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Abstract

In modern physics the role of symmetries is central and, even when they are
broken, their remnants can pose constraints on the interactions. In considering
effective descriptions of certain physical models, the symmetry group can be
indeed spontaneously broken to some subgroup, but it is still possible to write
symmetry transformations which leave a given action invariant. These trans-
formations are usually realised non-linearly on the fields, while in the unbroken
regime they act linearly.

The Standard Model of particle physics can be though of as an effective theory.
In this respect, beyond the Standard Model scenarios have been proposed, of
which supersymmetry is one of the best motivated at present. Having been
yet no direct detection in the experiments, supersymmetry is postulated to be
spontaneously broken at some energy scale above the TeV. For this reason, it is
important to study supersymmetry breaking mechanisms and to consider low
energy effective theories with spontaneously broken and non-linearly realised
supersymmetry. An essential ingredient of this class of models is the presence
of a massless goldstone fermion in the spectrum, namely a goldstino, which is
associated to each broken generator.

The subject of this thesis is the construction and the study of four-dimensional
effective theories with spontaneously broken and non-linearly realised global and
local supersymmetry. In the first part, the global supersymmetric case is analysed.
The discussion starts from the supersymmetry breaking sector, describing the
goldstino and its interactions, in the case of minimal supersymmetry and it is
then generalised to a generic number of spontaneously broken supersymmetry
generators. A systematic procedure is given in order to construct effective
theories with non-linearly realised supersymmetry and with any desired spectrum
content. In the second part of the thesis, non-linear realisations are analysed
in the case of local supersymmetry, namely supergravity. The coupling of the
goldstino sector to gravity is presented first and the superhiggs mechanism on a
generic background is discussed. Matter couplings are then constructed in some
simple examples. A new class of models is introduced in which supersymmetry
is spontaneously broken and non-linearly realised already on the gravity sector.
As a consequence, it is possible to construct actions in which the cosmological
constant is bounded to be positive, which can be motivated for studying inflation.
Two applications of non-linear realisations in local supersymmetry are discussed
in detail. In the first one it is shown how to implement Kähler invariance in a way
that mimics the global supersymmetric case. In particular, the Kähler–Hodge
restriction on the scalar manifold, which is typical of supergravity, is avoided.
In the second application the role of non-linear realisations in the construction
of de Sitter vacua is discussed. Attention is devoted to the relationship with
known de Sitter uplift constructions and with a new, recently proposed D-term
in supergravity.
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1 | Introduction and motivation

Symmetry principles are central in modern physics. They represent an essential
tool in the construction of theoretical models and they have revealed to be
a fundamental mean in the understanding of Nature. Particles, for example,
can be classified according to their symmetry properties while, in the Standard
Model of particle physics, interactions are described by gauge symmetries and
the causal structure of spacetime is captured by Lorentz symmetry. This is the
most accurate theory of Nature we have been able to develop so far.

Symmetries are important also when they are broken. Even in those cases
in which symmetry breaking occurs, in fact, symmetries or their remnants can
still pose constraints on the model under investigation and they can be most
conveniently used as an organising principle. To understand better the point,
suppose that a given theoretical model possesses a certain amount of symmetry in
some high energy regime. In a realistic scenario however, the experimental access
to such regime could be very challenging. In this situation, physical aspects of
the theory can nevertheless be tested by constructing an effective description for
it, which captures information about the low energy region, where experiments
can be performed. In practice this is obtained by reducing the number of degrees
of freedom of the original theory and by keeping only those whose affection by
high energy phenomena is negligible. To quantitatively govern the description,
a cut-off parameter can be introduced, which bounds the regime of validity of
the effective theory and suppresses its interactions. It is therefore not surprising
that, together with the number of degrees of freedom, also the original amount
of symmetry can be reduced, along the procedure. The symmetry group is said
to be spontaneously broken to some subgroup and the transformations become
non-linearly realised, in contrast to the unbroken case in which they are realised
linearly on the fields of the theory. In the presence of such a type of breaking,
the information on the original symmetry might not be completely lost, as it
should be possible in principle to follow the reverse path and understand how to
reconstruct the original theory from its effective description. Such bottom-up
approach can be tough to pursue, but the analysis of the symmetry in its non-
linearly realised form can give precious hints along this direction. The concepts
of spontaneous symmetry breaking and that of effective theory are therefore
intimately related and the interest in them is motivated both from a theoretical
and a phenomenological perspective: by studying the low energy description,
where symmetries are non-linearly realised and where experimental data could
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2 Introduction and motivation

be available, information can be gained about the nature of the complete theory
in the high energy regime, which might not be accessible experimentally.

The Standard Model itself can be viewed as an effective theory. Even though
it is renormalisable and thus it could be in principle properly applied at any
energy scale, phenomena are known which are not described within it. The most
vivid reason for this interpretation is perhaps that gravity is excluded a priori in
any of the interactions. The ultimate problem in theoretical physics at present is
indeed to understand which is the form of the theory, in the high energy regime,
from which the Standard Model might be originated. To this purpose, several
proposals have been formulated and are currently under investigation: they are
generically named Beyond the Standard Model scenarios. In the so called Grand
Unification Theories, for example, the gauge group of the Standard Model is
embedded into a larger symmetry group, which is supposed to be spontaneously
broken at low energies. In this class of models, different gauge coupling constants
become unified in the unbroken phase, as the gauge group at high energies is
unique by construction. The simplest versions of such models however, seem to
be ruled out, as they predict a lifetime for the proton which is in tension with
the current experimental bounds. Beside gravity, the Standard Model cannot
describe other phenomena for which there is experimental evidence, as dark
matter and neutrino oscillations. A further aspect, which is not satisfactory
from a more theoretical perspective, is the presence of a large gap between the
electroweak breaking scale and the natural cut-off of the theory, namely the
Planck scale. The difference indeed is roughly of seventeen orders of magnitude.
The electroweak breaking scale, moreover, is related to the mass of the Higgs
boson, which is the only particle of spin zero in the Standard Model. Being a
scalar, it receives corrections to the mass growing quadratically with the energy
and in principle running up to the cut-off of the theory. Dramatic cancellations
among these corrections have therefore to occur, in order to reproduce the
measured value of the Higgs mass, which is extremely small if compared to the
Planck scale.

Supersymmetry is one of the best motivated beyond the Standard Model scen-
arios, as it provides a mechanism to explain the occurrence of such cancellations,
but it can also suggest possible candidates for dark matter particles and it allows
for the unification of the gauge couplings. It is a spacetime symmetry, extending
the Poincaré group and relating bosons to fermions. In addition, theories with
local supersymmetry automatically include gravity among their interactions and,
for this reason, they are called theories of supergravity. From a more theoretical
point of view, supersymmetry is an essential ingredient of string theory, which is
at present one of the best proposals for a complete theory of Nature.

At the present stage, there is no direct evidence for supersymmetry at the
energy regime probed by the experiments. Since its theoretical motivations are
solid, however, supersymmetry is still not discarded, but it is supposed to be
spontaneously broken at some scale above the TeV. In the spirit of the previ-
ous discussion, it is therefore important to study the supersymmetry breaking
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mechanism and, more in general, to consider low energy effective theories with
broken and non-linearly realised supersymmetry, in order to extract information
concerning the fully supersymmetric theory in the high energy regime.

This thesis is about the construction and the studying of four-dimensional
effective theories with spontaneously broken and non-linearly realised global and
local supersymmetry. Both technical and physical aspects of the subject are
presented. In particular, a systematic recipe to build models with any desired
particle content in the low energy is given. This prescription is the starting point
for the studying of systems of phenomenological interest and some applications
are also discussed within this work.

This thesis is based on the following publications by the author.

I Interactions of N Goldstini in Superspace,
with G. Dall’Agata and F. Farakos,
Phys. Rev. D 94 (2016) no.6, 065019, arXiv:1607.01277 [hep-th];

II Minimal Constrained Supergravity,
with G. Dall’Agata, F. Farakos and M. Porrati,
Phys. Lett. B 764 (2017) 228, arXiv:1611.01490 [hep-th];

III From Linear to Non-linear SUSY and Back Again,
with G. Dall’Agata and F. Farakos,
JHEP 1708 (2017) 117, arXiv:1704.07387 [hep-th];

IV Fayet–Iliopoulos terms in supergravity without gauged R-symmetry,
with F. Farakos, M. Tournoy and A. van Proeyen,
JHEP 1804 (2018) 032, arXiv:1712.08601 [hep-th].

The author also contributed to

V On the off-shell formulation of N=2 supergravity with tensor multiplets,
with G. Dall’Agata,
JHEP 1808 (2018) 132, arXiv:1803.08059 [hep-th].

Part of the material in the thesis has never been published before.

https://arxiv.org/abs/1607.01277
https://arxiv.org/abs/1611.01490
https://arxiv.org/abs/1704.07387
https://arxiv.org/abs/1712.08601
https://arxiv.org/abs/1803.08059


4 Introduction and motivation

1.1 Supersymmetry and its breaking

Supersymmetry is a spacetime symmetry which relates bosons and fermions,
viewing them as a single object: a supersymmetric multiplet. It is generated by
a spin-1/2 parameter, which can become a local function of spacetime. In this
case supersymmetry becomes local and it is called supergravity. According to a
result of Haag, Lopuszanski and Sohnius, within the framework of quantum field
theory, supersymmetry is the only extension of the Poincaré group which can be
a consistent symmetry of the S-matrix.

For what concerns interactions, supersymmetric theories are usually more
constrained with respect to non-supersymmetric ones and in general they display
certain common features. For example, a given spectrum is said to be supersym-
metric if it contains the same number of bosons and fermions and if particles
which are related by supersymmetry transformations, namely superpartners,
have the same mass. The mass degeneracy within supersymmetric multiplets
can have important consequences, when calculating quantum corrections. Since
in supersymmetric theories pairs of particles exist with the same mass, but with
opposite statistic, cancellations occur in the calculation of loop diagrams. When
applied to a supersymmetric extension of the Standard Model, these cancellations
can therefore give a solid explanation for the smallness of the predicted masses
in the theory, like for example the one of the Higgs boson, with respect to the
Planck scale. In other words, supersymmetry can give a motivated solution to the
so called hierarchy problem of the Standard Model. Supersymmetric extensions
of the Standard Model require moreover the existences of particles yet to be
discovered: at least all the superpartners of the observed ones, in a minimal
setup. Some of these additional particles, for example, can be sensible candidates
for dark matter. These are among the main reasons why supersymmetry is at
present one of the best motivated beyond the Standard Model scenarios.

Supersymmetry is not observed in the experiments at present. For this reason
it is justified the assumption that, if realised in Nature, supersymmetry has
to be spontaneously broken above the TeV scale and therefore the mechanism
of spontaneous supersymmetry breaking becomes of phenomenological interest.
The class of models with spontaneously broken supersymmetry can be large but,
since there should exist a regime of validity in which supersymmetry is restored,
even in the broken phase certain common features can be present. The essential
ingredient of any spontaneous breaking of supersymmetry is the presence in
the spectrum of a massless goldstone fermion, which is called goldstino, whose
supersymmetry transformation is non-linear on the fields and non-homogeneous.
More in general, spectra can contain a different number of bosons and fermions
and the mass degeneracy among superpartners can be removed by the presence
of some mass gap. In any case, supersymmetry still constraints the form of the
interactions, since it is possible to define supersymmetry transformations which
leave a given action invariant.
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1.2 Effective theories with spontaneously broken
supersymmetry

Given the general properties of models with spontaneously broken supersymmetry,
one can wonder which is the simplest example which realises them. In 1973
Volkov and Akulov [1] proposed the following Lagrangian for a single spin-1/2
massless field λα:

LV A = −f 2 − i
(
λσm∂mλ̄− ∂mλσ

mλ̄
)

+ O(f−2), (1.2.1)

where f is a parameter of mass dimension 2, which is suppressing the interactions.
This Lagrangian is left invariant by the transformation

δϵλα = fϵα − i

f

(
λσmϵ̄− ϵσmλ̄

)
∂mλα, (1.2.2)

which is generated by a spin-1/2 parameter ϵα and it consists of a non-homogeneous
part, namely the first term, and a non-linear part in λα, namely the second
term. It can be checked that the transformation (1.2.2) closes the algebra of
supersymmetry

[δϵ, δη]λα = 2i(ϵσmη̄ − ησmϵ̄)∂mλα. (1.2.3)

The motivation behind this model was the interpretation of neutrinos, which
at that time were believed to be massless, as Goldstone modes of a certain
spontaneously broken symmetry. Since neutrinos are fermions, however, such
symmetry has to be generated by a fermionic parameter. One of the very first
appearences of supersymmetry was therefore at the spontaneously broken and
non-linearly realised level. Within this interpretation, the fermion λα is the
goldstino and the supersymmetry breaking scale is given by

√
f .

The model (1.2.1) presents a non-supersymmetric spectrum, since it does not
contain bosonic degrees of freedom, and it is organized as a power series in the
parameter f . It is therefore tantalising to think of (1.2.1) as an effective theory,
where the cut-off is some scale Λcut-off ≲

√
f . This intuition is correct, even

though at this stage it is not clear what could be the form of the theory in the
high energy regime. It turns out eventually that the model proposed by Volkov
and Akulov is universal in the sense that, as it is going to be discussed further
in the thesis, it captures (part of) the low energy information of any generic
model with spontaneously broken supersymmetry. In other words, the class of
Lagrangians whose (deep) infrared description is given by (1.2.1) is infinite.

Before proceeding with the discussion, a technical comment is in order. In
the original paper, the derivation of (1.2.1) employed a geometric method. Given
a goldstino with supersymmetry transformation (1.2.2), the following differential
form can be defined

dxmAm
a = dxm

[
δa

m − i

f 2∂mλσ
aλ̄+ i

f 2λσ
a∂mλ̄

]
, (1.2.4)
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in terms of which the Volkov–Akulov Lagrangian (1.2.1) is

LV A = −f 2 detAm
a (1.2.5)

and the invariance under supersymmetry follows from the fact that the determ-
inant transforms as a density, namely

δϵ detAm
a = − i

f
∂n

[(
λσnϵ̄− ϵσnλ̄

)
detAm

a
]
. (1.2.6)

The construction can be extended to include other fields which are usually
called matter, in order to distinguish them from the goldstino. The result is a
systematic strategy to build models with spontaneously broken and non-linearly
realised supersymmetry, which generalises the so called CCZW procedure adopted
in the case of bosonic symmetries [2]. The underlying logic is the following: given
a non-supersymmetric Lagrangian, supersymmetry can be realised non-linearly on
it by introducing a goldstino, together with its sector (1.2.1), and by replacing the
other fields with some redefined ones, the field redefinitions including appropriate
goldstino interactions. The precise recipe is discussed in several publications and
it is not going to be reviewed within this work. This procedure is systematic
and general enough to reproduce any desired model, nevertheless it could be
not completely satisfactory, as the supersymmetric structure of the theory is
not transparent. The reason is rooted in the fact that, within this approach,
operations are performed onto components of supersymmetric multiplets, but
the structure of the multiplets themselves is lost from the very beginning.

The situation can be different when using other techniques. Superspace,
for example, is a very convenient tool for the investigation of supersymmetric
theories. In this formulation, fields are embedded into superfields and operations
are performed onto superfields as a whole. Supersymmetry is therefore manifest
at every step of the computations. It is quite remarkable then that superspace
methods can be used also in the case in which supersymmetry is broken and
non-linearly realised. In particular, after the work of [3,4], it has been understood
that, by imposing certain constraints on superfields, it is possible to eliminate
some of their components and to construct representations of supersymmetry
with a different number of bosons and fermions. For these reasons, superspace is
the formalism adopted in this thesis, in the conventions of [5].

1.3 Supergravity
The very existence of gravity is perhaps the most urgent reason why beyond the
Standard Model scenarios have to be pursued on. In this respect, supersymmetry
seems to be a very promising candidate, as it can lead automatically to an
extension of General Relativity which is left invariant by supersymmetry trans-
formations. The algebra of a generic number N of supersymmetry generators QI

α
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and Q̄β̇ J , where I, J = 1, . . . ,N , closes in fact on the generator Pm of spacetime
translations

{QI
α, Q̄β̇ J} = δI

Jσ
m
αβ̇Pm. (1.3.1)

As a consequence, a theory invariant under local supersymmetry is automatically
invariant under local spacetime translations and it is therefore a theory of gravity.
It is called supergravity and it reduces to General Relativity when all the amount
of supersymmetry is broken. It requires the existence of a spin-3/2 particle,
which is the superpartner of the graviton and it is called gravitino. Theories of
supergravity appear also in ten and eleven dimensions, as the classical limit of
string and M-theory respectively.

For these reasons, supergravity is a natural framework to study the effects of
gravity on the four-dimensional world, in particular in the low energy region. One
of the main open problems in this context is the explanation, from a theoretical
perspective, of the observed value of the cosmological constant [6]: Λ ∼ 10−122

in reduced Planck Units. Besides the problem of explaining its smallness, even
more compelling is perhaps the urge for motivating its positive sign. It is
known that any de Sitter background, namely a solution of Einstein equations
with positive cosmological constant, breaks supersymmetry. The mechanism of
supersymmetry breaking within supergravity becomes then of phenomenological
interest while, from a theoretical level, what occurs is a supersymmetric version
of the Brout-Englert-Higgs mechanism which predicts a massive gravitino.

The starting point for constructing models of supergravity with spontaneously
broken supersymmetry is to generalise the goldstino sector (1.2.1) to curved space,
coupling it to the graviton and to the gravitino [7–9]. Matter fields can then
be added and a possible strategy is to operate at the component level. For the
same reasons expressed before, however, working in a manifestly supersymmetric
setup could be preferable and therefore superspace techniques can be adopted,
which are the generalisation of those used in the rigid case.

A characteristic of supergravity theories is the presence of scalars in the
spectrum, which can be natural candidates for the inflaton in applications
to inflation and cosmology, for example. Dealing with the complete setup
of supergravity can be technically demanding, as the number of fields in the
spectrum is usually large, in particular in the case of extended supersymmetry.
Once again, however, supersymmetry breaking comes to the rescue. If the
spontaneous breaking of supersymmetry is assumed, in fact, an effective theory
of supergravity can be produced by integrating out the massive fields and leaving
only the light degrees of freedom. In this way the model becomes approachable,
in principle, and predictions can be made. This is the main lesson of [10, 11],
where non-linear realisations of supersymmetry are implemented in models of
inflation, in order to eliminate undesired fields from the spectrum. These works
inaugurated indeed the studying of inflation with non-linear supersymmetry,
which is an active field of research at present.
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1.4 An example: Pions as goldstone bosons
One of the purposes of this introduction is to show that the concepts of effective
theory, spontaneous symmetry breaking and non-linear realisation of a certain
symmetry are related one another. An explicit example is given in the present
section for a purely bosonic system, namely a model describing pions, where a
SO(4) global symmetry is spontaneously broken to SO(3). The rest of the thesis
is going be devoted to the study of effective theories with spontaneously broken
and non-linearly realised supersymmetry.

Consider the following SO(4)-invariant Lagrangian

L = −1
2∂mΦI∂

mΦI − V (σ), V (σ) = µ2

2 σ
2 + λ

4σ
4, (1.4.1)

where ΦI , with I = 1, . . . , 4, are four fields transforming in the fundamental of
SO(4), µ and λ are parameters and the invariant quantity σ2 = ΦIΦI has been
defined. To study the theory perturbatively, a specific vacuum has to be chosen
among the infinitely many admitted by the scalar potential V (σ). Consider
therefore the SO(3)-invariant vacuum

⟨ΦI⟩ = v

⎛⎜⎜⎜⎝
0
0
0
1

⎞⎟⎟⎟⎠ , (1.4.2)

where v =
√

−µ2/λ and µ2 < 0 has been assumed. This vacuum is breaking
spontaneously the original SO(4) global symmetry to its subgroup SO(3). By
applying the Goldstone theorem and by counting the number of broken generators,
three goldstone modes are expected in the theory. This is in agreement with the
fact that three pions are going to be identified precisely with these goldstone
bosons.

To proceed with the analysis and to read the spectrum, take the field ΦI

which is breaking the original symmetry and parametrise it as

ΦI = ΠI (v + ρ(x)) . (1.4.3)

The logic underlying this parameterisation is the following: the degrees of freedom
associated to the will-be goldstone modes, which are embedded into the four fields
ΠI , are being separated from all the remaining degrees of freedom, represented in
this simple example by the sole field ρ(x). To preserve the number of degrees of
freedom on both sides of (1.4.3), the field ΠI has to be constrained in order that
not all of its components are independent, but one of them is function of the
others. The parameterisation (1.4.3) therefore has to be supplemented with the
condition ΠIΠI = 1, which can be solved in terms of Π4 =

√
1 − Π2

i . Because of
this constraint, the symmetry transformations on the unconstrained Πi, which
represent the pions, act non-linearly

Πi −→ Π′
i = Λi

jΠj + Λi
4
√

1 − Π2
i , ΛI

J ∈ SO(4). (1.4.4)
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In other words, as a consequence of the spontaneous breaking the symmetry
transformations on the goldstone modes become non-linearly realised. On the
contrary, the constrained fields ΠI allow to describe the spontaneously broken
symmetry in a linear way. Inserting the parameterisation (1.4.3) into the original
Lagrangian (1.4.1) gives

L = − 1
2(v + ρ)2

(
δij + ΠiΠj

1 − Π2
k

)
∂mΠi∂mΠj

− 1
2∂mρ∂

mρ− λv2ρ2 − λvρ3 − λ

4ρ
4,

(1.4.5)

It is now possible to read the spectrum and realise that the field ρ is massive,
with mass mρ =

√
2λv, while the fields Πi are massless. The result is consistent

with the interpretations of the pions Πi as goldstone bosons. After the insertion
of the parameterisation (1.4.3) into the Lagrangian therefore, the mass gap in
the spectrum has become evident.

At this point an effective theory can be produced from this model with
spontaneously broken symmetry. Since ρ is massive, it can be integrated out by
restricting the analysis to an energy regime E ≪ mρ. An equivalent procedure
would be to take the formal limit in which λ → ∞, with v fixed, and the mass
of ρ becomes infinite. The equations of motion for ρ in the zero-momentum
limit are solved by ρ = 0 and, after rescaling Πi → Πi/v the following effective
Lagrangian is obtained

Leff = −1
2gij∂mΠi∂mΠj, (1.4.6)

where
gij = δij + 1

v2
ΠiΠj

1 − Π2
k

v2

(1.4.7)

is the metric of the non-linear sigma model which captures the low energy
information of the original system. The first corrections to the Lagrangian (1.4.6)
are terms O (1/λ), which can be safely neglected for all the purposes of the
effective description.

To conclude the analysis, notice that the parameter v is still present in the
effective theory and it gives information on the scale at which the symmetry
breaking occurs. The Lagrangian can be expanded as a power series in 1/v2, for
v → ∞, to obtain

Leff = −1
2∂

mΠi∂mΠi − 1
2v2 (Πi∂mΠi)2 + O

( 1
v4

)
, (1.4.8)

which has a strong similarity with the Volkov–Akulov Lagrangian (1.2.1). At
this level, the particular model (1.4.1) from which the analysis started is not
relevant anymore and, in order to write the most general effective theory, in
the expression O (1/v4) can be inserted any interaction which is invariant under
SO(3).





2 | The supersymmetry breaking
sector

The analysis of theories with spontaneously broken and non-linearly realised
supersymmetry is initiated. The attention is devoted first to global and then
to local supersymmetry. In this chapter the supersymmetry breaking sector in
rigid supersymmetry is described. It is known as goldstino sector and it is a
common ingredient of any theory with spontaneously broken supersymmetry.
Using superspace techniques, models with a goldstino are constructed and it
is shown then how the corresponding Lagrangians can be related one another.
A superspace formulation of the Volkov–Akulov model (1.2.1) is going to be
given as well. The minimal supersymmetric case is analysed first and then the
discussion is generalised to extended supersymmetry.

2.1 The N = 1 goldstino in superspace
In this section the supersymmetry breaking sector is described in the case of
minimal supersymmetry. This is going to be the essential building block for all
the rest of the discussion.

2.1.1 Decoupling the sgoldstino
For the sake of simplicity, start from considering a chiral superfield X, which
is an irreducible representation of supersymmetry. It can be expressed as an
expansion in the coordinates θα, θ̄α̇ of N = 1 superspace as

X = A+
√

2θαGα + θ2F (2.1.1)

and it contains a complex scalar A, a Weyl fermion Gα and a complex auxil-
iary field F . With only this ingredient, the simplest Lagrangian that breaks
supersymmetry has a canonical Kähler potential and a linear superpotential:

L =
∫
d4θXX̄ +

(
f
∫
d2θX + c.c.

)
= −∂mA∂

mĀ− iḠσ̄m∂mG+ FF̄ + fF + fF̄ ,
(2.1.2)

11
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where the parameter f is assumed to be real, without loss of generality. The
field F is called auxiliary because it is not propagating, namely it does not have
a kinetic term, nevertheless it can be used to break supersymmetry. Indeed by
taking its equations of motion, F = −f , and by integrating it out, a (constant)
positive definite scalar potential is produced

L = −∂mA∂
mĀ− iḠσ̄m∂mG− f 2 (2.1.3)

and supersymmetry is spontaneously broken at the scale
√
f . This is confirmed

by the fact the supersymmetry transformation of the fermion Gα becomes non-
homogenous

δϵGα = −
√

2fϵα +
√

2i (σmϵ̄)α ∂mA (2.1.4)

and therefore the field is a goldstone mode of the broken supersymmetry, or a
goldstino. A model with spontaneous breaking of supersymmetry and with a
massless goldstino in the spectrum has therefore been described.

Following the logic of the example of the pions, it should be possible to
construct an effective theory from this model, by integrating out the massive
degrees of freedom. At this stage, however, both the scalar A and the fermion Gα

are massless. The mass of the fermion, moreover, is protected by the goldstone
theorem. The only field which can acquire mass is then the sgoldstino A. By
modifying the original Lagrangian and by adding a curvature term in the Kähler
potential directly in superspace, a mass for A can be generated. Consider
therefore the model

L =
∫
d4θ

(
XX̄ − 1

Λ2X
2X̄2

)
+
(
f
∫
d2θX + c.c.

)
= −∂mA∂

mĀ− i
(
Gσm∂mḠ

)
+ FF̄ + f(F + F̄ )

− 1
Λ2

[
G2Ḡ2 − 2G2ĀF̄ − 2Ḡ2AF + 4AĀFF̄

− 4AĀ∂mA∂
mĀ+ 4iA∂mĀ(Ḡσ̄mG) + 4iAĀ(∂mḠσ̄

mG)
]

(2.1.5)

where Λ is a parameter of mass dimension one. To shed light on the relation
between the off-shell and the on-shell structure, it could be useful to rewrite the
component expansion as

L = −
(

1 − 4AĀ
Λ2

)
∂mA∂

mĀ− i

(
1 − 4AĀ

Λ2

)(
Gσm∂mḠ

)
+ 4i

Λ2A∂mĀ(GσmḠ) − G2Ḡ2

Λ2 − 2f
Λ2

G2Ā+ Ḡ2A

1 − 4AĀ
Λ2

− 4
Λ4

G2Ḡ2AĀ

1 − 4AĀ
Λ2

− V(A, Ā) +

⏐⏐⏐⏐⏐⏐F
√

1 − 4AĀ
Λ2 + f√

1 − 4AĀ
Λ2

+ 2
Λ2

G2Ā√
1 − 4AĀ

Λ2

⏐⏐⏐⏐⏐⏐
2

,

(2.1.6)
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where
V(A, Ā) = f 2

1 − 4AĀ
Λ2

(2.1.7)

is the scalar potential. Using this form of the Lagrangian in fact, the integration
of the auxiliary fields is immediate: it is sufficient to drop the term with the
squared modulus. The modification of the Kähler potential produces a mass
for A, which is m2

A = 4f 2/Λ2, and creates a mass gap in the spectrum. By
restricting the analysis to an energy regime E ≪ f/Λ, or equivalently by taking
the formal limit 1/Λ → ∞, the scalar A can be integrated out. Its equation of
motion in the zero momentum limit gives

A = G2

2F . (2.1.8)

Notice the two important facts that this solution does not depend on the details
of the theory in the high energy regime, namely on the parameter Λ, and that
it requires ⟨F ⟩ ̸= 0 for its consistency. This last requirement, in particular, is
a signal of spontaneous supersymmetry breaking in the vacuum. The meaning
of the expression (2.1.8) is that, in the low energy regime, the massive scalar
A can be integrated out and eliminated from the theory by replacing it with
a composite expression built out of the remaining degrees of freedom, namely
the goldstino and the auxiliary field which is breaking supersymmetry. Inserting
(2.1.8) into (2.1.5) gives

Leff = −i
(
Gσm∂mḠ

)
+ FF̄ + f(F + F̄ ) + Ḡ2

2F̄
∂2G

2

2F (2.1.9)

This is an effective theory with spontaneously broken supersymmetry, which
describes the interactions of the goldstino. The spectrum is manifestly not
supersymmetric, as it contains only one fermion. Notice that the information on
the theory in the high energy regime, which is encoded into the parameter Λ,
disappeared after the insertion of (2.1.8). The Lagrangian (2.1.9) is left invariant
by the supersymmetry transformations

δϵGα =
√

2Fϵα +
√

2i (σmϵ̄)α ∂m

(
G2

2F

)
, (2.1.10)

δϵF =
√

2i ϵ̄σ̄m∂mG, (2.1.11)

which are non-linearly realised on the fields. By integrating out the auxiliary
field F , whose equation of motion is

F = −f − 1
4f 3 Ḡ

2∂2G2 + 3
16f 7 Ḡ

2G2∂2Ḡ2∂2G2, (2.1.12)

the following on-shell Lagrangian can be obtained

Leff = −f 2 + i∂mḠσ̄
mG+ 1

4f 2 Ḡ
2∂2G2 − 1

16f 6G
2Ḡ2∂2G2∂2Ḡ2. (2.1.13)
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This is invariant under the non-homogeneous and non-linear supersymmetry
transformation

δϵGα =
√

2Fϵα + i
√

2(σmϵ̄)α ∂m

(
G2

2F

)
, (2.1.14)

where F is given by (2.1.12). These calculations can be performed iteratively
and by using the anticommuting properties of the field Gα. For example, the
variation of the Lagrangian (2.1.9) with respect to F gives

F = −f + Ḡ2

2F̄ 2
∂2G

2

2F . (2.1.15)

From this one can calculate iteratively

G2

2F = −G2

2f

(
1 − Ḡ2

2fF̄ 2
∂2G

2

2F

)−1

= −G2

2f + 1
4f 5G

2Ḡ2∂2G2 (2.1.16)

and

G2

2F 2 = G2

2f 2

(
1 − Ḡ2

2fF̄ 2
∂2G

2

2F

)−2

= G2

2f 2 − 1
4f 6G

2Ḡ2∂2G2 (2.1.17)

which, inserted into (2.1.15), give (2.1.12).
The model (2.1.13) has been derived from (2.1.5) by decoupling the sgoldstino

A. It describes the interactions of the goldstino in the low energy regime and, in
this respect, it is similar to the Volkov–Akulov model (1.2.1). The Lagrangian
(2.1.13) in fact can be recast into the form of (1.2.1) with a field redefinition, as
it is showed in [12, 13] at the component level and as it is going to be proved
in superspace in the following. This is a manifestation of the universality of
the Volkov–Akulov model, namely the fact that any system with spontaneous
breaking of supersymmetry contains a goldstino sector which can be described
by (1.2.1).

2.1.2 The constraint X2 = 0
In the example of the pions and in the previous supersymmetric model, the
standard procedure for constructing an effective theory has been employed,
which requires the integration of the massive modes through the solution of
their equations of motion. Since the interest in this thesis is in supersymmetric
systems, superspace methods can be used in order to outline a more efficient
strategy.

The main result of the previous example is that, in the low energy limit, the
scalar A is integrated out and replaced by the specific combination

A = G2

2F . (2.1.18)

The crucial step, at this point, is to observe that it is possible to construct a
superfield which contains the fermion Gα and the auxiliary field F and whose
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lowest component is given by G2/(2F ). Such a superfield turns out to be a chiral
superfield X satisfying an additional constraint. In analogy with the example of
the pions in fact, in which the constraint ΠIΠI = 1 has been used to remove one
of the four components of ΠI , this additional constraint is going to eliminate
the scalar in X and replace it with the particular combination given by (2.1.18).
The constraint to be imposed on X to remove the scalar A is [3, 14]

X2 = 0. (2.1.19)

This is indeed a supersymmetric constraint and its solution is a superfield. It
is possible to solve (2.1.19) directly in superspace, by acting on the left with
superspace derivatives. The action of D2 gives

DαXDαX +XD2X = 0, (2.1.20)

which, assuming that ⟨D2X|⟩ ≠ 0, can be solved for

X = −DαXDαX

D2X
. (2.1.21)

By taking the projection of this solution onto the surface θ = θ̄ = 0, the
expression (2.1.18) is recovered. This means that (2.1.21) is the superfield whose
lowest component is (2.1.18). Its higher components can be found by acting with
superspace derivatives and projecting then to spacetime

Dα

(
−DβXDβX

D2X

) ⏐⏐⏐⏐⏐ = DαX| =
√

2Gα, (2.1.22)

D2
(

−DαXDαX

D2X

) ⏐⏐⏐⏐⏐ = D2X| = −4F. (2.1.23)

Viceversa, given a generic chiral superfield X, in the case in which the condition
⟨D2X|⟩ ≠ 0 holds, it is always possible to construct a superfield

− DαXDαX

D2X
≡ XNL, (2.1.24)

such that
DαXNL = DαX,

D2XNL = D2X.
(2.1.25)

It can be checked then that this superfield is chiral and it satisfies the nilpotent
constraint X2

NL = 0. Notice finally that, by acting on the constraint with Dα,
the relation XDαX = 0 is obtained. This is not a new constraint, but it is a
consistency condition for the solution (2.1.21). To summarise, it has been found
that the chiral superfield X such that

X2 = 0 ⇐⇒ X = G2

2F +
√

2θαGα + θ2F, (2.1.26)



16 The supersymmetry breaking sector 2.1

contains only one fermion and one auxiliary field. Since the auxiliary field must
be non-vanishing everywhere on the vacuum, ⟨D2X|⟩ = ⟨−4F ⟩ ≠ 0 , in order for
the superfield to be well defined, supersymmetry is spontaneously broken and the
fermion Gα is a goldstino. It has also been shown explicitly that, by imposing
constraints on superfields, it is possible to remove some of their components and
express them as functions of the remaining ones. This is the general logic behind
the so called constrained superfield approach.

Given a nilpotent chiral superfield X, the simplest Lagrangian to consider is

L =
∫
d4θXX̄ +

(
f
∫
d2θX + c.c.

)
, X2 = 0. (2.1.27)

As stressed above, for the constraint X2 = 0 to be imposed consistently, it is
essential that supersymmetry is spontaneously broken by the auxiliary field F
in X, as it is the case in (2.1.27). To calculate the component expansion of
this model, it is possible to proceed in the usual manner and to substitute then
A = G2

2F
in the final expression. The result is

L = −i
(
Gσm∂mḠ

)
+ FF̄ + f(F + F̄ ) + Ḡ2

2F̄
∂2G

2

2F (2.1.28)

and it corresponds precisely to the Lagrangian (2.1.9), which is invariant under
non-linearly realised supersymmetry transformations and which has been obtained
as an effective description of a system where the sgoldstino has been decoupled.
Notice that, with the use of constrained superfields, such an effective theory has
been constructed without the need for solving the equation of motion of the
massive scalar in the zero momentum limit. This is one of the advantages of the
constrained superfields approach, namely the possibility of obtaining effective
theories avoiding all the potential complications of the standard procedure. In
addition, as in the example of the pions, the constraint X2 = 0 effectively allows
the use of the language and of the tools developed for linear supersymmetry for
studying instead models in which supersymmetry is spontaneously broken and
non-linearly realised. The constraint can also be imposed at the Lagrangian level
using a Lagrange multiplier, as it is discussed in [15]. In [16] the superfield X is
conjectured to be the infrared limit of the superfield violating the supercurrent
conservation equation in a supersymmetry-breaking setup, but this conjecture
might not be valid in more general systems, as it going to be discussed in the
subsection 3.3.1.

2.1.3 On the relation with other goldstino superfields
At this stage, two different descriptions of the same goldstino model have been
introduced. The one that appeared first, namely the Volkov–Akulov model, has
been constructed at the component level, while the one with the nilpotent chiral
superfield X has been embedded into superspace from the very beginning. Other
descriptions for the goldstino sector are known, as for example those studied
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in [17–19], and the relations among some of them are going to be explored in
this subsection. The purpose is to take advantage of superspace in order to
show that these descriptions are all equivalent, up to field redefinitions. As a
consequence of this result, the formulation of the supersymmetry breaking sector
in terms of a nilpotent chiral superfield X is going to be adopted for the rest
of the thesis and without loss of generality.1 The reason behind this choice is
that, in a modern language, chiral superfields are an essential ingredient in the
construction of supersymmetric models, since both the Kähler potential and the
superpotential in general are functions of them.

The first step is to promote the Volkov–Akulov description to superspace.
This requires the introduction of a superfield with a spinor index. At first
instance it might seem quite exotic, but such a superfield is going to be an
essential ingredient for passing from one description of the goldstino sector to
another and it is going to provide also a new superspace goldstino Lagrangian
on its own. Consider therefore a spinor superfield Λα satisfying the constraints

DαΛβ = f ϵβα + i

f
σm

αβ̇Λ̄β̇∂mΛβ,

D̄α̇Λβ = − i

f
Λρσm

ρα̇∂mΛβ,
(2.1.29)

where f is a parameter of mass dimension one, which eventually is associated to
the supersymmetry breaking scale. This superfield Λα is closely related to the
one introduced by Ivanov–Kaputsnikov [20] and by Samuel–Wess in [21], as it is
going to be discussed in a while. More details on the Samuel–Wess formalism
are contained in the appendix A. Due to the constraints (2.1.29), which are
effectively eliminating component fields, the only independent degree of freedom
in Λα is the Volkov–Akulov goldstino in the lowest component

Λα| = λα, (2.1.30)

and its supersymmetry transformation is given precisely by (1.2.2). The other
components can be found by acting with superspace derivatives and projecting

1There is actually a subtle point in this statement, which is the following. In this section
the equivalence is going to be proved only for models which are known. In principle then, one
cannot exclude the existence of a yet undiscovered description of the goldstino sector which
might not be related to the Volkov–Akulov, or one could not be convinced that such equivalence
holds also in the presence of other superfields, besides the goldstino. The question about the
generality of the Volkov–Akulov or, equivalently, of the nilpotent chiral superfield construction,
is going to be addressed again in section 3.3, where it is going to be given evidence for the
fact that, in any generic model in which supersymmetry is spontaneously broken, it is always
possible to recombine the degrees of freedom in order to let a chiral superfield X, such that
X2 = 0, appear in the low energy regime.
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onto the surface θ = θ̄ = 0. For example, some of them are

DαΛβ| = fϵβα + i

f
σm

αρ̇λ̄
ρ̇∂mλβ,

D̄α̇Λβ| = − i

f
λρσm

ρα̇∂mλβ,

D2Λα| = − 1
f 2∂

m(λ̄2∂mλα) + 2
f 2 (σ̄mn)γ̇

β̇(λ̄γ̇∂mλ̄
β̇ − ∂mλ̄γ̇λ̄

β̇)∂nλα

(2.1.31)

and notice that they are all functions of λα, as expected. With this new ingredient
it is possible to define the superspace analogous of the matrix Aa

m appearing in
(1.2.4) to be

Aa
m = δa

m − i

f 2∂mΛσaΛ̄ + i

f 2 Λσa∂mΛ̄ (2.1.32)

and the superspace Lagrangian density associated to (1.2.5) has then the form

L = −f 2 detAm
a|. (2.1.33)

The superfield Λα can be used also to write another supersymmetric Lagrangian
in superspace, namely

L = − 1
f 2

∫
d4θΛ2Λ̄2. (2.1.34)

It can be checked, at the component level, that this reduces to the Volkov–
Akulov action (1.2.1), however the equivalence between (2.1.33) and (2.1.34) can
be proved directly in superspace. Notice in fact that, due to the particular form
of Aa

m, it holds that∫
d4θΛ2Λ̄2 =

∫
d4θΛ2Λ̄2 detAa

m = 1
16D

2D̄2
(
Λ2Λ̄2 detAa

m

)
|, (2.1.35)

up to boundary terms. The first equality in particular follows because of the fact
that terms in detAa

m containing either Λα or Λ̄α̇ are annihilated by the factor
Λ2Λ̄2 and only the constant term has an effective role in the computation. Con-
centrating then on the right hand side and acting with the covariant derivatives
inside the parenthesis, the superfields Λα are removed and, from the properties

Dρ detAa
m = i

f
∂m

(
σm

ρρ̇Λ̄ρ̇ detAa
m

)
,

D̄ρ̇ detAa
m = i

f
∂m

(
σ̄m ρ̇ρΛρ detAa

m

)
,

(2.1.36)

which are the superspace generalisation of (1.2.6), the equivalence between the
two Lagrangians follows up to total derivatives∫

d4xd4θΛ2Λ̄2 = f 4
∫
d4x detAa

m| . (2.1.37)
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To perform the calculation the following results have been used

D̄ρ̇(Λ2Λ̄2 detA) = 2 Λ2Λ̄ρ̇ detA, (2.1.38)
D̄2(Λ2Λ̄2 detA) = −4 Λ2 detA, (2.1.39)
Dα(Λ2 detA) = 2 Λα detA + total derivative, (2.1.40)
D2(Λ2 detA) = −4 detA + total derivative. (2.1.41)

The relation between the Volkov–Akulov and the formulation in terms of a
nilpotent chiral superfield is now investigated in superspace, with the explicit
use of the superfield Λα as a tool to connect the two descriptions. Notice first of
all that, by using Λα, it is possible to define a chiral superfield

Φ = 1
4f 3 D̄

2
(
Λ2Λ̄2

)
= −f−3 Λ2

(
f 2 − i∂mΛσmΛ̄ − f−2Λ̄2∂mΛσmn∂nΛ

)
.

(2.1.42)

The superfield Φ contains all the supersymmetry breaking information and it
satisfies the constraints

Φ2 = 0,

ΦD̄2Φ̄ = 4fΦ,
(2.1.43)

which have been introduced in [3]. Their role can be understood by assuming that
Φ is an unconstrained chiral superfield. By imposing then the first constraint in
(2.1.43), as discussed before, the scalar component is removed from the spectrum,
while by imposing the second the supersymmetry breaking scale is fixed. As
usual, the constraints reduce the number of independent component fields and
provide them as functions of the remaining ones.

The goldstino inside the superfield Φ is defined as the component DαΦ| and,
since

DαΦ| ≡ GΦ
α = −2λα + . . . , (2.1.44)

where dots stand for higher order terms in λα, it is related to the Volkov–
Akulov goldstino λα via a field redefinition. For this reason the supersymmetric
Lagrangian for the constrained chiral superfield Φ,

L = f
∫
d2θΦ, (2.1.45)

at the component level does not reduce directly to the Volkov–Akulov Lagrangian
(1.2.1), as the Lagrangian (2.1.34) does, because the goldstini have to be mapped
into each other. The proper field redefinition can be found by inverting the
relation (2.1.44) and by finding λα in terms of GΦ

α . Notice that such an inversion
can always be performed, due to the nilpotent property of the fermionic field λα.

The superfield Φ is similar to the nilpotent X, however it satisfies one con-
straint more with respect to the latter, since also its auxiliary field is eliminated.
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To relate the Volkov–Akulov description to the one with X, which contains also
F as independent component, a further step is needed. It has been shown that
the description in terms of Λα reproduces exactly the Volkov–Akulov Lagrangian,
either in components or directly in superspace. In the original paper [21], Samuel
and Wess introduce a spinor goldstino superfield Γα which is not satisfying
(2.1.29), rather it satisfies the quite similar constraints

DαΓβ = f ϵβα,

D̄α̇Γβ = − 2i
f

Γρσm
ρα̇∂mΓβ.

(2.1.46)

The relation between Λα and Γα is analogous to the one between the Volkov–
Akulov goldstino λα(x) and the same goldstino expressed in the chiral coordinates
ym = xm + iθσmθ̄, as discussed in the appendix A or in [21,22]. The Lagrangian
for Γα in superspace has the same structure as the one in (2.1.34):

L = − 1
f 2

∫
d4θ Γ2 Γ̄2. (2.1.47)

To move from the description in terms of Λα to the one in terms of Γα, one can
set

Γα = −2f DαD̄
2(Λ2Λ̄2)

D2D̄2(Λ2Λ̄2)
(2.1.48)

and, using this relation, the equivalence between the two Lagrangians follows
directly, because

Γ2Γ̄2 = Λ2Λ̄2. (2.1.49)

With this new ingredient, the relation between the Volkov–Akulov and the
nilpotent chiral superfield X can be proved. It can be checked in fact that, given
X, one can construct [23]

Γα = −2 f DαX

D2X
, (2.1.50)

which satisfies the constraints (2.1.46), when X2 = 0. The superspace Lagrangian
(2.1.27) for X can now be written as

L = 1
16f 4

∫
d4θ Γ2Γ̄2

(
D2XD̄2X + 4fD2X + 4fD̄2X̄

)
, (2.1.51)

where Γα is given by (2.1.50). Once the superspace integration is performed and
up to boundary terms, this Lagrangian is equivalent to

L =
(
FF + f F + f F

)
detAa

m|, (2.1.52)

where the superfield

F = − 1
16f 2 (D − iσnΛ̄∂n)2(D̄ + iΛσn∂n)2

(
X Γ̄2

)
(2.1.53)
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has been defined. As a consequence of these last steps, the auxiliary degrees of
freedom, which are encoded into F, have been separated from the rest of the
fields and the Lagrangian has been written in the factorised form (2.1.52). The
integration of the complex auxiliary scalar F| is straightforward and it gives

F| = −f. (2.1.54)

After substituting it back into the Lagrangian, (2.1.52) reduces exactly to (2.1.33).
This concludes the equivalence between the known goldstino descriptions and in
particular between the models (2.1.27) and (2.1.33) . Notice that, to relate these
two formulations, the integration of a complex scalar is expected, because the
model with the nilpotent chiral superfield X contains also the auxiliary field F
in the Lagrangian. More details can be found in the appendix B of [24], where
the origin of the scalar superfield F is explained.

To summarise, the chain of equivalences presented in this subsection proceeds
as follows. The discussion has started from the original Volkov–Akulov descrip-
tion, which has been embedded into superspace after the introduction of the
goldstino superfield Λα. Using this ingredient it is possible to construct other two
goldstino superfields, Φ and Γα, in terms of which two equivalent formulations of
the supersymmetry breaking sector are given. The description in terms of Γα is
finally related to the one with the nilpotent chiral superfield X, but this last step
requires the use of the equations of motion of the auxiliary degrees of freedom.

2.2 Extended supersymmetry
In this section the goldstino sector of theories with extended supersymmetry
is investigated. The analysis starts from the case of N = 2 supersymmetry
and then it is generalised to an arbitrary number N of spontaneously broken
supersymmetries. The results are going to be organised eventually in the more
familiar language of N = 1 superspace. Notice that, for N > 4 supersymmetries,
some superpartners of the goldstini are going to have spin higher than one. Due
to the non-linear realisation, however, these fields can be removed in terms of
the N goldstini, in the same way as the sgoldstino is removed from the spectrum
in the N = 1 theory. In other words, in contrast with the typical situation, when
supersymmetry is spontaneously broken and non-linearly realised, there is no
upper bound on the number of fermionic generators admitted in the theory and
N can be arbitrary. As the number of supersymmetries increases, the number
of constraints to be imposed on the goldstini superfields increases as well, since
more and more goldstini superpartners have to be eliminated. It turns out
however that all the necessary information can be obtained by solving one single
constraint in superspace, all the other constraints being consistency conditions.
This is one of the results contained in [24].

The interest in models with a generic number of goldstini can be motivated
by the fact that they have been used to describe composite quarks and leptons,
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under the assumption that the observed fermionic particles are goldstone modes
of spontaneously broken supersymmetry [25]. N of the Standard Model fer-
mions, indeed, can be interpreted as pseudo-goldstini [26] and a Lagrangian
invariant under N non-linearly realised supersymmetries can be employed in
phenomenological investigations [27].

2.2.1 N = 2 supersymmetry
The strategy is to promote the Samuel–Wess formalism, namely the description
in terms of the superfield Λα, or equivalently Γα, to N = 2 superspace and to use
this to find the appropriate constraints to be imposed on more familiar objects, as
for example chiral superfields. The first part of the analysis is similar to [28, 29],
but it is worked out in a different superspace representation. Once the minimal
set of constraints is determined, the theory is reformulated in the language of
N = 1 supersymmetry and the complete expression for the Lagrangian in terms
of the nilpotent chiral superfield X and other constrained superfield is given.
Total breaking of N = 2 supersymmetry with constrained superfields has been
discussed also in [30].

The algebra satisfied by the N = 2 superspace derivatives, without central
charges, is

{Dα, D̄α̇} = {D̃α,
¯̃Dα̇} = −2i σm

αα̇∂m,

{Dα, Dβ} = {D̃α, D̃β} = {Dα, D̃β} = {Dα,
¯̃Dβ̇} = 0,

(2.2.1)

where D̃α generates the second supersymmetry. The first step consists in de-
termining the minimal set of constraints needed to remove from the spectrum
all the undesired component fields. When N = 2 supersymmetry is sponta-
neously broken, two goldstini are present in the spectrum. To describe them
in superspace, two spinor superfield Λα and Λ̃α can be used, which satisfy the
constraints

DαΛβ = f ϵβα + i

f
σm

αρ̇Λ̄ρ̇∂mΛβ , D̄α̇Λβ = − i

f
σm

ρα̇Λρ∂mΛβ,

D̃αΛ̃β = f ϵβα + i

f
σm

αρ̇
¯̃Λρ̇∂mΛ̃β ,

¯̃Dα̇Λ̃β = − i

f
σm

ρα̇Λ̃ρ∂mΛ̃β

(2.2.2)

and

D̃αΛβ = i

f
σm

αρ̇
¯̃Λρ̇∂mΛβ , DαΛ̃β = i

f
σm

αρ̇Λ̄ρ̇∂mΛ̃β,

¯̃Dα̇Λβ = − i

f
σm

ρα̇Λ̃ρ∂mΛβ , D̄α̇Λ̃β = − i

f
σm

ρα̇Λρ∂mΛ̃β.

(2.2.3)

In analogy with the N = 1 case, Λα and Λ̃α contain all the information on the
breaking of supersymmetry. The only independent component fields they have
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are the goldstini, defined as

Λα|θ=θ̃=0 = λα , Λ̃α|θ=θ̃=0 = λ̃α (2.2.4)

and whose supersymmetry transformations are non-linearly realised

δλα =f ϵα − i

f

(
λσmϵ̄− ϵσmλ̄

)
∂mλα − i

f

(
λ̃σm¯̃ϵ− ϵ̃σm ¯̃λ

)
∂mλα,

δλ̃α =f ϵ̃α − i

f

(
λ̃σm¯̃ϵ− ϵ̃σm ¯̃λ

)
∂mλ̃α − i

f

(
λσmϵ̄− ϵσmλ̄

)
∂mλ̃α,

(2.2.5)

where ϵα, ϵ̃α are the two supersymmetry parameters. A supersymmetric and
U(2)R-invariant Lagrangian for Λα and Λ̃α can be written as a direct generalisa-
tion of (2.1.34) and it is

L = − 1
f 6

∫
d4θd4θ̃Λ2Λ̃2Λ̄2 ¯̃Λ2

= −f 2 − i(λσm∂mλ̄− ∂mλσ
mλ̄) − i(λ̃σm∂m

¯̃λ− ∂mλ̃σ
m ¯̃λ) +O(f−2).

(2.2.6)

In the previous section the superfield Λα has been used to construct a chiral
goldstino superfield satisfying the constraints (2.1.43). With the same logic, it is
possible to define a N = 2 superfield Φ2

Φ = − 1
16f 7 D̄

2 ¯̃D2
(

Λ2Λ̄2Λ̃2 ¯̃Λ2
)

= −f−5Λ2Λ̃2
(
f 2 − i∂aΛσaΛ̄ − i∂aΛ̃σa ¯̃Λ +O(f−2)

)
,

(2.2.7)

which is chiral,

D̄α̇Φ = ¯̃Dα̇Φ = 0, (2.2.8)

and, as it can be checked directly by inspection, it satisfies the following set of
constraints

Φ2 = 0,

ΦDαΦ = ΦD̃αΦ = 0,

ΦD̃αDβΦ = ΦD̃αD̃βΦ = ΦDαDβΦ = 0,

ΦD̃αDβD̃γΦ = ΦD̃αDβDγΦ = 0,

(2.2.9)

together with
Φ̄D2D̃2Φ = −16 f Φ̄. (2.2.10)

As a consequence of these constraints, the only independent fields in Φ are the
two goldstini, which can be found in the components

−1
4D

2D̃αΦ|θ=θ̃=0 ≡ GΦ
α = − 2λ̃α + . . . ,

−1
4D̃

2DαΦ|θ=θ̃=0 ≡ G̃Φ
α = − 2λα + . . . ,

(2.2.11)

2The same notation of the N = 1 case is used for this superfield. It is going to be clear
from the context whether Φ is an object in N = 1, N = 2 or generic N superspace.
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where dots stand for terms with more fermions. Notice that, as anticipated, the
number of constraints has increased with respect to the description in the N = 1
case. The N = 2 Lagrangian for Φ can be written as

L = f
∫
d2θd2θ̃Φ. (2.2.12)

At this stage the crucial observation is that, as for the analogous discussion in
the previous section, the constraint (2.2.10) implies that the highest component
of the superfield Φ, namely the auxiliary field breaking supersymmetry in the
vacuum, is removed and expressed in terms of the supersymmetry breaking scale
and of the remaining fields. By imposing therefore only the set of constraints
(2.2.9), without (2.2.10), to a generic N = 2 chiral superfield X , all of its
components are removed, except the goldstini and, this time, even the auxiliary
field which acquires the non-vanishing vacuum-expectation-value. This is indeed
the generalisation to N = 2 supersymmetry of the field content of the N = 1
nilpotent chiral superfield X. The strategy that is going to be adopted is
the following: to get the desired constrained superfield description, the set of
constraints (2.2.9), without (2.2.10), is going to be imposed to a generic N = 2
chiral superfield. It is important to notice however that, as proved in [24], only
the last constraint in (2.2.9) is really essential, in the sense the its solution solves
also the remaining constraints, which indeed are just consistency conditions.
Consider therefore a N = 2 chiral superfield X

D̄α̇X = ¯̃Dα̇X = 0. (2.2.13)

Imposing the constraint

X D̃αDβD̃γX = X D̃αDβDγX = 0 (2.2.14)

and solving it in superspace, a unique solution can be obtained

X = (D2D̃αX )2(D̃2DαX )2

(D2D̃2X )3
≡ 1

4
G2 G̃2

F3 . (2.2.15)

In this formula, which is the analogous of (2.1.21), the N = 2 superfield F is
defined such that

F = F|θ=θ̃=0 = 1
(−4)2D

2D̃2X |θ=θ̃=0 (2.2.16)

is the complex scalar auxiliary field breaking supersymmetry, while the superfields
Gα and G̃α are defined such that

gα = G̃α|θ=θ̃=0 = − 1
4
√

2
D2D̃αX |θ=θ̃=0,

g̃α = Gα|θ=θ̃=0 = − 1
4
√

2
D̃2DαX |θ=θ̃=0,

(2.2.17)
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are two the goldstini. From the explicit form of the solution (2.2.15) and from
the properties (2.2.16), (2.2.17) one can realise that all the component fields in
X are effectively solved in terms of the auxiliary scalar F and of the goldstini
gα, g̃α. In the chiral coordinates ym = xm + iθσmθ̄ + iθ̃σm ¯̃θ, in fact, X can be
expressed as

X = g2 g̃2

4F 3 + g̃2 gα

√
2F 2

θα + g2 g̃α

√
2F 2

θ̃α + g̃2

2F θ
2 + 2 g̃

αθ̃α g
βθβ

F
+ g2

2F θ̃
2

+
√

2 g̃αθ̃αθ
2 +

√
2 gαθαθ̃

2 + F θ2θ̃2.

(2.2.18)

The Lagrangian for the supersymmetry breaking sector is

L =
∫
d4θd4θ̃X X̄ +

(
f
∫
d2θd2θ̃X + c.c.

)
. (2.2.19)

To get the explicit goldstini action, after projecting to components one has to
solve the equation of motion for the auxiliary field F via an iterative procedure,
giving

F = −f + fermions, (2.2.20)

and then replace the solution back into (2.2.19). Additional details on this
Lagrangian are going to be given in the following subsection, where the results
are expressed in the language of N = 1 superspace.

2.2.2 N = 2 goldstini in N = 1 superspace
The previous analysis has been performed entirely at the full N = 2 superspace
level, which might appear not completely transparent at first glance. It is therefore
instructive to rephrase the results in terms of the more familiar language of
N = 1 superspace, which is the one adopted in most of the applications. In this
respect, it turns out that there are different possibilities for describing the two
goldstini, depending on the choice of the superfields in which they are embedded.
As a consequence of the discussion in subsection 2.1.3 (see also the footnote 1), it
is assumed without loss of generality that one goldstino resides into a nilpotent
chiral superfield. Three descriptions for the other goldstino are given then using
different constrained superfields. The analysis can be relevant in the case one is
interested in studying the possible ultraviolet completions of the model in terms
of N = 2 multiplets. For a better understanding of the constraints imposed
on the superfields in this subsection, the result that are going to be exposed in
section 3.2 are needed. Even though some of the formulas are not completely
proved within this section, the logic underlying them is explained in order for
the discussion to be self-contained as much as possible.

The first step is to write the N = 2 chiral superfield X in terms of a set of
N = 1 superfields, among which a nilpotent chiral X is inserted. One possibility
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is to expand X as a series in the coordinates θ̃, corresponding to the second
supersymmetry:

X = S(y, θ) +
√

2 θ̃βWβ(y, θ) + θ̃2X(y, θ), (2.2.21)

where S, Wα and X are N = 1 chiral superfields

D̄α̇S = 0, D̄α̇Wα = 0, D̄α̇X = 0. (2.2.22)

Notice that Wα in (2.2.21) is not the superfield strength of a vector superfield V ,
namely it cannot be expressed as Wα = −1

4D̄
2DαV , since it does not satisfy the

superspace Bianchi identities DαWα = D̄α̇W̄
α̇. The expansion above is reminis-

cent of the analogous for a N = 1 chiral superfield: the lowest component is a
complex scalar, then there is a fermion and finally another complex scalar. In this
case, however, these objects are all N = 1 superfields. The first supersymmetry
acts on them as usual,

δ1O = ϵαDαO + ϵ̄α̇D̄
α̇O, (2.2.23)

and one can derive from here the supersymmetry transformations of the compon-
ent fields. The second supersymmetry acts by transforming the N = 1 superfields
into each other

δ2S =
√

2ϵ̃αWα,

δ2Wα =
√

2iσm
αα̇

¯̃ϵα̇∂mS +
√

2ϵ̃αX,

δ2X =
√

2i¯̃ϵα̇σ̄
mα̇α∂mWα.

(2.2.24)

The auxiliary field acquiring a non-vanishing vacuum-expectation-value is now
expressed as

F = −1
4D

2X| (2.2.25)

and, from the supersymmetry transformations

δ1gα = 1√
2
δ1DαX| =

√
2ϵαF + . . . ,

δ2g̃α = −1
4δ2D

2Wα| =
√

2ϵ̃αF + . . . ,

(2.2.26)

it can be understood that the goldstini are accommodated inside the superfields
X and Wα. The Lagrangian (2.2.19) can be written as

L =
∫
d4θ

(
XX̄ − ∂mS∂

mS̄ + i∂mW
ασm

αα̇W̄
α̇
)

+ f
(∫

d2θX + c.c.
)
. (2.2.27)

Inserting the explicit expression (2.2.21) in (2.2.9), a large number of con-
straints emerges for the N = 1 superfields

S2 = W 2 = X2 = 0,
SDβX = 0,

WαDβX = 0,
WαD2Wα = 2SD2X.

(2.2.28)
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As proved in [24], however, some of these constraints are not essential, rather they
are just consistency conditions, the set of essential constraints being considerably
smaller:

X2 = 0, (2.2.29)

S = X

2
(D2W )2

(D2X)2 , (2.2.30)

Wα = X
D2Wα

D2X
. (2.2.31)

Their role is going to be more clear after the results of chapter 3, but for the time
being it is possible to interpret them in the following way. The first constraint has
already been discussed in the previous section. The second constraint implies that
the full superfield S is removed and expressed in terms of Wα and X, containing
in turn the goldstini and the auxiliary field F . This is to some extent similar to
the fate of the lowest component A which, in the N = 1 case, has been entirely
removed from the spectrum by the constraint X2 = 0. The interpretation of
the third constraint is less transparent at this level. A better insight can be
gained by acting on it with superspace derivatives and projecting the result to
spacetime. Being a generic chiral superfield, Wα has some θ−expansion. Acting
with D2 on (2.2.31) gives an identity, which means that the component field
D2Wα| ≡ ζα is not removed from the superfield. This is going to be in fact the
goldstino of the second supersymmetry. Acting with only Dα gives

DαWβ| = −
√

2Gα

4F ζβ, (2.2.32)

which means that the component DαWβ| is removed from the superfield and
expressed as a function of the two goldstini Gα, ζα and of the auxiliary field
F which breaks supersymmetry. The same reasoning applies to the lowest
component

Wα| = − G2

8F 2 ζα, (2.2.33)

which is removed as well. To sum up, as a consequence of (2.2.29), (2.2.30) and
(2.2.31) the superfield S is entirely removed, Wα contains only a goldstino as
independent component, while X contains the other goldstino and the auxiliary
field which breaks supersymmetry.

The Lagrangian (2.2.27) can now be written in the N = 1 constrained
superfield language, replacing S with its expression in terms of Wα and X. The
result is the following low energy theory with N = 2 spontaneously broken
supersymmetry

L =
∫
d4θ

(
XX̄ −

⏐⏐⏐⏐∂m

(
X

2
(D2W )2

(D2X)2

) ⏐⏐⏐⏐2 + i∂mW
ασm

αα̇W̄
α̇

)

+ f
(∫

d2θX + c.c.
)
.

(2.2.34)
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Notice in fact that, on top of the manifest N = 1 supersymmetry, (2.2.34) has a
second supersymmetry given by

δ2Wα =
√

2iσm
αα̇

¯̃ϵα̇∂m

(
X

2
(D2W )2

(D2X)2

)
+

√
2ϵ̃αX,

δ2X =
√

2i¯̃ϵα̇σ̄
mα̇α∂mWα,

(2.2.35)

and since the superfields Wα and X are constrained, this second supersymmetry
is non-linearly realised. In component form the Lagrangian (2.2.34) reduces to

L =FF̄ + fF + fF̄ + i∂mg
ασm

αα̇ḡ
α̇ + i∂mg̃

ασm
αα̇

¯̃gα̇

+ higher order fermion terms.
(2.2.36)

As a final step one can integrate out F and replace its expression into (2.2.36),
obtaining a theory with only goldstini.

A possible description of the two goldstini in N = 1 superspace has been
given in terms of the chiral superfields X and Wα. As the Volkov–Akulov model
can be described in different ways, which are equivalent up to field redefinitions,
the same logic is expected to apply also in this case. There should exist therefore
other descriptions of the same system which use different superfields and which
should be related by a superfield redefinition. In the following two of them are
presented.

Given Wα and X, one can define the spinor superfield

Hα̇ = D̄2W̄α̇

D̄2X̄
. (2.2.37)

This is a chiral superfield,
D̄β̇Hα̇ = 0, (2.2.38)

satisfying the property
D̄β̇

(
XH̄α̇

)
= 0. (2.2.39)

Since Hα̇ is chiral, it is known [16] that the constraint (2.2.39) removes all of
its higher components leaving just the lowest one, namely the goldstino of the
second supersymmetry, unconstrained. This statement is going to be justified
more concretely in chapter 3. The low energy theory of N = 2 spontaneously
broken supersymmetry can be expressed in this description in terms of X and
Hα̇ as

L =
∫
d4θ

(
XX̄ −

⏐⏐⏐⏐∂m

(
XH̄2

2

) ⏐⏐⏐⏐2 + i∂m(XH̄α)σm
αα̇(X̄H α̇)

)

+ f
(∫

d2θX + c.c.
)
.

(2.2.40)

Another description of the N = 2 supersymmetry breaking sector that it is
presented is in terms of the nilpotent chiral superfield X and of another chiral
superfield Y which is constrained in the following way

XY = 0, (2.2.41)
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X̄D2Y = 0. (2.2.42)

The origin of these constraints is going again to be clarified in chapter 3, but
at this level it is nevertheless possible to understand their role. Acting on them
with D2, in fact, their solutions can be found, as it has been done in section
2.1.2 for the constraint X2 = 0. They are

Y = −2D
αXDαY

D2X
−X

D2Y

D2X
,

D2Y = −16X̄∂2Y + 8iD̄α̇X̄∂
α̇αDαY

D̄2X̄
,

(2.2.43)

where the notation ∂αα̇ ≡ σm
αα̇∂m has been used. By projecting the first of these

expressions to spacetime, it can be understood that the lowest component Y | is
removed from the spectrum, while by projecting the second expression one can
realise that also the auxiliary field in the highest component, D2Y | = −4F Y , is
removed. The constrained superfield Y contains therefore only one fermion as
independent component. This fermion is indeed providing the second goldstino.
More information concerning the nilpotent and orthogonal superfields X and
Y are going to be given in section 3.1.1, but at this stage it is necessary only
to keep in mind that X contains one goldstino and the auxiliary field which
is breaking supersymmetry, while Y contains only the other goldstino. Since
also the superfield Wα introduced in the previous description contains only one
goldstino, it should be possible to use it to build a superfield having exactly the
properties of Y . The expression

Y = − 1√
2
DαWα +

√
2D̄

ρ̇X̄D̄ρ̇D
ρWρ

D̄2X̄
, (2.2.44)

satisfying (2.2.41) and (2.2.42) when Wα satisfies the constraint (2.2.31), is the
desired one.

To rewrite the Lagrangian (2.2.34) in the X, Y system, the expression (2.2.44)
has to be inverted, in order to express Wα in terms of the chiral constrained
superfield Y :

Wβ =2
√

2XDβY

D2X
+ 16

√
2iX DρY

D2X

D̄ρ̇X̄

D̄2X̄
∂ρρ̇

(
DβX

D2X

)
−

− 128
√

2XDσY

D2X

D̄σ̇X̄

D̄2X̄
∂σσ̇

(
DρX

D2X

)
D̄ρ̇X̄

D̄2X̄
∂ρρ̇

(
DβX

D2X

)
.

(2.2.45)

By replacing (2.2.45) into (2.2.34) the following Lagrangian is obtained

L =
∫
d4θ

(
XX̄ + Y Ȳ [1 + A] + S∂2S̄

)
+ f

(∫
d2θX + c.c.

)
, (2.2.46)

where
A = −64

D̄γ̇X̄∂
γ̇
ρ D̄

ρ̇X̄DγX∂
γ
ρ̇D

ρX

|D2X|4
(2.2.47)
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and
S = Y 2 D2X(

δρ
ϵ + 8i D̄ρ̇X̄∂ρ̇

ϵ DρX

|D2X|2

) (
δϵ

ρ − 8i D̄γ̇X̄∂γ̇ϵDρX

|D2X|2
) . (2.2.48)

This is the complete expression of the N = 2 supersymmetry breaking Lagrangian
in the system of nilpotent and orthogonal superfields.

To summarise, three different descriptions of the goldstino sector for N = 2
spontaneously broken supersymmetry have been given, using the language of
N = 1 superspace. Both supersymmetries are non-linearly realised and in the
low energy regime only the two goldstini are present in the spectrum. These
descriptions can be related one to the other by using field redefinitions, much
in the same way as the Volkov–Akulov model has been related to alternative
descriptions in subsection 2.1.3. The superspace form of these redefinitions has
been calculated and given explicitly in formula (2.2.37), to pass from the first to
the second, in formula (2.2.44), to pass from the second to the third, and vice
versa in formula (2.2.45).

2.2.3 N supersymmetry
In this subsection the goldstino sector of a generic number N of spontaneously
broken supersymmetries is described. The discussion is the direct generalisation
of the previous analysis of the N = 2 case. The Samuel-Wess formalism, in
particular, is again going to be used in order to obtain the desired constraints
which remove all the fields from the spectrum except the N goldstini. The results
are going then to be expressed in the language of N = 1 superspace.

The algebra satisfied by N superspace derivatives, without central charges, is

{DI
α, D̄J α̇} = −2i δI

J σ
m
αα̇∂m,

{DI
α, D

J
β } = 0,

(2.2.49)

where the indices I, J,K, . . . run from 1 to N and label the supersymmetries.
Lower indices refer to the fundamental representation of the R-symmetry group
U(N )R, while upper indices refer to the antifundamental one. Being N spontan-
eously broken supersymmetries, the theory contains N goldstini. To describe
them in superspace, define N spinor superfields ΛI α, which satisfy the constraints

DI
αΛJ β = f ϵβα δ

I
J + i

f
σm

αρ̇Λ̄I ρ̇∂mΛJ β,

D̄I α̇ΛJ β = − i

f
σm

ρα̇Λρ
I∂mΛJ β.

(2.2.50)

The superfields ΛI α contain all the information on the supersymmetry breaking.
Their only independent component fields are the goldstini, defined as

ΛI α|θI=0 = λI α, (2.2.51)



2.2 Extended supersymmetry 31

and whose supersymmetry transformations are non-linearly realised

δλI α = fϵI α − i

f

∑
J

(
λJσ

m ϵ̄J − ϵJσ
mλ̄J

)
∂mλI α, (2.2.52)

where ϵI α are the N supersymmetry parameters. A supersymmetric and U(N )R-
invariant Lagrangian for ΛI α is

L = − 1
f 4N −2

∫
d4NθΛ2N Λ̄2N

= −f 2 −
∑

I

i(λIσ
m∂mλ̄

I − ∂mλIσ
mλ̄I) +O(f−2).

(2.2.53)

The constrained superfield approach in N superspace is now developed. The
superfields ΛI α can be used to define the superfield Φ

Φ = − 1
(−4)Nf 4N −1 D̄

2N
(
Λ2N Λ̄2N

)

= −f−(2N +1)Λ2N

⎛⎝f 2 +
∑

I

Λ̄I(. . . ) +
∑
I,J

Λ̄IΛ̄J(. . . ) + . . .

⎞⎠ , (2.2.54)

where (. . . ) contains terms with derivatives of the superfields ΛI
α. This superfield

Φ is chiral
D̄I α̇Φ = 0 (2.2.55)

and, as it can be checked by direct inspection, it satisfies the following set of
constraints3

Φ2 = 0,
ΦDI

αΦ = 0,
ΦDI

αD
J
β Φ = 0,

ΦDI
αD

J
βD

K
γ Φ = 0,
· · ·

Φ(DI ̸=J)2N −2DJ
αΦ = 0,

(2.2.56)

together with
Φ̄(DI)2N Φ = −(−4)N f Φ̄. (2.2.57)

As a consequence of these constraints, the only independent fields in Φ are the
N goldstini, which reside in the components

1
(−4)N −1 (DI ̸=J)2N −2DJ

αΦ|θI=0 ≡ GΦ
J α = −2λJ α + . . . , (2.2.58)

3The notation (ΨI)2N ≡ Ψ2N = Ψ2
1 Ψ2

2 . . . Ψ2
N is used to indicate the product of N squared

spinor superfields. The dummy index I is not summed and, to avoid confusion, whether sums
occur they are going to be explicitly written.
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where dots stand for terms with more fermions. The Lagrangian for Φ can be
written as

L = f
∫
d2N θΦ. (2.2.59)

As in the N = 2 case, consider now a generic chiral superfield X in N
superspace and impose on it the constraints (2.2.56), without (2.2.57). As a
result, all the component fields of X are going to be removed, except for the
N goldstini and the auxiliary field which is breaking supersymmetry. Even
in this general case, however, only the last constraint in (2.2.56) is essential,
the remaining ones being consistency conditions, as proved in [24]. Imposing
therefore the constraint

X (DI ̸=J)2N −2DJ
αX = 0 (2.2.60)

and solving it in superspace, one can obtain the unique solution

X =
(1

2

)N (Gα
1G1α)(Gα

2G2α) . . . (Gα
NGN α)

F2N −1 ≡
(1

2

)N (GI)2N

F2N −1 . (2.2.61)

In this formula the superfield F , which lives in N superspace, is defined such
that

F = F|θI=0 = 1
(−4)N (DI)2N X |θI=0 (2.2.62)

is the complex scalar auxiliary field breaking supersymmetry, while the superfields
GIα are defined such that

gIα = GIα|θI=0 = 1√
2(−4)N −1

(DJ ̸=I)2N −2DI
αX |θI=0 (2.2.63)

are the N goldstini. The Lagrangian describing the supersymmetry breaking
sector is now

L =
∫
d4N θX X̄ +

(
f
∫
d2N θX + c.c.

)
(2.2.64)

and F can be integrated out to obtain a theory including only the N goldstini.

2.2.4 N goldstini in N = 1 superspace
The previous analysis of the model with N goldstini is going now to be re-
formulated in the language of N = 1 superspace, which is one of the most
employed for practical applications. As discussed in the analogous subsection on
the N = 2 case, different ways of describing N goldstini in N = 1 superspace
exist, depending on the particular choice of the superfields in which they are
embedded. The generalisation of the three descriptions presented in 2.2.2 is
constructed in the following. All of them are going to contain a nilpotent N = 1
chiral superfield X as an essential ingredient.

As a first step, break the U(N )R-covariance explicitly by splitting the set of
superspace derivatives as

DI
α → {Dα , D

i
α}, (2.2.65)
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where the indices i, j, . . . take values from 1 to N − 1. Introduce then the
nilpotent chiral superfield X defined as4

X = 1
(−4)N −1 (Di)2N −2X . (2.2.66)

It contains the auxiliary field F which is breaking supersymmetry,

F = −1
4DαX|θI=0, (2.2.67)

and the goldstino of the first supersymmetry, namely the one related to the first
superspace derivative in (2.2.65):

gα = Gα|θI=0 = 1√
2
DαX|θI=0. (2.2.68)

In the first description discussed in this subsection, the remaining N − 1
goldstini are embedded into the N = 1 chiral superfields

Wi α = 1√
2(−4)N −2

(Dj ̸=i)2N −4Di
αX , (2.2.69)

satisfying the constraints

Wi α = X
D2Wi α

D2X
. (2.2.70)

In particular they reside in the highest component:

Gi α = −1
4D

2Wi α. (2.2.71)

In the full N superspace, the solution (2.2.61) can be expressed in terms of the
goldstini and of the auxiliary field as

X = 25−5NX

∏N −1
i=1 (D2Wiα)2

F2N −2 . (2.2.72)

The lower components of X are constrained N = 1 superfields and, similarly to
S of the N = 2 case, they are removed from the spectrum in terms of X and
Wi α. They organise in representations of the group U(N − 1), which acts as a
flavour symmetry after the breaking

U(N )R −→ U(1)R × U(N − 1). (2.2.73)
4Since projections to the surface θi

α = 0 are omitted in the definition of X, this object lives
in the full N superspace. The same observation applies also to Wi α in (2.2.69) and in other
formulas thereafter. If this is source of confusion, it is possible to continue thinking of them as
N = 1 superfields, because this is the role they have been introduced for. The X, Yi appearing
in (2.2.74) and thereafter are indeed properly projected N = 1 superfields.
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More details on them are going to be given in a while but, already at this stage,
it is possible to realise that the structure of the Lagrangian in the X, Wi α

description is of the type

L =
∫
d4θ

(
XX̄ + i

∑
i

∂mW
α
i σ

m
αα̇W̄

iα̇

)
+ f

(∫
d2θX + c.c.

)
+ . . . , (2.2.74)

where dots stand for higher order terms, which are essential for the non-linear
realisation of the N supersymmetries.

Mimicking the discussion of the N = 2 theory, a set of chiral superfields Yi

can be defined such that
XYi = 0,

X̄D2Yi = 0,
(2.2.75)

where X2 = 0 is always understood. As a consequence of the constraints, these
superfields Yi contain only fermions, which are going to be the goldstini of the
spontaneously broken supersymmetries. The explicit superfield redefinition which
connects Wi α and Yi is the generalisation of (2.2.45):

Wi β =2
√

2XDβYi

D2X
+ 16

√
2iXDρYi

D2X

D̄ρ̇X̄

D̄2X̄
∂ρρ̇

(
DβX

D2X

)
−

− 128
√

2XDσYi

D2X

D̄σ̇X̄

D̄2X̄
∂σσ̇

(
DρX

D2X

)
D̄ρ̇X̄

D̄2X̄
∂ρρ̇

(
DβX

D2X

) (2.2.76)

and it can be used in order to rewrite the Lagrangian (2.2.74) in terms of the
superfields X and Yi

L =
∫
d4θ

(
XX̄ +

∑
i

YiȲ
i[1 + A]

)
+ f

(∫
d2θX + c.c.

)
+ . . . , (2.2.77)

where A is defined as in (2.2.47) and dots stand for higher order terms, making
the theory invariant under the non-linearly realised additional supersymmetries.

A third alternative way to express the model is in terms of the chiral superfields
X and H i

α̇ satisfying
X2 = 0,

D̄α̇(XH̄i β) = 0.
(2.2.78)

The Lagrangian is of the type

L =
∫
d4θ

(
XX̄ −

⏐⏐⏐⏐∂m

(
XH̄2

2

) ⏐⏐⏐⏐2 + i
∑

i

∂m(XH̄α
i )σm

αα̇(X̄H i α̇)
)

+ f
(∫

d2θX + c.c.
)

+ . . . ,

(2.2.79)

where dots stand for higher order interactions which are again necessary for the
non-linear realisation.
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With some more effort, one can calculate the complete form of all these
Lagrangians and realise explicitly how all the lowest components are removed
from the spectrum. To deal with all the fields in X in the general N case it is
possible to proceed as follows. The generic component can have a number p of
fermionic indices, with 0 ≤ p ≤ 2N , and some of them can be contracted in
pairs. In particular, being fermionic, the same index cannot appear more than
twice. An efficient way to handle with this situation consists in distinguishing
between the indices in the set M1 = {i1, . . . , ik} which are all different, and the
ones in M2 = {j1, . . . , jl} which are equal two by two. One can therefore split
the number of indices p as p = k + l and construct

(
S i1...ik, j1...jl

(k+l)

)
α1...αk, β1...βl

=
(

1√
2

)k+l

Di1
α1 . . . D

ik
αk
Dj1

β1 . . . D
jl
βl

X |θI=0, (2.2.80)

which describes collectively all the components of X . The explicit expression of
this object (2.2.80) is now given for the three different sets of N = 1 constrained
superfields introduced before.

In the description in terms of X and Wi α, the form of the lowest component
is obtained directly using (2.2.69) and no superfield redefinition is involved. In
the formulation in terms of X and Yi, the form of the lower superfields S(p) is
more involved, since superfield redefinitions are needed. It turns out that the
correct expression is

(S i1...ik, j1...jl

(p) )α1...αk, β1...βl
= 22−2N + 3k

2 −lϵβ1β2 . . . ϵβl−1βl
X

×
(Dρ1Yi1Z

ρ1
α1) . . . (Dρk

Yik
Zρk

αk
)

F2N −2−k−l
(DσYi/∈MZ

σ)2N −2−2k−l,
(2.2.81)

where p = k + l, M = M1 +M2 and Zρ
α is a quantity containing only X

Zρ
α = δρ

α + 8iϵβρ D̄
β̇X̄

D̄2X̄
∂ββ̇

(
DαX

D2X

)

− 64ϵσρ D̄
σ̇X̄

D̄2X̄
∂σσ̇

(
DβX

D2X

)
D̄β̇X̄

D̄2X̄
∂ββ̇

(
DαX

D2X

)
.

(2.2.82)

This proves in fact that the only independent superfields in X are the nilpotent
X and the orthogonal Yi, while all the others are given in terms of these as a
consequence of (2.2.81). In the description in terms of the constrained superfields
X and H i

α̇, which can be obtained using the superfield redefinition

H i
α̇ = D̄2W̄ i

α̇

D̄2X̄
, (2.2.83)

the form of the lowest components is

S i1...ik, j1...jl

(k+l)α1...αk, β1...βl
= (−4)2N −2−k−l25−5N +3k+ 5

2 lϵβ1β2 . . . ϵβl−1βl
X

× H̄i1α1 . . . H̄ikαk
(H̄i/∈M)2N −2−2k−l.

(2.2.84)
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The last step consists in giving an expression for the Lagrangian in terms of
(2.2.80), which can eventually be specialised to the case of interest. After some
reordering the theory can be recast into the compact form

L =
∫
d4θ

N −1∑
l=0

N −1∑
k=0

L
(N )
k,2l + f

(∫
d2θX + c.c.

)
, (2.2.85)

where the quantity

L
(N )
k,2l =

N −1∑
i1,...,ik=1

N −1∑
jl>jl−2>···>j2=1

(−i)k 2−l (Si1...ik,j1...jl)α1...αk, β2β4...βl
β2β4...βl

× ∂α1α̇1 . . . ∂αkα̇k
(∂2)N −1−k− l

2 (S̄i1...ik,j1...jl
)α̇1...α̇k, β̇2β̇4...β̇l

β̇2β̇4...β̇l

(2.2.86)

has been introduced and the complex conjugate S̄ has been defined with the
fermionic indices in the opposite order, namely

(S̄(k+l)
i1...ik, j1...jl

)α̇1...α̇k, β̇1...β̇l
=
(

1√
2

)k+l

D̄ik
α̇k
D̄

ik−1
α̇k−1 . . . D̄

i1
α̇1 D̄

jl

β̇l
D̄

jl−1
β̇l−1

. . . D̄j1
β̇1

X̄ |.

(2.2.87)
This is the complete form in N = 1 superspace of the Lagrangian describing the
interactions of N goldstini. Notice that, using this formula, one can effectively
extract the contribution of the desired derivative order without necessarily
compute the whole action. In the following table 2.1, the N = 1 superfield
content of the goldstino sector for the different descriptions presented above is
summarised.

SUSY N = 1 N = 2 N = 4 generic N
Goldstini Superfields X X,W X,W1,W2W3 X,W1, . . . ,WN −1
Goldstini Superfields X X,H X,H1, H2, H3 X,H1, . . . , HN −1

Goldstini Superfields X X,Y X, Y1, Y2, Y3 X, Y1, . . . , YN −1
Eliminated Superfields − S(0) S(0), S(1), S(2) S(0), S(1), . . . , S(2N −4)

Residual Flavor Group − U(1) U(3) U(N − 1)

Table 2.1: The N = 1 chiral superfields content of a minimal N goldstini theory. The
shorthand notation S(p) indicates all the possible components (2.2.80) with
p fermionic indices contracted in all the allowed ways.

As a check, in the N = 2 case the term L
(2)
1,2 vanishes and the Lagrangian is

given by

L =
∫
d4θ

(
L

(2)
0,0 + L

(2)
1,0 + L

(2)
0,2

)
+ f

(∫
d2θX + c.c.

)
=

=
∫
d4θ

(
S∂2S̄ − iWα∂αα̇W̄

α̇ +XX̄
)

+ f
(∫

d2θX + c.c.
)
,

(2.2.88)
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which matches exactly with (2.2.34). One can calculate, for example, the Lag-
rangians for the goldstini in the N = 3 and N = 4 cases, which are

LN =3 =
∫
d4θ

[
L

(3)
0,2 + L

(3)
1,0 + L

(3)
0,0 + L

(3)
1,2 + L

(3)
0,4 + L

(3)
2,0

]
+
(
f
∫
d2θX + c.c.

)
=
∫
d4θ

[
1
4S

0,33∂2S̄0,33 − i(S3,0)α∂2∂αα̇(S̄3,0)α̇

+ S0,0∂4S̄0,0 − i

4(S2,33)α∂αα̇(S̄2,33)α̇

− i(S2,0)α∂αα̇∂
2(S̄2,0)α̇ + 1

16S
0,22,33S̄0,2233

− i

4(S3,22)α∂αα̇(S̄3,22)α̇ + 1
4S

0,22∂2S̄0,22

− (S32,0)αβ∂αα̇∂ββ̇(S̄32,0)α̇β̇

]

+
(
f
∫
d2θX + c.c.

)

(2.2.89)

and

LN =4 =
∫
d4θ

3∑
l=0

3∑
k=0

L
(4)
k,2l + f

(∫
d2θX + c.c.

)

=
∫
d4θ

[
1
16S

0,3344∂2S̄0,3344 − i

4(S4,33)α∂αα̇∂
2(S̄4,33)α̇

+ 1
4S

0,33∂4S̄0,33 − i

4(S3,44)γ∂2∂γγ̇(S̄3,44)γ̇

− (S43,0)αβ∂2∂ββ̇∂αα̇(S̄43,0)α̇β̇ − i(S3,0)α∂4∂αα̇(S̄3,0)α̇

+ 1
4S

0,44∂4S̄0,44 − i(S4,0)α∂4∂αα̇(S̄4,0)α̇

+ S0,0∂6S̄0,0 − i

16(S2,3344)α∂αα̇(S̄2,3344)α̇

− 1
4(S42,33)βα∂αα̇∂ββ̇(S̄42,33)β̇α̇ − i

4(S2,33)α∂αα̇∂
2(S̄2,33)α̇

− i

4(S2,44)α∂αα̇∂
2(S̄2,44)α̇ − (S42,0)βα∂αα̇∂

2∂ββ̇(S̄42,0)β̇α̇ (2.2.90)

− i(S2,0)α∂αα̇∂
4(S̄2,0)α̇ + 1

64S
0,223344S̄0,223344

− i

16(S4,2233)α∂αα̇(S̄4,2233)α̇ + 1
16S

0,2233∂2S̄0,2233

− i

16(S3,2244)α∂αα̇(S̄3,2244)α̇ − 1
4(S43,22)αβ∂ββ̇∂αα̇(S̄43,22)α̇β̇

− i

4(S3,22)αSαα̇(S̄3,22)α̇ + 1
16S

0,2244∂2S̄0,2244
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− i

4(S4,22)α∂2∂αα̇(S̄4,22)α̇ + 1
4S

0,22∂4S̄0,22

− 1
4(S32,44)β∂αα̇∂ββ̇(S̄32,44)β̇α̇ + i(S432,0)γβα∂αα̇∂ββ̇∂γγ̇(S̄432,0)γ̇β̇α̇

− (S32,0)βα∂αα̇∂ββ̇∂
2(S̄32,0)β̇α̇

]

+
(
f
∫
d2θX + c.c.

)
The discussion on the supersymmetry breaking sector is terminated. In the

next chapter the N = 1 goldstino is going to be coupled to other fields which
have the role of matter and which are in general present in any realistic scenario.
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In this chapter the goldstino sector is coupled to matter. For simplicity, the
analysis is restricted only to the minimal case of N = 1 supersymmetry. Results
in extended supersymmetry can be found for example in [31–35]

When using superspace methods, matter fields have to be embedded into
superfields, as it has been the case for the goldstino. If supersymmetry is
spontaneously broken and non-linearly realised, some matter component fields
can be removed from the the spectrum, in much the same way as the sgoldstino
has been eliminated in the previous chapter. This can be performed in an
efficient manner by imposing constraints on matter superfields, avoiding thus the
procedure of calculating the equations of motion in the zero-momentum limit.

Depending on which is the particular matter component field that has to be
removed, the constraints to be imposed are different. In this respect, indeed,
several constraints have been proposed and discussed in literature [16]. Their
origin, however, has remained not completely clear until the work of [36], in which
the authors proposed a general constraint to be imposed on matter superfields
in order to eliminate any desired component. Being a central ingredient in
the constrained superfield approach to non-linear supersymmetry, this general
constraint is going to be introduced and analysed in some detail.

In particular, it relies only on the presence of a nilpotent goldstino chiral
superfield X. For this reason, in the second part of the chapter the existence of
such a superfield X is discussed and it is shown, by giving several examples, that
a nilpotent X is present in a large class of models with spontaneously broken
supersymmetry, either in the case of F-term or D-term breaking.

It is possible to conclude then that these two constraints, namely the nilpotent
one for the goldstino and the general constraint for matter, are the only two
ingredients which are needed for writing any low energy effective model with
spontaneously broken and non-linearly realised supersymmetry and with any
desired spectrum content. The results presented in this chapter constitute
therefore the theoretical basis for phenomenological applications.

3.1 Two chiral superfields
Given the superymmetry breaking sector of N = 1 supersymmetry, described
in terms of a nilpotent chiral superfield X, the more immediate generalisation

39
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consists in coupling it to another chiral superfield. Two particular examples
are going to be analysed: the case in which the second chiral superfield is a
Lorentz scalar, Y , and the one in which it has a spinorial index, Wα. This last
example is going to motivate the introduction of a procedure for removing matter
component fields, which is different from their integration in the zero-momentum
limit via the equations of motion.

3.1.1 X and Y system

Consider two chiral superfields X and Y with superspace expansions

X = A+
√

2 θαGα + θ2F, (3.1.1)
Y = B +

√
2 θαχα + θ2F Y . (3.1.2)

The simplest Lagrangian which can be written with only these two ingredients
and in which supersymmetry is spontaneously broken is

L =
∫
d4θ

(
XX̄ + Y Ȳ

)
+ f

(∫
d2θX + c.c.

)
= −∂mA∂

mĀ− ∂mB∂
mB̄ − iḠσ̄m∂mG− iχ̄σ̄m∂mχ

+ FF̄ + fF + fF̄ + F Y F̄ Y .

(3.1.3)

In this model there are two massless scalar, A and B, two massless fermions
Gα and χα and two auxiliary fields, F and F Y . Since the auxiliary field which
acquires a non vanishing vacuum-expectation-value is ⟨F ⟩ = −f ̸= 0, while
⟨F Y ⟩ = 0, supersymmetry is broken by F and the fermion Gα is the goldstino.
The component fields of Y are then called matter fields, to distinguish them from
the goldstone mode and from the auxiliary field describing the supersymmetry
breaking sector.

To integrate out some of the degrees of freedom and to produce an effective
theory, a mass splitting in the spectrum has to be created. The only component of
X which can be removed is the sgoldstino A and its decoupling can be performed
exactly in the same way as it has been discussed in subsection 2.1.1. For what
concerns the components of Y , instead, alternatives are allowed. One possible
choice, which is going to be pursued in the following, is to eliminate the scalar
B in the lowest component, in order to obtain a theory with only two fermions:
Gα and χα. This theory is going to be similar to the one presented in 2.2.2, with
the difference that, a priori, there is no reason why it has to be invariant also
under a second non-linearly realised supersymmetry.

As done in the goldstino sector, to create a mass gap the original model is
modified with curvature terms in the Kähler potential. Consider therefore the
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following Lagrangian

L =
∫
d4θ

(
XX̄ + Y Ȳ

)
+ f

(∫
d2θX + c.c.

)
− 1

Λ2

∫
d4θX2X̄2 − 1

Λ2

∫
d4θXX̄Y Ȳ

= −f 2 + |F + f |2 + F Y F̄ Y

− 1
Λ2 |2AF −G2|2 − 1

Λ2 |BF + AF Y −Gχ|2

+ terms with derivatives,

(3.1.4)

where Λ is a parameter of mass dimension one. Due to the modification, the
masses of A and B become respectively m2

A = 4f 2/Λ2 and m2
B = f 2/Λ2. By

restricting the analysis to an energy regime E ≪ f/Λ, or equivalently by taking
the formal limit 1/Λ → ∞, the scalars A and B can be integrated out. Their
equations of motion in the zero-momentum limit give

A = G2

2F , (3.1.5)

B = Gχ

F
− G2F Y

2F 2 . (3.1.6)

Notice that both these solutions do not depend on the details of the theory in
the high energy regime, namely on the parameter Λ. The effective theory can
be obtained then by substituting (3.1.5) and (3.1.6) back into the Lagrangian
(3.1.4).

As it has been done in the previous chapter, superspace techniques can be
employed to define an alternative procedure to eliminate degrees of freedom
and to produce a consistent effective theory. The starting point is again to
understand which are the superfields whose lowest components are given by
(3.1.5) and (3.1.6). For the particular case under consideration, in which two
scalars are removed from two chiral superfields, it turns out that also the sought
superfields are chiral and they are solutions to the constraints

X2 = 0,
XY = 0.

(3.1.7)

The nilpotent constraint on X has been already discussed, while the second
constraint, namely the orthogonality condition between the chiral superfields,
has been first introduced in [37]. The strategy for solving these constraints in
superspace is the usual one: act on them with superspace derivatives and find

X = −DαXDαX

D2X
, (3.1.8)

Y = −2D
αXDαY

D2X
−X

D2Y

D2X
, (3.1.9)
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besides some consistency conditions. By projecting these solutions to spacetime,
the expressions (3.1.5) and (3.1.6) are recovered. The projections DαY | and
D2Y | do not change with respect to the unconstrained case, since the fermion and
the auxiliary field in Y are not eliminated from the spectrum. The θ-expansions
of the constrained superfields X and Y therefore are

X = G2

2F +
√

2 θαGα + θ2F, (3.1.10)

Y = Gχ

F
− G2F Y

2F 2 +
√

2 θαχα + θ2F Y , (3.1.11)

and the Lagrangian governing their interactions in superspace has the form

L =
∫
d4θ(XX̄ + Y Ȳ ) + f

(∫
d2θX + c.c.

)
, (3.1.12)

where X2 = 0 and XY = 0 are assumed. Notice that the constraints (3.1.7)
imply also Y 3 = 0, as it can be seen from inserting the explicit expansion (3.1.11).
As a consequence, the most general model involving only X and Y has a Kähler
potential and a superpotential of the type:

K = XX̄ + Y Ȳ + a (XȲ 2 + X̄Y 2)
+ b (Y Ȳ 2 + Ȳ Y 2) + c (Y Ȳ )2,

W = fX + gY + hY 2,

(3.1.13)

where a, b, c, f, g and h are parameters. The generalisation of this model to
supergravity with spontaneously broken supersymmetry has been studied in
[38,39] and it is reviewed in section 4.2.

3.1.2 X and Wα system
The next system which is analysed is the one in which the gaugino, namely the
fermionic superpartner of a gauge vector field, is decoupled from the spectrum.
The discussion can be adapted to supersymmetric extensions of the Standard
Model, where some of the gaugino fields are much heavier than the gauge vector
bosons. In this context, in fact, it could be desirable to have an equivalent
description in which the gauginos are removed, in order to facilitate the study of
the low energy effective action.

The first step is the embedding of component fields into superfields. The
goldstino is going to reside again in a chiral superfield X, while the gaugino λα

and the vector vm are components of another chiral superfield Wα, which can be
expressed as the superfield strength of an abelian vector superfield V , namely

Wα = −1
4D̄

2DαV. (3.1.14)

In chiral coordinates, its expansion in superspace is

Wα = −iλα +
[
δβ

αD − i

2(σmσ̄n)α
βvmn

]
θβ + θ2σm

αα̇∂mλ̄
α̇, (3.1.15)
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where vmn = ∂mvn − ∂nvm and λα = iWα| is the gaugino. Notice that this
superfield satisfies the constraint

DαWα = D̄α̇W̄
α̇, (3.1.16)

which implies that the auxiliary field D = −1
2D

αWα| is real.
A minimal Lagrangian for the superfields X and Wα in which supersymmetry

is spontaneously broken by X is

L =
∫
d4θXX̄ + f

(∫
d2θX + c.c.

)
+ 1

4

(∫
d2θWαWα + c.c.

)
= −∂mA∂

mĀ− iḠσ̄m∂mG+ FF̄ + fF + fF̄

− 1
4vmnv

mn − iλσm∂mλ̄+ 1
2D

2.

(3.1.17)

In this model all the fields in the spectrum are massless. In particular, the masses
of the goldstino Gα and of the U(1) vector vm are protected by supersymmetry
and gauge symmetry respectively. A mass gap can nevertheless be created
between these modes and their superpartners, namely the sgoldstino A and the
gaugino λα, by considering the modified Lagrangian

L =
∫
d4θ

(
XX̄ − 1

Λ2X
2X̄2

)
+ f

(∫
d2θX + c.c.

)
+ 1

4

(∫
d2θ

(
1 − X

Λ

)
WαWα + c.c.

)
= −f 2 + |F + f |2 − 1

Λ2 |2AF −G2|2 + 1
2D

2

+ 1
4Λ

⎡⎣F (λα − i

√
2

2 Gα
D

F

)2

+ c.c.

⎤⎦
+ terms with derivatives.

(3.1.18)

The equations of motion in the zero-momentum limit give

A = G2

2F , (3.1.19)

λα = i

√
2

2 Gα
D

F
. (3.1.20)

Notice that the last steps were not completely rigorous. The correct way to
proceed would have been to introduce two different cut-off parameters: Λ,
governing the mass of A and Λ̃, governing the mass of λ. The decoupling should
proceed then in the following order: first the sgoldstino, by taking Λ → ∞ while
Λ̃ fixed, and after the gaugino, by taking Λ̃ → ∞ in the resulting Lagrangian.
Formulae (3.1.19) and (3.1.20) are indeed consistent with this specific procedure.

It is crucial to observe that the solution (3.1.20) of the equations of motion
of the gaugino in the zero-momentum limit differs from the one reported in
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literature, see for example [16]. The difference amounts precisely to terms
containing derivatives. Since the solution given in [16] has been obtained with
a different procedure, the strategy of taking the zero-momentum equations of
motion in order to decouple degrees of freedom in the low energy regime, has to
be applied with care, as it can be misleading.

Even if not completely correct, however, the result (3.1.20) can still give
some intuition on the form of the superfield Wα in the infrared regime, after the
decoupling of its component λα. To have the correct solution, a more systematic
procedure is required and it is going to be described in the section 3.2. In
particular, the correct form of the superfield, together with the constraints it
satisfies, are going to be found and discussed directly in superspace. It can be
anticipated that the constraint which is eliminating the gaugino λα from Wα is
XWα = 0, as given in [16].

3.1.3 Comment on the zero-momentum limit
The reason why the procedure of decoupling a massive mode by taking its equa-
tions of motion in the zero-momentum limit has failed for the gaugino is that, in
general, it has to be applied with care, since by neglecting derivatives interactions
supersymmetry could be broken explicitly. This is precisely what occurred in
the previous example, even though it did not happen for the decoupling of the
sgoldstino or for the scalar in the chiral superfield Y . The solution (3.1.20)
cannot be the lowest component of a constrained superfield Wα, as opposite to
(2.1.21) and (3.1.6), which have the correct structure to be inserted into super-
fields. In other words, the solution to supersymmetric constraints can in general
contain derivatives, indeed in order for (3.1.20) to be the lowest component of
a superfield, also derivatives interactions are needed. This means that, more
generally, it is not guaranteed that the integration at zero-momentum is going
to preserve supersymmetry, not even at the non-linear level. In the following, an
alternative and manifestly supersymmetric approach is presented.

3.2 The generic constraint for matter
In this section a general constraint to be imposed on matter superfields in order
to remove any desired component is given. This is one of the central results of
the constrained superfield approach and it is going to be used extensively in the
rest of the discussion.

In the previous example it has been shown that the zero-momentum limit has
to be performed with care, in order to get the desired result. This observation
motivates the need for a more straightforward procedure for constructing low
energy effective theories with spontaneously broken supersymmetry. Notice
moreover that, at this stage, several constraints have already been introduced
and discussed. An organising principle allowing to understand their origin would
therefore be welcome. The answer to both these issues has been given in [36],
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where the authors proposed one single constraint to be applied on any generic
superfield and from which all the known constraints can be derived. This is
going to be reviewed in the following.

In chapter 2 it has been shown that the constraint

X2 = 0 (3.2.1)

eliminates the lowest component from the chiral superfield X and expresses it as
a function of the other degrees of freedom. In the previous section it has been
discussed analogously that, assuming X2 = 0, the constraint

XY = 0 (3.2.2)

eliminates the lowest component of the chiral superfield Y and replaces it with a
function of the remaining fields of X and Y . It has also been anticipated that,
assuming again X2 = 0, the constraint

XWα = 0 (3.2.3)

is removing the lowest component λα = iWα| in a similar way. An educated
guess would therefore be that, given a generic matter superfield Q and under
the sole assumption that X is a nilpotent chiral superfield, the constraint

XQ = 0 (3.2.4)

is removing the lowest component q = Q| in a similar manner. The guess is
meaningful but it is not completely correct: it works only for the case in which
Q is a chiral superfield. The constraint needed to remove the lowest component
from any desired superfield QL, where L is representing some set of Lorentz
indices, has been proposed in [36] and it is

XX̄QL = 0. (3.2.5)

This is one of the central results in the framework of constrained superfields and
the rest of the section is going to be devoted to comment and discuss it further.
Notice, first of all, that the constraints (3.2.2) and (3.2.3) can be obtained directly
from the general one. Specialising (3.2.5) to the case in which QL = Y , it results
indeed in XX̄Y = 0, which can be reduced to (3.1.7) by acting with D̄2 and
dividing by the expression D̄2X̄ ̸= 0. The same steps can be performed for the
constraint on Wα. In the work [36] it is shown how to derive also all the other
known constraints in a similar way.

The constraint (3.2.5) can be solved directly in superspace and, being super-
symmetric, its solution is going to be a superfield. The strategy is again to act
on it with the maximum number of superspace derivatives, obtaining

D2D̄2(XX̄QL) = 0, (3.2.6)
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and solving then the resulting expression to find

QL = −2
D̄β̇X̄ D̄β̇QL

D̄2X̄
− X̄ D̄2QL

D̄2X̄

− 2
DαXDαD̄

2
(
X̄QL

)
D2XD̄2X̄

−X
D2D̄2

(
X̄QL

)
D2XD̄2X̄

.

(3.2.7)

Acting on the constraint with less derivatives gives consistency conditions for the
solution, which guarantee that the supersymmetric properties of the superfield
QL are not altered. This is precisely the point at which the zero-momentum
procedure failed in the previous example, when decoupling the sgoldstino: in
that case the solution of the equations of motion was not a superfield.

The constraint (3.2.5) is removing the lowest component of QL:

QL = qL + θαχQ
L α + . . . , (3.2.8)

but it can be adapted to eliminate also the higher components in a straightforward
way. In order to remove, for example, the field χQ

L in the θ-component, it is
sufficient to impose the slightly modified constraint

XX̄DαQL = 0. (3.2.9)

The reason why this constraint is the correct one is that DαQL can be though
of as a superfield with lowest component χQ

L α = DαQL|. Along with the same
reasoning, the needed constraint to remove the θ2-component of QL is

XX̄D2QL = 0 (3.2.10)

and the logic applies also to the higher components.
The role and the origin of the constraints introduced in the previous chapter

can now be understood more properly. In section 2.1.3, for example, the constraint
(2.1.43)

ΦD̄2Φ̄ = 4fΦ (3.2.11)

has been used to set the auxiliary field to FΦ = −f + fermions, thus fixing the
supersymmetry breaking scale. By multiplying this constraint with Φ̄, it can be
recast into the form of (3.2.5), namely

ΦΦ̄
(
D̄2Φ̄ − 4f

)
= 0. (3.2.12)

This proves then that the interpretation of (2.1.43) given above is correct. Notice
moreover that, being chiral and nilpotent, Φ can be used instead of X in the
expressions of all the previous constraints. It has also been argued that the
constraint (2.2.39)

D̄β̇(XH̄α̇) = 0 (3.2.13)
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removes both the θ- and the θ2-component from the chiral superfield Hα. Even
such statement can be justified at this point. By multiplying the constraint with
X̄, in fact, it reduces to

XX̄D̄β̇H̄α̇ = 0, (3.2.14)

which confirms that the θ-component is removed. By multiplying it with X̄D̄β̇,
instead, the constraint becomes

XX̄D̄2H̄α̇ = 0, (3.2.15)

which has the correct form to eliminate the θ2-component. Since the general
constraint (3.2.5) can be applied to superfields with any generic set of Lorentz
indices, in complete analogy with this last example it is possible to realise that,
a scalar chiral superfield H, such that D̄α̇(XH̄) = 0, contains just the scalar in
the lowest component as independent degree of freedom. This superfield is going
to be employed in section 3.3.2.

The analysis of the general constraint (3.2.5) proposed in [36] is concluded.
Additional details can be found in the original paper. Evidence has been given
that such an ingredient is central in the studying of non-linear realisations of
supersymmetry with the constrained superfields approach. This constraint, in
particular, can be used directly in supergravity without any further modification.

3.3 Emergence of X2 = 0 in the low energy

The only assumption on which the general constraint XX̄QL = 0 is relying is the
existence, in the low energy regime, of a nilpotent goldstino chiral superfield X,
which contains all the information on the spontaneous breaking of supersymmetry.
Since one of the purposes of this work is to outline a systematic procedure to
build models with spontaneously broken supersymmetry and with any desired
spectrum content, the generality of the existence of such a superfield X has to
be investigated.

It has been discussed previously how the nilpotent constraint on X arises
as a consequence of the decoupling of the sgoldstino, the scalar superpartner
of the goldstino, from the low energy theory. Despite the fact that in various
known examples the decoupling can be performed in a smooth way, even the
generality of such a procedure can be questioned [40, 41]. The aim of this
section is therefore to address the issues on how general is the description of
the supersymmetry breaking sector in terms of the nilpotent X and also if
the appearance of the constraint X2 = 0 has to be necessarily related to the
decoupling of the sgoldstino. The answer is going to be that the description in
terms of X is completely general, namely in any desired model the goldstino can
be embedded inside such a superfield, while, for what concerns the decoupling, it
is going to be shown that the nilpotent constraint can arise also in those systems
in which the sgoldstino is not decoupled.
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The strategy adopted is to consider both F-term and D-term supersymmetry
breaking and to proceed by examples. To analyse them, a particular approach
is proposed, which could be of interest in its own right: it is going to be
explained how each component field of a given superfield can be promoted to
a full constrained superfield or, vice versa, how any unconstrained superfield
arising from linear representations of supersymmetry can be parametrised as a
combination of constrained ones. Using this strategy, which is not going to be
altered by the decoupling of the heavy modes in the infrared regime, it is shown
that the low energy description of any spontaneously broken supersymmetric
theory contains the nilpotent chiral superfield X.

It has to be stressed that, even in the case of pure D-term breaking, namely
when only a vector superfield is present, the degrees of freedom can be reorganised
in order to parametrise the model with the nilpotent chiral superfield X. In
other words, D-term breaking itself can be interpreted as F-term breaking. This
applies also to the new type of D-term introduced in [42] and reviewed in section
6.2.

3.3.1 The goldstino and the Ferrara–Zumino supercur-
rent

To motivate further the forthcoming discussion, some known examples are given
of models in which a goldstino is present in the spectrum, but its embedding
into a nilpotent chiral superfield seems not to be viable. One possibility for this
to happen is when the sgoldstino cannot acquire a mass, for example due to the
presence of a shift symmetry protecting it in the low energy regime. Another
scenario in which there seems to be some obstruction is the case in which the
breaking of supersymmetry is not sourced solely by a nilpotent chiral superfield,
but it receives also other contributions. The goldstino is then a combination of
the fermions in the model and its relation with the nilpotent X might not be
completely transparent. Even if X is nilpotent, therefore, it is not describing
totally the goldstino sector. A third possibility is when no chiral superfields are
present from the very beginning, for example in the case of a model with only
a vector superfield and pure D-term breaking. In the present subsection these
situations are analysed in more detail, while in the next subsection it is going
to be shown how, even in all these models, it is nevertheless possible to let a
nilpotent X emerge.

It is known that, for any globally supersymmetric theory with Kähler potential
K and superpotential W , there exists a supercurrent superfield Jαα̇ that satisfies
the conservation equation

D̄α̇Jαα̇ = DαZ , (3.3.1)

where Z is a chiral superfield given by the combination

Z = 4W − 1
3D̄

2K . (3.3.2)
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Following the reasoning of [16], it is possible to realise that, when supersymmetry
is spontaneously broken, the low energy supercurrent is expressed in terms
of the goldstino. In particular the θ-component of Jαα̇, and in turn the one
of Z, should be identified with it. When the sgoldstino Z|θ=0 is not present
in the low energy theory, then the corresponding operator creates composite
states of the goldstino. Since on these composite states supersymmetry is acting
linearly, the transformations become non-linear when specialised to the single
objects constituting them. As a consequence, one can derive that the superspace
expansion of Z satisfies

Z2 = 0 (3.3.3)

and this would suggest the possibility of identifying it with the nilpotent goldstino
chiral superfield even in more general systems.

It is possible however to construct some situations in which this argument
does not seem to be straightforward and thus the existence of a nilpotent chiral
superfield X in the infrared regime can be questioned. For instance, in the simple
model

K = ΦΦ̄ , W = f Φ , (3.3.4)

where c is a complex constant, the shift symmetry ϕ → ϕ+ c protects the mass
of the scalar ϕ = Φ|. This implies that Z = 8

3fΦ contains a massless scalar and
therefore

Z2 = 64
9 f

2Φ2 ̸= 0. (3.3.5)

In addition, this is suggesting a possible relationship between the decoupling of
the sgoldstino and the presence of the nilpotent constraint.

Even in those cases in which a nilpotent X is present, it is not guaranteed
that Z is going to be nilpotent as well. For example, in a model with two
orthogonal constrained superfields X and Y , satisfying

X2 = 0 = XY, (3.3.6)

such a situation occurs whenever a linear term in Y in the superpotential is
considered. For the simplest choice

K = XX̄ + Y Ȳ , W = f X + g Y, (3.3.7)

it is possible to obtain Z = 8
3(fX + gY ), which satisfies

Z2 = 64
9 g

2Y 2 ̸= 0, (3.3.8)

since (3.3.6) implies Y 3 = 0, but Y 2 is still non-vanishing. In this model the
goldstino is not completely identified with Gα = 1√

2DαX|, but it is a combination
of the two fermions. It is therefore evident that, even though a nilpotent X
is present in the model, Z cannot be completely identified with it in general
situations.
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A third example is when there are no chiral superfields and supersymmetry
is broken by a pure Fayet–Iliopoulos D-term ξ. In this case it can be calculated
that

Z = −ξ

3D̄
2V, (3.3.9)

which is not nilpotent. The standard strategy for identifying a nilpotent X seems
to be failing again.

In the following it is going to be shown that, even in these models in which
Z2 ̸= 0 in the low energy regime, it is always possible to parametrise the breaking
of supersymmetry by means of a constrained chiral superfield X, whose square
vanishes. This superfield may not contain the full goldstino, but it is going to
contribute in any case to the goldstino interactions and its auxiliary field will be
selected by the dominant source of supersymmetry breaking.

3.3.2 Chiral multiplets and F-term breaking
The first examples of supersymmetry breaking scenarios which are analysed, are
models with interacting chiral multiplets, with F-term breaking. They have been
already discussed previously [14,16], but the following presentation is going to
emphasise the salient features of the approach used to prove the general existence
of the nilpotent superfield X in the low energy effective theory. The analysis is
initially restricted to the supersymmetry breaking sector and then generalised
with the inclusion of matter couplings.

Start by considering the simplest model with a single chiral superfield Φ1 and
with a supersymmetry breaking linear superpotential

L =
∫
d4θΦΦ̄ + f

(∫
d2θΦ + c.c.

)
. (3.3.10)

As usual, supersymmetry is broken because ⟨FΦ⟩ = −f ̸= 0 and the fermionic
component of Φ is the goldstino. The sgoldstino ϕ = Φ|θ=0 is massless but, as it
has already been discussed extensively, one can amend this by introducing an
additional operator in the Lagrangian suppressed by a scale Λ >

√
f , whose only

net effect is to generate a mass for ϕ. For completeness the Lagrangian modified
by the addition of this new term is reported once more

L =
∫
d4θ

(
ΦΦ̄ − 1

Λ2 Φ2Φ̄2
)

+ f
(∫

d2θΦ + c.c.
)
. (3.3.11)

The sgoldstino acquires a mass of the order f/Λ and the infrared effective theory
valid at energy below this scale is expected to be described by the goldstino
alone.

The different approach proposed now to study this system consists in splitting
the degrees of freedom of Φ between two constrained superfields X and S,

1This Φ is a generic chiral superfield and it is not related to the constrained superfield field
Φ introduced and used in the previous chapter.
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satisfying
X2 = 0 , XD̄α̇S̄ = 0. (3.3.12)

The first constraint removes the scalar from X and expresses it in terms of its
fermion Gα and the auxiliary field F , delivering

X = G2

2F +
√

2 θαGα + θ2F. (3.3.13)

The second constraint, as discussed at the end of section 3.2, removes the
fermionic component χS

α and the auxiliary field F S of S, giving

S = s+
√

2i θσm

(
Ḡ

F̄

)
∂ms+ θ2

(
Ḡ2

2F̄ 2
∂2s− ∂n

(
Ḡ

F̄

)
σ̄mσn Ḡ

F̄
∂ms

)
. (3.3.14)

Notice that the only independent field is the complex scalar s in the lowest
component. Using these constrained superfields it is possible to construct the
combination

Φ = X + S , (3.3.15)
i.e.

Φ = G2

2F + s

+
√

2θα

⎛⎝Gα + iσm
αβ̇

⎛⎝Ḡβ̇

F̄

⎞⎠ ∂ms

⎞⎠
+ θ2

(
F + Ḡ2

2F̄ 2
∂2s− ∂n

(
Ḡ

F̄

)
σ̄mσn Ḡ

F̄
∂ms

)
,

(3.3.16)

which indeed contains the same degrees of freedom as the original unconstrained
superfield Φ. In other words, the unconstrained chiral superfield Φ has been
parametrised in terms of two constrained chiral superfields: the nilpotent su-
perfield X, given by (3.3.13), and the sgoldstino superfield S, given by (3.3.14).
The important fact is that this decomposition does not depend on the details
of the model under consideration: it can always be performed and it is valid
at any energy regime. Notice also that the parameterisation (3.3.15) has been
constructed precisely with the same spirit of (1.4.3): the goldstone modes degrees
of freedom, contained in X, are separated from the remaining degrees of freedom,
contained in S.

The Lagrangian of the model (3.3.11), can be expressed in terms of the
parameterisation (3.3.15) as

L =
∫
d4θ

(
XX̄ + SS̄ − 1

Λ2 (4XX̄SS̄ + S2S̄2)
)

+ f
(∫

d2θ(X + S) + c.c.
)
.

(3.3.17)

Following the reverse reasoning, this procedure shows explicitly that a non-
linearly realised theory of supersymmetry, with very specific couplings as those in
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(3.3.17), can behave like a linearly realised one. The very expression (3.3.17) can
also be used to derive an effective description for the model under investigation.
If energies well below f/Λ are probed, the massive scalar s in the sgoldstino
superfield S is decoupled and, since this is the only independent component of S,
the effective theory should be obtained by setting S = 0 directly in superspace.
In the zero-momentum limit indeed, which can be performed safely in this simple
example, the Lagrangian (3.3.17) in component form becomes

L = −f 2 + |F + f |2 − 4 |F |2

Λ2 |s|2 + terms with derivatives (3.3.18)

and this is minimised for configurations where

s = 0 , (3.3.19)

which implies S = 0, because of (3.3.14). The effective description of the original
model is given then by the expected Lagrangian for the goldstino:

L =
∫
d4θ XX̄ + f

(∫
d2θ X + c.c.

)
. (3.3.20)

In the case in which the starting Lagrangian for Φ is more complicated, the
parameterisation (3.3.15) can still be used in the same form, but the expression
for the decoupling of S can be less transparent than (3.3.19). It is going to be
possible to express again the low energy Lagrangian in terms of the nilpotent X,
albeit in a more involved way than (3.3.20).

The same effective model can be derived by working entirely at the superspace
level. Assuming in fact that the operator governed by Λ in (3.3.11) dominates
the equations of motion, their superspace formulation becomes

ΦD̄2Φ̄2 = 0. (3.3.21)

Decomposing Φ as in (3.3.15) and acting with XX̄D2 gives

XX̄
(
S̄|D2X|2 + 8S∂2S̄2 + 16|S|2∂2X̄

)
= 0 . (3.3.22)

This equation can then be used to find an expression for XX̄S in terms of
operators including derivatives on S and on X:

XX̄S̄ = −8 XX̄S

|D2X|2
(
∂2S̄2 + 2S̄∂2X̄

)
. (3.3.23)

By substituting iteratively the resulting expression into itself it is possible to
arrive at

XX̄S = 0 (3.3.24)
and therefore the desired result

S = 0 (3.3.25)
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is obtained.
Another example involving solely the chiral superfield Φ can be constructed.

It is known in fact that supersymmetry breaking in rigid supersymmetric models
is often related to R-symmetry breaking, which implies the existence of an
R-axion in the effective theory. For this reason, it is meaningful to be able
to construct a low energy Lagrangian describing the interactions between the
goldstino and one real massless scalar. Both supersymmetry and R-symmetry
are going to be spontaneously broken. Consider therefore the model

L =
∫
d4θ

(
ΦΦ̄ + µ

4Λ2 Φ2Φ̄2 − λ

9Λ4 Φ3Φ̄3
)

+ f
(∫

d2θΦ + c.c.
)
, (3.3.26)

where µ and λ are positive real constants. This model has an R-symmetry and
the superfield Φ has R-charge 2. The scalar potential

V = f 2

1 + µ
Λ2ϕϕ̄− λ

Λ4ϕ2ϕ̄2
, (3.3.27)

where ϕ = Φ|, admits a stable vacuum at

⟨ϕϕ̄⟩ = µ

2λΛ2 ≡ v2 , (3.3.28)

with
⟨V⟩ = f 2

1 + λ v4

Λ4

. (3.3.29)

The spectrum at this vacuum consists of a massless real scalar, which is the
R-axion, another real scalar, with mass m2 = 128 f2

Λ2
λ3µ

(4λ+µ2)3 and the goldstino.
To construct the effective theory, the superfield Φ is parametrised using

constrained superfields and separating the goldstone mode degrees of freedom
from all the rest of the fields. The decoupling is different with respect to the
previous example, since the effective theory should contain one real scalar, while
before s was complex. The way Φ is going to be parametrised is different as
well. One could still use the parameterisation (3.3.15), but then the decoupling
procedure would not work transparently. The parameterisation in fact reflects
the mass gap in the spectrum and consequently the decoupling one wants to
achieve. For this example the following parameterisation is proposed

Φ = X + (v + B) R2 , (3.3.30)

where X is the nilpotent goldstino superfield, while B and R are chiral constrained
superfields satisfying

XB = XB̄, (3.3.31)
X
(
RR̄ − 1

)
= 0 . (3.3.32)
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In particular, the chiral superfield B has vanishing R-charge, while the chiral
superfield R has R-charge one. The constraint on B implies XD̄α̇B̄ = 0, therefore
its solution is a superfield of the form (3.3.14), where however the scalar in the
lowest component is split into real and imaginary part

B| = b+ ih. (3.3.33)

Since (3.3.31) is more stringent than (3.3.12), the field h is replaced by the
composite expression

h = 1
2

(
G

F
σm Ḡ

F̄

)
∂mb−

(
i

8
G2

F 2∂m

(
Ḡ

F̄

)
σ̄nσm Ḡ

F̄
∂nb+ c.c.

)

− G2Ḡ2

32F 2F̄ 2
∂m

(
Ḡ

F̄

)
(σ̄nσmσ̄p + σ̄mσpσ̄n) ∂p

(
G

F

)
∂nb.

(3.3.34)

while b is the real massive scalar of the model which eventually is going to
decouple. Assuming that ⟨R⟩ ≠ 0, also the constraint on R implies XD̄α̇R̄ = 0.
It is then possible to express R as

R = eiA, (3.3.35)

where A is a chiral superfield satisfying XA = XĀ. The lowest component of R
is therefore

R| = eia + O(G, Ḡ) , (3.3.36)
where the real scalar a is the R-axion, which remains massless in the model. To
sum up, as a consequence of (3.3.30), the goldstino and the auxiliary field which
breaks supersymmetry are described by X, while the complex scalar ϕ is splitted
into two real degrees of freedom. One of them is embedded into B and, being
massive, it is going to decouple in the low energy regime, while the other one,
namely the R-axion, is encoded into R, or equivalently into A.

In terms of this parameterisation, the zero-momentum limit of the Lagrangian
becomes

L = − f 2

1 + λ v4

Λ4

+
(

1 + λ
v4

Λ4

) ⏐⏐⏐⏐⏐F̄ + f

1 + λ v4

Λ4

⏐⏐⏐⏐⏐
2

− λ
|F |2

Λ4

[
b2 (2v + b)2

]
+ terms with derivatives.

(3.3.37)

This is minimised when b = 0 which, because of supersymmetry, implies that the
complete superfield B vanishes, namely B = 0. The low energy effective theory
is then described by the Lagrangian

L =
∫
d4θ

(
|X|2 + f 2

a |R|2
)

+
(∫

d2θ
(
f̂X + f̃R2

)
+ c.c.

)
, (3.3.38)

where it has been used the fact that XR̄2 is chiral and that (RR̄)n − n2 RR̄ is
the real part of a chiral function. This model coincides with the one presented
in [16,43], upon identification of the parameters as follows:

f̂ = f√
α
, f 2

a = 4v2α, f̃ = vf , α = 1 + λ
(
v

Λ

)4
. (3.3.39)
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As expected from the general analysis in [43], the vacuum-expectation-value of
the superpotential is at the threshold of the bound

|⟨W ⟩| ≤ 1
2faF, (3.3.40)

since, in the model presented here |⟨W ⟩| = f̃ and F = f̂ .
It has been shown that, starting from a single chiral superfield which breaks

supersymmetry with an F-term, it is possible to parametrise the degrees of
freedom in such a way that a nilpotent chiral superfield X appears. This X is
usually partnered by other constrained superfields, which can decouple in the
low energy regime.

Up to this point however the discussion was devoted only to the supersym-
metry breaking sector. It is now shown how, even in the presence of matter
couplings, the nilpotent chiral superfield X can be introduced with the same
logic. In a general situation, in the low energy regime there are going to be both
complete and incomplete supermultiplets. Even if with the procedure introduced
before both complete and not complete supermultiplets can be parametrised
in terms of constrained superfields, usually a complete supermultiplet does not
need to be described using non-linear realisations of supersymmetry, since none
of its component is going to decouple in the effective theory. In particular if only
complete matter supermultiplets are present, solely the goldstino superfield is
going to realise supersymmetry in a non-linear way [44]. On the other hand, if a
given multiplet is incomplete, one can use the generic constraint

XX̄Q = 0 (3.3.41)

discussed in the previous section to remove any undesired component field from
the spectrum. In the remaining part of this subsection a simple example in this
direction is discussed.

Consider a model with two chiral superfields Φ and Σ. In general they can
both contribute to the spontaneous breaking of supersymmetry, but assume for
simplicity that only Φ breaks supersymmetry. Since the scalar components of
both the superfields Φ and Σ are going to get a mass in the model that it is
considered, in terms of constrained superfields it is possible to parametrise Φ
and Σ as

Φ = X + S ,

Σ = Y +H ,
(3.3.42)

where X, S, Y and H are chiral superfields satisfying

X2 = 0 , XD̄α̇S̄ = 0 , X Y = 0 , XD̄α̇H̄ = 0 (3.3.43)

and their superspace expansion has already been given and discussed previously.
The meaning of the parameterisation (3.3.42) is the following. The superfield Φ
is decomposed into the goldstino superfield X and into the sgoldstino superfield
S. The superfield Σ instead is decomposed into the superfield Y , which contains
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the physical fermion χα and the scalar auxiliary component field F Y , and into
the superfield H, which contains the scalar component field h.

A simple model with spontaneously broken supersymmetry is

L =
∫
d4θ

(
|Φ|2 + |Σ|2 − |Φ|4

Λ2 − |Φ|2|Σ|2

Λ2

)
+ f

(∫
d2θΦ + c.c.

)
, (3.3.44)

where the couplings proportional to the parameter Λ are inserted in order to
give a mass to the scalars in the chiral superfields. As in the previous example,
after the replacement (3.3.42) this Lagrangian can be written only in terms of
constrained superfields

L =
∫
d4θ

(
|X|2 + |S|2 + |Y +H|2 − 4 |X|2|S|2

Λ2 − |S|4

Λ2 − |X + S|2

Λ2 |Y +H|2
)

+ f
(∫

d2θ(X + S) + c.c.
)
.

(3.3.45)
In particular the pure X sector has again the form (3.3.20) and this fact is not
going to change in the case in which also Y contributes to the spontaneous
breaking of supersymmetry.

It is possible to analyse once more the low energy effective limit by first
looking at the zero-momentum equations. In component form, this gives the
Lagrangian

L = −f 2 + |F + f |2 + |F Y |2 − 4 |F |2

Λ2 |s|2 − |Fh+ F Y s|2

Λ2

+ terms with derivatives.
(3.3.46)

It is again clear that in the low energy limit this Lagrangian is extremized by

h = 0 and s = 0 , (3.3.47)

which eventually imply S = H = 0.
As in the previous example, one can also obtain the same result by considering

the formal limit in which the terms suppressed by Λ are large. The superspace
equation of motion of Φ is going to be the same as (3.3.21), which is solved by
S = 0 once the decomposition Φ = X + S is used. The superspace equation of
motion for Σ in this limit is

Φ D̄2
(
Σ̄ Φ̄

)
= 0 (3.3.48)

which, once the parameterisation (3.3.42) is inserted, reduces to

X D̄2
(
H̄ X̄

)
= 0 , (3.3.49)

where S = 0 and XY = 0 have been used. Due to the properties of H, equation
(3.3.49) gives directly XH̄ = 0, which implies

H = 0 . (3.3.50)



3.3 Emergence of X2 = 0 in the low energy 57

It has been shown that, with the superfield parameterisation proposed above,
the decoupling of the massive states in the low energy regime can be obtained
in an efficient way. The equations of motion at zero-momentum, in particular,
have a straightforward solution. When changing the parameterisation, it is not
guaranteed that the decoupling can still be performed and in general, even in
the cases in which it can, the calculations are going to be more involved. The
importance of the parameterisation is also related to the fact that it allows the
introduction of a nilpotent chiral superfield in the model and, in turns, it enables
the use of all the tools of the constrained superfield approach to non-linear
supersymmetry, like the general constraint (3.2.5), in order to study low energy
effective models with spontaneously broken supersymmetry.

3.3.3 A parameterisation for the nilpotent superfield X

It has been shown that, in generic examples with F-term breaking, even though
the nilpotent chiral superfield X is not present from the beginning, it is possible
to introduce it by parametrising appropriately the superfields in the model.
The other counterexample mentioned in subsection 3.3.1 to the appearance
of a nilpotent X is related to models in which there are no chiral superfields
from the very beginning at all and supersymmetry is broken by the auxiliary
field of a vector superfield. Before proceeding with the analysis of models with
D-term breaking or with mixed sources of supersymmetry breaking, however, it
is necessary to discuss a particular parameterisation for the nilpotent superfield
X that is going to be used to simplify the derivation of some of the forthcoming
results. Since this is a rather technical intermezzo, the reader interested in the
physics of the supersymmetry breaking mechanisms and in the discussion of the
resulting low energy effective theories can skip this subsection at first.

The nilpotent superfield X contains, as degrees of freedom, a fermion field
and a complex scalar auxiliary field. The idea is to separate further this three
modes and to construct three constrained superfields, each one containing only
one of them as independent component. This is going to be needed in order to
be able to keep track of the auxiliary degrees of freedom when passing from a
vector superfield, which has a real auxiliary field, to a chiral superfield, with a
complex auxiliary field.

Define first the chiral superfield

Z = D̄2
(

XX̄

D2X D̄2X̄

)
, (3.3.51)

which satisfies
Z2 = 0, Z D̄2Z̄ = Z. (3.3.52)

This superfield has been proposed in [3] and it has been introduced and discussed
in (2.1.43), where it has been called Φ. The constraints (3.3.52) imply that
Z contains only a fermion field, which is related to the fermion in X by a
field redefinition such that the original goldstino always appears in the fixed
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combination G/F . To understand which is the desired parameterisation for
X according to the logic described above, observe that it is possible to invert
(3.3.51) and express X in terms of Z. The needed expression is indeed [22,24]

X = Z
D2X

D2Z
, (3.3.53)

which means that X is proportional to Z times an antichiral superfield D2X/D2Z.
Since Z contains only the goldstino degree of freedom, the information on the
auxiliary field should be encoded into the quantity D2X/D2Z. It is indeed
possible to construct constrained superfields built from the chiral projections of
the real and imaginary parts of D2X/D2Z, namely

A1 = D̄2
(

Z̄

D̄2Z̄

[
D2X

D2Z
+ D̄2X̄

D̄2Z̄

])
(3.3.54)

and

A2 = −i D̄2
(

Z̄

D̄2Z̄

[
D2X

D2Z
− D̄2X̄

D̄2Z̄

])
. (3.3.55)

They are manifestly chiral and satisfy the constraints

X(Ai − Āi) = 0 , Z(Ai − Āi) = 0 . (3.3.56)

In particular, as explained before, the only independent field in Ai is a real scalar,
which resides in its lowest component, namely

Ai|θ=θ̄=0 = ai + O(G, Ḡ) . (3.3.57)

Since these two superfields contain therefore two real scalars, they can be used
to describe the complex auxiliary field of X. The parameterisation of X in terms
of the three constrained superfields Z, A1 and A2 is then

X = Z

2 (A1 + iA2) . (3.3.58)

The independent degrees of freedom in X, namely one fermion and two real
scalars, have therefore been isolated and promoted to constrained superfields Z,
Ai, which can be treated as independent. In other words, the nilpotent goldstino
superfield X can be decomposed into three constrained chiral superfields: one
pure goldstino superfield Z, containing only one fermion, and two auxiliary
superfields Ai, each one containing one real (auxiliary) scalar.

Inserting this parametrization (3.3.58) into the goldstino Lagrangian (3.3.20)
gives

L = 1
4

∫
d4θ ZZ̄

(
|A1|2 + |A2|2

)
+ f

2

(∫
d2θZ(A1 + iA2) + c.c.

)
, (3.3.59)
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where for simplicity f is assumed to be real. The properties of the superfields
Z and A2 imply the interesting fact that their combination drops from the
superpotential:∫

d2θ (ifZA2) + c.c. = −4if
∫
d4θ ZZ̄(A2 − Ā2) = 0. (3.3.60)

The Lagrangian (3.3.59) simplifies then to

L = 1
4

∫
d4θ ZZ̄

(
|A1|2 + |A2|2

)
+ f

2

(∫
d2θZA1 + c.c.

)
(3.3.61)

and the variation with respect to A2 gives2

A2 = 0 . (3.3.62)

This shows that A2 is a trivial auxiliary superfield, whose net effect on the
calculation of the final Lagrangian is null. It is then clear that the model (3.3.20)
is equivalent to

L = 1
4

∫
d4θ |Z|2|A1|2 + f

2

(∫
d2θZA1 + c.c.

)
(3.3.63)

and, using the inverse relation for A1 in terms of X

ZA1 = X

(
1 + D̄2

(
X̄

D2X

))
, (3.3.64)

this can be finally expressed as:

L = 1
4

∫
d4θ XX̄

(
2 + D2X

D̄2X̄
+ D̄2X̄

D2X

)
+
(
f
∫
d2θ X + c.c.

)
. (3.3.65)

With respect to (3.3.20), this Lagrangian contains two new terms, which have the
form of higher derivatives. As it has been shown, however, the two models are
effectively equivalent on-shell and the new terms are present in order to cancel
the degree of freedom encoded into the imaginary part of the auxiliary field F of
the superfield X. It is important to stress that this result does not imply that
the imaginary part of F is set to zero by the equations of motion: it is instead
replaced by a composite expression built out of goldstini. Following the reverse
reasoning, when the parameter f is real the higher derivative terms in (3.3.65)
can be eliminated by restoring the part containing A2 in the Lagrangian. This
step can always be performed, at least at the classical level, because the models
(3.3.61) and (3.3.63) are equivalent due to (3.3.62). It is in fact straightforward
to show that

ZA2 = −iX
(

1 − D̄2
(

X̄

D2X

))
, (3.3.66)

2The reader is referred to the appendix of [45] for a detailed proof.
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which implies

1
4

∫
d4θ ZZ̄|A2|2 = 1

4

∫
d4θ XX̄

(
2 − D2X

D̄2X̄
− D̄2X̄

D2X

)
, (3.3.67)

which, added to (3.3.65), reproduces precisely the Lagrangian (3.3.20). To
recapitulate, it has been shown that, if the parameter f is real, the model
(3.3.20) and (3.3.65) are equivalent on-shell.

Before ending this subsection, a comment is in order. The previous discussion
concerning the imaginary part of the auxiliary field F involved only the pure
goldstino sector, without taking into account matter. In particular it can
be questioned if the solution (3.3.62) holds also in more general cases, where
matter superfields are present and some of their components might be removed.
To answer this question notice first that the generic way to eliminate matter
component fields is described by constraints of the form given in (3.3.41). Since
the constraint (3.3.41) is equivalent to

ZZ̄Q = 0 , (3.3.68)

the eliminated components are not going to depend neither on the fields of A1
nor on the ones of A2, but only on the components of Z. The constraints on
the matter superfields are therefore independent of a2 and the result presented
above holds also in the presence of matter couplings.

3.3.4 Vector multiplets and D-term breaking
All the ingredients have now been introduced, which are needed to discuss the
case of D-term breaking and to show that, even in the situation in which no
chiral multiplets are present from the beginning, it is possible to parametrise the
degrees of freedom in order to let a nilpotent chiral X emerge. In other words, it
is going to be proved that any model with D-term breaking can be recast into
an equivalent one with F-term breaking. The case of a pure D-term breaking is
considered first and then more general situations are analysed in which a mixing
between D-term and F-term breaking occurs.

Given a vector superfield V , a simple model realising pure D-term supersym-
metry breaking is

L = 1
4

(∫
d2θWαWα + c.c.

)
+ ξ

∫
d4θ V

= −1
4v

mnvmn − iλσm∂mλ̄+ 1
2D2 + ξD

(3.3.69)

where Wα = −1
4D̄

2DαV is the chiral super-field strength of the vector V and ξ
is a Fayet–Iliopoulos parameter. Supersymmetry is spontaneously broken by the
auxiliary field ⟨D⟩ = −⟨1

2D
αWα|⟩ = −ξ, whenever ξ ̸= 0.

In the spirit of the previous discussion, the first step consists in parametrising
this theory with spontaneously broken but linearly realised supersymmetry in
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terms of constrained superfields. To this purpose, consider one chiral superfield
X and one real superfield Ṽ such that

X2 = 0, XW̃α = 0, XX̄DαW̃α = 0, (3.3.70)

where W̃α = −1
4D̄

2DαṼ . The first constraint removes the scalar component from
X, while the second and the third constraints remove the fermion λ̃α and the
auxiliary field D̃ from Ṽ . The only independent component field in Ṽ is therefore
a real vector field. The superspace expansion of W̃α, in particular, is

W̃α = −iλ̃α +
[
δβ

αD̃ − i

2(σmσ̄n)α
βvmn

]
θβ + θ2σm

αα̇∂m
¯̃λα̇ (3.3.71)

and, due to the constraints, the gaugino λ̃α and the auxiliary field D̃ are expressed
as composite combinations of the other degrees of freedom:

λ̃α = iLβ
α

(
Gβ√
2F

)
− G2

2F 2∂m

(
Ḡ√
2F̄

L̄σ̄mϵ

)
α

− i
G2

2F 2

(
σmσ̄n∂m

(
Ḡ2

2F̄ 2
∂n

(
L

G√
2F

)))
α

(3.3.72)

− 2
(
G2

2F 2

)(
Ḡ2

2F̄ 2

)(
∂m

Gβ

√
2F

)(
∂m Gβ√

2F

)(
∂n

Ḡ√
2F̄

L̄σ̄nϵ

)
α

,

D̃ = 1
2

[
∂p

(
G√
2F

)
σmσ̄nσp

(
Ḡ√
2F̄

)]
vmn

− 1
2

[(
G√
2F

)
σpσ̄mσn∂p

(
Ḡ√
2F̄

)]
vmn (3.3.73)

− 1
2

[(
G√
2F

)
σpσ̄mσn

(
Ḡ√
2F̄

)]
∂pvmn + · · · ,

where dots stand for higher order goldstino terms and Lβ
α = δβ

α D̃− i
2 (σmσ̄n) β

α vmn.
Notice that the term without derivatives in the expression for the gaugino
coincides with the one found in (3.1.20), as already anticipated in there.

Using these constrained superfields, the following parameterisation for the
vector superfield is proposed

V = Ṽ +
√

2 XX̄
D2X

+
√

2 XX̄
D̄2X̄

, (3.3.74)

which indeed contains the complete amount of degrees of freedom of an uncon-
strained vector superfield, namely one real vector, one fermion and one real
scalar. This parameterisation is again constructed with the same spirit of those
proposed for the chiral superfield Φ: the degrees of freedom associated to the
breaking of supersymmetry are contained in X and they are being separated
from all the remaining fields, which are now embedded into Ṽ . It is important
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to note that, if also X is parametrised according to (3.3.58), the contribution of
A2 disappears from (3.3.74), because

XX̄

D2X
+ XX̄

D̄2X̄
= 4ZZ̄A1. (3.3.75)

This was not obvious a priori but it is complementary to the result obtained in
the previous subsection. In fact when parametrising (the auxiliary field part of)
a vector superfield in terms of constrained chiral superfields, one clear obstacle
arises because the auxiliary field of a vector superfield is real, while the auxiliary
field of a chiral superfield is complex. The problem related to this mismatching
of auxiliary degrees of freedom is immediately solved for all those systems in
which the imaginary part of the auxiliary field F of the superfield X does not get
an independent vacuum expectation value. As shown in the previous subsection,
this occurs whenever the parameter f giving the vacuum expectation value of F
is real, which is not a very restrictive condition.

At this point the parameterisation (3.3.74) can be inserted into the Lagrangian
(3.3.69) and, using the constraints (3.3.70), it is possible to obtain

L = 1
4

(∫
d2θ W̃αW̃α + c.c.

)
+ ξ

∫
d4θ Ṽ

+ 1
4

∫
d4θ XX̄

(
2 + D2X

D̄2X̄
+ D̄2X̄

D2X

)
− ξ

√
2

4

(∫
d2θ X + c.c.

)
.

(3.3.76)

As explained in the previous section, one can harmlessly introduce a new term
proportional to (3.3.67), which vanishes on-shell, so that the Lagrangian takes
the more pleasant form

L = 1
4

(∫
d2θ W̃αW̃α + c.c.

)
+ ξ

∫
d4θ Ṽ

+
∫
d4θ XX̄ − ξ

√
2

4

(∫
d2θ X + c.c.

)
.

(3.3.77)

The Lagrangian (3.3.77) manifestly describes a theory of non-linearly realised
supersymmetry, where the goldstino in X interacts with the real vector field
in Ṽ . This theory is equivalent to the original model (3.3.69), where only the
vector superfield V is present and supersymmetry is spontaneously broken by the
Fayet–Iliopoulos term. In other words it has been shown that, for pure D-term
supersymmetry breaking, the theory can be parametrised in terms of a nilpotent
chiral superfield X accommodating the goldstino. Even in the case in which no
chiral superfields are present from the beginning, therefore, a nilpotent X can
emerge from the model.

This analysis can be easily generalised in order to include matter couplings
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and possibly an abelian gauge symmetry

L =1
4

(∫
d2θF(Φ)WαWα + c.c.

)
+ ξ

∫
d4θ V +

∫
d4θ

∑
i

Φ̄ieqiV Φi

−
∫
d4θ

∑
ij

µij

(
Φ̄ieqiV Φi

) (
Φ̄jeqjV Φj

)
+
(∫

d2θW(Φi) + c.c.
)
.

(3.3.78)

The details of the parameterisation of the various fields depend on the supersym-
metry breaking pattern and especially on the low energy spectrum. A systematic
analysis would be then highly model dependent, but it is however possible to
recognise some general features of these systems. Notice in fact that, when
scalars are present in the infrared regime and some of the chiral superfields are
splitted as

Φi = H i + Y i, (3.3.79)
an additional contribution to the superpotential appears of the form3

−
√

2
4 X

⎡⎣ξ +
∑

i

qi|H i|2 +
∑
ij

µij(qi + qj)|H i|2|Hj|2
⎤⎦ , (3.3.80)

where the condition XD̄α̇H̄
I = 0 has been used. It should be pointed out also

that, for a generic choice of gauge kinetic function F , the normalisation of the
kinetic term of the nilpotent chiral superfield X gets modified to∫

d4θ

(
F + F̄

2

)
XX̄. (3.3.81)

The discussion of this subsection is concluded. The major results which has
been obtained is that a model with pure D-term breaking and no chiral superfields
can be recast into an equivalent one in which supersymmetry is spontaneously
broken by the auxiliary field F of a nilpotent chiral superfield X.

3.3.5 Mixed F-term and D-term breaking
It is finally considered the case involving a mixing between F-term and D-term
breaking contributions. In this class of models it is shown that, even if a nilpotent
chiral X is not present in the initial formulation of the theory, the degrees of
freedom can again be organised in order to let X emerge, independently from
the decoupling of the massive modes.

A simple system to start with is described by the following Lagrangian

L =1
4

(∫
d2θ

{
1 + Φ

M

}
WαWα + c.c.

)
+ ξ

∫
d4θ V

+
∫
d4θΦΦ̄ +

(∫
d2θ

(
fΦ + m

2 Φ2
)

+ c.c.
)
,

(3.3.82)

3The Wess–Zumino gauge XṼ = 0 proposed in [16] is used.
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where the parameters f , ξ, m and M are chosen to be real, for simplicity. At the
component level, the F-term and D-term contributions to the scalar potential
are respectively

VF = f 2 + 2mfa+m2(a2 + b2) , VD = ξ2

8
(
1 + a

M

) , (3.3.83)

where the scalar component ϕ = Φ| has been decomposed into its real and
imaginary parts ϕ = a+ ib. The purpose of this example is to get a low energy
effective theory in which the goldstino is interacting with the vector, as in the
case of pure D-term breaking. The difference with respect to that example,
however, is that this time both the gaugino and the fermion in Φ are going to
get a mass. The goldstino is going then to be the massless combination of this
two fermions, while the massive combination is decoupling in the low energy
limit. The analysis is differentiated between two regimes of supersymmetry
breaking: one where the F-term is dominating and the other where the D-term
is dominating. While some details of the two regimes change, both examples
can be covered by the same parameterisation of the linear multiplets in terms of
constrained superfields.

The regime where the F-term source of supersymmetry breaking is dominating
is obtained when

M ≫
√
f ≫

√
ξ ≫ E, (3.3.84)

where E is expressing the energy range of validity of the effective theory, while
the linear theory (3.3.82) is valid for M ≫ E >

√
f . For simplicity, given the

aforementioned hierarchy and since the interest is in the qualitative behaviour of
the model in the low energy, the parameters are tuned such that

ξ = 4
√
M3m, f = M2. (3.3.85)

With this particular choice the potential has a minimum at

⟨a⟩ = 0, ⟨b⟩ = 0. (3.3.86)

In this minimum the mass spectrum consists of one massless vector, two real
scalars of mass m2

a = 4m2 + 4mM and m2
b = 2m2 respectively, one goldstino

and one massive fermion of mass m2
f = (M−2m)2

16 . At low energies therefore only
the vector field and the goldstino are expected to survive. Since both V and Φ
contribute to the spontaneous breaking of supersymmetry, the goldstino and the
massive fermion are given by combinations of χΦ

α , the fermion in Φ, and λα, the
gaugino. They are indeed:

− i√
2

√
M

m
χΦ

α + λα ∼ goldstino,

− i
√

2
√
m

M
χΦ

α + λα ∼ massive fermion.

(3.3.87)
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For F-term to be dominating, M ≫ m is required and thus the goldstino mostly
resides in Φ.

On the other hand, the regime in which D-term dominates the spontaneous
breaking of supersymmetry breaking is when

M ≫
√
ξ ≫

√
f ≫ E. (3.3.88)

Once again, for simplicity, this situation is covered by setting

ξ = 4
√
m3M, f = m2. (3.3.89)

With this particular choice the potential has a minimum at

⟨a⟩ = 0, ⟨b⟩ = 0. (3.3.90)

In this minimum the mass spectrum is made up of one massless vector, two real
scalars of mass m2

a = 2m2(2m+M)
M

and m2
b = 2m2, one goldstino and one massive

fermion of mass m2
f = m2(m−2M)2

16M2 . Also in this case, in the low energy limit, only
the vector field and the goldstino are expected to survive. Since both V and Φ
contribute to the spontaneous breaking of supersymmetry, the goldstino and the
massive fermion are given by combinations of χΦ

α , the fermion in Φ, and λα, the
gaugino. They are indeed:

− i√
2

√
m

M
χΦ

α + λα ∼ goldstino,

− i
√

2
√
M

m
χΦ

α + λα ∼ massive fermion.
(3.3.91)

For D-term to be dominating, M ≫ m is required and thus the goldstino mostly
resides in V .

The model in the two regimes is now analysed using the strategy of the
previous subsections, in order to decouple degrees of freedom and to construct
effective theories which are valid in the low energy. In principle various different
parameterisations of the unconstrained superfields in terms of the constrained ones
can be adopted. To obtain the desired decoupling, in which the aforementioned
massive modes are not present in the infrared, a convenient choice for the
parameterisation is

V = V̂ +
√

2 Y X̄
D̄2X̄

+
√

2 Ȳ X
D2X

,

Φ = X + S ,

(3.3.92)

where Y and V̂ are respectively a chiral and a vector superfields satisfying

XY = 0, XX̄D2Y = 0, XŴα = 0, (3.3.93)

while the chiral superfields X and S satisfy (3.3.12). In particular, the only
independent component of Y is the fermion χY

α , which is going to be aligned
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with the massive fermion. By inserting the parameterisation (3.3.92) in the
Lagrangian (3.3.82), the model can be written entirely in terms of constrained
superfields as

L =1
4

(∫
d2θ

{
1 + X + S

M

}
W 2(V̂ , Y,X) + c.c.

)
+ ξ

∫
d4θ V̂

−
√

2ξ
4

(∫
d2θ Y + c.c.

)
+
∫
d4θ

(
XX̄ + SS̄

)
+
(∫

d2θ
(
f(X + S) + m

2 (XS + S2)
)

+ c.c.
)
,

(3.3.94)

where the vector superfield V in Wα is parametrized as in (3.3.92).
In the zero-momentum limit, this Lagrangian reduces to

L = −f 2 − ξ2

8 + |F +ms̄+ f |2 + 1
2

(
D + ξ

2

)2

−m2ss̄

+ 1
4M

[
D2 − 4mM f

]
(s+ s̄) + 1

16M
(
F (χY )2 + F̄ (χ̄Y )2

)
+ terms with derivatives.

(3.3.95)

Both in the D-term dominated scenario and in the F-term dominated one, the
minimisation of the action at zero-momentum is obtained by setting

F = −f, D = −ξ

2 = −2
√
mM f, s = 0, (3.3.96)

because of the large mass for s. In turns this also introduces an effective large
mass for χY

α , which is then stabilised at

χY
α = 0. (3.3.97)

In the effective theory it is therefore possible to set S = Y = 0, which are directly
implied by s = χY = 0.

While the decoupling of the scalar s is straightforward, the decoupling of
the massive fermion needs to be commented further. Because of the constraint
XŴα = 0 that has been imposed, the fermion λ̂α is removed from the spectrum
and expressed as

λ̂α = iD Gα√
2F

+ . . . , (3.3.98)

where dots stand for terms with derivatives. The fermion λα in V , which is
the gaugino of the linearly realised theory, is going to have then a contribution
coming from λ̂α, one coming from Gα and one coming from χY

α , due to the
fact that the parameterisation (3.3.92) has been used. On the other hand, a
massive fermion and a goldstino are present in the theory and they are given in
(3.3.87) and (3.3.91). It turns out however that, in the zero-momentum limit,
χY

α is aligned with the massive fermion and therefore when it is removed from
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the spectrum, what remains is automatically aligned with the goldstino. The
resulting low energy model is finally

L = 1
4

(∫
d2θ Ŵ 2 + c.c.

)
+ξ

∫
d4θ V̂ +

∫
d4θ XX̄+f

(∫
d2θ X + c.c.

)
(3.3.99)

and describes a massless vector interacting with a goldstino. Notice that Lag-
rangian is similar to (3.3.77), even though it has been obtained from a different
UV model.

The discussion on the emergence of a nilpotent chiral superfield X in the low
energy limit of generic models with spontaneous breaking of supersymmetry is
concluded. Evidence has been given for the fact that the existence of such X
can be assumed without loss of generality. A systematic way for parametrising
multiplets of linear supersymmetry in terms of constrained superfields has also
been discussed. In the next chapter non-linear realisation of local supersymmetry
are introduced.

3.4 Discussion: End of the first part
In the first part of this thesis four-dimensional models with spontaneously broken
supersymmetry have been studied. It has been shown that the approach with
constrained superfields captures all the properties of their low energy descriptions
and, in particular, that the goldstino interactions can always be described by
means of a nilpotent chiral superfield X.

The results can be summarised as follows. When supersymmetry is spontan-
eously broken and non-linearly realised, without loss of generality the goldstino
sector can be described by means of a chiral superfield X satisfying

X2 = 0 .

In the presence of matter couplings, any matter component field can be eliminated
from a given matter superfield QL by imposing

XX̄ QL = 0 .

These are the only two ingredients which are needed to construct any desired
spectrum in the low energy regime. Another interesting result which has been
discussed is the fact that a model with pure D-term breaking and no chiral
superfields can be recast into an equivalent one with F-term breaking, sourced
by a nilpotent chiral superfield X.





4 | Supergravity

In this chapter the analysis of models with spontaneously broken and non-linearly
realised local supersymmetry is initiated. Being a broad subject and also an active
field of research, a thorough review would be out of the purposes of the present
work. This chapter can therefore be thought of as an introduction to the topic,
while the reader interested in additional details is addressed to the references
cited hereinafter. For simplicity, only the minimal case of N = 1 supergravity in
four dimensions is considered. Generalisations to extended supersymmetry can
be found for example in [46–49]

Even though some results on non-linear realisations in supergravity are
already contained in [4, 21], the recent interest in the topic starts with [7, 10, 11].
One of the motivations behind these works is the construction of models with
spontaneously broken local supersymmetry in which, as a consequence of the
decoupling of the massive modes, the setup is considerably simplified with respect
to the unbroken phase and applications to inflation, for example, can be plainly
analysed (see [50] for a recent review). In [7], the decoupling of sgoldstino fields
is discussed and a supergravity Lagrangian for the goldstino, without scalars,
is given. It is shown, in particular, how constraints that lead to non-linear
realisations of supersymmetry emerge as consequence of the equations of motion
of the goldstino superfield, when considering the aforementioned decoupling limit.
One of the first applications to inflation is contained in [10], in which a model
with two chiral superfields, namely an axion superfield and a nilpotent goldstino
superfield X, is mapped to the supergravity embedding of the Starobinski
model [51–53]. In [11], a more general analysis of inflationary models is presented
in the framework of constrained superfields. It is shown, in particular, how to
obtain an effective description of the setup proposed by Kachru, Kallosh, Linde
and Trivedi (KKLT) in [54, 55] for constructing de Sitter vacua within string
theory, by working entirely in the supergravity approximation and by using a
nilpotent chiral superfield to describe the supersymmetry breaking sector.

A possible way to build theories with spontaneously broken and non-linearly
local supersymmetry is to generalise to curved superspace the model (2.1.27) in
which the goldstino is described by a nilpotent X. This is the approach that is
going to be adopted in the following section. In [8, 56], superconformal methods
have been employed in this spirit in order to obtain Lagrangians in which the
spectrum is manifestly not supersymmetric, as it does not contain scalars, while
in [9] matter couplings have also been considered. In [57] the goldstino brane
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construction has been employed in order to obtain analogous models.
Even though the scalar potential admits in principle any value for the cos-

mological constant, these models are usually denoted “de Sitter supergravity”,
because the main motivation behind them is again related to inflation or to the
studying of the current phase of the Universe. In the following, a different class
of supergravity models with spontaneously broken supersymmetry is presented.
They have been called “minimal constrained supergravity” since, beside for what
concerns the supersymmetry breaking sector, non-linear realisations are present
also in the gravity sector, where the auxiliary fields are eliminated by constraints
and the field content is reduced to its minimum. A subclass of these models,
moreover, admits by construction only positive values for the vacuum energy.

In supergravity, in contrast to the rigid supersymmetric case, the goldstino
is a pure gauge degree of freedom and not a physical mode. It can therefore
be eliminated from any given model with a supersymmetry transformation and,
as a consequence, the gravitino acquires a mass in the vacuum. This is the so
called superhiggs mechanism [58] and it is going to be reviewed in the following.
Its net effect is that, when local supersymmetry is spontaneously broken and in
order to simplify the interactions, it is always possible to restrict the physical
analysis to the unitary gauge, in which the goldstino field is set to zero. For
the same reasons, it should be possible to construct models with spontaneously
broken and non-linearly local supersymmetry without any field or superfield
dedicated to the description of the goldstino. This has been done in [59,60], in
which supergravity models are obtained by using solely the superfields of the
gravity sector. In particular, the non-linear realisation of local supersymmetry
is implemented by imposing constraints on the curvature superfield R. These
models, as shown in the original works, can be mapped to the ones in which the
goldstino is described in terms of a nilpotent chiral superfield and thus they are
not discussed in the following.

4.1 Coupling the goldstino to supergravity
In this section the nilpotent chiral superfield X describing the supersymmetry
breaking sector is coupled to supergravity. The formalism adopted is that of
curved superspace in the conventions of [5] and with reduced Planck units,
namely 8πGN = 1. The minimal model with only X, besides the superfields of
the gravity sector, is discussed first. The main result is a Lagrangian for the
goldstino without scalars which, in general, admits any value for the cosmological
constant, even if this kind of models are mainly motivated for the study of de
Sitter solutions [61,62]. The generalisation to the case of two chiral superfields
X and Y , subjected to the constraints X2 = 0 and XY = 0, is also presented
in some detail. A different class of supergravity models [63] is then analysed
in which non-linear realisations are also contained in the gravity sector of the
theory, as a consequence of constraints which are imposed on the superfields
describing the geometry of curved superspace.
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4.1.1 The minimal model
In this subsection the goldstino Lagrangian (2.1.27) is coupled to local supersym-
metry. With respect to the rigid supersymmetric case, the complete calculation
of a supergravity Lagrangian, from superspace to components, is more involved.
For this reason and in order to keep the present discussion as plain as possible,
the main steps are summarised in the appendix B. The results there contained
are employed systematically through the present and the next chapters.

Given a set of chiral superfields

Φi = Ai +
√

2Θαχi
α + Θ2F i, (4.1.1)

a Lagrangian describing their couplings which is invariant under local supersym-
metry can be written in curved superspace as

L =
∫
d2Θ 2E

[
−1

8
(
D̄2 − 8R

)
Ω(Φ, Φ̄) +W (Φ)

]
+ c.c., (4.1.2)

where Ω(Φ, Φ̄) is a real function of the chiral superfields, eventually related to
the Kähler potential K(Φ, Φ̄) by

Ω(Φ, Φ̄) = −3 e−K(Φ,Φ̄)/3, (4.1.3)

while W (Φ) is the holomorphic superpotential. The curvature superfield R is
chiral and it contains information on the geometry of curved superspace. It
is used in the Lagrangian to construct the chiral projector −1/4

(
D̄2 − 8R

)
of supergravity, which generalises that of rigid supersymmetry, −1/4D̄2. The
component expansion of R is

R = −1
6

{
M + Θ(2σabψab − iσaψ̄a M + iψab

a)

+ Θ2
(

−1
2R + iψ̄aσ̄bψab + 2

3 |M |2 + 1
3b

2 − iDab
a

+ 1
2 ψ̄ψ̄ M − 1

2ψaσ
aψ̄c b

c + 1
8 ϵ

abcd(ψ̄aσ̄bψcd + ψaσbψ̄cd)
)}

,

(4.1.4)

where R is the Ricci scalar, whileM and ba are respectively the complex scalar and
the real vector auxiliary field employed in the old-minimal off-shell formulation of
supergravity. The chiral density E , instead, contains information on the vielbein
and its expansion is

2E = e
{
1 + iΘσaψ̄a − Θ2(M̄ + ψ̄aσ̄

abψ̄b)
}
. (4.1.5)

At this point, the discussion is specialised to the case of interest, in which
only one chiral superfield X is present and the functions Ω and W are given by

Ω(X, X̄) = XX̄ − 3, W (X) = W0 + fX, (4.1.6)
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where W0 and f are complex parameters. This is the most generic model up
to two derivatives involving only X, if the latter is subjected to the nilpotent
constraint X2 = 0. The solution to this constraint in supergravity is the same as
in global supersymmetry and therefore the component expansion of X is

X = G2

2F +
√

2 ΘαGα + Θ2F, (4.1.7)

or, equivalently, its projections are

X| = G2

2F ,

DαX| =
√

2Gα,

D2X| = −4F.

(4.1.8)

The procedure to calculate the supergravity Lagrangian (4.1.2) for the parti-
cular case in which Ω and W are given by (4.1.6) is now presented. It is discussed,
in particular, how to incorporate the information about the constraint X2 = 0,
namely the fact that the scalar in X is given by X| = G2

2F
. Following the steps

outlined in the appendix B and using the fact that

ΩX = X̄, ΩXX̄ = δXX̄ , ΩXX = 0,

(log Ω)X̄ = 3
XX̄ − 3

, (log Ω)XX̄ = − 3
(XX̄ − 3)2

,
(4.1.9)

the Lagrangian (4.1.2) has the form

L = Lkin + Laux + L2f + L4f, (4.1.10)

where

e−1Lkin = 1
6(XX̄ − 3)R − 1

12(XX̄ − 3)ϵklmn
(
ψ̄kσ̄lψmn − ψkσlψ̄mn

)
− ∂mX∂

mX̄ − i

2
(
GσmDmḠ+ Ḡσ̄mDmG

)
+ 1

4ϵ
klmn

(
X̄∂kX −X∂kX̄

)
ψlσmψ̄n (4.1.11)

−
√

2
2
(
ψ̄mσ̄

nσmḠ∂nX + ψmσ
nσ̄mG∂nX̄

)
+

√
2

3
(
X̄Gσmnψmn +XḠσ̄mnψ̄mn

)
,

e−1Laux = 1
9(XX̄ − 3)

⏐⏐⏐⏐⏐M − 3 X

XX̄ − 3
F̄

⏐⏐⏐⏐⏐
2

− 3
XX̄ − 3

FF̄

− 1
9(XX̄ − 3)bab

a − i

3
(
X̄∂mX −X∂mX̄

)
bm
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− 1
6Gσ

aḠba + i

6
√

2
(
X̄ψaG−Xψ̄aḠ

)
ba (4.1.12)

− M̄(W0 + fX) −M(W̄0 + f̄ X̄) + fF + f̄ F̄ ,

e−1L2f = −(W0 + fX)ψ̄aσ̄
abψ̄b − (W̄0 + f̄ X̄)ψaσ

abψb (4.1.13)

−
√

2
2 ifGσaψ̄a −

√
2

2 if̄ Ḡσ̄aψa,

e−1L4f = 1
4
[
(ψmσnψ̄

m)(GσnḠ) + iϵklmn(ψkσlψ̄m)(GσnḠ)
]

+
√

2
8 ϵklmnψkσlψ̄m

(
X̄ψnG−Xψ̄nḠ

)
(4.1.14)

−
√

2
4 i

(
X̄ψmσ

mnG+Xψ̄mσ̄
mnḠ

)
(ψkσ

kψ̄n − ψnσ
kψ̄k).

In all these formulae, a projection to the lowest component on X is always
understood.

At this stage, the information about the constraint can be inserted. This
amounts to substitute X| = G2

2F
and to expand the resulting Lagrangian in powers

of the fermion Gα, which is going to be the goldstino. For simplicity, however,
terms are kept only up to O(G2). Notice that it is crucial to perform such a
step before taking the equations of motion for the auxiliary field F since, when
supersymmetry is non-linearly realised, the lowest component X| depends on
F . Due to the fact that X2 = 0 and since terms at most quadratic in Gα are
considered, some simplifications occur, as for example

log(Ω)X̄ = −X

3 , log(Ω)XX̄ = −1
3 + O(G4),

XX̄ = O(G4), − 3
XX̄ − 3

= 1 + O(G4),
(4.1.15)

and the Lagrangian becomes

e−1L = −1
2R + 1

4ϵ
klmn(ψ̄kσ̄lψmn − ψkσlψ̄mn)

− i

2(GσmDmḠ+ Ḡσ̄mDmG)

−
√

2
2 ifGσaψ̄a −

√
2

2 if̄ Ḡσ̄aψa

+ 1
4
[
(ψmσnψ̄

m)(GσnḠ) + iϵklmn(ψkσlψ̄m)(GσnḠ)
]

− 1
3MM̄ − 1

3

(
1
2M̄G2 F̄

F
+ 1

2MḠ2F

F̄

)
(4.1.16)



74 Supergravity 4.1

+ 1
3bab

a + |F + f̄ |2 − |f |2

−
(
W0 + f

G2

2F

)(
M̄ + ψ̄aσ̄

abψ̄b

)
−
(
W̄0 + f̄

Ḡ2

2F̄

)(
M + ψaσ

abψb

)
+ O(G3)

Up to this fermionic order, the kinetic terms of all the fields in the Lagrangian
are already canonically normalised and therefore the Weyl rescaling mentioned in
appendix B is not needed. In other words, as a consequence of to the non-linear
realisation of supersymmetry, such a rescaling is only affecting terms of order
O(G4). This is one instance of the simplifications that can occur when local
supersymmetry is spontaneously broken and non-linearly realised.

It is now possible to take the equations of motion for the auxiliary fields in
order to obtain the on-shell expression of the Lagrangian. Notice that, while
in the linearly realised regime the coupling among the auxiliary fields is due
to the particular formulation that is adopted, for example usually it is present
when using superspace but it is not when using superconformal methods, in the
case under investigation such a coupling is always going to be present, since its
very origin resides in the non-linear realisation of supersymmetry. Even if the
auxiliary fields are coupled, their equations of motion can be solved with an
iterative procedure, which gives

M = −3W0 + f

f̄
G2 + O(G3), (4.1.17)

ba = 1
4GσaḠ+ O(G3), (4.1.18)

F = −f̄ − 1
4
f̄

f 2 Ḡ
2ψaσ

abψb +W0
f̄

f 2 Ḡ
2 + W̄0

2f̄
G2 + O(G3). (4.1.19)

Notice that these expressions are different from the analogous in the case in
which supersymmetry is linearly realised. Plugging them back, the following
on-shell Lagrangian is produced

e−1L = −1
2R + 1

4ϵ
klmn(ψ̄kσ̄lψmn − ψkσlψ̄mn)

− i

2(GσmDmḠ+ Ḡσ̄mDmG) −
√

2
2 ifGσaψ̄a −

√
2

2 if̄ Ḡσ̄aψa

+ 1
4
[
(ψmσnψ̄

m)(GσnḠ) + iϵklmn(ψkσlψ̄m)(GσnḠ)
]

−W0ψ̄aσ̄
abψ̄b − W̄0ψaσ

abψb + f

f̄

G2

2 ψ̄aσ̄
abψ̄b + f̄

f

Ḡ2

2 ψaσ
abψb

− W̄0G
2f

f̄
−W0Ḡ

2 f̄

f
−
(
|f |2 − 3|W0|2

)
+ O(G3),

(4.1.20)



4.1 Coupling the goldstino to supergravity 75

where in the last line the scalar potential V = (|f |2 − 3|W0|2) appears. This is a
model with spontaneously broken and non-linearly realised local supersymmetry,
in which the field Gα has the role of the goldstino, as it can be understood by
the fact that its supergravity transformation is non-homogeneous

δϵGα = −
√

2f̄ ϵ+ . . . . (4.1.21)

Such a model reduces to (2.1.27) in the flat space limit.
Before deepening further the role of the goldstino in supergravity, few com-

ments are in order. Notice first of all that, in the model under investigation, even
though the scalar potential can assume any value, nevertheless the parameters
can be tuned in order for the cosmological constant to be positive and the vacuum
to be de Sitter. In this respect, once one or more matter superfields are coupled,
the system can be employed for example to study inflation in a simplified setup,
in which the sgoldstino has been already integrated out. By imposing constraints
on matter superfields then, it is possible to eliminate also some of the matter
component fields, using the same techniques that have been introduced in the
previous chapters. In particular, the general constraint (3.2.5) can be implemen-
ted directly into supergravity without any modification. Constraints can also be
imposed at the Lagrangian level, by using a Lagrange multiplier [15], in order to
work in a manifestly linear regime until the equations of motions are considered.
Notice finally that a technical difference with respect to the linearly realised
regime is that the knowledge of the Kähler potential K and the superpotential
W is not sufficient in presence of the nilpotent Goldstino multiplet to produce
the full supergravity action, since the equations of motion of the auxiliary fields
are modified by the constraint.

4.1.2 Superhiggs mechanism and unitary gauge
In this subsection it shown that, by using supergravity transformations, which
are symmetries of (4.1.20), it is possible to eliminate from the Lagrangian any
coupling involving the goldstino Gα. This is a consequence of the fact that, when
supersymmetry is local, the goldstino is a pure gauge degrees of freedom and
it contains no physical information. For this reason, in the following sections
the condition Gα = 0 is going to be imposed in most of the situations as a
convenient gauge choice. It is called unitary gauge and it allows a drastic
simplification of the interactions, which makes models with spontaneously broken
local supersymmetry far more accessible.

The starting point is the Lagrangian (4.1.20) which, by using integration by
parts, can be recast into the form

L = −1
2eR − eV + eϵklmnψ̄kσ̄lDmψn − 2i

|f |2
eζσmDmζ̄

+ e

[
−iζ̄σ̄aψa − W̄0ψaσ

abψb − 2 W̄0

|f |2
ζ2 + c.c.

]
+ four fermions interactions,

(4.1.22)
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where the fermion

ζα =
√

2
2 fGα (4.1.23)

has been introduced for convenience. Interactions involving four fermions are
neglected for simplicity. The idea is to perform, onto this Lagrangian, specific
supersymmetry transformations along the fermion ζα, in order to eliminate
completely the couplings involving it. The required transformations are

δea
m = iα

(
ψmσ

aζ̄ − ζσaψ̄m

)
, (4.1.24)

δψm = −2αDmζ − iαW0σ
mζ̄ + O(ζ3), (4.1.25)

where α is a real parameter to be fixed. For reasons that are going to be clear in
a while, also the second order transformation of the vielbein is needed [64], up
to two fermions

δ2ea
m = iα

(
δψmσ

aζ̄ + δψ̄mσ̄
aζ
)

= α2
(
−2iDmζσ

aζ̄ − 2iDmζ̄ σ̄
aζ +W0ζ̄

2ea
m + W̄0ζ

2ea
m

)
+ O(ζ3).

(4.1.26)

The application of these transformations onto the bosonic sector of (4.1.22) gives

Lbos = −1
2eR − eV

= −1
2ER − EV + E

(
Rm

a − 1
2Re

m
a

){
− iα

(
Ψmσ

aζ̄ − ζσaΨ̄m

)
+ α2

2
(
−2iDmζσ

aζ̄ − 2iDmζ̄ σ̄
aζ +W0ζ̄

2Ea
m + W̄0ζ

2Ea
m

)}

− EV
{

− iα
(
Ψmσ

mζ̄ − ζσmΨ̄m

)
+ α2

2
(
−2iDmζσ

mζ̄ − 2iDmζ̄ σ̄
mζ + 4W0ζ̄

2 + 4W̄0ζ
2
)}

(4.1.27)

where Ea
m and Ψm are the transformed fields, namely Ψm = ψm + δψm, and the

commutator algebra ϵkmabσ̄mDaDbζ = i
2

(
Rk

aσ̄
a − 1

2Rσ̄
k
)
ζ has been used. Along

with the same logic, the gravitino mass term becomes

ψaσ
abψb = Ψaσ

abΨb + α
(
4Ψaσ

abDbζ − 3iW0Ψaσ
aζ
)

+ α2
(
6iW0ζσ

aDaζ̄ − 4ζσabDaDbζ + 6W 2
0 ζ̄

2
)
,

(4.1.28)

while the gravitino-goldstino mixing term instead is

ζ̄ σ̄aψa = ζ̄ σ̄aΨa + 2αζ̄σ̄aDaζ − 4iαW0ζ̄
2 (4.1.29)
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and finally the gravitino kinetic term gives

ϵklmnψ̄kσ̄lDψn = ϵklmnψ̄kσ̄lDmψ̄n

+
[
iα
(
Rk

m − 1
2Re

k
m

)
ψkσ̄

mζ + c.c.
]

+
(
4αW̄0ψ̄aσ

abDbζ + c.c.
)

+ iα2
(
Rk

m − 1
2Re

k
m

) (
Dkζσ

mζ̄ + Dkζ̄ σ̄
mζ
)

+
[
α2
(
Rk

m − 1
2Re

k
m

)
W̄0ζσkσ̄

mζ + c.c.
]

+ 6iα2|W0|2ζσmDmζ̄ .

(4.1.30)

Putting together (4.1.27), (4.1.28), (4.1.29) and (4.1.30), the following Lag-
rangian is obtained

L = −1
2eR − eV

+ e
(
Rm

a − 1
2(R + 2V)em

a

) [
− iαψmσ

aζ̄

+ α2

2
(
−2iDmζσ

aζ̄ + W̄0ζ
2ea

m

)
+ c.c.

]

+ e

{
ϵklmnψ̄kσ̄lDmψn +

[
iα
(
Rk

m − 1
2Re

k
m

)
ψkσ̄

mζ + c.c.
]

+
(
4αW̄0ψ̄aσ

abDbζ + c.c.
)

+ iα2
(
Rk

m − 1
2Re

k
m

) (
Dkζσ

mζ̄ + Dkζ̄ σ̄
mζ
)

+
[
α2
(
Rk

m − 1
2Re

k
m

)
W̄0ζσkσ̄

mζ + c.c.
]

+ 6iα2|W0|2ζσmDmζ̄

}

− 2i
|f |2

eζσmDmζ̄ + e

{
− iζ̄σ̄aψa − 2αiζ̄σ̄aDaζ − 4αW0ζ̄

2

− W̄0

[
ψaσ

abψb + α
(
4ψaσ

abDbζ − 3iW0ψaσ
aζ
)

+ α2
(
6iW0ζσ

aDaζ̄ − 4ζσabDaDbζ + 6W 2
0 ζ̄

2
) ]

− 2W0

|f |2
σ̄2 + c.c.

}
+ four fermions interactions,

(4.1.31)

where capital letters for the transformed field are omitted. At this point, several
cancellations occur and the crucial ones are commented below.

• The parameter α is fixed by requiring that the mixing between the gravitino
and the goldstino vanishes. The condition is

ieψaσ
aζ̄
(
Vα + 1 + 3α|W0|2

)
+ c.c. = 0, (4.1.32)
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which gives
α = − 1

V + 3|W0|2
. (4.1.33)

For the particular model under consideration, therefore, α = −1/|f |2.

• The mass term for the goldstino must cancel. This is motivated by the
fact that the mass of the goldstino is protected by the Goldstone theorem.
The terms to be considered are

2eW̄0ζ
2
(
α2V − 2α− 3α2|W0|2 − 1

|f |2

)
+ c.c. = 0 (4.1.34)

and they cancel as expected.

• All the contributions to the kinetic term for the goldstino must cancel
as well, since they cannot propagate any physical degrees of freedom
in supergravity. Up to integration by parts, the terms involved in the
cancellation are

2eiDmζσ
mζ̄

(
α2V + α + 3α2|W0|2

)
= 0 (4.1.35)

and they vanish again as expected. Notice that integration by parts is
simplified by the fact that the scalar potential V is constant, since the theory
does not contain scalars. This situation is different from the analogous
in the superhiggs mechanism in the linearly realised regime, in which
the vacuum condition ∂mV = 0 is usually used in order to simplify the
calculation.

• Terms containing the geometric factor
(
Rm

a − 1
2Re

m
a

)
cancel among them-

selves and vanish trivially in flat space. Notice that one of these term arises
from the contribution ζσabDaDbζ in (4.1.28) and several of them come from
(4.1.30). Their presence is the reason why a second order transformation
on the vielbein has been performed in the bosonic sector.

After these cancellations are taken into account, all the goldstino couplings
disappear and the Lagrangian (4.1.31) drastically simplifies to

e−1L = −1
2R + 1

4ϵ
klmn(ψ̄kσ̄lψmn − ψkσlψ̄mn)

− W̄0ψaσ
abψb −W0ψ̄aσ̄

abψ̄b − V .
(4.1.36)

It is possible to prove, in an analogous way, that also the goldstino couplings
in the terms with four fermions cancel among themselves and in fact the result
(4.1.36) is exact up to all fermionic orders. It can be obtained directly from the
original Lagrangian (4.1.20) by adopting the unitary gauge choice

Gα = 0 unitary gauge, (4.1.37)



4.2 Two chiral superfields 79

which is consistent since the goldstino in supergravity is a pure gauge degrees of
freedom. This gauge choice is going to be imposed in most of the calculations
in the rest of the work. To conclude it is important to notice that, after the
superhiggs mechanism has occurred and the goldstino has disappeared, the
gravitino has become massive, with mass given by W0. The interpretation of W0
as a gravitino mass in (4.1.22), on the contrary, is not straightforward due to the
presence of a mixing term between ζα and ψα a. Such term has been cancelled
by the superhiggs mechanism. Notice finally that, being massive, in principle
also the gravitino could be decoupled in the low energy regime. A superfield
constraint along this direction has been proposed in [65].

4.2 Two chiral superfields

In this section a generalisation of the previous model is considered, in which the
nilpotent goldstino superfield X is coupled to one chiral matter superfield Y .
These superfields are constrained such that

X2 = 0, XY = 0 (4.2.1)

and their component expansions are given by (3.1.11), with the replacement
θα → Θα. In the unitary gauge they reduce to

X = Θ2F, Y =
√

2 Θαχα + Θ2F Y . (4.2.2)

The most generic model involving this two superfields is given by the Kähler
potential and superpotential [38,39]

K = XX̄ + Y Ȳ + a
(
XȲ 2 + X̄Y 2

)
+ b

(
Y Ȳ 2 + Ȳ Y 2

)
+ cȲ 2Ȳ 2

W = W0 + fX + gY + hY 2,

(4.2.3)

where a, b, c, f, g and h are parameters. The supergravity Lagrangian can be
obtained by following the steps reported in the appendix B. The function
Ω(X, Y, X̄, Ȳ ) is given by

Ω = −3 e− K
3

= −3 +K − 1
6K

2

= −3 +XX̄ + Y Ȳ + a
(
XȲ 2 + X̄Y 2

)
+ b

(
Y Ȳ 2 + Ȳ Y 2

)
+ cȲ 2Ȳ 2 − 1

6Y
2Ȳ 2,

(4.2.4)
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where the constraints (4.2.1) have been used. In the unitary gauge it is possible
to calculate

ΩXX̄ | = ΩY Ȳ | = 1,
(log Ω)XX̄ | = (log Ω)Y Ȳ | = Ω−1| = −3,

ΩY Y X̄ | = 2a,
ΩY Y Ȳ | = 2b.

(4.2.5)

The off-shell expression of the Lagrangian therefore is

L = Lkin + Laux + L2f + L4f, (4.2.6)

where

e−1Lkin = −1
2R + 1

4ϵ
klmn

(
ψ̄kσ̄lψmn − ψkσlψ̄mn

)
− i

2 (χσmDmχ̄+ χ̄σ̄mDmχ) , (4.2.7)

e−1Laux = −1
3MM̄ + FF̄ + F Y F̄ Y

+ 1
3bab

a − 1
6χσ

aχ̄ba

− χ2(aF̄ + bF̄ Y ) − χ̄2(aF + bF Y ) (4.2.8)
− M̄W0 −MW̄0 + fF + f̄ F̄ + gF Y + ḡF̄ Y ,

e−1L2f = −hχ2 − h̄χ̄2 −W0ψ̄aσ̄
abψ̄b − W̄0 + f̄ X̄ψaσ

abψb

−
√

2
2 igχσaψ̄a −

√
2

2 iḡχ̄σ̄aψa, (4.2.9)

e−1L4f = 1
4
[
(ψmσnψ̄

m)(χσnχ̄) + iϵklmn(ψkσlψ̄m)(χσnχ̄)
]

+ 1
4

(
4c− 2

3

)
χ2χ̄2 (4.2.10)
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Putting everything together it becomes

e−1L = −1
2R + 1

4ϵ
klmn

(
ψ̄kσ̄lψmn − ψkσlψ̄mn

)
− i

2 (χσmDmχ̄+ χ̄σ̄mDmχ) −
√

2
2 ig χσaψ̄a −

√
2

2 iḡ χ̄σ̄aψa

− (h+ aF̄ + bF̄ Y )χ2 − (h̄+ aF + bF Y )χ̄2

−W0ψ̄aσ̄
abψb − W̄0ψaσ

abψb

+ 1
4
[
(ψmσnψ̄

m)(χσnχ̄) + iϵklmn(ψkσlψ̄m)(χσnχ̄)
]

− 1
8 (1 − 8c)χ2χ̄2

− 1
3 |M + 3W0|2 + 1

3

(
ba − 1

4χσaχ
)2

+ |F + f̄ |2 + |F Y + ḡ|2 − (|f |2 + |g2| − 3|W0|2)

(4.2.11)

and, since all the kinetic terms are canonically normalised in this gauge, there is
no need either for the Weyl rescaling or for the gravitino shift mentioned in the
appendix B. This simplification is again due to the fact the supersymmetry is
spontaneously broken and non-linearly realised.

The equations of motion of the auxiliary fields are

M = −3W0, (4.2.12)

ba = 1
4χσaχ̄, (4.2.13)

F = −f̄ + aχ2, (4.2.14)
F Y = −ḡ + bχ2 (4.2.15)

and, by substituting them back in (4.2.11), the following on-shell Lagrangian is
obtained

e−1L = −1
2R + 1

4ϵ
klmn

(
ψ̄kσ̄lψmn − ψkσlψ̄mn

)
− i

2 (χσmDmχ̄+ χ̄σ̄mDmχ) −
√

2
2 ig χσaψ̄a −

√
2

2 iḡ χ̄σ̄aψa

− (h− af − bg)χ2 − (h̄− af̄ − bḡ)χ̄2

+ 1
4
[
(ψmσnψ̄

m)(χσnχ̄) + iϵklmn(ψkσlψ̄m)(χσnχ̄)
]

− 1
8
[
1 − 8(c− a2 − b2)

]
χ2χ̄2 − V ,

(4.2.16)

where
V = |f |2 + |g2| − 3|W0|2 (4.2.17)

is the scalar potential. As in the previous case, in this supergravity theory
without scalars, the scalar potential is constant.
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Notice that the fermion mass matrix is different from the standard one of
supergravity. This is a general fact: the presence of the non-linear realisation
is adding bilinear contributions in the fermions and, as a consequence, their
spectrum is changed. The modified masses can be calculated directly from the
Lagrangian or, alternatively, using the mass formula

Mij = eK/2
[
DiDjW − 2

3
DiWDjW

W

]
s=0

+ 2∂kV|sk=0
∂sk

∂(χiχj) (4.2.18)

given in [38], where sk = {X, Y } in the model under consideration. Mass
formulae with non-linear supersymmetry are also analysed in [66].

4.3 Minimal Constrained Supergravity

In the previous sections the strategy to construct models with spontaneously
broken and non-linearly realised local supersymmetry has been introduced. The
non-linearly realisation has been entirely encoded within the goldstino sector,
described by a nilpotent chiral superfield X. In the minimal case, the model
is called pure supergravity [8–10], since it contains only the graviton and the
gravitino as physical modes. It has been shown indeed that, when supersymmetry
is local, the goldstino is a pure gauge degrees of freedom. While these models,
which are mainly motivated from inflation [67–69], have been dubbed “de Sitter”
supergravities, their cosmological constant is a function of two parameters, related
to the supersymmetry breaking scale f and to the gravitino mass W0, in order
that, depending on these values, it can be positive, negative or vanishing.

In this section supergravity models, whose physical spectra are also given by
the graviton and the gravitino in the minimal case, but where supersymmetry
is non-linearly realized even on the gravity multiplet itself are going to be
constructed. It is shown that the presence of the non-linear realisation within
the gravity sector produces interactions and Lagrangians that differ from those
in [8–10] and depend on three independent physical inputs: the supersymmetry
breaking scale, the gravitino mass and the cosmological constant. While this
problem has been already tackled from a different perspective in [70], with the
purpose of constructing a supersymmetric effective field theory for inflation and
using a supersymmetric generalization of the CCWZ construction [2], the analysis
presented in the following employs the language of superfields, allowing for more
general and different constraints. Additional details on the relationship between
this approach and that of [70] can be found in [63].

4.3.1 Constraining the auxiliary fields of gravity
The old-minimal off-shell formulation of the supergravity multiplet can be given
by means of three different superfields E , R and Ba, two of which have already



4.3 Minimal Constrained Supergravity 83

been introduced in (4.1.5) and (4.1.4).1 The real superfield Ba has the auxiliary
vector field ba as lowest component, Ba| = −1

3ba, and it is related to R by means
of the superspace Bianchi identity

DαBαα̇ = D̄α̇R̄. (4.3.1)

The complete component expression of Ba can be found in [71,72], where it is
calculated in the superconformal setup. To summarise, the objects R and Ba

are respectively a chiral and a real superfield which contain the two auxiliary
fields of gravity in the lowest component:

R| = −1
6M, Ba| = −1

3ba. (4.3.2)

When local supersymmetry is spontaneously broken, it is then possible to apply
the general constraint (3.2.5) and eliminate the auxiliary fields of the gravity
multiplet instead of integrating them out.2 The technical aspects of this step are
addressed below, while the physical consequences are going to be commented in
the next subsection.

Since R is chiral, in order to remove its lowest component it is sufficient to
impose

XR = 0, (4.3.3)
which fixes M as a function of the goldstino, the gravitino, the Riemann curvature
and of the auxiliary field ba. The solution in superspace is

R = −2DαXDαR
D2R

−X
D2R
D2X

. (4.3.4)

Such constraint, as noted in [39] for other constraints on auxiliary fields, implies
that the final form of the potential is going to be different from the one of
standard supergravity models. Both in global and in local supersymmetry, in
fact, a scalar potential is generated by the integration of the auxiliary fields via
their equations of motion. If a modification occurs in the auxiliary field sector,
therefore, the scalar potential could be modified as well. The previous constraint
can actually be replaced with the slightly more general form

X
(

R + c

6

)
= 0, (4.3.5)

where c is a complex parameter on which the solution for M is going to depend.
For a generic chiral superfield, this constraint simply adds a constant vacuum

1In [5] the superfield Ba is denoted with Ga and it is defined Bαα̇ = σm
αα̇ea

mba. For
completeness, it is worth mentioning that there exists also another superfield describing the
gravity multiplet, W̄α̇β̇γ̇ , which is chiral and symmetric in its indices, but it does not play any
role in the present discussion.

2The general constraint (3.2.5) can be applied in any model of spontaneously broken local
supersymmetry in which the goldstino is described by a nilpotent X. In global supersymmetry
it has been shown that this is always the case. The analogous proof in supergravity follows
without any additional complication. Details can be found in [42,45].
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expectation value to the lowest component of the constrained multiplet, but
for the case in which such a constrained multiplet is the supergravity curvature
superfield R, (4.3.5) has non-trivial implications on the effective Lagrangian. As
usual, (4.3.5) can be solved by inspecting its top component. Given the peculiar
structure of the R superfield, which contains the auxiliary field M in various
places, its solution can be found only after an iterative procedure, which gives

M = N

(
1 − i√

2F
Gσaψ̄a

)

+ c

(
1 − i√

2F
Gσaψ̄a − 1

2F 2 (Gσbψ̄b)2 − 1
4F 2 ψ̄

2 G2
)

− c

3F 2 G
2
[
N̄

(
1 − i√

2F̄
Ḡ σ̄aψa

)

+ c̄

(
1 − i√

2F̄
Ḡ σ̄aψa − 1

2F̄ 2
(Ḡ σ̄bψb)2 − 1

4F̄ 2
Ḡ2 ψψ

)
− |c|2

3F̄ 2
Ḡ2
]
,

(4.3.6)

where

N =
√

2
F
Gσabψab + i√

2F
ba Gψa + 1

4F 2G
2R + i

2F 2G
2Dab

a

+ 1
2F 2G

2
[

1
2ψmσ

mψ̄nb
n − 1

3b
2

− i ψ̄mσ̄nψmn − 1
8ϵ

klmn
(
ψ̄kσ̄lψmn + ψkσlψ̄mn

) ]
(4.3.7)

has been defined. Notice that, in the unitary gauge, the expression for M
drastically simplifies to

M = c. (4.3.8)

The other auxiliary field of supergravity, namely the real vector ba, resides in
the lowest component of Ba. Since this superfield is real, the desired constraint
to be imposed on it is

XX̄Bαα̇ = 0. (4.3.9)

This is consistent because Bαα̇ contains ba naked and not through its field-strength.
The superspace solution of this constraint is

Ba = −2D̄α̇X̄

D̄2X̄
D̄α̇Ba − X̄

D̄2Ba

D̄2X̄

− 2 DαX

D2X D̄2X̄
DαD̄2(X̄Ba) − X

D2XD̄2X̄
D2D̄2(X̄Ba).

(4.3.10)

and it produces an expression for ba that is a function of the graviton, the
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gravitino and the goldstino

ba =
√

2
8

1
F̄

(
Ḡσ̄aσbσ̄cψbc

)
−

√
2

8
1
F

(
ψ̄bcσ̄

bσcσ̄aG
)

− 3
√

2
4

1
F̄

(
Ḡσ̄cψca

)
+ 3

√
2

4
1
F

(
ψ̄acσ̄

cG
)

−
√

2i
4

M

F̄

(
Ḡψ̄a

)
+

√
2i
4

M̄

F
(Gψa) + O(G2).

(4.3.11)

This expression vanishes trivially in the unitary gauge.
Before addressing the discussion of physical models, notice that the constraint

(4.3.5) and (4.3.9) are closely analogous to the second constraint in (2.1.43).
They all have the role, in fact, of eliminating the auxiliary fields from a given
Lagrangian, substituting them with composite expressions of the goldstino and
of the remaining degrees of freedom. Their solution, in particular, is equivalent
to the standard procedure of solving the equations of motion.

4.3.2 A new class of models
In this subsection the consequences of the constraints (4.3.5) and (4.3.9) are
discussed at the level of supergravity Lagrangians. The model which is first going
to be considered is again the most general with non-linear supersymmetry, up to
two derivatives, involving only one chiral superfield X, subject to the nilpotent
constraint. It is defined by the Kähler potential and superpotential:

K = XX̄, W = W0 + f X, (4.3.12)

where W0 and f are complex parameters. The Lagrangian in superspace is given
by

L = 3
8

∫
d2Θ 2E (D̄2 − 8R)e− 1

3 K(X,X̄) +
∫
d2Θ 2E W + c.c., (4.3.13)

which, when using the nilpotent constraint X2 = 0, simplifies to

L = −3
∫
d2Θ2ER − 1

8

∫
d2Θ2EX

(
D̄2 − 8R

)
X̄

+
∫
d2Θ 2E W + c.c..

(4.3.14)

The first term is the pure Einstein–Hilbert Lagrangian for supergravity, while the
second and the third contain respectively the kinetic term and the superpotential
contribution for the nilpotent X. The off-shell component expansion of this
model is given in (4.1.16) and, in the unitary gauge, it reduces to

e−1L = −1
2R + 1

4ϵ
klmn

(
ψ̄kσ̄lψmn − ψkσlψ̄mn

)
−

− 1
3MM̄ + 1

3bab
a + |F + f̄ | − |f |2

−W0
(
M̄ + ψ̄aσ̄

abψ̄b

)
− W̄0

(
M + ψaσ

abψb

)
.

(4.3.15)
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At this point several possibilities with different outcomes can occur. The case
in which both M and ba are not constrained has been addressed already in section
4.1 and it is not going to be commented further. A different strategy is to impose
only (4.3.5), while leaving ba unconstrained. To obtain the on-shell Lagrangian
one has to substitute first (4.1.18) and (4.3.6) into (4.1.16) and then to integrate
out F by solving its equations of motion, which are modified by the contributions
coming from the solutions for M and ba. Another possibility is to constraint both
M and ba and to substitute (4.3.6) and (4.3.11) into (4.1.16). The integration
of F can then proceed as usual but, depending on the situation, its expression
is going to differ for couplings involving the goldstino. The important fact is
that, up to field redefinitions, these last two possibilities are equivalent and in
the unitary gauge they lead to the on-shell Lagrangian

e−1L = −1
2R + 1

4ϵ
klmn

(
ψ̄kσ̄lψmn − ψkσlψ̄mn

)
−

−W0ψ̄aσ̄
abψ̄b − W̄0ψaσ

abψb − V ,
(4.3.16)

where the scalar potential is

V = Λsusy − 3|W0|2 (4.3.17)

and

Λsusy = |f |2 +
⏐⏐⏐⏐⏐ c√3

+
√

3W0

⏐⏐⏐⏐⏐
2

. (4.3.18)

is the scale of supersymmetry breaking.
Notice that there are three independent parameters in the Lagrangian, cor-

responding to the gravitino mass W0, the scale of supersymmetry breaking Λsusy
and the cosmological constant Λ. As anticipated, the cosmological constant does
not follow the traditional form as in ordinary supergravity, where it is given by
the difference of the F -terms squared minus three times the mass of the grav-
itino squared. The constraint on the supergravity scalar auxiliary fields implies
indeed a different expression, whose numerical value can be positive, negative
or zero, depending on the choice of the parameters f , W0 and c. When c = 0 a
pure de Sitter supergravity, with a cosmological constant V = |f |2 is obtained.
When c = −3W0 on the other hand, a cosmological constant in the standard
form V = |f |2 − 3|W0|2 is reproduced and the supersymmetry breaking scale is
directly related to f , namely Λsusy = |f |2. This is expected from models where
supersymmetry is realised linearly on the gravity multiplet and the auxiliary
field M gets replaced by its equation of motion M = −3W0 + . . . .

The simplest generalisation of the previous model is the case in which a
matter chiral superfield Y is coupled to X, such that

X2 = 0, XY = 0. (4.3.19)

In the unitary gauge, the off-shell Lagrangian is still given by (4.2.11) but
differences in the couplings are going to appear on-shell. In the case in which
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only M is constrained by (4.3.5), the on-shell Lagrangian has again the form
(4.2.16), but the scalar potential is now

V = Λsusy − 3|W0|2, (4.3.20)

where

Λsusy =
⏐⏐⏐⏐⏐ c√3

+
√

3W0

⏐⏐⏐⏐⏐
2

+ |f |2 + |g|2 (4.3.21)

has been defined. A more interesting situation is when, beside M , also ba is
constrained by (4.3.9). In this case, the equations of motion of the auxiliary
fields in the unitary gauge are

F = −f̄ + aχ2, (4.3.22)
F Y = −ḡ + bχ2, (4.3.23)

while the constraints (4.3.5) and (4.3.9) fix

M = c, (4.3.24)
ba = 0. (4.3.25)

(4.3.26)

The resulting on-shell Lagrangian is

e−1L = −1
2R + 1

4ϵ
klmn

(
ψ̄kσ̄lψmn − ψkσlψ̄mn

)
− i

2 (χσmDmχ̄+ χ̄σ̄mDmχ) −
√

2
2 ig χσaψ̄a −

√
2

2 iḡ χ̄σ̄aψa

− (h− af − bg)χ2 − (h̄− af̄ − bḡ)χ̄2

+ 1
4
[
(ψmσnψ̄

m)(χσnχ̄) + iϵklmn(ψkσlψ̄m)(χσnχ̄)
]

− 1
6
[
1 − 6(c− a2 − b2)

]
χ2χ̄2 − V ,

(4.3.27)

where V is given by (4.3.20). A difference has appeared in the term with
four fermions, with respect to the supergravity Lagrangian (4.2.16) in which
supersymmetry is non-linearly realised only in the goldstino sector.

In this section supergravity models where supersymmetry is non-linearly
realized by constraining the goldstino superfield but also the auxiliary fields of
the supergravity multiplet have been considered. The resulting theories depend on
three parameters related to the cosmological constant, the mass of the gravitino
and the supersymmetry breaking scale. These models are different from those
appearing in the literature and the difference is manifest when matter couplings
are considered. Notice finally that, while the CCWZ procedure adopted in [70]
is so general that it is not guaranteed a priori that the resulting effective does
not break unitary, in the new class of models constructed in this section with
constrained superfields, the unitarity bound for the gravitino [73] is automatically
satisfied for any value of the parameter c.
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4.3.3 Comment on Kähler invariance and non-linear local
supersymmetry

In the class of models discussed in the previous section, constraints have been
imposed on the auxiliary fields M and ba of the gravity multiplet. As a con-
sequence of the constraint (4.3.5) on M , the scalar potential cannot be put in
the standard form

V = eK
(
giȷ̄DiWD̄ȷ̄W̄ − 3WW̄

)
, (4.3.28)

since the negative contribution, proportional to the superpotential, comes pre-
cisely from the integration of M . The constraint (4.3.9) on ba, instead, has
consequences on the nature of the scalar manifold, when matter couplings are
considered. Since in N = 1 supergravity in four dimensions both the fermions
and the superpotential transform under Kähler transformations, the scalar mani-
fold is not simply Kähler but it is restricted to be Kähler–Hodge. This fact is
commented further in the next chapter but, already at this stage, it is possible
to understand how the constraint (4.3.9) influences it. From the appendix B
it is possible to notice that, in standard supergravity, the on-shell value of ba

provides the correct connection associated to a Kähler–Hodge manifold. When
constraints are imposed on the gravity sector, instead, the auxiliary field ba is
substituted with the expression (4.3.11), which differs from (B.1.13) and which
is vanishing in the unitary gauge. In this class of models, therefore, the fermions
and the superpotential becomes trivial sections of the Kähler bundle and the
scalar manifold is expected to be an arbitrary Kähler manifold rather than
restricted to be Kähler–Hodge. This observation leads to the construction of the
supergravity models presented in section 5.2, where Kähler invariance is restored
as in rigid supersymmetry. It is important to notice however that, even if in
the worst scenario Kähler invariance is lost when supersymmetry is non-linearly
realised, the metric of the scalar manifold still remains positive definite, as shown
in [74].

4.3.4 On the validity regime of the effective theory
The models presented in this chapter are four-dimensional low energy effective
theories with spontaneously broken local supersymmetry. In general, when
considering effective theories, interactions have to be small with respect to some
cut-off parameter and the appearence of a strong regime can be problematic. It
is important then to understand which is such a cut-off parameter at which the
effective description breaks down. For simplicity the analysis is performed on a
Minkowski background and only the pure theory without matter couplings is
considered. In this subsection, the Plank mass MP is restored in the relevant
expressions and the gravitino mass m3/2 = exp(K/2M2

P )W̄ is defined on the
vacuum.

One possible signal of the breakdown of the effective theory is the breaking of
the unitarity condition on tree-level scattering amplitudes. In supergravity the
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worst energy behaviour is expected for the scattering amplitude of two gravitini
into two gravitini. To calculate this it is possible to use a theorem concerning
the equivalence between gravitino and goldstino physical amplitudes [75], which
states that the S matrix elements for helicities ±1/2 gravitini and other physical
particles are asymptotically equal, up to corrections of order O(m3/2/

√
s), where√

s is the energy at which the scattering occurs, to the corresponding S matrix
elements where each ±1/2 gravitino is replaced by the corresponding goldstino.
As a consequence, one can just consider the following effective Lagrangian
describing non-linear goldstino couplings (4.1.20)

L = −f 2 + i∂mḠσ̄
mG−m3/2G

2 − m̄3/2Ḡ
2 +

(
∂2G2

4f 2 + O
(
G2

M2
P

))
Ḡ2 + . . . ,

(4.3.29)
where dots stand for terms which are further suppressed with f or MP . It
is important to notice that the goldstino and the gravitino mass coincide in
this model, otherwise the aforementioned theorem on the equivalence between
physical amplitudes could not be used. By looking at terms with four goldstini,
which are expected to have the worst energy behaviour, it is possible to notice
that, since non-derivative interactions are suppressed with MP , the relevant
coupling in order to study the validity regime of the effective theory is

∼ 1
f 2 Ḡ

2∂2G2. (4.3.30)

This gives a contribution to the amplitude of the type [76]

A ∼ s2

f 2 , (4.3.31)

which, in turn, implies the unitarity bound
√
s ≲

√
f ∼

√
m3/2MP . (4.3.32)

This is the same bound found in [76] but its origin is different. In the linearly
realised theory, in fact, the bound stems from the contribution of non-derivative
four goldstino terms with sgoldstino exchange. In the present case, instead, the
sgoldstino is removed from the spectrum and the bound originates from four
goldstino derivatives terms, coming from the non-linear realisation of supersym-
metry. In other words, the non-linearly realised terms play the same physical
role of their linear counterparts. When the unitarity bound is saturated, strong
interactions start to occur as, for example, the formation of bound states. One
candidate for this new states is the bilinear G2, which corresponds indeed to the
removed sgoldstino in the non-linear regime.





5 | Alternative Kähler invariance
in supergravity

In this chapter non-linear realisations of supersymmetry are employed in order
to construct matter-coupled effective theories, with spontaneously broken local
supersymmetry, where the manifold of the matter fields is Kähler but, in general,
it is not Kähler–Hodge. In contrast to the standard formulation of supergravity
where, when considering matter couplings within the superspace approach, Kähler
invariance is not present from the beginning but it is implemented with a Weyl
rescaling, in the construction proposed in this chapter such a rescaling is not
needed and Kähler invariance follows directly as for the global supersymmetric
case. The resulting Lagrangian, therefore, mimics a global supersymmetric model
with matter, which has been coupled to gravity. This framework can be adopted
for constructing models for inflation inspired by rigid supersymmetry, in which
all the obstructions due to supergravity are overcome.

The material presented in this chapter has never been published before, but
it enjoys connections with previously analysed constructions. In the discussion
of minimal constrained supergravity models, in fact, it has been stressed how
the elimination of the auxiliary fields of gravity could spoil the Kähler invariance
of the theory. By following the procedure given within this chapter, it is then
possible to restore such an invariance, even though in a form which is different
from the standard one of supergravity. The net effect of this construction is to
produce theories in which the scalar potential does not assume the usual form.
In this respect, these models are similar in spirit to those discussed in [77,78].

5.1 Linear realisations and Kähler invariance
In this section the properties of Kähler invariance within linearly realised super-
symmetric theories coupled to matter are reviewed, both in the global and in the
local case. The discussion starts from the simple situation in which matter is
given by chiral superfields and then the presence of a real linear superfield is con-
sidered, which is going to be of utmost importance for the construction proposed
in the next section. Due to the properties of this superfield, in fact, it is going
to be possible to implement Kähler invariance in supergravity in an alternative
way, which is much similar to the form it assumes in global supersymmetry.

91
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5.1.1 Kähler invariance in global and local supersymmetry
The matter sector of rigid supersymmetric theories is commonly described by a
set of chiral superfields Φi:

Φi = Ai +
√

2θχi + θ2F i. (5.1.1)

The most generic supersymmetric Lagrangian, up to two derivatives and involving
only chiral superfields, is of the form

L =
∫
d4θ K(Φ, Φ̄) +

(∫
d2θW (Φ) + c.c.

)
= −giȷ∂mA

i∂mĀȷ − igiȷχ̄
ȷσ̄mDmχ

i

− 1
2DiWjχ

iχj − 1
2D̄ıW̄ȷ̄χ̄

ıχ̄ȷ + 1
4Riıjȷχ

iχjχ̄ıχ̄ȷ

− giȷWiW̄ȷ,

(5.1.2)

where the Kähler potential K and the superpotential W are respectively a real
and a holomorphic function of the chiral superfields. The quantity giȷ = ∂2

∂Ai∂ĀȷK|
is the metric of the scalar manifold.

It is known that, in order for supersymmetry to be preserved, the manifold
of the scalar fields is restricted to be Kähler. As a consequence, the Lagrangian
(5.1.2) has to be invariant under Kähler transformations

K(Φ, Φ̄) → K(Φ, Φ̄) + F(Φ) + F̄(Φ̄) , (5.1.3)

where F is a holomorphic function of the chiral superfields. This property can
be checked to work at the component level, or directly in superspace, where it is
just a consequence of the fact that the integration of a holomorphic quantity in
full rigid superspace vanishes, namely∫

d4θ
(
F + F̄

)
= 0. (5.1.4)

Implementing Kähler invariance in supergravity is less straightforward. For
example the Lagrangian ∫

d4θ E K(Φ, Φ̄), (5.1.5)

which would generalise naturally the one of global supersymmetry, is not invariant
under (5.1.3) since, even ignoring total derivative terms, this time the superspace
integration of a holomorphic function is not vanishing,∫

d4θ E
(
F + F̄

)
̸= 0, (5.1.6)

due to the presence of the real superspace density E. In this sense, Kähler invari-
ance in supergravity does not follow directly from the superspace construction,
but it has to be restored afterwards with a specific procedure, whose main steps
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are given in appendix B. As a consequence, the generic supergravity Lagrangian
with chiral matter couplings in superspace takes the form

L =
∫
d2Θ 2E

[3
8
(
D̄2 − 8R

)
e− K

3 +W
]

+ c.c. . (5.1.7)

Notice first of all that, with respect to the global supersymmetric case, matter
couplings are implemented through an exponential of the Kähler potential, instead
of with a linear coupling. This is a consequence of the fact that the Lagrangian
is invariant under Kähler transformations only if they are accompanied by a
super-Weyl transformation of the vielbein E A

M of the form [5]

δE a
M =1

6(F + F̄)Ea
M ,

δE α
M =1

6(2F̄ − F)E α
M + i

12E
b

M (ϵσb)α
α̇D̄α̇F̄ .

(5.1.8)

The super-Weyl transformation of the gravity sector induces a super-Weyl
transformation on the matter sector. At the component level indeed the chiral
rotation of the gravitino induces an analogous local rotation on the other fermions
in the theory, namely on the fermionic component of the chiral superfields. In
this sense in supergravity fermions are non-trivial sections of a U(1)-bundle over
the scalar manifold.

The Kähler potential and the fermionic fields are defined locally on the
scalar manifold. Different local patches support different definitions, which are
eventually related by Kähler transformations and chiral rotations respectively.
Inconsistencies might arise when considering triple intersections of three local
patches. The requirement that the three different definitions of the fermions
coincide in the common region translates into a global condition for the scalar
manifold to be Kähler of restricted type, also called Kähler–Hodge [79].

In addition, in order for the complete theory to be Kähler–Weyl invariant, it
is necessary to require the superpotential to transform as

W → We−F . (5.1.9)

This property of the superpotential is new with respect to the global supersym-
metric case and it manifests itself already in the bosonic sector, in particular in
the scalar potential

V = eK
[
giȷDiWDȷW̄ − 3WW̄

]
, (5.1.10)

where the connection Ki appears explicitly in the covariant derivative

DiW = Wi +KiW . (5.1.11)

The transformation (5.1.9) and the Kähler transformation of Ki, in fact, com-
pensate each others. Following the reverse logic, one can think of the rigid
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supersymmetric case as the trivial situation in which the superpotential has
vanishing charge with respect to the connection Ki.

To summarise, Kähler invariance of the supergravity Lagrangian (5.1.7) is a
consequence of the combined transformations

K → K + F + F̄ , W → We−F , (5.1.12)

d4θE → d4θEe
F+F̄

3 , d2Θ 2E → d2 Θ2E eF

In the following, non-linear realisations are going to be used in order to
construct supergravity models where Kähler invariance is realised as in global
supersymmetry. In particular, the fermions are going to be trivial sections
over the U(1) bundle, with a vanishing charge, the Weyl rescaling is not going
to be needed and the superpotential is going to be invariant under Kähler
transformations. As in the rigid supersymmetric case, the scalar potential is
then going to be constructed solely out of the partial derivatives Wi. For these
reasons, the scalar manifold can effectively be thought of as simply Kähler and
not restricted to be Kähler–Hodge.

5.1.2 Real linear superfields and Kähler invariance
In the previous discussion the crucial differences concerning Kähler invariance
between global and local supersymmetry have been reviewed. In this subsection
it is shown how it is possible to implement Kähler invariance in supergravity, for
a specific class of models, in a form which is closer to the global supersymmetric
case. Since the key ingredient for the construction proposed below is a real linear
superfield, its main properties are reviewed first [80].

A real linear superfield L is a real scalar superfield,

L = L∗, (5.1.13)

subject to the constraints
(D̄2 − 8R)L = 0,
(D2 − 8R̄)L = 0.

(5.1.14)

The independent component fields it contains are a real scalar φ, a Weyl fermion
ωα and a real antisymmetric tensor Bmn. They are defined by the following
projections

φ = L|,

ωα = 1√
2

DαL|,

σm
αα̇Hm + 2

3φ bαα̇ = −1
2[Dα , D̄α̇]L|,

(5.1.15)

where the antisymmetric tensor Bmn is encoded inside

Hm = 1
3!ϵmnkl∂

nBkl. (5.1.16)



5.1 Linear realisations and Kähler invariance 95

Given a set of chiral superfields Φi with Kähler potential K(Φ, Φ̄), it is
possible to construct a coupling between K and L in which Kähler invariance
is manifest. The discussion is performed at the superspace level, where Kähler
transformations work in a more straightforward manner, but the component forms
of the main results are going to be given as well. Under Kähler transformations
the Kähler potential changes according to

K → K + F + F̄ , (5.1.17)

where F is an holomorphic function of the chiral superfields. Consider therefore
the following superspace coupling between K and L:

LLK = −1
8

∫
d2Θ 2E (D̄2 − 8R)LK + c.c. . (5.1.18)

By using the superspace identity [81]∫
d2Θ 2E (D̄2 − 8R) (U − U∗) + c.c. = total derivative, (5.1.19)

which is valid for any superfield U , it is possible show that∫
d2Θ 2E (D̄2 − 8R)L

(
F + F̄

)
+ c.c. = total derivative, (5.1.20)

which implies that (5.1.18) is invariant under Kähler transformations (5.1.17),
up to boundary terms. This is precisely the requirement which is missing in
order for the standard supergravity Lagrangian to be invariant under Kähler
transformations. For a generic Kähler potential K(Φ, Φ̄) the bosonic sector of
(5.2.8) is

e−1LLK = φ giȷ F
iF̄ ȷ − φ giȷ ∂mA

i∂mĀȷ − i

2H
m
(
Kı ∂mĀ

ı −Ki ∂mA
i
)

(5.1.21)

and it is indeed Kähler invariant up to a total derivative. Notice the presence of
a non-trivial coupling between Hm and the composite U(1) Kähler connection

Am = i

2
(
Kı ∂mĀ

ı −Ki ∂mA
i
)
. (5.1.22)

This coupling is invariant under (5.1.17):

δ (HmAm) = − i

2∂mFHm + c.c. = i

2F∂mH
m + c.c. = 0 (5.1.23)

up to total derivatives, since ∂mH
m = 0 is the Bianchi identity for Hm.

A supergravity Lagrangian which incorporates (5.1.18) is of the type

L = −
∫
d4θEf(L) +

∫
d4θELK +

(∫
d2Θ2EW + c.c

)
, (5.1.24)
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where f(L) is a generic scalar function of the real linear superfield L. The first
superspace integral contains the degrees of freedom of the gravity sector, coupled
to L, while the second and the third are respectively the Kähler potential and
the superpotential contribution of the chiral model, coupled to the real linear
superfield. The bosonic sector of (5.1.24) is

e−1L = −1
6R (f(φ) − fφ φ) − 1

9MM̄
(
f(φ) + fφφ φ

2 − fφ φ
)

+ 1
9b

a ba

(
f(φ) + fφφ φ

2 − fφ φ
)

+ 1
4fφφ H

mHm + 1
3fφφ φH

mbm

− 1
4fφφ ∂

mφ∂mφ+ φ giȷ F
IF̄ ȷ − φ giȷ ∂mA

i∂mĀȷ

− i

2H
m
(
Kı ∂mĀ

ı −Ki ∂mA
i
)

−WM̄ − W̄M +WiF
i + W̄ıF̄

ı,

(5.1.25)

where the shorthand notation fφ = ∂
∂φ
f(L)

⏐⏐⏐, fφφ = ∂
∂φ

∂
∂φ
f(L)

⏐⏐⏐ has been used.
To better understand the origin of the proposed coupling (5.2.8) and the

reason why it is invariant under Kähler trasformations, it can be instructive to
look at the dual description. It is known, in fact, that a real linear superfield
can be dualised into a chiral superfield. To perform the duality, the linearity
constraints on L, namely (5.1.14), have to be relaxed and imposed eventually
at the Lagrangian level using a Lagrange multiplier. Consider therefore the
following modified Lagrangian

L = −
∫
d4θEf(L) +

∫
d4θEL

(
K + S + S̄

)
+
(∫

d2Θ 2E W + c.c
)
, (5.1.26)

where L is real, but otherwise unconstrained, while S is a chiral superfield with
the role of Lagrange multiplier. By integrating out S the constraints (5.1.14) are
obtained and the model reduces to (5.1.24). On the other hand, by taking the
superspace equations of motion for the unconstrained L gives

− fL +K + S + S̄ = 0, (5.1.27)

which can be solved to express L as a function of K + S + S̄. Inserting back the
solution, the resulting Lagrangian has the form

L =
∫
d4θE F

[
K(Φ, Φ̄) + S + S̄

]
+
(∫

d2Θ 2E W (Φ) + c.c
)
, (5.1.28)

where F indicates the Legendre transform. The origin of the Kähler invariance
of the coupling (5.2.8) is now manifest. The chiral superfield S, which is dual
to the linear superfield L, has the role of compensator in the dual picture: it
absorbs the variation of K under Kähler transformations and makes the theory
Kähler invariant. For completeness, the bosonic sector of this model is given



5.2 Non-linear realizations and Kähler invariance 97

below, even though it is not going to be used in the following

e−1L = − 1
2R − F′giȷ∂mA

i∂mĀȷ

− F′′
(
[∂mS +Ki∂mA

i][∂mS̄ +Kȷ∂
mĀȷ]

)
− eF

(
1
F′ g

iȷ∂ȷW̄∂iW − 3WW̄ + F′F′

F′′ WW̄

)
.

(5.1.29)

The model (5.1.24) can be generalised to include also an abelian vector
superfield V . The resulting Lagrangian is

L = −
∫
d4θEf(L) +

∫
d4θELK +

(∫
d2Θ2EW + c.c

)
+ 1

4

(∫
d2Θ2EWαWα + c.c.

)
+ 2ξ

∫
d4θEV L,

(5.1.30)

where Wα = −1
4(D̄2 − 8R)DαV is the superfield strength of V and ξ is the

Fayet–Iliopoulos parameter. This model is both Kähler and gauge invariant.
Under gauge transformations, the vector superfield changes according to

V → V + Φ + Φ̄, (5.1.31)

where Φ is a chiral superfield. The superfield strength Wα is gauge invariant by
construction, while the coupling proportional to ξ is gauge invariant due to the
presence of L and as a consequence of the identity (5.1.20). The bosonic sector
of (5.1.30) is

e−1L = −1
6R (f(φ) − fφ φ) − 1

9MM̄
(
f(φ) + fφφ φ

2 − fφ φ
)

+ 1
9b

a ba

(
f(φ) + fφφ φ

2 − fφ φ
)

+ 1
4fφφ H

mHm + 1
3fφφ φH

mbm

− 1
4fφφ ∂

mφ∂mφ+ φ giȷ F
IF̄ ȷ − φ giȷ ∂mA

i∂mĀȷ

− i

2H
m
(
Kı ∂mĀ

ı −Ki ∂mA
i
)

−WM̄ − W̄M +WiF
i + W̄ıF̄

ı

+ 1
2D2 − 1

4vmnv
mn + ξφD − ξvnHn.

(5.1.32)

Notice finally that the coupling proportional to ξ is very similar in form to the
Fayet–Iliopoulos D-term of global supersymmetry [82]. This fact is going to be
commented further in subsection 5.2.3 and in the following chapter 6.

5.2 Non-linear realizations and Kähler invari-
ance

In the model discussed above Kähler invariance in supergravity is implemented
as in rigid supersymmetry, at the cost of having introduced an additional linear
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superfield L which contains physical and propagating degrees of freedom. As it
has been shown in the previous chapters, however, if the spontaneous breaking
of supersymmetry is assumed, by using non-linear realisations it is possible to
construct composite expressions out of the goldstino. Since in supergravity the
latter is not a physical mode, such expressions would not contain new propagating
degrees of freedom. In the present section, the nilpotent goldstino superfield X
is therefore used to construct a composite object having the properties of a real
linear superfield. This composite real linear superfield is then used to reproduce
the results of the previous section: a theory of supergravity is constructed, where
Kähler invariance is realised as in global supersymmetry but where, this time,
the degrees of freedom are solely those of supergravity coupled to matter.

5.2.1 Chiral models
Given the chiral goldstino superfield X, such that X2 = 0, it is possible to
construct a composite real linear superfield L with the specific property

L| = 1 + O(G, Ḡ) . (5.2.1)

The expression

L = Dα
(
D̄2 − 8R

)
Dα

[
XX̄

D2XD̄2X̄

]
, (5.2.2)

in fact satisfies the conditions (5.1.13), (5.1.14) and (5.2.1). The lowest compon-
ent of this composite L has the form

L| = 1 − i

2f γ̄σ̄
aψa − i

2f γσ
aψ̄a + 1

3f 2γ
2M̄ + 1

3f 2 γ̄
2M

+ 1
4f 2γ

2ψ̄bσ̄
eσbψ̄e + 1

4f 2 γ̄
2ψeσ

bσ̄eψb − 1
2f 2γσ

aγ̄ba

+ i

f 2 γ̄σ̄
ae m

a Dmγ + i

f 2γσ
ae m

a Dmγ̄

− 1
2f 2 (γσaψ̄e)(ψaσ

eγ̄) + 1
2f 2 (ψbσ

bγ̄)(γσaψ̄a) + O(γ3) ,

(5.2.3)

where the fermion
γα = f

Gα√
2F

(5.2.4)

has been defined. In the unitary gauge, the independent components of the
composite real linear superfield are

L| = 1, (5.2.5)

DαL| = − i

2σ
a
αα̇ψ̄

α̇
a , (5.2.6)

−1
2
[
Dα, D̄α̇

]
L| = 2

3bαα̇ − 1
4ψa α

(
ψ̄bσ̄

bσa
)

α̇
− 1

4
(
σaσ̄bψb

)
α
ψ̄a α̇ (5.2.7)
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− 1
2σ

a
αβ̇ψ̄

β̇
b ψ

β
aσ

b
βα̇

By using this ingredient, along with the same logic of the previous section, it is
possible to construct a supergravity model where supersymmetry is spontaneously
broken and non-linearly realised and where Kähler invariance is implemented
as in global supersymmetric theories. Such a model is not going to contain any
additional physical degrees of freedom associated to the real linear superfield L,
since the latter is a composite object built out of the goldstino. Consider first
the superspace term (5.2.8)

LLK = −1
8

∫
d2Θ 2E (D̄2 − 8R)LK + c.c. . (5.2.8)

Inserting the explicit expression (5.2.2) for the composite real linear superfield
L, the resulting component form up to two fermions and in the unitary gauge is

e−1LLK = −giȷ̄ ∂mA∂
mĀȷ̄ + giȷF

iF̄ ȷ̄

− i

2giȷ̄

(
χiσmDmχ̄

ȷ̄ + χ̄ȷ̄σ̄mDmχ
i
)

+ i

2(χiσmχ̄ı̄)(Kijı̄∂mA
j −Kīıȷ̄∂mĀ

ȷ̄)

−
√

2
4 igiȷ̄F

i(ψcσ
cχ̄ȷ̄) −

√
2

4 igiȷF̄
ȷ̄(ψ̄cσ̄

cχi)

+
√

2
2 giȷ

[
ea

m∂
mĀȷ̄(ψaχ

i) + ea
m∂

mAi(ψ̄aχ̄
ȷ̄)
]

−
√

2
4 giȷ̄

[
em

a ∂mĀ
ȷ̄(ψcσ

aσ̄cχi) + em
a ∂mA

i(ψ̄cσ̄
aσcχ̄ȷ̄)

]
− 1

2Kijı̄F̄
ı̄(χiχj) − 1

2Kīıȷ̄F
i(χ̄ı̄χ̄ȷ̄)

+ terms with four fermions.

(5.2.9)

This is manifestly Kähler invariant and it can be coupled directly to gravity. A
complete supergravity Lagrangian in which matter couplings are embedded with
this term is

L = −3
∫
d2Θ 2E R − 1

8

∫
d2Θ 2E (D̄2 − 8R)LK +

∫
d2Θ 2E W + c.c. (5.2.10)

and its invariance under Kähler transformations

K → K + F + F̄ , (5.2.11)

has been discussed in the previous section at the superspace level. In particular
the superpotential W has not to transform as (5.1.9).1 Up to two fermions, the

1The only requirement which is needed for the superpotential W is that it should always
have a linear term in the superfield X, such that the supersymmetry breaking condition
⟨F ⟩ ≠ 0 is satisfied.
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component expansion of the supergravity Lagrangian (5.2.10) is

e−1L = − 1
2R + 1

4ϵ
klmn

(
ψ̄kσ̄lψmn − ψkσlψ̄mn

)
− giȷ̄ ∂mA∂

mĀȷ̄ + giȷF
iF̄ ȷ̄

− 1
3MM̄ + 1

3bab
a − M̄W −MW̄ +WiF

i + W̄ı̄F̄
ı̄

− i

2giȷ̄

(
χiσmDmχ̄

ȷ̄ + χ̄ȷ̄σ̄mDmχ
i
)

+ i

2(χiσmχ̄ı̄)(Kijı̄∂mA
j −Kīıȷ̄∂mĀ

ȷ̄)

−
√

2
4 igiȷ̄F

i(ψcσ
cχ̄ȷ̄) −

√
2

4 igiȷF̄
ȷ̄(ψ̄cσ̄

cχi)

+
√

2
2 giȷ

[
ea

m∂
mĀȷ̄(ψaχ

i) + ea
m∂

mAi(ψ̄aχ̄
ȷ̄)
]

−
√

2
4 giȷ̄

[
em

a ∂mĀ
ȷ̄(ψcσ

aσ̄cχi) + em
a ∂mA

i(ψ̄cσ̄
aσcχ̄ȷ̄)

]
− 1

2Kijı̄F̄
ı̄(χiχj) − 1

2Kīıȷ̄F
i(χ̄ı̄χ̄ȷ̄)

− 1
2Wijχ

iχj − 1
2W̄ı̄ȷ̄χ̄

ı̄χ̄ȷ̄

− W̄ψaσ
abψb −Wψ̄aσ̄

abψ̄b

−
√

2
2 iWiχ

iσaψ̄a −
√

2
2 iW̄ı̄χ̄

ı̄σ̄aψa

+ terms with four fermions

(5.2.12)

and, once again, this is manifestly Kähler invariant. Notice that, in contrast to
the standard formulation of supergravity, this Lagrangian appears to be directly
in the Einstein frame and the Weyl rescaling reported in the appendix B is not
needed. Notice also the important fact that the integration of the auxiliary field
ba is gaussian and it sets ba = 0. In the standard formulation of supergravity, on
the contrary, the equations of motion (B.1.13) of ba give the composite connection
associated to the Kähler–Hodge nature of the scalar manifold. As expected,
this connection is not appearing in the present model, since the Kähler–Hodge
condition has not to be imposed. In addition, by comparing (5.2.12) and (B.1.7),
it is possible to observe that terms in M , ba and F which are present in the
latter, are not present in the former. These terms in fact would spoil Kähler
invariance and then, in order to recover it, the Weyl rescaling would be needed.

At this point two different directions can be followed in order to eliminate
the auxiliary fields and to produce the scalar potential. In both approaches the
auxiliary fields F i of the matter sector are going to be integrated out through
their equations of motion

giȷ̄F
i + W̄ȷ̄ −

√
2

4 igiȷ̄(ψ̄aσ̄
aχi) − 1

2Kijȷ̄(χiχj) = 0. (5.2.13)
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If also the auxiliary fields M, ba of the gravity sector are integrated out

M = −3W, (5.2.14)
ba = 0, (5.2.15)

the following scalar potential is produced

V =
(
giȷ̄WiW̄ȷ̄ − 3WW̄

)
. (5.2.16)

This is similar to the scalar potential of standard supergravity (B.1.23) with
the important exceptions that the exponential factor eK is not present and the
derivatives on the superpotential are not covariant. These are consequences of
the fact that, in the present model, the superpotential is not transforming under
Kähler transformations and, therefore, the expression for V is directly invariant
under (5.2.11).

A different theory can be obtained by eliminating the auxiliary fields of
gravity using non-linear realisations of supersymmetry. In the spirit of the
models presented in section 4.3, constraints can be imposed on the gravity sector
in order to remove its auxiliary fields. Imposing the constraint (4.3.9) on ba

would not produce novelties in the unitary gauge, since its solution coincides
with the equations of motion. On the contrary, imposing the constraint (4.3.5)
gives M = c and the scalar potential becomes

V =
(
Λsusy − 3WW̄

)
, (5.2.17)

where

Λsusy = giȷ̄WiW̄ȷ̄ +
⏐⏐⏐⏐⏐ c√3

+
√

3W
⏐⏐⏐⏐⏐
2

(5.2.18)

contains information on the supersymmetry breaking scale. Notice that, in the
particular case in which c = 0, the scalar potential reduces to

V = giȷ̄WiW̄ȷ̄. (5.2.19)

This is precisely the same form it assumes in global supersymmetry, with the only
difference that, in the present case, it can never be vanishing, since supersymmetry
has to be always broken in the vacuum.

5.2.2 Gauged chiral models
In the model presented in the previous section, analytic isometries of the scalar
manifold can be gauged. If supersymmetry is linearly realised on the matter
sector, the gauging procedure is closely similar to the global case. Such a
procedure is explained in detail in [5] but, for completeness, the main steps are
summarised below.
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To each analytic isometry of the scalar manifold it is possible to associate a
holomorphic Killing vector

X (a) = X i(a)(Aj) ∂

∂Ai
,

X̄ (a) = X̄ ı̄(a)(Āȷ̄) ∂

∂Āı̄

(5.2.20)

and a real prepotential function P(a)(A, Ā) obeying

giȷ̄X̄ ȷ̄(a) = i
∂P(a)

∂Ai
,

giȷ̄X i(a) = −i∂P(a)

∂Āȷ̄
.

(5.2.21)

Being defined through differential equations, the P(a) are determined up to real
constants. The Killing vectors close the algebra of the isometry group G

[X (a),X (b)] = −fabcX (c),

[X̄ (a), X̄ (b)] = −fabcX̄ (c),

[X (a), X̄ (b)] = 0,
(5.2.22)

where Latin indices between parenthesis run over the dimensions of G. The
variation of the Kähler potential under an analytic isometry is given by

δK = [ϵ(a)X (a) + ϵ̄(a)X̄ (a)]K = ϵ(a)F (a) + ϵ̄(a)F̄ (a) − i(ϵ(a) − ϵ̄(a))P(a), (5.2.23)

where the holomorphic functions F (a) = X (a)K + iP(a) have been introduced.
Notice that if the parameter ϵ is chosen to be real, then (5.2.23) reduces to a
Kähler transformation. Promoting this relation to superspace gives

δK = Λ(a)F (a) + Λ̄(a)F̄ (a) − i(Λ(a) − Λ̄(a))P(a), (5.2.24)

where Λ(a) are chiral superfields. A counterterm function Γ is now introduced in
superspace such that its gauge variation is by construction

δΓ = i(Λ(a) − Λ̄(a))P(a). (5.2.25)

Replacing then in the theory

K → K + Γ, (5.2.26)

the gauge variation of the resulting Lagrangian is going to have the form of a
Kähler transformation, since

δ(K + Γ) = Λ(a)F (a) + Λ̄(a)F̄ (a). (5.2.27)

If the theory is Kähler invariant then, as a consequence of this procedure it is
going also to be gauge invariant. The explicit form of Γ for a general gauging can
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be found in [5]. It turns out that it is a function of the chiral matter superfields Φi,
Φ̄ȷ̄ and also of the vector superfield V = V (a)T (a), where T (a) are the hermitian
generators of the isometry group G. In the Wess–Zumino gauge this function
reduces to

Γ = V (a)P(a) + 1
2giȷ̄ X i(a)X̄ ȷ̄(b)V (a)V (b). (5.2.28)

Following this procedure it is possible to construct the gauged version of the
supergravity Lagrangian (5.2.10). It is sufficient to replace

K → K + V (a)P(a) + 1
2giȷ̄ X i(a)X̄ ȷ̄(b)V (a)V (b) (5.2.29)

and to add the superspace coupling which produces the kinetic terms for the
vector V . The resulting supergravity Lagrangian is

L = −3
∫
d2Θ 2E R + 1

4

(∫
d2Θ2E WαWα + c.c.

)
− 1

8

∫
d2Θ 2E (D̄2 − 8R)L (K + Γ) +

∫
d2Θ 2E W + c.c.,

(5.2.30)

where the first line contains the kinetic terms of the gravity multiplet and of
the vector multiplet, while the second line contains the matter couplings. In
particular the superfield strength Wα = −1

4(D̄2 − 8R)DαV has been defined
and the vector superfield V inside Γ is rescaled by a factor two, V → 2V ,
for convenience. The complete Lagrangian is Kähler and gauge invariant by
construction. The bosonic sector is

e−1L = −1
2R − 1

4v
(a)
mnv

mn(a) − giȷ̄ DmA
iD̄mĀȷ̄

− 1
3MM̄ + 1

3bab
a − M̄W −MW̄

+ 1
2D

(a)D(a) + giȷ̄ F
iF̄ ȷ̄ +D(a)P(a) +WiF

i + W̄ȷ̄F̄
ȷ̄,

(5.2.31)

where the gauge covariant derivative DmA
i = ∂mA

i − v(a)
m X i(a) has been defined.

This Lagrangian appears directly in the Einstein frame and, as for its ungauged
version, the Weyl rescaling is not needed in the unitary gauge.

By integrating out the auxiliary fields the following on-shell bosonic Lag-
rangian is produced

e−1L = −1
2R − 1

4v
(a)
mnv

mn(a) − giȷ̄ DmA
iD̄mĀȷ̄ − V (5.2.32)

where the scalar potential is

V = 1
2P(a)P(a) +

(
giȷ̄WiW̄ȷ̄ − 3WW̄

)
. (5.2.33)

Notice again its similarity with the scalar potential of rigid supersymmetry. It is
possible, alternatively, to constrain the auxiliary fields of the gravity multiplet,
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by imposing (4.3.5) and (4.3.9). The resulting on-shell theory has the form of
(5.2.32) but this time the scalar potential is going to be

V = 1
2P(a)P(a) +

(
Λsusy − 3WW̄

)
, (5.2.34)

where

Λsusy = giȷ̄WiW̄ȷ̄ +
⏐⏐⏐⏐⏐ c√3

+
√

3W
⏐⏐⏐⏐⏐
2

(5.2.35)

gives the supersymmetry breaking scale. Notice that for c = 0 this reduces to

V = 1
2P(a)P(a) + giȷ̄WiW̄ȷ̄, (5.2.36)

which is precisely the form of the scalar potential of a gauged chiral model in
global supersymmetry, with the only exception that, in the present case, it can
never be vanishing.

The supergravity models constructed in this section can be employed to
the studying of inflationary scenarios. Due to the particular form of their
scalar potential, in fact, in which no exponential factor eK appears, they can
accommodate the slow-roll conditions more directly then standard supergravity.

5.2.3 An alternative D-term in supergravity
To implement the Fayet–Iliopoulos D-term into supergravity is not straightfor-
ward, as it is going to be discussed in the next chapter. A necessary requirement,
in fact, is the gauging of the R-symmetry of the theory, which leads to the ap-
pearance of the vector multiplet V through an exponential factor e− 2

3 ξV , in order
to preserve gauge invariance. When supersymmetry is spontaneously broken
and non-linearly realised, however, more possibilities can occur. In order to
understand the point and to set the ground for the forthcoming discussion of
the following chapter, consider again as an example the model (5.1.30) in the
particular case in which f(L) = 3 and K = 0 for simplicity:

L = −3
∫
d4θE + 1

4

(∫
d2Θ2 E WαWα + c.c.

)
+ 2ξ

∫
d4θEV L. (5.2.37)

This model contains a Fayet–Iliopoulos term linear in V which is gauge invariant
even in supergravity, due to the presence of the real linear superfield L. In the
case in which this real superfield is composite and it is constructed out of the
goldstino, as in (5.2.2), then only the degrees of freedom of gravity and of the
vector multiplet are present. The bosonic sector is indeed going to be

e−1L = −1
2R − giȷ̄∂mA

i∂mĀȷ̄ − 1
4vmnv

mn

− 1
3MM̄ + 1

3bab
a + giȷ̄F

iF̄ ȷ̄ + 1
2D

2 + ξD
(5.2.38)
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and it contains a term linear in D. After the elimination of the auxiliary fields,
a constant scalar potential is produced of the type V = ξ2

2 , which is precisely the
form it assumes in the case of a Fayet–Iliopoulos D-term breaking.

In the next chapter this model is going to be derived in a different way,
generalised to the case of matter couplings and inserted eventually in the more
general context of the construction of de Sitter vacua from supergravity and
string theory.





6 | de Sitter vacua from supergra-
vity

The interest in de Sitter solutions is supported by observations, which indicate
that, in the part of the Universe we are living in, the vacuum energy has an
extremely small but positive value, of order Λ ∼ 10−122 in Planck units. In the
case in which quintessence model were disfavoured by data [83, 84], the decision
of studying stable or metastable de Sitter vacua would be strongly motivated.
In particular, it would be essential to understand whether they are ultimately
realisable withing string theory or not [85–90].

In this chapter the construction of de Sitter vacua in four-dimensional N = 1
supergravity and the relationship with non-linearly realised supersymmetry are
investigated. A complete review of the subject would be out of the purposes of the
present thesis and the attention is then focused only on one of the most studied
setups, which has been proposed by Kachru, Kallosh, Linde and Trivedi [54, 55]
for constructing de Sitter vacua from string theory compactifications. It is
discussed, in particular, how N = 1 supergravity in four dimensions can be
used to capture the physical properties of KKLT and which are the necessary
ingredients in order to obtain a consistent low energy effective theory.

It is known that linearly realised supersymmetry cannot be preserved on a
de Sitter background [91]. When considering non-linear realisations, however,
a Lagrangian with spontaneously broken local supersymmetry which allows for
de Sitter solutions can nevertheless be constructed, as shown in chapter 4. In
this class of models, the goldstino plays a crucial role in uplifting the vacuum
energy with a positive contribution. For this reason, in the present chapter
it is first reviewed how an effective description for KKLT can be obtained in
four dimensions with the use of non-linear supersymmetry in the language of
constrained superfields, in the case in which the goldstino is described by a
nilpotent chiral superfield X [11]. An alternative low energy effective theory
for KKLT is then proposed in which the goldstino is embedded into a vector
multiplet. This description has off-shell linearly realised supersymmetry and no
constraints are indeed imposed on the superfields in the model. The construction
is based on a novel embedding of the Fayet–Iliopouolos D-term into supergravity
which, on the contrary to the standard situation, does not require the gauging
of the R-symmetry. The relationship between the two effective descriptions for
KKLT is then investigated and it is shown how it is possible to map one into

107
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the other.

6.1 KKLT setup and non-linear realisations of
supersymmetry

In this section the basic ingredients involved in the KKLT setup are reviewed
and it is shown how non-linear supersymmetry implemented with a nilpotent
goldstino superfield can capture its low energy effective description. In the
original KKLT proposal, type IIB string theory compactified on a Calabi–Yau
threefold is considered. In this framework, when looking for four-dimensional
N = 1 descriptions, the Kähler potential has a no-scale structure for the moduli,
while the superpotential receives contributions both from fluxes and from non-
perturbative effects. Once the complex structure moduli and the axion-dilaton
have been stabilised using fluxes and consequently integrated out, what remains
is an effective theory for the Kähler modulus T , which governs the size of the
internal manifold. This field can be described in terms of a chiral superfield with
Kähler potential and superpotential with a no-scale structure:

K = −3 log(T + T̄ ), W = W0. (6.1.1)

Even though the string theory origin is known and explained in the original
works, for all the purposes of the effective description, W0 can be interpreted as
a parameter. This model, due to its no-scale structure, has a vanishing scalar
potential at any point of the moduli space. In order to stabilise also the scalar
in T , non-perturbative corrections can be considered. As explained in [54], they
lead to a modification of the type

K = −3 log(T + T̄ ), W = W0 + Ae−aT , (6.1.2)

where again a and A are parameters with a specific string theory origin. This step
is very delicate, as discussed for example [92] and in the reference therein, since
the insertion of non-perturbative effects into a tree level effective Lagrangian
could spoil the consistency of the resulting description. For the rest of the
discussion, however, it is going to be assumed that such a procedure is consistent
and the model (6.1.2) is therefore going to be studied by means of N = 1
supergravity in four dimensions.

From a direct inspection of the scalar potential

VKKLT = eK
(
gT T̄DTWDT̄ W̄ − 3WW̄

)
= aAe−a(T +T̄ )

3(T + T̄ )2

[
A(6 + a(T + T̄ )) + 3(eaT + eaT̄ )W0

] (6.1.3)

it is possible to realise that it admits stable and supersymmetric anti de Sitter
vacua. Considering in fact the case in which the axion inside T is set to zero for
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simplicity, ImT = 0, the scalar potential reduces to

VKKLT = aAe−aRe T

2(ReT )2

[
Ae−aRe T +W0 + 1

3aAReTe−aRe T
]
. (6.1.4)

The supersymmetric vacuum condition DTW = 0 is then solved by

W0 = −Ae−aRe T
(

1 + 2
3aReT

)
(6.1.5)

and the vacuum energy becomes

⟨V⟩ = ⟨eK(−3W 2)⟩ = −a2A2e−2aRe Tcrit

6ReTcrit

< 0, (6.1.6)

which is negative in the region ReT > 1 in which the effective description is
valid. To obtain a de Sitter vacuum a new ingredient has to be introduced. The
authors of [54], without jeopardising the stabilisation of the moduli, added to
this setup the contribution of one anti D3 brane. In particular, they predict a
modification of the scalar potential due to this new object of the type

V = VKKLT + µ4

(T + T̄ )2
, (6.1.7)

where µ is a parameter in the effective theory which can be interpreted from
string theory as well. By inspection of this modified scalar potential it is possible
to realise that it admits de Sitter vacua.

The problem of understanding which is the modification, if any, of the
four-dimensional effective theory (6.1.2) producing the scalar potential (6.1.7),
remained open until the work of [11], in which such an effective theory has been
constructed explicitly. The crucial observation is that, as argued in the original
paper [54] and confirmed by other works [93–98], the anti D3 brane is breaking
supersymmetry spontaneously. As a consequence, a goldstino has to be present
in the spectrum of the low energy effective theory and, after embedding it into
a nilpotent chiral superfield X, it is sufficient to consider the slightly modified
model

K = −3 log(T + T̄ −XX̄), W = W0 + Ae−aT − µ2X. (6.1.8)

At X2 = 0 this model reproduces exactly the scalar potential (6.1.7). This fact
triggered the interest in constrained superfields and non-linear realisations of
supersymmetry as an efficient tool to study physical properties of inflation or of
the current phase of the Universe [99].

In the effective theory (6.1.8) supersymmetry is spontaneously broken by
F-term breaking and it is non-linearly realised. It can be questioned however if
there exist alternative descriptions for the same setup, but with different features.
In the following section an example in this direction is going to be presented,
namely an effective description for the KKLT setup in which supersymmetry is
broken by D-term, instead of F-term, but it remains linearly realised off-shell.
This D-term represents a novel embedding of the Fayet–Iliopoulos D-term into
supergravity and it does not require the gauging of the R-symmetry.
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6.2 New D-term and de Sitter vacua
In this section the standard embedding of the Fayet–Iliopoulos D-term into
supergravity is reviewed first and and then a novel embedding is presented. It
does not require the gauging of the R-symmetry and, for this reason, it can avoid
typical restrictions [100]. It is shown eventually how this new D-term can be
related to the KKLT setup discussed before.

6.2.1 Standard Fayet–Iliopoulos D-term in supergravity
D-term breaking is the spontaneous breaking of supersymmetry in which the
real auxiliary field D of a vector multiplet V acquires a non-vanishing vacuum
expectation value. The first example is due to Fayet and Iliopoulos [82] in global
supersymmetry, while its extension to the local case has been constructed by
Freedman [101], who noticed that, in order to promote the model of Fayet and
Iliopoulos to supergravity, a necessary requirement is the existence of a U(1)
R-symmetry gauged by the vector vm of a vector multiplet. In this subsection
the model of Freedman is reviewed in the language of superspace, in order to
compare it with the novel embedding of the D-term presented in the following.

In section 5.2.2 it has been noticed that the prepotentials P(a) associated
to gauged analytic isometries are defined up to real constants. This constants
correspond precisely to the Fayet–Iliopoulos parameters. Consider indeed the
minimal situation in which there is only one constant prepotential P = ξ and the
associated killing vector is vanishing X = 0. The gauged supergravity Lagrangian
in superspace, (B.1.49), when only one vector multiplet is involved and no matter
superfields are present, reduces to1

L = −3
∫
d4θEe− 2

3 ξV + 1
4

(∫
d2Θ 2E WαWα + c.c.

)
. (6.2.1)

As it is going to be justified in a while, the gaugino λα can be set to zero for
simplicity, so that the component form of this Lagrangian reduces to

e−1L = −1
2R − 1

4vmnv
mn + 1

2ϵ
klmn

(
ψ̄kσ̄lD̂mψn − ψkσlD̂mψ̄n

)
− 1

3MM̄ + 1
3bab

a + 1
2D

2 + ξD + 2
3ξvab

a + 1
3ξ

2vav
a,

(6.2.2)

where a modified covariant derivative on the gravitino has been defined

D̂mψn = Dmψn + i

2ξvmψn. (6.2.3)

By taking the equations of motion of the auxiliary fields

M = 0, (6.2.4)
1With respect to (B.1.49), the vector V is rescaled by a factor of two, V → 2V , for

convenience.
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ba = −ξva, (6.2.5)
D = −ξ, (6.2.6)

it is possible to realise that supersymmetry is spontaneously broken in the vacuum
by the auxiliary field D of the vector superfield. Since the gaugino λα is the only
fermion in this minimal model, it is the goldstino of the broken supersymmetry
and therefore the condition λα = 0 imposed before corresponds to the unitary
gauge choice, which can always be adopted consistently. The on-shell expression
of the Lagrangian in this gauge is

e−1L = −1
2R − 1

4vmnv
mn + 1

2ϵ
klmn

(
ψ̄kσ̄lD̂mψn − ψkσlD̂mψ̄n

)
− 1

2ξ
2, (6.2.7)

where a constant positive definite scalar potential has been generated as a
consequence of the supersymmetry breaking. Notice that, in the modified
covariant derivative (6.2.3), the vector vm has the role of a connection for a U(1)
symmetry which is rotating the gravitino. This is a confirmation for the fact that
the implementation of the Fayet–Iliopoulos D-term into supergravity requires
the gauging of the R-symmetry.

The previous model can be coupled to chiral matter. The generalised super-
space Lagrangian is

L = −3
∫
d4θEe− 1

3 (K+2ξV ) + 1
4

(∫
d2Θ 2EWαWα + c.c.

)
. (6.2.8)

Considering only the bosonic sector, for simplicity, its component form can be
calculated using the ingredients in appendix B and it is

e−1L = 1
6ΩR − Ωiȷ̄∂mA

i∂mĀȷ̄ − 1
4vmnv

mn

+ 1
9Ω|M − 3(log Ω)ı̄F̄

ı̄|2 + Ω log Ωiȷ̄F
iF̄ ȷ̄ − 1

9Ωbab
a

− M̄W −MW̄ +WiF
i + W̄ı̄F̄

ı̄ + 1
2D

2 − ξ

3ΩD

− i

3
(
Ωi∂mA

i − Ωı̄∂mĀ
ı̄
)

(bm + ξvm) − 2
9Ωvab

a − 1
9ξ

2Ωvav
a,

(6.2.9)

where Ω = −3e−K/3. The equations of motions of the auxiliary fields give

M − 3(log Ω)ı̄F̄
ı̄ = 9WΩ−1, (6.2.10)

ba + ξva = −3
2i
(
Ωi∂mA

i − Ωı̄∂mĀ
ı̄
)

Ω−1, (6.2.11)

F i = −e
K
3 giȷ̄D̄ȷ̄W̄ , (6.2.12)

D = ξ

3Ω = −ξe− K
3 (6.2.13)
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and plugging them back into the Lagrangian results in

e−1L = −1
2e

− K
3 R + 1

2e
K
3 ∂mΩ∂mΩ

− 1
4vmnv

mn − giȷ̄e
− K

3 ∂mA
i∂mĀȷ̄

− e
K
3
(
giȷ̄DiWD̄ȷ̄W̄ − 3WW̄

)
− ξ2

2 e
− 2

3 K .

(6.2.14)

In order to bring this Lagrangian to the Einstein frame, a Weyl rescaling is
needed

ea
m → e

K
6 ea

m (6.2.15)

and the final result is

e−1L = −1
2R − 1

4vmnv
mn − giȷ̄∂mA

i∂mĀȷ̄ − V , (6.2.16)

where
V = eK

(
giȷ̄DiWD̄ȷ̄W̄ − 3WW̄

)
+ ξ2

2 . (6.2.17)

This is the bosonic sector of the matter-coupled supergravity Lagrangian with a
Fayet–Iliopoulos D-term. It can be compared to the Lagrangian (5.2.32) construc-
ted in the previous chapter, in which Kähler invariance has been implemented in
an alternative way and, for this reason, the form of the F-term contribution to
the scalar potential is different, while the D-term part does not change.

Before concluding this subsection some comments on the consequences and
the restrictions of the implementation of the Fayet–Iliopoulos D-term into su-
pergravity are in order. First of all notice that, since there has to be a gauged
R-symmetry in the theory, no constant term in the superpotential is allowed,
as it would break such R-symmetry explicitly. Due to this, a gravitino mass
term of the type W0ψaσ

abψb cannot be produced. Recall also the fact that, in
supergravity, F-term breaking and D-term breaking are not independent. To
understand the point, define the Kähler invariant combination

G = K + logW + log W̄ . (6.2.18)

Since any supergravity Lagrangian can always be expressed in terms of G, instead
of K and W [5], in order for the model to be gauge invariant it is sufficient to
require that G is gauge invariant, namely

δ(a)G = δ(a)K + δ(a)W

W
+ δ(a)W̄

W̄
≡ 0. (6.2.19)

Even in those situations in which K is already gauge invariant, it is still possible
to transform the superpotential with a constant phase

δ(a)W = iξ(a)W (6.2.20)
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without spoiling the condition δ(a)G = 0. These ξ(a) are precisely the Fayet–
Iliopoulos parameters, which are therefore related to the F-term contribution,
Wi, by

X i
(a)Wi

W
= iξ(a). (6.2.21)

As a consequence of the gauged R-symmetry, it is also believed that the Fayet–
Iliopoulos D-term cannot arise in any consistent quantum theory of gravity, since
it would require the existence of a global symmetry in the ultraviolet regime [102].

6.2.2 New D-term without gauged R-symmetry
In this subsection a different embedding of the Fayet–Iliopoulos D-term into
supergravity is presented, which avoids the aforementioned restrictions. In
particular, it does not require the gauging of the R-symmetry and it is manifestly
gauge invariant already at the Lagrangian level. The idea is to construct a
supersymmetric model with a vector multiplet such that, at the component level,
a linear term in the auxiliary field D is present. When supersymmetry is linearly
realised, the proposal of Freedman seems to be the only solution compatible with
gauge invariance, but if non-linear realisations of supersymmetry are considered,
more possibilities can occur. An example in this direction has already been
constructed in section 5.2.3. An alternative proposal along with the same spirit
and which does not involve any additional composite superfield is

L = −3
∫
d4θE + 1

4

(∫
d2Θ 2E WαWα + c.c.

)
− 8ξ

∫
d4θE

W2W̄2

D2W2D̄2W̄2
DαWα,

(6.2.22)

which is manifestly gauge invariant. The first line contains the kinetic terms
for gravity and for the vector multiplet, while in the second line a new coupling
involving the vector multiplet is present which enjoys the desired properties: it
is not gauging the R-symmetry and its component expansion contains a term
ξD. Couplings similar to this has been considered in [103]. Setting the gaugino
λα to zero for simplicity, the component expansion of this Lagrangian is

e−1L = −1
2R − 1

4vmnv
mn + 1

2ϵ
klmn

(
ψ̄kσ̄lDmψn − ψkσlDmψ̄n

)
− 1

3MM̄ + 1
3bab

a + 1
2D

2 + ξD.
(6.2.23)

By comparing it with (6.2.2) it is possible to observe that, in the present case,
the vector vm is not appearing as a gauge connection in the covariant derivative
of the gravitino, since the R-symmetry is not gauged. As a consequence, it would
be possible to add consistently a constant parameter in the superpotential, which
would produce then a mass term for the gravitino and a negative contribution to
the scalar potential. The equations of motion of the auxiliary fields are

M = 0, (6.2.24)
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ba = 0, (6.2.25)
D = −ξ (6.2.26)

and supersymmetry is again spontaneously broken by the auxiliary field D. The
choice λα = 0 corresponds then to the unitary gauge. The on-shell Lagrangian is

e−1L = −1
2R − 1

4vmnv
mn + 1

2ϵ
klmn

(
ψ̄kσ̄lDmψn − ψkσlDmψ̄n

)
− ξ2

2 . (6.2.27)

Being no gauged R-symmetry, this model evades the restrictions mentioned at
the end of the previous subsection.

It is possible to couple the new D-term to matter in the form of chiral
superfields. The Lagrangian in superspace is

L = −3
∫
d4θEe− K

3 +
(∫

d2Θ 2E W + c.c.
)

+ 1
4

(∫
d2Θ 2E WαWα + c.c.

)
− 8ξ

∫
d4θE

W2W̄2

D2W2D̄W̄2
DαWα.

(6.2.28)

Considering for simplicity only the bosonic sector, the component expansion is

e−1L = 1
6ΩR − Ωiȷ̄∂mA

i∂mĀȷ̄ − 1
4vmnv

mn

+ 1
9Ω|M − 3(log Ω)ı̄F̄

ı̄|2 + Ω log Ωiȷ̄F
iF̄ ȷ̄ − 1

9Ωbab
a

− M̄W −MW̄ +WiF
i + W̄ı̄F̄

ı̄ + 1
2D

2 + ξD

− i

3
(
Ωi∂mA

i − Ωı̄∂mĀ
ı̄
)
bm,

(6.2.29)

and the equations of motion of the auxiliary fields give

M − 3(log Ω)ı̄F̄
ı̄ = 9WΩ−1, (6.2.30)

ba = −3
2i
(
Ωi∂mA

i − Ωı̄∂mĀ
ı̄
)

Ω−1, (6.2.31)

F i = −e
K
3 giȷ̄D̄ȷ̄W̄ , (6.2.32)

D = −ξ. (6.2.33)

The on-shell Lagrangian is therefore

e−1L = −1
2e

− K
3 R + 1

2e
K
3 ∂mΩ∂mΩ

− 1
4vmnv

mn − giȷ̄e
− K

3 ∂mA
i∂mĀȷ̄

− e
K
3
(
giȷ̄DiWD̄ȷ̄W̄ − 3WW̄

)
− ξ2

2

(6.2.34)

and notice that, with respect to the analogous formula (6.2.14), there is a
difference in the term proportional to ξ. As a consequence of such a difference,
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after performing the Weyl (6.2.15) rescaling in order to go to the Einstein frame,
the result is

e−1L = −1
2R − 1

4vmnv
mn − giȷ̄∂mA

i∂mĀȷ̄ − V , (6.2.35)

where the scalar potential is

V = eK
(
giȷ̄DiWD̄ȷ̄W̄ − 3WW̄

)
+ ξ2

2 e
2
3 K . (6.2.36)

Notice that an exponential factor containing the Kähler potential has appeared in
the D-term contribution to scalar potential of the theory. This factor is going to
play a major role in the next subsection. Notice also that, in this new embedding
of the Fayet–Iliopoulos model, albeit spontaneously broken, supersymmetry is
linearly realised off-shell and no constraints are imposed on the superfields. For
the new D-term to be well defined, finally, ξ ̸= 0 is a necessary requirement since
supersymmetry has always to be broken in the vacuum. Similar constructions
have been proposed in [104], while applications to inflation and cosmology have
been discussed in [105–108].

6.2.3 An effective description for KKLT
In the present subsection it is shown how the new D-term can reproduce the
effective theory (6.1.7), which captures the low energy physics of the KKLT
construction. In order to obtain this, it is sufficient to consider the case in which,
besides the vector multiplet, only one matter chiral superfield T is present, with
Kähler potential and superpotential given by (6.1.2):

K = −3 log(T + T̄ ), W = W0 + Ae−aT , (6.2.37)

which are the result of the moduli stabilisation in string theory and which lead
to a model admitting stable and supersymmetric anti de Sitter vacua. Inserting
these into the Lagrangian (6.2.35) for the matter-coupled D-term gives idirectly
the scalar potential

V = VKKLT + ξ2

2
1

(T + T̄ )2
, (6.2.38)

which has precisely the form (6.1.7). Having reproduced the same scalar potential,
it is possible to argue that the new D-term is capturing the low energy effective
description of the KKLT setup to construct de Sitter vacua in string theory,
in the strong warping region [109]. With respect to the description (6.1.8),
supersymmetry is linearly realised off-shell, in the sense that the non-linear
realisation enters only through the equations of motions of the auxiliary fields,
and it is spontaneously broken by the auxiliary field D of a vector multiplet. In
particular no constraints are imposed on the superfields in the model.

Since two different models have been presented which describe the same
physical system, it should be possibile to related one to the other. This is done
in the next subsection at the superspace level.
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6.3 Relationship with non-linear supersymmetry
In this section it is shown that the new D-term presented in the previous section
is equivalent to the model (6.1.8) in which supersymmetry is broken by a chiral
nilpotent goldstino superfield X. This is another instance of the fact that, as
discussed in 3.3.4, when supersymmetry is non-linearly realised it is possible to
map a model with D-term breaking into an equivalent one with F-term breaking.
It is discussed first how the new D-term can be recast into an F-term in the
pure case, when matter superfields are not present. The same procedure is then
performed in the case of matter couplings and the model (6.1.8) is obtained.

Following the discussion presented in subsection 3.3.4, the first step is to
introduce a nilpotent chiral superfield X in which the goldstino is embedded and
in terms of which the vector superfield can be parametrised:

V = Ṽ +
√

2 XX̄
D2X

+
√

2 XX̄
D̄2X̄

, (6.3.1)

where the constraints

X2 = 0, XW̃α = 0, XX̄DαW̃α = 0 (6.3.2)

have been imposed. As a consequence, X contains the goldstino and the aux-
iliary field which acquires a non-vanishing vacuum expectation value, while Ṽ
contains only the vector field as independent degree of freedom. By inserting
this parameterisation into the second term in (6.2.22), the kinetic terms for Ṽ
and for X are generated:

1
4

(∫
d2Θ 2E WαWα + c.c.

)
= 1

4

∫
d4θEXX̄

(
2 + D2X

D̄2X̄
+ D̄2X̄

D2X

)

+ 1
4

(∫
d2Θ 2E W̃αW̃α + c.c.

)
,

(6.3.3)

where W̃α = −1/4(D̄2 −8R)DαṼ . As for the rigid supersymmetric case analysed
in section 3.3.4, this kinetic term for X contains non-standard higher-derivatives
interactions, which however are going to be eliminated in a while. By performing
the same procedure on the new D-term coupling, a superpotential linear in X is
produced

− 8ξ
∫
d4θE

W2W̄2

D2W2D̄2W̄2
DαWα = −

√
2

2 ξ
(∫

d2Θ 2E X + c.c.
)
, (6.3.4)

which breaks supersymmetry spontaneously. To perform the calculation, the
superspace identity

W2W̄2

D2W2D̄2W̄2
= XX̄

D2XD̄2X̄
(6.3.5)
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has been used. Putting all these ingredients together, the supergravity Lagrangian
(6.2.22) in terms of X and Ṽ becomes

L = −3
∫
d4θE + 1

4

(∫
d2Θ 2E W̃αW̃α + c.c.

)

+ 1
4

∫
d4θEXX̄

(
2 + D2X

D̄2X̄
+ D̄2X̄

D2X

)

−
√

2
2 ξ

(∫
d2Θ 2E X + c.c.

)
.

(6.3.6)

Since in this Lagrangian there is a term linear in X in the superpotential and
since ξ is real, it is possible to apply the discussion of subsection (3.3.3) and to
restore a contribution of the type (3.3.67), which cancels the undesired higher
derivatives. As a consequence, the model becomes finally

L = −3
∫
d4θE + 1

4

(∫
d2Θ 2E W̃αW̃α + c.c.

)
+
∫
d4θEXX̄ −

√
2

2 ξ
(∫

d2Θ 2E X + c.c.
)

= −3
∫
d4θEe− XX̄

3 + 1
4

(∫
d2Θ 2E W̃αW̃α + c.c.

)
−

√
2

2 ξ
(∫

d2Θ 2E X + c.c.
)
.

(6.3.7)

This is a Lagrangian for X and Ṽ , in which supersymmetry is broken by F-
term and which is on-shell equivalent to the original system (6.2.22). The
same procedure can be performed also when matter couplings to a chiral model
K̂(Φ, Φ̄), Ŵ (Φ) are introduced. In this case, following the same steps as before,
the Lagrangian (6.2.28) becomes

L = −3
∫
d4θEe− K̂

3 +
(∫

d2Θ 2E Ŵ
)

+ 1
4

(∫
d2Θ 2E W̃αW̃α + c.c.

)
−

√
2

2 ξ
(∫

d2Θ 2E X + c.c.
)
.

(6.3.8)

By redefining the Kähler potential and the superpotential according to

K = −3 log
(
e− K̂

3 − 1
3XX̄

)
, W = −

√
2

2 ξX + Ŵ , (6.3.9)

the model assumes the standard form

L = −3
∫
d4θEe− K

3 +
(∫

d2Θ 2E W + c.c.
)

+ 1
4

(∫
d2Θ 2E W̃αW̃α + c.c.

)
.

(6.3.10)
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This Lagrangian is on-shell equivalent to (6.2.28). Considering then the simple
case in which only one chiral matter superfield T is present with

K̂ = −3 log(T + T̄ ), Ŵ = W0 + Ae−aT , (6.3.11)

the KKLT effective description (6.1.8) is finally recovered

K = −3 log
(
T + T̄ − 1

3XX̄
)
, W = W0 + Ae−aT −

√
2

2 ξX. (6.3.12)

This concludes the proof that the new D-term is capturing the low energy effective
theory of the KKLT setup and that it is equivalent to the description of the
same setup in terms of constrained superfields.

6.4 Discussion: End of the second part
In the second part of this thesis four-dimensional models with spontaneously
broken local supersymmetry have been studied. The construction of supergravity
Lagrangians with a nilpotent goldstino multiplet has been reviewed and matter
coup lings have been considered. Non-linear realisations of supersymmetry have
also been used to construct new models which evade some of the restrictions
which are present in the linear regime. The class of supergravity Lagrangian with
alternative Kähler invariance and the new embedding of the Fayet–Iliopoulos
D-term without the gauging of the R-symmetry are examples in this direction.

It is possible to conclude that, while on one hand non-linear realisations of
supersymmetry represent a powerful tool in the construction of effective theories,
which can describe several physical phenomena even at energies accessible with
the present experiments, on the other hand they can give precious hints on how
a certain theory in the ultraviolet regime is constraining the physics in the low
energy.



Appendices

119





A | The Samuel–Wess formalism

In this appendix the goldstino superfields Λα and Γα, introduced in [20, 21]
and employed in chapter 2, are reviewed together with their properties. The
discussion starts from rigid supersymmetry and then some of the results are
generalised to supergravity.

A.1 Supersymmetry
Consider the Volkov–Akulov goldstino λα, with non-linear and non-homogeneous
supersymmetry transformation

δϵλα = fϵα − i

f
(λσmϵ̄− ϵσmλ̄)∂mλα. (A.1.1)

This transformation mixes λα with its complex conjugate. It is possible however
to introduce chiral coordinates

ym = xm − i

f 2λ(y)σmλ̄(y) (A.1.2)

in terms of which a new goldstino field γα can be defined

λα(y) = γα(x). (A.1.3)

The explicit form of such a relation can be determined by Taylor expanding and
by using the anticommuting nature of the fields which are involved. The result is

γα = λα − i

f 2v
m∂mλα − 1

2f 4v
mvn∂m∂nλα − 1

f 4v
m(∂mv

n)∂nλα

+ i

f 6v
l(∂lv

m)(∂mv
n)∂nλα + i

2f 6v
lvm(∂l∂mv

n)∂nλα,
(A.1.4)

where vm = 1
f
(λσmϵ̄ − ϵσmλ̄). In contrast to that of λα, the supersymmetry

transformation of γα is chiral

δϵγα = fϵα − 2i
f
γσmϵ̄∂mγα. (A.1.5)
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These two goldstino fields can be embedded into superspace as lowest com-
ponents of two spinor superfields Λα and Γα

Λα| = λα, Γα| = γα, (A.1.6)

which satisfy the defining properties

DαΛβ = f ϵβα + i

f
σm

αβ̇Λ̄β̇∂mΛβ,

D̄α̇Λβ = − i

f
Λρσm

ρα̇∂mΛβ,
(A.1.7)

and
DαΓβ = f ϵβα,

D̄α̇Γβ = −2i
f

Γρσm
ρα̇∂mΓβ.

(A.1.8)

These are the superspace generalisation of the supersymmetry transformations
(A.1.1) and (A.1.5) and indeed they close the supersymmetry algebra

{Dα, Dβ} = 0, {Dα, D̄β̇} = −2iσm
αβ̇∂m. (A.1.9)

The relations (A.1.6), (A.1.7) and (A.1.8) contain all the necessary information
to calculate all the higher components of Λα and Γα. To pass from one superfield
to the other it is possible to use the superspace redefinition

Γα = −2f DαD̄
2(Λ2Λ̄2)

D2D̄2Λ2Λ̄2
(A.1.10)

and a supersymmetric Lagrangian for them is of the type

L = − 1
f 2

∫
d4θΛ2Λ̄2 = − 1

f 2

∫
d4θΓ2Γ̄2. (A.1.11)

Some useful superspace relations are

Λ2Λ̄2 = Γ2Γ̄2, (A.1.12)

D2Λ2 = −4f 2 + 4i∂mΛσmΛ̄ + 2
f 2 Λ̄2∂mΛ∂mΛ (A.1.13)

− 4
f 2 Λ∂mΛΛ̄∂mΛ̄ − 2

f 2 Λ̄2Λ∂2Λ,

D̄2(Λ2Λ̄2) = −4Λ2f 2 + 4iΛ2∂mΛσmΛ̄ + 4
f 2 Λ̄2Λ2∂mΛσmn∂nΛ. (A.1.14)
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A.2 Supergravity
In curved superspace the superfield Γα, such that Γα| = γα, is defined by

DβΓα = ϵαβ

(
f − 2

f
R̄ Γ2

)
,

D̄β̇Γα = 2i
f

(σ̄bΓ)β̇DbΓα + 1
2f Γ2Bβ̇α,

(A.2.1)

where DaΓα = em
b DmΓα − 1

2ψ
β
a DβΓα − 1

2 ψ̄bβ̇D̄β̇Γα is the supercovariant derivative
in superspace. The superfield Γα satisfies the supersymmetry algebra

{DA,DB}Γα = ΓβRABβ
α − TC

ABDCΓα. (A.2.2)

Some useful superspace relations are

DαDβΓγ = −4R̄ϵγβΓα, (A.2.3)

D̄α̇DβΓγ = −Λ2R̄ϵγβ

(
4i
f 2 (DaΛσa)α̇ + 2

f
DδBδα̇

)
, (A.2.4)

DβD̄α̇Γγ = −D̄α̇DβΓγ − 2iσb
βα̇DbΓγ + ϵγβΓδBδα̇ − ΓβBδα̇, (A.2.5)

D̄β̇D̄α̇Γγ = 1
2ϵα̇β̇D̄2Γγ, (A.2.6)

D̄2Γγ = 8
f 2 (Γσaσ̄bDaΓ)DbΓγ − 8R Γγ

+ 2
f 2 Γ2

(
− 2DaDaΓγ − 6iGbDbΓγ (A.2.7)

+ fD̄δ̇B
δ̇δϵδγ + i(DbΓσbB)γ

)
,

DαΓ2 = 2fΓα, (A.2.8)

D̄α̇Γ2 = 2i
f

Γ2DbΓασb
αα̇, (A.2.9)

D2Γ2 = −4f 2 + 8R̄Γ2, (A.2.10)

D̄2Γ2 = 16Γ2
(

1
f 2 DaΓσabDbΓ − R

)
. (A.2.11)





B | Supergravity Lagrangian

In this appendix the main steps which are needed in the construction of su-
pergravity Lagrangians from superspace to components are summarised. The
case of standard linearly realised supergravity is presented first and then some
ingredients are given, which have been used to build the alternative models of
chapter 5.

B.1 Standard supergravity

Given a generic real function Ω(Φ, Φ̄) of a set of chiral superfields Φi, the
superfield

Ξ =
(
D̄2 − 8R

)
Ω (B.1.1)

is chiral and it can be expanded in curved superspace as

Ξ =
(
D̄2 − 8R

)
Ω
⏐⏐⏐+ ΘαDα

(
D̄2 − 8R

)
Ω
⏐⏐⏐− 1

4Θ2D2
(
D̄2 − 8R

)
Ω
⏐⏐⏐. (B.1.2)

Its projections are(
D̄2 − 8R

)
Ω
⏐⏐⏐ = 4

3MΩ − 4Ωı̄F̄
ı̄ + 2 Ωı̄ȷ̄ χ̄

ı̄χ̄ȷ̄, (B.1.3)

Dα

(
D̄2 − 8R

)
Ω
⏐⏐⏐ = 4

3iΩψαab
a − 4

3iΩσa
αα̇ψ̄

α̇
aM + 8

3 Ω (σab)β
αψab β

+ 4
3

√
2ΩiMχi

α − 4
√

2iΩı̄ σ
c
αα̇e

m
c Dmχ̄

α̇ı̄

+ 4iΩı̄ σ
a
αα̇ψ̄

α̇
a F̄

ı̄ − 4Ωı̄ σ
b
αα̇σ̄

c α̇βψb β e
m
c DmĀ

ı̄ (B.1.4)

+ 2
√

2 Ωı̄ σ
b
αα̇σ̄

c α̇βψb β(ψ̄cχ̄
ı̄) − 2

3
√

2 Ωı̄σ
a
αα̇χ̄

α̇ ı̄ ba

+ 4iΩı̄ȷ̄ σ
b
αα̇χ̄

α̇ ı̄(ψ̄bχ̄
ȷ̄) − 4

√
2 Ωiȷ̄χ

i
αF̄

ȷ̄

− 4
√

2iΩı̄ȷ̄σ
a
αα̇χ̄

α̇ ı̄ em
a DmĀ

ȷ̄ + 2
√

2Ωīıȷ̄ χ
i
α(χ̄ı̄χ̄ȷ̄),

D2
(
D̄2 − 8R

)
Ω
⏐⏐⏐ = 8

3ΩR − 16
3 iΩ ψ̄mσ̄nψmn − 2

3Ω ϵklmn
(
ψ̄kσ̄lψmn + ψkσlψ̄mn

)
+ 16

3 iΩ em
a Dmb

a − 32
9 ΩMM̄ − 16

9 Ω bab
a − 8

3Ω (ψ̄aψ̄a)M
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+ 8
3 Ωψmσ

mψ̄nb
n + 16

3
√

2Ωi χ
iσabψab + 8

3
√

2iΩiχ
iψa b

a

− 8
3

√
2iΩi χ

iσaψ̄aM + 8
3M Ωij χ

iχj − 16
3 MΩiF

i

− 4
3

√
2iΩı̄ψ̄aσ̄

aσcχ̄ı̄bc + 8
3

√
2iΩı̄ψ̄aχ̄

iba + 8
3

√
2Ωı̄ ψ̄mnσ̄

mnχ̄ı̄

+ 32
3 M̄Ωı̄F̄

ı̄ + 8 Ωı̄F̄
ı̄(ψ̄aψ̄

a) − 4
√

2iΩı̄ ψ̄
cσ̄aψc(ψ̄aχ̄

ı̄)

+ 8iΩı̄ ψ̄cσ̄
aψc em

a DmĀ
ı̄ − 8

√
2 Ωı̄ ψ̄

aem
a Dmχ̄

ı̄ − 16
3

√
2iΩı̄b

a(ψ̄aχ̄
ı̄) (B.1.5)

+ 32
3 iΩı̄ b

aem
a DmĀ

ı̄ − 8
√

2Ωı̄ e
m
a Dm(ψ̄aχ̄ı̄) + 16Ωı̄ e

m
a Dm

(
ea

nDnĀı̄
)

− 8
3Ωiȷ̄ χ

iσaχ̄ȷ̄ba + 8
√

2iΩiȷ̄χ
iσcψ̄cF̄

ȷ̄ + 8Ωiȷ̄ χ
iσcσ̄aψc(ψ̄aχ

ȷ̄)

− 8
√

2Ωiȷ̄ χ
iσcσ̄aψce

m
a DmĀ

ȷ̄ − 16iΩiȷ̄ χ
iσcem

c Dmχ̄
ȷ̄ + 16Ωiȷ̄ F

iF̄ ȷ̄

− 8Ωijı̄ (χiχj)F̄ ı̄ + 8Ωı̄ȷ̄ (ψ̄aχ
ı̄)(ψ̄aχȷ̄) − 16

√
2Ωı̄ȷ̄ e

m
a DmĀ

ı̄(ψ̄aχȷ̄)

+ 16Ωı̄ȷ̄ g
mnDmĀ

ı̄DnĀ
ȷ̄ − 16

3 Ωı̄ȷ̄ M̄(χ̄ı̄χ̄ȷ̄) + 8
√

2iΩīıȷ̄ χ
iσaχ̄ı̄(ψ̄aχ

ȷ̄)

− 16iΩīıȷ̄ χ
iσaχ̄ȷ̄ em

a DmĀ
ȷ̄ − 8Ωīıȷ̄F

i(χ̄ı̄χ̄ȷ̄) + 4Ωijı̄ȷ̄(χiχj)(χ̄ı̄χ̄ȷ̄).

A generic supergravity Lagrangian with chiral matter couplings can be written
in curved superspace as

L =
∫
d2Θ 2E

[
−1

8
(
D̄2 − 8R

)
Ω(Φ, Φ̄) +W (Φ)

]
+ c.c., (B.1.6)

where Ω is going to be related to the Kähler potential of the chiral model, while
W is the superpotential. The component form of this Lagrangian is

L = Lkin + Laux + L2f + L4f, (B.1.7)

where

e−1Lkin = 1
6ΩR − 1

12Ωϵklmn
(
ψ̄kσ̄lψmn − ψkσlψ̄mn

)
− Ωiȷ̄∂mA

i∂mĀȷ̄ − i

2Ωiȷ̄

(
χiσmDmχ̄

ȷ̄ + χ̄ȷ̄σ̄mDmχ
i
)

+ 1
4ϵ

klmn
(
Ωi∂kA

i − Ωı̄∂kĀ
ı̄
)
ψlσmψ̄n

+ i

2χ
iσmχ̄ı̄

(
Ωijı̄∂mA

j − Ωīıȷ̄∂mĀ
ȷ̄
)

(B.1.8)

−
√

2
2 Ωiȷ̄

(
ψ̄mσ̄

nσmχ̄ȷ̄∂nA
i + ψmσ

nσ̄mχi∂nĀ
ȷ̄
)

+
√

2
3
(
Ωiχ

iσmnψmn + Ωı̄χ̄
ı̄σ̄mnψ̄mn

)
,

e−1Laux = 1
9Ω|M − 3(log Ω)ı̄F̄

ı̄|2 + Ω(log Ω)iȷ̄F
iF̄ ȷ̄
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− 1
9Ωbab

a − i

3
(
Ωi∂mA

i − Ωȷ̄∂mĀ
ȷ̄
)
bm

− 1
6Ωiȷ̄χ

iσaχ̄ȷ̄ba + i

6
√

2
(
Ωiψaχ

i − Ωı̄ψ̄aχ̄
ı̄
)
ba

+ 1
6MΩijχ

iχj + 1
6M̄Ωı̄ȷ̄χ̄

ı̄χ̄ȷ̄ (B.1.9)

− 1
2Ωijı̄χ

iχj F̄ ı̄ − 1
2Ωīıȷ̄χ̄

ı̄χ̄ȷ̄ F i

− M̄W −MW̄ +WiF
i + W̄ı̄F̄

ı̄,

e−1L2f = −1
2Wijχ

iχj − 1
2W̄ı̄ȷ̄χ̄

ı̄χ̄ȷ̄

−Wψ̄aσ̄
abψ̄b − W̄ψaσ

abψb (B.1.10)

−
√

2
2 iWiχ

iσaψ̄a −
√

2
2 iW̄ı̄χ̄

ı̄σ̄aψa,

e−1L4f = 1
4Ωijı̄ȷ̄(χiχj)(χ̄ı̄χ̄ȷ̄)

− 1
4Ωij(ψaσ

abψb)(χiχj) − 1
4Ωı̄ȷ̄(ψ̄aσ̄

abψ̄b)(χ̄ı̄χ̄ȷ̄)

+ 1
4Ωiȷ̄

[
(ψmσnψ̄

m)(χiσnχ̄ȷ̄) + iϵklmn(ψkσlψ̄m)(χiσnχ̄
ȷ̄)
]

(B.1.11)

+
√

2
8 ϵklmnψkσlψ̄m

(
Ωiψnχ

i − Ωı̄ψ̄nχ̄
ı̄
)

−
√

2
4 i

(
Ωiψmσ

mnχi + Ωı̄ψ̄mσ̄
mnχ̄ı̄

)
(ψkσ

kψ̄n − ψnσ
kψ̄k)

In these expressions, Ω and its derivatives have to be interpreted as projections
to their lowest component.

In order to obtain the on-shell form of the previous Lagrangian, the auxiliary
fields have to be integrated out. Their equations of motion can be calculated at
the component level and they are

M − 3(log Ω)ı̄F̄
ı̄ = 9WΩ−1 + 3

2Ω−1Ωı̄ȷ̄χ̄
ı̄χ̄ȷ̄, (B.1.12)

ba = −3
2i
(
Ωi∂aA

i − Ωȷ̄∂aĀ
ȷ̄
)

Ω−1 − 3
4Ωiȷ̄χ

iσaχ̄
ȷ̄Ω−1 (B.1.13)

+ 3
4i

√
2
(
Ωiψaχ

i − Ωı̄ψ̄aχ̄
ı̄
)

Ω−1,

Ω (log Ω)iȷ̄ F
i = 3(log Ω)ȷ̄W̄ − W̄ȷ̄ (B.1.14)

− 1
2(log Ω)ȷ̄Ωijχ

iχj + 1
2Ωijȷ̄χ

iχj.
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It is alternatively possible to calculate them at the superspace level, obtaining [77]

W − 1
12
(
D̄2 − 8R

)
Ω = 0 (B.1.15)

Gαα̇ − 1
4Ω−1

(
[Dα, D̄α̇]Ω − 3Ωiȷ̄DαΦiD̄α̇Φ̄ȷ̄

)
= 0 (B.1.16)

Wi − 1
4
(
D̄ − 8R

)
Ωi = 0 (B.1.17)

Notice indeed that, by projecting to the lowest component, the latter reduce to
the former. After that these expressions for the auxiliary fields are substituted
back into the Lagrangian, new terms with four fermions are generated. The next
step is to restore the canonical normalisation for the physical fields, namely to go
to the so called Einstein frame. The Ricci scalar can be canonically normalised
with a Weyl rescaling of the vielbein of the type

ea
m → ea

me
K
6 , (B.1.18)

where K(Φ, Φ̄) is related to Ω by

Ω = −3 e− K
3 (B.1.19)

and it is going to be the Kähler potential, which encodes the geometry of the
scalar manifold. To restore the correct matter field normalisations then, a
field-dependent redefinition of the spin-1

2 fermions is needed

χi → e− K
12χi, ψm → e

K
12ψm (B.1.20)

and eventually a shift of the gravitino

ψm → ψm + i

3
√

2
σmχ̄

ı̄Kı̄. (B.1.21)

After all these transformations are performed, the following on-shell supergravity
Lagrangian is obtained

e−1L = −1
2R − giȷ̄∂mA

i∂mĀȷ̄

− igiȷ̄χ̄
ȷ̄σ̄mDmχ

i + ϵklmnψ̄kσ̄lDmψ̄n

−
√

2
2 giȷ̄∂nĀ

ȷ̄χiσmσ̄nψm −
√

2
2 giȷ̄∂nA

iχ̄ȷ̄σ̄mσnψ̄m

+ 1
4giȷ̄

(
iϵklmnψkσlψ̄m + ψmσ

nψ̄m
)
χiσnχ̄

ȷ̄

− 1
8 (gīıgjȷ̄ − 2Rīıjȷ̄)χiχjχ̄ı̄χ̄ȷ̄

− e
K
2

(
W̄ψaσ

abψb +Wψ̄aσ̄
abψ̄b

+ i

2
√

2DiWχiσaψ̄a + i

2
√

2Dı̄W̄ χ̄ı̄σ̄aψa

+ 1
2DiDjWχiχj + 1

2Dı̄Dȷ̄W̄ χ̄ı̄χ̄ȷ̄

)
− V ,

(B.1.22)
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where the scalar potential is

V = eK
(
giȷ̄DiWDȷ̄W̄ − 3WW̄

)
(B.1.23)

and the covariant derivatives are defined as follows

Dmχ
i = ∂mχ

i + χiωm + Γi
jk∂mA

jχk − 1
4(Kj∂mA

j −Kȷ̄∂mĀ
ȷ̄)χi, (B.1.24)

Dmψn = ∂mψn + ψnωm + 1
4(Kj∂mA

j −Kȷ̄∂mĀ
ȷ̄)ψn, (B.1.25)

DiW = Wi +KiW, (B.1.26)
DiDjW = Wij +KijW +KiDjW +KjDiW −KiKjW − Γk

ijDkW. (B.1.27)

This Lagrangian is invariant under Kähler transformations

K → K + F + F̄ , (B.1.28)
χi → e

i
2 ImFχi, (B.1.29)

ψn → e− i
2 ImFψn, (B.1.30)

W → e−FW, (B.1.31)
DiW → e−FDiW, (B.1.32)

where F(Φ) is a generic holomorphic function. Notice that in supergravity,
on the contrary to the case of global supersymmetry, the fermions and the
superpotential have to transform under Kähler transformations, in order for the
complete Lagrangian to be Kähler invariant. In particular, they are sections
of a line bundle over the Kähler manifold which, in turns, is restricted to be
Kähler–Hodge.

Analytic isometries of the scalar manifold can be gauged. To each gauged
analytic isometry it is associated a holomorphic Killing vector

X (a) = X i(a)(Aj) ∂

∂Ai
,

X̄ (a) = X̄ ı̄(a)(Āȷ̄) ∂

∂Āı̄

(B.1.33)

and a real prepotential function P(a)(A, Ā), satisfying the differential equations

giȷ̄X̄ ȷ̄(a) = i
∂P(a)

∂Ai
,

giȷ̄X i(a) = −i∂P(a)

∂Āȷ̄
.

(B.1.34)

The Killing vectors close the algebra of the isometry group G

[X (a),X (b)] = −fabcX (c),

[X̄ (a), X̄ (b)] = −fabcX̄ (c),

[X (a), X̄ (b)] = 0,
(B.1.35)
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where Latin indices between parenthesis run over the dimension of G. In order to
implement gauge invariance in the model, a counterterm function Γ is introduced
such that the gauge transformation of the combination K + Γ has the form of a
Kähler transformation. The explicit expression for Γ can be found in [5] but, in
the Wess–Zumino gauge, it reduces to

Γ = V (a)P(a) + 1
2giȷX i(a)X i(b)V (a)V (b). (B.1.36)

Its components in the Wess–Zumino gauge are

Γ| = 0, (B.1.37)
DαΓ| = D̄β̇Γ| = DαDβΓ| = D̄α̇D̄β̇Γ| = 0, (B.1.38)

DαD̄α̇Γ| = −σm
αα̇v

(a)
m P(a), (B.1.39)

DαD̄2Γ| = 4iλ(a)
α P(a) + 2i(ψcσ

mσ̄c)βϵαβ v
(a)
m P(a) (B.1.40)

+ 2i
√

2giȷ̄ X i (a)v(a)
m (χ̄ȷ̄σ̄m)βϵαβ,

D2D̄α̇Γ| = −4iλ̄(a)
α̇ P(a) + 2

√
2igiȷ̄ X̄ ȷ̄ (a)v(a)

m χi βσm
βα̇, (B.1.41)

D2D̄2Γ| = 8D(a)P(a) − 8iem
c Dmv

c (a)P(a) + 16
3 v

(a)
c P(a)bc

+ 16giȷ̄ DmĀ
ȷ̄X i (a)vm (a) − 4giȷ̄ X i (a)X̄ ȷ̄ (b)v(a)

m vm (b)

− 4ψ̄cσ̄
cλ(a)P(a) + 4λ̄(a)σ̄cψcP(a) + 4ψbσcψ̄bv

(a)
c P(a) (B.1.42)

+ 8
√

2giȷ̄ X̄ ȷ̄ (a)(λ(a)χi) + 8
√

2giȷ̄ X i (a)(λ̄(a)χ̄ȷ̄)
+ 4

√
2giȷ̄ X̄ ȷ̄ (a)v(a)

m (χiσcσ̄mψc) − 8
√

2giȷ̄X i (a)vm (a)ec
m(ψ̄cχ̄

ȷ̄)
+ 8P(a)

iȷ̄ v
(a)
m (χ̄ȷ̄σ̄mχi)

The gauge variations of the quantities K, Γ and W are

δK = Λ(a)F (a) + Λ̄(a)F̄ (a) − i
(
Λ(a) − ¯Λ(a)

)
P(a), (B.1.43)

δΓ = i
(
Λ(a) − ¯Λ(a)

)
P(a), (B.1.44)

δW = Λ(a)X (a)W = −Λ(a)F (a)W, (B.1.45)

where the holomorphic function

F (a) = X (a)K + iP(a) (B.1.46)

has been defined. The combination K + Γ therefore transforms as

δ(K + Γ) = Λ(a)F (a) + Λ̄(a)F̄ (a) (B.1.47)

and, after the replacement
K → K + Γ, (B.1.48)
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the Lagrangian (B.1.6), with the inclusion of the vector multiplet kinetic term,
becomes

L =
∫
d2Θ 2E

[3
8(D̄ − 8R)e− 1

3 (K+Γ)
]

+
∫
d2Θ 2E

( 1
16WαWα +W

)
+ c.c.

(B.1.49)

Its total gauge variation is

δL =
∫
d2Θ 2E

[
−1

8(D̄2 − 8R)
[
Λ(a)F (a) + Λ̄(a)F̄ (a)

]
e− 1

3 (K+Γ)

+ Λ(a)X (a)W

]
+ c.c.

(B.1.50)

and this can be absorbed with a super-Weyl transformation, which is a symmetry
of the superspace Lagrangian. The component form of the gauge invariant
Lagrangian (B.1.49) and additional details can be found in [5].

B.2 Alternative Kähler-invariant supergravity
In this section the necessary ingredients to construct the models contained in
chapter 5 are given. Considering a real linear superfield L, such that

L = L∗,

(D2 − 8R)L = 0
(B.2.1)

and a generic real function K(Φ, Φ̄) of a set of chiral superfields Φi, it is possible
to construct the chiral superfield

Σ =
(
D̄2 − 8R

)
LK

=
(
D̄2 − 8R

)
LK| + ΘαDα

(
D̄2 − 8R

)
LK|

− 1
4Θ2D2

(
D̄2 − 8R

)
LK|

(B.2.2)

In the case in which L is the composite object

L = Dα
(
D̄2 − 8R

)
Dα

[
XX̄

D2XD̄2X̄

]
, (B.2.3)

where X2 = 0 is assumed, its components in the unitary gauge are

L| = 1, (B.2.4)

DαL| = − i

2σ
a
αα̇ψ̄

α̇
a , (B.2.5)

D̄α̇L| = i

2ψ
α
aσ

a
αα̇, (B.2.6)
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DαD̄α̇L| = −2
3bαα̇ + 1

2ψa α

(
ψ̄bσ̄

bσa
)

α̇
+ 1

2σ
a
αβ̇ψ̄

β̇
b ψ

β
aσ

b
βα̇, (B.2.7)

−1
2
[
Dα, D̄α̇

]
L| = 2

3bαα̇ − 1
4ψa α

(
ψ̄bσ̄

bσa
)

α̇
− 1

4
(
σaσ̄bψb

)
α
ψ̄a α̇ (B.2.8)

− 1
2σ

a
αβ̇ψ̄

β̇
b ψ

β
aσ

b
βα̇

D2D̄α̇L| = − i

3 ψ̄
a
α̇ba − 4

3iM̄ψα
aσ

a
αα̇ − 2i(ψ̄bσ̄

ba)α̇ba (B.2.9)

+ 8
3 ψ̄ab β̇σ̄

ab β̇
α̇ + 2em

a

(
Dmψ̄bσ̄

bσa
)

α̇

+ i(ψ̄cψ̄d)(ψbσ
bσ̄dσc)α̇ − i(ψdσ

bψ̄c)(ψ̄bσ̄
dσc)α̇.

Those of Σ are then(
D̄2 − 8R

)
LK| =

√
2iKı̄ψaσ

aχ̄ı̄ − 4Kı̄F̄
ı̄ + 2Kı̄ȷ̄χ̄

ı̄χ̄ȷ̄, (B.2.10)

Dα

(
D̄2 − 8R

)
LK| = −2

√
2bαα̇Kı̄χ̄

ı̄ α̇ + 6iσa
αβ̇ψ̄

β̇
aKı̄F̄

ı̄

− 2Kı̄(ψbσ
bσ̄a)βϵαβe

m
a DmĀ

ı̄ − 4Kı̄(ψbσ
aσ̄b)βϵαβe

m
a DmĀ

ı̄

+ 4
√

2iϵαβKı̄e
m
c (Dmχ̄

ı̄σ̄c)β +
√

2Kı̄ψa α(ψ̄bσ̄
bσaχ̄ı̄)

+
√

2Kı̄(ψbσ
bσ̄a)βϵαβ(ψ̄aχ̄

ı̄) + 2
√

2Kı̄(ψbσ
aσ̄b)βϵαβ(ψ̄aχ̄

ı̄)
+

√
2Kı̄σ

a
αα̇ψ̄

α̇
b (ψaσ

bχ̄ı̄) + 2iKiȷ̄χ
i
α(ψaσ

aχ̄ȷ̄) − 4
√

2Kiȷ̄χ
i
αF̄

ȷ̄

− iKı̄ȷ̄σ
a
αβ̇ψ̄

β̇
a (χ̄ı̄χ̄ȷ̄) + 4

√
2iKı̄ȷ̄(χ̄ı̄σ̄a)βϵαβe

m
a DmĀ

ȷ̄

− 4iKı̄ȷ̄(χ̄ı̄σ̄a)βϵαβ(ψ̄aχ̄
ȷ̄) + 2

√
2Kīıȷ̄χ

i
α(χ̄ı̄χ̄ȷ̄),

(B.2.11)

D2
(
D̄2 − 8R

)
LK| = 16Kı̄ȷ̄DmĀ

ı̄DmĀȷ̄ + 16Kiȷ̄F
iF̄ ȷ̄ + 48

3 Kı̄F̄
ı̄M̄

+ 4
√

2Kı̄e
m
a Dmψ̄bσ̄

bσaχ̄ı̄ + 8
√

2Kı̄ψ̄abσ̄
abχ̄ı̄ − 4

√
2iKı̄(ψ̄bσ̄

bσaχ̄ı̄)ba

− 4
√

2iM̄Kı̄(ψaσ
aχ̄ı̄) − 8Kiȷ̄(χiσaχ̄ȷ̄)ba + 4iKı̄ψbσ

cσ̄aσbψ̄ce
m
a DmĀ

ı̄

− 4
√

2iKiȷ̄F
i(ψaσ

aχ̄ȷ̄) − 4
√

2Kiȷ̄(ψaσ
aσ̄bχi)em

b DmĀ
ȷ̄ − 8M̄Kı̄ȷ̄(χ̄ı̄χ̄ȷ̄)

+ 4
√

2Kı̄ȷ̄(χ̄ı̄σ̄aσbψ̄b)em
a DmĀ

ȷ̄ − 8
√

2Kı̄(ψ̄aem
a Dmχ̄

ı̄)
+ 12

√
2iKiȷ̄F̄

ȷ̄(χiσaψ̄a) + 4
√

2Kı̄e
m
a (Dmχ̄

ı̄σ̄aσbψ̄b)
+ 16Kı̄e

a
mDm(en

aDnĀ
ı̄) − 4Kı̄F̄

ı̄(ψ̄aσ̄
aσbψ̄b)

− 8
√

2Kı̄e
m
a Dm(ψ̄aχ̄ı̄) − 8iKı̄(ψbσ

aψ̄b)em
a DmĀ

ı̄ + 8Kı̄F̄
ı̄(ψ̄aψ̄

a)
− 16

√
2Kı̄ȷ̄e

m
a DmĀ

ı̄(ψ̄aχ̄ȷ̄) + 16iKiȷ̄e
m
a Dmχ̄

ı̄σ̄aχj (B.2.12)
− 8

√
2Kiȷ̄(ψcσ

aσ̄cχi)em
a DmĀ

ȷ̄ − 8Kı̄ijF̄
ı̄(χiχj)

− 8Kīıȷ̄F
i(χ̄ı̄χ̄ȷ̄) + 16iKīıȷ̄(χ̄iσ̄aχi)em

a DmĀ
ȷ̄

+ 2
√

2iKı̄(ψ̄cψ̄d)(ψbσ
bσ̄dσcχ̄ı̄) − 2

√
2iKı̄(ψdσ

bψ̄c)(ψ̄bσ̄
dσcχ̄ı̄)

− 2
√
iKı̄(ψbσ

cσ̄aσbψ̄c)(ψ̄aχ̄
ı̄) + 4

√
2iKı̄(ψbσ

cψ̄b)(ψ̄cχ̄
ı̄)

− 4Kiȷ̄(ψcχ
i)(ψ̄bσ̄

bσcχ̄ȷ̄) + 4Kiȷ̄(χiσbψ̄c)(ψbσ
cχ̄ȷ̄)
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+ 4Kiȷ̄(ψcσ
cσ̄aχi)(ψ̄aχ̄

ȷ̄) − 4Kı̄ȷ̄(χ̄ı̄σ̄aσcψ̄c)(ψ̄aχ̄
ȷ̄)

+ 8Kı̄ȷ̄(ψ̄aχ̄
ı̄)(ψ̄aχ̄ȷ̄) + 8Kiȷ̄(ψcσ

aσ̄cχ̄i)(ψ̄aχ̄
ȷ̄)

+ 2
√

2iKijı̄(χiχj)(ψcσ
cχ̄ı̄) − 2

√
2iKı̄ij(χiσaψ̄a)(χ̄ı̄χ̄ȷ̄)

− 8
√

2iKı̄ȷ̄i(χ̄ı̄σ̄aχi)(ψ̄aχ̄
ȷ̄) + 4Kı̄ȷ̄ij(χiχj)(χ̄ı̄χ̄ȷ̄).

In order to calculate the Lagrangian in which analytic isometries of the scalar
manifold are gauged, the components of the chiral superfield

∆ = (D̄2 − 8R)LΓ

= (D̄2 − 8R)LΓ| + ΘαDα(D̄2 − 8R)LΓ| − 1
4Θ2D2(D̄2 − 8R)LΓ|

(B.2.13)

are needed. In the Wess–Zumino gauge they are

(D̄2 − 8R)LΓ| = 0, (B.2.14)
Dα(D̄2 − 8R)LΓ| = 4iλ(a)

α P(a) − 2
√

2giȷ̄ X i(a)v(a)
m σm

αβ̇χ̄
ȷ̄β̇ (B.2.15)

− 2iσm
αα̇σ̄

c α̇βψc βv
(a)
m P(a) + 2iσc

αα̇σ̄
m α̇βψc βv

(a)
m P(a)

D2(D̄2 − 8R)LΓ| = 8D(a)P(a) + 16giȷ̄ v
(a)mDmĀ

ȷ̄X i(a)

− 4giȷ̄ X i(a)X̄ ȷ̄(b)v(a)
m vm(b) − 8iem

c Dmv
c(a)P(a)

+ 8(λ(a)σcψ̄c)P(a) + 4(ψbσcψ̄b)v(a)
c P(a)

+ 2(ψcσ
bσ̄mσcψ̄b)v(a)

m P(a)

+ 2
√

2giȷ̄ X̄ ȷ̄(a)v(a)
m (ψcσ

cσ̄mχi) (B.2.16)
+ 2

√
2giȷ̄ X i(a)v(a)

m (χ̄ȷ̄σ̄mσbψ̄b)
+ 4

√
2giȷ̄ X̄ ȷ̄(a)v(a)

m (χiσcσ̄mψc)
− 8

√
2giȷ̄ X i(a)v(a)mec

m(ψ̄cχ̄
ȷ̄) + 8

√
2giȷ̄ X̄ ȷ̄(a)(λ(a)χi)

+ 8
√

2giȷ̄ X i(a)(λ̄(a)χ̄ȷ̄) + 8P(a)
iȷ̄ v

(a)
m (χ̄ȷ̄σ̄mχi)

The gauge invariant form of the matter couplings in superspace is then

L = −1
8

∫
d2Θ2E(D̄2 − 8R)[L(K + Γ)] + c.c. (B.2.17)

where the vector V in Γ is rescaled of a factor two, V → 2V , for convenience.
Its bosonic sector is

e−1Lbos = −giȷ̄ DmA
iD̄mĀȷ̄ + giȷ̄ F

iF̄ ȷ̄ +D(a)P(a), (B.2.18)

where DmA
i is the gauge covariant derivative

DmA
i = ∂mA

i − v(a)
m X i(a). (B.2.19)
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