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Abstract

Thisthesiscontainssomeofthe mainresultsobtainedduring myresearch
activityasaPhDstudentinthecourseofPhysicsoftheUniversityofPadova,
underthesupervisionofprof.AttilioL.Stella.Theworkpresentedinthisthesis
lieswithintheareaofStatisticalMechanicsandComplexSystems,withtheconcept
of”entropy”actingascommondenominatoracrossmostoftheworkspresented.

Chapter1servesasabriefintroductionthatillustratesthelinesalongwhich
myresearchdevelopedduringthecourse.Itiskeptbriefbecauseeachchapterwill
beginwithaspecificintroductorysection.

Inchapter2Iwilldiscussthedynamicalmodeloftheexportsintheperiod
1962-2000aggregatedatagloballevel[1]thatinspiredthemainresearchtopic
ofmyPhD.Thispreliminarychapterisessentialtoproperlyunderstandtherole
playedbyeachtermofthesystemofstochasticdifferentialequationsthatregulate
thedynamicsandalsotoillustrateresultssupportingthevalidityofthechoices
madeinitsconstruction.

Inchapter3Iwillpresentresultsconcerningtheadaptationofthedynamical
modelof[1]tothecaseoftheexportsofasinglecountry.Thedatabaseusedismore
recent(1995-2015)andtheanalyseswerecarriedoutfor223countriesusingmore
than1000products.HerewealsointroduceanewmetricsinspiredbyShannon’s
entropytodeterminesimultaneouslyarankingforthebestperformingcountries
andthemostimportantproductsintheglobaltradenetwork.

Inchapter4IwillpresentananalysisoftheG7countriesimportsandexports
inthetimewindow1962-2000,usingaround200categoriesofproductsforthe
description.Theanalysisfocusesmainlyonthenetworkrepresentingthecorrelations
linkingallthecommoditiescomposingthebasketoftradedgoodsofacountry.
Moreover,ananalysisiscarriedouttoexplorethepotentialgrowththatmight
comebyincreasingthereallocationofresourcesinsuchnetwork.

Inchapter5arigorouscoarse-grainigapproachof Markovjumpmodelsthat
allowsthepreservationofthewholedistributionofproducedentropyatstationarity
ispresented. Thisworksallowstoprovideclearanswerstoopen,longstanding
questionsconcerningtheformulationoffluctationtheoremsforcoarse-grainedsystems.

Inchapter6weexploreMarkovjumpmodelscharacterizedbythephenomenon
ofhenegativedfferentialmobility.Thisworkprovidesinsightsinthemechanism
thatoriginatethisbehaviorfindingconsistencywithrespecttoexperimentalobservations
ofsuchphenomenon.

InchapterAI’llpresentasideprojectconcerningthephenomenonofsegregation
innetworkscharacterizedbydiscretestrongconvictionsthatdrivethedynamicsof
therewiringoflinks.Thechoiceofnotincludingaspatialmetrics(everyonecan
beconnectedwithanyone)makesthismodelsuitabletodescribescenariosthatare
typicallypresentinsocialnetworks.
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II ABSTRACT

Theworkpresentedinthisthesis(withtheexceptionofchapter5)hasbeen
publishedinthefollowingarticles:

•Teza,Gianluca,MicheleCaraglio,andAttilioL.Stella.”Growthdynamics
andcomplexityofnationaleconomiesintheglobaltradenetwork.”Scientific
reports8.1(2018):15230.[2]

•Teza,Gianluca, MicheleCaraglio,andAttilioL.Stella.”DataDriven
ApproachtotheDynamicsofImportandExportofG7Countries.”Entropy
20.10(2018):735.[3]
•Teza,GianlucaandAttilioL.Stella”Memoryleavesentropyproduction
fluctuationsinvariantundercoarse-graining.”inpreparation(2019).

•Teza,Gianluca,etal.”Ratedependenceofcurrentandfluctuationsin
jumpmodelswithnegativedifferentialmobility.”arXivpreprintarXiv:1904.05241
(2019).[4](submittedtothepeer-reviewedjournalPhysicaA)
•Teza,Gianluca,etal.”Networkmodelofconviction-drivensocialsegregation.”
PhysicalReviewE99.3(2019):032310.[5]
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CHAPTER1

Introduction

”Moreisdifferent”[6]. ThreewordsthatcapturetheessenceofStatistical
MechanicsandComplexSystemsPhysics.Thewholereasonofbeingofthisfield
isbasedontheideathat,inmanycases,wecanprovideaccuratedescriptions
ofthephenomenologyofamacroscopicsystemonlybytakingastepbackand
lookingatthingsfromawiderperspectivecoarse-grainingmanydetails.Thismight
soundcounterintuitiveatafirstglance,butexpectingtomodelphenomenathat
areobservedatamacroscopicscalestartingfromthelawsdrivingtheevolutionof
microscopiccomponentsusuallyrevealstobebothunfeasibleandpointless.
Coarse-grainingisindeedoneofthefundamentalpillarsofStatisticalMechanics,

whichallowedphysiciststomodelawidevarietyofsystemsrangingacrossdifferent
scales,uptothepointthattheywereabletoaddressproblemstangible(and
understandable)bythewholesociety,regardlessoftheirbackground.Thissuggested
aredefinitionofwhathadtobeconsideredfundamentalbythescientificcommunity.
Physicsstartedtomakecontactwithothernaturalsciences,makinguseoftools
andmethodsignoredbytheseotherdisciplines,whichallowedtoaddressproblems
andprovideanswerssupportedbytheformalismandtherigorousnessthatisproper
ofmathematicsandstatistics.
InterdisciplinarityledtothedevelopmentofawholenewbranchofPhysics,

namelytheComplexSystemsScience. Thenameofthisdisciplineismeantto
underlinethefactthisfielddealswithsystemswhose”degreeofcomplexity”is
sohighthatwearenotabletomodelthemwithafine-graineddescription. A
peculiarityuniqueoftheComplexSystemsisthattheshapesofthelawsemergingin
thisfieldwerefoundtobeextremelycommonacrosscompletelyunrelatedcontexts.
Theideathatsuchlawswerecharacterizedbysomesortofuniversalitywasindeed
oneofthereasonsthathelpedtheflourishingofthisfield,makingalsothewhole
scientificcommunitytorecognizethevalueofthiskindofresearch.

During myPhDcourseofstudiesIhavebeendeepening myknowledgein
statisticalmechanicsandappliedtheexpertisegatheredinthisfieldinfirstplace
totheeconomicsciences.Startingfromtheprojectofmymasterthesis,Ibegan
toapproachtherelativelynewfieldofEconophysicsbylookingatnovelwaysto
tackletheproblemofEconomicComplexity,afieldthatwasstartedin2009byR.
HausmannandC.Hidalgowithapaper[7]inwhichtheytriedtoassessthelevelof
developmentofacountrybyanalyzingwithaniterativealgorithmhowitsbasket
ofexportscompareswiththoseofothercountries.Inthefollowingyearsother
researchgroupsstartedtoprovidecontributionsconcerningthistopic.Abigstep
forwardwasmadein2012,whenL.Pietronero’sgrouppublishedawork[8]that
highlightedsomeissuesconcerningHaussmann’swork,proposinganalternative
schemethatsolvedthepathologyoftheoriginalformulation.
TogetherwiththeresearchgroupinPadova,westartedtotackletheissue

fromadifferentperspective.Inspiredfromawork[1]thataddressedthedynamics
thatregulatestheexportsatagloballevel,wewereabletobuildadynamical
modelthatmanagedtoreplicatethehistoricalevolutionoftradedgoodsamong
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2 1.INTRODUCTION

countriesthroughasystemofcoupledstochasticdifferentialequations[2]. The
(few)parametersusedintheconstructionofsuchmodelallowedtocapturekey
featuresofeverycountry,suchasgrowth,fluctuationsandresourcesreallocation
rates.Then,toreconnectwiththeexistingworkinliterature,weevaluatednode-
specific measuresforbothlayerscomposingthebipartitenetworkofcountries-
products,introducinganoriginalschemebasedontheShannon’sentropyfunction[9].
Thisschememakesfulluseoftheinformationprovidedbythedata,whileboth
Pietronero[8]andHaussman’s[7]analysisreliedonabinarizationoftheexport
matrix[10,11]todeterminewhichcountriescouldbeconsideredproducersof
whichproducts.Suchchoice,apartfromcausinganenormouslossofinformation,
introducedanarbitrarinessinthechoiceofthethresholdsthataffectsthewhole
analysis.Oneimportantresultthatemergedfromourofanalysisisthatdiversification
isthefundamentaltraitthatallowstocapturethepotential(intermsoffuture
growthofaneconomy).CouplingthismeasurewiththewellknownindicatorGross
DomesticProductPerCapita(GDPpc)weextendthedimensionsofthespacethat
weusetomonitortheeconomicevolutionofthecountriesandwearethereforeable
distinguishamongdeveloped,underdeveloped,emergingandriskyeconomies.
ThisworkstimulatedmetoapplytheknowledgeIgatheredduringthisproject

inothercontextsandtostartexploringnewresearchareas. Forinstance,the
entropicschemethatweconstructedforstudyingthetradeofexportsinour
work,isameasurethatcan,inprinciple,beappliedtoanybipartite(weighted
orunweighted)network. Oneofthedirectionswearecurrentlyexploringfor
futureworkisthepossibilityofapplyingourresultsinfieldslikeecology(within
mutualisticnetworks[12])andmicrobiology(forcharacterizingrichnessofsamples
andprevalenceofspecies[13]).

Theextensiveuseofstochasticdynamicsandentropyrelatedconceptsinthe
applicationstoEconophysics,naturallyledmetobecomeinterestedalsoinmore
fundamentalproblemsinthegeneraltheoryofdynamicsoutofequilibrium.Indeed,
alreadywhenlookingatexportsaggregatedatagloballevelweareconsideringa
systemthatisfarfrombeingaclosedone:thedriftsregulatingthedeterministic
evolutioninthedynamicalmodelsforceittoapproachasymptoticallyastationary
steadystateofnonequilibrium[1].Thesamegoesofcourseinthemorespecific
scenarioofasinglecountry,inwhichtheimportsaddtothecontributescoming
fromthecountryitself[2,3].
Morespecifically,werecentlyobtainedverypromisingresultsintheattemptto

developapproximateandrigorouscoarse-grainingproceduresforstochasticsystems.
WetreatedbothjumpprocessesgovernedbyMasterequationsfordiscretestates,
andLangevindynamicsinthecontinuum,establishinghowsuchdescriptionsare
transformedunderachangeinthespatialresolvingpowerofthemeasuringapparatus.
Thereasonwestartedexploringthispathwasalsoencouragedbythefactthat

understandinghowfluctuationrelationsapplytothedynamicsofcoarse-grained
systemswasanopen,longstandingquestion. Suchtheorems[14,15,16,17]
arefundamentalforthewholefieldofstochasticthermodynamics,andinthepast
decadesnumerousexperimentscarriedoutatdifferentlevelsofspaceresolution
showedtobeinagreementwithsuchtheorems. Thereforeitisacrucialissue
tounderstandifandhowsuchtheoremsshouldchangewhenthesystemthey’re
describingundergoesacoarse-grainingprocedure. Moreover,veryrecently,some
interestingwork[18,19]carriedoutonactivematteratthemicro-scalerelied
heavilyonthecoarse-grainingofexperimentaldataforgettingevidenceofthe
entropyproductionandthentounderstandifitwasinsideoroutsideequilibrium.
Lookingintotheliterature,thecontributeswecouldfindconcerningcoarse-

grainingofMarkovjumpprocesseswentbacktoalmostadecadeago[20,21],and
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exploitedapproximatemethods(numericalorperturbative)toaddresstheproblem,
toalimitedsetofsystem,inwhichenormousgapsinthetimescaleoftherates
allowedfornaturalcoarse-grainingsthatgroupedtogethersitesconnectedbyfast
transitionrates.Intheendthisresultedintheauthorsaskingexplicitlyifthe
observationofdeviationsfromtheexpectedfluctuationrelationscouldbeahintof
thepresenceofhiddendegreesoffreedom,andalsoifitwaspossibletodefinea
”coarse-grainedentropy”thatinsteadsatisfiedexactlysuchrelations.
Ourcontributeinthisfieldturnedouttobemoresubstantialandfarreacing

thanitsinclusioninanalreadyampleandarticulatedprojectcouldletussuspect
atthestart:indeedwewereabletounderstandhowtoperformcoarse-graining
proceduresof Markoviansystemsinananalyticandexactwaythatallowsto
preservethewholedistributionoftheentropyproductionoftheoriginalsystem.
Thisimpliesnaturallythatforwhatconcernsthefluctuationtheorem,sincethe
originalsystemwassatisfyingexactlysuchrelationthenthesameappliestothe
coarse-grainedsystem.
Thepricetopayinordertopreservethewholestatisticsthroughacoarse-

grainingprocedureishowevertoextendtheclassofmodelsbeyondmarkovianity,
becausetheanalyticprocedureintroducestermsintotheequationoftheevolution
oftheprobabilitywhichintroducememoryeffects.However,anenormousadvantage
thatcomesfromsuchprocedureisthatweareabletoidentifyexactlytheterms
responsibleforsuchmemoryeffects. Thisallowedustobuildanalgorithmthat,
ateachstep,eliminatesoneormultiplesitesofthenetworkand”markovianizes”
thesystembyneglectingproperlysuchtermsandatthesametimepreservingthe
averagerateofentropyproduction.
Themainresultemergingfromthisanalysisisthegeneralrulethatthewhole

distributionofentropyproductionshouldbepreservedwhenperformingcoarse-
grainingoperations. Entropyshouldbeconsideredaninvariantthatallowsto
assessthevalidityofthiskindofprocedures. Ourintentionsforthefutureare
indeedtounderstandifthesamerulescanapplytodifferent modelizationsin
stochasticthermodynamics.

Followingthelinesofthisresearch,weinvestigatedthemechanismsthatlead
tothephenomenonoftheNegativeDifferential Mobility(NDM),whichisthe
phenomenonwhereincreasingaforceleadstoadecreaseofmobilitydueto,for
example,trappingorcrowding.Itisoftenstudiedtheoreticallyindrivenlattice
gasmodels[22,23,24,25,26,27,28,29]andhasbeenobservedinseveral
experimentsonelectronicpropertiesofmaterials[30,31,32,33].Itcanalso
occuringelelectrophoresisofpolymers[34,35,36,37]andchemicalreaction
networks[38]. Markovjump modelsrevealtobeveryusefulwhentryingto
buildasystemthatischaracterizedbyNDM,whichhoweverarecharacterized
byaveryhighlevelofabstractionandimplyconsiderablecoarse-graining.Sowe
wantedtounderstanduptowhatextentthesejumpmodelscanbeconsidered
afaithfulrepresentationofarealphysicalprocess. Thisexampleshowsthatan
investigationofhowamicroscopicdescriptioncanleadundercoarse-grainingto
ajumpprocessdescriptionisinprincipleneededtoassesstheprecisechoiceof
transitionrates. However,withoutundertakingsuchanambitiousprogram,itis
importanttoexplorethephysicalimplicationsthatdifferentchoicesofratescan
havebyanalyzingspecificprototypemodels. Theresultsobtainedinthiswork
highlighttheneedofadeeperunderstandingofhowMarkovjumpmodelsandin
generalhowcoarsegraineddescriptionrelatewiththerealworld,providingulterior
supporttotheresearchwecarriedoutconcerningfluctuationrelationsofentropy
production.
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Asalreadyanticipatedatthebeginningoftheintroduction,onepeculiarity
ofthephysicsofcomplexsystemsisthepossibilityofexploitingthesametools
toperformanalysesoncompletelyunrelatedtopics.Inmycase,methodsrelated
tostatisticalmechanicsandnetworkdynamicsrevealedtobeveryeffectiveinthe
studyofaphenomenonofthesocialscience,namelytheproblemofsegregation[39,
40].Inordertopredictand,possibly,preventsuchphenomenon,itisnecessaryto
understandthefactorsthatcauseit. Whileinmostavailabledescriptions[41,42,
43,44]spaceplaysanessentialrole,oneoutstandingquestioniswhetherandhow
thisphenomenonispossibleinawell-mixedsocialnetwork.
Tocreateamodelthathelpedusintheunderstandingofsuchphenomenon

wedefinedandsolvedasimplemodelofsegregationonnetworksbasedondiscrete
convictions[5].Inourmodel,spacedoesnotplayarole,andindividualsnever
changetheirconviction,buttheymaychoosetoconnectsociallytootherindividuals
basedontwocriteria:sharingthesameconviction,andindividualpopularity
(regardlessofconviction).Thetrade-offbetweenthesetwomovesdefinesaparameter,
analogoustothe“tolerance”parameterinclassicalmodelsofspatialsegregation.
Numericalsimulationsandanalyticcalculationsshowthatthisparameterdetermines
atruephasetransition(somewhatreminiscentofphaseseparationinabinary
mixture[45])betweenawell-mixedandasegregatedstate.Additionally,wewere
abletoshowthatminorityconvictionssegregatefasterandinter-specificaversion
alonemayleadtoasegregationthresholdwithsimilarproperties. Together,our
resultshighlightthegeneralprinciplethatasegregationtransitionispossiblein
absenceofspatialdegreesoffreedom,providedthatconviction-basedrewiring
occursonthesametimescaleofpopularityrewirings.



CHAPTER2

Exportdynamicsinthenetworkofglobal

economy.

1.Introduction

Theworkpresentedinthisintroductorychapterwasfundamentalinthedefinition
ofmymainPhDresearchtopic.Itcoverstheresultsoftheanalysisoftheexports
aggregatedatagloballevelpublishedin[1],finalizedbytheresearchgroupledby
professorA.StellawhenIjoinedthemduringmymasterthesis.
Inthisworkispresentedananalysisofexportdataaggregatedatworldglobal

levelof219classesofproductsoveraperiodof39years(1962-2000). Themain
resultistheconstructionofadynamicalmodelthatidentifiesandquantifiesthe
mechanismsbywhichtheevolutionsofthevariousexportsaffecteachother. A
stochasticdifferentialdescriptionisusedtobuildthe model,whichoutlinesa
complexnetworkoftransferratesdescribinghowresourcesareshiftedbetween
differentproductclasses,determiningalsohowcasualfavorableconditionsforone
exportcanspreadtotheotherones.
Here,inthefirstsections,Icovertheprocessthatleadtotherealizationofthis

work,followingindetailtheconstructionofthestochasticmodelthatdefinesthe
dynamics,bothtojustifyadequatelythechoicesthatleadtothefinalmodeland
alsotoallowthereadertogainaproperinsightontherolesplayedbyeachterm.
ThenI’llillustratethecalibrationprocedurethatallowstofitthefourfree

parametersofthemodeltothedata,whichinsomepointsdiffersfromtheone
originallyusedin[1].Suchdifferencesallowtobetterunderstandalsotheworkwe
didonthemodelsinglecountryanalysis,presentedinthefollowingchapters.
Finally,somemainresultswillbepresented,whichwillhighlightthevalidityof

themodelandthepotentialintroducedbythepossibilityofperformingsynthetic
simulationsthroughwiththedynamics. Weperformcounterfactualanalysesin
whichweexplorealternativehypotheticalscenariosthatacountrycouldhave
facedinitshistorybychoosingdifferentinvestmentpolicies. Moreover,along-time
extrapolationhighlightshowtheoptimalgrowthconditionschangewithrespectto
a39yearforecast.

2. Dataand modelpresentation

2.1. NBER-UNdatabaseandcommoditiesclassification.Thedata
usedtobuildthecountries-productsnetworkhavebeenextractedfromtheNBER-
UNdatabase(NationalBureauofEconomicResearch-UnitedNations)[46],which
inturnisbuiltupontheUN-Comtradedataset(UnitedNationsCommodityTrade
StatisticsDatabase)[47].Itcontainsyearlyrecordsofroughly95%ofallthe
goodstradedalloverthe World. TheNBER-UNdatabasecoversatimewindow
betweentheyears1962and2000,anditistheresultofacleaningprocedureofthe
originalUN-Comtradedatasetinwhichtheamountoftradedgoodsdeclaredby
theexportingcountryweremadeconsistentwiththosedeclaredbytheimporting
ones.
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6 2.EXPORT DYNAMICSIN THE NETWORK OF GLOBALECONOMY.

CommoditiesareidentifiedandgroupedfollowingtheStandardInternational
TradeClassification(2ndrevision)[48],inwhichcommoditiesareorganizedin
roughly1300representativecategories. Eachclassisidentifiedbya4-digitcode
inwhichtheleftmostdigitindicatesthemostgeneralgrouptowhichtheproduct
belongsto,thesecondoneismorespecificandsoon.Belowweshowanillustrative
examplethatexemplifiesthestructureofthedatabase:

•0000:Foodandliveanimals;
–.....

•1000:Beveragesandtobacco;
–1100:Beverages;

∗1110:Non-alchoolicbeverages,n.e.s.;
∗1120:Alcoholicbeverages;

·1121: Wineoffreshgrapes;
·1123:Beermadefrommalt;
·......

–1200:Tobacco;
∗1210:Tobaccounmanufactured,tobaccorefuse;

·1211:Tobacco,notstripped;
·.....

•3000: Mineralfuels,lubricantsandrelatedmaterials;
–.....

Followingthisnotation,thedatabasereportstheamount(inthousandsofcurrent
USdollars)ofproductsexportedfromacertaincountrytoanotheroneforevery
year.Unfortunately,forsomecountries,thedataavailabledonotcoverthewhole
timewindowof1962-2000.Thisproblemdoesnotshowupwhenlookingatdata
aggregatedatagloballevel,however,aswe’llseeinchapter4,itmightleadto
someissuesinthestudyoftheexportsrelativetoasinglecountry. Foramore
accurateanddetaileddescriptionofthecriteriausedinthecleaningprocedureof
thedatabaselookat[49].
Finally,beforeperformingouranalysis,weperformedacoarse-grainingofthe

NBER-UNdatabaseaggregatingalltheproductssharingthefirst3digitsofthe
SITCcode,reducingtheclassificationofproductstoroughly200classes(226in
thecaseoftheglobalaggregation).

3. Dynamical model

Asystemofstochasticdifferentialequations(SDEs)isusedtomodelthetime
evolutionoftheexportedproducts.Thesystemofequationsisinspiredbyamodel
whichwasfirstintroducedintheyear2000byBouchaudandcollaboratorsina
work[50]inwhichtheauthorsweretryingtoaddresstheproblemofthedistribution
ofrichnessinasociety.Inthisscenario,thenodesofthenetworkareidentifiedby
thevariableZp(t)andrepresenttherichnessofa”being”(individualorcompany)
patacertaintimet.Itsevolutionintimeisdefinedbyadeterministictermtaking
intoaccountalltheinteractionwiththeotherpnodesthroughamatrixJpp,while
aGaussiantimecorrelatednoiseηp(t)isresponsibleforthestochasticcontribution:

(1) ∂tZp(t)=
p=p

(JppZp(t)−JppZp(t))+ηp(t)Zp(t)

(2) ηp(t1)ηp(t2)=δpp
σ2

τ
e−

|t2−t1|
τ

Inaworkpublishedin2014[51],Bouchaudappliesthissamemodeltostudy
theproblemofgrowthintheframeworkofsimpletoy-modelnetworkslackinga
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deterministicdrift. Theissuehewantedtoaddresshadanimportanteconomic
footprintbutcouldbeeasilyextendedtoothercontexts[52,53,54,55]:he
wantedtounderstanduptowhichextentit’smoreconvenienttoinvestacapital
intheproductionofacertainproductratherthantransferingresourcestowards
newandunexploreddirections. Giventheabsenceofadeterministicdrift,the
growthwillbeaffectedonlybytheinitialconditionsandtheorganizationofthe
reallocationofresourcesamongthenetwork.
WecaneasilyseethatEq.1(inthecaseofaregular d-dimensionallatticein

whichJij≡J)isadiscretizedversionofthestochasticheatequation

(3) ∂tZ(x,t)=J∇
2Z(x,t)+η(x,t)Z(x,t)

which,afteraCole-Hopftransformation,becomesthefamousKardar-Parisi-Zhang
equation[56]usedtomodelthegrowthofsurfaces:

(4) Z(x,t)=eh(x,t)=⇒∂th(x,t)=J∇
2h(x,t)+J ∇h(x,t)

2

+η(x,t)

whereh(x,t)isthegrowthoftheobservedsurface.
Ourmodel(see[1])isdirectlyinspiredbyEq.1. Wewrite:

(5)
∂Zp,t
∂t

=
p=p

(JppZp,t−JppZp,t)+(ηp,t+µt)Zp,t

whereZprepresentsthevalueoftheexportsofaproductp. Wealsointroduced
anadditionaldeterministicdrifttermµ(t)thattakesintoaccountalltheaverage
exportgrowth(comprehensiveoftheinflation).
Wewillalsoneedtoconsideraspatialcorrelationamongthenodes,because

everyZpwillreactinitsownpeculiarwaytofavorable(orunfavorable)fluctuations.
Wewillthereforeneedtomodifythenoise2replacingtheKroneckerdeltawitha
correlationmatrixdpp thatwewilldefinelateron.

(6) ηp,t1ηp,t2 =dpp
σ2

τ
e−

|t2−t1|
τ

Inthecasestudiedin[51]thediagonalformofthecorrelationwassufficientbecause
differentZp’sreactedtofluctuationsinanuncorrelatedway.
TheSDEthatweareintroducingcan’tbeintegratedanalytically,therefore

we’llrelyonnumericalintegrationschemestofindapproximatesolutionsofthe
systems,whichwilltakethefollowingform:

(7) dZt=(J−J
T)Ztdt+(̄̄ηt+µt)Ztdt

where ¯̄ηtisadiagonalmatrixwhoseelementsaretheηp’s.
Inthesectionsthatfollowswewillprovideanin-depthanalysisofalltheterms

composingtheequationtogetherwithadetailedderivation.

3.1. Ranking.TheZp’sofeachcommodityseemtoprovidearankingthat
isrelativelystablethroughoutalltheyearsobserved,especiallyinthefinalones
(seeFig.1). Weformalizethisrankingbyevaluatingthefractionofthevalueof
productpoverthetotalexportaveragedoverthelast10years(inthetimeperiod
1991-2000). Wethereforedefinetherankingofeachproductas:

(8) zp=
1

10

38

n=29

Zp,n
219
k=1Zk,n

Commoditieswhosevaluehavedominatedthenetworkinthefinalyearswillbeon
thetopoftherankinginducedbythezp’s. Afirstresultthatweobserveisthat
byassociatingacolortheeachproduct,whosewavelengthisdirectlyproportional
tosuchranking,leadstoarainboweffectpersistentthroughoutallyears.Some
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Figure1.Yearlytimeseriesoftheexportsaggregatedataglobal
levelbetweentheyear1962and2000. Coloringisrelatedto
therankinginducedbythezp’s. Thethicklinehighlightsthe
commoditiesrepresentingelectronicgoods.

exceptionsareofcoursepresent:wehighlightthecaseoftheelectronicgoods,who
underwentananomalouslyexceptionalgrowthinthesecondhalfofthetwentieth
century.

3.2. Correlation matrix.Barabasietal.[11] madethefirstattemptto
buildanetworkthatcapturedthesimilaritiesconnectingallproductsthroughthe
conceptofproximity,whichreliedonthecorrelationsintroducedbyanalogiesin
termsofmethodsandstructuresnecessaryfortheproductionofthecommodities.
Forinstance,applesandpearsarestrictlyconnectedbecausetheyneedsimilar
productionfacilitiesandtechnologies,whereasapplesandoilarenotthatclosely
relatedfromsuchperspective.Inourmodelwedecidedtosubstitutethemeasureof
proximitywithonerelatedtotheconceptofinvestment,whichallowstohighlight
connectionsundetectablebytheproximity.Forinstance,bothapplesandpearsrely
deeplyonoilfortransportationandwecannotneglectthesekindofcorrelations,
whicharenecessarytodescribemoreadequatelygrowthphenomena.
Thebuildingblockofsuchcorrelationmatrixisthelogarithmicreturn1

(9) Rp,n=log(Zp,n/Zp,n−1)

whichisnormalizedwithrespecttotime

(10) rp,n=
Rp,n− Rp,nn
Var(Rp,n)n

1Logarithmicreturnsarewidelyusedinfinanceinplaceofasimplereturnfortwo main
reasons:first,giventhevalueofalogarithmicreturn,thevaluecorrespondingtotheassociated

priceisalwayspositive, moreoverinfinanceusuallypricesaredistributedlog-normallyintime,
thereforesuchreturnswillfollowaGaussiandistribution.
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Figure2.Correlationmatrixcijforthe226productscomposing
theglobaltradenetwork.

whereaverageandvarianceareevaluatedthroughouttheyearsasfollows

(11) Rp,nn=
1

38

38

n=1

Rp,n

(12) Var(Rp,n)n=
1

38

38

n=1

R2p,n−
1

38

38

n=1

Rp,n

2

Thisstandardizationofthereturnswasperformedbecauseweareinterestedinthe
relativedisplacementwithrespecttotheaveragereturn,sinceeachRphasitsown
distributionwithdifferentmeansandvariances.
Wethereforedefineanempiricalcorrelationbetweentwoproductsas:

(13) cpp =
1

38

38

n=1

rp,nrp,n

Inthefollowingparagraphswe’llseehowthis matrixisexploitedbothinthe
definitionofthetransfermatrixJppandinthedefinitionofthecorrelatednoiseηp,n.

3.3. MatrixJpp.In manydifferentapplications(see[51]andreferences
therein)thetransfer matrixhasaverylowcorrelationlengthandreflectsthe
regularitiesofthelatticeonwhichitisdefined,sothatalltheZp’sareequivalent.
Thisisnotourcase,asitisclearlyvisiblefromtherainboweffectdepictedin
Fig.1. TheJpp matrixthereforemustreflectthisfeature,andwillhavetoplay
theimportantroleofestablishingpersistentlythecorrectrankingoftheZp’sin
time.
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(Us)

②

② ②

oil(o)

fruits(f)vegetables(v)

(Barabasi)

②

② ②

oil(o)

fruits(f)vegetables(v)

Jof=0.015J
Jov=0.014J
Jfo=0.001J
Jfv=0.005J
Jvo=0.001J
Jvf=0.003J

Jof=0.002J
Jov=0.005J
Jfo=0.006J
Jfv=0.009J
Jvo=0.009J
Jvf=0.007J

Figure3.Transfer matrixJpp betweenoil(o),vegetables(v)
andfruit(f)obtainedwithourandBarabasi’smodel[11]. The
widthofthelinesisproportionaltothevalueoftheJpp’s.From
thiscomparisonweseehowourmodelisabletocorrelateproducts
productsthatinBarabasinetworkresultfarwithoneanother.In
ourmodelisalsoclearlyvisibletheasymmetrythatcharacterizes
thetransfermatrix.

Inordertofulfillthistask,wetakealookattheEq.5intheabsenceofnoise:

(14)
∂Zp,t
∂t

=
p=p

(JppZp,t−JppZp,t)+µtZp,t=
p

AppZp,t+µtZp,t

wherethematrixAhasentriesApp =Jpp forp=pandApp=− p=pJpp
asdiagonalterms2. Thesolutionsofsuchequationtendtoalong-timeattractor
whoserankingisdefinedbythekernelofthematrixA. Wecanexploitsuchfact
bychoosing

(15) Jpp ∝zp

Withsuchchoice,onaverage,therankingofasolutiontoEq.̃refeq:dynamics-
equationconvergestotherankingoftherealdata. Animportantfeaturethat
followsthischoiceisthatanasymmetryofthematrixJpp (seeFig.3).Inthis
wayweareabletoaddressproblemsderivingbythefactthat,givenapairof
products,thetwowillbesensibledifferentlytothefluctuationsofoneanother.
Forinstance,iftheexportofapplesincreases,alsotheamountofoilusedasfuel
fromappleproducerswillincrease,whiletheyoppositeisalsotruebutatasmaller
magnitude.
Eq.5withthechoice15isalsoconsistent(onaverage)withthegravitational

modelforwhatconcernsthemass-relatedterms.Suchmodelisusedineconomics
topredictapositivecorrelationininternationaltradesbetweencountries,where
boththesizeofacountry(measuredasGrossDomesticProduct)aswellasthe
distanceseparatingthem,playanimportantrole.
Tobuilda matrixfullyconsistentwiththis modelweneedtointroducea

quantitythatactsasdistance,which,inourcase,meansthatitshouldprovidea
measurethatquantifieshowmuchaproductcaninfluencethevalueoftheexport
ofanotherone. Onepossibility,istousethecorrelationmatrixcpp asaninverse
distance:thehigherthecorrelation,thecloserthetwoproductswillbe.Thechoice

2Thismatrixisanalogoustothetransitionmatricesincontinuous Markovchains,infactis
column-stochastic(i.e.summingovertheentriesofeachcolumnsyieldszero)[57].
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Figure4.TransfermatricesJpp(ontheleft)andlog[Jppzp](on
theright)withG=1.Inthebottomfiguresthematriceshave
beensortedbytheconnectivityΩp.

fordefiningthecorrelationmatrixwillthereforebe:

(16) Jpp =Gzp|cpp|

whereGisacouplingconstant,whichwillbedeterminedinthecalibrationprocedure
ofthemodel.Thevalidityofsuchchoicewillbeshownlateronwithacomparison
withrealdata.InFig.4weseethematricesJpp andlog[Jppzp]inthecaseG=1.
Inthetwoplotsonthebottomtheentrieshavebeensortedwithrespecttothe
connectivityofeveryproductdefinedasΩp= q=pJpq.
Finally,inFig.5weshowagraphicalrepresentationofthenetworkwith

adjacency matrixLpp =(Jpp +Jpp)/2(Gissettobeequalto1). Oiland
carsareclearlythedominatingnodes,whichareconnectedwithalmosteveryother
commodity.
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3.4. Noise.Growthmodels[51,55]usuallydonotincludecorrelationamong
nodes,andassumeonlyatimecorrelationasin2. Usingthiskindofnoise,we
findthatweareunabletoreproducethecorrectamountoftradedgoodswith
simulations.Thisjustifiestheneedtointroduceacorrelationmatrixdpp inplace
ofaKroneckerdeltainthedefinitionofthenoise:

(17) ηp,t1ηp,t2 =dpp
σ2

τ
e−

|t2−t1|
τ

Theparameterτquantifiesthecharacteristicdurationofeitheracrisisorafavorable
fluctuation,whileσquantifiestheweightofthestochasticcontributiontothe
dynamics.Boththeseparametersaredeterminedinthecalibrationprocedure.
Concerningthenode-to-nodecorrelation,ourchoicefallsondpp =cpp,the

samematrixusedinthedefinitionofthetransfermatrix.Thevalidityofsuchchoice
istestedinthesimulationsofsynthetichistoriesafterthecalibrationprocedurehas
beenperformed.Belowweillustratetheprocedureusedtocreateanoisewithsuch
correlationfeature,inordertounderstandalsohowwewillbeabletosimulateit
whenintegratingtheequationnumerically.
Firstwe’lltakecareofthespatialcorrelation. Westartwithazero-mean

Gaussiannoiseξp(t)correlatedaccordinglywiththematrixcpp andwithaDirac
deltaintime:

(18) ξp(t)=0

(19) ξp(t1)ξp(t2)=cppδ(t1−t2)

ToproducethiskindofnoisewestartwithanuncorrelatedwhiteGaussian

noise ξ̃p(t1)̃ξp(t2) =δppδ(t1−t2)andwedecomposethematrixCfollowing

avariationoftheCholeskydecomposition,calledtheLDLTdecomposition.Such
procedureallowstoexpresstheoriginalmatrixasaproductofalower-triangular
matrix(L),adiagonalone(D)andthetransposedofthefirstone(LT)

(20) C=LDLT

Thereforebychoosingξ(t)=LD1/2̃ξ(t)weendupwithanoisethatsatisfiesthe
spatialcorrelationrequirements.
Whenimplementingthisdecompositionnumericallyweneedhowevertokeep

intoaccountthepossibilityofintroducingapproximationerrorsthatmightcause
thediagonaltermstobeequaltozeroornegative.Inourcase,wearedealingC
isa219×219matrix,andthisproblemsarisesstartingfromthe39thterm(the
productsweresorteddependingontheranking,thereforethedpp termsdecrease
astheindexpgrows).Sincethesenumbersbecomeincreasinglysmall,weopted
forsettingthemequaltozeroandproceedingwiththedecompositionprocedure.
Inordertoobtainthedesiredtime-correlationweapplythefollowingtransformation

totheξ(t)weobtainedpreviously:

(21)
ηp(t0)=

σ√
τ
ξ(t0)

ηp(t)= ρηp(t−dt)+ 1−ρ2στξp(t)

wheret0representsthelowerboundofthetimeintervalonwhichwewillintegrate
theequationandwesetforconvenienceρ=e−dt/τ.
Nowlet’scheckthatthenoisedefinedinthiswaysatisfies17.Settingt1=t

andt2=0withoutlossofgenerality(correlationisinvariantwithrespecttotime
translations),weget:

(22) ηp(0)=
σ
√
τ
ξp(0)
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Figure6.Globalvs.USAinflationinthetimeperiod1962-2000.

Anno It Anno It Anno It Anno It

1963 2.66 1973 9.01 1983 9.25 1993 7.15
1964 2.99 1974 13.85 1984 9.03 1994 8.29
1965 3.28 1975 13.75 1985 8.07 1995 8.46
1966 3.72 1976 11.47 1986 5.30 1996 7.26
1967 3.56 1977 12.15 1987 5.13 1997 6.94
1968 4.11 1978 10.85 1988 6.75 1998 6.83
1969 4.90 1979 12.53 1989 7.64 1999 5.26
1970 5.69 1980 16.70 1990 8.00 2000 5.44
1971 6.92 1981 13.27 1991 8.52
1972 6.79 1982 11.28 1992 8.04
Table1.Globalinflationrateintheperiod1963-2000.

ηp(t) = ρηp(t−t)+ 1−ρ2
σ

τ
ξp(t)=(23)

= ρ
σ
√
τ
ξp(0)+ 1−ρ2

σ

τ
ξp(t)

whereinthiscaseρ=e−t/τ.Evaluatingtheircorrelationyields

ηp(t)ηp(0) = ρ
σ2

τ
ξp(0)ξp(0)+ 1−ρ2

σ2

τ
ξp(t)ξp(0)=(24)

= ρ
σ2

τ
cpp+ 1−ρ2

σ2

τ
cppδ(t)

whichcoincideswith17.

3.5. Driftandinflation.Thetermµtrepresentsthedeterministicpartcontributing
tothegrowthrate,whichiscommontoeverysingleproductindependentlyonthe
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existenceofthenetwork. Onewouldexpecteverycommoditytohaveitsown
time-dependentgrowthrate,howeverwechosetoconsideranaveragegrowthrate
µ̄sharedamongallproductsinordertocontainthenumberofparametersofthe
model.ThetimedependenceisinsteadcapturedbytheinflationcomponentIt

(25) µt=µ̄+It

Thisassumptionwassuggestedbytheaverageoveralltrendobservedthroughout
theyearsinFig.1.Intheendthemodelhasonlyoneparameterthatcaptures
growthcontributionscomingfromexternalinputs,sinceinflationissimplyastep
functionintimewhosevaluesaregiven.
Howeverinflationisacountry-specificquantity,whileherewearedealingwith

aglobalaggregatednetwork. Onechoicecouldbetousetheinflationofthe
countrythatleadtheeconomicpanoramaintheyearsobserved(theUSA)asin[1].
However,takinginspirationfromaworkfoundinaneconomicsjournal[58],we
definedaglobalinflationasaweightedaverageoftheinflationofeachcountryin
whichtheGrossDomesticProduct(GDP)actedasweight.Theresultinginflation
isreportedinFig.6whilethenumericalvaluesareshowninTable1.

(26) Iglobalt =
c∈{countries}I

c
t·GDP

c
t

c∈{countries}GDP
c
t

ThedatausedfortheinflationratesweretakenfromtheOECDdatabase[59],
whilethoseoftheGDPfromadatabaseredactedbythe WorldBankGroup[60].

4.Integrationanddynamics

InordertosolveEq.5weneedtoproceedwithanumericalintegrationofthe
followingsystemofSDEs:

(27) dZp,t=
p=p

(JppZp,t−JppZp,t)dt+(̄µ+It+ηp,t)Zp,tdt

withthequantitiespreviouslyintroduced.
Inaregimeinwhichdt τdifferentintegrationschemesleadtoidentical

results. WeoptedtofollowIt̂o’sprescription,whichisthemostwidelyusedin
financeandeconomics.
WeusethecorrelatedGaussiannoisewepreviouslydefinedtobuildaBrownian

motion:

(28) dWp,t=
√
dtξp,t

sothatwecanrewriteηp,tas

(29) ηp,t=ρηp,t−dt+ 1−ρ2
σ
√
τdt
dWp,t

SubstitutingthistermintheSDEandseparatingthedeterministicandstochastic
partswefind
(30)

dZp,t=





p=p

Jpp
Zp,t
Zp,t

−Jpp +ρηp,t−dt+̄µ+It



Zp,tdt+ 1−ρ2
σ
√
τ
Zp,t
√
dtdWp,t

Infinanceoneusuallypreferstouseintegrationschemescharacterizedbyahigh
weakconvergence,sincetheinterestisdirectedtowardstheabilitytoreproduceon
averagetheexactsolutionratherthanreproducingcorrectlyonesingleevolution.
ThechoicefellonasecondorderRunge-KuttaschemeadaptedtoSDEsystems
characterizedbybothweakandstrongconvergencesoforder1.
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Followingsuchmethod,wedefinethecoefficientsa(t,Zt)forthedeterministic

partandb(t,Zt)forthestochasticone:

(31) a(t,Zt)=





p=p

Jpp
Zp,t
Zp,t

−Jpp +ρηp,t−dt+̄µ+It



Zt

(32) b(t,Zt)= 1−ρ2
σ
√
τ

√
∆tZt

where∆tistheanalogoustothedifferentialdtandrepresentstheintegrationstep.
With {wn}n=0,Nbeingtheapproximationofthesolutionevaluatedinthe

pointsoftheintegrationmesh[0,T],theintegrationschemeis

(33)






w0=X0

wn+1=wn+
K1,n+K2,n

2

K1,n=a(tn,wn)∆t+b(tn,wn)∆Wn−Sn
√
∆t

K2,n=a(tn+1,wn+K1,n)∆t+b(tn+1,wn+K1,n)∆Wn+Sn
√
∆t

whereSnisarandomvariablewhichcanassumevalues±1eachwithprobability
1/2.
Methodswithhigherorderofconvergenceareknown,butsincetherelatively

high(226)numberofSDEscomposingthesystemthetimerequiredforthecomputation
becomesamatterthatneedstobetakenintoaccount.Settinganintegrationstep
of∆t=1/1000,takesaround8secondstosimulatethewholedynamicsusinga
single-threadprocessorwith3.1GHzclockfrequency.
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5. Calibration

Thedynamicalmodelwedevelopedintheprevioussectionsischaracterizedby
asetoffourfreeparameters:G,µ̄,σandτ.Thereforeweneedtofindvaluesfor
suchparametersthatallowtoreproducefaithfully(quantitativelyandqualitatively)
thehistoricaldata.
WedivideEq.30by Zp,twithoutexpandingiterativelythenoiseηp,t:

(34)
dZp,t
Zp,t

=





p=p

Jpp
Zp,t
Zp,t

−Jpp +ηp,t+̄µ+It



dt

andweintegrateinthetimeinterval[n1,n2]obtaining

(35) log
Zp,n1
Zp,n2

=
n2

n1 p=p

Jpp
Zp,t
Zp,t

−Jpp dt+
n2

n1

(ηp,t+̄µ+It)dt

Forthesakeofreadability,itisconvenienttodefinethefollowingfunctions

(36) fp(n1,n2)=
1

n2−n1
log
Zp,n1
Zp,n2

−
n2

n1

Itdt

(37) gp(n1,n2)=
1

n2−n1

n2

n1 p=p

zp|cpp|
Zp,t
Zp,t

−zp|cpp|dt

whereweexpressedJpp =Gzp|cpp|.Eq.35takestheform

(38) fp(n1,n2)=Ggp(n1,n2)+̄µ+
1

n2−n1

n2

n1

ηp,tdt

Fortheevaluationofgpweneedtoapproximatetheintegralwithasummation
sincetheZp’sarenotcontinuousintimebutarereportedyearly. Wetherefore
write

(39) gp(n1,n2)=
1

n2−n1
p=p

n2

n=n1+1

zp|cpp|
Zp,n−1
Zp,n−1

+
Zp,n
Zp,n

−zp|cpp|

Nowwegetintothedetailsofthecalibrationprocedure,whichwillprovideus
thevaluesforthefreeparametersG,σ,τandµ̄(inthisorder).

5.1. CalibrationofG.TheparameterGiseasilyfoundtobetheslopeof
Eq.38. Wethereforeevaluateallthepairsfp(n1,n2)andgp(n1,n2)makingthe
indexesvaryintherangesp=1,...,219,n1=0,...,37andn2=n1+1,...,38and
performalinearregression.
Oneproblemarisesinthisprocedure: when|gp|istoosmall,thestochastic

componentofthenoisedoesnotallowtocorrectlyestimateG. Aftersynthetic
simulationsofa39yearsperiodstartingalwaysfromthesameinitialconditions
butwitharbitrarilychosenvaluesforG,weverifiedthatusingonlythe10thof
thepointswithhigher|gp|wewereabletoestimatethecorrectvalueofGwitha
confidencelevelof10%(seeFig.7).Giventhehighnumberofpairscomposingthe
scatterplotweexploitedthequicksortalgorithmtoperformthesortingprocedure.
Theparametersobtainedwiththisregressionare:

(40) G=0.042±0.001y−1

(41) k=0.044±0.001y−1
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Figure7.Calibrationoftheparameter G. Scatterplotof
fp(n1,n2)vs. gp(n1,n2),withp=1,...,226,n1 =0,...,37e
n2=n1+1,...,38.Ingreenweseethe10%ofthepointswith
grater|gp|whileinpurpleweseetheremaining90%. Thethick
bluelinerepresentsthelinearregressiony=Gx+k.

5.2.σandτcalibration.Thesetwoparametersarecalibratedsimultaneously
inthesameprocedure. Weexploitthefactthatthevarianceoftheintegralofthe
noiseisafunctionoftheparametersσandτ.IsolatingthenoiseinEq.38evaluated
intheinterval[0,n]wefind

(42)
n

0

ηp,tdt=n[fp(0,n)−Ggp(0,n)−µ̄]

andbyevaluatingthevariancewegetridoftheconstanttermµ̄

(43) Var
n

0

ηi,tdt=n
2Var[fi(0,n)−Ggi(0,n)]

Therighthandsideoftheequationisevaluatedontherealhistoricaldata,
whiletheleftonecanbeevaluatedinanexplicitway.Firstwerewritethevariance
as

(44) Var
n

0

ηp,tdt=E
n

0

ηp,tdt
2

−E
n

0

ηp,tdt
2

soweareleftwiththeevaluationofthetwoaveragesontherighthandofthe
aboveequation.Exploitingtherecursiveformofthenoise(Eq.21)wefindthatits
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Figure8.Calibrationoftheparametersσandτ.Itisclearhow
alreadystartingfromthefirstyearwearenotabletodistinguish
theexactfunctionfromthelinearregression.

expectationis

E
n2

n1

ηp,tdt=E
n2

n1

ρηp,t−dt− 1−ρ2
σ
√
τ
ξp,t dt(45)

=ρE
n2

n1

ηp,t−dtdt− 1−ρ2
σ
√
τ

n2

n1

E[ξp,t]

=0

dt

=ρ
n2

n1

E[ηp,t−dt]dt

whereweusedthefactthatξp,t∼N(0,1)andthereforeE[ξp,t]=0.Iterating
suchprocesswefinallygettotheevaluationofthetermηp,0=ξp,0ρσ/

√
τwhichis

identicallyzeroforthesamereason.Intheendwewereabletoprovethat

(46) E
n2

n1

ηp,tdt=0

Nowweaddressthesecondtermbyexpandingthesquaredpower:

E
n

0

ηp,tdt
2

=E
n

0

n

0

ηp,tηp,tdtdt(47)

=
n

0

n

0

E[ηp,tηp,t]dtdt

exploitingthenoisecorrelationofEq.17withcpp≡1weget

(48) E
n

0

ηp,tdt
2

=
σ2

τ

n

0

n

0

e−
|t−t|
τ dtdt
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Nowweperformthevariablechanget−t=tintheintegralandwedecompose
theabsolutevalueinitspositiveandnegativeparts:

E
n

0

ηp,tdt
2

=
σ2

τ

n

0

dt
n−t

−t

e−
|t |
τ dt(49)

=
σ2

τ

n

0

dt
0

−t

e
t
τ dt+

n−t

0

e−
t
τ dt

=σ2
n

0

dt 2−e−
t
τ −e−

n−t
τ

=2σ2 n+τe−
n
τ −1

whichgivesusfinallythefollowingrelation

(50) n2Var[fp(0,n)−Ggp(0,n)]=2σ
2 n+τe−

n
τ −1

Performingaregressionofthethesepointsprovidesuswithvaluesforσand
τ(Fig.8),howevertheformofsuchfunctionmakesithardtofindtheabsolute
minimumwithaleast-squaresmethod.Tosolvesuchproblem,wecanseethatas
ngrows,theexponentialtermdecayswithcharacteristictimeτ,andthefunction
takesalinearform:

(51) 2σ2 n+τe−
n
τ −1 →n τ2σ

2[n−τ]

whichallowsustofittheparametersstraightforwardlywithalinearregression.
Thecriterionchosentodeterminethelowercutoffforthepointsusedconsists

inincreasingthelowerboundforthefittingprocedureuntiltherelativeerrorof
thefittedfunctionevaluatedatthelowerbound(withrespecttotherealdata)is
lowerthan1%. Weseethatthisconditionisalreadyverifiedstartingfromthe12th
year,sowewillbedroppingonly12pointsofthe39available.Theresultsofthe
regressionare:

(52) σ=0.109±0.002y−1/2

(53) τ=0.607+0.4−0.5y

Theerrorofτhasbeenexpressedinsuchwaybecauseweobservedthatthe
dynamicsoftheZp’sdoesnotreallychangebychoosingforτanyvaluebetween0.1
and1.InFig.8weseethatthelinearregressionisveryclosetotheexactfunction
comprehensiveoftheexponentialterm,sotheapproximationweperformedforthe
calibrationisconsistentwiththeresults.

5.3.µ̄calibration.Theparameterµ̄quantifiestheaveragegrowthrateofall
thecommodities.Acorrectcalibrationofsuchparametershouldthereforeallowto
reproducequantitativelythegrowthobservedafter38yearsoftimeevolution.
Inthisscenarioitisconvenienttousethelogarithmicgrowthweusedbeforeto

defineyearlyreturns(itisaddictive).Thegrowthofaacommoditypinantime
interval[T1,T2]willbedefinedas:

(54) λp,T2−T1=
1

T2−T1
log
Zp,T2
Zp,T1

Theaveragegrowthoftherealdataintheperiod[0,38]willthereforebe:

(55) λreal38 =
1

38·226
p∈goods

log
Zrealp,38

Zrealp,0

=0.0889y−1

Ourtaskistoreproducecorrectlythisquantitywhensimulatingtheevolution
ofthedata,sowewillneedtounderstandtheintrinsicgrowthofthenetworkinthe
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absenceofanydeterministicdrifts.Forthisreasonwedefinethegrowthdeprived
ofthecontributioncomingfromtheinflationas:

(56) c38=λ38−
1

38

38

0

Itdt

which,fortherealdata,iscreal38 =9.77×10
−3y−1.

Usingtheauxiliaryfunctionsweintroducedforthecalibrationoftheparameter
Gweseethatgrowthwedefinedissimplytheaverageofthefunctionfoverthe
products

(57) c38= fp(0,38)

Evaluatingthisquantityontherealdatawefindindeed55.
GivenEq.38thefollowingrelationholds:

(58) creal38 =G g
real
p (0,38)+̄µ

Foracorrectestimationofµ̄,wefirstproceedwithsimulationsinwhichweuse
thecalibratedvaluesoftheparametersG,σandτandweartificiallysetµ̄=0.
Introducingthe∼superscripttocharacterizesuchquantities,theequationthey
mustsatisfywillbethefollowing:

(59) f̃p(0,38)=G̃gp(0,38)+
1

38

38

0

ηtdt

whichsubstitutedinc̃38= f̃p(0,38) yield

(60) c̃38=G g̃i(0,38)

TakingthedifferencebetweenEq.58and60wefindthatthefollowingrelation
mustholdforµ̄:

(61) µ̄=creal38 −c̃38+G g̃p(0,38)− g
real
p (0,38)

Theterminsidetheparenthesisisnegligiblebecausedependsonthedifferences
oftheratiosbetweenZrealp,t andZtildep,t whichhaveverylargevalues,sofinallywe
findthatagoodapproximationofµ̄is

(62) µ̄=creal38 −c̃38

Weperformed100000simulationsfortheestimationof̃ c38with̄µsetartificially
equaltozero.Averagingtheresultsyields

(63) c̃38=(3.46±0.05)×10
−3y−1

whichintheendyields

(64) µ̄=(6.31±0.05)×10−3y−1
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Figure9.Simulationoftheevolutionofglobalexportsstarting
fromtherealinitialconditionof1962. Thecolorschemeis
assignedasinFig.1,withthethickerlinereferringtoelectronic
commodities. Thevaluesusedfortheparametersarethose
obtainedwiththecalibrationprocedure:G =0.042y−1,µ̄=
6.31×10−3y−1,σ=0.109y−1/2andτ=0.607y.

6. Results

Thefirstresultobtainedwiththemodelisobviouslyasyntheticreproduction
ofthehistoricaldatadepictedinFig.1.StartingfromtherealZpof1962andusing
thecalibratedvaluesfortheparametersG,µ̄,σandτandtheinflationI(t)we
cansimulatetheevolutionoftheexportsfor38years,untilthelastyearobserved
(2000).
InFig.9weshowtheresultsobtainedwithasimulationwithintegration

step∆t=1/1000:weimmediatelyseethatnotonlytherainboweffecthasbeen
reproduced,butalsothatthegoodsthatintheinitialyearswereoutofranking(e.
g.electroniccommodities)reachtherightpositioninthefinalyear,undergoingan
anomalousgrowthcomparedtotheaverage(thisresultwillbeformallyquantified
inthefollowingsection).

6.1. Rankingreproduction.Onewaytovalidatequantitativelytheconvergence
ofthesimulatedrankingstotherealoneinthefinalyearsistoevaluateyearlythe
Spearmanrankcorelatorrs[61].Suchcoefficientevaluatesthecorrelationbetween
therankingsoftwosetsofdatainsteadoftheactualvaluesofthevariables(as
withPearson’scoefficient[62]).Spearman’scorrelatorassumesvaluesbetween-1
and+1:

•rs=+1indicatesaperfectpositivecorrelation,meaningthatthetwo
rankingscoincide;
•rs=−1indicatesaperfectnegativecorrelationwhichhappensifthetwo
rankingsareonetheoppositeoftheother;
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Figure10.EvolutionintimeoftheSpearmanrankcorrelator.
Bothcurves(thegreenone withthecalibratedvaluefor G,
thepurpleone withG = 0)havebeenobtainedaveraging
100simulationevolvedforatimeperiodof500years. Single
simulationsfluctuatearoundtheirrespectivecurves. Thelight
bluelinerepresentstheexponentialregressionthatprovidesthe
characteristictimeτs 47years.

•rs=0meansthatthereisnocorrelationatall.

iftherankingsaremadeofnon-equalintegernumbers,givenasetofNelements
{Xi}i=0...Nand{Yi}i=0...Nthecorrelatorisdefinedas:

(65) rs=1−
6 i(rg(Xi)−rg(Yi))

2

n(n2−1)

whererg()istherankingoftheelementwithinitsset.
Weproceedsimulatingsyntheticevolutionsofthedatastartingfromthereal

initialconditionsandwecomparetheyearlyrankingzsimulp (t)withtherealone

zrealp (whichisevaluatedinthelastdecadeofhistoricaldataasin8).
AswecanclearlyseeinFig.10thecorrelatortendsexponentiallyintime

towardsapositivecorrelation(fluctuationsarethereasonwhytheasymptoticvalue
staysbelow1).Thisprovesthatourmodelisabletoreproducecorrectlyalsothe
evolutionofthegoodswhichunderwentananomalousgrowth.Inthesamefigure
wealsoreportedtheevolutionofthecorrelatorinsimulationsinwhichweartificially
setG=0:itisclearhowthisscenarioleadstothetotalabsenceofcorrelation
amongthetwosystems.Thisfactshowstheimportanceoftheroleplayedbythe
transfermatrixJpp andprovidesulteriorvalidationtothechoicesmadeinthe
constructionofourmodel..
Ananalysisofthecurvethatarisesfromtheevolutionofrsprovidesuswith

asortofcharacteristictimeτswhichcanbeinterpreted,fromaneconomical
perspective,asthetimetheglobaleconomyneedstore-establishthecorrectranking
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Figure11. Comparisonsbetweenthecorrelatorsobtainedform
therealdata(abovethediagonal)andthesyntheticones(below
thediagonal),obtainedaveraging20synthetichistoriesobtained
withrealinitialconditionsof1962andwiththevaluesforthe
parametersobtainedinthecalibrationprocedure. Commodities
werechosentobeequallyrepresentativeofalltheset(3withhigh,
3withaverageand3withlowrankingpositions).

afterthat,forinstance,aworldwidecrisisoccurs.Anexponentialfitoftheform:

(66) rs(t)−rs(∞)=[rs(0)−rs(∞)]e
−t/τS

providesuswiththefollowingcharacteristictime:

τs=46.7±0.5y

Amorein-depthanalysis,showsthatgiventhesameinitialconditionswefinda
characteristictimethatisusuallyinverselyproportionaltoG(keepingthevalues
oftheotherparametersfixed).

7. Reproductionofthecorrelation matrix

Herewepresentanotherresultthatvalidatesthechoiceswe madeinthe
constructionofthecorrelationmatrixcpp definedin13.Exploitingthesimulations
weperformed,weevaluatedinretrospectasyntheticanalogousmatrixcsimulpp .In
Fig.11weillustrateacomparisonbetweenthematrixobtainedfromhistoricaldata
andtheoneobtainedfromthesimulations.Thecomparisonhasbeencarriedout
overasubsetof9representativegoods(3amongthetoprankings,3inthemiddle
onesand3inthelowerpositions).
Aswecanseethesymmetryoftheplothighlightshowthesimulateddataare

consistentwiththemodelwebuiltalsofromthisperspective:csimulpp capturesthe
samecorrelationsthatwerepresentintheoriginaldata.
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Figure12.Averagegrowthrateλ38vs.G. Theblackdashed
lineindicatesthegrowthcomingfromdeterministicdriftsµ̄+
38
i=1It/38, whilethearrowpointstothecalibratedvalueof

G =0.042±0.001ontherealdata. 10000simulationswere
performedforeachpointintheplot.

8. Optimalgrowth

Oneimportantfeaturethatcharacterizesour modelisthatthegrowthwe
observeisnotentirelygivenbythedeterministiccontributioncomingfromµt=
µ̄+It. The multiplicativenatureofthetermscomposingtheequation might
allowpositivestochasticfluctuationstospreadlocallymoreefficientlyratherthan
unfavorableones.Suchfeatureisstrictlyconnectedwiththeexplore-exploittrade-
offdilemmapresentedin[51],inwhichonehastodecidewhethertoexploita
favorablelocalfluctuationratherthanredirectingitsresourcestowardsnewand
unexploredvenues.
Afterdefiningthefollowingaveragegrowthrateintheperiod1962-2000:

(67) λ38=
1

38·226
p∈goods

log
Zp,38
Zp,0

itisstraightforwardtotrytounderstandhowvaryingthecouplingconstantG
thatregulatestheintensityofthetransferofresourcesmightaffectsuchgrowth.
Thereforeweproceedsimulatingdatawithourmodelstartingfromthesameinitial
conditionoftheyear1962andkeepingthevaluesofµ̄,σandτfixedtothevalues
obtainedinthecalibrationprocedure,butvaryingthevalueofGtoseehowthis
affectstheresultingaveragegrowthrate.
TheresultsweobtainedareshowninFig.12:forverysmallvaluesofGthe

growthissimplydeterminedbydeterministiccontributions,infactinsuchlimit
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Eq.5becomes

(68)
∂Zp,t
∂t

−−−→
G→0

(ηp,t+̄µ+It)Zp,t

whichintegratedbetween0and38yields

(69) log
Zp,38
Zp,0

=
38

0

(ηp,t+̄µ+It)dt

Averagingoverthep’sthestochticcomponentηp,tdisappearsandweareleft
with

(70) λ38|G=0=µ̄+
1

38

38

t=0

It 0.0855y−1

whichcoincideswiththedeterministicdriftcomprehensiveoftheaverageinflation
rateintime.
IncreasingthevalueofGweobserveinsteadaprogressiveincreaseofthegrowth

rateuntilamaximumvalueisreached,afterwhichthecurvechangesitstrend
reachingvaluesthatareevenbelowthelinegivenbythedeterministiccomponent.
Suchbehavioriscausedbythespecificityoftheinitialconditions,whichimplybig
amountoftransfersofresourcesintheinitialstagesoftheevolutionwhichwould
nothappeninthecaseofsteadystateinitialconditions,aswe’llseeinthefollowing
section.
ApeculiarfactthatarisesfromsuchanalysisisthatthecalibratedvalueG

0.04y−1ontherealdataisreallyclosethethepointofthemaximumofthegrowth
curve:thisindicatesthattheglobalnetworksomehowwasabletoself-regulateitself
tothebestpossibleconditions(froma39yearsgrowthperspective).
Keepingintoaccounttheaverageweightofthelinksofthetransfermatrix

i=jJij/N,thecalibratedvalueofGcorrespondstoanaverage2%transferof
resourcesforeachproducteveryyear.

9. GrowthforT τs

Theanalysispresentedintheprevioussectionstudiedthegrowthoverthe38
yearsperiodfollowing1962. Wecantryandseewhathappensforlongertime
simulationsinwhichT τs,usingasinflationtheaveragevalue

38
t=0It/38

0.079y−1.
InFig.13weshow(ingreen)thecurveλ400(G)startingfromthereal1962

initialconditions.Thefirstthingwenoticeisthatthebell-shapebecamebothwider
andhigher,allowingforageneralbettergrowthwithrespecttothe38yearcase. We
alsonoticethattheGcoordinateofthemaximumisoneorderofmagnitudebigger
thanpreviously,sotherealcalibratedvalueofGisfurtherfromthemaximumin
along-timeperspective.
AnotherfactthatarisesfromthisanalysiswithT=400yisthatforlarge

valuesofGthegrowthdoesnotgobelowthelineofthedeterministiccomponent,
asinthe39yearsgrowth.Thiseffectiscommoninstudiesofnetworksstartingfrom
steadystateinitialconditions.Infactweexpectthat,ifnorelevantperturbations
occur,thenetworkwillstabilizeinthelongtimetoastateclosetothesteadyone.
Nowwelookforthesteadystateconditionsofthisnetworkinordertosimulate

thegrowththatcomesbystartingfromsuchcondition.Ofcoursewe’llneedtoset
thedeterministicdriftµtequalto0inthedynamicsEq.5:

(71)
∂logZp,t
∂t

=
p=p

Jpp
Zp,t
Zp,t

−Jpp +ηp,t
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Figure13.ComparisonbetweentheaveragegrowthrateλTvs.
GforT=38y(purple)andT=400y(green)with1962realinitial
conditionsandforT=38ywithsteadystateinitialconditions
(lightblue).Theblackdashedlinerepresentsthegrowthcoming

fromthedeterministicdriftµ̄+
38
i=1It/38.

Averagingontheproductsthestochastictermηp,tdisappears,yielding

(72)
∂

∂t
logZp,t =

p=p

Jpp
Zp,t
Zp,t

−Jpp

Onthelefthandsidewehavethederivativeoftheaveragegrowth(non-normalized)
whichisequaltozerointhesteadystate.Imposingthisconditionwefindthatthe
steadystateisgivenby:

(73) Zp,t=
p=pJppZp,t

p=pJpp

Wecanfindasetof Zp,t’sthatsatisfytheaboverelationstartingfromthe
initialconditionandimposingtheiterativescheme

(74) Zi,t=
p=pJppZp,t−1

p=pJpp

anditeratinguntilthefixedpointisreached. Startingfromsuchconditionswe
studiedagainthegrowthλ38asafunctionofG,obtainingthelight-bluecurve
showninFig.13.Hereweverifiedtheideathatalong-timeevolutionapproximates
theeffectofasteady-stateregime: asinthecaseT τswefindthatthe
maximum’sGcoordinateisoneorderofmagnitudegreaterwithrespecttothe
onecalibratedoverrealdata,andalsothatforlargevaluesofGthecurvedoesnot
gobelowthelinedefinedbythedeterministicdrift.
Thereasonwhythetwocurvesdifferisprobablygivenbytherelationofinverse

proportionalitythatconnectsGandτs:forsmallG’satimeofT=400yisnot
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bigenoughforthiskindofanalysis. Ontheotherhand,forlargevaluesofG
(correspondingtosmallervaluesofτs)wefindthatthethetwocurvesareingood
agreement.

10. Discussion

Inthischapterweillustratedtheconstructionofanautonomousdynamical
modeldescribingtheevolutionofthevalueofproductexportswithinaglobal-
economycomplexnetwork. Minimalityhasbeenanobligedfeatureinorderto
highlightcooperativeendogenousmechanismsunderlyingeconomicgrowth.Specifically,
intheequationswesingledoutadeterministicgrowthtermincludinginflationary
contributions,astochasticonerepresentingthealternanceoffavorableandunfavorable
conditionstothedevelopmentofeachexportclass,andfinallyanetworkofvalue-
transfersamongproducts. Thislastingredienthasbeensuccessfullyidentified
primarilythrougharanking-basedcriterion.Thestochasticcomponentischaracterized
bothbytime-correlationsassociatedtothedurationofeconomictrendsandby
productcross-correlationsreflecting,e.g.,theexistenceofeconomysectorsinwhich
severalexportsaresimultaneouslyinvolved.Inspiteofitsparsimoniouscharacter,
themodelprovidesrealisticestimatesoffluctuationproperties,characteristicresponse
times,andaveragegrowthrates.Italsoprovidesanevaluationoftheaverage
percentageofvaluetransferfortheexports.Importantly,throughthedistinction
betweenµ̄andtheempiricalgrowthrate,itcharacterizeswhichpartofthegrowth
canbeascribedtotransfermechanismsdeterminedbyinvestmentsandstructural
interdependences.
Herewealsocouldverifythattheglobalgrowthcomplieswiththetypical

conditionsofanexplore-exploitproblem.Theoptimalsolutionforsuchaproblem
dependsonbothstructuralinterdependencesamongproductsandstrategicinvestment
choices. Noteworthy,thecalibratednetworkcouplingsrealizeclose-to-optimal
conditionsformaximalaveragegrowthintheperiodcoveredbydata. Thus,for
theprevailingcorrelatednoiseconditions,thenetworktransferratesappeartobe
self-organizedtowardsaclosetooptimalsolutionoftheexplore-exploitdilemma.



CHAPTER3

Growthdynamicsandcomplexityofnational

economies

1.Introduction

Afundamentalprobleminthestudyofeconomicgrowthisthequantitative
assessmentoftheeffectthatthevarietyandqualityofgoodsproducedbya
countryhasonitsoverallproductivity[63,64]. Thisassessmentfacestheextra
difficultythattheproductivitydependsalsoonnontradablecapabilitiesandon
intangibleassets.Anadvanceinthisfieldwasrecentlymadewithintheapproach
toeconomiccomplexity.Thisconsistedintheproposalofameasureofdiversityin
theproductionsofacountrywhichtakesintoaccounttheirdegreeofspecialization,
asdeduciblefromacomparativeanalysisatgloballevel[7]. Anideaatthebasis
ofthisapproach[65,8,66,67]isthattheproductivebasketofallcountries,if
properlyanalysed,shouldsupplyalsomostoftheinformationencodedinassets
likeeducation,qualityoflife,technologicalsophistication,orinstitutions.
Intheworkpublishedin[2]wemanagedtopushthisviewfurther,considering

dataconcerningyearlyexportsofallcountries,retrievedfromtheglobaltrade
network,asacompletesetofcoordinatessuitableforacloseddescriptionoftheir
evolutionintime.Asweshowbelow,supplyingadynamicmodelofallthesedata
allowstomakecontactwithaspectsoftheeconomiccomplexityofthenations,
whichseemtobehardlyrevealablebyotherapproaches. Atthesametime,
comparisonsoftheparametersquantifyingtheseaspectsinthedynamicdescription,
canbemadewithanovelmeasureofeconomiccomplexityextracteddirectlyand
reliablyfromthedatawhoseevolutionisdescribedbythemodel.
Inspiredbythesuccessofrelativelymoresimpledescriptionsusedinvarious

fields,likepopulationandevolutionarydynamics[68],portfoliostrategies[53]or
interfacegrowth[69],weformulatestochasticdifferentialequationsfortheevolution
oftheexportsofthevariouscountries. Thepossibilityofsyntheticsimulations
opensthewaytocounterfactualorpathdependenceanalyses. Forexample,the
equationsgeneratethroughnoiseeffectsalternancesofperiodsoffavourableand
unfavourableconditionsforeachexport,andtheoccurrenceofcontextualtransfers
ofresourcesbetweendifferentexports,canleadtotheresultofenhancingor
depressingaveragegrowth. Thismechanismgivesrisetoexplore-exploittradeoff
alternativesinportfoliooptimization[53]. Sincethemodelincludesacoupling
parameterwhichtunessimultaneouslyalltheratesofresourcetransfersbetween
differentexports,wecanestimateasafunctionofthiscouplingthepotential
averagegrowthwhichcouldhaveoccurredinapastperiod,andcompareitwith
thehistoricalone.ThisisillustratedintheResultsSectionbelowforthecaseof
theUSA,ChinaandRussia. Thecounterfactualanalysisrelativetotheperiod
1995-2015showsineachcasehowpronouncedarethemaximaofaveragegrowth
andhowfartheyfallfromthehistoricallycalibratedvaluesofthetransfercoupling.
Thisprovidesanindicationofthegrowthpotentialofthecountriesassociatedwith
variationsoftheaveragetransferrate.

29
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Figure1.Panel(a):223countriescoloredwithapaletterelated
totheentropic measureSc,computedfor2015. Fewcountries
withnodataarewhite.Panel(b):Thisscatterplotrevealsthat
thetotalexportΩc20andthenormalizedSpearman’scorrelator
ρcsM

c/MWOR discussedinthetextarestrictlycorrelated. The
rankingofmostadvancedcountriesisclosetothatvalidforglobally
aggregatedexports. Thecolorschemeisthesameastheone
usedinthePanel(a)andshowsthatScisclearlyincreasingwith
increasingSpearman’scorrelator.

Themodelpresentedinthepreviouschapterandpublishedin[1]dealtwiththe
simpler,butsimilar,problemofthetimeevolutionofexportsaggregatedamong
allcountriesatgloballevel.Thesimilarityisduetothecircumstancethat,atboth
aggregateandsingledevelopednationlevel,datashowaprogressiveenforcement
andstabilizationofapeculiarwayinwhichresourcesaredistributedindifferent
productions. Thistendencytowardsasimilarrelativedistributionofresources
inthebasketsshouldberegardedasamaineffectofthereciprocalinfluencesof
differentnationaleconomiesintheglobalmarket.AsshowninFig.1(b),especially
forthemostdevelopedcountries,therankingsassociatedwiththesedistributions
appearveryclosetothatvalidafterglobalaggregation.Thesedistributionsinfact
constituteabasicingredientfortheconstructionofourdynamics.
Theprecisedistributionsofresourcesintodifferentexportsarenottakeninto

accountbyapproacheswhichattributetoeachcountrytheroleofexporterof
agivenproductsimplyonthebasisofsharpthresholdcriteria. Suchcriteria
havebeenextensivelyadoptedrecentlyintheconstructionofeconomiccomplexity
measures[7,65,8,66,67]Thestructureofourdynamicalmodelofexportgrowth
suggeststolookforcomplexitymeasureswhichfullytakeintoaccounttheprecise
relativeweightsofthedifferentexportsinthenationalbaskets.Indevelopment
economicsmeasuresofdiversityofproductionsusingtheseweightsasarguments
ofShannonentropyfunctionsarealreadyknown[70,71].Akeyresultweprovide
hereistheconstructionofaniterative,safelyandrapidlyconvergentschemefora
consistentsimultaneousevaluationofthediversificationofnationalexportsandthe
specializationofproducts.ThestartinginputsintheiterativeschemeareShannon
entropyindicatorsofbarediversityandspecialization. Anachievementinthis
contextisanticipatedinFig.1(a),wherewereportinaworldmapourestimated
entropymeasureofeconomiccomplexityfor223countriesreferringtohistorical
dataof2015.Theanalysisofthevariousparametersandindexesofourmodelis
considerablyhelpedbycomparisonswiththisnovelentropicmeasureandGDPpc
data.

2. Originaldatabases

2.1. ExportData.Thedatausedforquantifyingtheproductsexportedby
eachcountryareextractedfromtheBACIdatabase[72].Thisdatabase,redacted
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Table1.Yearlyvalues(inpercentage)ofthe WorldaggregateCPI.

year I(t) year I(t) year I(t) year I(t)

1996 5.55 2001 3.59 2006 2.63 2011 2.86
1997 4.69 2002 2.71 2007 2.50 2012 2.24
1998 4.11 2003 2.42 2008 3.68 2013 1.61
1999 3.54 2004 2.35 2009 0.51 2014 1.73
2000 3.95 2005 2.60 2010 1.84 2015 0.59

bytheCEPIIResearchInstitute,isinturnbuiltupontheCOMTRADEdatabase
(freelyaccessibleattheUNCOMTRADEwebsite[47]),andconsistsinarevision
ofthelatter,inwhichtheauthorscheckandrectifytheamountsdeclaredbythe
exportingandimportingcountriestomakethemconsistentwitheachother. All
thepricesareexpressedintermsofcurrentUSdollars(thus,justifyingtheinsertion
ofaninflationterminthedynamicmodel).TheBACIIdatabaseisa4dimensional
panelthatspansthefollowingaxes:

(1)Time:dataarereportedonanannualbasis(startingfrom1995)andare
constantlyupdatedwiththelatestdataavailable.Atthetimewestarted
performingouranalysisthedatabasecovereda21yearsrange,withthe
latestdatabeingthoseof2015.

(2)Product: Theproductsareclassifiedaccordingtoa6digitcode(the
HarmonizedSystem2007[73])whichconsistsinroughly5000different
categoriesofproducts.

(3)Exportingcountry:about223countriesarepresentinthedatabase.Data
areorganizedatacountry-to-countrylevel,sothatonecanknowhow
muchofasingleproducthasbeenexportedfromanycountrytoany
another.

(4)Sameforimportingcountries.

2.2. GrossDomesticProduct.ThevaluesoftheGrossDomesticProduct
PerCapita(GDPpc),havebeenextractedfromadatabase[74]oftheUnited
NationsStatisticsDivision(UNSD).Thisdatabasespanstheperiod1970-2015and
quantitiesareexpressedincurrentUSdollars(sameasfortheBACIIdatabase).

2.3. ConsumerPriceIndex.FinallytheConsumerPriceIndex(CPI)values
weregivenbytheOrganisationforEconomicCo-operationandDevelopment(OECD)[59].
Intable1wereportthevaluesusedinouranalysis,whichcorrespondtoaweighted
aggregateatagloballevelofalltheCPIsofeverycountrypresentintheOECD
databases.

3. Dataaggregation

TheHarmonizedSystemclassificationallowsustoorganizethedatainless
specificcategoriesbysimplyaggregatingproductssharingthe mostsignificant
digits. Ouranalysiswasperformedover1238“macro”categoriesbuiltwith4
digitdataforexportsofeachcountry. Anotheraggregationhasbeencarriedout
overtheimportingcountriesaxis,inordertoobtaintheZcp,nrepresentingthetotal
amountofproductpexportedbycountrycintheyearn.Theentropicmeasures
construction(seesection10)wascarriedoutontheresultingdataset.Inorder
toapplyourdynamicmodelwehadtoperformafurtherselectionintheZcp,n
panel. Withdatacoarse-grainedtoa4digitlevel,itmaystillhappenthatsome
entriesbecomezero.Inprinciplethisshouldindicatethatacertaincountrystops
suddenlytoexportaproduct. However,suchoccurrenceismorelikelyrelatedto
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anintrinsicproblemofmissinginformationintheoriginaldatabase:thedatawe
workonareaggregated,so,ifaproductdisappears,itmeansmeanthatthecountry
hasceasedtoproduceawholemacrocategoryofproductsinjustoneyear,which
isunlikelytohappen. Moreoverthesezeroesappearmainlywhendealingwith
underdevelopedcountries.So,thissuggeststhattheproblemliesintheredaction
ofthedatabaseitself.HavingaZcp,n=0isanissuebecauseitproducesasingularity
wheninsertedinEq.122.So,whenthishappens,weneedtoremovetheentiretime-
seriesassociatedwiththatproduct. Wedecidedtoproceedwiththecalibrationonly
forthosecountrieswhokeptmorethan80%oftheirexportsaftertheseremovals.
So,thedynamicmodelwasappliedto131countriesintotal.

4. Distributionsofexportsfromindividualcountries

Foreachcountryandeachproductweconsidertheyearlyexportsrealizedfrom
1995to2015(seeSI).Limitinghereexaminationto131countrieswhoseexportdata
donotshowtoomanyinterruptionsinthewholeperiod,wecallZcp,nthetotalvalue
(inthousandsofUS-dollars)oftheproductcategoryp(p=1,2,...,Mc)exported
intheyearn(n=0,1,...,TwithT=20)bycountryc(c=1,2,...,N=131).
Thenumberofexportedproducts,Mc,variesfromcountrytocountry,butfor
themostdevelopedeconomiesMc 1238≡MWOR. Aninterestingresultthat
emergedinref.[1]isthat,theexportsaggregatedatgloballevel,ZWORp,n = cZ

c
p,n,

aresortedinvalueaccordingtoarankingwhichismaintainedandslowlystabilizes,
uptoslightfluctuations,intheyears.Itsexistenceandthefactthatsimilarstable
rankingsareapproachedbytheexportsofeachindividualcountry,especiallythe
mostdeveloped,isakeyfeatureoftheorganizationofeconomies.Foreachcountry,
wedecidetoassignareferencerankingofproductpbasedonthefractionofthe

valueofproductpoverthewholecountryexport,Ωcn≡
Mc

p=1Z
c
p,n,averagedover

thelast5years:

(75) zcp≡
1

5

20

n=16

Zcp,n
Ωcn

Inordertocomparetherankingofthezcpofcountryctothatoftheexports

aggregatedatgloballevelinyearn,zWORp,n ,weevaluatetheSpearman’srank
correlationcoefficient[61]ρcsbetweentheformerandthelattersetdeprivedofthe
goodsthatarenotexportedbycountryc.Sinceanextensivemismatchbetween
thetwosetscouldyieldamisleadinglyhighcoefficient,wefurthermultiplythe
Spearman’scorrelationbyMc/MWOR. Fig.1(b)reportsthisquantitycoupled
withthetotalexportΩcnforn=20(year2015).Itshowsthat,indeed,developed
countriesshareacommonrankingstructure,closetothatofgloballyaggregated
exports(ρcs∼1). Moreover,withlowertotalexportthecorrelatordecreases.
InFig.2,weshowthetimeseriesoftheproductsexportedbytheUSA(a),

China(b)andRussia(c).Thewavelengthsofthecolorsusedforeachproductpare
proportionaltothecorrespondingzcp:therainbowimageperceivedinthefigures
confirmstheexistenceandstabilityoftherankingofproductvalues.Exceptions
areofcoursepresent,correspondingtogoodschangingtheirrankintheperiod.
Furthermore,therainboweffectinthegraphisslightlymorepronouncedforthe
USAcomparedtoChina.ThisisasignofthefactthatChina’sgrowingeconomy
isstillreorganizingitsinternalstructure.Russiainsteadshowsawiderspreadof
theproductexportvalues,indicatingthatinitscasethereisacertainnumberof
productswhoseimpactonthecountry’seconomyislowandarelativelysmaller
numberofproductswithahighimpact,likecoal,petroleum,naturalgasand
minerals.Fig.2alsoshowsthatChina’sexportsincreasedmuchfasterthanthose
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Figure2.Interpolationsofyearlyvaluesofproductsexportedby
theUSA(a),China(b)andRussia(c)from1995to2015. The
wavelengthofthecolorforeachgroupofproductsisproportional
tothecorrespondingzcp.Therelativestabilityofproductsrankings
invalueovertimecausesmarkedrainboweffectsinallimages.For
bettervisualization,thedatahavebeenfurthercoarse-grainedto
roughly200categoriesofproducts,correspondingto3digitsofthe
HScodifications.

oftheUSA.Infact,definingtheaveragegrowthrateovertimeTforacountryc
as

(76) λcT≡
1

Mc·T

Mc

p=1

log
Zcp,T
Zcp,0

onegetsλUSAT =2.1%andλCHNT =11.2%. Russiaexperiencedaverageexport
growthcomparabletoChinaλRUST =10.5%.

5. ModelofExportDynamicsforindividualcountries

Sinceyearlyexportrecordsresultfromvariationsinmuchshorterperiods,we
setupequationsincontinuoustimetmeasuredinyearunits(t=0correspondsto
theendof1995):thevalueofproductpexportedbycountrycintheyearpreceding
timetisindicatedwithZcp(t),with0≤t≤T,(Tcorrespondsto2015)Thus,Z

c
p,n

givesadiscreterepresentationofthisfunctionoftimein21points.
Wewriteastochasticsystemofequationsforthe Zcp(t)’sinthefollowingform.

∂tZ
c
p(t)=

p=p

JcppZ
c
p(t)−J

c
ppZ

c
p(t)+ η

c
p(t)+µ

c(t)Zcp(t)

=
p

AcppZ
c
p(t)+η

c
p(t)+µ

c(t)Zcp(t)(77)

whereηcisacoloredzero-meanGaussiannoise.ThefirstterminZcp(t)ontherhsof
Eq.122wouldenter,insomewhatsimplifiedform,inageometricBrownianmotion
descriptionofassetdynamicsfamiliarfromthestandardmodeloffinance[75,53].
Inthefollowingsectionsweprovideanexhaustivedescriptionofthedynamics

describedbythissystemofequationsinordertogiveabetterunderstandingofthe
meaningoftheparametersandofthemodelingredients.

5.1. Correlation matrix.Inthebasketofacountry,thismatrixplaysthe
importantroleofquantifyingthecorrelationsbetweentheincrementsofeachpair
ofexportedproducts. Thefirststepinbuildingsuchmatrixistoevaluatethe
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yearlylogarithmicreturns

(78) Rcp,n=log
Zcp,n
Zcp,n−1

whichwestandardizereferringtoaveragesoveralltheyears(indicatedby An =
ΣnAn/TforaquantityAn).

(79) rcp,n=
Rcp,n− R

c
p,n

Rcp,n
2
− Rcp,n

2

Thecorrelationbetweentheproductspandpisthusdefinedas

(80) ccpp ≡ r
c
p,nr

c
p,n=

1

T

T

n=1

rcp,nr
c
p,n

whereT=20representsthelastavailableyearforthereturns(2015inthiscase).
Aswewillseeinthefollowingsections,thecorrelationmatrixwillplayanimportant
roleintheconstructionofboththematrixrulingthetransfersbetweendifferent
productionsandthecolorednoise.

5.2. MatrixJcpp.ThematrixJ
c
pp isconstructedexploitingthecorrelation

matrixasasortof“inversedistance”(seeTinbergen’sgravitylaw[76]):theshorter
this“distance”,thelargertherateatwhichthetransferofresourcesbetweentwo
productsoccurs.Inthestructureofthetransfertermoftheequations,thegravity
lawispresentalsobecausethetransfertermisproportionaltobothZcp andz

c
p.

Indeed,wewrite:

(81) Jcpp =G
czcp|c

c
pp|

whereGcisacouplingmultiplicativeconstantthatregulatesthemagnitudeofthese
transferprocesses,andzcpisthefractionoftotalexportforproductpaveragedthe
lastfiveyears:

(82) zcp=
1

5

20

n=16

Zcp,n

pZ
c
p,n

Thisisthequantityusedtodiscusstherankinginvalueofexportsinthemain
text. ThetransitionmatrixAc,withelementsAcpp =J

c
pp forp=pandA

c
pp≡

− p=pJ
c
pp,establishesandmaintainstheobservedrankingofthevariousZ

c
p(t)’s

oncewechooseJcpp ∝z
c
p.Indeed,withsuchachoice,z

c
pisinthekernelofA

cand,
intheabsenceofnoiseterms,thesolutionsofEq.122tendtoalong-timeattractor
inwhichtheZcp’sareinthekernelofA

citself[77]andarethusproportionalto
thezcp’s.

5.3. Noise.ThenoisethatdefinesthestochasticdynamicsofEq.122needs
totakeintoaccountthatfluctuationsinthegrowthconditionsarecorrelatedboth
intimeandbetweendifferentproducts.Theformercorrelationsrequiretodefine
ηcasacolorednoisewithcharacteristictimeτcandvarianceσc,whilethelatter
willimplythatwecan’tuseaKroneckerdeltaforthecorrelationamongnoises
fordifferentproducts.Indeed,fluctuationsaffectingacertainproductwillbefelt
byotherproductsthatare“spatially”close.Forthesereasons,wedefineηcasa
coloredGaussiannoisewithmeanandcorrelation

(83) ηcp(t))=0

(84) ηcp(t1)η
c
p(t2)=c

c
pp

(σc)2

τc
e−|t1−t2|/τ

c
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τcrepresentsatypicalopportunity/crisisperiodduration[51],whileσcregulates
themagnitudeofthefluctuations. Heretheaveragesindicatedby.havethe
usualmeaninginstochasticdifferentialcalculus.ccppappearsinthenoisecorrelator
becausethenoiseisdirectlyresponsibleforthereturncorrelationsrecordedhistorically.

5.4. Drift.Thetermµc(t)representsadeterministicdrift,accountingforthe
averagepercentualinputofresourcesintheexportproductioninagivencountry
intheabsenceofmutualinfluences.Thetimedependencecomesfromtheinclusion
oftheinflationaryeffectstowhichtheexportsareexposedeveryyear(asexplained
insection2)Thus,wewrite

(85) µc(t)=µ̄c+I(t)

inordertoseparatetheconstant,averagecontributiontothedriftµ̄cfromthe
inflationaryoneI(t),whichcanbereadasanyearlystep-wisefunctionwhose
valuesaretakenfromtheOECD[59]andreportedintable1.

6. Calibrationprocedure

Thevaluesofthefreeparametersaredeterminedbybestfitsofthehistorical
records. Wenoticethatalltheparameterstobefittedinthemodel,andratesJcpp,
areassumedtobetimeindependent,inasortofmeanfieldspirit.Thisisjustifiedby
theconsiderablecomplexityoftheproblem.Introducingatime-dependenceforthe
Jcpp inparticular,wouldinprincipleallowtoexploreoptimizationstrategiesofthe
averagegrowthmorerealisticthanthoseonecantestupontuningonlytheconstant
valueofGcforthewholeperiod,asdiscussedinthenextSection.Indicationthat
suchdependenceontimecouldbearealisticfeatureofamoresophisticatedmodelis
providedbytheoftenlargevariancesdisplayedbytheyearlyrecordswhoseaverage
yieldsourmatrixccpp.Inspiteofthis,wetaketheseaveragesastime-independent
matrixelements,inaspiritwhichisnotfarfromthatofarecentstudyofthemulti-
layerednetworkstructureunderlyingfinancialandmacroeconomicdynamics[78,
79]. Whendealingwiththedataofcertaincountrieswefindthatthecalibration
oftheseparametersrevealsthepresenceofanoisethatcannotbefullyreproduced
bythedynamicsofEq.122(seeSIformoredetails). Thisoccursespeciallyin
thecaseoflessdevelopedcountriessincewhenacountryisnotdrivinginthe
globaleconomy,thefluctuationsofitsproductionscanbestronglyaffectedbythe
dynamicsofothercountries,aneffectnotexplicitlyincludedinourmodel. For
thisreason,inordertoproperlycalibratethefluctuationparametersσcandτc,we
needtocleanthedatabyremovingtheseexternal-noiseeffects.Thissuggestsusto
introduceanadditional,fifthparameter,σc0,whichinturnbecomesaninteresting
indicatoroftheroleofacountryinthe Worldeconomyscene,byquantifyingits
sensibilitytoothercountries’influence.
Fromthispointon,wewilldropinthissectionthe·ctoavoidredundancyin

thenotations.Thecalibrationprocedurewefollowissimilartothatpresentedin
ref.[1],withthemaindifferencelyinginthepresenceofthenewbackgroundnoise
σ0.DividingEq.122byZp(t)andintegratinginthetimeinterval[n1,n2](n1and
n2integers),weobtain

(86) fp(n1,n2)=Ggp(n1,n2)+̄µ+
1

n2−n1

n2

n1

ηp(t)dt

whereweintroducedthefunctions

(87) fp(n1,n2)=
1

n2−n1
log
Zp,n1
Zp,n2

+

n2

n=n1

In
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Figure 3.An offset noisetermcharacterizethe networks
ofunderdevelopedcountries. Here wereportthequantity
n2Var[fp(0,n)−Ggp(0,n)]evaluatedfromthedataofadriving
countryintheeconomicalscene(USA,panel(a))andforan
underdevelopedcountry(Zambia,panel(b)).Itisevidentthatan
offsettermarisesforthelattercountry,justifyingtheintroduction
oftheadditionalparameterσ0.

(88) gp(n1,n2)=
1

n2−n1

n2−1

n=n1
p=p

zp|cpp|

2

Zp,n
Zp,n

+
Zp,n+1
Zp,n+1

−zj|cpp|

whichareestimatedapproximatelybysumsinplaceofintegralsbecauseofthe
discretenatureofthedataatourdisposal. WeimmediatelyseethatEq.86
establishesalinearrelationbetweensuchfunctions,withGrepresentingtheslope.
Thereforeweperformarobustlinearregressionofthescatterplotfvs. gto
estimatethevalueofG. Theinterceptobtainedwiththeregressionisafirst
estimateof̄µ(thestochastictermhereaveragesto0),butamoreaccuratederivation
canbeperformedaftercalibratingtheparametersσandτ.Inordertodothat,we
firstneedtorearrangeEq.86bymovingtotheleftsidetheGgpterm. Wethen
evaluatethevarianceoftheresultingequation.Bysettingn2=nandn1=0we
obtain:

(89) v(n):=n2Var[fi(0,n)−Ggi(0,n)]=2σ
2 n+τ e−n/τ−1

Whendealingwithdevelopedcountriesthisrelationisusuallyquitesolid,butfor
therestofthecasestheempiricalplotsshowthatthereisamissingoffsetinthe
equation(seeFig.3).Sucheffectisimputabletothefactthatthecountriesare
notaclosedsystemandaresubjecttowhathappensoutsideoftheirborders:the
lessacountryisdrivingintheglobaleconomy,themoreitstradeswillbeaffected
byfluctuationsofthecountriesitrelatesto.Inordertocorrectlycalibratethe
parametersσandτofacountry,wethusneedtocleanthedatabyintroducingan
offsetnoisetermσ0,whichinturnwillbeanindicatoroftheextrafluctuationsthe
country’sexportsareexposedto.Eq.89becomesthen:

(90) v(n)=2σ2 n+τ e−n/τ−1 +σ20

Theexponentialtermdecaysquitefast(expostanalysisshowsthat τc=2.8±
0.2y). So,byneglectingthefirstyearsterms,weareabletoperformalinear
regression:theslopem=2σ2canbedirectlyinvertedtoobtainthevalueofσ,
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whiletheinterceptequationq=−2σ2τ+σ20needstobecoupledwithanother
conditioninordertodeterminetheremainingtwoparameters.Forthisreasonwe
integrateEq.91inthefulltimerange[0,T]obtaining:

(91) V=
1

2

T−1

n=0

[v(n)+v(n+1)]=2σ2
T2

2
−τT+τ2 +Tσ20

wherewedisregardedtheexponentialterme−T/τ obtainedaftertheintegration.
Invertingthesystemofequationsfinallyyields

(92) τ=
V−Tq

2σ2
−
T2

2
,σ20=q+2σ

2τ

Wecalibratethelastremainingparameter̄ µthroughrepeatedsyntheticsimulations
(seebelow)ofthesystemofequationsdeprivedofthedeterministicdriftµ̄itself.

Inthiscasetheaveragegrowthreadsλ∗T=hT(G)+
T
t=0It.Thus,onecanfind

thevalueofµ̄thatreproducescorrectlythegrowthfromthehistoricaldataby
difference:

(93) µ̄=λT−λ
∗
T

7.Integration

ThestochasticdifferentialEq.122involvesacoloredGaussiannoisethatevolves
accordingto

(94) ηp(t)=ρηp(t−dt)+ 1−ρ2
σ
√
τ
ξp(t)

whereρ≡e−dt/τandξp(t)isazero-meanGaussiannoisewithcorrelationξp(t)ξp(t)=
cppδ(t−t). Inordertoobtainanoisewiththispropertiesweperformthe

C=LDLTCholeskydecomposition(seeforinstance[80])ofthematrixC≡cpp,
whichcanbeappliedtoanysymmetricmatrixanddoesnotrequiretheevaluation
ofanysquarerootsinthediagonalterms(whichmaybecomeaproblemwhen
dealingwithlargematriceswhitrelativelysmallentries). Thus,weareableto

applythedecompositiontoavectorofindependentGaussiannoisesξ̃togenerate

ξ=LD1/2̃ξ. BysubstitutingthecorrelatednoiseinEq.122anddiscretizingwe
obtain

(95) ∆Zp,t=ap(t,Zt)dt+bp(t,Zt)∆Wp,t

whereweintroducedtheWienerprocesses∆Wp,t=
√
∆tξp,tandthetwocoefficients

(96) ap(t,Zt)=





p=p

Jpp
Zp,t
Zp,t

−Jpp +ρηp,t−∆t+̄µ+It



Zp,t

(97) bp(t,Zt)= 1−ρ2
σ
√
τ

√
∆tZp,t

Withtheassumption∆t τdifferentintegrationprescriptionsyieldthesame
results:wechoseasecondorderRunge-KuttaschemefortheIt̂oprescription,suited
forsystemsofequationsandcharacterizedbybothstrongandweakconvergence
oforder1[81].Ifwepartitionthetimeinterval[0,T]inLsub-intervalseachof
length∆t,theintegrationapproximation{wl}l=1···Lestimatedoversuchmeshis
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givenby

(98)






w0=Z0

wl+1=wl+
K1,l+K2,l

2

K1,l=a(tl,wl)∆t+B1b(tl,wl)

K2,l=a(tl+1,wl+K1,l)∆t+B2b(tl+1,wl+K1,l)

HereB1,2aretwodiagonalmatricescontainingthe Wienerprocessesassociated

withthenoise∆Wp,n≡
√
∆T(ξp,n+1−ξp,n),whichhaveentries

(B1)pp =δpp ∆Wp,n−Sp,n
√
∆t

(B2)pp =δpp ∆Wp,n+Sp,n
√
∆t(99)

whereSp,narerandomvariablesthatcanassumevalues±1withequalprobability
p=1/2.Inallthenumericalintegrationsperformedweset∆t=0.01,satisfying
thecondition∆t τ.

8. Growth

ConcerningtheaveragegrowthintroducedinEq.121:onewouldliketodetermine
theseparatecontributionsofthetermsinEq.122.Tothispurposeonecandivide
Eq.122byZcp(t),integrateitintheinterval[0,T]andtaketheaverageoverthe
setofproducts.Thisallowstoobtain:

(100) λcT=h
c
T(G

c)+̄µc+
1

T

T

0

I(t)dt

wherehcTresultsfromintegrationofthetransferterms.Thistermdependsstrongly
onGcandcanbeestimatedbydiscretesummations. Thus,asanticipated,part
ofthegrowthisdirectlyassociatedwiththecooperativetransfertermsinthe
equations.Ofcourse,theeffectoftransfersongrowthdependsalsoonthefluctuations
causedbythecolorednoise. Thecombinationofthetwofactors mayrealize
conditionsinwhichthepositivetrendsofsomeproductionsareoptimallyexploited
toincreasethegrowth.So,besidesdeterminingGcandhcT(Gc)onthebasisofthe
historicaldata,itmakessensetosimulatehistoriesinwhich,e.g.,Gcisvaried,while
keepinghistoricalinitialconditionsandotherparametersfixedatthecalibrated
values.Thus,onecandeducetheeffectthatavariationofGccouldhavehadon
theaveragegrowth.Thisisinterestingandnotdevoidofprescriptivevalue,since
Gccanbeinprinciplepartlycontrolled,e.g.,byregulationsandinvestmentpolicies.

InFig.4,wereportsuchplotsforλc20oftheUSA(a),China(b)andRussia
(c)indicatingalsothevaluesofGc,(abscissapointedbytheredarrowinpanels
a,b,c),ofλc20,(y-coordinateofredarrowtip),andofµ̄

cplusaverageinflationrate
(horizontalblackdashedline)asdeterminedbycalibrationonhistoricaldata.The
agreementofthearrowtipswithsimulationdatapointsconfirmtheconsistencyof
thecalibratedmodeldynamics.Thedistancebetweentheleveloftheblackdashed
lineandthedatapointsgiveameasureofthecontributiontothegrowthtobe
ascribedtothetransfertermsintheequations.Thiscontributionappearspositive
inthehistoricalcases,butbecomesalwaysnegativeforsufficientlyhighGcvalues.
Remarkably,fortheUSAthecontributionofthetransfertermisverysmall,and
notsusceptibleofsensibleincrementsuponanincreaseofGc. Thesituationis
verydifferentforChinaandRussia,wherewerecognizeamuchlargercontribution
ofthetransfersand,mostimportant,asubstantialincrementofthegrowthwith
largerGc’s.Fig.4(d)reportstheplotsforthethreecountriesaftersubtractionof
theaveragedeterministiccontribution.



 0.01

 0.015

 0.02

 0.025

10-3 10-2 10-1 100 101

a) USA

Gc [y-1]

λ
c 2
0
 [
y-
1 ]

 0.11

 0.12

 0.13

 0.14

10-3 10-2 10-1 100 101

b) CHN

 0.09

 0.1

 0.11

 0.12

 0.13

 0.14

10-3 10-2 10-1 100 101

c) RUS

-0.01

 0

 0.01

 0.02

 0.03

 0.04

10-3 10-2 10-1 100 101

d) 1995-2015

Gc [y-1]

h
c T
 [
y-
1 ]

USA
CHN
RUS

9.ENTROPIC MEASURES OF DIVERSITY ANDSPECIALIZATION 39

Figure4.Panels(a),(b)and(c)reporttheaveragegrowth
λc20(G)oftheUSA,ChinaandRussia,respectively. Theyare
obtained withsimulationsfordifferentvaluesofthetransfer
parametersGc. RedarrowspointtothecalibratedvaluesofGc

andthegrowthestimatedfromhistoricaldata.Theblackdashed
linesrepresentthedeterministicdriftcontributionstotheaverage

growth. µ̄c+ 1
T

T

0
I(t)dt. Panel(d)showsthepreviouscurves

deprivedofthedrift,inordertoconfrontthegrowthcontributes
hc20ofcooperativenature.

9. Entropic measuresofdiversityandspecialization

Inordertofurtherclarifythemeaningofthemodelparameterswedefinea
quantitywiththesamescopeasthatoftheEconomicComplexityIndex(ECI)[65]
orFitness[8,82].Tobedirectlycomparablewithintensiveindicators,likeGDP
percapita,itshouldbeafunctionoftherelativeweightsoftheexportsinthe
distributionofeachbasket,expressedassc,p≡Z

c
p/Ω

c,forproductpandcountry
c(forsimplicitywedroptheyearindexninthisandthefollowingsection).The
Shannon’sentropyfunctionalreadyinuseindevelopmenteconomicsasavariety
ordiversityindicatorisanaturalcandidate[70,71].Thisindicatorincreaseswith
boththenumberandtheevennessofproductsshares.Ithastheadvantageofbeing
independentofthedetailedstructureandnumberofintermediatestagesleading
tothefinalrepartitionofresources[9],andthusisquiterobust. So,asafirst

stepwedefineacountry’sproductiondiversityasS
(0)
c =− psc,plogsc,p. Within

thisanalysiswecananalyzeallthecountriesinthedatabaseregardlessoftime
interruptionsoftheexportdata,soN =223. Anentropicindicatortakinginto

accountthespecializationoftheexportscanalsobedefinedasQ
(0)
p =logN+

cqc,plogqc,p,whereqc,p≡Z
c
p/Z

WOR
p arethesharesofcountrycevaluatedwith

respecttotheoverallglobalexportofproductp.Hereweexploitthefactthatthe

maximumShannonentropyofaproductislog(N).Thus,Q
(0)
p increaseswiththe

entropyoftheproductbeingmoredistantfromthismaximum.Assuch,itweigths
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thanthosetotheleft,becausetheirexportsarelessbalanced,anddominated,e.g.,
bypetroleum(likeSaudiArabia,Venezuela,Kuwaitetc...).Acomparisonbetween
ourentropicmeasureandtheFitnessFcdefinedinref.[8]isreported7,where
weshowthatarelationFc=e

const·Scisveryplausible(evaluatingtheSpearman
correlationindexbetweenFcandScyieldsavalueρs 95%).
OurdefinitionsofScandQpdifferfromthoseoftheanalogousquantities

constructedwithintheeconomiccomplexityapproachinabasicaspect:whilein
theseapproachesthequantitiesaredefineddirectlyasweightedaverages,inour
caseweightsareusedtorenormalizeargumentstoinsertinindicatorsrelatedto
theShannonentropyfunction. Theuseofthisfunctionintroducesanessential
ingredientofnon-linearity[8]intheiterationsandguaranteesatthesametime
globalstabilityandsmoothnessofScandQp.Thus,itprovidesalsoawayoutof
somemathematicalpathologieswhichoccasionallyaffectthepreviousalgorithms[83].
Sccanalsobestraightforwardlyevaluatedatdifferentlevelsoffinegrainingofthe
exportdata(numberofdigitsusedforcodingtheproducts),allowingconsistent
quantificationofinter-andintra-sectoralcontributionstodiversification[71].Finally,
anotheradvantageofourentropicmeasuresisthefactthattheymakeuseofthefull
informationcontainedintheZcp’svalues,withoutresortingtobinarizationsthrough
thresholdcriteriabasedonRevealedComparativeAdvantageRCA[10,11].

10. AnalysisoftheEntropicscheme

10.1. Constructionofthealgorithm.Tosimplifynotationsherethesubscript
nisomitted,thus,ourconsiderationswillrefertodataforagenericyear. The
startingpointthatledtotheconstructionofthealgorithmfortheentropiespresented
intheprevioussection,istheideatouseShannon’sentropy[9]asmeasureofthe
diversityinthebasketoftheexportedproductsofacountry[71].Heretheroleof
probabilitiesisplayedbythesharessc,p≡Z

c
p/ pZ

c
p ofthetotalexportbythe

countryinacertainyear.Thereforeafirst,baremeasureofdiversitywillbe:

(102) S(0)c =−
M

p=1

Zcp

pZ
c
p

log
Zcp

pZ
c
p

Themoreabasketisequallypartitionedamongtheproducts,thehigherwillbethe
valueofthisentropy.Theideal(unrealistic)caseisthereforetheoneinwhichevery
producthasashare1/M,whichgivestheupperboundlimitvaluelogM tothis
entropy.Ontheotherhand,whenalltheexportsareconcentratedinarestricted
nicheofproducts(likeinoil-exportingcountries)theentropywillbesmall,with
lowerboundvalue0correspondingtothecaseinwhichonlyoneproductisexported.
Wecandefineananalogousquantityfortheproducts,inordertounderstandwhich
productsaremorecommon,andthereforeeasytoproduce,andwhicharemorerare.
Thesharesareevaluatedinthiscaseoverthetotalglobalexportofeachproduct,
asqc,p≡Z

c
p/ cZ

c
p,Hencewedefine:

(103) Q(0)p =log(N)+

N

c=1

Zcp

cZ
c
p

log
Zcp

cZ
c
p

sothatinthiswayQwillbehigherforthemostspecializedproductsandlowerfor
themostcommonones. ThenextstepincreatingthealgorithmistouseSand
Qrespectivelyasaweightinvaluatingmorerefinedentropies:thenewweighted
shareswillthereforebe:

(104) sc,p=
ZcpQ

(0)
p

pZ
c
pQ

(0)
p

,qc,p=
ZcpS

(0)
c

cZ
c
pS

(0)
c
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Figure7.Panel(a):ScatterplotcomparingtheFitnessFand
theEntropicDiversitySmeasuresofthecountriesintheyear
2015. Astrongpositivecorrelationisfound,indicatingthatan
exponentialrelationholds(greenline). Panel(b):Scatterplot
ofpanel(a)containingallthedataofeveryyearintheperiod
1995-2015,eachcoloredwithcolorsfollowingthepalette.

and[0,logN]fortheQp’s.Then,foreveryiterationkwedeterminedthedistance
fromthefixedpointandfoundthattherelation

(108) d S(k),Q(k) ,(S,Q)=eαk+β

holdswithcoefficientsα=−1.720±0.001andβ=3.12±0.02,foundbyfitting
thepointsobtainedwith100differentrandominitialconditions(seepanel(b)of
Fig.6). WiththisparameterswewerethereforeabletoestimatetheLipschitz
constant[84],definedas

(109) q≡ lim
k→∞

d S(k+1),Q(k+1) ,(S,Q)

d S(k),Q(k),(S,Q)

whichturnsouttobe

(110) q=eα=0.1824±0.0003

Theseestimatessuggesttoclassifythealgorithmasgloballyconvergentwithalinear
rateofconvergence(q<1meansthatthemapassociatedwiththealgorithmisa
contraction).Inpanel(c)ofFig.6wereporttheratiosofdistancesfromthefixed
pointsofconsecutiveiterations,andconfrontthemwiththevalueoftheLipschitz
constantqobtainedwiththepreviousregression.

11. ComparisonwithECIandFitness

TheFitnessalgorithmwasintroducedbyPietronero’sgroupin[8]asanimprovement
toHidalgoandHousmann’sECIindicator[7],whichwascharacterizedbyafundamental
probleminitsoriginalformulation.Inthissectionwewillintroducebothalgorithms
andhighlightindetailtheissuesandconcernsthatleadustotheconstructionof
ourentropicmeasure.

11.1. Revealedcomparedadvantageandbinarization.Onekeydifference
betweenourmeasureandbothFitnessandECIisthattheyarenotbuiltuponthe
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matrixofexportsZcpbutratheronabinarizationofit,obtainedusingtheRevealed
ComparativeAdvantage(RCA)[10],definedas

(111) RCAcp=

Zcp

p Z
c
p

c Z
c
p

Zcp

BasicallyRCAislargerthanonewhentheshareofexportsofcountryonagiven
productislargerthantheshareofthatproductontheglobaltrade,thereforeit
isusedtosetathresholdforacountriesexport. WhenRCAcpisgreaterorequal
to1countrycisconsideredanexporterofproductp,whilewhenRCAcp<1that
countryisnotaneffectiveexporterofthatproduct.
Alongthisidea,abinarizedversionofthematrixoftheZ’sisperformed:

(112) Mcp=
1 ifRCAcp≥1

0 ifRCAcp <1

Suchmatrixwillserveasthemainingredientintheiterativeschemes.Suchchoice
exposestheschemestotwomainconcerns:first,thereisundeniablyanenormous
lossofinformationthatcomeswiththebinarizationprocedure. Wethrowawayall
the(continuous)informationcontainedinthematrixZcpinexchangeforadiscrete
”yes-or-no”indicator.Secondly,thereisaarbitrarinessintroducedwiththechoice
ofthehardthreshold,which,takeninsuchanearlystageoftheanalysis,isgoing
tointroduceabiasineveryoutcomingresult.

11.2. ECI.Themethodofrefletions presentedin[7]isextremelysimple,
andinitssimplicityliesitsinconsistency.Itconsistsiniterativelycalculating
theaveragevalueoftheprevious-levelpropertiesofanode’sneighbors.Starting
fromthezerothlevel

(113)
k
(0)
c = pM

c
p

k
(0)
p = cM

c
p

whichrespectivelyrepresentthediversificationofacountry(numberofproducts
exported)andtheubiquityofaproduct(numberofcountriesexportingagiven
product),theiterativeschemeforn≥1isdefinedasfollows.

(114)
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c

Theauthors,atthetimeofthepublication,didn’tseemtonoticethatthisscheme,
iterated,leadtoatrivialsolutioninwhichallk’sareequivalentwithoneanother.
Infact,ifwejointheequationofthesystem114weget:

(115) k(N)c =
1

k
(0)
c p,c

McpM
c
pk
(n−2)
c

k
(0)
p

which,forlargenisequivalenttosolvingtheeigenvalueproblem

(116) kc=
c

M cckc

wherethematrix

(117) M cc=
1

k
(0)
c p

McpM
c
p

k
(0)
p

=
pM

c
pM

c
p

p,cM
c
pM

c
p
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haslargesteigenvalueequalto1(because cM
cc=1,asinatransitionprobability

matrix). Theschemethereforeconvergestoanuninformativeeigenvectorwhose
entriesareallthesame.
Theauthorslaternoticedsuchinconsistency,andlater,inthebook[65],went

aroundtheissuebysimplychoosingtolookattheeigenvectorassociatedwith
thesecondlargesteigenvalue,whichwasnamedtheEconomicComplexityIndex
(ECI).SinceM istheanalogoustoatransitionalprobabilitymatrix,thischoice
correspondsinusingtheeigenvactorcontainingthespeedofconvergencetothe
steadystateforaMarkovjumpprocess,thereforesuchchoiceseemsratherunclear
andunjustified.

11.3.Fitness.Pietronero’sworkpublishedin[8]revealedtheissuepresented
above,andpresentedasolutiontosuchproblemwhichconsistedinintroducing
non-linearityintheiterativescheme.HedefinesthefitnessofacountryFandthe
complexityofaproductQasthequantitiesobtainedthroughthefollowingiterative
scheme:

(118)






F̃
(n)
c = pM

c
pQ

(n−1)
p

Q̃
(n)
p = 1

c M
c
p

1

F
(n−1)

c

→






F
∗(n)
c =

F̃(n)c

F̃
(n)
c

c

Q
∗(n)
p =

Q̃(n)p

Q̃
(n)
p

p

wherethebrackets ·xindicatesanarithmeticaverageovertheensemblex.
Withsuchchoicelinearityisbroken,thereforetheissuethatcharacterizedthe

ECIschemeisnotpresentanymore.However,thechoiceofusingareciprocalofa
reciprocalinthedefinitionofthecomplexityQ∗risessomeconvergenceissue1in
someoccasions,aspointedoutin[83].Thishappens,forinstanceinthecasesin
whichacountrywithF∗closetozerohappenstobeconsideredanexporterfora
certainproductp:thisautomaticallycausesthecomplexityQ∗ofsuchproductto
gotozero,regardlessofanyothercontributiontothecomplexitythatmighthave
comefromothercountries.
HereweseehowtheRCAplaysanimportantroleinthesescenarios,since

choosingadifferentthresholdmighthaveavoidedthesesituations,oralsogiven
risetootherdivergences.Thistwomainconcernswerethereasonwhywedecided
tofindanalternativetotheFitness,andwefoundinShannon’sentropytheanswer.

11.4. Comparison.InFig.7wecompareourindicatorswiththecurrent
stateoftheartintermsofcomplexityindicators,representedbythefitnessF
introducedin[8]. Aswecanclearlyseefrompanels(a)and(b),wehavean
exceptionallyhighcorrelationbetweenFandS:evaluatingtheSpearmancorrelator
yearlyweobtainonaverageavalueofρs(S,F)t=0.95,suggestingtheexistence
ofamonotonicrelationbetweenthetwoquantities.Suchastrongcorrelationwas
tobeexpected,sincethealgorithmofFitnesshasthemainpurposeofrewarding
countriesexportingspecializedproductsanddatashowthatcountriesexporting
suchproductsarecharacterizedbyhighdegreeofdiversification. So,itisnot
surprisingthatrewardinginfirstplacenumberofexportsandevennessofrelative
shares,asinourcase,canleadtoasubstantialagreement.Anexponentialrelation
oftheformF∝eαSisfoundtobequiteplausible,withαassumingvaluescloseto
1.

1Thenonconvergenceofthealgorithmismaskedfortworeasons.First,ifweweretodefine
thequantitysimplicityS=1/Qwewouldseethatitisallowedtodivergetowardsinfinity.
Second,bothF∗andQ∗followPareto-likedistribution,thereforeusingEuclidianmetricsdoesn’t
allowtocapturethishiddendivergence.
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Whencomparingourmeasureofspecializationoftheproducts Qpwithits
analogcomputedwiththeFitnessalgorithm,westillseeapositivecorrelationbut
definitelylower(ρs(Q,Q

∗)t=0.42onaverage).
Wesuspectthatthisisprobablyduetothestabilityissuesthatarisebecauseof

thenonlinearstructureofQ∗,asitwasrecentlypointedoutin[83].Thissuspect
isalsosupportedbythefactthatthecorrelationbetweenFandF∗ismanifestly
worseinthelowfitnessregion,wherewefindthecountriesmostaffectedbythe
convergenceissue. Wethereforeneedtofurtherinvestigatethisaspecttobetter
understandhowthetwospecializationmeasuresarerelated.

12. Calibrated modelparameters

EntropiccomplexityandGDPpcprovideanobviousbenchmarkplanetoassess
levelsofdevelopmentandstabilityofcountries,evenif,ofcourse,onecouldconsider
alsootherquantities,liketheeigenvectorcentralitydeterminedrecentlyinthe
networkstudyofRef.[78,79]. Fig.5(a)reportspositionsonthisplaneof223
countriesin2015.Anexponentialfit(greydottedline)showsthatGDPpcincreases
onaveragewithSc,althoughapreciserelationdoesnothold. Thefourcolored
regionsareconsistentwiththemodelparameterscomparisonsreportedinFig.5(b)-
(e).Theboundariesaredrawnbasedontheexponentialfitofyvsxindicatedin
thefigure(horizontal),andonareproductioninour(Sc,GDPpc)planeofasimilar
plotintheplane(Fc,GDPpc)ofRef.[82].InFig.5(b)the131representativepoints
ofthecalibratedcountriesarecoloredfromapalettedefinedbythevaluesofthe
totalnoiseamplitude,σctot= (σc)2τc+(σc0)

2. Thenoisestrengthisratherlow
intheupperrightcorner(developedcountries),andverylargeinthelowerleftone
(riskyeconomies). Theverticalgradientispresentalsoontherightside,where,
however,somedevelopingcountries,likeChinaandIndia,showrelativelylownoise
effects. Panel(c)reportstheaverageannualtransferrateofresourcesbetween
exports,Jcpp = ppJ

c
pp/M

c,anindicatoroftheflexibilityoftheeconomy.This
isalwayslargefordevelopedcountries. Onefindsexceptionallyhighvaluesalso
forsomelessdevelopedcountries. Panel(d)reportsµ̄c,theaverageannualrate
ofresourcesinput.Thisisonlyoneofthecontributionstotheslopeseen,e.g.,in
thetimeseriesinFig.2.Itisratherlowforcountriesintheupperrightcorner.
Thisshouldnotsurprise,sinceµ̄cisnotausualgrowthindicator,likeGDPpc,
butratherquantifiestheaveragerateofinvestmentofresourcesforthegrowth
netofinflationandcooperativityeffects.Itis muchhigherinthelowerright
corner,whereemergingeconomieswithhighScarelocated. Ontheleftvertical
sidecountrieswithlowentropiccomplexityhaveamixedbehavior,signalingthat
thesearedynamicallyfarfromstationarity. Thelowvalueofµ̄cfordeveloped
economiesmeansthat,whenthecountryapproachesastatewithhighentropyand
highGDPpc,freshresourcesforgrowthstartdiminishing.Asimilareffecthasbeen
clearlyobservedinref.[1]forexportsaggregatedatgloballeveloveraperiodof39
years.TheindicatorhcTisreportedinpanel(e),showingthatdevelopedeconomies
havearelativelylowcontributiontogrowthcomingfromcooperativeeffects.This
isconsistentwiththefactthatforthesecountriesthemarginsofoptimizationof
growthuponvariationofGcarerathernarrow,asseen,e.g.,inthecounterfactual
analysisfortheUSA(Fig.4(a)).InparticularhcT remainsverysmallcompared
tothetotaldriftinclusiveofinflation. Asalreadyremarkedabove,hcT depends
oncombinedeffectsofthetransfersandofnoise. HighervaluesofhcT arefound
forcountrieswithlowGDPpcandmediumSc.Thus,relativelylowtransferrates
combinedwithhighlevelsofnoisecanproducerelevantcooperativegrowtheffects.
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13. Discussion

Thedatadrivenapproachtogrowthproposedherehasfeaturesandimplications
worthoffurtherinvestigationinbothdevelopmenteconomicsandnetworktheory.
Ourdynamicmodelprovidesnovelinsightintothecomplexityofeconomicsystems
andintotheroleplayedbycooperativeeffectsingrowth. Theideathatthe
productiveoutputofacountry,ifweightedintermsofcompetitiveness,allows
tofullyaccountforendowments[7,8],hasbeenextendedtothedynamiccontext.
Indeed,thebasicassumptionmadehereisthat,foreachcountry,theexportbasket
structurewithitsfluctuationsshouldalsobesufficienttodeterminethestatistics
ofitsevolutionintime. Themodelembodiesexplicitinteractioneffectsbetween
productionswhicharefoundtobeanessentialingredientofgrowthdynamics,but
aregenerallynotaddressedintheeconomicliterature.Sucheffectsplayakeyrole
inenhancingordepressingthegrowthduetotheirinterplaywiththevariabilityof
marketconditions.Thefactthatthelongtermdynamicsiscloselycontrolledbythe
relativedistributionofresourcesintheexportbasketofeachcountrysuggeststhat
interventionsaimedatincreasingefficiencyofaneconomicsystemshouldstably
modifythestructureofitsbasket,makingitassimilaraspossibletothoseofthe
mostefficienteconomies. Theeffectsofsuchmodificationshouldbetestableby
simulationsofourmodel.
Besidesinspiringthedynamicmodelconstruction,thefocusonthedistribution

ofresourcesindifferentexportssuggestedanovelwaytoobtain measuresof
complexitybasedonthefullinformationcontentofthedata. Weshowedhere
thatatooltoestimatevarietyfamiliarindevelopmenteconomics,namelythe
Shannonentropyfunction[71],canbeusedtoevaluatethediversityofproductions
consistentlywiththespecializationofproducts.Theresultingentropicmeasures,
ScandQp,donotrelyonRCAthresholdcriteria[10,11]andarenicelyconvergent
andstable.Inthebroadercontextofthetheoryofnetworks,theusemadehereof
theShannonentropyfunctiontoextractthesemeasuresisfullyoriginalwithrespect
topreviousapplicationsaimedatcharacterizingtopologicalheterogeneity[85],
oratassessingthestatisticalsignificanceofmonopartiteprojectionsofbipartite
networks[86].Ourresultsopenanovel,entropybasedwaytoexploretheproperties
ofbipartitenetworkssofrequentlymetintherealworld[87].
Ourentropicmeasuresarederiveddirectlyfromthosedistributionsidentified

hereasthemaingeneratorsofdynamics.Thisstronglysupportstheexpectation
thatthese measuresshouldembodyessentialinformationconcerningeconomic
growthandshouldbegoodcandidatesasappropriatecollectivevariablesfordescribing
thisphenomenoninlowdimensionalityspaces[82]. Thus,thenexusexploredin
thisworkisdeepandpromisestofurtherimproveourunderstandingofgrowth
complexity.





CHAPTER4

AnalysisoftheG7countries

1.Introduction

TheNBER-UNdatabase[49]weusedtobuildthetimeseriesoftheexports
aggregatedatagloballevelcontainsalsodataspecifictosinglecountries.Inthis
chapterwewilltalkabouttheanalysiswecarriedoutinthecaseofspecificcountries
(publishedin[3])followingthelinesoftheworkdonefortheglobalaggregated
export.
Whenaggregatingyearlyexportsatthegloballevel,foreachproductonegetsa

resultantcoincidingwiththatobtainedbyaggregatingimports.Acountry,instead,
isasubsetofalargersysteminwhichtradescanbecarriedoutinbothdirections:
importsandexports. TheNBER-UNdatabasecontainsboththiskindsofdata,
reportingyearlytheamountofcommoditiesthathavebeenimportedfromand
exportedtowardstherestofthework,thereforeweneedtodecidewhichdatawe
needtouseinouranalysis. Thechoiceofexportsis,ofcourse,appropriateif,
forexample,theaimistoinvestigatetheproductivepotentialofthecountriesin
accordancewithgeneralideasoftheEconomicComplexityapproach[7,8]. We
performedthiskindofanalysisonamorerecentdatabase,whichwaspresentedin
chapter3. Here,moreconsistentlywiththepreviousinvestigationofaggregated
exportsatagloballevel,weconsider,foreachcountry,thebasketreportingthesum
ofyearlyexportsandimportsforeachproduct.Thischoiceisconsistentwiththe
aimofdescribingthegrowthoftheeconomies,whichisrelatedtotheincrementsof
bothimportsandexports. WelimithereourconsiderationtothecountriesofG7
(Canada,France,Germany,Italy,Japan,theUnitedKingdom,andtheUSA)and,
asabenchmark,weconsidertheglobalaggregateexportsrealizedbyallcountries
worldwide.

2. Dataconstruction

Weproceedwiththeconstructionofthedatasetofasinglecountry c.Fora
givenproductp,theNBER-UNdatabasecontainsboththeamountofimportZc,Ip,n
andexportZc,Ep,nforanygivenyearninthetimeperiod1962-2000.InFig.1itis
shownthecaseoftheUSAasanillustrativeexample. Thesamecoarsegraining
procedureto3digitsoftheSITC4classificationhasbeencarriedout,reducingthe
numberofclassesto202inthecaseoftheimportand221fortheexports.
Unfortunatelywiththiskindofanalysiswecomeacrosssomeissuesrelatedto

thedata:insomeoccasion,certaincommoditiesdonotpresentanyrecordfora
givenyear.Insuchcasesoneneedstoremovethegoodinordertoavoidzeroes
whichcannotbetakenintoaccountbythedynamicalevolution. Thisproblem
howeverisquiterareinthecaseoftheG7countries,anditisfurtherreducedby
theaggregationimoprt+exportthatweoperatetoconstructthefinaltimeseries
ofthecountry:

(119) Zcp,n=Z
c,I
p,n+Z

c,E
p,n
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Figure1. Comparisonbetweentheimport(left)andexport
(right)timeseriesoftheUSAinthetimeperiod1962-2000.The
color’swavelengthisproportionaltotherankingofeachproduct.

3. Model

Dataforyearlyexportsandimportsweretakenfromtheinternationaltrade
datafurnishedbytheNationalBureauofEconomicResearch[46]andcovera
periodof39yearsfrom1962to2000. Theproductsareclassifiedonthebasisof
theStandardizedInternationalTradeCodeat3-digitlevel(SITC-3)andtrades
arereportedinUS-dollars. WelimithereourconsiderationtothecountriesofG7
(Canada,France,Germany,Italy,Japan,theUnitedKingdom,andtheUSA)1and,
asabenchmark,weconsidertheglobalaggregateexportsrealizedbyallcountries
worldwide. WedenoteasZcp,nthetotalvalue(inthousandsofcurrentUS-dollars)
oftheproductcategoryp(p=1,2,...,Mc)traded(importplusexport)intheyear
n(n=0,1,...,TwithT=38)bycountry(world)c. Thenumberofproducts,
Mc,variesfromcountrytocountryandisreportedintable1. Whenreferringto
worldwideaggregateddata,thesuperscriptcisimplicitlyassumedtomeanworld.
Asalreadynoticedinpreviouspapers[1,2],akeyfeatureoftheorganization

ofeconomiesconsistinthefactthatthevariousproducts,besidesshowingan
approximateaverageexponentialgrowth,havearatherstablerankingoverthe
wholeconsideredperiod.Infact,ifweassigntoeachproduct,p,ofagivencountry
acolorwhosewavelengthisproportionaltothefractionofthevalueofproductp

overthewholecountrybasket,Ωcn≡
Mc

p=1Z
c
p,n,averagedoverthelast10years

coveredbythedatabase,

(120) zcp≡
1

10

38

n=29

Zcp,n
Ωcn
,

arainbowimageisperceivedwhenplottingtheexportsasafunctionoftime(see
Figure2).
TheinterpolationsshowninFigure2resemblethoseofgeometricBrownian

motions:onaveragetheyshowsimilardriftsandfluctuationskeepingamplitude
constantonalogarithmicscale.Thissuggeststodefineaveragegrowthas[51]:

1Notethatimportsandexportsforeachoneofthesecountrieshavebeenrecordedasimports
fromandexporttowardstherestoftheworld.
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Figure2.TimeevolutionofthetradesZcp,tofthe World(a),
theUSA(b),Japan(c),Germany(d),France(e),theUK(f),
Italy(g)andCanada(h).Thewavelengthsofthecolorsusedare
directlyproportionaltozcp.

(121) λcT=
1

T·Mc

Mc

p=1

log
Zcp,T
Zcp,0

InTable1(secondcolumn)wereporttheestimatedgrowthfortheworldandfor
eachcountry.AswecanseeCanadaandJapanarethecountrieswhoexperienced
thelargestaveragegrowth,whiletheUnitedKingdomisthecountrythatgrewthe
leastamongtheG7.
Sinceyearlytraderecordsresultfromvariationsinmuchshorterperiods,we

switchtocontinuoustimetinyearunits(witht=0correspondingto1962):the
tradevaluesintheyearprecedingtimetisnowindicatedwithZcp(t).Thus,Z

c
p,n

givesadiscreterepresentationofZcp(t)withapointforeveryyearinthedatabase.
TakinginspirationfromaformerpaperofGoudŕeetal.[51]andfollowingRef.[1]
theminimalmodeldescribinghowthevaluesofvarioustradesevolveintimecan
bewrittenasasetofStochasticDifferentialEquations(SDE):

(122) ∂tZ
c
p(t)=η

c
p(t)+µ

c(t)Zcp(t)+
p=p

JcppZ
c
p(t)−J

c
ppZ

c
p(t),
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Table1. Valuesofthemodelparametersfortheworldandeach
countrymemberoftheG7. Errorsofthecalibrationprocedure
arealsoreported. Exceptionismadeforτcforwhichtheerrors
obtainedfromthecalibrationprocedurearenotverymeaningful
sinceevenagreatchange(upto80%)initsvalueinfluencesvery
littletheresultsandtheothercalibratedparameters.

Mc λcT y−1 Gc y−1 µ̄c y−1 σc y−1/2 τc[y] hcT y−1

World 226 0.089 0.042±0.001 (6.31±0.05)×10−3 0.109±0.002 0.607 (3.46±0.05)×10−3

USA 224 0.086 0.034±0.001 (2.25±0.07)×10−3 0.153±0.005 2.64 (4.75±0.07)×10−3

Japan 220 0.109 0.011±0.001 (2.33±0.01)×10−2 0.203±0.009 5.5 (6.43±0.09)×10−3

Germany 224 0.086 0.023±0.001 (4.28±0.04)×10−3 0.137±0.001 1.67 (2.79±0.04)×10−3

France 222 0.087 0.042±0.001 (3.53±0.07)×10−3 0.128±0.001 1.70 (4.55±0.06)×10−3

UK 221 0.072 0.035±0.001 (−1.192±0.001)×10−2 0.18±0.01 12.7 (4.82±0.07)×10−3

Italy 221 0.092 0.068±0.002 (7.67±0.09)×10−3 0.112±0.004 0.09 (5.88±0.11)×10−3

Canada 219 0.100 0.007±0.001 (1.40±0.01)×10−2 0.188±0.001 1.02 (7.02±0.10)×10−3

whereµc(t)representsadeterministicdrift,accountingfortheaveragegrowth
oftheexports(includingtheinflationaryone)andηcp(t)isamultiplicativenoise
representingthevariabilityofconditionsfacedbydifferentproductsatdifferent
times.Suchvariableconditionsmaydependonmanycomplexcauseswhichcan
beboth“internal”tothecountryitselfand“external”,i.e.duetodynamicsin
countrieswithwhichgoodsaretraded.Finally,thecouplingtermsJcpp describe
theshiftofresourcesfromproductionjtoproductioni.
Stochasticdifferentialequationssimilarto(122),wereusedtodescribeother

problemslikepopulationandevolutionarydynamics[68,88],portfoliostrategies[53],
interfacegrowth[69]oroptimalpinningofvorticesbyrandomdefectsinmaterials[56,
55]. AninterestingaspectofEq.(122)isthefactthat,ifthenoiseηcp(t)is
correlatedintime,asitisnaturaltoexpect,itscombinationwiththecoupling
termsproportionaltoJcppmayinduceanonzeroaveragegrowthevenintheabsence

ofdeterministictrendsdrivingthesingleproductions[51].
Thedeterministicdriftµc(t),representstheaveragegrowthoftheimportplus

exportsinagivencountryintheabsenceofcontributionsgeneratedbytheinterplay
betweenthecorrelatednoiseandtransferterms.Thetimedependencycomesfrom
theneedtoincludeinflationaryeffectsduetothefactthatimport-exportvalues
areexpressedinthecurrentcurrencyofthespecificyear.Thus,wewrite

(123) µc(t)=µ̄c+I(t),

inordertoseparatetherealaveragecontributiontothedrift,̄µc,fromtheinflationary
oneI(t),whichcanbereadasanyearlystep-wisefunctionwhosevaluesaretaken
fromtheOrganizationforEconomicCooperationandDevelopment(OECD)[59]
andreportedintable1.
Totakeintoaccountthevariabilityofconditionstowhichtheproductionand

acquisitionofagivenproductaresubjected,Eq.(122)containsamultiplicative
noise,ηcp,that,togetherwiththedeterministicdrift,letsthequantitiesZ

c
p(t)

performasortofgeometricBrownianmotion. Aswementionthisnoisehasto
becorrelatedintimeandourchoice,similartowhathasbeendoneinRef.[51],
isforanexponentialcorrelationwithacharacteristictimeτcwhichrepresents
thetypicaldurationofopportunity/crisisperiods.Sincethevariousproductsare
reasonablyclusteredinsetsfacingsimilarexternalconditions,wealsointroducea
correlationamongproducts.Thus,thenoisehaszeroaverage,ηcp(t)=0,andits
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correlatorreads

(124) ηcp(t1)η
c
p(t2)=c

c
pp

(σc)2

τc
e−|t1−t2|/τ

c

,

whereσcweightstheimportanceofthestochasticpartofthedynamicsandccpp
aretheelementsofthecorrelationmatrixconstructedfromthevariationsatequal
timesofthedifferentexportsinthedatabase[1](seeMaterialandMethodssection
forfurtherdetails).
Finally,weputthecouplingtermsequalto:

(125) Jcpp =G
czcp|c

c
pp|.

whereccppareagaintheelementsofthecorrelationmatrixenteringinthenoiseand
Gcisacouplingconstantthatregulatesthemagnitudeofthetransferofresources
amongdifferentproducts. Byconsideringthefactor|ccpp|asaproxyforinverse

distance,Eq.(125)isconsistentwiththegravitylaw,oftenusedforestimating
transferratesineconomics[76,49].TheproportionalityofJcpp toz

c
pguarantees

that,fort→∞,Zcp(t)∼z
c
p.

ThenetworkspecifiedbytheJcpp’sisdeeplydifferentfromothernetworks

proposedintheeconomiccomplexityliteratureasthatbasedonproductssimilarities[11].
Inthelatter,forinstance,applesandpearsarestronglyconnectedbecausethey
needthesameinfrastructuresandundergosimilarproductionprocesses.Suchkind
ofsimilaritiesareindirectlypresentinourcaseasasecondaryeffectinherenttothe
correlationmatrix,whichinturnalsotakesintoaccountthefactthatafluctuation
inthetradeofoilatacertaintimeislikelygoingtoaffecttheproductionofapples,
pearsandmanyotherproducts.However,anevenmoreimportantfeatureofthe
matrixoftransferratesistheproportionalityJcpp ∝z

c
p,whichstronglyweightsthe

influenceofeachsingleproductontheglobaldynamics.Indeed,ifagivenproduct
pexperiencesfavorableconditionsforgrowth,inforceofthisproportionality,part
ofitsextragaintendstobemostlyredistributedtowardsnodeswithlargerzcp.A
properestimateofhoweffectivethismechanismis,requirestotakeintoaccount
alsopropernotionsofcentralityofthedirectednetwork.Thenextsectionispartly
devotedtosuchdiscussion.Atthesametime,giventheproportionalityofJcpp to
zcp,thestructureofournetworkissuchthatthemosttradedproductsarealsothe
mostcentralnodes(seeFigure3).

4. Results

4.1. Matrixoftransferrates.Foreachcountryandforthe World,the
directednetworkhavingproductsasnodesandlinksisquitecomplex. Figure3
givesapartialandundirectedvisualrepresentationofthenetworkstructurein
thecasetheUSAandtheworld.ThelinksJ̃cpp oftheundirectedgraphsU

cand

UWOR arebuiltwithamaximumcriterion:J̃cpp = max{J
c
pp,J

c
pp}. Atafirst

glance,thequalitativestructureofthetwonetworksappearsverysimilar:there
arefewnodes(about2%ofthetotalnumber)thatarecentral(degreewise)in
thegraphicalrepresentation,withtheremainingnodesbeingconnectedalmost
exclusivelytothemorecentralonesinafashionsimilartoscale-freenetworks[54,
89].Inbothcases,thecentralnodesaregivenbythesamecategoriesofgoods,
namelyoil,cars,machineryandelectronicsrelatedproducts.Finally,theUSAseem
tohaveaneconomythoroughlydominatedbymachineryandelectronics,and,quite
surprisingly,theoilrelatednodesaresubstantiallysmallerthaninthecaseofthe
worldnetwork.
Amorequantitativeanalysistohighlighttheseanalogiesanddifferencescanbe

performedbydeterminingasuitablenodecentralitymeasure.TheJcpp matrixhas
strictlypositiverealentries,thatcanbeconsideredtheadjacencymatrixofafull
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Table2. Top10productsintheworldandUSAJcpp networks

withhighestauthorityscore. Thevalueofzcp(definedin120)
togetherwithitsrankingisalsoreported.

World

Auth.rank Auth.score zcprank z
c
p SITC-3 CommodityDescription

1 1 2 0.052 781 Passengermotorvehicles(excludingbuses)
2 0.976 1 0.057 333 Crudepetroleumandoilsobtainedfrombituminousminerals
3 0.792 3 0.038 776 Thermionic,microcircuits,transistors,valves,etc
4 0.459 6 0.025 784 Motorvehiclepartsandaccessories
5 0.440 4 0.031 752 Automaticdataprocessingmachinesandunitsthereof
6 0.432 10 0.016 778 Electricalmachineryandapparatus
7 0.423 5 0.026 764 Telecommunicationequipment,partsandaccessories
8 0.408 13 0.015 641 Paperandpaperboard
9 0.407 9 0.016 541 Medicinalandpharmaceuticalproducts
10 0.405 12 0.015 583 Polymerizationandcopolymerizationproducts

USA

Auth.rank Auth.score zcprank z
c
p SITC-3 CommodityDescription

1 1 2 0.054 776 Thermionic,microcircuits,transistors,valves,etc
2 0.697 4 0.041 333 Crudepetroleumandoilsobtainedfrombituminousminerals
3 0.570 3 0.049 752 Automaticdataprocessingmachinesandunitsthereof
4 0.564 1 0.069 781 Passengermotorvehicles(excludingbuses)
5 0.331 7 0.031 764 Telecommunicationequipment,partsandaccessories
6 0.330 6 0.035 784 Motorvehiclepartsandaccessories
7 0.322 10 0.018 778 Electricalmachineryandapparatus
8 0.307 9 0.020 874 Measuring,checking,analysis,controllinginstruments,parts
9 0.292 5 0.036 792 Aircraftandassociatedequipment,andpartsthereof
10 0.279 14 0.014 641 Paperandpaperboard

directedweightedgraph.Toproperlyexploitsuchfeaturewechosetomakeuseof
theKleinberg’sauthorityscore[90]InTable2weshowthetop10commoditieswith
respecttoKleinberg’sauthority:aswecansee,8outof10productsarepresentin
bothchartsandonlyswappositioninranks,confirmingthatthetwonetworksare
verysimilartoeachother.Itisinterestingtonoticethattherankingofproductsin
termsofauthorityscoredoesnotdifferverymuchfromthatintermsofzcp.So,the
structureofournetworkissuchthatthemosttradedproductsarealsothemost
centralnodes(seeFigure3).Interestingly,Sharmaetal.haverecentlyshownthat
averysimilarstructurearisesinthefinancialnetworkatsectorallevelbyusinga
methodologybasedonmulti-layerednetworks[78,79]:infact,theirresultsshow
thatthereexistsaone-to-onemappingbetweentheeconomicsizeofthesectors
andtheircentralityinthecorrespondingfinancialnetwork.
InFigure4weplottedtheempiricalsurvivaldistributionfunction(ESDF)of

theauthorityscoresforthenetworksofthe WorldandofalltheG7countries.
Onenoticesthattheworld’snetworkhastwonodeswithaveryhighvalue(781
and333)whiletheUSAhaveonlyone(776).Anotherinterestingfeaturepointed
outbyFigure4istheinitialexponentialdecayofalltheauthorityscoresESDF.
Thisisanotherpropertythatourproductnetworkshaveincommonwithscale-
freenetworks.AllthenetworksoftheG7countriespresentadistributionsteeper
thantheworld’sone.Takinginspirationfromworkrelatedtothevulnerabilityof
networks[91],steepnesscanbeinterpretedasanalternativeinstabilityindicator[92],
sinceconcentratinghighvaluesofcentralityinfewproducts,willresultinan
exposureofthecountryto majorrisks,intheeventualityofacrisisstriking
suchsectors(negativetrendswillspreadveryeasilytotherestofthenodes).
Thesescenarioscouldbeinprincipletestedwithourdynamicalmodel,through
simulationsofhypotheticalsetbacksofhigh-centralityproducts.

4.2. Calibratedparameters.ForeveryG7country,weperformedacalibration
procedureinordertodeterminethevaluesofthemodelparametersthatbestfit
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Foodandliveanimals Beveragesandtobacco

Crudematerials,inedible,exceptfuels Mineral fuels,lubricantsandrelatedmaterials

Animalandvegetableoils,fatsandwaxes Chemicalsandrelatedproducts,n.e.s.

Manufacturedgoodsclassifiedchieflybymaterial Machineryandtransportequipment

Miscellaneous manufacturedarticles CommoditiesandtransactionsnotclassifiedintheSITC

Figure3.RepresentationofundirectedgraphsUWOR (panela)

andUUSA (panelb)associatedwiththecorrespondingJ̃cpp =

max{Jcpp,J
c
pp}matrices.SinceU

carefullyconnectedgraphswith

approximatelyMc(Mc−1)∼5·104edges,herewereportedonly
the10%ofthestrongestlinks,whichinturnarecoloredwitha
palettethatislighterfortheweakestamongthese. Thesizeof
thenodesisdirectlyproportionaltothevalueoftherankingzcp
associatedwiththeproductp(theSITCcodeishighlightedforthe
mostcentralnodes,seeTable2),whilethecolorsarerepresentative
ofthemacro-categoryofproductsillustratedinthelegend.

thehistoricaldata.InTable1weshowsuchvalueswiththeassociatederrors. We
notethatσcassumesvaluesintheinterval[0.1,0.2]y−1/2,withCanadaandJapan
showingthehighestones,andtheworldthesmallest.Thelatterfeaturehastobe
expectedsincemultiplicativenoiseshouldgetreducedbytheaggregationprocess.
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Figure4. Empiricalsurvivaldistributionfunction(ESDF)of
theproducts’authorityvaluatedoverthegraphsassociatedwith
theJcpp networkoftheworldandthecountriesmemberoftheG7.
Forthemajorityofthelesscentralproductsthetrendfollowsan
exponentiallydecayinglaw,withallthecountriesshowingacurve
slightlysteeperthantheoneoftheworld.Toprankedproductsof
theworldandtheUSAarereportedintable2.

ThevaluesoftheparameterGcofallthecountrieshavecomparablemagnitudes.
Inthenextsectionwewillinvestigatemoreaccuratelytheroleplayedbysuch
parameterindeterminingtheoverallaveragegrowthλcTofeverycountry.
Allthevaluesofµ̄c,areofcomparablemagnitudeandaresubstantiallylower

thanthecontributionwhichcanbeascribedtoaverageinflation.Thisisapproximately
around0.08y−1(seeTable1inchapter2).QuiteinterestingisthecaseoftheUK,
theonlycountryshowinganegativevalueforthedeterministicdriftµ̄c:thisis
probablyduetothefactthattheUK,inthesecondhalfofthetwentiethcentury,
didnotmanagetofullyexploittherelationshipwithitstradepartnersaswellas
theothercountriesdid.Nevertheless,itsinnertradenetworkisstillgoodbecause
itshowsanaveragegrowthsimilartothatoftheothercountries.

4.3. Counterfactualanalysisandoptimization.Ourmodelallowstodistinguish
threedistinctcontributionstotheoverallgrowth.Infact,ifweintegrateEq.122
andaverageovertheproductsweobtain

(126) λcT=h
c
T(G

c)+̄µc+
1

T

T

0

I(t)dt

Ontopofthetwodeterministiccontributionsduetoµ̄candtheaverageinflation,
wehavethetermhcT(G

c).Thisresultsfromtheintegrationofthetransferterms
andcanbeestimatedfromhistoricaldatabydiscretesummations.Itsmagnitude
dependssensiblyonGc,andontheinterplaythattheresourcetransfershavewith
thefluctuationsdeterminedbymultiplicativenoise.Indeed,favorablestochastic
fluctuationsatalocallevel,ifproperlyexploited,canspreadgloballytotherest
ofthenetworkmoreefficientlythanunfavorableones.Inportfoliooptimization,
thisfactleadstotheexplore-exploitdilemma[51]ofdecidingwhethertoexploita
localopportunity(ofamplitudeσcandexpecteddurationτc)ortomovetowards
possibilitiesofferedbyothernodesinthenetworkbytransferringapercentageof
thelocalinvestment(atatransferratespeedcontrolledbyGc).
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Itisthereforeinterestingtostudyandquantifywhattheoverallgrowthofthe
networkwouldhavebeenifwevariedthecouplingconstantofthetransfersrate
Gc.Suchcounterfactualanalysis,producestheplotsreportedinFigure5:inpanel
(a)weshow,foreveryG7countryandtheworld,thedependenceofλcT onG

c

(inlogarithmicscale). Theseresultsareobtainedbysimulatingmanytimesthe
evolutionofeverynetworkatfixed,historicallycalibratedvaluesofµ̄c,σcandτc,
andvaryingonlyGc. ForextremelylowvaluesofGcthegrowthisexclusively
determinedgivenbythedeterministicdrifts,andeq.122reads:

(127)
∂Zcp
∂t
= ηcp(t)+̄µ+I(t)Z

c
p(t).

Onceintegratedintheinterval[0,T]andaveragedovertheproductsthisequation

yieldstherelationλcT=µ̄
c+1

T

T

0
I(t)dt.ForincreasingvaluesofGcweseethat

everycountryproducesthesamekindofcurve:λcT risesuntilitreachesapeak
forsomespecificvalueofGc,andthenstartstofallforlargevalues.Almostevery
country(theexceptionisCanada)hasacurvethatforextremelylargevaluesof
Gcgoesbeneaththeplateaudefinedbythedeterministicdrift:thismeansthatin
conditionsoffrenetictransfersthecontributiontothegrowthhcTisnegative.
ThearrowsintheplotsindicatethecoordinatesofGcandλcT determined

fromthehistoricaldata(valuesshownintable1).Inordertobettercomparethe
intrinsicgrowthofthenetwork,inpanel(b)ofFigure5weplotthesamecurves
deprivedoftheirdriftcontributes.
Clearly,everynetworkischaracterizedbydifferentpeakamplitudes,andby

differentlocationsofthepeakswithrespecttothehistoricallycalibratedGc.
Fortwocountries(namelyCanadaandJapan)theplotsindicateamuchhigher,
unexpressedgrowthpotentialcomparedtothatoftheothercountries.Indeed,an
evenmildincreaseofGcforthemwouldhaveproducedsubstantialextragrowth.
ThesetwocountriesarealsothosewiththehighesthistoricalhcT,andthisisin
agreementwiththefactthatJapanandCanadahavebeentwoemergingeconomies
inthesecondhalfofthetwentiethcenturythatreachedawellestablishedposition
nowadays(indeedtheybecameG7members). Lookingattherainbowplotsin
Figure2wealsoseethatforthesecountriesnumerousproductswereoutofrank
in1962andonlythroughthelaterevolutionreachedapresumablymorestable
positionintheyear2000. Thisisinagreementwithresultsobtainedforthe
calibrationoftheparameterσc:aswecanseeinTable1andalreadyremarked
above,CanadaandJapanarethecountrieswiththetwohighestσcamongthose
observed.Havingagreatamplitudeoffluctuations,togetherwithagoodorganization
ofthetransferrates,canleadtoaveryhighoverallgrowth.
Fortheothercountries,wefindthatthepeakhasanamplitudeofmagnitude

comparabletothatoftheworld(justslightlybigger). Wealsoseethatthevalues
ofthecalibratedparameterGcareprettyclosetothatoftheworld,whilethoseof
CanadaandJapanarealmostoneorderofmagnitudesmaller. Moreover,wefind
thatthevalueofthehistoricallycalibratedGcisratherclosetothelocationofthe
maximum(asfortheworld).Allthesehintstellusthattheseothercountrieshave
aneconomywhichismuchmoresimilartothatoftheworld,becausetheyhave
beenwellestablishedsincethebeginningoftheanalysisin1962,whileCanadaand
Japan,aspreviouslystated,underwentbigradicalchangesinthis39yearsperiod
thatledthemtobecomeleadingeconomiesintheworldscenario.
Finally,weobservethatacommonfeaturesharedbyallcountriesisthatthe

correspondingcalibratedvalueofGcisalwaysontheleftsideofthepeak. This
isanindicationofaconservativecharacteroftheireconomies,inthesensethat
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Figure5. (a)StudyoftheoverallgrowthλT dependenceon
theparameterGc. Arrowsindicate,foreverycountry(world),
thecoordinatesoftherealhistoricaldata.(b)Samecurvesof
thepreviouspaneldeprivedofthedeterministicdrifts(average
inflationandµ̄c),henceshowingthecontributiontothegrowth
hcTgivenbythecooperativeeffectsofthedynamicalnetwork.

thesecountriespreferthesafetyofexploitingtheresourcesratherthanexploring
newdirectionsofinvestmentthroughtransfers.

5. Discussion

Adynamicdescriptionoftheevolutionintimeofthebipartitenetworkconnecting
countriestothetradedgoodscanbeakeytoidentifyinterestingcomplexity
featuresoftheeconomiesandoftheproducts. Thechoiceofundertakingsuch
modelizationamountstopushingfurthersomebasicpointsofviewoftheeconomic
complexityapproach[7,65]:besidesassumingthatexport/importpanelsshould
besufficienttotakeintoaccountintangiblefactorsoftheeconomies,itispostulated
thatspecifyingthecompositionofthetradebasketsshouldbefullysufficientto
accountfortheirtimeevolutionuptotheinformationcontainedinthedeterministic
driftandthenoise.Thedynamicalinsightonecangainisindependentfrom,and
complementarytothatprovidedbyanalysesoftheFitnesscomplexityapproach[8,
66,67,82]. Herewetriedtogiveanaccountofthesefeaturesandofthe
perspectivestheyareopening,byconsideringtheapplicationofourstochastic
differentialsystemofequationstothecaseoftheG7countriesandtothedata
aggregatedforthewholeworld.Therelevantemergingaspectsarerelatedtothe
novelnetworkstructureunderlyingthedynamicsoftransfersbetweendifferent
productionsandtothepossibilityofperformingsyntheticsimulationsandcounterfactual
analyses. Thepreliminaryresultsshownshouldprovideaclearindicationofthe
informationonecanexpecttoextractbyacarefulanalysisofthenetworksandof
themodeldynamics.



CHAPTER5

Growthofentropyproductioninsystemoutof

equilibrium

1.Introduction

Inthepreviouschapterswetreatedatypicalnon-equilibriumprocess(growth)
inthespecificityofamacroeconomiccontext. Ourtreatmentofthedynamicswe
observed,basedonastochasticdescription,ledtoidentifyShannonandBoltzmann’s
entropyfunction[9]asafundamentalingredienttoestablishrankingsforboth
countriesandproducts,allowingustoaccomplishthemaingoalofthewholefield
ofEconomicComplexity.
Entropyandnon-equilibriumarerecurrentkeywordsinthemostrecentdevelopments

ofstatisticalmechanics. Theentropyproductioninsystemsoutofequilibrium
isexpectedtoundergofluctuationscrucialforissuesliketheinterpretationof
micro-ornano-manipulationexperimentsorthefunctioningofmolecularmotors.
AtstationaritythesefluctuationsarecontrolledbyCramer’sfunctions,which,in
thecaseof Markoviandynamics,havebeenshowntoobeyfunctionalrelations
analogoustothosevalidfordeterministicdynamics[14,15,16,17].Thefluctuation
theoremsimpliedbytheserelationsareofkeyimportancefortheaboveapplications
andforthewholefieldofstochasticthermodynamics.
AnyMarkoviandescriptionassumesalimitedresolvingpowerindistinguishing

betweendifferentstatesofthesystem. Sincethispowerisdeterminedbythe
experimentalapparatus,itisafundamentalproblemtoestablishhowtheentropy
productionpossiblychangesinacoarse-graineddescriptioninwhichareduced
numberofstatesaccountsfortheuseofinstrumentswithlowerresolution. This
isaverydifficultissuesincecoarse-grainingofany Markovianmodelnecessarily
produces memoryeffectswhichhindertheanalysis. Apioneeringattemptto
addresssuchproblemperformednumericallycoarse-grainingsconsistingofmerging
intosingleentitiesclustersofstatesconnectedbyfasttransitionrates[20,21].A
widegapbetweentheseratesandtheothertimescalesintheproblemallowed
toapproximatethecoarse-graineddynamicsbya Markovjumpprocess,onthe
basisofwhichonecoulddefineanentropyproduction.However,exactinsightinto
entropyproductionforcoarse-graineddynamicsandthepossiblevalidityforitof
thefluctuationtheoremismissing. Furthermotivationtoinvestigatesuchissue
comesfromthefactthatrecentlycoarse-grainingofdynamicaldatatomakethem
consistentwithMarkovjumpprocesseswasevenproposedasastrategytodetect
entropyproductioninactivemattersystems[18,19].Inthesestudies,however,
thepossibleroleplayedbymemoryeffectswasnotconsidered.
Inthischapterweshowhow Markovjumpprocessescanbeexactlycoarse-

grained,andelucidatethenonMarkoviannatureoftheresultingdynamics. Wealso
provethattheentropyproductionrateatstationarityanditsfluctuationsremain
invariant.Suchinvariancethusqualifiesastheguidingprincipletosetupacorrect
coarse-graininginnon-equilibriumstatisticalmechanics,excludingthepossibility
thatareductionofthenumberofstatesofthesystemcouldcausedeviationsfrom
thefluctuationrelationsforthecoarse-grainedentropy.

59
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Figure1.Sketchillustratingthejumpmodelcharacterizedby
randljumprates. Fortreatmentsimplicitythetotalnumber
ofinitialsitesN ischosentobeeven,butthisisnotastrict
requirement.

2. PeriodiclinearnetworkwithNstates

Westartconsideringjumpprocessesonnetworksinwhichsymmetryand
homogeneityallowanalytictreatmentwithalimitednumberofequivalentstates.
Aparadigmaticexample(depictedinFig.1)istheperiodiclinearchainofNstates
forwhichwecanwrite:

(128) [r+l+∂t]Pi(S,t)=rPi−1(S−log(r/l),t)+lPi+1(S+log(r/l,t)

wherePi(S,t)istheprobabilitythatattimetthesystemisinstateiwithtotal
entropySaccumulatedalongthetrajectoryintheinterval(0,t).Thepositiverates
r/lrefertojumpsfromastatetotheright/leftneighbor,withentropyincrements
log(r/l)/log(l/r).BasedonEq.128,forPi(t)=ΣSPi(S,t)holdstheusualMaster
equation,forwhichauniquestationarysolution,reachedfromarbitraryinitial
conditions,isguaranteedbyrigoroustheorems. Periodicity(N+1=1)allows
dissipationandprobabilitycurrentflow.IndicatingbyQ(S,t)=ΣiPi(S,t)the
probabilityofhavingproducedatotalentropySattimet,thecorrespondingscaling
cumulantgeneratingfunction(SCGF)εcanbeextractedfromthegenerating
function

(129) G(λ,t)=
S

eλSQ(S,t)∼t→∞ e
ε(λ,r,l)t

bysolvingafirstorderdifferentialequationimpliedbyEq.128forG.Thisyields

(130) ε(λ,r,l)=reλlogr/l+le−λlog(r/l)−(r+l).

Derivingεwithrespecttoλatλ=0oneobtainsthescaledmomentsofSand,upon
Legendre-Fencheltransforming,theCramer’sfunctionI(σ,r,l) =supλ∈R[σλ−

ε(λ,r,l)],withσ=S
t.

Coarse-grainingcanbeperformedby,e.g.,eliminatingfromthesystemin
Eq.128allevenstates(assumingevenN≥4).Thisisdoneexactlybyswitching
toFouriertransformsintimeforthePi(S,t)’s:

(131) [r+l+iω]̃Pi(S,ω)=r̃Pi−1(S−log(r/l),ω)+l̃Pi+1(S+log(r/l,ω)
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Figure2.Illustrationofthecoarse-grainingprocedureofEq.128
inwhichtheoddsitesaredecimated.Theresultingsystemisnot
Markovianjumpprocessbecauseofmemoryeffects,butjumprates
canstillbedefined.

whereP̃i(S,ω)=R
Pi(S,t)e

iωtdt.Expandingtherighthandtermsasfunctionof
theirneighborsi±2weget:

− 1
2(r+l)ω

2+iωP̃i(S,ω)=
r2

2(r+l)P̃i−2(S−2log(r/l),ω)+

+ l2

2(r+l)P̃i+2(S+2log(r/l),ω)−
r2+l2

2(r+l)P̃i(S,ω)(132)

anduponanti-transformingtheodd(aswellastheeven)Pi’ssatisfy

1
2(r+l)∂

2
t+∂tPi(S,t)=

r2

2(r+l)Pi−2(S−2log(r/l),t)+

+ l2

2(r+l)Pi+2(S+2log(r/l),t)−
r2+l2

2(r+l)Pi(S,t)(133)

Inthisrelativelysimplecase,animplicituniformrescalingbyafactor2ofall
thesurvivingPi(t)=ΣSPi(S,t)’sissufficienttomaintainforthemthemeaning
ofprobabilitiesandtogetconsistencyofthecoarse-grainedstationarystatewith
theoriginalone. However,thePi(t)’sdonotsatisfyaMasterequationanymore.
Indeed,summingbothsidesofEq.2overS yieldsanequationwithboth∂tand
∂2t. Thismemoryeffectisbestanalysedbyperformingcoarse-grainingdirectly
onthetrajectoriesoftheoriginal,undecimatedprocess. Recordingonlythefirst
timesofarrivaltoevenstates,thedistributionofthewaitingtimesseparatingtwo
successivearrivalscanbeevaluatedexactlyandshowsclearnon-exponential,non-
Markovianbehavior.InFigs.4and5weplotthisdistributionandcompareitwith
thehistogramobtainedbysimulations. Theanalysisshowsthatthecoefficients
onther.h.s.ofEq.133,whilelosingthecharacterofelementsofa Markovian
statisticalmatrix,stillrepresentratesof(rightorleft)jumpstonearestneighbor
evensites:thecoarse-grainedtrajectoriescanbegeneratedbyallowingtheparticle
tojumponnearestneighborevensiteswithprobabilitiesproportionaltor2andl2,
afterwaitingtimesextractedfromthedistributiondiscussedabove.
BasedonEq.133,puttingQ(S,t)=ΣiPi(S,t)onecanwriteadifferential

equationofthesecondorderintimeforG(λ,t)= S e
λSQ(S,t),thegenerating

functionfortheentropyproductionratealongcoarse-grainedtrajectories(seeSI):

∂2t+2(r+l)∂t+r
2+l2 G(λ,t)=

= r2e2λlog(r/l)+l2e−2λlog(r/l) G(λ,t)(134)

FromthelongtbehaviorofG weextracteventuallyεforthecoarse-grained
entropyproductionandfindε(λ,r,l)=ε(λ,r,l). Thus,theCramer’sfunction
remainsthesameasthatoftheoriginalprocesssatisfyingthefluctuationtheorem:
ε(λ−1,r,l)=ε(−λ,r,l).
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Figure3.Comparisonbetweenthescaledcumulantsgenerating
functionsεandεM ofthemodeldescribedbyEq.128anditscoarse
grainedandmarkovianizedversion,forr=3andl=1.Valuesof
thederivativesinλ=0representthevalueofscaledcumulants.

Eqs.133and134,beingexact,suggesttoenforceMarkovianityofthecoarse-
graineddynamicsbyjustdroppingfromthemthetermswithsecondordertime

derivativeterms.TheresultisanapproximateSCGFεM(λ,r,l)=ε(λ, r2

2(r+l),
l2

2(r+l)),

whichleavesinvarianttheaveragerateσ=(r−l)log(r/l),whileproducinglarger
highermoments(Fig.3).Thisistheeffectofreplacingtheproperdistributionof
waitingtimesbyaMarkovian(exponential)oneconsistentwiththecoarsegrained
transitionrates.Theinvarianceoftheaverageσisguaranteedbythefactthatthe
waitingtimedistributionwithmemoryhasthesamemeanastheexponentialone
oftheapproximateMarkovianprocess.
Wecanalsoimaginethatinthelinearnetworknearestneighborlinkswithfast

transitionrates(RandL)alternatewithlinkswithslowrates(randl,r R,
l L).Ourdecimationinwhichonlyoddorevensitessurviveisawayofrealizing
exactlyamergingofeachclusteroftwostatesconnectedbyfastrates,intoasingle
state,thetypeofcoarse-grainingperformedapproximatelyinRef.[20].Computing
alonglinessimilartothoseabovetheSCGFofthecoarse-grained modelwith
memorywefindthattheCramer’sfunctionremainsinvariantalsointhiscase.
Wecanalsocoarse-grainnetworkswithhighercoordination. Anexampleisthe
triangularonemappedontohexagonal,basedonasortofstar-trianglerelation.
Adoptingtorustopologyforperiodicity,wecanapply,e.g.,adriftalongoneof
thecircumferencesofthetorus.Alsointhesecasesproperaccountofthememory
effectsleadstoequationswhichyieldinvariantSCGF’s.Allthesescenarioswillbe
treatedextensivelyinthesectionsthatfollow.

2.1.Simulations.WecansimulatetheoriginalprocessusingtheGillespie
algorithm[93],whichwecansummarizeinthefollowingscheme:

(135)
ti =ti−1+ζi

xi =xi−1+ηi(r,l)

where

(136) ζi∼Exp(τ)=
1

τ
e−t/τ,τ=

1

r+l
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TheRToftheCGPisasumofarandomnumberofexponentiallydistributed
times.If,forinstance,oneoftheratesiszero,wewouldfindthatthisrandom
numberisfixedto2,becausewealwaysproceedinonedirection.Inthiscasewe
wouldgetthatthecharacteristicfunctionofthenewRTis

(138) ϕT=T1+T2(ω)=ϕT1(ω)∗ϕT=T2(ω)=(1−iτω)
−2=Γ(2,τ)

whereΓrepresentstheGammadistribution.Unfortunatelyinthegeneralcasethe
numberofstepsneededtoperformacoarse-grainedstepmayvary. Weneedto
understandhow.
We’llcalla”successful”eventoneinwhichtwoconsequentstepsinthesame

directionhappen,whichwouldresultinacoarse-grainedstep. Wecallitp. An
unsuccessfuloneconsistsingoingoppositedirectionsintwoconsequentsteps. We
callitq.Theprobabilitythesetwoeventhappenis:

(139) p=
r2+l2

(r+l)2
,q=

2rl

(r+l)2

ThereforethecharacteristicfunctionoftheCGRTis:

ϕT(ω)=pϕT1,2(ω)ϕT2,2(ω)+(140)

+pqϕT1,4(ω)ϕT2,4ϕT3,4(ω)ϕT4,4(ω)+(141)

+pq2ϕT1,6(ω)ϕT2,6ϕT3,6(ω)ϕT4,6(ω)ϕT5,6(ω)ϕT6,6(ω)+....(142)

....+pqn
n+2

k=1

ϕTk,n+2(ω)+....(143)

wherewehave
n+2
k=1Tk,n+2 =Tforeveryn∈N. Sinceallthefunctionsare

thesame(theTk,n+2 it’sjustareminderfortheassociatedpdf)wecancallthem
simplyϕ(ω)andwrite:

ϕT(ω)=pϕ(ω)
2
∞

k=0

qϕ(ω)2
k

(144)

=
pϕ(ω)2

1−qϕ(ω)2
(145)

=
p(1−iτω)−2

1−q(1−iτω)−2
(146)

Finallywecanfindthe(unique)probabilityfunctionassociatedwiththecharacteristic
onewithaninverseFouriertransform

(147) p(t=T)=
1

2π R

e−iωtϕT(ω)dt

andwefinallyfind(wealsowritepandqintermsofrandl):

(148) p(t,r,l)=
l2+r2

2
√
2lr
e−x(

√
2lr+l+r) e2x

√
2lr−1

InFig.5weseethatthesimulationscoincidewiththisanalyticderivation. Wewant
alsotostressthefactthatthisprocedurecanbeusedtosimulatestraightforwardly
aprocesswithmemory:wejustneedtofollowtheschemeoftheGillespiealgorithm
withtheexceptionthatnowweextracttheresidencetimesfromthisdistribution.
AnotherthingwecandoisevaluatetheCGratesfromtheCGtrajectories.If

wecountthetotalnumberofright(andleft)jumpsanddividethembythetotal
evolutiontimeweobtainavalueincompleteagreementwiththeexpectedvalues
r2/2(r+l)andl2/2(r+l).Sointheendweareentitledtocalltheseratesaswell
asthoseoftheoriginalmodel.
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Figure6.SketchofthejumpmodeldescribedbyEq.149.The
graylineinthebackgrounddepictsthebarriersthatcausethe
differencebetweenthetwopairsofrates(herewehaveR,L r,l).

3. Clustersscenario

Inliterature[20,21]onefindsworksdealingwithcoarsegrainingofsystems
withfastandslowsites.Herewestudythesimplestmodelpossibleinvolvingone
fastandoneslowsitealternatingeachotheroveraperiodiclattice.Thisisachieved
throughtheuseoftwopairsofsmallandbigratesrespectively(ratesareinversely
proportionaltothetimespentinthesite).

3.1.Setup.Wearedealingwithaone-dimensionallatticeasbefore,only
thatnowwehavetwopairofrates(R,l)and(r,L)characterizingoddandeven
sitesrespectively(seeFig.6).IfweassumethatR randL lwe’llhavethat
transitionsbetween2k+1and2k+2happenmuchmorefrequentlythantransitions
between2kand2k+1.Thesystemhastherefore2states(oddsandeven),andthe
probabilitydensitywillhavetosatisfythefollowingequations:
(149)

∂tP
X
i(S,t) =rP

Y
i−1(S−log(r/l),t)+LP

Y
i+1(S+log(R/L),t)−(R+l)P

X
i(S,t)

∂tP
Y
i(S,t) =RP

X
i−1(S−log(R/L),t)+lP

X
i+1(S+log(r/l),t)−(r+L)P

Y
i(S,t)

3.2.Statistic.Inordertofindthestatisticassociatedwiththis2-statemarkovian
modelwebuildthetransitionratematrix:

(150) W=
−(R+l) r+L
R+l −(r+L)

Theassociatedtiltedmatrixis:

(151) Wλ=
−(R+l) reλlog(r/l)+Le−λlog(R/L)

Reλlog(R/L)+le−λlog(r/l) −(r+L)

TheSCGFcoincideswiththelargesteigenvalueofthistiltedmatrix.Ithasthe
form:
(152)

ε(λ)=
1

2
L+R+l+r− (L+R+l+r)2+4(1−e−λlog

Rr
Ll)(Rre+λlog

Rr
Ll −Ll)

Derivinginλ=0providesuswiththescaledcumulantsfortheentropyproduction:

σ=
S

t
=

Rr−Ll

R+L+r+l
log
Rr

Ll
(153)

Var[S]

t
=

Rr+Ll

R+L+r+l
−2

(Rr+Ll)2

(R+L+r+l)3
log
Rr

Ll

2

(154)

whichcoincidewiththoseoftheoriginalmodelforR=randL=l.
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3.3. Coarse-Graining.IntheFourierspacethesystemoftheP’sbecomes:

(155)
(R+l−iω)̃PXi(S,t) =r̃P

Y
i−1(S−1,t)+LP̃

Y
i+1(S+1,t)

(r+L−iω)̃PYi(S,t) =RP̃
X
i−1(S−1,t)+l̃P

X
i+1(S+1,t)

Wecanexploitthefactthatthesitesalternateeachothertosubstitutethesecond
equation(evaluatedini±1)intherightmembersofthefirstequation.Goingback
totheoriginaltime-spaceweobtainthefollowingequationforboththeoddand
evensites(wedropthe·X,Y superscript):

(156)
1

R+L+r+l
∂2t+∂t Pi(S,t)=

Rr

R+L+r+l
Pi−2(S−log

Rr

Ll
,t)+

+
Ll

R+L+r+l
Pi+2(S+log

Rr

Ll
,t)−

Rr+Ll

R+L+r+l
Pi(S,t)

Wecanexploittheresultsobtainedinthe1-statecasetoextracttheSCGFprovided
byEq.156. Wefindthatthatthefollowingpolynomialequationmusthold:

(157) ε(λ)2+(R+L+r+l)ε(λ) =Rreλlog
Rr
Ll +Lle−λ

Rr
Ll −Rr+Ll

ThedominantsolutionisequivalenttotheoriginalSCGFofEq.152,thereforealso
inthiscasewefindε(λ)=ε(λ).

3.4. Markovianization.Onecouldtrytoquantifytheerrorsintroducedby
neglectingthe memoryterminthecoarsegrained model.Ifweomitthe2nd
derivativein156andmapi±2→i±1weobtaintheordinaryME:

(158) ∂tPi(S,t)=
Rr

R+L+r+l
Pi−1(S−log

Rr

Ll
,t)+

+
Ll

R+L+r+l
Pi+1(S+log

Rr

Ll
,t)−

Rr+Ll

R+L+r+l
Pi(S,t)

whichisassociatedwiththefollowingSCGFfortheentropyproduction:

(159)εM(λ)=
Rr

R+L+r+l
eλlog

Rr
Ll +

Ll

R+L+r+l
e−λlog

Rr
Ll −

Rr+Ll

R+L+r+l

Thestatisticsassociatedwiththisprocessis:

σM =
SM

t
=

Rr−Ll

R+L+r+l
log
Rr

Ll
(160)

Var[SM]

t
=

Rr+Ll

R+L+r+l
log
Rr

Ll

2

(161)

Sotheerrorintroducedbythisapproximationaffectsthevariance,andcanbe
measuredasthedifferencebetweenthetwo:

(162) ∆=
Var[S]−Var[SM]

t
=−2

(Rr−Ll)2

(R+L+r+l)3
log
Rr

Ll

2

Onethingwenoticeisthatthisdifferenceisalwaysnegative,soneglectingmemory
effectshasalwaysasconsequencetheobservationofahigherscaledvariance(∆<
0). Nowlet’sassumethattheratestaketheformR,L=Ce±af/2andr,l=
ce±af/2,sotheyallsatisfyLDB.Let’salsoassumethatweareinaregimeinwhich
C c.Onefindsthatthecorrectioninthisregimeis:

(163) ∆=−8a2f2
C2c2(eaf−e−af)2

(C+c)3(eaf/2+e−af/2)3
∝
c2

C

ThereforeitisoneordersmallerwithrespecttoCcomparedtoVar[SM]/t∝c.
Wecanconcludethatinthislimitthecorrectionprovidedbykeepingintoaccount
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Figure8.Decimationofsecondaryloopsinthejump model
describedbyEq.169. OnlytheX sites(bluecolor)composing
thesystemsurvivetheprocedure. Theresultingsystemis

characterizedbyself-loopsoftransitionratesa= a3

3(a2+ac+c2)and

c= c3

3(a2+ac+c2).

whileassociatedtiltedmatrixis:
(166)

Wλ=
−(rd+ld+u) rue

λlogruld +lue
λloglurd +deλlog

d
u

rde
λlog

rd
lu +lde

λlog
ld
ru +ueλlog

u
d −(ru+lu+d)

TheSCGFcoincideswiththelargesteigenvalueofthetiltedmatrix.Itcanbe
computatedeaslybuthasacomplexform.Acheckshowsthatinthecased=u,
rd=ru=randld=lu=lithastheform:

(167) ε(λ,r,l)=reλlogr/l+le−λlog(r/l)−(r+l)

asexpected.

4.2. Coarsegraining.Forthecoarsegrainingwecanproceedanalogously
totheclustermodelandreducethesystemtoasingleequation:

(168)

ru(rd+u)+lu(ld+u)+d(rd+ld)+(ru+lu+rd+ld+u+d)∂t−∂
2
t P

X
i,j(S,t)=

=ru[rdP
X
i−2,j(S−log

rdru
luld
,t)+uPXi−1,j−1(S−log

uru
dld
,t)]+

+lu[ldP
X
i+2,j(S−log

ldlu
rurd

,t)+uPXi+1,j−1(S−log
ulu
drd
,t)]+

+d[rdP
X
i−1,j+1(S−log

drd
ulu
,t)+ldP

X
i+1,j+1(S−log

dld
uru
,t)]

TheSCGfassociatedwiththiscoarse-grainedmodelisfoundtocoincidewiththe
oneoftheoriginalmodel.

5.Secondaryloops

Afundamentalproblemleftistostudysituationsinwhichthereismorethan
oneloopwithcirculatingcurrentinthenetwork.Inthepresenceofsecondaryloops
ithasbeensuggestedthatifcoarse-grainingremovesthem,entropyproduction
couldbealtered. Thisseemsplausibleifoneregardsalsothecoarse-grained
dynamicsasMarkovian.Indeed,inMarkovjumpprocessestheentropyproduction
canbedirectlyascribedtothecurrentflowinginalltheloops.Belowweshowthat,
ifmemoryeffectsareexactlytakenintoaccountinvarianceoftheSCGFstillholds.
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5.1.Setup.LetusconsiderthenetworkinFig.8.Itconsistsofa main
chainofN(X)statesanalogoustothatinEq.128,withright/leftjumpratesr/l.
Secondary3-stateloopsarefurtherattachedtoeveryXstateatpositionialong
thechain,byconnectingittoaYandaZstate.Ratescandaapplytoclockwise
andanticlockwisetransitionswithintheloops,respectively. ThestatesYandZ
ofeachloopiarethosewewanttodecimate,leavingonlytheX states. Before
decimation,uponsummingovertheindexispecifyingdifferentX,Y,andZstates,
equationsequivalenttoEq.1above,onegets:

(169)






[r+l+a+c+∂t]PX(S,t) =rPX(S−log
r
l,t)+lPX(S−log

l
r,t)+

+cPY(S−log
c
a,t)+aPZ(,S−log

a
c,t)

[a+c+∂t]PY(S,t) =aPX(S−log
a
c,t)+cPZ(S−log

c
a,t)

[a+c+∂t]PZ(S,t) =cPX(S−log
c
a,t)+aPZ(S−log

a
c,t)

where,e.g.,PX(S,t)=ΣiPX,i(S,t)istheprobabilitythatatrajectoryendsattime
tatagenericXstatewithtotalentropyproductionS.TheSCGFfortheentropy
productionε(λ,r,l,c,a)ofthissystemcanbefoundbyevaluatingthedominant
eigenvalueofthetiltedtransitionmatrixWλ,whoseelementsaredefinedby:

(Wλ)ij=
ρ

Wρije
λlog

W
ρ
ij

W
ρ
ji(170)

wherei,jrunoverX,Y,andZ,andWρijisarateoftransitionj→ i,withρ

specifyingthetypeoftransition(r,l,aorcinthedifferentcases)(SI).Byderiving
theSCGFinλ=0weobtaintheaverageentropyproductionrate:

(171) σ=
r−l

3
log
r

l
+(c−a)log

a

c

Thefirsttermsrepresentthecontributiongivenbyjumpsonthemainchain,while
thesecondoneisrelativetothetransitionsoccurringwithinthesecondaryloops.

5.2. Decimation.Nowwewanttodecimatetheverticesoutsidethemain
loop,e.gtheYandZkindofsites,thereforeweexploitthelasttwoequationin
ordertofindanexpressionofPYandPZintermsofjustPX.GoingintheFourier
spaceandsettingα=a/(iω+a+c)andγ=c/(iω+a+c)wegetthesystem:

(172)
PY(I,S,ω) =αPX(I,S−log

a
c,ω)+γPZ(I,S−log

c
a,ω)

PZ(I,S,ω) =γPX(I,S−log
c
a,ω)+αPY(I,S−log

a
c,ω)

whichsolvedfortheSvaluesthatappearinthefirstequationbecomes:

(173)






PY(I,S−log
c
a,ω) =

γ
1−αγ αPX(I,S,t)+γPX(I,S−3log

c
a,t)=

=
a(iω+a+c)PX(i,σ,ω)+c

2PX(i,σ−3log
c
a,ω)

−ω2+2iω(a+c)+(a2+ac+c2)

PZ(I,S−log
a
c,ω) =

α
1−αγ αPX(I,S−3log

a
c,ω)+γPX(I,S,ω)=

=
a2PX(I,S−3log

a
c,ω)+c(iω+a+c)PX(I,S,ω)

−ω2+2iω(a+c)+(a2+ac+c2)

Uponsubstitutingintheoriginalsystemandantitransformingwefinallyfinda
third-orderdifferentialequationsintimeforPX(S,t),whichplaysherethesame
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roleasQ(S,t)inthelinearchaincase:

(174)

3(a2+ac+c2)+2(r+l)(a+c)∂t+(3(a+c)+r+l)∂
2
t+∂

3
t PX(I,S,t)=

= r(a2+ac+c2)+2r(a+c)∂t+r∂
2
t PX(I−1,S−log

r

l
,t)+

+ l(a2+ac+c2)+2l(a+c)∂t+l∂
2
t PX(I+1,S−log

l

r
,t)+

+c3PX(I,S−3log
c

a
,t)+a3PX(I,S−3log

a

c
,t)+

− a3+c3+(r+l)(a2+ac+c2)PX(I,S,t)

HereifwesumoveralltheentropiesS∈[−∞,+∞]wefindtheequationfor
theprobabilityofthetotaldisplacementPX(I,t):hereweseethatthetermsa

3

andc3willdisappear,becausetheycontributeonlytotheentropyandnottothe
displacement.ForthegeneratingfunctionG(λ,t)=ΣSe

λSPX(S,t)ofthecoarse-
grainednetworkweeventuallyobtain:

α+β∂t+γ∂
2
t+∂

3
t G(λ,t)=0(175)

whereα,βandγarefunctionsofthejumpratesandofλ

α=r(a2+ac+c2)eλlogr/l+l(a2+ac+c2)e−λlogr/l−(r+l)(a2+ac+c2)

(176)

+a3+c3+a3e3λloga/c+c3e−3λloga/c

β=2r(a+c)eλlogr/l+2l(a+c)e−λlogr/l− 3(a2+ac+c2)+2(r+l)(a+c)

γ=reλlogr/l+le−λlogr/l−(3(a+c)+r+l)

Inthelimitt→∞wegetG ∼etε,whereεisthedominantrootofthepolynomial
characteristicequationassociatedwithEq.175. Remarkablyεcoincideswith
theSCGFε(λ,r,l,c,a)oftheoriginalprocess.So,alsointhiscaseε=ε(SI),
maintainingvalidityofthefluctuationtheorem. Weremarkthatinthisexamplethe
presenceofsecondaryloopsleadstotermsintheequationforG whichrepresent
entropygainsoriginatingfromPX’scomputedinvaluesofSwhicharenotshifted:
thesecontributionstakeintoaccountwhatthesecondaryloopswereproducingin
theoriginal,fulldescription.Suchtermswerenotpresentinthelinearnetworkcase
andarepreciselythosewhichallowtoabtainε=εinthepresenceofsecondary
loops.InthelinearchainexampleonlylosstermsassociatedtoQ’sinunshifted
Swerepresent.

5.3. Markovianization.Alsointhisexampletheinvarianceoftheentropy
productionfluctuationsisclearlyguaranteedbymemorytermsthatmakeEq.175
incompatiblewitha Markovjumpdescription. Atvariancewiththelinearchain
case,herewehavenotonlyhigherordertimederivatives,butalsofirstordertime-
derivativesofprobabilitiesevaluatedinshiftedvaluesofproducedentropy.Indeed,
thefullexpressionofthecoefficientβpresentedinEq.176is:

β =3(a2+ac+c2)+2(r+l)(a+c)+

−2(a+c)reλlogr/l+le−λlogr/l(177)

wherethesecondlinecorrespondstoterms∂tQ(S±logr/l,t)intheequationfor
theprobabilityassociatedtoEq.175.If,likeinthelinearchaincase,wewantto
reducetoMarkovjumpthecoarse-grainedprocess,thesetermsmustnotbedropped
altogether,butjustkeptatunshiftetSvalues.Inthisway,whichamountsto
disregardonlydiscretegradientcontributionsinS,theaverageentropyproduction
rateσremainsinvariant. Suchprocedurewillbepresentedindetailedinthe
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Figure9.SketchofthejumpmodeldescribedbyEq.179.The
coarsegraininingprocedureperformedonthesystemleavesonly
thesites1,2and3(bluecolor)composingthemainloop.Inthe
resultingsystemtheratesconcerningthesite1changebecause
ofthenewsteadystateprobability,andmoreoveradditionalself-

loopsoftransitionratesa= a3

3(a2+ac+c2)andc=
c3

3(a2+ac+c2)arise

alwaysforthissite.

followingsectionwiththeaidoftwoemblematicexampleshereweanticipate,the
resultingMasterEquationofsuchprocedureforthisspecificmodel:Theresulting
MasterEquationwillbe:

(178)
a3+c3

3(a2+ac+c2)
+(r+l)+∂t PX(I,S,t)=

=rPX(I−1,S−log
r

l
,t)+lPX(I+1,S−log

l

r
,t)+

+
c3

3(a2+ac+c2)
PX(I,S−3log

c

a
,t)+

+
a3

3(a2+ac+c2)
PX(I,S−3log

a

c
,t)+

6. Coarsegrainingofgeneral markoviannetworks

Theworkdonesofaraddressedcasesinwhichthesymmetryoftheproblem
allowedastraightforwardanalyticapproach. Butwhathappenswhenwehave
todealwithageneralmarkoviannetwork? Thenovelingredientthatwemust
introducetodealwiththiscasesisthere-normalizationofprobabilitiesafterthe
decimationprocedure:ifwedecimatesomestates,theirprobabilities mustbe
redistributedtotheclosestneighboringsitesthatsurvivedthedecimation. Note
thatthisshouldhavebedonealsointhesymmetricalmodels,butinthesecases
therenormalizationcoefficientisthesameforalltheprobabilities,thereforesuch
effectisnotvisibleintheend.Belowwewillstudytworepresentativecases.

6.1. One mainloop-onesecondaryloop.Webuildamodelsimilarto
thatofthesecondaryloopspresentedintheprevioussection,withthedifference
beinginthefactthatweuseonly5sites:thethreesites1,2,3composethemain
loop,whilethesecondaryloopsharesthesitenumber1withthemainloopandis
thereforecomposedofthesites1,4,5(seeFig.10).Theratesinthemainloopare
randl,whileinthesecondaryloopwehaveaandc.Theequationfortheoriginal
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systemis:

(179)






[r+l+a+c+∂t]P1(I,S,t) =rP3(I−1,S−log
r
l
,t)+lP2(I+1,S−log

l
r
,t)+

+cP5(I,S−log
c
a
,t)+aP4(i,I,S−log

a
c
,t)

[r+l+∂t]P2(I,S,t) =rP1(I−1,S−log
r
l
,t)+lP3(I+1,S−log

l
r
,t)

[r+l+∂t]P3(I,S,t) =rP2(I−1,S−log
r
l
,t)+lP1(I+1,S−log

l
r
,t)

[a+c+∂t]P4(I,S,t) =aP5(I,S−log
a
c
,t)+cP1(I,S−log

c
a
,t)

[a+c+∂t]P5(I,S,t) =cP4(I,S−log
c
a
,t)+aP1(I,S−log

a
c
,t)

EvaluatingtheSSshowsthatallsitesareequivalent,withPi=1/5∀i. The
averageentropyproductionis:

(180) σ=
3

5
[(r−l)log(r/l)+(a−c)log(a/c)]

Ifwedecimatethesites4and5weeliminatethesecondaryloopofthesystem.
Theequationsdescribingthisdecimatedsystemare:
(181)





3(a2+ac+c2)+2(r+l)(a+c)∂t+(3(a+c)+r+l)∂2t+∂
3
t P1(I,S,t)=

= r(a2+ac+c2)+2r(a+c)∂t+r∂2t P3(I−1,S−log
r
l
,t)+

+ l(a2+ac+c2)+2l(a+c)∂t+l∂2t P2(I+1,S−log
l
r
,t)+

+c3P1(I,S−3log
c
a
,t)+a3P1(I,S−3log

a
c
,t)+

− a3+c3+(r+l)(a2+ac+c2)P1(I,S,t)

[r+l+∂t]P2(I,S,t)=rP1(I−1,S−log
r
l
,t)+lP3(I+1,S−log

l
r
,t)

[r+l+∂t]P3(I,S,t)=rP2(I−1,S−log
r
l
,t)+lP1(I+1,S−log

l
r
,t)

(−∂2t+2∂t(a+c)+(a
2+ac+c2))P5(I,S−log

c
a
,t)=a(∂t+a+c)P1(i,S,t)+c2P1(i,S−3log

c
a
,t)

(−∂2t+2∂t(a+c)+(a
2+ac+c2))P4(I,S−log

a
c
,t)=a2P1(I,S−3log

a
c
,t)+c(∂t+a+c)P1(I,S,t)

Nowwecandropthestates4and5andreducethesystem.Inthiscoarsegrained
systemtheSSprobabilitiesofthestates2and3stayunaltered,whilethestate1
will”absorb”thoseofstates4and5.Thereforewewillhave:

PCG1 =3P1(182)

PCG2 =P2(183)

PCG3 =P3(184)

Howcanwederivethisresultinaformalway? Wecansaythatdecimating4and
5isequivalenttoforcetheassociatedprobabilitiesP4andP5tobezero.Ifwe
performthisoperation,wearenowleftwithprobabilitiesthatdonotaddupto
one. That’sbecausewhenwedecimateasite,itsprobabilityisredistributedto
thesitesconnectedtohimwithacoefficientthatisproportionaltotheexitingrate
towardssuchsite.Thisiscanbeexplainedintermsoftransitionalprobability.If
wedecimatethesitej,theprobabilityofbeinginthestateiintheCGmodelis
Pi+πijPj,whereπij=Wij/ kWkjisthetransitionalprobabilityofgoingfrom
statejtostateiintheoriginalmodel.Formally:

(185) PCGi =Pi+πijPj∼SSPi+πij
Pstatj

Pstati

Pi=Pi 1+πij
Pstatj

Pstati

wherethe∼relationisjustifiedbecauseintheSSweneedthisequalitytohold,
andthisispossibleonlyifthisrelationissatisfiedalsothroughoutalltheevolution,
sincetheratesdonotdependontime.
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Ifwewanttodecimatetwositessimultaneously(e.g.jandk)theformulathen
becomes:

PCGi =Pi+πijPj+πikPk+πkjPj+πjkPk∼SS(186)

∼SS
Pi
Pstati

Pstati +πijP
stat
j +πikP

stat
k +πkjP

stat
j +πjkP

stat
k =(187)

=
Pi
Pstati

Pstati +(πij+πkj)P
stat
j +(πik+πjk)P

stat
k(188)

Soingeneralifwewanttoeliminateeverysitewithindexj∈Jwehave:

PCGi =
Pi
Pstati



Pstati +
j∈J



πij+
k∈J,k=j

πkj



Pstatj



(189)

Ifweapplysuchprocedureinthisspecificmodelwegetbydecimatingsimultaneously
sites4and5:

PCG1 =P1 1+
a+c

a+c
+
a+c

a+c
=3P1(190)

PCG2 =P2(191)

PCG3 =P3(192)

PCG4 =0(193)

PCG5 =0(194)

Imposingtheconditionthattheysumto1wefindthecorrectsteadystate.Substituting
anddroppingtheCGsuperscriptwefind:
(195)





3(a2+ac+c2)+2(r+l)(a+c)∂t+(3(a+c)+r+l)∂2t+∂
3
t
1
3
P1(I,S,t)=

= r(a2+ac+c2)+2r(a+c)∂t+r∂2t P3(I−1,S−log
r
l
,t)+

+ l(a2+ac+c2)+2l(a+c)∂t+l∂2t P2(I+1,S−log
l
r
,t)+

+c31
3
P1(I,S−3log

c
a
,t)+a31

3
P1(I,S−3log

a
c
,t)+

− a3+c3+(r+l)(a2+ac+c2)1
3
P1(I,S,t)

[r+l+∂t]P2(I,S,t)=
r
3
P1(I−1,S−log

r
l
,t)+lP3(I+1,S−log

l
r
,t)

[r+l+∂t]P3(I,S,t)=rP2(I−1,S−log
r
l
,t)+l

3
P1(I+1,S−log

l
r
,t)

IntheSSwefindP2=P3=1/5andP1=3/5. WecanMarkovianizethesystem
byneglectinghigherordertimederivativesandexpandingtheshiftedones. We
find:
(196)





a3+c3

3(a2+ac+c2)
+r+l

3
+∂t P1(I,S,t)=rP3(I−1,S−log

r
l
,t)+lP2(I+1,S−log

l
r
,t)+

+ 1
3(a2+ac+c2)

c3P1(I,S−3log
c
a
,t)+a3P1(I,S−3log

a
c
,t)

[r+l+∂t]P2(I,S,t)=
r
3
P1(I−1,S−log

r
l
,t)+lP3(I+1,S−log

l
r
,t)

[r+l+∂t]P3(I,S,t)=rP2(I−1,S−log
r
l
,t)+l

3
P1(I+1,S−log

l
r
,t)

EvaluatingtheentropyproductionofthisCGMsystemwefindanagreementwith
theoriginaloneσ.
Onethingweshouldnoticehere,isthatsincethesitesarenotequivalentinthe

SSanymoretheentropyproductioncontributionscomingfromtransitionsamong
thesestatesdonothavetheformlog(Wji/Wij)buttheykeepintoaccounttheSS
probability:

(197) ∆S=log
PSSi Wji
PSSj Wij



1 2

34

1 2

3

r

l

r

l

r2
/(r
+2l)

l2/(2r
+l)

r(r+l)/(2r+l)

l(
r
+l
)/
(r
+
2l
)
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Figure10.SketchofthejumpmodeldescribedbyEq.198.The
coarsegraininingprocedureperformedonthesystemdecimatesthe
4thstateleadingtoatriangleloopsystemwithmemory.Therates
ofthecoarsegrainedsystemarerelativetotheprocessobtained
withthemarkovianizationprocedure.

7.Squarelooptotriangleloop

Inthisscenariowearedealingwiththesimplecaseofaloopcomposedbyfour
sitesinwhichwewanttodecimateonesinglesite,thereforeobtainingaloopwith
atriangleshape(Fig.10).Thiscaseisemblematicbecauseit’sasimpleexample
inwhichtheeliminatedsiteis”redistributed”amongtwosites.Ifweassumethat
allthesitesareconnectedwithrandlrates,theoriginalsystemisdescribedby
thefollowingME:

(198)






[r+l+∂t]P1(I,S,t) =rP4(I−1,S−log
r
l
,t)+lP2(I+1,S−log

l
r
,t)

[r+l+∂t]P2(I,S,t) =rP1(I−1,S−log
r
l
,t)+lP3(I+1,S−log

l
r
,t)

[r+l+∂t]P3(I,S,t) =rP2(I−1,S−log
r
l
,t)+lP4(I+1,S−log

l
r
,t)

[r+l+∂t]P4(I,S,t) =rP3(I−1,S−log
r
l
,t)+lP1(I+1,S−log

l
r
,t)

Allsitesareequivalent,sointheSSwefindPSSi =1/4foreveryi.Theaverage
entropyproductioniseasilyfoundtobeσ=(r−l)logr/l. Decimatingthesite
number4withtheusualprocedureyieldsthefollowingsystem:
(199)




[r2+rl+l2+2(r+l)∂t+∂2t]P1(I,S,t) =r
2P3(I−2,S−2log

r
l
,t)+l(r+l+∂t)P2(I+1,S−log

l
r
,t)

[r+l+∂t]P2(I,S,t) =rP1(I−1,S−log
r
l
,t)+lP3(I+1,S−log

l
r
,t)

[r2+rl+l2+2(r+l)∂t+∂2t]P3(I,S,t) =r(r+l+∂t)P2(I−1,S−log
r
l
,t)+l2P3(I+2,S−2log

l
r
,t)

[r+l+∂t]P4(I,S,t) =rP3(I−1,S−log
r
l
,t)+lP1(I+1,S−log

l
r
,t)

Nowifdecimatedefinitivelythesite4,wehavetorenormalizetheprobabilitiesas
inthepreviousexercise.

PCG1 =P1 1+
r

r+l
(200)

PCG2 =P2(201)

PCG3 =P3 1+
l

r+l
(202)

PCG4 =0(203)

Invertingtheserelationsandsubstitutingtheminthesystemyields:
(204)





[r2+rl+l2+2(r+l)∂t+∂2t]
r+l
2r+l

P1(I,S,t) =r2
r+l
r+2l

P3(I−2,S−2log
r
l
,t)+l(r+l+∂t)P2(I+1,S−log

l
r
,t)

[r+l+∂t]P2(I,S,t) =rr+l
2r+l

P1(I−1,S−log
r
l
,t)+lr+l

r+2l
P3(I+1,S−log

l
r
,t)

[r2+rl+l2+2(r+l)∂t+∂2t]
r+l
r+2l

P3(I,S,t) =r(r+l+∂t)P2(I−1,S−log
r
l
,t)+l2r+l

2r+l
P1(I+2,S−2log

l
r
,t)

Nowweproceedwiththemarkovianizationofthesystem. Wedrophigherorder
derivativesandweexpandshiftedfirstorderderivatives. Sincenowsitesare
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inequivalent,whenweexpandtheseshiftedderivativesweneedtotakeintoaccount
oftheproportionalityrelationsthatholdbetweenthemintheSS.Namely:

(205) ∂tPj−→
PSSj
PSSi

∂tPi

Performingtheseoperationsfinallyyields:
(206)





[r2+rl+l2+2(r+l)∂t]
1
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1
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P3(I−2,S−2log
r
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r
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∂tP1(I,S,t)
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l
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P3(I+1,S−log

l
r
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1
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P3(I,S,t) =rP2(I−1,S−log
r
l
,t)+ r

r+2l
∂tP3(I,S,t)+l2

1
2r+l

P1(I+2,S−2log
l
r
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Anduponrearrangingweget:
(207)
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Acheckshowsthat:theprobabilityisconserved,theSSistheoneexpected,
andfinallythattheaverageentropyproductioncoincideswiththatoftheoriginal
system,soitseemswedideverythingcorrectly.

8. Discussion

Akeyadvantageofourapporoachisthefactthatweeliminatestatesbased
ontheexactequationsfortheentropyproduction:thisiswhywegetrigorous
controlofthearising memoryeffects. Theanalyticalresultspresentedabove,
partlyinspiredbytherenormalizationgroupapproachtocriticalphenomena,were
relativelysimplifiedbythechoiceofnetworkswithalimitednumberofequivalent
states. Ourcalculationsofcoursebecomemorecomplicated,whendealingwith
lesssymmetricnetworksand/ordecimationpatterns.Ourcoarse-grainingstrategy
isbasedonthegeneralideaofeliminatingfromtheequationsgoverningentropy
productionanumberofnetworknodes,leavingtoasubsetofthesurvivingstates
theroleofrepresentingalsothestatesdroppedfromtheequations.Inthepresence
ofinequivalencesamongstates,thisimpliesthenecessityofcorrectingthecoarse-
grainedequationsbytakingintoaccountthat,atstationarity,statesinchargeof
representingtheeliminatednetworksitesshouldaccountalsofortheirprobabilities.
Suchoperationreducedtoperformuniform,irrelevantrescalingsofthestateoccupation
probabilitiesintheexamplesdiscussedabove. Wehavealsodiscussedtwoillustrative
examplesofhowonehastoproceedwithsituationsinwhichinequivalentstates
survivecoarse-graining.Inthefirstwediscussedasinglesiteonachainwhich
replacesawholeloop,whileinthesecondtwositessharethedutyofrepresenting
anerasedintermediedone.Inbothcasestheprobabilitiesrepresentingsomeof
thesurvivingstateshavetoberescaledinordertomaintainconsistencywiththe
stationarystateasrecordedalongthecoarse-grainedtrajectory.
Wealsolearnedthatitispossibletoconvertinto Markoviantheprocess

resultingfromcoarse-graining,withoutalteringtheaveragerateofentropyproduction.
Forgeneralnetworksourfindingssuggestthepossibilitythatanempiricalcoarse-
grainingperformeddirectlyonthetrajectoriescouldleadtoenoughinformation
tosetupa Markoviancounterpartoftheprocesswiththesameaveragerateof
entropyproductionσ.Itwouldbesufficienttoidentifyfromthestatisticsover
coarse-grainedtrajectoriesthevariousrateswhichcontributetoentropycreation,
likewecoulddointheexamplesabove.
Insummary,thisworkshows,inthecontextofMarkovjumpprocesses,that

anexactcoarse-graining,takingintoaccount memoryeffects,ispossible. This
coarse-grainingissuchtoguaranteeinvarianceoftheCramer’sfunctioncontrolling
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entropyfluctuationsatstationarity. Thisprovidesastrong,previouslyabsent,
argumentinfavorofthegeneralvalidityandapplicabilityoffluctuationtheorems.
Ourresultsarealsorepresentativeenoughtosuggestwhattheoryshouldpursue
whenaddressingcoarse-graininginmoregeneralcontexts.



CHAPTER6

Negativedifferential mobility

1.Introduction

Theworkpresentedinthepreviouschapterfollowedalineofresearchthatwas
originallyinspiredbytheseeminglyunrelatedtopicofNegativeDifferentialMobility
(NDM).Thisisthephenomenonwhereincreasingaforceleadstoadecreaseof
mobilitydueto,forexample,trappingorcrowding.Ithasbeenobservedinseveral
experimentsonelectronicpropertiesofmaterials[30,31,32,33].Itcanalsooccur
ingelelectrophoresisofpolymers[34,35,36,37]andchemicalreactionnetworks
[38].
Negativedifferentialmobilityisoftenstudiedtheoreticallyindrivenlatticegas

models[22,23,24,25,26,27,28,29].Sincethereexistsatthismomentno
generaltheoryforsystemsoutofequilibrium,itisusualtostudythisparticularand
manyothernonequilibriumphenomenausingspecificallydesigned Markovjump
models. Thedynamicsoftheseprocessesfollowsoncetheratesaredefined. To
dothisonecanuseageneralprinciplesuchaslocaldetailedbalancebutthisisin
generalnotenoughtofixtherates.
Forexample,thebiasedrandomwalkisapopularmodelfordescribingone-

dimensionaltransport.Localdetailedbalancefixestheratiooftheratesforthe
particletohoptotheright,p,andleft,q,asp/q=eF (whereweputkBTand
thedistancebetweenneighbouringsitesequaltoone).HereFisaforcethat,for
example,isproducedbyanelectricfieldactingontheparticlewhenitischargedor
istheforceexertedbyanopticaltweezerwhenitrepresentsamolecularmotor.In
thelattercase,ithasbeenfoundthatitisnecessarytointroducealoaddistribution
factorθinthejumprates,p∼eθFandq∼e(θ−1)F,inordertogetagreementwith
experiments[94,95,96]. Thisloadfactortakesintoaccountthechangeinthe
microscopicfreeenergylandscapeofthemotorduetotheforce.Thenecessityof
thisfactorcannotbeobtainedfromlocaldetailedbalancealonebutcanbededuced
bytakingintoaccountinformationonamoremicroscopicscale.
Thisexampleshowsthataninvestigationofhowamicroscopicdescriptioncan

leadundercoarsegrainingtoajumpprocessdescriptionisinprincipleneededto
assesstheprecisechoiceoftransitionrates. However,withoutundertakingsuch
anambitiousprogram,itisimportanttoexplorethephysicalimplicationsthat
differentchoicesofratescanhavebyanalysingspecificprototypemodels.Such
analysisrevealsparticularlyusefulwhenfocusingonnonequilibriumphenomena
whoseoccurencesensiblydependsonthesechoices.
Thiswasthefirststepwetookintryingtounderstandtowhichextentthese

jumpmodelscanbeconsideredafaithfulrepresentationofarealworldscenario.
Theworldreal,inthiscase,isasynonymofLangevindynamics,sincethisisas
closeaswecangettoacontinuousstochasticsystemthatcanmodelwhatwe
actuallyobserveinaphysicsexperiment.Intheendtheproblemwearedealing
withisthecoarse-grainingofobservablesinsystemsoutofequilibrium:bridging
thegapbetweenacontinuousandamesoscopicworldisourfinalgoal,butsuch
taskisextremelyambitiousandthereforerequiressomeintermediatesteps.
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Model k+ k− k0

A eF/2 e−F/2 1
B eF/2 e−F/2 1/cosh(F/2)
C eθF e(θ−1)F 1/cosh(F/2)

Table1.Jumpratesoftheparticleinthethreemodels.

inthedirectionperpendiculartotheforcecanbedifferentifonegoesfromacell
withthewallonthelefttoonewithawallontherightorviceversa. Wecallthe
associatedratesu+andu− respectively.
Wewillfromnowassumethatlocaldetailedbalanceholdseventhoughitis

nontrivialtoestablishapreciseconnectionbetweenitsformatamicroscopic,e.g.
Langevindescription,andthatintheassociatedjumpratemodel.
Theratestojumpbetweensitesiandjthenobey

k(i→j)

k(j→i)
=exp[Ei−Ej+F∆x](208)

whereEiistheenergywhentheparticleisatsiteiand∆xisthesizeofthe
x-componentofthejump(whichcanbe−1,0or1).Herewewillassumethatall
Eiareequal. Thiscanbethecaseifweidentifythepositionoftheparticlein
thediscretemodelwiththelocationoftheminimainthepotentialV(x).Local
detailedbalancethenimpliesk+/k−=eFandk0≡u+=u−.
Givenlocaldetailedbalance,thereisstillalargefreedominthechoiceofthe

rates.Theratek0canbeF-dependentornot. Whenaddingapositive(negative)
force,aparticleinacellleft(right)ofawallistrappedandfirsthastochange
laneinordertomoveforward.Ifthereisnowallbetweenthetwolanes,wedo
notexpectthecorrespondingratestodependsignificantlyonF(Fig.1,top).In
theoppositecase(Fig.1,bottom),theparticleintheunderlyingmodelfirsthas
tomoveagainsttheforcetocrossthebarriersothatwedefinethecorresponding
ratek0tobeequalto1/cosh(F/2).
Furthermorewedistinguishbetweenmodelswherewallscanbepassedornot.

Weintroduceanextra(small)parameter todescribethiseffectsuchthattherates
forcrossingawallaregivenbyk±W = k

±.Thisparametercouldbegiveninterms
ofaKramers’rate ∼e−∆E where∆Eistheheightofthebarrier.
Finally,inordertodescribetheeffectofwallcrossinginevenmoredetail,we

alsoallowthepossibilityofaload-distributionnumberθ(θ−1)multiplyingFin
k+ (k−). Asmentionedintheintroduction,thistakesintoaccounttheshiftin
thelocationandtheheightoftheenergybarriersinthepresenceofaforce.These
shiftsleadtoamodificationinKramers’rateforpassinganenergybarrierwhich
iscapturedbytheloadfactor.
Withtheseconsiderationsinmindwedefinethreemodels.InmodelA, k0does

notdependonFwhereasintheothertwoitdoes.InmodelB,k0=1/cosh(F/2).
Inthesetwomodels,wedonotincludealoadfactor,implyingθ=1/2.Finally,in
modelC,theloadfactorisanextraparameter.InTableI,wegiveasummaryof
theratesforthevariousmodels.
Withtheintroductionofperiodicboundariesandusingthesymmetriesofthe

latticeallourmodelsaretwostate Markovchains. Wedenotestate1(2)asthe
stateinwhichtheparticleistotheright(left)ofaverticalwall.Theprobability
tobeinstateiattimet,Pi(t),evolvesaccordingtothemasterequation

dPi
dt
=
j=1,2

MijPj(t)(209)
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AstraightforwardcalculationshowsthatthegeneratorM isgivenby

M =
−k0−k+−k−W k0+k−+k+W
k0+k++k−W −k0−k−−k+W

(210)

ThestationarystateP istheeigenvectorwitheigenvalue0ofM. Theaverage
currentinthestationarystateisgivenby

J(F)=(k+−k−W)P(1)−(k
−−k+W)P(2)(211)

Wementionherethatanotherpopularchoicehasbeentotakemodel Aand
normaliseallratesbyafactor2(1+coshF)[22,25,27].Fromthemasterequation
(209),itfollowsthatthiscanbeseenasarescalingoftimetoanewforcedependent
timet(F)=t/[2(1+coshF)].SinceforFlarge,theratesinthismodelbecome
constantorgotozero,thecurrentatmostgoestoaconstant. Thereforewithin
suchamodelitisnotpossibletoobtaincurrent-forcerelationswhichincreasewith
FforFsufficientlylarge.
Wewillalsobeinterestedintheentropyproductionrate σ(F). Ageneral

expressionforthisquantityforaMarkovchainiswellknown[101].Inthepresent
caseitreducesto

σ(F) = [(k+ln(k+/k−)+k−W ln(k
−
W/k

+
W)]P(1)

+ [(k−ln(k−/k+)+k+W ln(k
+
W/k

−
W)]P(2)(212)

Usingdetailedbalanceand(211)thiscanbesimplifiedto

σ(F)=J(F)F(213)

ascouldbeexpectedfromnonequilibriumthermodynamics.

3. Thecurrentlargedeviationfunction

Inrecentyears, muchinteresthasbeendevotedtogobeyondtheaverage
currentandinvestigatecurrentfluctuationsinvariousnon-equilibriumsystems
suchasexclusionprocesses[98,99,100].Fluctuationsofthecurrentawayfrom
itsaveragevaluearecharacterisedintermsofalargedeviationfunctionI(Y)
whichplaysaroleanalogoustothatofentropyinequilibriumstatisticalmechanics.
Equivalently,onecandescribethesefluctuationsintermsofthescaledcumulant
generatingfunction(SCGF)whichislikeanonequilibriumfreeenergy.
Herewecollectafewbasicresultsofthetheoryoflargedeviationsincontinuous

timeMarkovprocesses.Formoredetailswereferto[98,17].
Inthelargedeviationapproachtocurrentfluctuations,oneintroducesastochastic

variableQ(t)whichincreases(decreases)byoneeachtimetheparticlemakesastep
inthedirectionof(against)thefield.Fortlarge,theprobabilitydensitythatQ(t)/t
equalsYisthenproportionaltoe−tI(Y).HereI(Y)isthelargedeviationfunction
(LDF,alsocalledratefunction)whichiszeroattheaveragecurrentJ(F)and
positiveotherwise.
Alternatively,onecanintroducetheSCGFas

λ(s)=lim
t→∞

1

t
lnesQ(t)(214)

wheretheaverageistakenoverallrealisationsoftheprocess.Thelargedeviation
functionandtheSCGFareconnectedthroughaLegendre-Fencheltransformation

I(Y)=sup
s
[Ys−λ(s)](215)
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Thescaledcumulantsofthecurrentareobtainedbytakingderivativesofλ(s)
withrespecttos.Onehasforthefirstthreecumulants

J(F) = lim
t→∞

1

t
Q(t)=

∂λ(s)

∂s
(s=0)(216)

∆(F) ≡ lim
t→∞

1

t
[Q(t)2 − Q(t)2]=

∂2λ(s)

∂s2
(s=0)(217)

χ(F) ≡ lim
t→∞

1

t
[(Q(t)− Q(t))3]=

∂3λ(s)

∂s3
(s=0)(218)

Forconveniencewewillrefertothesecondandthirdscaledcumulantasthevariance
andtheasymmetry,eventhoughthestandarddefinitionofthevarianceincludes
anextrafactort.
Itisknown[17]thattheSCGFequalsthelargesteigenvalueofatiltedgenerator

M(s)whichforthemodelsconsideredinthispaperhastheform

M(s)=
−k0−k+−k−W k0+k−e−s+k+We

s

k0+k+es+k−We
−s −k0−k−−k+W

(219)

Hereoff-diagonalelementsthatcorrespondwithastepinthedirectionoftheforce
aremultipliedbyeswhilethoseassociatedtoastepagainsttheforcegetafactor
e−s.
WehavecalculatedtheSCGFforourthreemodelsfromanexactdiagonalisation

ofthetiltedgenerator.Theaverage,thevarianceandtheasymmetryofthecurrent
canthenbeobtainedbysimplederivation.
Theaveragecurrent(216)andthevariance(217)appearinthethermodynamic

uncertaintyrelation(TUR)[102,103,104]

J(F)2

∆(F)
≤
σ

2kB
(220)

Thisrelationimpliesthatinordertodecreasethevarianceofthecurrent,more
entropyhastobeproduced.
Morerecently,alsoasocalledkineticuncertaintyrelation(KUR)wasderived

[105].ItisexpressedintermsofthedynamicalactivityK(t)which,foragiven
realisationofajumpprocess,equalsthenumberoftransitionsmadeuptotimet.
Thisdynamicactivity,alsocalledfrenesy,takesintoaccountnon-dissipativeaspects
ofnonequilibriumsystemsandisneededtocharacterisethephysicsofsystemsfar
fromequilibrium[106,107].Thekineticuncertaintyrelationis

J(F)2

∆(F)
≤κ(F)(221)

whereκ(F)=limt→∞ K(t)/t,i.e.theaverageactivityperunittime.TheKUR
mightgiveabetterboundoncurrentfluctuationswhenthesystemisfarfrom
equilibrium[105],thoughinachemicalreactionnetworkthereversesituationhas
beenobserved[38].
Inourmodelswehave

κ(F)=(k++k0+k−W)P(1)+(k
−+k0+k+W)P(2)(222)

Finally,wehavealsodeterminedtheratefunctionI(Y)using(215).Forgiven
Ywehavetodetermines(Y)whichsatisfies

Y=
∂λ(s)

∂s
(s)(223)

ThenI(Y)=Ys(Y)−λ(s(Y)).Inpracticeitismoreconvenienttovarysand

makeaparametricplotofthecurve{∂λ(s)∂s (s),
∂λ(s)
∂s (s)s−λ(s)}[97].
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Figure3.Thisfigureshows,formodelB,theregimeinwhich
thereisnegativedifferentialmobility.Itisboundedbytheforces
F−()(blue,lowercurve)andF+()(orange,uppercurve).Above
=0.0015,NDMdisappears.

WenowlookwhethersignsofNDMcanalsobeseeninthefluctuationsofthe
current.InmodelA,thevarianceismonotonicallyincreasingbothasafunctionof
Fandasafunctionofε.Incontrast,inthemodelsshowingNDM,thevariance
goestozeroatlargeFforε=0whileitgoesthroughaminimumifε=0.Hence
inbothcasesthereisaregimeinwhich∂∆(F)/∂F<0.Thisphenomenoncanbe
callednegativedifferentialvariance.
Alsotheasymmetryisobservedtobehaveinasimilarway:inthemodelswith

NDMthereisaregimewhere∂χ(F)/∂F<0.SucharegimeisabsentinmodelA.
Noticehoweverthatthisbehaviourisonlyobservedfor andθ−1/2verysmall.
Alternatively,thesameconclusionscanbereachedbyplottingtheratefunction

I(Y).InFig.4weplotthisfunctionforthethreemodelsforvariousforcesand
orθ(modelC). Whentheaveragecurrentincreases(decreases)theminimumin
I(Y)shiftstotheright(left).Similarly,anincrease(decrease)in∆(F)makesI(Y)
broader(smaller)whileanincrease(decrease)inχ(F)tiltsthefunctionmoreto
theright(left).
Finallywelookattheuncertaintyrelations(220)and(221).InFig.5we

plot,formodelsAandB,σ(F)/2andκ(F)at =0and =0.005.Inthesame
plotwealsoshowJ(F)2/∆J. Weseethatthethermodynamicuncertaintyrelation
becomesalmostanequalityforsmallforces,whileitgivesastrictupperboundat
largeforces.Forlargerforces,whereitcanbearguedthatthesystemisfurtherfrom
equilibrium,theKURgivesabetterupperbound.Thisresultholdsindependently
ofthebehaviouroftheentropyproductionatlargeF. Thesameconclusionwas
foundtobevalidfortheothermodelsandotherparametervalues.

5. Discussion

Inthischapterweshowedtheinvestigationwecarriedoutoncurrentfluctuations
insome Markovchain modelsthatwereconstructedtogiveacoarsegrained
descriptionoftheBrownianmotionofaparticleinanenergylandscape. Wehave
chosentheratesinsuchawaythattheygiveanaveragecurrentthatbehaves
similarlytotheoneexpectedinthemicroscopicmodel. Whilethedifferentmodels
allobeythesamelocaldetailedbalancewehaveseenthatchoosingdifferentrates
canleadtotheabsenceorpresenceofnegativedifferentialmobility.Ifweinclude
moreparametersintherates,suchasthepossibilitytocrossawalloraloadfactor,
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thebehaviourbecomes moreinterestingsothatforsomeparametervaluesthe
varianceandtheasymmetrygothroughaminimumasafunctionofF.Thiscan
becomparedwithlatticegasmodelsofNDM.Intheseoneconsidersoneormore
forcedrivenparticlesinthepresenceofpassivelydiffusingparticlesthatdonotfeel
anyforce.ThelattercanactastrapsandcauseNDM[27,28].Ithasbeenfound
thatforsuchamodelthevarianceofthecurrentgoesthroughamaximum[29].It
wouldbeinterestingtoseewhetherwithasuitablemodificationofthelatticegas
modelonecouldalsofindregimesinwhichtheaveragecurrentanditsfluctuations
showbothamaximumandaminimum.
Inthiswork,therelationbetweenthemicroscopicandthemesoscopicmodel

wasmadeataheuristiclevel.Itwouldbeofgreatinteresttomakeamoredetailed
mappingbetweenthetwolevelsofdescription. Onecanforexampleaskhowthe
ratesshouldbechosensuchthatthemodelsatdifferentscaleshavethesamecurrent
andthesamediffusionconstant.Oronecanrequirethattheentropyproductionat
thetwolevelsstaysthesame.Thesequestionshavebeenstudiedinanapproximate
wayforMarkovchainmodelsinwhichaclearseparationoftimescalescanbemade
betweenfastandslowvariables[20,21].Butthatworkleavesopenthequestion
onwhathappensifonecoarsegrainsa Markovchainwherenoclearseparation
oftimescalesispresent,orwhenonecoarsegrainsfromamicroscopicdiffusion
processtoamesoscopicMarkovmodel. Wearecurrentlyperformingstudiesinthis
direction,whichwillhelpusinapproachingandtacklingthegeneralproblemof
coarsegrainingofstochasticsystemsacrossdifferentformalisms.





Aknowledgments

TODO...

87





APPENDIXA

Network modelofconviction-drivensocial

segregation

During myPhDcourseIhadalsothechancetoexplorefieldsnotdirectly
linkedtothemainresearchtopicspresentedinthisthesis. Onepeculiarityofthe
physicscomplexsystemsisinfactthepossibilityofexploitingthesametoolsto
performanalysesoncompletelyunrelatedtopics.Inmycase,astatisticalmechanics
approachrevealedtobeveryeffectiveinthestudyofthephenomenonofsocial
segregation.InthisappendixI’llpresentthework(publishedin[5])thatIwas
abletocarryoutasasideprojectcollaboratingwithaheterogeneousgroupof
peopleexternaltomyresearchgroup.

1.Introduction

Socialsegregationisaprimaryproblemforourwell-being,andforthepolicy-
makingofourgovernments.Themostbasicquestionsregardingsocialsegregation
concernitsquantification,andthepredictionandpreventionofitsonsetand
itsoutcomes. Attemptstoapproachtheproblemfromaquantitativeviewpoint
datebacktothelate1960s,witha modelproposedbytheeconomistThomas
C.Schelling[39,40].Inthismodel,individualsareembeddedinatwo-dimensional
lattice,andarecharacterizedbyathreshold“tolerance”tootherindividualopinions.
Thismodelnaturallyattractedtheattentionofstatisticalphysicsbecauseofits
analogywithBlume-Emery-GriffithsandPottsmodels,andmoreingeneralwith
binary mixturesandinterfacialdynamics.Itshowsacomplexphasediagram,
includingthresholdphenomena(phasetransitions)whereopinionsseparatespatially
andmayformpatterns[41,42,43,44].Schelling’smodeldemonstratesthateven
mildpreferencesforasetofagentsfordefiningthemselvesasalocalminoritycan
producestrongspatialsegregationpatterns,challengingthecommonviewthat
discriminationisanecessaryconditionforsegregation.
Whilespatial“steric”interactionsanddimensionalityareveryimportantin

Schelling’smodel,humaninteractionscaninmostcasesbedescribedasnetwork-
like[108,109,110,111,112].Inasituationwith(nearly)immutableconvictions
andlimitedtolerancetootheropinions,individualssharingthesameconviction
mightfindthemselvesseveredfromsocietyeveniftheirpotentialforsocialinteraction
isnotlimitedbyspatialconstraints.Suchasituationisverydangerousforsociety,
forthedangeroftriggeringself-propelleddistortionsofrealitysharedbetween
manyindividuals.Forexample,thisisparticularlyrelevantintheon-lineworldof
socialnetworks.Thediffusionofon-linenon-intermediatedunverifiedandpolarized
contentsandthespreadofmisinformationisbecomingapressingproblemforour
society. Oneofthemostrelevantdrivingforceshasbeenrecognisedastheecho-
chambereffect[113,114,115].Itconsistsintheformationofsegregatedclusters
ofuserswhosharesomestrongcommonopinions,increasinglyreinforcingthese
ideasandthusbecomingimpenetrabletonewsdivergingfromtheirpointofview.
Thus,anotherpossibleapproach(relativelylessexplored) mayattemptto

describesegregationusingopinion-basednetworkmodels,suchasthevotermodel[116,

89
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117,118].Thecomplexnetworksliteratureprovidesmanyexamplesofsegregation
inthestructureofrelationships(fromschoolfriendshiptovalue-andbelief-oriented
partitioning)empiricaldata[119,120].However,theliteratureoncomplexnetworks
modelsfocusesmostlyonhowopiniondynamicsisshapedbynetwork-likehuman
interactions,i.e.,onhowindividualschangetheir mindbasedtheopinionsof
others[121,117,118].Suchaframeworkisnotwell-suitedtodescribesegregation,
wherepreciselytheoppositeoccurs,i.e.,humaninteractionschangefollowingstable
“opinions”,orothermoregeneralindividual-specificfactors(asithappensinSchelling’s
model).Indeed,someofthesefactorsmaybeverystronglyrootedinindividuals,
suchasconvictions,religiousandculturalfactors,andevenimmutablephysicalor
racialfeatures. Acomparativellysmallerthreadofstudies[122,116,123,124]
hasconsideredthecoevolutionofnetworkconnectionsandopinions. Insuch
models,individualscanbothchangetheir mindandchangetheirconnections,
andsegregatedstatescanemerge,dependingontheintrinsictimescalesofthese
processes[122,123].However,theconditionsforreachingsegregatedstatesarenot
themainfocusoftheseinvestigations,whicharetypicallyfocusedontheconditions
forreachingconsensus.Inordertounderstandthefactorsleadingtosegregated
states,itisimportanttoaddressthecasewherenodeattributes(convictions)are
persistent.
Thereisverylittleworkintheliteratureaddressingsuchsituationonnetworks.

Afairlyrecentstudy[125],consideredtheemergenceofsegregationinasocial
networkbyamodelwithcontinuousopinionsandanindividual“aversionbias”
favoringtheseveringofconnectionswithincreasingdifferenceofopinions,infavor
ofrandomrewiring.Theyprovedtheexistenceofattractorsteadystateswithgiven
segregationlevelsthatareindependentofinitialconditions,andcharacterizedthe
timescalesofconvergencetothesestates. However,thisstudydidnotaddress
thepossibilityandexistenceofthethresholdphenomenathatareubiquitiousin
Schelling’smodel. Suchphenomenaareimportanttoaddress,asarguedinthe
previousparagraphs.
Here,wedefineanalternative modelofsegregationonnetworksbasedon

discreteconvictions,andwestudyitthroughanalyticalcalculationsanddirect
simulation. Inour model,individuals maychoosetofollowotherindividuals
basedonsharingthesameconviction,orbasedontheirpopularity(regardlessof
conviction).Thetrade-offbetweenthesetwomovesdefinesatransitionbetweena
well-mixedandasegregatedstate. Athresholdparameter,analogous(butnot
equivalent)tothe“tolerance”parameterinSchelling’s model, weighsthetwo
differentpossiblechoices. Weanalyzethismodelinthecaseofbinarystatesofthe
agents(twopossibleconvictions,suchasDemocratsandRepublicans),andweare
abletofullycharacterizetheconditionsfortheemergenceofphasetransitionsthe
relaxationtimescalesofthesysteminthesegregatedandnon-segregatedphases.
Importantly,inorderfortransitionstoexist,theconvictionmovehastooccuron
thesametimescaleofthepopularitymove,regardlessofthesizeofthecommunity
beingsegregated.Finally,weshowthatminorityconvictionssegregatemoreeasily,
andwecharacterizethisphenomenonquantitatively.

2. Definitionofthe model

Ourmodeldescribesasocialnetworkasadirectedgraphwhereindividuals
(nodes)followotherindividual’sopinionsbysendingdirectededgestotheircorresponding
nodes. TheinitialconditionisarandomdirectedgraphG0(N,m,h) madeof
N ∈Nnodes. Eachnodehasfixedoutdegreem ∈N(relaxingthisassumption
tofluctuatingoutdegreesdoesaffecttheresults,seebelow). Afractionh∈[0;1]
ofindividualsholdacertainconviction,whichweidentifywiththecolorred(as
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Figure1. Illustrationoftheactionofthemodelbasicmoves.
Nodesrepresentagentsandcolorsrepresentconvictions. Edges
representdirectedsocialconnections(AfollowsBifanedgeis
sentfromAtoB).Theselectededgetoberemovedisinboth
casese1→2.Inaconvictionmove,thenewtargetcanbechosen
onlyamongthebluenodes(inthesketchthismovecreatesthe
edgee1→0),whileinapopularity movethenewtargetcanbe
chosenregardlessofitsopinion,sothateverynodewithanin-
degreegreaterthan0isapotentialcandidate(inthesketchthis
movescreatestheedgee1→4).

opposedtotheprobability1−hofholdingtheoppositeconviction,i.e.beingcolored
inblue).ThetotalnumberofedgesM =N·mdefinesthesizeofoursystem.The
graphisconstructedthroughtheassociatedadjacencymatrixbyfillingrandomly
withm onesthematrixrowsofazeromatrix(weexcludethematrixdiagonal
elementswhichwouldindicateself-edges). Asaconsequenceofthisconstruction
procedure,thein-degreesfollowaPoissondistributionwithaveragevaluem(asin
anErd̃os-Ŕenyirandomgraph[126]).
Thenetworkevolvesatfixedconviction,bychoosingateachsteponeoftwo

possiblerewiringmoves(Fig.1)accordinglytothechoiceparameterϕ∈[0;1]:

•withprobabilityϕaconvictionmovechoosesrandomlyoneamongallthe
edgesei→jbetweentwonodesholdingdifferentconvictions(whichwewill
call“heterogeneous”edges),deletes,choosesuniformlyanewtargetnode
kholdingthesameconvictionasiandcreatesanew“homogeneous”edge
ei→k;
•alternatively,withprobability1−ϕ,apopularitymovewhichchooses
randomlyoneedgeei→jamongalltheedgesofthenetwork,deletesit,
andcreatesanewedgeei→kwithatargetkchosenamongallthenodes
withapreferentialattachmentcriterion,i.e.withaprobabilityequalto
thein-degreeofthetargetnodenormalizedbythetotalnumberofedges
M.

Itisimportanttounderlinethefactthattheopinionmoveselectstheedgetobe
removedinthebasketoftheheterogeneousedges.Asitwillbemoreclearinthe
following,thischoiceisessentialinordertoobtainathresholdphenomenonfor
segregation.
Wequantifythesegregationusingasorderparameterthetotalnumberof

homogeneousedgesconnectingnodeswiththesameconviction.Theorderparameter
correspondstoobservablescommonlyusedintheliterature,androughlyquantifies
thelinksthatneedtobeseveredtoseparatethetwocommunities.Inreal-world
situationthestructurewithinthecommunitiesthatformcanvary.Ourcalculations
indicatethatthisstructureisnotrelevantforourmodel(seebelow).Intheinitial



92 A.NETWORK MODEL OF CONVICTION-DRIVENSOCIALSEGREGATION

condition(t=0),andforM sufficientlylarge,thedensitiesofthefourdifferent
kindsofedges(redtored,bluetoblue,redtoblueandbluetored)are:

e0(rr)=h
2

e0(bb)=(1−h)
2

e0(rb)=e0(br)=h(1−h).(224)

Moreingeneral,foreverystep t >0,thelinkdensitiesarefunctionsofthis
parameterorderparameter.Indeed,sinceΩt:=M(et(rr)+et(bb)),onehas

et(rr)=
h2

h2+(1−h)2
Ωt
M

et(bb)=
(1−h)2

h2+(1−h)2
Ωt
M

et(rb)=e0(br)=
M −Ωt
2M

.(225)

Wedefineasegregatedphaseasastatewhere,forlargenetworks,typicallyall
theheterogeneousedgesdisappear,leavingthenetworkwithonlyedgesbetween
like-mindednodes,characterizedbyasaturationoftheorderparametertothe
maximumvalueΩt=M.

3. Results

3.1. Atransitiontoasegregatedstateemergesatacriticalpoint.
Byconstructionofthemodeldynamics,convictionmovesfavorthetransitiontoa
segregatedphase,whilepopularitymovestrytoreestablishthedisorderandwill
alsoaffectthein-degreedistribution. Moreover,weexpectnetworkscharacterized
byasymmetricdensitiesofopinions(h=1/2)toreachasegregatedphasemore
easily.
StartingbythesameinitialrandomgraphG0,weevolvedthenetworkfor

differentvaluesofϕandateachstepwerecordedtheorderparameterΩt(ϕ),
startingfrominitialconditionswithΩ0=1/2forh=1/2(Fig.2a),representing
thefractionofhomogeneousedges(connectingindividualswithequalconvictions).
Forlowvaluesofϕ,thesystemdoesnotsegregate,buttheyreachabalancebetween
popularity-andconviction-basedmoves. Asthevalueofϕincreases,conviction-
basedmovesbecomeincreasinglydominant,andthesteady-statevalueoftheorder
parameterincreasesuntilitreachesthe maximumpossiblevalueM,indicating
thattypicallythenumberofheterogeneousedgesisnegligiblecomparedtothe
totalnumberofedges,andthesystemreachesasegregatedphase.Thisbehavior
suggeststheexistenceofacriticalvalueϕcofthechoiceparameter,abovewhich
thesteadystateofthenetworkisalwaysinasegregatedphase.
Inordertofindthecriticalvalueofthechoiceparameteranalytically,we

usedamean-fieldapproach,basedonanestimateoftheaveragevariation∆Ωt
ateverystep. ConvictionmovesincreaseΩtby1,whilepopularitymovesmight
actdifferentlydependingontheprobabilityofpickinganedgeofacertainkind,
andalsoonthekindofthenewedgecreated.Theresultingmean-fieldequationis

(226) ∆Ωt(ϕ,h)= ϑϕ

conv. move

+(1−ϕ)ϑp+t(h)−p
−
t(h)

pop. move

,

wheretheHeavisidestepfunctionϑ:=θ(M −Ωt)excludesforbiddenmovesonce
thesegregationstateisreached,whilep±t(h)aretheprobabilitiesofrespectively
increasinganddecreasingtheorderparameterwithapopularitymove.
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Inthepre-segregationregime(whereΩt<Mandthereforeϑ=1)therelaxation
isthenexponentialwithcharacteristictime

(229) τΩ=
M

1−ϕ
.

Hence,theasymptoticvalue

(230)
Ω∞(ϕ)

M
= min
ϕ∈[0;1)

1,
1+ϕ

2(1−ϕ)

willbereachedfortimest τΩ. Fig.2bcomparesthispredictionwithdirect
simulations. The modelbehavesasexpectedalreadyforrelativelysmall-sized
networks(M =100)andgraduallymovestowardsthepredictedcurveasthesizeof
thesystemgrows.Therelaxationtimescalesagreewiththetheoreticalpredictions,
whichcanbeusedascriteriaforstationarity(Figure9).Bysetting Ω∞(ϕ)=1
inEq.230andsolvingforϕonefindsthecriticalvalueofthechoiceparameter
atwhichthetransitionoccurs,whichforh=1/2isϕc=1/3. Thistransition
hasaclearsimilaritywithsecondorderphasetransitions[127],becauseofa
discontinuityinthefirstderivativeofΩtwithrespecttoϕ.Theanalogyidentifies
theorderparameterΩwiththemagnetization,whiletheroleofthetemperature
isplayedherebythechoiceparameterϕ.
Thefluctuationsoftheorderparameteralsocharacterizethetransition.These

canbeestimatedbythesecondcumulantmomentVar[Ω∞(ϕ)].Apeakinamplitude
ofthefluctuationsatthecriticalvalueϕcshouldsignalthetransition.Inthesocial
segregationinterpretation,thismeansthatthetransitiontoasegregatedstateis
alsomarkedbysuddengrowthandshrinkageofitsconnectionstotherestofthe
world.Inordertoaccessthefluctuationsanalytically,weexplicitlyconsideredthe
masterequation[128]). CallingPt(Ω)theprobabilityofhavingΩhomogeneous
edgesattimetthemasterequationisdefinedas

(231) ∂tPt(Ω)=
Ω=Ω

W(Ω|Ω)Pt(Ω)−W(Ω|Ω)Pt(Ω),

whereW(Ω|Ω)arethetransitionratesofmovingfromanetworkwithΩhomogeneous
edgestoanetworkofΩedges,whichforoursystem(alwaysinthecaseofh=1/2)
is

W(Ω|Ω)=δΩ,Ω−1 ϕ+(1−ϕ)
M −Ω

2M
+

+δΩ,Ω+1(1−ϕ)
Ω

2M
+δΩ,Ω

1−ϕ

2
.(232)

Intheaboveequation,thefirstrowdescribesthecontributionofboththeopinion
andpopularity movestoanincreaseinΩ,whilethesecondrowdescribesthe
contributionsofthepopularitymovetorespectivelydecreaseandkeepunaltered
theorderparameter.Thenwedefinethefactorialmomentgeneratingfunction

(233) G(s,t)=
M

Ω=0

sΩPt(Ω),

wheres∈RisthedualparameterofΩ. CombiningEqs.(231)and(233)(see
section5.2)yieldsthefollowingpartialdifferentialequation,

(234) ∂tG(s,t)=G(s,t)
1+ϕ

2
(s−1)+∂sG(s,t)

1−ϕ

2M
1−s2 .

Byevaluating∂ns[∂tG(s,t)|s=1]foreveryn∈Nweobtainaclosedsystemoftime-
onlydifferentialequationsgivingtheexactdynamics(includingthetransientphase)
ofallthefactorialmoments.Thefirstfactorialmomentcoincideswiththeaverage,
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Figure3. Entropyischaracterizedbyadiscontinuityin
correspondencewiththecriticalvalueofthechoiceparameterϕc.
A)Theentropyofthesystemasafunctionoftheorderparameter
ϕfordifferentsystemsizeM.B)Itsderivativewithrespecttoϕc.
Thedashedgraylinerepresentthepredictedcriticalthresholdϕc=
1/3.

sowefindagainEq.227,whereasthesecondfactorialmomentgivesΩ2t andhence
thevariance.Takingthelong-timelimitweobtainananalyticalexpressionforthe
fluctuations

(235)
Var[Ω∞(ϕ)]

M
=

1+ϕ
4(1−ϕ) forϕ≤1/3

0 forϕ>1/3

Fig.2cshowsthatasthesizeofM (numberofedges)ofthenetworkgrows,
thesimulationstendtoagreewiththislarge-M prediction,showingabehavior
thatresemblesthatofthesusceptibilityinsecond-orderphasetransitions,with
fluctuationsamplitudescalinglinearlyinM.
Bymeansofthegeneratingfunctionformalism,wecangofurtherandcalculate

exactlythestationarysolutionoftheMasterEquation(231)withtransitionrates
givenbyEq.(232). TheresultingstationaryprobabilityfunctionPstatis(see
section5.3fordetailedcalculations):

(236) Pstat(Ω)=
2−

M (ϕ+1)
1−ϕ

M(ϕ+1)
1−ϕ

(Ω)

Ω!
,

wherex(Ω)isthefactorialpowerofxanditisgivenby Γ(x+1)
Γ(−Ω+x+1).FromEq.(236)

wecanthendefinetheentropyofthesystemS(ϕ)=−
M→∞
Ω=0 Pstat(Ω)log[Pstat(Ω)]

anditsderivativewithrespecttothechoiceparameterϕ. AsFigure3shows,by
plottingS(ϕ)and∂ϕS(ϕ)wecaneffectivelyseethatthesystemundergoesagenuine
phasetransition.

3.2. Overlapoftimescalesisnecessaryforasegregationtransition
toexist.Wenowdiscussmoreindetailanessentialingredientforasegregation
sharptransitiontoexist,thefactthattheconvictionmoveoccursonthesame
timescaleofthepopularitymove,regardlessofthesizeofheteorogeneousedges
inthesystem.Inotherwords,theconvictionmoveisrealizedateachstepwith
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probabilityϕdrawingdirectlyfromthebasketofheterogeneousedgesinorderto
observethetransition.
Wecanunderstandthisresultbyconsideringasimilarmodelinwhichthe

opinionmoveis,forinstance,definedasfollows.Selectanedgerandomlyamongall
theM edgesofthenetwork(ratherthenfromthebasketoftheheterogeneousones)
andiftheedgeisheterogeneousexecutetheconvictionmove,otherwiseleavethe
networkunalteredandmoveonbyexecutinganewstep.Inthismodelthemean-
fieldequation,Eq.226willtakeanadditionaltermrepresentingtheheterogeneous
edgedensitymultiplyingtheconvictionmoveterm,

(237) ∆Ωt =ϑϕ
M − Ωt
M

op. movevariant

+(1−ϕ)ϑp+t(h)−p
−
t(h) .

Thecriticalvalueϕcisfoundsetting∆Ωt tozeroandtheaveragevalueofthe
orderparametersaturatestoitsmaximumvalueM.Substitutingthesequantities
oneimmediatelyfindsthatthecontributionoftheopinionmovedisappears,leaving
uswiththeequation(1−ϕc)ϑp

+
t(h)−p

−
t(h) =0whichhastheonlytrivial

solutionϕc=1(thatrepresentsamodelinwhichonlyopinionbasedmoveare
executed).Inotherwords,asegregatedphaseisfoundonlyinthetrivialcase
wheretheagentsonlychoosetheirconnectionsbyconviction.
Thisanalysisalsogivesageneralconditionfortheexistenceofatransition,

whichisthattheconvictionmovehastobesuchthatthemultiplicativefactor
introducedintheopinionmoveterminEq.(237)translatesintoafunctionf(Ωt)
characterizedbytheconditionf(M)=0).Apossiblejustificationforthisforcingin
theopinionmovecanbefoundbyconsideringsomerealisticsituationscharacterized
byasegregationphenomenondrivenbystrongconvictions(ethnicity,political
orientation,religiousbeliefs,etc.).Ifanagentisleftonlywithoppositeminded
neighbors,itislikelygoingtobethefirstonetodecidetoseveraconnection
andrewirewithsomeonewiththesameconviction.Forthisreason,webelievethat
directtargetingofheterogeneousconnectioninanenvironmentofstrongconvictions
mightbearealisticassumption. Wealsonotethatthemean-fieldequationsapply
forfluctuatingoutdegrees,aslongasthefluctuationsarecontrolled,sothatthis
behaviorismoregeneralthanthefixedoutdegreemodelthatweconsiderhere.
Simulationswithfluctuatingoutdegreesfullysupportthisstatement(Figure10).
Weexpectthatinarealisticsituationtheoutdegree(numberofindividualsthatone
individualfollows)ismuchmorecompactthantheindegree(numberoffollowers).

3.3. Thepopularity movebroadensthein-degreedistributioninthe
unsegregatedphase,butdoesnotaffectthetransitionpoint.Weproceed
byconsideringtheroleofthepopularitymoveinsettingthein-degreedistribution
andinthesegregationtransition. TheinitialrandomgraphG0(N,m,h)hasby
definitionPoisson-distributedin-degreeskinforlargeN,withameanequaldo
thefixedoutdegreeofeverynodeofthenetworkm. Asthenetworkevolves,
thedistributionofthein-degreeschangesateachpopularitymove,becausethe
mostpopularnodesaremorelikelytobechosenasatargetforthenewlycreated
edges. Thisdeterminesadeparturefromtheinitialdistributiontowardsheavier-
taileddistributions,inanalogywiththe“richgetsricher”principlethatusually
characterizessocialnetworks[116].Inordertoproperlycharacterizethisbehavior
evaluatedtheempiricalsurvivaldistributionfunction(ESDF)ofthein-degree
distributionsofevolvedgraphsGtfordifferentvaluesofthechoiceparameter.The
ESDFindicatestheprobabilityofobservinganodeiwithin-degreekin(i)greater
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criticalphenomena[129,130]. Wedefinethenormalizedchoiceparameter

(243) t=
ϕ−ϕc
ϕc

.

andtheintensiveorderparameter

(244) m=
M −Ω∞
M

sothat

(245) m =1−
Ω∞
M

=
M −Ω∞
M

andweassumethatm,whichinprincipledependsonbothM andtseparately,
isanhomogeneousfunctionoftandasuitablepowerofM,thatis

(246) m =|t|βf̃1(M
yt)

inthelarge(small)M (t)limitwithMytfixed.yandβareexponentsthatare
expectedtobeindependentofthe microscopicdetailsofthedynamical model,
characterizingthetransitionpoint,whilefisascalingfunction,which might
dependonthemodelspecificities.Sinceweexpectthatmisnon-zero(zero)for
t<0(t>0)thescalingfunctionfshouldbehaveasymptoticallyas

(247) lim
x→+∞

f̃1(x)=0, lim
x→−∞

f̃1(x)=constant>0

Inordertoestimatethetwoscalingexponentsβandy,weplotm|t|−βversus
Mytanddeterminetheexponentssothatthebestcollapseofthedifferentcurves
isobtained.IndeedoneshouldobtainadifferentcurveforeachvalueofM ast
variesandthisiswhatweobserveforgenericpairβandy. Howeverforβ=1
andy=1/2thevariouscurvescollapseinarangeofx≡MytthatincreasesasM
becomeslargerandlargerasFig.7,panel(a),shows.
Thesameanalysisleadstothefollowingscalingansatzforthevarianceofm

(correspondingtoVar[Ω∞]/M
2)intermsoftheoriginalextensiveorderparameter):

(248) Var[m]=t2f̃2(M
1/2t)

andthecorrespondingcollapseisshowninFig.7,panel(b).BothscalingEqs.(246)
and(248)arecapturedbythe moregeneralscalingansatzofthedistribution
functionofm

(249) P(m,t,M)=|t|−1P̃(mt−1, M1/2t)

3.6. Amodelwithpureintra-specificaversionleadstoanequivalent
segregationthresholdbehavior.Motivatedbytheliteratureonsegregation
modelsbasedonaversionbetweenunlikeindividuals[39,125],weaskedwhether
thesamethresholdphenomenonobservedinourmodelcouldbepresentincaseof
convictionmovesthatwerebasedpurelyonaversionbias.
Tothisend,wedefinedavariantofour modelwheretheconviction move

(withprobabilityϕ)choosesrandomlyoneheterogeneousedge,betweentwonodes
holdingdifferentconvictionsandrewiresittoarandomnode.Inthisvariant,the
popularitymove(withprobability1−ϕateachstep)remainsthesame. Under
thisvariant,Eq.(226)becomes

(250) ∆Ωt(ϕ,h)= ϑ
ϕ

2

conv. move

+(1−ϕ)ϑp+t(h)−p
−
t(h)

pop. move

,

immediatelyleadingtotheexpression,

(251)
Ω∞(ϕ)

M
= min
ϕ∈[0;1)

1,
1

2(1−ϕ)



10-7

10-6

10-5

10-4

10-3

10-2

10-1

100

101

102

10-1 100 101

 a

 t>0

 t<0

(
1-
〈
Ω
∞
〉
/
M)
 |
t|
-
1

|t|M1/2

M=10
M=50
M=100
M=500
M=1000

10-8

10-6

10-4

10-2

100

102

-40-30-20-10 0 10 20 30 40 50 60 70

 b

Va
r[
Ω
∞
]/
(
M 
t)
2

t M1/2

M=10
M=50
M=100
M=500
M=1000

3. RESULTS 101

Figure7. Thefractionofhomogeneousedgesanditsvariance
obeyscaling.a)Scalingcollapseforthefractionofhomogenous
edges.b)Scalingcollapseforthevariance. Thexandyaxes
ofbothplotscomparethefunctionspredictedbyEqs.246and
248. Thesymbolscorrespondtodatapointsfromsimulationsat
differentnetworksizeaboveandbelowthesegragationtransition
point.

Figure8. Thesuddentransitiontoasegregatedstateremains
inamodelwithaversionbiasonly.a)Meanorderparameterat
steadystateversusthechoiceparameterϕcomparingtheory(solid
line)withnumericalsimulationsfordifferentsizesofthenetwork
M (symbols). Thisanalysissupportsasegregationtransition
forϕc=1/2(forh=1/2). b)Thedispersionoftheorder
parameter(symbols)showsthesamebehaviorasthestandard
model(comparewithFig2).

forthemeanfractionofheterogeneousedges.
Bysetting Ω∞(ϕ)=1inEq.251andsolvingforϕonefindsagainthecritical

value,whichforh=1/2isϕc=1/2. Ananalogousreasoningcanbefollowed
forsolvingforthehighermomentsofthedistributionofΩ. Fig.8showsthat
directsimulationsoftheaversionbiasmodelarefullyinlinewiththesetheoretical
predictions.Thus,weconcludethataversionaloneissufficienttoproduceasudden
segregationthreshold.
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4. DiscussionandConclusions

Socialsegregationisubiquitousinoursociety,andmanifestsitselfasfragmentation
ofsocialnetworksatallscales,incountries,cities,schools,firms,governmental
agencies,etc.Itsconsequencesmayleadtoawiderangeofnefastousphenomena
rangingfrominefficientplanningtowar.Itisdrivenbydiverseandenormously
complexsociological,cultural,environmentalandeconomicdilemmas,whichare
unlikelytobesolvedinthenearfuture. However,sincethepioneeringworkof
Schellingthereisincreasingagreementthattheremaybecommonquantitative
traitsinthe“macroscopic”dynamicsofsegregationthatemergefromthiscomplexity[40,
41,42,125,131]. Aquantitativeunderstandingoftheconsequencesofsuch
simplefeaturesonthedynamicsofasocialnetworkmaybeimportanttodevelop
efficientestimatorstobeusedinreal-lifeexamplestodetectandpreventsegregation
phenomena.
Theframeworkdevelopedhereshowsthatcompletesegregationinanetwork

settingwithoutanyspatialaspectscanemergeasathresholdphenomenonthat
correspondstoagenuinephasetransition. Closetosuchtransitionpoint,small
perturbationsofthesystemcancauseverylargerearrangementsinthestate.
Importantly,wehaveshownthatsuchtransitionpointisscaleinvariant,hence
“universal”inthestatisticalphysicssense. Thissupportsthehypothesisthat
closetothiscriticalpoint moredetaileddescriptionsofsocialinteractionsare
notnecessary,sinceawideclassofmodelsmaybehavesimilarly. Ourmodelis
differentfromstandardSchelling models,asweputourselvesintheconditions
wherespatialstructureisnotrelevant(whichisapplicableforexampletowell-
mixedsocialstructuresandon-linesocialconnections),andmoresimilartothe
modelofref.[123],whichwasbuilttoexploretherelativerolesofconviction
rewiringswithopiniondynamics,anddidnotcharacterizetheconditionsleading
toasegregatedstateinthelimitwhereconvictionsdominate.
Bystudyingthemodelingeneralsetting,wehaveshownthatthecompetition

oftimescalesbetweendifferentrewring movesisessentialindeterminingthe
possibilityofhavingaphasetransition(aphenomenonthatonewouldwanttoavoid
inarealsituation)versusacrossovertothesegregatedstate.Inempiricalcasesof
socialdynamics,notmuchisknownaboutthetimescalesofthedifferentrewiring
movesandthereisnoapriorireasonwhyamodelshouldtakeoneassumption
ortheother.Itwouldbeinterestingtoquantifythistrendsinempiricaldata.
Potentiallythereal-worldvaluesofthesetimescalescouldvaryformcasetocase,
andbridgebetweentheseextreme-casescenarios. Additionally,theirratioofthe
twotimescalesisaparameterthatmaybeactedupon.
Wecanalsoparallelthismodelwithavailablephysicalmodelsfortheseparation

ofphasesandmixtures.Forexample,binarymixturescanbedescribedinacoarse-
grainedwayasasetofparticlesoftwokindsfillingacubiclattice,withanenergy
costforparticlesofonekindsittingnexttoparticlesoftheotherkind.Thissystem
(equivalenttoanIsingmodel)showsaspatialphaseseparationwhentemperatureis
lowered.Contrarytothiscase,inourmodelsetonanetworkaconceptofdistance
ismissing,sinceallindividualscanpotentiallyinteractwithanyotheragentineach
move.However,wecanparallelourresultstoavariantoftheabovemodelwhere
insteadoftheusual“local”fractionoflatticesitesoccupiedbyeachkindofparticle,
wewritethefreeenergyintermsoftheparameterusedhere,i.e.,thefractionof
homogeneousedgeseh=−Ω/M.Theenergetictermissimply−χeh.Inorderto
writetheentropy,weconsiderthenetworkasagasofedgesformedbyconnecting
nodes. WecomputethenumberofwaystoassignΩedgesoutofM,considering
thateachedgeisspuriousiftwocolorsofthesamekindareselected.Theresulting
freeenergyisβF=ehlog(eh)+(1−eh)log(1−eh)−ehχ. Minimizingthisfree
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energyandcomparingwiththeequationsgoverningourmodelshowsthattheyare
different,andourmodelcannotbereconductedtothissimplecase.Thequestion
remainsopenonwhetherthereisasimpleequilibriummodelrecapitulatingthe
phase-separationbehaviorshownbyoursegregationmodel.
Segregationinsocialnetworksmaybedrivenbybothhomophyly(thechoiceof

socialinteractionswithlikeindividuals)andaversion.Theseingredientsaremixed
indifferentproportionintheexistingliterature. Ourbasicmodelcontainsboth,
sinceintheconviction-basedrewiringsinteractionsbetweendissimilarpartners
arerewiredinfavorofhomogeneousones. Schelling’s model[39]showsthat
aversionfromdissimilarnetworkpartnersalone,coupledwitharandomselection
ofnewpartners,maybesufficienttoinducesegregation. Ouranalysisofamodel
variantwheretheconviction-basedrewiringisbasedonpureaversionsupportsthis
conclusion.Indeed,thisvariantshowsthesametypeofthresholdphenomenon,
infullquantitativeagreementwiththemainmodel.The(expected)quantitative
changeisthatinthecaseofpureaversionthetransitionpointisshiftedtohigher
valuesofthechoiceparameterϕ,comparedtothecasewherebothaversionand
homophylyareinplace.
Overall,ouranalysissupportstheconclusionthatwhetherconviction-based

rewiringisbasedonaversionorhomophylyisnotakeyingredientfortheexistence
ofasegregationthreshold.Instead,theimportantfeaturetodetermineathreshold
phenomenonforsegregationisthatthetheconviction-basedrewiringofthenetwork
(basedonaversionorhomophyly,orboth)occursonthesametimescaleofthe
popularity-basedrewirings(i.e.theestablishmentofsocialinteractionsthatare
non-discriminant).Inthealternativescenarioinwhich,e.g.,eachkindofrewiring
occursproportionallytothenumberofextantinteractions,segregationoccurs
smoothly.Insuchsituation,atalllevelsofthebiasinestablishinginteractions
(quantifiedbythechoiceparameterϕ
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Figure10. Theresultsholdforfluctuatingoutdegrees. The
plotsshowmeananddispersionoftheorderparameter,obtained
withaninitialErdos-Renyinetworkwith250nodesand2500
directededges.

5. Analyticalcalculationsandadditionalfigures

Thissectionpresentsinfurtherdetailthetwodifferentmethodsusedtoderive
theanalyticexpressionsforthecumulantsoftheorderparameter(namelyequations
230and235).

5.1. Mean-fieldapproach.Aspreviouslyexplained,themean-fieldapproach
consistsinquantifyingtheaveragevariationoftheorderparameterateverystep
ofthedynamics,whichresultedinequation226. Themeaningofthetermsof
suchequationhavealreadybeendiscussed,herewewillpresentthemoregeneral
derivationofthecontributionsp±t(h)foreveryh∈[0,1],whichwillyieldthemore
generalsolutionofequation228fordifferentdensitiesofcolorednodes.
Thetermsp±t(h)representtheprobabilitiesof,respectively,increasingand

decreasingtheorderparameterΩwhenapopularitymoveisperformed:

p+t(h)=Prob[et(rb)→et(rr)]+Prob[et(br)→et(bb)]

p−t(h)=Prob[et(rr)→et(rb)]+Prob[et(bb)→et(br)](252)

whicharefoundtobe

p+t(h)=
M − Ωt(ϕ,h)

2M

p−t(h)=
Ωt(ϕ,h)

M

h(1−h)

h2+(1−h)2
.(253)

Bysubstitutingthesecoefficientsinequation228andtakingthecontinuous-time
limitweobtainthefollowingdifferentialequation,

(254) ∂tΩt(ϕ,h)=ϑ
1+ϕ

2
−(1−ϕ)

2h(1−h)(1−ϑ)+ϑ

2(h2+(1−h)2)

Ωt(ϕ,h)

M
,

whichcanbeexplicitlyintegratedintime(forϕ=1),yielding

(255)
Ωt(ϕ,h)

M
= 1+ϑ

Ω0(ϕ,h)

M
−1 −ϑ

1+ϕ

2
α(ϕ,h)·

·e
− t
α(ϕ,h)+ϑ

1+ϕ

2
α(ϕ,h),

wheretheinitialconditionis

(256)
Ω0(ϕ,h)

M
=e0(rr)+e0(bb)=h

2+(1−h)2
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andthecoefficientαis

(257) α(ϕ,h)=
2(h2+(1−h)2)

(1−ϕ)(2h(1−h)(1−ϑ)+ϑ)
.

Ifweevaluatethiscoefficientintheunsegregatedphase(whereϑ≡1),weobtain
thecharacteristictimeofthetransientphase,whichis

(258) τ(ϕ,h)=
2(h2+(1−h)2)

1−ϕ

Takingthelimitt→∞ofequation255yieldsthesteady-statesolutionoftheorder
parameter,whichforeveryϕ∈[0,1)andh∈[0,1]is,

(259)
Ωt(ϕ,h)

M
=min 1,

1+ϕ

1−ϕ
h2+(1−h)2 .

Fig.6showsthephasediagramfor Ωt,whichisinagreementwiththefactthat
thecriticalvalueofthechoiceparameterϕcbecomesloweraswemoveawayfrom
thesymmetricnodesdensitygivenbyh=1/2(discussedinsection3.4).

5.2. Masterequationandmoment-generatingfunctionapproach.This
sectiontreatsinfurtherdetailthederivationofagenericfactorialmomentofthe
orderparameterΩ.Substitutingtherates232inthemasterequation231onegets,

∂tPt(Ω)=Pt(Ω−1)ϕ+(1−ϕ)
M −Ω+1

2M
+

+Pt(Ω+1)(1−ϕ)
Ω+1

2M
−Pt(Ω)

1+ϕ

2
(260)

InordertofindadifferentialequationfortheFMGF233wefirstmultiplybysΩ

bothsidesofequation260,andthenwesumovertheorderparameterΩitself.
TheprobabilitiesPt(Ω)areobviouslydefinedonlyforΩ∈[0,M],soweneedto
explicitlysetPt(Ω)≡0whenΩisoutsidethatrange.Thisnotationhasapractical
advantagethatallowsustoextendthesummationoverΩfromtherange[0,M]
totherange[−1,M+1].Thisfreesfromborder-termissueswhenre-indexingthe
summationforthetermsontherightside.Toevaluatethecontributionwiththe
Pt(Ω−1)coefficient,wesetΩ=Ω−1andobtain

(261)
M

Ω=−2

sΩ+1Pt(Ω)
1+ϕ

2
−
Ω

2M
=

= s
1+ϕ

2
−
1−ϕ

2M
s2∂s G(s,t),

whereweintroducedaderivativeinsinordertoeliminatethemultiplicativeΩin
thesummation.ThesametrickcanbeusedforthePt(Ω+1)term(thistimewe
setΩ=Ω+1):

(262)
M+2

Ω=0

sΩ−1(1−ϕ)P(Ω)
Ω

M
=
1−ϕ

2M
∂sG(s,t)

Finally,thePt(Ω)termdoesnotrequireanyre-indexingandimmediatelyyields
G(s,t)(1+ϕ)/2.Puttingallthepiecestogetherwefinallyfindthedesiredequation
234forthedynamicsoftheFMGF.
Equation234isapartialdifferentialequationthatcontainsderivativesbothin

sandt.Sinceweareonlyinterestedinfindingthemomentsoftheequation,we
canavoidsolvingitexplicitly:ifweevaluate∂ns[∂tG(s,t)|s=1]foreveryn∈Nwe
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obtainaclosedsystemoftime-onlydifferentialequationsforthedynamicsofthe
moments.Infactwecaneasilyseethat

(263) ∂nsG(s,t)|s=1=
Ω!

(Ω−n)!

Forn=1,weareevaluatingthefirstfactorialmoment,whichcoincideswiththe
average.Astraightforwardcalculationshowsthatweobtainpreciselyequation227
(intheunsegregatedphasewithϑ≡1).Forn=2,wefindtheequationofthe
secondfactorialmomentΩ(Ω−1)= Ω2 − Ω,whichreads

(264) ∂tΩ
2 −∂tΩ =−2

1−ϕ

M
Ω2 + 1+ϕ+

1−ϕ

M
Ω

Byevaluatingthesteady-statesolution(∂tΩ
2 =∂tΩ =0)ofthisequationand

substitutingthesteady-stateformofΩ,wefindthesteady-stateequationofΩ2,
whichinturngivesusthevariance

(265) Var[Ω]= Ω2 − Ω2=
1+ϕ

4(1−ϕ)
.

Thisequationcoincideswiththeonepresentedinequation235(intheunsegregated
phase).

5.3.FullStationarySolution.StartingfromtheMasterEquation(260)we
canwritethefullequationfortheGeneratingFunctionG(s,t)

(266) ∂tG(s,t)=aG(s,t)(s−1)+b∂sG(s,t)1−s
2 ,

wherea=1+ϕ
2 andb=

1−ϕ
2M ;M isthetotalnumberoflinks. Weassumetheinitial

condition(P(Ω,t=0)=δΩ−M/2andthuswehaveG(s,0)=s
M/2.Additionally,

thenormalisationconditionfixesG(1)=1.
ThestationarysolutionforEq.(266)issimpletofindbysolvingdirectlythe

PDE,andleadsto

(267) G(s)=
1+s

2

a/b

.

InordertosolvethefulltransientofthePDE(266)weusetheso-calledmethod
ofcharacteristics.Settingf(s)=−b1−s2,thenEq.(266)correspondstothe
followingsystemofdifferentialequations:

ṡ(t) = f(s)(268)

d

dt
G(s(t),t) = a(s(t)−1)G(s(t),t).(269)

Eq.(268)leadstotheintegralequation−
s

s(0)
dz
1−z2dz=

t

0
bdtwheresitevaluated

atafinaltimet,i,e,s(t)=s.Solvingthisequationleadsto

(270) s=
Cosh(bt)s(0)−Sinh(bt)

Cosh(bt)−s(0)Sinh(bt)

and

(271) s(0)=
sCosh(bt)+Sinh(bt)

Cosh(bt)+sSinh(bt)
.

Finally,performingtheintegral
s

s(0)
a(s(τ)−1)dτwefind

(272) G(s,t)=e−at(Cosh(bt)+sSinh(bt))a/b·
sCosh(bt)+Sinh(bt)

Cosh(bt)+sSinh(bt)

M/2

.

Inthelimitt→ ∞,thisexpressiongivesthestationarysolutionEq.(267).
Expandingthisinseriesarounds=0,andmatchingtermbyterm,onecanfind
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thetransientsolutionP(Ω,t).Infact,wehavethatG(s,t)=P(0,t)+sP(1,t)+
...+sMP(M,t)andG(0,t)=P(0,t).ExpandingthesteadystatesolutionofG(s)

inseriesarounds=0,weobtainG(s)=
M
Ω=0

∂ΩsG(s)|s=0
Ω! sΩleadingtoEq.(236)

inthemaintext. WehighlightthatEq.(236)onlyholdsforϕ∈[0,ϕc).
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