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Abstract

The inflationary paradigm represents a fascinating and elegant way of explaining cru-
cial cosmological phenomena; moreover it is remarkably in agreement with current
cosmological observations. However we are still blind to many aspects of the physics
encoded in such a process and an unequivocal probe of such a mechanism is still lack-
ing. On the other hand inflation suggests the solution to current open cosmological
questions, as the observation of magnetic fields in the intergalactic medium.

In order to investigate in depth the inflationary mechanism, one possibility is offered
by the new era of gravitational wave detectors. In the first part of the thesis we focus
on this aspect of the inflationary epoch.
Any inflationary model predicts the production of a stochastic gravitational wave
background (tensor modes) due to quantum fluctuations of the gravitational field.
Moreover, in some scenarios, the presence of additional fields besides the inflaton and
the gravitational field gives rise to efficient sources of gravitational waves, activating
the so-called classical production. Inflationary gravitational wave signals turn out to
represent a unique and exciting window on the origin and evolution of the universe,
and a possibility of investigating the underlying theory of gravity.
We point out the significant role of primordial gravitational waves in testing the infla-
tionary mechanism itself and in constraining many aspects of the inflationary physics,
exploiting the validity/violation of an inflationary consistency relation.
Being inflationary gravitational waves a promising way of exploring many aspects of
the physics of the early universe, we provide an updated picture of the current status
and the observational prospects of inflationary tensor modes, with a particular focus
on the possibility of a direct gravitational wave detection offered by current and up-
coming laser interferometer detectors.
Then we perform a dedicated forecast analysis of the capabilities of the LISA (Laser In-
terferometer Space Antenna) experiment in probing the inflationary physics. In partic-
ular, the capabilities of LISA in measuring a stochastic gravitational wave background
are presented. Furthermore, we calculate the gravitational wave signal expected at
the LISA frequencies for a number of selected inflationary models. We collect and re-
elaborate current limits on the present time gravitational wave spectral energy density,
and the sensitivity curves of LISA and other experiments, in order to outline current
and expected constraints on the parameter space of the selected inflationary models.
The results we find show the efficiency of the method, suggesting an exciting direction
in order to investigate inflationary physics and a validation of the significant science
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ii Abstract

that can be done by an experiment as LISA.

In the second part of the thesis another interesting aspect of the inflationary mech-
anism is considered, i.e. the possibility of a significant magnetogenesis. Gamma-ray
observations from blazars point out the presence of magnetic fields in the intergalactic
medium, where no charged plasma are present. This fact suggests a primordial origin
of such fields. Interestingly, the inflationary mechanism provides a fascinating way of
explaining the presence of magnetic fields at cosmological scales. In a dedicated sec-
tion, the main models of inflationary magnetogenesis are outlined. A common aspect
of these models is the associated overproduction of curvature and tensor perturbations
with respect to single-field slow-roll inflation. In general, observational constraints ob-
tained by CMB measurements on such quantities lead to relevant restrictions on the
associated production of magnetic fields. Other limits are provided by keeping under
control the backreaction of the electromagnetic fields.
In particular, we consider the case proposed in [1], where a magnetogenesis mecha-
nism able to explain current gamma-ray observations and to start the galactic dynamo
takes place. We calculate the correction to the scalar spectrum and bispectrum (the
latter related to primordial non-gaussianities) with respect to single-field slow-roll in-
flation generated in such a scenario. We find that the strongest constraints on the
model originate from the non-observation of a scalar bispectrum of CMB anisotropies.
Nevertheless, we found that even when those stringent constraints are taken into con-
sideration, that scenario provides a robust explanation of the observed magnetic fields
for a reasonably high energy scale of inflation.
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Introduction

Over the last decades, huge steps towards understanding the physics of the early uni-
verse has been made, both from a theoretical and an observational point of view.
Current cosmological observations are in remarkably agreement with the inflationary
model for the early universe, as the results of the Plank mission show [2]. Moreover,
the inflationary mechanism provides an explanation for several cosmological observa-
tions that we are not able to explain in other elegant ways, such as the presence of
matter structures and anisotropies of the Cosmic Microwave Background (CMB). Up
to now, inflationary scalar perturbations are well constrained by CMB measurements
and provide impressive information about the physics of the early universe.
However, several questions about the physics of such a crucial period of the universe
are still unsolved, e.g. did actually a primordial inflationary period take place? In
case, which are the fields involved and at which energy scale? What is the theory
of gravity underlying such a mechanism? Different ways can be carried out in order
to address such questions. One possibility is the analysis of higher-order correlators
besides the power spectrum, as a measurement of primordial non-gaussianity, another
one is the investigation of the gravitational wave (GW) signal associated to the infla-
tionary mechanism.

Interestingly, with the success of the GW detectors LIGO-Virgo [3], a new promising
way of investigating the history of the universe has arisen. Indeed, several primordial
processes are expected to generate a GW signal [4–6] which permeates the universe
up to the present time, offering an exciting window on the origin and evolution of
the universe. The inflationary mechanism predicts the production of a stochastic GW
background as well. In such a direction, especially the project of the Laser Interfer-
ometer Space Antenna (LISA) [7] for GW detection, is expected to provide a new
fascinating way of probing cosmology [8–10].
During inflation, the stretching of quantum fluctuations of the gravitational field gen-
erates a stochastic GW background [4] whose spectrum covers a wide range of frequen-
cies, from f ≃ 10−17Hz up to f ≃ 103Hz, while its amplitude depends on the energy
scale of inflation. Any inflationary model predicts the generation of such a signal.
Interestingly, inflationary GWs permeate the whole universe propagating almost freely
from their generation up to the present time, thus representing an exciting and unex-
plored window on the origin and evolution of the universe.
In light of the massive importance of searching for primordial GWs, in this thesis we
overview in details the production processes of gravitational radiation during inflation,
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2 Introduction

especially taking into account for the new era of direct GW detection opened by laser
interferometer experiments. In particular we investigate the capabilities of the space-
borne laser interferometer LISA [7] as a fascinating way of probing inflationary physics.

On the other hand, besides providing an elegant solution for the main issue of stan-
dard cosmology, the inflationary paradigm offers an explanation for some cosmological
observations whose origin is still under debate.
Gamma-ray measurements from blazars [11–13] point out the presence of non-vanishing
magnetic fields in the intergalactic medium, where processes of magnetogenesis are dif-
ficult to be implemented. Moreover, current observations provide a measurement of
the magnetic field amplitude at galactic scales [14]. Especially, the lack of charged
plasmas in cosmic voids rises the question about the origin of magnetic fields observed
in the intergalactic medium. The presence of the initial seeds of magnetic fields is
still an open issue. Interestingly, the inflationary mechanism turns out to be able
of accounting for the presence of magnetic fields at cosmological scales and, in some
cases, also for primordial seeds required to start the galactic dynamo. These aspects
make even more fascinating the inflationary mechanism. However, primordial scenarios
where a relevant magnetogenesis takes place, require a detailed study of the associated
processes, such as the generation of extra curvature perturbations and GWs, since the
latter are strictly constrained by CMB observations. In the present thesis we consider
a specific inflationary model [1] able to account for current observations of magnetic
fields at cosmological scales and we studied in details the associated processes of cur-
vature perturbation and GW production.

The thesis is organized as follows: in chapter 1 we introduce the basic notions of
the inflationary paradigm. Then the first part of the work is dedicated to inflationary
GWs. In chapter 2 we make a deep overview of the GW generation taking place during
inflation, presenting the possible mechanisms of production, the results for the GW
amount for a few specific inflationary models and the evolution of a primordial GW
background up to the present time. In chapter 3 we give an updated picture of current
status and observational prospects for inflationary GW signal, with a particular focus
on the possibility of a direct GW detection. In chapter 4 the so-called inflationary
consistency relation is provided and an overview of its possible violations is given.
Then in chapter 5 we present the LISA project showing the expected capabilities
of such an experiment in detecting a stochastic GW background and we perform a
forecast analysis for LISA with respect to the GW signal associated to a number of
selected inflationary models.
In the second part of the thesis, i.e. in chapters 6-7, we present the observations
related to magnetic fields at cosmological scales and how such fields evolve along the
history of the universe. Then we consider an inflationary model in which a significant
magnetogenesis takes place and we analyse the counterpart production of curvature
perturbations and GWs. Finally we conclude with part IV.
Throughout the thesis we will use natural units c = ~ = 1, the reduced Mass Planck
M−2

pl = 8πG, and the metric signature (−,+,+,+).



Part I

Introduction to inflation
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Chapter 1

The physics of Inflation

According to the Standard Big Bang theory, the universe behaviour at large scale is
well described by a homogeneous and isotropic background whose evolution is gov-
erned by Einstein equations. More precisely, at some epoch well before primordial
nucleosynthesis, the universe consists of a hot gas which cools because of cosmic ex-
pansion. Such a model successfully explains many cosmological observations, as the
presence of a cosmic microwave background (CMB) and the observed abundance of
particle relics. However the Standard Big Bang theory presents a number of issues, as
the well-known horizon and flatness problems (see for example [15]). Originally infla-
tion has been introduced in order to solve such problems [16] but, amazingly, combined
with quantum aspects, it turns out to provide an elegant explanation for the forma-
tion of cosmic structures too. The inflationary model of the early universe does not
replace the standard theory, but rather it is an additional piece of the overall picture
related to the early stages of the cosmic evolution. Moreover, current cosmological
observations widely support that the universe underwent an inflationary period in its
early stages [2, 17].

1.1 Inflationary paradigm

In early eighties, it has been noted that the horizon and flatness problem can be elim-
inated assuming the early universe underwent a brief but intense period of accelerated

expansion, i.e. inflating by a factor of at least 1026 within less than 10−34 seconds [16].
The immediate question is in which situation such a dynamics can take place.

Assuming the hypothesis of homogeneity and isotropy, the universe turns out to be
described by a Friedman-Robertson-Walker (FRW) metric:

ds2 = −dt2 + a2(t)

[
dr2

1 −Kr2
+ r2(dθ2 + sin2 θdϕ2)

]
, (1.1)

where r, θ, ϕ are comoving spherical coordinates and K the curvature of the three-
dimensional spatial hyper-surfaces. The evolution of the metric is enclosed in the time
dependence of the function a (t), i.e. the scale factor.
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6 1. The physics of Inflation

The metric (1.1) corresponds to an energy content of the universe dominated by a
perfect fluid. The stress-energy tensor of the latter as the form:

Tµν = (ρ+ P )uµuν + Pgµν , (1.2)

where ρ is the density, P the pressure, uµ the 4-velocity of fluid elements and gµν the
metric tensor. From eq.(1.2) and eq.(1.1), Einstein equations lead to the following
relations:

H2 =
8πG

3
ρ− K

a2
,

ä

a
= −4πG

3
(ρ+ 3P ) , (1.3)

where H is the Hubble parameter defined as H ≡ ȧ/a.
Hereafter we will set K = 0, in agreement with observational constraints which point
out negligible spatial curvature [17]. From the second equation in (1.3), the condition
for an accelerated expansion taking place, results

P < −ρ

3
. (1.4)

From this relation, it is clear that ordinary radiation nor matter cannot drive an
inflationary dynamics.
For the specific case P = −ρ, the scale-factor evolves as

a(t) = aIe
Hi(t−ti) , (1.5)

with the Hubble parameter nearly constant in time H = Hi ≃ const; where the sub-
script i indicates the beginning of the inflationary process. A period characterized by
this evolution of the scale-factor is called de Sitter stage.

It is now useful to introduce a quantity called Hubble radius (or Hubble horizon),
defined as RH (t) ≡ 1/H (t). For a non-exotic content of the Universe RH ∝ ct, so it
sets the size of causally connected regions at each time. During a de Sitter stage, the
physical Hubble radius is constant in time, while physical lengths continue to grow,
thus being able to exit the Hubble radius at some “horizon-crossing” time. This phe-
nomenon is a consequence of requiring an accelerated expansion, and it is the processes
that actually we were looking for in order to fix the horizon and flatness problem of
the standard cosmology. In order to all scales relevant for cosmological observations
were able to exceed the Hubble radius during inflation, a sufficiently long inflation is
required.

Interestingly, it turns out that the condition (1.4) can be satisfied when the universe
content is dominated by the vacuum energy density of a scalar field associated to a
potential V (ϕ), i.e.:

L =
1

2
∂µϕ∂

µϕ− V (ϕ) . (1.6)

Varying the lagrangian with respect to the filed ϕ, Klein-Gordon equation �ϕ =
∂V/∂ϕ is obtained. Assuming a FRW background, and the homogeneity of ϕ, it reads

ϕ̈+ 3Hϕ̇+ Vϕ = 0 , (1.7)
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where Vϕ = dV/dϕ. Notice that the rolling of the field suffers a friction due to the
expansion of the universe. The stress-energy tensor associated to (1.6) has the same
form of that of a perfect fluid with the pressure and the energy density given by:

ρϕ =
ϕ̇2

2
+ V (ϕ) , Pϕ =

ϕ̇2

2
− V (ϕ) . (1.8)

The request (1.4) turns out to be V (ϕ) > ϕ̇2. In particular, to obtain a quasi-de Sitter
stage, i.e. P ≃ −ρ, the following condition is required:

V (ϕ) ≫ ϕ̇2 , (1.9)

so that P ≃ V (ϕ) and ρ ≃ (ϕ). It is now clear that a scalar field whose energy
density is dominant in the Universe and whose potential energy dominates over the
kinetic one, gives rise to an inflationary stage. The simplest way to satisfy eq.(1.9) is
to introduce a scalar field slowly rolling towards the minimum of its potential, a shown
in figure 1.1.

�

� �

∆�

inflaton slow-roll

reheating

Figure 1.1: Example of inflationary potential with a “flat” region. The inflaton ϕ slowly rolls
towards the minimum of its potential giving rise to an inflationary stage. Taken from [18].

1.1.1 Slow-roll parameters

Usefully, the required conditions for the inflaton potential energy to dominate over the
kinetic one can be expressed by suited quantities which encode the key information on
the inflaton potential, called slow-roll parameters [19–21]. The simplest way to satisfy
eq.(1.9) is to require that there exist regions of the field-configuration space where the
potential is sufficiently flat. In such a situation, for sufficiently late times the evolution
of the scalar field is driven by the friction term, that is we can consider

ϕ̈ ≪ 3Hϕ̇ (1.10)

in eq.(1.7), so that the equation of motion of the inflaton results:

3Hϕ̇+ Vϕ = 0 . (1.11)
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Equation (1.11) gives ϕ̇ as a function of Vϕ, then the slow-roll condition (1.9) and the
condition on the friction term (1.10) turn out to be written as, respectively:

(Vϕ)2

V
≪ H2 , Vϕϕ ≪ H2 . (1.12)

On the other hand, form the condition (1.9), the first equation in (1.3) becomes:

H2 ≃ 8πG

3
V (ϕ) , (1.13)

so that, the conditions in eq.(1.12), implies:

ǫ ≡ M2
pl

2

(
Vϕ
V

)2

≪ 1 η ≡ M2
pl

Vϕϕ
V

≪ 1 , (1.14)

where ǫ and η are the so-called slow-roll parameters. Notice that we can also write
the parameter ǫ in terms of the Hubble parameter and its derivative as ǫ = −Ḣ/H2.
During inflation, the slow-roll parameters can be considered constant in time at first
order, since, as it is easy to show, ǫ̇, η̇ = O (ǫ2, η2). Once constraints (1.14) are satisfied,
the inflationary process happens generically for a wide class of models V (ϕ). As soon
as these conditions fail, inflation ends.

1.2 Quantum aspects of inflation

Considering quantum aspects, besides solving the horizon and flatness problem, the
inflationary mechanism provides also an elegant way of explaining the presence of the
matter structure and of the CMB anisotropies we observe today [4, 22,23].
Current understanding of structure formation and of CMB anisotropies, requires the
presence of small fluctuations of matter and radiation fields during the radiation and
matter dominated eras. Standard cosmology cannot explain the presence of such seeds.
The introduction of quantum aspects to the inflationary scenario, provides a fascinat-
ing and surprisingly elegant way of generating such primordial seeds.

According to quantum field theory, each field involved in a theory is characterized
by quantum fluctuations with all possible wavelengths and whose average amplitude
vanishes on a sufficient large amount of time. The fields involved in the inflation-
ary dynamics are characterized by these fluctuations too. The accelerated expansion
stretches the wavelengths of quantum fluctuations up to cross the causal region, while
their amplitude continues to be small. Interestingly, fluctuations well outside the hori-
zon turns out to be almost frozen, so that their amplitude does not evolve up to the
time in which they re-enter the horizon in the radiation or matter dominated epoch.
Along with the growing of the radius of the causal region, the perturbations which have
been pushed out of the horizon during inflation, re-enter the causal region with a non-
zero amplitude; the process is shown in figure 1.2. Scalar perturbations re-enter the
horizon with sufficient large wavelengths to allow matter clustering and to form large
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scale structures, and to generate to temperature and polarization CMB anisotropies
at the time of recombination.
The same mechanism takes place also for the gravitational field. Its quantum fluc-
tuations which re-enter the causal region give rise to a stochastic GW background.
Therefore, quantum fluctuations of the fields involved in the inflationary mechanism,
are supposed to be the early origin of cosmological perturbations, which finally give
rise to several physical observables. The latter, therefore, include extremely signifi-
cant information about the inflationary dynamics, making cosmological perturbations
a crucial aspect in order to understand and investigate inflationary physics.

log[a(t)]

Comoving

scales Inflation

Comoving

Horizon

Hot Big Bang

�
horizon re-entryhorizon exit

� super-horizon � sub-horizon� sub-horizon

Figure 1.2: Evolution of the comoving horizon (red) and of a comoving wavelength λ (green),
during the inflationary epoch and the subsequent radiation dominated era. Taken from [18].

According to this picture, the seeds of cosmological perturbations that give rise to large
scale structures, CMB anisotropies and the stochastic GW background, are quantum
fluctuations of the fields involved during inflation. This makes the inflationary physics
a unique context where General Relativity and quantum mechanics are exploited simul-
taneously to obtain theoretical predictions testable by observations. This fact opened
several intriguing issues about fundamental physics behind the theory of cosmologi-
cal perturbations [24]. For example, looking at CMB anisotropies, we are observing
the result of a measurement corresponding to a specific observable. According to the
Copenhagen interpretation, in obtaining CMB maps we are making a measurement
which leads the quantum state of the CMB radiation falling into an eigenvalue of the
related observable. The collapse is supposed to happen at the time of observation. In
light of this interpretation, CMB perturbations get the value of the eigenvalue only at
the present time when we are making the measurement, since no observers existed be-
fore us. This seems in contrast with our current understanding of structure formation
from the same seeds which give rise to CMB anisotropies. Several steps have been
made in order to face this issue [25–27], however, how a single outcome is produced
still continues to be an open question, that in cosmology takes the name of macro-

objectivation problem. A way of solving such an issue which presents discriminatory
predictions comparable, in principle, with experimental data, has been proposed: the
collapse models [26, 27]. In this scenarios the Schrodinger equation which drives the
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evolution of quantum fluctuations, and then of cosmological perturbations, presents
deviations from the standard predictions of quantum mechanics, leading to deviations
in the theoretical predictions for scalar and tensor modes in the inflationary context.
In this sense, cosmological perturbations, including GWs, could also carry interesting
and unique information about fundamental physics behind the inflationary paradigm.

1.2.1 Power spectrum definition

The most useful way of studying inflationary perturbations is to characterize them with
a power spectrum and eventually higher-order correlation functions, as the bispectrum
and trispectrum.
According to quantum field theory the mean value of these fluctuations is expected
to vanish, i.e. 〈φ̂ (x, t)〉 = 0, on the other hand, the mean value of the quadratic

fluctuations in general is expect to be different from zero, i.e. 〈
[
φ̂ (x, t)

]2〉 6= 0. Then
an efficient way to describe these fluctuations is the power spectrum.
We define the Fourier transform of a generic random field as:

g (x, t) =
∫ d3k

(2π)3/2
eik·xgk (t) . (1.15)

Working in the real space, the ensemble average then reads:

〈g (x, t) g (x, t)〉 =
∫ d3k

(2π)3/2

∫ d3k′

(2π)3/2
eix(k−k′)〈gk (t) g∗

k′ (t)〉 . (1.16)

The power spectrum Pg is then defined by the following relation:

〈gk (t) gk′ (t)〉 =
2π2

k3
Pg (k) δ

(
k − k′

)
. (1.17)

Form eq.(1.16) and eq.(1.17), one can also see that

〈g (x, t) g (x, t)〉 =
∫ dk

k
Pg , (1.18)

i.e. the power spectrum is the contribution to the variance per unit logarithmic interval
in k. Moreover, one can also define a spectral index, i.e. a parameter which quantifies
the slope of the power spectrum with respect to the scale:

ng ≡ d lnPg

d ln k
. (1.19)

In general ng is a function of the scale k, and the variation with respect to k of ng is
usually denoted as running of the spectral index.

For a quantized field, the power spectrum assumes a specific form in terms of the its
perturbation modes. We define the conformal time as τ ≡ ∫

dt/a (t) and we consider
quantum fluctuations of a generic scalar field: χ(x, τ) = χ(t)+δχ (x, τ). It is useful to
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perform the redefinition δ̃χ = a δχ. We promote δ̃χ to an operator and we decompose
it on the two ladder operators ak and a†

k:

δ̃χ(x, τ) =
∫ d3k

(2π)3/2

[
uk(τ)ake

ik·x + u∗
k(τ)a†

ke
−ik·x

]
, (1.20)

where
[ak, ak′ ] = 0 , [ak, a

†
k′ ] = δ(k − k′) . (1.21)

Notice that here and elsewhere k is a comoving scale. From the above relations and
from the quantization rule it follows that uk and u∗

k satisfy the canonical commutation
relation u∗

kuk− u̇ku̇k
∗ = −i. From eqs.(1.20)-(1.21) then we can calculate the ensemble

average on the vacuum state:

〈δχkδχk′〉 =
|uk|2
a2

δ(k − k′) , (1.22)

so that the power spectrum results:

Pδχ(k) =
k3

2π2
|δχk|2 , (1.23)

where δχk ≡ uk/a. Exploiting this relation, in the next sections we will calculate the
power spectrum of the quantum fluctuations of the fields involved during inflation.
More precisely, we will be interested in the power spectrum of fluctuations in the
super-horizon regime, i.e. to those which re-enter the horizon at radiation and matter
dominated epochs.

Bispectrum definition. If cosmological perturbations are gaussian distributed, the
power spectrum includes all the statistical information about them, since higher-order
correlation functions vanish or can be written in terms of the two-point correlation
function. This is not more true for a perturbation field which is not gaussian dis-
tributed. In such a case, higher-order correlation functions include different infor-
mation with respect to the power spectrum. In this sense, higher-order correlation
functions provides a way to distinguish gaussian distributed perturbations to those
which are not. The bispectrum, i.e. the three-point correlation function, is the lowest-
order correlation function which can be exploited in such a direction. The bispectrum
and higher-order correlation functions, i.e. non-gaussianities, turn out to include ex-
tremely significant information in order to understand the physics that generate the
perturbations, in particular about field self-interactions and interactions with other
fields. For this reason, non-gaussianities of inflationary perturbations are widely stud-
ied.
The bispectrum, usually indicated by Bδϕ (k1, k2, k3), is defined as:

〈δϕk1δϕk2δϕk3〉 = (2π)3 δ (k1 + k2 + k3)Bδϕ (k1, k2, k3) , (1.24)

where the triplet k1, k2, k3 forms a closed triangle configuration. Fixing a shape for
the latter, specific models for the bispectrum can be constructed. Usually, constraints
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on a specific model of the bispectrum are expressed by bounds on a related amplitude
parameter fNL defined by:

Bδϕ (k1, k2, k3) = fNLF (k1, k2, k3) , (1.25)

where F (k1, k2, k3) expresses the functional dependence of the bispectrum on the cho-
sen shape.
Several configurations of the triangular combination have been widely studied, in par-
ticular the local or squeezed configurations, the equilateral and the orthogonal ones.
In the case of the squeezed configuration, one of the three scales is assumed to go to
zero, in the equilateral configuration the threes scales are supposed to be the same,
while the latter model is the configuration orthogonal to the equilateral and squeezed
templates.
In many cases it turns out that fNL ∼ Bδϕ (k1, k2, k3) /P

2
δϕ.

In this chapter we outline the theory of scalar perturbations, then in chapter 2 we will
present in details that related to tensor perturbations.

1.2.2 Curvature perturbations in Quasi de-Sitter spacetime

We want to calculate the power spectrum of cosmological perturbations assuming a
quasi de-Sitter spacetime for the background. We consider quantum fluctuations of the
fields involved in the inflationary dynamics, that is the inflaton ϕ and the gravitational
field gµν :

ϕ (t,x) → ϕ (t) + δϕ (t,x) , (1.26)

gµν (t,x) → gµν (t) + δgµν (t,x) . (1.27)

where ϕ (t) and gµν (t) are the homogeneous and classical values of the fields. Perturb-
ing the action of the system in this way, the equations of motion for the fluctuations
are obtained. However, before proceeding in such a direction, introducing the theory
of perturbed tensor objects is required.

Perturbing tensor objects. The most useful way of perturbing tensors is to de-
compose such perturbations into objects with definite transformation properties with
respect to the underling three-dimensional space, since their dynamics reveals to be
uncoupled at first order. Following this reasoning, perturbations of the metric tensor
can be decomposed as follows [28–30]:

g00 = −a2 (τ)

(
1 + 2

+∞∑

r=1

1

r!
Ψ(r)

)
(1.28)

g0i = a2 (τ)
+∞∑

r=1

1

r!
ω

(r)
i (1.29)

gij = a2 (τ)

{[
1 − 2

(
+∞∑

r=1

1

r!
Φ(r)

)]
δij +

+∞∑

r=1

1

r!
h

(r)
ij

}
, (1.30)
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where the functions Φ(r), ω
(r)
i , Ψ(r), h

(r)
ij represent the rth-order perturbations of the

metric. We decompose these quantities in objects with well-defined transformation
under spatial rotations [31, 32]. Exploiting Helmholtz theorem, we can split each
vector object into a solenoidal and a longitudinal part, respectively called vector part

and scalar part:
ωi = ∂iω

‖ + ω⊥
i , (1.31)

where ω⊥
i is a solenoidal vector, i.e. ∂iω⊥

i = 0 and ω‖ the longitudinal object. Similarly,
the off-diagonal part of the spatial metric can be written as

hij = Dijh
‖ + ∂ih

⊥
j + ∂jh

⊥
i + hTT

ij , (1.32)

where h‖ is a suitable scalar function, h⊥
i is a solenoidal vector field, and the ten-

sor part hTTij is symmetric, transverse (∂ihij = 0) and trace-less (hii = 0), i.e. the
tensor degrees of freedom (see appendix A). We have used the traceless operator
Dij := ∂i∂j − δij∇2/3, and we omitted the apex (r) for simplicity. Hereafter, where
we neglect such an apex we mean a perturbation of first order.

In this chapter we study perturbation theory at first order. Later we will present the
theory at second order and we will see that for several inflationary models it is also
relevant going beyond the first order. We will also do not consider vector perturbations
since they are found to decay and then to be substantially irrelevant in this context. At
linear order in perturbation theory, what we called scalar and tensor parts, i.e. those
objects with a defined transformation properties with respect to the underling three-
dimensional space, turn out to be independent. This fact does not hold at higher order.

Due to Einstein equations, we have to consider perturbations of the energy content
of the universe and of the metric tensor at the same time. This fact leads to the
so-called gauge problem [31]: perturbations of the energy content of the universe are
perturbations of fields living on the space-time variety, which is perturbed itself. To
define a perturbation of a field we need a background value of the field in order to
make a comparison with the perturbed quantity. The perturbed field is defined on the
perturbed space-time variety, while the background value is defined on the background
variety. Therefore, before defining a field perturbation, the choice of a one-to-one
connection between the background and the perturbed variety, is required. This is
the gauge choice. Changing this connection, keeping the same coordinate system on
the background variety is a gauge transformation. The usual way to proceed is then
to build up quantities which do not vary under a gauge transformation, i.e. gauge-
invariant objects, which describes the physical quantities.

Curvature power spectrum. We consider single-field slow-roll inflation:

S =
∫

d4x
√−g

[
1

2
M2

plR − 1

2
gµν∂µϕ∂νϕ− V (ϕ)

]
, (1.33)

where we suppose the feature of the inflaton potential to be so that the evolution of
the scale factor is that of a quasi de-Sitter space. Moreover we consider a massless
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inflaton field ϕ.
We perturb the inflaton and the metric field at the linear order as we explained. At
such an order, the action for scalar perturbations is independent from that of tensor
perturbations, so that we can consider the respective equation of motion separately.

The usual way to proceed is to refer to the so-called Mukhanov variables [33]:

Qϕ ≡ δϕ+
ϕ′

HΦ , (1.34)

which turn out to be gauge-invariant. Perturbing the action (1.33), and varying it
with respect to the inflaton field, one obtains the equation of motions of inflaton
perturbations:

δϕ′′ + 2Hδϕ′ − ∇2δϕ+ a2δϕ
∂2V

∂ϕ2
a2 + 2Ψ

∂V

∂ϕ
− ϕ′

0

(
Ψ′ + 3Φ′ + ∇2ω‖

)
= 0 . (1.35)

In terms of the gauge-invariant variable Q̃ϕ = aQϕ, such an equation turns out to
be [34]:

Q̃ϕ
′′

+

(
k2 − a′′

a
+ M

2
ϕa

2

)
Q̃ϕ = 0 , where M

2
ϕ =

∂2V

∂ϕ2
− 8πGϕ2

H
. (1.36)

In slow-roll approximation the expression of M 2
ϕ , reduces to M 2

ϕ/H
2 = 3η − 6ǫ. The

solution on super-horizon scales at lowest order in the slow-roll parameters, are ap-
proximated by:

|Qϕ (k)| =
H√
2k3

(
k

aH

)3/2−νϕ

, (1.37)

where νϕ ≃ 3
2

+ 3ǫ− η.
We need a gauge-invariant quantity which unequivocally describes scalar perturba-
tions. The intrinsic spatial curvature on hyper-surfaces of constant conformal time at
linear order, reads

(3)R =
4

a2
∇2Φ̂ where Φ̂ ≡ Φ +

1

6
∇2χ‖ . (1.38)

Φ̂ is usually referred to as the curvature perturbation, however it is not a gauge-invariant
quantity, since under a transformation on constant time hyper-surfaces τ → τ + α we

have: Φ̂ → ˜̂
Φ = Φ̂ − Hα, where H ≡ a′/a is the Hubble parameter in conformal time

and the prime denote differentiation with respect to it. We need a gauge-invariant
combination that reduces to the curvature perturbation choosing a particular gauge.
Consider the following expression [31,35]:

−ζ ≡ Φ̂ + Hδρ

ρ′ . (1.39)

Accounting for the Φ̂ transformation and the gauge transformation for scalars, the
quantity (1.39) results gauge-invariant and it is referred to as gauge-invariant curvature
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perturbation of the uniform energy-density hyper-surfaces. We are interested in the
power spectrum of ζ. An analogous gauge-invariant quantity is defined on comoving
hypersurfaces, i.e.:

R ≡ Φ̂ +
H
ϕ′ δϕ . (1.40)

which is related to the Mukanhov-Sasaki variables by:

R =
H
ϕ′Qϕ . (1.41)

On large scales we have R = −ζ. Quantum fluctuations which give rise to structure
formation and CMB anisotropies, are those which are stretched on super-horizon scales
during inflation and that are frozen there up to the horizon re-entering during radiation
and matter dominated eras, therefore we evaluate the curvature power spectrum at
large scales. The power spectrum of ζ in such a regime, turns out to be:

Pζ (k) =

(
H2

2πϕ̇

)2 (
k

aH

)3−2νϕ

≃
(
H2

∗
2πϕ̇

)2

, (1.42)

where in the first expression H and ϕ̇ are evaluated at the horizon exit of the scale k,
while in the second one, ∗ denotes quantities evaluated at the time a given perturbation
mode leaves the horizon during inflation, i.e. the power spectrum is almost scale
invariant.

Scalar power spectrum parametrization. In order to compare these theoreti-
cal predictions with observational data, it is useful to introduce a phenomenological
parametrization of the power-spectrum [2], that is:

PS = AS (k∗)

(
k

k∗

)nS−1+ 1
2

dnS
d lnk

ln(k/k∗)+...

, (1.43)

where AS is the amplitude of the perturbations to a fixed pivot scale k∗ and nS − 1 is
the spectral index defined in eq.(1.19). Following this parametrization, the amplitude
of scalar perturbations power spectrum is:

AS (k∗) =

(
H2

∗
2πϕ̇

)2

≃ 1

2ǫM2
pl

(
H∗
2π

)2

, (1.44)

while the spectral index at the lowest order in slow-roll parameters reads:

nS (k∗) − 1 = 3 − 2νϕ = −6ǫ+ 2η . (1.45)

1.3 Duration and end of inflation

In order to solve the horizon and flatness problems, inflation has to last a sufficiently
long period. On the other side, in order to recover standard cosmology, the inflationary
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expansion has to end.
The duration of inflation is usually expressed by the number of e-folds, i.e. [20]:

N ≡
∫ tf

ti
H dt , (1.46)

where ti and tf are the starting and ending time of inflation. If the evolution of the
scale factor is given by (1.5), the previous expression turns out to be:

N = ln (af/ai) (1.47)

where aλ = a (t (λ)). The lower bound required to solve the horizon problem, for an
Hubble parameter of the order of H ∼ 1012GeV is N & ln1026

∼ 60 [2].

Reheating. The greatest successes of the Standard Big Bang model, such as pri-
mordial nucleosynthesis and the formation of the CMB, requires an evolutionary pro-
gression from radiation to a matter domination era. In particular, we know that the
Universe must be repopulated by hot radiation in order to initiate the hot Big Bang
phase. In most inflationary models, at the end of the accelerated expansion, the in-
flaton field oscillates around the minimum of its potential. The main requirement for
the developing of the hot Big Bang is a radiation dominated Universe at T ≃ 1MeV.
Therefore it is required to suppose that the energy density stored in the inflaton field
decays into radiation before such a temperature of the universe is reached. This era
of transition is called reheating [36–39]. Such an epoch of the universe is widely un-
known. This is because the mechanism itself washes away the initial conditions that
initiate it, thermalizing the energy content of the universe.
Many models have been proposed to describe this transition, some of which include the
perturbative decay of the inflaton field while others involve non-perturbative mech-
anisms. If the fluctuations are sufficiently small, inflaton quanta could decay into
relativistic products. This happens as soon as the inflaton decay rate Γ becomes com-
parable to the Hubble constant. Usually each decay product is supposed to thermalize
quickly so that their energy distribution can be described by a black-body function

and the reheating temperature for a sudden process is Treh ∼
√
MplΓ. Then a mecha-

nism is supposed to take place that leads to energy transfer of the decay products into
radiation.
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Chapter 2

Gravitational wave production

during inflation

According to quantum field theory, each field involved in the inflationary mechanism
is characterized by quantum fluctuations. In the basic inflationary model, the fields
involved are the inflaton, which drives the dynamics, and the gravitational field. In
section 1.2.2 we saw the dynamics of inflationary scalar perturbations generated by
the presence of the inflaton and by the scalar part of metric perturbations. Here we
are interested into the tensor part of the gravitational field perturbations. As we an-
ticipated, the latter give rise to a stochastic GW background which permeates the
universe up to the present time [40].
But the stretching of quantum fluctuations is not the only mechanism by which GWs
can be generated during inflation. We will see that also a classical production of grav-
itational radiation is possible: the fields involved in the inflationary dynamics can give
rise to anisotropic transverse and traceless components of the stress-energy tensor of
the universe, playing the role of a GW source. Moreover, inflationary models built on
a theory of modified gravity, instead of GR, in general leads to a non-standard GW
production.
Inflationary GWs, besides being a stringent probe for inflation itself, then represent
a possible discriminant among the variety of inflationary models, over than being an
interesting signal in order to understand the theory of gravity itself.

In this chapter we present the GW production processes that can take place during
inflation and we study the evolution of the generated GW background from the end
of inflation up to the present time.
Most of the content of this chapter is presented in the review [18].

2.1 Gravitational wave production from quantum

fluctuations

We calculate the power spectra of tensor fluctuations for a system described by the
action (1.33) [4, 41]. We perturb the inflaton and the metric field at the linear order

19
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following the decomposition described in section 1.2.2. At such an order the action
for scalar perturbations is independent from that of tensor perturbations, then we can
consider separately the evolution of the tensor part. Tensor perturbations appearing in
the following sections all refer to this quantity, in particular we will use denomination
hij in substitution of hTT

ij .
For tensor perturbations the action is found to be:

S
(2)
T =

M2
pl

8

∫
dτ d3x a2 (τ) ηµν∂µhij∂νhij (2.1)

where ηµν is the Minkowski metric. Remember that hij is a gauge-invariant object.
Varying the action with respect to hij, the equation of motion reads:

h′′
ij + 2Hh′

ij − ∇2hij = 0 . (2.2)

It turns out that tensor perturbations solve a wave equation. Recalling that hij is
symmetric, transverse and traceless, the solutions of eq.(2.2) present the following
form

hij (x, τ) = h (τ) e
(+,×)
ij (x) , (2.3)

where e
(+,×)
ij are the polarization tensors, with +,× the two GW polarization states

[42]. In Fourier space, the polarization tensors e
(+)
ij , e

(×)
ij can be expressed by two

polarization vectors ei (k), ēi (k) orthogonal to the propagation vector k as

e
(+)
ij (k) ≡ 1√

2
[ei (k) ej (k) − ēi (k) ēj (k)] , (2.4)

e
(×)
ij (k) ≡ 1√

2
[ei (k) ēj (k) − ēi (k) ej (k)] . (2.5)

e
(+)
ij and e

(×)
ij satisfy the conditions eij = eji, k

i
eij = 0, eii = 0.

Equation (2.3) reflects the fact that tensor modes are left with two physical degrees
of freedom: starting from six of the symmetric tensor hij, four constraints are given
by the requirement of being traceless and transverse. In summary, the most general
solution of eq.(2.2) reads

hij (x, τ) =
∑

λ=(+,×)

h(λ) (τ) e
(λ)
ij (x) . (2.6)

To get the shape of h (τ) from (2.2), it is useful to perform the transformation

vij ≡ aMpl√
2
hij . (2.7)
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In terms of vij the action (2.1) reads

S
(2)
T =

1

2

∫
dτd3x

[
v′
ijv

′
ij − (∇vij)2 +

a′′

a
vijvij

]
, (2.8)

which can be interpreted as the action for two scalar fields in Minkowski space-time,
with effective mass squared equal to a′′/a. Moving to Fourier space:

vij (x, τ) =
∫ d3k

(2π)3/2
eik·x

[
v

(+)
k (τ) e

(+)
ij (k) + v

(×)
k (τ) e

(×)
ij (k)

]
. (2.9)

where v
(λ)
k are the Fourier modes of the scalar amplitude, and the same for e

(λ)
ij (k).

The equation of motion for each mode v
(λ)
k , then reads:

v
(λ)
k

′′ +

(
k2 − a′′

a

)
v

(λ)
k = 0 , (2.10)

which is the equation of motion of an harmonic oscillator with a time dependent
frequency ω2

k (τ) = k2 − a′′/a. Notice that eq.(2.10) has the same structure of the
equation of motion of Q̃ϕ, i.e. eq.(1.36). Let us study the qualitative behaviour of its
solutions. We can identify two main regimes depending on the relative magnitude of
the second and third term. First, consider the case in which a′′/a ≪ k2. Ignoring the
second term in parenthesis, the equation becomes that of a free harmonic oscillator, so
that tensor perturbations vij oscillate without any damping of their amplitude. This
approximation corresponds to overlook the effect of the expansion of the Universe. To
make explicit the physical condition corresponding to this regime, notice that, since
a′′/a ∼ (a′/a)2, a′′/a ≪ k2 corresponds to k ≫ aH, i.e. to the sub-horizon behaviour
(check for example the case of a de Sitter space-time where a (τ) ∼ 1/τ). Keeping in
this regime, the solution of (2.10) reads

vk (τ) = Aeikτ , (2.11)

which means that the amplitude of the modes of the original field hij decreases in
time with the inverse of the scale factor as an effect of the cosmic expansion. Consider
now the regime in which the second term is negligible with respect to the third one:
k2 ≪ a′′/a. There are two possible solutions of the eq.(2.10):

vk (τ) ∝ a , and vk (τ) ∝ 1/a2 , (2.12)

which corresponds to h ∝ const and a decreasing in time solution, respectively. This
situation clearly corresponds to the super-horizon regime. In particular we are inter-
ested in the h (τ) solutions with constant amplitude.

Now we calculate more accurately the power spectrum of tensor perturbations, solving
in details (2.10). We quantize the field vij, by the standard rules:

[
v̂(λ) (x, τ) , v̂′(γ) (x′, τ)

]
= iδ

(3)
λγ (x − x′) ,

[
v̂(λ) (x, τ) , v̂(γ) (x′, τ)

]
=
[
v̂′(λ)

(x, τ) , v̂′(γ)
(x′, τ)

]
= 0 . (2.13)



22 2. Gravitational wave production during inflation

and decomposing the field as:

v
(λ)
k = vk (τ) â

(λ)
k + v∗

k (τ) â
(λ)†
−k , (2.14)

where the ladder operators â and â† satisfy:
[
âk,λ, â

†
k’,λ

]
= δλλ′δ(3) (k − k’) . (2.15)

From the latter relation, joined to the quantization rules (2.13), it follows that the
modes are normalized by v∗

kv
′
k − vkv

′∗
k = −i.

In order to proceed, the choice of the vacuum state is required. Defining the vacuum
as an eigenstate of the hamiltonian operator and as the state with the lowest energy,
for an harmonic oscillator with a constant frequency, the vacuum state turns out to be
unique. Here the frequency is time dependent. However in the limit of small scales,
i.e. k ≫ Ha, our system reduces to an harmonic oscillator with a constant frequency
given by k, so that we can safely say that the vacuum is unique. For an harmonic
oscillator with ω2 = k2, the vacuum state turns out to be given by:

vk =
e−ikτ
√

2k
. (2.16)

This is the so-called Bunch-Davies vacuum choice [43]. The generic solution of (2.10)
has to match (2.16) in the limit of sub-horizon scales.
For a quasi de-Sitter spacetime the term a′′/a in the eq.(2.10), can be written in terms
of the slow-roll parameter ǫ as:

a′′

a
≃ 1

τ 2
(2 + 3ǫ) . (2.17)

Defining the ν as ν ≡ ǫ+ 3/2, the equation of motion (2.10), results:

v′′
k +

[
k2 − 1

τ 2

(
ν2 − 1

4

)]
vk = 0 . (2.18)

The exact solution of the Bessel equation (2.18), is given by [44]:

vk (τ) =
√

−τ
[
C1H

(1)
ν (−kτ) + C2H

(2)
ν (−kτ)

]
, (2.19)

where C1, C2 are integration constants and H(1)
ν , H(2)

ν are Hankel functions of first and
second order. To determine C1 and C2, we impose that on the sub-horizon scales,
the solution matches the plane-wave solution (2.16). The asymptotic shape of Hankel
functions is given by:

H(1)
ν (x ≫ 1) ∼

√
2

πx
ei(x− π

2
ν− π

4 ) , H(2)
ν (x ≫ 1) ∼

√
2

πx
e−i(x− π

2
ν− π

4 ) . (2.20)

Due to the behaviour of the exponent, we need to put C2 = 0, while matching the
asymptotic solution to a plane wave leads to

C1 =

√
π

2
ei(ν+ 1

2)π
2 . (2.21)
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Therefore, the exact solution turns out to be:

vk =

√
π

2
ei(ν+ 1

2)π
2
√

−τH(1)
ν (−kτ) . (2.22)

In the super-horizon regime, the Hankel function reads

H(1)
ν (x ≪ 1) ∼

√
2/πe−iπ

2 2ν− 3
2 [Γ (ν) /Γ (3/2)]x−ν , (2.23)

so that in such a limit, Fuorier modes of the solution result:

vk = ei(ν− 1
2)π

2 2(ν− 3
2) Γ (ν)

Γ (3/2)

1√
2k

(−kτ)
1
2

−ν , (2.24)

where Γ is the Euler function.
From the generic expression of the power spectrum (1.17), the tensor power spectrum
on super-horizon scales reads:

〈h (x, t)h (x, t)〉 =
∫ dk

k
PT . (2.25)

Taking into account for the two independent polarizations, from eq.(1.23), we have:

PT (k) =
k3

2π2

∑

λ

∣∣∣h(λ)
k

∣∣∣
2
, (2.26)

so that on super-horizon scales the following power spectrum holds:

PT (k) =
8

M2
pl

(
H

2π

)2
(
k

aH

)−2ǫ

≃ 8

M2
pl

(
H∗
2π

)2

, (2.27)

where the asterisk denotes quantities evaluated at the epoch a given perturbation
mode leaves the horizon during inflation. The result shows that tensor perturbations
on super-horizon scales are time independent, which means that the solution obtained
at the time of inflation, is valid throughout the different evolution eras of the Universe
until the modes remain super-horizon. The latter is a crucial behaviour which allows
to access to early times of the universe exploiting current cosmological observations.
Moreover, the tensor power spectrum turns out to be almost scale-invariant, i.e. all
modes frozen on super-horizon scales have all almost the same amplitude. More pre-
cisely, from the definition of spectral index (1.19), we have nT = −2ǫ. For nT < 0 the
power-spectrum is called red, while in the opposite case it is indicated as blue [45] (we
will call scale-invariant the case in which nT = 0).
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Inflation stretches tensor perturbation wavelengths to super-horizon scales, making
their amplitude almost frozen. When the inflationary expansion ends and the radi-
ation epoch starts, cosmological perturbations which are frozen outside the horizon,
start entering the causal region sequentially, due to the growth of the comoving hori-
zon. This process proceeds during the matter domination era. When this happens the
decaying solution has substantially disappeared, so what re-enters the causally con-
nected space is the almost scale-invariant power-spectrum at the time of first horizon
crossing, which occurred during inflation. When primordial tensor modes enter the
horizon, they start evolving giving rise to a stochastic GW background which perme-
ates the universe. More precisely, their evolution is driven by the equation of motion
(2.2), where now the scale factor is determined by the radiation or matter domination.

Tensor power spectrum parametrization. For a comparison with observations,
the tensor power spectrum is usually parametrized in the following manner [46]

PT (k) = AT (k∗)

(
k

k∗

)nT+ 1
2

dnT
dlnk

ln(k/k∗)+...

, (2.28)

where AT is the tensor amplitude at some pivot scale k∗, nT is the tensor spectral
index, and 1

2
dnT

dlnk
the running of the spectral index. Following this parametrization,

the tensor amplitude corresponds to:

AT (∗) =
8

M2
pl

(
H∗
2π

)2

, (2.29)

and the spectral index to be
nT = −2ǫ . (2.30)

People usually refer also to another quantity, i.e. the ratio between the tensor and
scalar amplitude of inflationary perturbations:

r (k∗) ≡ AT (k∗)

AS (k∗)
, (2.31)

which, in case of single-field slow-roll inflation, from equations (2.27)-(1.42) turns out
to be:

r =
8

M2
pl

(
ϕ̇

H

)2

= 16ǫ . (2.32)

The proportionality to the slow-roll parameter ǫ unveils that r is predicted to be a
very small quantity, which means that the GW amplitude is expected to be several
order of magnitude smaller that scalar one.
From the expression of the tensor spectral index in eq.(2.27) and the equation above,
the following relation holds at first-order in slow-roll parameters:

r = −8nT . (2.33)

This equality turns out to be a consistency check of the inflationary paradigm itself,
therefore we will study it in a dedicated chapter 4.
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2.2 Classical gravitational wave production

Quantum fluctuations of the gravitational field is not the only way by which GWs can
be produced during inflation. Up to now we have considered only perturbation theory
at the first order, where scalar, vector and tensor perturbations are independent to
each other. This is not true at higher order in perturbation theory. More precisely,
different kinds of perturbations of order n are independent to each other, but they
are not uncoupled with perturbations of lower orders. Therefore, the dynamics of
second-order tensor perturbations is coupled to that of first order scalar, vector and
tensor perturbations [29, 47]. As we will see soon, in general, the equation of motion
of second-order tensor perturbations present a source term, provided by combinations
of first-order perturbations. Such a source leads to a further contribution to the GW
production, besides that due to quantum fluctuations of the gravitational field. This
kind of GW production is denoted as classical.
During inflation, such a source term is always not vanishing, but in general is negligi-
ble. However, in several well-motivated inflationary scenarios the source in the tensor
equation of motion can be significantly efficient so that the amount of GWs produced
by the classical mechanism exceeds that generated by quantum fluctuations of the
gravitational field.

2.2.1 Gravitational wave equation of motion at second order

In order to find the equation of motion of second-order GWs, in principle, we have to
consider scalar, vector and tensor perturbations of first and second order. For sim-
plicity, we neglect tensor and vector perturbations of the first order. Combinations
of two first-order scalar perturbations turns out to be a source for GWs at second
order [29,47]. This means that, when scalar perturbations are present, we always have
generation of GWs, even if tensor perturbations at first order are absent.
We start considering the generic perturbation theory, then we will specify the results
for several inflationary scenarios.

In order to extract the equation of motion of GWs, we project Einstein equations on
the transverse and traceless part with a proper projector Π̂lm

ij :

Π̂ lm
ij G

(2)
lm =

1

2M2
pl

Π̂ lm
ij T

(2)
lm , (2.34)

where Π̂ij,lm = ΠilΠjm − 1
2
ΠijΠlm with Πij = δij − ∂i∂j/∆ [48], and T

(2)
lm is the second-

order term of a generic stress-energy tensor, defined by:

Tµν = T (0)
µν + T (1)

µν +
1

2
T (2)
µν . (2.35)

From the perturbed metric (1.28), ignoring first-order vector and tensor perturbations,
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the second-order term of the Einstein tensor results [30]:

G
(2)i
j =a−2

[
1

4

(
h′′i
j + 2Hh′i

j − ∇2hij
)

+ 2Ψ(1)∂i∂jΨ
(1) − 2Φ(1)∂i∂jΨ

(1)

+ 4Φ(1)∂i∂jΦ
(1) + ∂iΨ(1)∂jΨ

(1) − ∂iΨ(1)∂jΦ
(1) − ∂iΦ(1)∂jΨ

(1)

+3∂iΦ(1)∂jΦ
(1) +

(
Ψ(2),Ψ(2), ω

(2)
i term

)
+ (diagonal part) δij

]
, (2.36)

where here hij is the second order, transverse and traceless, tensor part (as before, we
omit the TT apex). In order to extract the equation of motion for tensor modes, from
the previous expression we write the LHS of eq.(2.34) as:

Π̂ lm
ij G

(2)
lm =

1

4

(
h′′ij + 2Hh′

ij − ∇2hij
)

+

+Π̂ lm
ij

[(
2Ψ(1)∂l∂mΨ(1) − 2Φ(1)∂l∂mΨ(1) + 4Φ(1)∂l∂mΦ(1)+

+∂lΨ
(1)∂mΨ(1) − ∂lΨ

(1)∂mΦ(1) − ∂lΦ
(1)∂mΨ(1) + 3∂lΦ

(1)∂mΦ(1)
)]
, (2.37)

where notice that the pure second-order terms and the diagonal part of G
(2)
lm are

dropped away by the projector, and the factor a−2 disappeared because of the lowering
of the index. We define the second contribution as:

Slm (x, τ) ≡ 2Ψ∂l∂mΨ − 2Φ∂l∂mΨ + 4Φ∂l∂mΦ + 4Ψ∂l∂mΨ+

+ ∂lΨ∂mΨ − ∂lΨ∂mΦ − ∂lΦ∂mΨ + 3∂lΦ∂mΦ , (2.38)

so that:

Π̂ lm
ij G

(2)
lm =

1

4

(
h′′
ij + 2Hh′

ij − ∇2hij
)

+ Π̂ lm
ij Slm (x, τ) . (2.39)

The equation (2.34), then takes the following general form:

h′′
ij + 2Hh′

ij − ∇2hij = Π̂lm
ij

[
−4Slm +

2

M2
pl

T
(2)
lm

]
. (2.40)

The general source of second-order GWs can be identified into two parts, one due to
the perturbed terms of the Einstein tensor, i.e. −4Slm, and the other one due to con-
tributions directly coming from the stress-energy tensor of the system, i.e. 2T (2)

µν /M
2
pl.

The projector eliminates terms of pure second order in the stress-energy tensor, leaving
only combinations of first-order scalar perturbations.
In order to write the solution of eq.(2.40), we Fourier transform the tensor perturba-
tions, according to what we did in (2.9), as:

hij (x, τ) =
∫ d3k

(2π)3/2
eik·x

[
h

(+)
k (τ) e

(+)
ij (k) + h

(×)
k (τ) e

(×)
ij (k)

]
, (2.41)
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where the polarization tensors are those defined in (2.4). In order to write the equation
of motion in the Fourier space we need to write the RHS of eq.(2.40) in terms of the
polarization tensors, we have:

Π̂lm
ij

[
−4Slm +

2

M2
pl

T
(2)
lm

]
=
∫ d3k

(2π)3/2
eik·x

[
e

(+)
ij (k) e

(+) lm (k) + e
(×)
ij (k) e

(×) lm (k)
]

·

·
[
−4S̃lm (k, τ) +

2

M2
pl

T̃
(2)
lm (k, τ)

]
, (2.42)

where T̃
(2)
lm (k, τ) and S̃lm (k, τ) are the Fourier transform of T

(2)
lm (x, τ) and Slm (x, τ),

respectively, and we have expressed the projector in terms of the polarization tensors.
In particular S̃lm (k, τ) is the convolution of pairs of first-order scalar perturbations.
We consider now one polarization once a time, then for each of them the equation of
motion of the related modes reads:

h
′′(λ)
k + 2Hh′(λ)

k + k2h
(λ)
k = e

(λ) lm (k)

[
−4S̃lm (k) +

2

M2
pl

T̃
(2)
lm (k, τ)

]
. (2.43)

For compactness of notation we define:

T
(λ)

k (τ) = e
(λ) lm (k)

[
−4S̃lm (k) +

2

M2
pl

T̃
(2)
lm (k, τ)

]
. (2.44)

It is now convenient to refer to γk = ahk, so that:

γ
′′(λ)
k +

(
k2 − a′′

a

)
γ

(λ)
k = a (τ) T

(λ)
k (τ) . (2.45)

The equality (2.43) is a wave equation with a source, whose solution reads

h
(λ)
k (τ) =

1

a (τ)

∫
dτ̃ Gk (τ ; τ̃) [a (τ̃) T (k, τ̃)] , (2.46)

where the Green function Gk solves eq.(2.45) with the source given by δ (τ − τ̃), so that
it depends only on the evolution of the scale factor. Given eq.(2.46), the expression
for the GW correlator can be written in terms of that of the source as

〈
h

(λ)
k (τ)h

(λ)

k′ (τ)
〉

=
1

a2 (τ)

∫ τ

τ0

dτ̃1

∫ τ

τ0

dτ̃2 a (τ̃1) a (τ̃2)Gk (τ ; τ̃1)Gk′ (τ ; τ̃2) ·

·
〈
T

(λ)
k (τ̃1) T

(λ)

k′ (τ̃2)
〉
, (2.47)

where τ0 is the time at which the source switches on. Equation (2.47) represents
the general expression for the GW power spectrum due to tensor modes which solve
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eq.(2.40).
The Green function relative to a De Sitter spacetime reads:

Gk (τ̃ , τ) =
1

k3τ τ̃
[kτ̃ cos (kτ̃) − sin (kτ̃)] Θ (τ − τ̃) , (2.48)

in slow-roll approximation, while for a radiation dominated era is:

Gk (τ̃ , τ) =
1

k
[sin (kτ) cos (kτ̃) − sin (kτ̃) cos (kτ)] Θ (τ − τ̃) . (2.49)

When people study eq.(2.40) in the context of inflation, usually set to zero scalar and
vector perturbations in the Einstein tensor, i.e. they neglect Slm, since such sources
gives rise to negligible contributions to tensor modes with respect to the first-order
GW amount. Then the second-order GW equation of motion turns out to be simplified
as:

h′′
ij + 2Hh′

ij − ∇2hij =
2

M2
pl

Π̂lm
ij T

(2)
lm (2.50)

From this equation, it is clear that any transverse and traceless contribution to the an

anisotropic stress-energy tensor turns out to be a source of GWs. For a perfect fluid
such a term vanishes, while in presence of other fields besides the inflaton, as for many
inflationary scenarios, such a source reveals to be significantly efficient.

Possible efficient sources. As anticipated, in some inflationary scenarios, the con-
tribution due to a second-order source to tensor perturbations can be relevant as those
of the first order, making a second-order analysis not negligible. The presence itself
of the inflaton, provides a second-order source of GWs. Indeed, the combination of
perturbations of the inflaton field δϕ constitute a source in eq.(2.50):

h′′
ij + 2Hh′

ij − ∇2hij = − 4

M2
pl

Π̂lm
ij ∂lδϕ∂mδϕ . (2.51)

This source is present in all the inflationary models driven by a scalar field, but it
turns out to be negligible during inflation (later we will see that they act as a source
after inflation too).
However, adding new degrees of freedom to the system, the source in (2.50) receives
extra contributions. In such a direction, the main possibilities are:

• gauge field coupled or minimally coupled to the inflaton;

• light scalar fields minimally coupled to the inflaton;
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• massive scalar field coupled to the inflaton.

In the following section we are going to present in details a specific example for each of
these categories. As a common aspect, we will see that a significant classical produc-
tion of GWs is in general followed by a relevant second-order production of curvature
perturbations. Since the latter are well constrained by CMB measurements, usually
such bounds put a limit also on the classical GW production.
Then we will see also that a second-order GW production due to inflationary pertur-
bations, takes place also during the post-inflationary period, when curvature pertur-
bations re-enter the horizon.

2.2.2 Inflationary models with gauge particle production

Several models of the so-called Axion inflation [49] have been proposed in literature.
The underlying idea of these scenarios is to preserve the slow-roll phase from UV
corrections. Here we study a specific model among this class, where a significant GW
production takes place.
We consider a system described by the Lagrangian [50,51]:

L = −1

2
∂µϕ∂

µϕ− V (ϕ) − 1

4
FµνF

µν − ϕ

4f
FµνF̃

µν , (2.52)

where the potential V (ϕ) drives the slow-roll evolution, f is the measure of the cou-
pling between the pseudo-scalar inflaton ϕ and the gauge field Aµ, Fµν = ∂µAν −∂νAµ
is the field strength associated to the gauge field and F̃ µν = τµνβFαβ/2 its dual.
The coupling between the two fields leads to two main phenomena [51–54]: the pres-
ence of an efficient source in the GW equation of motion, and the presence of extra
source terms in the equation of motion of the inflaton perturbations. The extra amount
of tensor modes is then associated to an extra production of scalar perturbations.
More precisely, the equation (2.50) turns out to be:

h′′
ij + 2Hh′

ij − ∇2hij = − 2

M2
pl

Π̂lm
ij

[
−a2 (EiEj +BiBj)

]
, (2.53)

where Ei ≡ −A′
i/a

2 and Bi ≡ (∇ × A)i /a
2. In this kind of models the gauge field is

considered a perturbation of the order O (1/2), so that the source term in eq.(2.53) is
of the first-order in perturbation theory.
In order the background to be well described by a FRW metric, the energy density
of the gauge field has to be kept under control, i.e. the backreaction of the gauge
field has to be negligible. This issue is discussed in details in [55], where the authors
conclude that, in the regime of large scales, current CMB measurements put stronger
constraints than the constraint required by keeping under control the backreaction.
On the other hand, at small scales, a slow down of the gauge coupling has to supposed
in order to avoid a relevant backreaction. The same considerations holds with respect
to the perturbative regime of the inflaton and of the gauge field.
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In order to solve the equation of motion (2.53), we need to track the evolution of the
source, i.e. of the gauge field. Quantizing the gauge field as usual, and working in the
Coulomb gauge, i.e. A0 = ∂iAi = 0, we have:

Ai (x, τ) =
∑

λ=±

∫ d3k

(2π)3/2
ελi (k) eik·x

[
Aλ (k, τ) âλ (k) + A∗

λ (−k, τ) â†
λ (−k)

]
, (2.54)

where ελi (k) is the helicity vector, and λ = ± indicates the helicity state. The equation
of motion of the gauge field modes turns out to be [56]:

d2A±(k, τ)

dτ 2
+

[
k2 ± 2 ξ

k

τ

]
A±(k, τ) = 0 , (2.55)

where

ξ ≡ ϕ̇

2 f H
. (2.56)

Notice that the sign of the third term in the equation of motion (2.55) depends on the
helicity of the gauge mode. From the equation of motion of the gauge field, it turns
out that for positive values of ξ, the + mode is exponentially amplified by a factor
∼ eπ ξ for ξ & O(1) [50], while the other is suppressed. From now on we assume,
without loss of generality, ξ > 0. The amplified modes make efficient the source term
in the GW. Aµ in the source can be approximated by the enhanced modes.

The solution of (2.55), for kτ ≪ ξ turns out to be well approximated by:

A+ (k, τ) =
1√
2k

(
k

2ξaH

)1/4

eπξ−2
√

2ξk/aH . (2.57)

From this expression one can solve the equation of motion (2.53) by (2.46) and then
calculate the corresponding GW power spectrum. The results is [51]:

P
(s)
T (k) ≃ 8.6 × 10−7 H4

π2M4
pl

e4πξ

ξ6
, (2.58)

where the apex (s) means that we are referring to the GW amount due to the classical
production only.
Notice that, since not only the inflaton is involved in the inflationary dynamics, an
extra production of curvature perturbations is expected with respect to single-field
slow-roll inflation.

Chirality and non-gaussianities of scalar and tensor modes. Interestingly,
this kind of inflationary scenarios presents peculiar features in some observables, which
trace this kind of models and at the same time provide constraints from current ob-
servations, i.e. the chiarlity of GWs and the non-gaussianity level of scalar and tensor
modes.
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The enhancement of only one of the two helicity modes of the gauge field, unveils the
parity-violation of the system, which in turn reflects on a non-vanishing chirality of
the GW signal. Instead of considering the usual polarization (+) and (×), one can
consider another polarization basis, i.e. left and right handed modes, indicated by (+)
and (−). This basis reflects the parity/parity-violation of a system. Decomposing the
GWs produced by the classical mechanism on such circularly polarized modes, it turns
out that the cross-correlation for each of those polarization differs for a large amount.
More precisely we have [57]:

〈
h+ (k)h+(k′)

〉
≃ 8.6 × 10−7 H

4

M4
pl

e4πξ

ξ6

δ(3)
(
k + k′

)

k3
, (2.59)

〈
h− (k)h−(k′)

〉
≃ 1.8 × 10−9 H

4

M4
pl

e4πξ

ξ6

δ(3)
(
k + k′

)

k3
. (2.60)

The two contributions differ for about three orders of magnitude. Adding the GW
amount due to the vacuum fluctuations of the gravitational field, the overall power
spectrum turns out to be:

P+
T =

H2

π2M2
pl

(
1 + 8.6 × 10−7 H

2

M2
pl

e4πξ

ξ6

)
, (2.61)

P−
T =

H2

π2M2
pl

(
1 + 1.8 × 10−9 H

2

M2
pl

e4πξ

ξ6

)
. (2.62)

The parity violation is well identified by the following parameter [50]:

∆χ =
P+

T − P−
T

P+
T + P−

T

≃
8.6 × 10−7 e4πξ

ξ6
H2

M2
pl

1 + 8.6 × 10−7 e4πξ

ξ6
H2

M2
pl

. (2.63)

For small ξ, vacuum oscillations dominate the tensor power spectrum and ∆χ → 0,
while for large values of ξ, i.e. when sourced GW constitute the main contribution,
∆χ → 1. The departure of ∆χ from zero represents a peculiar feature of this kind
of models. In this direction cross-correlations of CMB temperature and polarization
could carry significant information [52,58–61].

Another interesting feature is the non-gaussianity of sourced scalar and tensor modes.
The scalar bispectrum has an approximate equilateral shape, more precisely the related
non-linear parameter fNL reads [51]:

f equil
NL ≃ 7.1 × 105 H

6

|ϕ̇|3
e6π ξ

ξ9
. (2.64)

Current bounds on non-gaussianities provided by Planck implies ξ . 2.5 at 95% C.L.
at CMB scales [2, 46]. The shape of the three point function for tensor modes has
been calculated too in the case of constant ξ. It is found to be close to the equilateral
one [59]. The constraints from tensor non-gaussianities, obtained by Planck [46] put
a limit on the parameter ξ on CMB scales in agreement with the one obtained from
the measurements of CMB scalar bispectrum (2.64).
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Adding a minimally coupled pseudo-scalar field. The inflationary parame-
ters which determine the amount of extra GWs, are the same which identify the ex-
tra amount of scalar perturbations. Therefore, current observational estimations and
bounds on the scalar sector, puts constraints on the GW production too. As we said,
the estimated amplitude and the upper bound of non-gaussianities of scalar perturba-
tions at large scales, constrain the parameters ξ. Notice that such a limit is related
to CMB scales. More generally one can consider the parameter ξ as evolving in time
during inflation. In particular on small scales, current observations allow the presence
of scalar perturbations with an amplitude several order of magnitude larger than that
on CMB scales. Then, at small scales, larger values of ξ are allowed and a significant
amount of second-order GWs, on such scales, can be supposed. Interestingly, with re-
spect to experiments which are sensitive to GWs at small scales, the absence of strict
bounds on ξ at small scales, allows a GW signal with an enhancement of the amplitude
at such scales. On the other hand, in this regime the backreaction control provides
the most stringent constraints (as we will see in section 5.4.2).
These considerations leaded to the idea of introducing a further field in the lagrangian
(2.52), i.e. [62]:

L =
1

2
∂µϕ∂

µϕ− V (ϕ) − 1

2
∂µσ∂

µσ − U (σ) − 1

4
FµνF

µν − σ

4f
FµνF̃

µν , (2.65)

with ϕ the inflaton field, and σ a pseudo-scalar; see also [63, 64]. Now the gauge field
is minimally coupled to the main source of curvature perturbations, the inflaton. The
background dynamics is still supposed to be driven only by ϕ. In such a way, the
overproduction of curvature perturbations due to the presence of the gauge field is
suppressed by the gravitational coupling, while the GW production is the same as
the previous model. The lower production of curvature perturbations leads to weak
constraints of the parameter ξ due to current cosmological observations. Moreover,
the production of scalar perturbations takes place only on those scales for which σ̇ 6= 0,
so that limits from CMB measurements can be easily evaded [64].

2.2.3 Inflationary models with scalar particle production

One can consider also inflationary models in which scalar particles are produced [65].
Let us study a system described by the following Lagrangian [65]:

L = −1

2
∂µϕ∂

µϕ− V (ϕ) − 1

2
∂µχ∂

µχ− g2

2
(ϕ− ϕ0)

2 χ2 , (2.66)

where ϕ is the inflaton, V (ϕ) is the potential that drives the dynamics of the infla-
tionary period, χ is an extra scalar field, and, for simplicity, the self-interaction of
the field χ is neglected. The mass of the secondary field, mχ, depends on time, being
related to the value of the inflaton field, which is rolling down its potential. When the
inflaton ϕ reaches the value ϕ0, mχ vanishes and the production of χ quanta becomes
energetically favoured. During the period around which the inflaton is equal to ϕ0,
a non-perturbative production of such particles takes place (non-adiabatic period).
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After this interval of time the Universe is filled with χ particles besides the inflaton
ones (adiabatic period).
The presence of χ quanta gives rise to a contribution to the transverse and traceless
term in the stress-energy tensor of the system, which plays the role of a source in the
equation of motion of tensor modes. More precisely, the related spatial part which
gives rise to the source Tij = ∂iχ∂jχ + δij (...), where the factor proportional to the

Kronecker delta is projected away by Π̂lm
ij .

The GW production takes place into two different regimes: the phase of non-adiabatic
production of the χ quanta and the subsequent period, when the previously produced
χ quanta fills the universe. In both cases a GW production takes place.

In order to find the generated amount of GWs, we have to track the evolution of the
source in the GW equation of motion. Quantizing χ as usual, its equation of motion
is find to be [65]:

χ′′ (k, τ) + ω (k, τ)2 χ (k, τ) = 0 , (2.67)

where

ω (k, τ)2 ≡ k2 + g2a (τ)2 [ϕ (τ) − ϕ0]
2 − a′′

a
. (2.68)

This expression can be approximated in different ways depending on the system regime.

In order to find the amount of GW generated during the adiabatic phase, when the
produced χ quanta fill the universe, we have to track the evolution of χ and to find
the initial amount of such field quanta left by the previous non-adiabatic phase. Per-
forming few approximations, the generated amount of GWs for such a phase is find to
be [65]:

P
(s)
T (k) =

(
4.8 × 10−4

) 2H4

π2M4
pl

(
gϕ̇0

H2

)3/2

ln2

(√
gϕ̇0

H

)[
(kτ0 cos kτ0 − sin kτ0)

|kτ0|3
]2

,

(2.69)
where ϕ (t = 0) = ϕ (τ = τ0) = ϕ0. The last factor shows a peculiar scale dependence
of this GW amount. However, estimating the values of the physical quantities in-
volved, it turns out that such a contribution evaluated at the scale of its maximum
value is several order of magnitude smaller than the GW amount due to vacuum fluc-
tuations of the gravitational field. Therefore we conclude that the presence of a gas of
scalar particles evolving adiabatically, generate a negligible correction to the overall
inflationary GW amount.

Let us now consider the non-adiabatic period, when χ quanta are rapidly produced.
Such a phase is so rapid that the expansion of the universe can be neglected. Under the
condition of non-adiabaticity and the approximation of linear evolution of the inflaton,
eq.(2.67) takes the form

χ̈+
(
k2H2τ 2

0 + g2ϕ̇2
0t

2
)
χ = 0 . (2.70)

Solving this equation and calculating the tensor power spectrum by (2.47), one finds
that the contribution to the GW amount due to this stage is of the same order of



34 2. Gravitational wave production during inflation

magnitude of (2.69), modulo a logarithmic term [65]. Therefore, again the GW power
spectrum produced in such a phase is negligible with respect to the scale invariant
contribution generated by vacuum fluctuations.

It has been noted that also if several bursts of scalar particles production develop
during the rolling down of the inflaton (trapped inflation; see for example [66]), the
generated amount of GW is still several orders of magnitude smaller than the contri-
bution from vacuum oscillations [65].
In summary, the production of a scalar field quanta, due to a coupling to the inflaton
as described by eq.(2.66), does not lead to a significant overproduction of GWs.

2.2.4 Inflationary models with extra scalar fields

People proposed inflationary models in which beside the inflaton, other scalar fields
are present. The latter is supposed to do not influence the background dynamics
and then to do not give rise to isocurvature perturbations. For this reason the are
called spectator fields. People studied specific scenarios in which such kind of fields
are present during inflation. The perturbations of the spectator fields give rise to a
second-order source term in the equation of motion of tensor perturbations. Depend-
ing on the features of the spectator fields, such a source can be so efficient to generate
a significant extra amount of GWs.

Here we present the specific model considered by [67], however similar cases has been
studied by [68, 69]. We consider an inflationary scenario described by the following
lagrangian:

L =
1

2
M2

PlR +
1

2
∂µϕ∂

µϕ− V (ϕ) + P (X, σ) , (2.71)

where ϕ is the inflaton, σ is the spectator field, X = 1
2
∂µσ∂

µσ and P is a generic
function of X and σ. The inflaton ϕ is supposed to drive the background dynamics
and to be responsible for curvature perturbations. The spectator field σ is assumed
to do not influence the background dynamics, but its perturbations are supposed
to induce a second-order production of GWs and of curvature perturbations. The
evolution of the spectator field is described by a non-standard dynamics, but by a
generic function of the canonical kinetic term and of the fields itself. As usual, we
define the propagation speed of sound as c2

s ≡ ∂P/∂ρ. From such a lagrangian, it turns
out that the propagation speed of σ perturbations is equal to cs ≡ PX/ (PX + PXX σ̇

2
0)

(where σ0 is the background value). In general, cs can be different from the speed
of light, and we can suppose that it varies with time during the inflationary stage.
Therefore we introduce the following parameter:

s ≡ ċs/Hcs 6= 0 . (2.72)

We will see that s plays an interesting role in determining the spectral index of second-
order GWs. We consider |s| as a small quantity.
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Sourced GW. Perturbing the action of the system at third order, a term of the
form ∼ hijδσδσ appears. The latter is responsible for the generation of second-order
GWs. More precisely, the equation of motion for tensor modes up to second-order,
turns out to be [67]:

h′′
ij + 2Hh′

ij − ∂2
khij =

2PX

M2
Pl

Π̂lm
ij ∂lδσ∂mδσ , (2.73)

where PX is the derivative of P with respect to X and Π̂lm
ij is the projector tensor we

defined in section 2.2.1. Solving this equation, the power spectrum amplitude of such
tensor modes, at a chosen pivot scale, turns out to be well approximated by:

A
(s)
T ≃ 8

15πc3
s

H4

M4
Pl

, (2.74)

where H and cs are evaluated at the pivot scale. Considering the scale dependence of
the latter, the related spectral index is found to be:

n
(s)
T = −4ǫ− 3s , (2.75)

where quantities denoted by (s) refers to GWs produced by the classical mechanism.
Now it is clear that the propagation speed cs plays a significant role in determining the
amount of produced GWs. In particular, for cs ≪ 1 the source becomes more efficient
than in the case of cs = 1, and a relevant GW production takes place. Moreover, for
negative value of the parameter s, the spectral index of the second-order GWs can
reach positive values, i.e. the sourced GW power spectrum can be blue.
The overall amount of produced GWs is given by the sum of two contributions: one due
to quantum fluctuations of the gravitational field, and one which corresponds to the
second-order production due to the presence of the spectator field σ. Considering the
usual results for tensor perturbations from quantum fluctuations of the gravitational
field, see eq.(2.27), the whole power spectrum for GWs results:

PT (k) ≃ 2H2

M2
Pl

(
k

k∗

)−2ǫ

+
8

15πc3
s

H4

M4
Pl

(
k

k∗

)−4ǫ−3s

, (2.76)

where H and cs are evaluated at k = k∗.
Equation (2.76) shows that for sufficiently small values of the propagation speed cs

the amplitude of sourced GWs can reach significant values and in principle, it can
exceed the amplitude of GWs generated by quantum fluctuations of the gravitational
field. Moreover, if cs is getting smaller during inflation, the related spectral index can
be positive, so that the sourced GWs can reach a significantly large amplitude at the
scale of laser interferometer experiments [9].

On the other hand, the overproduction of scalar perturbations is relevant. Pertur-
bations of the spectator field play the role of a source in the equation of motion of
curvature perturbations too. The inflationary parameters which describe the sourced
curvature perturbations are the same which determine the GW amount produced
classically. Therefore, bounds on the curvature power spectrum provide limits on the
same inflationary parameters which determines the amount of GWs (for more details
see section 5.4.1).
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Gravitational-wave production during reheating. As seen in section 2.2.1, the
presence of large, time-dependent inhomogeneities in the distribution of the energy-
density of the Universe leads to a classical GW production. Such a situation could
also occur during the reheating stage.

The production of gravitational radiation during reheating was first pointed out by
Khlebnikov and Tkachev in [6]. The GW signal generated at that time, in principle,
represents a source of information on the inflationary physics and the reheating period
itself. Gravitational waves remain decoupled since the moment of their production
and therefore the features of their spectrum represent a very interesting probe of the
physics that generate them, such as the coupling between the inflaton and other fields
( [70] and refs. therein). In this sense, the GW signal produced during reheating as a
particular relevance since the others physical observables generated in the same period
are washed away by the subsequent thermalization, thus representing a unique way of
investigating such a phase of the universe.
At the end of inflation, the field that has driven the accelerated expansion starts oscil-
lating around the minimum of its potential. In such a way it produces elementary par-
ticles which interact to each other, eventually leading to a state of thermal equilibrium.
In many scenarios, oscillations are large and coherent and lead to a non-perturbative
process, in which the inflaton energy is explosively moved to a coupled-energy sec-
tor [71–73]. In such a case a perturbative description does not work, being the process
violent and rapidly efficient. People call it preheating. After such an explosive stage
the produced particles are not in thermal equilibrium, contrary to the case of the per-
turbative mechanism; so, another phase is needed to get thermalized radiation.

The preheating is a scenario of gravitational radiation generation [74–76], since it is
dominated by a production of highly inhomogeneous, non-thermal fluctuations of the
inflaton and other fields coupled to it. Right after preheating, turbulent interactions
between scalar waves take place, providing another phase of GW production. Then
the system settles into thermal equilibrium.
The gravitational radiation generated by this process is strictly peaked on frequency,
which it turns out to be around ∼ 105 − 108Hz, with an amplitude that can reach
ΩGW ≃ 10−7 (see section 2.5 for the definition of ΩGW). Unfortunately, this kind of
signal is outside of the range of frequencies to which current and planned experiments
for GW detection are sensitive.

2.3 Gravitational waves from inflation built on mod-

ified gravity theories

The tensor power spectrum obtained in eq.(2.27) corresponds to the GW amount we
expect from quantum fluctuations of gravitational field, where the calculations are
based on General Relativity (GR). If this is not the case, the gravitational field could
present features which in turn could appear in the tensor power spectrum and not only.
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Several inflationary models built on modified gravity theories have been studied, and
for many of them the predictions for the related tensor modes have been calculated.
The mechanism of tensor modes production is the same as for inflationary scenarios
built on GR, i.e. the amplification of quantum fluctuations of the gravitational field.
The most basic way to modify GR is to introduce a new scalar degree of freedom
in the Hilbert-Einstein action, i.e. building up a scalar-tensor theory. One can also
add more then one degrees of freedom, as for example assigning a non-vanishing mass
to the graviton. Scalar-tensor theories have been widely studied. The most general
Lagrangian of a tensor-to-scalar theory in a four dimensional space-time, which leads
to second-order equations of motion for the fields, albeit starting from higher order
derivative terms, is the Horndeski one [77–80]. Inside of this class, several theories
have been investigated also in relation to inflation, such as for example the kinetically

driven G-inflation and a the potential-driven slow-roll inflation [81].

In the context of inflationary perturbations, the main signature of modification of
GR are the deviation from the speed of light of the propagation velocity of tensor
modes [81, 82] and the possible appearing of further polarization states besides the
two predicted by GR.

Notice that gravitons decouple when the temperature of the universe is about Tdec ≃
Mpl, then inflationary GWs carry information about the state of the universe at an
extremely high energy, where the main physics theories are still not understood, in
particular the theory of gravity at so high energy could differ significantly from GR.
Therefore, it is allowed to consider that GWs generated during the inflationary process
can present different features from those that we observe at low energy scales, as for
example GWs generated by the merger of compact objects. As a consequence, cur-
rent limits on modified gravity theories obtained by compact object merger [83–85],
do not exclude that, at the energy scales of inflation, the theory of gravity, and then
GWs, significantly deviates from GR. For this reason, in the inflationary context, we
can elude current limits on the graviton mass and the speed of propagation of GWs
obtained by observing the GW signals of compact objects mergers.

A non-vanishing graviton mass in general enters in the spectral index of the tensor
power spectrum, while a deviation of the propagation speed leaves a signature in the
amplitude of tensor perturbations. Furthermore, in these kinds of scenarios, often
the scalar sector presents features which deviate from the predictions of single-field
slow-roll inflation [81]. Imprints of an inflationary scenario built on a modified gravity
theory, can be included also in the higher-order correlation function (also between
scalar and tensor modes) [86–88].

Reasoning form another point of view, one can build up an inflationary model start-
ing from the symmetries that one want to preserve, this is the approach of Effective
Field Theory of inflation (EFT) [89]. Proceeding in such a way and breaking the
temporal diffeomorphism, preserving the spatial ones, new parameters describing the
gravitational field turn out. Moreover, when also broken spatial diffeomorphism are
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considered over than the usual broken temporal symmetry [90, 90], new relevant fea-
tures of tensor modes appear. Notice that at the end of inflation, the inflaton can
arrange itself to recover space-reparametrization symmetry.
Considering such broken symmetries, the most general action at second order for the
tensor sector turns out to be [91]:

S(2) =
M2

pl

8

∫
dt d3x αa3 (t)n (t)

[
ḣ2
ij − c2

T (t)

at
(∂lhij)

2 −m2
T (t)h2

ij

]
(2.77)

where cT plays the role of the propagation speed of tensor modes, mT of the graviton
mass and α is a constant, which here we put equal to one. The appearing of the
graviton mass is a signature of the broken spatial diffeomorphism. With an analogous
procedure of what we did in section 2.1, for a pure de Sitter spacetime, and for cT and
mT constant in time, the tensor power spectrum following from the lagrangian (2.77),
reads:

PT =
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4πM2
pl
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)3 ∣∣∣∣∣H
(1)
ν

(
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k∗

)∣∣∣∣∣

2

, (2.78)

where H(1)
ν is the Hankel function of fist kind and

ν =
3

2

√

1 − 4m2
T

9H2
. (2.79)

In the limit of |mT/H| ≪ 1, the tensor mode power spectrum is found to be well
parametrized by a power-law and it reads:

PT =
H2

2π2M2
plc

3
T

(
k

k∗

)nT

with nT =
2

3

m2
T

H2
. (2.80)

As visible, the propagation speed cT influences the amplitude of tensor mode power
spectrum, while the graviton mass enters the related spectral index. Notice that in
general cT and mT are functions of the scale. For positive values of the mass, the
spectral index turns out to be blue, i.e. in this context vacuum fluctuations of the
gravitational field can lead to an enhancement of the tensor amplitude at small scales.
Notice that such a behaviour is forbidden for inflationary models built on GR due to
the Null Energy Condition.
The possibility of a blue power spectrum makes this kind of inflationary scenario
interesting for experiments of GW detection sensitive to small scales; see section 5.1.

2.4 Information carried by inflationary gravitational

waves

The GW signal produced by the inflationary mechanism represents the possibility of
deepen the physics of the inflationary paradigm, to test such a theory itself and to
unveil new details about the underline theory of gravity. Inflationary GWs then rep-
resent an amazing source of cosmological information.
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A direct or indirect detection of a primordial GW background, is usually considered
as a smoking gun probe of the inflationary paradigm. This fact is the main motiva-
tion which leaded many people to search for a probe of the presence of inflationary
GWs. However, to be precise, the production of a primordial GW background is not
predicted only by the inflationary model of the early universe. Alternative to inflation
have been proposed in last decades [92–95], and for many of them a production of a
stochastic GW background is expected. Notice however that the inflationary model
still remains the most elegant to explain current cosmological observations. In the
direction of testing the inflationary paradigm itself, the validation of the consistency
relation (2.33) is widely considered the strongest way. This fact makes the search
for primordial GWs of massive importance in order to clarify the physics of the early
universe.
Moreover, an estimation of the amplitude of inflationary GWs, would provide an esti-
mation of the energy scale V of the inflationary process. The latter is related to the
Hubble parameter by the Friedman equation as: V = 3M2

plH
2. A measurement of the

amplitude of scalar perturbations, provides an estimation of the combination H2/ǫ at
the corresponding scale, see eq.(1.44), so that it is not enough in order to extract the
Hubble scale. On the other hand, the amplitude of tensor perturbations, i.e. (2.29),
can provides the value of H and then V could be extracted. Usually such a relation is
expressed in terms of the tensor-to-scalar ratio, it reads [96]:

V =
(
1.88 × 1016GeV

)4 r

0.10
. (2.81)

Up to now we have only un upper bound on r, i.e. r0.05 < 0.09 at 95% C.L.
[97] at a pivot scale of k∗ = 0.05Mpc−1, and then on the energy scale of inflation
H (k∗) . 1013GeV [2].

An estimation of the tensor-to-scalar ratio would provide also the amount of the in-
flaton excursion, that is the variation on the expectation value of ϕ from the horizon
crossing of the large scales to the end of inflation. Restoring the definition of the
e-foldings N , we can express the evolution in time of the field via such a quantity:

r =
8

Mpl

(
dϕ

dN

)2

. (2.82)

Integrating dϕ from the horizon crossing of a pivot scale to the end of inflation and
making explicit the dependence of r on N , we have

∆ϕ

Mpl

=

(
r (ϕcross)

8

)1/2 ∫ N(ϕend)

N(ϕcross)

(
r (N)

r (ϕcross)

)1/2

dN . (2.83)

One can consider the second factor as the effective number of e-foldings

Ne ≡
∫ N(ϕend)

N(ϕcross)

(
r (N)

r (ϕcross)

)1/2

dN , (2.84)
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so that
∆ϕ

Mpl

=

(
r (ϕcross)

8

)1/2

Ne . (2.85)

Ne depends on the evolution of the tensor-to-scalar ratio during inflation and so it is
model-dependent. In particular for the single-field slow-roll model, r is constant up
to the second order, then the integral (2.84) becomes simply the number of e-foldings.
Keeping this approximation, in agreement with the chosen pivot scale, one can find a
lower bound for the field excursion. The first evaluation of this bound was given by
Lyth [98], putting Ne ≃ 30 we obtain [99,100]

∆ϕ

Mpl

& 1.06

(
r (ϕcross)

0.01

)1/2

. (2.86)

From this relation we can conclude that a model producing a large amount of GWs
would involve a field excursion of the order of the Planck mass. This constraint leads
to a classification of inflationary models according to the field excursion: small field

and large field models, where the discriminating value is the Planck mass. Being this
inflationary feature strictly related to the UV completion of gravity, constraining the
inflaton excursion could provide useful information about the correct quantum gravity
theory [100–104].

Information about inflationary GWs would also open the chance of investigating the
theory of gravity at high energy scales. In fact, as we saw, inflationary models built
on modified gravity theories in general predicts a tensor power spectrum with different
features with respect to inflationary scenarios built on GR.

Moreover, we saw that GWs can be produced by two main kinds of mechanism dur-
ing inflation. Interestingly, the features of GWs produced by the classical process,
are determined by the physics of other possible fields involved in the accelerated dy-
namics, such as the nature of such fields and their coupling with the other degrees of
freedom involved in the process. In light of this, inflationary GWs represent also the
opportunity of discriminating among the variety of inflationary models and of putting
constraints on several inflationary scenarios. In table 2.1, we summarized several rep-
resentative inflationary models, highlighting the features related to the associated GW
production.

2.5 Stress-energy tensor and energy-density of grav-

itational waves

Consider the weak-field limit, where GWs can be described as spacetime ripples prop-
agating on a fixed background.
Vacuum field equations read Gµν = 0, which is equivalent to Rµν = 0. Making explicit
the Ricci tensor as a sum of a background term and perturbative terms up to second
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GW PRODUCTION Discriminant Specific discriminant Examples of specific models Produced GW

Vacuum

oscillations

quantum
fluctuations of the
gravitational field
stretched by the

accelerated
expansion

theory of gravity

General Relativity
single-field slow-roll broad spectrum

all other models in GR broad spectrum

MG/EFT approach

G-Inflation broad spectrum

Potential-driven G-Inflation broad spectrum

EFT approach broad spectrum

Classical

production

second-order GW
generated by the

presence of a source
term in GW

equation of motion

source term

vacuum inflaton fluctuations all models broad spectrum

fluctuations of extra
scalar fields

inflaton+spectator fields broad spectrum

curvaton broad spectrum

gauge particle production
pseudoscalar inflaton+gauge field broad spectrum

scalar infl.+pseudoscalar+gauge broad spectrum

scalar particle production scalar inflaton+ scalar field peaked

particle production
during preheating

chaotic inflation peaked

hybrid inflation peaked

Table 2.1: Main mechanisms of GW production during inflation. In the fourth col-
umn, some examples for each of the mentioned case are reported. Some of them are
discussed in the following sections: “single-field slow-roll” section 2.1, “G-Inflation” and
“EFT approach” section 2.3, “spectator fields” section 2.2.4, “curvaton” section 2.7, “pseu-

doscalar inflaton+gauge field” and “scalar infl.+pseudoscalar+gauge” section 2.2.1, “scalar

inflaton+scalar field” section 2.2.3. For other model see for example [18]. To clarify the
notation: “EFT approach” refers to all models encoded in the generic action used in the
EFT approach to inflation. “Broad spectrum” means that a power spectrum, broad on a
large range of scales is expected, while “peaked” indicates a signal peaked on a narrow range
of frequencies.

order, Rµν = R̄µν +R(1)
µν (h)+R(2)

µν (h)+O (h3), one can deduce from the vacuum equa-

tions, how the presence of the GWs affects the background R̄µν (where, for example,
R(2)
µν (h) indicates the contribution to the Ricci tensor which contains terms as ∼ h ·h).

The terms that play this role then can be interpreted as a stress-energy tensor tµν
due to the presence of GWs. In this direction it is useful to note that Rµν can be
written as a sum of two kinds of terms, those representing a smooth contribution and
others which encode the fluctuating part. Each of the two contributions vanishes on
its own [42]. The background term R̄µν varies only on large scales with respect to
some coarse-graining scale, therefore we are interested in the equation for the smooth
contributions. The only linear term R(1)

µν (h) solves by itself R(1)
µν (h) = 01. Then, the

1More precisely, the perturbation hµν may contain non-linear corrections jµν , which lead to a

non-linear term, that we call R
(1)NL
µν (j). The latter contributes to the fluctuating part of the Ricci

tensor, but, being non-linear, is not constrained by the equation just shown in the text. In fact,
in general, smoothed parts can be obtained only from combinations ∼ hµνhρσ, where the two high
frequencies of each perturbation hµν can cancel each other, leading to a smooth contribution [48].
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remaining equation for the smooth part of the vacuum equation reads [42,48]:

R̄µν + 〈R(2)
µν 〉 = 0 , (2.87)

where 〈...〉 indicates the average over several wavelengths which extracts the smooth
contribution with respect to the coarse-graining scale. An analogous reasoning can be
enlarged to the Einstein tensor, so that one gets the following Einstein equations, in
vacuum:

Ḡµν = R̄µν − 1

2
R̄ḡµν = 〈R(2)

µν 〉 − 1

2
ḡµν〈R(2)〉 . (2.88)

The terms on the RHS tell how the presence of GW affects the background metric,
then they can be interpreted as the GW stress-energy tensor tµν , apart from a factor
8πG. In terms of the tensor perturbations of the metric it reads [42]:

tµν =
1

32πG
〈∂µhij∂νhij〉 ; (2.89)

see also [48, 105]. From the previous equation, the GW energy-density, on a FRW
background, reads

ρGW (τ) =
1

32πGa2
〈h′

ij (x, τ)h′ij (x, τ)〉 . (2.90)

However, more often people refer to the GW energy-density per logarithmic frequency
interval, normalized to the critical density ρc ≡ 3H2/8πG,

ΩGW (k, τ) ≡ 1

ρc

dρgw

d lnk
. (2.91)

People usually refer also to h2ΩGW, where h ≡ H0/100, in order to take a part obser-
vations uncertainties on the value of the Hubble parameter.

2.6 Post inflationary evolution

Obtained the predictions for the tensor power spectrum produced by the inflationary
mechanism, now we want to calculate the related present time GW spectral-energy
density. This is interesting in light of the current and upcoming experiments of direct
GW detection. Primordial tensor modes are stretched outside the causal region by
the accelerated expansion, in such a regime their amplitude is frozen. After inflation,
they re-enter subsequently the horizon starting evolving and giving rise to a stochastic
GW background which permeates the universe.

Being super-horizon tensor modes frozen, independently on the evolution of the scale
factor, the general solution of eq.(2.2) in terms of Fourier modes can be written as:

hk (τ) ≡ hk,primTh (τ, k) , (2.92)

where hk,prim is the amplitude at horizon crossing, and the transfer function Th (τ, k)
describes the evolution of the GW mode after the time they enter the horizon during
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later stages after inflation. The transfer function is normalized such that Th (τ, k) → 1
as k → 0.
Modes that are inside the horizon, start oscillating with the amplitude damped by
a factor 1/a. In particular, during radiation and matter dominance the scale-factor
evolves as a ∼ τ and a ∼ τ 2 respectively, so that eq.(2.2) becomes a Bessel equation
with the following solutions respectively:

hk (τ) = hk,primj0 (kτ) , hk (τ) = hk,prim

(
3j1 (kτ)

kτ

)
, (2.93)

where j0 and j1 are the Bessel functions. Notice that the damping factor depends
on the frequency of the GW. During an era of pure dominance of the cosmological
constant, the spacetime assumes a de Sitter metric so that the scale factor evolves in
a exponential way, as during inflation in case of ǫ = 0. Then, in such an epoch, the
form of the solution of the GW equation of motion (2.2) is given by eq.(2.19).

The transfer function. In light of the behaviour of the GW solutions along the
history of the universe, one can calculate the GW spectral energy density at a generic
time τ . In terms of the transfer function Th (k, τ) defined in (2.92), for modes well
inside the horizon, it turns out to be well approximated by [105]:

ΩGW (k, τ) =
1

12

(
k

aH

)2

T 2
h (k, τ)PT (k) , (2.94)

where PT is the primordial power spectrum defined in (2.25) and it refers to the
primordial amplitude hk,prim. Calculations to obtain this expression are performed in
appendix B.
Solving the GW equation of motion for radiation and matter dominated eras, one
finds that in both cases the amplitude depends on the wavenumber and is modulated
by the inverse of the scale factor with the corresponding time dependence (while the
oscillatory behaviour is described by Bessel functions). This damping factor is what
we are interested in. Notice that the present GW amount is a superposition of tensor
modes that re-entered the horizon in different epochs of the history of the Universe,
so that we have to take into account that each mode k undergoes a different damping,
depending on the time it evolves sub horizon and on the specific time dependence of
the scale-factor during such an evolution.
Well inside the matter dominated epoch, the solution of eq.(2.2) for all modes is

hk (τ) = hk,prim

(
3j1 (kτ)

kτ

)
, (2.95)

where j1 (kτ0) → 1/
(√

2kτ0

)
in the limit kτ0 → 0. Here the subscript 0 denotes

the present time. Averaging over time the previous solution to extract the amplitude
behaviour, one finds the factor 1/a mentioned above. Then the GW spectral energy
density spectrum today turns out to be:

ΩGW (k, τ0) =
1

12

(
k

aH

)2

PT (k)

(
3j1 (kτ0)

kτ0

)2

(. . .) , (2.96)
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where the last factor embodies all terms arising from the change of the scale factor
from the horizon re-entry to the present time, for a given mode k, and it will be
specified now.
A first damping factor comes from the change of the relativistic degrees of freedom
[105,106]: (

g∗ (Tin)

g∗0

)(
g∗s0

g∗s (Tin)

)4/3

, (2.97)

where g∗ are the relativistic degrees of freedom, g∗s its counterpart for the entropy, in

denotes the time when a considered mode enters the horizon, and Tin is given by [107]

Tin (k) ≃ 5.8 × 106GeV

(
g∗s (Tin)

106.75

)−1/6 (
k

1014Mpc−1

)
. (2.98)

Another function is needed in order to connect GWs that enter the horizon before and
after matter-radiation equality at t = teq [108]:

T 2
1 (xeq) =

(
1 + 1.57xeq + 3.42x2

eq

)
, (2.99)

where xeq = k/keq and keq ≡ a (teq)H (teq) = 7.1 × 10−2Ωmh
2Mpc−1, where Ωm is

the matter energy density. Analogously, a transfer function is needed to describe the
change in the expansion rate at the end of reheating t = tR, when the Universe moves
from being inflaton-dominated to radiation-dominated [107]:

T 2
2 (xR) =

(
1 − 0.32xR + 0.99x2

R

)−1
, (2.100)

where xR = k/kR and kR ≃ 1.7 × 1014Mpc−1 (g∗s (TR) /106.75)1/6 (TR/107GeV). In
terms of frequency it corresponds to

fR ≃ 0.026 Hz

(
g∗s (TR)

106.75

)1/6 (
TR

106GeV

)
, (2.101)

which is the frequency at which the change in the frequency dependence of the spec-
trum due to the reheating stage appears. In summary, the whole transfer function
T 2

h (k) reads

T 2
h (k) = Ω2

m

(
g∗ (Tin)

g∗0

)(
g∗s0

g∗s (Tin)

)4/3 (
3j1 (kτ0)

kτ0

)2

T 2
1 (xeq)T 2

2 (xR) . (2.102)

This expression tells that, once the values for the degrees of freedom evaluated at
various epochs and Ωm are given, the GW spectral energy density is a function of
the tensor-to-scalar ratio r and of the reheating temperature TR; see also [109]. The
so-obtained GW spectral energy density at the present time, is shown in fig.2.1 for
different primordial parameters. The whole expression for the GW spectral-energy
density at the present time is then given by (2.94), where Th (k, τ) is given by (2.102).
Notice that the behaviour of the Bessel function j1 with respect to k, makes the scale
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Figure 2.1: GW spectral energy density due to an inflationary GW production evaluated
at the present time. Each curve corresponds to the following primordial parameter values:
r = 0.07 at f = 10−17Hz, nT = 0.18, Treh = 105GeV (red) and r = 0.07 at f = 10−17Hz
nT = −0.008, Treh = 108GeV (blue).

dependence of the transfer function Th well approximated by 1/k. Therefore, finally
the GW spectral energy density reflects the same scale dependence of the primordial
GW signal.

It has been studied also the fact that the neutrino free-streaming when the universe
is at a temperature of about 1MeV left an imprint on the present time GW spectral
energy density [105]. However, with respect to current and planned observational
capabilities it is a phenomenon which can be safely neglected.

2.7 Second-order gravitational waves produced af-

ter inflation

Second-order primordial GWs are produced not only during inflation. After the accel-
erated expansion, scalar perturbations start entering the horizon, constituting a source
for GWs. More in general, if we explain the growth of structures by the presence of
initial scalar perturbations, without specifying the origin of the latter, the second-
order production of GWs due to such scalar perturbations, takes place [110–112]. The
features of this gravitational radiation only depends on the details of the scalar pertur-
bations at the time of their horizon crossing, independently on their origin mechanisms.
These second-order GWs clearly contributes to the present time GW spectral energy
density and to the tensor power spectrum which left its imprint on the CMB at the
time of photon decoupling. From a certain viewpoint, this contribution to the GW
energy density is a contaminant with respect to the signal of inflationary origin [110].
Moreover, for low energy scale of inflation, the amplitude of the second-order GWs
generated after inflation, can be comparable with the inflationary signal, making it an
interesting phenomenon to be studied.

Primordial scalar perturbations re-enter the causal region during the post-inflationary
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radiation and matter dominated eras. At that time the universe is described by a
FRW perturbed metric with an energy-momentum tensor of a fluid to be specified as
radiation or matter. In this context we consider the full second-order equation (2.34).
The stress-energy tensor of a general perfect fluid perturbed at second order reads [30]:

T
(2)i
j =

(
ρ(0) + P (0)

)
v(1)iv

(1)
j + P (0)π

(2)i
j + P (1)π

(1)i
j + P (2)δij , (2.103)

where in order ρ, P , v and Π are the energy density, the pressure, the velocity and the
anisotropic stress, to be specified in case of radiation or matter dominance. Using first-
order Einstein constraint equations, the first-order perturbations of the stress-energy
tensor can be written in terms of the linear metric perturbations and of background
quantities, so that the second contribution in (2.34) becomes:

Π̂lm
ij

2

M2
pl

T
(2)
lm = − 4

3 (1 + ω) H2
∂l (Φ

′ + 3HΨ) ∂m (Φ′ + 3HΨ)

− 2c2
S

3ωH2

[
3H (HΨ − Φ′) + ∇2Φ

]
∂l∂m (Ψ − Φ) , (2.104)

where ω ≡ P (0)/ρ(0), Ψ ≡ Ψ(1), Φ ≡ Φ(1) and cS = P (1)/ρ(1). The whole source term
in (2.40) then reads:
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′ + 3HΨ) ∂m (Φ′ + 3HΨ) +

− 2c2
S

3ωH2

[
3H (HΨ − Φ′) + ∇2Φ

]
∂l∂m (Ψ − Φ) =

≡ Sij (x, τ) , (2.105)

In order to solve the equation of motion, we move to the Fourier space analogously of
what we did in eq.(2.43):

h
′′(λ)
k + 2Hh′(λ)

k + k2h
(λ)
k = e

(λ) ij (k) S̃ij (k, τ) . (2.106)

Scalar perturbations present in the source are those appearing in the perturbed metric
(1.28), where we did not specify any gauge. However, deriving eq.(2.40), we neglected
vector perturbations and we considered only the tensor part of the hij perturbations
in (1.28). Proceeding in such a way is equivalent of working in the longitudinal gauge.
Therefore, the scalar perturbations Φ and Ψ appearing in the expression (2.105),
coincide with the Bardeen potentials and then are gauge-invariant variables. Moreover,
neglecting anisotropic stress, Ψ = Φ holds (this simplification it is found to do not
alter significantly the final result [112]). The evolution of such scalar modes appearing
in the source can be specified by a transfer function and the amplitude at the horizon
crossing:

Ψk (τ) = tΨ (kτ)ψk , (2.107)
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where ψk are the scalar perturbations evaluated at their horizon crossing and tΨ the
transfer functions. We define the power spectrum of ψk evaluated at the horizon
crossing, following the usual definition:

〈ψkψk′〉 =
2π2

k3
Pψ (k) δ(3)

(
k + k′

)
. (2.108)

In terms of the primordial scalar power spectrum, the source in (2.106), can be written
in the following form [112]:

e
(λ) ij (k) S̃ij (k, τ) =

∫
d3k’eij (k) k′

ik
′
jf (k,k’, τ) ψ̃k-k’ψ̃k , (2.109)

where f (k,k’, τ) encodes the transfer function, and the convolution between the scalar
perturbations is visible. The GW correlation function amount is given by (2.47), with
the appropriate source, therefore, from (2.109), it will be a function of the squared
power spectrum Pψ.

In order to obtain the amount of GWs at a certain time τ , the evolution of the source
from the horizon-crossing up to the chosen time has to be tracked. The features
of scalar perturbations at the time of the horizon crossing, are constrained by CMB
observations, in particular we know their amplitude and spectral index. Supposing that
scalar perturbations ψk are generated by single-field slow-roll inflation, we know that
the power spectrum of curvature perturbations on comoving hypersurfaces is given
by (1.42). The Bardeen potential and the gauge-invariant curvature perturbations
on comoving hypersurfaces, for modes out-side the horizon during radiation matter
dominance, are related by:

Ψ = −2

3
ζ , (2.110)

and then:

Pψ (k) =
4

9
PS (k) , (2.111)

whose amplitude and spectral index are constrained by CMB observations. Moreover,
at the time of the entering of the horizon, as initial conditions, we have: hij = 0 and
h′
ij = 0 (remember that if tensor perturbations of the first order are present, they are

uncoupled to the second-order ones, so that these initial conditions hold also in the
case in which an inflationary GW background due to vacuum fluctuations is present).
Depending on the time we want to evaluate the amount of GWs, we need to consider
the evolution of the source for a radiation and eventually matter dominated era.
With the parametrization introduced in (1.43), solving (2.106) for radiation dominated
era, the following results is obtained [111]:

PT (k, τ) =
32 (216)2

81π4

A2
S (k∗)

τ 2

(
k

k∗

)2nS−2

F (nS, kτ) , (2.112)

where F is a function presented in fig.5 of [111].
For AS = 2 · 10−9 and nS = 0.95, the present time GW spectral-energy density, turns
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out to be of the order of ΩGW ≃ 10−22. Strictly, in doing this estimation we supposed
that CMB constraints on scalar perturbations can be extended on the overall range
of scales, which is not obvious. Furthermore, notice that this amount is not related
one-to-one with the energy scale of inflation as it is for first-order GWs generated by
quantum fluctuations of the gravitational field. The amplitude of second-order GWs
is fixed by the observed amount of primordial scalar perturbations. Therefore, for
a low energy scale of inflation, the amplitude of first-order GWs can be comparable
or even lower of the second-order GWs considered here. This fact has to be taken
into account if future experiments will put upper bound on the tensor-to-scalar ratio
comparable with the amount of second-order GWs, indeed they represent the second
important contaminant of B-modes after B-modes lensing. Secondary tensor modes
becomes comparable at low multipoles ℓ with GWs due to quantum fluctuations during
inflation, for r ≃ 10−6.
People considered also the GW production that could take place in a possible early
matter dominated epoch [113].



Chapter 3

Current status and observational

prospects for inflationary

gravitational waves

Stimulating by the first detection of a GW signal by LIGO-VIRGO Collaboration [3],
a great interest has been grown with respect to the possibility of directly or indirectly
searching for primordial GWs too. A new attention developed about different ways of
probing the presence of a primordial GW background with respect to CMB physics
and at different frequencies. The prospects of detection at scales smaller than CMB
also make attractive those scenarios in which a blue power spectrum of primordial
GWs is expected.
Established that the inflationary mechanism predicts the production of a stochastic
GW background, in this section we want to give a picture of the present status from
the observational point of view.

After the inflationary process, tensor modes start re-entering the causal region se-
quentially. Such tensor modes start evolving following the solutions (2.93). Then the
universe turns out to be populated by propagating GWs, which constitute a stochastic
background. As we saw in section 2.6, the features of such background turns out to
be strictly related to the primordial mechanism that generate them. Interestingly, the
presence of such a gravitational radiation has several effects on the phenomena that
happened along the history of the universe, and also on the evolution of the universe
background itself.
The inflationary GWs spectrum covers a wide range of frequencies: from f ≃ 10−17

Hz, which corresponds to the present time observable universe, up to a frequency
which depends on the reheating temperature, for example for Treh = 1013GeV the GW
spectral energy density has a strong decrease at f ≃ 104 Hz. For lower reheating
temperatures such a frequency gets higher. This rapid decreasing of the GW spectral
energy density marks the end of inflation, i.e. the smallest length scale which is pulled
outside the horizon by the accelerated expansion. The inflationary gravitational radi-
ation therefore covers a wide range of frequencies, which spans more than two decades.
The frequency f is related to the scale k as f = k/2πa. On the other hand, notice that

49
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a physical phenomenon happening at a certain time of the history of the universe, is
sensitive to those primordial GWs which have already entered the causal region.

3.1 Imprints of inflationary gravitational waves on

physical observables

A GW background generated in the early stages left several imprints along the history
of the universe, providing the possibility of getting information about it by indirect
observations. Here we present the most significant signatures.

Modification of the expansion rate. Inflationary GWs contributes to the total
energy density of the universe as relativistic degrees of freedom. The presence of such a
contribution to the energy density of the universe influences the evolution of the scale
factor [114,115]. In particular, it leads to a faster expansion of the universe background
and a deviation of the matter-radiation equality epoch. Interestingly, this fact reflects
on the primordial nucleosynthesis (BBN) physics. More precisely, the faster expansion
of the universe background means that, at the time of nucleosynthesis, neutrons have
less time to decay before reaching the freeze out temperature of weak interactions. As
a consequence, an Helium over production is expected [116, 117]. An estimation of
the Deuterium abundance combined with Planck and BAO data provides an integral
upper bound of ΩGW < 3.8 · 10−6 at 95% C.L. [118] for f & 10−10 Hz, i.e. for those
GWs which have already entered the causal region at that time. The limit is shown
in figure 3.1.

Influence on CMB physics. The presence of inflationary GWs affects also the
physics at the recombination epoch, when CMB is generated [15, 119–121]. In partic-
ular, the presence of tensor perturbations at the time of the photon decoupling, leads
to the production of temperature and polarization anisotropies in the photon distribu-
tion. Therefore CMB features carry information about the GW background filling the
universe at the time of recombination. Actually, only a certain range of frequencies
of such a gravitational radiation really left an imprint on CMB. Moreover, also scalar
perturbations induce temperature and polarization anisotropies and other phenomena
along the subsequently history of the universe can modify the signal generated at last
scattering, introducing a degeneracy between contributions due to primordial pertur-
bations and more recent effects. CMB temperature and polarization anisotropies are
usually described by angular power spectra. Gravitational waves contribute to the
temperature angular power spectrum only for multipoles ℓ . 60, since on smaller
scales tensor perturbations are damped by the cosmic expansion. However, temper-
ature anisotropies due to scalar perturbations largely dominates those due to GWs.
At low multipoles the cosmic variance prevents the possibility of extracting stringent
information about the source of the signal at those scales, moreover the uncertainty on
the scalar spectral index leads to a degeneracy between the amplitude of tensor and
scalar modes. The possible presence of isocurvature perturbations is another source of
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degeneracy between scalar and tensor modes. Therefore, from the temperature power
spectrum it is not possible to extract distinct information about GWs present at last
scattering surface.
A more efficient observable, is the angular power spectrum of CMB polarization
anisotropies. CMB photons get linearly polarized by Thomson scattering if a quadrupo-
lar anisotropy in the temperature field is present at last scattering [122–124]. Actually,
only a few percent of CMB photons get polarized since Thomson scattering washes
away temperature anisotropies on small scales. This makes the amplitude of the po-
larization angular power spectrum smaller than the temperature one. However, GWs
leave a peculiar imprint on the CMB polarization anisotropies. The latter can be
decomposed in two independent modes, the so-called E and B modes, depending on
the rotational properties of the pattern. Interestingly, B modes, i.e. curly-like modes,
can be generated in the observed CMB pattern only by tensor perturbations (locally,
at the last scattering surface, only E modes can be produced). This fact makes ob-
servation of B modes an unequivocal probe of the presence of primordial GWs at the
moment of recombination. Notice that, on the other hand, B modes in the CMB power
spectra can be generated also by late time mechanisms, such as by lensing and galactic
foregrounds. This makes the search for primordial B modes more complicated. The
contribution to the B modes from primordial GWs is mainly at ℓ . 150. For these
multipoles, contaminations from foregrounds and for late time phenomena, could be
larger than the primordial signal of more than an order of magnitude.
Current observation provide an upper bound on the amplitude of tensor modes, ex-
pressed in terms of the tensor-to-scalar ratio equals to r0.05 < 0.09 at 95% C.L. [97] at
a pivot scale of k∗ = 0.05Mpc−1.
Primordial GWs leave other minor imprints on CMB physics, such as the alteration
of the time of radiation-matter equality which reflects also on the CMB power spectra
[115, 125]. Moreover, also the CMB energy spectrum includes the imprint of possible
presence of GWs. More precisely, the integrated GW energy density in the frequency
range 10−12 − 10−9Hz leads to spectral distortions in the CMB energy spectrum [126,
127].

Imprint on large scale structure. The presence of primordial GWs affects the
mass distribution of the universe. Early and late time effects can be identified. A
primordial GW background modifies the power spectrum of curvature perturbations,
more precisely it leads to a non-vanishing off-diagonal terms in the two-point cor-
relation function of primordial curvature perturbations (which is expected to van-
ish for statistically isotropic and Gaussian perturbations). Moreover a quadrupolar
anisotropy in the local galaxy power spectrum is expected if GW long wave modes are
present.
Moreover, GWs present when matter cluster in order to form structures, lead to a
tidal effect because of long wavelength modes [128–131]. But tensor modes modifies
also the background in which photons emitted by structures propagate towards us, i.e.
lensing effect. This effects leads to distortions of the galaxy shapes, with correlation
between the ellepticity of galaxies, and a projection effect [129, 132–134, 134]. This
kind of observations are particularly sensitive to GWs of frequencies f ∼ 10−9 − 10−7
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Hz [135]. However in order to obtain significant bounds on the primordial GW back-
ground by this kind of observations, galaxy surveys with best capabilities with respect
to the current ones are required [136,137].

Inflationary gravitational waves and primordial black holes. It is known
that curvature perturbations which re-enter the horizon during the radiation domi-
nated epoch with an amplitude larger than a certain threshold, leads to the collapse
into a black hole [138]. A number of inflationary scenarios predict a significant pro-
duction of these kind of objects. People also hypothesize that primordial black holes
(PBH) could constitute dark matter [139, 140]. Up to now we have no evidence of
the production of PBH. From non-observation of these objects, an upper bound on
the scalar perturbation amplitude can be obtained. For our purposes, the interesting
fact is that second-order combinations of tensor perturbations act as a source term
for scalar perturbations. An upper bound on scalar perturbations can be translated
into an upper limit on their sources [141,142]. In the end, non-observations of primor-
dial black holes correspond to an upper limit on primordial tensor modes. It results:
ΩGW < 10−5 − 10−4 for the frequency range f ∼ 10−12 − 104 Hz [142] (see figure 5
of [142] to find out the accurate scale-dependence). Notice that this upper bound on
the GW amplitude is completely model-independent.
Moreover it is interesting to note that PBH, if present, carry also other information
about the inflationary physics, in particular about the possible mechanism that gener-
ate them during inflation. The possible presence of PBH gives rise to several signatures
in physical observables (for a review see [143]). PBH could produce also a GW signal
because of their merger during their dynamical evolution or soon after the recombi-
nation. Moreover the gravitational collapse which forms PBH at the horizon re-entry
should generate a stochastic GW background. These GW signals could be captured by
current and upcoming laser interferometer experiments. Information obtained in such
a way should provide new constraints on the inflationary mechanisms that lead to the
generation of such objects, such as the hybrid inflationary scenario, single-field models
with an inflection point in the potential or specific scenarios in which the inflaton is
coupled with a gauge field. It is not excluded that the first GW observation by the
LIGO detectors could be due to a PBH merger [144].

Imprint on the pulsar signals. The presence of a GW background affects light
signals which propagates from astrophysical objects towards us. The distortion effect
for close astrophysical objects is clearly small. However ultra-stable millisecond pulsars
are characterized by an extremely precise signal modulation. If a GW background is
present, a non-vanishing and significant correlation between perturbations of pulsar
signals is expected. This phenomenon is exploited by pulsar timing array experiments
which collect and analyse the correlation of the signals coming from a set of these
astrophysical objects. In such a way a GW background of frequency around f ∼
10−8Hz can be captured [135, 145]. Considering H0 = 70Kms−1Mpc−1, at a reference
frequency of f = 10−8Hz, and parametrizing ΩGW as a power law with spectral index
equal to 2/3, current upper bound provided by PPTA is ΩGW < 6.0 · 10−10 [146].
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Constraints from associate scalar perturbation production. According to
some inflationary models, constraints on primordial GWs can be also obtained in-
directly exploiting limits on the associated overproduction of scalar perturbations.
For example, in scenarios as those described in section 2.2.1, primordial parameters
which establishes the features of tensor perturbations, are involved also in determining
the second-order production of scalar perturbations. Current estimation of the scalar
power spectrum amplitude provided by Planck [2], and even more efficiently the upper
bound on scalar non-gaussianities [46], in general, limit the parameter space of the
inflationary models [46]. Moreover, also the non-observation of primordial black holes
puts constraints on the scalar perturbations amplitude at small scales. Form these
limits on the scalar sector also the associated GWs production results constrained.
Notice that such bounds on GWs are model-dependent.
Non-gaussianities represent a clear example where information coming from features
of scalar perturbations can provide constraints on tensor perturbation properties, and
viceversa.

Imprints on gravitational waves. We have seen the main signatures that a pri-
mordial GW background leaves on physical observables along the history of the uni-
verse. Clearly also the contrary happens, i.e. the propagating GWs are themselves
influenced by the spacetime they travel through. Indeed, for example, GWs memorize
the expansion history of the universe. In particular the GW spectral energy density
is affected by a dumping effect due to the decoupling of particles such as neutrinos,
and by the change in the number of relativistic degrees of freedom [105]. Moreover,
GW anisotropies could form along the travel of the signal throughout the universe
due to the local anisotropy and non-homogeneity of the universe [147,148], i.e. matter
structures.

3.2 The possibility of direct gravitational wave de-

tection

Up to now we have no direct (nor indirect) detection of primordial GWs. However with
the new era of laser interferometer experiments disclosed by LIGO, new encouraging
prospects have been opened also for the observation of primordial signals.
Notice that experiments of direct GW detection are clearly sensitive to the present
time GWs amplitude, while CMB measurements are sensitive directly to the primor-
dial amplitude of tensor modes, so that cosmological GWs eventually detected by laser
interferometer experiments would include the imprints of the whole history of the uni-
verse they have pass through.

Laser interferometer detectors are sensitive to completely different waveband with re-
spect to CMB experiments. In particular, terrestrial observatories, such as the LIGO
and Virgo detectors, work at f ∼ 102 − 103Hz [149], while space-born experiments are
expected to be sensitive to f ∼ 10−2Hz [7]. Some studies are in development in order
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to investigate the possibility of realizing direct GW detectors sensitive to frequencies
f ∼ 107Hz and based on electromagnetic cavity resonator [150], Bose-Einstein con-
densates [151], resonant mass detectors [152], microwave cavity resonators coupled to
superfluid Helium [153] and atomic interferometry [154]. Experiments sensitive to such
scales would be relevant in particular for the GW signals expected to be generated in
some reheating scenarios.
Current and upcoming direct GW detectors are based on Michelson interferometry,
i.e. they measure the phase shift of laser beams which propagates in different direc-
tions. Indeed GWs distort spacetime is such a way that the light path on different
directions is modified in different ways. Ground-based and space-borne laser inter-
ferometer experiments, are substantially based on this idea, while its actualization
is partially different for the two situations. For example, in the case of space-borne
experiments, each laser beam cannot be reflected at the end of its path in order to
go back and be compared with the other beam, since only few photons of the original
laser signal get to the receiver because of the huge armlength. In such a situation, the
comparison between the laser beams cannot be done, while it has to be made virtu-
ally by comparing data. Another main difference between terrestrial and space-based
experiments, is the amount and the signal length of GW events that is expected to
be recorded. An experiment as LISA (see section 5.1) is predicted to detect a huge
quantity of long-duration GW events, differently from LIGO detectors. For the latter,
the crucial point is to distinguish a GW signal from the noise, while for an experiment
as LISA, a superposition of a lot of events is expected, so that the challenge will be to
distinguish them among each other.

Differently from the GW signals captured by LIGO-Virgo detectors, inflationary GWs
constitute a persistent background. There are two significant issue related to the detec-
tion of such a kind of signal. Firstly, it is not trivial distinguishing a background GW
signal from a background noise, in particular for space-borne experiments [155, 156].
In order to distinguish them, the expected correlation among GW signals is exploited,
in contrary of the uncorrelation expected for a noise signal. Secondly, there are several
cosmological and astrophysical phenomena which predict the production of a stochas-
tic GW background. In order to disentangle them among each other, recognizing the
scale dependence or eventual features in such signal would be crucial.
This kind of experiment unveil to be interesting also with respect to search for new
constraints on primordial GWs. The fact that GW detectors are sensitive to extremely
different frequencies with respect to CMB experiments, leads to the possibility of esti-
mating or putting significant constraints on the scale dependence of primordial signals
since the latter are expected to cover a wide range of frequencies [157–159]. In partic-
ular, parametrizing the inflationary GW by a power low, exploiting the long lever arm
between CMB scales and small scales, interesting constraints on the tensor spectral
index can be obtained. As a consequence tests on the consistency relation (4.1) can
be performed.

The updated LIGO detectors, that is aLIGO [160], have already collected data in
two observational run. The most recent upper limit provided by LIGO and Virgo
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Collaboration is shown in fig.5 of [161], it is of around ΩGW < ×10−7 at 95% C.L. at
f ≃ 5 · 10Hz Hz, and it is the result of the first observational run. On August 2017
Virgo detector has joined LIGO observatories in the second observational run.

3.3 Current bounds from joint analysis

Parametrizing the primordial GW power spectrum as in eq.(2.28), current cosmologi-
cal data provide bounds on its amplitude and spectral tilt.
CMB data gives an upper bound on the GW amplitude at frequencies around f ≃
10−17 Hz, which is abundantly the most stringent constraint we have at any scale.
Other physical observables alone give upper limits on the GW amplitude weaker than
this, but at different scales. Combinations of constraints obtained on several wave-
bands are exploited to put limits on the GW spectral index. In this direction a number
of data analysis has been performed:

• The joint analysis of Planck and external data (named as Planck TT+lowP+lensing

+ext in [162]), BICEP2 and Keck Array data, provided an upper bound of
r0.05 < 0.07 at 95% C.L. [97], assuming the consistency relation (4.1). A less
model-dependent constraint was obtained assuming a scale-invariant power spec-
trum: from BICEP2 and Keck Array data, Planck data only for polarization and
WMAP9 23 GHZ and 33 GHZ maps, the bound becomes r0.05 < 0.09 at 95%
C.L. [97].

Other works [157, 158, 163–165] extended this analysis taking into account for a
non-vanishing spectral index and the measurements by LIGO [149].

• Considering data coming from CMB, LIGO (notice that they use the LIGO-Virgo
upper bound provided in [166], which now has been updated) and the Parker
Pulsar Timing Array (PPTA) [167], and fitting data allowing the tensor spectral
index to vary, [157] found that a blue power-spectrum and r > 0.12 are preferred
(this value of r refers to the previous constraint on such a quantity provided
by [162]). Constraints on nT have been obtained combining BICEP2/Keck Array,
temperature Planck data 2013, WMAP low ℓ polarization, a prior on H0 from
HST data, BAO measurements from SDSS and the upper limit on the intensity of
a stochastic GW background from LIGO: nT,0.01 = 0.06+0.63

−0.89 at 95% C.L. [157],
in correspondence of a best-fit for the tensor-to-scalar ratio of r0.01 = 0.02.
Admitting the spectral index to vary leads to a weaker bound on the tensor-to-
scalar ratio r.

• [163] provides other results which take into account the data release of Keck
Array at 95 GHz [97] and one by one the bounds coming from the Helium
abundance, µ-distortions of the CMB and the LIGO-Virgo experiment (as before,
they use the LIGO-Virgo upper bound provided in [166], which now has been
updated). The limits resulting from the analysis with LIGO-Virgo bounds are
nT = 0.04+0.61

−0.85 at 95% C.L. with r < 0.085, found putting a prior lower bound
on the tensor-to-scalar ratio of r > 0.001.
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• [158] makes a further analysis which takes into account CMB data from Planck,
BICEP and SPTpol, current bounds form PPTA, LIGO-Virgo (referring to the
results shown in [166], which now have been updated) and BAO and BBN in-
direct constraints, providing an upper bound on the tensor spectral index of
nT < 0.36 at 95% C.L. in correspondence of r0.05 = 0.11.

• An updated joint data analysis has been done by [165]. In particular bounds on
the tensor spectral index is obtained performing a combined analysis of Planck
2015, HST, BAO and BK14 data with the most recent upper limit provided by
aLIGO O11 [149]. They obtain: nT = 0.016+0.614

−0.989 and r < 0.066 at 95% of CL.

Notice that in the mentioned works the primordial power spectrum of GWs is always
parametrized as a power law. This assumption could be not appropriate for a waveband
extended over several orders of magnitudes. In particular, at the end of inflation,
the slow-roll conditions are no longer satisfied and then the GW power spectrum is
expected to deviate form a pure power law. In this direction, [157] parametrized the
power spectrum also taking into account a scale dependence of the tensor spectral
index, concluding that with available data no significant constraints can be obtained.

3.4 Observational prospects for the next future

Several experiments are planned to improve the mentioned bounds and hopefully de-
tect a primordial GW background. In figure 3.1 the power-law sensitivity curve of
main current and future detectors are shown, together with current upper bounds
on the GW spectral energy density for a power-law GW power spectrum. For the
explanation on how to obtain the power-law sensitivity curve of an experiment, see
section 5.2. Gravitational wave signals passing above a power-law sensitivity curve
is in principle detectable by such an experiment, and analogously for current upper
limits shown.
For what concerns CMB polarization experiments, several ground-based, balloon and
space-borne experiments are under construction or have been proposed:

• Ground-based and balloon experiments, such as the Atacama Cosmology Tele-
scope Polarization Experiment (ACTPol) [175] and Polarbear [176] (which are
already underway), the Cosmology Large Angular Scale Surveyor (CLASS) [177],
the Primordial Inflation Polarization ExploreR (Piper) [178] and Spider [179],
are designed to improve the sensitivity over a restricted range of multipoles of the
polarization power-spectra related to one or two frequency channels. Recently
another project has been proposed, the CMB-S4 experiment, consisting of a num-
ber of ground-based telescopes operating in different areas of the Earth [180].

1LIGO-Virgo upper limits on stochastic background have been updated in last years. The older
one is initial LIGO-Virgo [166], then in [168] the expected sensitivity of aLIGO O1 for a stochastic
GW background was provided, while in [161] the upper limit provided by data of aLIGO O1 are
presented (and does not differ to much from that forecast in [168]). aLIGO-Virgo O2 is under way.
The designed sensitivity for aLIGO-Virgo O5 is reported in [161].
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Figure 3.1: GW spectral energy-density for different values of nT are shown with solid
lines: nT = −r/8 (brown), nT = 0.18 (red) and nT = 0.36 (orange). The r value is fixed
at r0.05 = 0.07. It is assumed also TR = 1016 GeV. The coloured bands highlight the
waveband to which each physical observable or experiment is sensitive. Current bounds:
combined analysis of Planck data, BAO and BBN measurements which provides an integral
bound ΩGW < 3.8 × 10−6 (black) [118]. The grey dot corresponds to the bound provided by
EPTA [169], the star by the NANOGrav [170] and the square by PPTA [146], assuming nT =
2/3. The aLIGO O1:2015-16 power-law sensitivity curve of the first observing run (yellow)
is also shown [168]. The collected data show a slight worsening of such forecast. Long-
dashed lines are expected power-law sensitivity curves for the following experiments: BBO
(violet) [171,172], LISA configuration L6A5M5N2 (green) [173], aLIGO-adVirgo, O5:2020-22
observing run (magenta) [168], Einstein Telescope (blue) [174]. Plotted upper bounds and
expected sensitivity curves are obtained by the method provided by [172] (see section 5.2),
assuming a power-law signal. See also section 5.1 for the mentioned LISA configurations. All
the bounds and sensitivity curves refer to a confidence level of 95%, a part from the LISA
curves which refer to a signal-to-noise ratio of 10 (see 5.2 to clarify this point).

Such a kind of observatory is planned to reach a sensitivity on the tensor-to-
scalar ratio of about 10−3. People are also organizing comities and communities
in order to optimize the work that is developing in such directions, such as the
ASI/COSMOS project [181].

• Space-borne experiments have been proposed in order to span a larger multipoles
range and to get data related to several frequency channels to improve the con-
trol of systematic errors and the component separation analysis. We mention, for
example, the Cosmic Origins Explorer mission (COrE) [182], the Polarized Ra-
diation Imaging and Spectroscopy Mission (PRISM) [183] and LiteBIRD [184].

But not only CMB telescopes are under consideration for an improvement of our
current knowledge of primordial GWs, also experiments sensitive to smaller scales are
in development:

• Pulsar timing array experiments are under way, such as PPTA [167], the Euro-
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pean Pulsar Timing Array (EPTA) [169], and the North American Nanohertz
Observatory for Gravitational Waves (NANOGrav) [185], and others are planned,
such as the Square Kilometre Array (SKA) [186]. ConsideringH0 = 70Kms−1Mpc−1,
at a reference frequency of f = 10−8Hz, and parametrizing ΩGW as a power
law with spectral index equal to 2/3, current upper bounds provided by pulsar
timing array experiments are the following [187]: ΩGW < 5.4 · 10−9 for EPTA,
ΩGW < 1.3 ·10−9 for NANOGrav [170] and ΩGW < 6.0 ·10−10 for PPTA [146]; see
figure 3.1. The nominal SKA experiment is expected to put poorer constraints on
inflationary GWs with respect to space-based laser interferometer experiments,
while in an optimal case, with more than twenty years of collecting data, the ca-
pabilities of SKA in constraining a primordial power-law GW background would
be comparable with those of LISA [188].

• Also for what concerns direct GW detection by ground-based experiments, sev-
eral efforts are under way. The aLIGO detectors [160], have already collected
data in the first and second of its five expected observation runs. From the O1
observation run, LIGO-Virgo Collaboration provided an upper limit of around
ΩGW < ×10−7 at 95% C.L. at f ≃ 5 · 10Hz Hz [161] (for the curve see fig.5
of [161]). The Virgo detector has recently joined LIGO observatories in the sec-
ond observational run. Further upgrades are planned for aLIGO and for Virgo,
and a sequence of observing runs are expected for the more and more improved
configurations of such laser interferometers (see for example [168], table I). In
fig.3.1 the expected power-law sensitivity curves of the O1 and O5 observation
run [168] are shown. The curve expected for the first run it is found to do not
differ significantly form the final upper bound obtained form the data.
A number of ground-based experiments have also been proposed for the next
future, such as LIGO India (IndIGO) [189] (that will be included in the network
aLIGO-adVirgo), the Kamioka Gravitational Wave Detector (KAGRA) [190]
and the Einstein Telescope (ET) [174].

• With respect to observatories in space, the space-born experiment LISA [7] is
planned. See figure 3.1 for the expected sensitivity curves and section 5.1 for
more details on this observatory. [165] provided forecasts for a combined data
analysis of Planck 2015, HST, BAO and BK14 data with the upper limit provided
by LISA telescope in case of a non-detection, they found: nT = −0.050+0.612

−0.992 and
r < 0.062 at 95% of CL. For a possible detection of a scale-invariant inflation-
ary power-spectrum, bold experiments, such as the DECI-Hertz Interferometer
Gravitational wave Observatory (DECIGO) [191] and BBO [171] have been pro-
posed too. The expected power-law sensitivity curve for BBO is reported in
figure 3.1.

For next future experiments based on laser interferometry, such as upgraded aLIGO-
Virgo and LISA, a direct detection of primordial GWs might be possible only in case of
a blue inflationary power spectrum, that is, in case of an inflationary scenario different
from single-field slow-roll model; see figure 3.1. Therefore, a detection of inflationary
GWs by such experiments would rule out single-field slow-roll inflation and all those
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inflationary scenarios which predict a red GW power-spectrum. On the other hand, a
non-detection of primordial tensor modes by next future laser interferometer experi-
ments, would represent the possibility to put significant limits on the tensor spectral
index and then to obtain new constraints on the inflationary physics for those primor-
dial scenarios which predict an enhancements of the GW amplitude at small scales,
as those presented in section 2.2.1. Moreover, constraints on the tensor spectral index
would provide the opportunity of testing the consistency relation eq.(4.1). For exam-
ple, a non-detection by an experiment with upgraded aLIGO capabilities would put a
constraint on the tensor spectral index of nT < 0.34 at the 95% C.L. for r = 0.11 on
CMB scales [163], and analogously LISA would put an upper limit of nT ≃ 0.2; see
section 4.
Then next future laser interferometer experiments represent an exciting chance of im-
proving our knowledge on the inflationary physics.

Current pulsar timing array experiments, as NANOGrav and PPTA, do not signifi-
cantly contribute to constrain the inflationary GW background features, in particular
in case of a power-law signal, as one infers from figure 3.1. Future pulsar timing array
experiments as SKA, might provide more interesting constraints in this direction, even
though poorer than LISA ones. In any case, they provide information of a frequency
range that is not accessible by laser interferometer experiments.

For the far future, it could be possible to obtain information about the inflationary
physics also from the features of GWs, such as their level of non-gaussianity and chi-
rality. The latter would provide interesting bounds on parameters of those inflationary
models which present events of particle production, such as the parameter ξ defined
in (2.56) [57,65]. Also the tensor bispectrum could provide constraints on inflationary
physics. An example is given by the inflationary scenario associated with a pseudo-
scalar coupling to a gauge field, where f tens

NL can provide upper bounds for the model
parameter ξ, complementary to those coming from the scalar bispectrum [59,60].
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Chapter 4

The inflationary consistency

relation

Interestingly, the theory of single-field slow-roll inflation predicts an equality which
involves tensor modes. More precisely, in such an inflationary scenario the tensor-to-
scalar ratio r and the tensor spectral index nT, are expected to be connected by the
following relation at first order in slow-roll parameters, and at each scale k [121]:

r = −8nT , (4.1)

see eqs. (2.32)-(2.30). Notice that, in general, r and nT are scale dependent quantities.
We will refer to the equality (4.1) as consistency relation. Others similar equalities
which involve higher order parameters, such as the running of tensor power spectrum,
exist [19]. However, since the tensor spectral index is a small quantity, its running is
expected to be even smaller, so that such relations are still far from being relevant for
current and planned observational capabilities.

Interestingly, eq.(4.1) strictly characterizes single-field slow-roll inflation. Other infla-
tionary models predict a violation of the consistency relation, making it a strict test for
single-field slow-roll scenario. The evidence of a violation of the consistency relation
would rule out such an inflationary model. Moreover, primordial scenarios proposed
as an alternative to the inflationary mechanism, in general, predict a violation of the
consistency relation, such as string gas cosmology [192] and matter bounce cosmol-
ogy [193,194].
Notice also that the link between r and nT expressed by the consistency relation, is
the results of the strict connection of each of those quantities to the slow-roll param-
eter ǫ, i.e. to the energy scale of inflation. Therefore, a deviation from the standard
expressions of r and nT means loosing such a specific link.

Current cosmological observations are remarkably in agreement with an inflationary
period in the early universe, however they are not sufficient to unequivocally probe the
development of such a stage. Some alternative scenarios are still allowed by current cos-
mological observations [92–95]. In such a direction, testing the consistency relation is
considered the stricter way of unequivocally probing the inflationary mechanism, since
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eq.(4.1) provides a extremely peculiar relation between two primordial parameters. It
would be also a validation test for single-field slow-roll inflation model. Furthermore,
testing the consistency relation would help in constraining some features of the in-
flationary physics. For these reasons, we consider testing the inflationary consistency
relation, a key step towards best understanding the physics of the early universe and
the inflationary mechanism.

4.1 Possible violations of the consistency relation

There are several ways by which the consistency relation can be violated.
Firstly, a blue tensor power spectrum, i.e. a positive tensor spectral index, is clearly
not compatible with eq.(4.1). In general, inflationary models predict the tensor power
spectrum due to vacuum fluctuations to be red, as a consequence of the non-violation
of the null energy condition. On the other hand, for certain inflationary scenarios built
on modified gravity theories, a blue tensor power spectrum is expected, preserving at
the same time such a condition. Furthermore GWs produced by the classical mecha-
nism can present a blue spectral index, or a more general enhancement of the tensor
amplitude at small scales.
A violation of the consistency relation can turn out also because of a deviation from
the standard expression of the tensor-to-scalar ratio r. Both a deviation of scalar and
tensor amplitude can induce such a situation. For example, if a significant classical
production of GWs takes place, the overall amount of tensor modes deviates from the
predictions of single-field slow-roll inflation. Also an extra production of scalar per-
turbations can happen, for example because of the presence of extra fields beside the
inflaton.

Notice that, in some scenarios, the violation of the consistency relation is significant
only on a certain range of scales, i.e. where a substantial deviation from the standard
scalar and/or tensor modes takes place, and it is non-relevant on other scales. In light
of this fact, investigations on cosmological perturbations at several scales becomes
particularly significant.

At the end of the section we summarized in table 4.1, main examples of inflationary
models in which the violation of the consistency relation is due to a deviation from
the GW amount predicted in single-field slow-roll inflation.

4.1.1 Single-field slow-roll inflation with adding features

The consistency relation can be violated due to the presence of extra sources of scalar
and/or tensor modes, which lead to a larger amount of the respective power spectrum.
Furthermore, non-standard features of the inflaton can reflect on the amplitude of
scalar perturbations, such as an anomalous propagation speed of its perturbations.
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Inflationary scenarios with extra-sources of gravitational waves. We showed
in section 2.2.1 that, besides quantum fluctuations of the gravitational field, GWs can
be produced classically because of the presence of a source. If the latter is efficient,
GWs generated in such a way can introduce a significant deviation of the tensor-to-
scalar ratio from that expected in single-field slow-roll inflation. In this case, also the
spectral index can be different from the standard value. Furthermore, if a relevant
classical production of GWs takes place, the strict relation between the amplitude of
tensor modes and the energy scale of inflation is lost.
Notice that the violation could be significant only for a certain range of scales, more
precisely on those scales on which the second-order production of GWs is relevant. For
example, the consistency relation could be significantly violated at small scales, and
at the same time presenting a unmeasurable deviation on CMB scales. Most relevant
models in which such a situation occurs, are scenarios in which a spectator field or a
gauge field is coupled to the inflaton dynamics, as we show in section 2.2.1.

Inflation driven by multi-fields. If the background dynamics during inflation
is driven by more than one field, as in multi-field inflation, besides adiabatic scalar
modes, isocurvature perturbations are produced too. The latter acts as a source
in the equation of motion of curvature perturbations leading to a deviation in the
denominator of r with respect to the predictions of single-field slow-roll inflation. On
the other side, tensor modes are expected to be the standard ones. In this scenario
eq.(4.1) turns out to be [195]:

r = −8nT sin2 ∆ , (4.2)

where cos ∆ parametrizes the correlation between curvature and isocurvature pertur-
bations at horizon exit (the Planck Collaboration provided constraints on isocurvature
perturbations which can be translated into constraints on cos ∆ [2]). Furthermore, if
inflation is driven by more than two scalar fields, an additional isocurvature mode could
contribute to the non-adiabatic perturbations. In such case (4.2) then becomes [195]:

r ≤ −8nT sin2 ∆ . (4.3)

General single field inflation. Scenarios in which the inflationary expansion is
driven by a scalar field with a Lagrangian of the form P (X,ϕ) where X is the canonical
kinetic term, and P a generic function, are usually called models of general single

field. DBI inflation and k-inflation are examples of this class of models [196, 197].
In such scenarios, scalar perturbations have a non-canonical dynamics and then a
deviation from the standard scalar power spectrum is predicted, which finally results
in a violation of the consistency relation. More precisely, the inflaton sound speed
turns out to be c2

S ≡ dP/dρ = P,X / (P,X +2XP,XX ), where ρ is the energy-density of
the inflaton, and then in general different from the standard unitary value [196]. The
amplitude of scalar power spectrum results enhanced by a factor 1/cS with respect to
single-field slow-roll case, and the consistency relation turns out to be:

r = −8cSnT . (4.4)
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Exploiting CMB data, significant constraints on the parameter cS have been provided
[46], in particular exploiting limits on non-gaussianities.

Inflationary models with spatial and time variation of the inflaton decay

rate. Usually the decay rate of the inflaton into ordinary particles during reheating is
assumed to be constant. However, the decay rate depends on the vacuum expectation
value of the field χ into which the inflaton decays. Actually, the field χ can fluctuate
during the accelerated expansion and leave the imprints of the variations on super-
horizon scales. In such a scenario the inflaton decay rate cannot be considered constant.
The variations of the decay rate leads to a shift of the curvature perturbations on
super-horizon scales, which finally leads to a deviation of the amplitude of scalar
perturbations, and then to a violation of the consistency relation [198]:

r = −8 (1 − 2∆)nT , (4.5)

where ∆ ≡ (ζf − ζi) /ζi, and i and f indicate the initial and final times of the reheating
stage.

4.1.2 Inflationary models with modifications in fundamental

physics

A violation of the consistency relation could be also due to non-standard features in
the fundamental physics on which inflation is based. We outline some examples.

Inflation with collapse model for quantum fluctuations. In order to solve
the problem of quantum to classical transition [25] of inflationary perturbations, peo-
ple proposed to modify the evolution equation of primordial perturbations, i.e. the
Schrodinger equation. As a consequence, scalar and tensor power spectra deviate from
standard predictions, leading to a violation of the consistency relation of the following
form [199]:

r = −8nT + 8δ , (4.6)

where δ encodes the parameters that modify the Schrodinger equation.

Inflation with general initial conditions for quantum fluctuations. In order
to obtain the amplitude of scalar and tensor perturbations in section 2.1, we assumed
as initial condition for such modes, the so-called Bunch-Davies vacuum, which corre-
sponds to choice the lowest energy state. Actually, this could be not the case. There
are several motivations to question about the initial vacuum conditions of quantum
fluctuations at so high energy scales as in the inflationary scenario. Considering gen-
eral initial conditions, additional factors turn out in the expressions of the field power
spectra [200, 201], and then a violation of the consistency relation appears [200]. The
analogous of eq.(2.19), for general initial conditions for the gravitational field, becomes:

vk = C+ (k)
H√
2k3

(1 + ikτ) e−ikτ + C− (k)
H√
2k3

(1 − ikτ) eikτ , (4.7)
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where |C+ (k)|2 − |C− (k)|2 = 1. In particular, the scale dependence of C± (k) can lead
to a blue tensor power spectrum.

Inflation with non-commutative phase space. People considered the possibility
of non-standard commutative relations for quantum fields involved during inflation
[202], in particular in the context of quantum gravity. The consequence of such a
choice are non-standard equations of motion for tensor perturbations. In particular,
the tensor spectral index vanishes at small scales and becomes blue at large scales.
Therefore a significant violation of the consistency relation is expected at large scales.

4.1.3 Inflation with spatial broken diffeomorphisms

In section 2.3 we introduced the EFT approach to inflation, and we saw that if spatial
diffeomorphisms are supposed to be broken during inflation, besides the temporal one,
tensor perturbations can admit a non-vanishing mass mT and a speed of sound cT

different form unity [91]. In particular mT influences the spectral index, which in
some cases can be blue, while the propagation speed appears in the amplitude of
tensor modes as a factor 1/cT, see eq.(2.80). Therefore, in such a scenario, in general,
the consistency relation is predicted to be violated.

4.1.4 Inflationary models built on modified gravity

When the inflationary mechanism is built on a modified gravity theory, a different
dynamics of scalar and tensor perturbations with respect to the canonical one is usually
expected. As a consequence, in general, a deviation from standard scalar and tensor
power spectra is predicted. We give as an example, one of the most significant case.

G-Inflation. In G-Inflation scenario [79], the accelerated expansion is described by
the Horndeski Lagrangian. The dynamics of tensor perturbations is not modified with
respect to GR, however, even if the tensor spectral index reads as in the standard
case nT ≃ −2ǫ, it can assume positive values since negative values of the slow-roll
parameter ǫ are allowed (in general the null energy condition is not guaranteed to be
satisfied). On the other side, the scalar power spectrum deviates from predictions of
single-filed slow-roll inflation. In the particular case of potential-driven G-Inflation
considered by [203], a consistency relation can be written:

r ≃ −32
√

6

9
nT . (4.8)

G-inflation model can be generalized by adding new terms in the Lagrangian, keeping
equation of motion of the second order [81]. In such a case the dynamics of tensor
modes is no more the standard one, and the new amplitude and spectral index, in
general violate the standard consistency relation [204].
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Model Tensor power-spectrum Tensor spectral index Consistency

relation

Background

Standard infl. PT = 8
M2

pl

(
H
2π

)2
nT = −2ǫ red r = −8nT

EFT inflation(a) PT = 8
cTM

2
pl

(
H
2π

)2
nT = −2ǫ+ 2

3

m2
T

αH2

(
1 + 4

3
ǫ
)

r/b -

EFT inflation(b) PT = 8
cTM

2
pl

2
−p

1+p

π
Γ2
(

1
2(1+p)

) (
H
2π

)2
nT = p

1+p
blue violation

Gen. G-Infl. PT = 8
M2

pl
γT

G
1/2
T

F
3/2
T

(
H
2π

)2
nT = 3 − 2νT r/b -

Pot.-driv. G-Infl. PT = 8
M2

pl

(
H
2π

)2
nT = −2ǫ r/b r ≃ −32

√
6

9
nT

Extra

background

Particle prod. P
(s)
T = 8.6 × 10−7 4H2

M2
pl

(
H
2π

)2
e4πξ

ξ6 - blue violation

Spectator field P
(s)
T = 8

15πc3
s

H4

M4
P l

nT ≃ −4ǫ− 3s r/b violation

Table 4.1: GW features for selected inflationary models. We show the prediction for the amplitude
of the tensor power spectrum at the horizon crossing and the related spectral index, as functions of
the model parameters. In the next column we indicate if the tensor spectral index is expected to be
red, nT < 0, or blue nT > 0, or if both possibilities are admitted r/b. In last column we point out
the consistency relation, where it is significant, and denote violation the cases in which, due to an
extra background of GWs, a violation of the standard consistency relation can be expected on some
ranges of scales (see discussion in section 4.1). Standard Inflation: Lagrangian of eq.(1.6); see section
2.1. EFT inflation(a): Lagrangian of eq.(2.77), cT GW propagation speed, mT graviton mass; see
section 2.3. EFT inflation(b): Lagrangian of the same form of eq.(2.77) with α = c−2

T /2, m = 0,
cT a time-dependent parameter and p ≡ −ċT/cTH∗ a positive quantity; for more details see [82].
Generalized G-Inflation: see section 2.3, γT, GT, GT and νT defined in [203]. Potential-driven G-

Inflation: see [79, 203]. Particle production: Lagrangian of eq.(2.52), ξ defined in (2.56); see section
2.2.1. Spectator field: Lagrangian of eq.(2.71), cS and s defined in section 2.2.4.

4.2 Observational test of the consistency relation

In order to test the consistency relation eq.(4.1), an estimation of the scalar and tensor
amplitude, and a measure of the tensor spectral index are required. The most difficult
task is the estimation of the parameters related to GWs. Notice that a detection of
inflationary GWs on different scales is required in order to constrain nT.
At the present time, the stricter upper bound on the tensor perturbation amplitude
is provided by CMB measurements. However, such observations cannot put strong
constraints on the spectral index being them limited to a small range of scales. In
this direction, experiments of direct GW detection and measurements related to BBN
physics, give a substantial contribution, because of their sensitivity to small scales. In
particular, due to the weaker sensitivity on the GW amplitude of detectors at small
scales with respect to the CMB experiments, the former lead to significant constraints
on blue tensor spectral indexes.

Current measurements provide only an upper bound on the tensor-to-scalar ratio
r0.05 < 0.09 at 95% C.L. [97], and of the tensor spectral index nT = 0.016+0.614

−0.989 at
95% of CL [165]. Notice that, often, data analysis are made assuming the validity of
the consistency relation. Admitting a prior on the tensor spectral index which violates
eq.(4.1), leads to non-irrelevant deviations in the parameter estimations [157].



4.2 Observational test of the consistency relation 67

The prospects of constraining a possible deviation of the inflationary consistency re-
lation are shown in figure 4.1, together with current upper limits provided by several
experiments (for details on each experiment and the related limits see section 3). The
plot shows the parameter space given by the tensor-to-scalar ratio r and tensor spec-
tral index nT, referred to CMB scales. The curves are obtained assuming a power-law
parametrization of the inflationary GW signal on the whole range of frequencies, from
CMB up to laser interferometer scales. The range of the spectral index shown in the
plot is all allowed by current CMB measurements [2, 157]. Each point on the curves
corresponds to a GW signal which is tangent to the power-law sensitivity curve of the
associated detector or it is tangent to the upper limit curve provided by the related
data. As visible, space-borne GW detectors are expected to widely improve current
constraints in such a parameter-space, in particular providing stricter constraints on
the tensor spectral index for fixed values of the tensor-to-scalar ratio. In some limit
cases, such kind of experiments could be able of capturing a GW signal which vi-
olates the inflationary consistency relation, that would be undetectable for planned
experiments on CMB scales.

Figure 4.1: Parameter space of tensor-to-scalar ratio r and tensor spectral index nT at the
pivot scale of k = 0.01Mpc−1. The plot is obtained assuming a GW signal parametrized
by a power-law. The region on the left of each curve is that allowed by the related data or
that admitted by eventual non-observation of primordial GWs by the associated experiment.
Curves are obtained from those shown in 3.1, then refer to current data or planned experiment
capabilities at 95% of CL, a part from the LISA curves which refer to a signal-to-noise ratio
of 10 (see 5.2 to clarify this point).
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Chapter 5

Forecast for detection of

inflationary gravitational waves,

the case of LISA

The space-based interferometer LISA [7] for detection of GWs, is feasible to be launched
in 2030. In light of the expected sensitivity to a stochastic GW background, it is in-
teresting to study which information on inflationary physics could be probed by such
an experiment. In [9], me and other collaborators of the LISA Cosmology Working
Group, we made a deep investigation in this direction, considering a general inflation-
ary GW signal and the stochastic GW background predicted by a number of specific
inflationary scenarios. We found that LISA should provide new exciting information
about such a physics.

The main results shown in this chapter are published in [9].

5.1 The LISA mission

LISA (Laser Interferometer Space Antenna) is the project for a space-borne laser inter-
ferometer detector of GWs. On June 20th 2017, ESA Science Programme Committee
has selected LISA as the third large-class mission (L3) in its Cosmic Vision future
science program. At the moment, the LISA project is approaching the end of Phase-0,
i.e the mission analysis and identification. The flight is planned for 2030.

LISA is a laser interferometer composed by three spacecraft arranged in an equilateral
triangle scheme. The distance between two spacecraft is planned to be 1.5 million
Kilometers. This configuration will fly at a distance of about 50 million Kilometers
from the Earth and will follow our planet in the revolution around the Sun; see figure
5.1. Surprisingly, three equilibrium orbits exist around the Sun and at a distance of
about 50 Million Kilometers form the Earth which naturally creates the orbits for the
three spacecraft, so that the path of each spacecraft has to be corrected in a minimal
part each year. The proposed mission lifetime is 4 years, extendible to 10 years.

69
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Figure 5.1: Configuration of the LISA experiment. Above, the triangular configuration with
the specified position with respect to the Earth and the Sun. Below, orbit of the triangular
configuration around the Sun along one year. Pictures taken from [7].

From each satellite two laser beams are emitted towards the other observatories, and
two test masses are positioned in each of them, one for each incoming beam. As for
terrestrial experiments, the GW signals are searched looking for the variation of the
travel of laser light between two masses. However, in the case of LISA, the spacecraft
are too far away from each other in order to reflect the laser signal as in a proper
Michelson interferometer, then the comparison between the laser beams cannot be
done concretely, while it is made virtually comparing data of incoming beams in two
different spacecraft. LISA can be view as a combination of two independent interfer-
ometer (plus a null channel). The situation is complicated by the fact that a position
and acceleration local disturbance of the masses are expected to be produced by sev-
eral phenomena.

The robustness of the LISA project is supported by the success of the LISA Pathfinder
[205], i.e. an ESA mission with the aim of studying a prototype of the LISA experi-
ment. A single satellite has been launched on December 2015, equipped by an optical
bench and two test masses, in order to test the possibility of controlling a free falling
mass in such an environment, to study the related low frequency and local noise and
to probe the operation of the optical bench. The exciting results of LISA Pathfinder
show that the required noise for the mission have been widely achieved [206].
It has to be noticed that LISA Pathfinder tested the local physics, while LISA is
composed by test masses separated by millions of Kilometers. However, most of the
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noise in LISA is generated inside each spacecraft independently to each other, since
the disturbance forces are local, then most of the expected disturbance can be well
tested within a single spacecraft. This fact makes LISA Pathfinder results even more
significant and promising.

The expected energy-density sensitivity of LISA is shown in fig.5.2 (in a cosmological
context people usually refer to the energy-density sensitivity which is the re-expression
of the more common strain sensitivity). The observatory should capture GWs with
frequencies f ∈ (10−5, 10−1) Hz. Actually, several configurations have been proposed
for LISA, according to different specifications of the experiment, in particular the
number of links, the arm length, the noise at low frequencies and the mission duration.
In the plot we show the curves corresponding to the configurations usually denoted
as L6A1M2N2 (6 links, 1 MKm arm-length, 2 year mission, N2 noise level at low
frequency) and L6A5M5N2 (6 links, 5 MKm arm-length, 5 year mission, N2 noise
level at low frequency).

Figure 5.2: LISA energy-density sensitivity curves Ωsens [173] related to the configurations
L6A1M2N2 (blue) and L6A5M5N2 (red); see main text for the specifications. We will refer
to the shown configurations as the best and the worst configurations.

Actually, the proposal accepted by ESA does not correspond to any of the configura-
tions shown in figure 5.2. The planned experiment has a sensitivity which is interme-
diate between the two displayed curves. In the next sections we will consider the two
configurations of the plot 5.2 since the presented analysis has been done before the
proposal acceptance. In any case, the results we are going to present do not suffer to
any relevant modification. We will refer to the shown configurations as the best and
the worst configurations.

Fascinatingly, the GW waveband to which LISA is sensitive, is unexplored up to
now. For this reason, LISA is expected to give a new and impressive progress in the
physics of GWs. Differently from current ground-based detectors, LISA should collect
a huge amount of GW signals with a large signal-to-noise ratio1. The main targets

1Contrary to terrestrial laser interferometer detector, in the case of LISA, one of the main challenge
is developing tools able to disentangle and identify the huge amount of superposed GW signals.
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are the GWs produced by massive black holes binaries [207], which are expected to be
detected with a large signal-to-noise ratio and up to high redshifts. Moreover, solar
mass black holes binaries (such as those detected by LIGO detectors) far from their
merger2 should produce a GW radiation within the LISA waveband [209], as well as
galactic binaries and extreme mass ratio inspirales [210]. Astrophysical and possible
cosmological backgrounds should be observed too.

5.2 Constraining power of LISA for a stochastic

GW background

Claiming a detection of an extra-galactic stochastic GW background by planned laser
interferometer experiments is not an easy task [155,156]. In such a direction, the main
challenge is implementing a method able to disentangle a possible cosmological GW
signal from instrumental noise and foregrounds.

Two main tools can be exploited in order to separate the instrumental noise from
a stochastic GW signal [155]. Firstly, the cross-correlation between multiple detec-
tors, secondly, the different transfer function and spectral shape of the noise and of
the GW signals. Moreover, interestingly, one of the combinations of the three de-
tector responses turns out to be un-sensitive to GW signals. Such a combination
is usually called null channel. Actually, the latter is completely un-sensitive only in
the zero-frequency limit, elsewhere a weak response is expected because of the finite
arm-length of the detectors. The null channel is crucial to search for un-modelled
background signals and to distinguish them from the instrumental noise. In the LISA
studies performed up to now, a perfectly stationary, Gaussian and completely well
understood noise is assumed. In such a case, the special role of the null channel is
not relevant. When departures from such hypothesis are considered, then the null
channel acquires its significance. Clearly, an improvement in this direction is required
for future investigations.

Furthermore, in the LISA waveband, galactic background signals are expected, in par-
ticular galactic white dwarf binaries should constitute the most relevant one. Many
galactic white dwarf should be individually resolvable, while the rest will generate a
stochastic background signals which could be significantly larger than possible cos-
mological gravitational radiation. In order to distinguish the galactic signal from the
cosmological one, their different spectral shape can be exploited [156]. On the over
hand, from the solvable white dwarf GW signals, constraints on the parameters which
describes their contribution can be extracted. Furthermore, the galactic GW fore-
ground is expected to be modulated with a one-year period due to the motion of LISA
around the Sun. Modelling these features, it is found that a cosmological GW back-
ground should be detectable by LISA even if its amplitude is strongly below that of

2People found out that such a kind of sources could be visible in the LISA window and after a
certain period of time, the same source could be visible in the LIGO-Virgo detectors [208].
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the galactic foreground [156].
Notice that, moreover, also extra-galactic background of astrophysical origin consti-
tute a foreground for cosmological signals. In particular, unsolved signals from black
hole - black hole and neutron star - neutron star mergers may have a significant impact
on the identification of a stochastic background of cosmological origin.

5.2.1 Signal-to-noise ratio and signal detectability of a detec-

tor network

From the instrumental specifications of an observatory and with a simulator of the
experiment, the sensitivity curve, i.e. the ratio between the response of the detector to
the noise and the response of the detector to the GW signal, can be obtained [211,212]:

h2Ωsens (f) ≡ 2π2

3H2
0

f 3

[
Pn (f)

Rh (f)

]
, (5.1)

where Ph is the noise spectral power density, while Rh is the response to a GW signal,
i.e. the antenna pattern averaged over polarizations and direction on the sky. The
latter is obtained by simulations. For a network of detectors, the previous expression
is generalized as [212]:

h2Ωsens (f) ≡ 2π2

3H2
0

f 3

[
N∑

I=1

N∑

J>1

Γ2
IJ (f)

PnI (f)PnJ (f)

]−1/2

, (5.2)

where I and J denotes the detectors, N is their number and ΓIJ is the overlap reduc-
tion function which expresses the cross-correlation between detector I and detector J
(ΓIJ reduces to Rh for I = J). The sensitivity curve h2Ωsens (f) provides the frequency
band and an indication of the required spectral energy density of a GW signal in order
to be detectable by the associated experiment.
However, in order to claim a GW detection, referring to a proper statistic is required.
Once a threshold value of the latter is established, signals corresponding to a statistic
value above the threshold are considered as a GW detection. In this context, people
usually refer to the signal-to-noise ratio (SNR) statistic.

In general, the collected signal of each detector I is given by the sum of a GW input
and the intrinsic noise, that is:

sI = hI (t) + nI (t) , (5.3)

where hI is the GW strain and nI is the intrinsic noise. Considering the simple case
of a network composed by two coincident and coaligned detectors, we can define the
following quantity:

S ≡
∫ T/2

T/2
dt s1 (t) s2 (t) (5.4)

where T is the detection time. Then the SNR statistic is defined as:

SNR ≡ 〈S〉
σ

, (5.5)
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where σ2 is the cross correlation variance of the signal s. In terms of the spectral
energy density, the expression for 〈S〉 turns out to be (calculation are performed in
appendix C):

〈S〉 =
∫ +T/2

−T/2
dt 〈h (t)h (t)〉 = T 〈h2 (t)〉 =

3H2
0

20π2
T
∫ +∞

−∞
df

ΩGW (f)

f 3
. (5.6)

Generalizing S for a network of detectors and modelling the noise nI in terms of Pn,
the definition (5.5) turns out to be [212]:

SNR =


2T

∫ fmax

fmin

df
N∑

I=1

N∑

J>1

(
3H2

0

2π2

ΩGW

f 3

)2
Γ2
IJ (f)

PnI (f)PnJ (f)




1/2

, (5.7)

where a vanishing correlation between noise and signal is assumed, and fmin, fmax are
the extreme frequencies to which the experiment is sensitive (and a numerical factor
has been included in the overlap reduction function). From the definition (5.2), the
SNR can be expressed also in terms of the sensitivity curve Ωsens:

SNR =

[
T
∫ fmax

fmin

df
[h2ΩGW (f)]

2

[h2Ωsens (f)]2

]1/2

. (5.8)

In order to claim or not a detection, referring to a threshold value of the statistic SNR
is required. To establish such a value, in the case of LISA, a bayesian method has
been employed. More precisely, the procedure is based on the evaluation of the Bayes
factors for several GW signals with respect to the hypothesis of noise only. Varying the
parameters which determine the GW signal, when the Bayes factor gets a reasonably
large value, the associated parameters of the GW signal are taken as the threshold
values. By the latter, the corresponding threshold value of the SNR, i.e. SNRth is
calculated by (5.8). Notice that, for each parametrization of GW signal, a proper
analysis has to be done, and a specific value of SNRth is found. Then, in order to
establish the detectability of a fixed GW signal, one calculates the corresponding SNR
by (5.8), if the latter is larger than the threshold SNR value, then the GW signal can
be considered as detectable.

5.2.2 Power-law sensitivity curves of LISA

In previous chapters we saw that the inflationary mechanism predicts the production
of a stochastic GW background broaden on a wide range of frequencies. In particular,
for several inflationary models the related GW power spectrum turns out to be well
parametrized by a power law, i.e. by an amplitude and a spectral index. Moreover, in
section 2.6, we found that the power-law shape is preserved in the associated present-
time GW spectral energy density.
The SNRth value for such a kind of signal has been obtained by [156]. More pre-
cisely, considering a power-law GW background, carrying out the Bayesian procedure,
a threshold value of ΩGW ≃ 10−12 for a scale-invariant signal has been found. The
corresponding value of the statistic threshold turns out to be SNRth = 10, for the
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sensitivity of the LISA (configuration L6A5M1N2). Notice that this value has been
obtained making several assumption, i.e. considering a gaussian and scale-invariant
noise and a complete knowledge of the latter. On the other hand, it has been obtained
taking into account for the expected galactic confusion foreground and assuming the
GW signal amplitude to be well below the instrument noise. For the study of power-
law inflationary GW signals we will refer to such a value of SNRth.
Interestingly, established the SNRth associated to a power-law GW signal, manipu-
lating the sensitivity curve, it turns out that the comparison between the SNR of a
candidate power-law signal and SNRth can be done graphically by the construction of
the so-called power-law sensitivity curves introduced by [172]. The underlying idea is
to build up a curve which includes the calculation of SNRth, i.e. taking into account
the broad nature of the GW signal we are interested in. Clearly, this procedure can
be performed for each experiment once the sensitivity curve Ωsens (f) and the SNRth

value for power-law signals are provided.

Parametrizing the present-time GW spectral energy density by an amplitude Ωα (f∗)
and a spectral index α, i.e.:

ΩGW (f) = Ωα (f∗)

(
f

f∗

)α
, (5.9)

where Ωα (f∗) is a function of the primordial amplitude AT (cf. eq.(2.94)), the expres-
sion of the SNR, results into a specific form. In particular, from (5.8), imposing the
SNR to equal SNRth, the following equality is obtained:

Ωα =
SNRth√

2T

[∫ fmax

fmin

df
(f/f∗)

2α

Ω2
sens (f)

]−1/2

. (5.10)

For each value of the parameter α, the Ωα value which satisfy such an equation cor-
responds to a GW signal with SNR = SNRth. Then, establishing a reasonable range
of values E for the spectral index α, for each frequency f between fmin and fmax, we
can calculate the following maximum:

max
α∈E

[
Ωα

(
f

f∗

)α]
= max

α∈E


SNRth√

2T

[∫ fmax

fmin

df
(f/f∗)

2α

Ω2
sens (f)

]−1/2 (
f

f∗

)α
 ≡ Ωsens,pl (f) ,

(5.11)
that is, we are selecting the “worst” case at each frequency. The pairs f − ΩGW

obtained by eq.(5.11) constitute the power-law sensitivity curve Ωsens,pl (f). By a
simple reasoning, it is clear that the latter constitutes the curve above which each
power-law GW signal has a SNR larger than SNRth.
The interesting point is that for a signal to have SNR > SNRth, is sufficient the
corresponding ΩGW to exceed the power-law sensitivity curve somewhere. Such a
procedure does not hold for the sensitivity curve Ωsens (f). Indeed, the latter does not
take into account for the integration over frequencies required to calculate the SNR
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for a broaden signal3.
In figure 5.3 we show the result obtained from the LISA sensitivity curves presented
in figure 5.2. Establishing the detectability of a GW power-law signal, now it is easy:
we know that each curve that somewhere is above the power-law sensitivity curve
corresponds to a SNR larger than the threshold value, and therefore that it is in
principle detectable.

Figure 5.3: Power-law sensitivity curves of LISA Ωsens,pl [173] related to the configurations
presented in figure 5.2: L6A1M2N2 (blue) and L6A5M5N2 (red); see main text for the
specifications.

In the next sections, in order to claim an expected detection of a primordial GW signal
well described by a power-law, we will refer to the power-law sensitivity curve.

5.2.3 Constraints on the primordial parameters

In the following analysis we forecast the capabilities of LISA in probing inflationary
physics. LISA is clearly sensitive to the present time GW spectral energy density,
therefore in order to extract information on primordial parameters, modelling the
evolution form their generation up to the present time is required.
We parametrize the primordial GW power spectrum by a power law:

PT (k) = AT

(
k

k∗

)nT

. (5.12)

In section 2.6, we presented how to calculate the present time GW spectral energy
density starting from a primordial GW signal. We report such a result, evaluated at
the present time:

h2ΩGW (k, τ0) =
1

12

(
k

a0H0

)2

PT (k)T 2
h (k, τ0) , (5.13)

3Notice that for each kind of a broaden GW signal, the SNR is given by an integration on fre-
quencies, not only for power-law signals. Therefore a comparison of ΩGW with the sensitivity curve
Ωsens (f) is, in principle, reasonable only for GW signal peaked on a single frequency. For broaden
signal, with a more complicated shape than a power law, the related value of the SNR has to be
calculated each time by (5.8) and then compared with the established threshold.
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The combination of the transfer function T 2
h and the term proportional to k2, gives an

overall scale invariant factor, so that the present time GW spectral energy density re-
flects the same scale dependence of the primordial signal. Moreover, it has been noticed
that the amplitude in (5.13) can be approximated by ΩGW (f∗) ≃ ΩR,0AT (f∗) /24 [53],
where ΩR,0 ≃ 10−5 is the present time radiation energy density. Such an approxima-
tion turns out to be safe in light of analysis we are going to perform. In summary, the
present GW spectral energy density can be written as:

ΩGW (f) ≃ ΩR,0

24
AT (f∗)

(
f

f∗

)nT

. (5.14)

Comparing ΩGW expressed as in eq.(5.14), with the LISA power-law sensitivity curves
shown in figure 5.3, the pairs of values AT and nT corresponding to a signal tangent
to Ωsens,pl can be found. Such values identify the GW signals at the detection limit of
LISA. In figure 5.4 we show the corresponding curves in term of the tensor-to-scalar
ratio r and the tensor spectral index nT. The pivot scale is fixed at k = 0.01Mpc−1

and the scalar amplitude is fixed at the estimation provided by Planck, i.e. A0.05 =
2.21 · 10−9 at 68% C.L. at k∗ = 0.05Mpc−1 [17]. In the next section, we will carry

Figure 5.4: Constraining power of LISA on the parameter space given by the primordial
tensor-to-scalar ratio r and the spectral index nT at the scale k = 0.01Mpc. the scalar
amplitude is fixed at the estimation provided by Planck. Each curve refers to a specific LISA
configuration: L6A1M2N2 (blue) and L6A5M5N2 (red); see main text for the specifications.

out the following procedure, to be adapted to each specific inflationary scenario: we
explicit the primordial parameters AT and nT in eq.(5.14) in terms of the specific
parameters of the selected inflationary model, we compare such a GW signal with the
LISA power-law sensitivity, taking as a discriminant the GW signals tangent to such
a curve and we extract the constraints on the GW parameters, and as a consequence
on the inflationary quantities.

5.3 Constraints form other physical observables

Beside making forecasts for LISA capabilities in probing inflation, we would like to
compare such results with other limits on the inflationary physics provided by several
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observations. In the present section we outline those we are going to consider and how
we will employ them, so that later we will refer to the procedures explained here.

Firstly, we consider current bounds on the present-time GW spectral energy density:

• The non-observation of B-modes of primordial origin in CMB polarization power
spectra, provides un upper bound on the amplitude of the tensor power spectrum
at large scales. Such a constraint is usually expressed by un upper limit on
the tensor-to-scalar ratio r, obtained by fixing the amplitude of scalar power
spectrum at the best fit value obtained by Planck observations. More precisely,
the joint analysis of Planck and BICEP data provide un upper bound of r0.05 <
0.09 at 95% C.L. [97] at a pivot scale of k∗ = 0.05Mpc−1. From the expression
(5.14), such a limit becomes ΩGW (f∗) < 10−15 with f∗ ≃ 10−17Hz, at the present
time.
Assuming a power-law tensor modes, CMB data provides also constraints on the
tensor spectral index nT. However such constraints result weaker than other we
are going to consider here.
Where significant, we will also take into account for the upper bound on the
tensor non-gaussianities provide by Planck observations [46].

• LIGO-Virgo Collaboration provided the power-law sensitivity curve of the LIGO
detector for the expected five observational runs [168]. Here we consider the curve
related to the aLIGO O1:2015-16 observation run which corresponds4 to SNRth =
1. In the next analysis we will use the aLIGO power-law sensitivity curve in the
same manner we use the LISA power-law sensitivity curve, as explained in section
5.2.3.

• Another relevant constraint of the GW spectral energy density is provided by
observations related to BBN physics (see section 3). More precisely, the latter
is sensitive to the GW amount filling the universe at the time of BBN process.
Notice that at the moment of BBN, only a certain range of scales have already en-
tered the horizon, i.e. those corresponding to f & 10−10Hz. The combination of
such a limit with CMB observations, BAO and primordial Deuterium abundance
measurements leads to an upper bound on the integrated GW spectral-energy
density of: ∫ fM

fm

df

f
ΩGW (f) < 3.8 · 10−6 (5.15)

at 95% C.L. [118]. The frequency fm is fixed by the time of the BBN process, and
it is found to be fm ≃ 10−10Hz, while fM corresponds to the end of inflation,
i.e. it depends on the reheating temperature. We fix the pivot frequency at
CMB scales, i.e f∗ = 10−17Hz. Assuming that such an amount was given by

4After this analysis has been performed, LIGO-Virgo Collaboration published the upper bound
on the GW spectral energy density for power-law signals, obtained by data of the O1 observation
run [161]. Slightly worst limits have been found with respect to the proposed sensitivity curve [168].
However, such a difference turns out to be not relevant with respect to the results we are going to
present.
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GWs with a power spectrum described by a power law, the upper limit provided
by [118], can be translated into an upper bound on the GW spectral energy
density ΩGW (f). More precisely, writing ΩGW (f) as in (5.9), the bound (5.15)
becomes: ∫ fM

fm

df

f
Ωα (f∗)

(
f

f∗

)α
< 3.8 · 10−6 . (5.16)

The amplitude Ωα (f∗) turns out ot be:

Ωα (f∗) < 3.8 · 10−6 αfα∗
fαM − fαm

. (5.17)

Then the GW spectral energy density which matches the integral limit (5.15),
reads:

ΩGW (f) =

[
3.8 · 10−6 αfα∗

fαM − fαm

](
f

f∗

)α
. (5.18)

This function is analogous to (5.10)-(5.11), i.e. in such a case the integral quan-
tity equals a SNRth value, here the integral quantity match the limits value
provided by BBN observations. Therefore, varying α on a reasonable range of
values, for each frequency we choose the maximum value of ΩGW (f). Such pairs
f −ΩGW (f) constitute a sort of power-law “limit” curve. Indeed each ΩGW with
a power-law shape which somewhere is above such a curve, corresponds to an
integrated GW spectral energy density which exceed the limit provided by [118],
and it is therefore excluded at the 95% of CL. The curve is shown in figure 3.1,
black coloured. We will consider such a curve following the procedure explained
in section 5.2.3.

Then we consider other constraints on inflationary physics provided by observations
related to the scalar perturbations produced during inflation. Often, when a signifi-
cant GW classical production happens during inflation, also a relevant second-order
scalar production takes place. The latter and the classical GW production are usually
described by the same parameters, so that, in many cases, constraints on the scalar
perturbations corresponds to limits on the GW production. Clearly, these bounds will
be relevant when the inflationary parameters involved in the scalar sector are the same
that describe tensor perturbations.

• CMB measurements provides stringent constraints on inflationary scalar pertur-
bations. Where significant, we will consider the current estimation of the scalar
perturbation amplitude, i.e. A0.05 = 2.21 · 10−9 at 68% C.L. at k∗ = 0.05Mpc−1

[213]. Notice that such limit refers only to CMB scales.

• Current non-observation of primordial black holes puts un upper bound on the
amplitude of primordial scalar perturbations on a broad range of frequencies,
see section 3.1. More precisely, they provide roughly un upper limit on the
scalar perturbation amplitude of AS . 10−10 for f ∈ (10−2 − 102) Hz at 95% of
CL [142]. When relevant, we will consider such a bound, however, notice that it
is obtained performing several assumptions which could compromise the value
of such limits, therefore we will consider these bounds as uncertain.



80 5. Forecast for detection of inflationary gravitational waves, the case of LISA

Notice that all the constraints presented here refer to a 95% of CL, so that they are
all comparable. On the other hand, the power-law sensitivity curve of LISA refers to
a SNRth value. The corresponding CL has not been calculated yet, even thought the
value of the underlying Bayes factor is so large that we can surely refer to SNRth to
claim a detection. Then in the following analysis, we will compare anyhow the LISA
curve with the others, being aware of this fact.

5.4 Forecast for specific inflationary models

We consider three specific inflationary models, that we have already presented in sec-
tions 2.2.1-2.3. In particular, we saw that in each of them a significant GW production
takes place. Here we forecast the constraining power of LISA on the inflationary pa-
rameter space associated to such scenarios.

5.4.1 Inflation with a scalar spectator field

We study the specific model presented by [67] and that we have already discussed
in section 2.2.4. Notice that we are investigating a specific model, in this sense our
analysis is model-dependent. Consider an inflationary scenario described by:

L =
1

2
M2

PlR +
1

2
∂µϕ∂

µϕ− V (ϕ) + P (X, σ) , (5.19)

where ϕ is the inflaton, σ is the spectator field, X = 1
2
∂µσ∂

µσ and P is a generic
function of X and σ. The propagation speed of σ perturbations is equal to cs ≡
PX/ (PX + PXX σ̇

2
0). Perturbations of the spectator field give rise to a source term in

the equation of motion of tensor modes. Here we are interest in the case in which
cs ≪ 1, since we will see that in such a situation the second-order production of GWs
turns out to be significant. We also admit a time dependence of such a quantity. The
whole amount of produced GWs is given by the sum of two contributions: one due
to quantum fluctuations of the gravitational field, and one which corresponds to the
second-order production due to the presence of the spectator field σ.

Gravitational wave production and second-order scalar perturbations. Ac-
cording to what we presented in section 2.2.4, the whole power spectrum for GWs,
turns out to be:

PT (k) ≃ 2H2

M2
Pl

(
k

k∗

)−2ǫ

+
8

15πc3
s

H4

M4
Pl

(
k

k∗

)−4ǫ−3s

, (5.20)

where H and cs are evaluated at k = k∗, and s is defined in (2.72). For negative values
of the parameter s, the spectral index of the second-order GWs can reach positive
values, i.e. the sourced GW power spectrum can be blue.

In this scenario a relevant second-order scalar perturbation production takes place
too. As for the tensor sector, scalar perturbations of the spectator field give rise to
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a source term in the equation of motion of curvature perturbations, so that an extra
contribution to the scalar power spectrum is produced.
The complete calculation of sourced curvature perturbations is quite complicated, since
many terms of the form ∼ δϕδσδσ appear in the action perturbed at third order. The
authors of [67] claim that it is not clear which of those terms determines the main
contribution to the curvature perturbations and they take into account only for the
term of the form δN (∂iδσ)2, where δN ∼ δϕ, which is enough for their aim. On
the other hand it is not to be excluded that some term in the source could cancel to
each other. Therefore we decided to proceed taking into account only the same term
considered by [67]. The amplitude of scalar perturbations induced by such a source
results:

A
(s)
S ≃ 1

32πc7
s

H4

M4
Pl

, (5.21)

where H and cs are evaluated at the pivot scale. Notice that also this amplitude is
inversely proportional to the propagation speed cs, therefore, an enhancement of the
sourced GWs means at the same time an enhancement of sourced curvature pertur-
bations. As before, considering a generic scale dependence of H and cs, the sourced
curvature perturbation power spectrum, is described by the following spectral index:

n
(s)
S − 1 = −4ǫ− 7s . (5.22)

Considering the result for curvature perturbations produced in the single-field slow-roll
inflationary scenario, the whole amount of curvature power spectrum is given by the
sum of two contributions described by a power-law respectively:

PS (k) ≃ H2

4ǫM2
Pl

(
k

k∗

)−6ǫ+2η

+
1

32πc7
s

H4

M4
Pl

(
k

k∗

)−4ǫ−7s

, (5.23)

where H and cs are evaluated at k = k∗.

Equation (5.20) shows that for sufficiently small values of the propagation speed cs the
amplitude of sourced GWs can reach significant values and in principle, it can exceed
the amplitude of GWs generated by quantum fluctuations of the gravitational field.
Moreover, if cs is getting smaller during inflation, the related spectral index can be
positive, so that the sourced GWs can reach a large amplitude at the scale of LISA.
On the other hand we have to consider the counterpart of scalar production. Current
cosmological observations provide strict constraints on the amplitude and the spectral
index of curvature perturbations at CMB scales [2]. From the expressions (5.20)-(5.23),
it is clear that bounds on the curvature power spectrum provide limits on the same
inflationary parameters which determines the amount of GWs. More precisely, they
are both determined by the Hubble parameter H, the propagation sound speed cs, the
slow-roll parameters ǫ and s. Therefore in the following analysis, we will consider also
the bound on the parameter space of the model obtained form current constraint on
scalar perturbations.
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We assume that the expressions (5.20)-(5.23) are valid on the range of frequencies
from CMB scales up to the range of LISA frequencies. Notice that this not an obvious
assumption, given the so large range of frequencies we are covering.
We consider the parameter space cs − s for fixed values of the Hubble parameter H
and at the pivot scale k = 0.05Mpc−1.

Current constraints from CMB observations. Consider the whole amount of
curvature perturbations given by (5.23). Plank data provide un upper bound on the
slow-roll parameter ǫ, i.e. ǫ < 0.0068 at 95% C.L. [2] considering Planck TT+lowP,
that is temperature and low ℓ polarization data. For a fixed value of H, the upper
bound on the slow roll parameter ǫ provides a lower limit on the amplitude of scalar
perturbations from vacuum fluctuations. As a consequence, an upper limit on the
amplitude of the sourced curvature perturbations is found. Then from the expression
(5.21), a lower bound on cs is obtained. For values of cs smaller than such a limit, in
order to satisfy the estimation of the curvature amplitude, values of ǫ larger than the
upper limit provided by Planck, are required.
In order to reach the LISA sensitivity we are interested in positive values of the spec-
tral index of the sourced GWs. To obtain a blue tensor power spectrum a negative
and sufficiently large value of s is required. However, at the same time, such values
of s lead to a blue power spectrum for sourced curvature perturbations too. CMB
measurements provide strict constraints on the scalar spectral index. Therefore we
have to verify that on the whole range of frequencies to which CMB is sensitive, the
amplitude of scalar perturbations agrees with such an estimation. In particular, we
are looking for those cases in which the amplitude of the sourced scalar perturbations
increases with the frequency, while current measurements point out a red value of
the scalar spectral index at large scales. Therefore, in particular, we have to ensure
that the sourced scalar contribution does not spoil current measurements at the small-
est scale to which CMB measurements are sensitive. More precisely, we consider the
parametrization of the scalar power spectrum made by [2], where a spectral index, a
running of the spectral index and a running of the running are admitted. We calculate
the scalar amplitude at k = 0.1Mpc−1 with the parameter estimations provided by
such analysis and we required the total amplitude of scalar power spectrum to not ex-
ceed it at the same scale. This requirement turns out to put a lower bound on cs more
stringent than the one found before (with same fixed value of H), providing a new
upper bound on the sourced contribution to scalar perturbations. The same request
points out also an upper bound on the spectral index, i.e. on |s|, for a given value of
the sourced scalar amplitude. These bound are displayed in figure 5.5. Actually, the
shown limits are sensitive to the choice of k = 0.1Mpc−1 and to the related value of
the amplitude imposed. However, as we will see soon the significance of the role of the
LISA experiment does not suffer such changes, since it spits the parameter space in
a completely different direction with respect to the bound shown up to now. Notice
that the allowed parameter space, correspond to a sourced contribution to curvature
perturbations on CMB scales, tiny with respect to that due to vacuum fluctuations
of the inflaton. This fact also justify our choice of considering the upper limit of ǫ
referred to a single-field model.
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Figure 5.5: Parameter space of cs-s at k∗ = 0.05Mpc−1. The lower bound on cs obtained
from the upper bound on ǫ and from the estimation of the scalar amplitude on CMB scales
is reported. The red region is that allowed by such constraints. The red-dashed curve is the
bound obtained from CMB data at small scales, as explained in the text. Taken form [9].

Moreover, in inflationary scenarios with spectator fields, a significant production of
scalar non-gaussianities is, in general, expected. Current CMB observations provide
upper bounds of the non-linear parameter fNL defined in eq.(1.25), for different con-
figurations of the bispectrum. In models where a spectator field is present, usually the
amplitude of the parameter fNL is inversely proportional to a power of the propaga-
tion speed of sound cs. Therefore, un upper bound on non-gaussianities, in general,
provides a lower bound on cs. Also for the scenario we are considering here, we ex-
pect that the non-observation of a scalar bispectrum at CMB scales, implies a lower
bound on cs. Planck Collaboration provides the lower bound on the propagation speed
only for a few specific models [46]. For our scenario, we expect that current bounds
on fNL implies a lower bound on cs, but in order to find the exact value a complete
calculation of the scalar bispectrum is required. Therefore, in principle, a complete cal-
culation of non-gaussianities could point out a more stringent lower bound on cs with
respect to those reported before. However, the only estimation [68] we have about
non-gaussianities in this kind of scenarios points out that scalar non-Gaussianities
induced by the spectator field should be suppressed. In light of this consideration,
LISA might turn out to be more powerful in constraining the parameter space than
bounds on scalar non-gaussianities. On the other hand, in light of the dependence of
this kind of estimations on the specific model considered, it should not be excluded
that a complete computation of scalar non-gaussianities might reduce the allowed pa-
rameter space. In this direction, a complete calculation of the non-gaussianities of
curvature perturbations related to this scenario could be an interesting improvement
of the present analysis.
Notice that we are considering a region in the parameter space where the sourced
scalar power spectrum can be significantly blue, therefore also the parameter fNL

could present a significant scale dependence. Current CMB observations do not pro-
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vide constraints on the scale dependence of fNL that could be applied in the scenario
considered here. However, if significant constraints on the scale dependence of fNL

will be extracted from CMB data, these could provide a new bound in the parameter
space.

Forecast for LISA. In the region of the parameter space for which the GW signal
reaches the LISA power-law sensitivity curve, the amplitude of tensor modes due to
quantum fluctuations of the gravitational field is negligible at LISA frequencies, then
in order to establish for which parameter values the inflationary GWs are detectable
by LISA, we can approximated (5.20) with the second term. At k∗ = 0.05Mpc−1, the
slow-roll parameter ǫ appearing in the spectral index of tensor modes can be written in
terms of the parameters cs by requiring the whole scalar amplitude at the pivot scale to
be given by the value provided by Planck analysis, for a fixed value of H, see eq.(5.23).
So, at the end PT (k) turns out to be parametrized by cs and s, for a fixed value of
H. Then, by eq.(5.14), the present-time GW spectral energy density ΩGW is written
as a function of cs and s. Therefore, for each value of cs, one can identify the smaller
value of s for which ΩGW reaches the LISA sensitivity curve. These couples of values
build up the curves represented in the right panel of figure 5.6, from which it is visible
that LISA is expected to provide completely new information in the parameter space
of this inflationary model. In this sense, the significance of the constraining power
of LISA is not affect by the exact value of the lower bound on cs due to constraints
provided by the scalar sector.

Constraints from other observables. We consider also the power-law sensitivity
curve provided by LIGO-Virgo Collaboration and by consideration on the BBN process
introduced in section 5.3. Following th same procedure performed for LISA we obtain
the related bounds in the parameter space cs − s. The results are shown in figure 5.7.
For large values of cs, the LIGO-Virgo capabilities turns out to be the most stringent
one with respect to other experiments at small scales.
For constraints from BBN physics, as range for the values of the spectral index, we
chosen nT ∈ (−1; 3). The final result does not depend significantly on the choice of
such a range. On the other hand the limits found here significantly depend on freh,
i.e. on the reheating temperature, which determines the decay frequency of the GW
spectral energy density. In the plot we show the situation in which the most stringent
bounds are obtained, that is we supposed an instantaneous reheating at the end of
inflation.
We also consider constraints obtained form non-observation of PBH. In most of the
parameter region of our interest, the sourced scalar perturbations present a blue power
spectrum. Therefore the constraints derived by PBH physics put strong bounds in such
a region. In figure 5.7 on the right, the upper limit of the green region is obtained
imposing an amplitude of the soured scalar amplitude of 10−2 at f̄ = 106Hz (where
we fixed ǫ as explained above). The relevance of the bounds obtained does not vary
significantly changing the value of f̄ and the corresponding value of ΩGW, of a few
order of magnitude.
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Figure 5.6: Parameter space of cs-s at k∗ = 0.05Mpc−1. Plot on the right: blue curves
represent the discriminant power of LISA, the dashed curve corresponds to worst LISA
configuration, the solid one to the best one. The blue region is that left allowed by an
eventual non-detection of the GW signal associated to this scenario by the respective
LISA configuration. All the curves are obtained for H = 1012 GeV. On the left: bounds
obtained from CMB measurements (vertical lines) and LISA discriminant power, for
different values of the energy scale of inflation, e.g. of H. Each colour corresponds to a
fixed value of the Hubble parameter: H = 1011 GeV (green), H = 1012 GeV (orange),
H = 1013 GeV (blue). Taken form [9].

Assuming as valid the bounds we have from PBH physics, LISA is expected to be
not able of detecting GWs produced in this kind of inflationary scenario. However,
notice that we assumed that sourced scalar and tensor perturbations are described by a
power-law for the whole range of frequencies from CMB scales up to the scales of laser
interferometer experiments. If a running of the spectral index of scalar and/or tensor
modes is assumed, the constraints form PBH observations would be widely revisited.
In this sense, a non-detection of this kind of GWs by LISA would be a validation of
the way we currently model PBH physics.
Notice that the possibility of testing the same parameter space by several observables
or different experiments, is useful in order to discriminate among different inflationary
models.

5.4.2 Inflation with gauge particle production

We now consider the inflationary model we discussed in 2.2.1, i.e. a scenario in which
the inflaton is coupled to a gauge field as follows:

L = −1

2
∂µϕ∂

µϕ− V (ϕ) − 1

4
FµνF

µν − ϕ

4f
FµνF̃

µν , (5.24)
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Figure 5.7: Parameter space of cs-s at k∗ = 0.05Mpc−1. On the left: current bounds
obtained from the limit provided by [118] for Treh = 1012 GeV (yellow) and those
related to aLIGO O1:2015-16 observation run (black). The energy scale of inflation is
fixed at H = 1012 GeV. On the right: bounds obtained from considerations on PBH
physics. The green region is that allowed by current considerations on such a physics.
The energy scale of inflation is fixed at H = 1012 GeV. Taken form [9].

where, Fµν = ∂µAν − ∂νAµ, and 1/f is a coupling constant with the dimension of
a length. We define ξ ≡ ϕ̇/2 f H as in eq.(2.56). The gauge field Aµ gives rise to
an anisotropic transverse and traceless component of the stress-energy tensor which
acts as a source in the equation of motion of tensor modes, giving rise to a significant
classical GW production.

Gravitational wave production. The whole amount of GWs is given by the sum
of tensor modes produced by quantum fluctuations of the gravitational field and those
generated by the classical mechanism. According to what we have already show in
(2.61), for ξ & O(1) the tensor modes power spectrum is well approximated by [51,57]:

PT (k∗) =≃ 2H2

π2 M2
Pl

+ 8.6 · 10−7 H4

π2M4
Pl

e4πξ

ξ6
. (5.25)

where H and ξ are evaluated at the horizon exit of the pivot scale. Quantities denoted
by (v) refers to GWs produced by vacuum fluctuations of the inflaton.
The parameter ξ is in general time dependent [65], then the amplitude of the gauge
field is scale dependent and consequently the amount of the sourced tensor modes
too. The specific evolution of ξ as a function of the scale depends on the form of the
inflaton potential. Interestingly, ξ si expected to grow with the frequency since |ϕ̇|
increases and H decreases approaching the end of inflation. Such a behaviour leads to
a blue power spectrum for the sourced tensor modes. The upper limit on ξ obtained
by CMB measurements applies at large scales, therefore ξ could assume large values at
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the frequencies of laser interferometer experiments, keeping a value compatible with
current CMB measurements at the same time. On the other hand, it is also possible
to suppose that ξ has a transient, so that the GW spectral energy density presents a
bump [64,214].

More precisely, three different regimes can be identified: at large scales, i.e. f .

10−5 Hz the GW energy density is dominated by the contribution due to vacuum
fluctuations of the gravitational field; for 10−5 Hz. f . 1 Hz, the sourced GWs dom-
inate in (5.25) but the time-dependence of ϕ̇ and H is determined by the standard
slow-roll equations; at small scales, i.e. for f & 1 Hz the backreaction of the gauge
field cannot be neglected any more. Since the production of photons draws energy
from the kinetic term of the inflaton, it has the effect of slowing down the increase
of |ϕ̇|, resulting into a flattening of ΩGW as a function of the frequency at smaller scales.

Interestingly, in this kind of scenario the sourced GWs have peculiar signatures: they
are chiral and non-gaussian (see section 2.2.1). Also scalar perturbations present a high
level of non-gaussianities. Current bounds on the latter provided by Planck, implies
ξ . 2.5 at 95% C.L. at CMB scales [2, 46]. The shape of the three point function
for tensor modes is close to be equilateral [59], and the related constraints obtained
by Planck [46] put a limit on the parameter ξ in agreement with the one obtained
from the scalar bispectrum, see eq.(2.64). In the next analysis we will consider such a
bound on the parameter ξ.

Local parametrization of the GW spectral energy density. For large ξ the
sourced GWs dominate over the vacuum ones, so that, at a fixed scale, we can consider

PT (k) ≃ 8.6 · 10−7 H4

π2M4
Pl

e4πξ

ξ6
ξ ≫ 1 . (5.26)

Then, according to (5.14), at present time the GW spectral energy density reads:

h2ΩGW (k) ≃ 1.5 · 10−13 H4

M4
P l

e4πξ

ξ6 ξ ≫ 1 , (5.27)

where H and ξ are evaluated at the scale k. Notice that in this case, ΩGW (f) cannot
be well parametrized by a power law over an extended range of frequencies. Therefore,
we proceed performing a local parametrization. We define a spectral index at each
frequency by

nT (f) ≡ d ln ΩGWh
2

d ln f
. (5.28)

We would like to write this expression in terms of the slow-roll parameters, therefore
we need to express the differentiation with respect to the frequency appearing in (5.28),
in terms of a differentiation of time. To do that we express the frequency in terms of
the e-folds number N and then we use dN = −Hdt. The frequency is related to the
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number of e-folds by:

N = NCMB + ln
kCMB

0.002 Mpc−1 − 40.3 − ln

(
f

Hz

)
+ ln

(
HN

HCMB

)

≃ 19.7 − ln

(
f

Hz

)
+ ln

(
HN

H60

)
, (5.29)

where in the second expression we have assumed that the Planck pivot scale kCMB =
0.002 Mpc−1 exited the horizon at NCMB = 60. Then, differentiating eqs.(5.27) and
(5.29), at first order in slow-roll we have:

nT = −4ǫ+ (4πξ − 6) (ǫ− η) . (5.30)

Choosing as a reference a quadratic inflaton potential, and fixing the coupling to
f = MPl/35, gives ξN=60 ≃ 2.46 at CMB scales. Moreover, in such a case, the
expression for the spectral index can be further approximate by nT ≃ (4πξ − 6) (ǫ− η).
In figure 5.8, we show the results from a numerical computation and those obtained
by the analytical formula just presented, in case of a quadratic potential. It is visible
that the provided expression for nT are both a good approximation of the behaviour.

Figure 5.8: GW spectral energy density obtained from a numerical integration of the equa-
tions of motion (for quadratic inflaton potential, with f = MPl/35). Dashed-blue: contribu-
tion due to sourced GWs; solid-blue: total amount of GWs. Red and green coloured curves
indicates the results form local parametrization h2ΩGW ∝ (f/f∗)nT , evaluated at various
pivot frequencies f∗ and with the spectral tilt nT obtained by the analytic expressions as
indicated. Taken form [9].

Forecast for LISA. Even if, the GW spectral energy density is not well described
by a power-law for a broaden waveband, anyhow we refer to the LISA power-law
sensitivity curves since the integrated amount is well approximated to that of a power-
law.
We fix the pivot scale f∗ in correspondence of the minimum of LISA sensitivity curve,
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Figure 5.9: Region in the (ξ, ǫ− η) parameter space that LISA can probe, in the best
configuration (left panel) and in the worst configuration (right panel). As a reference,
we include the points corresponding to quadratic chaotic inflation for inflaton-gauge
field coupling MPl/f = 35, 34, 33, 32 and 31. Note that the spectral index nT, not
shown in the figures to avoid to overcrowd them, is well approximated by the simple
formula nT ≃ (4πξ − 6) (ǫ− η). Taken form [9].

i.e. f∗ ≃ 0.00346Hz. Fixing the energy scale of inflation at the pivot scale, we calculate
the minimum value of ξ required in order to have a detectable GWs signal by LISA.
We consider as a reference, the Hubble rate in chaotic inflation with a quadratic
potential at the e-fold N∗ = 25 (corresponding to the frequencies f∗) which turns out
to be Hc = 2.6 · 10−5Mpl = 6.4 · 1013GeV.
For sufficiently small values of the slow-roll parameters, (ǫ − η) ≪ 0.1, such a value
of ξ does not depend on the value of the spectral index and therefore it turns out to
be independent on the slow-roll parameters. The corresponding values are shown as
horizontal lines in figure 5.9.
On the other hand, when slow-roll parameters are sufficiently large, even if the GW
signal is smaller than the LISA sensitivity at the pivot scale, thanks to a positive
spectral index, the GW amplitude could be detectable at higher frequencies f > f∗.
However large values of the slow roll parameters at N∗ ≃ 25, i.e. in correspondence
of f∗ require a more complicated inflaton potential in order to sustain the final e-folds
number of inflation and to keep under control the GW production in order to avoid
BBN upper bounds at small scales. For simplicity, we consider (ǫ − η) ≤ 0.1 and
we make a qualitative analysis. We consider the cases in which the GW amplitude
does not reach the LISA sensitivity curve at the pivot frequency f∗ and we find the
minimum value of the spectra index in order to have a detectable signal at larger
frequencies. Then the minimum value of the spectral index can be translated into a
minimum value of the combination (ǫ − η). More precisely we required the spectral
index of the GW signal to be larger than the slope of the LISA sensitivity curve at
f = 10f∗. This requirements turns out to be:

ξ ≥ 1

4π

(
nT,LISA

(ǫ− η)
+ 6

)
, (5.31)
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where nT,LISA is the slope of the LISA power-law sensitivity curve. For (ǫ− η) = 0.1,
our limit case, and for a Hubble rate H = Hc = 2.6 · 10−5Mpl = 6.4 · 1013GeV, we need
ξ ≥ ξmin, where the latter is the asymptotic value found in regime of small slow-roll
parameters, as shown in the figure. At the qualitative level, equation (5.31) shows
that for GW signals below the LISA sensitivity at the minimum of the curve, the
minimum value of ξ required to detect the signal with LISA is slightly smaller than
the asymptotic constant ξmin values obtained for small (ǫ− η) values. The results are
presented in figure 5.9.
In the same picture, we also depict the (ξ, ǫ − η) behaviour for a fiducial quadratic
inflation model, evaluated numerically for 30 .MPl/f ≤ 35.
We present also the capabilities of LISA of constraining the parameter space ξ − H
for fixed values of (ǫ − η). We take as a reference chaotic inflation, i.e. the Hubble
rate Hc ≃ 6.4 · 1013 GeV at the e-fold N∗ ∼ 25, considering the quantity H/Hc. For
(ǫ−η) sufficiently small, we saw that ξ > ξmin ensures a LISA detection. In figure 5.10
we show the region in the parameter space which corresponds to an expected LISA
detection, for two different values of (ǫ − η) for which the asymptotic behaviour is
ensured. It is visible how the capabilities of LISA get less significant for small values
of the Hubble rate.

0.0 0.2 0.4 0.6 0.8 1.0
3.5

4.0

4.5

5.0

5.5

H/Hc

ξ

h
2ΩGW ≥ Ω

min

(A1M2)

h
2ΩGW ≥ Ω

min

(A5M5)

0.0 0.2 0.4 0.6 0.8 1.0
3.5

4.0

4.5

5.0

5.5

H/Hc

ξ

h
2ΩGW ≥ Ω

min

(A1M2)

h
2ΩGW ≥ Ω

min

(A5M5)

Figure 5.10: Regions in the ξ − H parameter space which correspond to GW signals
detectable by best (blue region) and worst (violet region) LISA configurations. Left
panel corresponds to the parameter space for (ǫ−η) = 0.02, right panel for (ǫ−η) = 0.1.
Taken form [9].

For a discussion about the constraints from PBH physics in this context see [9].

5.4.3 Inflation with broken spatial diffeomorthisms

We introduced in section 2.3 an inflationary model in which, besides temporal dif-
feomorphism, the spatial ones are broken too. In this kind of scenarios blue tensor
power spectrum can be produced, then representing an interesting signal for LISA.
Differently from the inflationary models we have investigated before, here the GW
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amount produced by quantum fluctuations of the gravitational field, since it presents
non-standard features. Then the overall amount of GW is given by a single term.
Moreover, the produced tensor modes turn out to be well descried by a power law,
therefore, also in this case we will refer to the power-law sensitivity curves.

Gravitational wave production. We consider a model described by the lagrangian
(2.77), i.e. we are not considering a specific inflationary model, but the class of scenar-
ios which satisfies the symmetries embedded in the previous lagrangian. In the limits
of small graviton mass, i.e. |mT/H| ≪ 1, at sufficiently large scales the amplitude and
spectral index becomes, see eq.(2.80):

PT (k) =
H2

2π2M2
plc

3
T

(
k

k∗

)nT

with nT =
2

3

m2
T

H2
, (5.32)

where cT is the graviton propagation speed and mT its mass5. Interestingly for the
capabilities of LISA, in correspondence of positive values of the graviton squared mass,
a blue tensor spectral index appears. In figure 5.11 we show the GW spectral energy
density obtained by (5.14) for different values of the discussed parameters.

Figure 5.11: GW spectral energy density for different values of the effective mass of the
graviton mh, Hubble rate during inflation H, and tensor sound speed cT , compared with the
power-law sensitivity curves of LISA (grey) and the power-law sensitivity curves different
observational runs of aLIGO (black) detectors. Parameter values refer to k∗ = 0.05 Mpc−1.
Taken form [9].

5Remember, as we said in section 2.3, that current constraints obtained on GW features from the
observations of compact object mergers, could be avoided at the energy scale of inflation.
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Forecasts for LISA and bounds from other observables. The amplitude and
spectral index of the tensor power spectrum are described by the Hubble parameter
H, the graviton mass squared m2

T and its propagation speed cT. Therefore, for a fixed
value of H, we can forecast the capabilities of LISA in putting constraints on the
parameter space given by mT/H − cT, where we decided to consider the dimension-
less parameter mT/H. As before, we refer to the parameter space evaluated at CMB
scales, more precisely at k∗ = 0.05Mpc−1.
Here we have to consider the current upper bound on tensor amplitude provided by
CMB measurements, since the GWs we are dealing with have a relevant amplitude at
such scales. More precisely, for a fixed value of H, we consider the values of the speed
of sound cT such that the amplitude at CMB scales does not exceed the current upper
limit on the tensor-to-scalar ratio r.
A positive value of m2

T means an enhancement of the tensor amplitude at small scales,
therefore for a fixed value of H, and for a fixed value of cT, the minimum value of the
graviton mass required in order to produce a signal detectable by LISA, can be found.
The results are shown in the left panel of figure 5.12.

Figure 5.12: Parameter space of the model (2.77) at the pivot scale k∗ = 0.05Mpc−1.
The red region corresponds to signals detectable by the best configuration of LISA
for different values of the Hubble parameter H. Grey region in the right panel is the
analogous region for the aLIGO sensitivity curve of the first observational run. Taken
form [9].

For example, for H = 1013GeV, and cT = 1, a non-detection of this kind of signal will
put un upper bound on the graviton mass equal to mT/H . 0.68. For smaller values
of the energy scalar of inflation, LISA will be able to put stronger constraints.

We also compare the expected constraining power of LISA, with the power-law sensi-
tivity curve of the first observation run of aLIGO. The results are shown in the right
panel of figure 5.12. As visible, LISA is expected to put stronger bounds in such pa-
rameter space.
With respect to the situation shown for the parameter space of the inflationary model
with a spectator field, here the bounds provided by LISA are stricter with respect to
those provided by LIGO. This is due to the fact that in the inflationary scenario with
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a spectator field, the bounds on the scalar sector at CMB scales, force the sourced
tensor amplitude at the same scales to be much less than the admitted amount by
current bound on the tensor-to-scalar ratio r.

Notice that the limits in the plane mT/H−cT, can be interpreted as constraints on the
operators of the quadratic action of tensor modes; in this sense LISA could constrain
symmetry braking inflationary scenarios on different scales with respect to CMB.
Moreover, models with spatial symmetry breaking are characterized by peculiar fea-
tures other than the possibility of a blue tensor power spectrum. Especially, a signifi-
cant amount of non-gaussianities can be produced (but not so large to exceed current
upper bounds) [86, 88, 90]. Moreover, the latter can present peculiar features, as for
example an enhancement of the tensor-scalar-scalar bispectrum which could be tested
by future B-modes experiments.

5.5 Summary of the results

Considering an inflationary model where a spectator field is present as in (5.19), we
conclude that, without considering PBH constraints, LISA is expected to significantly
reduce the related parameter space, giving completely new information, in particular
with respect to current constraints we have from CMB observations, while it should
provide bounds comparable with current limits we have from LIGO detectors and from
considerations on the BBN physics.
On the other hand, considering limits imposed on cs and s by PBH, LISA is expected
to be not able of detecting GWs produced in an inflationary scenario with spectator
fields. At the same time LISA would still represent the possibility of validating our
way of modelling PBH physics, in particular of the assumptions that are made to
obtain such limits. Moreover, notice that admitting a running of the spectral index
of the scalar and tensor power spectrum, the constraints obtained by PBH could be
avoided.

For an inflationary scenario with a significant gauge particle production, second-order
GW can reach the LISA sensitivity without violating current constraints we have from
CMB measurements. Notice that no other planned experiments are expected to be
able to detect such a kind of GW signal, providing to LISA a unique role in testing
this kind of inflationary model. Moreover, in this case, interesting features such as the
large chirality and non-gaussianity of the sourced GWs, could help in discriminating
this kind of inflationary physics from other scenarios.

In the case of inflationary models with broken spatial diffeomorphisms we saw that
LISA should be able of providing new constraints in the parameter space given by the
graviton mass and speed of propagation. In the case considered in this work, LISA
is found to have the capabilities of putting stricter constraints on such a space with
respect to other current and planned experiments.
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Furthermore, with respect to the inflationary models in which besides the significant
GW production, a relevant scalar perturbations counterpart is generated, we noticed
that the joint analysis of constraints coming from very different scales and physics, is
useful in order to discriminate the origin of a possible detected signal, or to exclude
some inflationary models. More precisely, in case of a detection by LISA of a signal
in correspondence of a point of the parameter space excluded by CMB, this would
rule out that the detected signal is originated by the mechanism under consideration.
In this direction a complete calculation of the scalar power spectrum and the level of
non-gaussianities produced in these kind of scenarios would be a significant improve-
ment. On one hand, they could reveal a reduced significance of the LISA experiment
in constraining this inflationary model on the other hand, they could point out that
LISA could put stricter constraints than considerations on non-gaussianities.

We therefore conclude that LISA represent a promising experiment also for probing
cosmology of the early universe, especially it would provide complementary information
with respect to detectors sensitive to modes at large scales.
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Chapter 6

Magnetic fields at cosmological

scales

The majesty of the inflationary paradigm does not end up with the solution of the
standard cosmology problems and the explanation of CMB anisotropies and of the
growth of large scale structures. The development of an inflationary period in the
early stages of the universe is also studied as the possibility to account for the ob-
served magnetic fields at cosmological scales. In this direction, successful inflationary
scenarios have been proposed.

Current observations point out the presence of magnetic fields in astrophysical ob-
jects and on cosmological scales, surprisingly they are observed in voids of Large
Scale Structure (LSS) too [215]. The presence of such fields on the scales of galaxies
(∼ 10−2Mpc) and cluster of galaxies (∼ 1Mpc) is understood as the amplification by a
dynamo mechanism of pre-existing weaker magnetic fields. The presence of magnetic
fields in voids and in astrophysical object of any size, suggests that the initial seeds
should had been there at least during structure formation. There are two main ideas
in order to explain the presence of such seeds: they could have been produced in the
early universe or they could have been formed in the same moment of gravitational
collapse which leads to structure formation.
Interestingly, magnetic fields on large scales, i.e. on scales larger than cluster of galax-
ies, should evolve only because of the universe expansion. Therefore if magnetic fields
in voids of LSS, are of primordial origin, they would provide a unique chance to inves-
tigate the original seeds. An alternative could be that they are formed by out flows
of already formed galaxies. The evolution of magnetic fields on smaller scales is more
complicated and uncertain, so that from a measure of magnetic fields on galaxy scales,
it is not clear how to go back to the original seeds.
Supposing that magnetic fields in voids have been generated in the early universe,
three main way of producing them have been proposed so far: they could have been
generated during the inflationary period of the universe, during phase transitions or
from second-order cosmological perturbation theory.

Here we are interested in the possible production of magnetic fields during the infla-
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tionary stage of the universe. After an introduction of basic notions about magnetic
field at cosmological scales and of the underlying idea of the inflationary magnetoge-
nesis mechanism, in chapter 7 we will deepen a specific inflationary scenario in which
a significant magnetic field production takes place.

Useful definitions. In agreement with [215], we define the power spectrum of the
magnetic field PB as:

〈Bi(k)B∗
j (q)〉 =

1

2
(2π)3 δ(k − q)

k3

[
(δij − k̂ik̂j)PB(k) − iǫijmk̂mPaB (k)

]
(6.1)

where PB and PaB identifies the symmetric and antisymmetric part of the magnetic
field power spectrum. For a symmetric power spectrum, the related spectral index is

defined by
√
PB(k) ∝ knB . We define ε+ and ε− the polarization vectors, as we did

in section 2.2.2, which identifies right-handed and left-handed gauge field respectively.
In general, the magnetic field can be decomposed as:

B (k, t) = B(+) (k, t) ε+ + B(−) (k, t) ε− . (6.2)

If one of the two helicity modes vanishes, the field is called totally helical. The intensity
of the magnetic field is defined as

B2 ≡ 〈B2〉 =
∫ d3k

(2π)3 |B (k)|2 , (6.3)

notice that it does not depend on the scale. Another useful quantity is the correlation
length of the magnetic field, which is defined as

L =

∫
d3k2π

k
|B (k)|2

∫
d3k |B (k)|2

. (6.4)

Finally, we introduce the magnetic helicity, which is given by:

H (V ) =
∫

V
A · B dv , (6.5)

where V is a volume whose boundary is not crossed by magnetic fields lines, and A is
the magnetic vector potential.

6.1 Evolution after primordial magnetogenesis

After its generation, a primordial magnetic field evolves up to the present time. Firstly,
due to the expansion of the universe, its intensity decreases with the redshift. More-
over, magnetic fields interact with charged particle plasmas. During the radiation
dominated era before recombination and during the re-ionization phase, the universe
is populated by a charged plasma, which couples with magnetic fields. On the other
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hand, during matter dominated era the comoving intensity and correlation length of
the magnetic field are constant, since no charged plasmas are present. The interaction
between magnetic fields and charged plasma in an expanding universe are described
by non-linear equations of the magnetoidrodynamics (MHD) [216] (for other refer-
ences see [215]), obtained by the conservation of the whole stress energy tensor of the
system. Solving analytically and numerically such equations is quite difficult, there-
fore people derived only a qualitative picture of the solutions (confirmed by numerical
simulations). In determining the solutions, the kinetic viscosity of the plasma plays a
significant role. Form MHD equations, it is found that the evolution of the magnetic
fields when a charged plasma is present, is characterized by alternating phases of tur-
bulence, viscous and free-streaming. The evolution during the radiation dominated
era is described by such phases.
Usually magnetogenesis results in the production of magnetic fields and a regime of
freely decaying turbulence, i.e a scenario in which the dissipation terms can be ne-
glected. This regime is established for intermediate scales. Indeed, at very large scales
turbulence does not have sufficient time to fully develop, while for very small scales
the dissipative effects are not negligible and the turbulence energy is lost into heat-
ing the plasma. For very large scales then the initial slope of the power spectrum is
conserved, while for intermediate scales, the effect is a transfer of power from large to
small scales, with the final power-law spectrum described by a fixed spectral index,
independently on the initial power spectrum slope.
At neutrino et photon decoupling. i.e. when the mean-free path of these particles
increases, a regime of strong viscous damping is established. The dissipation scale de-
pends on the mean-free path of the least coupled particles, therefore in such a moment
it grows and becomes a significantly large scale. The coupling of the plasma with the
magnetic field is removed, then the evolution of the comoving magnetic field intensity
and correlation length stops. When the mean free path grows further, i.e. more than
the typical scale of the system, the latter enters in the free streaming regime. In this
situation the intensity of the magnetic field decreases and its correlation length grows.
Then the turbulence regime is again established.
After photon decoupling and recombination, there is no more charged plasma cou-
pled to the magnetic fields. The MHD evolution turns out to be active during the
re-ionization phase. The qualitative evolution is the same of that of the radiation
dominated era. The only difference is that the correlation length does not grow any
more, due to the different evolution of the scale factor. From a practical point of view,
it can be considered that B and L stays constant in this epoch.

For a totally helical magnetic field the inverse cascade mechanism [216–223] takes place,
i.e. the comoving value of the magnetic field intensity decreases while the correlation
length increases. Indeed form the conservation of the comoving helicity, we have the
magnetic field intensity which scales as:

B ∼ L−1/2 , (6.6)
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so that

B2
fLf = B2

i Li

(
ai
af

)3

, (6.7)

where i and f denotes two generic times. In general the evolution after the magneto-
genesis leads to a power transfer from large to small scales. With such an evolution
is difficult to explain the present time presence of magnetic fields on cosmological
scales. The mechanism of inverse cascade therefore represents an interesting chance of
providing significant magnetic power on large scales.

6.2 Observations and current bounds

There are many theoretical and observational constraints on cosmological magnetic
fields [215]. Up to now we have not a direct detection on magnetic field in the in-
tergalactic medium nor in the LSS voids, but we have many constraints coming from
different kinds of observations. Here we will focus mainly on those we are interested
in with respect to the next section. Notice that such limits refer to generic magnetic
fields present on such scales, current bounds do not give any information about the
origin of such fields.
The non-observation of Faraday rotation of the polarization plane of linearly polarized
radio emission from quazars, puts upper bounds on the magnetic field strength in the
intergalactic medium [11–13].
Other constraints come from CMB observations [224]. In fact CMB encode informa-
tion about the state of the plasma at the epoch of recombination, which is influenced
by the possible presence of magnetic fields. Several are the effects on CMB. Magnetic
fields affect recombination and Silk damping, modifying the tail of CMB anisotropy
power spectrum. Moreover, spectral distortions in the CMB energy spectrum can be
introduced by magnetic fields. CMB constraints put upper limits on the magnetic field
intensity of about nG. Interestingly, a helical magnetic field would introduce a peculiar
signature in CMB power spectra, indeed it would lead to a non-vanishing correlation
between temperature anisotropies and E and B polarization power spectrum, as an
imprint of parity violation [225].
On the other hand, high-energy (0.1 ÷ 10GeV) and very high-energy (10 ÷ 100GeV)
gamma-ray observations provide the possibility of establishing lower limits on the mag-
netic field strength in the intergalactic medium [11–13]. A gamma-ray which propa-
gates through the intergalactic medium interacts with low-energy photons producing
pairs of electron and positron. Then the latter interact with CMB photons by Comp-
ton scattering leading to an emission of a secondary gamma-ray. The latter carries
information about positron and electrons from which it has been produced. The inter-
esting fact is that those electron and positron, being charged particles, interact with
magnetic fields if present. Therefore the final observations of the secondary gamma-
rays include information about the possible presence of magnetic fields along the path
of gamma-ray emissions. In modelling all this picture there are several uncertainties
which reflect on the constraints on magnetic fields. In particular, non-observations
by the Fermi telescope of secondary gamma-rays from blazars and AGN, put a lower
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bound on the magnetic field in the intergalactic medium of the order of 10−18 G for
L & De, with De the electron/positron energy loss length for inverse Compton scat-
tering, which is typically De ≃ 80 kpc [226]. If on the other hand L < De, the

bound changes by a factor
√
De/L Π−1(De/L, nB), where Π(De/L, nB) is a function

presented in [227].
Also magnetic fields observed in galaxies provide lower bounds on the intensity of
their possible primordial seeds. In galaxies, magnetic fields of the order of 106G are
observed. It is believed that such magnetic fields are the result of the amplification by
a dynamo mechanism of earlier seeds. There are large uncertainties on the evolution
of such seeds after their generation, but estimations point out that the original mag-
netic fields should be at least of the order of 10−21 ÷ 10−23G at a comoving scale of
1Mpc [14]. Notice that this bound, differently from that obtained by gamma-ray ob-
servations, does not depend on the correlation length of the magnetic fields. Actually
it is not excluded that the presence of a primordial magnetic field it is not required in
order to explain the present time presence of magnetic fields in galaxies.

6.3 Inflationary magnetogenesis

As we anticipated, a possible way to explain the presumed presence of primordial mag-
netic field seeds, is to introduce a process of magnetogenesis during the inflationary
stage of the universe.
In order to generate magnetic fields during inflation, a coupling between the electro-
magnetic field and some rolling field, or another coupling which breaks the conformally
invariance of the electromagnetic field, is required [228]. In these models the gauge
field is amplified by the rolling of the field to which is coupled.
In general, inflationary magnetogenesis leads to a blue power spectrum of the magnetic
field, i.e. too small magnetic power at large scales in order to explain observations in
the intergalactic medium. Furthermore, in general lowering the energy scale of infla-
tion leads to larger amplitude of the magnetic fields.
Several inflationary models with a significant magnetogenesis have been proposed in
last decades. In general, two issues can occur in the inflationary magnetogenesis mod-
els, which one has to keep under control. In these scenarios, the effective charge of the
electron is determined by the coupling between the electromagnetic field and a rolling
field. If this coupling decreases during inflation, in order to re-establish the standard
charge of the electron at the end of inflation, a strong coupling of the electromagnetic
field is required at the beginning of inflation [229]. In such a case, the perturbative
quantum field theory calculations could be not proper any more. Moreover, the back-
reaction on the background evolution of the electromagnetic energy has to be kept
under control [230], in particular one has to ensure the electric and magnetic energy
density to be negligible with respect to the inflationary expansion.
Usually both of these issues are kept under control limiting the parameter space of the
model.
The most basic scenario of inflationary magnetogenesis was proposed by Ratra [231],
in this case the gauge field is coupled to the inflaton by the following interaction
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lagrangian:

∼ f (ϕ)FµνF
µν (6.8)

where Fµν = ∂µAν − ∂νAµ. The case in which the inflaton is a pseudoscalar have been
proposed too [232]. In such a scenario the amplitude and correlation length of the
magnetic field are determined by the Hubble parameter. However, according to (6.8),
in order to avoid problems of strong coupling and backreaction, the magnetic power
spectrum turns out to be blue and to not be able to explain the observed amplitude
of magnetic fields at large scales.
Another model proposed is an axion-like scenario [50, 232] where the dynamics of the
electromagnetic field is described by:

−1

4
FµνF

µν − ϕ

4f
FµνF̃

µν , (6.9)

where f is a constant and F̃ µν is the dual of the electromagnetic strength. In this
scenario, for values of the parameters which avoid the strong coupling and the back-
reactions issues, the magnetic power spectrum results very blue. However the parity
violation of the interaction term leads to the enhancement of only one of the two
helicity modes of the gauge field and then to the production of a helical magnetic
field [50]. The latter undergoes to the process of inverse cascade after inflation, which
moves power from small to large scales. Moreover, in this case, the amplitude and the
correlation length of the magnetic field are determined by a combination of the Hubble
parameter and also by the strength of the coupling, so that one can find combinations
of such parameters which lead to an amplitude of the magnetic field sufficient to ex-
plain current lower bound at cosmological scales.
A more general scenario has been proposed more recently, where the electromagnetic
field dynamics is described by [1]:

I2 (τ)
(

−1

4
FµνF

µν +
γ

4
FµνF̃

ρλ
)
, (6.10)

with γ a constant. The model is a generalization of (6.9), here too a helical magnetic
field is generated. Again, the strong coupling and the backreaction problems can be
addressed by a suitable choice of the parameters. The interesting feature is that one
can obtain a magnetic power spectrum which is less blue than in the case of (6.9).
In all these scenarios, at the end of inflation the electric field is dissipated by the high
conductivity of the universe, while the magnetic field evolves as explained in section
6.1.
In particular we said that during the matter dominated era, the magnetic field intensity
and correlation length can be considered as constant. Therefore, in order to compare
the results of the inflationary magnetogenesis with current lower bounds at cosmolog-
ical scales, to calculate how B and L evolve up to the recombination is required. For
these calculations, usually instantaneous reheating is assumed.
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6.3.1 Associated production of scalar and tensor perturba-

tions

An important aspect of inflationary scenarios with an efficient magnetogenesis is the
associated production of extra scalar and tensor perturbations. As we shown in sec-
tion 2.2.1 the presence of further fields besides the inflaton, in this case the gauge
field, leads to source terms in the equation of motion of scalar [233] and tensor
modes [57]. Moreover, the sourced scalar and tensor modes turn out to be signifi-
cantly non-gaussian [51, 59]. The presence of these extra amounts of perturbations
and their non-gaussianity compared with current cosmological observations put strict
constraints on the inflationary parameters of these scenarios [62,234]. These limits be-
come weaker, but still relevant, also in the case in which the gauge field is not directly
coupled to the inflaton but to an auxiliary field [235].
Moreover, in scenarios in which helical magnetic fields are produced, as we saw in
section 2.2.1, the related GWs produced by the classical mechanism turns out to be
chiral [57]. This feature gives the possibility of distinguishing such a kind of scenario
from others which preserve parity. The chirality of GWs, besides a direct measure-
ment, can be traced by a non-vanishing cross-correlation between temperature and
polarization modes of CMB anisotropies [225].





Chapter 7

Inflationary magnetogenesis with

added helicity

One possibility to explain the presence of magnetic fields at cosmological scales, is to
suppose a process of magnetogenesis during the inflationary period of the universe. In
section 6.3 we outlined the main inflationary scenarios proposed in such a direction. In
this chapter we study in details some crucial aspects of the model proposed in [1]. In
particular, we investigate the extra production of scalar and tensor perturbations due
to the presence of the gauge field. We calculate the bounds on the parameter space of
the model, obtained from current constraints on scalar and tensor perturbations, and
we establish if the allowed values leave open the chance of a magnetogenesis which
could explain observations at cosmological scales, i.e. [11–13], and provide the primor-
dial seeds required to start the galactic dynamo [14]. The stricter constraints turn out
to be due to the current upper bound on scalar non-gaussianities. However we will
find that the proposed inflationary model is able to explain current observations of
magnetic fields at cosmological scales and at the same time to do not evade current
bounds on cosmological perturbations, then representing an interesting possibility to
explain the presence of magnetic fields in the intergalactic medium.

The results of this chapter are presented in [236].

7.1 The model

We consider an inflationary model described by the following Lagrangian [1]:

L = −1

2
∂µϕ∂

µϕ− V (ϕ) − 1

2
∂µσ∂

µσ − U (σ) + I2 (σ)
(

−1

4
FµνF

µν +
γ

8
ηµνρλF

µνF ρλ
)

(7.1)
where ϕ is the inflaton, σ is an auxiliary field, Fµν = ∂µAν − ∂νAµ, ηµνρλ is the to-
tally antisymmetric tensor and V and U are the potential of the inflaton and of the
auxiliary field respectively. The function I is given by I (σ (τ)) = (−Hτ)−n, where
n < 0 is a free parameter of the model, as the dimensionless constant γ. The function
I encodes the coupling with the expanding universe. We consider the gauge field Aµ
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a half order perturbation, so that quantities of the quadratic order in Aµ, such as the
electromagnetic energy density, are of the first order in perturbation theory. The term

− I2(σ)
4
FµνF

µν , leads the spectral index of the magnetic field amplified by the rolling of
σ depending on the parameter n. Interestingly, the magnetic field could be red. The

other term I2(σ)
8

γ ηµνρλF
µνF ρλ leads to the amplification of one of the two helicity

modes of the gauge field. As anticipated in 6.1, helical magnetic fields undergo to the
process of the inverse cascade [217], which enhances the magnetic field amplitude at
large scales during the subsequent epochs of the evolution of the universe. In order
to avoid strong coupling during inflation [229], the parameter n is bounded to n < 0,
while in order to prevent backreaction of the infrared modes of the gauge field on the
background dynamics [230] (see also [237,238]), n > −2 is required. Therefore we will
consider−2 < n < 0 (n = 0 is excluded since in such a case there is no magnetic fields
production).

The totally antisymmetric tensor ηµνρλ is such that η0123 = −√−g. During inflation,
a(τ) = 1/(−Hτ)1+ǫ with H the physical Hubble factor, while the comoving one is
H = −(1 + ǫ)/τ , and ǫ = (H2 − H′)/H2.

7.1.1 Production of helical magnetic fields

We describe the dynamics of the gauge field following from the lagrangian (7.1). We
define Ãµ = I Aµ and we quantize such a field as usual:

Ãi (x) =
∑

λ=±

∫ d3k

(2π)3/2
ελi (k) eik·x

[
Ãλ (k, τ) âλ (k) + Ã∗

λ (−k, τ) â†
λ (−k)

]
, (7.2)

where ελi is the helicity vector, and λ = ± indicates the helicity state. We work in the
Coulomb gauge, i.e. Ã0 = ∂i Ãi = 0. Varying the Lagrangian (7.1), the equation of
motion for Ãλ results:

Ã′′
λ +

[
−n (n+ 1)

τ 2
+ 2λ ξ

k

τ
+ k2

]
Ãλ = 0 . (7.3)

Notice that the equation of motion is different for the two helicity states.
The evolution of the field is characterized by three stages. For τ → −∞ the term
k2 dominates and the photons are in the Bunch-Davies vacuum. When |k τ | . ξ,
the second term in the parenthesis becomes significant and then its sign turns out
to determine the behaviour of the field. In particular, modes with a positive helicity
are amplified while the others get damped by a friction term. This fact is what
determines a final helical magnetic field. Moreover notice that the enhancement of
the gauge modes is controlled by the parameter ξ; large values of ξ mean an efficient
amplification of the gauge modes. Finally, for τ → 0−, the first term in the parenthesis
dominates.
The solution of the equation of motion, for τ → −∞ is given by a combination of the
Coulomb functions [1]:

Ã+ (k, τ) ≃ 1√
2k

[G−n−1 (ξ; −kτ) + iF−n−1 (ξ; −kτ)] . (7.4)
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For |k τ | ≪ ξ, that is for the regime in which the modes are outside of the Bunch-
Davies vacuum, the Coulomb function F can be neglected and the solution of eq.(7.3)
turns out to be well approximated by [1,239]

Ã+ (k, τ) ≃
√

−2 τ

π
eπ ξK−2n−1

(√
−8 ξ k τ

)
, (7.5)

where Kα is the modified Bessel function. Notice that Ã+ (k, τ) = Ã+ (k, τ), so from
now on we indicate only the dependence on the norm of k. Moreover, for |k τ | ≪ 1/ξ
the above expression reduces to

Ã+ (k, τ) ≃
√

− τ

2π
eπ ξ Γ (|2n+ 1|) |2 ξ k τ |−|n+1/2| . (7.6)

Now it is clear that the amplification of the gauge field is exponential in the parameter
ξ.
We define the electric and magnetic field in real space as

Ei(x) ≡ −A′
i(x)

a2
, Bi(x) = ǫijl

∂jAl(x)

a2
, (7.7)

where ǫijl is the totally antisymmetric tensor in flat space. For convenience we in-
sert in these definitions an extra factor a−1 with respect to the standard defini-
tions arising from the field tensor, that would read: Eµ = uνFµν = −∂0Aµ/a and
Bµ = ηµναβ u

βF να/2 = ηµναβ u
β(∂νAµα − ∂αAν)/2.

Defining the spectral index of the magnetic field by
√
PB(k) ∝ knB , from Eq. (7.6),

we have nB = 5/2 − |n+ 1/2|, i.e. the magnetic field power spectrum is blue.

7.1.2 Magnetic field evolution after inflation

As we said in section 6.1, during matter dominated era, we can consider B and L
as constant. Therefore, in order to compare the magnetic fields produced during
inflation with current lower bound, we need only to calculate B and L at the time of
recombination.
We suppose instantaneous reheating, so that B and L calculated at the end of inflation
are supposed to be the values at the beginning of the radiation dominated era. We
will denote such values as Breh and Lreh. From the equation of motion of the gauge
field, such values are found to be [1]:

Breh = H2 e
πξ

ξ5/2
bn , where bn ≡

√
Γ (4 − 2n) Γ (6 + 2n)

80640π3
, (7.8)

Lreh =
ξ

H
ln , where ln =

18π

(3 − 2n) (5 + 2n)
. (7.9)

Interestingly, in case of helical magnetic field, the complicated evolution during the
radiation dominated era can be approximated in a simply way exploiting the helicity



108 7. Inflationary magnetogenesis with added helicity

conservation.

Before doing that, we point out a useful relation. In general, not only for helical
magnetic fields, an approximated relation which connects B and L can be obtained.
At any time is found to be valid the following relation for the velocity vL of the plasma
on a scale L [216]:

vL = HL . (7.10)

From this relation it follows that, during the free-streaming of photons just before
recombination, also the following relation approximately holds:

vA = HL , (7.11)

where vA ≡ B/
√
ρem + Pem (with the subscript em we indicate electromagnetic quan-

tities). During the free-streaming of photons just before recombination, vL ≃ v2
Aλγ/L

[216], where λγ ≃ 1/Hrec is the mean-free path of photons. Exploiting these expres-
sions, from (7.10), it follows that at the time of recombination vA ≃ HrecL.
From (7.11), expressing vA in terms of B and L, a relation between Brec and Lrec is
obtained:

Brec ≃ 10−8G

(
Lrec

Mpc

)
. (7.12)

Since B and L do not evolve during the matter dominated era, this relation holds also
at the present time.

We now exploit the fact that in our model magnetic fields are helical, in order to have
another equation which connects B and L and then finding their values. From the
conservation of the helicity, we said that eq.(6.7) is valid. Therefore, the combination
of (7.12) and (6.7) evaluated at the present time, i.e.

B0 = 10−8G
L0

Mpc
, B2

0 L0 = B2
reh Lreh

(
areh

a0

)3

, (7.13)

provides the possibility to express the current values of the magnetic field B0 and of
the correlation length L0 as a function of their values at the end of inflation:

L0

Mpc
=
(
areh

a0

) (
Breh

10−8G

)2/3
(
Lreh

Mpc

)1/3

,

B0 = 10−8G
(
areh

a0

) (
Breh

10−8G

)2/3
(
Lreh

Mpc

)1/3

. (7.14)

We will use these expressions in order to compare the magnetic field and its correlation
length with the present time observational bounds.

7.2 Sourced perturbations

The gravitational coupling of the inflaton with the auxiliary field and the gauge field,
gives rise to extra sources in the equation of motion of the inflaton perturbations. Be-
ing the latter the origin of curvature perturbations, we expect an extra contribution to
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the curvature perturbations besides those due to vacuum fluctuations of the inflaton.
Moreover, the presence of further fields besides the gravitational one, gives rise to a
source term in the equation of motion of tensor modes, leading to an extra amount
of GWs with respect to those generated by quantum fluctuations of the gravitational
field (see section 2.2.1). The overproduction of scalar and tensor modes depends on
the parameters of model (7.1). Therefore current observational constraints on scalar
and tensor perturbations provide bounds on the parameters which describe the in-
flationary magnetogenesis (analogous studies for other models have been performed
in [51,62–64]).

Early it was believed that a minimal coupling between the gauge field and the inflaton,
and then a non-minimal coupling between the gauge field and an auxiliary field, would
lead to negligible extra production of scalar and tensor modes, in particular negligible
non-gaussianities of second-order scalar perturbations. However, in [235] it has been
shown that it not true, i.e. also in the case in which the gauge field is coupled to an
auxiliary rolling field, the overproduction of scalar perturbations cannot be neglected
with respect to current observational bounds. Indeed fluctuations of the auxiliary field
sourced by the gauge field can oscillate into the observable curvature perturbations if
such a field rolls for a sufficient number of e-folds. However the source term in the
scalar perturbation equation of motion is reduced with respect to the case in which the
gauge field is directly coupled to the inflaton, by a factor ǫNσ, with Nσ the number
of e-folds while the auxiliary field is rolling1.

In light of this claim, in the next sections we calculate the amount of the sourced scalar
and tensor modes as a function of the inflationary parameters. Then we will evaluate
if current estimations and bounds on curvature and tensor modes allow a region in
the parameter space which corresponds to a magnetogenesis able to justify gamma-ray
observations.

7.2.1 Sourced tensor power spectrum

The gauge field turns out to act as a source term in the equation of motion of tensor
modes [57,62–64], therefore, besides vacuum fluctuations of the gravitational field, an
extra amount of GWs is produced. Since in order to get an efficient magnetogene-
sis a low energy scale of inflation is required [1], in general, vacuum fluctuations of
the gravitational field are expected to be less significant than those produced clas-
sically. Moreover notice that such GWs are expected to be chiral [57], and then to
lead to non-vanishing cross-power spectra between temperature and polarization CMB
anisotropies [225].
Current cosmological perturbations provide un upper bound on the GWs amount pro-

1Notice that the constraints from CMB are only valid if the gauge field was already excited when
CMB scales were leaving the horizon. Since the coherence length L of the produced gauge field is
well below the Mpc [1], one can think of a scenario where the auxiliary field starts rolling after CMB
scales, but before L have left the horizon. In this (finely tuned) situation the constraints from CMB
will not hold, and the mechanism can be effective even at higher energy scales for inflation.
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duced during inflation, expressed by un upper limit on the tensor-to-scalar ratio.
The equation of motion of tensor modes is given by eq.(2.53), but notice that here
the dynamics of Aµ is not the standard one. In [1] the amount of sourced GWs has
been calculated as a function of the parameters of the model. More precisely, the
tensor-to-scalar ratio is given in Eq. (3.6) of [1]:

r = pt (n)
H4

M4
pl

e4πξ

ξ6
P−1

R , (7.15)

where pt (n) is plotted in figure 1 of [1]. The tensor-to-scalar ratio is therefore a func-
tion of the Hubble parameter, ξ and n.

7.2.2 Sourced scalar modes

We calculate the sourced curvature power spectrum, generated by the presence of the
extra fields beside the inflaton. We will find them to provide stricter limits on the
parameter space of the model with respect to those due to tensor perturbations.

Equation of motion of inflaton perturbations. We perturb the inflaton and the
auxiliary field as usual, ϕ = ϕ0 + δϕ and σ = σ0 + δσ, where δϕ and δσ are first-order
quantities while Aµ is half-order one. Here we identify the equation of motion of δϕ
which is then required in order to evaluate curvature perturbations.
At zero-order in slow-roll expansion, the equation of motion of δϕ is the free Klein-
Gordon equation. However it turns out that such an approximation is not sufficiently
good in order to calculate curvature perturbations amount. Turning on the leading
order in slow-roll leads to the appearing of a coupling between the inflaton pertur-
bations δϕ and those of the auxiliary field δσ. Moreover, further sources due to the
gravitational coupling between δϕ and the gauge fields appear too. Both of them gives
a significant contribution to the final amount of δϕ perturbations.
We work in the flat gauge. From the Lagrangian (7.1), using Einstein equations to
re-write metric perturbations [62], the equation of motion of δϕ in momentum space
reads

δϕ′′
flat + 2 H δϕ′

flat +
(
k2 + a2 Vϕϕ

)
δϕflat−

(
a2 ϕ′2

H

)′
δϕflat

M2
pla

2
−
(
a2 ϕ′ σ′

H

)′
δσflat

M2
pl a

2
=

= 2ϕ′
0 S

(3) +
ϕ′

0

H S ′(3) +
ϕ′

0

H S(2) (7.16)

where Vϕϕ indicates the second derivative of the potential with respect to ϕ, and H
is the comoving Hubble rate. The source terms depend on the gauge field and can be
written in terms of the electromagnetic energy density and Poynting vector as follows

S(2) = − a2

2M2
pl

ρem(k) = − I2 a2

4M2
pl

[Ei ∗ Ei +Bi ∗Bi] (7.17)

S(3) =
a

2M2
pl

i k̂j
k
qemj(k) =

I2 a2

2M2
pl

i k̂j
k
ǫjlm[El ∗Bm] , (7.18)
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where the convolution is defined as

[El ∗Bm](k) =
∫ d3q

(2π)3/2
El(k − q)Bm(q) . (7.19)

Notice that the term ∼ FµνF̃
µν does not contribute to the electromagnetic stress energy

tensor, and then it does not appear as a source in the Einstein equations. However,
it clearly influences the sources in (7.16), being Ei and Bi depending on the solution
of (7.3). Moreover notice that a term involving δσflat is present in the equation of
motion of δϕflat. This term and the sources of the RHS of eq.(7.16) come from metric
perturbations. Without accounting for those terms, one would find that δϕflat satisfies
the Klein-Gordon equation, since the inflaton ϕ is only minimally coupled to the other
fields. Analogously, the equation of motion for δσflat reads

δσ′′
flat + 2 H δσ′

flat +
(
k2 + a2 Vσσ

)
δσflat−

(
a2σ′2

H

)′
δσflat

M2
pl a

2
−
(
a2 ϕ′ σ′

H

)′
δϕflat

M2
pl a

2
=

= S(1) + 2σ′
0 S

(3) +
σ′

0

H S ′(3) +
σ′

0

H S(2) ,

(7.20)

where
S(1) = a2IIσ [Ei ∗ Ei −Bi ∗Bi + 2 γ (Ei ∗Bi)] , (7.21)

and Iσ ≡ dI/dσ.
Equations (7.16) and (7.20) form a coupled system due to the mixing terms. We solve
it by diagonalising the system. We account for both the mixing terms and the sources
originated by the gravitational coupling between the inflaton and the other fields, i.e.
we solve the exact equations at leading order in slow-roll. For compactness we denote
Sϕ the source on the RHS of eq. (7.16), and Sσ the source on the RHS of eq.(7.20).
We express the system (7.16)-(7.20) with respect to uϕ ≡ a δϕ and uσ ≡ a δσ. At first
order in slow-roll we have

u′′
ϕ +

(
k2 − 2

τ 2

)
uϕ − 3

τ 2
(3 ǫ− ηϕ) uϕ − 3

τ 2
(2 Θ ǫ) uσ = a (τ) Sϕ , (7.22)

u′′
σ +

(
k2 − 2

τ 2

)
uσ − 3

τ 2
(ǫ− ησ) uσ − 3

τ 2
(2 Θ ǫ) uϕ = a (τ) Sσ , (7.23)

where ǫ ≡ −Ḣ/H2, ηϕ ≡ Vϕϕ/V (and analogously for ησ), and Θ ≡ σ′
0/ϕ

′
0 ≪ 1, since

only ϕ is supposed to drive the background dynamics. The mixing of uϕ with uσ is
described by the following matrix

Mϕσ =




2 + 9 ǫ− 3 ηϕ 6 Θ ǫ

6 Θ ǫ 2 + 3 ǫ− 3 ησ


 (7.24)

which can be diagonalized by U · M · UT = Λ = diag (λϕ, λσ), with U (θ) a rotation
matrix. We define v ≡ U−1u, i.e. the eigenvectors of the Λ matrix. The diagonalized
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system then reads

v′′
ϕ +

(
k2 − λϕ

τ 2

)
vϕ = a(τ) [cos θ Sϕ + sin θ Sσ] , (7.25)

v′′
σ +

(
k2 − λσ

τ 2

)
vσ = a(τ) [− sin θ Sϕ + cos θ Sσ] . (7.26)

The solutions for vϕ and vσ are given by

vϕ (k, τ) =
∫
dτ ′ G

λϕ

k (τ, τ ′) a(τ ′) [cos θ Sϕ + sin θ Sσ] , (7.27)

vσ (k, τ) =
∫
dτ ′ Gλσ

k (τ, τ ′) a(τ ′) [− sin θ Sϕ + cos θ Sσ] , (7.28)

where G
λσ/ϕ

k are the Green functions of the equations (7.25) and (7.26) (note that the
dependence on k and τ ′ is understood in the sources Sϕ, Sσ). From the definition of
vϕ, we can go back to the original function

uϕ (k, τ) = vϕ cos θ − vσ sin θ =

=
∫
dτ ′ a(τ ′)

{
G
λϕ

k (τ, τ ′)
[
cos2 θ Sϕ + sin θ cos θ Sσ

]
+

+Gλσ
k (τ, τ ′)

[
sin2 θ Sϕ − sin θ cos θ Sσ

]}
. (7.29)

The Green function is given by

G
λϕ/σ

k (τ, τ ′) =
π

2

√
ττ ′ [Jµ (−kτ) Yµ (−kτ ′) − Jµ (−kτ ′) Yµ (−kτ)] Θ (τ − τ ′) (7.30)

with µ =
1

2

√
1 + 4λϕ/σ ,

where Θ here denotes the Heaviside step function. The relevant solution for the field
perturbations concern modes outside the horizon, so that |k τ | ≪ 1. Furthermore, the
solution for the gauge field (7.5) entering in the sources Sϕ and Sσ is exponentially
suppressed for |k τ ′| & 1/ξ ≪ 1, so that the biggest contribution to the above integral
comes from modes well outside the horizon and we can set |k τ ′| ≪ 1 in the Green
function. Therefore, we can approximate (7.30) as

G
λϕ/σ

k (τ, τ ′) ≃
√
τ τ ′

2µ

(
τ ′

τ

)µ
. (7.31)

We next exploit the slow-roll expansion in order to simplify the solution. The system
matrix given in (7.24) has the form

Mϕσ =




2 + δM11 δM12

δM12 2 + δM22


 , (7.32)
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where |δMϕσ| are quantities that are first-order in slow-roll. The eigenvalues of Mϕσ

are

λϕ/σ = 2 +
1

2

[
δM11 + δM22 ±

√
4 δM2

12 + (δM11 − δM22)
2
]
, (7.33)

so that we can define the quantities δλσ/ϕ, also first order in slow roll, by

Λ =



λϕ 0

0 λσ


 =




2 + δλϕ 0

0 2 + δλσ


 . (7.34)

As a consequence one can also expand the Bessel function index of eq. (7.30) as µ ≃
3/2 + δλϕ/σ/3, which, applied to eq. (7.31), leads to the following expansion for the
Green function:

G
λϕ/σ

k ≃ G
(2)
k + δλϕ/σ G̃

(2)
k ≡

√
τ τ ′

3

(
τ ′

τ

)3/2 (
1 − δλϕ/σ

3
+
δλϕ/σ

3
log

τ ′

τ

)
. (7.35)

The term proportional to the logarithm gives the dominant contribution between the
last two terms, therefore we can use

G
(2)
k (τ, τ ′) =

√
τ τ ′

3

(
τ ′

τ

)3/2

, G̃
(2)
k ≃

√
τ τ ′

9

(
τ ′

τ

)3/2

log

(
τ ′

τ

)
, (7.36)

which, applied to (7.29) finally leads to

uϕ (k, τ) ≃ sin θ cos θ (δλϕ − δλσ)
∫
dτ ′ a(τ ′) G̃

(2)
k (τ, τ ′) Sσ (7.37)

+
∫
dτ ′ a(τ ′)G

(2)
k (τ, τ ′) Sϕ . (7.38)

Notice that, in the last term, we have neglected a term of order δλϕ/σ Sϕ, since, as
we will see below, Sϕ is higher order in slow roll with respect to Sσ. Now we can
make a further simplification, which consists in approximating the logarithmic term
log (τ ′/τ) appearing in G̃

(2)
k simply by a factor Nσ that we multiply outside of the

time integral, where Nσ is the number of e-folds during which the field σ is rolling.
This is possible because the integral in dτ ′ is dominated by |τ ′| ∼ (k ξ)−1, and greatly
simplifies things, since the remaining part of the Green function actually corresponds
to the one of eqs. (7.22) at zeroth order in slow roll. In summary, we can reduce the
problem of determining the inflaton perturbation in the model under analysis to solve
the following equation of motion for uϕ = a δϕ:

u′′
ϕ +

(
k2 − 2

τ 2

)
uϕ =

Nσ

3
sin θ cos θ (δλϕ − δλσ) a (τ)Sσ + a (τ)Sϕ . (7.39)

This equation presents an effective source, combination of those for the fluctuations of
the inflaton and of the auxiliary field (c.f. eqs. (7.16) and (7.20)), that we now proceed
to estimate.
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Estimation of the source. We want to evaluate the relative contribution of the
source terms on the RHS of eq. (7.39). The exact relation

sin θ cos θ =
δM12√

4 δM2
12 + (δM11 − δM22)

2
, (7.40)

implies that
sin θ cos θ (δλϕ − δλσ) = δM12 = 6 Θ ǫ . (7.41)

Going back to the full expressions given in eqs. (7.16) and (7.20), the source in
eq. (7.39), barring a overall factor a (τ), reads

2Nσ Θ ǫ

[
S(1) + 2σ′

0 S
(3) +

σ′
0

H S ′(3) +
σ′

0

H S(2)

]
+ 2ϕ′

0 S
(3) +

ϕ′
0

H S ′(3) +
ϕ′

0

H S(2) , (7.42)

that, collecting terms and considering that Θ = σ′
0/ϕ

′
0 ≪ 1, can be approximated to

2Nσ Θ ǫ S(1) + 2ϕ′
0 S

(3) +
ϕ′

0

H S ′(3) +
ϕ′

0

H S(2) , (7.43)

which amounts to neglect the source due to the metric perturbations (as opposed to
S(1), the one generated by the direct coupling between σ and the gauge field) in the
equation of motion of δσ, eq. (7.20).
Let us now compare the term proportional to S(1) to the other terms in eq. (7.43). To
do this we first need to estimate the amplitude of the fields E and B on which the
sources depend, c.f. eqs. (7.17), (7.18) and (7.21). Let us go back to solution (7.5)
for the gauge field, applying it in the regime relevant for particle creation, i.e. for
|k τ | ≪ ξ and ξ ≫ 1. We can use it to approximate

B(k, τ) ∼ k A (k, τ) ≃ k (−Hτ)n
√

−2τ

π
eπ ξK−2n−1

(√
−8 ξ k τ

)
, (7.44)

E(k, τ) ∼ −A (k, τ)′ ≃ − (−H τ)n
√

4 ξ k

π
eπ ξK−2n

(√
−8 ξ k τ

)
. (7.45)

Moreover, the largest contribution to the above expressions comes from modes with
−kτ ∼ 1/ξ, since the Bessel functions are exponentially suppressed for values of their
arguments that are much larger than unity and the phase space suppresses contribu-
tions with small k. In this regime the Bessel functions take values that are of the order
of the unity and

E

B
∼
√

ξ

−k τ ∼ ξ , (7.46)

where in the last step we have used again −k τ ∼ 1/ξ. This means that the magnetic
field is suppressed by a factor 1/ξ with respect to E (remember ξ ≫ 1). Therefore we
can conclude that in S(1) (eq. (7.21)) the term proportional to the convolution Ei ∗Ei
is dominant with respect to the one proportional to Bi ∗Bi.
Exploiting eq. (7.46), we can parametrically estimate the amplitude of the terms in
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(7.43). Whenever there is a residual dependence on the momentum, we use the value
corresponding to the peak of the electric and magnetic fields, i.e. |k τ | ∼ 1/ξ. Using
Iσ = nH I/(Θϕ′

0) one gets

2Nσ Θ ǫ S(1) ∼ 2Nσ Θ ǫ a2 nH I2

σ′
0

(E ∗ E) ≃ Nσ n
√

2ǫ

(
a2I2 E ∗ E

Mpl

)
,

ϕ′
0 S

(3) ∼ ϕ′
0

a2 I2

2M2
pl

B ∗ E
k

∼
√
ǫ

2

(
a2I2 E ∗ E

Mpl

)
,

ϕ′
0

H S ′(3) ∼
√
ǫ

2

(
a2 I2 E ∗ E

Mpl

)
,

ϕ′
0

H S(2) ∼
√
ǫ

8

(
a2 I2 E ∗ E

Mpl

)
. (7.47)

From the above estimations we conclude that all terms in eq. (7.43) are of the same
order of magnitude, therefore we cannot neglect any of them a priori. In summary, to
evaluate the inflaton perturbation (and therefore the curvature power spectrum), one
has to solve the following equation:

δϕ′′
flat + 2 H δϕ′

flat + k2 δϕflat = 2Nσ Θ ǫ S(1) + 2ϕ′
0 S

(3) +
ϕ′

0

H S ′(3) +
ϕ′

0

H S(2) , (7.48)

resulting from eq. (7.39), going back to the variable δϕflat, and accounting only for the
dominant term in the source Sσ. Note that, given (7.46), we can approximate

S(1) ≃ a2I Iσ (Ei ∗ Ei + 2 γ Ei ∗Bi) (7.49)

S(2) ≃ − I2 a2

4M2
pl

Ei ∗ Ei . (7.50)

7.3 The curvature perturbation R
In this section we justify the use of an approximated expression for the curvature
perturbation, i.e. R ≃ H

ϕ̇
δϕflat. When other fields are present beside the inflaton, it is

not granted that the previous expression for R holds.
We follow the notations of [35]. In terms of the perturbations of the metric and of the
content of the universe, uniform density curvature perturbations are defined by

ζ = −H
ρ′

0

δρflat . (7.51)

The derivative of the background energy density ρ0 is given by:

ρ′
0 = −3 H (ρ0 + P0) ≃ −3 H

a2
ϕ′

0
2
, (7.52)

where P0 denotes the pressure. Remember that the energy density due to the gauge
field is a quantity of the first order, then it does not contribute to the background
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energy density. We have also assumed that the kinetic energy in σ is negligible:
σ′

0
2/ϕ′

0
2 ≡ Θ2 ≪ 1. In order to express δρflat in terms of the fields, we use Einstein

equations perturbed at the first order, in particular we use the 0−0 and 0−i equations.
Defining metric perturbations in the flat gauge by δg00 = −2 a2 Φflat and δg0i = a2 Bi,
we have:

3 H2 Φflat − H k2 Bflat = −4π Ga2 δρflat , (7.53)

H Φflat − ϕ′
0

2M2
pl

δϕflat − σ′
0

2M2
pl

δσflat = S(3) . (7.54)

At large scales the term k2 Bflat can be neglected, then from the second equation we
get the expression of Φflat, we substitute it in the first equation, and then we get the
sought expression for δρflat:

δρflat = −3 H
a2

ϕ′
0 δϕflat − H

ϕ′
0

Θ δσflat − 6 HM2
pl

a2
S(3) . (7.55)

At large scales ζ = −R [35], where R is the comoving curvature perturbation. From
now on, we will refer to the curvature perturbations by R. Combining (7.52) and
(7.55), we obtain the expression of R in terms of the fields perturbations:

R =
H
ϕ′

0

δϕflat +
S(3)

H ǫ
+

H
ϕ′

0

Θ δσflat . (7.56)

As expected, the comoving curvature perturbation R gets contributions directly from
each field involved in the Lagrangian eq. (7.1).

Comparison of the terms in the expression of R. With the prospect of calcu-
lating the curvature power spectrum, we make a comparison of the contributions to
the expression of R, in order to establish if some of them are negligible with respect
to the others.
Notice that we are interested in calculating the curvature power spectrum at the end
of inflation.
For what concerns the third term of eq.(7.56): we are supposing that at a certain time
during inflation the field σ stops rolling, so that at the end of inflation σ′

0 is vanishing.
We can therefore neglect last term in equation (7.56).
The term proportional to S(3) in eq.(7.56) is expected to vanish at the end of inflation
since at that time, σ has stopped rolling and does not source S(3) any more. To be
conservative, however, in this section we will assume that σ is still rolling at the end
of inflation so that the second term in eq.(7.56) is still present at that time.
On the other hand, notice that the factor δϕflat evaluated at the end of inflation is
anyway influenced by the gauge field even if at that time the electromagnetic source is
switched off. In fact δϕflat (tend, k) is obtained by the integration from the beginning of
inflation up to the end, therefore it spans also the period in which the auxiliary field
is rolling and then the electromagnetic source is active.
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In order to compare the first and the second term of eq. (7.56), we estimate δϕflat from
its equation of motion (7.48). We only consider the first term of the source, given that
they are all of the same order of magnitude, and we approximate δϕ′

flat ≃ H δϕflat:

δϕflat ≃ Nσ ǫΘ
S(1)

H2
≃
√
ǫ

2

nNσ

H2

a2 I2

Mpl

E ∗ E . (7.57)

S(3) is taken from eq. (7.18):

S(3)

Hǫ ≃ 1

H√
ǫ

a2I2

ϕ′
0Mpl

E ∗ E . (7.58)

Comparing the first two terms in (7.56), we have

H δϕflat/ϕ
′
0

S(3)/H ǫ
∼ nNσǫ , (7.59)

showing that both terms should be retained when evaluating R. From this result, we
cannot make any conclusions about the respective importance of these two terms for
the amount of the curvature power spectrum. Therefore, we decided to calculate the
scale dependence of the curvature power spectrum due to the term proportional to
S(3). As we will now see, the term proportional to S(3) has a blue spectrum, while
the one proportional to δϕflat is scale invariant. The former can therefore be safely
neglected.

7.3.1 Contribution to the curvature power spectrum due to

S(3)

A we said before, at the end of inflation σ has stopped rolling and does not source S(3)

any more. To be conservative, however, in this section we will assume that σ is still
rolling at the end of inflation. As we will see, even in this case the term in S(3) will
provide a blue and negligible contribution to the metric perturbation power spectrum.
We want to calculate the scale dependence of the following contribution to the curva-
ture power spectrum: 〈

S(3)

H ǫ
(k1, τ)

S(3)

H ǫ
(k2, τ)

〉
, (7.60)

with the aim of comparing it with the contribution due to the term H δϕflat/ϕ
′
0. We

perform the quantization of the gauge field:

Ai (x, τ) =
∫ d3p

(2π)3/2
eip·xε+

i (p)
[
â (p) + â† (−p)

]
A+ (p, τ) , (7.61)

where we have kept only the positive helicity mode and we have used the fact that the
mode functions A+ (p, τ) are real in the regime |p τ | . ξ of interest. From eq. (7.18),
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the expression of S(3) as a function of the gauge field reads

S(3) (k) =
I2

2 a2 M2
pl

∫ d3p

(2π)3/2

1

k2

[
ε+
j (p) ε+

j (k − p) pi ki − pj ε
+
j (k − p) ε+

i (p) ki
]

·
[
â (p) + â† (−p)

] [
â (k − p) + â† (p − k)

]
A+ (p)A′

+ (|k − p|) .
(7.62)

We write the second term making a change in the integration variable, k → q − k, so
that it becomes:

∫ d3p

(2π)3/2

1

k2
[kjεj (p) εi (k − p) ki]

[
â (k − p) + â† (p − k)

]
·

·
[
â (p) + â† (−p)

]
A (|k − p|)A′ (p) (7.63)

since kiεi (k) = 0. Then, performing a further change of variable k → q−k, we recover
the same arguments of A and A′ of the first term in (7.62):

∫ d3p

(2π)3/2

1

k2
[kjεj (k − p) εi (p) ki]

[
â (p) + â† (−p)

]
·

·
[
â (k − p) + â† (p − k)

]
A (p)A′ (|k − p|) (7.64)

By using the relation (c.f. Eq. (C3) of [62])

ki kj ε
+
i (p) ε+

j (k − p) = [p |k − p| + (k − p) · p] ε+
i (p) ε+

i (k − p) , (7.65)

to arrange eq.(7.64), the full expression (7.62) turns out to be:

S(3) (k) =
iI2

2a2M2
pl

∫ d3p

(2π)3/2

1

k2
[εi (k − p) εi (p)] [kjpj − p |k − p| + (k − p) · p] ·

·
[
â (p) + â† (−p)

] [
â (k − p) + â† (p − k)

]
A (p)A′ (|k − p|) ,

(7.66)

where piki − k |k − p| − (k − p) · p = p2 − p |k − p|, so that:

S(3) (k) =
I2

2 a2 M2
pl

∫ d3p

(2π)3/2

1

k2

[
ε+
i (k − p) ε+

i (p)
] [
p2 − p |k − p|

]
·

[
â (p) + â† (−p)

] [
â (k − p) + â† (p − k)

]
A+ (p)A′

+ (|k − p|) .
(7.67)

From the previous expression, and exploiting the commutation rules of â and â†, the
power spectrum of the S(3)/(Hǫ) term can be written as

PS(3)(k) =
I4 H2

2π2 a4 (τ) (ϕ′
0)

4

∫ d3p

(2π)3

p |p − k|
k

(p− |k − p|)2 ·

ε+
j (p) ε+

j (k − p) ε+
i (p − k) ε+

i (−p) A+ (p)A′
+ (|k − p|)A+ (|p − k|)A′

+ (−p) .
(7.68)
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We are interested in the behaviour at large scales, so we perform the limit k → 0,
where

p |p − k|
k

(p− |k − p|)2 ∼ k p2 . (7.69)

Then, in this limit the spectrum of S(3)/(Hǫ) behaves as:

PS(3)(k) ∼ I4 H2

a4 (τ) (ϕ′
0)

4
k
∫

dp p4 A2
+ (p)A′

+
2

(p) . (7.70)

The contribution to the curvature power spectrum due to the spectrum of S(3)/(Hǫ)
is therefore blue, with a spectral index equal to one. We will see that the contribution
to the curvature power spectrum due to the term proportional to δϕflat is instead
scale invariant. The former contribution is therefore largely suppressed at large scales
with respect to latter. Notice also that, from this result, we can say that also the
contributions due to the correlation between the term S(3)/(Hǫ) and that proportional
to δϕflat are suppressed at large scales and can be neglected. For the same reason, we
can safely neglect this term also in the calculation of the curvature bispectrum.
In conclusion, in the rest of the paper for the calculation of the curvature power
spectrum and bispectrum we use

R ≃ − H
ϕ′

0

δϕflat . (7.71)

7.4 Sourced power spectrum and bispectrum

In this section we compute the contributions to the sourced scalar spectrum and bis-
pectrum.

7.4.1 Curvature power spectrum

Since a source term is present in the equation of motion of δϕ, one has

δϕ = δϕvacuum + δϕsourced (7.72)

where δϕvacuum is given by the solution to the homogeneous part of eq. (7.48) with
Bunch-Davies boundary condition. Since these two components are uncorrelated, the
power spectrum 〈δϕ δϕ〉 receives two contributions:

〈δϕ δϕ〉 = 〈δϕvacuum δϕvacuum〉 + 〈δϕsourced δϕsourced〉 . (7.73)

Here we calculate the contribution due to the presence of the source term.

In appendix D we simplified the expression of the source, so that we have:

2ϕ′
0 S

(3) +
ϕ′

0

H S ′(3) +
ϕ′

0

H S(2) ≃ I2 ϕ′
0 a

2

2 HM2
P

ki kj

k2

∫ dq

(2π)3
Ei(k − q)Ej(q) , (7.74)
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The gravitationally induced part of the source term of eq. (7.48), finally turns out to
be:

2ϕ′
0 S

(3) +
ϕ′

0

H S ′(3) +
ϕ′

0

H S(2) ≃ I2 ϕ′
0 a

2

2 HM2
pl

k̂i k̂j Ei ∗ Ej , (7.75)

where the ≃ sign is due to the fact that we neglected terms proportional to B2 that, as
we have seen above in Eq. (7.46), are subdominant with respect to those proportional
to E2 in the regime ξ ≫ 1 that we are considering.
In terms of uϕ = a δϕflat, the equation of motion (7.48) takes then the form

u′′
ϕ +

(
k2 − 2

τ 2

)
uϕ =

I2 ϕ′
0 a

3

2 HM2
pl

[
2Nσ n (Ei ∗ Ei + 2 γ Ei ∗Bi) + k̂i k̂j Ei ∗ Ej

]
, (7.76)

where we have used Iσ = nH I/σ′
0. Reference [62] considered only the second term

on the right hand side of eq. (7.76), whereas [235] effectively considered only the first
one. The first term indeed dominates, as we show in the following. Notice that those
analyses were performed in the case in which only the F̃ F term was coupled to σ,
that corresponds to the case n → 0, ξ =constant. Here we perform the full analysis of
eq. (7.76) in our model that allows for all values of −2 < n < 0.
Now we quantize the gauge field according to eq. (7.61) so that the source term above,

Jk (τ) ≡ I2 ϕ′
0 a

3

2 HM2
pl

[
2Nσ n (Ei ∗ Ei + 2 γ Ei ∗Bi) + k̂i k̂j Ei ∗ Ej

]
(7.77)

takes the form

Jk (τ) =
I2 ϕ′

0

2 HM2
pl a

∫ d3p

(2π)3/2
ε+
i (p) ε+

i (k − p)
[
â+ (p) + â†

+ (−p)
] [
â+ (k − p) + â†

+ (p − k)
]

·
{[

2nNσ − 1

k2
[p |k − p| + (k − p) · p]

]
A′

+ (p, τ)A′
+ (|k − p| , τ)

+ 4Nσ ξ |k − p|A′
+ (p, τ)A+ (|k − p| , τ)

}
, (7.78)

where we used the relation (7.65) and in the last line we exchanged k−p with p, since
the integral is symmetric under this exchange. We are now in position to evaluate the
sourced scalar spectrum:

〈δϕsourced (k1, τ) δϕsourced (k2, τ)〉 =
1

a2 (τ)

∫ τ

τ0

dτ ′Gk1 (τ, τ ′)
∫ τ

τ0

dτ ′′Gk2 (τ, τ ′′) 〈Jk1 (τ ′) Jk2 (τ ′′)〉 , (7.79)

where the Green function Gk (τ, τ ′), for |k τ | < |k τ ′| ≪ 1 is well approximated by (c.f.
Eq. (7.36))

Gk (τ, τ ′) ≃ −1

3

τ ′2

τ
. (7.80)
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Applying the commutation rules for the operators â+ and â†
+, and exploiting the

equality
∣∣∣ε+
i (k + p) ε+

i (−p)
∣∣∣
2

=
1

4

(
1 +

|p|2 + p · k

|p| · |k + p|

)2

, (7.81)

recalling definition (1.17), we obtain:

P sourced
δϕ (k) =

k3

2π2

ǫ

32H2 M2
P

∫ d3p

(2π)3

[
1 − p · (k − p)

p |k − p|

]2 ∣∣∣∣
∫ τ

τ0

dτ ′ (−Hτ ′)
−2n+3

·
{ [

2Nσ n− 1

k2
[p |k − p| + (k − p) · p]

]
A′

+ (p, τ ′) A′
+ (|k − p| , τ ′)

+ 4Nσ ξ |k − p|A′
+ (p, τ ′) A+ (|k − p| , τ ′)

}∣∣∣∣
2

. (7.82)

We are interested in the power spectrum evaluated at the end of inflation, so we set
τ = 0. The integrand is dominated by modes for which the particle creation is relevant,
i.e. |k τ ′| ∼ 1/ξ. Therefore, as long as σ is rolling for these values of τ ′, we can safely
set τ0 → −∞ since this does not include extra relevant contributions to the integral.
This puts us in the position to use the explicit expressions for the mode functions of
the gauge field

A+(k, τ) ≃ (−H τ)n
√

−2 τ

π
eπξK−2n−1

(√
−8 ξ k τ

)
,

A+(k, τ)′ ≃ (−H τ)n
√

4 ξ k

π
eπξK−2n

(√
−8 ξ k τ

)
, (7.83)

and insert them into eq. (7.82). We then change variables to y =
√

−8 ξ k τ , choose
a reference frame where the z-axis is parallel to k, and define Q ≡ p/k, µ ≡ cosα,
where α is the angle between k and p. The power spectrum then reads

P sourced
δϕ (k) = ǫ

e4πξ

ξ6

H4

9 × 223 π6 M2
pl

∫ ∞

0
dQQ3

∫ 1

−1
dµP

(
1 − µ−Q

P

)2

·
∣∣∣∣
∫ ∞

0
dy y7

{
[2Nσn−Q (P + µ−Q)]

[
K−2n

(
y
√
Q
)
K−2n

(
y

√
P
)]

+Nσ

√
P
[
y K−2n−1

(
y
√
P
)
K−2n

(
y
√
Q
)]}∣∣∣∣

2

, (7.84)

where P ≡
√

1 +Q2 − 2Qµ. The first term proportional to Nσ is the one due to the
first term in (7.76), the term proportional to Q (P + µ−Q) corresponds to the part

of the source proportional to k̂ik̂jEi ∗ Ej, and the last term to the part of the source
proportional to γ Ei ∗Bi.
In figure 7.1, we show the relative contributions to the power spectrum due to each
term in (7.84), collecting in a unique quantity the two terms proportional to N2

σ .
Contributions are shown up to a common factor. As visible, contributions which are
not proportional to N2

σ are at least one order of magnitude smaller than the others.
This is true also in the case in which Nσ = 1. For Nσ > 1, which corresponds to more
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Figure 7.1: Relative contributions to the curvature power spectrum given in eq.(7.84), where

we have fixed Nσ = 1. Contributions are shown up to the common factor ǫ
(
n e2πξ

ξ3
H2

πMpl

)2
.

The red curve shows the power spectrum due to the sum of the two terms proportional to N2
σ ;

in green the contribution to the power spectrum due to the cross-correlation between the term
proportional to NσEi ∗ Ei and the gravitationally induced term proportional to k̂ik̂jEi ∗ Ej ;
in brown the contribution due to the cross-correlation between the term proportional to
NσγEi ∗ Bi and the gravitationally induced term; in blue the power spectrum due to the
gravitationally induced term.

natural models, the amplitude of such terms become even smaller. Therefore for a
comparison of the curvature power spectrum of our model with current observations,
we can safely approximate the source of the inflaton perturbations by the first two
terms in eq.(7.48), so that the curvature power spectrum is well approximated by:

P sourced
δϕ (k) = ǫ

e4πξ

ξ6

H4

9 × 223 π6 M2
pl

∫ ∞

0
dQQ3

∫ 1

−1
dµP

(
1 − µ−Q

P

)2

·
∣∣∣∣
∫ ∞

0
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{
2Nσn

[
K−2n

(
y
√
Q
)
K−2n

(
y

√
P
)]

+Nσ

√
P
[
y K−2n−1

(
y
√
P
)
K−2n

(
y
√
Q
)]}∣∣∣∣

2

. (7.85)

7.4.2 Curvature bispectrum

For the calculation of the curvature bispectrum we proceed in an analogous manner
as for the power spectrum. As before, the overall amplitude of the bispectrum is given
by one contribution related to the homogeneous solution of the equation of motion for
the inflaton perturbations, and one due to the presence of the sources. The former is
well known to be very small, here we calculate the latter.
As before, we refer to the equation of motion for uϕ, eq.(7.76). Starting from the



7.4 Sourced power spectrum and bispectrum 123

definition of the curvature bispetrum we have:

〈δϕk1 (τ) δϕk2 (τ) δϕk3 (τ)〉 =
1

a3 (τ)

∫ τ

τ0

dτ ′Gk1 (τ, τ ′)
∫ τ

τ0

dτ ′′Gk2 (τ, τ ′′)

∫ τ

τ0

dτ ′′′Gk3 (τ, τ ′′′) 〈Jk1 (τ ′) Jk2 (τ ′′) Jk3 (τ ′′′)〉 . (7.86)

Using the expression for the source term (7.78) where we suppress the subdominant,
gravitationally induced term not proportional to Nσ, and the Green function (7.80),
the three point function of δϕsourced takes the form

〈δϕk1δϕk2δϕk3〉 =
n3

a3

N3
σǫ

3

ϕ̇3

e6πξ

ξ9

1

9 × 224π3
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∫ d3p

(2π)9/2

·
[
ε+
i (p) ε+
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+
l (−p)

]

∫ ∞

0
dx′h (|p| , |k1 − p| ;x′)

∫ ∞

0
dx′′h (|p − k1| , |k3 + p| ;x′′)

∫ ∞

0
dx′′′h (|p + k3| , |p| ;x′′′) , (7.87)

where we have defined

h (|p| , |k1 − p| ;x) =

√
|p| · |k1 − p|
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 .

(7.88)

Exploiting the relation (7.81), the products of the polarization vectors in the second
line of eq. (7.87) can be written as

[ε product] ≡ 1

8

[
(q̂1 · q̂3)

2 + (p̂ · q̂3)
2 + (p̂ · q̂1)

2 + (p̂1 · q̂3) + (p̂ · q̂3) + (p̂1 · p̂) +

(q̂1 · p̂) (p̂ · q̂3) + (p̂ · q̂1) (q̂1 · q̂3) + (p̂ · q̂3) (q̂1 · q̂3) − (p̂ · q̂1) (p̂ · q̂3) (q̂1 · q̂3)
]

(7.89)

where q1 = p − k1 and q3 = p + k3.
We choose a reference system such that the vector k1 is along the z-axes and we
decompose the integral in d3p in the following variables: P ≡ p/k1, Θ̄ the angle
between p and k1 and Φ̄ the angle between p and the x-direction. Moreover we
call Φ the angle between the z-axes and k3. As it is usual for scenarios where non-
gaussianities are generated by subhorizon dynamics, we expect the bispectrum to be
maximized in the equilateral configuration k ≡ |k1| = |k2| = |k3|. In this case we
obtain

〈δϕk1δϕk2δϕk3〉equil =
δ (k1 + k2 + k3)

k6

H6

M3
pl

e6πξ

ξ9

(
Nσ

√
2ǫ
)3
f (n) , (7.90)
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where

f (n) =
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(7.91)

where we have aligned k1 along the third axis, and we have defined P ≡ p/k1, Θ̄ is
the angle between p and k1, Φ̄ the angle between p and the x-direction, and

Q ≡
√

1 − P 2 − 2P cos Θ̄ , R ≡
√√√√1 + P 2 + 2P

(
−1

2
cos Θ̄ +

√
3

4
sin Θ̄

)
. (7.92)

Since other configurations are too complicated to evaluate, we are going to consider
only the result of the equilateral configuration and compare it with current upper lim-
its on curvature non-gaussianities in terms of f equilNL . In principle this is not exhaustive,
but, since the non-gaussian component is generated by sub-horizon dynamics, we ex-
pect the shape of the bispectrum to be close to equilateral, and our analysis to provide
a robust picture of the current status of the model with respect to observations.

7.5 Constraints on the magnetic field production

from inflationary perturbations

We obtained the tensor power spectrum and the curvature power spectrum and bis-
pectrum as functions of the inflationary parameters. We want to compare them with
the constraints provided by observations in order to obtain current bounds on the
parameter space of our model. At the same time we require that the current lower
bound on magnetic fields on cosmological scales is satisfied, see e.g. [11–13]. We will
see that the combinations of these two requirements still leave available a large region
in the parameter space, i.e. our model can explain the presence of magnetic fields on
cosmological scales, satisfying at the same time current constraints on curvature and
tensor perturbations.

Current cosmological observations provides an estimation of the curvature power spec-
trum amplitude of As = 2.21 · 10−9 at k = 0.05Mpc−1 at 68% of CL [2]. Moreover, the
curvature power spectrum is constrained to be almost scale-invariant [2]. In order to
satisfy the estimation for the power spectrum amplitude, we ask the contribution due
to the presence of the gauge field, i.e (7.85) to be much less (one order of magnitude)
than that due to vacuum fluctuations of the inflaton. We could have asked for the
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sum of the contribution due to vacuum fluctuation and that due to the presence of the
gauge field to be equal to the value estimated by the observations. However, if the field
σ slows down its rolling while observed scales leave the horizon, a feature in the power
spectrum is expected to appear (similarly to the case considered in [64]). Such a kind
of feature is not observed in CMB data. In order to avoid such a phenomenon, Nσ to
be sufficiently large would be required. In order to avoid such a problem, we impose
the stricter constraint of requiring the contribution due to the gauge field to be much
smaller, by a factor 10, than the vacuum one. Imposing this restrictive condition is
sufficient, even if not necessary, and in any case it does not change our results: they
are dominated by constraints from non-gaussianities, as we now show.

Cosmological observations provide also strict constraints on curvature non-gaussianities.
In particular, for the equilateral configuration, [46] finds the following bound: f equilNL =
−16±70 from temperature data, f equilNL = −3.7±43 for T +E data, at 68% of CL [46].
As usual, we parametrize the bispectrum by f equilNL , defined as

〈R (k1) R (k2) R (k3)〉 =
3

10
(2π)5/2 f equilNL P 2

Rδ (k1 + k2 + k3)

∑
k3
i

Πk3
i

, (7.93)

where PR is the total curvature power spectrum. From the expression of the bispec-
trum (7.90), using the relation (7.71), we have

f equilNL =
10

9

1

(2π)5/2

1

P2
R

H6

M6
pl

e6πξ

ξ9
N3
σ f (n) , (7.94)

where we used ϕ̇0 =
√

2ǫMplH. We require f equilNL of our model to be equal or smaller
than the current upper bound. At the same time we ask the lower bound on magnetic
field on cosmological scales to be achived by the magnetic field production of our
model.
Finally, we will also consider current upper bound on tensor perturbations, and we
will check that they provide weaker constraints with respect to the scalar sector.

7.5.1 Constraints on inflationary parameters from scalar per-

turbations

The lower bound on magnetic fields on cosmological scales from [11–13], including
the correction arising from the dependence on the magnetic field spectral index found
in [227], reads

B0

√
L0

De

Π
(
De

L0

, nB

)
≥ BNV , (7.95)

where BNV ≃ 10−18 ÷ 10−16 G. Since in this context De ≃ 80 kpc [226], in the above

equation we have selected the appropriate case L0 ≪ De [1]. The function Π
(
De

L0
, nB

)

takes a particularly simple form if nB > 1/2 (corresponding to nG > −2, where
nG = 2nB − 3 is the spectral index as defined in [227]), which is always the case for
the range of values −2 < n < 0. Given the conditions L0 ≪ De and −2 < n < 0, it
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is therefore enough to require that our model leads to a present time magnetic field
satisfying the (in-)equality

B0

√
L0

De

√
2nB

20nB − 10
≥ BNV , (7.96)

with BNV = 10−17 G: this guarantees that the model provides a strong enough in-
tergalactic magnetic field. We have to express B0 in eq.(7.95) as a function of the
inflationary parameters of our model. We consider the present time magnetic field
and related correlation length that we found in (7.14). We write B0 in (7.95) as in
(7.14), and substitute Breh and Lreh as written in (7.8)-(7.9). Furthermore, in order
to write the factor areh/a0 as a function of the inflationary parameters, we exploit the
following relation:

a0

areh

=
g
reh 1/3
∗ Treh

g
0 1/3
∗ T0

, (7.97)

where g0
∗ = 3.36 and greh

∗ = 106.75 are the effective number of relativistic degrees
of freedom at the respective temperatures, T0 = 2 × 10−13 GeV, and the reheating
temperature Treh is obtained assuming instantaneous reheating:

greh
∗ π2

30
T 4

reh = 3M2
plH

2 . (7.98)

The factor a0/areh then results:

a0

areh

≃ 2 × 1031

√
H

Mpl

. (7.99)

Therefore, from (7.95), finally we have:

eπξ

ξ2
= 60

(
Mpl

H

)3/4 BNV
−17(nB)

bn
√
ln

, (7.100)

where

BNV
−17(nB) =

√
De

Mpc

√
20nB − 10

2nB

BNV

10−17 G
. (7.101)

Inserting De ≃ 80 kpc and using the relation between nB and n to express nB as a
function of n, this relation gives us the parameter ξ as a function of the two parameters
ξ = ξ (H,n). On the other hand, we require that the bispectrum of the curvature
perturbations does not exceed the observational constraints provided by Planck. We
fix the value of f equilNL to the allowed upper limit. From equation (7.94), imposing
PR = 2.21 · 10−9, the latter requirement returns the Hubble parameter as a function
of ξ, n and Nσ, i.e. H = H (ξ, n,Nσ). Inserting the expression ξ = ξ (H,n) found
before in the expression for H = H (ξ, n,Nσ), we obtain H as a function of n and
Nσ. The latter identifies those inflationary models which provide a magnetogenesis
accounting for the Neronov-Vovk limit, and at the same time a generation of curvature
perturbations which equals the upper bound on fNL provided by Planck.
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For what concerns the parameter Nσ: in order to neglect the term proportional to δσ
in the expression of curvature perturbation (7.56), we supposed Nσ < Nϕ, where with
Nϕ we indicate the e-folds number of inflation. The minimum value of Nϕ is given as
a function of H by

Nmin
ϕ = Log



(
greh

∗
g0

∗

)1/3
Mpl

T0

(
greh

∗ π2

30

)1/4√
H

Mpl


 . (7.102)

As a good estimation we can take Nσ = Nmin
ϕ , so that we can write the parameter Nσ

as a function of H, and then have H = H (n). We show such curve in figure 7.2 in

terms of ρ
1/4
inf =

(
3M2

plH
2
)1/4

. In the same plot we show the analogous curve obtained

imposing the curvature power spectrum (7.85) to be negligible with respect to the
current estimation of the amplitude provided by Planck. As visible, the bispectrum
put stronger constraints on the parameter space with respect to the curvature power
spectrum. On the other hand, we can also consider situations in which Nσ ≪ Nmin

ϕ

choosing a value for Nσ by hand. In particular, lowering the value of Nσ leads to
weaker constraints on ρ

1/4
infl , since f equilNL ∝ N2

σ . The energy scale of inflation spans a

Figure 7.2: Constraints on the inflationary energy density due to scalar perturbations as a
function of the inflationary parameter n. We imposed the magnetic field intensity today to
satisfy eq.(7.95) with BNV = 10−17 G. The region below each curve is the allowed parameter
space. The blue curve is obtained by fixing the curvature power spectrum to one tenth of
the measured Planck value, and setting Nσ = Nmin

ϕ . Red curves are obtained by imposing
that the sourced bispectrum in the equilateral configuration to fill the Plank upper limit on
fequilNL . The solid red curve is obtained for fequilNL = 50 and Nσ = Nmin

ϕ , the dashed red curve

for fequilNL = 10 and Nσ = Nmin
ϕ , and the dot-dashed red curve for fequilNL = 50 and Nσ = 30.

couple of orders of magnitude 106 . ρ
1/4
inf . 108 GeV as n varies from −2 to 0. We

conclude that the model (7.1) is a possible explanation for the observed presence of
magnetic fields on cosmological scales, which at the same time agrees with current
observational constraints on scalar modes.
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7.5.2 Constraints from sourced tensor modes

We calculate the values of the tensor-to-scalar ratio in correspondence of the parameter
values identified by the curves on plot 7.2. The results are shown in figure 7.3.
We evaluate r for the values of H(n) corresponding to the constraints obtained above.
i.e. for f equilNL = 50, 10 and Nσ = Nmin

ϕ , or in the case f equilNL = 50 and Nσ = 30. The
value of ξ is found, as before, from Eq. (7.100). We use again PR = 2.21 · 10−9. The
results are shown in figure 7.3: the tensor-to-scalar ratio is too small to be detected
both by future Earth- and space-based dedicated missions. However notice that it
is not hugely below the projected sensitivity r ∼ 10−3 of the CMB-S4 experiment
[180]. As explained in section 7.2.1, tensor modes due to vacuum fluctuations of the
gravitational field are negligible with respect to those generated by the presence of the
gauge field: our model would therefore be further constrained by a future detection of
CMB B-polarisation of primordial origin.

Figure 7.3: The tensor to scalar ratio as a function of the inflationary parameter n. The
curves are found imposing the magnetic field intensity today to satisfy Eq. (7.95) with
BNV = 10−17 G. The solid red curve corresponds to H(n) that satisfies the bound from

non-gaussianity when fequilNL = 50 and Nσ = Nmin
ϕ ; the dashed red curve when fequilNL = 10

and Nσ = Nmin
ϕ ; the dot-dashed red curve when fequilNL = 50 and Nσ = 30.

7.5.3 Possible seeds for galactic dynamo process

At galactic scales, magnetic fields of the order of 106G are observed. It is believed
that such magnetic fields are the result of the amplification by a dynamo mechanism
of earlier seeds. There are large uncertainties on the evolution of such seeds after their
generation, but estimations point out that the original magnetic fields should be at
least of the order of 10−21 ÷10−23G at a comoving scale of 1Mpc in order to explain the
observed amplitude [14]. Moreover, notice that such seeds, according to [240], could
also justify the presence of magnetic field in clusters, which are observed to have an
amplitude of 10−6G at the cluster scale.
Other mechanisms, alternative to the amplification by a dynamo process, have been
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proposed, see e.g. [241], as the ejection of magnetic fields from stars or by astrophysical
mechanisms based on charge separation. On the other hand, the indirect observations
of magnetic fields in the intergalactic medium is a clue of their primordial origin, since
concern voids regions among structures where astrophysical process are difficult to be
supposed.
A primordial generation mechanism able to provide magnetic fields that fulfil the
bound on the intergalactic magnetic field, and at the same time have high enough
amplitude at large scales O(Mpc) to initiate the galactic dynamo, can in principle
explain all present observations of magnetic fields in the intergalactic medium, galaxies
and clusters.

In [1] it was obtained that our inflationary model is able to provide seeds larger than
10−21 ÷ 10−23G at 1Mpc, for a certain range of values of n, satisfying, at the same
time, the lower bound on magnetic fields at cosmological scales. Here we show that
this statement is still true also when the strict constraints on scalar non-gaussianities
are taken into account. More precisely we consider the set of inflationary parameters
H and ξ for which the bound on f equilNL is saturate and the limit (7.95) is matched, i.e.
the points of the red-solid curve in figure 7.2, and we wonder if for those parameters
values, the intensity of the magnetic field can explain also the lower bounds on the
seeds in galaxies.
In order to do that, we impose the magnetic field to satisfy the lower bound we have on
cosmological scales, i.e. the equality in the relation (7.95). The latter gives a relation
between B0 and L0, which combined with the first equation in (7.12), provides the
value of the magnetic field intensity B0 and of the correlation length L0 as function of
nB, independently on the mechanism that generated them.
From the expression for the spectral index, the amplitude of the magnetic field at a
generic scale ℓ is given by:

B0 (ℓ) = B0 ·
(
L0

ℓ

)(5−|2n+1|)/2

, (7.103)

then, using the obtained values for B0 and L0, we calculate B (ℓ) for ℓ = 1Mpc as
a function of n. We compare the result with two indicative values of the required
amplitude of magnetic seeds in galaxies on such scale, i.e. 10−21G and 10−23G. The
situations is shown in figure 7.4. For n = 0, i.e. for the case in which only the
term FµνF̃

µν is active, the amplitude of the generated magnetic field is too small to
justify galactic seeds. On the other side, for n 6= 0 and sufficiently negative values, the
inflationary magnetogenesis is able to generate magnetic fields at 1Mpc scale larger
than the minimal amplitude required to explain current observations. Therefore, notice
that the presence of the term ∼ FµνF

µν in the lagrangian (7.1), that corresponds to
the scenarios in which n 6= 0, is crucial to generate magnetic fields able to justify seeds
in galaxies.

Inflationary model with the gauge field coupled to the inflaton. We consid-
ered also the scenario in which the gauge field Aµ is coupled to the inflaton, without



130 7. Inflationary magnetogenesis with added helicity

Figure 7.4: Magnetic field intensity at a scale of 1Mpc. In red the value of B0 at 1Mpc
obtained for the inflationary parameters which saturate current upper bound for scalar non-
gaussianities (red curve in plot 7.2). In blue we show estimations of the amplitude of mag-
netic fields seeds required in order to explain current observation by introducing a dynamo
mechanism: 10−21G and 10−23G.

the presence of an auxiliary field, i.e.:

L = −1

2
∇µϕ∇µϕ− V (ϕ) + I2 (ϕ)

(
−1

4
FµνF

µν +
γ

8
ǫµνρλF

µνF ρλ
)
. (7.104)

In this case, the non-minimal coupling between the inflaton and the gauge field leads
to a source in the equation of motion of the inflaton perturbations which dominates
with respect to the sources due to the gravitational coupling (see e.g. [234]). More
precisely, the equation of motion for the inflaton perturbations δϕ turns out to be

δϕ′′
flat + 2Hδϕ′

flat −k2δϕflat = IIϕ [Ei ∗ Ei + 2 γ (Ei ∗Bi)] + 2ϕ′
0S

(3) +
ϕ′

0

H S ′(3) +
ϕ′

0

H S(2) ,

(7.105)
where S(3) and S(2) have the same expressions as before, but I = I (ϕ). Differently
from the model (7.1), now the source is no more suppressed by the slow-roll parameter
ǫ. Notice also that the expression (7.71) is still valid for this scenario. We checked that
with such a kind of source current constraints on scalar perturbations do not allow for
a magnetogenesis which satisfy the current lower bounds on cosmological scales.

7.6 Summary of the results

We showed that the mechanism of magnetogenesis with added helicity proposed in [1]
is able to account for the magnetic fields at cosmological scales inferred in [11–13]
while keeping the extra production of scalar and tensor perturbations under control
and with reasonably high energy scales of inflation, i.e. of the order of 5 · 105 ÷
108 GeV. In particular, if the field σ rolls for a few tens of e-folds, then magnetogenesis
with added helicity can account for the observed magnetic fields while satisfying the
observational bounds on equilateral non-gaussianities. We concluded that the model
of [1] provides a possible explanation for magnetic fields observed at cosmological scales
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and of the presence of sufficiently large primordial seeds to start the galactic dynamo
process, even once the stringent constraints from non-gaussianities are accounted for.
Moreover, we found that when the bound on non-gaussianities is saturated, the model
leads to tensor modes with r = 10−5 ÷ 10−4. An interesting signature of this kind
of inflationary magnetogenesis is represented by the chirality of the associated GWs
and then the appearing of non-vanishing cross-correlations between temperature and
polarization CMB power spectra. Finally, we obtained that for a certain range of the
model parameters the scenario would be able also to provide the seeds at the Mpc
scales required in order to explain the presence of magnetic field at galactic scales by
the dynamo mechanism.
It should be noted, however, that the constraints from CMB are only valid if the
gauge field was already excited when CMB scales were leaving the horizon. Since the
correlation length L0 of the produced gauge field is well below the Mpc [1], one can
think of a scenario where σ starts rolling after CMB scales, but before L0, have left
the horizon. In this (finely tuned) situation the constraints from CMB will not hold,
and the mechanism can be effective even at higher energy scales for inflation.
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Outlook and Conclusions

Current cosmological observations strongly support the hypothesis that the universe
underwent an inflationary period in its early stages [2]. To deeply investigate such
an epoch, many efforts has been made both from a theoretical and a an observational
point of view. Especially, in last years a particular attention has been devoted to CMB
experiments with extremely successful results [162, 242]. Nevertheless, an unequivo-
cal probe of the inflationary mechanism is still lacking and several questions about
such a physics are still open and unsolved. In this scenario, the new era of direct
GW detection opened by laser interferometer experiments [3], appears as a promising
way to address such open issues, besides the opportunities offered by CMB polar-
ization experiments. At the same time investigations on the inflationary mechanism
continue to disclose new and fascinating aspects able to explain controversial cosmo-
logical observations. Recently, it has been noticed that some inflationary scenarios are
able to account for current observations of magnetic fields in the intergalactic medium.

In the first part of the thesis, we considered the inflationary GW signal, both from
a theoretical and an observational point of view. In particular, we presented in de-
tails the general mechanisms of GW production during inflation, showing the specific
results for a few selected models and highlighting the possibility of exploiting the
gravitational signal as a source of unique information about the early universe and to
constrain the physics enclosed in the inflationary mechanism. We also showed how
the inflationary consistency relation which involves tensor modes represents a way of
probing the inflationary mechanism itself and a promising tool for testing specific in-
flationary models. In such a direction, a dedicated analysis on the realistic chance of
extracting information from testing such consistency relation by current and upcoming
experiments, may unveil new directions which future efforts should focus on.

In light of the outlined importance of searching for inflationary GWs, we concentrated
on the exciting opportunity offered by current and upcoming experiments of direct
GW detection. In particular, because of its high sensitivity to the GW spectral energy
density, we focused on the project of the space-borne laser interferometer LISA. We
performed a forecast analysis for a generic primordial power-law GW background and
for the GW signal associated to a number of selected inflationary models, obtaining
the capabilities of LISA in constraining the related primordial parameters. In particu-
lar, we studied inflationary models with events of particle production and scenarios in
which scalar spectator fields are present. Moreover, we investigated inflationary mod-
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els built on modified gravity theories. We presented also comparisons with bounds
provided by other experiments and observations. We found that LISA offers a new
efficient manner of probing inflationary physics. Moreover, the obtained results repre-
sent a validation of the significant science that can be done by such an experiment.

Anyhow, we are at the beginning of the path. The opportunity offered by LISA and
other experiments of direct GW detection does not concerns only the measurement
of the power spectrum GW amplitude, as we considered here. Studying of the capa-
bilities of LISA in testing more advanced features of a GW background, such as the
non-gaussianity level, the chirality and the isotropy, could unveil other exciting tools
for probing inflationary physics and not only. In the same direction, accounting for the
complementarity between space-borne, ground-based laser interferometers and CMB
experiments could point out new channels for constraining the physics of the early
universe.

In the second part of the thesis, we considered another fascinating aspect of the infla-
tionary mechanism. Current gamma-ray observations highlight the presence of mag-
netic fields at cosmological scales. The origin of such fields is still under debate,
however their presence in voids regions, where no charged plasma is present, suggests
a process of primordial magnetogenesis. Interestingly, the inflationary mechanism
provides a natural setting to explain such observations. On the other hand, several
restrictions on this kind of models arise in order to keep under control the perturbation
theory and to do not exceed current bounds on associated physical quantities. Typi-
cally, as a counterpart of such a process, an overproduction of curvature perturbations
takes place with respect to the amount predicted by single-field slow-roll inflation. The
same is true for tensor perturbations.

We considered a specific model of inflation, in which a magnetogenesis able to account
for current observations in the intergalactic medium takes place.
Since CMB measurements provides strict constraints on curvature perturbations, we
calculated their power spectrum and the non-gaussianities for the selected inflationary
model and we verified that a magnetogenesis able to explain current observations at
cosmological scales can be obtained preserving at the same time current bounds on
scalar and tensor perturbations. Furthermore we found that for a range of the pa-
rameter values, the inflationary model we considered is also able to account for the
primordial seeds on galactic scales required to start the dynamo mechanism leading
to the present time magnetic fields observed at such scales.
In light of these results, we concluded that the investigated scenario represents a ro-
bust and attracting inflationary model, able to account for current observations of
magnetic fields at cosmological scales, preserving at the same time CMB observations.
Moreover, we found that, as a peculiar feature of such a model, a production of chiral
GWs is predicted.
Clearly this analysis represents only a step towards solving the puzzle disclosed by
gamma-ray observations. In order to disentangle the origin of magnetic fields at cos-
mological scales, deeper investigations are required. To address such an issue, from an
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observational point of view, methods which allow for measurements of the magnetic
field amplitude and a separate measurements of the correlation length would help in
disentangling their origin. From a theoretical point of view, it would be interesting to
investigate the presence of peculiar features in the physical observables associated to
this kind of inflationary models, in order to recognize the origin of the observed fields,
and to better investigate some approximations usually assumed in this context, such
as instantaneous reheating after inflation.

In last decades an impressive contour of the physics of the early universe has been
drown. However, various issues and open questions still remain, making the search for
the physics of the early universe still fascinating.

Surely the new era opened by GW detectors offers a great opportunity to renovate our
attitude as scientists opening our minds to possible surprises and to a sincere curiosity.



138



Part V

Appendix

139





Appendix A

Transverse and traceless gauge

General Relativity is invariant under coordinate transformations:

xµ → x′µ (A.1)

where x′µ is a diffeomorphism with respect to xµ. Under such a transformation, tensor
objects transform as

gµν (x) → g′
µν (x′) =

∂xσ

∂x′µ
∂xρ

∂x′ν gσρ (x) . (A.2)

We consider the linearized theory of gravity, i.e. we suppose small perturbations hij on
a flat spacetime. The perturbation hij has ten degrees of freedom, due to its symmetry.
Asking for the theory to be linear breaks the invariance of the theory under all the
coordinate transformations of eq.(A.1), leaving a residual gauge symmetry:

xµ → x′µ = xµ + ξµ (x) , (A.3)

where ξµ is so that ∂µξν are at most of the same order of |hµν |. Under this transfor-
mation, according to (A.2), the tensor perturbation transform as

hµν (x) → h′
µν (x′) = hµν (x) − (∂µξν + ∂νξµ) . (A.4)

Under this transformation, for ∂µξν at most smaller as |hµν |, the theory still remains
linear. Equation (A.4), then unveils a residual gauge freedom encoded in hµν . More
precisely, the transformation (A.4) gives a gauge freedom that we can fix imposing the
following condition:

∂ν h̄µν = 0 , (A.5)

where

h̄µν = hµν − 1

2
ηµνh . (A.6)

The condition (A.5) is called harmonic gauge. Notice however that such a condition
does not fix completely the gauge freedom, more precisely from ten degrees of freedom
we moved to six degrees of freedom, since eq.(A.5) provides four conditions. The choice
of the harmonic gauge is allowed since we can always find ξµ, with ∂µξν of the same
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order of smallness of |hµν |, so that ∂ν h̄′
µν = 0.

Considering a vacuum spacetime, i.e. Tµν = 0, the equation of motion for the linear
perturbations hµν reads:

�h̄µν + ηµν∂
ρ∂σh̄ρσ − ∂ρ∂ν h̄hνρ − ∂ρ∂µh̄νρ = 0 , (A.7)

where
h = ηµνhµν . (A.8)

Imposing the harmonic gauge, the equation of motion (A.7) turns out to be

�h̄µν = 0 . (A.9)

The gauge freedom (A.4) is not completely fixed by the harmonic gauge, indeed in
case of vacuum spacetime, we can also impose the following condition:

h̄ = 0 , hi0 (x) = 0 . (A.10)

The first condition corresponds to ask for hµν being traceless. Notice also that as a
consequence of such a request it holds h̄µν = hµν . The combination of the conditions
of the harmonic gauge (A.5) and of eq.(A.10), is equivalent to the following requests:

hµν → hij

∂ihij = 0

h = 0 , (A.11)

i.e. the so-called transverse and traceless gauge (TT gauge). Previous conditions fix
all the gauge freedom, leading from the initial ten degrees of freedom to two gauge
invariant degrees of freedom (the two polarizations).

Notice that in a non-vacuum spacetime, tensor perturbations cannot be written in the
TT gauge, only the harmonic gauge can be considered. However, among the degrees of
freedom left by such a gauge, only the two transverse and traceless degrees of freedom
are radiative.

In cosmology people use a different point of view, they decompose the spatial tensor
perturbation hij into irreducible parts with definite properties under spatial rotations
as we did in eq.(1.32), i.e.:

hij = Dijh
‖ + ∂ih

⊥
j + ∂jh

⊥
i + hTT

ij . (A.12)

This decomposition is unique, and the transverse and traceless part hTT
ij corresponds

to the radiative degrees of freedom we were describing before. In the calculations we
performed in chapter 2, tensor perturbations refers to hTT

ij .



Appendix B

Present time GW spectral energy

density

The general solution of eq.(2.2) in terms of Fourier modes can be written as:

hk (τ) ≡ hk,primTh (τ, k) , (B.1)

where hk,prim is the amplitude at horizon crossing, and the transfer function Th (τ, k)
describes the evolution of the GW mode after the time they enter the horizon during
later stages after inflation. Let us now consider a GW at a generic time τ after inflation,
i.e. hij (x, τ).
We start recalling some preliminary definitions. We take the tensor power spectrum
defined in (2.25), which follows the general definition (1.18):

〈hij,prim (τ,x)hijprim (τ,x)〉 =
∫ dk

k
PT (k, τ) , (B.2)

where, to be clear, we have specified that PT, according to eq.(2.25), refers to the
power spectrum of the primordial GWs, i.e. to the amplitude appearing in eq.(B.1).
Recall also the equality (2.26), in which we specify the two polarization components:

∑

λ

∣∣∣h(λ)
k,prim (τ)

∣∣∣
2

=
2π2

k3
PT (k, τ) . (B.3)

First we consider the GW energy density, and then we will move to the spectral-energy
density. From eq.(2.89) we have:

ρGW (τ) =
1

32πGa2
〈
[
h′(+) (τ,x)

]2
+
[
h′(×) (τ,x)

]2〉 . (B.4)

Decomposing h(+) (τ,x) and h(×) (τ,x) in the Fourier space, it reads:

ρGW (τ) =
1

32πGa2

∫ d3k

(2π)3/2

∫ d3k’

(2π)3/2
〈h′(+)

k (τ)h
′(+)
k (τ) + h

′(×)
k (τ)h

′(×)
k (τ)〉ei(k+k’)·x .

(B.5)
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In (1.22) we obtained that (notice that here we are referring to the conformal time):

〈h′(+)
k (τ)h

′(+)
k (τ)〉 = δ (k + k’)

∣∣∣h′(+)
k (τ)

∣∣∣
2
, (B.6)

and analogously for the other polarization. So that, considering the independence of
the two polarizations:

ρGW (τ) =
1

32πGa2

∫ d3k

(2π)3/2

∫ d3k’

(2π)3/2
δ (k + k’)

[∣∣∣h′(+)
k (τ)

∣∣∣
2

+
∣∣∣h′(×)

k (τ)
∣∣∣
2
]
ei(k+k’)·x =

=
1

32πGa2

∫ d3k

(2π)3

[∣∣∣h′(+)
k (τ)

∣∣∣
2

+
∣∣∣h′(×)

k (τ)
∣∣∣
2
]

=

=
1

32πGa2

∫ d3k

(2π)3 |T ′
h (τ,k)|2

[∣∣∣h(+)
k,prim

∣∣∣
2

+
∣∣∣h(×)

k,prim

∣∣∣
2
]
. (B.7)

Substituting eq.(B.3) in this expression, and using (B.1), then we have:

ρGW (τ) =
1

32πGa2

∫ d3k

(2π)3

2π2

k3
|T ′

h (τ,k)|2 PT (k) =

=
1

32πGa2

∫ dk

k
|T ′

h (τ,k)|2 PT (k) . (B.8)

From eq.(2.91), the GW spectral energy density at a generic time τ , turns out to be:

ΩGW (k, τ) =
1

ρc

dρgw

dlogk
=

1

12

(
1

aH

)2

T ′2
h (k, τ)PT (k) . (B.9)

For modes well inside the horizon, the previous formula can be approximated as [105]:

ΩGW (k, τ) =
1

12

(
k

aH

)2

T 2
h (k, τ)PT (k) . (B.10)



Appendix C

Strain and energy density of

gravitational waves

We present some useful formula which connect different quantities used to describe
GWs [135,212].
In this appendix we use the definition of the Fourier transformation commonly used in
this context, which is different of that we used in the main text. We define the Fourier
transformation as

h̃ (f) =
∫ +∞

−∞
dt h (t) e−2πift . (C.1)

Let us also recall the definition of the GW energy density and of the GW spectral
energy density, where we restore the speed of light c:

ρGW ≡ c2

32πG
〈ḣij (t,x) ḣij (t, .x)〉 , ΩGW (f) ≡ 1

ρc

d ρGW

d log f
. (C.2)

First we look for the expression of the GW spectral energy density in terms of the
GW strain. In case of a polarized GW propagating in a given direction Ω̂, such an
expression can be found explicitly. In this case:

h
(λ)
ij (t,x) =

∫ +∞

−∞
df h̃ (f,x) e

(λ)
ij

(
Ω̂
)
e−2πift , (C.3)

where e
(λ)
ij

(
Ω̂
)

is the polarization vector. We define the quantity g (f) by

〈h̃ (f) h̃ (f ′)〉 = δ (f − f ′) g (f) , (C.4)

from which follows:
g (f) = 2h̃2 (f) . (C.5)

Differentiating the expression (C.3), the ensemble average in the definition of ρGW

turns out to be:
〈ḣij (t,x) ḣij (t, .x)〉 = 8π2

∫ ∞

0
df f2g (f) , (C.6)
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and then:

ρGW =
πc2

4G

∫ ∞

0
df f2g (f) . (C.7)

We finally obtain the sought expression:

ΩGW (f) =
2π2

3H2
0

f 3g (f) =
4π2

3H2
0

f 4
∣∣∣h̃ (f)

∣∣∣
2
. (C.8)

We know consider a generalization of the previous case, which is useful when consid-
ering the incoming signal on a pair of GW detectors, required in order to detect a
GW background. Consider an isotropic stochastic GW background, unpolarized and
stationary, incoming in the point x at time t. In this situation, the GW signal is given
by:

hij (t,x) =
∑

λ=×,+

∫ +∞

−∞
df
∫

S2
dΩ̂ h̃λ

(
f, Ω̂

)
êij
(
Ω̂
)
ei2πt(t−Ω̂· x

c ) , (C.9)

where S2 is the unitary two-sphere surrounding the detector and Ω̂ is a unit vector
which specifies the direction on such a sphere. We define H (f) by:

〈h̃λ
(
f, Ω̂

)
h̃λ′

(
f ′, Ω̂′

)
〉 = δ

(
Ω̂, Ω̂′

)
δλλ′δ (f − f ′)H (f) , (C.10)

where now the direction and the polarization are specified. The expression of ΩGW in
terms of H (f) is obtained as follows. From (C.9), the ensemble average appearing in
ρGW reads:

〈ḣij (t,x) ḣij (t, .x)〉 = 128π3
∫ ∞

0
df f2H (f) . (C.11)

Substituting this expression in the definition of the GW energy density, then we have:

ρGW =
4πc2

G

∫ ∞

0
df f2H (f) , (C.12)

and for the GW spectral energy density:

ΩGW (f) =
32π3

3H2
0

f 3H (f) . (C.13)

We calculate the expression for 〈h2 (t)〉 in case of a pair of coaligned and coincident
detectors, which is useful for obtaining the SNR. The GW strain is defined by:

h (t) ≡ hij (t,x)Y ij , (C.14)

where Y ij encodes the response of the detector to the different directions, and in
general it is a function of time and of the orientations of the arms of the detector.
Since we are assuming coaligned and colocated detectors, the function Y ij is the same
for the two observatories. We define also:

Fλ
(
Ω̂
)

≡ e
(λ)
ij

(
Ω̂
)
Y ij . (C.15)
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Then 〈h2 (t)〉 turns out to be:

〈h2 (t)〉 =
∑

λ,λ′

∫

S2
dΩ̂

∫

S2
dΩ̂′

∫ +∞

−∞
df
∫ +∞

−∞
df ′ e−i2πf(t−Ω̂· x

c )ei2πf
′(t−Ω̂′· x

c )·

·〈h̃λ
(
f, Ω̂

)
h̃
(
f ′, Ω̂′

)
〉Fλ

(
Ω̂
)
Fλ′

(
Ω̂′
)
.

(C.16)

Using (C.10) and then substituting the expression of H (f) with eq.(C.13), we have:

〈h2 (t)〉 =
3H2

0

20π2

∫ +∞

−∞
df

ΩGW (f)

f 3
, (C.17)

where we used ∑

λ

∫

S2
dΩ̂F 2

λ

(
Ω̂
)

=
8π

5
. (C.18)

The previous expression becomes more complicated in case of a general network of
detectors. In such a situation each observatory is associated to a specific Y ij, and the
whole response to a GW signal is given by a combination of such functions.
Notice that the GW strain used here, i.e. h (t), is the perturbation appearing in
the metric, while what people usually call characteristic strain is defined as hc (t) =
h (t) /f .
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Appendix D

Simplification of the gravitationally

induced source terms for δϕflat

The equations of motion for the gauge field

∂µ
[
I2
(
Fµν − γ

2
ηµνρλF

ρλ
)]

= 0 (D.1)

can be written in terms of the electric and magnetic fields defined in eq. (7.7), along
with the Bianchi identities, as

∇ · E = ∇ · B = 0 , B′ + 2 H B + ∇ × E = 0 ,

E′ + 2
I ′

I
E + 2

a′

a
E + 2 γ

I ′

I
B − ∇ × B = 0 . (D.2)

Now, in coordinate space,

S(3) = − I2 a2

2M2
P

∂j
∇2

ǫijk Bk Ei =
I2 a2

2M2
P ∇2

∇ · (E × B) , (D.3)

so that

2ϕ′
0 S

(3) +
ϕ′

0

H S ′(3) =
ϕ′

0

H a2

(
a2 S(3)

)′
= − I2 ϕ′

0 a
2

2 HM2
P ∇2

∇ · [E × (∇ × E) + B × (∇ × B)] ,

(D.4)

with

∇ · [E × (∇ × E)] (k) = ki

∫ dq

(2π)3
Ei(k − q) kj Ej(q) − ki

∫ dq

(2π)3
(k − q)iEj(q)Ej(k − q) .

(D.5)

The latter term can be simplified by noticing that

∫
dq qiEj(q)Ej(k − q) =

∫
dp (k − p)iEj(k − p)Ej(p) , (D.6)
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which implies

∫
dq qiEj(q)Ej(k − q) =

ki

2

∫
dqEj(k − q)Ej(q) . (D.7)

To sum up, we obtain

∇ · [E × (∇ × E)] (k) = ki kj

∫ dq

(2π)3
Ei(k − q)Ej(q) − k2

2

∫ dq

(2π)3/2
Ej(q)Ej(k − q) .

(D.8)
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