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Abstract

Let (€2, .A) be a measurable space, F be a family of measurable functions f from 2 to R, and
¢ : F — R be a given function. A generalized moment problem consists of finding all prob-
abilities P on (2, A) such that [ fdP = ¢(f) = ¢y for all f € F, and in providing conditions
on (c) rer for the existence of at least one such probability. Generalized moment problems of this
kind have been widely studied, mainly in the theoretical engineering community, for continuous
random variables.

In this thesis, we consider the special case of the covariance realization problem for spin sys-
tems and discuss the necessary and sufficient conditions for the realizability of a correlation matrix
of order n > 2. Let Q, = {—1,1}" be the space of length-n sequences which are denoted by
o = (01,09,...,0,), where o; € {—1,1}. Define the spin random variables ¢&; : Q, — {—1,1}
for 1 <i < mnas¢(o) = o;. For a probability P on €, we denote by Ep the expectation with
respect to P. Given a symmetric matrix C' = ((¢;;)), we ask the following question in this thesis:
under what condition does there exist a probability P such that Ep(¢;) = 0 and ¢;; = Ep(&;€;) for
1 <7 < j < n. In this case, we say that C'is a spin correlation matrix.

The necessary and sufficient conditions for a symmetric matrix of order n < 4 to be a spin cor-
relation matrix are already known. In this thesis, we obtain a general set of inequalities that are
necessary and sufficient for any n. We also give a minimal set of necessary and sufficient condi-
tions for n = 5, 6. Finally, we discuss methods to explicitly find the measure that realizes the given
spin correlations (if they are feasible). We give a deterministic algorithm as well as a stochastic
version of the same algorithm to find the measure explicitly. The efficiency of different algorithms

is compared and some examples are worked out to illustrate the point.
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Sommario

Sia (€2, .A) uno spazio misurabile, F una famiglia di funzioni misurabili f daQaR,ec: F — R
sia una funzione assegnata. Un problema dei momenti generalizzato consiste nel trovare tutte le
probabilita P su (2, A) tali [ fdP = ¢(f) = ¢y per ogni f € F, e nel determinare le condizioni
su (c) rer per D'esistenza di almeno una tale probabilita. Problemi dei momenti generalizzati di
questo tipo sono stati ampiamente studiati, principalmente dagli ingegneri teorici, per variabili ca-
suali continue.

In questa tesi consideriamo il caso speciale del problema di realizzazione della covarianza per
sistemi di spin e discutiamo le condizioni necessarie e sufficienti per la realizzabilita di una ma-
trice di covarianza di ordine n > 2. Sia Q,, = {—1,1}" lo spazio delle sequenze di lunghezza
n, denotate con o = (0y,09,...,0,), dove o; € {—1,1}. Definiamo le variabili aleatorie di spin
& :Q, — {—1,1} per 1 <i < nponendo (o) = o;. Data una probabilita P su (2, denotiamo
con Ep il valore atteso rispetto a P. Data una matrice simmetrica C' = ((¢;;)), nella tesi ci poni-
amo la seguente domanda: sotto quali condizioni esiste una probabilita P tale che Ep(§;) = O e
Cij = Ep(fié“j) for 1 <14 < j < n? In questo caso, diciamo che C' ¢ una matrice di correlazione
per spin.

Condizioni necessarie e sufficienti affinché una matrice simmetrica di ordine n < 4 sia una ma-
trice di correlazione per spin sono note. In questa tesi forniamo una famiglia di disuguaglianze che
costituiscono una condizione necessaria e sufficiente per ogni n. Inoltre, per n = 5,6, forniamo
I’insieme di condizioni necessarie e sufficienti minimali. Infine, discutiamo vari metodi per deter-
minare una probabilita che realizza le correlazioni assegnate (se ne esiste almeno una). Forniamo
per questo un algoritmo deterministico, e alcune versioni stocastiche dello stesso. Confrontiamo

inoltre, su alcuni esempi, 1’efficienza di tali algoritmi.



Introduction

Moment Problems

Moment Problems arise naturally in many areas of applied mathematics, statistics and probability,
economics, engineering, physics and operations research. For example, how does one price deriva-
tive securities in a financial economics framework without assuming any model for the underlying
price dynamics, given only moments of the price of the underlying asset? A generalized moment
problem can be defined as follows:

Let (E, &) be a measurable space and F be a set of measurable functions
f:E—C

Given, ¢; = ¢(f;) € Cfori € Z (where Z is some index set), the moment problem consists of two

main questions:

1. Find a measure p such that
/ filt)du(t)y=c¢;  for i€l
E

2. Is p uniquely determined by c;.

The first part concerns itself with finding explicit necessary and sufficient conditions for existence

of such a measure. One can associate interesting questions like whether the measure is continu-

viii
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ously dependent on the scalars c;.

Historically moment problems came into focus in context of studying the analytic behavior of
continued fractions. The origin and subsequent developments are discussed in much detail in the
paper of Tinne Hoff Kjeldsen [19]. We present a short summary of it here to put the problem in
perspective. For a considerable amount of time moment problems lurked behind as an essential
ingredients in formulation of other important problems in analysis until they became an important
independent set of problems.

The initial interest in these kind of problems in analysis dates back to 1874 when Chebyshev was

working on a problem of how can one determine an upper (resp. lower) bound for f: f(z)dz,

/B 2* f(x)dx

A

given the values of the integrals

(where [a,b] C [A,B] and k = 1,2,...,m for some m). He associated the problem with the
expansion of the integral in a continued fraction. Later in 1894-1895, Thomas Jan Stieltjes for-
mulated the moment problem on positive real axis and used it as a means of studying the analytic
behavior of continued fractions, in which connection he invented the important Stieltjes integral.
He was studying the relationship between definite integrals, infinite series, and continued fractions.
It was already well known that one could transform an infinite series into a continued fraction and
vice versa [Euler 1748]. Laguerre (1834-1886) came up with another interesting aspect of the re-
lationship between definite integrals, infinite series, and continued fractions. While studying the

integral f;o %dw he obtained the following:

dr =e "F 1.2.3... d
/z —dr=e (x) F n/w p——

where

1 1 1.2 1.2.3 1.2.3...(n—1)
F(JI)ZE—P—F?—?—F...:E o

If F'(z) is continued to an infinite series it will diverge for all values of x, but Laguerre pointed out
that it is possible to transform F'(z) into a continued fraction which is convergent, thus, providing

a plausible method to determine the value of the integral. Stieltjes was interested in this partic-



ular connection between the continued fractions and definite integrals and wanted to generalize
Laguerre’s observation. By the end of the 1880’s Stieltjes expanded various definite integrals into
continued fractions.

In 1919, Hamburger extended the “Stieltjes moment problem,” which was only defined on the pos-
itive real axis, to the “Hamburger moment problem,” which is defined on the whole real axis. This
was the first profound and complete treatment of the moment problem. From being primarily a
tool for the determination of convergence/divergence of continued fractions it now became estab-
lished as an independent problem. In 1920, Hausdorff stated and solved the Moment problem on a

bounded interval. This is called the Hausdorff Moment Problem.

Theorem 0.0.1. (Hausdorff) A sequence {c;}i>o,co = 0, is the moment sequence of some proba-

bility measure on [0, 1] if and only if it is completely monotone.

where being completely monotone means that (—1)"A"¢;, > 0 (for k,n = 0,1,2,...), where

Acy, = cpr1 — ¢ and A stands for n applications on A.

Moments problems are fairly common in spectral estimation, speech synthesis, system identifi-
cation, image processing and there are some very interesting results in these areas recently. There
are also interesting versions of Moment problems in Physics, for example, given a system of par-
ticles, it seems almost natural to ask for a possible probability distribution of particles given a
measurable quantity representing their interactions is known. Covariance Realization Problem for

spins is one such problem.

Spin Systems

Classical spin systems on a lattice are widely studied in statistical mechanics. The spin variables
are theoretically idealized versions of magnetic orientation (or angular momentum vector of a spin-
ning particle). Some of the most studied mathematical models for spins include the Ising model,

the “XY” model (where the spin variables take values on a circle.), Curie-Weiss model etc. Of
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course the most fitting model depends on the problem being considered. To start with, we need to
know the degrees of freedom of the spin variables under consideration. Other than that, one is also
concerned with where these spins are. That is, one may think of spins to represent particles at each
point of some lattice in some dimension (which could be a very good model for certain many-body
particle interaction problems in statistical mechanics), or they could be distributed continuously.
The third important factor that shapes the possible mathematical model is the interaction between
spins, that is, the energy associated with each particular conguration of spins. Two major types
of interaction are called “ferromagnetic”, where the energy is lowered when two spins are aligned
(same signs), and “antiferromagnetic”, where the energy is lowered when they point in opposite
directions (opposite signs).

In this thesis we consider a covariance realization problem for spin systems. Covariance realiza-
tions are just a special case of Generalized Moment Problem where instead of moments of a random
variable, we are given the correlations or the covariances between a set of random variables and
we want to find a stochastic process that realizes these covariances. In other words, given a matrix
C = ((ci5)), we want to find random variables Xy, X», ..., X,, such that ¢;; = Cov[X;, X;]. The
problem makes it important to understand the geometry of covariance matrices in general. The
convex set of covariance matrices known as the Positive Semidefinite Cone has been studied in
much detail. In 1998, Parathasarathy, gave a complete description of this set. His work has been
discussed briefly in chapter 2. In this thesis, we deal with the case where the random variable X;’s

are constrained to take values in {—1, 1} and to have mean zero.

Covariance between two spins is essentially a measure of interaction of the two particles that these
spin variables represent. This gives rise to many interesting questions. Two important questions

addressed in this thesis are the following:

1. What are the necessary and sufficient conditions on ¢;; so that C' = ((c;;)) is realized a
covariance matrix of a spin system? In fact, we do not assume that all the c;js are given. So,

the covariance matrix is not necessarily complete.

2. If a given C' = ((c¢;;)) is known to satisfy the necessary and sufficient conditions, that is, if



it is realizable, how does one explicitly find a joint spin distribution that realizes it?

We consider the first problem in detail in chapter 3, while the second one is addressed in chapter 4.
In chapter 5, we analyze some stochastic algorithms to solve the second problem. To make this

thesis self-sufficient, we start with some basic background of convex analysis in chapter 1.

Xii



Chapter 1

Convex Analysis: Some Background

1.1 Basic Ideas

Convex analysis plays a very important role in the extremum problems in many areas in applied
mathematics. It will be useful in dealing with extremum problem of correlation matrices in the
particular context of this thesis. In this chapter, we will look at some of the basic concepts of
convexity, duality between points and hyperplanes, different representations of the convex hull of
aset S etc.

Let us consider R" with the usual inner product, i.e., for z,y € R™:

<QZ, y> = szyz
=1

Definition 1.1.1. A subset C' of R" is called convex if (1 — a)x + ay € C' whenever x,y € C and
0<a<l

Definition 1.1.2. o121 + asxs + ... + o2, is called a convex sum or a convex combination of
tisifa>0foralll <i<nando; +...4+ a, = 1.

Definition 1.1.3. The intersection of all convex sets containing A is called the convex hull of A
and we will denote it by conv(A).

Below, we state some of the well-known facts about convex sets :

e Intersection of an arbitrary collection of convex sets is convex. (Hence, conv(A) defined
above is convex)

e A subset of R" is convex if and only if it contains all the convex combinations of its elements.

1



e For any A C R"”, conv(A) consists of all the convex combinations of elements of A. In
particular, the convex hull of a finite subset {bg, b1, . .., b, } of R™ consists of all the vectors
of the form apby + . . . by, with a; > O forevery 0 < ¢ <mand ag + ... o, = 1.

Definition 1.1.4. A subset K of R” is called a cone if it is closed under positive scalar multiplica-
tion, i.e. ax € K whenx € K and o« > 0.

Definition 1.1.5. Convex conic sets. A set C is said to be conic if z € C implies tx € C' for
any t > 0. (It is easy to see that a conic set is convex if and only if z;,2, € C implies that
x1 + x2 € C). A convex conic set which is not entire space is called a wedge. A closed wedge is
called a cone if x € C'and —x € C imply x = 0. A convex cone is pointed iff it contains no line.

Definition 1.1.6. Conic hull. The conic hull (resp. closed conic hull) of a set C' is the intersection
of all convex conic sets (resp. closed convex conic sets) containing C' and is denotes by cone(C').
The closed conic hull of C' will be denoted by R(C).

It is clear that given an arbitrary set C, conv(C') C cone(C').
Definition 1.1.7. Give a vector a = (ay, ..., a,)’ € R™ and a number A, the set of points x such
that (a, z) = h is called a hyperplane.

Thus, a hyperplane in R is a point, a line in R?, a plane in R3, and so on.

Every hyperplane divides the entire space R" into two open half-spaces (namely {x : (a,z) > h}
and {z : (a,x) < h}). The corresponding closed half-spaces are obtained by replacing strict
inequalities by non-strict inequalities.

Theorem 1.1.1. A closed convex set in R" is equal to the intersection of all the half-spaces that
contain it.

A closed half-space is said to be a support of a set A C R if it contains A and its defining hyperplane
contains at least one point of A. The hyperplane is called a support hyperplane.

Definition 1.1.8. An extreme point  of a convex set C is a point belonging to its closure C' that is

not expressible as a convex combination of point in C distinct from .

A set P of R" is called a convex polyhedron if it is the set of solutions of a finite system of linear
inequalities, and called a convex polytope if it is a convex polyhedron and is bounded.
A nonempty closed convex set containing no lines has at least one extreme point.

Definition 1.1.9. A subset /' of a polyhedron P is called a face of P if
F:Pﬂ{x:cTa::r}
for some valid inequality ¢’z < r.

We call the whole set and ® as the improper faces. The faces of dimension 0, 1 are called vertices
and edges respectively. The 1-dimensional set {yz + 2 : v > 0,z # 0} C R" defines half-line
called a ray in the non-zero direction {z € R"}. Note that the vertices coincide with the extreme
points of P.



Theorem 1.1.2. The following properties of a convex set C' are equivalent:

1. C'is a polyhedral.
2. C'is closed and has finitely many faces.

3. C is finitely generated.

For a convex polyhedron P in R”, a real vector ¢ € R™ and a real number r, an inequality ¢’z < r
is called valid for P if it holds for all x € P.

In context of above definition of convex cones, we define extreme directions.

Definition 1.1.10. An extreme direction r of a pointed closed convex cone (' is a vector corre-
sponding to an edge that is a ray emanating from origin. an extreme direction in a pointed closed
convex cone is the direction of a ray, called an extreme ray, that cannot be expressed as a conic
combination of directions of any rays in the cone distinct from it. Clearly, an extreme direction is
unique, up to positive scaling.

Corollary 1.1.3. A polyhedral convex set has at most a finite number of extreme points and extreme
directions.

Proof. This follows from the fact that the extreme points and the extreme directions correspond to
the 0-dimensional faces and half-lines respectively. [

Let us now consider a more general definition of the convex hull. We consider the convex hull of
sets A which consists of both points and directions (points at infinity).
Let Aj be the set of points of R™ and A; be a set of directions of R", we define the convex hull
conv(A) of A = Ay U A; to be the smallest convex set C' in R" such that Ay C C and C recedes
in all the directions in 4;. So,

C' = conv(Ap) + cone(A;)

where cone A; is the convex cone generated by all the vectors whose directions belong to A;

Theorem 1.1.4. Caratheodory’s Theorem Let S be any set of points and directions in R™ and let
C = conv(S). Then x € C if and only if x can be expressed as the convex combination of n + 1
points and directions in S (not necessarily distinct). In fact C' is the union of all the generalized
d—dimensional simplices whose vertices belong to S, where d = dim C.

where by a generalized m—dimensional simplex, we mean a set which is the convex hull of m + 1
affinely independent points and directions.

Corollary 1.1.5. Let {C;|i € I} be an arbitrary collection of convex sets in R", and let C' be the
convex hull of the union of the collection, then every point in C' can be expressed as a convex
combination of n + 1 or fewer affinely independent points, each belonging to a different C;.

Note that in general, the convex hull of a closed set need not be closed.

Theorem 1.1.6. If A is a bounded set of points in R™, then conv(A) = conv(A). In particular; if
A is closed and bounded, then conv(A) is closed and bounded.



Proof. It is easy to see that

conv(A) = conv(conv(A)) D conv(A)

For the converse, consider the space X defined by the set of all vectors (ay, . .., ap, Zo, . . ., Ty) €
R™*+D? such that z; € A C R™ and o; € R with Yoo =1
Then, the image of X under the continuous map («v, . .., Q,, To, - - ., Tp) > AT + ... + T,

from R"+1D” to R” is conv(A) by Caratheodory’s theorem. If A is bounded in R™, X is closed and
bounded in R(”+1)2, hence the image of X is also closed and bounded. So,

conv(A) = conv(A) D conv(A)

1.2 The convex hull problem

For a subset A of R", the convex hull conv(A) is defined as the smallest convex set in R” containing
A.
The convex hull computation means the determination of conv(A) for a given finite set of n points

A={p1,p2,...,pn} in R"™

Theorem 1.2.1. Minkowski-Weyl’s Theorem. For a subset P of R", the following statements are
equivalent:

1. P is a polyhedron, i.e., for some real (finite) matrix A and real vector b, P = {x : Az < b}.

2. There are finite real vectors vy, vy, . .. ,Ugand 1,7, . .., 75 in R such that P = conv(vy, v, . .
nonneg (ry,rs, ..., Ts), where nonneg denotes the non-negative hull of a finite set of points
in R".

Thus, every polyhedron has two representations of type (1) and (2), known as (Half-space) H-
representation and (Vertex) V-representation, respectively.

1.2.1 The Vertex Enumeration problem and the Facet Enumeration prob-
lem

When a polyhedron P in R" has at least one extreme point and is full dimensional, both representa-
tions (1) and (2) in Miknowski-Weyl Theorem are unique up to positive multiples of each inequal-
ity and ray r;. Under these regularity conditions, the conversions between the H-representation
and the V-representation are well-defined problems. The transformation (1) to (2) is known as the
vertex enumeration and (2) to (1) is known as the facet enumeration.

Remark 1.2.1. If P a polytope, the facet enumeration problem reduces to the convex hull problem
defined above.

.Ud>+



Remark 1.2.2. If a given polyhedron does not satisfy the assumptions, it is easy to transform the
polyhedron to an isomorphic lower dimensional polyhedron satisfying the assumptions.

One of the main questions considered in this thesis is that of Facet Enumeration Problem in context
of Spin systems. We will discuss this problem in detail in chapter 3.



Chapter 2

Moments Problems and Correlation
Matrices

2.1 Generalized Moment Problems

The Generalized moment Problems are of particular interest in linear optimization and can be

stated as follows: Let (E, £) be a measurable space and F be a set of measurable functions
f:EFE—C

Given, ¢; = ¢(f;) € Cfori € Z (where Z is some index set), the moment problem consists of two
main questions:

1. Find a measure p such that
/ fit)du(t) = ¢ for 1eZ
E
2. Is p uniquely determined by c;.

If the measure is indeed uniquely determined by its moments, that is, if the answer to second
question is yes then the moment problem is called determinate, otherwise it is called indeterminate.

The problem of determinateness/indeterminateness of moment problem is rather interesting. It is
in fact easy to construct an example of an indeterminate moment problem, the most famous one
being the following:

Example 1.
X ~ N(0,1)

6



Let Y = eX, then Y has what is called the log-normal distribution which is given by the density
function

) == e {3 0g)?

T/ 21T

For |a| < 1, define f,(x) = (1 + asin(2w logx)) f(x). This is a density function with moments

| s

which are just the moments of f(x) and do not depend on a and hence we see that the probability
measure is not determined by its moments.

We now look at a special case of moment problems called the covariance realization problems.

2.2 Covariance Realization problem

Covariance Realization Problem: Covariance realization problem is a special case of General-
ized Moment Problem and can be stated as follows:

Given a matrix C' = ((c;;)), find random variables X, X, ..., X, such that
Cij = COV[Xi, XJ]

The idea is to find a joint distribution of (X7, Xs, ..., X,,) which realizes the given covariance
matrix.

Covariance Realization Problems and Covariance Extension Problems have a long history going
back to potential theory. It has been of more recent interest due to its interface with problems of
in signal processing, speech processing and in stochastic realization theory. We will look at the
Covariance Realization Problem for Spin Variable in detail in the next chapter but before that we
will give a geometric and algebraic description of covariance matrices. These results are crucial
to understand the approach taken in the subsequent chapters to obtain a similar description of
covariance matrices for spins.

2.2.1 Positive Semidefinite Cone

Consider a vector of random variables X = { X, X5,..., X,,} with u as a joint probability distri-
bution of X. We call C' = ((c¢;;))nxn (Where ¢;; = Cov[X;, X;]) the covariance matrix of X. We
define the Correlations matrix as

Cov [Xm XJ]
\/Var(Xi)Var(Xj)

COTTU =



Covariance matrices are necessarily symmetric and positive semi-definite.

Proposition 2.2.1. Every symmetric positive semi-definite matrix is a covariance matrix.

Proof. Let M be an X n symmetric, positive semi-definite matrix then, by the spectral theorem
we know that there exists a matrix M /2 whose square is M. Now consider a vector of mutually
independent random variables X = (X, Xs,..., X,,) with unit variance so that the covariance
matrix of X is an identity matrix. Then, the covariance matrix of A/'/2X is given by M. O

Definition 2.2.1. The set of all symmetric positive semidefinite matrices of particular dimension
m 1s called the positive semidefinite cone. It is clearly convex.

Where by dimension m, we mean the matrices of order m x m. The space of symmetric positive
semidefinite matrices (S7") is well-studied in convex analysis.

S —{Ae S A>0}
={Ae S :y"Ay>0V|y| =1}

= J{aesm: " 4) >0
llyll=1

={A €S} rank A < M}

where S™ denotes the set of . x m symmetric matrices. The positive definite (full-rank) matrices
comprise the interior of the cone.

We have seen that being symmetric and positive semi-definite is necessary and sufficient for a
matrix to be a covariance matrix.

Remark 2.2.1. Every symmetric positive semi-definite matrix with 1’s on the diagonal is a corre-
lation matrix and vice versa. So to understand the geometry of the set of correlation matrices is
equivalent to understanding the geometry of the set of covariance matrices.

Denote by C,, the set of all such nth order correlation matrices. C,, is a convex set in the n(n — 1)-
dimensional Euclidean space of all symmetric matrices of order n with 1 on the diagonal. We
already have a description of this space in terms of hyperplanes (the condition of positive semi-
definiteness).

2.2.2 Extremal Correlations

Let £, C C, be the subset of extremals of the set of correlation matrices of order n. That is,
C = conv(&,). What are the elements of £,? In 1998, K. R. Parthasarthy [27] gave a complete
description of &,. We reproduce the theorem and the proof here.

One of the interesting and rather easy to understand observation about &, is that elements of &,
cannot be nonsingular. If M € &,, were non-singular, there would exist 6 > 0 such that M — ¢/ is
positive definite for all 0 < £9. It follows that for any symmetric matrix A # 0 with all diagonal
entries equal to 0, there exists ¢ > 0 such that both M + A are positive definite and hence
correlation matrices. Then, R = 5(M + ¢A) + 1(M — €A) but this contradicts the extremality of
M. The main theorem that characterizes the elements of &£, is as follows:



Theorem 2.2.1. (K. R. Parthasarathy) Let R be an nth order correlation matrix of rank k. Then
R € &, if and only if it admits the representation

)y YA _1
( 5 | ASA ) P (2.2.1)
where P is a permutation matrix of order n, X is a nonsingular correlation matrix of order k and
Aisak x (n — k) matrix of the form A = (a*,a?,...,a" %), wherea’; (i = 1,2,...,(n—k)) are

column vectors of order k satisfying the following:
1. a”Ya’ = 1 for every i.
2. the rank of the set {a' ®a’ = 1,i = 1,2,...,(n — k)} is (§) where ® is defined as:

a®a=(a1a,a1a3,...,010;, 203, . . ., Qp_10%)

Proof. Let R = ((p;;)) be an nth order correlation matrix of rank k. Then there exist unit vectors
ub, u?, ..., u™ such that
pij = (u',w’) = u" v’

Since rank R = k(< n) we can select indices 1 < i) < iy < ... < iy < nsuch that u’, u’2, ... u'*

are linearly independent and any u’(j # i,,form = 1,... k) can be expressed as linear combi-
nation of these k vectors. Through an appropriate permutation o of the set {1,2,...,n} we may
assume, without loss of generality, that i, = r,;r = 1,2,... k. If the matrix of ¢ is also denoted

by o, it follows that

. [ %] 24

where,

5= (((u', w)hi<ijer

u',u? ... u" are linearly independent,

uF T = atut a4+ d®, r=1,2,...,n—k,
A=(a',d% ..., a" "),

a”’ = (al,ab, ... ak).

In particular, "' ¥a” = 1 for every r. Taking o to the right hand side of (2.2.2), we get the
representation (3) with the condition (i) fulfilled. Note that R is extremal if and only if 0~ ! Ro is
extremal for some permutation o. So we shall assume that 12 has the form

R= ( = f;A ) = (({u', ') (2.2.3)

where A, v are as defined above, and u',u? ... u" are linearly independent. Now we shall prove

that the condition (i1) of the theorem is necessary for the extremality of /2. Suppose that the
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k

2). Then there exist real numbers

linear span of {a’ ® a’,1 <i < j < n — k} has dimension < (
{eij, 1 <i < j <k} such that o;; # 0 for some ¢ < j and

Z atata,, =0 forevery i =1,2,...,(n — k) (2.2.4)

1<r<s<k

Now, consider the symmetric matrix,

0 a2 a3 Qg

| Qa1 0 ams Qo
H =

0

a1 Qe ... o= 0

where a;; = ;. Since X is non-singular and positive definite its least eigenvalue, say A is strictly
positive. Hence > > \g/;. We have,

|H| < [[H||Ix < X\ H|[
In particular, ¥ + eH > 0 forall 0 < & < X\g||H||~*. Thus there exists ¢ > 0 such that both

the matrices > &£ ¢H are strictly positive definite. Now the matrix 12 can be expressed as R =
T(Ry + R_) where,

R, _ Y+eH | (X£eH)A
T\ AT xeH) [A(SEeH)A

= <£f,) (CteH)( L |A)

R, are correlation matrices and R, # R_. This contradicts the extremality of R and hence
completes the proof of necessity.

Now, we shall prove the sufficiency by showing that R is extremal under the conditions (i) and
(ii) of the theorem. Let R = pR; + (1 — p)Ry for some 0 < p < 1 and Ry, Ry € €,. Choose
0 < @ < min(p, 1 — p) and write

R %{[(p— )Ry + (¢ + a)Ro] + [(p+ @) Ry + (g — ) Ro]}

1
— 5(51 + 55) (2.2.5)

where S; = R+ aK, S, = R — aK are correlation matrices, ¢ = 1 — pand K = Ry — R;. There
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exist unit vectors u', u?, ... u™; vt 02, ...

(2.2.6)

and u',u? ... u* are linearly independent. Let e, f € R? be unit vector such that (e, f) = 0. Put

E€=2""cxv + fuw), (2.2.7)

where ® denotes tensor product. Then, we have

1

(€.¢) = 5" v) + (W' w’)) = ('), 1<ijsn

Thus, the correspondence & — u’ is scalar product preserving and there exists a linear isometry L
such that Lu’ = £ for every . Since

uM T = atut F a4 au”, 1<r<n—k

I

It follows that &%, &2, ..., €F are also linearly independent and

Y+ aK, ‘ X+ akp)A e rel o L
(A’(E+aK1)A’(2ieH)A)§ = i€ +apd” 4.+ apd

By, (2.2.6), we conclude that,

k k
e® (UHT — Za;ﬂ]) +f® (wk“ — Za?qﬂ) =0
j=1

j=1

for 1 <r <mn — k. Since (e, f) = 0 we have,

k k
oF T = g a;vj and W't = E a;wj
j=1 Jj=1

for 1 <r <n — k. Using (2.2.3), (2.2.5), (2.2.6) and the above two relations we have,

D= (((u' ') 1<i,j <k
S+aK; = (((v',v7) 1<i,j <k

Y —aK; = (((w',w))) 1<i,j<k

where K; denotes the first £ X k principal block in K = R, — R;. Furthermore,

g _ StakK, | (B4aK)A
T ACE+aky) [ A S+ aK)A
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g _ Y—aK, | (E-aK)A
T AES-akK) [A(E—aK)A

Note that the diagonal entries of K and hence of K are zero. By (2.2.4) and the condition (i) of
the theorem the diagonal entries of A'K; A are 0. If K7 = ((5,s)) then §,, = 0 and

Z ataifB.s =0

r<s

By condition (ii) of the theorem, 3, = 0 forall 1 < r < s < k and hence K; = 0. Thus
S; =955 = R. So, K = 0and R; = R,. This shows that R is extremal. ]

Remark 2.2.2. Note that the condition (2) of the theorem implies that n — k > (g) , shows that for a
correlation matrix of order n and rank k to be an element of &, it is necessary that n > k(k+1)/2.
This result (the convex set of all the nth order correlation matrices contains an extreme point of
rank k if and only if n > k(k 4+ 1)/2) was first proved by Grome et al. in 1990. It however, follows
as a simple corollary of the above result.

As mentioned before, there has been a lot of work on covariance realization problems for certain
processes because of the applications in electrical engineering and other fields. In 2010, T. Kuna,
J. L. Lebowitz and E. R. Speer [21] gave necessary and sufficient conditions for realizability of
pair correlations for point processes. A point process in a set X is a random collection of points
in X, whose distribution is described by a probability measure ;2 on the set of all possible point
collections. We are going to look at a special case of point processes in this thesis.

In the next chapter, we consider the covariance realization problem for spins and try to solve the
problem using simple computational procedures, the so called maximum entropy solution, and
understand the Vertex/Facet enumeration problem in this case.

We have seen that it is rather easy to check whether a given matrix is a correlation matrix or not
(namely, by using the conditions of symmetry and positive definiteness). It turns out that even
though the set of spin correlations is much smaller, the H-representation of the convex set is not
easy to obtain. On the other hand, the V-representation of spin correlations is much simpler than
that of general correlation matrices.



Chapter 3

Spin Systems

3.1 Covariance Realization Problem for Spin Systems

Let 2, = {—1,1}" be the space of length-n sequences which are denoted by o = (01, 09, ..., 0,),
where 0; € {—1,1}. Define the spin random variables &; : Q, — {—1,1} for 1 < i < n as
follows:

§i(o) = o
By abuse of notation, we denote the random variable &; by its value o;. The space §2,, with random
variables &; is referred to as a spin system.

We consider a probability on (2, and suppose that we are given the spin-spin correlations, ¢;; :=
E(o,0;) with respect to this probability (we assume E(c;) = 0 for all 1 < ¢ < n), under what
conditions does a distribution with those correlations exist, and how does one determine it? We are
not assuming that all the ¢;;s are given.

As we have seen above, the structure of correlation matrices is known. The spin correlations of
order n being a subset of the correlation matrices of order n, lie inside the convex hull of all
correlation matrices. It is a small subset of C,, and we will denote it by Cov,,. Even though the
set of spin correlations is much smaller in comparison, the structure/description of it in terms
of extremals (V-representation) or in terms of faces (H-representation) is far from obvious. We
will discuss the existing results on the same and provide a way to obtain the H-representation
for spin correlations (as we shall see, a complete V-representation is already known and is rather
simple compared to the V-representation of all the correlation matrices that we saw in the previous
chapter).

13
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3.1.1 Bell’s inequalities

(01,09,...,0,) be n spins (i.e. o; = £1), with E(o;) = 0 for every i and ¢;; = E(0,0;), so that
ci; = 1 for every 7. Then the famous Bell’s inequalities (Bell, 1964) are defined as follows:

1+ €i€5Ci + €€kCik + ergick; > 0 Vi< j <k<n (311)

where e, € {—1,1} forall 1 < s < n.

Why are Bell’s inequalities important in this context? There has been much discussion over the
years on Bell’s theorem [3] (or Bell’s inequalities) for Quantum spins. In a complete classical
setting as above, it turns out that Bell’s inequalities play a very important role in understanding the
structure of Cov,, (especially for small n).

Theorem 3.1.1. Bell’s inequalities are necessary for a correlation matrix C' = ((c;5)) to be a spin
correlation matrix.

Proof. Let C' = ((c;;)) be a correlation matrix under a probability P on €2,,. Then, Ep(c;) = 0
and Ep(0;0;) = ¢;;. Note that, for any distinct 1 <, 7,k < n:

(81‘0'1‘ + €j0; + 61€O'k)2 >1

where ¢’s are as defined in (3.1.1). Then, we get

Ep[(&i(fi + €j0; + 5k0k)2} Z 1
3+ 2(82'8]'61']' + €€KCjk + 5k5icki) >1
1+ gig5ci; + €jercjn + encicri > 0

which are the Bell’s inequalities. Thus, any spin correlation matrix must satisfy the Bell’s inequal-
ities. [

Since, Cov,, C C,, there are matrices that are symmetric and positive semi-definite but do not
satisfy the Bell’s inequalities. In other words, there are matrices that are correlation matrices but
are not spin correlation matrices. We look at one such example.

Example 2. Consider a symmetric matrix

1 C1 C2
C = C1 1 C1
Cy C1 1

with —1 < ¢, co < 1. Then, the condition for positive semi-definiteness is
1 -2+ >0
and the Bell’s inequalities are given by

1:|:2Cl—|—6220
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1 1 1 1 o . . . .
For €€ ‘(—75, —35) U (3, 75) and Cp = O,. we get a matrix C' that is symmetric anfi positive
semi-definite, hence a correlation matrix but it doesn’t satisfy the Bell’s inequalities, so it can’t be

a spin correlation matrix.

Theorem 3.1.2. (Balasubramanian, Gupta and Parthasarathy, 1998 [18])
Bells inequalities are necessary and sufficient for a correlation matrix of order < 4 to be the
correlation matrix of spin random variables.

We have already seen (Theorem 3.1.1), that the Bell’s inequalities are necessary. The above the-
orem is proved in two parts: first for n = 3 and then for n = 4 (It is trivial for n = 2). We will
reproduce the proof for n = 3 and another crucial result here for the sake of completion. The proof
for the case n = 4 is essentially the same and one can have a look at the original paper for details.
Before we proceed to the proof, let us establish some facts and notations.

For S C {1,2,...,n}, define:

ps=P({o;i=—-1VYi€ S,0;,=1Yj ¢ S})

Then, the multiple correlation map 7 : S — 7g from subsets of {1,2,...,n} into [—1,1] is
defined as
E([Lcgoi) if S
I L (3.12)
1 otherwise
Proposition 3.1.1. Let 7 : S — 7g be a map from the space of all subsets of {1,2,...,n} into

the closed interval [—1,1] such that 74 = 1,7(;y = 0V i. Then T is a multiple correlation map of
n spin variables if and only if

Y ()M >0 vV Tc{L2,...,n}

Sc{1,2,...n}
Proof. By definition of 7g, it follows that

Ts= Y (=) (3.1.3)

Tc{1,2,....,n}
Note that (((—1)%"71)) is a 2" x 2" orthogonal matrix. This implies,
ppr=2"" Z (—1)I5 T g (3.1.4)
Sc{1,2,...,n}

which must be positive for all 7. Hence,
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Y ()M >0 vV Tc{L2,....n} (3.1.5)

Sc{1,2,....,n}

Conversely, if we have the inequalities,

Y ()M >0 vV Tc{L2,....n}

Sc{1,2,...,n}

We define the Pr by (3.1.4). Since by definition 7, = 1, from (3.1.3), we get that > . Pr = 1. 7
is then a multiple correlation map under the probabilities Py. O

Theorem 3.1.3. Let C = ((c;5)), 1 < i,j < 3 be a real symmetric matrix with ¢;; = 1Y i. Then C
is the correlation matrix of three spin variables if and only if

mln{l + C12 + Ca3 + C31, 1-— C12 + Co3 — C31,
l—cig—cyg+cg,1+cr2a—co3—cz} >0 (3.1.6)

Proof. We already know that the Bell’s inequalities are necessary.
For the proof of sufficiency, choose any real number § such that |§| does not exceed the left hand
side of the inequality (3.1.6) Define the map S — cg on the space of subsets of {1, 2,3} by

cy =1,ca3 =0,cq4y = cii(i # ), cruazy =6
Let gr = ZSC{l,z,g}(—l)me'cS. Then, by the choice of § we have

¢p=1+cio+cas+c31+0>0
gy =1—cio—ci3+c3—90>0
g2y =1 —cio—ca3+c31—02>0
g3y =1+ciz—ci3—c3—902>0
Gy =1l+cip—ciz—ca3+9d2>0
qpesy =1 —clo—c3+c3+902>0
g3y =1—cro+co3—ca3+902>0
qp23y =1 +cio+tcoz+cz1—02>0

Now sufficiency is immediate from proposition 3.1.1. 0

Proposition 3.1.2. Let 7 : S — 75,5 C {1,2,...,n} be a multiple correlation map of n spin
variables. Define T : S +— Tg by

. Ts Iif |S| is even
Tqg =
70 if |S| isodd

Then 7 is also a multiple correlation map for a family of n spin variables.
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Proof. Forany T' C {1,2,...,n} denote by T° its complement. By proposition 3.1.1 we have

Z (—1)‘SOT‘TS + Z (—1)|SHT‘TS Z O

|S| odd |S| even
S (1) 3T (1) 2 0
|S| odd |S| even

Adding these two and using the relation |S| = |S N T| + |S N T¢| we get

> (=) >0

|S| even

or, equivalently

> (=1)Mlag > 0

S

The required result is now immediate from proposition 3.1.1.

]

Theorem 3.1.4. Let C' = ((¢;5)),1 <1, j < 4 be a real symmetric matrix with c;; = 1V i. Then C
is the correlation matrix of four spin variables if and only if

min{1 + c;; + ¢, + cri, 1 — ¢ij + Cjk — Cis
1 —cij — ¢jr+ chiy L+ cij — ¢jr — ¢} > 0 (3.1.7)

forany 1l <i<j<k<A4

The proof of the above theorem involves the same idea of constructing a multiple correlation map.
Necessity is immediate from theorem 3.1.6. To prove the sufficiency it is enough to show the
existence of a multiple correlation map ¢ : S — ¢g, 5 C {1,2,...,n} for whichcy = 1,¢5 =0
when S'is odd (from proposition 3.1.2), c(; j3 = ¢;; for ¢ # j and cq; 234 = 0 chosen suitably. For

this map, c,
Z(_1)|SDT|CS
s
and
S
s

are equivalent. To obtain the required inequalities as given in the theorem, it is then enough choose
d such that (3.1.5) holds for T' = ¢, {i} (fori = 1,2,3,4) and {1, 2}, {1, 3}, {1, 4}.

Thus, we have a small set of simple verifiable conditions for spin correlation matrices of order
n < 4. One can construct simple examples to see that the above result does not extend to say
n > 5. Here’s an example for n = 5.

Example 3. We haven = 5and c;; = 1 forall 1 <1 < 5. Let

{0 if i=1
Cij:

p otherwise
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Then, the Bell’s inequalities reduce to

W
IN
R}
(VAN

—_

—1+204+p>0

1—20+p>0

For, C = ((cij)) to be a correlation matrix it has to be positive semi-definite. The conditions for
positive semi-definiteness come out to be

0> < ~(1+ 3p)

A,

For 6 = % and p = —2—74, Bell’s inequalities are satisfied but not that of positive semi-definiteness.

Another interesting example is when C ¢ Cov,, but satisfies the above inequalities. This happens
5

for 0 = ;11 and p = —3;. Thus, for n =5, the conditions of bell’s inequalities are not sufficient for

C to be a spin correlation matrix.

Before going into details of obtaining similar results for large n, we divert our attention to a related
problem of vertex enumeration. The V-representation of spin correlation is knowns and is rather
simple understand.

3.1.2 Complete Characterization in terms of extremals

In Parthasarathy’s paper, he asks the question of extremals of spin variables. The complete charac-
terisation of extremals of spin correlations was given by J. C. Gupta in 1999 [16]. Let us establish
some notation before stating the main theorem.

Define coordinate projections on €, as &;(0) = 0;,1 < i <n. ForT C {1,2,...,n}, denote by
o’ the configuration o such that o; = —1 for all ¢ € T and o; = 1 for all j € T°. We introduce
probability PT" as follows:

PT({e™}) = PT({e™}) = ;

The, under P7, &, &,, ..., &, are spin variable with correlation matrix

ST = ((cF)) where ¢f; = 1 forall i and ¢f; = (—1)/T03} for i # j.

Note that P = PT" and the set {37 : T'€ T}, where T = {T' C {1,2,...,n} : 1 € T}, consists
of 2"~! distinct spin correlation matrices of order n. These matrices are in fact the extremals of the
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convex hull of realizable spin correlation matrices.

Theorem 3.1.5. (J. C. Gupta, 1999): The class of realizable correlation matrices of n spin vari-
ables is given by

Cov,, = Convex Hull{X" : T € T}

where X1 and T are defined as follows:

T={Tc{l,2,....n}:1€T}
and

2" = ((c)

ij
where cj; = 1 for all i and cj; = (—D)TETH for i £ 4
Proof. Sufficiency: Clearly the matrix > A\zX7; A > 0,5 Ar = 1 is a correlation matrix of
&1, &, ... &, under the probability P = >~ A PT on Q,

Necessity: Let A be the correlation matrix of n spins 7y, 72, . . ., 1), defined on a probability space
(Q, F,Q). On (2, define P as follows:

1

P({o"}) = P{o™}) = 5 @m = —1Vi€ T = 1¥j ¢ T}

1
+§Q{U¢=1Vi€T,nj=—l‘v’j ¢ T}; where T € T

Under P, &, &, ..., &, are spin variables with the correlation matrix A. Clearly P = Y, A\ P
with A\p = P({o™}) + P({c"'}) so that A = 3" Ap%7 € Cov,,

O

The set {&7 : T € T7} is in fact the set of extremals. Indeed, there are 2" vectors of the form

€ = (&,8&,...,&) where £ = £1. These form the vertices of an n—dimensional cube. The
vectors a’ = (cfy, ¢y, oo ¢l Gy Gy ¢h_1.,) are subset of the set of 2" ¢’s. Clearly

conv({£}) C conv({a”}). Since, ’s form the vertices of the cube, the a’'s must form the vertices
of the convex hull conv({a”}). This implies that the matrices o”'s are the vertices of Cov,,.

Now we have a complete description of Cov,, in terms of extremals, for all n. However, given a
matrix C, it is still very difficult to determine whether C' is inside Cov,, or not. For this purpose,
a V-representation of Cov,, is desirable. We already have a V-representation of Cov,, for n < 4.
Let us look at the V-representation and the H-representation for spin correlation matrices of order
n =3J.

Example 4. Take n = 3. Then,

T = {{1},{1,2} {1,3} {1.2,3}}
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the corresponding correlation matrices that are the extremals of the space of spin correlation
matrices of order n are

1 -1 -1 1 1 -1
M= -1 1 1], My=| 1 1 -1 |,
11 1 1 -1 1
1 -1 1 111
My=| -1 1 -1, M= 111

1 -1 1 111

The corresponding Bell’s inequalities are

1+012+023+01320
l—cip—co3+ci3>0
l—cia+ca3—ci3>0

14+cia—ca3—c132>0

4 4

Take a matrix M in Covy. Then, we can write M = > c; M; such that Y «a; = 1and 0 < o; < 1
i=1 i=1

foralli=1,...,4. That is,

1 -0+ Qg — Q3+ 0y —Q1 — Qg+ Q3+ Qy
M = —Q + g — a3 + Qy 1 a1 — Qg — Qi3 + Qg
—Qp — Qg + g + Oy a1 — Qg — Qi3 + iy 1

So, we have

—Q1 + g — a3+ Qg = Cr2
—061—0624‘0634—064:031
Q1 — Qg — Qi3 + Qg = C93

041+Oé2+063+064:1

It is interesting to see that, solving these for o; and imposing the condition o; > 0 for all i =
1,...,4 gives precisely the Bell’s inequality.

In the following discussion in this chapter we will try to obtain a general description of inequalities
(in other words the H-representation) for any n and some explicitly verifiable inequalities for small
n.
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3.2 Maximum Entropy Method

Consider the function h(z) = —z logz where x € R, z > 0. Notice that lim,_,, 2(x) = 0. So, we
can extend the domain of A to all of x > 0. Now, for a discrete probability distribution P on the
countable set {x1, xs, ...}, with P, = P(x;), the entropy of P is defined as

S(P)=—Y_PlogP,

In case when the state space is not discrete, for a probability density function P(x) on R, the
entropy can be defined as

S(P) = —/P(w) log P(z)dx

This definition of entropy was introduced by Shannon and resembles the thermodynamic notion of
entropy. This form of entropy with base 2 logarithm (to express it in bits) is used in Information
Theory. Physically, entropy measures how disordered a system is. Systems are expected to evolve
into states with higher entropy as they approach equilibrium. In probabilistic context, S(P) is
viewed as a measure of the information carried by P, with higher entropy corresponding to less
information and more uncertainty.

The Principle of Maximum Entropy is based on the premise that when estimating the probability
distribution, one should select that distribution which leaves the largest remaining uncertainty (i.e.,
the maximum entropy) consistent with the given constraints. That way we can ensure that we have
not introduced any additional assumptions or biases into our calculations.

So, if we are seeking a probability density function subject to certain constraints (e.g., a given
mean or variance or higher moments), it is desirable to use the density satisfying those constraints
that has entropy as large as possible. Any probability density function satisfying the constraints
that has smaller entropy will contain more information (less uncertainty), and thus says something
stronger than what we are assuming.

Example 5. Consider a finite set A = {x1,2s,...,2,}. Let us see what different probability
distributions mean in terms of entropy. Suppose, we have probability on A denoted by P such that
P(x1) = 1and P(x;) = 0 forall 1 < i < n. Then, the entropy S(P) = —1logl = 0. Thus, we
see that the measure of disorder, the entropy is zero when P is such that there is only one possible
outcome and there is no uncertainty. On the other hand, when we consider the uniform density,
that is, P(x;) = 1/n for all i, the entropy comes out to be S(P) = logn. As we will see next,
this is the maximum entropy over all possible distributions. Since the uniform distribution gives us
minimum information (or highest uncertainty of outcome), the entropy is maximum is this case.

Theorem 3.2.1. For a probability density function P on a finite set {x1, s, ..., x,},
S(P) <logn

with equality if and only if P is uniform, i.e. P(x;) = 1/n for all i.

Proof. A probability density function on {z1,...,x,} is a set of nonnegative real numbers P =
(p1,...,pn) that add up to 1. Entropy is a continuous function of the n-tuples (p1,...,p,), and
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these points lie in a compact subset of R”, so there is an n-tuple where entropy is maximized. We
want to show this occurs at (1/n, ..., 1/n) and nowhere else.

Suppose that the p;’s are not all equal, say p; < p,. We will show that there exists a new probability
density with higher entropy. It then follows, since entropy is maximized at some n-tuple, that
entropy is uniquely maximized at the n-tuple with p; = 1/n for all 7.

Since p; < po, for e > 0 small, we have p; + ¢ < p, — &. Denote by @, the n—tuple (p; + &, p2 —
€,P3, - - -, Pn). Then the difference in entropies is given by

S(Q) — S(P) = —pi log (plpf ) ~ clogpr + )

— €
—py log <p2p ) + elog(py — €)
2

Or,

S(0) - S(P) = pslog <1+p£1) e <logp1 +log (1+£))

—ps log (1 — i) +e€ (logpz + log (1 - i))
P2 P2

Now, since log(1 + z) = = + O(x?) for small x, we get

S(Q) — S(P) = —¢ —clogpi + elogps + O(e?)
= elog(pz/p1) + O(e?)

which is positive since p; < po. This implies S(Q)) — S(P) > 0 for ¢ sufficiently small. O

In continuous case there are similar results which we state here without proofs.

Theorem 3.2.2. For a probability density function p on R with variance o2,

(14 log(2m0?))

N | —

S(p) <

with equality if and only if p is Gaussian with variance o>

Theorem 3.2.3. For a probability density function p on (0, 00) with mean p,
S(p) <1+logpu

with equality if and only if p is exponential with mean .

Note that there can be cases where a maximum entropy distribution may not exist. If we extend
the above theorem to consider the set of probability density functions on R with fixed mean p, we
will find that no maximum entropy distribution exists in this case. The one-dimensional Gaussians
with mean p and increasing variance have no maximum entropy.

Before proceeding to uniqueness question, we will look at some interesting properties of the en-
tropy function that arise from special properties of the function h(z) = —x log .
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Lemma 3.2.1. For continuous probability density functions p and q on R, withp > 0 and q > 0,

—/plogpdxg—/ploqux
R R

if both integrals exist. Moreover, there is equality if and only if p(z) = q(x) almost everywhere.

For discrete probability density functions p and q on a set {xy,zs,....}, with p(x;) > 0 and
q(z;) > 0 for all i,

= “plai)logp(a) < =Y pla;) log g(x;)

i>1 i>1

if both sums converge. Moreover, there is equality if and only if p(z;) = q(z;) for all i.

Proof. We only give the proof of the continuous case here. The proof for the discrete case is
identical. First of all, notice that for x > O0and y > 0

y—ylogy <z —ylogx

Indeed, the above holds for y = 0. For y > 0, it is east to see that log(z/y) < z/y — 1 golds with
equality if and only if x = y. Then, for any x € R we get,

p(z) — p(z)logp(z) < q(z) — p(x) log q(x)

Integrating this gives

—/plogpdxg —/ploqux
R R

If there is equality, then

/R [q(x) — p(x)log q(x) — p(z) + p(x)log p(x)]dz = 0

Note that ¢(x) — p(x) log ¢(x) — p(x) 4+ p(z) log p(x) is a non-negative continuous function whose
integral over R is zero. This means ¢(z) — p(z)logq(z) — p(z) + p(x)logp(z) = 0 almost
everywhere. Then from continuity and from the above discussion it follows that p(z) = ¢(x)
almost everywhere. [

Remark 3.2.1. Notice that theorem 3.2.1 follows easily from the above result. By letting ¢; = 1/n
for all 7,

- Zpi log g = ZP@ logn = logn,
i=1 i=1
which is the entropy of g. Therefore we have S(p) < S(q), with equality if and only if p is uniform.

We will now prove a uniqueness result for probability measure with maximum entropy. To make
the discussion fairly broad, we will work in the general context of entropy on measure spaces. Let
(€,v) be a measure space. A probability density function p on (£, v) is a v-measurable function
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from £ to [0, 00) such that pdv is a probability measure on £. Define the entropy of p to be

S(p) = —/pIngdV
£

assuming this converges. That is, we assume plogp € L'(€,v). (Note the entropy of p depends
on the choice of /). For any probability measure p on £ that is absolutely continuous with respect
to v, we can define the entropy of . with respect to v as — [, log(dp/dv)dp where dyi/dv is the
Radon-Nikodym derivative.

Let I be any set of probability density functions p on (&, v) that is closed under convex-linear
combinations and let II" be the subset of II consisting of those p € II with finite entropy. We will
see that 11" is closed under convex-linear combinations.

We now state two important lemmas that are crucial in arriving at the the uniqueness result.

Lemma 3.2.2. The probability density functions on (€,v) having finite entropy are closed under
convex-linear combinations if S(p1) and S(p,) are finite, so is S((1—&)p; +¢ep2) for any € € [0, 1].

Proof. We may take 0 < ¢ < 1. Let f(t) = —tlogt fort > 0,s0 S(p) = [ f(p(x))dv(x). From
the concavity of the graph of s,

f(L=e)ti +etz) > (1 =) f(t1) +f(t2)
when t1,%, > 0. Therefore,
f((L=e)pi(z) +epa(z)) = (1 =€) f(pi(x)) + £f (p2(2))

For an upper bound on f((1 —e&)t; +¢&ty), we note that f(¢; +t2) < f(t1)+ f(t2) for all t1,t5 > 0.
This is clear if either ¢, or ¢5 is 0. When ¢; and ¢, are both positive,

f(ty +ta) = —(t1 + t2) log(ty + t2)
= —1 log(t1 + tg) — 19 log(t1 + tg)
< —tylog(t1) — talog(ts)
= f(t1) + f(t2)

Therefore,

(1 =e)f(pr(2)) +ef(pa(2)) < F((1 = &)pa(x) + epa(x)) < f((1 = €)pi(w)) + f(epa(w))-

Integrate this over £. Since [. f(dp(x))dz = —dlogd + 6S(p) for & > 0 and p a probability
distribution on &, we see (1 — €)p; + epy has finite entropy:

(1=2)S(p1)+eS(p2) < S((1—e)pr+epe) < —(1—€)log(1—¢)+(1—¢)S(p1) —eloge+eS(p2).
[l

Lemma 3.2.3. If there are p, and p, in 11" such that on the subset A C £, p1 = 0 and ps > 0, then
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S((L—=e)pr +ep2) > S(p1)

for any positive ¢, sufficiently small.

Proof. Let B = E\ A,s0S(p1) = — [, p1log prdv. Since p; and py are in I1', (1—¢)py +ep, € 1T
for any € € [0, 1].

As in the proof of Lemma 3.2.2, let f(t) = —tlogt fort > 0. Since p; = 0 on A,

5(p1)=/5f(p1)dV=/Bf(p1)dV

Then,
S(1 =i+ ep) = [ S(1=2pi+ epav+ [ (0= e +epiv
= [ fepav s [ 5= it zpyiv
A B
> /A F(epa)dv + /B (1= &)f(p1) + £f (pa))dv

= 85(}72) — (5 logé‘) /Apgdl/ -+ (1 - 8)5(]?1)

— S(p1) + e(—(loge) / padv + S(p2) — S(p1)).

Since v(A) > 0 and p, > 0 on A, [, podv. Therefore the expression inside the parentheses is
positive when ¢ is close enough to 0, no matter the size of S(py) —S(p1). Thus, the overall entropy
is greater than S(p;) for small . O

Theorem 3.2.4. If II' contains a probability density function q with maximum entropy, then every
p € II' vanishes almost everywhere q vanishes.

Proof. If the statement is false, then there is some p € II' and some A C £ with v(A) > 0 such
that, on A, ¢ = 0 and p > 0. However, for sufficiently small € > 0, the probability density function
(1 —e)q + ep lies in II" and has greater entropy that ¢ by lemma 3.2.3. This is a contradiction. [

Theorem 3.2.5. If ¢; and g, have maximum entropy in 11, then q; = qo almost everywhere.

Proof. By theorem 3.2.4, we can change ¢; and ¢; on the set of measure 0 in order to assume they
have the same zero set, say Z. Let Y = £ \ Z. Then, ¢; and ¢ are positive probability density
functions on Y.

Letq = %(ql + ¢2). Then ¢ > 0 on Y. By lemma 3.2.2, ¢ € II". By lemma 3.2.1,

S(ql)Z—/qllogqldvé/qlloquv
Y Y
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and

S(qz)Z—/YQlequdVS/quloquV

S(Q)Z—/qloquv
g
:—/qloquy
Y
——1/ lo —1/ lo
-3 th gq 9 YQQ gq
> —(S(q1) + S(q2))

maximality implies S(¢) = S(q1) = S(gz2). This implies

S(Ql):_/ qllogqldv:/qlloquv

Y Y

S(Qz) = —/ q2 1nglde:/(]z log gdv
Y Y

Then, by lemma 3.2.1, ¢ = g = ¢o almost everywhere on Y. So, ¢; = ¢, almost everywhere on S.
l

Remark 3.2.2. We have stated earlier (Theorem 3.2.2) that for a probability density function p on
R with variance o2 there are infinitely many maximum entropy distributions, namely, all Gaussians
on R with a fixed variance (0%) have the same entropy. This does not a contradict Theorem 3.2.5,
since the property of having a fixed variance is not closed under convex-linear combinations.

Since, we are going to look at covariance realization problems, we are going to have constraints
in the form of fixed covariances. We will look at a maximum entropy solution (using Lagrange
multipliers) for spin systems. For the sake of completion, we state a corresponding result (without
proof) in case of multi-dimensional processes.

Theorem 3.2.6. For a continuous probability density function p on R"™ with fixed covariances c;;,

S(p) < =(n+log((2m)" det X))

| —

where ¥ = ((c¢;;)) is the covariance matrix for p. There is equality if and only if p is an n-
dimensional Gaussian density with covariances c;;.
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3.2.1 Lagrange Multiplier Method

As we have seen, the entropy has its maximum value when all probabilities are equal (we again
assume the number of possible states is finite), and the resulting value for entropy is the logarithm
of the number of states. If we have no additional information about the system, then such a result
seems reasonable. The moments or the covariances provide us this extra information or constraint.
To find a distribution that maximizes the entropy as well as satisfies the constraints on can use
techniques from calculus of variations. The Lagrange Multipliers Method is often used in this
context. One of the most common problems in calculus is that of finding extrema of a function. The
problem is that it is often difficult to find a closed form when one wishes to maximize or minimize
a function subject to fixed constraints. The method of Lagrange multipliers is a powerful tool for
solving this kind of problems without the need to explicitly solve the conditions.The technique is
named after the famous mathematician, Joseph-Louis Lagrange.

We consider a very general optimization problem given by

minimize fo(z) on M, where M is the set determined by the constraints:
hi(z)=0i=1,...,p

where, fo : Y — R for non-empty set Y and M C Y, M is non-empty. We assume that the
domain D = (N, dom f;) N (NY_; dom h;) is non-empty. In order to solve this constrained
optimization problem one can use the Lagrange Multiplier Method.

Definition 3.2.1. The map A : Y — R is called a Lagrange Functional for the optimization
problem if it is finite and constant over M.

Lemma 3.2.4. (Lagrange Lemma) Let A : Y — R be a Lagrange functional and let y, € M
minimizes L = H + A\ over Y. Then, yy minimizes H over M.

Notice that the above result does not require any algebraic nor topological structure on Y and the
hypotheses on A are also minimal. The proof is rather simple and follows from the definition of
Lagrange functional.

Proof. For any y € M, we have fo(yo) + Alyo) < fo(y) + Aly) = fo(y) + A(yo). Hence,
fo(yo) < foly). O

The Lagrange dual function

Consider the optimization problem 3 [4].

minimize fo(z)
subjectto  fi(z) <0i=1,...,m
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such that the domain D defined as above is non-empty. We denote the optimal value (if it exists)
by p*. The Lagrangian £ : R” x R™ x RP — R, as defined above, is given by

L(z, A\, v) = folx) + Z)\zfz(x) + Z%’hz‘(if)

where \; and v; are Lagrange multipliers.

Then, the (Lagrange) dual function is defined as a function g : R™*? — R which is the minimum
of £ over z. That is,

g\ v) = inf L(z,\,v)
When the Lagrangian is unbounded below in z, the dual function takes on the value —oo.

The dual function yields lower bounds on the optimal value p*. For any A > 0 and v we have

g\ v) <p"

Indeed, if z* is any feasible point of the given optimization problem, then we have that f;(z*) < 0
and h;(xz*) = 0 and hence

p

L(z", A\ v) = fo(z") + Z)\Zfl(‘r*) + Z%’hi(ﬂf*) < fo(z")

i=1
Since, \; > 0, we have

g\ v) = inf L(z,\,v) < L(z", \,v) < fo(z")

zeD

Since the above holds for every feasible point, it implies that

g\ v) <p’

The Lagrange Dual Problem

For each pair (A, v) with A > 0, the Lagrange dual function gives us a lower bound on the optimal
value p* of the optimization problem ‘3. Thus we have a lower bound that depends on some
parameters (A, ). A natural question is: what is the best lower bound that can be obtained from
the Lagrange dual function? This leads to the optimization problem

maximize g(\,v)
subjectto A >0

This problem is called the Lagrange dual problem associated with the problem ‘B. In this context
the original problem is sometimes called the primal problem.
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Let us consider a more concrete example of this. Consider the following problem
minimize ¢’z
subjectto Az = b
z>0

The Lagrangian function is given by
Lz, \v)=clz— Z Nz + v (Az — b)

i=1
= b+ (c+ATv - Nz

The dual function is
g\, v) =inf L(z, \, V)

= —b'v +inf(c+ ATv — N2

which is easily determined analytically, since a linear function is bounded below only when it is
identically zero. Thus, g(\,v) = —oo except when ¢ + ATv — X = 0, in which case it is —b" v

by ifATy —A+¢c=0
g\ v) = .
—o00  otherwise

Note that the dual function g is finite only on a proper affine subset of (A, v/). Strictly speaking, the
Lagrange dual problem is to maximize this dual function g, that is,

by ifATv—A+¢c=0

maximize g(\,v) = .
—oo  otherwise

subjectto A > 0.

Here ¢ is finite only when ATv — X + ¢ = 0. We can form an equivalent problem by making these
equality constraints explicit:

maximize —blv
subjectto ATy —A+c=0
A>0

This problem, in turn, can be expressed as
. . T
maximize —b'v

subjectto ATv4+c¢=0

We will now use the Lagrange multiplier method to get a maximum entropy solution for spin
variables.
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3.2.2 Maximum Entropy Measure for Spins

We employ the same technique of Lagrange multipliers to solve the optimization problem of max-
imizing the entropy under given constraints of fixed spin correlations. Thus, given

Chk = Z O'hO'kP(O')

we want to find a density function for the spin random variables such that it maximizes the entropy.
Note that the entropy is defined as -

S(P(0)) ==Y P(o)logP(o)

To do so we use the Lagrange method. In addition to the above constraints we would also want -
ZP(U) =1

Thus we have the following constraints:

> 01okP(0) = ci- (3.2.1)

(e

> Plo)=1 (3.2.2)

o

We want to maximize S. Consider the Lagrangian function -

L(P(o) = AMP(0)) + S(P(9))

where A(P(0)) is a Langrage functional defined as -
A(P(O‘)) = Z )\hk <Chk — ZO‘MJ’]ﬂD(J)) + 1% (Z P(O’) - 1)
h,k o o
Notice that A(P(0)) is constant (in fact, it is zero) on the space -

M = {P(o)]P(a) > O,ZP(O) = 1,Zah0k73(0) = Chk}

where A, 1t € R are the Lagrange multipliers. Now,
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= Z/\hk (Chk — ZO’hO'kP(O'>> +,u <ZP(O’) — 1)
—ZP )log P(o

Leaving out the constants what remains as a functions of P is -

—> P(o)log P(o Z)\thUhakP +uZP

= ZP(O‘) —logP(o Z)\hkahak +u

Z('P) is a function of 2" variables (for each o). We consider partial derivative of Z. We denote by
OpZ(P(0)) the partial derivative with respect to P(c) . We have,

ap:Z(P(O')) logP Z )\hko'ho'k + " — 1
h,k

Thus, the gradient of Z(P) is clearly zero at the point,

7)*(‘7 :—exp{ ZAhkahUk}

where Z = exp {i — 1}. Note that any probability of this form is such that P*(o) = P*(—o). In
particular, this implies that each spin has mean zero with respect to P*. Let us now look at the dual
problem.

Dual Problem

= ke = DY MkonorP(o) (3.2.3)
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<_exp{ )3 A}) og (_exp{ y})]
o)) o))
= (3mof g}

=log Z + {Z )\hkUhUk} Z —exp{ Z/\hkahgk}]
Ik

=log Z+> > MuonoxP(o) (3.2.4)

=2

+log Z

From (3.2.3) and (3.2.4) we get -

L(P(0)) = A(P(0)) + S(P(0)) = log Z + Y _ Anicn

h,k

Writing this as a function of A}, s we get -

= Mukchi + log
hk

Z exp {— Z AkOhOk }] (3.2.5)
h.k

g

Note that, V.7 = 0 implies P*(o) satisfies the constraints. A critical point exists if 7 is proper,
which means,

lim J(\) =

[A| =00

It is clear that the following set of inequalities ensure the properness of 7 :

Zc”)\ > min {Z \ijOi0j 1 0 € Q} for every A

1<J 1<j

Let us denote by M () the minimum given by: min {El <

Aijoi0; 0 € Q} and by A, we denote
the matrices satisfying the above set of inequalities:

A, = { ((cij)) = ) eijhiz = M() for every )\} (3.2.6)

1<J



33

Clearly, this is a “very large” set of inequalities. What do these inequalities signify and what do
they tell us about covariance matrices of spins? We look at some specific inequalities among those
determining the set A, in the next section and analyze these inequalities in more detail.

3.3 Generalized Bell’s inequalities

Let us first look at some of the inequalities that are satisfied by the matrices in the set A, as
defined above in (3.2.6). We will see that for specific choices of \;;, these inequalities contain the
inequalities that we have already seen to be necessary for C' to be in Cov,,.

Proposition 3.3.1. The set of inequalities that determine A,, contain the inequalities of positivity
and Bell’s inequalities

Proof. 1. Positivity: Let z € R" and set \;; = x;z,. Then, for every o € (2,

2
1
Z/\ijO'iO'j = inxjaiaj = 5 [Z IZ'O'i] Z 0
) 1] [
So, M(\) > 0. Thus, for C € A,
inxjcij Z 0
]

which implies positivity.

2. Bell’s inequalities: Let A C {1,2,...,n} with |A] = 3,and ¢ € {—1,1}*. We set

N — €i€j for i,j € Aji#j
K 0 otherwise

Then, for A = {r, s,t}

Z Nij0i0; = E4E50,05 + €,E10,0¢ + €5€1050¢
ij
= NNs + e + N5 = —1
where 7; = ¢;0;. So, we have M (\) > —1. Thus, for C' € A,

ErEsCrs + ErELCr + E5E1Ce = —1

Or,
1+ eresCrs + €464Cr + E581C5t > 0

which are the Bell’s inequalities.
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]

In the above discussion, we have learned that the inequalities that determine the set A,, represent
the feasibility conditions for the dual problem. That is, it is the H-representation of Cov,. We
prove this next:

Theorem 3.3.1. Let A, be as in defined in (3.2.6) and Cov,, be as defined in theorem 3.1.5. Then,

A, = Cov,,

(o)
Proof. We first show that A,, C Cov,,. Since Cov,, is closed, it is enough to show that A,, C Cov,,,
(o]

where A,, denotes the interior of A,,. We know that,

Aon = {C’ = ((c55)) - Zcij/\ij > M () for every )\}

1<j

Thus, for C' € A, the dual functional 7 () is proper. This implies feasibility. Thus, there exists
a probability P that realizes C' as a correlation matrix of spin variables. Hence C' € Cov,,.

Now, to show Cov,, C A, let C' = ((¢;;)) € Cov,,. Then for every )\, we have

Z /\ijC;I;- =F (Z )\ijo-io-j>
1,5 i,

Zmin E )\Z‘jO'Z'O'j
o
1,J

=M()\)
This implies C' € A,
]
This gives us a complete set of inequalities that describe the set Cov,,. In the next chapter we will

look at these inequalities more closely and see if we can exploit some properties and symmetries
of \;; to obtain a minimal set of inequalities.

Now that we have seen in proposition 3.3.1, that the inequalities determining the set A,, contain
certain knowns and essential inequalities, we look at these inequalities more closely. It is clear that
with the “right” choice of A\, we can get some interesting inequalities. We explore this a little bit
more. The basic questions is that of arriving at a minimal set of inequalities to describe Cov,,. For
this, we need to understand the following:

e Can A, be described by finitely many inequalities?

e How to obtain these inequalities?

We already know that Cov,, has 2"~ ! extremals, and by theorem 3.3.1 we know that Cov,, = A,,,
so it is clear that A,, can be described by a finite number of inequalities. It is however not trivial to
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obtain these inequalities. We now look at some simple inequalities that can be obtained by choos-
ing \;; in a particular way. In the following discussion, for the sake of notational convenience, we
assume that the sum over i, j represents the sum over ¢, j such that : < j.

Let us consider T C {1,2,...,n} such that |T| is odd. Then, lete € {—1,1}%. We set,

Ao — €i€j for Z,jET,Z;’é]
K 0 otherwise

We have,

€T

N | —

E /\ijaigj =
i?j

Since, |T'| is odd, therefore

2
min <Z 5i0i> =1

€T
We have, M (\) = %ﬂ As a result, we obtain the inequality
1—|T|
V- >
1,7 1#jET
Or,
Tl —1
% +) Aoy >0 (3.3.1)

1,J

Notice that for |T| = 3, we obtain the Bell’s inequalities from the above set of inequalities. We
call (3.3.1), the Generalized Bell’s inequalities. It turns out that (3.3.1) are in fact necessary and
sufficient conditions for a matrix C' of order n = 5 to be a spin correlation matrix. As we shall see
later, a “good” choice of \;; leads us to the complete set of necessary and sufficient conditions for
a 6 X 6 matrix to be a spin correlation matrix.

3.3.1 Some Explicit Examples

The program cdd+ (cdd, respectively) is a C++ (ANSI C) program for generating all vertices (i.e.
extreme points) and extreme rays of a general convex polyhedron given by a system of linear
inequalities:

P={zcR%: Az <b}
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where A is an m X d real matrix and b is a real m dimensional vector.

One useful feature of cdd/cdd+ is its capability of handling the dual problem without any trans-
formation of data. The dual problem that is known as the convex hull problem and as we have
discussed before it involves obtaining a linear inequality representation of a convex polyhedron
given as the Minkowski sum of the convex hull of a finite set of points and the nonnegative hull of
a finite set of points in R? : P = conv(vy, ..., v,) + nonneg(ry, ..., rs), where the Minkowski
sum of two subsets S and 7" of R? is defined as S + 7T = {s+ t|s € Sand t € T'}.

We apply the cdd+ program for the cases n = 5,6. We know the extremals in each from theorem
3.1.5. However, before looking at each case in details, we establish some notation.

Note that since each extremal is a correlation matrix, it is symmetric so we represent each matrix
as a vector consisting of the upper-triangular entries listed row-wise. In other words, instead of
considering the matrix C' = ((¢;;))1<i,j<n, We consider the vector

Vo = (17 C12,---,Cn,C23,---,C2ny - - - 7CTL—1,7’L>

Thus, we transform the problem from the space of n x n matrices to vectors in R where N =
1+ (= ) . Note that, because of the symmetry of matrix we have only Q relevant variables.

Example 6. We first obtain the inequalities for the case n = 5. From theorem 3.1.5, we have 16
extremals given in the vector form by:

v = (LLLLLLLLLLD

vy = (1,-1,-1, -1, LLLLLLD
vy = (Ll,—l —1 —1,-1,— 1,L1,D
vy = (L—LL 1,—1, LLL 1,-1,1)
vs = (1,— ~1,1,-1,1 —11,—1)
v = (L—l LLLL LL 1,—1)
vy = (LLL—I ~1,1,-1,— LD
vs=(1,1,-1,1,—-1,-1,1, — —1)
vy = (LL—l 1,1, -1, LLL ~1)
V1o = ﬂ,lJJ,l,l LLL ~1)
on = (1,-1,1,-1,1,-1,1, - ~1)
vip = (1, — LLLL L LD
Vig = O,LLLL 1, - LLLD
v =(1,1,-1,1,1, — LLL— ~1,1)
vis = (1,1,1,-1,1,1, — LL—LL—D
ve = (1,1,1,1,-1,1,1, — —1)

In the corresponding H-representation, we have 56 inequalities in 10 variables, namely,
C12, C13, C14, C15, C23, C24, C25, C34, C35, C45. 1 he inequalities are given by

Mé >0

where ¢ = (1, 12, €13, C14, C15, C23, Ca4, Ca5, C34, C35, Ca5) IS @ 11 X 1 vector and M is a 56 x 11 matrix
given by
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There are precisely 16 inequalities with constant term 2, corresponding to the inequalities that
come from taking |T'| = 5 in the generalized Bell’s inequalities obtained in previous section. The
rest 40 come from the inequalities obtained by taking |T| = 3. In fact these are exactly the same
inequalities. This is easy to see. Given three variables (c;j, ¢y, ¢,s), we get 4 different inequalities
from the generalized Bell’s inequalities (3.3.1) (these are the original Bell’s inequalities). Then,
for all T such that |T'| = 3, there are exactly (i) x 4 = 40 inequalities.

Example 7. For n = 6, we have 32 extremals given by:

vy =(1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1)
v =(1,-1,1,1,1,1,—-1,—-1,—-1,—-1,1,1,1,1,1,1)
vg=(1,1,-1,1,1,1,-1,1,1,1,—-1,—-1,—1,1,1,1)
vy=(1,1,1,-1,1,1,1,-1,1,1,-1,1,1, -1, —1,1)
vy =(1,1,1,1,—-1,1,1,1,-1,1,1,—-1,1,—1,1, —1)
ve = (1,1,1,1,1,-1,1,1,1,-1,1,1,-1,1, -1, —1)
vy=(1,-1,-1,1,1,1,1,-1,—-1,—-1,—-1,—-1,—-1,1,1,1)
vg=(1,1,-1,-1,1,1,—-1,-1,1,1,1,—-1,—1,—1,-1,1)
vg = (1,1,1,-1,-1,1,1,-1,—-1,1,-1,—-1,1,1, -1, —1)
v =(1,1,1,1,-1,-1,1,1,-1,-1,1,—-1,—-1, -1, -1, 1)
v =(1,-1,1,-1,1,1,-1,1,—-1,—1,—-1,1,1,—-1, -1, 1)
v =(1,-1,1,1,-1,1,-1,-1,1,-1,1,-1,1,-1,1,—1)
v =(1,-1,1,1,1,-1,—-1,—-1,—-1,1,1,1,—-1,1, -1, —-1)
vig = (1,1,-1,1,-1,1,-1,1,-1,1,-1,1,-1,-1,1,—1)
v =(1,1,-1,1,1,-1,-1,1,1,—-1,-1,-1,1,1, -1, —1)
ve = (1,1,1,-1,1,-1,1,—-1,1,-1,-1,1,—-1,—1,1, 1)
vy =(1,-1,-1,1,-1,-1,1,-1,1,1,-1,1,1,-1, -1, 1)
vsg = (1,-1,-1,-1,1,-1,1,1,-1,1,1,-1,1,-1,1,—1)
v =(1,-1,1,-1,-1,—-1,-1,1,1,1,-1,-1,—-1,1,1, 1)
v = (1,-1,-1,-1,-1,1,1,1,1,-1,1,1,-1,1, -1, —1)
vy = (1,1,—-1,—-1,-1,-1,—-1,—-1,—-1,—-1,1,1,1,1,1, 1)
v = (1,—-1,—-1,-1,1,1,1,1,—-1,—1,1,—-1,-1,-1,—-1, 1)
veg = (1,1, 1,-1,-1
vy = (1,1,1,-1,-1,-1,1,—-1,—-1,—-1,-1,-1,—-1,1,1,1)

(

(

1
_17 _17 _17 17 _17 _17 _17 17 17 17 _17
1

)
1,-1,1,-1,1,—-1,-1,1,—-1,1,-1,1,—-1, 1,1, —1)
)

Vog = 17_17_1717_171717_1717_17_171a_ 7_1717_1
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vor = (1,-1,-1,1,1,-1,1,—-1,-1,1,—-1,-1,1,1, -1, -1)
ves = (1,1,-1,-1,1,-1,-1,—1,1,—1,1,-1,1, 11-—n
vao = (1,-1,1,1,-1,-1,—-1,-1,1,1,1, -1, -1, -1 —Ll)
vgo = (1,-1,1,—-1,-1,1,-1,1,1, -1, -1, 1,1,1, —1)
vy =(1,1,-1,1,-1,-1,-1,1,-1,—-1,-1,1,1, -1, Ll)
vgp = (1,-1,—-1,-1,—-1,-1,1,1,1,1,1,1,1,1,1,1)

The corresponding inequalities are again given by

Mé >0

where, ¢ = (1, ¢12, €13, C14, C15, Ci6, C23, C24, C25, C26, C34, €35, C36, C45, Cag; Cs6) 1S @ 16 X 1 vector and
M is a 368 x 16 matrix.

There are 80 inequalities with constant term 1, 96 inequalities with constant term 2 and remain-
ing 192 with constant term 4. The first two set of inequalities are exactly the Generalized Bell’s
inequalities for |T| = 3 ( number of inequalities = 2* x (g) = 80) and for |T| = 5 ( number of
inequalities = 2* x (g) = 96).

Where do the remaining 192 inequalities come from?

We go back to Theorem 3.3.1. It is clear that we essentially need to find a suitable choice of \;;.
Recall the derivation of Generalized Bell’s inequalities of section 3.3. Following the same notation,
we consider T C {1,2,...,n} such that |T| = 5. Then, let ¢ € {—1,1}T. We set,

A — Ei€j for i,j €T i#j
N 2€;€; when either i or j ¢ T

AU:{&@ for i,j €T, i#j 332)

2€;€k forieT k¢T

Notice that this gives us precisely 15 N} s.

We have seen that,

2
1 T
E )\ijaiaj = 5 ( E 81'0'1‘> — %

3,J€T i€T
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Thus,
M(\) = min {Z Jaj)\,j}
2
ﬁmilzm-—@+2zmaa (3.3.3)
p 9 : V4 9 : k00K o
€T €T
2
= min 1 Zeo _@+25 o Zs-a- (3.3.4)
p 9 : V4 9 kYK : A% o
€T €T
2
= min 1 Ze-o —@ﬂ:20' Zg-a (3.3.5)
p 9 : V4 9 k : iV o
€T €T
Since, |T| = 5 we have,

M(A> = Hgn % (Z 51'0'@') + 20y, (Z 51'(71') — g

€T €T

We need to find the minimum of the function %x2 + 20,0 — g, where x takes values £1, 3, £5. It
turns out that,

M()) = —4

Z)\ijcij Z M()\) =—4
Y]

This gives us 2° X (g) = 192 inequalities given by

443 Njey >0 (3.3.6)

1,J

where \;j are as defined in (3.3.2). These are precisely the inequalities obtained by cdd+.

3.3.2 The Translation Invariant Case

Let us now look at some special cases where we introduce some geometrical structure on the spin
system. Assume that the spins (o1, ..., 0,) are lying on a circle and that the distance between o;
and o is given by | — j| modulo n. We assume that the correlation matrix is translation invariant.
That is, ¢;; = cpy if |0 — j| = |h — k| (modulo n).
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In this case, the correlation matrix is of the form

1 a b ... b a

a 1 a b ... b

b ... 1 a b ...

.. ba 1 a b

b ... b a 1 a

a b b a 1
That is, each off-diagonal is constant and the corresponding inner and outer off-diagonals are equal.
Thus is this case we only have @ orl+ # variables depending on whether @ is even
or odd respectively.
We represent this set of variables by ¢ = (¢y, ¢o, ..., cy). Then, we want to find a matrix M such

that M ¢ > 0 gives the H-representation of Cov,,. We will find the explicit inequalities for n = 5
and 6 and then analyze them to see how they fit into the set of Generalized Bell’s inequalities.

However, we don’t have description of set of correlation matrices in terms of extremals for the
translation invariant case. We have the complete set of inequalities for n = 5 and 6. In each
case we can add the equalities to this set and then use cdd+ to solve the dual problem (the vertex
enumeration problem) and thus obtain the extremals for the translation invariant case. For instance,
we can find the set of extremals in the case of n = 5 by adding equalities c15 = co3 = ¢34 = ¢45 =
c15 and 13 = c95 = €35 = €14 = Co5 to the 56 inequalities from example (1.1). We then run cdd+ to
solve the facet enumeration problem, to get the necessary and sufficient inequalities, starting from
this new set of extremals.

Example 8. For n = 5, in the translation invariant case, we have three extremals

v =(1,1,1)
vy = (1,-3/5,1/5)
vy = (1,1/5,—3/5)

Then, the corresponding H-representation is given by

1 -2 1 1 0
1 1 —2 C1 Z 0
1 5/2 5/2 ¢y 0

Example 9. For n = 6, in the translation invariant case, we follow the same procedure as in the
case of n = 5 and obtain six extremals

(1,1,1,1)
(1,—1/3,—-1/3,1)
=(1,1/3,-1/3,-1/3)
(1,-1/3,-1/3,1/3)
(1,1/3,—-1/3,-1)
(1,-1,1,-1)

U1
%)
U3
Vg
Vs
Ve
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Then, the corresponding H-representation is given by

1 0 3 0 0
1 2 1 0 . 0
1 2 2 1 0
1 -1 -1 1 al>1o0
1 1 -1 -1 2 0
1 -2 2 -1 “s 0
1 -2 1 0 0

After analyzing the necessary and sufficient conditions obtained above, one concludes that the
above inequalities are a subset of (3.3.1) and the inequalities obtained in (3.3.6) don’t contribute
anything in this case.

Thus, for the stationary case for both n = 5 and 6, the generalized Bell’s inequalities are necessary
and sufficient.



Chapter 4

An Explicit Solution for Spin Covariance
Realization Problem

4.1 Georgiou’s Theorem

In this chapter we will look at the second part of the problem, namely, given a matrix of spin
correlations, how does one explicitly find a measure that realizes the given correlations. Tryphon
T. Georgiou’s paper [14] discusses this problem in great generality. We first look at the method
described in his paper in detail and then look at the specific case of spin systems and give a method
to explicitly find the required measure.

4.1.1 Setting

Let us consider R™ with the usual inner product, i.e., for z,y € R™:
n
=1

We will be dealing with the following problem. Let S C R™ be the cartesian product of m closed
intervals, and G : R™ — RF, where m,k > 1. Given R € R*, the aim is to identify, if any,
all positive measures z on S such that [ G(#)du(d) = R. Note that if we set one component of
G equal to 1 as well as the corresponding component of R, one restricts to probability measures.
Later we will consider the case in which S is a finite set, that can be dealt with similarly.

The idea is to trace a path in the space of Lagrange multipliers (denoted by \) by following a

43
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path homotopy in the moment space. A differential equation involving the Lagrange multipliers
is obtained. The differential equation converges to the “right” vector of Lagrange multipliers if
the moment problem is solvable i.e. the moments are realizable, otherwise, it diverges. Thus, the
method also provides an independent way to test the feasibility of given moments. In fact, the
method is employed to characterize the complete solution set of positive measures that realize the
given moments.

Let S C R™(m € N) be the cartesian product of m closed intervals as defined above. Let
(9o, 91,,---,9n) be linearly independent continuous measurable functions from S to R. Then,
we define G : S — RN as G : 0 — [go(0), ..., gn(0)] for§ € S. Define by & = {G(9) : 6 € S}
a surface in RV*1,

Consider the closed conic hull of & by:

K
%(@)Z{RRZZG(@)O@ V@i€S7ozi€R,ai>O,K:1,2,...}
i=1

and the dual cone by:
RE(B)={AeRY: (\,R) >0 V ReR )}

The dual cone R’} represents the cone of all vectors A in the dual space (R")* which form an acute
or right angle with any vector of ‘A.

Remark 4.1.1. Tt is easy to see that X is an interior point of 2% (&) if and only if (A, G) is strictly
positive on S.

Theorem 4.1.1. The cone R(®B) is the set of points R such that

R = / G(0)du(0) 4.1.1)
S
where [ is a non-negative measure on S.

We denote the set of all nonnegative Borel measures on .S by M. Note that this is a closed convex
cone.

Then, we want to know, for a given R € RN+

e Does there exist a measure 1 € M such that (4.1.1) holds?

e [f yes, then what are all the x’s that satisfy this?
In [14], following families of measures is considered:
v(o)
Mrat = {—de}
(A, G(0))
Me:vp = {@(0)670\’6‘(0))6&9}

where ¥ > () is an arbitrary but fixed function that allows us to span the whole set of positive mea-
sures that are consistent with the given moments. As we will see, the convergence (and divergence
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resp.) of the differential equation constructed does not depend on W. In the following discussion
we will only consider the exponential family M., (which is relevant to the context of this thesis),
the discussion and proofs of for the rational case are similar and can be found in [14]. We discuss
the case of the exponential family in detail and reproduce the proofs.

4.1.2 Main Theorem

The main theorem of [14] gives the differential equation for the Lagrange multipliers. This is done
in the paper for a closed interval (S C R™). Since, we will be considering this theorem in the
context of spin systems here, we reproduce the statement and the proof for S discrete. The proof
is essentially the same. We are considering here the family of discrete measure given by

Mey = {¥(0)e” M)

The rest of the discussion follows through once the integrals are replaced by sums.
Theorem 4.1.2. Let S,G,G, ¥ be as above. Consider R, € RNt Consider the differential

equation -
dA(t
% = —M(\)™ (Rl - ; G(U)‘I’(J)e<’\’c(a)>> (4.1.2)
where,
M) =) G(o)¥(o)e M NG(0)"
S
and X\(0) = Xo.

Note that G(o)T denotes the transpose of the column vector G(o). If Ry € int (R(®)), then as
t — oo the solution \(t) of the differential equation tends to a limit \, so that the measure

U(o)e~ MG € M., satisfies

Ry =) G(o)¥(o)e M) (4.1.3)
S

Moreover the following hold:

1. The trajectory {\(t) : t € [0, 00)} remains bounded.

2. The limit point )\, is the unique solution of (4.1.2) in RV
Conversely, if Ry ¢ int (R(®8)), then | \(t)|| — oc.

Consider a path from R, to Ry given by: R, = (1 — p)Ry + pR;, (where p € [0,1]). We then
consider the family of equations

R, =" Glo)u,(0)



46

where p € [0, 1]. This links 1 to the sought-after solution 1, (parametrized by the corresponding
A1).

We look at the one-parameter homotopy

H(p,\) =Y G(o)uy(0,)) = R, =0 (4.1.4)
S

Note that H (1, \) = 0 is equivalent to

Ry =) G(o)u(o, A1) (4.1.5)
s
for which we want to find a solution, and H (0, \) = 0 is equivalent to
Ry =Y G(o)u(o, ) (4.1.6)
s

for which the solution is known.

If the equation H (p, A) = 0 has a solution A(p), such that

OH (p, )
N

is non-singular at (p, A(p)) for p € [0, 1], then it follows from the Implicit function theorem that
A(p) satisfies the differential equation

dp 1)) op o
with A(0) = Ao.
Conversely, if the above differential equation has a solution A(p) for p € [0, 1], then 422D — ¢

dp
for p € [0, 1]. Therefore, H(1,\;) = H(0,\y) = 0. From \; we get the corresponding i; that
gives the vector of moments given by R;.

Let us calculate aHa(i’A) and aHa(z N | to understand the differential equation in (4.1.7).
It is clear that %‘;’\) = Ry — R;. The partial derivative of H(p, A) with respect to A for

(0, A) =3¢ G(o)¥(a)e= MG is given by,

OH (p, \)

T =~ 2 G U(0)e M G(o) = ~M(N)
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Now, changing the variables, p = 1 — e~* and substituting Ry — Ry = %(Rl — R,), we get -

0 (o s
- - (2 ) (Ro — Ra)(1— p)
) <8H ) .

= MO\ (R, - Ry)
We will show that M () is bounded and invertible along the trajectories of (4.1.7) for all p € [0, 1],
if and only if , R; € int(R(®)).

We now prove the theorem.

Proof. Consider
—ZL =M\ YR, — Ry) (4.1.8)

where M(\) = Y4 G(0)¥(0)e MG (0)T,

Note that the vector G consists of linearly independent functions on S and e is positive and
bounded along the trajectories of (4.1.8). So, M () is bounded and nonsingular along the trajec-
tories of (4.1.8). It follows that we can integrate (4.1.8) over a maximal interval [0, €).

Now if € > 1, it means that the above differential equation has a solution A(p) for p € [0, 1].
This implies (as discusses before), %’:(p)) = 0forp € [0,1]. So, H(1, A1) = H(0, A\¢) = 0. Let
w1 = Y(0)e”ME@) which is a positive measure. Then, this j; satisfies -

Ry =Y G(o)u(o,\) (4.1.9)
S

Hence, by theorem 4.1.1, Ry € int(R(®)).
Conversely, if € < 11ie. M (\) is not bounded. We want to prove that in this case, R; ¢ int(R(®)).

We know that, M () is not bounded outside [0, €) (i.e, ||[dA(p)/dp|| ans ||A(p)|| increase without
bound) means Yo G(0)¥(a)e~ M) G(a)T blows up as p — e.

We will show that R, ¢ int(9R(8))

Consider a convergent sequence «; = A(p;)/||A(p;)|| for suitably selected p; € [0, €) such that as
pPi — €, — Q.
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Claim 4.1.1. « is a boundary point of R’ ().

Proof. Consider -

ZG Api),G(o) — ZG<0->\Ij(0-)€_H>\(pi)H<aiaG(U)> — R,
S

If o ¢ R (&), then for i large enough, (a;, G(0)) < 0 on a non-empty subset of S. We know that
|A(p:)|| — oo. This would imply that the above sum blows up which is a contradiction.

Now if o € int(R’ (®)), then for large enough i, (o;, G(0)) > 0 on S (Remark 4.1.1). This
along with the fact that || A(p;)|| — oo would imply that the above sum would tend to 0, which
again is a contradiction. O

This means (a, G) > 0 on S (It vanishes on a subset Sy of S such that Sy # ¢ or .S).

So we know that a is on the boundary 93% (&) and a sequence «; converges to a from the int (R (&))
(as p; — €1in [0, €)) such that correspondingly the sums R,, converge to R..
Now to show that R, ¢ int(93(®)), it is enough to prove that (o, R,,) — 0 as i — 00

O[ sz = Z G _”)‘(pz)”<az G(U)>>

Z G(o —II/\(m)II o, G(ff Z G(o —H/\ pi)l{i, (0))>

S\So

Now, we know that « vanishes on Sy and is strictly positive outside i.e. on S \ Sp. But from the
discussion above we know that on S\ .S,

S Glo)U(o)e Ml G) g

Thus, (o, R,,) — 0 as i —> oo. This implies R, ¢ int(9M(®)) which implies that R, ¢
int(R(B)) because of the convexity of PR(®) and the fact that Ry € int(R(S)).

We now prove the uniqueness.

We denote by i the map A — R = > o G(0)u(X, o). Suppose there exist two distinct A; and
Ao that give the same R’ € int(93(®)). Consider the path (1 — p)A; + pAg, for p € [0,1].
Denote the corresponding moment vector by R, (ie. R, = h(\,)). Note that Ry = R; =
R'. This means (fol(ﬁh/ﬁ)\)dp)()g — A1) = 0 but this is a contradiction because 0h/O\ =
— > s G(o)u(X, 0)G (o) is negative-definite throughout. (Note that: for any z € R”, we have,
2TG(0)G (o) x = (zTG(0))?). This implies \; = \s.

O]
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We have shown that the differential equation converges to a unique A that is in fact the parameter
matrix of the measure that realizes the given moments. We will now prove that the convergence is
in fact Lyapunov.

Proposition 4.1.1. The function
=R =) G(o)m(X0)|?

c€S
)\

is a Lyapunov function for the differential equation % = f(X) (where |.|| is the usual Euclidean
norm in RNTY ). Moreover, along the trajectories, it holds that

VA®))
dt

— 2V (A1)

Proof. Clearly, V is continuous, differentiable with V() > 0 for A € RY*! and only vanishes at
the fixed point of £ = f(\). We have,

% _ (%)_1 <R1 - ZG(OW(A,U))

ogeS

Hence,

dv(dAt(t)) _ (%y <R1 _ Za(a)m(A,a))

g€eS
"(OR\ d)
=-2|Ri— ) G(o)m(\ o — | =7
(r-Scmmon) (35)%
= _9 (Rl ZG )\ o ) X <R1 - ZG(O’)W’L(/\,O'>>
oes oes
— 2V (A1)

O

So, if R; is realizable, that is, it admits the representation (4.1.1), then the differential equation of
theorem 4.1.2 converges to a point say )\q and one can find a positive measure ji, parametrized by
Ao that realizes R;.

4.2 Spin Systems

We consider the application of this method in the special case of spin variables. We keep the
earlier notation. So, €2, = {—1,1}" denotes the space of length-n sequences which are denoted
by o = (01,09, ...,0,), where each 0; € {—1, 1} is a spin variable.
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We are given the spin-spin correlations, ¢;; := E (aiaj) (with E(0;) = 0 forall 1 < i < n), and
we want to find a probability measure that realizes these correlations.

In the notation of Chapter 3, S = 2,,. The set {go, g1, - - -, gn } is defined as follows:

go=1 and g;;(0) = 0,0, where 1 <i<j<n

and N = =D

& ={G(0):0 €S} C{-1, 1} cRVH!

M (®) and R’ (&) are as defined in the previous section.

Note that, one of the essential conditions for the main theorem to follow is that the set of functions
{90, 91, --.,gn} are linearly independent. We prove this for the case of spins now.

Lemma 4.2.1. The set of functions {g;j(0) = 0;0;} U {go} where 1 <i < j < n are linearly
independent.

Proof. Consider a linear combination

Z Q;;gi + ogo = 0

i<j
This means,

ZO./L]‘OjO'j + Z O-/ijgij + Qo = 0

J#1 i<j,i#l
Or,
Uleél,jUj—F ( Z Oéijgij—i‘Oéo) =0
J#1 i<ji#l
Since oy € {—1, 1}, this means both sums on the left hand side are zero. That is,

> ay0=0 (4.2.1)
j#1

This implies, oy ; = 0 for all ; > 1. Continuing this way, it follows that g, o;; = 0 for all
1<i<j<n.

O

Now, the proof of the Theorem 4.1.2 follows through for the case of spin systems. This provides a
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way to determine the measure that realizes the given spin-spin correlations. If we choose ¥ = 1,
we get the maximum entropy measure that realizes the given correlations.

Let’s look at the Euler scheme for the above differential equation.

1. Set an initial value ;.
2. Setr =1
3. Calculate u(\,) = 3 LGe G

4. Update A using
At = A = M) THR = u())
5. Untilr = K

The convergence of this Euler scheme to the “right” value of A is not clear; moreover it involves
the inversion of a matrix, which can be computationally hard in high dimension. In the next
section, we consider a modification of the above scheme, for which we can prove convergence,
and that does not involve matrix inversion. However, before going into the details, let us look at
some general theory and important results for multi-dimensional, first-order, non-linear discrete
dynamical systems.

4.2.1 Discrete Dynamical Systems

Consider a system of non-linear first order difference equations

Ti41 :¢($t), t:O,l,Q,...

where ¢ : R" — R" and zg = (2}, 22, ... .2 is given.

A solution to the difference equation ;1 = ¢(z;) is a trajectory (or an orbit) of the vector (x;)°
that satisfies this law of motion at every point in time starting at x.

Definition 4.2.1. A steady state equilibrium or a fixed point of the system x;,1 = ¢(z;) is a vector
x* € R" such that

zt = ¢(a")

A non-linear dynamical system is characterized by existence of a unique steady state equilibrium,
existence of multiple steady state equilibria, or by non-existence of a steady state equilibrium.
Moreover, a non-linear system may converge to a steady state equilibrium or to a periodic orbit
or may diverge to £co. Unlike a linear system, non-linear system may exhibit chaotic behavior.
The study of steady state of a non-linear system usually involves approximation of the system in
the neighborhood of x*. A steady state equilibrium z* is called globally (asymptotically) stable
if the system converges to this steady state independently of the initial condition. It is called
locally (asymptotically) stable if there exists a small neighborhood of z* such that for every initial
condition within this neighborhood, the system converges to z*. Formally,
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Definition 4.2.2. A steady state equilibrium z* of the system ;.1 = ¢(x;) is:

e Globally (asymptotically) stable, if

lim x;, = 2* forall x5 € R"
t—o0

e Locally (asymptotically) stable, if there exists ¢ > 0 such that lim; ., z; = x* forall zy €
B.(x*)

where B.(z*) ={z € R" : |z; —x}| <e Vi=1,2,...,n}is an e—ball around z*.

This means that if we perturb the system and if the system converges asymptotically to the original
steady state regardless of the magnitude of the perturbation, then the system is globally stable.
Whereas, if the system converges to the original steady state if we ensure that the perturbation is
sufficiently small, then the system is only locally stable.

Remark 4.2.1. Global stability of a steady state equilibrium necessitates global uniqueness of the
steady state equilibrium. Similarly, local stability of a steady state equilibrium necessitates local
uniqueness of the steady state equilibrium.

We will now state the sufficient conditions for local and global stability of discrete systems but
before that we introduce two more concepts.

Definition 4.2.3. Consider a map ¢ : R” — R" and let D¢(x*) be the Jacobian of ¢ evaluated at
a steady state equilibrium x*. The steady state equilibrium z* is a hyperbolic fixed point if D¢(z*)
has no eigenvalues of modulus 1.

Definition 4.2.4. Let (£", d) be a metric space. Then, ¢ : E* — £" is a contraction mapping if
for some p € (0,1)
d(¢(z'), d(2%)) < pd(a',2®)  Va'a® €&

Sufficient conditions for Local stability

Theorem 4.2.1. Let ¢ : R™ — R"™ be a C! diffeomorphism with a hyperbolic fixed point x*. The,
the steady state equilibrium x* is locally (asymptotically) stable if and only if the moduli of all the
eigenvalues of Do(x*) are smaller than 1.

Sufficient conditions for Global stability

Theorem 4.2.2. A steady state equilibrium of a multi-dimensional, first order difference equation
Tip1 = ¢(xy) exists, is unique and is globally stable if ¢ : R" — R™ is a contraction mapping.

Having established the sufficient conditions for the local and global stability of a multi-dimensional,
first order, non-linear discrete dynamical system, we can now proceed to discuss in detail our
method for obtaining the probability measure that realizes the given spin covariances.
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4.2.2 A new approach for Spins
We propose a new dynamical system in discrete time that converges to a A which gives the measure
that realizes the correlations.

Let us recall the the discussion on Maximum Entropy Problem for Spins in chapter 3, section 3.2.2.
We consider the Dual functional obtained in (3.2.5):

zp{_DH

ogeS

T\ = Z AnkChi + 1og

hk

Note that, V.7 = 0 implies P*(o) satisfies the constraints. A critical point exists if 7 is proper,
which means,

lim J(\) =400

[A| =00

We have seen that a rather large set of inequalities determine the set A,, (described in (3.2.6)).
These inequalities ensure the properness of J and hence the feasibility of given correlations. In the
following discussion, we assume that the feasibility of the correlations is known and we want to
find a consistent measure.

We denote by R the vector of correlations

R=[c19,...,Cln,C23, - Cn1n]
and,

A= A2, s A, A23s -y Ancin)

G=1912,91m, 9235 -+ Gn—1.n)
where g;; = 0,0;.

For convenience, we denote these random functions by [X;, Xs, ..., Xx|, where N = "("2_1).

With the above notation, we can write the dual functional as follows:

J(\) = BT + log

oc€eS
where GT = G(0)T. We omit the o for notational convenience.
We want this function to have a global minimum, that is, we want

Z GTefGT)\

_ pT ogeS o

o€eSs
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The Hessian of J is given by,

R ikt (n o) (mom)

geS
ogeS

Lemma 4.2.2. H(7()\)) is strictly positive definite.

Proof. Notice that under the probability P(c) = 2e=¢",
H(J (M) = Var(G) where Var(G) denotes the variance-covariance matrix of the vector G.

Then, it is clear that H(J (X)) > 0 (all variance-covariance matrices are positive semi-definite). If
Var(G) is not strictly positive definite, then there exists a not zero vector b such that b Var(G)b =
0. That is, Var(bG) = 0. This implies that bG is a constant with probability 1.

ZbZXz =a

for some fixed constant a. This shows that to prove that Var(G) is non-singular, it is enough to
show that Xjs (or g;;s) are linearly independent which follows from lemma 4.2.1. [

Thus, H := H(J(A)) > 0, which means that 7 () is a strictly convex function with a global
minimum at say A (where A is such that V.7 (\) = 0).

Lemma 4.2.3. The eigenvalues of the Hessian H are bounded by n(n — 1) /2.

Proof. We know that H is the variance-covariance matrix of random variables Xy, Xo,..., Xy
,where N = n(n — 1)/2. Let O be an orthogonal matrix which diagonalizes H. Without loss of
generality, we can assume that §; = > Oy ;H, ;O;, is the largest eigenvalue of H. Then,

5, = Z O1,:H,,;0;,
= Cov(01,X;,0;1X;)
= Var(z 01,X;)
< B[) (01X
< E[Z(Ol,i)z Z(Xz)Q]

< E[) (X7
<N

Let us consider the dynamics given by
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1
At = A = = VI (A)

where K > N.

To prove that this difference equation converges to a fixed point that is globally stable it is sufficient
to prove the following:

Theorem 4.2.3. The map

¢:A|—>A—%Vj()\)

is a contraction for K > N.

Proof. To show that the above map is a contraction, we have to show that

[o(An) — SRl < pllAn — Al
for some p € (0,1).
Denote by f the function V7. Then,

600) = 6 = [0 = A 5 (FO%) = FOW

1 /
= ||An — A — gH()\ Y An — )l

where H()') is Hessian of J at point ), a point on the line joining A, and \y.

600) — SO = 1T~ ZHOX) O~ Ao

Or,

1

16(An) = o < 1T = 7= HADI s = A

|(I = £H(X))|| = ( maximum eigenvalue of (I — =~ H(X))?)"/? = max;<;<y {1 — %6, }, where
d; are eigenvalues of H()\'). From lemma 4.2.3, we know that the eigenvalues of H are less or
equal to N. This means,

If,

p=III=HN))I
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Then,
0<p<l and [¢(An) = SNl < pllAn — Ak

Thus, ¢ is a contraction.

Thus, we now have a discrete time dynamical system given by
1
Al = Ap — gv.](/\) for K > N

that converges to the right A\. The fact that it converges to a A that is the unique globally stable
steady state of this system follows from theorem 4.2.2.

This system can now be solved to obtain explicitly the required probability measure. Note that this
does not test the feasibility of the given correlations. It gives the ) that parametrizes the maximum
entropy measure. The crucial advantage of this method is that it is in discrete time and hence one
can write stochastic algorithms to solve it approximately. We shall see in the next chapter that
these stochastic algorithms are much faster for large n.



Chapter 5

Markov Chain monte Carlo

5.1 Monte Carlo Methods: Introduction

Monte Carlo methods are used in wide variety of problems. One of the most important uses of
Monte Carlo methods is in evaluating multi-dimensional integrals which can be approximated in
a much quicker time by Monte Carlo in comparison to other techniques. The basic idea is the
following.

Suppose we are given a random variable X (that has finite moments) and we want to calculate the
expected value as A = E[X]. If we can generate X1,..., X, , n independent random variables
with the same distribution, we can make the approximation

k=1

Then, by the strong law of large number we have A, — Aas. asn — oc.

One can categorize Monte Carlo experiments into two broad classes: (1) Simulation of random
systems and (2) Adding artificial randomness to a system and then simulating the new system.
Monte Carlo is most commonly used as a tool for calculating multi-dimensional integrals. The
first kind of problems usually involve simulation of a stochastic process and then approximating
the mean or the higher moments. Whereas, in the second kind the system could be completely
deterministic. We represent the problem as a different random system and then simulate this new
system to approximate the behaviour of the original system. To understand these notions more
clearly, we give some examples:

Example 10. Queueing. Consider a queueing system composed of a network of servers serving
a stream of incoming streams like switches in a telecommunication network. Some of the key

57
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variables characterizing such a system are:

(a) the arrival time of the i-th customer at the various servers.
(b) the service time of the i-th customer.
(c) rules for customers proceeding from one server to another.

(d) characteristics of different classes of customers.

By simulating these random variables, one can simulate the queueing system.

Example 11. Estimating the value of . As we know, there are efficient deterministic algorithms to
estimate the value of m. However, we can introduce randomness to the system and try and estimate
it using Monte Carlo. Consider a circle of diameter 2 that lies inside a 2 x 2 square. Pick a point
A; uniformly at random inside the square. The probability that the point lies in the circle is /4.
Repeat this n times. Then, we have Ay, As, . .., A, each uniformly (and independently) distributed
inside the square. Let Z be the number of A;’s that lie inside the circle. Then, Z is binomially
distributed with parameters n and 7 /4. Thus, we have E(Z) = nr /4 or E(4Z /n) = 7. We can fix
n and then observe Z, say m times to estimate 7 by 4m /n.

Example 12. Finding the minimum or maximum of a function. Consider the problem of finding
minimum (or maximum) of a deterministic function say H(x) on R. Clearly, here there is no
integral to calculate and the problem is completely deterministic. However, we can introduce
randomness by considering a density function given by

f(z) = %e—ﬁﬂ(w)
where Z is the normalization factor. Then, for B > 0, the global maximum of f approximates the
global minimum of H(x). We are assuming that the problem is feasible, that is, the maximum (or
minimum) does exist. The idea is to create a sequence of points X1, Xo, . .. that are approximately
distributed according to pdfs fi(x), fo(x), ... with fi(x) ~ fz,(x) = %e‘ﬁﬂ"(z) where 3; — oo. If
each X, were sampled exactly from fz,(x), then X; would converge to a global maximum of f(x)
as [3; — oo.

There are three important parts of applying Monte Carlo Method to a particular system.

e Generation. This involves generating random numbers or vectors (as the case may be) that
have a specified distributions. We will discuss this is a little more detail in the next section.

e Accuracy. How accurate can we expect our answer to be? For this we need to understand the
behavior of the random process being simulated and study how rapidly the process converges
to the solution.

o Efficiency. How efficient is our algorithm? This is essentially a question of algorithmic
efficiency. We need to know how the Monte Carlo Method fares compared to other methods
in terms of computer time needed to get to the solution. As indicated earlier, Monte Carlo is
in general not ideal for low dimensional problems but is far better in high dimensions.

While the way to determine accuracy and efficiency largely depends on the problem, there is a
general theory on sampling random numbers from a specified distribution. We discuss some of the
well known methods for sampling in the next section.
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5.2 Sampling techniques

In this section, we will look at various algorithms for sampling from given distributions.

5.2.1 Sampling from a Uniform Distribution

Most of the programing languages have functions to generate pseudo random numbers which are
distributed according to the standard uniform distribution.

In general, a pseudo random generator is a deterministic recurrence relation

Xy = f(XG, Xiza, oo, Xiss) (1>9)

for some fixed integer s > 0. The recursion requires an initial vector of random seeds (X, X5 1,..., Xo) €
R™*1 which must be supplied in the beginning. A simple algorithm for generating random number
would be as follows:

1. Draw the seed Sy from a distribution y on the set of states S. Sett = 1.
2. Set St = f(St—1)~
3. Set X; = g(St)
4. Sett =t + 1, until ¢ = T for some 7.
where, S is a finite set of states, f is a function from S to S, x4 is a probability distribution on S,

X is the output space and g is a function from S to X.
The algorithm produces a sequence X1, X5, X3, ... of pseudorandom numbers.

5.2.2 Sampling from a Non-Uniform Distribution

Although there are several methods for sampling, a lot of times they are specific to the target dis-
tribution. For example, the Box Muller method that generates two i.i.d. N (0, 1) random variables
from two i.i.d. U|0, 1] random variables [23]. In this section, we look at some of the general
methods to sample from a given distribution assuming we know how to sample from U[0, 1].

Inversion method

Let F be a continuous cumulative distribution function, then for y € [0, 1], the generalized inverse
distribution function /'~ if defined as:
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F~(y) = inf{F(x) > y}

z€eR
The inversion method is very basic and is based on the following proposition

Proposition 5.2.1. Let F' be the cumulative distribution function of a random variable, and let U
be a random variable such that U ~ U[0,1]. Then, F~'(U) ~ F.

Proof. Since F' is right-continuous, for any x € R we have
Pr{FYU) <z} =Pr{U < F(z)} = F(x)

]

The inversion method involves generating a uniform random variable U and then setting X =
F~Y(U) to generate s random variable X with distribution given by F.

Rejection method

We want to generate a random variable X from a probability density function f. Suppose that f
is bounded and supported on a closed interval [a,b]. Let ¢ = sup{f(z) : = € [a,b]}. Then, the
rejection method to generate X ~ f is as follows:
1. Generate Q) ~ Ula,b] and Y ~ U|[0, ¢], where () and Y are independent.
2. IfY < f(Q), then accept and set X = (). Stop.
If Y > f(Q), then reject and return to step 1.

This can be generalized to n—dimensional random vectors and to discrete setting.

Composition method

Give a probability density function f to sample from, we divide the region under the graph of f
into a finite number of subregions, namely, S, ..., Sy, with respective areas Ay, ..., Ay so that
Zf‘il A; = 1. The, the composition method to generate X ~ f is as follows:

1. Generate I € {1,..., M} with probability mass function. {4, ..., Ay }.

2. Generate (V, W) uniformly on S; (This means consider S; = X x Y7, that is, cartesian
product of two axes. Then, generate independent random variables U on X; and V on Y7).

3. SetX=V.
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5.3 Markov Chain Monte Carlo (MCMC)

Before going into details of Markov Chain Monte Carlo Algorithms, let us establish some notation
and known facts about Markov chains.

5.3.1 Markov Chains

We shall consider a discrete-time time homogenous Markov chain X, Xy, X5 ... where each X;
takes values in a finite or countable state space S. The transition probability matrix is given by
P = ((pi;)) and the k—step probabilities are:

pZ:PT<Xt+k:j’Xt:i) i,] €S

With the above notation, pfj is the (4, j)-th entry of P*. The transition probabilities are independent
of time because we are assuming time homogeneity of the Markov Chain. This is a reasonable
assumption for many models. In context of Monte Carlo Markov Chain algorithms where one is
looking for a Markov chain with a given stationary distribution, time homogeneity is rather natural.

A Markov chain is irreducible if the chain can eventually get from each state to every other state,
that is, for every i, j € S, there exists a £ < 0 (depending on ¢ and 7) such that pfj > 0.

An irreducible chain has period 1" (where 7' is a positive integer) if 7" is the greatest common
divisor of {k > 1: pf > 0} for some i € S (equivalently, for all i € S).

A chain is called aperiodic if its period is 1. In particular, if an irreducible chain has p;; > 0 for

some i, then it is aperiodic.

Theorem 5.3.1. Consider an aperiodic irreducible Markov chain with state space S. For every
1,7 €S, the limit limy,_, pfj exists and is independent of i. We call this limit 7;. Then

o [f'S finite, then

ij =1 and Zmpij =T

jes ies
for every j € S. In other words, if we write 1 = ((m;)) as a row vector, then TP = .
Moreover the only solution of

vP =0
Zi“ -1 (5.3.1)

UzZO
Isv =T.

o [f'S is countably infinite, then either (a) w; = 0 for every j in which case there is no solution
of (5.3.1) or (b) m satisfies (5.3.1) and is the unique solution of (5.3.1).
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The chain is said to be positive recurrent in this case (except when 7; = 0 for every j) and 7's are
called the stationary or equilibrium distributions.

Proposition 5.3.1. Consider an irreducible Markov chain with discrete state space S Assume that
there exist positive numbers T; for every i € S such that ) ., m; = 1 and

miDij = TjDji foreveryi,j €S
Then, ™ = (T;);cs IS the stationary distribution.

Proof. We have, m;p;; = m;p;; foreveryi,j € S. Hence,
Zﬂ'ipij = Zﬁjpﬁ =Ty iji = Ty
= = €S

which means 7P = 7.

]

Definition 5.3.1. If there exist positive numbers 7; such that 7;p;; = 7;p;;, then the chain is called
reversible.

Indeed, for a chain X with stationary distribution 7, we have

Pr(X; =1, X441 = j) = TiDijDjk
= T;Pji
= TjPji
= Pr(X; =j, X411 =1)

Definition 5.3.2. A Markov chain is called symmetric if p;; = p;; for every 7 and j. In other
words, a Markov chain is called symmetric if the corresponding transition probability matrix is
symmetric.

Corollary 5.3.2. Suppose that an irreducible Markov chain on the finite state space S is symmetric.
Then the stationary distribution is uniform on S, that is, m; = 1/|S| for alli € S, where |S| denotes
cardinality of S.

Theorem (4.1) is an important result in context of Markov Chain Monte Carlo simulation. It can
be interpreted as follows:

o m; = P(X; = i) for large ¢, is independent of the distribution of X.

e Over a large period of time, 7; is the fraction of time the system spends in the state ¢.

e In the positive recurrent case, 7 is the stationary distribution. This means that if X; ~ 7 then
X, ~ 7 for every time s > t.
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Suppose we are given a probability distribution f on a set S and we want to generate random ele-
ments of § with distribution. This problem can be solved using the sampling techniques discussed
before but we can also use MCMC (Markov Chain Monte Carlo) for the same. The idea is to come
up with an irreducible Markov chain whose equilibrium distribution is f and then simulating the
chain for a long time. In the long run, the output of the chain should approximately follow the
distribution f. Again, there are some known methods for constructing the chains. We will discuss
two important methods for constructing chains for non-uniform distributions but before that let’s
understand the idea behind MCMC in more detail.

5.4 MCMC: Algorithms

We will state the problem is full generality here. The problem addressed by MCMC algorithms
is the following. We are given a density function 7, on a state space &, which is possibly unnor-
malised but satisfies 0 < ) s 7(z) < oo.

This density gives rise to a probability measure 7(.) on S, by
7T(A) — ZAW(:E)
>_s ()

Suppose we want to estimate expectations of functions f : S — R with respect to 7(.), i.e. we
want to estimate

>s f(@)7(x)
>_sT(T)

As we have learned before, the classical Monte Carlo solution to this problem is to simulate i.1.d.
random variables X1, Xs, ... X,, ~ m(.), and then estimate 7(f) by

m(f) = E[f(X)] =

1 m
:EZ:

However, if 7 is complicated, then it is very difficult to directly simulate i.i.d. random variables
from 7 (.).

The Markov chain Monte Carlo (MCMC) method provides an alternative way that is easier to
run on a computer. The idea is to construct a Markov chain on & which has 7(.) as a stationary
distribution. That is, we want to define easily-simulated Markov chain transition probabilities
P(z,y) forz,y € S, such that

> (@) Plr,y) = 7(y)

z€eS

Then if we run the Markov chain (provided it satisfies certain conditions) for a long time (started
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from anywhere), then for large n the distribution of X, will be approximately stationary.

There are two very important methods that illustrate how to go about construction a Markov chain
for application of MCMC. We look at thee methods now. Keeping in mind the context of this
thesis, we present them and the corresponding proof for the discrete case.

5.4.1 The Metropolis Algorithm

Let S be a discrete state space (finite or countable). Let () be a symmetric transition probability
matrix. Let 7 be any probability distribution on S with 7; > 0 for all ¢ € S. This 7 is our target
distribution. That is, we want to sample from 7.

We want to define a Markov chain X = X, X;,... on §. Given, X; = 1, then the next state X,
is determined by the Metropolis algorithm as follows:

1. Choose Y € S randomly according to the Markov chain @), that is
Pr(Y = jlX, = i) = g
forevery j € S
2. Let & = min{1, 7y /m;} (« is called the acceptance probability)

3. Accept Y with probability .. That is generate a random variable U ~ U[0,1]. If U < a,
then accept the proposal and set X;,; = Y. If U > «, then reject the proposal and set
Xip1 = Xo.

This Markov chain has transition probabilities

gy min{l, m;/m} if j#1
Pij = . e
! 1—Zk7k#qikm1n{1,7rk/7ri} ifj=i

Proposition 5.4.1. Assume that () is an irreducible symmetric Markov chain on S, and T is a
strictly positive probability distribution on S. Then the metropolis chain defined above is irre-
ducible and reversible with respect to .

Proof. Trreducibility follows from the irreducibility of () since p;; > 0 whenever ¢;; > 0. For
reversibility, we need to check m;p;; = m;p;; for every ¢ and j. This is trivial for the case ¢ = j.

For i # 7,

mipij = Gij(m; min{1, 7;/m;}) = ¢;; min{m;, 7; }

which is symmetric in ¢ and j since () is symmetric.
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5.4.2 The Gibbs Sampler
Let 7 be a discrete probability distribution on S C R” and let V' be a random vector with distribu-

tion 7. For every j = 1,2, ..., n define the matrix P; by

Pi(z,w) = Pr{V =w|V_; = z_;}
{0 if wW—; 7£ Z—j

m(w)/m_j(z—;) fw_; =2z
Where, W_j(Z_j) = P?"{V_]’ = Z_j}

Now, define

1 n
Prs=—S P,
RS m; 7

This is the transition matrix for the random scan Gibbs sampler. Next, we define

Pss =P P... P,

this is the transition matrix of the systematic scan Gibbs sampler.

Proposition 5.4.2. For the above definitions:

e Fachof Py, Ps, ..., P, and Pgg is reversible with respect to .

e T is a stationary distribution for Psg, even though Psg need not be reversible.

Proof. For the first part, fix k£ € {1,...,m}. We need to show

7(2)Pr(z,w) = m(w)Py(w,z) forall z,w € S (5.4.1)

If z_ # w_g, then P(w,z) = 0 = Py(z,w) and so (2) holds trivially in this case. Now, if
Z_j = w_y, then

()P 0) = rl) 2 = T )y, 2)

Therefore, each P, is reversible. Now we will how that Ppg is reversible.
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3
NE

7(2)Prs(z,w) = 7(2)Pe(z, w)

k=1

7(w) P (w, 2)

I
3
NE

B
Il

= m(w)Prs(w, 2)

This completes the proof of first part. From the above and from proposition (4.1) we have 7P, = 7
for each k. Therefore,

WPSS:(WPl)PQ...Pm:(WPQ)Pg...Pm:...:7{'

which completes the proof.

5.4.3 An important example: Ising Model

Let GG be a graph with vertices V' and set of edges E. We write (i, j) to denote the edge with
endpoints of the vertices ¢ and j and o; for the spin at vertex i. The vector o = (0y,...,0y|)
denotes the vector of all spins. The Ising model is the probability distribution 7° on Qy-(depending
on a parameter 5 € R) that is defined as follows. Let

H(o)= ) Loso,
(

i,j)€E

where 1 denotes the indicator function. Now, define

WﬁU:ieX— g
(0) = g e l-BH ()]

where
Cs= > exp[—BH(0)]
o€y

is the normalizing constant. The function H (o) is called the Hamiltonian and it represents the
energy of the configuration o. Define the mean spin of o by

1
M(J):mZai

1%
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It is hard to do exact calculations for the Ising model since a model with n spins has 2" states. We
can use MCMC to generate a sample X1, X, . .. from 7 (for a given f3).

We will now look at application of Metropolis Algorithm and Gibbs Sampler for the Ising model.

Metropolis algorithm

It is rather easy to adapt the Metropolis algorithm to the Ising model. For our proposal matrix ),
we use the simple random walk on {—1,1}/Vl. Then, given X, = o

1. Pick J € V uniformly at random.

2. SetY = (01,...,05-1,=07,0541,-..,0)v]). In other words, flip the J-th spin.

’ exp[—BH(0)]
Otherwise set X;,1 = 0.

3. Leta = min{l M}. Generate U ~ UJ0,1]. If U < a, then set X;,; = Y.

Gibbs sampler

To describe the transition matrices P.(k = 1,...,|V]) for the Gibbs sampler, we introduce the
following notation. For 0 € S and k € V, let

"+ = (01, Ok, 1, O,y -5 OV))
] = (s ey Ohts — L, Ot 001)
Then,
P 4 = B T o ST
~ e PG~ H D)
Write

H(Uk[+]) - Z ]I[Uﬁfffj]—i_ Z ]1[02'754-1]

(4.4)i#k,j#k i:(i,k)eE
H(ak[_]) = Z ]l[aﬁéaj} + Z ]l[gﬁg_l]
(i,9) 57k, 7k i:(i,k)EE

Then we have,
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H(0*4]) = Ho" ) = 3 L) — Lopon
ik
— deg™ (k) — deg” (k)

where deg~ (k) (respectively deg™ (k)) is the number of neighbours i of vertex & such that o; equals
—1 (respectively +1). We conclude that,

1
1+ exp{f(deg= (k) — deg*(k))}
Pi(o,0"[~]) =1 — Pu(o,0"[+])

Py(o,0"[+])

5.5 MCMC: Convergence

It is evident that for any of the above algorithms to work, it is necessary for the constructed Markov
chain to converge to its stationary distribution. We will discuss this issue is a fairly general setting
in this section. We do not assume that the state space S is finite or countable. However, since most
of the results follow trivially when the state space is finite, we state them without proofs. Before
going into the important results, we define some key concepts. The proofs of the theorems and a
more detailed discussion can be found in [29].

There are several ways of studying the stability of a Markov chain. One of the very first concepts
is that of ¢-irreducibility. The idea behind considering ¢-irreducible chains is that for stability
concerns it is desirable that the chain does not in reality consist of two chains. That is, the collection
of sets which we can reach from different starting points is not different. This leads us to the
definition of ¢-irreducibility.

Definition 5.5.1. A chain is ¢-irreducible if there exists a non-zero o-finite measure ¢ on S such
that for all A C S with ¢(A) > 0,and for all = € S, there exists a positive integer n = n(z, A)
such that P"(z, A) > 0.

In other words, ¢-irreducibility requires existence of a non-zero o-finite measure ¢ on S such that
for every starting point x € S and for A C S

O(A) > 0= P,(14 <00) >0

where P, denotes the probability of events conditional on the chain beginning with Xy = z, 7
denotes the hitting time from a point to a set, that is, 74 = inf{n > 1: X,, € A}

Remark 5.5.1. For a finite or countable space chain ¢-irreducibility is just the concept of irre-
ducibility defined before, with ¢ taken as counting measure.

The next plausible requirement should be that of recurrence. There should be a possibility of
reaching likely states from unlikely starting points, but that reaching such sets of states should
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be eventually guaranteed. We have seen the definition of “’positively recurrent” in the context of
theorem (3.1). Here, we state the definition is complete generality

Definition 5.5.2. A chain is called recurrent if there is a measure ;4 guaranteeing that for every
starting point x € S

(A) > 0= P,(14a <o0) =1

and then, as a further strengthening, that for every starting point x € S

p(A) >0 = E,[14] < o0
forany A C S.

Now we state the main asymptotic convergence theorem. This theorem assumes that the state
space’s o-algebra is countably generated, but this is a very weak assumption which is true for e.g.
any countable state space, or any subset of R¢ with the usual Borel o-algebra.

Theorem 5.5.1. If a Markov chain on a state space with countably generated o- algebra is ¢-
irreducible and aperiodic, and has a stationary distribution 7, then for m-a.e. v € S,

lim ||P"(x,.) —7(.)]| =0

n—o0

In particular, lim,,_,o, P"(x, A) = w(A) for all measurable A C S.

Th above theorem requires that the chain be ¢-irreducible and aperiodic, and have stationary distri-
bution m. The MCMC algorithms are created precisely so that 7(.) is stationary, so this requirement
is not a problem. Furthermore,it is usually easy to verify that chain is ¢-irreducible. Note that as
mentioned earlier ¢-irreducibility is a given when the state space is countable. Also, the aperiod-
icity almost always holds. So, the above theorem is really useful for MCMC algorithms.

Remark 5.5.2. In the particular case of spin systems, the state space €, is in fact finite so ¢-
irreducibility is not really a concern for the case we will discuss later on.

5.5.1 Ergodicity

Definition 5.5.3. A state ¢ is said to be ergodic if it is aperiodic and positive recurrent. If all states
in an irreducible Markov chain are ergodic, then the chain is said to be ergodic.

Ergodicity basically means that there is an invariant regime described by a measure 7 such that if
the chain starts in this regime (that is, if ¢ has distribution 7) then it remains in the regime, and
moreover if the chain starts in some other regime then it converges in a strong probabilistic sense
with 7 as a limiting distribution.

Theorem (6.1) implies asymptotic convergence to stationarity, but it does not say anything about
the rate of this convergence. One qualitative convergence rate property is uniform ergodicity:
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Definition 5.5.4. A Markov chain having stationary distribution 7 is uniformly ergodic if

| P"(x,.) — ()| < Mp" n=123,...

for some p < 1 and M < oo.

One equivalence of uniform ergodicity is:

Theorem 5.5.2. A Markov chain with stationary distribution 7 is uniformly ergodic if and only if
SUP,cs || P (x,.) — (.)|| < 1/2 for some n € N.

A weaker condition than uniform ergodicity is geometric ergodicity.

Definition 5.5.5. A Markov chain having stationary distribution 7 is geometrically ergodic if

|P"(z,.) — ()| < Mp" n=123,...
for some p < 1 and M (z) < oo for m-a.e. x € S.

The difference is that now the constant // may depend on the initial state z.

Definition 5.5.6. A subset C' C § is small (or, (ng, €, v)-small) if there exists a positive integer
ng, € > 0, and a probability measure ~ on S such that the following minorisation condition holds:

P (z,)>ev() xzeC

That is, P"(z,.) > ev(A) for all z € C and all measurable sets A C S.

This condition means that all of the n - step transitions from within C, all have an “e-overlap”.

Definition 5.5.7. A Markov chain satisfies a drift condition (or, univariate geometric drift condi-
tion) if there are constants 0 < v < 1 and b < oo, and a function V' : § — [1, o0], such that

That is, such that [ P(z,dy)V (y) < 4V (z) + blc(z) forall z € S.

Then, we have the following theorem guaranteeing geometric ergodicity

Theorem 5.5.3. Consider a ¢-irreducible, aperiodic Markov chain with stationary distribution .
Suppose the minorisation condition is satisfied for some C' C S and € > 0 and probability measure
v(.). Suppose further that the drift condition as defined above, is satisfied for some constants
0<y<landb < oo, and a functionV : § — [1,00] with V() < oo for at least one (and
hence for m-a.e.) v € S . Then the chain is geometrically ergodic.

Of course, if the state space S is finite, then all irreducible and aperiodic Markov chains are geo-
metrically (in fact, uniformly) ergodic. However, for infinite S this is not the case.

We now state an important theorem that throws some light on connections between various kind of
stability ideas introduced in this section.
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Theorem 5.5.4. [25] The following four conditions are equivalent:

1. The chain admits a unique probability measure 7 satisfying the invariant equations

7(A) = /ﬂ(dx)P(x,A), ACS

2. There exists some small set C C S and M < oo such that

sup B, [tc] < Mg
zeS

3. There exists some small set C, some b < oo and some non-negative function V , finite
¢-almost everywhere, satisfying

P(z,dy)V(y) <V(z) —1+ble(x), z€S8

4. There exists some small set C C S and some P> (C') > 0 such that

lim infsup ||P"(x,C) — P>*(C)|| =0
n—oo

zeC

Any of these conditions implies that for aperiodic chains,

sup ||[P"(xz,A) — w(A)|| -0, n— o0
ACS

forevery x € S for which V (x) < oo, where V' is any function satisfying (3).

5.6 MCMC for Spin Systems

Coming back to the problem of finding a probability measure that realizes given spin correlations,
we have seen in chapter III that the discrete time dynamical system given by

1
Antl = Ap — ?VJ()\) for K > N
converges to the right \* and by theorem 4.2.2, it follows that this A* is the unique globally stable

steady state if the system.

We will now look at algorithms for solving this system. Suppose we are given \; and we want
to find A that realizes the given vector of correlations K. A is just a starting point and can be
initialized to something like (1,0, ...,0).

Following the notation of chapter III, by G/(o ), we denote the column vector

T
(17 0102,...,010n,0203,. .. 7Un—10-n)
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of length N =1 + @ and by G we denote the transpose of GG. Z denotes the normalizing
constant given by > ©__, exp(—G(o)’)A). In everything that follows, K’ = N + 1.

We will first look at the deterministic algorithm.

Deterministic algorithm

1. Set an initial value ;.

2. Setr =1

1 —GT)
o ZG@ T

3. Calculate u(\,) = >

4. Update A using

Ar1 = A — (R—u(N))/K
5.r=H

Notice that in the above algorithm we must calculate u()\,) = >, 2Ge~"* and the normalizing
factor Z. This involves calculating exponentials 2" times in each loop. So, for large n this algo-
rithm is rather slow. To overcome this problem of heavy calculations for large n, we propose a

Markov Chain Monte Carlo algorithm.

MCMC algorithm

We have already seen the metropolis algorithm for the Ising model. We consider a Markov chain
o®) with stationary distribution y1, = %e*(G("m))T’\. Note that we update the parameter \ after
every run of the Markov chain. The transition step of the chain involves flipping the &’th spin in
the vector o™, Let us denote the new vector (after the flip) by 5(*). The transition probability is

then given by:

e~(Gle)TA

()\7") = _ef(G((T(t)))TArfl

The Markov chain is run for a time 7" for some 7" large enough to ensure the approximate conver-
gence and then the parameter \ is updated in accordance with the theorem 4.2.3. This process is
continued H times for some large enough H. The algorithm is as follows:

1. Set an initial value \;.
2. Setr=1

3. Set © = 0, where w is a vector of order N.

0)

4. Set initial value, 0, a starting point for the Markov chain.
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5. Sett=1 \\Starting point of the Markov Chain
6. Choose a random number between 1 to n and denote it by m.
7. Do o — &, by flipping the m' spin.
8. Calculate the probability P (\) of the flip
9. Draw h ~ Uniform(0, 1)
10. If h < P(),), accept the proposal and set o) = (&)

11. Calculate

u=u+G")/T

12. untilt =T \\End of the Markov Chain

13. Update A using

Ast = A — (R — u(\)/ K
14. Untilr = H.

We now look at a modification of above algorithm.

MCMC algorithm: with geometric update

Taking the idea of retaining the memory while we do the MCMC, we also test the following
algorithm in the examples.
1. Set an initial value A;.

2. Set initial value, 0(®), a starting point for the Markov chain, u = 0 where u is a vector of
order Nand 0 < a < 1.

3. Sett =1

4. Set w = 0, where w is a vector of order V.

5. Sets=1

6. Choose a random number between 1 to n and denote it by m.
7. Do o — &, by flipping the m'® spin.

8. Calculate the probability P()\;) of flip

9. Draw h ~ Uniform(0, 1)
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10. If h < P()\;), accept the proposal and set ¢() = (&)

11. Calculate

w=w+G(c")/S

12. until s =5
13. Setu=uxa+w=x*(1—a)

14. Update A using

)\t+1 = )\t — (R — US<>\t))/K
15. untilt =T

The idea is the same as MCMC except for the fact that here we assign weight a to the older sample
covariances to keep the memory.

We will now propose an algorithm for solving the same problem which updates A and u simulta-
neously. This belongs to the class of algorithm that have come to be known as Adaptive Markov
Chain Monte Carlo (Adaptive MCMC).

5.6.1 Adaptive Markov Chain Monte Carlo Methods

Again we describe the method in complete generality. Consider a probability space (€2, A, P). We
let {Fy : # € ©} be a parametric family of Markov kernels on (X, X). We consider a process
{(Xn,6,),n > 0} and a filtration F = {F},,n > 0} such that {(X,,,0,),n > 0} is adapted to F
and for each n, and any non-negative function f,

Bl (X0 B = Fo fO6) = [ P (Xdi)f (), P -as

Let us look at the Adaptive MCMC for the problem of order n, in case of spin correlations.

Internal adaptive MCMC

The internal adaptive MCMC algorithm corresponds to the case where the parameter 6,, depends
on the whole history Xy, ..., X,,,0q,...,6,_1. However, it is often the case that the pair process
{(Xn,6,),n > 0} is Markovian. The so-called controlled MCMC algorithm is a specific class of
internal adaptive algorithms. According to this scheme, the parameter {6y} is updated according
to a single step of a stochastic approximation procedure,

Ors1 = Ok + Yo 1 H Ok, X, Xpg1), k>0
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where X, is sampled from Fp, (Xj,.). In most cases, the function H is chosen so that the
adaptation is easy to implement.

External adaptive MCMC

The external adaptive MCMC algorithms correspond to the case where the parameter process
{60,,n > 0} is computed using an auxiliary process {Y;, k& > 0} run independently from the
process { Xy, k > 0} (several auxiliary processes can be used as well). More precisely, it is as-
sumed that the process is adapted to the natural filtration of the process {Y%, k > 0}. That is, for
each n, 6, is a function of the history (Yp, Y, ...,Y,,) of the auxiliary process. In addition, con-
ditionally to the auxiliary process {Y}, k > 0}, { Xk, k > 0} is an inhomogeneous Markov Chain,
for any 0 < k£ < n, and any bounded function f,

E[f<Xk+1)|X07X17 cee JXk7}/b7)/17 cee JYk] - Pekf(Xk)

Note that in case of adaptive MCMC, the convergence of the parameter ;. is not the central issue.
The focus is on the way the simulations { X,k > 0} approximate the stationary distribution 7.
The minimal requirements are that, the marginal distribution of X}, converges in an appropriate
sense to the stationary distribution 7, and that the sample mean % > i f(Xy), for the chosen f
converges to m(f). Some discussion on convergence in adaptive MCMC setting can be found in

(2], [22].

5.6.2 Adaptive MCMC for the spin covariance realization problem

The idea of this algorithm is to build a Markov chain, similar to the one constructed above, but
in which the parameter \ is updated at each step. Thus we obtain a single, non- homogeneous
Markov chain that is expected to return the “right” A in the limit of infinitely many iterations.

Adaptive MCMC algorithm

1. Set an initial value ;.

N

Set initial value, 0(©, a starting point for the Markov chain.
Sett =1

Choose a random number between 1 to n and denote it by m.
Do ¢ — &, by flipping the m!" spin.

Calculate the probability P(),) of flip

L

Draw h ~ Uniform(0, 1)
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8. If h < P()\), accept the proposal and set ¢() = (&)
9. Calculate

(t—1)u+ G(o®)
t

u =

10. Update A using

Aerr = A — (R—u(M))/K
11. untilt =T

Simulations show that the adaptive algorithm takes a long time to converge.

In the context of above discussion on adaptive MCMC, one can consider a modified version where
instead of adapting the parameter ¢, at each step, it is adapted in batches, which can be computa-
tionally less demanding. With this in mind, we look at the following modifications of the adaptive
algorithm.

Adaptive MCMC algorithm: Modification I

In the first modification of the above algorithm, we do the following: Instead of adapting A, contin-
uously, we adapt it in batches of size 7. This looks very similar to the original MCMC algorithm
but we do not take 7} to be very large which means we do wait for the convergence of the Markov
chain and update the ) rapidly with the Markov chain, albeit in small intervals. More importantly,
the sample mean w is not set to zero after each batch of 7j. This is a significant difference because
this means that we completely retain the past information.

1. Set an initial value A;.
2. Fix T, the batch size over which A is adapted.

0), a starting point for the Markov chain.

3. Set initial value, o
4. Sett =1

5. Choose a random number between 1 to n and denote it by m.
6. Do o — &, by flipping the m* spin.

7. Calculate the probability P();) of flip

8. Draw h ~ Uniform(0, 1)

9. If h < P()\,), accept the proposal and set o) = (&)



10.

11.

12.

Calculate

(t—1)u+ G(e®)

u =

If mod(t,Ty) = 0, update \ using

Apr =N — (R—u(N))/K

untilt =T

Adaptive MCMC algorithm: Modification II

The second modification of the adaptive MCMC algorithm can be explained as follows:
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Here, we keep the past information stored in a vector w and keep adding the new sample covariance
G (a(t)) to it with each batch of size S of Markov chain. Thus, the covariance is calculated over
t .S samples at each step ¢t. At each step ¢, we give a weight a to sample covariances calculated at
t — 1% step.

10.
11.

12.

13.

. Set an initial value A{, a such 0 < a < 1.

Set initial value, o, a starting point for the Markov chain.
Sett =1

Set w = 0, where w is a vector of order V.

Sets =1

Choose a random number between 1 to n and denote it by m.
Do ¢ — &, by flipping the m!" spin.

Calculate the probability P()\;) of flip

. Draw h ~ Uniform(0, 1)

If h < P()\;), accept the proposal and set 0¥ = (&)

Calculate

(t—1)*S*u™t +(1—a)*G(cW)

w=w +

(t*.9)

until s = S

Setu! =axw
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14. Update A using

Ap1 =N — (R — UtO\t))/K

15. untilt =T

5.7 Some Examples

We implement the algorithms described in the previous sections in MATLAB to analyze and com-
pare the results. We consider some of these examples here.

We consider the performance of each algorithm for small and large n. To look at the convergence
of A\, we look at the plot of second entry of A (which has been initialized to 0.5) with time (each
iteration step is one time unit). We denote by R, the given matrix of covariances. We do not know
whether it is realizable or not a priori, so, it is just a matrix in M,(R). We call it the matrix of
covariances because if it is realizable then we try to find a measure 1) such that it realizes R as a
covariance matrix of a spin system. The algorithms return a final A\. We use this parameter \ to
construct the measure p, and then calculate the R* which is the corresponding covariance matrix.
We want the algorithms to work well enough so that R ~ R* with a small error margin.

Before going into comparisons of various algorithms described in the previous section for a real-
izable matrix R, let us look at what happens if R is not realizable.

Example 13. Consider a matrix

1 72 3
7141
f= 2 41 5
31 5 1

Clearly R ¢ Covy. As we have already seen in theorem 4.1.2, in the continuous time differential
equation \ diverges while M ()\) converges to a singular matrix. When the Euler scheme is used to
approximate a solution, we observe a similar behaviour. In case of the discrete time deterministic
algorithm, \ diverges and R(\) converges to the “nearest” boundary point. We get

%

Il
— = =
— = =
— = =
— = =

Below we consider an example where the Euler scheme doesn’t work.
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FIGURE 5.7.1: n =4, Euler scheme for non feasible R

FIGURE 5.7.2: n =4, Discrete deterministic algorithm for non feasible R

Example 14. Let us consider
1 01 0.2
A=11 01 1 0.1
02 0.1 1

This is clearly a 3 x 3 realizable spin correlation matrix. For n = 6, consider the block matrix

AlA
n- ()
This is also realizable. However, we run into difficulties when we try to find a suitable )\ by finding
an approximate solution to the differential equation using the Euler’s method. This is because
the matrix M () tends to be very close to a singular matrix. However, the same problem can be
solved by using the deterministic algorithm. Since R is realizable, we know that the dual problem

is feasible and that a fixed point of the contraction map ¢ as defined in section 4.2.2 of Chapter 4
exists. The deterministic algorithm then gives:

1.0000  0.0419 —0.0489 —4.6742 —0.0839 —0.0489
0.0419  1.0000 —0.0211 -0.0839 —-4.6819 —0.0211
—0.0489 -0.0211 1.0000 —0.0489 —0.0210 —4.6741
—4.6742 —0.0839 —0.0489 1.0000  0.0418 —0.0489
—0.0839 —4.6819 —0.0210 -0.0418 1.0000 —0.0210
—0.0489 —-0.0211 —4.6741 -0.0489 —0.0210 1.0000

A\ =

for which the R is realized.

Thus, the deterministic algorithm has a clear advantage over finding an approximate solution of
the differential equation because many a times when the matrix M is close to being singular, the
Euler scheme becomes fragile. The deterministic algorithm, on the other hand, works in all cases.
Let us start now compare the deterministic algorithm with stochastic ones. We start by looking at
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an example for small n.

Example 15. Let n = 4. We consider a vector of covariances given by

1 01 02 02
01 1 025 04
02 025 1 0.3
02 04 03 1

R=

We know that the corresponding correlation matrix is realizable. We want to find a \, that would
give a measure that realizes R. We start with an initial \ given by

1 05 00
o = 05 1 0 0
0 0 10
0 0 01

Following the notations in the algorithms we denote by u, the sample covariance matrix.

e Deterministic Algorithm. We get the final vector of covariances as

1 01 02 02 1 0.0000  —0.1590 —0.1590
o 01 1 025 04 \ 0.0000 1 —0.1658 —0.3835
02 025 1 03 ]’ —0.1590 —0.1658 1 —0.2245

02 04 03 1 —0.1590 —0.3835 —0.2245 1

in 1.5 seconds. The plot of A1 with time looks like:

FIGURE 5.7.3: n =4, discrete deterministic algorithm, no. of time steps = 100



o MCMC algorithm yields

1.0000 0.0961 0.2003 0.2124
0.0961 1.0000 0.2505 0.3950
0.2003 0.2505 1.0000 0.2998
0.2124 0.3950 0.2998 1.0000

1.000 0.1001 0.1990 0.1984
0.1001 1.0000 0.2514 0.4014
0.1990 0.2514 1.0000 0.2968
0.1984 0.4014 0.2968 1.0000

R =

with

1.000  0.0008 —0.1578 —0.1567
0.0008  1.0000 —0.1690 —0.3850
—0.1578 0.1690 1.0000 —0.2201
—0.1567 0.3850 0.2201  1.0000

A:

inT ~ 2113 seconds. The evolution of \15 with time is as follows:

FIGURE 5.7.4: n =4, MCMC, no. of time steps = 100, Markov chain steps = 100000
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o MCMC with geometric update

For the same parameter, MCMC with geometric update takes ~ 2000 seconds. The evolution
of A1 with time is as follows:

FIGURE 5.7.5: n =4, MCMC with geometric update

e Adaptive MCMC

1.0000 0.0990 0.1993 0.1999
0.0990 1.0000 0.2506 0.3989
0.1993 0.2506 1.0000 0.2990
0.1999 0.3989 0.2990 1.0000

and,
1.0000 —0.1063 —0.1876 —0.1511
0.1063  1.0000 —0.1846 —0.3720
—0.1876 —0.1846 1.0000 —0.2330
—0.1511 —0.3720 —0.2330 1.0000

A:

inT =~ 367 seconds. The evolution of \i5 with time is as follows:



1.5 T

FIGURE 5.7.6: n =4, adaptive MCMC, no. of time steps = 5000000

o Adaptive MCMC: Modification I

1.0000 0.0981 0.1994 0.1986
0.0981 1.0000 0.2484 0.3983

T 01994 0.2484 1.0000 0.2977
0.1986 0.3983 0.2977 1.0000
and,
1.0000  —0.0359 —0.1667 —0.1522
\_ | —00859 10000 —0.1285, —0.4112
~0.1667 —0.1285 1.0000 —0.2887
~0.1522 —0.4112 —0.2887 1.0000

inT ~ 1182 seconds. The evolution of \15 with time is as follows:

83
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FIGURE 5.7.7: n =4, Adaptive MCMC (Modification I), no. of time steps = 5000000, update after every

o Adaptive MCMC: Modification 11

1.0000
0.1006
0.2022
0.2009

and,
1.0000

—0.0028
—0.1682
—0.1993

A:

1000 steps

0.1006
1.0000
0.2520
0.4016

—0.0028
1.0000
—0.1912
—0.3664

0.2022
0.2520
1.0000
0.3023

—0.1682
—0.1912
1.0000
—0.3239

0.2009
0.4016
0.3023
1.0000

—0.2027

—0.3664

—0.3239
1.0000

inT =~ 726 seconds. The evolution of \1o with time is as follows:
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FIGURE 5.7.8: n =4, Adaptive MCMC (Modification II)

Looking at the results, it is clear that while convergence of \ is rather slow, the sample covariances
u edge close to the input R much faster.

Clearly the deterministic algorithms are much better for small n because it takes some time for
the Markov chain to converge. However, since the deterministic algorithms involve calculating
exponentials very often, it is expected that the stochastic algorithms yield much better results (in
terms of time consumed) for sufficiently large n. This can be illustrated by considering the same
problem for a large n.

Example 16. Let us consider an example for n = 10. Let

1 01 02 03 0.1
01 1 025 04 0.1
A=1 02 025 1 03 0.1
03 04 03 1 0.1
01 01 01 01 1

We then consider the correlation matrix
A|lO
n= (517

Let us look at the plot of A\, for different algorithms in this case.

where O denotes a 5 X 5 zero-matrix.

Deterministic:

This takes ~ 40932 seconds to get to the precise fixed point \. The plot of \15 which is given by:
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FIGURE 5.7.9: n = 10, Deterministic, 700 steps

1.0000 0.0533 —0.1337 —0.2900 —0.0723 —0.0000 —-0.0000 —0.0000 0.0000  0.0000
—0.1681 —0.3948 —0.0649 —0.0000 —0.0000 —0.0000 —0.0000 0.0000  0.0000
1.0000 —0.2083 —0.0600 0.0000 —0.0000 —0.0000 —0.0000 0.0000

1.0000  —0.0358 0.0000 —0.0000 0.0000  0.0000  0.0000

1.0000  —0.0000 —0.0000 —0.0000 —0.0000 0.0000

1.0000  0.0532 —0.1336 —0.2898 —0.0723

1.0000 —0.1681 —0.3946 —0.0649

1.0000 —0.2084 —0.0600

1.0000  —0.0358

1.0000

In comparison, the stochastic algorithms are faster.
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FIGURE 5.7.10: n = 10, MCMC, 2000 steps
Time taken is ~ 22525 seconds and the plot of \1o which is given by:
1.0000 0.0517 —0.1320 —-0.2908 -0.0711 —-0.0014 —0.0004 —0.0007 0.0001
—0.1701 —0.3955 —0.0642 —0.0008 —0.0015 —0.0014 —0.0006 0.00023
1.0000 —0.2081 —0.0570 0.0014 —0.0004 —0.0008 —0.0008
1.0000 —0.0340 0.0021 —0.0036 0.0012  0.0028
1.0000 —0.0011 —-0.0012 —0.0025 —0.0031
1.0000  0.0528 —0.1384 —0.2831
1.0000 —0.1686 —0.3966
1.0000  —0.2065
1.0000

0.0003
0.0017
0.0021
0.0034
0.0027
—0.0725
—0.0644
—0.0587
—0.0345
1.0000




MCMC with geometric updating

FIGURE 5.7.11: n =10, MCMC with geometric updating, 2000 steps

Time taken is ~ 22697 seconds and the plot of \1o which is given by:

1.0000 0.0553 —0.1341 —-0.2901 —-0.0722 —0.0000 —0.0005
—0.1692 —0.3923 —-0.0636 —0.0006 —0.0004 —0.0023
1.0000 —0.2095 -0.0615 0.0004 —0.0002

1.0000 —0.0357 0.0017 —0.0007

1.0000 —0.0014 —0.0002

1.0000  0.0531

1.0000

One can see, that because of geometric updating, even though the time taken for the same number
of loops is same, the convergence is slightly faster and )\ obtained is closer to the fixed point, than

the one obtained by pure MCMC.
Adaptive MCMC:

Time taken is ~ 11665 seconds.

Even though the \ seems to oscillate, it remains inside the small neighbourhood and the the sample

covariance u obtained in the end is considerably close to R.

—0.0010
—0.0002
—0.0001
0.0001
—0.0015
—0.1341
—0.1675
1.0000
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0.0017
0.0002
—0.0009
0.0006
—0.0012
—0.2898
—0.3933
—0.2066
1.0000

0.0021
0.0010
0.0022
0.0003
0.0005
—0.0721
—0.0661
—0.0601
—0.0371
1.0000
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FIGURE 5.7.12: n = 10, Adaptive MCMC, 100000000 steps

1.0000 0.0996 0.2006 0.2995 0.0993 0.0000 —0.0002 —0.0005 0.0000  0.0003
1.0000 0.2503 0.3996 0.0988 —0.0002 0.0001 —0.0002 0.0009  0.0004

1.0000 0.2994 0.1003 0.0006 —0.0001 0.0005  0.0005  0.0009

1.0000 0.0993 0.0011 —0.0012 —-0.0010 0.0004 —0.0000

1.0000 —0.0003 —0.0012 —0.0006 —0.0007 0.0001

1.0000  0.1001  0.2002  0.3001  0.0993

1.0000  0.2505  0.4002  0.0998

1.0000  0.2993  0.0999

1.0000  0.1010

1.0000

Adaptive (Modification I)

FIGURE 5.7.13: n = 10, Adaptive MCMC (Modification I)
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Adaptive (Modification II)

nnnnn

FIGURE 5.7.14: n = 10, Adaptive MCMC (Modification II)

Let us consider a slightly larger n. For n = 12, we consider the following matrix of covariances:

1 0.1 0.2
, where A= 01 1 0.1
02 0.1 1

NN
SN
NN NS
NSNS

The deterministic algorithm in this case is extremely slow. One step (for updating \) takes 2580
seconds. Since the deterministic algorithm requires more than 600 steps to converge, the total
time takes is very large ( > 400 hours!). The MCMC algorithm is comparatively quicker. For
the deterministic algorithm, time taken for executing one step, that is, for one update of A is
0.707,0.196,6.044, ~ 120 and 2238 seconds for n = 4,5,8, various matrices of size 10 and
12 respectively. On the other hand, the time taken for MCMC algorithm (both the usual MCMC
and the one with geometric updating) increases from 7 to 15 seconds as we go from n = 4 to
n = 12. The same holds true for the modifications of the adaptive algorithm.This means that it is
clearly more useful to use the MCMC based methods for large n.

The time taken by the deterministic algorithms increases rapidly with increasing n. Hence, they are
not very useful for problems involving large number of spins. For large n, the MCMC algorithm
can be used to approximate the correct \.



Chapter 6

Further Applications and Ideas

6.1 Quantum Spins

6.1.1 Setting

We define Quantum spins as follows. In correspondence with the classical spin values £1, we
consider the two dimensional vectors

() ()

The pair | 1) and | — 1) is a basis of the state space for a one-site quantum spin system, provided
with the Euclidean scalar product. For a finite A C Z<, we consider the classical spin system
OA = {—1,1}2. The corresponding quantum space is given by

X ®jen C?

We denote by |0) = ®;cx|0;) the 214! elements of a basis of X, ; the scalar product, defined on the
elements of the basis by

(olo) = TJ(oulor), i € A

1SN
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makes it into an orthonormal basis. Let now by 7 the Pauli matrix,

. (10
7=\ o -1 )

and denote by o7 the linear operator on X, defined on the basis by

oilo) == o) ®...Q06%|0;) @ ...|o]). (6.1.1)

Given a function H : 2, — R, it can be lifted to the self-adjoint operator H. on X, by
Halo) = H(67,...,60)|o) = H(o)|o).

The models we consider are obtained by adding a transverse field to a given classical Hamiltonian
‘H.;. To the Pauli matrix

. (01

e (0)

we associate, as in (6.1.1), the operators 67. Given real numbers {l; : i € A}, we define the
Hamiltonian

Hi=Ha— > Lo} (6.1.2)
i€A
It should be noticed that there is some arbitrariness in the choice of the basis | 1), | — 1) of eigen-

vectors for 6*. For instance, if we transform the canonical choice given above to | 1) := (_01) and
|—1) := ((1)), the corresponding change of variables would transform ¢ to —g*. Since this choice
can be made component-wise, we can always choose a basis of X, such that the Hamiltonian cor-
responds to the matrix (6.1.2) with nonnegative values of the \;’s. Thus without loss of generality
we may assume that \; > 0 for every i € A.

An observable F its quantum average is given by

TrFe 1

<F>=——.
Tre—fH
Similarly, for two observables F and G, the (truncated) correlation is defined by

<F;G>=<FG>—-—<F><G>.

To the classical observable f : {2y — R, we associate the quantum counterpart
Fp=f(07,...,00)-

h

For o € Q, and i € A, 0" denotes the element of 2, obtained from o by flipping the it spin.

In the next section we will reformulate the stochastic-geometric representation of the Quantum
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field defined here. This would allow us to view quantum means and correlations of observables
as classical means and correlations with respect to a suitable distribution 7 on a product space of
marked point processes.

6.1.2 Stochastic Geometric Representation

We denote by A the set of piecewise constant, right continuous functions from [0, 3) — {—1, 1},
where [0, 3) is meant to be a circle (0 = (). This set is provided with the Skorohod topology.
Moreover, . is the set of finite subsets of [0, 5). The topology on ¥ is generated by the following
sets, parametrized by n € Y and e > 0: {0 € ¥ : |r/| = |n| and dist(n,n’) < €}, where dist(n,n’)
denotes the Hausdorff distance between two sets. Finally, we define

S = (A x )N,

and provide it with the product topology.

Ifn € ¥ and a € A, we say that a ~ 7 (a is compatible with 7) if the discontinuity points of a are
a subset of 1. Similarly, for ¢ € ¥* and ¢ € A® we write, by slight abuse of notation, o ~ ¢ if
o; ~ & for every : € A. We will sometimes say that o is a coloring of €.

By P, ¢ € A, we denote the Poisson point measure on > with intensity /;. By P we mean the
product measure on ¥4
P = ®iEAPi-

Consider the probability measure on S given by

1 B
(o, d€) = El{awg} exp {/0 H(Ut)dt] P(d¢) (6.1.3)

where Z is a normalization factor. Given Borel measurable functions &, ¥ : S — R, we denote by
7w[®] or w[P(c,&)]
the mean of ® with respect to m, and by
w[®; U] or 7[P(0,§); Y(o,§)]

their covariance 7|[®V]| — 7[P]|7[V].

6.1.3 A covariance realization problem for Quantum spins
Theorem 6.1.1. [9] Let f, g : Q0 — R. Then,

<]:f> W[f(Uo)]
(Fr, Fy) = [f(00),9(00)] (6.1.4)
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where (), is as defined in section 6.1.1.

As mentioned before, this theorem allows us to consider a covariance realization problem for the
Quantum Spin system defined in section 6.1.1 as a covariance realization problem for the system
of classical spins given by o in accordance with the description given in the previous section.

Consider a probability measure of the form given in (6.1.3). The corresponding entropy function
is give by

S(m,P) = — / (0, d€) log ~ (6.1.5)
S

We impose the covariance constraints:

/S ou(i)e(o,dE) = 0 Yt
[ rtintiymionds) =,

We consider the corresponding maximum (classical) entropy problem. We want to find a Hamil-
tonian H (o;) that maximizes the entropy subject to the above stated constraints. The Lagrange
function as defined in chapter 3, section 3.2.1, is of the form

L(m,\) = S(n,P) +Z// 0,(1)o,(§) Mij ()7 (0, dE ) dt (6.1.6)

Then, doing the calculations that resemble the Lagrange multiplier method used in section 3.2.2
for classical spin system, we get,

dIP’ - ZeXp

Z/ o)) ”()dt]

dP

T = —ex
7 p

B
Z/o or(1)oe(7)Aij(t)dt

Notice, that the Hamiltonian H (o;) is independent of 3. This means that the corresponding condi-
tions for feasibility of the problem are the same as obtained in chapter 3, section 3.2.2.

This is rather interesting because this means that the necessary and sufficient conditions obtained
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in Chapter 3 can be used for a Quantum system (as described above) as well. This places the
problem of covariance realization for spins in a much larger and interesting context.



Bibliography

[1] Christophe Andrieu and Johannes Thoms, A tutorial on adaptive MCMC, Stat. Comput. 18
(2008), no. 4, 343-373. MR 2461882

[2] Yves Atchadé, Gersende Fort, Eric Moulines, and Pierre Priouret, Adaptive Markov chain
Monte Carlo: theory and methods, Bayesian time series models, Cambridge Univ. Press,
Cambridge, 2011, pp. 32-51. MR 2894232

[3] J. S. Bell, On the einstein podolsky rosen paradox, Physics (1964), no. 1, 195-200.

[4] Stephen Boyd and Lieven Vandenberghe, Convex optimization, Cambridge University Press,
Cambridge, 2004. MR 2061575 (2005d:90002)

[5] Pierre Bremaud, Markov chains: Gibbs fields, monte carlo simulation, and queues, corrected
ed., Springer-Verlag New York Inc., 2001.

[6] David Bremner, Komei Fukuda, and Ambros Marzetta, Primal-dual methods for vertex and
facet enumeration, Discrete and Computational Geometry 20 (1998), 333-357.

[7] Francesca Carli, Augusto Ferrante, Michele Pavon, and Giorgio Picci, A maximum entropy

solution of the covariance extension problem for reciprocal processes, IEEE Transactions on
Automatic Control 56 (2011), no. 9, 1999-2012.

[8] Francesca P. Carli, Augusto Ferrante, Michele Pavon, and Giorgio Picci, An efficient algo-
rithm for maximum-entropy extension of block-circulant covariance matrices, (2011).

[9] Alessandra Cipriani and Paolo Dai Pra, Decay of correlations for quantum spin systems with
a transverse field: A dynamic approach, (2010).

[10] Keith Conrad, Probability distributions and maximum entropy.

[11] Jon Dattorro, Convex optimization and euclidean distance geometry, Lulu.com, 2006.
[12] A. P. Dempster, Covariance selection, Biometric 28 (1972), no. 1, 157-175.

[13] Oded Galor, Discrete dynamical systems, 1 ed., Springer, 2006.

[14] Tryphon T. Georgiou, Solution of the general moment problem via a one-parameter imbed-
ding, IEEE Transactions on Automatic Control 50 (2005), no. 6.

96



97

[15]

, Relative entropy and the multivariable multidimensional moment problem, IEEE
Transactions on Information Theory 52 (2006), no. 3.

[16] J. C. Gupta, Characterisation of correlation matrices of spin variables, Sankhya: The Indian
Journal of Statistics 61 (1999), 282-285.

[17] Dmitry loffe, Stochastic geometry of classical and quantum Ising models, Methods of con-
temporary mathematical statistical physics, Lecture Notes in Math., vol. 1970, Springer,
2009, pp. 87-127. MR 2581610 (2011e:82018)

[18] K. R. Parthasarathy K. Balasubramanian, J. C. Gupta, Remarks on bell’s inequalities for spin
correlations, Sankhya: The Indian Journal of Statistics 60 (1998), 29-35.

[19] Tinne Hoff Kjeldsen, The early history of the moment problem, Historia Mathematica 20
(1993), no. 1, 19 — 44.

[20] T. Kuna, J. L. Lebowitz, and E. R. Speer, Realizability of point processes.

[21] Tobias Kuna, Joel L. Lebowitz, and Eugene R. Speer, Necessary and sufficient conditions for
realizability of point processes, Annals of Applied Probability 2011, Vol. 21, No. 4, 1253-
1281 (2009).

[22] Krzysztof Latuszynski, Gareth O. Roberts, and Jeffrey S. Rosenthal, Adaptive gibbs samplers
and related mcmc methods, (2011).

[23] Neal Madras, Lectures on monte carlo methods, American Mathemataical Society, 2002.

[24] Barry M. McCoy and Tai Tsun Wu, The two-dimensional ising model, SBN 674-91440-6,
Harvard University Press, 1973.

[25] S. P. Meyn and R. L. Tweedie, Markov chains and stochastic stability, Communications
and Control Engineering Series, Springer-Verlag London Ltd., London, 1993. MR 1287609
(955:60103)

[26] K. R. Parthasarathy, An introduction to quantum stochastic calculus, Monographs in Mathe-
matics, vol. 85, Birkhiuser Verlag, Basel, 1992. MR 1164866 (93g:81062)

[27] K. R. Parthasarathy, On extremal correlations, Journal of Statistical Planning and Inference
(2002), 282-285.

[28] Lawrence Perko, Differential equations and dynamical systems, 3rd ed., Springer, 2006.

[29] Gareth O. Roberts and Jeffrey S. Rosenthal, General state space Markov chains and MCMC
algorithms, Probab. Surv. 1 (2004), 20-71. MR 2095565 (2005i:60135)

[30] R. Tyrrell Rockafellar, Convex analysis, Princeton Mathematical Series, No. 28, Princeton
University Press, 1970. MR 0274683 (43 #445)

[31] Reuven Y. Rubinstein and Dirk P. Kroese, Simulation and the Monte Carlo method, sec-
ond ed., Wiley Series in Probability and Statistics, Wiley-Interscience [John Wiley & Sons],
Hoboken, NJ, 2008. MR 2365210 (2008i:68002)



