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Abstract

This thesis deals with two multiuser wireless communication systems: i) the multiple-input

multiple-output (MIMO) broadcast channel (BC) where a multi-antenna transmitter serves

multiple users along spatially multiplexed channels and ii) a networked control system (NCS)

where spatially distributed sensors, controllers and actuators exchangeinformation via a digital

wireless network in order to estimate or control a dynamical system.

In MIMO BC, channel state information at transmitter (CSIT) is essential to achieve spatial

multiplexing across users. Special interest is on frequency division duplexing systems where

CSIT is provided through limited uplink feedback (FB) from the receivers. Either in case of

single antenna or multi-antenna receivers the main contributions are: i) the design of novel lin-

ear transceiver strategies that account for limited CSIT, ii) the proposalof channel quantization

techniques and FB strategies that exploit spatial and time correlation of the MIMO channel

and iii) the derivation of efficient and robust user selection schemes forthe maximization of

the achievable throughput. In MIMO downlink systems the potential gains of multiuser over

more conventional single user transmission strategies are also evaluated in amulti-cell cel-

lular network where coordination among spatially distributed base stations andhigher order

sectorization are investigated as possible methods to mitigate inter-cell interference. In case

of multiuser MIMO orthogonal frequency division multiplexing (OFDM) downlink systems

we provide non trivial generalizations of channel quantization strategiesproposed for single

carrier flat fading systems. Interestingly, concentrating FB bits to characterize only a portion

of the available bandwidth at receivers and the possibility of exploiting multiuser diversity can

increase significantly the achievable throughput.

In NCSs where system measurements come from multiple spatially distributed sensors,

the main contribution is the generalization of estimation and control techniques to account for

wireless link inefficiencies: i) packet loss, ii) delays and iii) signal quantization. In particular

sensors, controller and actuator share a common frequency resourcemotivating a cross layer

optimization of i) signal/measurements quantization processes and ii) network resource allo-

cation. Even with small transmission bandwidth, single-hop communication protocols with

binary phase shift keying provide close to optimum performance in applications dealing with

state estimation or state control of a stable system. This support the widespread use of low-cost

sensors for these applications.





Sommario

Questa tesi si occupa di due sistemi di comunicazione wireless: i) il canalebroadcast (BC)

multiple-input multiple-output (MIMO) dove un trasmettitore equipaggiato con piu antenne

serve più utenti lungo canali multiplati spazialmente e ii) e un sistema di controllo connesso

attraverso una rete wireless (NCS) dove sensori distribuiti nello spazio,controllori e attuatori

scambiano informazioni attraverso una rete wireless digitale con lo scopo distimare o control-

lare un sistema dinamico.

Nel sistema MIMO BC è essenziale avere informazioni sullo stato del canale al trasmet-

titore (CSIT) in modo da ottenere multiplazione spaziale degli utenti. In modo particolare

vengono considerati sistemi duplex a divisione di frequenza dove CSIT viene fornita dai rice-

vitori attraverso canali di feedback (FB) a banda limitata. Considerandoricevitori con una o

più antenne i contributi principali sono i seguenti: i) il progetto di nuove strategie di trans-

missione e ricezione lineari che tengano in considerazione la conoscenzalimitata del canale

in trasmissione, ii) la proposta di techniche di quantizzazione del canale e strategie di FB che

sfruttino la correlazione spaziale e temporale del canale MIMO e iii) la derivazione di schemi

di selezione degli utenti robusti ed efficienti con lo scopo di massimizzareil throughput del

sistema. I potenziali vantaggi di techniche di trasmissione MIMO multiutente rispetto a più

convenzionali strategie MIMO singolo-utente sono stati verificati anche inreti cellulare multi

cella, dove la possibiltà di coordinare la trasmissione tra stazioni radio basedistribuite nello

spazio e una più fine settorizzazione all’interno di ciascuna cella sono statestudiate come pos-

sibili metodi per mitigare l’interferenza tra le varie celle. In sistemi MIMO multiutentecon

multiplazione ortogonale a divisione di frequenza (OFDM) diamo generalizzazioni non banali

di strategie di quantizzazione di canale proposte per sistemi singola portante con canali non

dispersivi. In questo caso un risultato interessante è che la concentrazione di tutti i bit di FB

nella caratterizzazione di solo una parte dello banda disponibile e la possibilitàdi sfruttare la

diversità multiutente possono portare significativi guadagni al throughput del sistema.

In NCS dove misure dello stato del sistema arrivano da sensori distribuiti nel dominio

dello spazio, il contributo principale è la generalizzazione di techniche di stima e controllo

che tengano in considerazione le problematiche del canale wireless: i) perdita di pacchetti, ii)

ritardi e iii) quantizzazione dei segnali. Inoltre, sensori, controllore e attuatore condividono

una banda di trasmissione comune, e questo suggerisce un ottimizzazione ditipo cross-layer

delle seguenti problematiche: i) processi di quantizzazione di segnali emisure e ii) allocazione

di risorse nella rete. Utilizzando protocolli di comunicazione single-hop e una modulazione

binaria di fase è possibile ottenere prestazioni quasi ottime in problemi di stimae controllo

dello stato per sistema stabili. E questo addirittura con una piccola banda di trasmissione.



vi Sommario

Tutto ciò supporta l’utilizzo di sensori a basso prezzo in applicazioni di questo tipo.



”Everything should be made as simple as possible, but not simpler.“

Albert Einstein
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Chapter 1

Introduction

A multi-user wireless communication system is a competitive environment where multiple

users compete for a common resource, the transmission bandwidth [1]. From an information

theoretic point of view we can distinguish between three different multiuser communication

systems [2]. The first configuration is the interference channel (IC) where neither transmitters

not receivers can cooperate [3, 4, 5]. A typical IC is a sensor network where spatially distrib-

uted sensors exchange messages using a common frequency resource. The second one is the

multiple access channel (MAC) where no-cooperating transmitters communicate with a single

receiver [6, 7, 8]. This configuration models the uplink of a cellular network where the base

station can jointly decode the independent messages coming from the different users. The last

one is the broadcast channel (BC) where a single transmitter serves multipleno-cooperating re-

ceivers [9, 10, 11, 12, 13]. This models the downlink of a cellular systemwhere a base station

jointly encodes and transmits independent messages to different users which cannot cooperate.

In this thesis we study two different multiuser wireless systems. The first part considers a

BC where both transmitter and receivers might be equipped with multiple antennas. The poten-

tial gains of multiple-input multiple-output (MIMO) transmission techniques overmore con-

ventional single-antenna transmission strategies were highlighted since the pioneering works

by Foschini and Gans [14] and Telatar [15]. Even if most of the research activities in the last

decade focused on single-user (SU) MIMO where multiple spatial channels are allocated to a

single user, recently there has been a shift to multiuser configurations [16]. In particular in

MIMO BC the additional degrees of freedom provided by multiple antennas are used to serve

multiple users along spatially multiplexed channels. Unfortunately, differently from SU MIMO

where channel state information at transmitter (CSIT) is optional, in a MIMO BC, CSIT is es-

sential to achieve spatial multiplexing across users. In a time division duplexing (TDD) system

channel knowledge at transmitter can be obtained through channel estimation in the uplink,

exploiting channel reciprocity. Differently in a frequency division duplexing (FDD) system the

transmitter must rely on uplink feedback (FB) from the users to obtain CSIT.The main con-

tribution of the first part of the thesis is the proposal of transceiver architectures and channel

feedback strategies for MIMO BC with limited uplink feedback from receivers. Even with low

rate connections between transmitter and receivers we can significantly improve the network

throughput with respect to SU MIMO techniques, supporting the development of MU MIMO
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deployments in next generation cellular systems. This first part of the thesiscovers Chapters

2-6.

The second part of the thesis considers a special interference channel, a networked control

system (NCS) [17]. In a NCS the aim is to estimate or control one or more dynamical systems,

using multiple sensors, actuators and controllers that are not physically co-located and need to

exchange information via a wireless digital communication network. In NCSs measurements

and control packets are subject to random delay and loss, [18]. Moreover, as to each com-

ponent is effectively allocated only a small portion of the available bandwidth, measurements

and control information need to be quantized and this affects the stability of thesystem, [19].

The main contribution of this part of the thesis is the generalization of classic estimation and

control techniques to account for wireless link inefficiencies: i) packetloss, ii) delays and iii)

signals quantization. Moreover we show how a cross-layer design of communication and esti-

mation/control systems might provide significant performance improvements over a separated

approach. A deeper understanding of the inter-connections between communication and con-

trol systems, together with the widespread proliferation of wireless sensornetworks, promises

a tremendous improvement of our capabilities of monitoring and controlling the environment.

This second part of the thesis covers Chapters 7-8.

In more details, the contributions of this thesis can be summarized as follows.

• In Chapter 2 we consider a MIMO BC with perfect CSIT where both transmitter and re-

ceivers might be equipped with multiple antennas. After reviewing the capacityachiev-

ing dirty paper coding (DPC) we describe a suboptimum linear transmission strategy de-

noted as multiuser eigenmode transmission (MET). MET is based on zero forcing (ZF)

beamforming (BF), therefore each active user sees no interference from other users’ mes-

sages. In case the total number of users’ receive antennas is larger than the number of

transmit antennas, MET selects a set of active users and a set of eigenmodes per each

user in order to maximize the weighted sum rate. A simple greedy eigenmode selec-

tion algorithm is described which provides close to optimum performance. A simplified

version of MET which serves each selected user only along its dominant eigenmode per-

forms close to MET as the number of users increases. Numerical comparisons with other

linear precoding schemes confirm the effectiveness of MET.

• In Chapter 3 we consider a MIMO BC with limited FB from single antenna receivers

and investigate three different problems: i) beamformer design, ii) feedback signalling

optimization and iii) user selection. After reviewing ZF beamforming we proposea

new minimum mean square error (MMSE) beamformer under incomplete CSI thattakes

into account the channel quantization error. Recalling a well known result under per-

fect CSIT, MMSE BF shows significant performance improvements in caseof randomly

selected users but gives reduced gains with respect to ZF BF in case ofopportunistic

user selection. As a second contribution we propose channel quantization techniques

and various feedback strategies based on the Lloyd-Max algorithm [20]that exploit both

spatial and time correlation of the MIMO channel. In particular we derive a hierarchical

FB (HFB) approach where FB bits are accumulated over multiple signalling intervals in

order to index a much larger codebook. Moreover we propose predictive FB where both
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transmitter and users predict the evolution of the channel vector and the users adjust the

prediction by feeding back a quantized version of the prediction error to the transmit-

ter. Finally we design two user selection algorithms based on [21] that rely onusers FB

and show improved performance with respect to state-of-the-art algorithms. Numerical

results provide a comparison between the proposed schemes.

• In Chapter 4 we still consider a MIMO BC with limited feedback but, differently from

Chapter 3, users are equipped with multiple antennas. We propose solutionsfor i) trans-

ceiver design and ii) channel quantization that exploit the additional degrees of freedom

provided by multiple antenna receivers. Under the assumption of at most one stream

per selected user we propose a first technique based on ZF beamformingand maximum

estimated signal-to-interference plus noise ratio (SINR) combiner (MESC).We provide

an analytic characterization of the achievable throughput of the proposed combiner in

case of many users and show how additional receive antennas or higher multiuser di-

versity can reduce the required feedback rate to achieve a target throughput. Moreover

we extend channel quantization techniques and feedback strategies introduced in Chap-

ter 3 exploiting multiple receive antennas. As a second technique we propose unitary

(U) BF with MMSE combiner extending [22]. The codebook is designed to comprise

an high number of unitary matrices to be used as tentative precoders. U-BFsimplifies

the control signalling and provides very competitive performance for low FB rates. Nu-

merical results validate the effectiveness of the proposals with respect tostate-of-the-art

techniques.

• In Chapter 5 we evaluate the performance of MU MIMO in a real multi-cell packet-based

cellular network with full frequency reuse, using SU MIMO and DPC as terms of com-

parison. Fairness among user is guaranteed by the multiuser proportionalfair scheduling

algorithm [23]. In a TDD system, under the assumption of perfect CSIT, we investigate

two approaches to mitigate inter-cell interference: i) network MIMO where transmission

is coordinated among spatially distributed base stations and ii) higher order sectorization

where parallel spatial channels are created physically rather than through beamform-

ing. Network MIMO requires user messages and channel state informationto be shared

among the coordinated bases, resulting in the need for enhanced backhaul capabilities.

Nevertheless coordination among co-located sectors of a cell already provides a signif-

icant throughput gain over a SU MIMO baseline. The potential gains of MUMIMO

over SU MIMO are observed even in a FDD system with low rate uplink FB channels,

supporting the development of MU MIMO in next generation cellular deployments.

• In Chapter 6 the single carrier system model used in Chapter 3 is extended toa MU

MIMO orthogonal frequency division multiplexing (OFDM) downlink systemwith lim-

ited FB from single antenna receivers. To reflect the operation of4th generation wireless

communication systems the available bandwidth is divided into resource blocks (RBs)

whose number of subcarriers reflects the coherence bandwidth of the channel. The chap-

ter contains two main contributions. Firstly we provide joint conditions on the channel

coherence bandwidth and the FB rate per RB that allow for a simpler quantization of the
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RB channel matrix (space-frequency) by a space vector, causing negligible performance

loss in terms of system achievable throughput. As a second contribution we investigate

the trade-off between accurate channel knowledge and frequency/multiuser diversity. It

is seen that even for a moderate number of users in the network, concentrating all the

available FB bits in characterizing only one RB provides a significant gain in system

throughput over a more classical distributed approach and this result is validated both

analytically and by simulations.

• In Chapter 7 we start dealing with the second topic of the thesis. The chapterconsiders

state estimation in NCSs where observations from multiple sensors are subjectto random

delays and packet losses. We derive the minimum error covariance estimator and the

optimum estimator with constant gains as a low-complexity solution. Generalizationsto

account for the effects of measurements quantization and limited transmission bandwidth

are investigated for a stable system. Assuming a simple scalar system, we show how the

proposed framework can be exploited for the design of NCSs. In particular we investigate

i) cross-layer optimization of quantization processes and network resource allocation and

ii) comparison between single-hop and multi-hop communication protocols. We show

that simple BPSK and single-hop communication protocols provide close to optimum

performance in applications dealing with state estimation of a stable system.

• In Chapter 8 we assume a NCS with single-hop communications and a TCP-like proto-

col between controller and actuator. We solve the problem of optimum control around a

target state for a stable system in case of both packet drops and signal quantization. Gen-

eralization for unstable systems is also given for large bandwidth transmissions. More-

over we derive the limiting behavior of the system in the infinite horizon and propose

a general framework for cross-layer optimization of signal quantization and network re-

source allocation. As an example of application, we consider a simple scalar,stable

system and compare network resource allocation in the presence of i) low-cost sensors

using a fix modulation and ii) long-term future sensors capable of rate adaptation. In-

terestingly, almost optimal control is achievable with small bandwidth transmissions and

simple BPSK, supporting the use of low-cost sensors in applications dealingwith state

control in stable systems.

• In Chapter 9 we conclude the thesis summarizing the main findings of the different chap-

ters.



Chapter 2

Precoding schemes for multiuser
MIMO downlink

The demand for higher speed communications in future wireless cellular networks motivated

an intensive study of multi-antenna transmission techniques which can provide significant per-

formance gains over conventional single-antenna transmission strategies[14, 15]. Much of the

MIMO research in the last decade has focused on single-user (SU) MIMO techniques where the

multiple spatial channels are allocated to a single user during a given transmission interval. But

lately, there is an increasing attention to multiuser (MU) configurations, wherea multi-antenna

transmitter serves multiple users over spatially multiplexed channels [16]. Differently from SU

MIMO transmissions where channel state information at transmitter (CSIT) is optional, in MU

MIMO CSIT is essential to achieve spatial multiplexing across users.

In this chapter we consider a time division duplexing (TDD) system where thesame band

is used for the uplink and the downlink. In this case CSIT for the downlink can be obtained

through channel estimation on the uplink and the assumption of ideal CSIT becomes reason-

able. Ideal CSIT is not an appropriate assumption in frequency divisionduplexing (FDD)

systems where the base station must rely on uplink feedback (FB) from the users to obtain CSI.

Transmission strategies based on limited FB are investigated in Chapters 3-6.

It has recently been shown [9] (see also [10, 11, 12, 13]) that the capacity region of the

MIMO Broadcast Channel (BC) can be achieved by means of a nonlinear transmission tech-

nique known as “dirty paper coding” (DPC) [24]. Because of the considerable complexity of

DPC, practical implementations using suboptimum non-linear techniques are anactive area of

research [25], [26], [27], [28], [29].

Linear beamforming techniques with lower complexity have also been proposed in which

the transmitted signal is a spatially multiplexed, linear combination of the users’ datasignals.

Beamforming is also known as linear precoding or spatial division multiple access (SDMA).

One class of beamforming techniques for the case of a single-antenna receivers is based on

zero forcing (ZF) [28], [30], [21], [31], where each user receives only its desired signal with no

interference. ZF beamforming provides good performance in high signal-to-noise ratio (SNR)

scenarios [31], while for a lower SNR, a better solution is given by minimum mean square

error (MMSE) beamforming that balances the effects of noise and multiuserinterference [26].
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However, the marginal gain of MMSE beamforming with respect to ZF vanishes when an

opportunistic scheduling is considered for downlink transmission and ZF achieves close to

optimum performance [28].

Extensions of the zero forcing technique to the case of multiple antenna receivers appear

in [32], [33], [34], where multiple spatial streams (or eigenmodes) are transmitted to each user

with no interuser interference, resulting in a block diagonal transmit covariance matrix. In this

class of techniques, denoted as block diagonalization (BD), the eigenmodes of a given user

are active regardless of their spatial relationship with other users’ modes. Due to the interuser

orthogonality requirement, this assumption may lead to poor performance whenmodes are

highly correlated. To address this drawback, alternative solutions havebeen proposed which

perform receive antenna selection [35] or iterative optimization of transmitter and receivers

[36].

Using linear transmission techniques like ZF or BD, the number of independent spatial

streams is at most equal to the number of transmit antennas. In practical downlink cellular

networks the number of users is much larger than the number of transmit antennas, therefore

the transmitter must select a set of “active users” for receiving data anda set of modes per

each user. This user selection could be performed optimally using a brute-force search over all

possible combinations of users and modes, but due to the high complexity whenthe number of

users is large, suboptimum techniques based on a greedy selection algorithm have been shown

to provide near-optimum performance for the case of single antenna receivers [21].

In this chapter after reviewing the capacity achieving DPC we describe a linear transceiver

technique known as multi-user eigenmode transmission (MET), where the eigenmodes satisfy

a ZF criterion and the transmitter determines the set of active eigenmodes with norestrictions

on how they are distributed among the users. By providing greater flexibility indetermining

the active eigenmodes, MET is a generalization of [37] and the basic BD techniques, and it

provides performance gains in cases where eigenmodes are highly correlated. Each active user

under MET uses a linear combiner across all receive antennas, independent of the number of

eigenmodes it receives, thereby achieving a combining gain advantage over [35]. In order

to simplify the eigenmode selection, we propose an extension of the greedy user selection

technique in [21]. As a simplified version of MET we also propose a ZF beamforming strategy

where each active user can be served only along its dominant eigenmode.This technique is

less complex to implement, requires less control signalling and provides close tooptimum

performance in practical environments.

The chapter is organized as follows. In Section 2.1 we introduce the systemmodel for

the MIMO BC, then in Section 2.2 we review the capacity achieving dirty paper coding and

describe the suboptimum multiuser eigenmode transmission. Section 2.3 providesnumerical

comparisons between various state-of-the-art MU MIMO transmission strategies and finally

Section 2.4 concludes the chapter summarizing the main findings.

The material in this chapter was partially presented in [38] and published under a more

general form in [39].
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2.1 System model

As shown in Figure 2.1, the downlink of a cellular network can be modelled as abroadcast

channel (BC) where a transmitter withM antennas transmits distinct data signals toK users,

each withN antennas. Under a narrowband channel assumption, the baseband received signal

by thekth user (k = 1, . . . , K) during time slotn is

yk(n) = Hk(n)x(n) + nk(n) (2.1)

whereHk(n) is thekth user’sN ×M channel matrix,x(n) is theM -dimensional transmitted

signal vector, andnk(n) ∼ CN (0, IN ) is the additive white Gaussian noise vector. Note that

we assume a block fading model for the channel so that it is static over the time slot. The trans-

mitted signal is a summation of the signals for each user, and in general, these signals could be

non-linearly processed. If we denote withS(n) the set of users selected at the transmitter in

time slotn, using linear precoding, the transmitted signal is given by

x(n) =

|S(n)|∑

k=1

Gk(S(n))dk(n), (2.2)

whereGk(S(n)) is theM × Lk(n) linear precoder matrix,dk(n) is theLk(n)-dimensional

symbol vector for thekth user andLk(n) represents the number of streams transmitted to the

kth user. The transmit covariance is given by

Q(n) =
∑

k

Gk(S(n))E(dk(n)dH
k (n))GH

k (S(n)) (2.3)

and we impose a sum power constraintP among theM base station antennas, i.e.

E[xH(n)x(n)] = tr(Q(n)) ≤ P . (2.4)

A generalization of the proposed signal model for a MIMO-OFDM system isgiven in Chapter

6.

2.2 Multi-user MIMO

MU-MIMO refers to a general class of transmission techniques where multiple users are si-

multaneously served over common spectral resources during a given transmission interval. In

this section we first review the capacity achieving DPC and then describe multiuser eigenmode

transmission.

2.2.1 Capacity achieving DPC

MU-MIMO performance is measured using a multidimensional capacity region.Different

points within this region can be obtained by changing the transmission strategy,e.g. by chang-

ing the partitioning of power among users and adjusting the transmit covariances. For a given
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Base

station

transmitter

User 1

Mobile

Mobile

User K
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data

data

User K

M antennas

N antennas

Figure 2.1: System block diagram whereK users, each withN receive antennas contend for
service from a base station withM transmit antennas.

set of user channelsH1, . . . ,HK , which we denote collectively as̄H, and a given power con-

straintP , we denote byCo the convex hull operation and byπ a user ordering. The capacity

region of the MIMO BC can be written as

CBC(H̄, P ) = Co

(
⋃

π

Rπ

)
(2.5)

where

Rπ =

{
R = [R1, . . . , RK ] : Rπ(k) =

∣∣∣IN + Hπ(k)

∑K
j=k Qπ(j)H

H
π(k)

∣∣∣
∣∣∣IN + Hπ(k)

∑K
j=k+1 Qπ(j)H

H
π(k)

∣∣∣
,

K∑

j=1

tr (Qj) ≤ P

}
. (2.6)

andR denotes a rate vector for theK users.

It was shown recently in [9] that the capacity region (2.5) can be achieved using a coding

technique known as DPC [24] which assumes perfect CSI at transmitter and receiver. In DPC

users are coded in an ordered fashion such that a given user sees no interference from users

encoded before it. In this sense, DPC accomplishes for the downlink at thetransmitter what

successive interference cancellation does for the uplink at the receiver. During each slot the

transmitter determines the point within the capacity region (2.5) which maximizes the weighted

sum rate metric

RBC(α(n), H̄(n), P ) = arg max
r(n)∈CBC(H̄(n),P )

K∑

k=1

αk(n)Rk(n). (2.7)

whereαk(n), k = 1, . . . , K are the quality of service (QoS) weights. For given{αk} and

MIMO channel realizations, the set of ratesRBC,1, . . . , RBC,K that maximizes the metric can

be computed numerically [32]. The computation also provides the set of transmit covariance
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matricesQk for each of the users. The actual throughput during this interval is thengiven by

the element sum of the rate vectorRBC :

RBC(α(n), H̄(n), P ) =
K∑

k=1

RBC,k(α(n), H̄(n), P ). (2.8)

We underline that MU-MIMO has several advantages over time-multiplexed SU-MIMO.

Firstly, because the former is a generalization of the latter, the MU-MIMO achievable weighted

sum rate will be at least as large as that of SU-MIMO for a given set of channel realizations and

QoS weights. Secondly, multiple antennas are required only at the base station, for either re-

ceiving or transmitting, because multiplexing gains can be achieved even if users are equipped

with only a single antenna. Thirdly, the multiplexing gains in MU-MIMO can be achieved even

with highly correlated base station antennas. For example, in line-of-sight channels, the rank

deficiency of the MIMO channel matrix for SU-MIMO does not allow for spatial multiplexing

(SM). However with multiple users, sufficient spatial separation among the users will ensure

low correlation among their spatial channels, resulting in SM gain. A practicalconsequence of

this advantage is that the base station array antennas can be very closely spaced, resulting in a

more compact array compared to SU-MIMO.

As discussed at the beginning of the chapter a relative disadvantage of MU-MIMO com-

pared to SU-MIMO is that CSI is required at the transmitter in order to achieveSM across

multiple users [16].

2.2.2 Multiuser eigenmode transmission

The high complexity of DPC motivated intensive research activities in the design of sub-

optimum transmission strategies. In this Section we consider a ZF precoding technique based

on BD and denoted as MET, where the number of streams transmitted to each user is cho-

sen to maximize the weighted sum rate metric and where the signal is received byeach active

user with no interference, [38, 39]. This technique has advantages over other generalized ZF

techniques because it provides flexibility in the number of streams transmitted per user. In the

following, for ease of notation, we drop the time indexn.

Let us fix the set of served usersS, and for thekth user select the set of transmitted eigen-

modesSk and assume they are indexed from 1 toLk = |Sk| The channel of thekth user can

be decomposed using the singular value decomposition (SVD) asHk = UkΛkV
H
k , where the

eigenvalues inΛk are arranged so that the ones associated with the allocated streamsSk of

userk appear in the leftmostLk columns. We denote these eigenvalues asΛk,1, . . . ,Λk,Lk
The

kth user’s receiver is a linear combiner given by the Hermitian transposition of the leftmost

Lk columns ofUk which we denote asuk,1 . . .uk,Lk
. Likewise, we denote the leftmostLk

columns of the right eigenvector matrixVk asvk,1 . . .vk,Lk
. From (2.1) and (2.2) the received

signal for userk after the linear combiner can be written as

rk = [uk,1 . . .uk,Lk
]H yk (2.9)

= ΓkGkdk + Γk

∑

j∈S,j 6=k

Gjdj + n′
k (2.10)
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whereΓk = [Λk,1vk,1 . . .Λk,Lk
vk,Lk

]H is aLk ×M matrix andn′
k is the processed noise. By

defining

H̃k =
[
ΓH

1 . . .ΓH
k−1 ΓH

k+1 . . .ΓH
|S|

]H
, (2.11)

the zero-forcing constraint requires that the columns ofGk lie in the null space of̃Hk. Hence

if we consider the SVD of̃Hk:

H̃k = ŨkΛ̃k

[
Ṽ

(1)
k Ṽ

(0)
k

]H
, (2.12)

whereṼ(0)
k corresponds to the right eigenvectors associated with the null modes, the precoding

matrix of userk is given byGk = Ṽ
(0)
k Ck, whereCk ∈ C

(M−
P

j∈S,j 6=k Lj)×Lk is determined

later1.

Note that sincẽHkṼ
(0)
k = 0 for all k ∈ S, it follows thatΓkGj = ΓkṼ

(0)
j Cj = 0 for

j 6= k and any choice ofCj . Therefore from (2.10), the received signal for thekth user after

combining contains no interference:

rk = ΓkGkdk + n′
k. (2.15)

We perform the SVD

ΓkṼ
(0)
k = Uk

[
Λk 0

] [
V

(1)
k V

(0)
k

]H
, (2.16)

whereΛk is theLk ×Lk diagonal matrix of eigenvalues, and assignCk = V
(1)
k . From (2.15),

the resulting weighted rate for thekth user is

αk

∑

j∈Sk

log
(
1 + σ

(k)2

j w
(k)
j

)
, (2.17)

whereσ
(k)2

j is thejth diagonal element ofΛ
2
k (j ∈ Sk), αk is the weighting coefficient for user

k, Wk is theLk × Lk diagonal matrix of powers allocated to the eigenmodes, andw
(k)
j is the

jth diagonal element. Therefore the total transmitted power for userk is tr
(
GkWkG

H
k

)
=

tr (Wk). For a given selection of users and eigenmodesT , as determined byS andSk, k ∈ S,

1From the relation between the dimension of the null space and rank ofṼ
(1)
k , the following constraint has to be

satisfied in order to build the set of precoding matrices for the selected users inS:X
j∈S,j 6=k

Lj < M ∀k ∈ S. (2.13)

From (2.13) the number of modes allocated to thekth user satisfiesLk ≤ M −
P

j∈S,j 6=k Lj . It follows that the
number of allocated modes is upperbounded by the number of transmit antennas:

P
k∈S Lk ≤ M . We note that

it is possible to allocate all theM modes if the channels are statistically independent. We recall that in the BD
scheme [32, 33, 34] the constraint to be satisfied in the construction of theprecoding matrices is

P
j∈S,j 6=k N =

N(|S| − 1) < M , whereas in the BD scheme with receive antenna selection [35] the constraints become less
restrictive X

j∈S,j 6=k

N ′
j < M ∀k ∈ S (2.14)

whereN ′
k ≤ N is the number of receive antennas selected for thekth user. We note that (2.13) is similar to (2.14)

except that instead of using a subset of receive antennas we use a subset of eigenmodes.
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1: INIT: T0 ← ∅, R̃ (T0)← 0
2: for n = 1 to max(KN, M) do
3:

tn ← arg max
t∈TA\Tn−1

R̃(Tn−1 ∪ {t}) (2.19)

4: if R̃ (Tn−1 ∪ {tn}) < R̃ (Tn−1) then
5: T ← Tn−1

6: break
7: else
8: T , Tn ← Tn−1 ∪ {tn}
9: end if

10: end for

Table 2.1: Pseudo-code of greedy eigenmode selection algorithm .

the power allocation problem under sum power constraint can be written as

R̃(T ) = max
w

(k)
j ,k∈S,j∈Sk

∑

k∈S

αk

∑

j∈Sk

log
(
1 + σ

(k)2

j w
(k)
j

)
(2.18)

subject to





w
(k)
j ≥ 0, k ∈ S, j ∈ Sk
∑

k∈S

∑
j∈Sk

w
(k)
j ≤ P

and the resulting optimization can be solved using waterfilling.

We emphasize that optimization (2.18) is performed for a given user and eigenmode al-

location. The allocation itself could be performed in a brute-force manner byconsidering all

possible sets of up toM eigenmodes. Due to the high computational complexity of the brute-

force case (see [40]) we propose a generalization of the greedy allocation algorithm proposed

in [21]. We defineTA to be the set of allK users’ eigenmodes. AssumingN < M , each

user has at mostN eigenmodes, and there are a total ofKN eigenmodes in setTA. On the

nth iteration, lettn be the candidate eigenmode chosen among any of the available eigenmodes

from any user. The eigenmodetn is added to the set of active eigenmodes only if the weighted

throughput increases. The proposed greedy algorithm is summarized in Tab. 2.1.

Let’s consider as a special case the maximization of the sum rate, i.e. all users have the

same QoS weightsαk = 1, k = 1, . . . , K. On the first iteration, the selected eigenmodet1

will be the globally dominant eigenmode. In other words, its eigenvalue is the largest among

all users’ modes. Note however that the chosen setT will not necessarily contain the dominant

eigenmodes of each user. Note also that not all eigenmodes will necessarily be active. Numeri-

cal examples in Section 6.5 show the distribution of allocated eigenmodes. Evenif this greedy

algorithm is suboptimum, we show in Section 2.3 that it achieves a good balance between per-

formance and complexity. Moreover it is also totally flexible, as it can handle any combination

of M , K, andN .
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Figure 2.2: Sum rate versus average SNR of each user, forN = M = 4 antennas andK = 20
users.

2.3 Simulation results

In this section, we assume an independent and identically distributed complex Gaussian chan-

nel ([Hk](i,j) ∼ CN (0, 1)) where the channel matrixHk is assumed to be perfectly known

both at the transmitter and at thekth receiver. In Figure 2.2 we setM = 4, N = 4 andK = 20

and compare the optimum DPC, BD and MET in terms of average sum rate versus average user

SNR. We consider two types of MET: i) the general MET which allows the selection of multi-

ple streams per user (denoted as ZF-M) and ii) a special version of MET where each active user

can be served only along its dominant eigenmode (denoted as ZF-1). We consider two types

of BD as well, each using greedy user selection (GUS) [37]. Under BD-GUS, each selected

user employs allN antennas. Under BD-RAS we use a modified version of GUS where each

candidate user selects the best subset ofN receive antennas [35]. Interestingly ZF-M gives the

best performance among the linear beamforming options, but for a moderatenumber of users,

e.g. K = 20, ZF-1 is already very close to the more general ZF-M. For SNR=10 dB ZF-M

achieves about 90% of the DPC sum rate.

In Figure 2.3, we investigate the probability of mode selection for an active user, for

M = 4, 12, N = 4, K = 5, 20, and different values of SNR. We use the greedy user and eigen-

mode selection algorithm described in Tab. 2.1 and consider the following three categories: i)

only the dominant eigenmode is active as in ZF-1 (eigenmode1), ii) only one non-dominant

eigenmode (eigenmodei with i ≥ 2) is active and iii) multiple eigenmodes are active. We

note that when the ratioM/K is small, the probability of transmitting on only the dominant

eigenmode for an active user is very high. On the other hand, we note thatin general the prob-

ability of selecting a non-dominant mode or multiple modes for the same user, is notsmall.

We emphasize that for a given transmission interval, MET chooses the bestoption between:
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Figure 2.3: Probability of mode transmission for an active user, withM = 4, 12, N = 4 ,
K = 5, 20, and different values of average SNR.

i) spatially multiplexing different independent streams to only one user (SU MIMO with spa-

tial multiplexing), ii) spatially multiplexing independent streams to different users(multiuser

MIMO with rank 1 transmission to each active user) or iii) a hybrid solution where some users

are served with rank1 transmission whereas other users receive multiple independent streams.

In other words, any "mode switching" between SU and MU MIMO is performed automatically

by the greedy eigenmode selection algorithm. We also observe that in a multiuserscenario

allocating the dominant eigenmodes as done in [33] and [36], or selecting theusers without

considering the problem of the eigenmode allocation [37] are clearly suboptimum policies.

In Figure 2.4 we compare the performance of general ZF-M and ZF-1. For ZF-1 power

allocation among eigenmodes is performed using waterfilling as in ZF-M, however, it can be

shown that a simplified algorithm which allocates equal power across modes results in nearly

identical performance, especially at high SNR. We note that when the ratioK/M is small, the

gap between the two considered schemes is not negligible, whereas whenK/M is large and

multiuser diversity is exploitable, the gap decreases.

Finally in Fig. 2.5 we setM = N = 4, SNR= 15 dB and show the achievable sum rate

of ZF-M, ZF-1, DPC, BD-GUS and BD-RAS as a function of the number ofusersK. It is

interesting to observe how ZF-M outperforms all other linear precoding strategies and achieve

a sum rate very close to the upper bound given by DPC even for moderateK. Again ZF-1

provides almost the same performance of MET forK/M large enough. We notice that even if

the sum rate of BD-RAS has been shown to scale optimally when the number of users goes to

infinity [39], for a practical number of users it has a significant gap with both ZF-M and DPC.
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2.4 Conclusions

Multiuser eigenmode transmission (MET) is a multiuser MIMO technique that useslinear zero-

forcing beamforming to flexibly allocate multiple data streams to multiple users. Mode switch-

ing between single-user and multiuser transmission is based on quality of service weights and
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channel measurements and is performed on a frame-by-frame basis to maximize the weighted

sum rate. MET has the flexibility of transmitting spatially multiplexed streams to a single

user, however in moderately loaded systems, its strategy for maximizing the sumrate typically

results on transmitting a single stream to multiple users. Numerical results revealthat MET

outperforms other state-of-the-art linear beamforming techniques and perform very close to

the optimum DPC in most practical network conditions.





Chapter 3

Multiuser MIMO downlink with
limited feedback and single antenna
receivers

As explained in Chapter 2, multiuser MIMO downlink systems require CSIT to achieve spatial

multiplexing across users. Differently from TDD systems where channel knowledge can be

acquired from channel estimation in the uplink, in FDD systems CSIT can be obtained only by

setting up an explicit feedback (FB) channel from each user. As the number of bits required to

describe the channels grows as the product of the number of transmit andreceive antennas, the

channel delay spread and the number of users [41], only by a properoptimization of the FB

signalling its impact on the network throughput can be limited.

Recently, this problem has received a lot of attention and various aspectshave been in-

vestigated including transmitter and receiver design [42], [43], [44] and feedback optimization

in both SU and MU systems [45], [46], [47] [48]. Typically, the FB bits areused to index a

set of vectors (or codewords) in a codebookC which is known to the transmitter and all re-

ceivers. For example,B bits per feedback interval can be used to index a codebook with2B

vectors. For a transmitter, each codeword inC is a multi-dimensional vector that characterizes

the MIMO channel for that user or more generally provides information onthe reconstruction

of the user’s channel. A well-designed codebook will contain codewords that effectively span

the set of MIMO channels experienced by the users [46], [47]. In SUsystems it has been shown

that only a few FB bits (roughly on the order of transmit antennas) are needed to achieve near

perfect-CSIT performance. Differently in downlink channels accuratechannel knowledge is

essential to avoid multiuser interference and a severe degradation of the achievable throughput

[42], [49]. As with perfect CSIT, an opportunistic user selection approach can increase the

performance of this systems leading to asymptotically optimum performance whenthe number

of users goes to infinity [45],[42],[44] .

In this chapter we focus on single-antenna mobile terminals and investigate three different

problems: i) beamformer design, ii) channel quantization and feedback signalling optimization

and iii) user selection. Firstly, we revise ZF beamforming and propose a newMMSE beam-

former under incomplete CSIT that takes into account the quantization errorof the channel
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vector. Recalling a result known under perfect CSIT, MMSE BF showssignificant perfor-

mance improvements in case of randomly selected users but gives reducedgains with respect

to ZF BF in case of opportunistic user selection. Secondly, we propose various channel quanti-

zation techniques and feedback strategies based on the Lloyd-Max algorithm [20] that exploit

both spatial and time correlation of the MIMO channel. In particular we derive a hierarchical

FB (HFB) approach where FB bits are accumulated over multiple signalling intervals in order

to index a much larger codebook. Moreover we propose new predictiveFB strategies where

both transmitter and users predict the evolution of the channel vector and users adjusts the pre-

diction by feeding back a quantized version of the prediction error to the transmitter. Finally

we propose two greedy user selection algorithms based on [21] that rely on users FB and show

improved performance with respect to state-of-the-art algorithms. Numerical results provide

an useful comparison between the proposed schemes.

The chapter is organized as follows. Section 3.1 introduces the system model for a MIMO

BC with limited uplink feedback and Section 3.2 derives ZF and MMSE beamformers, pro-

viding for both techniques tight approximations of the users’ estimated achievable signal-to-

interference plus noise ratio (SINR). Then, Section 3.3 addresses the problems of channel

quantization and optimization of the FB signalling, while Section 3.4 propose greedy user se-

lection algorithms for the maximization of the achievable throughput. Numerical comparisons

of the proposed techniques are given in Section 3.5 and Section 3.6 concludes the chapter

summarizing the main findings.

Some of the material in this chapter has been published in [50], [51], [52] and [53]. More-

over part of the results was presented at the 3GPP long term evolution (LTE) meetings [54],

[55].

3.1 System model

We consider the downlink of a cellular system where a transmitter hasM antennas andK

users have one antenna each, i.e.N = 1. Transmission is performed in time slots of sizeT

and in each time slot users feed back a partial CSI, which is used by the transmitter to schedule

downlink transmissions and design the beamformer. The transmitted signalx and the signal

received by userk, yk, are modelled as in (2.2) and (2.1), respectively, withLk = 1 for each

selected user. SinceN = 1 we denote the channel and beamformer of userk as the1 ×M

vectorhk(n) and theM × 1 vectorgk(n), respectively. From (2.2) and (2.1) the achievable

SINR for userk is given by

SINRk(n) =
|hk(n)gk(n)|2

1 +
∑

i∈S(n)\{k}

|hk(n)gi(n)|2 . (3.1)

Under Gaussian codes and minimum-distance decoding, the achievable rate for userk is given

by

Rk(n) = log(1 + SINRk(n)) . (3.2)

The transmission strategy we propose develops in three phases: i) userschannel estimation
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and FB of channel information to the transmitter, ii) user selection and beamformer design at

the transmitter and iii) users data demodulation.

In the first phase each user perfectly measures its channel vectorhk(n) once a slot, based

on pilot signals transmitted on each of theM antennas. In particular, as in [42], we assume

that each user estimates two quantities:i) the channel direction information (CDI), namely

h̃k(n) =
hk(n)

||hk(n)|| (3.3)

and ii) a channel quality information (CQI) related to the user’s achievable rate orequiva-

lently its SINR. Each user feeds back to the transmitter a quantized version ofthe CDI and

the unquantized CQI assuming a zero-delay and error free uplink control channel. The CDI

FB consists ofB bits per slot, used at the transmitter to reconstruct user’s channel vector. The

channel reconstruction algorithm depends on the FB strategy adopted atreceivers. For instance,

for the basic FB (BFB) strategy (see also Section 3.3.1) the channel direction is quantized ac-

cording to minimal chordal distance [42] using a codebook with2B unit-norm codewords. In

this case the index of the best codeword is fed back to the transmitter as quantized CDI and

the reconstructed channel is simply the best codeword. More details about the proposed FB

strategies are given in Section 3.3. We note that the unit-norm reconstructed channel vectors of

all users are stored at the transmitter into the matrix

H̄ = [h̄1(n)T , . . . , h̄K(n)T ]T . (3.4)

In phase 2, the transmitter uses the CQI and CDI information from all receivers to determine

the set of active usersS and the precoding vectorsgk, k ∈ S for each data streamdk. In phase

3, each user inS estimates its equivalent channel using dedicated pilots [49] and demodulates

the data.

We notice that the actual achievable rate of a served user in phase 3 is a function of its MISO

channel, the transmit beamforming weights and the residual multiuser interference. During

phase 1, a user does not havea priori knowledge of the CDI vectors for the other users inS,

and hence it cannot know what the beamforming weights or interference will be. We therefore

propose to use theexpectedSINR as the CQI by making a judicious prediction on the inter-

ference statistics. We notice that in cellular standards, the quantization of CQI feedback uses

a large number of bits in order to closely match the channel quality with a fine granularity of

modulation and coding options. We use this observation to justify our assumptionthat the CQI

is an unquantized analog value. This is a typical assumption found in literature[42, 49].

We notice that the transmitter does not have an exact knowledge of the achievable rate

(3.2) which could be obtained only after a second uplink FB from users after phase 3. On the

other hand, practical systems such as 1xEV-DO [56] make use of fast incremental redundancy

coding in order to cope with residual channel uncertainty, i.e. the effective coding rate is

adapted such that, eventually, it is slightly less than (3.2) even though the latteris not known.

As in [42, 43, 49] we optimistically assume that thanks to fast incremental redundancy or some

other higher level medium access protocol (3.2) is achievable.
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3.2 Beamformer design

In this section we briefly review ZF BF and derive a new MMSE BF under incomplete CSI

assumptions. For ease of notation we drop the slot indexn.

3.2.1 Zero-forcing beamforming

Let us denote with̄H(S) the matrix containing as rows the reconstructed channel vectors of

the selected users. By denoting withW(S) = H̄(S)† the right pseudo-inverse of̄H(S) the ZF

transmit matrix is given by

G(S) = W(S)diag(p)1/2

= H̄(S)H
(
H̄(S)H̄(S)H

)−1
diag(p)1/2 ,

(3.5)

wherep is the vector of power normalization coefficients imposing the power constraint P on

the transmitted signal. Under the assumption of equal power distribution across users,p has

elements1

pk =
P

|S| · ||wk||2
, (3.6)

wherewk is thek-th column ofW(S). We recall that, by constructionwk is orthogonal to

h̄H
i for i ∈ S \ {k} and|h̄kwk| = 1 for everyk. We also note that the computation ofG(S)

requires only the CDI feedback from the terminals.

CQI feedback

As explained in Section 3.4 the proposed user selection algorithms require that the transmit-

ter can estimate the achievable user rates (3.2), i.e. the SINRs (3.1). In the following we

derive various approximations of the expected SINR. We emphasize that the analysis we de-

velop is based on the following assumptions: i) Rayleigh fading channels with i.i.d. elements

∼ CN (0, 1) ii) basic FB strategy iii) quantization error vector isotropically distributed in the

hyperspace orthogonal to the selected codeword iv) independent codebooks for different users.

As a consequence it strictly holds for random vector quantization (RVQ) [42] (see also Section

3.3.1) but it also provides a good approximation for BFB in case of well-designed codebooks

and largeB. Numerical simulations revealed that the proposed analysis gives a tight approxi-

mation even for other FB strategies explained in Section 3.3.

Let us define the angleθk ∈ [0, π/2] between complex vectors̃hk andh̄k, such that

cos θk = |h̃kh̄
H
k | . (3.7)

One naïve approach is for the transmitter to assume that there is no quantizationerror in

the CDI report, such that|hkwi| ≈ 0 for i ∈ S \ {k}, and|hkwk| ≈ ||hk|| cos θk. In other

1This last restriction is clearly sub-optimum but allows to derive a good approximation of the expected SINR of
each user that otherwise would be difficult to predict. Moreover, as verified in Chapter 2 under perfect CSIT, there
is marginal loss in achievable throughput when considering ZF with equalpower allocation instead of optimum
water-filling power allocation.
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words, the channelshk are approximated with the projection along their quantized direction.

With this assumption (3.1) can be roughly approximated as

SINRk ≈ pk||hk||2 cos2 θk , γ
(ZF,1)
k . (3.8)

As pk are known to the transmitter, whereashk is perfectly known only at the receiver, the

required CQI feedback from the terminals would beg(hk) = ||hk||2 cos2 θk.

One better approximation can be derived by taking into account the quantization error,

defined asek = h̃k − (h̃kh̄
H
k )h̄k, with square norm||ek||2 = sin2 θk. Let us introduce the

unit-norm vectors̃ek = ek/||ek|| andw̃k = wk/||wk||. Then, by decomposing̃hk as

h̃k = (h̃kh̄
H
k )h̄k + ek (3.9)

(3.1) can be rewritten as

SINRk =

P
|S| ||hk||2

∣∣∣(h̃kh̄
H
k )(h̄kw̃k) + ekw̃k

∣∣∣
2

1 + P
|S| ||hk||2 sin2 θk

∑
i∈S\{k}

|ẽkw̃i|2
(3.10)

Let us focus on the term at the numerator. Sayφk ∈ [0, π/2] the angle between vectors̄hk and

w̃k, which is in general non-zero2, then by construction of the ZF beamformer

cos φk = |h̄kw̃k| =
1

||wk||
. (3.11)

Moreover, ifφk is small enough, i.e. the users selected for transmissions have nearly orthogonal

reported channels, thek-th error vector is orthogonal to thek-th beamforming vector such that

we can approximate

ekw̃k ≈ 0 . (3.12)

We now focus on the sum at the denominator of (3.10). The unit vectorsẽk andw̃i are both

isotropically distributed on the(M − 1)-dimensional hyperplane orthogonal toh̄k. Moreover,

as the directional distribution of̃wi on this hyperplane depends only onh̄j for j ∈ S \ {k, i},
it follows thatw̃i is independent of the quantization errorẽk, for anyi 6= k. Hence, the inner

product|ẽkw̃i| is Beta-distributed with parameters(1, M −1), and mean value1/(M −1). By

taking the expectation of (3.10) w.r.t. the interference term and noticing that the SINR function

is monotonic with this term, Jensen’s inequality yields the following lower-bound

E [SINRk] ≥
P
|S| ||hk||2

∣∣∣(h̃kh̄
H
k )(h̄kw̃k) + ekw̃k

∣∣∣
2

1 + P
|S| ||hk||2 sin2 θkE

[
∑

i∈S\{k}

|ẽkw̃i|2
]

=

P
|S| ||hk||2

∣∣∣(h̃kh̄
H
k )(h̄kw̃k) + ekw̃k

∣∣∣
2

1 + P
|S|

|S|−1
M−1 ||hk||2 sin2 θk

(3.13)

2φk = 0 only if h̄k is orthogonal tōhi for all i ∈ S \ {k}.
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Feedback methods for ZF precoder

Method 1
g(hk) SINRk approximation

||hk||2 cos2 θk γ
(ZF,1)
k = pkg(hk)

Method 2
g(hk) E [SINRk] lower bound

P
M ||hk||2 cos2 θk

1 + P
M ||hk||2 sin2 θk

γ
(ZF,2)
k =

M

|S|‖wk‖2
g(hk)

Method 3
g1(hk) g2(hk) E [SINRk] lower bound

||hk||2 cos2 θk γ
(ZF,3)
k =

pk||hk||2 cos2 θk

1 + P
|S|

|S|−1
M−1 ||hk||2 sin2 θk

Table 3.1: Feedback methods and SINR estimation methods.

From (3.13), using (3.11) and the approximation (3.12) we get the following

E [SINRk] '
pk||hk||2 cos2 θk

1 + P
|S|

|S|−1
M−1 ||hk||2 sin2 θk

, γ
(ZF,3)
k . (3.14)

As the cardinality ofS is unknown to the terminals, the only way for the transmitter to

compute (3.14) is by having the terminals report the square amplitude of the channel, ||hk||2,

and the square amplitude of the quantization error,||ek||2 (or, equivalently,cos2 θ) separately.

This implies that each terminal has to sendtwoCQI values, thus if the CQI are to be quantized

with a finite number of bits, the precision of the reported CQI’s is necessarilyreduced compared

to the single CQI case.

One way of reducing the CQI report to one value is by further lower-bounding (3.14), by

noticing that(i− 1)/i ≤ (M − 1)/M for all i ≤M . Therefore, from(3.14) we get

E [SINRk] '
pk||hk||2 cos2 θk

1 + P
M ||hk||2 sin2 θk

, γ
(ZF,2)
k . (3.15)

It is straightforward to show thatγ(ZF,2)
k represents the exact SINR of thekth receiver

when the CDIs of the selected users form a set ofM orthogonal vectors. In fact in this case the

precoding vectors are simply the CDIs of the selected users reconstructed by the transmitter,

i.e. wk = h̄k, the error vectorek becomes strictly orthogonal to thekth precoding vector, i.e.

eH
k wk = 0, and

∑
i∈S\{k}

|ẽH
k w̃i|2 = ||ẽH

k ||2 = 1. Under this simplification, (3.10) reduces to

(3.15).

In Table 3.1, we summarize the CQI expressions and the SINR estimates of these three

different approaches. The estimated throughput achieved by using theith method is given by

R(ZF,i) (S) =
∑

k∈S

log2

(
1 + γ

(ZF,i)
k

)
(3.16)
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whereγ
(ZF,i)
k , i = 1, 3, 2 are defined in (3.8), (3.14) and (3.15), respectively.

3.2.2 MMSE beamforming

Differently from ZF BF, MMSE BF aims at minimizing the sum mean square error (MSE) of

the received signals. To this end, we first decompose the channel vector relative to userk into

two orthogonal vectorsfk andǫk, parallel and orthogonal tōhk, respectively, with

hk = ||hk|| (fk + ǫk) , (3.17)

wherefk = cos θkh̄k and we recallcos θk = |h̃kh̄
H
k |. Let also defineF = [fT

1 , . . . , fT
|S|]

T and

E = [ǫT
1 , . . . , ǫT

|S|]
T . We assume that userk divides the received signal byβ||hk||, whereβ is

a power normalization coefficient. In this case, by definingN = diag
(
||h1||, . . . , ||h|S|||

)
, the

normalized received signal can be written as

y′ = β−1 (F + E)G(S)d + β−1N−1n . (3.18)

The problem to be solved for linear MMSE-BF design is the joint optimization ofG(S)

andβ in order to minimize the MSEE
[∣∣∣∣y′ − d

∣∣∣∣2
]

under the sum power constraint, i.e.

G(MMSE)(S) = arg min
G,β

E
[∣∣∣∣y′ − d

∣∣∣∣2
]

(3.19a)

E[||Gd||2] ≤ P (3.19b)

We notice that, differently from ZF-BF, in (3.19) we are not imposing equalpower allocation

among the selected users. Moreover the expectation in (3.19a) is taken with respect to data,

noise and the direction of the error vectorsǫk, while from (3.17) we observe that||ǫk||2 =

sin2(θk). The solution of (3.19) is provided in Theorem 1 whose proof is given in Appendix

A.1

Theorem 1 Let us define the normalized matrix

Ḡ =

[
FHF + R +

σ2
N

P
I

]−1

FH (3.20)

whereR = E[EHE] andσ2
N =

∑
i∈S

1
||hi||2

. The minimizingβ in (3.19) is given by

β =

√
P

tr
(
ḠHḠ

) (3.21)

which leads to the MMSE-BF

G(MMSE) = βḠ . (3.22)

�
The error correlation matrixR can be computed numerically as a function of the channel

quantization codebook. In Lemma 1 we characterizeR under realistic assumptions for the
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channel quantization error. The proof of Lemma 1 is given in Appendix A.2.

Lemma 1 Let us assume thatǫk are statistically uncorrelated and that the unit-norm vector

ǫ̃k = ǫk/||ǫk|| assumes all directions orthogonal tōhk with equal probability. We have

R = E[EHE] =

|S|∑

k=1

sin2(θk)A
H
k ΞAk , (3.23)

whereΞ is a diagonal matrix with entries

[Ξ]p,p =
1

2p
, p < M − 1 , [Ξ]M−1,M−1 =

1

2M−2
, (3.24)

Ak is an(M − 1)×M matrix having as rows a base of the space orthogonal toh̄k and

E[ǫ̃H
k ǫ̃k] = AH

k ΞAk . (3.25)

�
For MMSE-BF the SINR relative to userk can be written as

SINRk =
||hk||2|

(
h̄k cos θk + ǫ̃k sin θk

)
gk|2

1 + ||hk||2
∑

i6=k |
(
h̄k cos θk + ǫ̃k sin θk

)
gi|2

. (3.26)

Neglecting the second term in the numerator of (3.26), i.e.,ǫkgk ≃ 0, and taking the expecta-

tion with respect to the interference term in the denominator of (3.26), we obtain

γ
(MMSE)
k =

||hk||2 cos2 θk|h̄kgk|2
1 + ||hk||2 cos2 θk

∑
i6=k |h̄kgi|2 + ||hk||2 sin2 θk

∑
i6=k gH

i E
[
ǫ̃H
k ǫ̃k

]
gi

(3.27)

Note that for the MMSE-BF design, the transmitter must know two CQIs beyondCDI: i) the

channel normg1(hk) = ||hk|| and ii) the correlationg2(hk) = cos θk. Therefore each user

should use Method 3 of Tab. 3.1 for CSI FB.

The estimated throughput with MMSE beamforming is given by

R(MMSE) (S) =
∑

k∈S

log2

(
1 + γ

(MMSE)
k

)
(3.28)

3.3 CDI feedback strategies

In this section we propose4 different CDI FB strategies: i) Basic Feedback (BFB), ii) Hierar-

chical Feedback (HFB), iii) Predictive Feedback with quantization of the error vector (QEV),

and iv) Predictive Feedback with Unitary Rotation Matrix (RM). A numericalcomparison of

the proposed strategies is given later in Section 3.5.2.

3.3.1 Basic feedback signaling

In the basic feedback Signalling (BFB), userk quantizes the “direction” of its channel vector,

h̃k = hk
||hk||

, to a unit norm vector̂hk selected from a codebook. We can have either a differ-
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ent quantization codebookCk = {ck,1, . . . , ck,2B} for each user, whereB is the number of

quantization bits andck,i areM × 1 unit-norm vectors, or the same codebook for all users, i.e.

Ck = C, k = 1, . . . , K. The quantization criterion is minimumchordal distance(see e.g. [42]

for a general definition),

ĥk = arg max
{ck,j}∈Ck

|h̃kc
H
k,j | . (3.29)

which maximizes the CQI of userk in case of ZF BF (see (3.15)). Each user shares knowledge

of its codebook with the transmitter, and feeds back the channel quantizationindex, which

requiresB bits per mobile. In BFB the reconstructed channel of userk is simplyh̄k = ĥk.

We consider two different codebooks: i) RVQ and ii) Lloyd-Max based codebook. In

RVQ the2B quantization codewords are independently chosen from an isotropic distribution

on theM -dimensional unit sphere. As pointed out in [42], since any reasonablywell-designed

codebook should perform at least as well as RVQ, RVQ gives a lower bound in terms of per-

formance.

Alternatively, codebook design can be performed following the Lloyd-Max algorithm [57]

that for a given performance metricµ(h̃k, ci) derives the optimum codebook that maximizes

the expectation ofµ(h̃k, ci), i.e.

max
C

E[µ(h̃k, ci)] . (3.30)

In particular we use the Linde, Buzo and Gray (LBG) approach [58], that substitutes the ex-

pectation in (3.30) by a sample average. In details, the LBG algorithm considers a large set

of NTS channel realizations{h̃k}, referred as training set (TS)3 and derives with an iterative

approach the optimum codebook which maximizes the average average performance metric4

max
C

1

NTS

2B∑

i=1

∑

h̃k∈Ri

µ(h̃k, ci, ) , (3.31)

whereC = {c1, c2, . . . , c2B} is the generic codebook andRi is the partition region of the

training set associated to codewordci.

Since system performance is measured in terms of the achievable sum rate (3.2), a criterion

for codebook design is the maximization of the average CQI, e.g (3.15) for ZF BF. This could

be done only by numerical methods but there is no guarantee of convergence. We notice that for

a given channel realization, (3.15) is maximized by choosing the codewordci that maximizes

the correlation

µ(h̃k, ci) = |h̃kc
H
i |2 . (3.32)

Therefore we use (3.32) as suboptimum performance metric for codebook design in (3.31).

3The size of TS has to scale at least linearly with the number of desired codewords to achieve good performance
[20], hence the complexity of codebook design scales at least exponentially with the number of feedback bits.
Nevertheless codebook generation can be performed off-line, and codebooks can be uploaded from the base station.
Therefore the complexity of the algorithm is not an issue.

4We recall that the LBG algorithm converges to a maximum that is not guaranteed to be global, nevertheless it
provides a practical way for codebook design even when the PDF of thesource signal is not known or difficult to
characterize.
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3.3.2 Hierarchical feedback

In BFB, the time correlation of the MIMO channel is not exploited. If the channel is chang-

ing sufficiently slowly, the mobile CDI feedback could be aggregated over multiple feedback

intervals so that the aggregated bits index a larger codebook. In general, a larger codebook im-

plies more accurate knowledge of the MIMO channel at the transmitter, resulting in improved

throughput. By aggregating the feedback bits over multiple intervals, the codewords can be

arranged in a hierarchical tree structure so that the feedback on a given interval is an index of

codewords that are the "children nodes" of a codeword indexed by previous feedback. Based on

these considerations we propose an alternative hierarchical FB strategy (HFB) that adopts an

incremental feedback approach for the update of the reconstructed channel at the transmitter.

As in BFB, in HFB search, userk quantizes̃hk to a unit norm vector̂hk selected from a

codebookC of 2Bmax unit norm codevectors and using (3.29) as quantization rule. Note that

hereBmax can be larger than the FB codeword lengthB.

Codebook Design

We consider a variant of the LBG algorithm that proceeds iteratively by levels in the codebook

design, according to the following steps:

1. From the TS, compute the optimum codebook with two codevectors by the LBGalgo-

rithm;

2. Split the TS into two subsets, where each subset collects all the channelvectors in TS at

minimum chordal distance from the corresponding codevectors;

3. Recursively iterate steps 1) and 2) to each of the subsets of TS.

This binary construction procedure can be represented by a binary tree of B levels, having at

level i the codewords of the optimal codebook with2i elements.

With the designed codebook, quantization can be performed with a binary search on the

tree, thus requiring a lower computation complexity than conventional quantization, at the

expense of a larger memory and a little decrease in quantization performancecompared to a

full tree brute force search.

As shown in Figure 3.1 for the case ofBmax = 6, a binary representation (codeword) of

each codevector is obtained by associating a bit to each of the two branches exiting a node and

identifying a node at leveli with the i bits on the branches leading from the root to the node

itself. As a consequence, all nodes of the subtree departing from a node at leveli have the

samei most significant bits. The codeword ofi + 1 bits associated to a channel vector can be

obtained by adding one bit to the channel vector representation withi bits.

Moreover, slight changes of the channel in subsequent time slots most probably lead to

codewords with the same most significant bits. This feature is the key aspectin the HFB

signaling.
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Figure 3.1: Example of tree structure for the LBG-based codebook with Bmax = 6 levels
andB = 3 bits per feedback interval. Each tree node in levels 2 and 4 have 2B−1 = 4
descendants. Starting from the codeword labeled[0001] in level 4, all codewords from level 2
and descendants of[0001] in level 6 are considered as candidate codewords for the nexttime
slot. If the codeword labeled[01] is the best, then the feedback is[101] where the first bit1
represents an "up" transition and the remaining bits01 give the selected codeword at level 2.
If the codeword labeled[000110] is the best, then the feedback is[010] where the first bit0
represents a "down" transition and the remaining bits10 give the selected codeword which is
the descendant of[0001].

HFB feedback signaling

We assume that at slotn−1, both transmitter and userk share the reconstructed channel vector

h̄k(n− 1), represented by a binary word of variable lengthLs(n− 1).

At slot n, userk quantizes̃hk(n) into ĥk(n) and compare the firstLs(n − 1) bits of the

binary representations ofĥk(n) andh̄k(n−1). The comparison leads to two cases, correspond-

ing to a match (Down case) or no match (Up Case) between the two sequences. Letik(n) be

the binary word ofB bits fed back by userk at time slotn. The first bitik,1(n) denotes the Up

or Down case. The following bits are determined as follows:

• Down Case.The CSI is refined by feeding back furtherB−1 bits of theBmax-bits code-

word. These additional bits are obtained by going down byB − 1 levels into the quanti-

zation tree. This is performed by feeding back bits at positionLs(n−1)+1, . . . , Ls(n−
1)+B−1 of the codeword associated toĥk(n). Moreover,Ls(n) = Ls(n−1)+B−1.

• Up Case. The CSI must be updated and theB − 1 bits Ls(n − 1) − 2(B − 1) +

1, . . . , Ls(n− 1)−B + 1 of theBmax bit codeword associated tôhk(n) are fed back to

transmitter. Now,Ls(n) = Ls(n− 1)−B + 1.

The proposed algorithm can be easily generalized to account for boundary conditions im-

posing thatB − 1 ≤ Ls(n) < Bmax. Thanks to this strategy we are able to track channel

variations at the cost of an overhead of one flag bit.
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Figure 3.2: Predictive FB (PFB).

3.3.3 Predictive feedback with quantization of the error vector (QEV)

In this section we propose an alternative predictive FB (PFB) strategy where channel quanti-

zation and CSI FB is based on predictive vector quantization. As in HFB we aim at exploiting

the time-correlation of the channel across different slots.

As depicted in Fig. 3.2, at slotn, both transmitter and user obtain a predictionh
(p)
k (n) of

the channel directioñhk(n), based on past reproduced values{h̄k(m) , m < n}. For example,

a simple first order linear predictor yields

h
(p)
k (n) = h̄k(n− 1) (3.33)

where only the previous CSI value is used for prediction. Next, each user quantizes the predic-

tion errorek(n) = h̃k(n)−h
(p)
k (n) and feeds back to the transmitterik(n), a binary represen-

tation of the quantized vector errorêk(n) usingB bits. Both transmitter and user update the

reproduced channel vector̄hk(n) by combining the prediction with the quantized prediction

error, i.e.,

h̄k(n) =
h

(p)
k (n) + êk(n)

||h(p)
k (n) + êk(n)||

, (3.34)
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denoted as+/||.|| in Fig. 3.2.

The codebook of the prediction error quantizer is designed with the aim of minimizing the

mean square errorE[||ek−ci||2]. As in HFB we consider the generalized LBG algorithm [58].

We follow the open loop approach, hence from a training set{h̃k(n)} we first obtain the set of

channel predictions and channel prediction errors{ek(n)}, which are then used to design the

codebook using the LBG algorithm.

3.3.4 Predictive feedback with unitary rotation matrix (RM)

In this section we describe an alternative FB technique still based on quantization of the pre-

diction error but using quantization and prediction rules different from the scheme in Section

3.3.35. At slot n, both transmitter and userk obtain a predictionh(p)
k (n) of the CDI h̃k(n),

based on past reconstructed vectors{h̄k(m) , m < n}. As in Section 3.3.3 we consider a

simple first order linear predictor (3.33). We note that, since CDIs are unitnorm vectors, this

predictor is the optimal first order predictor for the minimization of the chordaldistance.

Sinceh(p)
k (n) andh̃k(n) are unit-norm vectors, we model the prediction error as a rotation

vector from the predicted vectorh(p)
k (n) to the true normalized channel vectorh̃k(n).

In details, at slotn both userk and transmitter derive in the complex hyperspaceC
M×1 of

the MIMO channel a unitary basis whose first element is given by the predicted vectorh(p)
k (n).

This is done by computing the unitaryM ×M matrix Zk(n) obtained by the Gram-Schmidt

orthogonalization procedure [20] applied to the columns of[h
(p)
k (n) IM ], whereIM is the

M ×M identity matrix. With this definition the components ofh
(p)
k (n) in the new basis are

contained in the constant vectoru = Zk(n)Hh
(p)
k (n) = [1 0 . . . 0]T , while the prediction error

vector is defined as

ek(n) = ZH
k (n)h̃k(n) . (3.35)

Let êk(n) be the quantized version ofek(n) fed back to the transmitter. The reconstructed

vector is defined as

h̄k(n) = Zk(n)êk(n) . (3.36)

We note thatek(n) is expected to lie with high probability in an hyper-cone centered around

the constant vector[1, 0, . . . , 0]T and whose surface area, although depending on channel time

correlation, is usually much smaller than the complete surface area of the unitary hyper-sphere

described bỹhk(n). This suggests that for a target quantization distortion we need fewer

codewords to quantize the prediction errorek(n) than what we would need to quantizeh̃k(n)

as in RVQ [42] or Grassmannian line packing [46].

For codebook design we use the LBG algorithm. In this case, from (3.32) and (3.36) the

metric to be maximized is given by

µ(h̃(n), c) =
∣∣∣h̃H(n)Z(n)c

∣∣∣
2

= cHZH(n)h̃(n)h̃H(n)Z(n)c . (3.37)

5The feedback scheme described in this section is similar to the technique proposed in [59] but has been derived
in a completely independent way
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1: INIT: A0 ← {1, . . . , K},
2: s1 ← arg max

k∈A0

γ
(ZF,2)
k

3: S1 ← {s1}
4: for n = 2 to M do
5:

An ← {k ∈ An−1 : |h̄kh̄
H
sj
| ≤ ǫ, j = 1, . . . n} (3.39)

6: if |An| = 0 then
7: S ← Sn−1

8: break
9: else

10: sn ← arg max
k∈An

γ
(ZF,2)
k

11: S,Sn ← Sn−1 ∪ {sn}
12: end if
13: end for

Table 3.2: Pseudo-code of SUS.

We follow the open loop approach, hence from a sequence of channelvectors{h̃(n)}we derive

the set of channel predictions{h(p)(n)}, which are used to compute{Z(n)} in (3.37).

We notice that if we define theM ×M complex matrix relative to the partition regionRi

of the training set

Ai =
∑

h̃(n)∈Ri

ZH(n)h̃(n)h̃H(n)Z(n), (3.38)

it’s easy to show from (3.31) and (3.37) that the optimum codeword for the partition regionRi

is the dominant eigenvector of matrixAi normalized to unit norm.

3.4 User selection schemes

In this section, after a quick review of the user-selection scheme adopted in[42], we introduce

our greedy user-selection algorithms. We notice that all algorithms aim at maximizing the sum

rate of the system, nevertheless they can be easily generalized to a weightedsum rate criterion

as in Chapter 2.

3.4.1 Semi-orthogonal user selection (SUS): review

Using both CQIs and CDIs from all theK users, the transmitter performs a semi-orthogonal

user selection (SUS) algorithm [42] to support up toM users in each time slot. In more de-

tails, SUS sets a parameterǫ that establishes the maximum spatial correlation allowed between

reconstructed user channels. At stepn, firstly it selects among the remaining users the set

An of users having small correlation with already selected users. Then it chooses the user

with largest CQI in the setAn. By using this heuristic algorithm the transmitter selects only

semi-orthogonal users with large CQI. The SUS algorithm is outlined in Tab. 3.2.
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1: INIT: S0 ← ∅, U ← {1, . . . , K}, R(i) (S0)← 0
2: for n = 1 to M do
3:

sn ← arg max
u∈U\Sn−1

R(i) (Sn−1 ∪ {u}) (3.40)

4: if R(i) (Sn−1 ∪ {sn}) ≤ R(i) (Sn−1) then
5: S ← Sn−1

6: break
7: else
8: S,Sn ← Sn−1 ∪ {sn}
9: end if

10: end for

Table 3.3: Pseudo-code of Algorithm1 for user selection.

3.4.2 Improved user selection schemes

The SUS algorithm depends on the correlation parameterǫ, which must bet set beforehand.

Its value is difficult to optimize, indeed, if it is chosen too small, there are chances that very

few users are scheduled for transmission. On the other hand, if it is exceedingly large, the

transmitter may select unwanted users that cause too much interference.

Here we propose two greedy user selection algorithms using quantized CSIT, which, unlike

the SUS algorithm, do not depend on design parameters. Both algorithms can be used in case

of ZF and MMSE beamforming and in combination with any of the signalling techniques of

Table 3.1. The proposals generalize the algorithm proposed in [21] under the assumption of

perfect CSIT.

In Algorithm 1, users are added successively one at a time, up to a maximum ofM , if the

estimated achievable throughput is increased. The pseudo-code for Algorithm 1 is given in

Tab. 3.3.

As explained in the numerical results, when Algorithm 1 is used with the more accurate

SINR approximation given by Method 3, the system does not become interference limited for

increasing SNR as it happens with Methods 1 and 2. Indeed, for high SNRboth ZF BF and

MMSE BF achieve the same sum rate of a simpler transmission scheme that serves only the

best user in each time slot, which we denote as time division multiple access (TDMA). In fact,

if the number of quantization bits is small and kept constant with SNR, eventuallyfor high SNR

transmitting to the best user using a TDMA approach turns out to be optimum in terms of sum

rate. Unfortunately, the user selection Algorithm 1 applied jointly with Method 3 reduces the

number of active users at high SNR, but performs worse than with Method2 in the intermediate

SNR region.

In order to overcome this drawback we propose a novel user selection mechanism (Algo-

rithm 2) which leads to an increment of the average number of selected users. Algorithm 2

can be explained by representing the possible sets of selected user as paths in a tree of depth

min{M, K} (see Figure 3.3). The number of nodes at then-th level of the tree is K!
(K−n)! . The

greedy selection Algorithm 1 performs a very limited search, just over
∑min{M,K}

n=1 (K−n+1)

nodes. Our goal is to improve Algorithm 1 without adding much complexity.
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n−3 level

n−2 level

n−1 level

n level

old path

new candidate

new candidate

LSn−2(1) LSn−2(2)

LSn−1(1) LSn−1(2)

LSn(1) LSn(2) LSn(|U\Sn−1|)

Figure 3.3: Representation as a tree search of Algorithm 2 for user selection.

Let us defineU = {1, . . . , K} and consider a given pathSn−1 of length (n − 1). We

introduce an ordering of the nodes at leveln belonging to the same subtree ofSn−1, and

indicate these nodes as{LSn(j)}j=1,...,|U\Sn−1|
, such thatR(i)(Sn−1 ∪ {LSn(1)}) ≥ . . . ≥

R(i)(Sn−1∪{LSn(k)}) ≥ . . . ≥ R(i)(Sn−1∪{LSn(|U\Sn−1|)}). When exploring a subtree of

LSn−1(j), if the conditionR(i) (Sn−1 ∪ LSn(1)) ≤ R(i) (Sn−1) is met, instead of stopping the

search as in Algorithm 1 and takingSn−1 as the final set of active users, we go back by one level

and start exploring the “second best” subtree, by settingSn−1 = Sn−2∪LSn−1(j+1). In order

to keep control of the maximum number of visited nodes, we use the parameternbsMAX , which

represents the maximum number of trees (or backward steps) being successfully searched. The

pseudo-code of Algorithm2 is shown in Tab. 3.4.

In Fig. 3.4, we considerM = 4, K = 20, B = 8, hk ∼ CN (0, I) and ZF beamforming

and compare the average number of users selected by the two algorithms as afunction of SNR.

We notice that Algorithm 2 selects a larger number of users with respect to Algorithm 1. In

particular with SNR= 25 dB Algorithm2 increases the number of selected users with respect

to Algorithm1 by almost a factor of2.

3.5 Simulation results

In this section we compare the proposed solutions for i) user selection, ii) CDI feedback and

iii) beamformer design, by means of numerical simulations.

3.5.1 Greedy user selection vs SUS

We consider a flat Rayleigh fading channel model with i.i.d. elements, i.ehk ∼ CN (0, I).

Adopting ZF beamforming and simple RVQ, in Figs. 3.5 and 3.6 we compare the user selection

schemes proposed in Section 3.4 in terms of sum rate vs. SNR forK = 20 users,M = 4

antennas andB = 4, 8 bits.

In Fig. 3.5 we compare Algorithm1 for user selection (see Table 3.3) with SUS for the

three CQI methods summarized in Table 3.1. As terms of comparison we also include the sum
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1: INIT: S0 ← ∅, U ← {1, . . . , K}, R(i) (S0)← 0, nbs ← 1
2: for n = 1 to M do
3: LSn ← arg sort

u∈U\Sn−1

{
R(i) (Sn−1 ∪ {u})

}

4: pos[n]← 1
5: Sn ← Sn−1 ∪ LSn(1)
6: if R(i) (Sn) ≤ R(i) (Sn−1) & nbs ≤ nbsMAX

then
7: BACKOFF← 1, l← n− 1 , S(nbs) ← Sn−1

8: while BACKOFF & l ≥ 0 do
9: pos[l]← pos[l] + 1

10: if pos[l]≤|LSl
| & R(i)(Sl−1∪LSl

[pos[l]])>R(i)(Sl−1) then
11: BACKOFF← 0, nbs ← nbs + 1,
12: Sl ← Sl−1 ∪ LSl

[pos[l]], n← l
13: else
14: l← l − 1
15: end if
16: end while
17: end if
18: end for
19: S ← arg max

{S(j)}
j=1,...,nbs

R(i)(S(j))

Table 3.4: Pseudo-code of Algorithm2 for user selection.

rate achievable with TDMA and ZF BF (see also Chapter 2), both under the assumption of

perfect CSIT. For the SUS algorithm, we setǫ = 0.4, which was empirically found to be a

good choice. The optimization ofǫ, however, remains an open problem.

We observe that Method1 generally yields very poor performance. For low SNR, Method

2 outperforms all the other schemes at all feedback ratesB. However, at high SNR, Method

2 tends to allocate too many users and the system becomes interference limited, therefore, at

certain SNR depending on the number of FB bits, TDMA becomes preferable. This depends on

the fact that the SINR lower-bound used by Method 2 is tight for a number of active users close

to M but is loose for few active users (one or two), therefore the system wrongly estimates the

sum-rate at high SNR, where in fact TDMA eventually becomes optimal6. This problem can

be partially solved using Method3, where a better approximation of the SINRs is guaranteed

in each step of Algorithm 1 for user selection. However, for the reasonsalready mentioned in

Section 3.4 we observe that at intermediate SNR Method2 outperforms Method3.

In order to improve performance of Method3 at intermediate SNR we use Algorithm2

for user selection (see Table 3.4). In Figure 3.6 we can see how simulationsresults confirm

the considerations in Section 3.4 concerning the improvements of Algorithm2 over Algorithm

1. We emphasize that by using Algorithm2 and Method3, the saturation of the sum rate is

avoided and we are able to achieve very good performance over all the SNR range. Notice that

the maximum number of backward steps used for the results of Fig. 3.6 isnbsMAX = 5.

6This is true only for a number of feedback bits fixed with the SNR.
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Figure 3.4: Average number of allocated users vs SNR forK = 20 for M = 4, B = 8 and
ZF beamforming. SINRs have been calculated by using Method3.
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Figure 3.5: Average throughput vs SNR forM = 4, K = 20 andB = 4, 8. Comparison
between the proposed techniques and SUS [42].

3.5.2 Comparison between CDI feedback strategies

We still consider a transmitter equipped withM = 4 antennas andK = 20 users. Differ-

ently from Section 3.5.1 the channel is modelled astime-variantwithin each time slot and flat

Rayleigh fading, according to the spatial channel model (SCM) [60]. The carrier frequency is
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Figure 3.6: Average throughput vs SNR forM = 4, K = 20, B = 4, 8 andnbsMAX = 5.
Comparison between Algorithm1 and Algorithm2.

2 GHz, the transmission bandwidth is 5 MHz and the distance between two adjacent transmit

antennas is 10 wavelength. The time slot duration isT = 0.5 ms and each user transmits the

FB once per slot. The transmitter performs user selection according to Algorithm 1, computes

the CQI feedback as in Method 2, and designs the ZF beamformer at the beginning of the time

slot, keeping it unchanged for the whole time slot. Under this setting the achievable sum rate

is determined as

E



|S(n)|∑

k=1

R̄k(t)


 , (3.41)

with R̄k(t) the achievable rate of userk at timet of slotn, i.e.,

R̄k(t) = log2 [1 + SINRk(t)] (3.42)

and extending (3.1) to time variant channels inside a time slot,

SINRk(t) =
|hk(t)gk(n)|2

1 +
∑

i∈S(n)\{k}

|hk(t)gi(n)|2 . (3.43)

For the HFB strategy, the largest codebook size isBmax = 12, corresponding to a tree with12

levels. The codebook for QEV and RM is designed from a TS composed ofchannel vectors of

the SCM for users moving at3, 50 and130 km/h with equal probability.

We compare the following FB strategies: 1) BFB with RVQ, 2) BFB with LBG-based

codebook, 3) HFB with linear search of the best codeword, 4) QEV with asimple holder

as predictor, 5) RM with a simple holder as predictor, 6) ZF BF with perfect CSIT (PCSIT)
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Figure 3.7: Sum rate as a function of SNR for the BFB strategy,using RVQ and LBG quanti-
zation methods. Channel with block fading,v = 130 km/h.

which gives an upper bound for the achievable sum rate. Moreover, as term of comparison we

include 7) Predictive FB with state evolution (PFB-SE), a recursive feedback reduction method

based on [61]. This scheme has been proposed to exploit the correlationof the channel in the

frequency domain for a MIMO OFDM system. The same approach can be used in our scenario

to exploit the channel correlation in the time domain. Quantization is performed directly on

h̃k(n) using a time variant quantizer. At slotn = 1 user quantizes̃hk(1) according to the

minimal chordal distance (3.29) for a codebookC composed of2B′
codewords. In general, say

c the codeword used at slotn − 1, at slotn user uses a codebookCc containing only the2B

codewords ofC at minimal chordal distance fromc. In the simulations we useB′ = B + 8.

In Fig. 3.7 we compare BFB with RVQ and BFB with LBG, in terms of sum rate as a

function of SNR for a block fading (BF) channel (i.e., assuming the channel invariant during a

time slot). Performance is evaluated for different FB bitsB and the sum rate achievable with

ZF BF and PCSIT is added as an upper bound. We note that LBG-based codebook outperforms

RVQ for any SNR condition and FB rate thanks to its capability of better exploitingthe spatial

correlation of the channel. Moreover as in Figs. 3.5 and 3.6 the sum rate eventually saturates

for high SNR, due to quantization errors that lead to inaccurate ZF beamforming and multiuser

interference. From results not reported here it is also seen that when the channel is time vary-

ing within a slot, both LBG an RVQ show a performance degradation with respect to block

fading, since the beamformer design is for outdated channel vectors. However, the LBG-based

codebook still yields an higher sum rate than RVQ in any SNR condition.

In Figs. 3.8 and 3.9 we set the average SNR= 15 dB, assume a time-variant channel, and

compare the proposed FB strategies in terms of sum rate as a function of FB bits B, for users

moving at3 and130 km/h, respectively. As terms of comparison we include ZF beamforming

with perfect CSIT and PFB-SE. Firstly, we notice that HFB, QEV and RM provide a significant
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Figure 3.8: Sum rate as a function of FB bits for various FB strategies. M=4, K=20, SNR =
15 dB andv = 3 km/h.

gain over BFB, especially in a slowly-time variant channel, because they exploit channel time

correlation. For few FB bits HFB is the best option for bothv = 3 and130 km/h, but as

the FB rate increases predictive FB strategies, e.g. QEV and RM, become preferable and

approach the sum rate achievable with perfect CSIT. Forv = 3 km/h HFB achieves its best

performance already forB = 4 and there is no further gain with an increment of the FB rate,

as its performance is limited by the maximum sizeBmax of the codebook. For high FB rate and

high speed, HFB has worse performance than BFB because the channel rapidly changes, and all

users send with very high probability the most significantB − 1 bits of the quantized channel.

In this case, the flag bit yields a rate inefficiency. Differently, predictiveFB strategies are not

affected by this drawback and provide higher sum rate. In particular RMalways outperforms

QEV because it adopts a better strategy for the quantization of the predictionerror vector.

Unfortunately we notice that the gap with BFB significantly reduces as the speed of the user

increases.

In Figs. 3.10 and 3.11 we setB = 6 and compare the proposed FB strategies in terms

of sum rate as a function of SNR, forv = 3 and130 km/h, respectively. In the low SNR

region the gap between the various strategies is small because system noiseis dominant, but as

SNR increases RM becomes the best option because it leads to a more accurate quantization

accuracy and less multiuser diversity. In particular forv = 3 km/h it performs close to ZF

with PCSIT already forB = 6. The gain with respect to BFB reduces when the user speed

increases, especially at high SNR.

3.5.3 ZF beamforming vs MMSE beamforming

In Fig 3.12 we setM = 4, K = 4 andv = 130 km/h and compare MMSE-BF and ZF-BF in

terms of sum rate as a function of SNR, for both BFB and RM. We assume dedicated channels
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Figure 3.9: Sum rate as a function of FB bits for various FB strategies. M=4, K=20, SNR =
15 dB andv = 130 km/h.
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Figure 3.10: Sum rate as a function of SNR for various FB strategies and FB bits. Users
moving at 3 km/h.

for theK = 4 users, i.e. there is no user selection (or equivalentlyK = 4 users are selected

randomly). MMSE-BF is preferable because it better copes with multiuser interference caused

by quantization errors, although it requires a double CQI FB. Nevertheless, we verified that

even considering the mean value ofcos θk in BF design, MMSE-BF still highly improves ZF-

BF.

Simulation results revealed that in case users are selected with an opportunistic approach
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Figure 3.11: Sum rate as a function of SNR for various FB strategies and FB bits. Users
moving at 130 km/h.
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Figure 3.12: Sum rate as a function of SNR for various FB strategies and FB bits adopting
both ZF-BF and MMSE-BF. Users moving at 130 km/h.

MMSE-BF does not provide gain with respect to ZF-BF. Indeed both SUSand the proposed

greedy user selection algorithms try to select almost orthogonal users, thus limiting multiuser

interference that MMSE-BF tries to cope with.
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3.6 Conclusions

This chapter consider a MIMO-BC with limited FB and single antenna receivers and investi-

gates three different issues: i) beamformer design ii) channel quantization and feedback op-

timization iii) user selection. In case of randomly selected users the proposedMMSE BF

outperforms ZF BF in terms of achievable throughput, nevertheless this gainbecomes negli-

gible when users are selected by an opportunistic approach. This resultrecalls a well know

finding under perfect CSIT.

We propose novel channel quantization algorithms and feedback strategies that exploit spa-

tial and time correlation of the MIMO channel and lead to significant performance improve-

ment over conventional approaches. In particular predictive FB with quantized rotation matrix

achieves close to optimum performance even with a moderate number of FB bits.In slowly

time variant channels and with few FB bits hierarchical FB is very competitive and is less

complex to implement with respect to predictive FB strategies.

We introduce new opportunistic user selection algorithms that exploit multiuser diversity

in systems where users do not have strict delay constraints. The proposals use limited uplink

FB information and select the set of active user in each time slot based on a sum rate criterion.

Interestingly no off-line parameter adjustments are required and they provide an improved

estimation of the achievable throughput with respect to information fed back by users.



Chapter 4

Multiuser MIMO downlink with
limited feedback and multiple antenna
receivers

In this chapter we address the problem of transceiver design and channel quantization in a MU

MIMO downlink system with limited uplink FB where users employ multiple antennas. Inter-

estingly quantization codebook design adapts to the transceiver structureand exploits MIMO

channel statistic.

A first solution considers zero-forcing (ZF) beamforming. While the codebook design and

receiver combining strategies are dependent, the combining strategy can be derived for a fixed

set of codebook vectors. Because CSI at transmitter (CSIT) is not ideal, each active user will

experience residual interuser interference. Exploiting the additional degrees of freedom pro-

vided by multiple receive antennas, the combiner is designed to maximize the output expected

signal-to-interference-plus-noise ratio (SINR), where expectation is taken with respect to the

SINR as the receiver is assumed to have no apriori knowledge of the other beams used by the

transmitter. We call this strategy asmaximum expected SINR combiner(MESC). We provide

an analytic characterization of the achievable throughput of the proposed combiner in the case

of many users. Extending results in [62] and [42], we show how additional receive antennas or

higher multiuser diversity can reduce the required feedback rate to achieve a target throughput.

We show how scaling the number of feedback bits linearly with the SNR expressed in dB as-

sures a constant gap from the achievable sum rate with perfect CSIT. Furthermore, the constant

of proportionality linearly decreases with the number of receive antennas.

The quantization codebook is designed according to the Lloyd-Max algorithm [20], ex-

tending the approach used in Chapter 3 for single-antenna receivers.Following 3GPP-LTE

system design guidelines we extend the FB strategies proposed in Chapter 3giving special in-

terest to reduced complexity and low FB rate solutions. In particular we generalize basic FB

(BFB) and hierarchical FB (HFB) strategies to the case of multiple-antennausers. This is ac-

complished after deriving two new performance metrics for codebook design, corresponding to

low and high SNR regimes. Interestingly HFB provides significant performance improvement

over BFB for users with moderate mobility.
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A second solution considers unitary beamforming (U-BF) [44] extending the technique in

[22]. A unitary precoder allows for a perfect estimate of the user SINR at both sides of the

transmission link, yielding to a design of the MMSE combiner with no approximationsand a

more reliable user selection. In this case adapting to the transceiver structure, the codebook

design i) exploits the statistic of the channel model and ii) comprises an high number of unitary

matrices. Two greedy solutions are proposed and their effectiveness isvalidated by simulations.

The chapter is organized as follows. In Section 4.1 we describe the systemmodel. Section

4.2 describes ZF with MESC technique under limited feedback and Section 4.3 provides an

asymptotic performance analysis of the proposed strategy in case of many users. Section 4.4

describes the LBG-based codebook design technique and generalizesbasic FB and hierarchical

FB to multiple antenna receivers. Then, Section 4.5 proposes a novel unitary beamforming

scheme and numerical results are presented in Section 4.6. Finally Section 4.7concludes the

chapter summarizing the main findings.

Part of this chapter has been published in [63], [64], [65] and [66].

4.1 System model

We consider a narrowband multiantenna downlink channel modelled as a MIMO-BC with flat

fading, whereK users request service from a transmitter equipped withM antennas. Differ-

ently from Chapter 3 we assume that each user hasN > 1 receive antennas. The discrete-time

complex baseband received signal by thekth user is given by (2.1).

As shown in Chapter 2, sinceN > 1 each user could receive multiple spatial data streams

[67, 39], however we transmit at most a single stream to each active user. In systems where

K ≫ M (as in the practical cellular systems we consider), this restriction is justified through

analytic [68] and empirical observations (see Chapter 2) under ideal CSIT. Moreover similar

observations were made in the case of limited CSIT [62]. Furthermore, limiting thetransmis-

sion to a single stream results in less uplink feedback per user, providing additional justification

for the restriction.

As for single antenna users the proposed transceiver architectures comprise three phases:

i) channel estimation, determination of FB information and combining vector design at each

receiver, ii) user selection and beamformer design at the transmitter and iii) data demodulation

at the receivers after estimating the equivalent channel by dedicated pilots1. We underline that

the additional degrees of freedom provided by multiple antenna at the receivers implies the

computation of a combining vector and a different approach for the determination of CDI and

CQI.

4.2 The maximum estimated SINR combiner technique

In this section we describe a first transmission strategy based on ZF beamforming at the trans-

mitter and maximum estimated SINR combiner (MESC) at receivers.

1Dedicated downlink training is not strictly necessary in case of unitary BF because each selected user already
knows its beamforming vector and can estimate the equivalent channel toperform coherent detection.
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4.2.1 Phase I: Determining feedback from receivers

In this section for ease of notation we refer to a BFB strategy where the reconstructed channel

vector at the transmitter is simply the CDI fed back by the user. An alternative FB strategy

based on HFB is described later in Section 4.4.2.

We suppose that the transmitter serves a set of usersS. Thekth receiver (k ∈ S) processes

the received signal using a linear combiner given by a unit-normN -dimensional vectoruk.

The signal at the combiner output is

rk = uH
k yk

= uH
k Hkgkdk + uH

k Hk

∑

i∈S,i6=k

gidi + n′
k (4.1)

whereyk is the received signal given by (2.1),n′
k is the unit variance complex Gaussian

processed noise, andgi is theM × 1 precoding vector for theith selected user. From (4.1) the

SINR for userk is

SINRk =
pk|uH

k Hkwk|2
1 +

∑
i∈S\{k}

pi|uH
k Hkwi|2

(4.2)

where we definedgk =
√

pkwk as the beamforming vector for userk, with wk the ZF precoder

to be defined in Section 4.2.2. We consider an average sum-power constraint and impose equal

power-allocation for the selected users2, i.e. pk = P
|S|||wk||2

.

We definevk = HH
k uk to be the equivalent MISO channel for thekth user and assume

v̂k to be its unit-norm quantized version fed back as CDI. Following the same approximations

used in Section 3.2.1 and assuming a full loaded system, i.e.|S| = M , we get an approximated

lower bound for the expected SINR

E [SINRk] '
γk

||wk||2
, γ̃k (4.3)

where we define

γk ,
ρ|uH

k Hkv̂k|2
1 + ρ||uH

k Hk − (uH
k Hkv̂k)v̂

H
k ||2

(4.4)

as the CQI feedback withρ = P
M . We recall that (4.4) represents the exact SINR of userk

when the CDIs of the selected users form a set ofM orthogonal vectors.

From (4.4), the linear detectoruk and the codebook vector̂vk are chosen according to

(uk, v̂k) = arg max
uk∈CN , ||uk||2=1, ci∈C

γk,i(uk, ci) , (4.5)

where

γk,i =
uH

k Akuk

1 + uH
k Bkuk

(4.6)

2As in Chapter 3 this last restriction is sub-optimum but allows to derive a goodapproximation of the expected
SINR of each user that otherwise would be difficult to predict.
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and

Ak = ρ (Hkcic
H
i HH

k ) (4.7)

Bk = ρ [Hk(I− cic
H
i )HH

k ]. (4.8)

We call the optimum detectoruH
k given by (4.5) themaximum expected SINR combiner

(MESC). The maximizing arguments in (4.5) can be determined in a straightforward manner

by considering all codewordsci ∈ C. For a given codewordci, the desired detector is the

MMSE linear combiner which can be derived as

uk = (I + Bk)
−1√ρHkci, (4.9)

normalized to unit norm. Then the resulting expected SINR becomes

γk,i = ρcH
i HH

k (I + Bk)
−1Hkci. (4.10)

We note that for the special case of low SNR, the interference becomes negligible compared

to the thermal noise, and the matched filteruk = Hkv̂k
||Hkv̂k||

becomes the optimum receiver. In

this case, (4.4) becomes

Low SNR γk = ρv̂H
k HH

k Hkv̂k . (4.11)

From this observation, for asymptotically highB, the quantization vector that maximizes (4.11)

would be, with very high probability, close to the direction of the dominant left singular vector

of the channel matrixHk which represents the quantization strategy proposed in [63]. Hence

the proposed MESC reduces to choosing the codeword closest in direction to the dominant

right singular vector of the channel matrix at low SNR and asymptotic highB.

For another special case of high SNR, thermal noise becomes negligible withrespect to

multiuser interference, and (4.4) reduces to

High SNR γk =
|ṽH

k v̂k|2
1− |ṽH

k v̂k|2
=

cos2(θk)

sin2(θk)
(4.12)

wherecos(θk) = |ṽH
k , v̂k| and the expected SINR is maximized minimizing the angleθk

between the normalized equivalent channelṽk and the quantized vector̂vk. In other words

the quantization vector is chosen as the codeword at minimum chordal distance from the space

spanned by the rows of the channel matrixHk completely neglecting the gain associated to

the equivalent channel. This corresponds to the quantization-based combing (QBC) solution

proposed in [62]3.

This analysis reveals how the proposed MESC, according to the receiver SNR and the

number of feedback bitsB, chooses the combining vector and the codeword that give the best

3We emphasize that ifM = N the channel vectors spanCM with probability one. Therefore each quantization
vector has zero angle with the channel subspace and when using QBC there is no gain in increasing the feedback
rate. Differently MESC accounts for the norm of the equivalent channel and even withN ≥ M is able to exploit
additional feedback bits and provides significant gain over QBC as shown in Section 4.6.
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trade-off between quantization accuracy (minimization ofθk) and gain of the equivalent chan-

nel (||vk||) in order to maximize the expected SINR. For low SNR and highB, this corresponds

to choosing the equivalent channel with the largest gain. Whereas at high SNR, quantization

accuracy becomes the dominant factor.

4.2.2 Phase II: User selection and precoder determination at the transmitter

Using CDI vector and CQI feedback from all of the mobiles, the base stationchooses a setS
of users to serve based on a weighted sum rate given by

R̃ (S) =
∑

k∈S

αk log2 (1 + γ̃k) (4.13)

whereαk is the QoS weight for thekth user and the CQĨγk is given by (4.3).

For a given setS, we collect the CDI vectors of selected users inΛ(S) = [v̂1, . . . , v̂|S|]
H ,

and define matrixW(S) = [w1, . . . ,w|S|] = Λ(S)† = Λ(S)H
(
Λ(S)Λ(S)H

)−1
. The ZF

beamforming vectorgk of thekth user is thekth column of the matrixG(S) = [g1, . . . ,g|S|] =

W(S)diag(p)1/2 wherep =
[
p1, . . . , p|S|

]
.

For determining setS, we consider two different user selection schemes: 1) the greedy

algorithm 1 (GUS) proposed in Section 3.4.2 and 2) the semi-orthogonal user selection (SUS)

algorithm proposed in [42] (see also Section 3.4.1).

SUS is more amenable for analysis, and we use it Section 4.3. On the other hand the relative

simplicity of GUS, makes it preferable to implement and we use it in Section 4.6 in numerical

simulations.

4.2.3 Phase III: Data demodulation at the active receivers

Users in the active setS, in order to perform coherent demodulation, need a coherent channel

estimate of the beamformed SIMO channel which can be obtained by pilot sequences, some-

times known asdedicated pilots. A dedicated pilot is a training symbol transmitted to a user,

using its designated beamforming vector. In turn, data demodulation can be performed using

the MESCuk from (4.5). Alternatively, as suggested in [63], each user could estimatethe

equivalent channels with respect to the precoded streams destined for other users and derive

the MMSE combiner explicitly for the desired signal in the presence of this interference. Let

f
(j)
k = Hkgj , in case of perfect channel estimation, the new MMSE combiner for userk is

given by

uk =


I +

∑

j∈S,j 6=k

f
(j)
k f

(j)H

k




−1

f
(k)
k , (4.14)

normalized to have unit norm. We will investigate in Section 4.6 the conditions under which

this additional MMSE processing might be useful.
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4.3 Asymptotic analysis of MESC forN < M

In this section using RVQ we analytically characterize the performance of MESC with SUS.

Because we are interested in cellular downlink systems, we study the case ofmany users

K ≫ M and fewer receive antennas than transmit antennas,N < M . We assume each user

channel matrixHk has i.i.d complex zero-mean Gaussian entries with unit variance. More-

over to simplify analysis we assume that users with orthogonal CDIs are selected at transmitter

and that (4.4) represents the effective SINR for userk. Under these assumptions and adopting

MESC, the achievable SINRγk,i of userk for a generic codewordci is given by (4.10) which

can also be expressed as [69]

γk,i =
1[(

I + GHHH
k HkG

)−1
]

k,k

− 1 (4.15)

whereG is the unitary beamformer andgk =
√

ρci is the precoding vector for userk. In

the following we characterize the probability density function (PDF) of (4.15). To this aim,

sinceNk = HH
k Hk is a central complex Wishart matrix withN degrees of freedom and

covariance matrixI, (Nk ∼ W(N, I)), it is unitary invariant [70], i.e.GHHH
k HkG has the

same distribution ofρHH
k Hk. As a consequence the distribution ofγk,i is equivalent to the

distribution ofγ̄k,i = 1h
(I+ρHH

k Hk)
−1
i

k,k

− 1. The cumulative density function (CDF) ofγ̄k,i

can be derived from [71] and under the assumptions of equal power allocation we get

Fγk,i
(z) = Fγ̄k,i

(z) = P [γ̄k,i ≤ z]

= 1− e
− z

ρ

N∑

n=1

En(z)

(n− 1)!

(
z

ρ

)n−1

(4.16)

where

En(z) =





1 N ≥M − 1 + n
N−nP
i=0

(M−1
i )zi

(1+z)M−1 N < M − 1 + n

. (4.17)

We underline that the analysis developed in this section explicitly refers to the more practical

caseN < M in which (4.16) becomes

Fγk,i
(z) = Fγ̄k,i

(z) = 1− e
− z

ρ

(1 + z)M−1
L(z) (4.18)

with

L(z) =
N∑

n=1

N−n∑
i=0

(
M−1

i

)
zi

(n− 1)!

(
z

ρ

)n−1

. (4.19)

The following theorem derives the CDF ofγk for the best codeword̂vk.

Theorem 2 In a system withN < M where channel quantization is performed according to
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(4.5), using RVQ withB feedback bits, the CDF of CQIγk is given by

Fγk
(z) = 1−

(
M−1
N−1

)
2Be

− z
ρ

(1 + z)M−N
, z = O(ρ)≫ 1 . (4.20)

Proof: Using Taylor series expansion we give an approximated characterizationof Fγk,i
(z)

valid for z, ρ≫ 1. Indeed forL(z) we get

L(z) =
N∑

n=1

(
M−1
N−n

)
zN−n + o

(
zN−n

)

(n− 1)!

(
z

ρ

)n−1

= zN−1
N∑

n=1

(
M−1
N−n

)
+ o(1)

(n− 1)!ρn−1

= zN−1

(
M − 1

N − 1

)
+ o

(
zN−1

)
(4.21)

and still applying Taylor approximationzM−1 = (1 + z)M−1 + o(zM−1), the CDF ofγk,i for

z, ρ≫ 1 becomes

Fγk,i
(z) = 1−

(
M−1
N−1

)
e
− z

ρ

(1 + z)M−N
. (4.22)

Since for RVQ the codebook is composed by2B independent random vectors,γk is the maxi-

mum among2B i.i.d. random variables distributed according to (4.18) and its CDF results

Fγk
(z) = P


max γk,i

{γk,i}2B

i=1

≤ z


 =

[
Fγk,i

(z)
]2B

. (4.23)

Again using Taylor series expansion forz = O(ρ) ≫ 1 from (4.22) and (4.23) we finally get

(4.20).�

Theorem 2 gives the distribution of SINR of any given user but to find anexpression of the

achievable throughput, we need the distribution ofγk for aselecteduser which depends on the

user selection algorithm. We recall that according to the SUS algorithm, the(i + 1)th selected

user has the highestγk among|A(i)| users with independent channels and the same average

SNR. Letγi:U be theith largest order statistic amongU i.i.d. random variables{γk}. The

selection of useri + 1 can be seen as the selection of the (i + 1)th largest order statistic in a set

with U (i) = |A(i)|+ i elements all having the same statistic. An approximated expression for

the achievable throughput when using MESC and SUS is given by

E[R] ≃ E

[
M∑

i=1

log2 (1 + γi:U(i−1))

]
, (4.24)

where the approximation takes into account that (4.4) is the SINR after beamforming in case

M users with orthogonal CDIs are selected at transmitter. In the following we derive an ap-

proximation of (4.24) in case of many usersK. Applying the law of large numbers it’s easy to

see thatU (i) ≃ Kαi + O(1) whereαi is the probability that a user belongs toA(i). Moreover



48 Chapter 4. Multiuser MIMO downlink with limited feedback and multiple antenna receivers

from [42, Theorem 1] and (4.20) one can easily derive an approximation of (4.24) in the case

of many users as

E[R] ≃
M∑

i=1

log2

(
1 + ρ log

(
M−1
N−1

)
2BKαi−1

ρM−N

)
. (4.25)

The logarithmic term∆ = log
(M−1

N−1)2
BKαi−1

ρM−N in (4.25) can be interpreted as the SNR variation,

which includes the effects of both quantization error and multiuser diversity. Interestingly for a

given∆ that assures a constant gap from ZF beamforming with perfect CSIT,B andK should

scale withP as

B + log2 K = (M −N) log2 P + c , (4.26)

wherec = −(M − N) log2 M − log2

(
M−1
N−1

)
+ d is monotonically increasing withN andd

depends on∆. We observe that for a givenK the scaling ofB with log2 P ≃ PdB/3 has a

smaller slope with increasingN , meaning that the increment of the feedback rate necessary

to assure a constant gap from ZF beamforming with perfect CSIT is smaller for increasingN .

Moreover as in [42], quantities2B andK are interchangeable. Hence for a target sum rate,

every doubling of the number of users saves one feedback bit per user. This result naturally

extends the scaling rule derived in [42] forN = 1, showing the benefit of multiple receive

antennas in systems with limited uplink feedback. Furthermore it also generalizes the results

obtained in [62] for QBC in case of random or no user selection, showinghow multiuser

diversity can be exploited to reduce feedback overhead.

It is important to observe that (4.20), (4.25)-(4.26) are valid only in alarge user regime

asK → ∞. For finiteK andB, if P is too large, the system enters theinterference-limited

regime. Applying similar arguments of Theorem 2, the CDF ofγk simplifies to

Fγk
(z) = 1−

(
M−1
N−1

)
2B

(1 + z)M−N
, z ≫ 1 . (4.27)

From [42, Theorem 2] and (4.27) an approximation of (4.24) in case of many users is

E[R] ≃ M

M −N
(B + log2 K) +

+
M log2

(
M−1
N−1

)
+
∑M

i=1 log2 αi−1

M −N
. (4.28)

Under finiteB andK ≫ 1 we see that the sum rate eventually converges to a constant value

as given by (4.28) which increases withN .

4.4 Codebook Design based on the LBG algorithm

In this section we investigate the problem of codebook design assuming that the MESC algo-

rithm described in Section 4.2 is used by each receiver. We design the codebook using the

LBG algorithm described in Section 3.3.1 and repropose BFB and HFB as feedback strategies.
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Here HFB is preferred to other predictive FB strategies, e.g. QEV and RM, because we are

interested in low-complexity solutions and low FB rates.

Let µ(H, ci) be a performance metric to be used in (3.31) withH substitutingh. We note

that in contrast to the single-antenna case the optimization criterion forN > 1 has to involve

the computation of the receiver combineruk, which depends on the quantization codebook and

the channel realization.

4.4.1 Performance metrics

A direct optimization of the quantization codebook based on (4.10) could be done by numer-

ical methods, however the complexity is very high and there is no guarantee of convergence.

Moreover (4.10) depends on the transmission powerP , hence the derivation of the optimum

codebook should be related to this parameter and different codebooks would be necessary for

different SNR values. These motivate the derivation of a simplified performance metric as an

approximation of (4.10). Indeed we consider two limit situations, low-SNR andhigh-SNR

regions and derive suboptimal but practical performance metrics.

Codebook design for low-SNR

In the low-SNR region when interference is negligible with respect to noise,the expected SINR

for thekth user can be approximated as

Low SNR E[SINRk] = ρ E
[
|uH

k Hkc|2
]

(4.29)

wherec = Q[Hk,uk]. Hence we adopt the performance metricµ1(Hk, c) = |uH
k Hkc|2 also

because the maximization problem does not depend on the constant factorρ.

We notice that in the low SNR region the problem of codebook design simplifies tofinding

the best codewords for a SU-MIMO system. In this case, as stated in [46], [47], if transmit

antennas are uncorrelated receive correlation and the number of receive antennas do not influ-

ence the problem of codebook design and the same codebook used for spatially uncorrelated

channels may be used. The same arguments are not applicable in case of correlated transmit

antennas where not only the transmit correlation matrix but also the receivecorrelation matrix

and the number of receive antennas have to be taken into account in codebook design. The

proposal applies to the general case of possible transmit and receive antennas correlation.

Since in the low-SNR region for a given codewordc and a channel matrixHk the optimum

combiner is given by the MRC with respect to the equivalent channelHkc, we can rewrite the

performance metric as

µ1(Hk, c) =
|cHHH

k Hkc|2
||Hkc||2

= cHHH
k Hkc . (4.30)

And the optimum codeword for the partition regionRi results the dominant eigenvector of the

matrix
∑

Hk∈Ri

HH
k Hk normalized to unit norm.
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Codebook design for high-SNR

In the high-SNR region when noise is negligible with respect to multiuser interference from

the expectation of (4.12) the expected SINR is given by

High SNR E[SINRk] = E

[ |ṽH
k c|2

1− |ṽH
k c|2

]
(4.31)

≥ E
[
|ṽH

k c|2
]

1− E
[
|ṽH

k c|2
] , (4.32)

where (4.32) follows from Jensen’s inequality applied to the convex function γk in the high

SNR region. Observing that the maximization of (4.32) is achieved simply maximizingits

numerator, a suboptimum performance metric in the high-SNR scenario, still independent of

P , is given by

µ2(Hk, c) = |ṽH
k c|2 =

∣∣∣∣
uH

k Hk

||uH
k Hk||

c

∣∣∣∣
2

=
uH

k Ckuk

uH
k Dkuk

(4.33)

whereCk = Hkcc
HHH

k and Dk = HkH
H
k . Given a certain codewordc, the optimum

combiner for a given channel realization is easily derived as a scaled version ofuk = D−1
k Hkc

and the performance metric simplifies to

µ2(Hk, c) =

∣∣∣∣
cHHH

k (Dk)
−1Hk

||cHHH
k (Dk)−1Hk||

c

∣∣∣∣
2

= cHHH
k (Dk)

−1
Hkc . (4.34)

As a consequence, the optimum codewordci for the partition regionRi results the dominant

eigenvector of the matrix
∑

Hk∈Ri

HH
k (Dk)

−1
Hk normalized to unit norm.

4.4.2 LBG-based codebook with tree structure and hierarchical feedback

As in Section 3.3.2 we generate the quantization codebook by a tree structure. Differently

from Section 3.3.2 we initialize the LBG algorithm by considering at levelL = log2 M a

codebook composed ofM orthogonal unit norm vectors. In particular we adopt the discrete

Fourier transform (DFT) matrix which is an optimum codebook for both an i.i.d and line-of-

sight (LOS) channel. It can be shown that with this approach we improve the achievable sum

rate for low FB rates with respect to the technique described in Section 3.3.2,especially for

N > 1.

We notice that forN > 1 the HFB signalling follows the same rules described in Section

3.3.2 withh̄k andĥk substituted bȳvk andv̂k, respectively.

4.5 Unitary beamforming with MMSE receiver

In case of U-BF if exactlyM users are selected at transmitter, each one can perfectly estimate

its achievable SINR even without knowing the precoding vectors of the other selected users

and as anticipated in Section 4.2.1, (4.4) becomes the exact SINR for userk. Hence differently
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from ZF-BF where user selection is based on estimated achievable SINRs,with U-BF user

selection can rely on an exact computation of the achievable rates.

We propose a generalization of [22] that considers a set of unitary matrices as tentative

beamformers and selects both users and precoder in order to maximize the weighted achievable

throughput. In detail the codebook is composed of2B unit vectors organized in sets ofM

vectors forming a number of unitary matrices. Each user, assuming an MMSEreceiver andM

selected users as in (4.4), feeds back the index of the precoding vectorthat provides the highest

achievable SINR4. Then the transmitter selects for each precoding vector the user with the

highest weighted rate and chooses among the possible unitary matrices the one that provides

the highest weighted throughput. This proposal generalizes the transmission scheme [22] in

the design of the quantization codebook.

4.5.1 Codebook of unitary matrices

According to the transceiver scheme, codebook design for CDI quantization has to address two

main issues: i) match the statistic of the channel model and ii) comprise a number ofunitary

matrices. In [22] there is a first attempt to address this problem with a codebook composed by

2B/M unitary matrices, derived from rotations of theM×M discrete Fourier transform (DFT)

matrix. This scheme shows to be efficient in case of high correlation among transmit antennas

but provides worse performance with spatially uncorrelated channels. In particular for a given

B the scheme strongly depends on the number of usersK. Indeed asK decreases there is a

corresponding increment of the probability that some vectors of each unitary matrix are not

selected by any user. In other words for smallK the transmitter serves with high probability

fewer thanM users, reducing the multiplexing gain of the system.

Focusing on spatially uncorrelated channels we propose two new codebooks that better

exploit the channel statistic and comprise a larger number of unitary matrices for a givenB.

This last feature aims at reducing the impact ofK on the transmission scheme allowing the

selection the precoding matrix in a larger set. The proposed strategies are outlined in case of

M = 4, but they can be easily generalized to anyM > 2.

First Algorithm

Let C = {c1, . . . , c2B} denote the codebook of2B codevectors for CDI quantization which

we are going to derive. In the initialization step (i = 0) of the algorithm the first four

codevectors are chosen to form a unitary matrix where each vector is generated according

to an isotropic distribution, [49]. Next, at stepi = 1, . . . , 2B/4 − 1 we randomly select two

couples of vectors from the set{c4(i−1)+1, . . . , c4i} and design two orthogonal subspaces in

C
4, e.g{c4(i−1)+1, c4(i−1)+2} and{c4(i−1)+3, c4i}. Then a different basis is generated for

each subspace that we denote as{c4i+1, c4i+2} and{c4i+3, c4(i+1)}, respectively. The set

{c4i+1, . . . , c4(i+1)} still represents a basis forC
4 but at the same time we generated two other

4We notice that for a givenB, ZF-BF and U-BF with BFB have the same computation complexity at the receiver
with regard to the choice of CDI, CQI and combiner, as the quantizer performs an exhaustive search among all
codevectors using (4.5), with a complexityO(2B). Differently ZF-BF-HFB with tree search has a linear complexity
with B, i.e. O(2B), but requires a larger memory.
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basis{c4(i−1)+1, c4(i−1)+2, c4i+3, c4(i+1)} and{c4(i−1)+3, c4i), c4i+1, c4i+2}. With this ap-

proach at each stepi > 0 of the algorithm we include three unitary matrices in the codebook,

while only one matrix is added in the initialization step. It’s easy to see that the total number

of unitary matrices in the codebook is

N
(1)
M = 1 + 3

(
2B/4− 1

)
. (4.35)

Notice that, differently from [22], each codeword with index in the setA = {1, 2, 3, 4, 2B, 2B−
1, 2B−2, 2B−3} belongs to two different tentative beamformers, e.g.c1 is a precoding vector

for both [c1, c2, c3, c4] and[c1, c2, c7, c8] in the example. Moreover any other codeword inC
with index not inA belongs to three different unitary matrices. We underline that thanks to the

unitary constraint a user can perfectly estimate its achievable SINR when choosing a codeword,

even without knowing the beamforming matrix selected at transmitter.

Second algorithm

Let C = {c1, . . . , c2B} denote the codebook of2B codevectors for CDI quantization which

we are going to derive. In the initialization step (i = 0) of the algorithm the first four

codevectors are chosen to form a unitary matrix with each vector generated according to an

isotropic distribution, [49]. Next we randomly select two couples of vectors from the set

{c1, . . . , c4} that design two orthogonal subspaces inC
4, e.g{c1, c2} and{c3, c4}. At each

stepi > 0 of the algorithm we add four new vectors forming a unitary matrix and where

{c4i+1, c4i+2} and{c4i+3, c4i+4} form new basis for the subspaces designed by{c1, c2} and

{c3, c4}, respectively. With this alternative codebook design algorithm each codeword belongs

to 2B/M different unitary matrices. For instance withB = 3 codewordc1 belongs to the

following 2B/M = 4 unitary matrices:{c1, c2, c3, c4}, {c1, c2, c7, c8}, {c1, c2, c11, c12} and

{c1, c2, c15, c16}. In this case the total number of unitary matrices is given by

N
(2)
M =

(
2B/M

)2
(4.36)

We note that a generalization of the proposed algorithm to a system withM > 4 can consider

the split of the initial unitary matrix in more than two subspaces, yielding to an increment of the

number of unitary matrices each codeword belongs to. We notice that even ifwith this second

algorithm the codebook contains a larger number of tentative beamformers,it has a partial

drawback. Indeed each codeword is always associated to another codeword in each tentative

beamformer it belongs to. For instancec1 andc2 are always associated in the previous example.

This reduces the flexibility of the user selection and can have a negative effect on the achievable

throughput when the scheduling algorithm try to guarantee long term fairness among users (see

also Chapter 5).

4.6 Simulation results

We consider a transmitter withM = 4 antennas and for the purpose of this first comparison

we consider a Rayleigh fading channel model with i.i.d elements∼ CN (0, 1). We adopt the
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Figure 4.1: Effects of of receive antennas and multiuser diversity in the achievable throughput.
MESC with SUS and RVQ. M=4, i.i.d. Rayleigh fading channel.

proposed MESC, a simple RVQ and the SUS algorithm with correlation parameterǫ = 0.3. In

Fig. 4.1 we show how scaling the number of feedback bitsB according to (4.26) withc = 9,

K = 256 andN = 3, we can assure a constant gap in terms of sum rate from the curve of

perfect CSIT. Differently using the same amount of feedback bits in a system withN = 2 or

N = 1 is not enough to keep a constant gap from the upper bound. This could be achieved

only usingN = 2 or N = 1 in (4.26) and scalingB accordingly. Moreover we show how

quantities2B andK are interchangeable. Indeed settingB = 6 and scalingK according to

(4.26) forN = 3 still provides almost a constant gap from ZF with perfect CSIT.

In Figs. 4.2 and 4.3 we compare the achievable sum rate of MESC, MRC and QBC pro-

posed in [62] as a function of SNR, forK = 20 users,B = 4 feedback bits andN = 2, 4

receive antennas. We still use an i.i.d. channel model and RVQ but adoptthe GUS algorithm

because as verified by simulations and shown in [50] it generally provideshigher performance

than SUS and is more practical, not requiring the optimization of the correlation parameterǫ.

As an upper bound under perfect CSIT, we show the performance ofZF-1 with optimum water-

filling power allocation introduced in Chapter 2. The proposed MESC generally outperforms

the other two schemes in all the SNR region with MRC approaching the proposed solution in

the low SNR while QBC in the high SNR region. We notice that the gap between MESC and

QBC is very small forN = 2 but strongly increases with more receive antennas. Moreover

with N = 2 and fixedB, K the system becomes interference limited at high SNR as suggested

by (4.28). It is also interesting to observe that designing in the second phase a new MMSE

combiner for the selected users does not provide significant gain for QBC and the proposed

solution. Indeed, the combiner designed in the first phase for thekth selected user would rep-

resent the MMSE combiner if the CDI of the selected users were orthogonal. As long as the



54 Chapter 4. Multiuser MIMO downlink with limited feedback and multiple antenna receivers

0 5 10 15 20 25 30
0

2

4

6

8

10

12

14

16

18

20

SNR [dB]

su
m

 r
at

e 
[b

it/
s/

H
z]

 

 

MRC
QBC
MESC
MRC w/ add. MMSE
QBC w/ add. MMSE
MESC w/ add. MMSE
ZF−1, perfect CSIT

Figure 4.2: Comparison between different combining schemes: MRC, QBC, MESC.M = 4,
N = 2, K = 20, B = 4, RVQ.
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Figure 4.3: Comparison between different combining schemes: MRC, QBC, MESC.M = 4,
N = 4, K = 20, B = 4, RVQ.

number of users in the system is much greater than the number of transmit antennas, the user

selection algorithm used at the transmitter tries to select almost orthogonal users so that the

combiner designed in the first phase becomes a close approximation of the MMSE combiner

for the set of selected users.

In Fig. 4.4 using the proposed MESC we compare the performance achievable with RVQ
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and the new LBG-based codebooks designed for both low (LBG-L) andhigh (LBG-H) SNR

regimes. The transmitter is still equipped withM = 4 antennas,K = 20 users are present

in the system withN = 2 antennas each andB = 3 bits are fed back by each receiver. We

analyze three different channel models: the i.i.d Rayleigh fading and two spatially correlated

channel models. For these last two models the transmit antennas are spacedby ∆TX = 10

and2 λ, respectively, whereλ = c/fc is the wavelength,c = 3 × 108 m/s is the speed of

light andfc = 2 GHz is the carrier frequency. The channel is modelled as time-variant, flat

Rayleigh fading, according to the spatial channel model (SCM) [60]. The time slot duration

is T = 0.5 ms and the receive antennas of each mobile are spaced∆RX = 0.5 λ. First we

observe as the LBG codebooks outperform RVQ both for independentand spatially correlated

channels. Increasing the transmit antenna correlation generally reduces the spatial diversity of

the system, nevertheless the proposed transmission scheme, exploiting multiuser diversity and

the spatial correlation of the MIMO channel through the LBG-based codebooks, provides better

performance increasing transmit antenna correlation. Interestingly the performance metric used

in the design of the LBG codebook does not affect significantly system performance, anyway

using LBG-L is preferable in the low SNR regime while LBG-H provides better performance

for higher SNR.

The beneficial effect of transmit antenna correlation for the proposedZF-based transmis-

sion schemes is also emphasized in Fig. 4.5. In the cases of both perfect and limited channel

state information at the transmitter, increasing transmit antenna correlation provides perfor-

mance improvement when multiuser diversity is available. Especially under limited feedback

from receivers, transmit antenna correlation reduces the dimension of the hyperspace to quan-

tize and for a given number of bits the resulting codebook better characterizes the space of the

MIMO channel realizations. Hence even if higher transmit antenna correlation implies less

spatial diversity, the higher quantization accuracy and the possibility of exploiting multiuser

diversity provides significant performance improvement over uncorrelated channels.

In Figs. 4.6 and 4.7 we compare MESC-RVQ, MESC-LBG-L and U-BF for increasing

number of feedback bitsB. We setM = 4, N = 2, 4 and adopt an i.i.d. Rayleigh fading chan-

nel and the SCM with∆TX = 10 λ, ∆RX = 0.5 λ andfc = 2 GHz, respectively in Figs. 4.6

and 4.7. We fix an average SNR= 10 dB and comparison is performed in term of achievable

sum rate. As an upper bound we also include ZF-1 with perfect CSIT. Weobserve in Fig. 4.7

as MESC with the LBG-based codebook is able to exploit the spatial correlation of the MIMO

channel providing higher performance than MESC with RVQ and maintaining aperformance

gap even when the number of feedback bitsB increases and both schemes approach the upper

bound provided by ZF-1 with perfect CSIT. As shown in Fig. 4.6 this gap vanishes in spatially

uncorrelated channels with increasingB. Differently from MESC, the sum rate achievable

with U-BF degrades with higher FB rates. Indeed for a given number of users in the network,

increasingB has two opposite consequences: i) higher channel quantization accuracy ii) incre-

ment of the probability that some vectors of each unitary matrix are not selected by any user.

While i) is beneficial for the achievable throughput, with ii) the transmitter serves with high

probability fewer thanM users reducing the multiplexing gain of the system. For a practical

number of users in the network i) is dominant for smallB, but eventually, when increasing

the FB rate, ii) causes a performance degradation. Interestingly thanks toan higher number
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Figure 4.4: Comparison between different LBG based codebooks and RVQ.M = 4, N = 2,
K = 20, B = 3, MESC, i.i.d. Rayleigh fading channel model and SCM with∆TX = 10, 2 λ

10
0

10
1

10
2

4

6

8

10

12

14

16

18

20

22

number of users K

su
m

 r
at

e 
[b

it/
s/

H
z]

i.i.d Rayleigh Fading
SCM, ∆

TX
=10λ

SCM, ∆
TX

=2λ

MESC, LBG−H, B=3

ZF−1,
PCSIT
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of unitary matrices in the codebook, U-BF with the second proposed codebook mitigates the

self-defeating effect of ii) and outperforms both PU2RC and U-BF with thefirst codebook.

Moreover for spatially uncorrelated channels and low FB rates U-BF is generally preferable to

ZF-BF thanks to a better estimation of the achievable SINR in the user selection process. We

emphasize that all schemes benefit from the additional degrees of freedom provided by multiple
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Figure 4.6: Comparison between ZF-MESC with LBG based codebooks or RVQ and Unitary
BF. M = 4, K = 20, SNR= 10 dB, i.i.d. Rayleigh fading channel.
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Figure 4.7: Comparison between ZF-MESC with LBG based codebooks or RVQ and Unitary
BF. M = 4, K = 20, SNR= 10 dB, SCM with∆TX = 10 λ and∆RX = 0.5 λ.

receive antennas thanks to MESC or MMSE receiver that attenuates multiuser interference.

We notice from Fig. 4.6 that all proposals are equivalent forB = log2 M . Indeed for

both schemes the codebook is a unitary matrix and the combiner is computed as theMMSE

combiner assuming the CDIs of the selected users form a set ofM orthogonal vectors. We

underline that among the unitary beamforming strategies best performance isachieved using
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Figure 4.8: Comparison between hierarchical (HFB) and basic (BFB) feedback signalling.
M = 4, N = 2, K = 20, B = 3 feedback bits per interval,Bmax = 12, SCM with
∆TX = 10 λ and∆RX = 0.5 λ. Comparisons are between the LBG codebooks at low (L)
and high (H) SNR and the DFT codebook given in [72], when usingMESC.

the second codebook design algorithm (see Section 4.5.1).

Finally in Fig. 4.8 we show the performance impact of exploiting time correlation for LBG

codebooks designed with a hierarchical structure. A codebook is designed with a depth of

Bmax = 12 levels and is indexed usingB = 3 bits per interval. We compare the proposed so-

lution using the MESC and a hierarchical LBG codebook with the hierarchical DFT codebook

based on [72]. Since the channel is lightly correlated the performance ofhierarchical DFT is

poor while the proposed LBG codebooks used jointly with hierarchical feedback (HFB) pro-

vide significant gain with respect to the basic feedback strategy (BFB), even when the speed of

the mobiles increases. Still we notice that LBG-H is preferable at high SNR. We observe that

the hierarchical approach used with the DFT codebook results in a degradation of system per-

formance. This is mainly due to the tree search applied with the new CDI quantization strategy

that does not guarantee a maximum likelihood quantization as a brute force approach would

do. Indeed since the DFT codebook does not effectively characterize the channel statistics,

even increasing its effective size using the hierarchical feedback does not provide a sufficient

gain in quantization accuracy to compensate the loss due to the suboptimum tree search.

4.7 Conclusions

This chapter considers the problems of i) transceiver design and ii) channel quantization in a

multiuser MIMO downlink system with limited uplink FB where, differently from Chapter 3,

users are equipped with multiple antennas. These provide additional degrees of freedom that

are exploited to enhance the achievable throughput for a given feedback rate. We consider two
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different solutions based on ZF and unitary beamforming, respectively,and allocating in both

cases at most one stream per selected user.

Under ZF-BF the proposal jointly designs the receive combiner at each mobile and the

feedback information in order to maximize the expected achievable SINR. Forthis proposal,

known as the maximum expected SINR combiner (MESC), we provide an analytic characteri-

zation of the achievable throughput in the case of many users and show how additional receive

antennas or higher multiuser diversity can reduce the required feedback rate to achieve a target

throughput. Simulations results show that MESC generally outperforms otherschemes known

in literature. Under ZF-BF, codebook design is based on two new performance metrics derived

for low and high SNR. The resulting quantization codebook exploits the spatial correlation of

the MIMO channel and leads to a simple generalization of the FB strategies BFBand HFB

introduced in Chapter 3. Numerical results show how antenna correlation inconjunction with

multiuser diversity can provide performance improvement over uncorrelated channels in multi-

user MIMO systems with limited feedback.

Under unitary BF users can have a perfect estimation of the achievable SINR adopting an

MMSE combiner. This property is exploited in the proposal of two codebooks comprising an

high number of tentative unitary beamformers as opposed to state of the art solutions.

U-BF has the advantage of requiring only common pilots for channel estimationand pro-

vides very competitive sum rate performance for low FB rates. Differently, ZF beamforming

with MESC requires dedicated pilots for channel estimation, but when used with HFB can

provide close to optimum performance even with small FB bits, especially for lowmobility

users.





Chapter 5

Multiuser MIMO downlink in a
multi-cell cellular network

In parallel to the rapid development of understanding the fundamentals of information and

communication theory of MU-MIMO, there is a need to apply these techniques toreal-world

systems. In contrast to isolated communication links where performance is typically limited by

noise, the spectral efficiency of cellular networks is limited by co-channelinterference gener-

ated by nearby cells. In this chapter we evaluate the performance of MU MIMO transmission

strategies introduced in the previous chapters in the context of a multi-cell packet-based cellular

network and using also SU MIMO as term of comparison. We consider two different network

configurations i) TDD system with perfect CSI at transmitter and ii) FDD system where CSI at

transmitter is provided through limited uplink FB from mobile terminals (MTs).

In the context of TDD systems we also investigate a novel class of techniques known as

network MIMO [73, 74], which coordinates the transmissions among multiple base stations

(BSs) for reducing interference. As a result of network MIMO, intercell interference can be

eliminated among the coordinating bases, resulting in a significant improvement insystem

throughput. The tradeoff is that this technique requires user messages and channel state infor-

mation to be shared among the coordinating bases, resulting in the need for enhanced backhaul

capabilities. Performance evaluation of network MIMO often use an equalrate (as opposed to

scheduled packet) criterion [73],[75] or use simplified cellular models in order to obtain ana-

lytical results [74]. Moreover full coordination over all bases in the network is often assumed.

In this chapter we consider a more practical setting where coordination is among a limited

set of BSs and multiuser proportional fair scheduling is adopted to guarantee fairness among

users. With limited coordination we implicitly reduce the backhaul required for base station

cooperation [76], that represents one of the main challenges in future deployments of network

MIMO.

Moreover as a simple, alternative way to reduce inter-cell interference we investigate higher

order sectorization, where parallel spatial channels are created physically rather than electron-

ically through beamforming. As a final contribution, MU MIMO schemes introduced in Chap-

ters 3 and 4 under the assumption of limited uplink FB are evaluated in a real multi-cell net-

work, showing the potential gains of MU MIMO over SU MIMO even for FDDsystems and
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low FB rates.

The chapter is organized as follows. In Section 5.1 we establish the system model, and

in Section 5.2 we describe the SU and MU-MIMO transmission strategies. In Section 5.3 we

describe the cellular system methodology, including how MU-MIMO techniques are general-

ized to perform network coordination. We give numerical results in Section5.4 and present

conclusions in Section 5.5.

The material in this chapter has been in part published in [77], [66], [39]and [78].

5.1 System model

We generalize the system model in Section 2.1 considering a cellular network with Nc base sta-

tions andK users where each base and user are equipped withM andN antennas, respectively.

The term “base station” or “base" will be used generically to refer to a sector, a cell, or a cluster

of cells, depending on the context. Users are dropped uniformly in the network, and each is as-

signed to the base with maximum average SNR based on pathloss and shadowing as described

in Section 5.3. We letSb denote the set of users assigned to baseb, with b = 0, . . . , Nc − 1.

We are interested in determining the throughput of base0 in the presence of interference from

the otherNc − 1 bases. For thekth user assigned to baseb = 0, the received signal is:

yk = Hk,0x0 +

Nc−1∑

b=1

Hk,bxb + nk (5.1)

whereHk,b is theN ×M complex channel matrix between baseb and userk, xb is theM -

dimensional transmitted signal from baseb, andnk ∼ CN (0, IN ) is an additive complex

white Gaussian noise vector with identity covariance matrix. Bases with indices1, . . . , Nc− 1

correspond to the other bases in the network that cause interference to this user. We assume a

block fading model for the channel so that it is static over one time slot. Moreover we assume

an average sum power constraint (SPC)P for theM transmit antennas in each base, i.e.

tr(E[xbx
H
b ]) ≤ P. (5.2)

The transmitted signalxb is a summation of the signals for users inSb and, assuming linear

precoding, the signal transmitted by baseb is given by

xb =
∑

j∈Sb

Gjsj (5.3)

wheredj , Gj ∈ C
M×dj andsj = [sj(1), . . . , sj(dj)]

T are the number of transmitted streams,

the precoding matrix and the information symbol vector for userj, respectively. We note that

this model can also accommodate coordination among spatially separated basesby considering

the desired base with index 0 to be a “super-base” that includes all baseswithin a coordinated

cluster.
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5.2 Transmission strategies

In order to reflect the operation of a possible next-generation packet-based cellular network,

we assume that the average number of users per sector is much larger thanthe number of

transmit antennas per sector. Due to the limited degrees of freedom, not all users can be served

during each transmission slot. Therefore, we employ a scheduler that decides which users

are served during each time slot, and at what rate. During thenth time slot, the scheduler

generates a QoS weightαk(n) for userk according to the multiuser proportional fair scheduling

(MPFS) algorithm [23]. LetS(n) be the set of users scheduled at slotn (we have dropped the

dependence on the cluster indexb for convenience) andRk(n,S(n)) the rate scheduled to user

k at slotn. For MPFS, the average throughput of MTk up to slotn is denoted asTk(n) and is

updated as follows:

Tk(n + 1) =

(
1− 1

τ

)
Tk(n) +

1

τ
Rk(n,S(n)) , (5.4)

whereτ is a parameter related to the time over which fairness should be achieved. In [23] it has

been shown that proportional fairness, maximizing
∑

k log2 Tk(n), is achieved by scheduling

users according to the following criterion:

S(n) = arg max
U

∑

k∈U

log2

(
1 +

Rk(n,U(n))

(τ − 1)Tk(n− 1)

)
. (5.5)

We observe that forτ >> 1 we can approximate

log2

(
1 +

Rk(n,U(n))

(τ − 1)Tk(n− 1)

)
≈ Rk(n,U(n))

(τ − 1)Tk(n− 1)
(5.6)

and (5.5) boils down to the following criterion

S(n) = arg max
U

∑

k∈U

αk(n)Rk(n,U(n)) . (5.7)

with weightsαk(n) = Tk(n−1)−1. Therefore in each time slot, the scheduler computesαk(n)

for each user and the resource allocation algorithm determines the usersS(n) and user rates to

maximize the weighted sum rate (see also Fig. 5.1).

We consider both single user (SU) and multiuser (MU) MIMO transmission techniques.

For SU-MIMO we adopt: 1) Transmit diversity using Alamouti space-time block coded (STBC)

transmission and maximal ratio combining at the recever [79], 2) closed-loopBLAST (CLB)

which requires CSI at the transmitter and serves as an upper bound on SU-MIMO performance

[14, 15], and 3) Open-loop SM with linear minimum mean square error (MMSE) combiner as

a relatively simple way to achieve SM gain without requiring CSI at the transmitter[80]. Since

each BS transmits to only one user during a given slot, the set of selected usersS(n) is simply

the user with the largest weighted rate:

S(n) = {k̃} = arg max
k

αk(n)rSU,k(Hk(n), P ) (5.8)
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Figure 5.1: Detail of base station transmitter with scheduler which includes: QoS weight
calculator, user selector, and resource allocator.

whererSU,k(Hk(n), P ) is the rate of userk which assumes the following values according to

the specific transmission strategy [79, 14, 15, 80]:

rSU,k(Hk(n), P ) =





log2

(
1 +

P

2

2∑

m=1

|hk,m(n)|2
)

STBC

max
Q�0,tr(Q)≤P

log2

∣∣∣IN + Hk(n)QHk(n)H
∣∣∣ CLB

M∑

j=1

log2

[
1 + hk,j(n)HAk,j(m)−1hk,j(n)

]
MMSE

(5.9)

wherehk,m(n) is themth column of matrixHk(n), Q is the transmit covariance matrix and

Ak,j(n) =
(

M
P IN +

∑M
i=1,i6=j hk,i(n)hk,i(n)H

)
. We underline that for STBC we consider

only the caseM = 2. The actual transmission rate during slotn is

RSU (n) = rSU,k̃(Hk̃(n), P ) (5.10)

In case of MU MIMO we consider five different transmission techniques:three under the

assumption of perfect CSI at transmitter and two adopting limited uplink feedback. In case of

perfect CSIT we adopt: 1) Multiuser eigenmode transmission introduced in Chapter 2 (denoted

as ZF-M) for which user selection follows (2.18) , 2) ZF-1 where only thedominant eigenmode

of each user can be selected for transmission (see Chapter 2), and 3) the capacity achieving dirty

paper coding (DPC) [9] for which users are selected according to (2.7). In case of limited uplink

feedback we consider: 4) ZF beamforming with MESC and LBG-based codebook designed

for high SNR, introduced in Chapter 4 (see (4.13) for user selection andcomputation of the

weighted sum rate) , and 5) U-BF with MMSE receivers described in Chapter 4. For both 4)

and 5) we consider the additional MMSE processing computed based on theeffective set of

selected users (see Section 4.2.3). For the specific computation of the optimumuser setS(n)

and the rates of selected users in case of MU MIMO strategies we remand to Chapters 2 and 4.
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S = 3 S = 6 S = 12

Figure 5.2: Sectorization withS = 3, 6, 12 sectors per cell. The arrow indicates the orienta-
tion of a representative sector antenna.

5.3 Cellular system simulation methodology

The channel coefficient between each transmit and receive antenna pair is a function of distance-

based pathloss, shadow fading, and Rayleigh fading. We let the(n, m)th element (n =

1, . . . , N, m = 1, . . . , M ) of thekth user’s MIMO channel matrixHk,b from baseb be given

by:

[Hk,b](n,m) = βn,m
k,b

√
A(θk,b(m)) [µk,b/µ0]

γ ρk,bΓ (5.11)

whereβn,m
k,b is independent Rayleigh fading,βn,m

k,b ∼ CN (0, 1), A(θk,b(m)) is the antenna

element response as a function of the direction from themth antenna of thebth base to the

kth user,µk,b is the distance between thebth base and thekth user,µ0 is a fixed reference

distance,γ = 3.5 is the pathloss coefficient, andρk,b is the lognormal shadowing between the

bth base andkth user with standard deviationσρ = 8 dB. Since shadowing is caused by large

scatterers we assume that antennas of the same cell are close enough to becharacterized by

the same shadowing effect. We assume universal frequency reuse, so that all bases transmit

on the same frequency. The parameterΓ is the reference SNR defined as the SNR measured

at the reference distanceµ0, assuming a single antenna at the base station transmitting at full

power and accounting only for the distance-based pathloss. If we letµ0 be the distance from

the base station to the cell boundary, a reference SNRΓ = 20dB captures the various power

and noise parameters associated with a typical cellular network operating in the interference-

limited regime [75].

The antennas of each cell site are grouped and oriented so there areS = 3, 6 or 12 sec-

tors per cell, with the orientations shown in Figure 5.2. The antennas are spaced sufficiently

far apart so they are spatially uncorrelated. We model the antenna elementresponse as an in-

verted parabola that is parameterized by the3 dB beamwidthθ3dB and the sidelobe powerAs

measured in dB:
(
A(θk,b(m))

)
dB

= −min{12(θk,b(m)/Θ3dB)2, As} whereθ ∈ [−π, π] is the

direction of userk with respect to the broadside direction (given by the arrow in Fig. 5.2) of

themth antenna of baseb. In the case of coordination, the broadside direction could be dif-

ferent for the coordinated antennas as we discuss later. As the sectorization order increases,

the beamwidth decreases, and the physical width of each sector’s antenna changes inversely

proportionally to the beamwidth [81]. ForS = 3, 6, 12, the corresponding parameters are

Θ3dB = (70/180)π, (35/180)π, (17.5/180)π andAs = 20, 23, 26 dB, respectively. The

antenna parameters as a function ofS are summarized in Tab 5.1.
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Number of sectors per cell (S) Θ3dB As

3 sectors (70/180)π 20 dB
6 sectors (35/180)π 23 dB
12 sectors (17.5/180)π 26 dB

Table 5.1: Antenna pattern parameters.

To provide fairness in the network we adopt the MPFS algorithm with fairness factorτ =

10 time slots. A total of60 users are uniformly dropped in each cell site, and users are assigned

to the base (or more generally, the cell cluster) with the highest average SNR accounting for

distance-based pathloss and shadowing. For each drop of users, thechannel is modelled as

Hk,b ∼ CN (0, I) and we either assume a TDD or FDD mode. In TDD mode we consider

stationary users so that channel state information (CSI) at the transmitter is ideal. Perfect CSI

is also assumed at the receiver. In FDD mode we assume either static or movingMTs and

assume limited CSI from the receivers.

We consider four sets of results, each for a different network configuration. The first three

sets consider a TDD system, while the last one assumes an FDD system. Moreover the first set

of results compares SU-MIMO (diversity and SM) and MU-MIMO for three-sector cells. Here

we assume aNc = 19-cell network with the architecture A in Fig. 5.3 andM = 2 antennas

per sector. This represents a configuration commonly found in current 3G system deployments.

The second set of results considers the effects of high-order sectorization for SU-MIMO and

MU-MIMO. Again we assumeNc = 19 (architecture A of Fig. 5.3) but the total number of

antennas per cell is12. There areS = 3, 6, 12 sectors per cell. This configuration is associated

with near future cellular deployments. For the third set of results, we study the impact of base

station coordination still adopting12 antennas per cell. Because of the complexity of sharing

data and CSI over the backhaul network, we consider coordination over limited clusters. We

let C denote the number of cells in the coordination cluster and considerC = 1, 3, and7.

As a baseline, we consider the case of no coordination (C = 1/S, Nc = 19) with network

architecture A. With this notation the number of coordinated antennas per cluster isM×L×C.

We assume that the antenna elements are sectorized according to the parameters forS = 3 and

the corresponding sector orientation in Figure 5.2. ForC = 1, the 12 co-located antennas

for each cell site are coordinated. The number of bases isNc = 19, and the cell topology is

given by architecture A of Figure 5.3. ForC = 3 andC = 7, the cell topologies are given by

architectures B and C, respectively, in Figure 5.3. There are a total of36 and84 antennas in

each coordination cluster, respectively, and the number of cells per base (recall “base" refers to

a cluster of coordinated cells) isNc = 7 for both cases.1

For the final set of simulation results we compare MU MIMO strategies with limited FBin

three-sectors cells and with no cell coordination, i.e.Nc = 19, S = 3 andC = 1/3. The total

number of antennas per cell is12, i.e. M = 4 antennas per sector, and CLB is included as term

1We note that in case of coordination between spatially separated antennas (C = 3, 7) it would be necessary to
consider an average per-base power constraint instead of the SPC introduced in Section 2.1. Off-line analysis of the
power allocation per base indicates that under SPC, the distribution of power is nearly the same for all bases. This
observation indicates the marginal performance difference under a per-base constraint would be minimal.
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(C = 1)-cell coordination
A. No coordination and

B. (C = 3)-cell coordination

C. (C = 7)-cell coordination

Figure 5.3: Network architectures for varying levels of base station coordination.

of comparison.

Colored intercell interference (or more generally, inter-cluster interference) is accounted

for using a two-phase methodology. In the first phase, the resource allocation and transmit

covariance calculations are performed assuming the intercell interference is spatially white

and estimating the achievable SINR assuming all bases transmit at full power and accounting

for path loss and shadowing. In the second phase, the actual achievable rates are computed

assuming that the transmit covariances are colored according to sample covariances generated

from the first phase. The assumption of spatially white noise in the first phase is the worst-case

noise and results in a somewhat pessimistic rate. This methodology circumvents the problem

of resource allocation when the statistics of the colored spatial noise are not known. In order

to achieve the rates predicted in the presence of colored noise, we assumethat fast incremental

redundancy or some other higher level medium access protocol is employed to progressively

adapt the rates.

Cell wraparound (or more generally, cluster wraparound) is used to prevent network edge

effects by ensuring each cell (cluster) is surrounded by a sufficientnumber of interfering cells

(clusters). For the case of no coordination andC = 1-cell coordination, wraparound is used

so each cell is surrounded by two rings of cells. Each cell is at the centerof its own network,
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as shown in architecture A of Figure 5.3. Similarly, for the case ofC = 3 andC = 7-cell

coordination, cluster wraparound is used so that each cluster is surrounded by one ring of

clustered cells. Even though the network topology changes withC, the comparisons are valid

because at least2 rings of interfering cells are always considered; considering more cellsas

source of interference would have a negligible effect on the user SINRstatistics.

5.4 Numerical results

We present four sets of simulation results showing either i) the cumulative distribution function

(CDF) of the cell throughput, ii) the mean cell throughput or iii) the CDF of themean user rate.

5.4.1 Diversity, SU-MIMO, and MU-MIMO with no base coordination

We setNc = 19, S = 3 andC = 1/3. Each sector has aM, N = (2, 2) deployment. As

shown in Fig. 5.4, because of the interference-limited nature of the network, the gains of SU-

MIMO MMSE over less complex STBC with MRC are marginal (similar results havebeen

shown in [82].) In the case of isolated cells or lower frequency reuse, intercell interference

would decrease, and the throughput per sector would increase. However the overall throughput

per cell would be reduced because of the reuse inefficiency [83]. If CSI is available at the

transmitter, SU-MIMO with CLB provides an additional gain of 30% in median throughput

compared to the MMSE receiver.

If CSI is available at the transmitter, then MU-MIMO ZF should be used since itprovides

a significant performance gain with comparable complexity with respect to SU-MIMO CLB.

Under ZF-1, this gain is due to multiuser diversity and transmitting a single streamto two users

simultaneously. Under ZF-M, there is the additional option of transmitting both streams to

a single user, like SU-MIMO CLB. However, ZF-M has a negligible performance gain with

respect to ZF-1 and the resource allocation for ZF-1 is also more robustin the presence of

colored intercell interference. Using ZF-1 is further justified because itis less complex to

implement compared than ZF-M, requiring less control signalling and feedback overhead. The

rightmost curve in Fig. 5.4 indicates the potential gains under sophisticated dirty paper coding

due to non-linear processing and multiuser interference pre-cancellationinside each sector.

5.4.2 Impact of sectorization

In the second set of results, we study the effects of sectorization on throughput for a fixed

number of antennas per cell. The total number of antennas per cell is12, so that as we vary the

number of sectors per cell asS = 3, 6, 12, the number of antennas per sector isM = 4, 2, 1,

respectively. Results are given for single antenna (N = 1) users and multiple antenna (N = 2)

users in Figs. 5.5 and 5.6, respectively. To make a fair comparison, we calculate the throughput

per cell.

We first consider CLB performance forN = 1 in Figure 5.5. With only a single receive

antenna, no spatial multiplexing is possible. In going fromS = 3 to 6, the diversity and

combining order drops fromM = 4 to 2. However, this drop in the diversity orderper sector
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Figure 5.4: CDF of throughput per cell (bit/s/Hz),S = 3 sectors per cell,M = 2 antennas
per sector,N = 2 antennas per user, no base coordination. SU-MIMO techniques (STBC,
MMSE, CLB) are compared with MU-MIMO techniques (ZF-1, ZF-M, DPC).

is offset by the doubling in the number of sectors per cell. Overall, the mediancell throughput

increases by about 35%. A similar gain is observed forN = 2 in Figure 5.6 where multiple

receive antennas allow for spatial multiplexing per user. Fixing the number of antennasper

sectorto M = 2 and referring to the CLB curve in Figure 5.4, the median throughput nearly

doubles in going fromS = 3 to 6 sectors forN = 2. These results highlight the potential gains

of higher order sectorization.

Comparing CLB and ZF-1, CLB transmits to a single user usingN streams whereas ZF-1

transmits a single stream to as many asM users. For the case ofS = 6, M = 2, N = 2, even

though CLB and ZF-1 have the same multiplexing order, the ZF-1 performance is superior

because of the multiuser diversity advantage. For the other cases withS = 3 or 6, ZF-1 has a

clear multiplexing advantage. For MU MIMO whenN = 2 (see Fig. 5.6) we have the option

of allocating multiple streams to a single user using ZF-M. We observe that the performance

gain over the more restrictive ZF-1 is minimal, for the same reasons given in Section 5.4.1.

For both CLB and ZF, performance improves in going from3 to 6 sectors. For CLB,

the improvement is the result of higher order multiplexing. However for ZF, the maximum

number of spatial channels per cell is fixed to12, indicating that the spatial channels formed

by sectorization are more effective than those formed by ZF beamforming. For both CLB and

ZF, the throughput is further improved in going fromS = 6 to 12 sectors. In this case, since

there is onlyM = 1 antenna per sector, no spatial multiplexing can be achieved, and the CLB

and ZF techniques are equivalent. The superior performance ofS = 12 comes at the expense

of larger antenna elements, as mentioned in Section 5.3.

Regarding DPC, in the case of single antenna users, the opposite trend regarding sectoriza-

tion is observed. In other words, the throughput CDF slightly shifts to the left as the number
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Figure 5.5: CDF of throughput per cell (bit/s/Hz) for fixed number of antennas per cell.S =
3, 6, 12 sectors per cell, 12 antennas per cell,N = 1 antenna per user, no base coordination.

of sectors goes fromS = 3 to 6. The reason is that the spatial channels formed with DPC are

more effective than those formed by sectorization. On the other hand, forN = 2 under DPC,

the throughput performance increases asS increases. The reason is that the transmit covari-

ances during the first phase of the simulation methodology are created assuming spatially white

interference while throughput performance is measured in the presenceof colored interference.

Therefore with higher order sectorization, inter-cell interference appears more spatially white

and there is a lower performance loss when the throughput is actually computed.

5.4.3 Impact of base coordination

In this section, we setS = 3 and consider the impact of coherent network MIMO as a function

of coordination cluster size, designated by the number of coordinating cellsC. We consider

coordinated transmission using ZF-1 and DPC and include CLB with no coordination as a

reference term. For a fair comparison between different coordination orders the results are

given in terms of throughput per cell.

In going from no coordination up toC = 7-cell coordination for ZF-1, the median through-

put increases by about 60% for single antenna users (see Fig. 5.7) and 50% for multiple antenna

users (see Fig. 5.8). The largest gains are achieved by moving fromC = 1/3 to C = 1 when

the intersector interference within a cell is mitigated. Diminishing returns occur as the coor-

dination cluster size increases, indicating that interference mitigation is not effective once the

interference power is equal or below that of the receiver noise. Therefore network coordination

gains are higher for higher transmit powers (in other words, higher celledge SNR). This ob-

servation was made for uplink network coordination in [75]. Note that the ZF-1 performance

with C = 1-cell coordination is about the same asS = 12 sectors. This option presents a
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Figure 5.6: CDF of throughput per cell (bit/s/Hz) for fixed number of antennas per cell.S =
3, 6, 12 sectors per cell, 12 antennas per cell,N = 2 antennas per user, no base coordination.

favorable performance-complexity tradeoff since it can be implemented with amuch smaller

antenna array and minimally complex coordination among co-located antennas.The gains of

coordination for DPC are much higher where, withC = 3-cell coordination, the throughput is

almost double the case of no coordination. If we consider CLB withS = 3 sectors andM = 4

antennas per sector as a baseline, then ZF-1 withC = 7-cell coordination gives an approximate

2.5-fold improvement in median cell throughput for bothN = 1 and2.

5.4.4 Limited feedback transmission strategies

For the last set of numerical results the network is configured as in architecture A of Fig. 5.3,

i.e. Nc = 19, C = 1/S. There areS = 3 sectors per cell withM = 4 antennas each and MTs

are equipped with eitherN = 1, 2 or 4 antennas.

Fig. 5.9 considers a static spatially uncorrelated channel and compares in terms of mean

cell throughput as a function of the number of feedback bitsB: i) ZF-BF with MESC and

LBG-based codebook, ii) U-BF with codebook described in Section 4.5.1 (U-BF, cod. 1) iii)

U-BF with codebook described in Section 4.5.1 (U-BF, cod. 2) and iv) PU2RC [22]. For all

schemes we consider a BFB strategy. Interesting all transmission strategiesbenefit from the

additional degrees of freedom provided by multiple receive antennas thanks to MMSE receiver

that attenuates multiuser interference. While cell throughput for ZF-BF increases withB the

performance of U-BF and PU2RC degrades with high feedback rate. This recalls similar results

obtained in Chapter 4 for users with equal average SNR.

Both U-BF and PU2RC seem to outperform ZF-BF in terms of mean cell-throughput for

smallB but this loss is traded for an higher fairness of the system. Indeed forB = 4, Fig. 5.10

shows that the CDF of the individual user rate has a steeper behaviour for ZF-BF assuring more
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Figure 5.8: CDF of throughput per cell (bit/s/Hz), 12 antennas per cell,C = 1/3, 1, 3, 7 cell
cluster coordination,N = 2 antennas per user,S = 3.

fairness among users. Interesting forB = 4, U-BF with cod. 2 achieves both an higher cell

throughput and an higher user fairness with respect to other unitary beamforming strategies.

Finally Fig. 5.11 compares i) ZF-BF with BFB, ii) U-BF, cod. 1, with BFB, iii) ZF-BF with

HFB, iv) ZF-BF with perfect CSIT (ZF-BF-PCSIT) and v) CLB, in termsof cell throughput for

different speeds of the mobile terminals. Spatial and time correlation of the channel is modelled



5.4. Numerical results 73

2 3 4 5 6 7

4

6

8

10

12

14

16

18

20

22

B (number of feedback bits)

m
ea

n 
ce

ll 
th

ro
ug

hp
ut

 [b
it/

s/
H

z]

ZF−BF
U−BF cod. 1
U−BF cod. 2
PU2RC

N=4

N=2

N=1
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Figure 5.10: CDF of user rate for U-BF, cod. 1, U-BF, cod. 2, ZF-BF and PU2RC. All
schemes adopt the BFB strategy.M = 4, K = 20 users per sector on average,N = 1, 2,
B = 4, spatially uncorrelated Rayleigh fading channel,v = 0 km/h.

as in [60] assuming transmit antennas spaced∆Tx = 10 λ, with λ the transmission wavelength,

fc = c/λ = 2 GHz the carrier frequency andc = 3× 108 m/s the speed of light. The time slot

is T = 0.5 ms and mobile terminals speed is eitherv = 3, or 50 km/h. All limited feedback
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HFB and CLB.M = 4, K = 20 users per sector on average,N = 1, B = 4, spatial channel
model with∆Tx = 10λ.

schemes useB = 4 bits andBmax = 12 is the maximum number of levels in the LBG-tree

codebook. While ZF-BF-BFB and U-BF, cod. 1, with BFB have comparable performance, ZF-

BF-HFB is able to exploit the time correlation of the channel and thanks to hierarchial indexing

achieves approximately a50% improvement in median cell throughput over the other schemes.

Moreover ZF-BF-HFB significantly outperforms CLB with PCSIT, emphasizing the potential

gains of MU MIMO even with few FB bits. Numerical simulations verified that all unitary

BF schemes (U-BF, cod. 1, U-BF, cod. 2 and PU2RC) have practically the same performance

for B = 4. Interestingly, increasing mobile terminals speed, the proportional fair algorithm

benefits from time diversity providing higher cell throughput for ZF-BF-BFB, U-BF cod. 1

with BFB, CLB and ZF-BF-PCSIT. Differently HFB is less efficient with increasingv because

quantization accuracy degrades. Numerical simulations verified that similar arguments hold

for N > 1 as well.

5.5 Conclusions

This chapter evaluates the downlink throughput of SU and MU MIMO techniques under a

unified simulation environment that models a multi-cell system serving a dense population of

stationary users.

In case of perfect CSI at transmitter, a reasonable assumption in TDD systems, for a given

sectorization order, MU-MIMO outperforms SU-MIMO because of greater spatial multiplex-

ing. For a fixed number of antennas per cell, throughput increases as the number of sectors per

cells increases, resulting in larger antennas. Coordinating transmissions among antennas at one
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or more cells improves throughput by mitigating interference but requires additional backhaul

resources and higher computational complexity.

Compared to a SU-MIMO baseline withS = 3 sectors per cell andM = 4 antennas per

sector, a MU-MIMO with the same antenna architecture but with coordination only among12

co-located antennas in a cell (effectively eliminating the notion of sectors) increases the median

throughput by a factor of2. Similar performance is achievable with the configuration using the

maximum sectorization order but the first solution requires a much smaller antenna array. By

coordinating a cluster of7 cells (a total of84 antennas), the throughput increases by a factor of

2.5.

In case of no coordination and limited uplink FB from users, a suboptimum MU-MIMO

strategy based on ZF with MESC and HFB shows a significant performancegain with respect

to SU MIMO with perfect CSIT, emphasizing the potential gains of MU MIMO even in FDD

systems.





Chapter 6

Multiuser MIMO-OFDM with limited
feedback

In Chapters 2-5 we considered single carrier flat fading MIMO transmissions with particular

interest in uplink FB optimization for FDD MU MIMO downlink systems.

Anyway FB optimization might become even more relevant in broadband systemswhere

the channel is dispersive. In this context, orthogonal frequency division multiplexing (OFDM)

is considered a good candidate as modulation scheme for the LTE of 3G cellular systems [84],

since it converts a frequency selective fading channel into a number ofparallel flat fading

subchannels that allow an efficient and simple equalization.

In this chapter we consider a MU MIMO-OFDM downlink system with beamforming and

address the problems of channel quantization and FB optimization. We underline that, differ-

ently from most contributions in literature [85, 86, 61], the proposed solutions are explicitly

designed for a multiuser environment. In order to reduce control overhead and signal process-

ing complexity we resort to an approach vastly adopted in the standardizationof 4th generation

wireless communication systems, e.g. LTE [84], where the available bandwidthis divided into

resource blocks (RBs), each comprising a number of adjacent subcarriers [87]. We notice that

as the transmitter is equipped with multiple antennas, in general the channel relative to a RB

is represented by a space-frequency matrix. Moreover the spectral width of a RB is chosen

so that almost independent fading realizations are experienced in adjacent RBs, motivating an

independent channel quantization per RB. The RB approach reducesthe complexity of i) chan-

nel quantization at receivers, i.e. how to select a suitable codematrix for agiven RB channel

matrix, and ii) user selection at the transmitter.

The chapter contains two main contributions: i) the proposal and comparisonof techniques

for RB channel matrix (space-frequency) quantization and ii) the optimization of FB bit alloca-

tion across the RBs in a specific multiuser environment. Within the problem of RB channel ma-

trix quantization we propose a new simplified metric for designing the quantizationcodebook

based on the Lloyd-Max algorithm [20]. This metric is derived from the system achievable

throughput and is a non trivial extension of the approach followed in Chapter 3 for flat fading

MIMO channels. As main result on RB channel quantization we provide jointconditions on

the channel coherence bandwidth and the FB rate per RB that allow for anapproximation of the
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channel matrix (space-frequency) as a simpler channel vector (space). This approach further

simplifies quantization at receivers and user selection at transmitter, with the additional benefit

of reducing the complexity of beamformer design at transmitter.

As second contribution we consider an optimization problem that has received less attention

in literature but might lead tremendous performance improvement in a MU environment. In

fact, most state-of-the-art techniques use the available FB bits to quantize the complete channel

frequency response of a user [85, 88, 89], to exploit frequency correlation. This might not be

the best approach in a MU environment where multiuser diversity can be exploited. To this

purpose we study whether it’s better to i)concentrateall the available FB bits in quantizing

only one selected RB for each user or ii)distributethe available FB bits among more RBs. We

show analytically that when the number of users is large, the first approach is preferable and

through simulations we validate this finding even for a practical number of users in the system.

This result emphasizes the importance of an accurate channel knowledgein case of limited

uplink feedback and recalls a similar finding obtained in [48] for flat MIMO channels, where a

high-rate/high-quality feedbackfrom asmall numberof randomly selected users is proved to

be preferable than alow-rate feedbackfrom a large numberof users.

The chapter is organized as follows. Section 6.1 presents the system model,Section 6.2

addresses the problem of codebook design for RB channel matrix quantization and Section 6.3

compares both analytically and by numerical simulations the RB channel matrix and the RB

channel vector approximation models. Section 6.4 describes two FB rate allocation strategies

that exploit frequency/multiuser diversity and numerical simulations are provided in Section

6.5. Finally, Section 6.6 concludes the paper summarizing the main results.

The material of this chapter has been in part published in [90] and [91].

6.1 System model

We generalize the system model in Section 2.1 and consider the downlink of a cellular OFDM

system withNC subcarriers. The transmitter hasM transmit antennas andK users have one

antenna each. The available bandwidth is divided intoNR RBs [84] each comprisingL adja-

cent subcarriers, and both FB signalling and user selection are performed on a RB-basis. The

channel is assumed frequency selective and the1 × M channel vector of userk relative to

subcarrierℓ of RB n is denoted withhk,n(ℓ). TheL ×M channel matrix relative to RBn is

denoted withHk,n = [hk,n(0)T , . . . ,hk,n(L − 1)T ]T . We assume that the channel is quasi

static, i.e., it can be considered invariant for the duration of one OFDM symbol and vectors

hk,n(ℓ) are assumed to be uncorrelated across users. We consider an FDD system and in each

OFDM symbol (slot) users feed back a partial CSI, which is used by the transmitter to schedule

downlink transmissions and perform beamforming.

LetSn = {s(1)
n , . . . , s

(|Sn|)
n } be the set of scheduled users receiving data on RBn andxn(ℓ)

the1 ×M transmitted symbol vector on subcarrierℓ = 0, . . . , L − 1, which is related to the

information symbols{dj,n(ℓ)} for userj ∈ Sn via linear beamforming, i.e.

xn(ℓ) =
∑

j∈Sn

gj,n(ℓ)dj,n(ℓ) , (6.1)
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with {gj,n(ℓ)} 1×M beamforming vectors. The signal received by userk ∈ Sn on subcarrier

ℓ can be written as

yk,n(ℓ) = hk,n(ℓ)xT
n (ℓ) + nk,n(ℓ)

=
[
hk,n(ℓ)gT

k,n(ℓ)
]
dk,n(ℓ) +

∑

j∈U(n),j 6=k

[
hk,n(ℓ)gT

j,n(ℓ)
]
dj,n(ℓ) + nk,n(ℓ) ,(6.2)

wherenk,n(ℓ) is the additive complex Gaussian noise with zero mean and unit variance and the

summation term in the second line of (6.2) accounts for multiuser interference on userk.

The transmit signal is subject to the average power constraint

E

[
NR∑

n=1

L−1∑

ℓ=0

||xn(ℓ)||2
]
≤ P , (6.3)

whereP is the available power at transmitter. We assume equal power allocation across active

RBs and the corresponding subcarriers, hence the power allocated onsubcarrierℓ of RB n

is P (ℓ) = P/(LN̄R) whereN̄R is the number of active RBs. Moreover,P (ℓ) is uniformly

distributed across the users selected on subcarrierℓ and the power allocated to thekth selected

user is

Pk(ℓ) =
P (ℓ)

|Sn|
=

P

LN̄R|Sn|
. (6.4)

From (6.3) and assuming that the channel has unitary average gain, the average system signal

to noise ratio per subcarrier is defined as SNR= P/(LNR).

6.1.1 Finite rate feedback strategies

As in Chapters 3-4, we assume that userk perfectly estimates its frequency selective channel

frequency responsēHk = [HT
k,1, . . . ,H

T
k,NR

]T and feeds back in each slot a quantized version

utilized at transmitter for both user selection and beamformer design. In this paper we propose

two different strategies for allocating the available FB bits among theNR RBs, denoted as

distributed feedback(DFB) andbest RB feedback(BeFB).

In DFB a set ofD RBs is randomly selected by the transmitter for each user, irrespective of

channel conditions, with the aim of assuring that CSI relative to at least one user is available for

each RB. Then userk feeds back two information for each assigned RB: 1) the channel direc-

tion information (CDI) given by a quantized version̂Hk,n = [ĥk,n(0)T , . . . , ĥk,n(L − 1)T ]T

of the normalized channel matrix̃Hk,n = [h̃k,n(0)T , . . . , h̃k,n(L − 1)T ]T , with h̃k,n(ℓ) =

hk,n(ℓ)/||hk,n(ℓ)|| and 2) an analog channel quality indicator (CQI) related to the estimated

achievable throughput on the RB. The total FB bitsBCDI for CDI quantization are uniformly

distributed among theD RBs leading tobCDI = BCDI/D FB bits per RB. This FB bit allo-

cation includes as limit situations: i) a uniform bit distribution ofBCDI among all the RBs,

whenD = NR and ii) the use ofBCDI bits for quantizing only the RB channel matrix selected

by the transmitter, whenD = 1. We notice that the optimum value ofD should be chosen by

the transmitter as a function of both the user selection algorithm and the number of users in

the system and then conveyed to the users via a feed-forward link. We refer to Section 6.5 for
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Num. of CQI CDI
selected tot. bits bits per RB tot. bits bits per RB bits RB
RBs BCQI bCQI BCDI bCDI indexing

DFB D D 1 B −D B/D − 1 0

BeFB 1 1 1 B − 1 B − 1− log2(NR) log2(NR)

Table 6.1: Allocation of the available FB bits in DFB and BeFB

more details on the optimization ofD.

Similarly to DFB withD = 1, BeFB still uses all the available FB bits for characterizing

only the channel matrix of one RB, but differs from the aforementioned strategy in the choice

of the RB. In this case, selection is done by the user, which feeds back information about the

RB providing the highest estimated achievable throughput. Note that with BeFBthe user needs

to feed back the index of the selected RB along with CDI and CQI. Indeed,log2(NR) bits

are reserved as RB index and the remainingBCDI − log2(NR) bits are used for RB channel

quantization.

With regard to CQI FB, we notice that BeFB requires only one analog value,while DFB

needsD values per slot, which may become a significant FB overhead. In the following, we

optimistically assume that by exploiting the time correlation of the MIMO channel, each CQI

can be updated with an incremental approach using only one FB bit per slot,similarly to power

control schemes in cellular systems [92]1. As a consequence, DFB needs at leastD FB bits

whereas BeFB requires only one bit per slot. Adopting this model, ifB bits are available, DFB

keepsBCQI = D bits to update the CQIs andBCDI = B − D bits for CDI quantization.

Differently, BeFB uses only one bit for CQI FB andBCDI = B − 1 bits for CDI quantization.

Notice that we are implicitly favoring DFB whenD > 1, because in time variant channels one

bit per slot might not be enough for an accurate CQI update. As a consequence, more FB bits

should be allocated for this task, leaving fewer bits for CDI quantization. The allocation of the

available FB bits according to the two strategies is summarized in Tab. 6.1.

6.1.2 CDI quantization and CQI feedback

We consider two approaches for CDI quantization: RB channel matrix quantization (RBCM-

Q) and RB channel vector quantization (RBCV-Q). In RBCM-Q each RB isrepresented by

L frequency components per transmit antenna and we make use of a codebook CRBCM−Q

1This assumption needs a comment for BeFB. If the channel is slowly time variant, we can expect the value
of CQI FB, as the maximum value ofNR CQIs, to change slowly from slot to slot, and hence one FB bit per
slot may suffice to describe its variation, even if the maximum value may occur for a different RB. Indeed, denote
with γk,n(t) (see also Section 6.1.2) the CQI for userk in RB n at time slott. In BeFB the CQI is chosen as the
maximum amongNR CQIs. If the best RBn changes in subsequent time slots, i.en = i at time slott andn = j,
j 6= i in time slott + 1, it means thatγk,j(t) < γk,i(t) = γk(t)max whereγk(t)max denotes the maximum CQI
for userk in time slott, butγk(t + 1)max = γk,j(t + 1) > γk,i(t + 1). As a consequence it’s easy to show that
one of the following inequalities must hold: either i)|γk(t + 1)max − γk(t)max| ≤ |γk,j(t + 1) − γk,j(t)| or ii)
|γk(t+1)max− γk(t)max| ≤ |γk,i(t+1)− γk,i(t)|. Therefore in slowly time variant channels if we can assume, as
in DFB, a1-bit incremental quantization for the CQI of a generic RB (e.g.i or j), this is reasonable also in BeFB
because in each time slot the difference|γk(t + 1)max − γk(t)max| is always smaller than the difference between
subsequent CQIs relative to at least one RB.
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of 2bCDI , L × M complex matrices {Ci}. Differently, with RBCV-Q we look for a single

1×M space vector that approximates the entire RB channel matrix, assuming channel vectors

across the frequency domain are similar. In this case we use a codebookCRBCV −Q of 2bCDI ,

1×M complex vectors{ci}. RBCM-Q allows for a better characterization of the RB channel

matrix in case of highly frequency selective fading channels, but whenbCDI is large the mem-

ory required for codebook storage may be prohibitive. On the other hand, RBCV-Q requires

less memory but might become less effective when the coherence bandwidthof the channel

diminishes. A comparison between these two strategies is proposed in Section 6.3.

In this paper the system performance is evaluated in terms of achievable throughput. We re-

call that userk does not havea priori knowledge of the CDIs of other selected users, therefore

it does neither know the beamforming vectors{gj,n} nor the multiuser interference. Nev-

ertheless, generalizing the approach in Chapter 3, under the approximation of assumingM

orthogonal selected users and equal power allocation, the achievable throughput on the generic

RB n of userk is estimated as

R(Hk,n, Ĥk,n) =

L−1∑

ℓ=0

log2 (1 + γk,n(ℓ)) , (6.5)

where

γk,n(ℓ) =
ρ||hk,n(ℓ)||2|h̃k,n(ℓ) ĥk,n(ℓ)H |2

1 + ρ||hk,n(ℓ)||2(1− |h̃k,n(ℓ) ĥk,n(ℓ)H |2)
(6.6)

is the achievable signal-to-interference plus noise ratio (SINR) of userk on subcarrierℓ of RB

n andρ = P/(MLNR) is the power allocated to each user. Interestingly, (6.6) can be shown

to provide a tight approximation of theexpectedachievable SINR even in case ofnearly or-

thogonal selected users as done in Chapter 3 for flat MIMO channels. We adopt (6.5) as metric

for RBCM-Q, therefore asquantization rulewe select the codematrix̂Hk,n that maximizes the

estimated achievable throughput,

Quantization rule Ĥk,n = arg max
Ci∈CRBCM−Q

R(Hk,n,Ci) , (6.7)

whereCi =
[
ci(0)H , ci(1)H , . . . , ci(L− 1)H

]H
with ||ci(ℓ)|| = 1, ℓ = 0, . . . , L − 1, is the

generic codematrix. In particular RBCV-Q can be considered a special case withci(ℓ) = ci,

for ℓ = 0, . . . , L − 1. For both RBCM-Q and RBCV-Q the codebook is designed off-line and

known to both transmitter and users a priori. The actual codebook design isdiscussed later in

Section 6.2.

With regard to CQI, based on (6.7) and extending the approach of Chapter 3 to OFDM, the

value of CQI feedback for RBn is given by

γk,n = 2R(Hk,n,Ĥk,n)/L − 1 . (6.8)

We notice that by performing channel coding across theL subcarriers of RBn, the achievable

rate on the RB isRk,n = L log2(1 + γk,n). Therefore (6.8) can be seen as the equivalent SINR

on RBn that assures rateRk,n.
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6.1.3 User selection

The transmitter performs user selection and linear beamforming based on the CDIs (6.7) and

CQIs (6.8) received from the users and supports up toM users on each RB. As user selection

algorithm we propose a simple generalization of the semi-orthogonal user selection (SUS)

scheme [42] described in Chapter 3 that operates on a RB basis. Define the initial user setA(0)
n

containing all the indexes of users that fed back CDI and CQI for RBn. The first selected user

is

u(1)
n = arg max

k∈A
(0)
n

γk,n . (6.9)

After selectingi users, the(i + 1)th user is chosen within the set

A(i)
n =



k ∈ A(i−1)

n :

(
1

L

L−1∑

ℓ=0

|ĥk,n(ℓ) ĥH

u
(j)
n ,n

(ℓ)|2
)1/2

≤ ǫ, j = 1, . . . , i



 (6.10)

as

u(i+1)
n = arg max

k∈A
(i)
n

γk,n , (6.11)

whereǫ is a design parameter setting the maximum correlation allowed between the quantized

channel matrices of the selected users2.

We note that in DFB withD = NR, A(0)
n = {1, . . . , K}, while for both BeFB and DFB

with D < NR, A(0)
n ⊆ {1, . . . , K}. Moreover the SUS algorithm described in Chapter 3

becomes a special case of the proposed algorithm when used with RBCV-Q.

6.1.4 Zero-forcing beamforming (ZF-BF)

Let Ĥn(ℓ) = [ĥ
s
(1)
n

(ℓ)T , . . . , ĥ
s
(|Sn|)
n

(ℓ)T ]T be the concatenated unit-norm quantized chan-

nel vectors of the selected usersSn on subcarrierℓ of RB n. By denoting withFn(ℓ) =

[fT
k,n(0), . . . , fT

k,n(|Sn|)] the right pseudo-inverse of the quantized channel, the ZF beamform-

ing matrix is given by

Gn(ℓ) = [gT
k,n(0), . . . ,gT

k,n(|Sn|)] = Fn(ℓ)diag(Pn(ℓ))1/2

= Ĥn(ℓ)H
(
Ĥn(ℓ)Ĥn(ℓ)H

)−1
diag(Pn(ℓ))1/2 , (6.12)

wherePn(ℓ) is the vector of power normalization coefficients imposing the power constraint

(6.4), with entriesPk,n(ℓ) = [Pn(ℓ)]k = P
LN̄R|Sn|||fk(ℓ)||2

.

We note that when RBCM-Q is used we need to design one beamformer per subcarrier.

Differently, in RBCV-Q the same beamformer is used for all the subcarriersof the same RB,

reducing the design complexity by a factorL.

2We underline that the optimization ofǫ depends on bothK and the quantization codebook. For example, if we

defineα = min
i,j=1,...,2bCDI ,i6=j

�
1
L

PL−1
ℓ=0 |ci(ℓ)cj(ℓ)

H |2
�1/2

as the minimum correlation between codematrices in

CRBCM−Q, we have to setǫ > α, otherwise only one user is selected by the transmitter.
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6.2 Codebook design for RBCM-Q and RBCV-Q

In this section we address the design of the quantization codebook for RBCV-Q and RBCM-Q,

which in both cases is done off-line for a given channel statistic and is saved in the memory of

both transmitter and receivers. For ease of notation we drop both indexesn andk of the RB

and user.

The RBCV model does not characterize the channel variability across theL subcarriers

of a RB and the codebook can be simply designed using algorithms proposedfor flat MIMO

channels, either uncorrelated [46, 42] or correlated [47, 93, 51]. In particular we adopt the

codebook generation technique used in Chapter 3 based on the LBG algorithm.

Differently, quantization in the RBCM model is performed jointly for theL subcarriers

forming a RB, whose correlation depends on the power delay profile of theMIMO channel. As

a consequence, the codebook for RBCM-Q should exploit correlation both in frequency and

across transmit antennas (spatial). To this aim we consider the LBG algorithmgeneralizing the

approach used in Chapter 3 for flat MIMO channels.

For RBCM, the performance metric (6.5) is fairly complex to be used in (3.31).In fact,

codebook optimization could be done only by numerical methods, with a very high computa-

tion complexity and no guarantee of convergence. It is shown in AppendixA.3 that a subop-

timum performance metric, derived by applications of Jensen’s inequality to (6.5) in both low

and high-SNR regimes, is given by

µ(H,Ci) =
L−1∑

ℓ=0

|h̃(ℓ) ci(ℓ)
H |2 . (6.13)

Now, codebook design according to (3.31) with the performance metric (6.13) leads to opti-

mizing separately each row ofCi. Indeed given a partition regionRi of the training sequence,

the corresponding optimum codematrixCi is given by

Ci = arg max
C∈ CL×M

||c(ℓ)||2=1, ℓ=0,...,L−1

∑

H∈Ri

µ(H,C) , (6.14)

where from (6.13)

∑

H∈Ri

µ(H,C) =
L−1∑

ℓ=0

∑

H∈Ri

|h̃(ℓ) c(ℓ)H |2

=
L−1∑

ℓ=0

c(ℓ)



∑

H∈Ri

h̃(ℓ)H h̃(ℓ)


 c(ℓ)H . (6.15)

The maximization of (6.15) can be achieved independently for each row. Inparticular theℓth

row of the optimum codematrixCi is the dominant eigenvector of the matrix
∑

H∈Ri

h̃(ℓ)H h̃(ℓ),

normalized to unit norm.
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6.3 Comparison between RBCM-Q and RBCV-Q

In this section we compare analytically RBCV-Q and RBCM-Q, using as metric anequivalent

time domain (TD) representation of (6.13). Analytic results are then validated using numerical

simulations to compare the two quantization schemes in terms of achievable throughput (6.5),

using (6.7) as quantization rule.

In details, the discrete inverse Fourier transform of RBCMH provides

p(i) =
L−1∑

ℓ=0

h(ℓ)e+j2πℓ i
L , i = 0, . . . , L− 1 , (6.16)

where{p(i)} are space vectors in the TD. We underline that for the RBCV model vectors

{p(i)} are of the type

{
p(i) = 0 i = 0, . . . , j − 1, j + 1, . . . , L− 1

p(j) 6= 0
(6.17)

for a suitable value ofj ∈ {0, . . . , L− 1}.
Assuming that vectors{p(i)} are statistically independent, optimum quantization is ob-

tained by quantizing each vector separately. In particular, letp̂(i) be the quantized version of

p̃(i) = p(i)/||p(i)||. With this approach in the RBCM model the available FB bitsbCDI are

distributed among theL TD vectors while in RBCV model the FB bits are used to quantize

only one TD vector.

Here we derive the optimum bit allocation across theL TD vectors{p(i)}. Let’s introduce

β = [β1, . . . , βL], whereβi ≥ 0, i = 0, . . . , L − 1,
∑L−1

i=0 βi = 1, and saybCDIβi the

number of bits assigned to the quantization ofp(i). Quantities{βi} are chosen to maximize

the expectation of the performance metric (6.13) with respect to both channel statistics and

codebook realizations. In the analysis, for the sake of simplicity, we assumethat differentp(i)

are quantized with independently generated codebooks. Using the inverse of (6.16) and after

some algebra, the expectation of (6.13) can be expressed in terms of the TDvectors as

E
[
µ(H, Ĥ)

]
= E

[
L−1∑

ℓ=0

1

||h(ℓ)||4
L−1∑

i=0

||p(i)||4|p̃(i)p̂(i)|2
]

+ C , (6.18)

whereC is a constant not involved in the optimization. From the independence betweenthe

norm of a TD vector and its direction and definingz(i) = E
[
||p(i)||4∑L−1

ℓ=0
1

||h(ℓ)||4

]
, from

(6.18) we have

E
[
µ(H, Ĥ)

]
=

L−1∑

i=0

z(i) E
[
|p̃(i)p̂(i)|2

]
+ C . (6.19)

Optimization of (6.19) with respect to quantization bits yields the following constrained

problem3

3Quantizing a unit norm vector according to the minimum chordal distance [50], i.e. the maximum inner
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max
β

L−1∑

i=0

z(i) E
[
|p̃(i)p̂(i)|2

]
(6.20a)

βi ≥ 0 , i = 0, . . . , L− 1 (6.20b)
∑L−1

i=0 βi ≤ 1 . (6.20c)

We focus on the special case in which the channel vectorsh(ℓ) have i.i.d. complex

Gaussian entries with zero mean and unit variance. Moreover we adopt the quantization upper

bound (QUB) [88] based on the assumption that each quantization cell is a Voronoi region of a

spherical cap with surface area2−bCDIβi of the total surface area of the unit sphere. With these

assumptions we obtain

E
[
|p̃(i)p̂(i)|2

]
= 1−

(
M − 1

M

)
2−

bCDIβi
M−1 . (6.21)

Using (6.21) the optimization problem (6.20) can be rewritten as the convex problem

min
β

L−1∑

i=0

z(i) 2−
bCDIβi

M−1 (6.22a)

βi ≥ 0 , i = 0, . . . , L− 1 (6.22b)
∑L−1

i=0 βi ≤ 1 . (6.22c)

The following Lemma provides a sufficient condition for the optimality of RBCV-Q.

Lemma 2 Under the assumptions of i) independent TD vectors{p(i)} and ii) QUB approxi-

mation, the solution of (6.22) is of the typeβj = 1 andβi = 0, i 6= j, i.e. RBCV-Q is optimum

according to the performance metric (6.13) (see also (6.17)), when

bCDI / (M − 1) log2

(
E[||p(j)||4]
E[||p(i)||4]

)
, ∀ i 6= j . (6.23)

Proof: The Lagrangian for the convex problem (6.22) is given by

L(β, λ, η) =
L−1∑

i=0

z(i) 2−
bCDIβi

M−1 + η

(
L−1∑

i=0

βi − 1

)
−

L−1∑

i=0

λiβi (6.24)

whereλ = [λ0, . . . , λL−1]
T comprises the dual variables for (6.22b) andη is the dual variable

for (6.22c). Computing the derivatives of the Lagrangian with respect toboth{βi} and dual

product, causes an uncertainty of a common phase rotation of all the elements of the vector, i.e.|p̃(i)p̂(i)|2 =
|p̃(i)p̂(i)ejφi |2, ∀φi ∈ [0, 2π). In the time domain quantization strategy the transmitter needs to reconstructthe
RB channel matrixH̄ from the quantized TD vectors{p(i)} to perform beamforming. Therefore the phaseφi

along with the vector norm||p(i)|| are essential and a fraction of the available FB bits should be used to charac-
terize these quantities for each quantized tapi 6= j. In the following we neglect this problem because we are only
interested in deriving a bound for RBCV-Q optimality when the channel matrix is quantized with only one vector.
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variables leads to the the Karush-Kuhn-Tucker (KKT) conditions

bCDIz(i)

(M − 1)
2−

bCDIβi
M−1 = η − λi (6.25a)

∑L−1
i=0 βi = 1 , βi ≥ 0 , i = 0, . . . , L− 1 (6.25b)

λi ≥ 0 , i = 0, . . . , L− 1 (6.25c)

λiβi = 0 . (6.25d)

In particular, a solution of the typeβj = 1 andβi = 0, i 6= j (i.e. RBCV-Q is optimum), is

obtained when

bCDI < (M − 1) log2

(
z(j)

z(i)

)
∀i 6= j . (6.26)

Finally, using the approximationz(i) ≃ E[||p(i)||4], validated by simulations, leads to (6.23).

�

As an example we consider a system withM = 4 transmit antennas,NC = 256 subcar-

riers andL = 12 adjacent subchannels per RB. We use afrequency selectiveRayleigh fading

MIMO channel(FSC) with an exponential power delay profile and independent channel taps.

The two strategies RBCV-Q and RBCM-Q are compared in Fig. 6.1 for different values of the

root mean square delay spread normalized with respect to the sampling period, τrms. We recall

that the boundary (6.23) for RBCV-Q optimality was achieved using the average performance

metric (6.13). Differently, in numerical simulations, we compare RBCV-Q and RBCM-Q per-

formance adopting the achievable throughput (6.5) as performance metricwith quantization

rule (6.7). Moreover for RBCM-Q a different codebook was generated for each value ofτrms

using the LBG algorithm with the performance metric (6.13), while for RBCV-Q the same

codebook is used for all channels. We observe that the simpler RBCV-Q approach is optimal,

and hence RBCM-Q is not needed, for channels with lowτrms, while RBCM-Q is preferable

for channels with a smaller coherence bandwidth or with a higher FB rate. Nevertheless, in

practical cellular environments [60] we usually haveτrms ≤ 4, therefore RBCV-Q is the best

approach in practical channel conditions even with high FB rates.

It’s worth underlining that although the theoretical boundary (6.23) was derived under par-

ticular conditions, it still gives an indication (pessimistic) of the optimality of RBCV-Q. Un-

fortunately, due to high complexity of RBCM-Q with high FB rate, the comparisonbetween

RBCM-Q and RBCV-Q could be verified only forbCDI ≤ 11. Nevertheless we can trivially ar-

gue that ifτrms → 0, RBCV-Q becomes optimum for any FB rate because the channel on each

RB becomes flat. This consideration is validated by the behaviour of the theoretical boundary

(6.23) in Fig. 6.1 whenτrms → 0.

6.4 DFB vs BeFB

In this section we compare DFB with BeFB, generalizing the analysis in [42] to multiuser

MIMO-OFDM. Initially we use anideal i.i.d. MIMO channelmodel (Id-C) where the fre-

quency response is constant within a RB and independent across different RBs and resort to
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Figure 6.1: Comparison between RBVC-Q and RBCM-Q in different channel conditions.
M = 4 and FSC model.

the QUB approximation for channel quantization. This provides an approximation of a real

channel when each RB has a spectral width comparable to the channel coherence bandwidth.

However, in Section 6.5 we provide numerical simulations for more realistic channel models,

validating the analytical results achieved with the Id-C. Under Id-C conditions the user selec-

tion algorithm (6.11) simplifies to the SUS algorithm while the quantization encoding rule (6.7)

is equivalent to the maximum inner product [42]. Moreover the CQI for userk in all subcarriers

of RB n simplifies toγk,n(ℓ) = γk,n computed withĥk,n(ℓ) = ĥk,n, ℓ = 0, . . . , L − 1. We

claim, as in [42], that even if the exact SINR for userk after SUS is unknown at the transmitter,

γk,n provides a close approximation of the SINR for small values ofǫ in (6.10).

To find an expression of the achievable throughput, we need the distribution of γk,n for

a selecteduser which depends on both the FB scheme (see Tab. 6.1) and the user selection

algorithm. We recall that according to the SUS algorithm, the(i + 1)th selected user on RB

n has the highestγk,n among|A(i)
n | users with independent channels and the same average

SNR. Moreover in DFB the statistic ofγk,n is different from BeFB due to the maximization

performed acrossNR i.i.d RB channels. As a consequence, letN
(i)
n be the number of i.i.d.

random variables among which the maximumγk,n is chosen at stepi+1 of the SUS algorithm.

In DFB N
(i)
n = |A(i)(n)|, while in BeFBN

(i)
n = NR|A(i)(n)|, because we account for the

maximization performed across theNR RBs of each user.

Let γ̄i:U,n be theith largest order statistics amongU i.i.d random variables{γk,n}. The

user selection rule (6.11) can be seen as the selection of the (i + 1)th largest order statistics in

a set withN̄ (i)
n elements all having the same statistics, whereN̄

(i)
n = N

(i)
n + 1 = |A(i)(n)|+ i

in DFB, N̄ (i)
n = N

(i)
n + 1 = NR|A(i)(n)|+ i in BeFB andi accounts for the number of users

already selected. An approximated expression for the achievable throughput per RB is given
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by

E[R] ≃ E

{
L

M∑

i=1

log2

(
1 + γ̄

i:N̄
(i−1)
n ,n

)}
, (6.27)

where the approximation takes into account thatγk,n is the SINR after beamforming in case

M users with orthogonal CDIs are selected at transmitter.

6.4.1 Asymptotic analysis of DFB and BeFB

In this section we derive an approximation of (6.27) in case of many users,i.e. largeK. First we

note that|A(i)
n | is in general a random variable depending on the selection of the RB channels

to be fed back by each user. Focusing onA(0)
n , in DFB, userk belongs toA(0)

n only if RB

n has been selected for transmission. Since we assume the selection to be independent of the

user channel conditions, each RB has the same probability of being selected for FB. Therefore

the probability of feeding back CSI of RBn is D/NR and applying the law of large numbers,

whenK is large, we approximate the cardinality of the initial user set as|A(0)
n | ≃ (KD)/NR.

Differently, in BeFB, userk belongs toA(0)
n only if γk,n is the maximum among theNR i.i.d.

RB channels. A further application of the law of large numbers yields|A(0)
n | ≃ K/NR.

Let αi be the probability that a user belongs toA(i)
n . An approximation of|A(i)

n | can be

derived from|A(0)
n | by applying the law of large numbers onK, i.e. |A(i)

n | ≃
(
|A(0)

n | − i
)

αi,

and we finally get

DFB N̄ (i)
n = |A(i)

n |+ i ≃
(

KD

NR
− i

)
αi + i =

KD

NR
αi + O(1) , (6.28)

BeFB N̄ (i)
n = NR|A(i)

n |+ i ≃ (K − iNR)αi + i = Kαi + O(1) . (6.29)

From [42, Theorem 1], (6.28) and (6.29) an approximation of (6.27) in case of many users

is

E[R] ≃ L

M∑

i=1

log2

(
1 + ρ log

2bCDI Uαi−1

ρM−1

)
, (6.30)

whereU = (KD)/NR for DFB while U = K for BeFB. The term∆ = log 2bCDI Uαi−1

ρM−1 in

(6.30) can be interpreted as the SNR variation, which includes the effects of quantization error,

frequency and multiuser diversity. From Tab. 6.1, it is straightforward toprove that for large

K, exploiting multiuser diversity, (6.30) is maximized for DFB whenD = 1, i.e. when all the

available FB bits are used to characterize only one RB. This behaviour does not change if a

larger fraction of the available FB bits is left for CQI updating. Interestingly, for a given SNR

variation∆ that assures a constant gap from ZF beamforming with perfect CSIT,B andK

should scale withP andNR as

DFB B
D + log2(KD) = (M − 1) log2 P + log2 NR + c , (6.31a)

BeFB B + log2 K = (M − 1) log2 P + log2 NR + c , (6.31b)
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wherec depends on∆. It is worth noticing that DFB withD = 1 gives the same scaling law as

BeFB. Since in BeFB a portionlog2(NR) of the available FB bits is used to index the selected

RB, this suggests that the same performance of DFB withD = 1 can be achieved exploiting

frequency diversity and using a smaller codebook, hence requiring less memory. Finally, DFB

with D > 1 requires almostD times FB bits to achieve the same throughput of BeFB.

It is important to observe that (6.30)-(6.31) are valid only in alarge user regimeasK →∞.

For finiteK, NR andB, if P is too large, the system enters theinterference-limited regime.

Following similar arguments applied in [42], an approximated expression for the achievable

throughput per RB becomes

E[R] ≃ L M

M − 1
(bCDI + log2 U) +

L
∑M

i=1 log2 αi−1

M − 1
. (6.32)

Again DFB with D = 1 and BeFB achieve the highest achievable throughput, with BeFB

requiring less memory. Finally for finiteK andNR, if eitherB is too large orP is too small,

the system falls in thehigh resolution or noise-limited regionand the achievable throughput

may be approximated as

E[R] ≃ L
M∑

i=1

log2(1 + ρ log2 Uαi−1) . (6.33)

In this case, the best choice for DFB becomesD = NR, because quantization noise does not

significantly limit the achievable throughput and having an higher multiuser diversity per RB

is preferable. Still, BeFB achieves the highest achievable throughput, asDFB with D = NR,

because the loss in multiuser diversity is compensated by the gain in frequency diversity.

6.5 Simulation results

In this section we present numerical results to validate the asymptotic analysis of Section 6.4.1.

We assume a transmitter equipped withM = 4 antennas andǫ = 0.35 is the correlation

parameter in (6.10). The OFDM system hasNC = 256 subcarriers andNR = 8 RBs with

L = 12 subcarriers each. The channel is assumed spatially uncorrelated and we adopt two

different channel models: i) the Id-C introduced in Section 6.4 and ii) the FSC with τrms = 2.5

introduced in Section 6.3. In the Id-C we use QUB approximation while in the FSCwe perform

RBCV-Q using an LBG-based codebook with (6.7) as quantization rule.

In Fig. 6.2 we setB = 12 as the total amount of FB bits per user and considerK = 200

users in the system. We compare DFB and BeFB in terms of the achievable throughput as a

function of the average SNR. As term of comparison we also include the quantization scheme

proposed in [89] that performs channel quantization in the time domain using amean square

error (MSE) criterion. Since all channel taps are independent across both space and time do-

mains and circularly symmetric, quantization is performed independently on each component

of the channel taps using an uniform quantizer. We denote this scheme astime-domain uniform

quantization(TD-UQ). We underline that to minimize the MSE the quantization bits are dis-

tributed across the different channel taps according to the power delayprofile of the channel,
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Figure 6.2: Comparison between DFB, BeFB and TD-UQ in terms of achievable throughput
vs. average SNR.M = 4, K = 200 andB = 12. Two spatially uncorrelated channels are
considered: i) Id-C, ii) FSC withτrms = 2.5.

using bit allocation strategies proposed in [94].

We observe how BeFB and DFB withD = 1 yield very close performance in the high

SNR region while BeFB is preferable at low-SNR thanks to its ability of exploitingfrequency

diversity as predicted in Section 6.4.1. Eventually, for increasing SNR the system becomes

interference limited as observed in (4.28). Moreover both BeFB and DFB with D = 1 out-

perform DFB withD > 1, thanks to a better policy in channel quantization and feedback

signalling. We notice that TD-UQ allocates the available FB bits across all RBs similarly to

DFB with D = NR and therefore it has very poor performance with respect to BeFB and DFB

with D = 1 whenK is large. Similar considerations hold even when the uniform quantizer is

substituted by the optimum scalar quantizer. Interestingly, the relative performance of the FB

strategies are similar in both types of channels (Id-C and FSC). Only a small degradation in the

achievable throughput is observed for the FSC, mainly due to the frequency variability of the

channel within a RB.

Fig. 6.3 compares the achievable throughput of DFB and BeFB as a function of the number

of usersK in the system for an average SNR= 20 dB. From the asymptotic analysis of Section

6.4.1 for fixedB andP the system gets into the large-system regime asK →∞, and in these

conditions BeFB and DFB withD = 1 significantly outperforms DFB withD > 1. In practice

Fig. 6.3, besides investigating the gap between the proposed FB schemes, shows that the

asymptotic results give useful indications even for practical values ofK. Indeed, although the

optimum value ofD for DFB depends onK, DFB with D = 1 outperforms DFB withD > 1

already forK = NR. Interestingly TD-UQ is preferable for lower values ofK but becomes a

bad choice whenK increases. We underline that forK < NR there is a non zero probability

that some subcarriers are not used for transmission in BeFB and DFB with small D.
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Figure 6.3: Comparison between DFB, BeFB and TD-UQ in terms of achievable throughput
vs number of usersK. M = 4, B = 12 andSNR = 20 dB. Two spatially uncorrelated
channels are considered: i) Id-C and ii) FSC withτrms = 2.5.

Finally in Fig. 6.4, for the Id-C and consideringK = 512 users, we show how scaling the

number of FB bitsB according to (6.31b) withc = −6, both BeFB and DFB withD = 1 can

assure a constant gap from the curve of perfect CSIT. Differently,in DFB with D > 1 scaling

the FB rate as in (6.31b) is not sufficient to guarantee a constant SNR variation; this would be

achieved only by scalingB according to (6.31a). The same behaviour has been observed even

under the FSC for practical values ofB ≤ 12.

6.6 Conclusions

The chapter considers the problem of channel quantization and FB optimization in multiuser

MIMO-OFDM downlink systems. As in current standard proposals for next generation wire-

less networks, to reduce the control overhead and the signal processing complexity the available

bandwidth is divided into RBs whose spectral width reflects the coherencebandwidth of the

channel.

From both the analysis and the numerical results of the chapter we can derive two main

contributions. Firstly, we show that quantizing the RBCM by a single space vector is optimum

for practical values of the FB rate and in typical dispersive channels, i.e. RBCV-Q is to be

preferred to RBCM-Q. In this context we also derive a new simplified performance metric

for codebook design in RB channel quantization, which is related to the system achievable

throughput.

As a second contribution, an asymptotic analysis of the system throughput derived for a

large number of users reveals that allocating all the available FB bits to quantize only the
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Figure 6.4: Comparison between DFB and BeFB in terms of achievable throughput vs average
SNR. QUB is adopted scaling the FB rateB with P as in (6.31b).K = 512 and Id-C model.

channel relative to one RB provides a significant gain in achievable throughput over a more

classic distributed FB approach and simulations validate these considerationseven for a mod-

erate number of users in the network. We conclude that, in case of limited uplinkfeedback, for

a practical number of users in the network, accurate channel knowledge is preferable to high

frequency/multiuser diversity.



Chapter 7

On state estimation in networked
control systems

Recent research activities and technological progress in communication theory, DSP capabil-

ities and computing are revolutionizing our capabilities to build distributed sensornetworks

[95] that, by offering access to unprecedented quality and quantity of information can improve

tremendously our possibilities and abilities of monitoring and controlling the environment. In

these networked control systems (NCSs) [17] the aim is to estimate or controlone or more

dynamical systems, using multiple sensors, actuators and controllers that are not physically

co-located and need to exchange information via a wireless digital communication network.

Typical applications vary from environmental control [96], vehicular networks and traffic con-

trol [97], surveillance systems, tracking in warehouse [98] and military scenarios [99].

In NCSs measurements and control packets are subject to random delay and loss, [18].

Moreover, as to each component is effectively allocated only a small portion of the available

bandwidth, measurements and control information need to be quantized and this affects the

stability of the system, [19]. This suggests that a cross-layer design of communication and

estimation/control systems might provide significant performance improvementover a sepa-

rated approach [100], leading to a generalization of classical control theory to account for the

stochastic nature of the communication channel.

In this chapter we propose a framework for state estimation in NCSs where observations

from multiple sensors are subject to random delays and packet losses, generalizing previous

contributions [18, 101]. We derive the minimum error covariance estimator which, differently

from standard Kalman filtering [102], is strongly time variant, stochastic and jumps between

different estimation strategies as a function of received measurements. Asa low-complexity

solution we design the optimum estimator with constant gains which depends on thepacket

arrival probabilities. In case of a stable system we generalize the proposed solutions to account

for the effects of measurements quantization and limited transmission bandwidth.Assuming a

simple scalar system we show how the proposed framework can give useful indications in the

design of NCSs in the presence of i) low-cost sensors using a fix modulation, and ii) long-term

future sensors capable of rate adaptation. As examples of applications weinvestigate issues

within two network set-ups: i) cross-layer optimization of quantization processes and network
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Figure 7.1: System setting.

resource allocation and ii) comparison between single-hop and multi-hop communication pro-

tocols.

The chapter is organized as follows. The problem of state estimation is introduced in Sec-

tion 7.1, the minimum error covariance estimator is derived in Section 7.2 and a suboptimum

estimator with constant gains is proposed in Section 7.3. Section 7.4 introducesthe problem of

measurements quantization and Section 7.5 present some examples of applications of the pro-

posed framework for stable scalar systems. Finally Section 7.6 summarizes themain results of

the chapter.

Part of the material in this chapter has been published in [103].

7.1 Problem formulation

We consider a general multi-input multi-output (MIMO) discrete time linear system and parti-

tion the observation vector into two parts, modelling the observation of the state by two differ-

ent sensors. The system has the following dynamics:

xk+1 = Axk + wk (7.1)[
y1,k

y2,k

]
=

[
C1

C2

]
xk +

[
v1,k

v2,k

]
(7.2)

wherexk,wk ∈ R
n are the state of the system and the system noise at instantk andy1,k,v1,k ∈

R
m1 , y2,k,v2,k ∈ R

m2 , are the measurements and measurement noises at timek for sensor1

and2, respectively. MoreoverA ∈ R
n×n, C1 ∈ R

m1×n, C2 ∈ R
m2×n and(x0,wk,v1,k,v2,k)

are uncorrelated Gaussian random vectors with mean(x̄0,0,0,0) and covariance matrix given

by (P0,Q,R1,R2). Furthermore we defineC =
[
CT

1 CT
2

]T
and the covariance matrix of the

total noisevk =
[
vT

1,kv
T
2,k

]T
asR = diag(R1,R2). We also assume that the pair(A,C) is

observable and(A,Q1/2) is controllable.

The measurements outputsy1,k, y2,k are encoded separately by two sensors, time-stamped,

and transmitted through a digital sensor network (DSN) whose goal is to deliver packets from

multiple sources (sensors) to a destination (estimator) possibly introducing random delays (see

also Fig. 7.1). Time-stamping of measurements are necessary to reorder packets at the receiver

in case they arrive out of order. We assume that transmitted packets incorporates error detection

coding [20], therefore the estimator knows perfectly weather packets received from sensors
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ESTIMATOR
P0

x̄0

y1,1 0 y1,3 y1,4 0 y1,6 y1,7 0

y2,1 y2,2 0 0 y2,5 y2,6 0 y2,8 . . .

. . .
y1,t−h

y2,t−h

x̂t|t

t

Figure 7.2: Estimator with infinite buffers.

contain errors or not. At estimator side all packets correctly delivered are collected in a queue

with two infinite buffers, one for each sensor, while faulty packets are discarded (see also Fig.

7.2). The arrival process is modelled by the random variableγt
i,k, with i ∈ {1, 2} denoting the

sensor, in the following way1

γt
i,k =

{
1 yi,k has been received att ≥ k

0 otherwise
(7.3)

From (7.3) it follows that if a packet is present in the buffer at timet then it will be present for

all future times, i.e. ifγt
i,k = 1 thenγt+h

i,k = 1, ∀h ∈ N. We also define the packet delayτi,k,

i = 1, 2, for observationyi,k as follows:

τi,k =

{
∞ γt

i,k = 0, ∀t ≥ k

ti,k − k otherwise
(7.4)

whereti,k , min{t|γt
i,k = 1} denotes the arrival time of observationyi,k at the estimator.

Since the packet delay can be random, observation measurements can arrive out of order at the

estimator, moreover we assume a packet is lost whenτi,k =∞.

At first we do not consider the effects of measurement quantization, assuming that the

distortion introduced by data encoding/decoding is negligible with respect to measurement

noise. An extension of the proposed model to cope with quantization effectsis investigated

later in Section 7.4.

The value stored in thekth slot of the estimator bufferi at timet can be written as

ỹt
i,k = γt

i,kyi,k = γt
i,kCixk + γt

i,kvi,k , i = 1, 2 (7.5)

where we assume a zero [18] is stored in slotk if observationyi,k has not arrived at timet.

1With this model we are assuming that the channel coherence time is comparable to the length of the packet,
therefore packet arrivals in subsequent time slots can be approximated as independent. Moreover the use of a
Bernoulli random variable implies a “hard” detection/decoding strategy [20] where packets are simply dropped if
they contain errors. Generalizations to correlated packet arrivals [104] and more powerful “soft” detection/decoding
strategies, where detected bits are associated with reliability values [20], are left as future works.
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7.2 Minimum error covariance estimator

In this section we derive the optimal mean square error estimatorx̂t|t , E
[
xt|F t

t , x̄0,P0

]

whereF t
h =

{
ỹt

1,h, ỹt
2,h, γt

1,h, γt
2,h

}
, ỹt

i,h =
(
ỹt

i,1, . . . , ỹ
t
i,h

)
, γt

i,h =
(
γt

i,1, . . . , γ
t
i,h

)
, i =

1, 2. Letet|t , xt− x̂t|t, estimator̂xt|t is optimal in the sense it minimizes the error covariance

Pt|t , E
[
et|te

T
t|t|F t

t , x̄0,P0

]
. First let’s introduce the following quantities

x̂t
k|h , E

[
xk|F t

h, x̄0,P0

]
(7.6)

Pt
k,h , E

[(
xk − x̂t

k|h

)(
xk − x̂t

k|h

)T
|F t

h, x̄0,P0

]
(7.7)

where with a little abuse of notation we can sayx̂t|t = x̂t
t|t andPt|t = Pt

t|t.

Generalizing results from [18, Theorem 1] and [101], the optimal estimatorcan be derived

from the following theorem whose proof is given in Appendix B.1.

Theorem 3 Let’s consider the stochastic linear system (7.1)-(7.2), the packet arrival process

defined in (7.3) and the mean square error estimatorx̂t|t. Then the following facts hold:

(a) The optimal estimator is given bŷxt|t = x̂t
t|t with:

x̂t
k|k = Ax̂t

k−1|k−1 +

γt
1,kγ

t
2,kK

t
k

(
ỹt

k −CAx̂t
k−1|k−1

)
+

γt
1,k(1− γt

2,k)K
t
1,k

(
ỹt

1,k −C1Ax̂t
k−1|k−1

)
+

(1− γt
1,k)γ

t
2,kK

t
2,k

(
ỹt

2,k −C2Ax̂t
k−1|k−1

)
(7.8)

Pt
k+1|k = APt

k|k−1A
T + Q +

−γt
1,kγ

t
2,kAKt

kCPt
k|k−1A

T +

−γt
1,k(1− γt

2,k)AKt
i,kC1P

t
k|k−1A

T +

−(1− γt
1,k)γ

t
2,kAKt

2,kC2P
t
k|k−1A

T , (7.9)

wherex̂t
0|0 = x̄0, Pt

1,0 = P0 are the initialization conditions and

Kt
k = Pt

k|k−1C
T (CPt

k|k−1C
T + R)−1 (7.10)

Kt
i,k = Pt

k|k−1C
T
i (CiP

t
k|k−1C

T
i + Ri)

−1 , i = 1, 2 (7.11)

are the Kalman gains.

(b) The optimal estimator̂xt|t can be computed iteratively using a buffer of finite lengthN if

and only ifγt
i,k = γt−1

i,k , i = 1, 2, ∀k ≥ 1, ∀t ≥ k + N . In case this property is satisfied

thenx̂t|t = x̂t
t|t wherex̂t

t|t is given by (7.8)-(7.9) fort = 1, . . . , N and as follows for
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t > N :

x̂t
t−N |t−N = x̂t−1

t−N |t−N (7.12)

Pt
t−N+1|t−N = Pt−1

t−N+1|t−N (7.13)

Equations (7.8)-(7.9) k = t−N + 1, . . . , t (7.14)

�

We observe that there are two major differences with respect to the standard Kalman filter

[102]. First the optimal estimator described by (7.8)-(7.9) jumps between different estimation

strategies according to the values assumed byγt
i,k. In detail we have 1) an open loop estimate

whenγt
1,k = γt

2,k = 0, 2) a closed loop estimate whenγt
1,k = γt

2,k = 1, for which state

estimation evolution is the same as the classical Kalman filter, 3) estimation evolution asif y1,k

were the only observation forγt
1,k = 1, γt

2,k = 0, and 4) estimation evolution as ify2,k were

the only observation forγt
1,k = 0, γt

2,k = 1. Therefore, the optimal estimator and its error

covariance are strongly time-variant and stochastic.

The second difference is that standard Kalman filter only needs the current measurementyt,

the previous state estimatex̂t−1|t−1 and the past error covariancePt|t−1 to compute the current

state estimatêxt|t. Differently, in case of random delays and packet drops, for two sensors the

optimal estimator needs i) to store all past packets and ii) to invert up tot matrices (see (7.8) and

(7.9)) at any time instantt, with a linear increase of complexity as time progresses. Moreover,

a buffer of finite lengthN can be used if and only if all packets correctly delivered arrive at

estimator withinN time steps (Theorem 3(b)). We note that in DSNs transmission protocols

usually drop from transmission buffer packets that are very old, e.g. older thanN time slots.

Therefore the problem of computing the optimal estimator with a finite buffer is quite common

in DSNs.

7.3 Optimum estimator with constant gains

The great complexity of the optimal estimator motivates the investigation of suboptimum but

more practical solutions for state estimation. In this section we study a filter with constant gains

and a buffer with finite dimensionN , i.e. Kt
t−h = Kh, Kt

i,t−h = Ki,h, i = 1, 2, ∀t ∈ N and

h = 0, . . . , N − 1. The gains for the different state evolution scenarios are designed to achieve

the smallest error covariance at steady-state, assuming stationary i.i.d. arrival processes.

We model the packet arrival process at estimator relative to sensori with the probability

function

P[τi,t ≤ h] = λi,h (7.15)

wheret ≥ 0 and0 ≤ λi,h ≤ 1 is clearly non decreasing inh ≥ 0. Moreover we define the

packet loss probability as

λi,loss , 1− sup{λi,h|h ≥ 0} . (7.16)

Finally we denote the maximum delay of arrived packets relative to sensori asτi,max and define

τmax , maxi{τi,max}. We underline that the arrival processes relative to the two sensors are
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independent and described by possibly different probability functions.

We consider a constant-gains estimatorx̃t|t = x̃t
t|t with finite buffer of dimensionN , where

x̃t
t|t is recovered iteratively from̃xt

t−h|t−h, h = 0, . . . , N − 1 asx̂t
t|t in (7.12)-(7.14), but using

constant gains, i.e.Kt
t−h = Kh, Kt

i,t−h = Ki,h, i = 1, 2, ∀t ∈ N andh = 0, . . . , N − 1.

Let ẽt
t−k+1|t−k = xt−k+1 − Ax̃t

t−k|t−k be the prediction error and consider the predic-

tion error covariance matrixP
t
t−k+1|t−k = E

[
ẽt

t−k+1|t−k(ẽ
t
t−k+1|t−k)

T
]

where expectation

is computed with respect to both initial conditions and arrival processes. Moreover define the

following operator:

Φλ1,λ2(P ) = APAT + Q− λ1λ2AKPCPAT +

−λ1(1− λ2)AK1,PC1PAT +

−(1− λ1)λ2AK2,PC2PAT (7.17)

with the gainsKP = PCT (CPCT + R)−1, Ki,P = PCT
i (CiPCT

i + Ri)
−1, i = 1, 2. The

following theorem, whose proof is outlined in Appendix B.2, derives the optimal constant-gains

estimator that minimizes the steady state error covariance.

Theorem 4 Let us consider the stochastic linear system given in (7.1)-(7.2), where i)(A,C)

is observable and(A,Q1/2) is controllable, ii) arrival processes are defined at the beginning

of the section and iii) estimators have constant gains{Kk}N−1
k=0 , {Ki,k}N−1

k=0 , i = 1, 2. The

following statements hold:

(a) If A is not strictly stable there exists an instability region for the couple(1−λ1,loss, 1−
λ2,loss) for which no stable estimator with constant gains exists. More generally a dif-

ferent stability region can be found for each value ofN . Hence given0 ≤ λ1,N−1 ≤ 1

there existsλc
2,N−1 such that a stable estimator exists if and only ifλ2,N−1 > λc

2,N−1.

Both a lower boundλc
2,N−1 and an upper boundλ

c
2,N−1 can be derived forλc

2,N−1,

i.e. λc
2,N−1 ≤ λc

2,N−1 ≤ λ
c
2,N−1, [101]. Similarly a boundλc

1,N−1 can be derived for

λ1,N−1 whenλ2,N−1 is fixed.

(b) LetN such that(λ1,N−1, λ2,N−1) belongs to the stable region, the optimal gains{KN
k }N−1

k=0 ,

{KN
i,k}N−1

k=0 , i = 1, 2 are defined as follows:

KN
k = VN

k CT (CVN
k CT + R)−1 , (7.18)

KN
i,k = VN

k CT
i (CiV

N
k CT

i + Ri)
−1 , (7.19)

VN
N−1 = Φλ1,N−1,λ2,N−1

(VN
N−1) (7.20)

VN
k = Φλ1,k,λ2,k

(VN
k+1) , k = N − 2, . . . , 0 (7.21)

Moreoverlimt→∞ P
t
t−k+1|t−k = VN

k , independently of the initial condition(P0, x̄0).

AlsoVN+1
0 ≤ VN

0 . Finally, letτmax = maxi{τi,max}, if τmax <∞, thenVN
0 = Vτmax

0

for all N ≥ τmax.�

Theorem 4 shows how the optimal estimator with constant gains can be derived solving an

algebraic matrix equation (7.20) and then iteratingN−1 times operator (7.21) having the same
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structure of (7.20) but with different values ofλi,k. In case the system is unstable a stable esti-

mator exists if and only if the packet loss probabilities for the two links are sufficiently small

or more precisely if and only the couple(λ1,N−1, λ2,N−1) belongs to the stability region which

is a function ofN and system parameters. Interestingly a stable estimator with constant gains

exists if and only if the optimal estimator with constant gains exists. Furthermore estimator

stability does not depend on the packet delayτmax as long as a sufficient number of packets

eventually arrive. Another important result is that the performance of theestimator improves as

the buffer lengthN increases but at the same time a longer buffer implies higher computation

complexity. Therefore a natural trade-off arises between estimation performance and complex-

ity. However if the maximum packet delay for both sensors is finite, i.e.τmax < ∞, then the

performance of the estimator does not improve forN > τmax.

7.4 Quantization processes and transmission strategies

In this section we show how the proposed framework can be adapted to account for the effects

of measurements quantization and limited transmission bandwidth. We refer to a simple scalar

system but the technique can be generalized to more complex MIMO systems.

Let us consider a scalar, stable system withA < 1, C1 = C2 = 1, R1, R2 > 0, i.e. the

system is observed by two sensors with possible different features. Let ŷi,k be the quantized

version ofyi,k. We model the effects of measurements quantization (source coding) as an

additive noise, i.e.yi,k = ŷi,k + ni,k(Bi), whose distribution depends on both the quantization

strategy and the number of quantization bitsBi. We note that the measurement can be modelled

as a Gauss-Markov processyi,k+1 = Ayi,k+νi,k whereνi,k = wk−1+(1−A)vi,k is a Gaussian

random variable with zero mean and varianceσ2
ν = Q + (1 − A2)Ri. Moreoveryk results a

Gaussian source with zero mean and varianceσ2
y = σ2

ν
1−A2 . In case of small distortion and

uniform quantizationni,k(B) is white noise with zero mean and varianceσ2
n(Bi) = 3σ2

y2
−2Bi

[94]. The effects of measurement quantization can be included in the proposed framework

considering the equivalent measurement noisev̄i,k = vi,k + ni,k(Bi) having zero mean and

varianceR̄i = Ri + σ2
n(Bi).

We adopt a time division multiple access (TDMA) as medium access control (MAC) strat-

egy where sensori is allocated a portionTi of the available time slotT . We assume a total

transmission bandwidthWB and a block fading model with independent Rayleigh fading real-

izations for all links, i.e. each radio link gain is modelled as
√

Γihi,k with hi,k ∼ CN (0, 1) and

Γi, i ∈ {1, 2}, denoting the average link SNR. Moreover we assume that only the average SNR

is available at the two transmitters. The probability of packet loss depends onchannel condi-

tions, number of quantization bits, modulation and coding strategy. We consider two different

sensor deployments. The first set up adopts low-cost sensors with PSK(BPSK or QPSK) and

no channel coding. Assuming independent transmitted symbols, the arrival probability for a

packet composed byBi = TiWB bits in a flat Rayleigh fading channel is given by [1]

λi,0 =





[
1
2

(
1 +

√
Γi

Γi+1

)]Bi

BPSK
(√

Γi
Γi+2

)Bi
2

QPSK
(7.22)
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Differently, the second set up considers a long-term future sensor deployment where sen-

sors might perform adaptive rate allocation (ad-RA) choosing among a large set of modulation

and coding rate modes similarly to the IEEE 802.11 wireless LAN [105]. In this case, as-

suming Gaussian coding the probability of packet loss might be approximated with the outage

probability [1]

pout,i(Bi, Ti) = 1− exp
−
(
2Bi/(WBTi) − 1

)

Γi
(7.23)

with
∑2

i=1 Ti = T . From (7.23) we have

λi,0 = 1− pout,i(Bi, Ti), i = 1, 2 . (7.24)

We underline thatλi,0 provides an upper bound for the arrival probability in case of long

packets [1]. Moreover this bound becomes tight when the transmitter has thepossibility of

choosing among a large set of modulation and coding rate modes and the channel code is

almost capacity achieving.

7.5 Examples of applications

The framework introduced in Sections 7.3 and 7.4 can give useful directions on the design of

NCSs. In particular as examples of applications, we investigate issues within two network set-

ups: i) cross-layer optimization of quantization processes and resourceallocation withN = 1,

and ii) comparison between single-hop and multi-hop communication protocols in case the

system state is observed by a single sensor.

7.5.1 Cross-Layer optimization of quantization processes and resource alloca-
tion with N = 1

As in Section 7.4 we consider a simple scalar, stable system withA = 0.9, R1 = R2 = 10−3

and set the length of the receive bufferN = 1. Moreover we assume a simplesingle-hopcom-

munication protocol withnopacketretransmission(SH-nR) where each sensor measurement is

transmitted directly to the estimator, with no retransmission in case of packet loss.Under this

setting we propose a cross-layer optimization of the communication parameters{Bi} and{Ti}
for the minimization of the error covariance matrixV 1

0 . We recall that for BPSK or QPSK,

Bi depends linearly onTi asBi = WBTi. Therefore we can consider the following constraint

optimization problems:

BPSK/QPSK min
Ti≥0,

P2
i=1 Ti≤T

V 1
0 (7.25)

ad-RA min
Bi,Ti≥0,

P2
i=1 Ti=T

V 1
0 (7.26)

Although the communication parameters{Bi} and{Ti} are optimized minimizingV 1
0 , to bet-

ter representthe results we introduce a more effective cost function:∆1 = V 1
0 /σ2

x where

σ2
x = Q

1−A2 is the variance ofxk.
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Figure 7.3:∆1 as a function of the available bandwidthWB . T = 1 s, A = 0.9, Q = 0.1,
R1 = R2 = 10−3, Γ1 = 5 dB, Γ2 = 0 dB.

In Figs. 7.3 and 7.4 we assumeT = 1 s, Q = 0.1, Γ1 = 5 dB andΓ2 = 0 dB and for

both BPSK/QPSK and ad-RA we represent, respectively,∆1 andTi as a function ofWB. In

Fig. 7.3 as term of comparison we also include theideal scenariowith no packet loss and no

signal quantization. We can see that∆1 decreases withWB because additional bandwidth can

only be beneficial, nevertheless good performance is achievable even with a sufficiently small

bandwidth, e.g.10 ≤ WB ≤ 40, and there is no significant gain in increasing the bandwidth

further, since we are already very close toideal scenarioperformance.

We observe how ad-RA can improve system performance especially for large WB and

approaches the lower bound given by theideal scenariofor WB → ∞. Furthermore BPSK

performs very close to ad-RA and is preferable to QPSK. This means that it’s preferable to

have an higher arrival probability as in BPSK than more quantization bits andQPSK. For the

same reason we notice in Fig. 7.4 that for BPSK and QPSK the total portion ofT allocated for

transmissions, i.e.
∑2

i=1 Ti, decreases withWB because above a certain threshold additional

quantization bits only cause a degradation of the packet arrival probability without improving

the estimation process, asσ2
n(Bi) becomes negligible with respect toRi. Differently, in case of

ad-RA we always have
∑2

i=1 Ti = 1 because the additional bandwidth can be used to increase

λi,0 with a proper choice of the modulation and coding rate mode.

Interestingly, for ad-RA the entire time slot is always allocated to the sensor with highest

SNR, i.e.T1 = 1 s. Differently, for BPSK/QPSK this is optimum only for small transmission

bandwidth andT1 > T2 > 0 for largerWB.
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Figure 7.4:Ti as a function of the available bandwidthWB . T = 1 s, A = 0.9, Q = 0.1,
R1 = R2 = 10−3, Γ1 = 5 dB, Γ2 = 0 dB.

7.5.2 Single-hop vs multi-hop communication protocols forsingle sensor mea-
surements

We assume a scalar, stable system observed by a single sensor withC1 = 1. Using BPSK

we consider three different transmission protocols: 1) SH-nR introduced in Section 7.5.1, 2)

single-hopcommunication with packetretransmission(SH-R), 3)multi-hopcommunication

with packetretransmissions(MH-R). As for SH-nR, in SH-R each measurement is transmitted

directly to the estimator (there is onlyNh = 1 hop), but differently from SN-nR, SH-R employs

packet retransmission in case of packet loss. Moreover we assume thatSH-R uses orthogonal

resources (either in frequency or time domain) for retransmitted packets sothat arrival proba-

bilities for the different measurements are independent. Based on these assumptions SH-R re-

quires a larger transmission bandwidth than SH-nR also due to packet acknowledgements from

the estimator. Finally in MH-R we assumeNh > 1 hops and packet retransmission. Again the

different packets follow independent paths (either in frequency, time orspace domain). Consid-

ering only packet loss and Rayleigh fading the SNR in each hop isΓ1,Nh
= N2

hΓ1 because we

assume each hop covers the same distance. Under these assumptions the arrival probabilities

for SH-R and MH-R are [106]

λ1,h = (λ1,0)
Nh

h−Nh∑

j=0

(
Nh + j − 1

j

)
(1− λ1,0)

j (7.27)

whereλ1,0 =

[
1
2

(
1 +

√
Γ1,Nh

Γ1,Nh
+1

)]Bi

.

In Fig. 7.5 we setT = 1 s,A = 0.9, R1 = 10−3, Γ1 = −5 dB and compare SH-nR, SH-R
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Figure 7.5:∆N as a function of the buffer lengthN . T = 1 s,A = 0.9, R1 = 10−3, Γ1 = −5
dB.

and MH-R in terms of∆N = V N
0 /σ2

x as a function of the receive buffer lengthN , for different

values ofQ. We notice that for each strategy we consider the number of quantization bitsB1

that minimizes∆N for the maximum buffer lengthNmax = 8. As predicted by Theorem 4

the performance of both SH-R and MH-R improves withN and interestingly SH-R is the best

strategy forN large enough. SH-nR performs very close to SH-R, especially for increasing

Q, becausexk becomes fast time variant and old measurements (coming from retransmitted

packets) do not provide significant information for the estimation process.Differently, asQ

decreases,xk becomes slowly time variant and even old observations are useful to improve

the estimation process as in SH-R and MH-R. We notice that even if a smallerQ leads to

a reduction ofV N
0 , the cost∆N andQ relate in a different way. Generally MH-R besides

increasing the complexity of network design and packet routing, does notprovide gain over

SH communication protocols because it increases the packet delay, which isa major drawback

in applications dealing with state estimation. Numerical simulations reveal that MH-Rmight

be useful only for smallQ and very lowΓ1. Similar considerations hold even using ad-RA.

7.6 Conclusions

We derive the minimum error covariance estimator and the optimum estimator with constant

gains for a NCS where observations from multiple sensors are subject to random delays and

packet losses. The effects of measurements quantization are investigatedfor a stable system.

For a scalar stable system, simple BPSK and single-hop communication protocolsprovide close

to optimum estimation performance. This supports the use of low-cost sensors in environment

monitoring applications.





Chapter 8

Cross-layer design of networked
control systems

In Chapter 7 we dealt with state estimation in networked control systems (NCSs)accounting

for wireless link inefficiencies. In this chapter we consider the more general problem of state

control.

Most research activities in NCSs either focus on the problem of packet loss assuming no

quantization [107, 101, 108] or study measurements and control signal quantization but as-

suming perfect packet delivery [109, 19, 110]. Considering a general unstable system and i.i.d

Bernoulli packet drops, [108] derives conditions on the arrival probabilities of measurements

and control packets that guarantee closed loop stability of a discrete time system. The more

specific problem of optimum state estimation is investigated in [101] for measurements com-

ing from multiple sensors and in [104] for Markovian packet loss. Differently, under the ideal

assumption of no packet loss, [109, 19] derive the minimum transmission ratethat guarantees

closed-loop system stability of a discrete time unstable system.

In real sensor networks packet losses and signal quantization/encoding are not separate

problems but intimately correlated. In this work we study the problem of systemcontrolla-

bility in NCSs with multiple sensors, accounting as in [100], for both packet drops and signal

quantization at sensors and controller. Assuming a TCP-like protocol [111] between controller

and actuator, we solve the problem of optimum Linear Quadratic Gaussian (LQG) control [102]

around a target state for a stable system and provides a generalization for unstable systems in

case of a large transmission bandwidth. We show how the separation principle [102] of clas-

sical control theory does not hold in general because the optimum estimatordepends on the

quantizer used at controller. Moreover we characterize the limiting behavior of both estimator

and controller in the infinite horizon and derive bounds for the mean square distance of the

state from the target.

Since sensors, controller and actuator share the same transmission medium the available

bandwidth needs to be allocated to the different wireless links, a problem that has received

less attention in literature. We propose a cross-layer optimization of quantization processes

and resource allocation in order to minimize a final performance metric, e.g. themean square

distance of the state from the target. As an example of application the optimization isproposed
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for a simple scalar system using the framework derived for state estimation and control in

the infinite horizon, nevertheless the technique is general and can be extended even to MIMO

systems. As case studies we consider two different sensor deployments:i) contemporary low-

cost sensors with PSK (BPSK or QPSK) modulation and no channel coding, ii) long-term

future sensor deployment capable of adaptive rate allocation. We show that even with a small

bandwidth transmission and simple BPSK modulation we can reach performanceclose to the

optimum state control achievable with no signal quantization and no packet loss. This supports

the widespread use of low cost sensors for these applications.

The chapter is organized as follows. Section 8.1 introduces the problem ofstate control

for a stable system, Section 8.2 derives the optimum state estimator in case of packet loss

and quantized signals at both sensors and controller and Section 8.3 solves the problem of

optimum control around a target state in case of a TCP-like protocol between controller and

actuator. Then in Section 8.4 we characterize the properties of both estimatorand controller in

the infinite horizon and give generalizations for unstable systems. Sections8.5 and 8.6 propose

a cross layer optimization of i) quantization processes and ii) resource allocation for a scalar

system and numerical simulations are provided in Section 8.7. Finally, Section 7.6 concludes

the chapter summarizing the main findings and proposing future research activities.

The material in this chapter has been in part published in [112] and [113].

8.1 Problem formulation

We generalize the system model introduced in Chapter 7 and consider a general multi-input

multi-output (MIMO) discrete time linear system with control packets and partitionthe obser-

vation vector into two parts, modelling the observation of the state by two different sensors.

The system has the following dynamics

xk+1 = Axk + Bua
k + wk (8.1)[

s1,k

s2,k

]
=

[
C1

C2

]
xk +

[
v1,k

v2,k

]
(8.2)

wherexk,wk ∈ R
n are the state and noise of the system at instantk, respectively,ua

k ∈ R
d

is the control signal applied by actuator ands1,k,v1,k ∈ R
m1 , s2,k,v2,k ∈ R

m2 , are the

measurements (or sensor observations) and measurement noises at timek for sensor1 and

2, respectively. MoreoverA ∈ R
n×n, B ∈ R

n×d, C1 ∈ R
m1×n, C2 ∈ R

m2×n and

(x0,wk,v1,k,v2,k) are uncorrelated Gaussian random vectors with mean(x̄0,0,0,0) and co-

variance matrix(P0,Q,R1,R2), respectively. Furthermore we defineC =
[
CT

1 CT
2

]T
and the

covariance matrix of the total measurement noisevk =
[
vT

1,kv
T
2,k

]T
asR = diag(R1,R2).

Measurementss1,k, s2,k are quantized and encoded separately by two sensors and trans-

mitted through a digital communication network (DCN) whose goal is to deliver packets from

multiple sources (sensors) to a destination (estimator/controller) with possible packet drops.

For simplicity each link is modelled as a single hop transmission with no packet retransmis-

sions. Indeed both retransmissions and multi-hop DCN would possibly introduce random de-
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lays in packet delivery which complicates the state estimation process [18, 114]. Moreover,

packet retransmission is not guaranteed to provide performance gain in NCSs with stringent

delay constraints as shown in Chapter 7 and this motivates our simplified approach. Simi-

larly, the control signal computed by the estimator/controller is quantized, encoded and sent to

the actuator through a wireless link. However over this link we assume a TCP-like protocol,

so that successful or unsuccessful packet delivery at receiver (actuator) is acknowledged to the

sender (estimator/controller) within the same sampling time period [111]1. As in Chapter 7, we

assume that estimator (actuator) perfectly knows whether packets received from sensors (con-

troller) contain errors or not. Accounting for both the effects of signal encoding and packet

loss, the received signals at estimator and actuator are modelled respectively as (see also Fig.

8.1)

yi,k = γi,k(si,k + zi,k) = γi,k(Cixk + vi,k + zi,k︸ ︷︷ ︸
v̄i,k

) (8.3)

ua
k = νk (uc

k + nk)︸ ︷︷ ︸
ūc

k

+(1− νk)u∞ (8.4)

whereγ1,k, γ2,k andνk are i.i.d. Bernoulli random variables which model the wireless links

between sensors-controller and controller-actuator, with arrival probabilitiesγ̄1, γ̄2 andν̄, re-

spectively. Signaluc
k is the control signal computed by the controller,u∞ is a constant control

signal applied by the actuator in case of packet loss andz1,k, z2,k, nk are quantization errors

for the sensor observations and the control signal, respectively. They are modelled as zero-

mean, independent noises with covariance matricesRZ1 , RZ2 andRN whose values depend

on the quantization strategy and the number of quantization bits. We underline that bothnk and

zi,k are modelled as independent of the source signals, which becomes a reasonable approxi-

mation for most practical quantization strategies as the number of quantization bits increases.

In (8.4) for ease of notation we definēuc
k = uc

k + nk as the quantized control input and

v̄i,k = vi,k + zi,k, i = 1, 2, as the equivalent observation noise after measurement quantiza-

tion, assumed to be Gaussian with zero mean and covarianceR̄i = Ri + RZi . Moreover we

denoteyk = [yT
1,k,y

T
2,k]

T .

As a consequence of possible packet drops, the estimator/controller mighthave a complete

(γi,k = 1, i = 1, 2), partial (γ1,k 6= γ2,k) or no (γi,k = 0 i = 1, 2) observation of the system

state. Differently, if the control packet is correctly received (νk = 1) the actuator applies the

quantized control lawua
k = ūc

k, while if the packet is lost (νk = 0) a constant control signal

ua
k = u∞ is applied.

We consider a stable system, i.e.|λi(A)| < 1, i = 1, . . . , ρ(A), with {λi(A)} andρ(A)

denoting the eigenvalues and the rank of matrixA, respectively. Possible generalizations of

the proposed framework for unstable systems are investigated in Section 8.4.1.

We notice that in (8.4), in case of packet loss, the actuator applies the constant control

signalu∞ whose value can be optimized according to the specific performance metric. This

1A TCP-like protocol between sensors and estimator is not considered because we focus on energy-efficient,
low-cost sensors that simply transmit an observation of the system state,therefore packet acknowledgement would
not be useful. Differently, packet acknowledgement would be helpful for more expensive sensors, with higher
computational resources, that transmit state estimates rather than simple raw observations [18].
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Estimator Controller

Actuator

Sensor 1

Sensor 2

PLANT

γ1,k

γ2,k

νk
ACK/NACK

Figure 8.1: System setting.

is a more general approach with respect to the control law proposed in [108] that keeps the

actuator idle (u∞ = 0) in case of packet drop. We underline that (8.4) is only an option, indeed

the optimum strategy in case of packet drop is not known in general.

Let us defineuN−1 = [uc
N−1, . . . ,u

c
1], x̄ as the target system state andG = {x0,P0, x̄,u∞}.

We consider the following cost function2

JN (uN−1,G) = E
[
(xN − x̄)TWN (xN − x̄) +

N−1∑

k=0

(
(xN − x̄)TWk(xN − x̄) + (ua

k)
T

Uku
a
k

) ∣∣∣uN−1,G
]

. (8.5)

whereWk andUk are positive semi-definite matrices. Notice that we weight the difference

between the current system state and the target value, i.e.(xk − x̄), and the control input only

when it is applied at actuator, i.e.u∞ 6= 0.

Let us define the information setIk =
{
yk, γk

1 , γk
2 , νk−1

}
whereyk = [yk, . . . ,y1],

γk
i = [γi,k, . . . , γi,1] andνk−1 = [νk−1, . . . , ν1]. We search for the control input sequence

u∗N−1 as a function of the information setIk, the target statēx and the control signalu∞, i.e.

uc
k = gk(Ik, x̄,u∞), that minimizes the functional defined in (8.5), namely

J∗
N (G) , min

uc
k=gk(Ik,x̄,u∞), k=0...,N−1

JN (uN−1,G) (8.6)

2A quadratic cost is reasonable and largely adopted in literature [102] because it induces a high penalty for large
deviations of the state from the target but a relatively small penalty for small deviations. Moreover it leads to an
analytical solution.
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8.2 Estimator design under TCP like protocols

In this section we derive the equations for optimal state estimation when measurements come

from two spatially distributed sensors and are subject to quantization and possible packet drops.

In the derivation we use similar arguments that apply in standard Kalman filtering[102]. First

we define the followings:

x̂k|k , E[xk|Ik] (8.7)

ek|k , xk − x̂k|k (8.8)

Pk|k , E[ek|ke
T
k|k|Ik] (8.9)

For the optimal estimator the prediction step is given by:

x̂k+1|k = E[xk+1|νk, Ik] = Ax̂k|k + νkBuc
k + (1− νk)Bu∞ (8.10)

ek+1|k = xk+1 − x̂k+1|k = Aek|k + νkBnk + wk (8.11)

Pk+1|k = E[ek+1|ke
T
k+1|k|νk, Ik] = APk|kA

T + νkBRNBT + Q (8.12)

where we used the independence betweenwk, nk andIk and the requirement thatuk is a

deterministic function ofIk. Exploiting the independence betweenyi,k+1, γi,k+1, wk, nk and

Ik and applying the theory of time variant Kalman filtering [18, Theorem 1],[101], the update

step is given by [101]:

x̂k+1|k+1 = x̂k+1|k + γ1,k+1γ2,k+1Kk+1

(
yk+1 −Cx̂k+1|k

)
+

γ1,k+1(1− γ2,k+1)K1,k+1

(
y1,k+1 −C1x̂k+1|k

)
+

(1− γ1,k+1)γ2,k+1K2,k+1

(
y2,k+1 −C2x̂k+1|k

)
(8.13)

Pk+1|k+1 = Pk+1|k − γ1,k+1γ2,k+1Kk+1CPk+1|k +

−γ1,k+1(1− γ2,k+1)K1,k+1C1Pk+1|k +

−(1− γ1,k+1)γ2,k+1K2,k+1C2Pk+1|k (8.14)

where

Kk+1 = Pk+1|kC
T
(
CPk+1|kC

T + R̄
)−1

(8.15)

Ki,k+1 = Pk+1|kC
T
i

(
CiPk+1|kC

T
i + R̄i

)−1
, i = 1, 2 (8.16)

are the Kalman gains. We notice two main differences with respect to standardKalman filtering

[102]. Firstly, as in Chapter 7, the optimal estimator described by (8.10)-(8.16) jumps between

different estimation strategies according to the values assumed byγi,k. In fact we have 1) an

open loop estimate whenγ1,k = γ2,k = 0, 2) a closed loop estimate whenγ1,k = γ2,k = 1,

for which state estimation evolution is the same as the classical Kalman filter, 3) estimation

evolution as ify1,k were the only observation forγ1,k = 1, γ2,k = 0, 4) estimation evolution

as ify2,k were the only observation forγ1,k = 0, γ2,k = 1. Secondly, both the optimal Kalman

gains (8.15)-(8.16) and the error covariance matrices (8.12), (8.14) are strongly time-variant
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and stochastic as they depend on the arrival sequences{γi,k} and{νk}.

8.3 Optimal control under TCP-like protocols

Evaluation of the optimal control policy and the corresponding value for theobjective function

will be derived following the dynamic programming approach based on the cost-to-go iterative

procedure [102], which decomposes the minimization problem (8.6) into a sequence of much

simpler minimizations.

Define the optimal value functionVk(xk) as follows:

VN (xN ) , E[(xN − x̄)TWN (xN − x̄)|IN , x̄,u∞] (8.17a)

Vk(xk) , min
uc

k

E
[
(xk − x̄)TWk(xk − x̄) + (ua

k)
TUku

a
k

+Vk+1(xk+1)|Ik, x̄,u∞

]
(8.17b)

wherek = N − 1, . . . , 1. Using dynamic programming theory [102], one can show that

J∗
N (G) = V0(x0) . (8.18)

Under TCP-like protocols lemma 3 holds, whose proof can be found in Appendix B.3.

Lemma 3 The value functionVk(xk) defined in (8.17) for the system dynamics (8.1)-(8.3)

under TCP-like protocols can be written fork = N, . . . , 0 as:

Vk(xk) = E
[
xT

k Skxk − 2x̄TTkxk + 2(1− ν̄)uT
∞BTZkAxk|Ik, x̄,u∞

]
+ ck , (8.19)

where the matricesSk, Tk, Zk and the scalarck can be computed recursively as follows:

Sk = ATSk+1A + Wk − ν̄ATSk+1B
T (BTSk+1B + Uk)

−1BTSk+1A (8.20)

Tk = Wk + Tk+1

(
I− ν̄B(Uk + BTSk+1B)−1BTSk+1

)
A (8.21)

Zk = Sk+1 + Zk+1A
(
I− ν̄B(Uk + BTSk+1B)−1BTSk+1

)
(8.22)

ck = trace
((

ATSk+1A + Wk − Sk

)
Pk|k

)
+ trace(Sk+1Q) +

ν̄ trace((BTSk+1B + Uk)RN ) + x̄TM1,kx̄ + (1− ν̄)uT
∞M2,ku∞ +

2(1− ν̄)uT
∞BTM3,kT

T
k+1x̄ + E[ck+1|Ik, x̄,u∞] (8.23)

where

M1,k = Wk − ν̄Tk+1B(Uk + BTSk+1B)−1BTTT
k+1 (8.24)

M2,k = Uk + BTSk+1B + (1− ν̄)BT
(
Zk+1A + ATZT

k+1

)
B +

−ν̄(1− ν̄)BTZk+1AB(Uk + BTSk+1B)−1BTATZT
k+1B

M3,k = ν̄Zk+1AB(Uk + BTSk+1B)−1BT − I (8.25)
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and the initial values areSN = WN , TN = WN , ZN = 0 andcN = x̄TWN x̄. Moreover

the optimal control input is given by:

uc
k = −(BTSk+1B + Uk)

−1BT (Sk+1Ax̂k|k −TT
k+1x̄ + (1− ν̄)ATZT

k+1Bu∞)

, Lkx̂k|k − Fkx̄ + Gku∞ (8.26)

�
From (8.18) and Lemma 3 it follows that the cost function for the optimal LQG controller

using TCP-like protocols is given by:

J∗
N = J

(1)
N

({
Eγi,ν [Pk|k]

}N−1

k=0

)
+ J

(2)
N (8.27)

with

J
(1)
N

({
Eγi,ν [Pk|k]

}N−1

k=0

)
=

N−1∑

k=0

trace
((

ATSk+1A + Wk − Sk

)
Eγi,ν [Pk|k]

)
(8.28)

J
(2)
N = x̄T

0 S0x̄0 + tr(S0P0)− 2x̄TT0x̄0 + x̄TWN x̄ + 2(1− ν̄)uT
∞BTZ0Ax̄0 +

N−1∑

k=0

[
tr(Sk+1Q) + ν̄ trace((BTSk+1B + Uk)RN )

]
+

N−1∑

k=0

x̄TM1,kx̄ +

N−1∑

k=0

(1− ν̄)uT
∞M2,ku∞ +

N−1∑

k=0

2(1− ν̄)uT
∞BTM3,kT

T
k+1x̄ (8.29)

where Eγi,ν [·] explicitly indicates that the expectation is calculated with respect to the arrival

sequences{γi,k} and{νk}. We notice that the cost function depends on the target statex̄ and

on the steady control lawu∞ that can be optimized for the minimization of (8.27). We could

either derive the optimalu∞ for any specific time stepN . Hereu∞ is derived in the infinite

horizon forN →∞ (see Lemma 5).

With respect to standard LQG control theory we have two main observations:

1. The separation principle between estimation and control does not strictly holds because

optimal Kalman filtering depends on the adopted control strategy through the covari-

ance quantization noiseRN , as it can be inferred from (8.12). Even if under different

assumptions, this observation recall the certainty equivalence and quasiseparation theo-

rem derived in [19].

2. Certainty equivalence [102] holds and the optimal control law is a linear function of the

estimated statêxk|k, i.e. uc
k = Lkx̂k|k −Fkx̄ + Gku∞. Moreover the control gainsLk,

Fk andGk are independent of the arrival process sequences{γi,k}, i = 1, 2.

Using similar arguments used in [107, 101] it can be inferred that the exactvalue of the

expected error covariance matrixEγi,ν [Pk|k] cannot be computed analytically. Nevertheless

it can be bounded by computable deterministic quantities as shown in the followinglemma

whose proof can be recovered along the lines of [101].



112 Chapter 8. Cross-layer design of networked control systems

Lemma 4 The expected error covariance matrixEγi,ν [Pk|k] satisfies the following bounds:

Pk|k ≤ Eγi,ν [Pk|k] ≤ Pk|k, ∀k ≥ 0 (8.30)

where matricesPk|k, Pk|k can be computed as follows:

Pk+1|k = APk|k−1A
T + Q + ν̄BRNBT +

−γ̄1γ̄2APk|k−1C
T (CPk|k−1C

T + R̄)−1CPk|k−1A
T +

−γ̄1(1− γ̄2)APk|k−1C
T
1 (C1Pk|k−1C

T
1 + R̄1)

−1C1Pk|k−1A
T +

−(1− γ̄1)γ̄2APk|k−1C
T
2 (C2Pk|k−1C

T
2 + R̄2)

−1C2Pk|k−1A
T (8.31)

Pk|k = Pk|k−1 − γ̄1γ̄2Pk|k−1C
T (CPk|k−1C

T + R̄)−1CPk|k−1 +

−γ̄1(1− γ̄2)Pk|k−1C
T
1 (C1Pk|k−1C

T
1 + R̄1)

−1C1Pk|k−1 +

−(1− γ̄1)γ̄2Pk|k−1C
T
2 (C2Pk|k−1C

T
2 + R̄2)

−1C2Pk|k−1 (8.32)

Pk+1|k = (1− γ̄1)(1− γ̄2)APk|k−1A
T + Q + ν̄BRNBT (8.33)

Pk|k = (1− γ̄1)(1− γ̄2)Pk|k−1 (8.34)

with initial conditionsP0|0 = P0|0 = P0. �

From Lemma 4 it follows that also the minimum achievable costJ∗
N cannot be computed

analytically, however it can be bounded as follows:

Jmin
N ≤ J∗

N ≤ Jmax
N (8.35)

Jmin
N = J

(1)
N

({
Pk|k

}N−1

k=0

)
+ J

(2)
N (8.36)

Jmax
N = J

(1)
N

({
Pk|k

}N−1

k=0

)
+ J

(2)
N (8.37)

8.4 Infinite horizon LQG control

The infinite horizon LQG control can be obtained as limit forN →∞ in all the previous equa-

tions. Nevertheless, as matrices{Pk|k} depend nonlinearly on the specific arrival sequences

{γi,k} and{νk}, both the expected error covariance matrices Eγi,ν [Pk|k] and the minimum cost

J∗
N cannot be computed analytically and both do not seam to have limit [108]. However we

can derive bounds for the cost function and limit behaviours for the optimal control gains.

Let us set for simplicityWk = W andUk = U. Moreover let us introduce the following

modified algebraic equations

gγ̄1,γ̄2,ν̄(P) = APAT + Q + ν̄BRNBT − γ̄1γ̄2APCT (CPCT + R̄)−1CPAT +

−γ̄1(1− γ̄2)APCT
1 (C1PCT

1 + R̄1)
−1C1PAT +

−(1− γ̄1)γ̄2APCT
2 (C2PCT

2 + R̄2)
−1C2PAT (8.38)

hν̄(S) = ATSA + W − ν̄ATSB(BTSB + U)−1BTSA (8.39)
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for the estimation and control problems respectively. The main results in the infinite horizon

for the proposed LQG control problem are summarized in the following Lemma whose proof

is given in Appendix B.4.

Lemma 5 Consider the system (8.1)-(8.3) and the optimal estimator under TCP-like protocols

given in (8.10) and (8.12)-(8.14). Let(A,B), (A,Q1/2) be controllable,(A,C), (A,W1/2)

be observable, andA be stable. Moreover assumeWk = W andUk = U. Then the following

statements hold:

(a) The infinite horizon optimal controller gain is constant:

lim
k→∞

Lk = L∞ = −(BTS∞B + U)−1BTS∞A (8.40)

lim
k→∞

Fk = F∞ = −(BTS∞B + U)−1BTT∞ (8.41)

lim
k→∞

Gk = G∞ = −(1− ν̄)(BTS∞B + U)−1BTATZT
∞B (8.42)

(b) The infinite horizon optimal estimator gainsKk andKi,k are stochastic and time-varying

since they depend on the arrival sequences{γi,k} and{νk}.

(c) The infinite horizon optimal constant control in case of packet loss is

u∞ = −M−1
2,∞BTM3,∞TT

∞x̄ , Λ∞x̄ (8.43)

Let us note that it is a linear function of the target statex̄, henceu∞ = 0 is optimum

only when̄x = 0.

(d) Using the steady control law (8.43), the minimum cost can be bounded by two deterministic

sequences:

1

N
Jmin

N ≤ 1

N
J∗

N ≤
1

N
Jmax

N (8.44)

where 1
N Jmin

N , 1
N Jmax

N converge to the following quantities:

jmin
∞ , lim

N→∞

1

N
Jmin

N = j(1)
∞

+ j(2)
∞ (8.45)

jmax
∞ , lim

N→∞

1

N
Jmax

N = j
(1)
∞ + j(2)

∞ (8.46)

with

j(1)
∞

, lim
N→∞

1

N
J

(1)
N

({
Pk|k

}N−1

k=0

)

= (1− γ̄1)(1− γ̄2)trace
((

ATS∞A + W − S∞

)
(P∞)

)
(8.47)
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j
(1)
∞ , lim

N→∞

1

N
J

(1)
N

({
Pk|k

}N−1

k=0

)

= trace
( (

ATS∞A + W − S∞

)
(P∞ +

−γ̄1γ̄2P∞CT (CP∞CT + R̄)−1CP∞ +

−γ̄1(1− γ̄2)P∞CT
1 (C1P∞CT

1 + R̄1)
−1C1P∞ +

−(1− γ̄1)γ̄2P∞CT
2 (C2P∞CT

2 + R̄2)
−1C2P∞)

)
(8.48)

j(2)
∞ , lim

N→∞

1

N
J

(2)
N

= ν̄ trace((BTS∞B + U)RN ) + tr(S∞Q) +

x̄T
(
M1,∞ − (1− ν̄)T∞MT

3,∞BM−1
2,∞BTM3,∞TT

∞

)
x̄ (8.49)

and the matricesS∞, T∞, Z∞ P∞, P∞ are solutions of the following equations

S∞ = hν̄(S∞) (8.50)

T∞ = W + T∞

(
A− ν̄B(U + BTS∞B)−1BTS∞A

)
(8.51)

Z∞ = S∞ + Z∞A
(
I− ν̄B(U + BTS∞B)−1BTS∞

)
(8.52)

P∞ = (1− γ̄1)(1− γ̄2)AP∞AT + Q + ν̄BRNBT (8.53)

P∞ = gγ̄1,γ̄2,ν̄(P∞) (8.54)

�

It can be shown by numerical simulations that the lower bound (8.45) is quite loose. Dif-

ferently, the upper bound (8.46) is tight and would represent the effective infinite horizon cost

function if we were to use optimal constant Kalman gains in the estimation process(as pro-

posed in Section 7.3), instead of the time varying Kalman filters derived in (8.15)-(8.16). This

consideration follows as a simple generalization of the analysis in Section 7.3 when consider-

ing N = 1 as the receiving buffer length, no packet retransmission and accounting for control

signal quantization.

8.4.1 Generalizations for unstable systems in case of negligible quantization er-
ror

In the previous sections the problems of state estimation and control are explicitly investigated

for a stable system. With this assumption the quantization process at both sensors and controller

can be performed with simple time-invariant quantizers without compromising meansquare

stability. Moreover, in case of small distortion (many quantization bits), the quantization error

can be modelled as an additive noise independent of the source signal. Unfortunately this

considerations do not always extend to more general unstable systems. Indeed, even assuming

perfect packet delivery, if the system is strictly unstable and eitherx̄0 orwk has infinite support,

neither time-invariant memoryless encoders (e.g uniform quantizer) or finite-state predictive

quantizers [94], can guarantee a bounded cost function [19]. In fact, in case of perfect packet

delivery, only adaptive quantizers with possibly unbounded range canmaintain mean square

stability for sufficiently high data rates, e.g. using notation of Section 8.5 and 8.6 it must
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be bi
Ti

> log2 |A|, [109, 19]. Therefore, the framework introduced in the previous sections,

accounting for packet loss and limited transmission bandwidth, does not apply to unstable

systems for which the problem of signals quantization and error quantizationmodelling are

still unsolved and active areas of research.

Nevertheless, if we can neglect quantization errors, for example when the transmission

bandwidth is large enough, i.e.RN = RZ1 = RZ2 ≃ 0, the control laws (8.26) and (8.43) are

still optimum for state control around a target state even in case of unstable systems, providing

a generalization of the analysis given in [108]. We recall that assuming only packet drops

and no quantization errors, an unstable system can be stabilized in the infinitehorizon only if

γ̄i, ν̄ are higher than given thresholds, i.e.γ̄i ≥ γ̄th
i and ν̄ ≥ ν̄th. These thresholds define

a stability region for the system whose boundaries depend on system parameters [108, 101].

Interestingly, the convergence of (8.40)-(8.43), (8.51)-(8.52) and(8.45)-(8.46) in the infinite

horizon is guaranteed inside the same stability region.

8.5 Optimization of quantization processes in the infinite horizon

In this section we propose an optimization of quantizers at sensors and controller adopting as

performance metric the infinite horizon cost metric derived in Section 8.3. Forsimplicity we

refer to a simple scalar system but the technique can be generalized to more complex MIMO

systems.

Let us consider a stable, scalar system withA < 1, C1 = C2 = 1, B = 1 andR1, R2 > 0,

i.e. the system is observed by two sensors with possible different features. We consider simple

uniform quantization and denote withbi, i = 1, 2, andb3 the number of bits used for signal

quantization at sensori and controller, respectively. In case of small distortion, the quantization

errorszi,k(bi) andnk(b3) can be modelled as white additive noises with uniform distribution

in [−∆i/2, ∆i/2] where the quantization step size∆i depends on the source signal and the

number of quantization bits [94]3. If we approximate the system state as Gaussian,zi,k(bi)

andnk(b3) have varianceRZi(bi) = 3σ2
si

2−2bi andRN (b3) = 3σ2
u2−2b3 [94], whereσ2

si
and

σ2
u denote the variance of observationsi,k and control signaluc

k, respectively. BothRZi(bi)

andRN (b3) depend on the number of quantization bits and the variance of the source signals

si,k anduc
k. These signals are interconnected through the state evolution equations (7.1)-(8.4),

therefore the optimization of the quantization bits at sensors and controller should be carried

out jointly for an effective minimization of the performance metric (8.5) in the infinite horizon.

Taking the expectation of (8.3) and (8.4) and computing the limit fork → ∞ we get the

3Under uniform quantization the equivalent observation noisev̄i,k = vi,k + zi,k and process noiseνkBnk +
wk (see also (8.11)) are not strictly Gaussian and Kalman filtering is not optimum for state estimation [102].
Nevertheless, let us define withfv̄

g
i,k

(x) the probability density function (PDF) of the Gaussian random variable

v̄g
i,k having zero mean and variancēRi = Ri + RZi and denote withD1 =

R
|fv̄

g
i,k

(x) − fv̄i,k
(x)|dx the norm

one distance between the PDFs ofv̄g
i,k andv̄i,k. It can be seen that forRi ≥ RZi the Gaussian approximation is

quite tight asD1 ≤ 0.05 for the value ofRi used in Section 8.7. In the cross-layer optimization of Section 8.6
the quantization noise is either negligible with respect to the observation noise (Ri ≫ RZi ) or at most comparable
(Ri ≈ RZi ), therefore the Gaussian approximation is generally tight and Kalman filtering is nearly optimum. The
same considerations apply to the process noise as well.
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following equations

msi = lim
k→∞

E[si,k] = Ci lim
k→∞

E[xk] = Cimx = mx (8.55)

muc = lim
k→∞

Eγi,ν [u
c
k] = L∞ lim

k→∞
Eγi,ν [E[xk|Ik, x̄, u∞]]− (F∞ −G∞Λ∞)x̄

= L∞mx − (F∞ −G∞Λ∞)x̄ (8.56)

whereL∞ = − AS∞
S∞+U , F∞ = − T∞

S∞+U , G∞ = −(1− ν̄) Z∞A
S∞+U while Λ∞ is defined in (8.43).

From (8.55)-(8.56) and (8.1) we can derive the following system

{
mx = Amx + ν̄muc + (1− ν̄)Λ∞x̄

muc = L∞mx − (F∞ −G∞Λ∞)x̄
(8.57)

whose solution is given by

mx =
[ν̄(G∞Λ∞ − F∞) + (1− ν̄)Λ∞] x̄

1−A− ν̄L∞
, αx̄ (8.58)

muc = (L∞α− F∞ + G∞Λ∞) x̄ (8.59)

It’s interesting to note thatmx depends linearly on the target statex̄. Using (8.58) and (8.59)

we can get the variance of signalssi,k anduc
k in the infinite horizon as

σ2
si

= lim
k→∞

E[(si,k −mi,s)
2] = lim

k→∞
E[((xk − x̄) + (1− α)x̄ + vi,k)

2]

= lim
k→∞

E[(xk − x̄)2] + Ri − (1− α)2x̄2 (8.60)

σ2
uc = lim

k→∞
E[(uc

k −muc)2] = lim
k→∞

Eγi,ν [(L∞x̂k|k − (F∞ −G∞Λ∞)x̄−muc)2]

= L2
∞ lim

k→∞
E[(x̂k|k − αx̄)2] = L2

∞ lim
k→∞

E[((xk − x̄)− ek|k + (1− α)x̄)2] (8.61)

From (8.61) we can further get

σ2
uc = L2

∞ lim
k→∞

(
E[(xk − x̄)2]− (1− α)2x̄2 + E[Pk|k]− 2E[(ek|k + x̂k|k)ek|k]

)

= L2
∞ lim

k→∞

(
E[(xk − x̄)2]− E[Pk|k]− (1− α)2x̄2

)
(8.62)

where in the last line of (8.62) we used the orthogonality between estimation error and state

estimate, i.e. E[x̂k|kek|k] = 0.

Varianceσ2
si

andσ2
uc can hardly be computed analytically, nevertheless if we use the upper

boundlimk→∞
1
N J∗

N ≃ jmax
∞ we can derive approximations̃σ2

si
andσ̃2

uc noticing that in the

infinite horizon we have

Dx , lim
k→∞

E[(xk − x̄)2] ≃ jmax
∞ − UMua

W
(8.63)

where

Mua , lim
k→∞

E
[
(uka)2

]
≃ ν̄(σ2

uc + m2
uc) + (1− ν̄)u2

∞ (8.64)

is the average power of the control signal at actuator. Moreover with thisspecific system setting
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we have

jmax
∞ = (S∞(A2 − 1) + W )P̃∞ + ν̄(S∞ + U)RN + S∞Q +

x̄2

(
M1,∞ − (1− ν̄)

(T∞M3,∞)2

M2,∞

)
(8.65)

with

P̃∞ = P∞ − γ̄1γ̄2
P

2
∞

P∞ + R̄eq

− γ̄1(1− γ̄2)
P

2
∞

P∞ + R̄1

− (1− γ̄1)γ̄2
P

2
∞

P∞ + R̄2

(8.66)

whereR̄eq = R̄1R̄2

R̄1+R̄2
and the second term of (8.66) is obtained using the matrix inversion

lemma.

From (8.63) we get

σ2
si
≃ σ̃2

si
= Dx + Ri − (1− α)2x̄2 (8.67)

σ2
uc ≃ σ̃2

uc = L2
∞

(
Dx − P̃∞ − (1− α)2x̄2

)
(8.68)

If we use the approximationsRZi(bi) ≃ 3σ̃2
si

2−2bi and RN (b3) ≃ 3σ̃2
uc2−2b3 we can

obtainσ̃2
si

andσ̃2
uc from (8.67), (8.68), (8.54) and (8.50) after solving for givenbi, i = 1, 2, 3,

γ̄i, i = 1, 2 andν̄ the following system





RZi

3·2−2bi
= Dx + Ri − (1− α)2x̄2, i = 1, 2

RN

3·2−2b3
=
(

AS∞
S∞+U

)2 (
Dx − P̃∞ − (1− α)2x̄2

)

P∞ = A2P∞ + Q + ν̄RN − γ̄1γ̄2
A2P

2
∞

P∞+R̄eq
− γ̄1(1− γ̄2)

A2P
2
∞

P∞+R̄1
− (1− γ̄1)γ̄2

A2P
2
∞

P∞+R̄2

S∞ = A2S∞ + W − ν̄ A2S2
∞

S∞+U
(8.69)

whereRZ1 , RZ2 , RN , P∞ andS∞ are the unknowns. We notice that the last two equations of

(8.69) result from simplifications of (8.54) and (8.50) in case of a scalar system.

We recall that, if we were to use optimal constant Kalman gains instead of time-varying

Kalman filtering, with a noteworthy simplification of the estimation process,P∞ and jmax
∞

would represent the true infinite horizon error variance and cost function, respectively. In this

case both (8.67) and (8.68) would hold as strict equalities and the solution of(8.69) would

provide the exact values of the unknowns.

8.6 Cross-layer optimization of quantization processes and resource
allocation in the infinite horizon

As in Section 7.4 we adopt a time division multiple access (TDMA) as medium access control

(MAC) strategy. Both sensors and controller are allocated a portionTi (i = 1, 2 for sensori and

i = 3 for controller) of the available time slotT . We assume a total transmission bandwidth

WB and a block fading model with independent Rayleigh fading realizations forall links, i.e.
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each radio link is modelled as
√

Γihi,k with hi,k ∼ CN (0, 1) andΓi, i ∈ {1, 2, 3} denoting

the average link SNR. Moreover we assume that only the average SNR is available at the two

transmitters.

The probability of packet loss depends on channel conditions, the number of quantization

bits, the modulation and the coding strategy. The framework introduced in Sections 8.2 and 8.3

is general and can be applied for many transmission strategies.

As examples of application we investigate the cross-layer optimization of quantization

processes and resource allocation for two different sensor deployments. The first set up adopts

low-cost contemporary sensors with PSK (BPSK or QPSK) modulation and no channel coding.

We recall that assuming independent transmitted symbols, the arrival probability for a packet

composed bybi = TiWB bits in a flat Rayleigh fading channel is given by (7.22). The same

transmission strategy is also used for the link between controller and actuatorand ν̄ can be

modelled as in (7.22).

Differently, the second set up considers a long-term future sensor deployment where sen-

sors might perform adaptive rate allocation (ad-RA) choosing among a large set of modulation

and coding rates. In this case the packet arrival probability for sensor i can be approximated

with (7.24). We use the same model for the control packet too.

We can derive a cross-layer optimization of the communication parameters{bi} and{Ti}
for the minimization of the infinite horizon cost metric (8.46) using the framework introduced

in the previous sections. For PSK,bi depends linearly onTi asbi = WBTi, and we can consider

the following constraint optimization problem:

min
Ti, i=1,2,3

jmax
∞ (8.70a)

Ti ≥ 0,

3∑

i=1

Ti ≤ T (8.70b)

Differently, for (ad-RA) the optimization problem becomes

min
bi,Ti, i=1,2,3

jmax
∞ (8.71a)

bi, Ti ≥ 0,
3∑

i=1

Ti = T (8.71b)

Both (8.70) and (8.71) are generally non-convex and using numerical optimization tools

we can only guarantee to achieve local optimum solutions.

8.7 Simulation results

In this section we present two sets of numerical results dealing with: i) cross-layer optimization

of quantization processes and resource allocation by solving (7.25)-(7.26) within the frame-

work introduced in the previous sections and ii) representation of state evolution for a given

target state trajectory assuming BPSK and a practical wireless channel model. As in Sections

8.5 and 8.6, we consider a simple scalar, stable system withA = 0.9 andC1 = C2 = B = 1.
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MoreoverR1 = R2 = 10−3 to model sensors with the same technical features.

In the first set of numerical results the communication parametersbi andTi are optimized

for the minimization ofjmax
∞ according to the constraint problems (7.25)-(7.26). In Fig. 8.2

we assumeT = 1 s, Q = 0.1, W = 1, Γ1 = Γ3 = 10 dB, Γ2 = 5 dB andWB = 20 Hz.

We adopt the second sensor network deployment (ad-RA) and representjmax
∞ as a function of

x̄, for different values ofU . Using optimumu∞ in (8.4) provides a further gain with respect

to the suboptimum strategy that keeps the actuator idle in case of packet loss,i.e. u∞ = 0.

And this consideration applies even changing the weightU assigned to the power of the control

signal. Moreover usingu∞ we achieve with onlyWB = 20 Hz performance very close to the

ideal scenariowith no packet loss and no quantization.

Under the same system setting, Fig. 8.3 shows the portion of time slot allocated to the

different links. Choosing the optimumu∞ has an additional benefit overu∞ = 0, because

resource allocation becomes almost independent ofx̄ and the network does not need to be

reconfigured when̄x changes. Moreover even ifΓ1 = Γ3 to the controller is allocated more

than50% of the available time slot and the rest is distributed among the two sensors: here

T1 > T2 as a consequence of the higher link reliability, i.e.Γ1 > Γ2. Differently, with

u∞ = 0 the optimum resource allocation varies withx̄. In particularT3 increases with̄x

because increasing the reliability of the link between controller and actuator becomes more and

more important for state control. Indeed in case of packet loss the actuatorstays idle and the

state evolves towards the point of equilibriumxk = 0. This causes an increment of the distance

from x̄ and this effect becomes more pronounced for increasingx̄. The same system setting

is considered also in Fig 8.4 where the allocated quantization bits are shown asa function of

x̄. Still using optimumu∞ renders the system more robust to variations ofx̄, moreover the

number of quantization bits for both schemes generally reduces withx̄ in order to increase link

reliability (see (7.23)).

In Fig. 8.5 and 8.6 we keep the same system parameters of Figs. 8.2, 8.3 and 8.4, set̄x = 5

and represent respectivelyjmax
∞ andTi as a function of the available bandwidthWB. Both

in case of fix rate (BPSK, QPSK) and ad-RA the cost decreases withWB because additional

bandwidth can only be beneficial, nevertheless good performance is achievable even with a suf-

ficient small bandwidth, e.g.10 ≤ WB ≤ 30, and there is no significant gain in increasing the

bandwidth further, since we are already very close toideal scenarioperformance. We observe

how ad-RA can improve system performance especially for largeWB and approaches the lower

bound given by theideal scenariofor WB → ∞. Furthermore BPSK becomes preferable to

QPSK ifWB is large enough. Indeed there is no gain in increasing the number of quantization

bits above a given threshold because the quantization noisezi,k becomes negligible with re-

spect to the observation noisevi,k, therefore forWB large enough BPSK is preferable because

it gives an higher arrival probability than QPSK. For the same reason wenotice from Fig. 8.6

that for BPSK and QPSK the total portion ofT allocated for transmissions, i.e.
∑3

i=1 Ti, de-

creases withWB because above a certain threshold additional quantization bits only cause a

degradation of the packet arrival probability without improving the estimationprocess. Differ-

ently, in case of ad-RA we always have
∑3

i=1 Ti = 1 because the additional bandwidth can be

used to increasēγi andν̄ with a proper choice of modulation and coding rate. StillT3 ' 0.5

andT1 > T2 as a consequence ofΓ1 > Γ2. Moreover,T2 = 0 for smallWB, because the two
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as a function of the target system statex̄ for ad-RA.T = 1 s,WB = 20 Hz,
A = 0.9, Q = 0.1, R = 0.001, Γ1 = Γ3 = 10 dB, Γ2 = 5 dB.
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Figure 8.3: Portion of time slot assigned to sensors and controller as a function of the target
system statēx for ad-RA.T = 1 s,WB = 20 Hz, A = 0.9, Q = 0.1, R = 0.001, Γ1 = Γ3 =
10 dB, Γ2 = 5 dB.

sensors provide measurements of the same quality, i.e.R1 = R2, and with limited bandwidth

allocating a portion of the time slot only to the sensor with the highest SNR is preferable.

Figs. 8.7 and 8.8 show respectivelyjmax
∞ and Ti as a function ofΓ1 for two different

values ofΓ2 and for both ad-RA and BPSK. The optimumu∞ is adopted for all transmission
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Figure 8.5:jmax
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as a function of the available bandwidthWB . T = 1 s,A = 0.9, Q = 0.1,
R = 0.001, Γ1 = Γ3 = 10 dB, Γ2 = 5 dB, x̄ = 5.

strategies. WhenΓ2 = 10 dB there is marginal gain in considering an additional sensor even

if Γ2 = 30 dB, meaning that a single measurement of the state might be sufficient if the

link between sensor and controller is reliable. Differently, ifΓ2 = −20 dB an additional

sensor measurement provides a significant gain in terms ofjmax
∞ even with smallΓ1 ≃ 0 dB.
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From Fig. 8.8 we notice that if the SNRs for the two sensors are significantly different, the

available time slot is mostly distributed between the controller and the best sensor. Moreover

the optimum allocation among them depends on their SNRs with less time assigned to thelink

with the highest SNR.
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We notice that in Figs. 8.5 and 8.7 the gap in terms ofjmax
∞ between ad-RA and BPSK is

usually small, meaning that even a simple BPSK with no channel coding might be effective for

state control of a scalar, stable system.

The second set of numerical results considers two sensors using BPSKwith a carrier fre-

quency of2.4 GHz [115]. Each wireless link is modelled as a flat Rayleigh fading channel

with classic Doppler spectrum having a Doppler spread offs = 6.7 Hz [116], which accounts

for pedestrian mobility in the surrounding environment. We assumeT = 1 s,W = 1, U = 0,

Γ1 = Γ3 = 10 dB, Γ2 = 5 dB, x0 = 0, WB = 20 Hz and perfect channel estimation at de-

modulators. Note that forT = 1 s, since the coherence time of the channel isTc ≈ 1/fs = 15

ms, the assumption of independent packet arrivals in Section 8.1 is generally satisfied. In Fig.

8.9 we use the proposed NCS to controlxk around a target state trajectory. Assuming optimum

u∞, the optimization ofbi in the infinite horizon, according to (7.25) yieldsb1 = b2 = b3 = 4

for Q = 0.1 andb1 = 5, b2 = 3, b3 = 4 for Q = 1, independently of̄x. The independence

of optimumbi from the target state recalls a similar finding for ad-RA in Fig. 8.4. The con-

troller adopts the optimum control law (8.4) with infinite horizon controller gains (8.40)-(8.42)

which do not need to be reconfigured asx̄ changes. Nevertheless, every timex̄ changes, the

controller has to transmitu∞ to the actuator while the estimator feeds backmsi andσ2
si

to the

two sensors for the update of the quantization parameters. We notice from (8.55) and (8.67)

thatmsi = mx andσ2
si
− Ri are independent of the sensor index, therefore a common infor-

mation can be transmitted to the two sensors. We observe from Fig. 8.9 that with the proposed

framework we are able to have a tight control of the system state around thestate trajectory,

especially for a slowly time variant system with smallQ. Moreover, convergence ofxk in the

presence of a switch in the state target is generally accomplished within few time slots, with
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faster convergence for increasingQ.

8.8 Conclusions

The chapter studies the problem of system control around a target state trajectory in NCSs with

multiple sensors, accounting for both packet drops and signal quantization at sensors and con-

troller. Assuming a TCP-like protocol between controller and actuator, we solve the problem of

optimum linear quadratic Gaussian (LQG) control around a target state fora stable system and

provide a generalization for unstable systems in case of negligible quantization errors, i.e. large

transmission bandwidth. Moreover we characterize the limiting behavior of both estimator and

controller in the infinite horizon and derive bounds for the mean square distance of the state

from the target. By a cross-layer approach we optimize quantization processes and resource

allocation in order to minimize a final performance metric. Although the algorithm is proposed

for a simple, scalar, stable system the proposed framework is general and could be extended to

MIMO systems. Surprisingly even with a small bandwidth transmission and simple BPSK we

can reach performance close to the optimum state control achievable with no quantization and

no packet loss. This supports the widespread use of low cost sensorsin applications dealing

with state control around a target trajectory.

This work also attracts attention on several issues that motivate future research activities

for a better understanding of NCSs design: i) correlated packet arrivals, ii) time-variant signal

quantization in unstable systems, iii) generalization of the cost function to account for sensor

energy efficiency, iv) vector quantization modelling in case of MIMO systems and v) general-

ization of estimation and control techniques adopting “soft” detection/decoding strategies.



Chapter 9

Conclusions

This thesis considers two different multiuser wireless communication systems: the MIMO

broadcast channel and a networked control system. Chapters 3-6 deal with the MIMO BC with

special interest in FDD systems where the transmitter receives quantized channel information

from the receivers. Differently, Chapters 7 and 8 consider NCSs where multiple sensors, con-

troller and actuator exchange low-rate messages to monitor or control a dynamical system. In

the following we summarize the main contributions of the different chapters.

In Chapter 2 we assume perfect CSIT and describe a sub-optimum multiusereigenmode

transmission (MET) technique based on ZF BF where the set of active users and the set of

eigenmodes per user are selected with a greedy algorithm in order to maximize the weighted

throughput. MET outperforms most state-of-the-art linear precoding strategies and achieves a

large fraction of DPC capacity in most channel environments.

In Chapter 3 we assume limited uplink FB from single antenna receivers and investigate: i)

beamformer design, ii) channel quantization and feedback signalling optimization and iii) user

selection. We design a novel MMSE beamformer under incomplete CSIT that outperforms ZF

BF when users are randomly selected, but provides marginal gains whenuser selection follows

an opportunistic approach. Moreover we propose various LBG-based FB strategies that exploit

spatial and time correlation of the MIMO channel. In particular hierarchicalFB and predictive

FB provide the largest gains. Finally robust and efficient greedy userselection algorithms are

derived for the maximization of the system sum rate.

In Chapter 4 users are equipped with multiple antennas. Under the assumptionof at most

one stream per selected user we design two transceiver strategies: i) ZFBF with MESC and ii)

unitary BF with MMSE combiner. Both channel quantization codebook and FBstrategies adapt

to the transceiver technique. ZF BF with MESC and hierarchical FB is preferable especially

for low mobility users, nevertheless unitary BF with MMSE combiner requires less control

signalling and is very competitive for low FB rates.

In Chapter 5 we evaluate the potential gains of MU MIMO over SU MIMO in a multi-cell

packet-based cellular network. Network MIMO and higher order sectorization are investigated

as possible methods to mitigate inter-cell interference.

In Chapter 6 we consider a MIMO-OFDM BC where the available bandwidth isdivided

into RBs. We provide joint conditions on the channel coherence bandwidthand the FB rate per



126 Chapter 9. Conclusions

RB that allow for a simpler quantization of the RB channel matrix by a space vector, causing

negligible throughput loss. Moreover we show that even for a moderate number of users in

the network, concentrating all the available FB bits in characterizing only oneRB provides a

significant gain in system throughput over a more classical distributed approach.

In Chapter 7 we derive the minimum error covariance estimator and the optimum estimator

with constant gains for a NCS where observations from multiple sensors are subject to random

delays and packet losses. The effects of measurements quantization areinvestigated for a stable

system. For a scalar stable system, simple BPSK and single-hop communication protocols

provide close to optimum estimation performance.

In Chapter 8, assuming a stable system and a TCP-like protocol between controller and

actuator, we solve the problem of optimum state control around a target statein case of both

packet drops and signal quantization. Generalization for unstable systems is also given for

large bandwidth transmissions. The proposed framework is used for a cross-layer design of

signal quantization processes and network resource allocation for a scalar system. Again al-

most optimal control is achievable with small bandwidth transmissions and simple BPSK. This

supports the use of low-cost sensors in this kind of applications.



Appendix A

Proof of theorems for MU MIMO
downlink systems

A.1 Proof of Theorem 1

We solve the constraint problem (3.19) using Lagrangian multipliers. Definethe cost function

J(G, β, λ) = E
[∣∣∣∣ ((F + E)G(S)d + N−1n

)
β−1 − d

∣∣∣∣2
]

+

λ
(
tr(GHG)− P

)

= β−2tr(FGGHFH) + β−2tr(E[EGGHEH ]) +

−β−1tr(GHFH)− β−1tr(FG) + M + β−2σ2
N +

λ
(
tr(GHG)− P

)
(A.1)

From the computation of∂J(G,β,λ)
∂G

= 0 we get as necessary condition for the constraint

minimization problem (3.19),FHFG + RG− βFH + λβ2G = 0, which yields

G = β
(
FHH + R + λβ2I

)−1
FH . (A.2)

Introducingη = λβ2 and

Ḡ(η) =
[
FHF + R + ηI

]−1
FH (A.3)

(A.2) can be equivalently written as

G(η) = β(η)Ḡ(η) (A.4)

where

β(η) =

√
P

tr
(
Ḡ(η)HḠ(η)

) (A.5)

imposes the average power constraint (3.19b).
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For the solution of (3.19) we have to impose∂J(G,β,λ)
∂β = 0 which yields

tr

(
FGGHFH + E[EGGHEH ]− βℜ(FG) +

σ2
N

|S| I|S|
)

= 0 , (A.6)

whereℜ(A) denotes the real part ofA. Substituting (A.3) in (A.6) and dividing byβ2 we get,

after some computations

tr

(
FḠḠHFH + E[EḠḠHEH ]− βℜ(GHFH) +

σ2
N

P
ḠḠH

)
= 0 . (A.7)

SinceḠH(FHF + R + ξI)Ḡ is a positive semi-definite matrix, its trace is a real number and

from (A.3) we have

tr
(
ḠH(FHF + R + ηI)Ḡ

)
= tr

(
(FHF + R + ηI)ḠḠH

)

= tr
(
ḠHFH

)

= tr
(
ℜ
(
ḠHFH

))
(A.8)

Applying (A.8) in (A.7) we get, tr
((
−ηI +

σ2
N
P I
)
ḠḠH

)
= 0 and the resulting value forη

becomes

η =
σ2

N

P
. (A.9)

Substituting (A.9) in (A.3), (A.5) and (A.4) we finally get (3.20), (3.21) and(3.22), respectively.

A.2 Proof of Lemma 1

Firstly we deriveE
[
ǫ̃H
k ǫ̃k

]
under the hypothesis: a)̄hkǫ̃

H
k = 0, b) ǫ̃kǫ̃

H
k = 1, c) h̄kh̄

H
k = 1,

d) all direction ofǫ̃k in the space orthogonal tōhk are equally probable.

From vector̄hk, by the orthonormalization procedure of Gram-Schmidt, we obtain a(M −
1)×M orthonormal matrixAk, such thatAkh̄

H
k = 0 andǫ̃k = xkAk, with xk a1×M − 1

unit-norm vector. We also have

E[ǫ̃H
k ǫ̃k] = AH

k E[xH
k xk]Ak . (A.10)

Then, we can write[xk]q = | [xk]q |ejϕk,q . We assume thatϕk,q are i.i.d. uniform random

variables in(0, 2π], while [|xk|]i are i.i.d. zero mean variables, so that

E[xpx
∗
q ] =

{
0 p 6= q

E[|[xk]p|2] p = q .
(A.11)

We now writexk in hyperspherical coordinates as

|[xk]i| = cos(φi)
i−1∏

p=1

sin(φp) , i = 1, 2, . . . , M − 2 , (A.12)



A.3. Suboptimum performance metric for RBCM-Q 129

|[xk]M−1| =
M−2∏

p=1

sin(φp) , (A.13)

whereφi, i = 1, 2, . . . , M − 2 are independent uniform random variables in the range(0, 2π].

Hence we obtainE[|[xk]p|2] = 1
2p , p < M − 1 andE[|[xk]M−1|2] = 1

2M−2 . From (A.10) and

(A.11) we obtain (3.25).

Lastly, from the definition ofR, i.e. R , E[EHE], and the assumption that all vectorsǫk

are independent, (3.25) leads to (3.23).

A.3 Suboptimum performance metric for RBCM-Q

Applying Jensen’s inequality and exploiting the concavity of the functionlog2(1+x), an upper

bound of (6.5) for a generic codematrixCi is

R(H,Ci) ≤ L log2

(
1 +

1

L

L−1∑

ℓ=0

ρ||h(ℓ)||2|h̃(ℓ) ci(ℓ)
H |2

1 + ρ||h(ℓ)||2(1− |h̃(ℓ) ci(ℓ)H |2)

)
. (A.14)

Sincelog2(1 + x) is a strictly monotonically increasing function, maximizing the right hand

side of (A.14) is equivalent to maximizing

Rbound(H,Ci) =
L−1∑

ℓ=0

ρ||h(ℓ)||2|h̃(ℓ) ci(ℓ)
H |2

1 + ρ||h(ℓ)||2(1− |h̃(ℓ) ci(ℓ)H |2)
. (A.15)

Note that (A.15) depends on the transmitted powerP , throughρ, hence different codebooks

should be designed for different SNRs. With the aim of designing practical codebooks, we

focus only on two limit situations: low-SNR and high-SNR regimes.

In the low-SNR regime, when multiuser interference is negligible with respect tothe chan-

nel noise, the expectation of (A.15) yields

Low-SNR E[Rbound(H,Ci)] = E

[
L−1∑

ℓ=0

ρ||h(ℓ)||2|h̃(ℓ) ci(ℓ)
H |2
]

= ρ

L−1∑

ℓ=0

E
[
||h(ℓ)||2

]
E
[
|h̃(ℓ) ci(ℓ)

H |2
]

,(A.16)

where in the last equality the independence between the norm and the direction of the MIMO

channel has been used. Moreover, as E
[
||h(ℓ)||2

]
is the same for all subcarriers, the maxi-

mization of (A.16) follows from maximizing the expectation of (6.13).

In the high-SNR regime, multiuser interference becomes predominant and applying Jensen’s

inequality to the expectation of (A.15) yields

E [Rbound(H,Ci)] ≥ L E

[ ∑L−1
ℓ=0

1
L |h̃(ℓ) ci(ℓ)

H |2

1−∑L−1
ℓ=0

1
L |h̃(ℓ) ci(ℓ)H |2

]
(A.17)
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A further application of Jensen’s inequality on (A.17) leads to the following

High-SNR E[Rbound(H,Ci)] ≥ L

1
LE
[∑L−1

ℓ=0 |h̃(ℓ) ci(ℓ)
H |2
]

1− 1
LE
[∑L−1

ℓ=0 |h̃(ℓ) ci(ℓ)H |2
] , (A.18)

showing that (6.13) is a reasonable metric also in the high-SNR regime, as (A.18) is maximized

by maximizing the expectation of (6.13).



Appendix B

Proof of theorems for networked
control systems

B.1 Optimal state estimation in case of packet drops and delays:
proof of Theorem 3

(a) Since the information available at the estimator at timet is given by the time-varying

linear stochastic system given by (7.1)-(7.5), then the optimal estimator is given by its

corresponding time-varying Kalman filter [102]

x̂t
k|k = Ax̂t

k−1|k−1 + K̃t
k

(
ỹt

k −Ct
kAx̂t

k−1|k−1

)
(B.1)

K̃t
k = Pt

k|k−1

(
Ct

k

)T (
Ct

kP
t
k|k−1

(
Ct

k

)T
+ Rt

k

)†
(B.2)

Pt
k+1|k = APt

k|k−1A
T + Q +

−APt
k|k−1

(
Ct

k

)T (
Ct

kP
t
k|k−1

(
Ct

k

)T
+ Rt

k

)†
Ct

kP
t
k|k−1A

T (B.3)

x̂t
0|0 = x̄0 , Pt

1,0 = P0 (B.4)

whereCt
k =

[
γt

1,kC
T
1 , γt

2,kC
T
2

]T
andRt

k = diag
(
γt

1,kR1, γ
t
2,kR2

)
. Using the proper-

ties of the pseudo-inverse it’s easy to verify that

(
Ct

k

)T (
Ct

kP
t
k|k−1

(
Ct

k

)T
+ Rt

k

)†
Ct

k =

γt
1,kγ

t
2,kC

T
(
CPt

k|k−1C
T + R

)−1
C +

γt
1,k(1− γt

2,k)C
T
1

(
C1P

t
k|k−1C

T
1 + R1

)−1
C1 +

(1− γt
1,k)γ

t
2,kC

T
2

(
C2P

t
k|k−1C

T
2 + R2

)−1
C2 (B.5)

which is equivalent to consider only correctly received observations inthe state estima-

tion process. From (B.1)-(B.5) we easily get (7.8)-(7.11).

(b) Let us considert > N . If γt
i,k = γt−1

i,k , i = 1, 2, ∀k ≥ 1, ∀t ≥ k + N , then also
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Pt
k+1|k = Pt−1

k+1|k and x̂t
k|k = x̂t−1

k|k hold under the same conditions on the time and

sensor indices. In particular fork = t − N we havePt
t−N+1|t−N = Pt−1

t−N+1|t−N and

x̂t
t−N |t−N = x̂t−1

t−N |t−N . Therefore it is not necessary to computePt
t+1|t andx̂t

t|t at any

time stept starting fromk = 1, but it is sufficient to use the valuesPt−1
t−N+1|t−N and

x̂t−1
t−N |t−N pre-computed at the previous time stept − 1, as in (7.12)-(7.13), and then

iterate (7.8)-(7.11) for the lastN observations.

B.2 Optimal estimator with constant gains: proof of Theorem 4

The proof of Theorem 4 can be recovered along the lines of [18, Theorem 3] and is only

outlined in the following.

Let us define the following operator:

Lλ1,λ2(K,K1,K2,P) = (1− λ1)(1− λ2)
(
APAT + Q

)
+ λ1λ2

(
AFPFTAT + V

)
+

λ1(1− λ2)
(
AF1PFT

1 AT + V1

)
+

(1− λ1)λ2

(
AF2PFT

2 AT + V2

)
(B.6)

whereF = I−KC, Fi = I−KiCi, V = Q+AKRKTAT andVi = Q+AKiRiK
T
i AT .

From (7.12)-(7.14), exploiting the independence betweenwk, vi,k, γt
i,k, ẽt

k+1|k and the fact

thatvi,k, wk are zero mean random vectors we get

P
t
t−N+2|t−N+1 = Lλ1,N−1,λ2,N−1

(
KN−1,K1,N−1,K2,N−1,P

t−1
t−N+1|t−N

)
(B.7)

P
t
t−k+1|t−k = Lλ1,k,λ2,k

(
Kk,K1,k,K2,k,P

t
t−k|t−k−1

)
, k = N − 2, . . . , 0 .(B.8)

Notice that (B.7)-(B.8) define a set of linear deterministic equations for fixed λi,k, Kk and

Ki,k. In particular if we defineSt = P
t
t−N+1|t−N then (B.7) can be rewritten as

St+1 = Lλ1,N−1,λ2,N−1
(KN−1,K1,N−1,K2,N−1,St) . (B.9)

Since all matricesP
t
t−k+1|t−k, k = 0, . . . , N − 1 can be obtained fromSt, it follows that

the stability of the constant-gains estimator can be completely inferred from the properties of

the operatorLλ1,λ2 (K,K1,K2,P). In the following lemma we study the properties of this

operator. The proof of Lemma 6 can be recovered along the lines of [18,Theorem 2] using

results from [101].

Lemma 6 Assume thatP ≥ 0, (A,C) is observable,(A,Q1/2) is controllable and0 ≤ λi ≤
1. Then the following statements are true:

(a) Lλ1,λ2 (K,K1,K2,P) = Φλ1,λ2(P)+Ξλ1,λ2(K−KP ,K1−K1,P ,K2−K2,P ,P) where
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Ξλ1,λ2(K−KP ,K1 −K1,P ,K2 −K2,P ,P) =

λ1λ2A (K−KP )
(
CPCT + R

)
(K−KP )T

AT +

λ1(1− λ2)A (K1 −K1,P )
(
C1PCT

1 + R11

)
(K1 −K1,P )T

AT +

(1− λ1)λ2A (K2 −K2,P )
(
C2PCT

2 + R22

)
(K2 −K2,P )T

AT (B.10)

(b) Lλ1,λ2 (K,K1,K2,P) ≥ Φλ1,λ2(P) = Lλ1,λ2 (KP ,K1,P ,K2,P ,P), ∀K,Ki

(c) 0 ≤ P1 ≤ P2 =⇒ Φλ1,λ2(P1) ≤ Φλ1,λ2(P2)

(d) 0 ≤ λ1 ≤ 1 fixed and0 ≤ λ
(1)
2 ≤ λ

(2)
2 ≤ 1 =⇒ Φ

λ1,λ
(1)
2

(P) ≥ Φ
λ1,λ

(2)
2

(P). Similarly for

0 ≤ λ2 ≤ 1 fixed and0 ≤ λ
(1)
1 ≤ λ

(2)
1 ≤ 1 =⇒ Φ

λ
(1)
1 ,λ2

(P) ≥ Φ
λ
(2)
1 ,λ2

(P).

(e) If there existsP∗ such thatP∗ = Lλ1,λ2 (K,K1,K2,P
∗), thenP∗ ≥ 0 and it is unique.

Consequently this is true also forK = KP , Ki = Ki,P , i = 1, 2, whereP∗ =

Φλ1,λ2(P
∗).

(f) If 0 ≤ λ1 ≤ 1 is fixed0 ≤ λ
(1)
2 ≤ λ

(2)
2 ≤ 1 and there existsP∗

1, P∗
2 such thatP∗

1 =

Φ
λ1,λ

(1)
2

(P∗
1) andP∗

2 = Φ
λ1,λ

(2)
2

(P∗
2), thenP∗

1 ≥ P∗
2. A similar property holds switching

the role ofλ1 andλ2.

(g) Let St+1 = Lλ1,λ2 (K,K1,K2,St) andS0 ≥ 0. If S∗ = Lλ1,λ2 (K,K1,K2,S
∗) has a

solution, thenlimt→∞ St = S∗, otherwise the sequenceSt is unbounded.

(h) If there existsS∗, K, Ki such thatS∗ = Lλ1,λ2 (K,K1,K2,S
∗), then also matrixP∗ =

Φλ1,λ2(P
∗) exists andP∗ ≤ S∗.

(i) If A is strictly stable, thenP∗ = Φλ1,λ2(P
∗) has always a solution. Otherwise for fixed

0 ≤ λ1 ≤ 1 there existsλc
2 such thatP∗ = Φλ1,λ2(P

∗) has solution if and only if

λ2 > λc
2. Moreover for a givenλ1 we have an upper bound and a lower bound forλc

2,

i.e. λc
2 ≤ λc

2 ≤ λ
c
2 [101]. Similar considerations hold for fixed0 ≤ λ2 ≤ 1 and varying

λ1. �

From Lemma 6, we can now prove (a) and (b) in Theorem 4. First we prove by con-

tradiction that, for a givenN and withA unstable, there is an instability region for which

no stable estimator with constant gains exists. Hence for given0 ≤ λ1,N−1 ≤ 1, let us

assume there exists a stable estimator whenλ2,N−1 ≤ λc
2,N−1, i.e. there exist{Kk}N−1

k=0 ,

{Ki,k}N−1
k=0 , i = 1, 2 such thatP

t
t|t is bounded for allt. SincePt+1|t = AP

t
t|tA

T + Q

alsoPt+1|t must be bounded for allt. From (B.7)-(B.8) it follows thatPt+1|t is bounded

if and only if P
t
t−k+1|t−k, k = 0, . . . , N − 1 are bounded for allt. Since the bounded se-

quenceSt = P
t
t−N+1|t−N needs to satisfy (B.9), from Lemma 6(g) it follows that S∗ =

Lλ1,N−1,λ2,N−1
(KN−1,K1,N−1,K2,N−1,S

∗) has a solution. Moreover from Lemma 6(h) it

follows that alsoP∗ = Φλ1,N−1,λ2,N−1
(P∗) has a solution. However according to Lemma 6(i)
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P∗ = Φλ1,N−1,λ2,N−1
(P∗) cannot have a solution, which contradicts the hypothesis that a sta-

ble estimator exists. The same arguments can be used for fixed0 ≤ λ2,N−1 ≤ 1 and varying

λ1,N−1.

Consider now the case in which the couple(λ1,N−1, λ2,N−1) belongs to the stability region.

From Lemma 6(h), it follows that (7.18)-(7.21) are well defined and have a solution. Let

us consider any other set of gains{K̃k}N−1
k=0 , {K̃i,k}N−1

k=0 , i = 1, 2 for which the following

equations hold:

TN
N−1 = Lλ1,N−1,λ2,N−1

(K̃N−1, K̃1,N−1, K̃2,N−1,T
N
N−1) (B.11)

TN
k = Lλ1,k,λ2,k

(K̃k, K̃1,k, K̃2,k,T
N
k+1), k = N − 2, . . . , 0 (B.12)

From Lemma 6(g) it follows that limt→∞ P
t
t−k+1|t−k = VN

k for the optimal gains{Kk}N−1
k=0 ,

{Ki,k}N−1
k=0 andlimt→∞ P

t
t−k+1|t−k = TN

k when using generic gains{K̃k}N−1
k=0 , {K̃i,k}N−1

k=0 ,

i = 1, 2. From Lemma 6(h) it follows thatVN
N−1 ≤ TN

N−1. From Lemma 6(c) we have

VN
N−2 = Φλ1,N−2,λ2,N−2

(VN
N−1) (B.13)

≤ Lλ1,N−2,λ2,N−2
(K̃N−2, K̃1,N−2, K̃2,N−2,V

N
N−1) (B.14)

≤ Lλ1,N−2,λ2,N−2
(K̃N−2, K̃1,N−2, K̃2,N−2,T

N
N−1) (B.15)

= TN
N−2 (B.16)

where (B.14) and (B.15) derive from Lemma 6(b) and (c), respectively. Inductively it’s easy to

show thatVN
k ≤ TN

k for all k = 0, . . . , N − 1.

Now we want to show thatVN+1
0 ≤ VN

0 . From Lemma 6(f) and the propertyλi,N ≥
λi,N−1 we get

VN+1
N = Φλ1,N ,λ2,N

(VN+1
N )

≤ S̃ = Φλ1,N ,λ2,N−1
(S̃)

≤ VN
N−1 = Φλ1,N−1,λ2,N−1

(VN
N−1) (B.17)

ThereforeVN+1
N−1 = Φλ1,N−1,λ2,N−1

(VN+1
N ) ≤ Φλ1,N−1,λ2,N−1

(VN
N−1) = VN

N−1 and induc-

tively VN+1
k ≤ VN

k for all k = N − 1, . . . , 0, which proves the statement.

Finally, if τmax is finite, thenλi,k = λi,τmax for all k ≥ τmax. AssumeN > τmax, then

VN
N−1 = Φλ1,N−1,λ2,N−1

(VN
N−1) = Φλ1,N−2,λ2,N−2

(VN
N−1)

= VN
N−2 = Φλ1,N−2,λ2,N−2

(VN
N−2) = Φλ1,N−3,λ2,N−3

(VN
N−2) = . . .

= VN
τmax

= Φλ1,τmax ,λ2,τmax
(VN

τmax
) . (B.18)

Since we also haveVτmax
τmax

= Φλ1,τmax ,λ2,τmax
(Vτmax

τmax
), then from Lemma 6(e) we haveVτmax

τmax
=

VN
τmax

. From (7.21) we then obtainVτmax
k = VN

k for k = τmax . . . , 0, which concludes the

proof.
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Lemma 3

The proof is by induction. Let us define for ease of notationFk = {Ik, x̄,u∞}. The claim is

clearly true fork = N with the choice of parametersSN = WN , TN = WN , ZN = 0 and

cN = x̄TWN x̄. Suppose now that the claim is true fork + 1, the value function for timek is

given by:

Vk(xk) = min
uc

k

E
[
(xk − x̄)TWk(xk − x̄) + νk(ū

c
k)

TUkū
c
k +

(1− νk)u
T
∞Uku∞ + Vk+1(xk+1)|Fk

]

= min
uc

k

E[(xk − x̄)TWk(xk − x̄) + νk(ū
c
k)

TUkū
c
k +

+(1− νk)u
T
∞Uku∞ + xT

k+1Sk+1xk+1 − 2x̄TTk+1xk+1 +

2(1− ν̄)uT
∞BTZk+1Axk+1 + ck+1|Fk] (B.19)

where we used the property E[E[g(xk+1)|Fk+1]|Fk] = E[g(xk+1)|Fk], ∀g(·) [108], to get the

last equality. After some computations we can equivalently express (B.19) as:

Vk(xk) = E
[
xT

k (Wk + ATSk+1A)xk|Fk

]
+ ν̄tr

(
(BTSk+1B + Uk)RN

)
+

tr(Sk+1Q)− 2x̄T (Wk + Tk+1A)x̂k|k +

2(1− ν̄)uT
∞BT (Sk+1 + Zk+1A)Ax̂k|k +

(1− ν̄)uT
∞

(
BTSk+1B + Uk + (1− ν̄)BT (Zk+1A + ATZT

k+1)B
)
u∞ +

x̄TWkx̄− 2(1− ν̄)x̄TTk+1Bu∞ + E[ck+1|Fk] +

ν̄ min
uc

k

(
(uc

k)
T (BTSk+1B + Uk)u

c
k +

2(uc
k)

TBT
(
Sk+1Ax̂k|k −TT

k+1x̄ + (1− ν̄)ATZT
k+1Bu∞

) )
(B.20)

We notice thatVk(xk) is a quadratic function ofuc
k, therefore the optimum control signal can

be simply obtained by solving the equation∂Vk
∂uc

k
= 0 which gives (8.26). If we substitute the

optimumuc
k back into (B.20) after some computations we get:

Vk(xk) = E
[
xT

k (Wk + ATSk+1A +

−ν̄ATSk+1B(Uk + BTSk+1B)−1BTSk+1A)xk|Fk

]
+

−2x̄T (Wk + Tk+1A− ν̄Tk+1B(Uk + BTSk+1B)−1BTSk+1A)x̂k|k +

2(1− ν̄)uT
∞BT

(
Sk+1 + Zk+1A +

−ν̄Zk+1AB(Uk + BTSk+1B)−1BTSk+1

)
Ax̂k|k +

ν̄ tr(ATSk+1B(Uk + BTSk+1B)−1BTSk+1APk|k) + tr(Sk+1Q) +

ν̄ tr(BT (Sk+1B + Uk)RN ) + E[ck+1|Fk] + x̄TM1,kx̄ +

(1− ν̄)uT
∞M2,ku∞ + 2(1− ν̄)uT

∞BTM3,kT
T
k+1x̄ (B.21)
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where we used the property E[xT
k Sxk|Fk] = x̂T

k|kSx̂k|k + tr(SPk|k), ∀S ≥ 0. Recalling (8.7),

the claim given by (8.17) is satisfied for timek and for allxk if and only if (8.20)-(8.23) are

satisfied.

B.4 Optimal state control under TCP-like protocols in the infinite
horizon: proof of Lemma 5

The proof of Lemma 5 can be recovered along the lines of [108, Theorem5.6] and is only

outlined in the following.

(a) Since the system is stable it can be shown thatlimk→∞ Sk = S∞ for all initial condition

S0 ≥ 0 [108]. Moreover the stability of the system also guaranteelimk→∞ Tk = T∞

andlimk→∞ Zk = Z∞. Therefore (8.40)-(8.42) follows from (8.26).

(b) This is because the optimal state estimator described in Section 8.2 dependson the arrival

sequences{γi,k} and{νk}.

(c) As it can be seen from (8.27), onlyJ
(2)
N depends onu∞. Moreover,j(2)

∞ , limk→∞
1
N J

(2)
N

exists as a consequence of system stability, and it is a quadratic function ofu∞. There-

fore the optimumu∞ can be simply obtained by solving the equation∂j
(2)
∞

∂u∞
= 0, and this

yields (8.43).

(d) Since the system is stable, using similar arguments of [101] we can show that all the fol-

lowing limits exist: limk→∞ Pk+1|k, limk→∞ Pk|k, limk→∞ Pk+1|k andlimk→∞ Pk|k.

Therefore the claim follows from (8.35)-(8.37), (8.31)-(8.34) and (8.43).
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