.2.13)
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If also the auxiliary fields M, b, of the gravity sector are integrated out

M = —3W, (5.2.14)
by =0, (5.2.15)

the following scalar potential is produced
V = (g"Wil; — 3WIW). (5.2.16)

This is similar to the scalar potential of standard supergravity (B.1.23) with
the important exceptions that the exponential factor e® is not present and the
derivatives on the superpotential are not covariant. These are consequences of
the fact that, in the present model, the superpotential is not transforming under
Kéhler transformations and, therefore, the expression for V is directly invariant
under (5.2.11).

A different theory can be obtained by eliminating the auxiliary fields of
gravity using non-linear realisations of supersymmetry. In the spirit of the
models presented in section 4.3, constraints can be imposed on the gravity sector
in order to remove its auxiliary fields. Imposing the constraint (4.3.9) on b,
would not produce novelties in the unitary gauge, since its solution coincides
with the equations of motion. On the contrary, imposing the constraint (4.3.5)
gives M = c¢ and the scalar potential becomes

V= (Awsy — 3WW), (5.2.17)

where
2

Asusy = gijVViVVj + + \/§W (5'2'18)

c
V3
contains information on the supersymmetry breaking scale. Notice that, in the
particular case in which ¢ = 0, the scalar potential reduces to

V = ¢"W,W;. (5.2.19)

This is precisely the same form it assumes in global supersymmetry, with the only
difference that, in the present case, it can never be vanishing, since supersymmetry
has to be always broken in the vacuum.

5.2.2 Gauged chiral models

In the model presented in the previous section, analytic isometries of the scalar
manifold can be gauged. If supersymmetry is linearly realised on the matter
sector, the gauging procedure is closely similar to the global case. Such a
procedure is explained in detail in [5] but, for completeness, the main steps are
summarised below.
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To each analytic isometry of the scalar manifold it is possible to associate a
holomorphic Killing vector

) 0
x@ — yila) i
B 5 (5.2.20)
Xl — X’(a)(AJ) _
0A"

and a real prepotential function P(® (A, A) obeying

(a)
gz‘jz'l_’j(“) = Za;il’ )
P (5.2.21)
gini(a) = —1 —.
0AI

Being defined through differential equations, the P® are determined up to real
constants. The Killing vectors close the algebra of the isometry group G

[_)((a)’)((b)] = — fabeyle),
[(X(@ xO®] = _ pabey(©) (5.2.22)
{X(a)’j(b)] =0,

where Latin indices between parenthesis run over the dimensions of G. The
variation of the Kahler potential under an analytic isometry is given by

SK = [ X 1 & XO) | = @ Fla) 1 o) Fla) _j(ela) _ g@)p@ (52 93)

where the holomorphic functions F® = X@ K + iP@ have been introduced.
Notice that if the parameter € is chosen to be real, then (5.2.23) reduces to a
Kéhler transformation. Promoting this relation to superspace gives

5K — A@F@ 4 R0 F@ _j(A@ _ A@)pla) (5.2.24)

where A® are chiral superfields. A counterterm function I' is now introduced in
superspace such that its gauge variation is by construction

6T = i(A@W — A@)p@, (5.2.25)
Replacing then in the theory
K — K+T, (5.2.26)

the gauge variation of the resulting Lagrangian is going to have the form of a
Kaéhler transformation, since

§(K +T) =AW F@ A F@), (5.2.27)

If the theory is Kéahler invariant then, as a consequence of this procedure it is
going also to be gauge invariant. The explicit form of I" for a general gauging can
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be found in [5]. It turns out that it is a function of the chiral matter superfields ®*,
@7 and also of the vector superfield V = V@T(@  where T® are the hermitian
generators of the isometry group G. In the Wess—Zumino gauge this function
reduces to

1 ) —_
I'=Vv@pl 59 X IOy @y ) (5.2.28)

Following this procedure it is possible to construct the gauged version of the
supergravity Lagrangian (5.2.10). It is sufficient to replace

1 P
K — K 4 V@pl 4 5gij_Xz(a)/ya(b)v(a)v(b) (5.2.29)

and to add the superspace coupling which produces the kinetic terms for the
vector V. The resulting supergravity Lagrangian is

1
£=-3[rorxR+ (/ PO2E WW, + c.c.)

. ot (5.2.30)
- g/d2@25 (D? —8R) L (K +T) +/d2@2ew+c.c.,

where the first line contains the kinetic terms of the gravity multiplet and of
the vector multiplet, while the second line contains the matter couplings. In
particular the superfield strength W, = _i(@z — 8R)D,V has been defined
and the vector superfield V' inside I' is rescaled by a factor two, V. — 2V,
for convenience. The complete Lagrangian is Kahler and gauge invariant by
construction. The bosonic sector is

11 S
6_1£ = —iR — qu(quﬂ)mn(a) — gszmAZDmAJ
1. - 1 . _
= MM + b — MW — MW (5.2.31)

1 o ) -
+ 5 DD 4 gy FTF + DWP + WiF" + WiF,
where the gauge covariant derivative D,, A* = 0,,A’ — v/ X% has been defined.
This Lagrangian appears directly in the Einstein frame and, as for its ungauged
version, the Weyl rescaling is not needed in the unitary gauge.
By integrating out the auxiliary fields the following on-shell bosonic Lag-
rangian is produced
-1 1 1 (a) ,,mn(a) Az _mAj
e L= _QR = 4 Vmn? — 95D, A'DTMAT =V (5.2.32)

where the scalar potential is
1 - — _
V= PPt (g"WiW; — 3WW) . (5.2.33)

Notice again its similarity with the scalar potential of rigid supersymmetry. It is
possible, alternatively, to constrain the auxiliary fields of the gravity multiplet,
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by imposing (4.3.5) and (4.3.9). The resulting on-shell theory has the form of
(5.2.32) but this time the scalar potential is going to be

1 —
V= S POPO 4 (A —3WW) (5.2.34)

where )

Asusy = gij_Win + + \/§W

c
— 5.2.35
7 (5:2:39)
gives the supersymmetry breaking scale. Notice that for ¢ = 0 this reduces to

1 -
V= 573(@)73(a) + gTW, W, (5.2.36)

which is precisely the form of the scalar potential of a gauged chiral model in
global supersymmetry, with the only exception that, in the present case, it can
never be vanishing.

The supergravity models constructed in this section can be employed to
the studying of inflationary scenarios. Due to the particular form of their
scalar potential, in fact, in which no exponential factor e appears, they can
accommodate the slow-roll conditions more directly then standard supergravity.

5.2.3 An alternative D-term in supergravity

To implement the Fayet—Iliopoulos D-term into supergravity is not straightfor-
ward, as it is going to be discussed in the next chapter. A necessary requirement,
in fact, is the gauging of the R-symmetry of the theory, which leads to the ap-
pearance of the vector multiplet V' through an exponential factor e_%fv, in order
to preserve gauge invariance. When supersymmetry is spontaneously broken
and non-linearly realised, however, more possibilities can occur. In order to
understand the point and to set the ground for the forthcoming discussion of
the following chapter, consider again as an example the model (5.1.30) in the
particular case in which f(L) =3 and K = 0 for simplicity:

L=-3 / d*0F + i ( / 202 E W W, + c.c.) 42 / dFOEVL.  (5.2.37)

This model contains a Fayet-Iliopoulos term linear in V' which is gauge invariant
even in supergravity, due to the presence of the real linear superfield L. In the
case in which this real superfield is composite and it is constructed out of the
goldstino, as in (5.2.2), then only the degrees of freedom of gravity and of the
vector multiplet are present. The bosonic sector is indeed going to be

1 < - 1
e IL = _iR — §isOn A'0™ A7 — vanvm"
17 1 (5.2.38)
— §MM + gbaba —+ ngFZF] + §D2 + SD
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and it contains a term linear in D. After the elimination of the auxiliary fields,
a constant scalar potential is produced of the type V = %, which is precisely the
form it assumes in the case of a Fayet—Iliopoulos D-term breaking.

In the next chapter this model is going to be derived in a different way,
generalised to the case of matter couplings and inserted eventually in the more
general context of the construction of de Sitter vacua from supergravity and
string theory.






6 de Sitter vacua from supergra-
vity

The interest in de Sitter solutions is supported by observations, which indicate
that, in the part of the Universe we are living in, the vacuum energy has an
extremely small but positive value, of order A ~ 10722 in Planck units. In the
case in which quintessence model were disfavoured by data [83,84], the decision
of studying stable or metastable de Sitter vacua would be strongly motivated.
In particular, it would be essential to understand whether they are ultimately
realisable withing string theory or not [85-90].

In this chapter the construction of de Sitter vacua in four-dimensional N' = 1
supergravity and the relationship with non-linearly realised supersymmetry are
investigated. A complete review of the subject would be out of the purposes of the
present thesis and the attention is then focused only on one of the most studied
setups, which has been proposed by Kachru, Kallosh, Linde and Trivedi [54,55]
for constructing de Sitter vacua from string theory compactifications. It is
discussed, in particular, how N = 1 supergravity in four dimensions can be
used to capture the physical properties of KKLT and which are the necessary
ingredients in order to obtain a consistent low energy effective theory.

It is known that linearly realised supersymmetry cannot be preserved on a
de Sitter background [91]. When considering non-linear realisations, however,
a Lagrangian with spontaneously broken local supersymmetry which allows for
de Sitter solutions can nevertheless be constructed, as shown in chapter 4. In
this class of models, the goldstino plays a crucial role in uplifting the vacuum
energy with a positive contribution. For this reason, in the present chapter
it is first reviewed how an effective description for KKLT can be obtained in
four dimensions with the use of non-linear supersymmetry in the language of
constrained superfields, in the case in which the goldstino is described by a
nilpotent chiral superfield X [11]. An alternative low energy effective theory
for KKLT is then proposed in which the goldstino is embedded into a vector
multiplet. This description has off-shell linearly realised supersymmetry and no
constraints are indeed imposed on the superfields in the model. The construction
is based on a novel embedding of the Fayet—Iliopouolos D-term into supergravity
which, on the contrary to the standard situation, does not require the gauging
of the R-symmetry. The relationship between the two effective descriptions for
KKLT is then investigated and it is shown how it is possible to map one into
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the other.

6.1 KKLT setup and non-linear realisations of
supersymmetry

In this section the basic ingredients involved in the KKLT setup are reviewed
and it is shown how non-linear supersymmetry implemented with a nilpotent
goldstino superfield can capture its low energy effective description. In the
original KKLT proposal, type IIB string theory compactified on a Calabi—Yau
threefold is considered. In this framework, when looking for four-dimensional
N =1 descriptions, the Kahler potential has a no-scale structure for the moduli,
while the superpotential receives contributions both from fluxes and from non-
perturbative effects. Once the complex structure moduli and the axion-dilaton
have been stabilised using fluxes and consequently integrated out, what remains
is an effective theory for the Kéahler modulus 7', which governs the size of the
internal manifold. This field can be described in terms of a chiral superfield with
Kahler potential and superpotential with a no-scale structure:

K=-3log(T+T), W=W,. (6.1.1)

Even though the string theory origin is known and explained in the original
works, for all the purposes of the effective description, Wy can be interpreted as
a parameter. This model, due to its no-scale structure, has a vanishing scalar
potential at any point of the moduli space. In order to stabilise also the scalar
in T, non-perturbative corrections can be considered. As explained in [54], they
lead to a modification of the type

K=-3log(T+T), W=W;+ Ae T, (6.1.2)

where again a and A are parameters with a specific string theory origin. This step
is very delicate, as discussed for example [92] and in the reference therein, since
the insertion of non-perturbative effects into a tree level effective Lagrangian
could spoil the consistency of the resulting description. For the rest of the
discussion, however, it is going to be assumed that such a procedure is consistent
and the model (6.1.2) is therefore going to be studied by means of N' = 1
supergravity in four dimensions.
From a direct inspection of the scalar potential

VKKLT = €K (gTTDTWDTW — 3WW>

aAe—a(T—i-T) T aT aT

(6.1.3)

it is possible to realise that it admits stable and supersymmetric anti de Sitter
vacua. Considering in fact the case in which the axion inside T is set to zero for
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simplicity, ImT" = 0, the scalar potential reduces to

% al {A ~are? |y 4 Ly ARe TemaRer (6.1.4)
= ————— |Ae —aAReTe : 1.
KELT ™ 9(ReT)? °7"3
The supersymmetric vacuum condition DpW = 0 is then solved by
2
Wy = —Ae~Rel <1 + 3aReT) (6.1.5)
and the vacuum energy becomes
2A2 —2aRe Terit
(V) = (X (—3w2)) = —L=° <0, (6.1.6)

6Re Tcrit

which is negative in the region ReT" > 1 in which the effective description is
valid. To obtain a de Sitter vacuum a new ingredient has to be introduced. The
authors of [54], without jeopardising the stabilisation of the moduli, added to
this setup the contribution of one anti D3 brane. In particular, they predict a
modification of the scalar potential due to this new object of the type

4

V =Vkkrr + (T—lll—T)z’ (6.1.7)
where p is a parameter in the effective theory which can be interpreted from
string theory as well. By inspection of this modified scalar potential it is possible
to realise that it admits de Sitter vacua.

The problem of understanding which is the modification, if any, of the
four-dimensional effective theory (6.1.2) producing the scalar potential (6.1.7),
remained open until the work of [11], in which such an effective theory has been
constructed explicitly. The crucial observation is that, as argued in the original
paper [54] and confirmed by other works [93-98], the anti D3 brane is breaking
supersymmetry spontaneously. As a consequence, a goldstino has to be present
in the spectrum of the low energy effective theory and, after embedding it into
a nilpotent chiral superfield X, it is sufficient to consider the slightly modified
model

K=-3log(T+T-XX), W=Wy+ Ae T — >°X. (6.1.8)

At X? = 0 this model reproduces exactly the scalar potential (6.1.7). This fact
triggered the interest in constrained superfields and non-linear realisations of
supersymmetry as an efficient tool to study physical properties of inflation or of
the current phase of the Universe [99].

In the effective theory (6.1.8) supersymmetry is spontaneously broken by
F-term breaking and it is non-linearly realised. It can be questioned however if
there exist alternative descriptions for the same setup, but with different features.
In the following section an example in this direction is going to be presented,
namely an effective description for the KKLT setup in which supersymmetry is
broken by D-term, instead of F-term, but it remains linearly realised off-shell.
This D-term represents a novel embedding of the Fayet—Iliopoulos D-term into
supergravity and it does not require the gauging of the R-symmetry.



110 de Sitter vacua from supergravity 6.2

6.2 New D-term and de Sitter vacua

In this section the standard embedding of the Fayet—Iliopoulos D-term into
supergravity is reviewed first and and then a novel embedding is presented. It
does not require the gauging of the R-symmetry and, for this reason, it can avoid
typical restrictions [100]. It is shown eventually how this new D-term can be
related to the KKLT setup discussed before.

6.2.1 Standard Fayet—Iliopoulos D-term in supergravity

D-term breaking is the spontaneous breaking of supersymmetry in which the
real auxiliary field D of a vector multiplet V' acquires a non-vanishing vacuum
expectation value. The first example is due to Fayet and Iliopoulos [82] in global
supersymmetry, while its extension to the local case has been constructed by
Freedman [101], who noticed that, in order to promote the model of Fayet and
Iliopoulos to supergravity, a necessary requirement is the existence of a U(1)
R-symmetry gauged by the vector v, of a vector multiplet. In this subsection
the model of Freedman is reviewed in the language of superspace, in order to
compare it with the novel embedding of the D-term presented in the following.

In section 5.2.2 it has been noticed that the prepotentials P(® associated
to gauged analytic isometries are defined up to real constants. This constants
correspond precisely to the Fayet—Iliopoulos parameters. Consider indeed the
minimal situation in which there is only one constant prepotential P = £ and the
associated killing vector is vanishing X = 0. The gauged supergravity Lagrangian
in superspace, (B.1.49), when only one vector multiplet is involved and no matter
superfields are present, reduces to'

L=-3 / B3¢ + i (/ 420 26 WW, + c.c.> . (6.2.1)

As it is going to be justified in a while, the gaugino A, can be set to zero for
simplicity, so that the component form of this Lagrangian reduces to

11 1 - o
G_IE — _§R . 7/Umnvmn 4 Eeklmn <77Z)k0-le¢Tl — ¢kUle¢n>

4 (6.2.2)
Lot + Lo + 1D2+§D+ 25 b+ 152 ¢
3 377 T2 gole? Tt et
where a modified covariant derivative on the gravitino has been defined
N 1
By taking the equations of motion of the auxiliary fields
M =0, (6.2.4)

'With respect to (B.1.49), the vector V is rescaled by a factor of two, V — 2V, for
convenience.
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b, = —&vg, (6.2.5)
D = —¢, 6.2.6

it is possible to realise that supersymmetry is spontaneously broken in the vacuum
by the auxiliary field D of the vector superfield. Since the gaugino A, is the only
fermion in this minimal model, it is the goldstino of the broken supersymmetry
and therefore the condition A\, = 0 imposed before corresponds to the unitary

gauge choice, which can always be adopted consistently. The on-shell expression
of the Lagrangian in this gauge is

e 'L = —;R — ivmnvm" + ;e“m“ (Vr01 Dt — Y10 Dy ) — ;8, (6.2.7)
where a constant positive definite scalar potential has been generated as a
consequence of the supersymmetry breaking. Notice that, in the modified
covariant derivative (6.2.3), the vector v,, has the role of a connection for a U(1)
symmetry which is rotating the gravitino. This is a confirmation for the fact that
the implementation of the Fayet—Iliopoulos D-term into supergravity requires
the gauging of the R-symmetry.

The previous model can be coupled to chiral matter. The generalised super-
space Lagrangian is

1 1
L= —3/d49Ee_§(K+2§V) + 1 (/ d*© 2EW W, + c.c.) . (6.2.8)

Considering only the bosonic sector, for simplicity, its component form can be
calculated using the ingredients in appendix B and it is

e 'L = éQR — 0, ALO™ AT — ivmnvmn

+ ;Q]M — 3(log Q): F"|* + Qlog Qi F F7 — ;Qbaba

g i o ¢ (6.2.9)
— MW — MW + W, F* + W;F" + §D2 — gQD
i i A7 m m 2 a 1 2 a
~3 (20 A" — 20, AT) (b7 + E0™) — 5 2ab” = SE2
where Q = —3e~%/3. The equations of motions of the auxiliary fields give

M — 3(log Q);F* = oW Q™! (6.2.10)
by + Evg = _;’i (2D A” — Q0 A7) 0, (6.2.11)
Fi=—e5g7DW, (6.2.12)
D=S0- ¢k (6.2.13)

3



112 de Sitter vacua from supergravity 6.2

and plugging them back into the Lagrangian results in

1 1
e IL = —56—%1% 4 ie%am(zam

1 . _
0™ — gize” 3 O AT AT (6.2.14)

4
L _ 2
—e% (6" D:W DW= 3WW) — 52@—51(.

In order to bring this Lagrangian to the Einstein frame, a Weyl rescaling is

needed
K

en, —>esen (6.2.15)
and the final result is
1 1 N
P _iR — Evmnvm" — §i70nA'OM AT =V, (6.2.16)
where )
V=X (g7D,WD;W — 3WW) + 5 (6.2.17)

This is the bosonic sector of the matter-coupled supergravity Lagrangian with a
Fayet—Iliopoulos D-term. It can be compared to the Lagrangian (5.2.32) construc-
ted in the previous chapter, in which Kéhler invariance has been implemented in
an alternative way and, for this reason, the form of the F-term contribution to
the scalar potential is different, while the D-term part does not change.

Before concluding this subsection some comments on the consequences and
the restrictions of the implementation of the Fayet—Iliopoulos D-term into su-
pergravity are in order. First of all notice that, since there has to be a gauged
R-symmetry in the theory, no constant term in the superpotential is allowed,
as it would break such R-symmetry explicitly. Due to this, a gravitino mass
term of the type Wy1,0%1), cannot be produced. Recall also the fact that, in
supergravity, F-term breaking and D-term breaking are not independent. To
understand the point, define the Kéhler invariant combination

G=K+logW +1logW. (6.2.18)

Since any supergravity Lagrangian can always be expressed in terms of G, instead
of K and W [5], in order for the model to be gauge invariant it is sufficient to
require that G is gauge invariant, namely

SW  SW
) =, 6.2.19
W + W ( )

5(a)g = (S(Q)K +

Even in those situations in which K is already gauge invariant, it is still possible
to transform the superpotential with a constant phase

Sy W = i)W (6.2.20)
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without spoiling the condition 6(,yG = 0. These ) are precisely the Fayet—
[liopoulos parameters, which are therefore related to the F-term contribution,
Wi, by ,
X(Za) WZ
w
As a consequence of the gauged R-symmetry, it is also believed that the Fayet—
[liopoulos D-term cannot arise in any consistent quantum theory of gravity, since
it would require the existence of a global symmetry in the ultraviolet regime [102].

— it (). (6.2.21)

6.2.2 New D-term without gauged R-symmetry

In this subsection a different embedding of the Fayet—Iliopoulos D-term into
supergravity is presented, which avoids the aforementioned restrictions. In
particular, it does not require the gauging of the R-symmetry and it is manifestly
gauge invariant already at the Lagrangian level. The idea is to construct a
supersymmetric model with a vector multiplet such that, at the component level,
a linear term in the auxiliary field D is present. When supersymmetry is linearly
realised, the proposal of Freedman seems to be the only solution compatible with
gauge invariance, but if non-linear realisations of supersymmetry are considered,
more possibilities can occur. An example in this direction has already been
constructed in section 5.2.3. An alternative proposal along with the same spirit
and which does not involve any additional composite superfield is

L= —3/d40E n i (/ 420 26 WOW, + c.c.>

29172
—s¢ [ dop VW

D2W2D2))2
which is manifestly gauge invariant. The first line contains the kinetic terms
for gravity and for the vector multiplet, while in the second line a new coupling
involving the vector multiplet is present which enjoys the desired properties: it
is not gauging the R-symmetry and its component expansion contains a term
¢D. Couplings similar to this has been considered in [103]. Setting the gaugino
Ao to zero for simplicity, the component expansion of this Lagrangian is

(6.2.22)
DW,,

1 1 1 _ .
671,6 — __R_— 7Umnvmn + 7€klmn <wk6—ZIDm¢n — ka'l’men)
X 2 41 . 2 (6.2.23)
— gMM + §bab“ + §D2 +¢D.

By comparing it with (6.2.2) it is possible to observe that, in the present case,
the vector v, is not appearing as a gauge connection in the covariant derivative
of the gravitino, since the R-symmetry is not gauged. As a consequence, it would
be possible to add consistently a constant parameter in the superpotential, which
would produce then a mass term for the gravitino and a negative contribution to
the scalar potential. The equations of motion of the auxiliary fields are

M =0, (6.2.24)



114 de Sitter vacua from supergravity 6.2

by = 0, (6.2.25)
D=—¢ (6.2.26)

and supersymmetry is again spontaneously broken by the auxiliary field D. The
choice A\, = 0 corresponds then to the unitary gauge. The on-shell Lagrangian is
1 1 1 - - £2
—1pr_ " p_ = mn = klmn = o S
e7lL =~ R~ Jumt™ + e (¥x&1Dmtbn — Y10/ Drthy) 5 (62.27)
Being no gauged R-symmetry, this model evades the restrictions mentioned at
the end of the previous subsection.
It is possible to couple the new D-term to matter in the form of chiral
superfields. The Lagrangian in superspace is

L= —3/d49Ee—§ + (/ 028 W + c.c.)

- 6.2.28)
1 9 4 W22 (
- 2 W, +cc. ) — E———DW,,.
1 ([ oW Wt e ) =8¢ [ 0B DW
Considering for simplicity only the bosonic sector, the component expansion is
1 ‘ 1
e 1L = EQR — 0, A'0" A — vanvm”
1 __ 1
+ =QIM — 3(log Q):F"|* + Qlog Qi F'F7 — —Qb,b"
9 ) T 9 (6.2.29)
—MW—MW+WZ-FZ+W;FZ+§D2+§D
i 7 AT\ 1m
-3 (OmA" = Q0 AT) b7,
and the equations of motion of the auxiliary fields give
M — 3(log Q);F* = oW Q™1 (6.2.30)
b, = —‘;’i (0w A’ — 20, AT) 7, (6.2.31)
Fi=—e5g7DW, (6.2.32)
D =-¢ (6.2.33)
The on-shell Lagrangian is therefore
1 1
eIL = —Ze TR+ Ze5 0,00™0)
2 2
1 mn —K iagm A7
— vanv — gize 3 0, A'0"A (6.2.34)

o ~ 2
—e5 (gTD,WDWV — 3WW) — 5
and notice that, with respect to the analogous formula (6.2.14), there is a
difference in the term proportional to £&. As a consequence of such a difference,
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after performing the Weyl (6.2.15) rescaling in order to go to the Einstein frame,
the result is

1 1 S
e 1L = —§R — vanvmn — §iiOn A"0™ AT =V, (6.2.35)
where the scalar potential is
V =X (g7"D;WD;W — 3WW) + e (6.2.36)

Notice that an exponential factor containing the Kahler potential has appeared in
the D-term contribution to scalar potential of the theory. This factor is going to
play a major role in the next subsection. Notice also that, in this new embedding
of the Fayet—Iliopoulos model, albeit spontaneously broken, supersymmetry is
linearly realised off-shell and no constraints are imposed on the superfields. For
the new D-term to be well defined, finally, £ # 0 is a necessary requirement since
supersymmetry has always to be broken in the vacuum. Similar constructions
have been proposed in [104], while applications to inflation and cosmology have
been discussed in [105-108].

6.2.3 An effective description for KKLT

In the present subsection it is shown how the new D-term can reproduce the
effective theory (6.1.7), which captures the low energy physics of the KKLT
construction. In order to obtain this, it is sufficient to consider the case in which,
besides the vector multiplet, only one matter chiral superfield 7" is present, with
Kéhler potential and superpotential given by (6.1.2):

K=-3log(T+T), W=W,+ Ae T, (6.2.37)

which are the result of the moduli stabilisation in string theory and which lead
to a model admitting stable and supersymmetric anti de Sitter vacua. Inserting
these into the Lagrangian (6.2.35) for the matter-coupled D-term gives idirectly
the scalar potential

£ 1
YV =Vikrr + 2 T+ T)T (6.2.38)
which has precisely the form (6.1.7). Having reproduced the same scalar potential,
it is possible to argue that the new D-term is capturing the low energy effective
description of the KKLT setup to construct de Sitter vacua in string theory,
in the strong warping region [109]. With respect to the description (6.1.8),
supersymmetry is linearly realised off-shell, in the sense that the non-linear
realisation enters only through the equations of motions of the auxiliary fields,
and it is spontaneously broken by the auxiliary field D of a vector multiplet. In
particular no constraints are imposed on the superfields in the model.
Since two different models have been presented which describe the same
physical system, it should be possibile to related one to the other. This is done
in the next subsection at the superspace level.
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6.3 Relationship with non-linear supersymmetry

In this section it is shown that the new D-term presented in the previous section
is equivalent to the model (6.1.8) in which supersymmetry is broken by a chiral
nilpotent goldstino superfield X. This is another instance of the fact that, as
discussed in 3.3.4, when supersymmetry is non-linearly realised it is possible to
map a model with D-term breaking into an equivalent one with F-term breaking.
It is discussed first how the new D-term can be recast into an F-term in the
pure case, when matter superfields are not present. The same procedure is then
performed in the case of matter couplings and the model (6.1.8) is obtained.

Following the discussion presented in subsection 3.3.4, the first step is to
introduce a nilpotent chiral superfield X in which the goldstino is embedded and
in terms of which the vector superfield can be parametrised:

- XX XX
= 2 2—— 3.1
1% V+ID2X+ID2X, (6.3.1)
where the constraints
X?2=0, XW,=0, XXDW, =0 (6.3.2)

have been imposed. As a consequence, X contains the goldstino and the aux-
iliary field which acquires a non-vanishing vacuum expectation value, while V
contains only the vector field as independent degree of freedom. By inserting
this parameterisation into the second term in (6.2.22), the kinetic terms for V
and for X are generated:

L/ . . DX DX
L ([Po2eW Watce) = /dHEXX(2+D2X+D2X 655,

5 (/ P20 26 WW, + c.c.> ,

where W, = —1/4(D? —8R)D,V. As for the rigid supersymmetric case analysed
in section 3.3.4, this kinetic term for X contains non-standard higher-derivatives
interactions, which however are going to be eliminated in a while. By performing
the same procedure on the new D-term coupling, a superpotential linear in X is
produced

WAW? V2
4 a 2
_ 8§/d N QWQD Wa == g(/d 028 X + c.c.) . (6.3.4)

which breaks supersymmetry spontaneously. To perform the calculation, the
superspace identity
WAW? XX
= — (6.3.5)
D2W2D2W?  D2XD?X
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has been used. Putting all these ingredients together, the supergravity Lagrangian
(6.2.22) in terms of X and V' becomes

L= —3/d49E + i (/ d*© 26 WW,, + c.c.>

17, . D2X DX
+ [ d0EXX (2 t gt DQX) (6.3.6)
_ \fg (/d2@26X+c.c.) .

Since in this Lagrangian there is a term linear in X in the superpotential and
since ¢ is real, it is possible to apply the discussion of subsection (3.3.3) and to
restore a contribution of the type (3.3.67), which cancels the undesired higher
derivatives. As a consequence, the model becomes finally

L= —3/d40E + i (/ >0 26 WW,, + c.c.>

+ /d40EXX _ ‘fg (/ 2026 X + c.c.)
2 (6.3.7)

_ 4 X 2 2 AOA

_ 3/d0Ee +4(/d@2€WWa+c.c.>

V2 )

—2§</d@2€X+c.c.).

This is a Lagrangian for X and V, in which supersymmetry is broken by F-
term and which is on-shell equivalent to the original system (6.2.22). The
same procedure can be performed also when matter couplings to a chiral model
K(®,®), W(®) are introduced. In this case, following the same steps as before,
the Lagrangian (6.2.28) becomes

L= —3/d49Ee’§ + (/ P20 26 W)

+ i ( / 026 WO, + C.c.) - \fg ( / PO X + C.c.) . (0%
By redefining the Kéhler potential and the superpotential according to
K = —3log (e—ﬁ‘ - ;XX> W= —?gx e (6.3.9)
the model assumes the standard form
£—-3[aope s+ ([d02eW +ce)
(6.3.10)

1 ~ -
+ </ 20 26 WW, + c.c.> .
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This Lagrangian is on-shell equivalent to (6.2.28). Considering then the simple
case in which only one chiral matter superfield 7" is present with

K=-3log(T+T), W=W,+Ae T, (6.3.11)
the KKLT effective description (6.1.8) is finally recovered

-1 2
K = —3log <T+T—3XX) , W:WD—i—Ae_aT—\g—ﬁX. (6.3.12)
This concludes the proof that the new D-term is capturing the low energy effective
theory of the KKLT setup and that it is equivalent to the description of the

same setup in terms of constrained superfields.

6.4 Discussion: End of the second part

In the second part of this thesis four-dimensional models with spontaneously
broken local supersymmetry have been studied. The construction of supergravity
Lagrangians with a nilpotent goldstino multiplet has been reviewed and matter
coup lings have been considered. Non-linear realisations of supersymmetry have
also been used to construct new models which evade some of the restrictions
which are present in the linear regime. The class of supergravity Lagrangian with
alternative Kéhler invariance and the new embedding of the Fayet—Iliopoulos
D-term without the gauging of the R-symmetry are examples in this direction.

It is possible to conclude that, while on one hand non-linear realisations of
supersymmetry represent a powerful tool in the construction of effective theories,
which can describe several physical phenomena even at energies accessible with
the present experiments, on the other hand they can give precious hints on how
a certain theory in the ultraviolet regime is constraining the physics in the low
energy.
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A The Samuel—Wess formalism

In this appendix the goldstino superfields A, and T',, introduced in [20, 21]
and employed in chapter 2, are reviewed together with their properties. The
discussion starts from rigid supersymmetry and then some of the results are
generalised to supergravity.

A.1 Supersymmetry

Consider the Volkov-Akulov goldstino A, with non-linear and non-homogeneous
supersymmetry transformation

X = feu — }()\amE — 0™ N Ne (A.1.1)

This transformation mixes A, with its complex conjugate. It is possible however
to introduce chiral coordinates

y" =" = S Ay)o"A(y) (A1.2)

in terms of which a new goldstino field v, can be defined

Aa(Y) = Yalz). (A.1.3)

The explicit form of such a relation can be determined by Taylor expanding and
by using the anticommuting nature of the fields which are involved. The result is

Yo = Ao — %vmé?m)\a ﬁvmv"amanAa — %vm(é?mv")@n)\a
I f f (A.1.4)
FU HOW™) (Omv™) O Aa + L yly (0105 0" ) Op A,

2 f6

where v™ = 1(Ao™é — e6™)). In contrast to that of \,, the supersymmetry
transformation of 7, is chiral

Y
0Va = féa — 7 "€0mYa- (A.1.5)
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These two goldstino fields can be embedded into superspace as lowest com-
ponents of two spinor superfields A, and I',

Al =Xar Tl =, (A.1.6)

which satisfy the defining properties

l

DaAﬁ =f €8a T+ 7 U?B/_\Bam[\g,
B ; (A.1.7)
DsAg = —? Apaz;’&@m/\g,
and
D.I's = [ €ga,
24 (A.1.8)

Dal = 7 [P0 0T 5.

These are the superspace generalisation of the supersymmetry transformations
(A.1.1) and (A.1.5) and indeed they close the supersymmetry algebra

{D,,Ds} =0, {Da, Dy} = —2i07:0,. (A.1.9)
The relations (A.1.6), (A.1.7) and (A.1.8) contain all the necessary information

to calculate all the higher components of A, and I',. To pass from one superfield
to the other it is possible to use the superspace redefinition

D, D?*(A2A?)

r, = _2f—D2D2A2]X2 (A.1.10)

and a supersymmetric Lagrangian for them is of the type
£——L [goncaz = — L [gorere Al.11
=5 ~ ) (A.1.11)

Some useful superspace relations are
AZA% =T7T2, (A.1.12)
D?A? = —4f% + 4i0,,Ac™\ + JZA%mAamA (A.1.13)
4 Toamy 2 x2 a2
— FAﬁmAAa A — FA AO“A,

D?*(A?A?) = —4A? f? + 4iN*0,,Ad™ A + ]i]\QAzﬁmAam”&nA. (A.1.14)
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A.2 Supergravity

In curved superspace the superfield 'y, such that I',| = 7,, is defined by

2 _
DsTy = €ap (f — RF2) ;
f
2

) (A.2.1)
D°T* = Z(5'T)’D, I + —T2B%
f (O' ) b + 2f )

where D,I'y, = e'D,,, Iy, — %wfl?gFa — %&bgl_)BFa is the supercovariant derivative
in superspace. The superfield I',, satisfies the supersymmetry algebra

{Da,Dp}* =P Rapp® — T{zDcT. (A.2.2)

Some useful superspace relations are

D,Dsl', = —4Re 5T, (A.2.3)

DsyDsl', = —A*Re g (;i(DaAa“)d + ;D5BM> : (A.2.4)

DsDsly = DDyl — 2005, Dyl + €451° By, — 3 Bsa, (A.2.5)

DyDal, = segi DT, (A.2.6)
DT, = ]i(ra“abpar)pbr7 —8RT,

+ fQZF2< — 2DD,I', — 6iG"D, T, (A.2.7)

+ DBy, + i(DbFabB%) :

D% =2fT,, (A.2.8)
_ 2%

D2 = ;prr%gd, (A.2.9)
D’I'? = —4f* + 8RI?, (A.2.10)

D12 = 1602 (J}?Daro—abpbr — R) : (A.2.11)






B Supergravity Lagrangian

In this appendix the main steps which are needed in the construction of su-
pergravity Lagrangians from superspace to components are summarised. The
case of standard linearly realised supergravity is presented first and then some
ingredients are given, which have been used to build the alternative models of
chapter 5.

B.1 Standard supergravity

Given a generic real function Q(®,®) of a set of chiral superfields ®, the

superfield B
== (D*-8R)Q (B.1.1)

is chiral and it can be expanded in curved superspace as
= = (D - 8R) Q| + ©°D, (D* - 8R) Q| - i@zpz (D*-sR)Q.  (B.1.2)

Its projections are

_ 4 _ o
(D* - 8R) Q\ = MO~ AQF + 205 XY, (B.1.3)
N2 4 a 4 a G 8 ab\p
D, (D* — 8R) Q| = 51 Waa® — ZIQOLAIM + 5 Q(0™) s

+ ;l\/iﬂiMX; — 420 Q; 0¢ €D X

+ 4i Q0% DS FT — 40 00 5Py s €D, AT (B.1.4)
V200, s () — V20X b

+ 40 Qg oo, X () — 4V2 Qi FY

— 4V2i Q00 X €MD AT+ 2V 20 XL (X)),

N 8 16 . Tm=n 2 mn (] = n
D?(D* ~ 8R) ©f = JOR — i QU5 Y — Q™ ($11mn + Y1018
1 2 -1 .
+ sz e D, b" — ?;Q MM — 969 bob" — 29 (Vo) M
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+ i Qo™ b" + 136\/591 X' + §\/§iQ¢Xi¢a b*

— iﬁm Yo, M + iM O 136MQ F'

— gﬁi Qha 0 be + — \/_z 2i Qba X' \/_Q V0™ X’

2N + 8O () — V3 0 0 ()

+ 8 ;105 €MDy A — 82 Q)%™ D,, X — 136\/51 Qb (ax’)  (B.L.5)
+ 332@9 b D A" — 820 €)' Dy (V") + 1695 €Dy, (e4 D" AT)

8
— 391])( oY by + 8\/_ZQ”XZO'C'¢CFJ + 85 Xlacaazﬂc(%x 7)
— 8V20u5 X 05 ™ Dy AT — 16025 X 0T Dy X + 1695 F'F?

— 804 (X'XT)E" + 85 (LX) (0X7) — 16V205 ¢ Dy A'(V"X)

. - 16
+ 16945 g™ D,, A'D, A7 — 3% T M(XX) + 8V/2i iy X 0°X (aX’)
— 1605 X oY €Dy A7 — 8 F' (X' X7) + 492550 ) (X'X7).

A generic supergravity Lagrangian with chiral matter couplings can be written
in curved superspace as

L= /d2@ 28 [—; (D? = 8R) Q(®, @) + W ()| + c.c., (B.1.6)

where €2 is going to be related to the Kédhler potential of the chiral model, while
W is the superpotential. The component form of this Lagrangian is

E == £kin + Eaux + »Cgf + £4f, (Bl?)

where

1 1 - _ -
¢ Lian = ZOR — Q™ (4518 — V01

_ gijammaw — 95 (X" DX + X0 D)

+ i (00, A' — QAT it

+2 XY (il A — Q0 AT (B.1.8)
_ \fgij (YOm0 W0 A + 0" 5" 0, A

i \/f (X 0™ P + UX' T V)

1 __ R
e Lony = §Q|M — 3(log Q):F"|* + Q(log Q)5 F" FY
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—1Q@W—;(Qafv—9ﬁwﬂyﬁ

9
1 7 ) 7=t na
— QX0 Wb, + V2 (Qutbax’ — Qo) b
1 C1 o
+ 5 MQix X+ EMQ@-X X/ (B.1.9)

1 i ] I 1 i
- §QiﬁX XJ F 2anX Xj F
— MW — MW + W, F* + W;F",

- 1 1
e Lop = =5 Wix'x? = W'
— Whaa“thy — Wehao“1h, (B.1.10)
2 o 2
- £z’Vl/ixla%pa - £i N7,
2 2
~1 1 i G\ (=]
e Ly = ZQiﬁj(X X)) (X'X)
1 S
- 4 z](,lvba ab@Db)(X X ) - 79 (% ¢b)(X XJ)

+ QZJ [(@Dmanwm)(xloﬂf(j) + ieklmn(d)kal&m)(xianij)} (B~1~11)

+ \é_ﬁklmn¢kgl¢m (Qz@DnXZ - Qﬂ/;”f>

- \fz (tomo™ X" + QuthmG™ X' ) (10" — Ym0y

In these expressions, €2 and its derivatives have to be interpreted as projections
to their lowest component.

In order to obtain the on-shell form of the previous Lagrangian, the auxiliary
fields have to be integrated out. Their equations of motion can be calculated at
the component level and they are

M — 3(log Q);F' = W Q™ + §Q*1§2@>?5<7, (B.1.12)
3 i A7\ O-1 3 i =10-1
m:—@JQaA 2,0,47) Q — Q)oY (B.L13)
+ Zl\/é (Qid]axl - Qi&aié) Q_l
Q (log Q),; F' = 3(log Q);WW — W; (B.1.14)

1 TR
- 5(10g Q) ;"X + §Qiij X’
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It is alternatively possible to calculate them at the superspace level, obtaining [77]

1 N2
W—E(D ~8R) Q=0 (B.1.15)
1 _ o
Gaa = 797 ([Das Da]2 = 32Da®'Ds ) = 0 (B.1.16)
1,-
Wi (D-8R) Q=0 (B.1.17)

Notice indeed that, by projecting to the lowest component, the latter reduce to
the former. After that these expressions for the auxiliary fields are substituted
back into the Lagrangian, new terms with four fermions are generated. The next
step is to restore the canonical normalisation for the physical fields, namely to go
to the so called Einstein frame. The Ricci scalar can be canonically normalised
with a Weyl rescaling of the vielbein of the type

e —> eﬁle%, (B.1.18)
where K(®, ®) is related to Q by
Q=—3¢ % (B.1.19)

and it is going to be the Kahler potential, which encodes the geometry of the
scalar manifold. To restore the correct matter field normalisations then, a
field-dependent redefinition of the Spin-% fermions is needed

Xi = e Bxg, ey, (B.1.20)
and eventually a shift of the gravitino
7 _
m m+7 m_lKi- B121
Um = Um + 25 0mX ( )

After all these transformations are performed, the following on-shell supergravity
Lagrangian is obtained

1 R
6_1£ = —§R - gijamAzamA]
- igiﬁ_(j&mpmxi + eklmn'&k5lpm&n
2 — 2 . _
- \g_giﬂn/l]xzam5"wm - \ggijanAlxﬂ(}ma"wm
1 ; klmn " n,;m i =7
+ Zgij (Zekl Q/Jko-lwm + %Z)mU ¢ ) X O-nX]
(B.1.22)

1 .

- g (gﬁgjj - 2Rﬁjj) XXX'X

_f (wwaaabwb W™,

+ %\/éDiWXio—aq/_}a + %\/éDiWXia—awa

1 A | -
+ §D2D]WXZX] + 2D5D5WX1XJ> - V,
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where the scalar potential is
V=" (¢"DiWD;W — 3WW) (B.1.23)
and the covariant derivatives are defined as follows
DX’ = O’ + X'wm + T 0 AV X" — i(KjamAf — K;0,A7)x",  (B.1.24)
Dyhn = Opthn + Ypwim + jl(KjamAj — K0 A7), (B.1.25)
DWW =W, + K;W, (B.1.26)
D;D;W = Wy; + KiW + K;D;W + K;D;W — K;K;W —TEDW. - (B.1.27)
This Lagrangian is invariant under Kéhler transformations
K— K+F+F, (B.1.28)
N e%Imei, (B.1.29)
Uy — €Ty, (B.1.30)
W —e "W, (B.1.31)
D;W — e T D;W, (B.1.32)

where F(®) is a generic holomorphic function. Notice that in supergravity,
on the contrary to the case of global supersymmetry, the fermions and the
superpotential have to transform under Kéhler transformations, in order for the
complete Lagrangian to be Kéhler invariant. In particular, they are sections
of a line bundle over the Kahler manifold which, in turns, is restricted to be
Kahler—-Hodge.

Analytic isometries of the scalar manifold can be gauged. To each gauged
analytic isometry it is associated a holomorphic Killing vector

x@ — yil) (A7) 9 .
85“ (B.1.33)
x@ = xlo (A=
0A*
and a real prepotential function P(@ (A, A), satisfying the differential equations
g X7 = ia;iij)’
(B.1.34)
i(a) ap(a)
iz XY = —1 EYi
The Killing vectors close the algebra of the isometry group G
[;\g(a)7)((b)] — — fabeyle),
[X@ x®] = _ fabeyl) (B.1.35)
[)((a) )E(b)] =0,



130 Supergravity Lagrangian

B.1

where Latin indices between parenthesis run over the dimension of G. In order to
implement gauge invariance in the model, a counterterm function I is introduced
such that the gauge transformation of the combination K + I' has the form of a
Kéhler transformation. The explicit expression for I' can be found in [5] but, in

the Wess—Zumino gauge, it reduces to
I = y@p@ 4 Lo pitw ity @y
2 ?
Its components in the Wess—Zumino gauge are

| =0,
D.I'| = DgI'| = D,Dsl'| = Dy DsI| = 0,
D,Dul'| = —ols v P,
D, DT| = 4iNDPW 4 2i(p,0™5%) e 3 v @ P
+2iV/2g; X D0 (5™ ) eag,
D*DyT| = —4iA P + 2v/2ig;; X7 @yl Pom

_ 16
D2D2F| — 8D((l)’])(a) _ 8i€£anUc(a)P(a) + ?

+ 16, Dy AT X @y (@ _ 49,, X (@ 107 )y (@ 0)
— 4ap G NIP@ L 4N D5 PO 1 49 e P

4 8\/§gij/'\_fj(a)()\(a)xi) + 8\/_g-jXZ(a)()\( )X )
+ 4\/_9--2‘?3_(“) (X0 ™) — 8V2g; X (o™
+ 8P (xI5™ X )

The gauge variations of the quantities K, I and W are

SK = A@Fla) 4 Al@) Fla) _ (A(a) _ A(a)) P

O =i (A — Al)) Ple),
W = ADX@Ww = —\@ F@y,

where the holomorphic function

F = y@pg 4 ;pla

has been defined. The combination K + I' therefore transforms as

§(K +T)=ADF@ 4 @ F@

and, after the replacement
K— K+T,

oD

(B.1.36)

B.1.37
B.1.38
B.1.39
B.1.40

A~~~ I~
~— ~— ~—— ——

(B.1.41)

(B.1.42)

er, (YeX)

(B.1.43)
(B.1.44)
(B.1.45)

(B.1.46)

(B.1.47)

(B.1.48)
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the Lagrangian (B.1.6), with the inclusion of the vector multiplet kinetic term,
becomes

L= /d2@ 28 {:(75 — 8R)e 3K+

1 (B.1.49)
+ [Po2e (mwawa + W) +ee.
Its total gauge variation is
oL = / 4?0 28 [—;(DQ —8R) [A(a)}"(“) + J_\(“)F(“)] e~ 3 (KHT)
(B.1.50)

F AR 4 e

and this can be absorbed with a super-Weyl transformation, which is a symmetry
of the superspace Lagrangian. The component form of the gauge invariant
Lagrangian (B.1.49) and additional details can be found in [5].

B.2 Alternative Kihler-invariant supergravity

In this section the necessary ingredients to construct the models contained in

chapter 5 are given. Considering a real linear superfield L, such that
L=1Lr

9 (B.2.1)

(D" —8R)L =0

and a generic real function K (P, (i)) of a set of chiral superfields ®°, it is possible
to construct the chiral superfield

¥ = (D*-8R) LK
= (D* ~ 8R) LK| + ©°D, (D* - 8R) LK]| (B.2.2)
_ ig?p? (D* ~8R) LK|

In the case in which L is the composite object

_ XX
L =D (D*-8R) D, [D?XD?X] : (B.2.3)
where X? = 0 is assumed, its components in the unitary gauge are
Ll =1, (B.2.4)
D, L| = —;agd e (B.2.5)
Dal| = Lypon (B.2.6)

2(104(54’
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M 2 1 7 =b _a 1 a 78,8 b
DyDsL| = —gbm + 5Yea (dwo'o") + §0ealhUlobe  (B2T)
1 _ 2, a1 _
~5 [P Da] LI = 5o ww (ha'o®), =7 (0°5") tas  (B28)
1
- *Uggwb ¢505a
_ 4 _
D*DyL| = —fwa szzpa @ — 2i(p5"") aba (B.2.9)
—abf m 7 =b _a
+ gi%ab_ﬁa & T 2e, (Dm¢ba o _)a )
+i(Petba) W0 50%) 6 — i(Yao Vo) (V4770 ) s
Those of ¥ are then
(D? = 8R) LK| = V2iKnpao"X' — AK:F' + 2K, (B.2.10)
Dy (D? = 8R) LEK| = —2v2bac X' * + 602 ;000 K F
— 2K (p0°5") P enpe Dy A — 4K (1,0°5°) P eqge™ D, AT
+4\/§i€aﬁKiem(Dm>€55 ) + sz¢aa(¢bUb ¢ Z)
+ V2K (10°5) P eas(aX') + 2V 2K (10,0°°) P eap(1baX’) (B.2.11)

+ \/EK'UZMZ(?O% ) + QZKiJ'Xa(Q/}aU X ) - 4\/§KiJ'X2FJ_
—iKG Ua,gl/fﬁ(X X)) + 4V2iK5(X'0") eapey D A7
— 4iK(x'o ) Eaﬁ(?ﬂaX ) + QﬂKiszi(féi)zj),

_ o 4 __
D? (D? - 8R) LK| = 16K, D, A'D™ A7 + 16K;;F' F7 + ;K,F’M

+ 4V2KGe) Duthy "0 X' + 8V2 Kb X' — 4V 20K (1460 X" )b,
_ 4\/§'L'MK5<¢QO-G>—<5) _ SKZ‘j(XiO-an)b + 4Z.K5¢b0'05'a0'b@zc€?pm/_ﬁ
= 4\/§iKi]—Fi(¢aa“)Zj) — 4\/§Kij—(¢aga0bxl) mD,, Al — 8]\_4[(5]—()’{)27)

+ V2K (X 5 0 ) e Dy AT — 8V2 K (1" D, X'
+12V2i K FP (X 0™,) + 4V2 K™ (D X 00"y

+ 16K D™ ("D A") — AK F (1,50 )

— 8V2K:e™D,, (1X") — 8i Ks(1hpo )M D, AT + 8K F (1,1)%)
— 16V2K 5" D, A (%7 + 161 K356 D, X' 0

— 8\/_Kij—(2/100“acxl) "D, Al — 8Ky F'(x'X")

— 8K F'(X'X’) + 160Ky (X 5 X' ey Dy A

+ 2V2i K (Yaba) (Pp0 "5 o°X) — 2V20 K (Pac®e) (Yo o X")

— 2Vi K (050" e) (PaX') + 4V 20 K3 (1hy0°0") (e X)

— 4K 5(0eX) (10" oK) + AK (X ") (1000 )

(B.2.12)
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+ 4K (00T X)) (YaX) — AK5(X T 0 D) (VaX?)
+ 8K (X ) (VX) + 8Kiy(¢e0a°X") (aX?)
+ 2\/§iKiji(X X )(¢c0 X ) - 2\/_ZK€ij<Xi0a@Za)(>_(i)_<j>
— 8V2iK5(V'X) (YaX!) + 4K (X ) (XX
In order to calculate the Lagrangian in which analytic isometries of the scalar
manifold are gauged, the components of the chiral superfield

A = (D* - 8R)LI

_ (B.2.13)
= (D? — 8R)LI'| + ©*D,(D? — 8R)LI'| — @21)2(192 — 8R)LI|
are needed. In the Wess-Zumino gauge they are
(D* —8R)LI'| = 0, (B.2.14)
Do(D? — 8R)LT| = 4iAWP@ —2/2 gw)c“a)vﬁ;;)ag;;zfﬁ' (B.2.15)

= 205" e ol P 4 200" i pul) P
D*(D? — 8R)LT| = 8DWP 4 164, 0" D,, ATX '

_4g,, 270 FIO (@) ymb) _ gjempy ela)pla)

( (a) cwc> +4<,¢b Cwb) (a) P(a

+ 210’ oy o P

+2v20;; X0 (0T ) (B.2.16)

+ 2v/2gi; X DD (75™ oy

+ 42455 XD (G, )

— 820 XM (o) + 8v/2g;5 XN (AW

+ 8v/2g;; X (A3 + 8P (o)

The gauge invariant form of the matter couplings in superspace is then
1 _
L=—3 / 2028(D? — SR)[L(K + 1)) + c.c. (B.2.17)

where the vector V in T is rescaled of a factor two, V' — 2V, for convenience.
Its bosonic sector is

e Liyos = —Giy D AD™ A + gz FUF7  DOP@) (B.2.18)
where D,, A’ is the gauge covariant derivative

DAl = 0, A" — 0@ @), (B.2.19)
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