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❘✐❛ss✉♥t♦

■♥ q✉❡st❛ t❡s✐ st✉❞✐❛♠♦ ❝♦♠♣♦rt❛♠❡♥t✐ ♣❡r✐♦❞✐❝✐ ❛✉t♦✲s♦st❡♥✉t✐ ❝❤❡ ❛♣♣❛✐♦♥♦ ♥❡❧❧❛ ❞✐♥❛♠✲
✐❝❛ ♠❛❝r♦s❝♦♣✐❝❛ ❞✐ ❝❡rt✐ s✐st❡♠✐ ✐♥t❡r❛❣❡♥t✐ ❡ ❛❧❝✉♥✐ ❢❡♥♦♠❡♥✐ ❝r✐t✐❝✐ ❝♦❧❧❡❣❛t✐ ❛ q✉❡st♦
❝♦♠♣♦rt❛♠❡♥t♦✳
▲❛ t❡s✐ è ♦r❣❛♥✐③③❛t❛ ❝♦♠❡ s❡❣✉❡✳ ◆❡❧ ♣r✐♠♦ ❝❛♣✐t♦❧♦ ❝✐ ❝♦♥❝❡♥tr✐❛♠♦ s✉❧❧❛ ❝♦♠♣❛rs❛ ❞✐
♣❡r✐♦❞✐❝✐tà ✐♥ ♠♦❞❡❧❧✐ ❝♦♦♣❡r❛t✐✈✐ ❛ ❝❛♠♣♦ ♠❡❞✐♦ ✐❧ ❝✉✐ ♣♦t❡♥③✐❛❧❡ ❞✐ ✐♥t❡r❛③✐♦♥❡ è s♦❣❣❡tt♦
❛ ✉♥❛ ❞✐ss✐♣❛③✐♦♥❡✳ ❉❡✜♥✐❛♠♦ ✉♥ ♠♦❞❡❧❧♦ ❞✐ ❈✉r✐❡✲❲❡✐ss ❣❡♥❡r❛❧✐③③❛t♦ ❝♦♥ ❞✐ss✐♣❛③✐♦♥❡ ❡❞
❛♥❛❧✐③③✐❛♠♦ ❧❛ s✉❛ ❞✐♥❛♠✐❝❛ ❧✐♠✐t❡✿ ♠♦str✐❛♠♦ ❝❤❡ ♥♦♥ s♦❧♦ ✐❧ ❝♦♠♣♦rt❛♠❡♥t♦ ♣❡r✐♦❞✐❝♦ è
♣r❡s❡♥t❡ ❛ t❡♠♣❡r❛t✉r❡ s✉✣❝✐❡♥t❡♠❡♥t❡ ❜❛ss❡✱ ♠❛ ❛♥❝❤❡ ❝❤❡✱ ✐♥ ❝❡rt✐ r❡❣✐♠✐✱ ❞✐✈❡rs✐ ❝✐❝❧✐
❧✐♠✐t❡ st❛❜✐❧✐ ♣♦ss♦♥♦ ❝♦❡s✐st❡r❡✱ ♣✉r❝❤é ✐♥ ♥✉♠❡r♦ ✜♥✐t♦✳ ◆❡❧ s❡❝♦♥❞♦ ❝❛♣✐t♦❧♦ ❝✐ ♦❝❝✉♣✐❛♠♦
❞✐ ✉♥ ♠♦❞❡❧❧♦ ❞✐ ❈✉r✐❡✲❲❡✐ss ❜✐♣♦♣♦❧❛t♦✿ ❞❡✜♥✐❛♠♦ ❞✉❡ t✐♣✐ ❞✐ ❞✐♥❛♠✐❝❤❡ ♠✐❝r♦s❝♦♣✐❝❤❡✱
✉♥❛ ❝♦♥ r✐t❛r❞♦ ❡ ❧✬❛❧tr❛ s❡♥③❛✳ ■❞❡♥t✐✜❝❤✐❛♠♦ ❧❡ ❝♦♥✜❣✉r❛③✐♦♥✐ ❞❡❧❧❛ r❡t❡ ❞✐ ✐♥t❡r❛③✐♦♥❡
❝❤❡ ♣♦ss♦♥♦ ❞❛r❡ ❧✉♦❣♦ ❛❞ ♦s❝✐❧❧❛③✐♦♥✐ ♠❛❝r♦s❝♦♣✐❝❤❡ ♥❡❧ ❝❛s♦ s❡♥③❛ r✐t❛r❞♦❀ ♠♦str✐❛♠♦ ✐♥✲
♦❧tr❡ ❝❤❡ ✐❧ r✐t❛r❞♦ ♣❡r♠❡tt❡ ❧❛ ❝♦♠♣❛rs❛ ❞✐ ♣❡r✐♦❞✐❝✐tà ✐♥ ❝♦♥✜❣✉r❛③✐♦♥✐ ♥❡❧❧❡ q✉❛❧✐ s❛r❡❜❜❡
❛❧tr✐♠❡♥t✐ ❛ss❡♥t❡✳ ◆❡❧ t❡r③♦ ❝❛♣✐t♦❧♦ ❝♦♥s✐❞❡r✐❛♠♦ ♥✉♦✈❛♠❡♥t❡ ✐❧ ♠❡❝❝❛♥✐s♠♦ ❞❡❧❧❛ ❞✐ss✐✲
♣❛③✐♦♥❡✱ q✉❡st❛ ✈♦❧t❛ ❧❛s❝✐❛♥❞♦ ❝❛❞❡r❡ ❧✬✐♣♦t❡s✐ ❞✐ ✐♥t❡r❛③✐♦♥❡ ❛ ❝❛♠♣♦ ♠❡❞✐♦✳ ❙t✉❞✐❛♠♦ ✉♥
s✐st❡♠❛ ❞✐ ♣❛rt✐❝❡❧❧❡ ❝♦♥ ✐♥t❡r❛③✐♦♥❡ ❛ ❝♦rt♦ r❛❣❣✐♦ ♦tt❡♥✉t♦ ✐♥tr♦❞✉❝❡♥❞♦ ❧❛ ❞✐ss✐♣❛③✐♦♥❡ ✐♥
✉♥ ♠♦❞❡❧❧♦ ❞✐ ■s✐♥❣ ✶✲❞✐♠❡♥s✐♦♥❛❧❡✳ ▼♦str✐❛♠♦ ❝❤❡✱ ✐♥ ✉♥ ♦♣♣♦rt✉♥♦ ❧✐♠✐t❡ ❞✐ t❡♠♣❡r❛t✉r❛
③❡r♦ ❡ ✈♦❧✉♠❡ ✐♥✜♥✐t♦✱ ❧❛ ♠❛❣♥❡t✐③③❛③✐♦♥❡ t♦t❛❧❡ ❞❡❧ s✐st❡♠❛ ♣r❡s❡♥t❛ ♦s❝✐❧❧❛③✐♦♥✐ r❡❣♦❧❛r✐
tr❛ ❢❛s✐ ♣♦❧❛r✐③③❛t❡✳ ■♥✜♥❡✱ ✐❧ q✉❛rt♦ ❝❛♣✐t♦❧♦ è ❞❡❞✐❝❛t♦ ❛❧❧✬❛♥❛❧✐s✐ ❞❡❧❧❡ ✢✉tt✉❛③✐♦♥✐ ❝r✐t✐❝❤❡
❞✐ s✐st❡♠✐ ❝❤❡ ❡s✐❜✐s❝♦♥♦ ✉♥❛ ❜✐❢♦r❝❛③✐♦♥❡ ❞✐ ❍♦♣❢ ♥❡❧❧❛ ❞✐♥❛♠✐❝❛ ❞❡❧❧❛ ❧❡❣❣❡ ♠❛❝r♦s❝♦♣✐❝❛✳
■❧ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡❧❧❡ ✢✉tt✉❛③✐♦♥✐ ❝r✐t✐❝❤❡ ❛tt♦r♥♦ ❛❧ ❧✐♠✐t❡ ♠❛❝r♦s❝♦♣✐❝♦ r✐✢❡tt❡ ✐❧ t✐♣♦
❞✐ ❜✐❢♦r❝❛③✐♦♥❡ ❡ ❣❧✐ ♦ss❡r✈❛❜✐❧✐ ♠♦str❛♥♦ ✢✉tt✉❛③✐♦♥✐ ❝❤❡ ❡✈♦❧✈♦♥♦ s✉ s❝❛❧❡ t❡♠♣♦r❛❧✐ ❞✐❢✲
❢❡r❡♥t✐✳ ■❞❡♥t✐✜❝❤✐❛♠♦ ❧❛ ✈❛r✐❛❜❧❡ ❧❡♥t❛ ❡ q✉❡❧❧❛ ✈❡❧♦❝❡ ❡❞ ♦tt❡♥✐❛♠♦ ❧❛ ❝♦♥✈❡r❣❡♥③❛ ❞❡❧❧❛
✈❛r✐❛❜✐❧❡ ❧❡♥t❛ ❛❧❧❛ s✉❛ ❞✐♥❛♠✐❝❛ ❧✐♠✐t❡ tr❛♠✐t❡ ✉♥ ❛✈❡r❛❣✐♥❣ ♣r✐♥❝✐♣❧❡✳
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❆❜str❛❝t

■♥ t❤✐s t❤❡s✐s ✇❡ st✉❞② t❤❡ ❛♣♣❡❛r❛♥❝❡ ♦❢ s❡❧❢✲s✉st❛✐♥❡❞ ♣❡r✐♦❞✐❝ ❜❡❤❛✈✐♦r ✐♥ t❤❡ ♠❛❝r♦✲
s❝♦♣✐❝ ❞②♥❛♠✐❝s ♦❢ s♦♠❡ ✐♥t❡r❛❝t✐♥❣ s②st❡♠s ❛♥❞ r❡❧❛t❡❞ ❝r✐t✐❝❛❧ ♣❤❡♥♦♠❡♥❛✳
❚❤❡ t❤❡s✐s ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ■♥ ❈❤❛♣t❡r ✶ ✇❡ ❢♦❝✉s ♦♥ t❤❡ ❡♠❡r❣❡♥❝❡ ♦❢ ♣❡r✐♦❞✐❝✲
✐t② ✐♥ ❝♦♦♣❡r❛t✐✈❡ ♠❡❛♥ ✜❡❧❞ ♠♦❞❡❧s ✇❤♦s❡ ✐♥t❡r❛❝t✐♦♥ ♣♦t❡♥t✐❛❧ ✉♥❞❡r❣♦❡s ❛ ❞✐ss✐♣❛t✐✈❡
❡✈♦❧✉t✐♦♥✳ ❲❡ ❞❡✜♥❡ ❛ ❣❡♥❡r❛❧✐③❡❞ ❈✉r✐❡✲❲❡✐ss ♠♦❞❡❧ ✇✐t❤ ❞✐ss✐♣❛t✐♦♥ ❛♥❞ ✇❡ ❛♥❛❧②s❡ ✐ts
♠❛❝r♦s❝♦♣✐❝ ❞②♥❛♠✐❝s✿ ✇❡ s❤♦✇ t❤❛t ♥♦t ♦♥❧② ❛ ♣❡r✐♦❞✐❝ ❜❡❤❛✈✐♦r ✐s ♣r❡s❡♥t ❛t s✉✣❝✐❡♥t❧②
❧♦✇ t❡♠♣❡r❛t✉r❡✱ ❜✉t ❛❧s♦ t❤❛t✱ ✐♥ ❝❡rt❛✐♥ r❡❣✐♠❡s✱ ❛♥② ✭✜♥✐t❡✮ ♥✉♠❜❡r ♦❢ st❛❜❧❡ ❧✐♠✐t ❝②✲
❝❧❡s ❝❛♥ ❝♦❡①✐st✳ ❈❤❛♣t❡r ✷ ✐s ❝♦♥❝❡r♥❡❞ ✇✐t❤ ❛ t✇♦✲♣♦♣✉❧❛t✐♦♥ ❈✉r✐❡✲❲❡✐ss ♠♦❞❡❧✿ ✇❡
❞❡✜♥❡ t✇♦ t②♣❡s ♦❢ ♠✐❝r♦s❝♦♣✐❝ ❞②♥❛♠✐❝s✱ ♦♥❡ ✇✐t❤ ❞❡❧❛② ❛♥❞ t❤❡ ♦t❤❡r ✇✐t❤♦✉t✳ ❲❡ ✐❞❡♥✲
t✐❢② ❝♦♥✜❣✉r❛t✐♦♥s ♦❢ t❤❡ ✐♥t❡r❛❝t✐♦♥ ♥❡t✇♦r❦ ✇❤✐❝❤ ❝❛♥ ❡♥❤❛♥❝❡ ♠❛❝r♦s❝♦♣✐❝ ♦s❝✐❧❧❛t✐♦♥s
✐♥ t❤❡ ❝❛s❡ ✇✐t❤♦✉t ❞❡❧❛②❀ ✇❡ ❛❧s♦ s❤♦✇ t❤❛t ❞❡❧❛② ❛❧❧♦✇s t❤❡ ❛♣♣❡❛r❛♥❝❡ ♦❢ ❛ ❝♦❧❧❡❝t✐✈❡
♣❡r✐♦❞✐❝ ❜❡❤❛✈✐♦r ✐♥ ❝♦♥✜❣✉r❛t✐♦♥s ✐♥ ✇❤✐❝❤ ♣❡r✐♦❞✐❝✐t② ✇❛s ♦t❤❡r✇✐s❡ ❛❜s❡♥t✳ ■♥ ❈❤❛♣t❡r
✸ ✇❡ ❝♦♥s✐❞❡r ❛❣❛✐♥ t❤❡ ♠❡❝❤❛♥✐s♠ ♦❢ ❞✐ss✐♣❛t✐♦♥✱ t❤✐s t✐♠❡ ❞r♦♣♣✐♥❣ t❤❡ ♠❡❛♥ ✜❡❧❞ ❤②✲
♣♦t❤❡s✐s✳ ❲❡ st✉❞② ❛ s❤♦rt✲r❛♥❣❡ ✐♥t❡r❛❝t✐♥❣ s②st❡♠ ♦❜t❛✐♥❡❞ ✐♥tr♦❞✉❝✐♥❣ ❞✐ss✐♣❛t✐♦♥ ✐♥ ❛
✶✲❞✐♠❡♥s✐♦♥❛❧ ■s✐♥❣ ♠♦❞❡❧✳ ❲❡ ♣r♦✈❡ t❤❛t✱ ✐♥ ❛ s✉✐t❛❜❧❡ ③❡r♦✲t❡♠♣❡r❛t✉r❡ ✐♥✜♥✐t❡✲✈♦❧✉♠❡
❧✐♠✐t✱ t❤❡ t♦t❛❧ ♠❛❣♥❡t✐③❛t✐♦♥ ♦❢ t❤❡ s②st❡♠ ❞✐s♣❧❛②s r❡❣✉❧❛r ♦s❝✐❧❧❛t✐♦♥s ❜❡t✇❡❡♥ ♣♦❧❛r✐③❡❞
♣❤❛s❡s✳ ❋✐♥❛❧❧②✱ ❈❤❛♣t❡r ✹ ✐s ❞❡❞✐❝❛t❡❞ t♦ t❤❡ ❛♥❛❧②s✐s ♦❢ ❝r✐t✐❝❛❧ ✢✉❝t✉❛t✐♦♥s ❢♦r s②st❡♠s
❡①❤✐❜✐t✐♥❣ ❛ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥ ✐♥ t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ♠❛❝r♦s❝♦♣✐❝ ❧❛✇✳ ❚❤❡ ❜❡❤❛✈✐♦r ♦❢
❝r✐t✐❝❛❧ ✢✉❝t✉❛t✐♦♥s ❛r♦✉♥❞ t❤❡ ♠❛❝r♦s❝♦♣✐❝ ❧✐♠✐t r❡✢❡❝ts t❤❡ t②♣❡ ♦❢ ❜✐❢✉r❝❛t✐♦♥ ❛♥❞ t❤❡
♦❜s❡r✈❛❜❧❡s ❞✐s♣❧❛② ✢✉❝t✉❛t✐♦♥s ❡✈♦❧✈✐♥❣ ❛t ❞✐✛❡r❡♥t t✐♠❡ s❝❛❧❡s✳ ❲❡ ✐❞❡♥t✐❢② t❤❡ s❧♦✇ ❛♥❞
t❤❡ ❢❛st ✈❛r✐❛❜❧❡ ❛♥❞ ✇❡ ♦❜t❛✐♥ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ s❧♦✇ ✈❛r✐❛❜❧❡ t♦ ✐ts ❧✐♠✐t✐♥❣ ❞②♥❛♠✐❝s
✈✐❛ ❛♥ ❛✈❡r❛❣✐♥❣ ♣r✐♥❝✐♣❧❡✳
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❆❝❦♥♦✇❧❡❞❣❡♠❡♥ts

❋✐rst ♦❢ ❛❧❧✱ ■ ♦✇❡ ♠② s✐♥❝❡r❡ ❣r❛t✐t✉❞❡ t♦ ♠② ❛❞✈✐s♦r P❛♦❧♦ ❉❛✐ Pr❛✳ ❙✐♥❝❡ t❤❡ ✜rst ❞❛②
✇❡ ♠❡t✱ ■ ❤❛✈❡ ❜❡❡♥ ✐♠♣r❡ss❡❞ ❜② ❤✐s ❦✐♥❞♥❡ss ❛♥❞ ♣❛t✐❡♥❝❡✱ ❡✈❡♥ ♠♦r❡ t❤❛♥ ❜② ❤✐s ✇✐❞❡
s❝✐❡♥t✐✜❝ ❡①♣❡rt✐s❡✳ ❍❡ ❤❛s ❛❧✇❛②s ❜❡❡♥ ❣❡♥❡r♦✉s ✇✐t❤ ❤✐s t✐♠❡ ❛♥❞ ❡✛♦rts✱ ♣r♦✈✐❞✐♥❣ ❛
s♦❧✐❞ ❛♥❞ ♣r❡❝✐♦✉s ❣✉✐❞❛♥❝❡ ❢♦r ♠② r❡s❡❛r❝❤ ❛♥❞ ♠② ♣❡rs♦♥❛❧ ❣r♦✇t❤✳

■ ✇♦✉❧❞ ❧✐❦❡ t♦ t❤❛♥❦ ❘❛♣❤❛ë❧ ❈❡r❢ ❢♦r s❤❛r✐♥❣ ✇✐t❤ ♠❡ ❤✐s ❞❡❡♣ ✐♥s✐❣❤ts ❞✉r✐♥❣ s❡✈❡r❛❧
❡♥r✐❝❤✐♥❣ ❞✐s❝✉ss✐♦♥s✱ ❜♦t❤ ✐♥ P❛❞♦✈❛ ❛♥❞ ✐♥ P❛r✐s✳

■ ❛❧s♦ t❤❛♥❦ ●✐❛♠❜❛tt✐st❛ ●✐❛❝♦♠✐♥ ❛♥❞ ❲✐♦❧❡tt❛ ❘✉s③❡❧✱ ✇❤♦ ❛❝❝❡♣t❡❞ t❤❡ r♦❧❡ ♦❢ ❡①t❡r♥❛❧
r❡✈✐❡✇❡rs ♦❢ t❤✐s t❤❡s✐s✳ ❚❤❡✐r ❝♦♠♠❡♥ts ❛♥❞ s✉❣❣❡st✐♦♥s ❤❡❧♣❡❞ ♠❡ t♦ ✐♠♣r♦✈❡ t❤❡ ✜♥❛❧
✈❡rs✐♦♥ ♦❢ t❤✐s ♠❛♥✉s❝r✐♣t✳

■♥ t❤❡ ❧❛st t❤r❡❡ ②❡❛rs✱ ■ ❤❛❞ t❤❡ ❧✉❝❦ t♦ ❝♦❧❧❛❜♦r❛t❡ ✇✐t❤ ❋r❛♥❝❡s❝❛ ❈♦❧❧❡t ❛♥❞ ▼❛r❝♦ ❋♦r✲
♠❡♥t✐♥✳ ❚❤❡② ❝♦♥st❛♥t❧② s❤❛r❡❞ ✇✐t❤ ♠❡ t❤❡✐r ❛❞✈✐❝❡✱ ❜♦t❤ ♦♥ s❝✐❡♥t✐✜❝ ♠❛tt❡rs ❛♥❞ ♦♥
❤♦✇ t♦ ❞❡❛❧ ✇✐t❤ ❛❝❛❞❡♠✐❝ ❧✐❢❡✳ ❚❤❡✐r ❤❡❧♣ ❤❛s ❜❡❡♥ ✐♥✈❛❧✉❛❜❧❡ ❢♦r ♠② ❣r❛❞✉❛t❡ ❡①♣❡r✐❡♥❝❡✳

❍✉❣❡ t❤❛♥❦s t♦ ❛❧❧ t❤❡ ♣❡♦♣❧❡ ✐♥ t❤❡ ❉❡♣❛rt♠❡♥t ♦❢ ▼❛t❤❡♠❛t✐❝s✱ ✐♥ ♣❛rt✐❝✉❧❛r ♠② P❤❉
❝♦❧❧❡❛❣✉❡s✱ ❢♦r ❝r❡❛t✐♥❣ s✉❝❤ ❛♥ ❛♠❛③✐♥❣ ❡♥✈✐r♦♥♠❡♥t t♦ ✇♦r❦✱ st✉❞② ❛♥❞ ✭♦❢t❡♥✮ ❤❛✈❡ ❢✉♥✳
❆ s♣❡❝✐❛❧ ♠❡♥t✐♦♥ ❣♦❡s t♦ ▲✉✐s❛ ❆♥❞r❡✐s✱ ✇✐t❤ ✇❤♦♠ ■ ❤❛❞ t❤❡ ♣❧❡❛s✉r❡ t♦ ❝♦❧❧❛❜♦r❛t❡ ♦♥
s♦♠❡ ♦❢ t❤❡ ♠❛t❡r✐❛❧ ♦❢ t❤✐s t❤❡s✐s✳ ❚❤❛♥❦s ❢♦r ❛❧❧ t❤❡ ❡♥❞❧❡ss ❞✐s❝✉ss✐♦♥s ♦♥ ❝♦♥❝❡♣ts t❤❛t
t✉r♥❡❞ ♦✉t t♦ ❜❡ tr✐✈✐❛❧✱ ❢♦r ❛❧❧ t❤❡ ❝♦♥❢❡r❡♥❝❡s✱ ❧❛✉❣❤s✱ ♠♦♠❡♥ts ♦❢ ❞❡s♣❡r❛t✐♦♥ t❤❛t ✇❡
s❤❛r❡❞ ❜✉t✱ ❛❜♦✈❡ ❛❧❧✱ ❢♦r ②♦✉r ❢r✐❡♥❞s❤✐♣✳

❚❤❛♥❦ ②♦✉ t♦ ♠② ❢❛♠✐❧② ❛♥❞ ♠② ❧♦♥❣✲t✐♠❡ ❢r✐❡♥❞s✱ ✇❤♦ ❤❛✈❡ ❛❧✇❛②s ❜❡❡♥ ♦♥ ♠② s✐❞❡✳ ■♥
♣❛rt✐❝✉❧❛r✱ ■ ❛♠ ❞❡❡♣❧② t❤❛♥❦❢✉❧ ❢♦r ♠② ♣❛r❡♥ts✱ ✇❤♦ ❝♦♥t✐♥✉♦✉s❧② ❡♥❝♦✉r❛❣❡ ♠❡ t♦ ♣✉rs✉❡
♠② ✐♥t❡r❡sts ❛♥❞ ❞r❡❛♠s ❜✉t ❛❧✇❛②s r❡♠✐♥❞✐♥❣ ♠❡ t♦ ❦❡❡♣ t❤❡ r✐❣❤t ♣❡rs♣❡❝t✐✈❡✳ ◆♦♥❡ ♦❢
t❤✐s ✇♦✉❧❞ ❤❛✈❡ ❜❡❡♥ ♣♦ss✐❜❧❡ ✇✐t❤♦✉t t❤❡✐r s✉♣♣♦rt✳

❋✐♥❛❧❧②✱ ■ t❤❛♥❦ ●✐✉❧✐❛✱ ❢♦r ❤❡r ✉♥❝♦♥❞✐t✐♦♥❛❧ s✉♣♣♦rt ❛♥❞ ❢♦r ❛❧✇❛②s ❦❡❡♣✐♥❣ ✐t r❡❛❧✳
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■♥tr♦❞✉❝t✐♦♥

❚❤✐s t❤❡s✐s ❢♦❝✉s❡s ♦♥ t❤❡ ❛♣♣❡❛r❛♥❝❡ ♦❢ ♣❡r✐♦❞✐❝ ❜❡❤❛✈✐♦r ✐♥ t❤❡ ♠❛❝r♦s❝♦♣✐❝ ❞②♥❛♠✐❝s ♦❢
✐♥t❡r❛❝t✐♥❣ s②st❡♠s ❛♥❞ r❡❧❛t❡❞ ❝r✐t✐❝❛❧ ♣❤❡♥♦♠❡♥❛✳

❙❡❧❢✲s✉st❛✐♥❡❞ ♣❡r✐♦❞✐❝ ❜❡❤❛✈✐♦r ✐s ♦♥❡ ♦❢ t❤❡ ♠♦st ❝♦♠♠♦♥❧② ♦❜s❡r✈❡❞ ❞②♥❛♠✐❝❛❧ ♣❛t✲
t❡r♥s ✐♥ ❧❛r❣❡ ❝♦♠♠✉♥✐t✐❡s ♦❢ ✐♥t❡r❛❝t✐♥❣ ❝♦♠♣♦♥❡♥ts✿ ❛s ♦t❤❡r ❡♠❡r❣❡♥t ❜❡❤❛✈✐♦rs✱ ✐ts
❛♣♣❡❛r❛♥❝❡ ✐s ♥♦t ❞✉❡ t♦ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❛♥ ❡①t❡r♥❛❧ ❢♦r❝❡ ❞r✐✈✐♥❣ t❤❡ s②st❡♠✱ ❜✉t ♦♥❧②
t♦ ✐♥t❡r❛❝t✐♦♥ r✉❧❡s ❛t ✇❤✐❝❤ ✐♥❞✐✈✐❞✉❛❧s ♦❜❡②✳ ■♥ ❢❛❝t✱ ❡✈❡♥ ✐❢ ❡❛❝❤ ❛❣❡♥t ❤❛s ♥♦ ♥❛t✉r❛❧
t❡♥❞❡♥❝② t♦ ❜❡❤❛✈❡ ♣❡r✐♦❞✐❝❛❧❧②✱ t❤✐s ♣❤❡♥♦♠❡♥♦♥ ♦❝❝✉rs ✇❤❡♥ ♣❛rt✐❝❧❡s s❡❧❢✲♦r❣❛♥✐③❡ ♣r♦✲
❞✉❝✐♥❣ ❛ r❡❣✉❧❛r ♣❛tt❡r♥ ♣❡r❝❡✐✈❡❞ ♦♥❧② ♠❛❝r♦s❝♦♣✐❝❛❧❧②✿ ❛ ❝♦❧❧❡❝t✐✈❡ s❡❧❢✲s✉st❛✐♥❡❞ r❤②t❤♠✳
❘❡❛❧ ✇♦r❧❞ ❡①❛♠♣❧❡s ♦❢ s②st❡♠s ❡①❤✐❜✐t✐♥❣ t❤✐s ❛tt✐t✉❞❡ ❛r❡ ✇✐❞❡s♣r❡❛❞ ✐♥ ❧✐❢❡ s❝✐❡♥❝❡s s✉❝❤
❛s ❡❝♦❧♦❣② ❬✺✼❪ ❛♥❞ ♥❡✉r♦s❝✐❡♥❝❡ ❬✷✽❪✱ ❜✉t ❛❧s♦ ✐♥ s♦❝✐♦✲❡❝♦♥♦♠✐❝s ❬✾✱ ✺✾❪✳
■♥ r❡❝❡♥t ②❡❛rs t❤❡r❡ ❤❛s ❜❡❡♥ ❛ ❣r♦✇✐♥❣ ✐♥t❡r❡st ✐♥ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ♠♦❞❡❧❧✐♥❣ ♦❢ t❤✐s
♣❡❝✉❧✐❛r ♣❤❡♥♦♠❡♥♦♥ ✐♥ ♦r❞❡r t♦ ✉♥❞❡rst❛♥❞ ✇❤✐❝❤ ✐♥t❡r❛❝t✐♦♥ ♠❡❝❤❛♥✐s♠s ❛r❡ ❝❛♣❛❜❧❡ ♦❢
❡♥❤❛♥❝✐♥❣ ✐t✳ ❆ ♥❛t✉r❛❧ ❛♣♣r♦❛❝❤ ❢♦r t❤✐s ♣✉r♣♦s❡ ✐s t♦ ❞❡✜♥❡ st♦❝❤❛st✐❝ ❞②♥❛♠✐❝s ❢♦r ❛
s②st❡♠ ❝♦♠♣r✐s❡❞ ❜② N ♣❛rt✐❝❧❡s ❝♦✉♣❧❡❞ ❜② ✐♥t❡r❛❝t✐♦♥ t❡r♠s✱ t❤❡♥ t♦ st✉❞② ✐ts ❞②♥❛♠✐❝s
✐♥ t❤❡ ❧✐♠✐t ❛s N ↑ +∞✿ ❢r♦♠ t❤✐s ♣♦✐♥t ♦❢ ✈✐❡✇✱ ❝♦❧❧❡❝t✐✈❡ ♣❡r✐♦❞✐❝ ❜❡❤❛✈✐♦r ✐s ♣r❡s❡♥t
✇❤❡♥ t❤❡ ♠❛❝r♦s❝♦♣✐❝ ❧❛✇ ♦❢ t❤❡ s②st❡♠ ❝♦♥✈❡r❣❡s t♦ ❛ st❛❜❧❡ ❧✐♠✐t ❝②❝❧❡ ✐♥ ✐ts ❧♦♥❣✲t✐♠❡
❡✈♦❧✉t✐♦♥✳ ❆s ♣♦✐♥t❡❞ ♦✉t ✐♥ ❬✺✱ ✸✸❪✱ t❤✐s t②♣❡ ♦❢ ❜❡❤❛✈✐♦r ✐s ✐♥tr✐♥s✐❝❛❧❧② ✐♥ ❝♦♥tr❛st ✇✐t❤
st♦❝❤❛st✐❝ r❡✈❡rs✐❜✐❧✐t②✱ ❤❡♥❝❡ t❤❡s❡ ♠♦❞❡❧s ❜❡❧♦♥❣ t♦ t❤❡ ✇✐❞❡ ❜r❛♥❝❤ ♦❢ ♥♦♥✲❡q✉✐❧✐❜r✐✉♠
st❛t✐st✐❝❛❧ ♠❡❝❤❛♥✐❝s✳
❙♦♠❡ ✉♥✐✈❡rs❛❧ ❢❡❛t✉r❡s ❤❛✈❡ ♣r♦✈❡♥ t♦ ❜❡ ❛❝❝♦✉♥t❛❜❧❡ ❢♦r t❤❡ ❛♣♣❡❛r❛♥❝❡ ♦❢ r❤②t❤♠✐❝ ♦s✲
❝✐❧❧❛t✐♦♥s✿ ✜rst ♦❢ ❛❧❧✱ ♥♦✐s❡ ♣❧❛②s ❛ ❝❡♥tr❛❧ r♦❧❡✱ s✐♥❝❡ ✐t ❝❛♥ ❜♦t❤ ❧❡❛❞ t♦ t❤❡ ❜✐rt❤ ♦❢ ❧✐♠✐t
❝②❝❧❡s t❤❛t ✇♦✉❧❞ ♦t❤❡r✇✐s❡ ❜❡ ❛❜s❡♥t ✐♥ t❤❡ ♠❛❝r♦s❝♦♣✐❝ ❞②♥❛♠✐❝s ✭♥♦✐s❡✲✐♥❞✉❝❡❞ ♣❡r✐♦❞✲
✐❝✐t②✱ ❬✷✵✱ ✸✸✱ ✹✽✱ ✺✻❪✮ ❛♥❞ ❢❛❝✐❧✐t❛t❡ t❤❡ tr❛♥s✐t✐♦♥ ❢r♦♠ ❛ ❞✐s♦r❞❡r❡❞ ♣❤❛s❡ t♦ ❛ ♦♥❡ ✐♥ ✇❤✐❝❤
♣❡r✐♦❞✐❝ s♦❧✉t✐♦♥s ❛r❡ ♣r❡s❡♥t ✭❡①❝✐t❛❜✐❧✐t② ❜② ♥♦✐s❡✱ ❬✶✹✱ ✹✵❪✮✳ ❊①✐st❡♥❝❡ ♦❢ s❡❧❢✲s✉st❛✐♥❡❞
♣❡r✐♦❞✐❝ ❜❡❤❛✈✐♦r ❤❛s ❛❧s♦ ❜❡❡♥ s❤♦✇♥ ❢♦r ❝♦♦♣❡r❛t✐✈❡ s②st❡♠s ✐♥ ✇❤✐❝❤ t❤❡ ❢✉♥❝t✐♦♥ ❞❡✲
s❝r✐❜✐♥❣ t❤❡ ✐♥t❡r❛❝t✐♦♥ ♣♦t❡♥t✐❛❧ ✐s s✉❜❥❡❝t t♦ ✐ts ♦✇♥ ❡✈♦❧✉t✐♦♥✱ ✐♥ ♣❛rt✐❝✉❧❛r ✇❤❡♥ ✐t
✉♥❞❡r❣♦❡s ❛ ❞✐ss✐♣❛t✐✈❡ ❡✛❡❝t ❬✶✹✱ ✶✾✱ ✷✵❪✳ ❖s❝✐❧❧❛t✐♦♥s ✐♥ t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ♠❛❝r♦s❝♦♣✐❝
❧❛✇ ❤❛✈❡ ❛❧s♦ ❜❡❡♥ ♦❜s❡r✈❡❞ ✐♥ ♠✉❧t✐✲♣♦♣✉❧❛t❡❞ ♠♦❞❡❧s ✇✐t❤ ❞❡❧❛②❡❞ ✐♥t❡r❛❝t✐♦♥s ❬✷✸✱ ✺✺❪✳

▼❡❛♥ ✜❡❧❞ ♠♦❞❡❧s ❝♦♥s✐❞❡r❡❞ ✐♥ t❤✐s t❤❡s✐s ❞✐s♣❧❛② ❞❡t❡r♠✐♥✐st✐❝ ♠❛❝r♦s❝♦♣✐❝ ❞②♥❛♠✐❝s
❡①❤✐❜✐t✐♥❣ ✭❛t ❧❡❛st✮ ❛ ♣❤❛s❡ tr❛♥s✐t✐♦♥✱ ♦❝❝✉rr✐♥❣ ❢♦r ❝❡rt❛✐♥ ❝r✐t✐❝❛❧ ✈❛❧✉❡s ♦❢ t❤❡ ♠♦❞❡❧s✬
♣❛r❛♠❡t❡rs✳ ■t ✐s ✇❡❧❧✲❦♥♦✇♥ t❤❛t ✐♥t❡r❛❝t✐♥❣ s②st❡♠s ♣r❡s❡♥t ♣❡❝✉❧✐❛r ❜❡❤❛✈✐♦rs ❛s t❤❡②

✐①



① ■◆❚❘❖❉❯❈❚■❖◆

❣❡t ❝❧♦s❡ t♦ ❛ ♣❤❛s❡ tr❛♥s✐t✐♦♥ ✭❝r✐t✐❝❛❧ ♣❤❡♥♦♠❡♥❛✮✱ ✐♥❝❧✉❞✐♥❣ ❧♦♥❣ r❛♥❣❡ ❝♦rr❡❧❛t✐♦♥s ❛♥❞
❧❛r❣❡✱ ♥♦♥ ♥♦r♠❛❧ ✢✉❝t✉❛t✐♦♥s✳ ❈r✐t✐❝❛❧ ♣❤❡♥♦♠❡♥❛ ❛r❡ ✐♥t❡r❡st✐♥❣ ❛❧s♦ ❜❡❝❛✉s❡ t❤❡r❡ ❡①✲
✐sts ✐♥t❡r❛❝t✐♥❣ s②st❡♠s ✇❤✐❝❤ ❛r❡ s♣♦♥t❛♥❡♦✉s❧② ❛ttr❛❝t❡❞ t♦ t❤❡✐r ❝r✐t✐❝❛❧ r❡❣✐♠❡✱ ✇✐t❤♦✉t
❛♥② ❡①t❡r♥❛❧ t✉♥✐♥❣ ♦❢ t❤❡ ♣❛r❛♠❡t❡rs ✭s❡❧❢✲♦r❣❛♥✐③❡❞ ❝r✐t✐❝❛❧✐t② ❬✸❪✮✳
❚❤❡ ❞②♥❛♠✐❝s ♦❢ ✢✉❝t✉❛t✐♦♥s ❛t ❝r✐t✐❝❛❧ ♣♦✐♥t ✐♥ ♠❡❛♥ ✜❡❧❞ ♠♦❞❡❧s t②♣✐❝❛❧❧② ♣r❡s❡♥t ❛♥
❛♥♦♠❛❧♦✉s s♣❛❝❡✲t✐♠❡ s❝❛❧✐♥❣ ❛♥❞✱ ♣♦ss✐❜❧②✱ ❛ ♥♦♥✲●❛✉ss✐❛♥ ❧✐♠✐t✿ t❤✐s ✇❛s ✜rst❧② s❤♦✇♥ ✐♥
❬✶✻✱ ✷✷❪ ❢♦r r❡✈❡rs✐❜❧❡ ♠❡❛♥ ✜❡❧❞ ❞②♥❛♠✐❝s ✇✐t❤ ❢❡rr♦♠❛❣♥❡t✐❝ ✐♥t❡r❛❝t✐♦♥✳ ❙✐♠✐❧❛r r❡s✉❧ts
❤❛✈❡ ❜❡❡♥ ❛❝❤✐❡✈❡❞ ❢♦r ❛ ❝❧❛ss ♦❢ ♠♦❞❡❧s ✐♥ ✇❤✐❝❤ ❝r✐t✐❝❛❧✐t② ✐s ❛❝❤✐❡✈❡❞ ❜② s❡❧❢✲♦r❣❛♥✐③❛t✐♦♥
❬✸✺❪✱ ✇❤✐❧❡ ✐♥ ❬✶✸❪ t❤❡ ❡✛❡❝ts ♦❢ q✉❡♥❝❤❡❞ ❞✐s♦r❞❡r ♦♥ ❝r✐t✐❝❛❧ ✢✉❝t✉❛t✐♦♥s ❤❛✈❡ ❜❡❡♥ ✐♥✈❡s✲
t✐❣❛t❡❞ ✐♥ t✇♦ ❝❧❛ss✐❝❛❧ ♠❡❛♥ ✜❡❧❞ ♠♦❞❡❧s ♦❢ st❛t✐st✐❝❛❧ ♠❡❝❤❛♥✐❝s✳

■♥ t❤❡ ✜rst ♣❛rt ♦❢ t❤✐s t❤❡s✐s✱ ✇❡ ❢♦❝✉s ♦♥ s♦♠❡ ♠❡❝❤❛♥✐s♠s r❡s♣♦♥s✐❜❧❡ ❢♦r t❤❡ ❡♠❡r❣❡♥❝❡
♦❢ s❡❧❢✲s✉st❛✐♥❡❞ ♣❡r✐♦❞✐❝ ❜❡❤❛✈✐♦r ✐♥ ✐♥t❡r❛❝t✐♥❣ s②st❡♠s✱ ✐♥ ♣❛rt✐❝✉❧❛r ✇❡ ❞❡❡♣❡♥ t❤❡ st✉❞②
♦♥ t❤❡ r♦❧❡ ♦❢ ❞✐ss✐♣❛t✐♦♥ ✐♥ t❤❡ ✐♥t❡r❛❝t✐♦♥ ❡♥❡r❣② ♦❢ ❝♦♦♣❡r❛t✐✈❡ s②st❡♠s✳ ❲❡ ❛❧s♦ ❡①❛♠✐♥❡
♠✐♥✐♠❛❧ ❤②♣♦t❤❡s❡s ♦♥ t❤❡ ✐♥t❡r❛❝t✐♦♥ ♥❡t✇♦r❦ ✐♥ ♠✉❧t✐✲♣♦♣✉❧❛t❡❞ s②st❡♠s ❧❡❛❞✐♥❣ t♦ t❤❡
❛♣♣❡❛r❛♥❝❡ ♦❢ ♠❛❝r♦s❝♦♣✐❝ ♣❡r✐♦❞✐❝✐t②✳

■♥ ❈❤❛♣t❡r ✶ ✇❡ ❞❡❛❧ ✇✐t❤ ❝♦♦♣❡r❛t✐✈❡ ♠❡❛♥ ✜❡❧❞ ♠♦❞❡❧s ✐♥ ✇❤✐❝❤ ❞✐ss✐♣❛t✐♦♥ ✐s ♣r❡s❡♥t✳
❆s s❤♦✇♥ ✐♥ ❬✶✹✱ ✶✾✱ ✷✵❪✱ ❝♦❧❧❡❝t✐✈❡ ♣❡r✐♦❞✐❝ ❜❡❤❛✈✐♦rs ❛♣♣❡❛r ✐♥ s♦♠❡ ❝❧❛ss❡s ♦❢ ♠❡❛♥ ✜❡❧❞
s②st❡♠s ❞❡r✐✈❡❞ ❛s ♣❡rt✉r❜❛t✐♦♥ ♦❢ ❝❧❛ss✐❝❛❧ r❡✈❡rs✐❜❧❡ ❢❡rr♦♠❛❣♥❡t✐❝ ♠♦❞❡❧s ❜② ❛❞❞✐♥❣ ❛ ❞✐s✲
s✐♣❛t✐♦♥ t❡r♠ ✐♥ t❤❡ ✐♥t❡r❛❝t✐♦♥ ❡♥❡r❣②✳ ❚❤❡ ♠❡❝❤❛♥✐s♠ ♦❢ ❞✐ss✐♣❛t✐♦♥ ❞✉♠♣s t❤❡ ✐♥✢✉❡♥❝❡
♦❢ ✐♥t❡r❛❝t✐♦♥ ✇❤❡♥ ♥♦ tr❛♥s✐t✐♦♥ ♦❝❝✉rs ❢♦r ❛ ❧♦♥❣ t✐♠❡✿ t❤❡ r❡s✉❧t ✐s t❤❛t t❤❡ ♠❛❝r♦s❝♦♣✐❝
♦❜s❡r✈❛❜❧❡s ♦❢ t❤❡ s②st❡♠ ✇✐❧❧ ♦s❝✐❧❧❛t❡ ✐♥ t✐♠❡ ❜❡t✇❡❡♥ ♠❛❣♥❡t✐③❡❞ st❛t❡s r❛t❤❡r t❤❛♥ ♣♦✲
❧❛r✐③❡ ✐♥ ❛ ✜①❡❞ ♣♦✐♥t ✭❜❡❤❛✈✐♦r ♦❜s❡r✈❡❞ ✐♥ t❤❡ r❡✈❡rs✐❜❧❡ ❝❛s❡✮✳ ■♥ t❤✐s ❝❤❛♣t❡r✱ ❛❢t❡r
r❡✈✐❡✇✐♥❣ t❤❡ s♣✐♥ ♠♦❞❡❧ ✐♥tr♦❞✉❝❡❞ ✐♥ ❬✶✾❪ ✭❛ ❈✉r✐❡✲❲❡✐ss ♠♦❞❡❧ ✇✐t❤ ❞✐ss✐♣❛t✐♦♥✮✱ ✇❡
❞❡✜♥❡ ❛ ❞✐✛✉s✐✈❡ ♠❡❛♥ ✜❡❧❞ s②st❡♠ ✇✐t❤ ❞✐ss✐♣❛t✐♦♥✱ ❞❡r✐✈❡❞ ❜② t❤❡ s♦✲❝❛❧❧❡❞ ❣❡♥❡r❛❧✐③❡❞
❈✉r✐❡✲❲❡✐ss ♠♦❞❡❧ ❬✷✹❪✳ ❲❡ ❞❡r✐✈❡ t❤❡ ❧✐♠✐t✐♥❣ ❞②♥❛♠✐❝s ✐♥ ❛ ❣❡♥❡r❛❧ ❢r❛♠❡✇♦r❦✱ ❜✉t t❤❡♥
✇❡ r❡str✐❝t t❤❡ ❛♥❛❧②s✐s t♦ t❤❡ ❝❛s❡ ✐♥ ✇❤✐❝❤ t❤❡ ♥♦♥❧✐♥❡❛r ♠❛❝r♦s❝♦♣✐❝ ♣r♦❝❡ss ✐s ●❛✉ss✐❛♥✿
t❤✐s ❛❧❧♦✇s ❢♦r ❛ ❝♦♠♣❧❡t❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ♠❛❝r♦s❝♦♣✐❝ ❧❛✇ ✐♥ t❡r♠s ♦❢
❛ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ❖❉❊✳ ❲❡ ✇✐❧❧ s❡❡ t❤❛t t❤✐s ♠♦❞❡❧ ♥♦t ♦♥❧② ♣r❡s❡♥ts t❤❡ ❡♠❡r❣❡♥❝❡ ♦❢
♣❡r✐♦❞✐❝ ❜❡❤❛✈✐♦r ❛t s✉✣❝✐❡♥t❧② ❧♦✇ t❡♠♣❡r❛t✉r❡✱ ❜✉t ❛❧s♦ ❞✐s♣❧❛②s ❛ r✐❝❤❡r ❜❡❤❛✈✐♦r✿ t❤❡
♠♦st ✐♥t❡r❡st✐♥❣ ❛s♣❡❝t ✐s t❤❡ ❝♦❡①✐st❡♥❝❡ ♦❢ ♠✉❧t✐♣❧❡ st❛❜❧❡ ❧✐♠✐t ❝②❝❧❡s ✐♥ t❤❡ ♠❛❝r♦s❝♦♣✐❝
❞②♥❛♠✐❝s ❢♦r ❝❡rt❛✐♥ ❝❤♦✐❝❡s ♦❢ t❤❡ ♠♦❞❡❧✬s ❞❡t❛✐❧s✳ ❚❤❡s❡ r❡s✉❧ts ❛r❡ ❞✉❡ t♦ ❛ ❥♦✐♥t ✇♦r❦
✇✐t❤ ▲✉✐s❛ ❆♥❞r❡✐s ❬✷❪✳

❈❤❛♣t❡r ✷ ✐s ❞❡❞✐❝❛t❡❞ t♦ t❤❡ ❡♠❡r❣❡♥❝❡ ♦❢ s❡❧❢✲s✉st❛✐♥❡❞ ♣❡r✐♦❞✐❝ ❜❡❤❛✈✐♦r ✐♥ ❛ t✇♦✲
♣♦♣✉❧❛t❡❞ ❈✉r✐❡✲❲❡✐ss ♠♦❞❡❧✳ ❚❤✐s ♠✉❧t✐✲♣♦♣✉❧❛t❡❞ ❡①t❡♥s✐♦♥ ❤❛s ♥❛t✉r❛❧❧② ❛r✐s❡♥ ✐♥ ❛♣✲
♣❧✐❝❛t✐♦♥s✿ ✐♥ t❤❡ ✶✾✺✵s ✐t ✇❛s ✐♥tr♦❞✉❝❡❞ t♦ ♠✐♠✐❝ t❤❡ ♣❤❛s❡ tr❛♥s✐t✐♦♥ ✉♥❞❡r❣♦♥❡ ❜②
♠❡t❛♠❛❣♥❡ts ❬✹✾❪✱ ✇❤✐❧❡ ✐♥ r❡❝❡♥t ②❡❛r ✐t ❤❛s ❜❡❡♥ ❡♠♣❧♦②❡❞ t♦ ❛♥❛❧②s❡ ✐♠♠✐❣r❛t✐♦♥ ❛♥❞
❝✉❧t✉r❛❧ ❝♦❡①✐st❡♥❝❡ ❛♥❞ t♦ ❡①♣❧❛✐♥ t❤❡ r♦❧❡ ♦❢ s♦❝✐❛❧ ❣r♦✉♣s ✐♥ ✐♥✢✉❡♥❝✐♥❣ ❛♥ ✐♥❞✐✈✐❞✉❛❧✬s
❜❡❧✐❡✈❡s ❛♥❞ ♣r❡❢❡r❡♥❝❡s ❬✹✱ ✶✽✱ ✶✼✱ ✸✵❪✳ ❚❤❡ t❤❡r♠♦❞②♥❛♠✐❝ ❧✐♠✐t ♦❢ t❤✐s ♠♦❞❡❧ ❤❛s ❜❡❡♥
r✐❣♦r♦✉s❧② st✉❞✐❡❞ ❜♦t❤ ❢r♦♠ t❤❡ st❛t✐❝❛❧ ❬✸✶❪ ❛♥❞ t❤❡ ❞②♥❛♠✐❝❛❧ ❬✶✷❪ ♣♦✐♥t ♦❢ ✈✐❡✇✳ ■♥ t❤✐s
❝❤❛♣t❡r ✇❡ ❝♦♥t✐♥✉❡ t❤❡ ❛♥❛❧②s✐s ♦❢ t❤❡ ❞②♥❛♠✐❝❛❧ ❢❡❛t✉r❡s ♦❢ t❤❡ ♠♦❞❡❧ ❛♥❞ ♦✉r ♠❛✐♥ ✐♥✲
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t❡r❡st ✐s t♦ ✐❞❡♥t✐❢② ✇❤✐❝❤ ❝♦♥✜❣✉r❛t✐♦♥s ♦❢ t❤❡ ✐♥t❡r❛❝t✐♦♥ ♥❡t✇♦r❦ ❝❛♥ ❡♥❤❛♥❝❡ ♦s❝✐❧❧❛t✐♦♥s
✐♥ t❤❡ ♠❛❝r♦s❝♦♣✐❝ ❞②♥❛♠✐❝s✳ ❙✐♥❝❡ ❝♦❧❧❡❝t✐✈❡ ♣❡r✐♦❞✐❝ ❜❡❤❛✈✐♦r ❤❛s ❛❧r❡❛❞② ❜❡❡♥ ♦❜s❡r✈❡❞
✐♥ ♠✉❧t✐✲♣♦♣✉❧❛t❡❞ s②st❡♠s ✇✐t❤ ❞❡❧❛②❡❞ ✐♥t❡r❛❝t✐♦♥s ❬✷✸✱ ✺✺❪✱ ✇❡ ✇✐❧❧ ❞❡✜♥❡ t✇♦ ❞②♥❛♠✐❝s
❢♦r t❤❡ ♠♦❞❡❧✿ t❤❡ ❢♦r♠❡r ✐s ❛ st❛♥❞❛r❞ ●❧❛✉❜❡r ❞②♥❛♠✐❝s✱ ✇❤✐❧❡ ✐♥ t❤❡ ❧❛tt❡r ✇❡ ✐♥tr♦❞✉❝❡
❛ ❞❡❧❛② ❦❡r♥❡❧ ❛❝t✐♥❣ ♦♥ t❤❡ ✐♥tr❛✲♣♦♣✉❧❛t✐♦♥ ✐♥t❡r❛❝t✐♦♥✳ ❚❤❡ ♠♦st ✐♥t❡r❡st✐♥❣ r❡s✉❧t ❤❡r❡
✐s t❤❛t ❞❡❧❛② ✐s ♥♦t ❛♥ ❡ss❡♥t✐❛❧ ✐♥❣r❡❞✐❡♥t ❢♦r t❤❡ ❡♠❡r❣❡♥❝❡ ♦❢ ♠❛❝r♦s❝♦♣✐❝ ♦s❝✐❧❧❛t✐♦♥s ✐♥
t❤❡ ❜✐✲♣♦♣✉❧❛t❡❞ ❈✉r✐❡✲❲❡✐ss ♠♦❞❡❧✳ ❚❤❡ ❦❡② ❢❡❛t✉r❡ s❡❡♠s r❛t❤❡r t♦ ❜❡ t❤❡ ♣r❡s❡♥❝❡ ♦❢
❛ ❢r✉str❛t✐♦♥ ✐♥ t❤❡ ✐♥t❡r❛❝t✐♦♥ ♥❡t✇♦r❦✳ ❍♦✇❡✈❡r✱ ✇❡ ❛❧s♦ s❤♦✇ t❤❛t ❞❡❧❛② ❝❛♥ ❡♥❤❛♥❝❡
t❤❡ ❛♣♣❡❛r❛♥❝❡ ♦❢ ♠❛❝r♦s❝♦♣✐❝ r❤②t❤♠ ✐♥ ❝♦♥✜❣✉r❛t✐♦♥s ✐♥ ✇❤✐❝❤ ✐t ✇❛s ♦t❤❡r✇✐s❡ ❛❜s❡♥t✳
❚❤✐s ❝❤❛♣t❡r ✐s ❜❛s❡❞ ♦♥ ❛ ❥♦✐♥t ✇♦r❦ ✇✐t❤ ❋r❛♥❝❡s❝❛ ❈♦❧❧❡t ❛♥❞ ▼❛r❝♦ ❋♦r♠❡♥t✐♥ ❬✶✺❪✳

■♥ ❈❤❛♣t❡r ✸ ✇❡ ❢♦❝✉s ❛❣❛✐♥ ♦♥ t❤❡ ♠❡❝❤❛♥✐s♠ ♦❢ ❞✐ss✐♣❛t✐♦♥✿ t❤❡ ❛✐♠ ✐s t♦ ✉♥❞❡r✲
st❛♥❞ ✇❤❡t❤❡r ♠❛❝r♦s❝♦♣✐❝ ♦s❝✐❧❧❛t✐♦♥s ❞✉❡ t♦ ❞✐ss✐♣❛t✐♦♥ r❡♣r❡s❡♥t ❛ ♣❤❡♥♦♠❡♥♦♥ ✇❤✐❝❤
✐s str✐❝t❧② r❡❧❛t❡❞ t♦ t❤❡ ♠❡❛♥ ✜❡❧❞ s❡tt✐♥❣✳ ❚♦ t❤✐s ♣✉r♣♦s❡✱ ✇❡ ❝♦♥s✐❞❡r ❛ s❤♦rt✲r❛♥❣❡
✐♥t❡r❛❝t✐♥❣ s②st❡♠✱ ♦❜t❛✐♥❡❞ ❜② ✐♥tr♦❞✉❝✐♥❣ ❞✐ss✐♣❛t✐♦♥ ✐♥ ❛ ●❧❛✉❜❡r ❞②♥❛♠✐❝s ❢♦r t❤❡
❝❧❛ss✐❝❛❧ ✶✲❞✐♠❡♥s✐♦♥❛❧ ■s✐♥❣ ♠♦❞❡❧✳ ◆♦t✐❝❡ t❤❛t ✐♥ ❈❤❛♣t❡r ✶ ❛♥❞ ✷ ✇❡ ❝❛♥ ❞❡t❡r♠✐♥❡
t❤❡ ♣r❡s❡♥❝❡ ♦❢ ♣❡r✐♦❞✐❝ ❜❡❤❛✈✐♦r ❜② ❛♥❛❧②s✐♥❣ t❤❡ ♠❛❝r♦s❝♦♣✐❝ ❞②♥❛♠✐❝s ❞❡s❝r✐❜❡❞ ❜② ❛
✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ s②st❡♠ ♦❢ ❖❉❊s✱ ♦❜t❛✐♥❡❞ ✇✐t❤ ❛ r❛t❤❡r ❣❡♥❡r❛❧ ❛♣♣r♦❛❝❤ ✭♣r♦♣❛❣❛t✐♦♥
♦❢ ❝❤❛♦s✮ ✇❤✐❝❤ ♦♥❧② ✇♦r❦s ✇✐t❤✐♥ t❤❡ ♠❡❛♥ ✜❡❧❞ ❢r❛♠❡✇♦r❦✳ ❚❤❡ s❛♠❡ ♠❛❝❤✐♥❡r② ❝❛♥
♥♦t ❜❡ ❛♣♣❧✐❡❞ ✐♥ ❝❛s❡ ♦❢ ♥❡❛r❡st ♥❡✐❣❤❜♦r ✐♥t❡r❛❝t✐♦♥s ❛♥❞ ❛ ✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ ❞❡s❝r✐♣t✐♦♥
♦❢ t❤❡ ♠❛❝r♦s❝♦♣✐❝ ❞②♥❛♠✐❝s ✐s ♦✉t ♦❢ r❡❛❝❤✳ ◆❡✈❡rt❤❡❧❡ss✱ ✇❡ ♣r♦✈❡ t❤❛t✱ ❝❤♦♦s✐♥❣ ♣r♦♣❡r
✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ❛♥❞ ♣❡r❢♦r♠✐♥❣ t❤❡ ❝♦rr❡❝t t✐♠❡✲s❝❛❧❡ ❝❤❛♥❣❡s✱ t❤❡ ♠❛❣♥❡t✐③❛t✐♦♥ ♣r♦❝❡ss✱
✇❤✐❝❤ ❝♦♥st✐t✉t❡s ❛♥ ♦❜s❡r✈❛❜❧❡ ♦❢ t❤❡ s②st❡♠✱ ❝♦♥✈❡r❣❡s t♦ ❛ st♦❝❤❛st✐❝ ♣r♦❝❡ss ❞✐s♣❧❛②✲
✐♥❣ r❡❣✉❧❛r ♦s❝✐❧❧❛t✐♦♥s ✐♥ ❛ s✉✐t❛❜❧❡ ③❡r♦✲t❡♠♣❡r❛t✉r❡ ✐♥✜♥✐t❡✲✈♦❧✉♠❡ ❧✐♠✐t✳ ❘❡s✉❧ts ✐♥ t❤✐s
❝❤❛♣t❡r ❛r❡ ❞✉❡ t♦ ❛ ❥♦✐♥t ✇♦r❦ ✇✐t❤ ❘❛♣❤❛ë❧ ❈❡r❢✱ P❛♦❧♦ ❉❛✐ Pr❛ ❛♥❞ ▼❛r❝♦ ❋♦r♠❡♥t✐♥ ❬✽❪✳

❚❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ t❤❡ t❤❡s✐s ✐s ❞❡❞✐❝❛t❡❞ t♦ t❤❡ st✉❞② ♦❢ ❝r✐t✐❝❛❧ ✢✉❝t✉❛t✐♦♥s ♦❢ ♠❡❛♥
✜❡❧❞ s♣✐♥ s②st❡♠s ❡①❤✐❜✐t✐♥❣ ❛ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥ ✐♥ t❤❡ ❞②♥❛♠✐❝❛❧ s②st❡♠ ❞❡s❝r✐❜✐♥❣ t❤❡
❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ♠❛❝r♦s❝♦♣✐❝ ❧❛✇✳

■♥ ❈❤❛♣t❡r ✹ ✇❡ ❝♦♥s✐❞❡r ❛❣❛✐♥ t❤❡ ❈✉r✐❡✲❲❡✐ss ♠♦❞❡❧ ✇✐t❤ ❞✐ss✐♣❛t✐♦♥ ❛♥❞ t❤❡ ❜✐✲♣♦♣✉❧❛t❡❞
❈✉r✐❡✲❲❡✐ss ♠♦❞❡❧✱ ✐♥tr♦❞✉❝❡❞ r❡s♣❡❝t✐✈❡❧② ✐♥ ❈❤❛♣t❡r ✶ ❛♥❞ ✷✳ ❉❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ✈❛❧✉❡
♦❢ t❤❡✐r ♣❛r❛♠❡t❡rs✱ ❜♦t❤ ♦❢ t❤❡s❡ ♠♦❞❡❧s ❞✐s♣❧❛② ❛ tr❛♥s✐t✐♦♥ ❢r♦♠ ❞✐s♦r❞❡r t♦ ♣❡r✐♦❞✐❝
❜❡❤❛✈✐♦r t❤r♦✉❣❤ ❛ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥ ✐♥ t❤❡ ♠❛❝r♦s❝♦♣✐❝ ❞②♥❛♠✐❝s✳ ❲❡ ❛✐♠ t♦ ✉♥❞❡rst❛♥❞
❤♦✇ t❤❡ ♣r❡s❡♥❝❡ ♦❢ t❤✐s t②♣❡ ♦❢ ❜✐❢✉r❝❛t✐♦♥ ❡✛❡❝ts t❤❡ ❞②♥❛♠✐❝s ♦❢ ❝r✐t✐❝❛❧ ✢✉❝t✉❛t✐♦♥s✳
Pr❡✈✐♦✉s r❡s✉❧ts ♦♥ ❞②♥❛♠✐❝❛❧ ❝r✐t✐❝❛❧ ✢✉❝t✉❛t✐♦♥s ❤❛✈❡ ❜❡❡♥ ♦❜t❛✐♥❡❞ ❢♦r ♠♦❞❡❧s ✇❤✐❝❤
❡①❤✐❜✐t ❛ ♣✐t❝❤❢♦r❦ ❜✐❢✉r❝❛t✐♦♥ ❛t t❤❡ ❝r✐t✐❝❛❧ ♣♦✐♥t ❬✶✻✱ ✷✷✱ ✶✸❪✱ ❜✉t t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❛ ❍♦♣❢
❜✐❢✉r❝❛t✐♦♥ ❧❡❛❞s t♦ ❛ ❞✐✛❡r❡♥t ❜❡❤❛✈✐♦r✳ ■♥❞❡❡❞✱ t❤❡ ♥❛t✉r❡ ♦❢ t❤❡ ❜✐❢✉r❝❛t✐♦♥ ✐s r❡❧❡✲
✈❛♥t✱ ❛s t❤❡ ❞②♥❛♠✐❝s ♦❢ ✢✉❝t✉❛t✐♦♥s ✐s r❡❧❛t❡❞ t♦ t❤❡ ❧✐♥❡❛r✐③❛t✐♦♥ ♦❢ t❤❡ ▼❝❑❡❛♥✲❱❧❛s♦✈
❡q✉❛t✐♦♥ ❞❡s❝r✐❜✐♥❣ t❤❡ ♠❛❝r♦s❝♦♣✐❝ ❞②♥❛♠✐❝s ♦❢ t❤❡ s②st❡♠✳ ■♥ ❜♦t❤ ❡①❛♠♣❧❡s st✉❞✐❡❞ ✐♥
t❤✐s ❝❤❛♣t❡r✱ ❝r✐t✐❝❛❧ ✢✉❝t✉❛t✐♦♥s ❝❛♥ ❜❡ r❡❞✉❝❡❞ t♦ ❛ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ st♦❝❤❛st✐❝ ♣r♦❝❡ss
❞✐s♣❧❛②✐♥❣ ❛ ♣❡❝✉❧✐❛r ❜❡❤❛✈✐♦r✿ ♣❡r❢♦r♠✐♥❣ ❛ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s✱ ✇❡ ✐❞❡♥t✐❢② ❛ s❧♦✇ ❛♥❞ ❛
❢❛st ✈❛r✐❛❜❧❡✱ r❡s♣❡❝t✐✈❡❧② t❤❡ r❛❞✐❛❧ ❛♥❞ t❤❡ ❛♥❣✉❧❛r ❝♦♠♣♦♥❡♥t ✐♥ ♣♦❧❛r ❝♦♦r❞✐♥❛t❡s✳ ■♥
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t❤❡ ❧✐♠✐t✱ t❤❡ ❢❛st ❛♥❣✉❧❛r ✈❛r✐❛❜❧❡ ❛✈❡r❛❣❡s ♦✉t✱ ❛♥❞ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ s❧♦✇ ✈❛r✐❛❜❧❡
t♦ ✐ts ❧✐♠✐t✐♥❣ ❞②♥❛♠✐❝s ✐s ❛❝❤✐❡✈❡❞ ✈✐❛ ❛♥ ❛✈❡r❛❣✐♥❣ ♣r✐♥❝✐♣❧❡✳ ❚❤✐s ❝❤❛♣t❡r ✐s ❜❛s❡❞ ♦♥ ❛
❥♦✐♥t ✇♦r❦ ✇✐t❤ P❛♦❧♦ ❉❛✐ Pr❛ ❬✷✶❪✳

■♥ ♠♦r❡ ❞❡t❛✐❧s✱ t❤❡ t❤❡s✐s ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳

❈❤❛♣t❡r ✶ ✲ ▼❡❛♥ ✜❡❧❞ ♠♦❞❡❧s ✇✐t❤ ❞✐ss✐♣❛t✐♦♥

❆❢t❡r ❣✐✈✐♥❣ s♦♠❡ ♠♦t✐✈❛t✐♦♥ ❢♦r ❝♦♥s✐❞❡r✐♥❣ ♠♦❞❡❧s ❞✐s♣❧❛②✐♥❣ ❞✐ss✐♣❛t✐✈❡ ❡✛❡❝ts ✐♥ t❤❡✐r
✐♥t❡r❛❝t✐♦♥ ❡♥❡r❣②✱ ✐♥ ❙❡❝t✐♦♥ ✶✳✷ ✇❡ ♣r❡s❡♥t t❤❡ ❈✉r✐❡✲❲❡✐ss ♠♦❞❡❧ ✇✐t❤ ❞✐ss✐♣❛t✐♦♥ ✐♥tr♦✲
❞✉❝❡❞ ✐♥ ❬✶✾❪ ❛♥❞ ✇❡ ✜① ♥♦t❛t✐♦♥s ❛♥❞ ✐❞❡❛s t❤❛t ✇✐❧❧ ❜❡ ✉s❡❢✉❧ ✐♥ t❤❡ r❡st ♦❢ t❤❡ t❤❡s✐s✳
❚❤✐s s❡❝t✐♦♥ ❞♦❡s ♥♦t ❝♦♥t❛✐♥ ❛♥② ♥❡✇ ❝♦♥tr✐❜✉t✐♦♥ ❜✉t r❛t❤❡r ✐t ❞✐s♣❧❛②s t❤❡ r❡s✉❧ts ♦❢
❬✶✾❪✳ ❍♦✇❡✈❡r✱ ✐t ✐s ❝♦♥✈❡♥✐❡♥t t♦ ❛♥❛❧②s❡ t❤✐s ♠♦❞❡❧ s✐♥❝❡✱ t❤❛♥❦s t♦ ✐ts ♠✐♥✐♠❛❧✐t②✱ ✐t
❛❧❧♦✇s t♦ ❢✉❧❧② ✉♥❞❡rst❛♥❞ t❤❡ r♦❧❡ ♦❢ ❞✐ss✐♣❛t✐♦♥ ✐♥ ❡♥❤❛♥❝✐♥❣ s❡❧❢✲s✉st❛✐♥❡❞ ♣❡r✐♦❞✐❝✐t②✳
❚❤❡ ❈✉r✐❡✲❲❡✐ss ♠♦❞❡❧ ✇✐t❤ ❞✐ss✐♣❛t✐♦♥ ✐♥tr♦❞✉❝❡❞ ✐♥ ❬✶✾❪ ✐s ❛ ♠❡❛♥ ✜❡❧❞ s♣✐♥ s②st❡♠
(σ(t))t∈[0,T ] ❡✈♦❧✈✐♥❣ ❛❝❝♦r❞✐♥❣ t♦

σi(t) → −σi(t) ❛t r❛t❡ 1− tanh(σi(t)λN(t)), i = 1, . . . , N

✇❤❡r❡ λN(t) r❡♣r❡s❡♥ts t❤❡ ✐♥t❡r❛❝t✐♦♥ ♣♦t❡♥t✐❛❧ ❢♦r t❤❡ N ✲s♣✐♥ s②st❡♠ ❛t t✐♠❡ t✳ ❚❤❡
♣r♦❝❡ss (λN(t))t∈[0,T ] ♦❜❡②s

dλN(t) = −αλN(t)dt+ βmN(t)

✇✐t❤ α, β > 0 ❛♥❞ mN(t) ❜❡✐♥❣ t❤❡ ❡♠♣✐r✐❝❛❧ ♠❛❣♥❡t✐③❛t✐♦♥ ♦❢ t❤❡ s②st❡♠✱ ✐✳❡✳

mN(t) =
1

N

N
∑

j=1

σj(t).

❲❤❡♥ α = 0✱ t❤✐s ✐s ❛ ♠♦❞✐✜❝❛t✐♦♥ ♦❢ t❤❡ ●❧❛✉❜❡r ❞②♥❛♠✐❝s ❢♦r t❤❡ ❝❧❛ss✐❝❛❧ ❈✉r✐❡✲
❲❡✐ss ♠♦❞❡❧✳ ❚❛❦✐♥❣ α > 0✱ t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ t❡r♠ ❞r✐✈✐♥❣ t❤❡ ✐♥t❡r❛❝t✐♦♥ ❞♦❡s ♥♦t
❧♦♥❣❡r ❝♦✐♥❝✐❞❡ ✇✐t❤ t❤❡ ❥✉♠♣s ♦❢ t❤❡ ♠❛❣♥❡t✐③❛t✐♦♥ ♣r♦❝❡ss✱ ❜✉t ❛ ❞✐ss✐♣❛t✐✈❡ ❡✛❡❝t ✐s
♣r❡s❡♥t✳ ■♥❞❡❡❞✱ ❜❡t✇❡❡♥ t✇♦ ❝♦♥s❡❝✉t✐✈❡ ❥✉♠♣s✱ t❤❡ ✈❛❧✉❡ ♦❢ λN ✐s ❡①♣♦♥❡♥t✐❛❧❧② ❛ttr❛❝t❡❞
t♦✇❛r❞ ✵✳ ◆♦t✐❝❡ t❤❛t ✐❢ λN = 0 t❤❡r❡ ✐s ♥♦ ❝♦rr❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ♣❛rt✐❝❧❡s✿ ❤❡♥❝❡✱ t❤❡
♣r❡s❡♥❝❡ ♦❢ t❤✐s ❢r✐❝t✐♦♥ t❡r♠ ❞✉♠♣s t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ ✐♥t❡r❛❝t✐♦♥ ✇❤❡♥ ♥♦ s♣✐♥ ✢✐♣ ♦❝❝✉rs
❢♦r ❛ ❧♦♥❣ t✐♠❡✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ✐t ❛❝ts ❛s ❛ ❞✐ss✐♣❛t✐♦♥ ✐♥ t❤❡ ✐♥t❡r❛❝t✐♦♥ ❡♥❡r❣② ❛s ✐ts
❡✛❡❝t ✐s t♦ ✧❞❡❝♦rr❡❧❛t❡✧ ♣❛rt✐❝❧❡s✳ ❚❤❡ ❝❤♦✐❝❡ ♦❢ ❜♦✉♥❞❡❞ r❛t❡s ✐♥ t❤❡ ❢♦r♠ 1 − tanh(·)
❤❛s ❜❡❡♥ ❛❞♦♣t❡❞ ❢♦r t❡❝❤♥✐❝❛❧ r❡❛s♦♥s ✭s❡❡ ❘❡♠❛r❦ ✶✳✷✳✶✮✳ ❚❤❡ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ♣r♦❝❡ss
(mN(t), λN(t))t∈[0,T ] ❢✉❧❧② ❝❤❛r❛❝t❡r✐③❡s t❤❡ st❛t❡ ♦❢ t❤❡ s②st❡♠ ❛♥❞✱ ❛s N ↑ +∞✱ ❝♦♥✈❡r❣❡s
t♦ t❤❡ s♦❧✉t✐♦♥ ♦❢

{

ṁ(t) = 2 (tanh(λ(t))−m(t)) ,

λ̇(t) = 2β (tanh(λ(t))−m(t))− αλ(t),



■◆❚❘❖❉❯❈❚■❖◆ ①✐✐✐

✇❤✐❝❤ ❞❡s❝r✐❜❡s t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ♠❛❝r♦s❝♦♣✐❝ ❧❛✇ ♦❢ t❤❡ ♠♦❞❡❧✳ ❚❤✐s ❞②♥❛♠✐❝❛❧ s②st❡♠
❤❛s t❤❡ ♦r✐❣✐♥ ❛s ✉♥✐q✉❡ ❡q✉✐❧✐❜r✐✉♠ ♣♦✐♥t✱ ✇❤✐❝❤ ✐s ❣❧♦❜❛❧❧② ❛ttr❛❝t✐✈❡ ❢♦r β ≤ α

2
+ 1✳ ❆t

t❤❡ ❝r✐t✐❝❛❧ ♣♦✐♥t β = α
2
+ 1✱ t❤❡ s②st❡♠ ♣r❡s❡♥ts ❛ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥✱ ✇❤✐❝❤ ❣✐✈❡ r✐s❡ t♦ ❛

st❛❜❧❡ ❧✐♠✐t ❝②❝❧❡✿ ❢♦r β > α
2
+ 1✱ ✇❡ ♦❜s❡r✈❡ ❛ s❡❧❢✲s✉st❛✐♥❡❞ ♣❡r✐♦❞✐❝ ❜❡❤❛✈✐♦r✳

■♥ ❙❡❝t✐♦♥ ✶✳✸ ✇❡ ♣r❡s❡♥t ❛♥ ♦r✐❣✐♥❛❧ ❝♦♥tr✐❜✉t✐♦♥✱ ❞✉❡ t♦ ❛ ❥♦✐♥t ✇♦r❦ ✇✐t❤ ▲✉✐s❛ ❆♥❞r❡✐s✳
❚❤❡ ❛✐♠ ✐s t♦ ❣❡♥❡r❛❧✐s❡ t❤❡ r❡s✉❧ts ♦❢ ❬✶✾❪ t♦ ❛ ❝♦♥t✐♥✉♦✉s ♠♦❞❡❧✳ ❲❡ st❛rt ❢r♦♠ ❛ r❡✈❡rs✐❜❧❡
❞✐✛✉s✐♦♥ ❢♦r t❤❡ ❣❡♥❡r❛❧✐③❡❞ ❈✉r✐❡✲❲❡✐ss ♠♦❞❡❧✱ s♦ ✇❡ ❝♦♥s✐❞❡r t❤❡ ♣r♦❝❡ss (XN(t))t∈[0,T ]

✇✐t❤ ✈❛❧✉❡s ✐♥ R
N s♦❧✉t✐♦♥ ♦❢

dXN
i (t) =

β

2
g′
(

mN(t)
)

dt+
ρ′(XN

i (t)

2ρ(XN
i (t))

+ dBi(t), i = 1, . . . , N

✇❤❡r❡ mN(t) ❛❣❛✐♥ r❡♣r❡s❡♥ts t❤❡ ❡♠♣✐r✐❝❛❧ ♠❛❣♥❡t✐③❛t✐♦♥✱ ✐✳❡✳

mN(t) =
1

N

N
∑

j=1

XN
j (t).

❍❡r❡ g ✐s t❤❡ ✐♥t❡r❛❝t✐♦♥ ❢✉♥❝t✐♦♥✱ ✇❤✐❝❤ ❞❡✜♥❡s t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ♦❢ t❤❡ s②st❡♠✱ ✇❤✐❧❡ ρ ✐s
t❤❡ ❞❡♥s✐t② ♦❢ ❛ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ ♦♥ R✱ r❡♣r❡s❡♥t✐♥❣ t❤❡ ✧♥❛t✉r❛❧✧ ❞✐str✐❜✉t✐♦♥ ♦❢ ❛ s✐♥❣❧❡
♣❛rt✐❝❧❡ ✐♥ ❛❜s❡♥❝❡ ♦❢ ✐♥t❡r❛❝t✐♦♥✳ ❈❧❡❛r❧②✱ ❜♦t❤ g ❛♥❞ ρ ❤❛✈❡ t♦ s❛t✐s❢② s♦♠❡ ♠♦❞❡❧❧✐♥❣
❛♥❞ t❡❝❤♥✐❝❛❧ ❛ss✉♠♣t✐♦♥s✳ ❲❡ ♠♦❞✐❢② t❤✐s ♠♦❞❡❧ ❜② ✐♥tr♦❞✉❝✐♥❣ ❞✐ss✐♣❛t✐✈❡ ✭✐♥ s❡♥s❡ t❤❛t
✐t ❢♦r❝❡s ♣❛rt✐❝❧❡s t♦ ❞❡❝♦rr❡❧❛t❡✮ ❛♥❞ ✭♣♦ss✐❜❧②✮ ♥♦✐s② ❞②♥❛♠✐❝s ✐♥ t❤❡ ✐♥t❡r❛❝t✐♦♥ ❡♥❡r❣②✳
■♥ t❤✐s ✇❛②✱ ✇❡ ♦❜t❛✐♥ ❛♥ N ✲♣❛rt✐❝❧❡ s②st❡♠ ❞❡s❝r✐❜❡❞ ❜② t❤❡ ♣r♦❝❡ss (XN(t), λN(t))t∈[0,T ]

t❛❦✐♥❣ ✈❛❧✉❡s ✐♥ R
2N ✱ s♦❧✉t✐♦♥ ♦❢
{

dXN
i (t) = β

2
g′
(

λN
i (t)

)

dt+
ρ′(XN

i (t)

2ρ(XN
i (t))

+ dB1
i (t),

dλN
i (t) = −αλN

i (t)dt+ dmN(t) +DdB2
i (t),

❢♦r i = 1, . . . , N ✱ ✇✐t❤ α > 0 ❛♥❞ D ≥ 0✳ ❆s ❜❡❢♦r❡✱ t❤❡ ✈❡❝t♦r XN(t) r❡♣r❡s❡♥ts t❤❡ st❛t❡
♦❢ t❤❡ ♣❛rt✐❝❧❡s ❛t t✐♠❡ t ✇❤✐❧❡ λN(t) ❛❝❝♦✉♥ts ❢♦r t❤❡ ✐♥t❡r❛❝t✐♦♥ ✜❡❧❞ ♣❡r❝❡✐✈❡❞ ❜② ❡❛❝❤
♣❛rt✐❝❧❡✳ ❋♦r ❛♥② N ≥ 1✱ ✇❡ ✇✐❧❧ r❡❢❡r t♦ (XN(t), λN(t))t∈[0,T ] ❛s ❛ ❣❡♥❡r❛❧✐③❡❞ ❈✉r✐❡✲❲❡✐ss
♠♦❞❡❧ ✇✐t❤ ❞✐ss✐♣❛t✐♦♥✳ ❲❡ s❤♦✇ t❤❛t t❤✐s s②st❡♠ s❛t✐s✜❡s ❛ ♣r♦♣❛❣❛t✐♦♥ ♦❢ ❝❤❛♦s r❡s✉❧t✱
✇❤✐❝❤ ✐♥t✉✐t✐✈❡❧② ♠❡❛♥s t❤❛t st♦❝❤❛st✐❝ ✐♥❞❡♣❡♥❞❡♥❝❡ ✐♥ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ♦❢ ❛♥② ✜①❡❞
♥✉♠❜❡r k ♦❢ ♣❛rt✐❝❧❡s ✐♥ ♦❢ t❤❡ N ✲♣❛rt✐❝❧❡ s②st❡♠ ♣❡rs✐sts ✐♥ t✐♠❡ ❛s N ↑ +∞✱ s♦ t❤❡② ✇✐❧❧
t❡♥❞ t♦ ❜❡❤❛✈❡ ❛s k ✐♥❞❡♣❡♥❞❡♥t ❝♦♣✐❡s ♦❢ t❤❡ s❛♠❡ ♠❛❝r♦s❝♦♣✐❝ ♣r♦❝❡ss✳ ❚❤✐s ♠❛❝r♦s❝♦♣✐❝
♣r♦❝❡ss ✐s t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ▼❝❑❡❛♥✲❱❧❛s♦✈ ❙❉❊✿















dX(t) = β
2
g′ (λ(t)) dt+ ρ′(X(t)

2ρ(X(t))
+ dB1(t),

dλ(t) = −αλ(t)dt+
〈

µt(dx, dl),
β
2
g′(l) + ρ′(x)

2ρ(x)

〉

dt+DdB2(t),

µt = ▲❛✇(X(t), λ(t)),

✇❤❡r❡
〈

µt(dx, dl),
β

2
g′(l) +

ρ′(x)

2ρ(x)

〉

=

∫

R2

(

β

2
g′(l) +

ρ′(x)

2ρ(x)

)

µt(dx, dl).
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❚♦ ❛♥❛❧②s❡ t❤❡ ❧♦♥❣✲t✐♠❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ s②st❡♠ ✇❡ r❡str✐❝t t♦ t❤❡ ❝❛s❡ ✐♥ ✇❤✐❝❤ D = 0
❛♥❞ ρ ∼ N (0, σ2)✿ ✇✐t❤ t❤❡s❡ ❝❤♦✐❝❡s✱ ✇❡ ♦❜t❛✐♥ ❛ ●❛✉ss✐❛♥ ♠❛❝r♦s❝♦♣✐❝ ♣r♦❝❡ss ❛♥❞ t♦
✉♥❞❡rst❛♥❞ t❤❡ ❧♦♥❣✲t✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ♠❛❝r♦s❝♦♣✐❝ ❧❛✇ ✐t ✐s s✉✣❝✐❡♥t t♦ st✉❞② t❤❡
❖❉❊s

{

ṁ(t) = β
2
g′(λ(t))− m(t)

2σ2
,

λ̇(t) = −αλ(t) + β
2
g′(λ(t))− m(t)

2σ2 ,

✇❤✐❝❤✱ ✇✐t❤ ❛ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s✱ ❝❛♥ ❜❡ tr❛♥s❢♦r♠❡❞ ✐♥t♦ ❛ ▲✐é♥❛r❞ s②st❡♠✳ ▲✐é♥❛r❞
s②st❡♠s ❝♦♥st✐t✉t❡ ❛♥ ✐♠♣♦rt❛♥t ❝❧❛ss ♦❢ ♣❧❛♥❛r ❞②♥❛♠✐❝❛❧ s②st❡♠s✱ ❡①t❡♥s✐✈❡❧② st✉❞✐❡❞ ✐♥
r❡❧❛t✐♦♥ t♦ t❤❡✐r ❧✐♠✐t ❝②❝❧❡s✿ ✐♥ ❧✐t❡r❛t✉r❡ ✇❡ ❝❛♥ ✜♥❞ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ ❡①✐st❡♥❝❡
♦❢ ❛t ❧❡❛st ✭♦r ❡①❛❝t❧②✮ k ≥ 0 ❧✐♠✐t ❝②❝❧❡s ❢♦r s②st❡♠s ♦❢ t❤✐s t②♣❡ ❬✶✵✱ ✹✸❪✳ ❆ss✉♠♣t✐♦♥s
t❤❛t ❤❛✈❡ t♦ ❜❡ t❛❦❡♥ ✐♥ ❛❝❝♦✉♥t ✇❤❡♥ ❝❤♦♦s✐♥❣ t❤❡ ✐♥t❡r❛❝t✐♦♥ ❢✉♥❝t✐♦♥ g ❛r❡ r❛t❤❡r
❣❡♥❡r❛❧ ❛♥❞ ❛ ❝♦♠♣❧❡t❡ ❞❡s❝r✐♣t✐♦♥ ❢♦r t❤❡ s②st❡♠ ❛❜♦✈❡ ✐s ♦✉t ♦❢ r❡❛❝❤✳ ◆❡✈❡rt❤❡❧❡ss✱
s♦♠❡ ✉♥✐✈❡rs❛❧ ❢❡❛t✉r❡ ❛r❡ st✉❞✐❡❞ ✐♥ ❚❤❡♦r❡♠ ✶✳✸✳✻✳ ❋✐♥❛❧❧②✱ ✇❡ ♣r❡s❡♥t s♦♠❡ ♣❡❝✉❧✐❛r
❜❡❤❛✈✐♦rs ❢♦r t❤❡ ♠❛❝r♦s❝♦♣✐❝ ❞②♥❛♠✐❝s t❤r♦✉❣❤ ❛♥ ❡①♣❧✐❝✐t ❡①❛♠♣❧❡✿ ✐♥ ♣❛rt✐❝✉❧❛r✱ t❤❡
❧✐♠✐t✐♥❣ ❞②♥❛♠✐❝s ❝❛♥ ♣r❡s❡♥t ♣❤❛s❡s ✐♥ ✇❤✐❝❤ t✇♦ ✭♦r ❡✈❡♥ ♠♦r❡✮ st❛❜❧❡ ❧✐♠✐t ❝②❝❧❡s ❝♦❡①✐st✳
❇② t❤✐s✱ ✇❡ ♠❡❛♥ t❤❛t ❛t ❧❡❛st t✇♦ st❛❜❧❡ ♣❡r✐♦❞✐❝ ♦r❜✐t ❛r❡ ♣r❡s❡♥t ✐♥ t❤❡ ♣❤❛s❡ s♣❛❝❡ ♦❢ t❤❡
❞②♥❛♠✐❝❛❧ s②st❡♠ ❞❡s❝r✐❜✐♥❣ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ♠❛❝r♦s❝♦♣✐❝ ❧❛✇✳ ❚❤❡r❡❢♦r❡✱ ❞❡♣❡♥❞✐♥❣
♦♥ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s✱ t❤❡ ❧♦♥❣✲t✐♠❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ s②st❡♠ ♠❛② ❞✐s♣❧❛② ♦s❝✐❧❧❛t✐♦♥s ✇✐t❤
❞✐✛❡r❡♥t ❛♠♣❧✐t✉❞❡s ❛♥❞ ❢r❡q✉❡♥❝✐❡s✳ ■♥ ❣❡♥❡r❛❧✱ t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ♠❛❝r♦s❝♦♣✐❝ ❧❛✇ ♦❢
❣❡♥❡r❛❧✐③❡❞ ❈✉r✐❡✲❲❡✐ss ♠♦❞❡❧ ✇✐t❤ ❞✐ss✐♣❛t✐♦♥ ♣r❡s❡♥t ❛ r✐❝❤❡r ❜❡❤❛✈✐♦r t❤❛♥ t❤❡ ♠♦❞❡❧
❛♥❛❧②s❡❞ ✐♥ ❙❡❝t✐♦♥ ✶✳✷✳

❈❤❛♣t❡r ✷ ✲ ❆ t✇♦✲♣♦♣✉❧❛t❡❞ ♠❡❛♥ ✜❡❧❞ ♠♦❞❡❧

❚❤❡ t✇♦✲♣♦♣✉❧❛t✐♦♥ ❈✉r✐❡✲❲❡✐ss ♠♦❞❡❧ ✐s ❛ s♣✐♥ s②st❡♠ ✇❤❡r❡ ♦♥ t❤❡ ❝♦♠♣❧❡t❡ ❣r❛♣❤ t✇♦
♣♦♣✉❧❛t✐♦♥s ♦❢ s♣✐♥s ❛r❡ ♣r❡s❡♥t✳ ❲❡ ❞✐✈✐❞❡ t❤❡ ✇❤♦❧❡ N ✲♣❛rt✐❝❧❡ s②st❡♠ ✐♥t♦ t✇♦ ❞✐s❥♦✐♥t
❣r♦✉♣s✱ I1 ❛♥❞ I2✱ ✇✐t❤ |I1| = N1✱ |I2| = N2 ❛♥❞ N1 +N2 = N ✿

P♦♣✉❧❛t✐♦♥ I1 P♦♣✉❧❛t✐♦♥ I2

σ = (σ1, σ2, . . . , σN1 σN1+1, σN1+2, . . . , σN).

●✐✈❡♥ t✇♦ s♣✐♥s✱ t❤❡✐r ♠✉t✉❛❧ ✐♥t❡r❛❝t✐♦♥ ❞❡♣❡♥❞s ♦♥ t❤❡ ♣♦♣✉❧❛t✐♦♥s t❤❡② ❜❡❧♦♥❣ t♦✿ J11
❛♥❞ J22 t✉♥❡ t❤❡ ✐♥t❡r❛❝t✐♦♥ ✇✐t❤✐♥ s✐t❡s ♦❢ t❤❡ s❛♠❡ s✉❜s②st❡♠✱ J12 ❛♥❞ J21 ❝♦♥tr♦❧ t❤❡
❝♦✉♣❧✐♥❣ str❡♥❣t❤ ❜❡t✇❡❡♥ s♣✐♥s ❧♦❝❛t❡❞ ✐♥ ❞✐✛❡r❡♥t ❣r♦✉♣s✳ ❆❧❧ t❤❡ ✐♥t❡r❛❝t✐♦♥s ❝❛♥ ❜❡
❡✐t❤❡r ♣♦s✐t✐✈❡ ♦r ♥❡❣❛t✐✈❡ ❛❧❧♦✇✐♥❣ ❜♦t❤ ❢❡rr♦♠❛❣♥❡t✐❝ ❛♥❞ ❛♥t✐❢❡rr♦♠❛❣♥❡t✐❝ ✐♥t❡r❛❝t✐♦♥s✳
■♥ ❙❡❝t✐♦♥ ✷✳✶ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❞②♥❛♠✐❝s✿

σi(t) → −σi(t) ❛t r❛t❡ e−σi(t)R1(m1,N (t),m2,N (t)), ✐❢ i ∈ I1

σi(t) → −σi(t) ❛t r❛t❡ e−σi(t)R2(m1,N (t),m2,N (t)), ✐❢ i ∈ I2

✇✐t❤

R1 (x1, x2) = J11x1 + J12x2,

R2 (x1, x2) = J22x2 + J21x1,
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❛♥❞

m1,N(t) =
1

N

∑

j∈I1

σj(t), m2,N(t) =
1

N

∑

j∈I2

σj(t).

❚❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ♠❛❝r♦s❝♦♣✐❝ ❧❛✇ ❢♦r t❤✐s s②st❡♠ ✐s ❣✐✈❡♥ ❜②
{

ṁ1(t) = 2γ sinh(R1(m1(t),m2(t))− 2m1(t) cosh(R1(m1(t),m2(t)),

ṁ2(t) = 2(1− γ) sinh(R2(m1(t),m2(t))− 2m2(t) cosh(R2(m1(t),m2(t)),

✇❤❡r❡ γ := N1

N
❞❡♥♦t❡s t❤❡ ❢r❛❝t✐♦♥ ♦❢ s♣✐♥s ❜❡❧♦♥❣✐♥❣ t♦ t❤❡ ✜rst ♣♦♣✉❧❛t✐♦♥✳

❆s s❡❧❢✲s✉st❛✐♥❡❞ ♣❡r✐♦❞✐❝✐t② ❤❛❞ ❛❧r❡❛❞② ❜❡❡♥ ♦❜s❡r✈❡❞ ✐♥ ♠✉❧t✐✲♣♦♣✉❧❛t❡❞ s②st❡♠s ✇✐t❤
❞❡❧❛②❡❞ ✐♥t❡r❛❝t✐♦♥s ❬✷✸✱ ✺✺❪✱ ✐♥ ❙❡❝t✐♦♥ ✷✳✷ ✇❡ ✐♥tr♦❞✉❝❡ ❛ ❞❡❧❛② ✐♥ t❤❡ ✐♥t❡r✲♣♦♣✉❧❛t✐♦♥s
✐♥t❡r❛❝t✐♦♥✳ ❖✉r ❛✐♠ ✐s t♦ ❝♦♠♣❛r❡ t❤✐s t✇♦ t②♣❡s ♦❢ ❞②♥❛♠✐❝s✱ ✐♥ ♦r❞❡r t♦ ❣❡t ❛ ❜❡tt❡r
❝♦♠♣r❡❤❡♥s✐♦♥ ♦❢ t❤❡ ❧✐♥❦ ❜❡t✇❡❡♥ ♣❡r✐♦❞✐❝✐t② ❛♥❞ ❞❡❧❛②✳ ❲❡ ❛ss✉♠❡ t❤❛t ❛t ❛♥② t✐♠❡ t✱
t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ ❡❛❝❤ ♣♦♣✉❧❛t✐♦♥ ♦♥ t❤❡ ♦t❤❡r ✐s ❣✐✈❡♥ ❜② ❛♥ ❛✈❡r❛❣❡ ♦✈❡r t❤❡ ♠❛❣♥❡t✐③❛t✐♦♥
tr❛❥❡❝t♦r② ✉♣ t♦ t✐♠❡ t✱ ✇❡✐❣❤t❡❞ t❤r♦✉❣❤ ❛ ❦❡r♥❡❧✳ ❚❤❡ ♠✐❝r♦s❝♦♣✐❝ ❞②♥❛♠✐❝s ✐s s✉❝❤ t❤❛t

σi(t) → −σi(t) ❛t r❛t❡ e−σi(t)R1(m1,N (t),η
(n)
2,N (t)), ✐❢ i ∈ I1

σi(t) → −σi(t) ❛t r❛t❡ e−σi(t)R2(η
(n)
1,N (t),m2,N (t)), ✐❢ i ∈ I2

✇❤❡r❡✱ ❢♦r n ∈ N ❛♥❞ k ∈ N \ {0}✱ ✇❡ ❞❡✜♥❡

η
(n)
i,N(t) =

∫ t

0

(t− s)n

n!
e−k(t−s) mi,N(s) ds, ❢♦r i = 1, 2.

❚❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ♠❛❝r♦s❝♦♣✐❝ ❧❛✇ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❞❡❧❛②❡❞ ✐♥t❡r❛❝t✐♦♥ ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞
❜② ❛ s②st❡♠ ♦❢ 2n+ 4 ❖❉❊s✿



















































ṁ1(t) = 2γ sinh(R1(m1(t), η
(n)
2 (t))− 2m1(t) cosh(R1(m1(t), η

(n)
2 (t)),

ṁ2(t) = 2(1− γ) sinh(R2(η
(n)
1 (t),m2(t))− 2m2(t) cosh(R2(η

(n)
1 (t),m2(t)),

η̇
(0)
1 (t) = k

(

− η
(0)
1 (t) +m1(t)

)

,

η̇
(j)
1 (t) = k

(

− η
(j)
1 (t) + η

(j−1)
1 (t)

)

, ❢♦r j = 1, . . . , n,

η̇
(0)
2 (t) = k

(

− η
(0)
2 (t) +m2(t)

)

,

η̇
(j)
2 (t) = k

(

− η
(j)
2 (t) + η

(j−1)
2 (t)

)

, ❢♦r j = 1, . . . , n.

■♥ ❙❡❝t✐♦♥ ✷✳✸ ✇❡ st✉❞② t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥s ❢♦r t❤❡ ❧✐♠✐t✐♥❣ s②st❡♠ ✇✐t❤
❛♥❞ ✇✐t❤♦✉t ❞❡❧❛②✳ ❲❡ s❤♦✇ t❤❛t ✐♥ t❤❡ s❡t A = {J11, J22 ≤ 0}c ∩ {J12J21 ≥ 0}c ✇❡ ❝❛♥
❛❧✇❛②s ❝❤♦♦s❡ t❤❡ ♠♦❞❡❧✬s ♣❛r❛♠❡t❡r ✐♥ ♦r❞❡r t♦ ♦❜t❛✐♥ ❛ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥ ❢♦r t❤❡ ❧✐♠✐t✐♥❣
❞②♥❛♠✐❝s ♦❢ t❤❡ s②st❡♠ ✇✐t❤♦✉t ❞❡❧❛②✳ ❚❤✐s ♣r♦✈❡s t❤❛t ❝♦♥✜❣✉r❛t✐♦♥s ♦❢ ✐♥t❡r❛❝t✐♦♥
♥❡t✇♦r❦ ❜❡❧♦♥❣✐♥❣ t♦ A ❝❛♥ ❡♥❤❛♥❝❡ s❡❧❢✲s✉st❛✐♥❡❞ ♣❡r✐♦❞✐❝✐t② ✐♥ t❤❡ ❝❛s❡ ✇✐t❤♦✉t ❞❡❧❛②✳
❲❡ ❛❧s♦ s❤♦✇ t❤❛t ✐♥ t❤❡ ❝❛s❡ ✇✐t❤ ❞❡❧❛② ✇❡ ❝❛♥ ✜♥❞ ♣❡r✐♦❞✐❝ s♦❧✉t✐♦♥s ✇✐t❤✐♥ ❛ ❧❛r❣❡r s✉❜s❡t
♦❢ ♥❡t✇♦r❦ ❝♦♥✜❣✉r❛t✐♦♥s✿ ❛ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥ ❝❛♥ ❜❡ ♣r❡s❡♥t ❡✈❡♥ ❛❧❧♦✇✐♥❣ J11, J22 < 0✱ ❜✉t
st✐❧❧ r❡♠❛✐♥✐♥❣ ✐♥ t❤❡ s✉❜s♣❛❝❡ ♦♥ ✇❤✐❝❤ J12J21 < 0✳ ❲❡ ❝♦♥❝❧✉❞❡ t❤❡ ❝❤❛♣t❡r ❝♦♠♠❡♥t✐♥❣
t❤❡s❡ r❡s✉❧ts✳



①✈✐ ■◆❚❘❖❉❯❈❚■❖◆

❈❤❛♣t❡r ✸ ✲ ❆♥ ■s✐♥❣ ♠♦❞❡❧ ✇✐t❤ ❞✐ss✐♣❛t✐♦♥

❚❤❡ ❛✐♠ ♦❢ t❤✐s ❝❤❛♣t❡r ✐s t♦ ♣r♦✈❡ t❤❛t t❤❡ ♠❡❝❤❛♥✐s♠ ♦❢ ❞✐ss✐♣❛t✐♦♥ ✭❞❡❡♣❧② st✉❞✐❡❞ ✐♥
❈❤❛♣t❡r ✶ ❢♦r t❤❡ ♠❡❛♥ ✜❡❧❞ ❝❛s❡✮ ✐s ❝❛♣❛❜❧❡ t♦ ♣r♦❞✉❝❡ s❡❧❢✲s✉st❛✐♥❡❞ ♣❡r✐♦❞✐❝✐t② ❡✈❡♥
✇❤❡♥ ❧♦❝❛❧ ✐♥t❡r❛❝t✐♦♥s ❛r❡ ❝♦♥s✐❞❡r❡❞✳
■♥ ❙❡❝t✐♦♥ ✸✳✶ ✇❡ ✐♥tr♦❞✉❝❡ ❛ ❝♦♦♣❡r❛t✐✈❡ s♣✐♥ s②st❡♠ ✇✐t❤ s❤♦rt✲r❛♥❣❡ ✐♥t❡r❛❝t✐♦♥s ❛♥❞
❞✐ss✐♣❛t✐♦♥✳ ▲❡t

ΛN = {1, 2, . . . , N} ⊆ Z

r❡♣r❡s❡♥ts t❤❡ s❡t ♦❢ s✐t❡s ♦❢ t❤❡ s♣✐♥s✳ ❉✐✛❡r❡♥t❧② ❢r♦♠ t❤❡ ♠❡❛♥ ✜❡❧❞ ♠♦❞❡❧s st✉❞✐❡❞
✐♥ ❈❤❛♣t❡r ✶ ❛♥❞ ✷✱ t❤❡ ❣❡♦♠❡tr② ♦❢ ΛN ✐s ♥♦✇ r❡❧❡✈❛♥t✳ ❋♦r i ∈ ΛN ✱ ❡❛❝❤ s♣✐♥ σi ♦♥❧②
✐♥t❡r❛❝ts ✇✐t❤ ✐ts ✜rst ♥❡✐❣❤❜♦✉rs σi+1 ❛♥❞ σi−1✳ ❲❡ ❛ss✉♠❡ ♣❡r✐♦❞✐❝ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥✱
s♦ t❤❛t σ1 ❛♥❞ σN r❡s✉❧t t♦ ❜❡ ♥❡✐❣❤❜♦✉rs ❛♥❞ t❤❡ ❣r❛♣❤ r❡♣r❡s❡♥t✐♥❣ t❤❡ ✐♥t❡r❛❝t✐♦♥s ✐s ❛
❝✐r❝❧❡ ♦♥ ✇❤✐❝❤ t❤❡ s✐t❡s ΛN ❛r❡ ❛rr❛♥❣❡❞✳
❲❡ ❞❡✜♥❡ t❤❡ ♣r♦❝❡ss (σ(t), λ(t))t≥0 ✇✐t❤ ✈❛❧✉❡s ✐♥ {−1,+1}ΛN × R

N ❡✈♦❧✈✐♥❣ ❛❝❝♦r❞✐♥❣
t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞✐ss✐♣❛t❡❞ ❞②♥❛♠✐❝s✿

σi(t) → −σi(t) ❛t r❛t❡ e−σi(t)λi(t), i ∈ ΛN

✇❤❡r❡ {λi(t)}i∈ΛN
✐s ❛ ❢❛♠✐❧② ♦❢ st♦❝❤❛st✐❝ ♣r♦❝❡ss❡s ✭r❡♣r❡s❡♥t✐♥❣ t❤❡ ❧♦❝❛❧ ✜❡❧❞s✮ ❡✈♦❧✈✐♥❣

❛❝❝♦r❞✐♥❣ t♦
dλi(t) = −αλi(t)dt+ βdmi(t), i ∈ ΛN

✇✐t❤ α, β > 0 ❛♥❞
mi(t) =

∑

j∼i

σj(t), i ∈ ΛN .

❲❡ ❛ss✉♠❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s✿

σi(0) = −1, λi(0) = −γ, i ∈ ΛN

✇✐t❤ γ > 0✳
■♥ ❙❡❝t✐♦♥ ✸✳✷ ✇❡ st✉❞② t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ t✐♠❡ ✐♥ ✇❤✐❝❤ t❤❡ ✜rst s♣✐♥✲✢✐♣ ♦❝❝✉rs✱
♥❛♠❡❧②

T1 = inf
{

t ≥ 0
∣

∣

∣
∃ i ∈ ΛN s✳t✳ σi(t) = +1

}

,

✐♥ t❤❡ ❧✐♠✐t ❛s γ,N ↑ +∞✳ ❯♥❞❡r s♦♠❡ t❡❝❤♥✐❝❛❧ ❝♦♥❞✐t✐♦♥s✱ Pr♦♣♦s✐t✐♦♥ ✸✳✷✳✶ ❡st❛❜❧✐s❤❡s
❛ s♦rt ♦❢ ❈❡♥tr❛❧ ▲✐♠✐t ❚❤❡♦r❡♠ ❢♦r T1✿

α logN
(

T1 − t(γ,N)
)

d−→
γ,N→+∞

X,

✇✐t❤ t(γ,N) ❞❡♥♦t✐♥❣ ❛♥ ✐♠♣❧✐❝✐t ❞❡t❡r♠✐♥✐st✐❝ q✉❛♥t✐t② ❛♥❞ X ❜❡✐♥❣ ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡
✇❤♦s❡ ❞✐str✐❜✉t✐♦♥ ✐s ❡①♣❧✐❝✐t❧② ❦♥♦✇♥✳
■♥ ❙❡❝t✐♦♥ ✸✳✸ ✇❡ s❤♦✇ t❤❛t✱ ✐♥ ❛ s✉✐t❛❜❧❡ ③❡r♦✲t❡♠♣❡r❛t✉r❡ ✐♥✜♥✐t❡✲✈♦❧✉♠❡ ❧✐♠✐t ✭✇❡ r❡q✉✐r❡
β,N ↑ +∞ ✐♥ s✉❝❤ ❛ ✇❛② logN

β
→ c ∈ [0, 1[✮✱ t❤❡ ♣♦s✐t✐✈❡ s♣✐♥ ❛♣♣❡❛r❡❞ ❛t t✐♠❡ T1 ❣✐✈❡s r✐s❡

t♦ ❛ ❞r♦♣❧❡t ♦❢ +1 s♣✐♥s ✇❤✐❝❤ ❣r♦✇s ✈❡r② q✉✐❝❦❧②✱ ❡♥❞✐♥❣ ✉♣ ✐♥ ❝♦✈❡r✐♥❣ t❤❡ ✇❤♦❧❡ s♣❛❝❡
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✇✐t❤ +1 s♣✐♥s ❜❡❢♦r❡ ♦❜s❡r✈✐♥❣ ❛♥② ✢✐♣ ❢r♦♠ +1 t♦ −1 ♦r t❤❡ ❝r❡❛t✐♦♥ ♦❢ ♦t❤❡r ❞r♦♣❧❡ts✳
❉❡♥♦t❡ ✇✐t❤ Tc t❤❡ ❝♦✈❡r✐♥❣ t✐♠❡✱ ✐✳❡✳ t❤❡ t✐♠❡ ❡❧❛♣s❡❞ ❢r♦♠ T1 t♦ t❤❡ ♠♦♠❡♥t ✐♥ ✇❤✐❝❤
❛❧❧ s♣✐♥s ❛r❡ ♣♦s✐t✐✈❡✿

Tc = inf
{

t > 0
∣

∣

∣
σi(t) = +1 ∀ i ∈ ΛN

}

− T1.

❘✉❧✐♥❣ ♦✉t ✧✉♥❞❡s✐r❡❞✧ ❜❡❤❛✈✐♦r ♦♥ [T1, T1 + Tc] ✭❢♦r♠❛t✐♦♥ ♦❢ ♦t❤❡r ❞r♦♣❧❡ts ♦r ✢✐♣♣✐♥❣
♦❢ ♦♣♣♦s✐t❡ s✐❣♥✮✱ ✇❡ ❝❛♥ ♦❜t❛✐♥ ❛ s❤❛r♣ ❡st✐♠❛t❡ ❢♦r t❤❡ t✐♠❡ s❝❛❧❡ ♦❢ Tc✿ ❛s s❤♦✇♥ ❜②
Pr♦♣♦s✐t✐♦♥ ✸✳✸✳✶✱

Tc

N2

2α logN
e−2β

d−→
γ,β,N→+∞

Z,

✇✐t❤ Z ❜❡✐♥❣ ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ✇✐t❤ ❛ str✐❝t ❝♦♥♥❡❝t✐♦♥ t♦ X ✭s♦ t❤❡ ✢✉❝t✉❛t✐♦♥s ♦❢ t✐♠❡
T1 ❤❛✈❡ ❛♥ ✐♠♣❛❝t ♦♥ t❤❡ ✈❡❧♦❝✐t② ❛t ✇❤✐❝❤ t❤❡ ❝♦✈❡r✐♥❣ ✐s ♣❡r❢♦r♠❡❞✮✳ ❲❡ r❡♠❛r❦ t❤❛t t❤✐s
❤♦❧❞s ✉♥❞❡r t❤❡ ❝♦♥❞✐t✐♦♥ logN

β
→ c ∈ [0, 1[✿ t❤✐s ❡♥s✉r❡s t❤❛t t❤❡ ❝♦✈❡r✐♥❣ ✐s ❛❝❤✐❡✈❡❞ ♦♥❧②

❜② t❤❡ ❞r♦♣❧❡t ♦❢ +1 s♣✐♥s ❜♦r♥ ❛t t✐♠❡ T1 ✭✐♥t✉✐t✐✈❡❧②✱ ✐❢ N ❣r♦✇s t♦♦ ❢❛st ✇✐t❤ r❡s♣❡❝t t♦
β✱ ΛN ❜❡❝♦♠❡s t♦♦ ❜✐❣ t♦ ❜❡ ❝♦✈❡r❡❞ ❜② ❛ s✐♥❣❧❡ ❞r♦♣❧❡t✮✳
■♥ ❙❡❝t✐♦♥ ✸✳✹ ✇❡ s❤♦✇ t❤❛t ❛ s♠❛rt ❝❤♦✐❝❡ ❢♦r γ ❛❧❧♦✇s t❤❡ ✐t❡r❛t✐♦♥ ♦❢ t❤❡ s❛♠❡ ♣❤❡♥♦♠❡♥❛
❛♥❞ s♦ t❤❡ ❡♠❡r❣❡♥❝❡ ♦❢ s❡❧❢✲s✉st❛✐♥❡❞ ♠❛❝r♦s❝♦♣✐❝ ♦s❝✐❧❧❛t✐♦♥s ❢♦r t❤❡ s②st❡♠✳ ■♥ ❢❛❝t✱ ❜②
s❡tt✐♥❣

γ = 4β − logN + log logN + logα,

❛t t✐♠❡ T1 + Tc ✇❡ r❡❝♦✈❡r ❛ s✐t✉❛t✐♦♥ s✐♠✐❧❛r t♦ t❤❡ ✐♥✐t✐❛❧ ♦♥❡✿ ❛❧❧ s♣✐♥s ✇✐t❤ t❤❡ s❛♠❡
st❛t❡ ✭❝❧❡❛r❧② +1 ❛t t✐♠❡ T1 + Tc✮ ❛♥❞ s✐♠✐❧❛r ❝♦♥❞✐t✐♦♥s ♦♥ t❤❡ ✢✐♣♣✐♥❣ r❛t❡s✳ ❚♦❣❡t❤❡r
✇✐t❤ r❡s✉❧ts ❛❝❤✐❡✈❡❞ ✐♥ ♣r❡✈✐♦✉s s❡❝t✐♦♥s✱ t❤✐s ❛❧❧♦✇s ✉s t♦ ❢♦r♠✉❧❛t❡ ❚❤❡♦r❡♠ ✸✳✹✳✶✿ ✜①
n ∈ N ❛♥❞ ❞❡✜♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣ st♦♣♣✐♥❣ t✐♠❡s✱ ❢♦r j = 1, . . . , n

T1,j := inf

{

t >

j−1
∑

k=0

(T1,k + Tc,k)
∣

∣

∣
σi(t) = (−1)j+1 ❢♦r s♦♠❡ i ∈ ΛN

}

−
j−1
∑

k=0

(T1,k + Tc,k),

Tc,j := inf

{

t > T1,j +

j−1
∑

k=0

(T1,k + Tc,k)
∣

∣

∣
σi(t) = (−1)j+1 ❢♦r ❛❧❧ i ∈ ΛN

}

−
j−1
∑

k=0

(T1,k + Tc,k)

✇✐t❤ T1,0 = Tc,0 = 0✳ ❙✉♣♣♦s❡ β,N ↑ +∞ ✇✐t❤ t❤❡ ❝♦♥❞✐t✐♦♥

lim
β,N↑+∞

logN

β
= c ∈ [0, 1[.

❚❤❡♥✱ ❢♦r ❛♥② j = 1, . . . , n✱

α logN(T1,j − t(γ,N))
d−→

γ,N↑+∞
Xj

Tc,j

N2

2α logN
e−2β

d−→
β,N↑+∞

Zj,
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✇✐t❤ ❛ ❣✐✈❡♥ ❞✐str✐❜✉t✐♦♥ ❢♦r t❤❡ r❛♥❞♦♠ ✈❡❝t♦rs (X1, . . . , Xj) ❛♥❞ (Z1, . . . , Zj)✳
❖✉r ✜♥❛❧ ❛✐♠ ✐s t♦ ♣r♦✈❡ t❤❛t t❤❡ ♣r♦❝❡ss (mN(t))t≥0✱ r❡♣r❡s❡♥t✐♥❣ t❤❡ t♦t❛❧ ♠❛❣♥❡t✐③❛t✐♦♥
♦❢ t❤❡ s②st❡♠✱ ✐✳❡✳

mN(t) =
1

N

∑

i∈ΛN

σi(t), t ≥ 0

❝♦♥✈❡r❣❡s ✭✐♥ s❡♥s❡ ♦❢ ✇❡❛❦ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ st♦❝❤❛st✐❝ ♣r♦❝❡ss❡s✮ t♦ ❛♥ ♦s❝✐❧❧❛t✐♥❣ ♣r♦❝❡ss✳
◆♦t✐❝❡ t❤❛t t❤❡ t✇♦ ♠❛✐♥ ♣❤❡♥♦♠❡♥❛✱ t❤❡ ✧✜rst✧ s♣✐♥✲✢✐♣ ❛♥❞ t❤❡ ❝♦✈❡r✐♥❣✱ ♦❝❝✉r ♦♥ ✈❡r②
❞✐✛❡r❡♥t t✐♠❡ s❝❛❧❡✿ ❧❡tt✐♥❣ β,N ↑ +∞ ✉♥❞❡r t❤❡ ❝♦♥❞✐t✐♦♥ logN

β
→ c ∈ [0, 1[ ✐♠♣❧✐❡s

lim
β,N↑+∞

t(γ,N) =

{

+∞, ✐❢ c = 0,
1
α
log
(

4−c
c

)

, ♦t❤❡r✇✐s❡,
❛♥❞ lim

β,N↑+∞

N2e−2β

2α logN
= 0.

❚❤❡r❡❢♦r❡✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ t✐♠❡ ❝❤❛♥❣✐♥❣ ♣r♦❝❡ss

θN(t) =

∫ t

0

t(γ,N)1{|mN (s)|=1} +
N2e−2β

2α logN
1{|mN (s)|<1}ds,

✇❤✐❝❤ ✧s♣❡❡❞s ✉♣✧ t✐♠❡ ✇❤❡♥❡✈❡r ❛❧❧ t❤❡ s♣✐♥s ❛r❡ ❡q✉❛❧ ❛♥❞ ✇❡ ❛r❡ ✇❛✐t✐♥❣ ❢♦r t❤❡ ❢♦❧❧♦✇✐♥❣
✢✐♣ ❛♥❞ ✧s❧♦✇s ❞♦✇♥✧ t✐♠❡ ✇❤❡♥❡✈❡r ✇❡ ❛r❡ ♦❜s❡r✈✐♥❣ t❤❡ ✈❡r② ❢❛st ✐♥✈❛s✐♦♥ ♦❢ ❛ ❞r♦♣❧❡t ♦❢
s♣✐♥s ♦♣♣♦s✐t❡ s✐❣♥✳ ❚❤❡♥✱ ✇❡ ❞❡✜♥❡ ❛ t✐♠❡✲s❝❛❧❡❞ ✈❡rs✐♦♥ ♦❢ t♦t❛❧ ♠❛❣♥❡t✐③❛t✐♦♥ ♣r♦❝❡ss
s❡tt✐♥❣ m̃N(t) := mN(θN(t))✳ ❆t t❤✐s ♣♦✐♥t✱ ✇❡ ❡①♣❡❝t t❤❛t t❤❡ ♣r♦❝❡ss m̃N ❝♦♥✈❡r❣❡s t♦
❛ st♦❝❤❛st✐❝ ♣r♦❝❡ss x̃ ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❜❡❤❛✈✐♦r✿ x̃(0) = −1 t❤❡♥ ✐t ❞♦❡s ♥♦t ♠♦✈❡ ❢♦r ❛
✉♥✐t ♦❢ t✐♠❡✱ t❤❡♥ ✐t t❛❦❡s ❛ r❛♥❞♦♠ t✐♠❡ Z1 t♦ ❧✐♥❡❛r❧② ❣r♦✇ ❢r♦♠ −1 t♦ +1❀ ❛❢t❡r r❡❛❝❤✐♥❣
+1✱ ✐t ❞♦❡s ♥♦t ♠♦✈❡ ❢♦r ❛ ✉♥✐t ♦❢ t✐♠❡✱ t❤❡♥ ✐t t❛❦❡s ❛ r❛♥❞♦♠ t✐♠❡ Z2 t♦ ❧✐♥❡❛r❧② ❞❡❝r❡❛s❡
❢r♦♠ +1 t♦ −1 ❛♥❞ s♦ ♦♥✳ ❚❤✐s ✐s ♣r♦✈❡❞ ✐♥ ❚❤❡♦r❡♠ ✸✳✹✳✷✳ ❈❧❡❛r❧②✱ t❤✐s ❧✐♠✐t✐♥❣ ♣r♦❝❡ss
✐s ♥♦t ♣❡r✐♦❞✐❝✱ ♥❡✈❡rt❤❡❧❡ss ✐t ❞✐s♣❧❛②s s♦♠❡ r❡❣✉❧❛r✐t② ✐♥ ♦s❝✐❧❧❛t✐♥❣ ❜❡t✇❡❡♥ +1 ❛♥❞ −1✳

❈❤❛♣t❡r ✹ ✲ ❈r✐t✐❝❛❧ ✢✉❝t✉❛t✐♦♥s ❛t ❛ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥

■♥ ❙❡❝t✐♦♥ ✹✳✶ ✇❡ st✉❞② t❤❡ ❞②♥❛♠✐❝s ♦❢ st❛♥❞❛r❞ ❛♥❞ ❝r✐t✐❝❛❧ ✢✉❝t✉❛t✐♦♥s ❢♦r t❤❡ ❈✉r✐❡✲
❲❡✐ss ♠♦❞❡❧ ✇✐t❤ ❞✐ss✐♣❛t✐♦♥ ✭s❡❡ ❙❡❝t✐♦♥ ✶✳✷✮✳ ■♥ ❈❤❛♣t❡r ✶ ✇❡ ♣r❡s❡♥t❡❞ ❛ ▲❛✇ ♦❢
▲❛r❣❡ ◆✉♠❜❡r t♦ ❡st❛❜❧✐s❤ t❤❡ ♠❛❝r♦s❝♦♣✐❝ ❞②♥❛♠✐❝s ❢♦r t❤✐s ♠♦❞❡❧✱ ❛❝❤✐❡✈❡❞ s❤♦✇✐♥❣
t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ♣r♦❝❡ss (mN(t), λN(t))t∈[0,T ] t♦ (m(t), λ(t))t∈[0,T ] ❛s
N ↑ +∞✳ ■t ✐s t❤❡r❡❢♦r❡ ❝❧❡❛r t❤❛t st❛♥❞❛r❞ ❞②♥❛♠✐❝❛❧ ✢✉❝t✉❛t✐♦♥s ❛r❡ ❞❡s❝r✐❜❡❞ ❜② t❤❡
t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ♣r♦❝❡ss (m̃N(t), λ̃N(t))t∈[0,T ] ✇❤❡r❡

m̃N(t) = N
1
2 (mN(t)−m(t)), λ̃N(t) = N

1
2 (λN(t)− λ(t)).

❆s ♦♥❡ ♠❛② ❡①♣❡❝t✱ t❤✐s ♦r❞❡r ♣❛r❛♠❡t❡r ❝♦♥✈❡r❣❡s t♦ ❛ ●❛✉ss✐❛♥ ♣r♦❝❡ss✱ s♦❧✉t✐♦♥ ♦❢ t❤❡
❧✐♥❡❛r t✐♠❡✲✐♥❤♦♠♦❣❡♥♦✉s st♦❝❤❛st✐❝ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥

d

(

m̃(t)

λ̃(t)

)

= A(t)

(

m̃(t)

λ̃(t)

)

dt+
√

1−m(t) tanh(λ(t))

(

2
2β

)

dB(t)
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✇✐t❤

A(t) =

(

−2 2(1 + tanh(λ(t))
−2β(1− tanh(λ(t)) 2β − α

)

.

❚❤✐s r❡s✉❧t ✐s q✉✐t❡ st❛♥❞❛r❞✱ ❛♥❞ ❤♦❧❞s ❢♦r ❛♥② ❝❤♦✐❝❡ ♦❢ t❤❡ ♣❛r❛♠❡t❡rs α, β > 0✳
❖✉r ♠❛✐♥ ✐♥t❡r❡st ✐♥ t❤✐s ❝❤❛♣t❡r ✐s t♦ ❛♥❛❧②s❡ t❤❡ ❝r✐t✐❝❛❧ ✢✉❝t✉❛t✐♦♥s ❛t β = α

2
+ 1✱

✇❤❡r❡ t❤❡ ❧✐♠✐t✐♥❣ ❞②♥❛♠✐❝s ♣r❡s❡♥ts ❛ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥✳ ❚②♣✐❝❛❧❧②✱ t❤❡ ❞②♥❛♠✐❝❛❧ ❝r✐t✐❝❛❧
✢✉❝t✉❛t✐♦♥s ❡✈♦❧✈❡ ✐♥ ❛ t✐♠❡ s❝❛❧❡ ♦❢ ♦r❞❡r N

1
2 ✐♥ ❛ s♣❛❝❡ s❝❛❧❡ ♦❢ N

3
4 ✱ t❤❡r❡❢♦r❡✱ ❛❢t❡r

s❡tt✐♥❣ β = α
2
+ 1✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ♦r❞❡r ♣❛r❛♠❡t❡r (m̂N(t), λ̂N(t))t∈[0,T ] s✉❝❤ t❤❛t

m̂N(t) = N
1
4mN(N

1
2 t), λ̂N(t) = N

1
4λN(N

1
2 t),

✇❤✐❝❤ ❞❡s❝r✐❜❡s t❤❡ ✢♦✇ ♦❢ ❝r✐t✐❝❛❧ ✢✉❝t✉❛t✐♦♥s ❛r♦✉♥❞ t❤❡ ❡q✉✐❧✐❜r✐✉♠✳ ❖✉r ♠❛✐♥ r❡s✉❧t
✭❚❤❡♦r❡♠ ✹✳✶✳✷✮ st❛t❡s t❤❛t✱ ❛s N ↑ +∞ t❤❡ ♣r♦❝❡ss (κN(t))t∈[0,T ] ❞❡✜♥❡❞ ❜②

κN(t) =

(

βm̂N(t)− λ̂N(t)√
β − 1

)2

+ (λ̂N(t))
2

❝♦♥✈❡r❣❡s ✇❡❛❦❧② t♦ t❤❡ s♦❧✉t✐♦♥ ♦❢

dκ(t) =

(

4β2 − β

2
κ2(t)

)

dt+ 2β
√

2κ(t)dB(t).

❙❡❝t✐♦♥ ✹✳✷ ✐s ❡♥t✐r❡❧② ❞❡❞✐❝❛t❡❞ t♦ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✶✳✷✱ ✇❤✐❝❤ r❡q✉✐r❡s s❡✈❡r❛❧ st❡♣s✳
❲❡ st❛rt ✇✐t❤ s♦♠❡ ♣r❡❧✐♠✐♥❛r② ❝♦♠♣✉t❛t✐♦♥s✱ ❛♠♦♥❣ ✇❤✐❝❤ ✇❡ ❣✐✈❡ t❤❡ r❡❛s♦♥ t♦ ❞❡✜♥❡
κN(t) ❛s ❛❜♦✈❡✳ ❉❡♥♦t✐♥❣ ✇✐t❤ LN t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ❣❡♥❡r❛t♦r ♦❢ t❤❡ ♣r♦❝❡ss (m̂N(t), λ̂N(t))✱
❢♦r ❛ ❢✉♥❝t✐♦♥ f r❡❣✉❧❛r ❡♥♦✉❣❤ ✐t ❝❛♥ ❜❡ ✇r✐tt❡♥ ✐♥ t❤❡ ❢♦r♠

LNf(m̂, λ̂) = N
1
2L1f(m̂, λ̂) + L2f(m̂, λ̂) + o(1).

P❡r❢♦r♠✐♥❣ t❤❡ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s

{

z = λ̂,

u = βm̂−λ̂√
β−1

.

❛♥❞ ♣❛ss✐♥❣ t♦ t❤❡ ♣♦❧❛r ❝♦♦r❞✐♥❛t❡s κ = (z)2 + (u)2✱ θ = arctan(u/z)✱ ♦♥❡ ♦❜t❛✐♥s t❤❛t
t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ❣❡♥❡r❛t♦r KN ❢♦r t❤❡ ♣r♦❝❡ss (κN(t), θN(t)) ❝❛♥ ❜❡ ✇r✐tt❡♥✱ ❢♦r ❢✉♥❝t✐♦♥s
r❡❣✉❧❛r ❡♥♦✉❣❤✱ ✐♥ t❤❡ ❢♦r♠

KNf(κ, θ) = N
1
22
√

β − 1∂θf(κ, θ) +Af (κ, θ) + o(1).

❚❤✐s ✐♥❞✐❝❛t❡s t❤❛t ✧❢❛st✧ ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ❣❡♥❡r❛t♦r LN ✱ ✐♥✈♦❧✈❡s ♦♥❧② t❤❡ ❞❡r✐✈❛t✐✈❡ ✇✐t❤
r❡s♣❡❝t t♦ t❤❡ ❛♥❣✉❧❛r ✈❛r✐❛❜❧❡ θ✱ ✇❤✐❝❤ t❤❡r❡❢♦r❡ ♣❧❛②s t❤❡ r♦❧❡ ♦❢ ❢❛st ✈❛r✐❛❜❧❡ ❝♦♠♣❛r❡❞
t♦ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ✧r❛❞✐❛❧✧ ✈❛r✐❛❜❧❡ κ✳ ❚❤✐s s✉❣❣❡sts t♦ ❞❡r✐✈❡ t❤❡ ❛s②♠♣t♦t✐❝ ❡✈♦❧✉t✐♦♥
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♦❢ κ ❜② ❛♥ ❛✈❡r❛❣✐♥❣ ♣r✐♥❝✐♣❧❡✱ s♦ t❤❡ ❝❛♥❞✐❞❛t❡ ❧✐♠✐t✐♥❣ ♣r♦❝❡ss ❤❛s ✐♥✜♥✐t❡s✐♠❛❧ ❣❡♥❡r❛t♦r
✐♥ t❤❡ ❢♦r♠

Kf(κ) =
1

2π

∫ 2π

0

Af (κ, θ)dθ.

❚❤✐s ✐♥❢♦r♠❛❧ ❞❡s❝r✐♣t✐♦♥ ❣✐✈❡s ❛♥ ✐♥t✉✐t✐♦♥ ♦♥ ❤♦✇ t❤❡ ❧✐♠✐t✐♥❣ ♣r♦❝❡ss ❤❛s ❜❡❡♥ ✐❞❡♥t✐✜❡❞✳
▼♦r❡ ❢♦r♠❛❧❧②✱ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ t❤❡♦r❡♠ r❡q✉✐r❡s s❡✈❡r❛❧ st❡♣s✳ ❆❢t❡r ❤❛✈✐♥❣ ❞❡✜♥❡❞ t❤❡
st♦♣♣✐♥❣ t✐♠❡s

τNr,R = inf{t ∈ [0, T ] | κN(t) 6∈ ]r, R[ }, ✇✐t❤ 0 < r < R,

✇❡ st✉❞② t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ s❡q✉❡♥❝❡ ♦❢ st♦♣♣❡❞ ♣r♦❝❡ss❡s (κN(t∧ τNr,R))t∈[0,T ]✱ s✐♥❝❡ ✐t
❛❧❧♦✇s ✉s t♦ ❛✈♦✐❞ t❡❝❤♥✐❝❛❧ ♣r♦❜❧❡♠s ❞✉❡ t♦ t❤❡ s✐♥❣✉❧❛r✐t② ♦❢ t❤❡ ♣♦❧❛r ❝♦♦r❞✐♥❛t❡s ✐♥ t❤❡
♦r✐❣✐♥✳ ❲❡ s❤♦✇ t❤❛t t❤✐s s❡q✉❡♥❝❡ ✐s t✐❣❤t ❛♥❞✱ ❜② ❛♥ ❛✈❡r❛❣✐♥❣ ♣r✐♥❝✐♣❧❡✱ ✇❡ ❝❤❛r❛❝t❡r✐③❡
✐ts ❧✐♠✐t ❛s t❤❡ s♦❧✉t✐♦♥ ♦❢ ❛ ❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ ♣r♦❜❧❡♠ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ✐♥✜♥✐t❡s✐♠❛❧
❣❡♥❡r❛t♦r ♦❢ t❤❡ ❧✐♠✐t✐♥❣ ♣r♦❝❡ss✳ ❋✐♥❛❧❧②✱ ✇❡ s❤♦✇ ❤♦✇ t❤✐s ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ ❧✐♠✐t
♦❢ st♦♣♣❡❞ ♣r♦❝❡ss❡s ✐s s✉✣❝✐❡♥t t♦ ❝♦♥❝❧✉❞❡ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✶✳✷✳
❋✐♥❛❧❧②✱ ✐♥ ❙❡❝t✐♦♥ ✹✳✸✱ ✇❡ ❜r✐❡✢② ❛♥❛❧②s❡ ❝r✐t✐❝❛❧ ✢✉❝t✉❛t✐♦♥s ✐♥ ♣r❡s❡♥❝❡ ♦❢ ❛ ❍♦♣❢ ❜✐❢✉r✲
❝❛t✐♦♥ ❢♦r t❤❡ ❜✐✲♣♦♣✉❧❛t❡❞ ❈✉r✐❡✲❲❡✐ss ♠♦❞❡❧ ✇✐t❤♦✉t ❞❡❧❛② ✭s❡❡ ❙❡❝t✐♦♥ ✷✳✶✮✳ ❆s ♣♦✐♥t❡❞
♦✉t ✐♥ ❙❡❝t✐♦♥ ✷✳✸✳✶✱ t❤❡ ♣❛r❛♠❡t❡rs γ✱ J11✱ J12✱ J21✱ J22 ❝❛♥ ❜❡ ❛❞❥✉st❡❞ t♦ ❝r❡❛t❡ ❛♥ ❍♦♣❢
❜✐❢✉r❝❛t✐♦♥ ❛t t❤❡ ♦r✐❣✐♥ ❢♦r t❤❡ ❧✐♠✐t✐♥❣ ❞②♥❛♠✐❝s✿ ✐t ✐s s✉✣❝✐❡♥t t♦ ✐♠♣♦s❡ t❤❛t

γJ11 − 1 = −((1− γ)J22 − 1),

Γ := (γJ11 − 1)2 + γ(1− γ)J12J21 < 0.

❲❡ ❢♦❝✉s ♦♥ t❤❡ ❝r✐t✐❝❛❧ ✢✉❝t✉❛t✐♦♥s ♦❢ t❤❡ ♣r♦❝❡ss (m1,N(t),m2,N(t)) ✇❤❡♥ t❤❡ ❛❜♦✈❡
❝♦♥❞✐t✐♦♥s ❤♦❧❞✱ ❤❡♥❝❡ ✐♥ ♣r❡s❡♥❝❡ ♦❢ ❛ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥✳ ❚❤❡ ❝r✐t✐❝❛❧ ✢✉❝t✉❛t✐♦♥ ✢♦✇✱
✇❤❡♥ st❛rt✐♥❣ ❢r♦♠ t❤❡ ❧♦❝❛❧ ❡q✉✐❧✐❜r✐✉♠✱ ✐s ❞❡s❝r✐❜❡❞ ❜② t❤❡ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ♣r♦❝❡ss
(xN(t), yN(t))t∈[0,T ] s✉❝❤ t❤❛t

xN(t) = N
1
4m1,N(N

1
2 t), yN(t) = N

1
4m2,N(N

1
2 t).

❲❡ ❝♦♥s✐❞❡r t❤❡ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s

wN(t) =
yN(t)

(1− γ)J21
, vN(t) =

1
√

|Γ|

(

−xN(t) +
(γJ11 − 1)

(1− γ)J21
yN(t)

)

.

❛♥❞ ❞❡✜♥❡
κN(t) = wN(t)

2 + vN(t)
2.

❚❤❡♦r❡♠ ✹✳✸✳✶ ❡st❛❜❧✐s❤❡s t❤❡ ❧✐♠✐t ♣r♦❝❡ss (κ(t))t∈[0,T ] ❛t ✇❤✐❝❤ (κN(t))t∈[0,T ] ❝♦♥✈❡r❣❡s ❛s
N ↑ +∞✳ ■♥ ❜♦t❤ ❝❛s❡s ✭❈✉r✐❡✲❲❡✐ss ♠♦❞❡❧ ✇✐t❤ ❞✐ss✐♣❛t✐♦♥ ❛♥❞ ❜✐✲♣♦♣✉❧❛t❡❞ ❈✉r✐❡✲❲❡✐ss
♠♦❞❡❧✮✱ t❤❡ ❝r✐t✐❝❛❧ ✢✉❝t✉❛t✐♦♥s ❜❡❧♦♥❣ t♦ t❤❡ s❛♠❡ ❝❧❛ss ♦❢ ✉♥✐✈❡rs❛❧✐t②✱ ❣✐✈❡♥ ❜② ❧✐♠✐t✐♥❣
❞②♥❛♠✐❝s ✐♥ t❤❡ ❢♦r♠

dκ(t) = (C1 − C2κ
2(t))dt+

√

C3κ(t)dB(t),
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✇✐t❤ C1, C2, C3 > 0✳ ❚❤✐s s✉❣❣❡sts t❤❛t t❤❡ ❜❡❤❛✈✐♦r ♦❢ ❝r✐t✐❝❛❧ ✢✉❝t✉❛t✐♦♥s ✐s str♦♥❣❧②
r❡❧❛t❡❞ ✇✐t❤ t❤❡ ♣r❡s❡♥❝❡ ♦❢ t❤❡ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥ ✐♥ t❤❡ ♠❛❝r♦s❝♦♣✐❝ ❞②♥❛♠✐❝s✱ ✇❤✐❧❡ t❤❡
♠✐❝r♦s❝♦♣✐❝ ❞②♥❛♠✐❝❛❧ ❞❡t❛✐❧s ♦❢ t❤❡ ♠♦❞❡❧ ❛r❡ ❧❡ss ✐♠♣♦rt❛♥t✳ ❚❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✸✳✶
♣r❡s❡♥ts t❤❡ s❛♠❡ t❡❝❤♥✐❝❛❧ st❡♣s ♦❢ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✶✳✷✱ s♦ ✇❡ ✇✐❧❧ ♦♥❧② s❦❡t❝❤ t❤❡
❝♦♠♣✉t❛t✐♦♥s s✉✣❝✐❡♥t t♦ ✐❞❡♥t✐❢② t❤❡ ❝♦rr❡❝t ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s ❛♥❞ t❤❡ ❧✐♠✐t✐♥❣ ❡q✉❛t✐♦♥✳
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❈♦♥t❡♥ts

■♥tr♦❞✉❝t✐♦♥ ✐①

■ ❊♠❡r❣❡♥❝❡ ♦❢ s❡❧❢✲s✉st❛✐♥❡❞ r❤②t❤♠✐❝ ❜❡❤❛✈✐♦r ✶

✶ ▼❡❛♥ ✜❡❧❞ ♠♦❞❡❧s ✇✐t❤ ❞✐ss✐♣❛t✐♦♥ ✶

✶✳✶ ❲❤② ❞✐ss✐♣❛t✐♦♥❄ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶
✶✳✷ ❆ s♣✐♥ s②st❡♠ ✇✐t❤ ❞✐ss✐♣❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷

✶✳✷✳✶ ❆ ❈✉r✐❡✲❲❡✐ss ♠♦❞❡❧ ✇✐t❤ ❞✐ss✐♣❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷
✶✳✷✳✷ ■♥✜♥✐t❡ ✈♦❧✉♠❡ ❞②♥❛♠✐❝s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹
✶✳✷✳✸ ▲♦♥❣ t✐♠❡ ❜❡❤❛✈✐♦r ❛♥❞ s❡❧❢✲s✉st❛✐♥❡❞ r❤②t❤♠ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽

✶✳✸ ❆ ❞✐✛✉s✐✈❡ ♠♦❞❡❧ ✇✐t❤ ❞✐ss✐♣❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾
✶✳✸✳✶ ❚❤❡ ❣❡♥❡r❛❧✐③❡❞ ❈✉r✐❡✲❲❡✐ss ♠♦❞❡❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾
✶✳✸✳✷ ❆ ❣❡♥❡r❛❧✐③❡❞ ❈✉r✐❡✲❲❡✐ss ♠♦❞❡❧ ✇✐t❤ ❞✐ss✐♣❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷
✶✳✸✳✸ ■♥✜♥✐t❡ ✈♦❧✉♠❡ ❞②♥❛♠✐❝s ❞②♥❛♠✐❝s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹
✶✳✸✳✹ ❚❤❡ ●❛✉ss✐❛♥ ❝❛s❡ ✇✐t❤♦✉t ❞✐ss✐♣❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾
✶✳✸✳✺ ❚❤❡ ●❛✉ss✐❛♥ ❝❛s❡ ✇✐t❤ ❞✐ss✐♣❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✸
✶✳✸✳✻ ❈♦❡①✐st❡♥❝❡ ♦❢ st❛❜❧❡ ❧✐♠✐t ❝②❝❧❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✻

✷ ❆ t✇♦✲♣♦♣✉❧❛t❡❞ ♠❡❛♥ ✜❡❧❞ ♠♦❞❡❧ ✸✸

✷✳✶ ❚❤❡ ♠♦❞❡❧ ❛♥❞ ✐ts ♠❛❝r♦s❝♦♣✐❝ ❞②♥❛♠✐❝s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✸
✷✳✷ ❚❤❡ ♠♦❞❡❧ ✇✐t❤ ❞❡❧❛② ❛♥❞ ✐ts ♠❛❝r♦s❝♦♣✐❝ ❞②♥❛♠✐❝s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✻
✷✳✸ ❊♠❡r❣❡♥❝❡ ♦❢ ♣❡r✐♦❞✐❝ ❜❡❤❛✈✐♦r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✽

✷✳✸✳✶ ❚❤❡ ❝❛s❡ ✇✐t❤♦✉t ❞❡❧❛② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✽
✷✳✸✳✷ ❚❤❡ ❝❛s❡ ✇✐t❤ ❞❡❧❛② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✾
✷✳✸✳✸ ❙♦♠❡ ❝♦♠♠❡♥ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✵

✸ ❆♥ ■s✐♥❣ ♠♦❞❡❧ ✇✐t❤ ❞✐ss✐♣❛t✐♦♥ ✹✸

✸✳✶ ❚❤❡ ♠♦❞❡❧ ❛♥❞ ❛ ❞❡s❝r✐♣t✐♦♥ ♦❢ r❡s✉❧ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✸
✸✳✶✳✶ ●r❛♣❤✐❝❛❧ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ♣r♦❝❡ss ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✺

✸✳✷ ❋✐rst s♣✐♥ ✢✐♣ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✻
✸✳✷✳✶ ❚❤❡ ✐♥❤♦♠♦❣❡♥❡♦✉s ❝❛s❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✶

✸✳✸ ❈♦✈❡r✐♥❣ t✐♠❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✺
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✸✳✹ ❈♦♥✈❡r❣❡♥❝❡ t♦ ❛♥ ♦s❝✐❧❧❛t✐♥❣ ♣r♦❝❡ss ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✼

■■ ❚❤❡ ❞②♥❛♠✐❝s ♦❢ ❝r✐t✐❝❛❧ ✢✉❝t✉❛t✐♦♥s ✐♥ ❛s②♠♠❡tr✐❝ ❈✉r✐❡✲
❲❡✐ss ♠♦❞❡❧s ✼✺

✹ ❈r✐t✐❝❛❧ ✢✉❝t✉❛t✐♦♥s ❛t ❛ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥ ✼✼

✹✳✶ ❋❧✉❝t✉❛t✐♦♥s ❢♦r t❤❡ ❈❲ ♠♦❞❡❧ ✇✐t❤ ❞✐ss✐♣❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✼
✹✳✶✳✶ ❉②♥❛♠✐❝s ♦❢ ♥♦r♠❛❧ ✢✉❝t✉❛t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✽
✹✳✶✳✷ ❉②♥❛♠✐❝s ♦❢ ❝r✐t✐❝❛❧ ✢✉❝t✉❛t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✵

✹✳✷ Pr♦♦❢ ♦❢ t❤❡ ♠❛✐♥ t❤❡♦r❡♠ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✶
✹✳✷✳✶ Pr❡❧✐♠✐♥❛r② ❝♦♠♣✉t❛t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✶
✹✳✷✳✷ ❚✐❣❤t♥❡ss ♦❢ t❤❡ s❡q✉❡♥❝❡ ♦❢ st♦♣♣❡❞ ♣r♦❝❡ss❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✾
✹✳✷✳✸ ❆✈❡r❛❣✐♥❣ ♣r✐♥❝✐♣❧❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✸
✹✳✷✳✹ ❆♥❛❧②s✐s ♦❢ t❤❡ ❢❛st ❝♦♠♣♦♥❡♥t ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✼
✹✳✷✳✺ ❈❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ ❧✐♠✐t ♦❢ t❤❡ s❡q✉❡♥❝❡ ♦❢ st♦♣♣❡❞ ♣r♦❝❡ss❡s ✳ ✶✵✶
✹✳✷✳✻ ❋r♦♠ ❧♦❝❛❧✐③❛t✐♦♥ t♦ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✶✳✷ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✺

✹✳✸ ❈r✐t✐❝❛❧ ❞②♥❛♠✐❝s ❢♦r t❤❡ ❜✐✲♣♦♣✉❧❛t❡❞ ❈❲ ♠♦❞❡❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✼
✹✳✸✳✶ ❙❦❡t❝❤ ♦❢ ♣r♦♦❢ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✾

❈♦♥❝❧✉s✐♦♥s ❛♥❞ ❢✉t✉r❡ ♣❡rs♣❡❝t✐✈❡s ✶✶✸



P❛rt ■

❊♠❡r❣❡♥❝❡ ♦❢ s❡❧❢✲s✉st❛✐♥❡❞ r❤②t❤♠✐❝

❜❡❤❛✈✐♦r

✶





❈❤❛♣t❡r ✶

▼❡❛♥ ✜❡❧❞ ♠♦❞❡❧s ✇✐t❤ ❞✐ss✐♣❛t✐♦♥

■♥ t❤✐s ❝❤❛♣t❡r ✇❡ st✉❞② t❤❡ r♦❧❡ ♦❢ ❞✐ss✐♣❛t✐♦♥ ✐♥ ❡♥❤❛♥❝✐♥❣ s❡❧❢✲s✉st❛✐♥❡❞ ♣❡r✐♦❞✐❝ ❜❡❤❛✈✐♦r
✐♥ ❝♦♦♣❡r❛t✐✈❡ ♠❡❛♥ ✜❡❧❞ s②st❡♠s✳ ❲❡ ✜rst ♣r❡s❡♥t ❛ s♣✐♥ ✢✐♣ ♠♦❞❡❧ st✉❞✐❡❞ ✐♥ ❬✶✾❪ ✇❤✐❝❤
❝♦♥st✐t✉t❡s ❛ ♠✐♥✐♠❛❧ ❡①❛♠♣❧❡ ♦❢ t❤❡ ♣❤❡♥♦♠❡♥♦♥✳ ❚❤❡ ♠❛✐♥ ❢♦❝✉s ♦❢ t❤❡ ❝❤❛♣t❡r ✇✐❧❧
❜❡ ♦♥ ❛ ❞✐✛✉s✐✈❡ ❝♦♦♣❡r❛t✐✈❡ ♠♦❞❡❧ ✇✐t❤ ❞✐ss✐♣❛t✐♦♥✱ ♦❜t❛✐♥❡❞ ❛s ❛ ♠♦❞✐✜❝❛t✐♦♥ ♦❢ t❤❡
▲❛♥❣❡✈✐♥ ❞②♥❛♠✐❝s ❢♦r t❤❡ ❣❡♥❡r❛❧✐③❡❞ ❈✉r✐❡✲❲❡✐ss ♠♦❞❡❧✳ ❲❡ s❤♦✇ t❤❛t t❤❡ ♠❛❝r♦s❝♦♣✐❝
❜❡❤❛✈✐♦r ❢♦r t❤✐s s②st❡♠ ✐s r✐❝❤❡r t❤❛♥ t❤❡ ♦♥❡ ♦❢ s✐♠✐❧❛r ♠♦❞❡❧s ❛❧r❡❛❞② st✉❞✐❡❞ ✭❬✶✹✱ ✶✾❪✮✳

✶✳✶ ❲❤② ❞✐ss✐♣❛t✐♦♥❄

❆ st❛♥❞❛r❞ ❛♣♣r♦❛❝❤ ✐♥ ❞❡✜♥✐♥❣ ❛♥ ✐♥t❡r❛❝t✐♥❣ ♣❛rt✐❝❧❡ s②st❡♠ ❝♦♥s✐sts ✐♥ ❝♦✉♣❧✐♥❣ t❤❡
♣❛rt✐❝❧❡s ❜② ❛♥ ✐♥t❡r❛❝t✐♦♥ ♣♦t❡♥t✐❛❧ ✭♦r ❡♥❡r❣②✮ ✇❤✐❝❤ ✐s ❛ ❞❡t❡r♠✐♥✐st✐❝ ❢✉♥❝t✐♦♥ ♦❢ t❤❡
♣❛rt✐❝❧❡ ♣♦s✐t✐♦♥s✳ ❆ ♣r♦t♦t②♣✐❝❛❧ ❡①❛♠♣❧❡ ♦❢ st♦❝❤❛st✐❝ ❞②♥❛♠✐❝s ❢♦r ❛ N ✲♣❛rt✐❝❧❡ s②st❡♠
X = (X1, . . . , XN) ∈ R

N ✐s ❣✐✈❡♥ ❜② t❤❡ ❙❉❊

dXi(t) = −∇H(X(t))dt+ σdBi(t), i = 1, . . . , N

✇✐t❤ t❤❡ ✐♥t❡r❛❝t✐♦♥ ♣♦t❡♥t✐❛❧ ❜❡✐♥❣ ❛ ❢✉♥❝t✐♦♥ H : RN → R✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ r♦❧❡ ♦❢ t❤❡
❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ❞②♥❛♠✐❝s ✐s ❝❧❡❛r✿ t❤❡ ❞r✐❢t t❡♥❞s t♦ ❢r❡❡③❡ t❤❡ s②st❡♠ ✐♥ t❤❡ st❛t❡s ♦❢
♠✐♥✐♠❛❧ ❡♥❡r❣② ✇❤✐❧❡ t❤❡ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ✐s ❛ s♦✉r❝❡ ♦❢ ❞✐s♦r❞❡r✳
❊✈❡♥ ✐❢ t❤✐s ❣❡♥❡r❛❧ ❛♣♣r♦❛❝❤ ✐s s✉✣❝✐❡♥t t♦ ❞❡s❝r✐❜❡ ❛ ❤✉❣❡ ✈❛r✐❡t② ♦❢ s②st❡♠s✱ ✐♥ r❡❝❡♥t
②❡❛rs t❤❡r❡ ❤❛s ❜❡❡♥ ❛ ❣r♦✇✐♥❣ ✐♥t❡r❡st✱ ♠♦t✐✈❛t❡❞ ❜② ❛♣♣❧✐❝❛t✐♦♥s ✐♥ ❜✐♦❧♦❣② ❛♥❞ s♦❝✐♦❡❝♦✲
♥♦♠✐❝s✱ ✐♥ ♠♦❞❡❧s ✇❤❡r❡ t❤❡ ✐♥t❡r❛❝t✐♦♥ ❡♥❡r❣② ✐s s✉❜❥❡❝t t♦ ✐ts ♦✇♥ ✭♣♦ss✐❜❧② st♦❝❤❛st✐❝✮
❞②♥❛♠✐❝s✳ ❆ ♣r♦❝❡❞✉r❡ t♦ ❞❡✜♥❡ ♠♦❞❡❧s ♦❢ t❤✐s t②♣❡ ✐♥ ❛ ❣❡♥❡r❛❧ ❢r❛♠❡✇♦r❦ ✐s ❞❡s❝r✐❜❡❞ ✐♥
❬✶✹❪✳ ❆♥ ✐♥t❡r❡st✐♥❣ ❡①❛♠♣❧❡ ✐♥ t❤✐s ❝♦♥t❡①t✱ ❝♦♠✐♥❣ ❢r♦♠ ❜✐♦❧♦❣②✱ ✐s ❣✐✈❡♥ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣
✭s❡❡ ❬✺✶❪✮✿ ❧❡t X(t) = (X1(t), . . . , XN(t)) ∈ R

N ❞❡s❝r✐❜❡ t❤❡ ♣♦s✐t✐♦♥s ♦❢ ❛ ❢❛♠✐❧② ♦❢ ❝❡❧❧s
❛t t✐♠❡ t ✇❤✐❧❡ h(x, t) r❡♣r❡s❡♥ts t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ ❛ ❣✐✈❡♥ ❝❤❡♠✐❝❛❧ ✐♥ ♣♦✐♥t x ❛t t✐♠❡
t✳ ❚❤❡ ❝❡❧❧s t❡♥❞ t♦ ♠♦✈❡ t♦✇❛r❞s ❛r❡❛ ♦❢ ❤✐❣❤❡r ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ t❤❡ ❝❤❡♠✐❝❛❧ ✇❤✐❧❡ ❛❧s♦
r❡❧❡❛s✐♥❣ ❝❤❡♠✐❝❛❧s t❤❡♠s❡❧✈❡s✱ ♠♦❞✐❢②✐♥❣ t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ h✳ ▼♦r❡♦✈❡r✱ t❤✐s ❝❤❡♠✐❝❛❧ ✐s
s✉❜❥❡❝t t♦ ❞✐ss✐♣❛t✐♦♥ ❛♥❞ ❞✐✛✉s✐♦♥ ✐♥ t❤❡ ♠❡❞✐✉♠✳ ❆ s②st❡♠ ♦❢ t❤✐s t②♣❡ ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞

✶
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❜② t❤❡ ❡q✉❛t✐♦♥s

{

dXi(t) = ∂xh(Xi(t), t)dt+ σdBi(t), i = 1, . . . , N,

∂th(x, t) = −α∂xh(x, t) +D∂2
xxh(x, t) + β

∑N
j=1 g(Xj(t), x)

✭✶✳✶✳✶✮

✇✐t❤ α, β, σ,D > 0✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ ✐♥t❡r❛❝t✐♦♥ ❡♥❡r❣② ✐s r❡♣r❡s❡♥t❡❞ ❜② h(t, x)✱ ✇❤♦s❡
❡✈♦❧✉t✐♦♥ ❞❡♣❡♥❞s ♦♥ t❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ❝❡❧❧s ✭β > 0✮ ❜✉t ❛❧s♦ ♦♥ ❞✐ss✐♣❛t✐♦♥ ✭α > 0✮ ❛♥❞
❞✐✛✉s✐♦♥ ✭D > 0✮✳ ❇❡②♦♥❞ ❜✐♦❧♦❣②✱ ♦t❤❡r ❡①❛♠♣❧❡s ✇❤❡r❡ ❞✐ss✐♣❛t✐♦♥ ❤❛s t♦ ❜❡ ❛❝❝♦✉♥t❡❞
❝♦♠❡ ❢r♦♠ ✜♥❛♥❝❡ ✭❡✳❣✳ ❬✸✹❪✮✳
▲♦♥❣✲t✐♠❡ ❜❡❤❛✈✐♦rs ♦❢ t❤❡ ♠❛❝r♦s❝♦♣✐❝ ❞②♥❛♠✐❝s ♦❢ s②st❡♠s s✉❝❤ ❛s ✭✶✳✶✳✶✮ ♣r❡s❡♥t ❛ r✐❝❤
s❝❤❡♠❡✱ ✐♥❝❧✉❞✐♥❣ ♣❛tt❡r♥s ❧✐❦❡ s♣✐❦❡s ❢♦r♠❛t✐♦♥ ❛♥❞ ♣✉❧s❛t✐♦♥s ✭❬✹✻❪✮✱ ❜✉t t❤❡② ❛r❡ ♠❛✐♥❧②
st✉❞✐❡❞ ♦♥ t❤❡ ❜❛s✐s ♦❢ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s s✐♥❝❡ r✐❣♦r♦✉s r❡s✉❧ts ❛r❡ ♦❢t❡♥ t♦♦ ❤❛r❞ t♦ ❜❡
♦❜t❛✐♥❡❞ ❞✉❡ t♦ t❤❡ ✐♥✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ ♥❛t✉r❡ ♦❢ t❤❡ ♣r♦❜❧❡♠✳ ❚❤❡r❡❢♦r❡✱ ✐t ✐s ✐♥t❡r❡st✐♥❣
t♦ r❡❧❛① t❤❡ ♠♦❞❡❧❧✐♥❣ ♣✉r♣♦s❡s ❛♥❞ t♦ ❝♦♥s✐❞❡r t❤❡ ♠✐♥✐♠❛❧ ✐♥❣r❡❞✐❡♥ts ❝❛♣❛❜❧❡ t♦ ♣r♦❞✉❝❡
t❤❡s❡ ♣❡❝✉❧✐❛r ♣❛tt❡r♥s✳ ❚❤❡ ❛✐♠ ♦❢ t❤✐s ❝❤❛♣t❡r ✐s t♦ ❢♦❝✉s ♦♥❧② ♦♥ t❤❡ ❡✛❡❝t ♦❢ ❞✐ss✐♣❛t✐♦♥
❜② ✐♥tr♦❞✉❝✐♥❣ ✐t ✐♥ t♦② ♠♦❞❡❧s ✇✐t❤ ❝♦♦♣❡r❛t✐✈❡ ✐♥t❡r❛❝t✐♦♥✳ ❚❤❡ ♠✐♥✐♠❛❧✐t② ♦❢ t❤❡ ♠♦❞❡❧s
❛❧❧♦✇s t♦ ❞❡s❝r✐❜❡ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ♠❛❝r♦s❝♦♣✐❝ ❞②♥❛♠✐❝s t❤♦✉❣❤ ❛ ✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧
❖❉❊✱ t❤❡r❡❢♦r❡ t♦ ♦❜t❛✐♥ r✐❣♦r♦✉s r❡s✉❧ts ♦♥ t❤❡ ❧♦♥❣✲t✐♠❡ ❡✈♦❧✉t✐♦♥✳

✶✳✷ ❆ s♣✐♥ s②st❡♠ ✇✐t❤ ❞✐ss✐♣❛t✐♦♥

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ♣r❡s❡♥t ❛ ❈✉r✐❡✲❲❡✐ss ♠♦❞❡❧ ✇✐t❤ ❞✐ss✐♣❛t✐♦♥✱ ✐♥tr♦❞✉❝❡❞ ✐♥ ❬✶✾❪✳ ❚❤❛♥❦s
t♦ ✐ts ♠✐♥✐♠❛❧✐t②✱ ✐t ✐s ✉s❡❢✉❧ t♦ ✉♥❞❡rst❛♥❞ t❤❡ ❡✛❡❝t ♦❢ ❞✐ss✐♣❛t✐♦♥ ✐♥ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡
♠❛❝r♦s❝♦♣✐❝ ❧❛✇ ♦❢ t❤❡ s②st❡♠✳

✶✳✷✳✶ ❆ ❈✉r✐❡✲❲❡✐ss ♠♦❞❡❧ ✇✐t❤ ❞✐ss✐♣❛t✐♦♥

▲❡t S = {−1,+1} ❛♥❞ ✜① T > 0✳ ●✐✈❡♥ ❛ ❢❛♠✐❧② ♦❢ N s♣✐♥s σ = (σ1, . . . , σN) ∈ SN ✱ ❞❡♥♦t❡
✇✐t❤ σi t❤❡ ❝♦♥✜❣✉r❛t✐♦♥ ♦❜t❛✐♥❡❞ ❜② ✢✐♣♣✐♥❣ t❤❡ st❛t❡ ♦❢ t❤❡ i✲t❤ s♣✐♥✱ ✐✳❡✳

σi
k =

{

−σk, i = k,

σk, i 6= k.
✭✶✳✷✳✶✮

❉❡✜♥❡ t❤❡ ▼❛r❦♦✈ ♣r♦❝❡ss (σ(t), λN(t))t∈[0,T ] ✇✐t❤ ✈❛❧✉❡s ✐♥ SN × R ✇❤♦s❡ ✐♥✜♥✐t❡s✐♠❛❧
❣❡♥❡r❛t♦r ✐♥ ❣✐✈❡♥ ❜②

LNf(σ, λ) =
N
∑

i=1

[

(

1− tanh(σiλ)
)

(

f

(

σi, λ− 2βσi

N

)

− f(σ, λ)

)]

− αλfλ(σ, λ), ✭✶✳✷✳✷✮

✇✐t❤ α ≥ 0✱ β > 0 ❛♥❞ fλ ❞❡♥♦t✐♥❣ t❤❡ ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡ ♦❢ f ✇✐t❤ r❡s♣❡❝t t♦ λ✳
▲❡t ✉s t❛❦❡ ❛ ❝❧♦s❡r ❧♦♦❦ t♦ t♦ t❤❡ ❞②♥❛♠✐❝s ❞❡s❝r✐❜❡❞ ❜② ✭✶✳✷✳✷✮✿ ❛t ❛♥② t✐♠❡ t ∈ [0, T ]✱
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❡❛❝❤ ✢✐♣ σi(t) → −σi(t) ♦❝❝✉rs ✇✐t❤ r❛t❡ 1− tanh(σi(t)λN(t))✱ ✇❤❡r❡ (λN(t))t∈[0,T ] ❡✈♦❧✈❡s
❛❝❝♦r❞✐♥❣ t♦ t❤❡ st♦❝❤❛st✐❝ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥

dλN(t) = −αλN(t)dt+ βdmN(t). ✭✶✳✷✳✸✮

❚❤❡ ♣r♦❝❡ss (mN(t))t∈[0,T ] ❛♣♣❡❛r✐♥❣ ✐♥ ✭✶✳✷✳✸✮ r❡♣r❡s❡♥ts t❤❡ ♠❛❣♥❡t✐③❛t✐♦♥ ♦❢ t❤❡ N ✲s♣✐♥
s②st❡♠✿ ❢♦r ❛♥② t ∈ [0, T ]✱

mN(t) =
1

N

N
∑

j=1

σj(t). ✭✶✳✷✳✹✮

❚♦ ❤❛✈❡ ❛ ❜❡tt❡r ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ t❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ s②st❡♠✱ s❡t α = 0✿ ✐♥ t❤✐s ❝❛s❡✱
t❤❡ s♦❧✉t✐♦♥ ♦❢ ✭✶✳✷✳✸✮ r❡❞✉❝❡s t♦ λN(t) = h + βmN(t) ✇✐t❤ h = λN(0) − βmN(0) ❛♥❞
(σ(t))t∈[0,T ] ❜❡❝♦♠❡s ❛ ▼❛r❦♦✈ ♣r♦❝❡ss ✇✐t❤ ✐♥✜♥✐t❡s✐♠❛❧ ❣❡♥❡r❛t♦r

LNf(σ) =
N
∑

i=1

[(

1− tanh(σi(h+ βmN(t))
)

(

f
(

σi
)

− f(σ)
)

]

. ✭✶✳✷✳✺✮

❚❤✐s ✐s ❛ ♠♦❞✐✜❝❛t✐♦♥ ♦❢ t❤❡ ●❧❛✉❜❡r ❞②♥❛♠✐❝s ❢♦r t❤❡ ❝❧❛ss✐❝❛❧ ❈✉r✐❡✲❲❡✐ss ♠♦❞❡❧ ✇✐t❤
❡①t❡r♥❛❧ ✜❡❧❞ h ❛t ✐♥✈❡rs❡ t❡♠♣❡r❛t✉r❡ β✳ ❘♦✉❣❤❧② s♣❡❛❦✐♥❣✱ ✭✶✳✷✳✺✮ ❞❡s❝r✐❜❡s ❛ s②st❡♠ ♦❢
♠❡❛♥ ✜❡❧❞ ❢❡rr♦♠❛❣♥❡t✐❝❛❧❧② ❝♦✉♣❧❡❞ s♣✐♥s ✇❤♦s❡ ✐♥t❡r❛❝t✐♦♥ ❞❡♣❡♥❞s ♦♥❧② ♦♥ t❤❡ st❛t❡ ♦❢
t❤❡ ♠❛❣♥❡t✐③❛t✐♦♥✳ ❚❛❦✐♥❣ α > 0✱ t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ t❡r♠ ❞r✐✈✐♥❣ t❤❡ ✐♥t❡r❛❝t✐♦♥ ❞♦❡s
♥♦t ❧♦♥❣❡r ❝♦✐♥❝✐❞❡ ✇✐t❤ t❤❡ ❥✉♠♣s ♦❢ t❤❡ ♠❛❣♥❡t✐③❛t✐♦♥ ♣r♦❝❡ss✱ ❜✉t ❛ ❞✐ss✐♣❛t✐✈❡ ❡✛❡❝t ✐s
♣r❡s❡♥t✳ ■♥❞❡❡❞✱ ❜❡t✇❡❡♥ t✇♦ ❝♦♥s❡❝✉t✐✈❡ ❥✉♠♣s✱ t❤❡ ✈❛❧✉❡ ♦❢ λN ✐s ❡①♣♦♥❡♥t✐❛❧❧② ❛ttr❛❝t❡❞
t♦✇❛r❞ ✵✳ ◆♦t✐❝❡ t❤❛t ✐❢ λN = 0 t❤❡r❡ ✐s ♥♦ ❝♦rr❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ♣❛rt✐❝❧❡s✿ ❤❡♥❝❡✱ t❤❡
♣r❡s❡♥❝❡ ♦❢ t❤✐s ❢r✐❝t✐♦♥ t❡r♠ ❞✉♠♣s t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ ✐♥t❡r❛❝t✐♦♥ ✇❤❡♥ ♥♦ s♣✐♥ ✢✐♣ ♦❝❝✉rs
❢♦r ❛ ❧♦♥❣ t✐♠❡✱ ✐♥ ♦t❤❡r ✇♦r❞s ✐t ❛❝ts ❛s ❛ ❞✐ss✐♣❛t✐♦♥ ✐♥ t❤❡ ✐♥t❡r❛❝t✐♦♥ ❡♥❡r❣②✳ ❲✐t❤ t❤❡s❡
❝♦♥s✐❞❡r❛t✐♦♥✱ ✇❡ s❤❛❧❧ r❡❢❡r t♦ t❤❡ s②st❡♠ ❞❡s❝r✐❜❡❞ ❜② ✭✶✳✷✳✷✮ ❛s ❛ ❈✉r✐❡✲❲❡✐ss ♠♦❞❡❧
✇✐t❤ ❞✐ss✐♣❛t✐♦♥✳

❘❡♠❛r❦ ✶✳✷✳✶✳ ❆ ♠♦❞❡❧ s✐♠✐❧❛r t♦ ✭✶✳✷✳✷✮ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❜② ♣❡rt✉r❜✐♥❣ t❤❡ st❛♥❞❛r❞
●❧❛✉❜❡r ❞②♥❛♠✐❝s ✇✐t❤ ❛ ❞✐ss✐♣❛t✐♦♥ ✐♥ t❤❡ ✐♥t❡r❛❝t✐♦♥ ❡♥❡r❣②✳ ❚❤❡ ●❧❛✉❜❡r ❞②♥❛♠✐❝s ❢♦r
t❤❡ ❝❧❛ss✐❝❛❧ ❈✉r✐❡✲❲❡✐ss ♠♦❞❡❧✱ ✇❤✐❝❤ ❞❡✜♥❡s ❛ r❡✈❡rs✐❜❧❡ ▼❛r❦♦✈ ♣r♦❝❡ss ✇✐t❤ r❡s♣❡❝t t♦
t❤❡ ●✐❜❜s ♠❡❛s✉r❡

Pβ,N(σ) =
1

ZN,β

exp



− β

2N

(

N
∑

i=1

σi

)2


 ,

✐s ❣✐✈❡♥ ❜② ✢✐♣♣✐♥❣ r❛t❡s ✐♥ t❤❡ ❢♦r♠ exp[−σi(t)βmN(t)]✳ ❋♦❧❧♦✇✐♥❣ t❤✐s ❛♣♣r♦❛❝❤✱ ♦♥❡ ❝❛♥
❝♦♥s✐❞❡r ❛ ▼❛r❦♦✈ ♣r♦❝❡ss ✇✐t❤ ✐♥✜♥✐t❡s✐♠❛❧ ❣❡♥❡r❛t♦r

LNf(σ, λ) =
N
∑

i=1

[

exp[−σiλ]

(

f

(

σi, λ− 2βσi

N

)

− f(σ, λ)

)]

− αλfλ(σ, λ). ✭✶✳✷✳✻✮

❇❡②♦♥❞ ✭✶✳✷✳✷✮ ❛♥❞ ✭✶✳✷✳✻✮✱ ♦t❤❡r ❝❤♦✐❝❡s ❢♦r t❤❡ ❢♦r♠ ♦❢ t❤❡ ✢✐♣♣✐♥❣ r❛t❡s ❛r❡ ♣♦ss✐❜❧❡✱
❛❧❧ ❧❡❛❞✐♥❣ t♦ q✉❛❧✐t❛t✐✈❡❧② s✐♠✐❧❛r r❡s✉❧ts ❢♦r t❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ❧✐♠✐t✐♥❣ ❞②♥❛♠✐❝s✿ t❤❡



✹ ❈❍❆P❚❊❘ ✶✳ ▼❊❆◆ ❋■❊▲❉ ▼❖❉❊▲❙ ❲■❚❍ ❉■❙❙■P❆❚■❖◆

❦❡② ✐♥❣r❡❞✐❡♥t ✐s ❛ ❝♦♦♣❡r❛t✐✈❡ ♠❡❛♥ ✜❡❧❞ ❞②♥❛♠✐❝s ❢♦r σ ♠♦❞✐✜❡❞ ❜② ❛ ❞✐ss✐♣❛t✐♦♥ t❡r♠
❛s ✐♥ ✭✶✳✷✳✸✮✳ ❍❡r❡ ✇❡ ❝❤♦s❡ t♦ ❛♥❛❧②s❡ t❤❡ ♠♦❞❡❧ ❞❡✜♥❡❞ ❜② ✭✶✳✷✳✷✮ t♦ ❦❡❡♣ ✉♥✐❢♦r♠✐t② ♦❢
♥♦t❛t✐♦♥s ✇✐t❤ ❬✶✾❪ ✭✇❤❡r❡ ✐t ❤❛s ❜❡❡♥ ❡♠♣❧♦②❡❞ ❢♦r t❡❝❤♥✐❝❛❧ r❡❛s♦♥s✮ ❛♥❞ ✇✐t❤ t❤❡ st✉❞②
♦❢ ❝r✐t✐❝❛❧ ✢✉❝t✉❛t✐♦♥ ♣r❡s❡♥t❡❞ ✐♥ ❈❤❛♣t❡r ✹✳

❘❡♠❛r❦ ✶✳✷✳✷✳ ❚❤❡ ♠♦❞❡❧ st✉❞✐❡❞ ✐♥ ❬✶✾❪ ✐s ♠♦r❡ ❣❡♥❡r❛❧ t❤❛♥ t❤❡ ♦♥❡ ❞❡✜♥❡❞ ❜② ✭✶✳✷✳✷✮✱
s✐♥❝❡ ✐t ❛❧s♦ ❛❧❧♦✇ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❇r♦✇♥✐❛♥ ♥♦✐s❡ ✐♥ ✭✶✳✷✳✸✮✳ ❍♦✇❡✈❡r✱ ✐♥ t❤❛t ❝❛s❡✱ t❤❡
♠❛❝r♦s❝♦♣✐❝ ❡✈♦❧✉t✐♦♥ ❝❛♥♥♦t ❜❡ ❞❡s❝r✐❜❡❞ ❜② ❛ ✜♥✐t❡ s❡t ♦❢ ❖❉❊s ❛♥❞ t❤✐s ✇♦✉❧❞ ♣r❡✈❡♥t
✉s t♦ st❛t❡ r✐❣♦r♦✉s r❡s✉❧ts ♦♥ t❤❡ ❧♦♥❣✲t✐♠❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ❧✐♠✐t✐♥❣ ❞②♥❛♠✐❝s✳ ❙✐♥❝❡ t❤❡
❛✐♠ ♦❢ t❤✐s s❡❝t✐♦♥ ✐s t♦ ❣✐✈❡ ❛ ♠✐♥✐♠❛❧ ❡①❛♠♣❧❡ ♦❢ t❤❡ ❡✛❡❝t ♦❢ ❞✐ss✐♣❛t✐♦♥ ❛t ♠❛❝r♦s❝♦♣✐❝
❧❡✈❡❧✱ ✇❡ ✇✐❧❧ r❡str✐❝t t♦ t❤❡ st✉❞② ♦❢ t❤❡ s②st❡♠ ❞❡✜♥❡❞ ❜② ✭✶✳✷✳✷✮✳ ◆❡✈❡rt❤❡❧❡ss✱ ❛♥
✐♥t❡r❛❝t✐♦♥ ♣♦t❡♥t✐❛❧ ✇✐t❤ ❜♦t❤ ❞✐ss✐♣❛t✐✈❡ ❛♥❞ ♥♦✐s② ❞②♥❛♠✐❝s ✇✐❧❧ ❜❡ ❝♦♥s✐❞❡r❡❞ ❢♦r t❤❡
♠♦❞❡❧ ❛♥❛❧②s❡❞ ✐♥ ❙❡❝t✐♦♥ ✶✳✸✳

✶✳✷✳✷ ■♥✜♥✐t❡ ✈♦❧✉♠❡ ❞②♥❛♠✐❝s

❲❡ ♥♦✇ st✉❞② t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ♣r♦❝❡ss ❞❡✜♥❡❞ ❜② ✭✶✳✷✳✷✮ ✐♥ t❤❡ ✐♥✜♥✐t❡ ✈♦❧✉♠❡ ❧✐♠✐t✱
✐✳❡✳ ❛s N ↑ +∞✱ ✐♥ ❛ ✜①❡❞ t✐♠❡ ✐♥t❡r✈❛❧ [0, T ]✳

▲❡t (σ(t), λN(t))t∈[0,T ] ❜❡ t❤❡ ▼❛r❦♦✈ ♣r♦❝❡ss ✇✐t❤ ✐♥✜♥✐t❡s✐♠❛❧ ❣❡♥❡r❛t♦r ✭✶✳✷✳✷✮ ❛♥❞ ✐♥✐t✐❛❧
❝♦♥❞✐t✐♦♥ s✉❝❤ t❤❛t

▲❛✇(σ(0), λN(0)) = ν⊗N
0 ⊗ δλ0 ✭✶✳✷✳✼✮

✇❤❡r❡ ν0 ✐s ❛ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ ♦♥ S ❛♥❞ δλ0 ✐s ❛ ❉✐r❛❝ ❞❡❧t❛ ❝❡♥t❡r❡❞ ✐♥ λ0 ∈ R✳ ❚❤❡
tr❛❥❡❝t♦r✐❡s ♦❢ t❤✐s ♣r♦❝❡ss ❜❡❧♦♥❣ t♦ D([0, T ],SN ×R)✱ t❤❡ s❡t ♦❢ ❝❛❞❧❛❣ tr❛❥❡❝t♦r✐❡s ❢r♦♠
[0, T ] t♦ SN × R✳ ▲❡t (σ[0, T ], λN [0, T ]) ❞❡♥♦t❡ ❛ ♣❛t❤ ♦❢ t❤❡ s②st❡♠ ♦♥ t❤❡ t✐♠❡ ✐♥t❡r✈❛❧
[0, T ]✳ ❚❤❡ ❧✐♠✐t✐♥❣ ❞②♥❛♠✐❝s ✐♥ ♠❡❛♥ ✜❡❧❞ ♠♦❞❡❧s ✐s ♦❢t❡♥ st✉❞✐❡❞ ❜② t❤❡ ❡♠♣✐r✐❝❛❧ ♠❡❛s✉r❡
µN ♦❢ t❤❡ s②st❡♠✱ ❞❡✜♥❡❞ ❛s

µN =
1

N

N
∑

j=1

δ{σj [0,T ],λN [0,T ]}. ✭✶✳✷✳✽✮

◆♦t✐❝❡ t❤❛t µN ✐s ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ✇✐t❤ ✈❛❧✉❡s ✐♥M1(D([0, T ],S×R)) ✇❤❡r❡ D([0, T ],S×
R) ✐s ❡♥❞♦✇❡❞ ✇✐t❤ t❤❡ ❙❦♦r♦❤♦❞ t♦♣♦❧♦❣② ✭s❡❡ ❬✻❪✮ ❛♥❞ M1(D([0, T ],S × R))✱ t❤❡ s❡t ♦❢
♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ ♦♥ D([0, T ],S × R)✱ ✐s ❡♥❞♦✇❡❞ ✇✐t❤ t❤❡ ✇❡❛❦ ❝♦♥✈❡r❣❡♥❝❡ t♦♣♦❧♦❣②✳
❲✐t❤ t❤✐s t❤❡♦r❡t✐❝❛❧ s❡t ✉♣✱ ♦♥❡ ❝❛♥ st✉❞② t❤❡ ❧✐♠✐t ❛s N ↑ +∞ ♦❢ t❤❡ ❡♠♣✐r✐❝❛❧ ♠❡❛s✉r❡✱
♣r♦✈✐♥❣ ❛ ▲❛✇ ♦❢ ▲❛r❣❡ ◆✉♠❜❡r ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ t②♣❡✿

µN
w−→

N↑+∞
µ ✭✶✳✷✳✾✮

✇✐t❤ µ ❜❡✐♥❣ ❛ ❞❡t❡r♠✐♥✐st✐❝ ❡❧❡♠❡♥t ♦❢M1(D([0, T ],S×R))✳ ■❢ t❤✐s ▲❛✇ ♦❢ ▲❛r❣❡ ◆✉♠❜❡rs
❤♦❧❞s✱ µ ✐s t❤❡ ❧❛✇ ♦❢ ❛ st♦❝❤❛st✐❝ ♣r♦❝❡ss ✇✐t❤ tr❛❥❡❝t♦r✐❡s ✐♥ D([0, T ],S × R) ✇❤✐❝❤
❞❡s❝r✐❜❡s t❤❡ ✐♥✜♥✐t❡ ✈♦❧✉♠❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ s②st❡♠✳ ■♥ ❢❛❝t✱ t❤❡ ✇❡❛❦ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡
❡♠♣✐r✐❝❛❧ ♠❡❛s✉r❡ ✐s str✐❝t❧② r❡❧❛t❡❞ t♦ ♣r♦♣❛❣❛t✐♦♥ ♦❢ ❝❤❛♦s✱ ❛s s❤♦✇♥ ✐♥ t❤❡ st✉❞✐❡s ♦❢
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❙③♥✐t♠❛♥ ❬✺✸❪ ❛♥❞ ❚❛♥❛❦❛ ❬✺✹❪✳ ❚❤❡ ❝♦♥❝❡♣t ♦❢ ♣r♦♣❛❣❛t✐♦♥ ♦❢ ❝❤❛♦s✱ ✇❤✐❝❤ tr❛❝❡s ❜❛❝❦ t♦
t❤❡ s❡♠✐♥❛❧ ✇♦r❦ ♦❢ ❑❛❝ ❬✸✼❪✱ ✐♥❞✐❝❛t❡s t❤❛t ♠♦❧❡❝✉❧❛r ❝❤❛♦s ✭✐✳❡✳ st♦❝❤❛st✐❝ ✐♥❞❡♣❡♥❞❡♥❝❡✮
✐♥ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ♦❢ ❛♥② ✜①❡❞ ♥✉♠❜❡r k ♦❢ ♣❛rt✐❝❧❡s ✐♥ ❛ N ✲♣❛rt✐❝❧❡ s②st❡♠ ♣❡rs✐sts
✐♥ t✐♠❡ ❛s N ↑ +∞✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ✐❢ ✇❡ ❛ss✐❣♥ ✐♥❞❡♣❡♥❞❡♥t ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ❛♥❞ ✇❡ ✜①
k ♦❢ ✐ts ❝♦♠♣♦♥❡♥ts✱ ✐♥ t❤❡ ✐♥✜♥✐t❡ ✈♦❧✉♠❡ ❧✐♠✐t t❤❡② ✇✐❧❧ t❡♥❞ t♦ ❜❡❤❛✈❡ ❛s k ❝♦♣✐❡s ♦❢ t❤❡
s❛♠❡ ♠❛❝r♦s❝♦♣✐❝ ♣r♦❝❡ss✳ ❚❤✐s ✐♥t✉✐t✐✈❡ ✐❞❡❛ ✐s ❢♦r♠❛❧✐③❡❞ ✐♥ ❉❡✜♥✐t✐♦♥ ✶✳✷✳✷✳

❉❡✜♥✐t✐♦♥ ✶✳✷✳✶✳ ▲❡t E ❜❡ ❛ s❡♣❛r❛❜❧❡ ♠❡tr✐❝ s♣❛❝❡ ❛♥❞✱ ❢♦r ❛❧❧ N ≥ 1✱ ❧❡t νN ❜❡ ❛
s②♠♠❡tr✐❝ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ ♦♥ EN ✳ ❲❡ s❛② t❤❛t t❤❡ s❡q✉❡♥❝❡ {νN}N≥1 ✐s ν✲❝❤❛♦t✐❝ ❢♦r
❛ ♠❡❛s✉r❡ ν ♦♥ E ✐❢✱ ❢♦r ❛♥② k ≥ 1 ❛♥❞ ❛♥② φ1, . . . , φk ∈ Cb(E)✱

lim
N→∞

〈νN , φ1 ⊗ · · · ⊗ φk ⊗ 1⊗ . . . 〉 =
k
∏

i=1

〈ν, φi〉.

❉❡✜♥✐t✐♦♥ ✶✳✷✳✷✳ ❋♦r ❡✈❡r② N ≥ 1✱ ❧❡t PN ❜❡ t❤❡ ❧❛✇ ♦❢ t❤❡ s♦❧✉t✐♦♥ ♦❢ ❛ ♣❛rt✐❝❧❡ s②st❡♠
♦♥ D(R+,R

d)N ✳ ❲❡ s❛② t❤❛t ♣r♦♣❛❣❛t✐♦♥ ♦❢ ❝❤❛♦s ❤♦❧❞s ✐❢✱ ✇❤❡♥❡✈❡r t❤❡ s❡q✉❡♥❝❡ ♦❢ ✐♥✐t✐❛❧
❝♦♥❞✐t✐♦♥s PN

0 ✐s Q0✲❝❤❛♦t✐❝ ❢♦r ❛ ❝❡rt❛✐♥ ♠❡❛s✉r❡ Q0 ♦♥ R
d✱ t❤❡♥ ❢♦r ❛❧❧ T ≥ 0 t❤❡ s❡q✉❡♥❝❡

♦❢ ❧❛✇s PN
T ✐s QT ✲❝❤❛♦t✐❝✱ ✇❤❡r❡ PN

T ✐s t❤❡ ❧❛✇ ♦❢ t❤❡ N ✲♣❛rt✐❝❧❡ s②st❡♠ ♦♥ D([0, T ],Rd)N

❛♥❞ QT ✐s ❛ ❧❛✇ ♦♥ D([0, T ],Rd) ✇✐t❤ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ Q0.

❚❤❡♦r❡♠ ✶✳✷✳✶ ✭❬✺✸❪✮✳ ❆ s❡q✉❡♥❝❡ ♦❢ s②♠♠❡tr✐❝ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ {νN}N≥1 ✐s ν✲❝❤❛♦t✐❝
✐❢ ❛♥❞ ♦♥❧② ✐❢

1

N

N
∑

i=1

δXi

w−→
N↑+∞

δν ,

✇❤❡r❡ {Xi}Ni=1 ✐♥❞✐❝❛t❡s t❤❡ ❝❛♥♦♥✐❝❛❧ ❝♦♦r❞✐♥❛t❡s ♦♥ EN ✳

❋♦r t❤❡ ♣✉r♣♦s❡s ♦❢ t❤✐s s❡❝t✐♦♥✱ ✐t ✐s ❡♥♦✉❣❤ t♦ ♣r♦✈❡ ❛ ✇❡❛❦❡r ✈❡rs✐♦♥ ♦❢ ✭✶✳✷✳✾✮✿ ❧❡t
(µN(t))t∈[0,T ] ❞❡♥♦t❡ t❤❡ ❡♠♣✐r✐❝❛❧ ♠❡❛s✉r❡ ✢♦✇✱ t❤❡ ♠❡❛s✉r❡✲✈❛❧✉❡❞ st♦❝❤❛st✐❝ ♣r♦❝❡ss
✇❤❡r❡✱ ❢♦r ❛♥② t ∈ [0, T ]✱ µN(t) ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ♠❛r❣✐♥❛❧ ❞✐str✐❜✉t✐♦♥ ♦❢ µN ❛t t✐♠❡ t✳
❚❤❡r❡❢♦r❡✱ ✇❡ ❛r❡ ❣♦✐♥❣ t♦ ♣r♦✈❡ ❛ ▲❛✇ ♦❢ ▲❛r❣❡ ◆✉♠❜❡r ✐♥ t❤❡ ❢♦r♠

(µN(t))t∈[0,T ] −→
N↑+∞

(µ(t))t∈[0,T ] ✭✶✳✷✳✶✵✮

✇❤❡r❡ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ✐s ♠❡❛♥t ✐♥ s❡♥s❡ ♦❢ ✇❡❛❦ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ♠❡❛s✉r❡✲✈❛❧✉❡❞ st♦❝❤❛st✐❝
♣r♦❝❡ss ❛♥❞ (µ(t))t∈[0,T ] ✐s ❛ ❞❡t❡r♠✐♥✐st✐❝ ✢♦✇ ♦❢ ♠❡❛s✉r❡s ♦♥ S ×R✱ r❡♣r❡s❡♥t✐♥❣✱ ❢♦r ❛♥②
t ∈ [0, T ]✱ ♦❢ t❤❡ ❧❛✇ ❛t t✐♠❡ t ♦❢ t❤❡ ❧✐♠✐t✐♥❣ s②st❡♠✳
◆♦t✐❝❡ t❤❛t ✐t ✐s ♣♦ss✐❜❧❡ t♦ ✜♥❞ ❛ ❧♦✇✲❞✐♠❡♥s✐♦♥❛❧ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❡♠♣✐r✐❝❛❧ ♠❡❛s✉r❡
✢♦✇✿ ❢♦r ❛♥② t ∈ [0, T ]✱ µN(t) ✐s ❝♦♠♣❧❡t❡❧② ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ✈❛❧✉❡s ♦❢ mN(t) ✭t❤❡
♠❛❣♥❡t✐③❛t✐♦♥ ❛t t✐♠❡ t✱ s❡❡ ✭✶✳✷✳✹✮✮ ❛♥❞ λN(t)✳ ■♥ ❢❛❝t✱ ✐t ✐s ❡❛s② t♦ ❝❤❡❝❦ t❤❛t

µN(t)(+1, dλ) =
1 +mN(t)

2
δλN (t)(dλ), µN(t)(−1, dλ) =

1−mN(t)

2
δλN (t)(dλ).

❚❤❡r❡❢♦r❡✱ t❤❡ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ♣r♦❝❡ss (mN(t), λN(t))t∈[0,T ] ♣r♦✈✐❞❡s ❛ s✉✣❝✐❡♥t st❛t✐s✲
t✐❝s ❢♦r t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ❡♠♣✐r✐❝❛❧ ♠❡❛s✉r❡ ✢♦✇✿ ✐♥ ❢❛❝t✱ ❛s ♣r♦✈❡♥ ✐♥ ▲❡♠♠❛ ✶✳✷✳✷✱
(mN(t), λN(t))t∈[0,T ] ❝♦♥st✐t✉t❡s ❛ s♦✲❝❛❧❧❡❞ ♦r❞❡r ♣❛r❛♠❡t❡r ♦❢ t❤❡ s②st❡♠✳
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❉❡✜♥✐t✐♦♥ ✶✳✷✳✸✳ ●✐✈❡♥ ❛ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥ f : S × R → R✱ ✇❡ ❝❛❧❧ ❛♥ ❡♠♣✐r✐❝❛❧

❛✈❡r❛❣❡ t❤❡ q✉❛♥t✐t②
∫

S×R

fdµN(t) =
1

N

N
∑

j=1

f(σj(t), λ(t)).

❆♥ ♦r❞❡r ♣❛r❛♠❡t❡r ✐s ❛ ✢♦✇ ♦❢ ❡♠♣✐r✐❝❛❧ ❛✈❡r❛❣❡s ✇❤♦s❡ ❞②♥❛♠✐❝s ✐s ▼❛r❦♦✈✐❛♥✳

▲❡♠♠❛ ✶✳✷✳✶✳ ▲❡t (Xt)t≥0 ❜❡ ❛ ▼❛r❦♦✈ ♣r♦❝❡ss ♦♥ ❛ ♠❡tr✐❝ s♣❛❝❡ E ❛❞♠✐tt✐♥❣ ❛♥ ✐♥✲
✜♥✐t❡s✐♠❛❧ ❣❡♥❡r❛t♦r L✳ ▲❡t g : E → F ❜❡ ❛ ❢✉♥❝t✐♦♥✱ ✇✐t❤ F ♠❡tr✐❝ s♣❛❝❡✳ ❆ss✉♠❡ t❤❛t✱
❢♦r ❡✈❡r② f : F → R s✉❝❤ t❤❛t (f ◦ g) ∈ dom(L)✱ L(f ◦ g) ✐s ❛ ❢✉♥❝t✐♦♥ ♦❢ g(x)✱ ✐✳❡✳
L(f ◦ g) = (Kf) ◦ g✳ ❚❤❡♥✱ (g(Xt))t≥0 ✐s ❛ ▼❛r❦♦✈ ♣r♦❝❡ss ✇✐t❤ ✐♥✜♥✐t❡s✐♠❛❧ ❣❡♥❡r❛t♦r K✱
❞❡✜♥❡❞ ❜② L(f ◦ g) = (Kf) ◦ g✳
Pr♦♦❢✳ ■t ✐s ❡♥♦✉❣❤ t♦ ♥♦t✐❝❡ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛❧✐t✐❡s ❤♦❧❞✿

lim
t↓0

E[f(g(Xx
t ))]− f(g(x))

t
= lim

t↓0

E[(f ◦ g)(Xx
t )]− (f ◦ g)(x)
t

= L(f ◦ g)(x) = (Kf)◦ g(x).

▲❡♠♠❛ ✶✳✷✳✷✳ ❚❤❡ st♦❝❤❛st✐❝ ♣r♦❝❡ss (mN(t), λN(t))t∈[0,T ] ✇✐t❤ ✈❛❧✉❡s ✐♥ [−1, 1]×R ✐s ❛♥
♦r❞❡r ♣❛r❛♠❡t❡r ❢♦r t❤❡ ♠♦❞❡❧ ❞❡s❝r✐❜❡❞ ❜② ✭✶✳✷✳✷✮✳

Pr♦♦❢✳ ◆♦t✐❝❡ t❤❛t (mN(t), λN(t)) ✐s ❛♥ ❡♠♣✐r✐❝❛❧ ❛✈❡r❛❣❡ ✐♥ t❤❡ s❡♥s❡ ❞❡✜♥❡❞ ❛❜♦✈❡ s✐♥❝❡

mN(t) =

∫

S×R

σdµN(t), λN(t) =

∫

S×R

λdµN(t).

❙♦ ✇❡ ❛r❡ ❧❡❢t t♦ ♣r♦✈❡ t❤❛t (mN(t), λN(t)) ✐s ❛ ▼❛r❦♦✈ ♣r♦❝❡ss✿ ✐t ✐s ❡♥♦✉❣❤ t♦ ❝♦♠♣✉t❡
✐ts ✐♥✜♥✐t❡s✐♠❛❧ ❣❡♥❡r❛t♦r KN ✳ ❈♦♥s✐❞❡r t❤❡ ❢✉♥❝t✐♦♥ g : SN × R → [−1,+1] × R ❞❡✜♥❡❞
❜②

g(σ, λ) =

(

1

N

N
∑

j=1

σj, λ

)

=: (m,λ).

❚❛❦❡ f : [−1, 1]× R → R s✉❝❤ t❤❛t (f ◦ g) ∈ dom(LN)✱ ❛♥❞ ❝♦♠♣✉t❡ LN(f ◦ g)✿

LN(f ◦ g)(σ, λ) =
N
∑

i=1

[

(

1− tanh(σiλ)
)

(

f

(

m− 2σi

N
, λ− 2βσi

N

)

− f (m,λ)

)]

− αλfλ(m,λ) =

∑

j∈S

[

|AN(j)|
(

1− tanh(jλ)
)

(

f

(

m− 2j

N
, λ− 2βj

N

)

− f (m,λ)

)]

− αλfλ(m,λ)

✇❤❡r❡ AN(j) ✐s t❤❡ s❡t ♦❢ σi✱ i = 1, . . . , N ✱ s✉❝❤ t❤❛t σi = j ✇✐t❤ j ∈ S✳ ❚❤❡♥✱ ✇❡ ❤❛✈❡

|AN(j)| =
N
(

1 + j
∑N

k=1 σk

N

)

2
=

N(1 + jm)

2
. ✭✶✳✷✳✶✶✮
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❚❤❡r❡❢♦r❡✱ t❤❛♥❦s t♦ ▲❡♠♠❛ ✶✳✷✳✶✱ (mN(t), λN(t)) ✐s ❛ ▼❛r❦♦✈ ♣r♦❝❡ss ✇✐t❤ ✐♥✜♥✐t❡s✐♠❛❧
❣❡♥❡r❛t♦r KN ❣✐✈❡♥ ❜②✿

KNf(m,λ) =
∑

j∈S

[

|AN(j)|
(

1− tanh(jλ)
)

(

f

(

m− 2j

N
, λ− 2βj

N

)

− f (m,λ)

)]

− αλfλ(m,λ).

✭✶✳✷✳✶✷✮

❚❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ♦r❞❡r ♣❛r❛♠❡t❡r (mN(t), λN(t))t∈[0,T ] ❝❛♥ ❜❡ ♣r♦✈❡❞ ✉s✐♥❣ ❛♥ ❛♣✲
♣r♦❛❝❤ ❜❛s❡❞ ♦♥ t❤❡ ✉♥✐❢♦r♠ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ✐♥✜♥✐t❡s✐♠❛❧ ❣❡♥❡r❛t♦rs✿ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣
t❡❝❤♥✐❝❛❧ ❧❡♠♠❛ st❛t❡❞ ✐♥ ❬✶✶❪ ✇❤♦s❡ ♣r♦♦❢ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✷✾❪✱ ❈❤❛♣t❡r ✹✱ ❈♦r♦❧❧❛r② ✽✳✼✳

▲❡♠♠❛ ✶✳✷✳✸✳ ▲❡t {Xn(t)}n ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ ▼❛r❦♦✈ ♣r♦❝❡ss❡s ✇✐t❤ ✈❛❧✉❡s ✐♥ Xn ❛♥❞
❞❡♥♦t❡ ❜② Ln t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✐♥✜♥✐t❡s✐♠❛❧ ❣❡♥❡r❛t♦rs✱ ❞❡✜♥❡❞ ♦♥ D(Ln)✳ ▼♦r❡♦✈❡r✱ ❧❡t
L✱ ❞❡✜♥❡❞ ♦♥ D(L)✱ ❜❡ t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ❣❡♥❡r❛t♦r ♦❢ ❛♥♦t❤❡r ▼❛r❦♦✈ ♣r♦❝❡ss X(t) ✇✐t❤
✈❛❧✉❡s ♦♥ X ✱ ❛♥❞ ❧❡t C ❜❡ ❛ ❝♦r❡ ❢♦r L✳ ❆ss✉♠❡ t❤❛t✱ ❢♦r ❡✈❡r② n✱ Xn ⊆ X ❛♥❞ ❡❛❝❤
❢✉♥❝t✐♦♥ ✐♥ C ✐s ❛♥ ❡❧❡♠❡♥t ♦❢ D(Ln)✱ ✇❤❡♥ r❡str✐❝t❡❞ t♦ Xn✳ ■❢ t❤❡ ❝♦♥❞✐t✐♦♥

lim
n→+∞

sup
x∈Xn

|Ln(f(x))− L(f(x))| = 0

❤♦❧❞s ❢♦r ❡✈❡r② f ∈ C ❛♥❞ Xn(0) ❝♦♥✈❡r❣❡s t♦ X(0) ✐♥ ❞✐str✐❜✉t✐♦♥✱ t❤❡♥ t❤❡ s❡q✉❡♥❝❡ ♦❢
♣r♦❝❡ss❡s {Xn(t)}n ❝♦♥✈❡r❣❡s t♦ t❤❡ ♣r♦❝❡ss X(t) ✐♥ ❞✐str✐❜✉t✐♦♥ ❛s n → +∞✳

❚❤❡♦r❡♠ ✶✳✷✳✷✳ ❚❤❡ ♦r❞❡r ♣❛r❛♠❡t❡r (mN(t), λN(t))t∈[0,T ] ❝♦♥✈❡r❣❡s✱ ✐♥ s❡♥s❡ ♦❢ ✇❡❛❦
❝♦♥✈❡r❣❡♥❝❡ ♦❢ st♦❝❤❛st✐❝ ♣r♦❝❡ss❡s✱ t♦ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ s②st❡♠ ♦❢ ♦r❞✐♥❛r② ❞✐✛❡r❡♥t✐❛❧
❡q✉❛t✐♦♥s

{

ṁ(t) = 2 (tanh(λ(t))−m(t)) ,

λ̇(t) = 2β (tanh(λ(t))−m(t))− αλ(t),
✭✶✳✷✳✶✸✮

✇✐t❤ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s m(0) = Eν0 [σ]✱ λ(0) = λ0✱ ✇❤❡r❡ ν0 ❛♥❞ λ0 ❛r❡ ❞❡✜♥❡❞ ❛s ✭✶✳✷✳✼✮✳

Pr♦♦❢✳ ❚❤❡ ❢❛❝t t❤❛t (mN(0), λN(0)) → (m0, λ0) ✐s ✐♠♠❡❞✐❛t❡ ❢r♦♠ t❤❡ ❛ss✉♠♣t✐♦♥ ♦♥ t❤❡
✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s ✭✶✳✷✳✼✮✱ s✐♥❝❡

mN(0) =
1

N

N
∑

i=1

σi(0).

❲❡ ❛r❡ ❧❡❢t t♦ ♣r♦✈❡ t❤❡ ✉♥✐❢♦r♠ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ✐♥✜♥✐t❡s✐♠❛❧ ❣❡♥❡r❛t♦rs✿ ❧❡t KN ❜❡ t❤❡
✐♥✜♥✐t❡s✐♠❛❧ ❣❡♥❡r❛t♦r ♦❢ (mN(t), λN(t)) ✭s❡❡ ✭✶✳✷✳✶✷✮✮ ❛♥❞ ❧❡t f ∈ C2

b ✱ t❤❡♥ ✐t ✐s s✉✣❝✐❡♥t
t♦ ♣❡r❢♦r♠ ❛ ✜rst✲♦r❞❡r ❚❛②❧♦r ❡①♣❛♥s✐♦♥ ❢♦r f ❛r♦✉♥❞ (m,λ) t♦ ❝❤❡❝❦ t❤❛t

KNf(m,λ) = 2 (tanh(λ)−m) fm(m,λ) + (2 (tanh(λ)−m)− αλ)fλ(m,λ) + o(1)
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✇❤❡r❡ o(1) ❞❡♥♦t❡s ❛ q✉❛♥t✐t② ❝♦♥✈❡r❣✐♥❣ ✉♥✐❢♦r♠❧② t♦ 0✳ ❙✐♥❝❡ t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ❣❡♥❡r❛t♦r
K̃N ♦❢ t❤❡ s♦❧✉t✐♦♥ ♦❢ ✭✶✳✷✳✶✸✮ r❡❛❞s

K̃(m,λ) = 2 (tanh(λ)−m) fm(m,λ) + (2 (tanh(λ)−m)− αλ)fλ(m,λ)

t❤❡ ♣r♦♦❢ ✐s ❝♦♥❝❧✉❞❡❞ ❜② ▲❡♠♠❛ ✶✳✷✳✸✳

❇② ❚❤❡♦r❡♠ ✶✳✷✳✷ ❛♥❞ ♣r❡✈✐♦✉s ❝♦♥s✐❞❡r❛t✐♦♥s✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡ ❧✐♠✐t✐♥❣ ❞②♥❛♠✐❝s
❢♦r ♦✉r ♠♦❞❡❧ ✐s r❡♣r❡s❡♥t❡❞ ❜② ❛ st♦❝❤❛st✐❝ ♣r♦❝❡ss (Σ(t), λ(t))t∈[0,T ✇✐t❤ ✈❛❧✉❡s ✐♥ S × R

✇❤♦s❡ t✐♠❡✲♠❛r❣✐♥❛❧ ❞✐str✐❜✉t✐♦♥s ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ♠❡❛s✉r❡ ✢♦✇ (µ(t))t∈[0,T ] s✉❝❤ t❤❛t✱
❢♦r ❛♥② t ∈ [0, T ]✱

µ(t)(+1, dλ) =
1 +m(t)

2
δλ(t)(dλ), µ(t)(−1, dλ) =

1−m(t)

2
δλ(t)(dλ),

✇✐t❤ (m(t), λ(t))t∈[0,T ] ❞❡✜♥❡❞ ❜② ✭✶✳✷✳✶✸✮✳ ❚❤❡ ♣r♦❝❡ss (Σ(t), λ(t)) ✐s ❛ ♥♦♥❧✐♥❡❛r ▼❛r❦♦✈
♣r♦❝❡ss ✭❬✸✽❪✮ ✇❤❡r❡ Σ(t) ✢✐♣s t♦ −Σ(t) ✇✐t❤ r❛t❡ 1 − tanh(Σ(t)λ(t)) ❛♥❞ λ(t) ❡✈♦❧✈❡s
❛❝❝♦r❞✐♥❣ t♦ ✭✶✳✷✳✶✸✮✳ ❚❤❡ ♥♦♥❧✐♥❡❛r✐t② ♦❢ t❤✐s ♣r♦❝❡ss ❧✐❡s ✐♥ t❤❡ ❢❛❝t t❤❛t ✐ts ❞②♥❛♠✐❝s
❞❡♣❡♥❞s ♦♥ t❤❡ ❧❛✇ ♦❢ t❤❡ ♣r♦❝❡ss ✐ts❡❧❢✱ s✐♥❝❡ (m(t))t∈[0,T ] ≡ (E[Σ(t)])t∈[0,T ]✳

✶✳✷✳✸ ▲♦♥❣ t✐♠❡ ❜❡❤❛✈✐♦r ❛♥❞ s❡❧❢✲s✉st❛✐♥❡❞ r❤②t❤♠

❲❡ ♥♦✇ ❛♥❛❧②s❡ t❤❡ ❧♦♥❣ t✐♠❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ♠❛❝r♦s❝♦♣✐❝ s②st❡♠ ❜② st✉❞②✐♥❣ ✐♥ ❞❡t❛✐❧s
✭✶✳✷✳✶✸✮✳

▲❡t ✉s st❛rt ✇✐t❤ t❤❡ ❝❛s❡ ✇✐t❤♦✉t ❞✐ss✐♣❛t✐♦♥ ✭α = 0✮✿ ❛ss✉♠❡ ❢♦r s✐♠♣❧✐❝✐t② t❤❛t λ0 = βm0✱
s♦ t❤❛t (λ(t))t∈[0,T ] ≡ (βm(t))t∈[0,T ]✳ ■♥ t❤✐s ❝❛s❡✱ ✭✶✳✷✳✶✸✮ r❡❞✉❝❡s t♦

ṁ(t) = 2 (tanh(βm(t))−m(t)) . ✭✶✳✷✳✶✹✮

❈❤❡❝❦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢❛❝ts✿

• ✐❢ β ≤ 1✱ 0 ✐s t❤❡ ✉♥✐q✉❡ ❡q✉✐❧✐❜r✐✉♠ s♦❧✉t✐♦♥ ♦❢ ✭✶✳✷✳✶✹✮ ❛♥❞ ✐t ✐s ❣❧♦❜❛❧❧② ❛s②♠♣t♦t✲
✐❝❛❧❧② st❛❜❧❡✿ ❢♦r ❛♥② m(0) ∈ [−1, 1]✱

lim
t→+∞

m(t) = 0.

• ✐❢ β > 1✱ 0 ✐s ❛♥ ✉♥st❛❜❧❡ ❡q✉✐❧✐❜r✐✉♠ ✇❤✐❧❡ +m∗
β ❛♥❞ −m∗β ❛r❡ ❧♦❝❛❧❧② st❛❜❧❡

❡q✉✐❧✐❜r✐❛ ✇✐t❤ m∗
β ❜❡✐♥❣ t❤❡ ✉♥✐q✉❡ ♣♦s✐t✐✈❡ s♦❧✉t✐♦♥ t♦ t❤❡ ❡q✉❛t✐♦♥

m = tanh(βm).

■♥ t❤✐s ❝❛s❡✱ [−1, 1] ✐s ❜✐✲♣❛rt✐t✐♦♥❡❞ ❜② 0 ✐♥ t✇♦ ❞♦♠❛✐♥s ♦❢ ❛ttr❛❝t✐♦♥✿

lim
t→+∞

m(t) =











+m∗
β ✐❢ m(0) > 0,

−m∗
β ✐❢ m(0) < 0,

0 ✐❢ m(0) = 0.
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❚❤❡ ♣✐❝t✉r❡ ❞❡s❝r✐❜❡❞ ❛❜♦✈❡ ✐s ❝♦❤❡r❡♥t ✇✐t❤ t❤❡ ❝❧❛ss✐❝❛❧ r❡s✉❧ts ♦♥ t❤❡ ♠❛❝r♦s❝♦♣✐❝ ❜❡✲
❤❛✈✐♦r t❤❡ ❈✉r✐❡✲❲❡✐ss ♠♦❞❡❧✿ t❤❡ s②st❡♠ ♣r❡s❡♥ts ❛ ♣❤❛s❡ tr❛♥s✐t✐♦♥ ❢♦r β = 1 ❛♥❞✱ ❢♦r
t❡♠♣❡r❛t✉r❡ ❧♦✇ ❡♥♦✉❣❤ ✭β > 1✮✱ ✐t ♣♦❧❛r✐s❡s t♦ ❛♥ ❡q✉✐❧✐❜r✐✉♠ ✭♣♦s✐t✐✈❡ ♦r ♥❡❣❛t✐✈❡ ❞❡✲
♣❡♥❞✐♥❣ ♦♥ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥✮✳ ■t ❝♦♥st✐t✉t❡s ❛ ❢♦r♠ ♦❢ s❡❧❢✲♦r❣❛♥✐③❛t✐♦♥ ❢♦r ✇❤✐❝❤✱ ❛t
♠❛❝r♦s❝♦♣✐❝ ❧❡✈❡❧✱ t❤❡ s②st❡♠ r❡❛❝❤❡s ❛♥ ❡q✉✐❧✐❜r✐✉♠ ❛t ✇❤✐❝❤ t❤❡ ♠❛❥♦r✐t② ♦❢ t❤❡ s♣✐♥s ✐s
❛❧✐❣♥❡❞ ✇✐t❤ ❡❛❝❤ ♦t❤❡r ✭✐♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ s②st❡♠ ♠❛❣♥❡t✐③❡s✮✳

■♥ t❤❡ ❝❛s❡ ✇✐t❤ ❞✐ss✐♣❛t✐♦♥ ✭α > 0✮ t❤✐s s❝❤❡♠❡ ❝❤❛♥❣❡s ❞r❛♠❛t✐❝❛❧❧②✿ t❤❡ s②st❡♠ st✐❧❧
♣r❡s❡♥ts ❛ ♣❤❛s❡ tr❛♥s✐t✐♦♥ ❜✉t✱ ❛t t❡♠♣❡r❛t✉r❡ ❧♦✇ ❡♥♦✉❣❤✱ ✐♥st❡❛❞ ♦❢ r❡❛❝❤✐♥❣ ❛ st❛❜❧❡
♣♦❧❛r✐③❡❞ ❡q✉✐❧✐❜r✐✉♠ ❛s ❛❜♦✈❡✱ ✐t ♣r❡s❡♥ts ❛ ♣❡r✐♦❞✐❝ ❜❡❤❛✈✐♦r✱ ❛s st❛t❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣
t❤❡♦r❡♠ ✭s❡❡ ❬✶✾❪ ❢♦r t❤❡ ♣r♦♦❢✮✳

❚❤❡♦r❡♠ ✶✳✷✳✸✳ ❋✐① α > 0✳ ❋♦r ❛♥② β > 0✱ t❤❡ ♦r✐❣✐♥ ✐s t❤❡ ✉♥✐q✉❡ ✜①❡❞ ♣♦✐♥t ♦❢ ✭✶✳✷✳✶✸✮✳
▼♦r❡♦✈❡r✿

• ❢♦r β ≤ α
2
+ 1 t❤❡ ♦r✐❣✐♥ ✐s ❛ ❣❧♦❜❛❧ ❛ttr❛❝t♦r ❢♦r ✭✶✳✷✳✶✸✮❀

• ❢♦r β = α
2
+ 1✱ ✭✶✳✷✳✶✸✮ ♣r❡s❡♥ts ❛ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥❀

• ❢♦r β > α
2
+ 1✱ t❤❡ s②st❡♠ ✭✶✳✷✳✶✸✮ ❤❛s ❛ ✉♥✐q✉❡ ♣❡r✐♦❞✐❝ ♦r❜✐t✱ ✇❤✐❝❤ ❛ttr❛❝ts ❛❧❧

tr❛❥❡❝t♦r✐❡s ❡①❝❡♣t t❤❡ ✜①❡❞ ♣♦✐♥t✳

❈❧❡❛r❧② t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❞✐ss✐♣❛t✐♦♥ ❤❛s ❛ ❞❡❡♣ ✐♠♣❛❝t ♦♥ t❤❡ ♠❛❝r♦s❝♦♣✐❝ ❜❡❤❛✈✐♦r ♦❢
t❤❡ s②st❡♠✿ s✐♥❝❡ t❤❡ ❡✛❡❝t ♦❢ ❞✐ss✐♣❛t✐♦♥ ✐s t♦ ❞✉♠♣ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ ✐♥t❡r❛❝t✐♦♥ ✇❤❡♥ ♥♦
tr❛♥s✐t✐♦♥ ✐♥ t❤❡ ♠❛❣♥❡t✐③❛t✐♦♥ ♦❝❝✉rs ❢♦r ❛♥ ✐♥t❡r✈❛❧ ♦❢ t✐♠❡✱ t❤❡ s②st❡♠ ❝❛♥ ♥♦ ❧♦♥❣❡r r❡❧❛①
t♦ ❛ ♣♦❧❛r✐③❡❞ ❡q✉✐❧✐❜r✐✉♠✳ ◆❡✈❡rt❤❡❧❡ss✱ ❢♦r t❤❡ t❡♠♣❡r❛t✉r❡ ❧♦✇ ❡♥♦✉❣❤✱ t❤❡ ♣❛rt✐❝❧❡s ❛r❡
st✐❧❧ ❝❛♣❛❜❧❡ t♦ s❡❧❢✲♦r❣❛♥✐③❡ ❜② ♣r♦❞✉❝✐♥❣ ❛ r❡❣✉❧❛r ♠❛❝r♦s❝♦♣✐❝ ♣❛tt❡r♥✿ ❛ st❛❜❧❡ ♣❡r✐♦❞✐❝
♦s❝✐❧❧❛t✐♦♥s ♦❢ t❤❡ ♠❛❝r♦s❝♦♣✐❝ ❧❛✇✳ ❙✐♥❝❡ ♥❡✐t❤❡r t❤❡ ♣❛rt✐❝❧❡s ❤❛✈❡ ❛ ♥❛t✉r❛❧ t❡♥❞❡♥❝②
t♦ ❜❡❤❛✈❡ ♣❡r✐♦❞✐❝❛❧❧② ♥♦r ♣❡r✐♦❞✐❝ ❢♦r❝❡s ❛r❡ ❛♣♣❧✐❡❞ t♦ t❤❡ s②st❡♠✱ ✇❡ ♠❛② r❡❢❡r t♦ t❤✐s
♣❤❡♥♦♠❡♥♦♥ ❛s s❡❧❢✲s✉st❛✐♥❡❞ ♣❡r✐♦❞✐❝ ❜❡❤❛✈✐♦r✱ ♦r ❝♦❧❧❡❝t✐✈❡ ♣❡r✐♦❞✐❝ ❜❡❤❛✈✐♦r✳

✶✳✸ ❆ ❞✐✛✉s✐✈❡ ♠♦❞❡❧ ✇✐t❤ ❞✐ss✐♣❛t✐♦♥

❲❡ ❝♦♥s✐❞❡r ❤❡r❡ ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ♠♦❞❡❧ ✐♥tr♦❞✉❝❡❞ ✐♥ ❙❡❝t✐♦♥ ✶✳✷✱ st❛rt✐♥❣ ❢r♦♠ ❛
r❡✈❡rs✐❜❧❡ ❞✐✛✉s✐♦♥ ❢♦r t❤❡ ❣❡♥❡r❛❧✐③❡❞ ❈✉r✐❡✲❲❡✐ss ♠♦❞❡❧ ❛♥❞ ♠♦❞✐❢②✐♥❣ ✐t ❜② ✐♥tr♦❞✉❝✐♥❣
❞✐ss✐♣❛t✐♦♥✳

✶✳✸✳✶ ❚❤❡ ❣❡♥❡r❛❧✐③❡❞ ❈✉r✐❡✲❲❡✐ss ♠♦❞❡❧

❚❤❡ ❝❧❛ss✐❝❛❧ ❈✉r✐❡✲❲❡✐ss ♠♦❞❡❧✱ ✐♥ t❤❡ ♦r✐❣✐♥❛❧ ❢♦r♠✉❧❛t✐♦♥ ✭s❡❡ ❢♦r ❡①❛♠♣❧❡ ❬✷✺❪✮✱ ✐s ❛
♠♦❞❡❧ ♠❡❛♥t t♦ ❡①♣❧❛✐♥ s♣♦♥t❛♥❡♦✉s ♠❛❣♥❡t✐③❛t✐♦♥ ❢r♦♠ ❛ st❛t✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇✳ ■♥ ❢❛❝t✱
✐t ✐s ❞❡✜♥❡❞ ❛s ❛ s❡q✉❡♥❝❡ ♦❢ ●✐❜❜s ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s PN,β ♦♥ t❤❡ s❡ts ♦❢ N ✲s♣✐♥s
❝♦♥✜❣✉r❛t✐♦♥s SN ❜②

PN,β(σ) =
1

ZN(β)
exp [−βHN(σ)] , ✭✶✳✸✳✶✮
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✇❤❡r❡ ZN(β) ✐s ❛ ♥♦r♠❛❧✐③✐♥❣ ❝♦♥st❛♥t ❛♥❞ HN ✐s t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ❢✉♥❝t✐♦♥

HN(σ) = − 1

2N

(

N
∑

i=1

σi

)2

. ✭✶✳✸✳✷✮

◆♦t✐❝❡ t❤❛t ✇❤❡♥ t❤❡r❡ ✐s ♥♦ ✐♥t❡r❛❝t✐♦♥ ✭β = 0✮✱ ❡❛❝❤ s✐♥❣❧❡ s✐t❡ ✐s ❞✐str✐❜✉t❡❞ ❛s ❛ ❇❡r♥♦✉❧❧✐
✈❛r✐❛❜❧❡ ♦♥ S✳ ❚❤❡ q✉❛♥t✐t② HN(σ) r❡♣r❡s❡♥ts t❤❡ ❡♥❡r❣② ♦❢ ❛ ❣✐✈❡♥ ❝♦♥✜❣✉r❛t✐♦♥ σ ❛♥❞
t❤❡ ♠❡❛s✉r❡ PN,β ❣✐✈❡s ❤✐❣❤❡r ♣r♦❜❛❜✐❧✐t② t♦ t❤❡ ❝♦♥✜❣✉r❛t✐♦♥s ✇✐t❤ ♠✐♥✐♠❛❧ ❡♥❡r❣②✱ ❜✉t
t❤❡ ♠❛❝r♦s❝♦♣✐❝ ❞✐str✐❜✉t✐♦♥ ❞❡♣❡♥❞s ♦♥ t❤❡ ❡♥tr♦♣②✲❡♥❡r❣② ❜❛❧❛♥❝❡✳ ■♥❞❡❡❞✱ ✉♥❞❡r PN,β✱
t❤❡ ▲❛✇ ♦❢ ▲❛r❣❡ ◆✉♠❜❡r ♣r❡s❡♥ts ❛ ♣❤❛s❡ tr❛♥s✐t✐♦♥ ❢♦r β = 1✿

Law

(

1

N

N
∑

i=1

σi

)

w−→
N↑+∞

{

δ0 β ≤ 1,
1
2

(

δ+m(β) + δ−m(β)

)

β > 1

✇❤❡r❡ m(·) ✐s ❛♥ ✐♥❝r❡❛s✐♥❣ ♣♦s✐t✐✈❡ ❢✉♥❝t✐♦♥ m : ]1,+∞[→]0, 1[ ❝❛❧❧❡❞ s♣♦♥t❛♥❡♦✉s ♠❛❣✲
♥❡t✐③❛t✐♦♥✳
❆ ♥❛t✉r❛❧ ❡①t❡♥s✐♦♥ ♦❢ t❤✐s ♠♦❞❡❧ ✭✐♥tr♦❞✉❝❡❞ ✐♥ ❬✷✻❪ ❛♥❞ ❢✉rt❤❡r ❛♥❛❧②s❡❞ ✐♥ ❬✷✹❪✱❬✷✼❪✮ ✐s
♦❜t❛✐♥❡❞ ❜② r❡♣❧❛❝✐♥❣ ❜♦t❤ t❤❡ q✉❛❞r❛t✐❝ ✐♥t❡r❛❝t✐♦♥ ❢✉♥❝t✐♦♥ ✐♥ ✭✶✳✸✳✷✮ ❛♥❞ t❤❡ ❇❡r♥♦✉❧❧✐
s✐♥❣❧❡✲s✐t❡ ❞✐str✐❜✉t✐♦♥ ❜② ♠♦r❡ ❣❡♥❡r❛❧ t❡r♠s✳ ❍♦✇❡✈❡r✱ t♦ ❞❡✜♥❡ ❛ ❣❡♥❡r❛❧✐③❡❞ ❈✉r✐❡✲❲❡✐ss
♠♦❞❡❧ ♦♥❡ ❤❛s t♦ ❝❤♦♦s❡ ❛♥ ✐♥t❡r❛❝t✐♦♥ ❢✉♥❝t✐♦♥ g ❛♥❞ ❛ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ ρ✱ ✇❤✐❝❤ ❤❛✈❡
t♦ s❛t✐s❢② t❤❡ ❢♦❧❧♦✇✐♥❣ ❤②♣♦t❤❡s❡s✳

❆ss✉♠♣t✐♦♥s ✶✳✸✳✶✳ ✭✐✮ ❚❤❡ ✐♥t❡r❛❝t✐♦♥ ❢✉♥❝t✐♦♥ g : R → R+ ✐s ❡✈❡♥✱ ✐t ❜❡❧♦♥❣s t♦ C2(R)
❛♥❞ ✐t ✐s str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ♦♥ [0,+∞[✱ ✇✐t❤ g(0) = 0. ■t ❛❧s♦ s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦✲
s✐❞❡❞ r❡❛❧ ❛♥❛❧②t✐❝✐t② ❝♦♥❞✐t✐♦♥✿ ❢♦r ❛❧❧ x ∈ R✱ t❤❡r❡ ❡①✐st δ > 0 ❛♥❞ t✇♦ r❡❛❧ ❛♥❛❧②t✐❝
❢✉♥❝t✐♦♥s g1 ❛♥❞ g2 s✉❝❤ t❤❛t

g ≡
{

g1 ♦♥ ]x− δ, x],

g2 ♦♥ [x, x+ δ[.

✭✐✐✮ ρ ✐s ❛ s②♠♠❡tr✐❝ ❇♦r❡❧ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ ♦♥ R t❤❛t ✐s ♥♦♥✲❞❡❣❡♥❡r❛t❡ ✭✐✳❡✳✱ ρ 6≡ δ0✮✳

✭✐✐✐✮ ▲❡t M = sup{x| x ✐s ✐♥ t❤❡ s✉♣♣♦rt ♦❢ ρ}✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ s②♠♠❡tr✐❝✱ ♥♦♥✲
❝♦♥st❛♥t✱ ❝♦♥✈❡① ❢✉♥❝t✐♦♥ h : [−M,M ] → R+ s✉❝❤ t❤❛t g(x) ≤ h(x) ❢♦r ❛♥② x ∈ [−M,M ]
❛♥❞

∫ M

−M

exp[αh(x)]ρ(dx) < +∞, ∀ α > 0.

❘❡♠❛r❦ ✶✳✸✳✶✳ ❆ss✉♠♣t✐♦♥s ✶✳✸✳✶ ❛r❡ ❜♦t❤ ♦❢ ♠♦❞❡❧❧✐♥❣ ❛♥❞ t❡❝❤♥✐❝❛❧ ♥❛t✉r❡✳ ❚❤❡ s❤❛♣❡
♦❢ t❤❡ ❢✉♥❝t✐♦♥ g ✭❡✈❡♥♥❡ss✱ str✐❝t ✐♥❝r❡❛s❡✱ g(0) = 0✮ ❛♥❞ t❤❡ r❡q✉✐r❡♠❡♥t ♦❢ s②♠♠❡tr② ❢♦r
ρ ❛r❡ ♠❡❛♥t t♦ ♦❜t❛✐♥ ❛ ✇❡❧❧✲❞❡✜♥❡❞ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ❝❧❛ss✐❝❛❧ ❈✉r✐❡✲❲❡✐ss ♠♦❞❡❧ ✭❢♦r
✇❤✐❝❤ g(x) = x2 ❛♥❞ ρ = 1

2
(δ−1 + δ+1)✮ ❝❛♣❛❜❧❡ t♦ ❡✛❡❝t✐✈❡❧② ❞❡s❝r✐❜❡ t❤❡ ♣❤❡♥♦♠❡♥♦♥ ♦❢

s♣♦♥t❛♥❡♦✉s ♠❛❣♥❡t✐③❛t✐♦♥✳ ❚❤❡ ❛ss✉♠♣t✐♦♥s ♦♥ t❤❡ r❡❣✉❧❛r✐t② ♦❢ g ❛r❡ r❡q✉✐r❡❞ ❜② t❤❡
❤②♣♦t❤❡s✐s ♦❢ ❚❤❡♦r❡♠ ✶✳✸✳✶ ❛♥❞ ✇✐❧❧ ❝♦♠❡ ♦♥ ❤❛♥❞ ❛❧s♦ ❢♦r t❤❡ ❞②♥❛♠✐❝❛❧ ❛♣♣r♦❛❝❤ ✐♥
t❤❡ ♥❡①t s✉❜s❡❝t✐♦♥✳ ❋✐♥❛❧❧②✱ ❝♦♥❞✐t✐♦♥ ✭✐✐✐✮ ❡♥s✉r❡s t❤❡ ✐♥t❡❣r❛❜✐❧✐t② ♦❢ t❤❡ ●✐❜❜s ♠❡❛s✉r❡
✭✶✳✸✳✸✮✳
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❯♥❞❡r ❆ss✉♠♣t✐♦♥s ✶✳✸✳✶✱ t❤❡ ❣❡♥❡r❛❧✐③❡❞ ❈✉r✐❡✲❲❡✐ss ♠♦❞❡❧ ✐s ❞❡✜♥❡❞ ❛s ❛ s❡q✉❡♥❝❡ ♦❢
♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s PN,β ♦♥ R

N ❜②

PN,β(dx1, . . . , dxN) =
1

ZN(β)
exp

[

βNg

(

1

N

N
∑

i=1

xi

)]

N
∏

i=1

ρ(dxi), ✭✶✳✸✳✸✮

✇❤❡r❡ ZN(β) ✐s ❛❣❛✐♥ ❛ ♥♦r♠❛❧✐③✐♥❣ ❝♦♥st❛♥t✳ ■♥ t❤✐s ❝❛s❡✱ ✐♥ ❛❜s❡♥❝❡ ♦❢ ✐♥t❡r❛❝t✐♦♥s
✭β = 0✮✱ t❤❡ ♣❛rt✐❝❧❡s ❝♦♥st✐t✉t❡ ❛ ❢❛♠✐❧② ♦❢ ✐✳✐✳❞✳ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ♦♥ R ❞✐str✐❜✉t❡❞
❛❝❝♦r❞✐♥❣ t♦ ρ✳ ◆♦t✐❝❡ t❤❛t ❜② s❡tt✐♥❣

g(x) =
1

2
x2, ρ(dx) =

1

2
(δ+1(dx) + δ−1(dx))

✇❡ r❡❝♦✈❡r t❤❡ ❝❧❛ss✐❝❛❧ ❈✉r✐❡✲❲❡✐ss ♠♦❞❡❧ ✭✶✳✸✳✶✮✳
❆s ♦♥❡ ✇♦✉❧❞ ❡①♣❡❝t✱ t❤❡ ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ❣❡♥❡r❛❧✐③❡❞ ❈✉r✐❡✲❲❡✐ss ♠♦❞❡❧✱ ✇❤✐❝❤
st✐❧❧ ❞❡♣❡♥❞s ♦♥ t❤❡ ❡♥tr♦♣②✲❡♥❡r❣② ❜❛❧❛♥❝❡✱ ♣r❡s❡♥ts ❛ r✐❝❤❡r ♣✐❝t✉r❡ t❤❛♥ t❤❡ ❝❧❛ss✐❝❛❧ ♦♥❡✱
❛s st❛t❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠✳ ❲❡ r❡❢❡r t♦ ❬✷✹❪ ❢♦r t❤❡ ♣r♦♦❢ ❛♥❞ ♦t❤❡r ❞❡t❛✐❧s✳

❚❤❡♦r❡♠ ✶✳✸✳✶✳ ▲❡t ❆ss✉♠♣t✐♦♥s ✶✳✸✳✶ ❤♦❧❞✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ ♥♦♥✲❡♠♣t② s❡t P ♦❢ ♣♦s✲
✐t✐✈❡ ♣♦s✐t✐✈❡ ♣♦✐♥ts {βi}✱ r❡♣r❡s❡♥t✐♥❣ t❤❡ ❝r✐t✐❝❛❧ ✈❛❧✉❡s✱ ✇❤✐❝❤ ❛r❡ ❡✐t❤❡r ✜♥✐t❡ ✐♥ ♥✉♠❜❡r
(0 < β1 < β2 < · · · < βn ❢♦r s♦♠❡ n ∈ N) ♦r ❝♦✉♥t❛❜❧② ✐♥✜♥✐t❡ (0 < β1 < β2 < · · · ) ❛♥❞
❞✐✈❡r❣❡♥t t♦ +∞✳ ❚❤❡ s❡t P ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s✳

✭✐✮ ❚❤❡r❡ ❡①✐st ❛ ❢✉♥❝t✐♦♥ m :]0,+∞[\P → [0,M [✱ r❡♣r❡s❡♥t✐♥❣ t❤❡ s♣♦♥t❛♥❡♦✉s ♠❛❣♥❡✲
t✐③❛t✐♦♥✱ s✉❝❤ t❤❛t m(β) = 0 ❢♦r 0 < β < β1✱ ✇❤✐❧❡✱ ❢♦r β ∈]β1,+∞[\P✱ m(β) ✐s str✐❝t❧②
♣♦s✐t✐✈❡ ❛♥❞ str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ✳ ❚❤❡ ❢✉♥❝t✐♦♥ m ✐s r❡❛❧ ❛♥❛❧②t✐❝ ♦♥ ❡❛❝❤ ❝♦♥♥❡❝t❡❞ s✉❜✲
✐♥t❡r✈❛❧ ♦❢ ]0,+∞[\P✱ ❜✉t ❝❛♥♥♦t ❜❡ r❡♣r❡s❡♥t❡❞ ❛s t❤❡ r❡str✐❝t✐♦♥ ♦❢ ♦♥❡ r❡❛❧ ❛♥❛❧②t✐❝
❢✉♥❝t✐♦♥ ✐♥ ❛♥② ♥❡✐❣❤❜♦✉r❤♦♦❞ ♦❢ ❛ ❝r✐t✐❝❛❧ ✈❛❧✉❡✳

✭✐✐✮ ▲❡t i : R → R+ ❜❡ t❤❡ ❡♥tr♦♣② ❢✉♥❝t✐♦♥ ♦❢ ρ✱ ✐✳❡✳✱

i(u) := sup
t∈R

{

tu− log

∫

R

exp[tx]ρ(dx)

}

.

❚❤❡♥✱ t❤❡ s✉♣r❡♠✉♠
sup
u∈R

{βg(u)− i(u)}

✐s ❛tt❛✐♥❡❞ ❛t t❤❡ ✉♥✐q✉❡ ♣♦✐♥t u = 0✱ ✇❤✐❧❡✱ ❢♦r β ∈]β1,+∞[\P✱ ✐t ✐s ❛tt❛✐♥❡❞ ❛t t❤❡ ✉♥✐q✉❡
♣♦✐♥ts u = m(β) ❛♥❞ u = −m(β)✳

✭✐✐✐✮ ❋♦r ❛♥② N ≥ 1✱ ❧❡t (X1, . . . , XN) ❜❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ❞✐str✐❜✉t❡❞ ❛❝❝♦r❞✐♥❣ t♦ PN,β

❣✐✈❡♥ ✐♥ ✭✶✳✸✳✸✮✳ ❚❤❡♥✱

Law

(

1

N

N
∑

i=1

Xi

)

w−→
N↑+∞

{

δ0 β ≤ β1,
1
2

(

δ+m(β) + δ−m(β)

)

β ∈]β1,+∞[\P .
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✶✳✸✳✷ ❆ ❣❡♥❡r❛❧✐③❡❞ ❈✉r✐❡✲❲❡✐ss ♠♦❞❡❧ ✇✐t❤ ❞✐ss✐♣❛t✐♦♥

❲❡ ♥♦✇ ❝♦♥s✐❞❡r ❛ ▲❛♥❣❡✈✐♥ ❞②♥❛♠✐❝s ❢♦r t❤❡ ❣❡♥❡r❛❧✐③❡❞ ❈✉r✐❡✲❲❡✐ss ♠♦❞❡❧✱ t❤❡♥ ✇❡ ✇✐❧❧
❜r❡❛❦ ✐ts r❡✈❡rs✐❜✐❧✐t② ❜② ✐♥tr♦❞✉❝✐♥❣ ❞✐ss✐♣❛t✐♦♥ ✐♥ t❤❡ s❛♠❡ ❢❛s❤✐♦♥ ♦❢ ❙❡❝t✐♦♥ ✶✳✷✳

▲❡t ν ❜❡ ❛ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ ♦♥ R
d ✇✐t❤ ❢✉❧❧ s✉♣♣♦rt✱ ❛❞♠✐tt✐♥❣ f ❛s ❞❡♥s✐t② ❢✉♥❝t✐♦♥✳ ■❢

f ✐s r❡❣✉❧❛r ❡♥♦✉❣❤✱ ♦♥❡ ❝❛♥ ❞❡✜♥❡ t❤❡ ▲❛♥❣❡✈✐♥ ❞✐✛✉s✐♦♥ ❛ss♦❝✐❛t❡❞ t♦ ν ❛s t❤❡ st♦❝❤❛st✐❝
♣r♦❝❡ss x(t) ♦♥ R

d s♦❧✉t✐♦♥ ♦❢

dx(t) =
1

2
∇ log(f(x(t)) + dB(t) ✭✶✳✸✳✹✮

✇✐t❤ B(t) ❜❡✐♥❣ ❛ d✲❞✐♠❡♥s✐♦♥❛❧ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥✳ ❚❤✐s ❝♦♥str✉❝t✐♦♥ ❛ss✉r❡s t❤❛t✱ ✉♥❞❡r
s✉✐t❛❜❧❡ ❝♦♥❞✐t✐♦♥s✱ x(t) ❤❛s µ ❛s ✉♥✐q✉❡ ✐♥✈❛r✐❛♥t ♠❡❛s✉r❡ ❛♥❞ ✐ts t✐♠❡✲♠❛r❣✐♥❛❧ ❧❛✇s
❝♦♥✈❡r❣❡ t♦ µ ✐♥ t♦t❛❧ ✈❛r✐❛t✐♦♥✳

❚❤❡♦r❡♠ ✶✳✸✳✷ ✭❬✸✺❪✮✳ ▲❡t ν ❜❡ ❛ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ ✇✐t❤ ❢✉❧❧ s✉♣♣♦rt ♦♥ R
d✱ d ≥ 1✱

❛❞♠✐tt✐♥❣ ❛ ❞❡♥s✐t② ❢✉♥❝t✐♦♥ f s✉❝❤ t❤❛t log(f(x)) ∈ C2(R) ❛♥❞

x⊤∇ log f(x) ≤ C(1 + ||x||2) ∀ x ∈ R
d

❢♦r ❛ ❝❡rt❛✐♥ C > 0✳ ■❢ ξ ✐s ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ✐♥ R
d ✇✐t❤ E[ξ2] < +∞✱ t❤❡♥ t❤❡r❡

❡①✐sts ❛ ✉♥✐q✉❡ str♦♥❣ s♦❧✉t✐♦♥ t♦ t❤❡ st♦❝❤❛st✐❝ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ✭✶✳✸✳✹✮ ✇✐t❤ ✐♥✐t✐❛❧
❝♦♥❞✐t✐♦♥ x(0) = ξ✳ ▼♦r❡♦✈❡r (x(t))t≥0 ❛❞♠✐ts ν ❛s ✉♥✐q✉❡ ✐♥✈❛r✐❛♥t ❞✐str✐❜✉t✐♦♥ ❛♥❞✱ ❢♦r
❛♥② x0 ∈ R

d✱

lim
t→+∞

sup
A∈B

∣

∣

∣
P (x(t) ∈ A | x(0) = x0)− ν(A)

∣

∣

∣
= 0,

✇✐t❤ B ❜❡✐♥❣ t❤❡ ❇♦r❡❧✐❛♥ σ✲✜❡❧❞ ♦♥ R
d✳

❈♦♥s✐❞❡r ♥♦✇ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡t ♦❢ ❤②♣♦t❤❡s❡s ✇❤✐❝❤✱ t♦❣❡t❤❡r ✇✐t❤ ❆ss✉♠♣t✐♦♥s ✶✳✸✳✶ ❛❧❧♦✇s
✉s t♦ ❞❡✜♥❡ ❛ ✇❡❧❧✲♣♦s❡❞ ▲❛♥❣❡✈✐♥ ❞②♥❛♠✐❝s ❢♦r t❤❡ ❣❡♥❡r❛❧✐③❡❞ ❈✉r✐❡✲❲❡✐ss ♠♦❞❡❧ ❛♥❞ t♦
♣r♦✈❡ t❤❡ r❡s✉❧ts ♦♥ t❤❡ ❧✐♠✐t✐♥❣ ❞②♥❛♠✐❝s st❛t❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✳

❆ss✉♠♣t✐♦♥s ✶✳✸✳✷✳ ✭✐✮ ❚❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ ✐♥t❡r❛❝t✐♦♥ ❢✉♥❝t✐♦♥ g′ ✐s ✉♥✐❢♦r♠❧② ▲✐♣s❝❤✐t③
❝♦♥t✐♥✉♦✉s✱ ✐✳❡✳ t❤❡r❡ ❡①✐sts ❛ ✜♥✐t❡ ❝♦♥st❛♥t L > 0 s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧ x, y ∈ R✱

|g′(x)− g′(y)| ≤ L|x− y|.

✭✐✐✮ ❚❤❡ s✐♥❣❧❡✲s✐t❡ ❞✐str✐❜✉t✐♦♥ ρ ❤❛s ❢✉❧❧ s✉♣♣♦rt ♦♥ R ❛♥❞ ✐t ❛❞♠✐ts ❛ ❞❡♥s✐t② ❢✉♥❝t✐♦♥
t❤❛t ✇❡ ✇✐❧❧ ❞❡♥♦t❡ ρ(x) ✇✐t❤ ❛♥ ❛❜✉s❡ ♦❢ ♥♦t❛t✐♦♥✳ ❚❤❡ ❞❡♥s✐t② ❢✉♥❝t✐♦♥ ρ(x) ✐s s✉❝❤ t❤❛t
log ρ(x) ∈ C2(R) ❛♥❞ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t K > 0 s✳t✳ ❢♦r ❛❧❧ x, y ∈ R

(x− y)

(

ρ′(x)

ρ(x)
− ρ′(y)

ρ(y)

)

≤ K(1 + (x− y)2). ✭✶✳✸✳✺✮
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❘❡♠❛r❦ ✶✳✸✳✷✳ ❆ss✉♠♣t✐♦♥s ✶✳✸✳✷ ❛r❡ ♦❢ ♣✉r❡ t❡❝❤♥✐❝❛❧ ♥❛t✉r❡ ❛♥❞✱ t♦❣❡t❤❡r ✇✐t❤ ❆ss✉♠♣✲
t✐♦♥s ✶✳✸✳✶✱ ❛r❡ ✈❡r② ✉s❡❢✉❧ t♦ ♣r♦✈❡ ✇❡❧❧✲♣♦s❡❞♥❡ss ♦❢ t❤❡ ❙❉❊s ❞❡s❝r✐❜✐♥❣ t❤❡ N ✲♣❛rt✐❝❧❡
s②st❡♠ ❛♥❞ t❤❡ ♥♦♥❧✐♥❡❛r ♠❛❝r♦s❝♦♣✐❝ ♣r♦❝❡ss✳ ❚❤❡② ✇✐❧❧ ❛❧s♦ ❝♦♠❡ ♦♥ ❤❛♥❞ ✐♥ ♣r♦✈✐♥❣
♣r♦♣❛❣❛t✐♦♥ ♦❢ ❝❤❛♦s ✭❚❤❡♦r❡♠ ✶✳✸✳✹✮✳

❯♥❞❡r ❆ss✉♠♣t✐♦♥s ✶✳✸✳✶ ❛♥❞ ✶✳✸✳✷✱ ❢♦r ❛♥② N ≥ 1✱ ✇❡ ❞❡✜♥❡ t❤❡ N ✲♣❛rt✐❝❧❡s ▲❛♥❣❡✈✐♥
❞✐✛✉s✐♦♥ ❢♦r t❤❡ ❣❡♥❡r❛❧✐③❡❞ ❈✉r✐❡✲❲❡✐ss ♠♦❞❡❧ ✇✐t❤ ✐♥t❡r❛❝t✐♦♥ ❢✉♥❝t✐♦♥ g ❛♥❞ s✐♥❣❧❡✲s✐t❡
❞✐str✐❜✉t✐♦♥ ρ t❤❡ st♦❝❤❛st✐❝ ♣r♦❝❡ss XN ✇✐t❤ ✈❛❧✉❡s ✐♥ R

N ✱ ✉♥✐q✉❡ str♦♥❣ s♦❧✉t✐♦♥ ♦❢ t❤❡
s②st❡♠s ♦❢ ❙❉❊s

dXN
i (t) =

β

2
g′

(

∑N
i=1 X

N
i (t)

N

)

dt+
ρ′(XN

i (t)

2ρ(XN
i (t))

+ dBi(t), i = 1, . . . , N ✭✶✳✸✳✻✮

✇✐t❤ (B1, . . . , BN) ✐♥❞❡♣❡♥❞❡♥t ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥✳ ❇② ❚❤❡♦r❡♠ ✶✳✸✳✷✱ t❤❡
♠❡❛s✉r❡ PN,β ❞❡✜♥❡❞ ✐♥ ✭✶✳✸✳✸✮ ✐s t❤❡ ✉♥✐q✉❡ ✐♥✈❛r✐❛♥t ♠❡❛s✉r❡ ❢♦r XN ✳ ❊q✉❛t✐♦♥ ✭✶✳✸✳✻✮
❞❡s❝r✐❜❡s ❛ ♠❡❛♥ ✜❡❧❞ s②st❡♠ ♦❢ ✐♥t❡r❛❝t✐♥❣ ♣❛rt✐❝❧❡s✱ ✐♥ ✇❤✐❝❤ t✇♦ ❝♦♠♣❡t✐♥❣ ❡✛❡❝ts ❛r❡
♣r❡s❡♥t✿ t❤❡ ✐♥t❡r❛❝t✐♦♥✱ ✇❤✐❝❤ tr✐❡s t♦ ❢r❡❡③❡ t❤❡ s②st❡♠ ✐♥ t❤❡ st❛t❡s ♦❢ ♠✐♥✐♠❛❧ ❡♥❡r❣②✱
❛♥❞ t❤❡ t❡♥❞❡♥❝② ♦❢ ❡❛❝❤ ♣❛rt✐❝❧❡ t♦ ❜❡ ❞✐str✐❜✉t❡❞ ❛❝❝♦r❞✐♥❣ t♦ ρ✳

❲❡ ♥♦✇ ✐♥tr♦❞✉❝❡ ❛ ❞✐ss✐♣❛t✐♦♥ ✐♥ t❤❡ ✐♥t❡r❛❝t✐♦♥ ❡♥❡r❣② ♦❢ ✭✶✳✸✳✻✮✿ s✐♥❝❡ t❤❡ ✐♥t❡r❛❝t✐♦♥
❞❡♣❡♥❞ ♦♥❧② ♦♥ t❤❡ ♠❛❣♥❡t✐③❛t✐♦♥

mN(t) =
1

N

N
∑

i=1

XN
i (t),

t❤❡ str❛✐❣❤t❢♦r✇❛r❞ ❛♣♣r♦❛❝❤ ✇♦✉❧❞ s✉❣❣❡st t♦ ❞❡✜♥❡ ❛ ♣r♦❝❡ss λN(t) ✇✐t❤ ✈❛❧✉❡s ✐♥ R

❡✈♦❧✈✐♥❣ ❛❝❝♦r❞✐♥❣ t♦
dλN(t) = −αλN(t)dt+ dmN(t)

✇✐t❤ α > 0 ❛♥❞ t♦ ❝♦♥s✐❞❡r t❤❡ s②st❡♠

dXN
i (t) =

β

2
g′
(

λN(t)
)

dt+
ρ′(XN

i (t)

2ρ(XN
i (t))

+ dBi(t), i = 1, . . . , N.

❲❡ ❝❛♥ ❛❧s♦ ❣❡♥❡r❛❧✐③❡ t❤✐s ♣✐❝t✉r❡ ❜② ❛❧❧♦✇✐♥❣ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❛ ❇r♦✇♥✐❛♥ ♥♦✐s❡ ✐♥ t❤❡
✐♥t❡r❛❝t✐♦♥ ❢♦r ❡❛❝❤ s✐t❡✿ ✐♥ ❢❛❝t✱ ❜② ❣❡♥❡r❛❧✐③❡❞ ❈✉r✐❡✲❲❡✐ss ♠♦❞❡❧ ✇✐t❤ ❞✐ss✐♣❛t✐♦♥ ✇❡ ✇✐❧❧
✐♥❞✐❝❛t❡ t❤❡ ♣r♦❝❡ss (XN , λN) ✇✐t❤ ✈❛❧✉❡s ✐♥ R

2N s♦❧✉t✐♦♥ ♦❢ t❤❡ s②st❡♠s ♦❢ ❙❉❊s
{

dXN
i (t) = β

2
g′
(

λN
i (t)

)

dt+
ρ′(XN

i (t)

2ρ(XN
i (t))

+ dB1
i (t),

dλN
i (t) = −αλN

i (t)dt+ dmN(t) +DdB2
i (t),

✭✶✳✸✳✼✮

❢♦r i = 1, . . . , N ✱ ✇✐t❤ {B1
i , B

2
i }Ni=1 ❜❡✐♥❣ ❛ ❢❛♠✐❧② ♦❢ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ✐♥❞❡♣❡♥❞❡♥t ❇r♦✇♥✐❛♥

♠♦t✐♦♥s ❛♥❞ α,D ≥ 0✳ ❇② ❞❡✜♥✐t✐♦♥ ♦❢ ♠❛❣♥❡t✐③❛t✐♦♥✱ t❤❡ t❡r♠ dmN(t) ✐♥ ✭✶✳✸✳✼✮ ✐s ❣✐✈❡♥
❜②

dmN(t) =
1

N

N
∑

j=1

dXN
j (t) =

1

N

N
∑

j=1

(

β

2
g′
(

λN
j (t)

)

dt+
ρ′(XN

j (t)

2ρ(XN
j (t))

)

dt+
1

N

∑

j=1

dB1
j (t).
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◆♦t✐❝❡ t❤❛t ✉♥❞❡r ❆ss✉♠♣t✐♦♥ ✶✳✸✳✶ ❛♥❞ ✶✳✸✳✷✱ ❜② ❝❧❛ss✐❝❛❧ r❡s✉❧ts ♦♥ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡✲
♥❡ss ♦❢ s♦❧✉t✐♦♥ ♦❢ ❙❉❊s ✭s❡❡ ❢♦r ❡①❛♠♣❧❡ ❈❤❛♣t❡r ✺ ✐♥ ❬✷✾❪✮✱ ✭✶✳✸✳✼✮ ✐s ✇❡❧❧✲♣♦s❡❞✳

❘❡♠❛r❦ ✶✳✸✳✸✳ ❉✐✛✉s✐✈❡ ♠❡❛♥ ✜❡❧❞ ♠♦❞❡❧s ✇✐t❤ ❝♦♦♣❡r❛t✐✈❡ ✐♥t❡r❛❝t✐♦♥ s✉❜❥❡❝t t♦ ❞✐ss✐✲
♣❛t✐♦♥ ❤❛✈❡ ❛❧s♦ ❜❡❡♥ ❞✐s❝✉ss❡❞ ✐♥ ❬✶✹❪✿ ❤❡r❡ t❤❡ ❛✉t❤♦rs ♣r❡s❡♥t ❛ ❣❡♥❡r❛❧ ❛♣♣r♦❛❝❤ t♦
❞❡✜♥❡ ❝♦♦♣❡r❛t✐✈❡ ♠♦❞❡❧s ✐♥ ✇❤✐❝❤ t❤❡ ✐♥t❡r❛❝t✐♦♥ ♣♦t❡♥t✐❛❧ ✐s s✉❜❥❡❝t t♦ ✐ts ♦✇♥ ❞✐ss✐♣❛✲
t✐✈❡ ✭❛♥❞ ♣♦ss✐❜❧② ❞✐✛✉s✐✈❡✮ ❡✈♦❧✉t✐♦♥ ❛♥❞ t❤❡② ❢♦❝✉s ♦♥ t❤❡ st✉❞② ♦❢ t❤❡ ♣❛rt✐❝❧❡ s②st❡♠
(Y N

1 , . . . , Y N
N , λN) ∈ R

N+1 s♦❧✉t✐♦♥ ♦❢
{

dY N
i (t) =

(

−(Y N
i (t))3 + Y N

i (t)− λN(t)
)

dt+ σdBi(t), i = 1, . . . , N,

dλN(t) = −αλN(t)− θdmN(t)
✭✶✳✸✳✽✮

✇✐t❤ mN(t) = 1
N

∑N
j=1 Y

N
j (t) ❛♥❞ α, θ, σ ≥ 0✳ ❚❤❡ ♣r♦❝❡ss ❞❡s❝r✐❜❡❞ ❜② ✭✶✳✸✳✽✮ ✐s ♦❜t❛✐♥❡❞

✐♥tr♦❞✉❝✐♥❣ ❞✐ss✐♣❛t✐♦♥ ✐♥ t❤❡ ❝♦♦♣❡r❛t✐✈❡ ❞✐✛✉s✐♦♥ ♠♦❞❡❧ st✉❞✐❡❞ ✐♥ ❬✷✷❪✳ ◆♦t✐❝❡ t❤❛t
✭✶✳✸✳✽✮ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❛s ♣❛rt✐❝✉❧❛r ❝❛s❡ ♦❢ ✭✶✳✸✳✼✮✿ ✐t ✐s ❡♥♦✉❣❤ t♦ ❝❤♦♦s❡ β = θ✱ D = 0✱
g(x) = x2✱

ρ(x) =
1

Z
exp

[

x2

2

(

1− x2σ2

2

)]

✇✐t❤ Z ♥♦r♠❛❧✐③✐♥❣ ❝♦♥st❛♥t

✐♥ ✭✶✳✸✳✼✮ ❛♥❞ ♣❡r❢♦r♠ t❤❡ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s Y = σX t♦ ♦❜t❛✐♥ ✭✶✳✸✳✽✮✳

✶✳✸✳✸ ■♥✜♥✐t❡ ✈♦❧✉♠❡ ❞②♥❛♠✐❝s ❞②♥❛♠✐❝s

❲❡ ♥♦✇ st✉❞② t❤❡ ✐♥✜♥✐t❡ ✈♦❧✉♠❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ❣❡♥❡r❛❧✐③❡❞ ❈✉r✐❡✲❲❡✐ss ♠♦❞❡❧ ✇✐t❤
❞✐ss✐♣❛t✐♦♥ ♦♥ ❛ ✜♥✐t❡ t✐♠❡ ✐♥t❡r✈❛❧ [0, T ]✳

❋♦r ❛♥② N ≥ 1✱ ✜① T > 0 ❛♥❞ ❧❡t (XN(t), λN(t))t∈[0,T ] ❜❡ t❤❡ st♦❝❤❛st✐❝ ♣r♦❝❡ss str♦♥❣
s♦❧✉t✐♦♥ ♦❢ ✭✶✳✸✳✼✮ ✇✐t❤ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥

▲❛✇(XN(0), λN(0)) = µ⊗N
0 ✭✶✳✸✳✾✮

✇❤❡r❡ µ0 ✐s sq✉❛r❡✲✐♥t❡❣r❛❜❧❡ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ ♦♥ R
2✱ ✐✳❡✳

∫

R2

(x2 + λ2)µ0(dx, dλ) < +∞.

❚❤✐s ♣r♦❝❡ss r❡♣r❡s❡♥ts ❛ s②st❡♠ ♦❢ ♠❡❛♥ ✜❡❧❞ ✐♥t❡r❛❝t✐♥❣ ♣❛rt✐❝❧❡ ✇✐t❤ tr❛❥❡❝t♦r✐❡s ✐♥
C([0, T ],R2N)✱ t❤❡ s❡t ♦❢ ❝♦♥t✐♥✉♦✉s tr❛❥❡❝t♦r✐❡s ❢r♦♠ [0, T ] t♦ R

2N ♣r♦✈✐❞❡❞ ♦❢ t❤❡ ✉♥✐❢♦r♠
♠❡tr✐❝✳ ▲❡t (XN [0, T ], λN [0, T ]) ❞❡♥♦t❡ ❛ ♣❛t❤ ♦❢ t❤❡ s②st❡♠ ♦♥ t❤❡ t✐♠❡ ✐♥t❡r✈❛❧ [0, T ]✳
❈♦♥s✐❞❡r t❤❡ ❡♠♣✐r✐❝❛❧ ♠❡❛s✉r❡

µN =
1

N

N
∑

j=1

δ{XN
j [0,T ],λN

j [0,T ]}. ✭✶✳✸✳✶✵✮
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✇❤✐❝❤ ✐s ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ✇✐t❤ ✈❛❧✉❡s ✐♥ M1(C([0, T ],R2))✳ ❲❡ ❛✐♠ t♦ ♣r♦✈❡ ❛ ▲❛✇ ♦❢
▲❛r❣❡ ◆✉♠❜❡r ✐♥ t❤❡ ❢♦r♠ ✭✶✳✷✳✾✮ ✇✐t❤ t❤❡ ❧✐♠✐t r❡♣r❡s❡♥t✐♥❣ t❤❡ ❧❛✇ ♦♥ C([0, T ],R2) ♦❢
t❤❡ ❧✐♠✐t✐♥❣ ♣r♦❝❡ss✳ ❘❡❝❛❧❧ t❤❛t ✐t ✐s ❡q✉✐✈❛❧❡♥t t♦ ❛ ♣r♦♣❛❣❛t✐♦♥ ♦❢ ❝❤❛♦s r❡s✉❧t ✭❚❤❡♦r❡♠
✶✳✷✳✶✮✳
❋✐rst ♦❢ ❛❧❧✱ ❧❡t ✉s ✐❞❡♥t✐❢② t❤❡ ♠❛❝r♦s❝♦♣✐❝ ♣r♦❝❡ss✳ ◆♦t✐❝❡ t❤❛t ✭✶✳✸✳✼✮ ❝❛♥ ❜❡ ✇r✐tt❡♥ ✐♥
t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✿






dXN
i (t) = β

2
g′
(

λN
i (t)

)

dt+
ρ′(XN

i (t)

2ρ(XN
i (t))

+ dB1
i (t),

dλN
i (t) = −αλN

i (t)dt+
〈

µN
t (dx, dl),

β
2
g′(l) + ρ′(x)

2ρ(x)

〉

dt+DdB2
i (t) +

1
N

∑N
j=1 dB

1
j (t),

✇✐t❤
〈

µN
t (dx, dl),

β

2
g′(l) +

ρ′(x)

2ρ(x)

〉

=

∫

R2

(

β

2
g′(l) +

ρ′(x)

2ρ(x)

)

µN
t (dx, dl)

❛♥❞ µN
t r❡♣r❡s❡♥t✐♥❣ t❤❡ ♠❛r❣✐♥❛❧ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ❡♠♣✐r✐❝❛❧ ♠❡❛s✉r❡ µN ❛t t✐♠❡ t✳

❇② ❛ s✐♠♣❧❡ ❤❡✉r✐st✐❝ ❛r❣✉♠❡♥t✱ ♦♥❡ ❝❛♥ s❡❡ t❤❛t t❤❡ ♠❛❝r♦s❝♦♣✐❝ ❞②♥❛♠✐❝s s❤♦✉❧❞ ❜❡
r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ♥♦♥❧✐♥❡❛r ▼❛r❦♦✈ ♣r♦❝❡ss (X, λ) ✇✐t❤ ✈❛❧✉❡s ✐♥ R

2✱ s♦❧✉t✐♦♥ ♦❢ t❤❡
❢♦❧❧♦✇✐♥❣ ▼❝❑❡❛♥✲❱❧❛s♦✈ ❡q✉❛t✐♦♥















dX(t) = β
2
g′ (λ(t)) dt+ ρ′(X(t)

2ρ(X(t))
+ dB1(t),

dλ(t) = −αλ(t)dt+
〈

µt(dx, dl),
β
2
g′(l) + ρ′(x)

2ρ(x)

〉

dt+DdB2(t),

µt = ▲❛✇(X(t), λ(t)),

✭✶✳✸✳✶✶✮

✇✐t❤ (B1, B2) ❜❡✐♥❣ ❛ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥✳ ❆ss✉♠♣t✐♦♥ ✶✳✸✳✶ ❛♥❞ ✶✳✸✳✷ ❛r❡
♥♦t s✉✣❝✐❡♥t t♦ ❣✉❛r❛♥t❡❡ ❣❧♦❜❛❧ ▲✐♣s❝❤✐t③ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ ✭✶✳✸✳✶✶✮✱ ✇❤✐❝❤
✇♦✉❧❞ ✐♠♣❧② ✐ts ✇❡❧❧✲♣♦s❡❞♥❡ss ❜② st❛♥❞❛r❞ t❤❡♦r❡♠s✳ ❲❡ ✇✐❧❧ ♣r♦✈❡ ❜♦t❤ ✇❡❧❧✲♣♦s❡❞♥❡ss ♦❢
✭✶✳✸✳✶✶✮ ❛♥❞ ♣r♦♣❛❣❛t✐♦♥ ♦❢ ❝❤❛♦s ❜② ❛ ♣❛t❤✇✐s❡ ❛♣♣r♦❛❝❤ ✭s❡❡ ❬✶❪ ❢♦r ❛ ❝♦♠♣❧❡t❡ ♦✈❡r✈✐❡✇
♦♥ ♣❛t❤✇✐s❡ ♣r♦♣❛❣❛t✐♦♥ ♦❢ ❝❤❛♦s ✐♥ ❛ ❣❡♥❡r❛❧ ❢r❛♠❡✇♦r❦✮✳

❉❡✜♥✐t✐♦♥ ✶✳✸✳✶✳ ▲❡t (M, d) ❜❡ ❛ ♠❡tr✐❝ s♣❛❝❡ ❛♥❞ Mp(M) ❜❡ t❤❡ s♣❛❝❡ ♦❢ ♣r♦❜❛❜✐❧✐t②
♦♥ M ✇✐t❤ ✜♥✐t❡ pth ♠♦♠❡♥t✱ ❢♦r p ≥ 1✿

Mp(M) = {µ ∈ M(M) :

∫

d(x, x0)
pµ(dx) < +∞ ❢♦r s♦♠❡ x0 ∈ M}.

❲❡ ❞❡✜♥❡ t❤❡ Wp ❲❛ss❡rst❡✐♥ ♠❡tr✐❝ ♦♥ Mp(M) ❛s ❢♦❧❧♦✇s✿ ❢♦r ❛❧❧ µ, ν ∈ Mp(M)

Wp(µ, ν) =

[

inf
γ∈Γ(µ,ν)

{∫

M×M

d(x, y)pγ(dx, dy)

}]1/p

,

✇✐t❤ Γ(µ, ν) ✐s t❤❡ s❡t ♦❢ ❛❧❧ ♣♦ss✐❜❧❡ ❝♦✉♣❧✐♥❣s ♦❢ µ ❛♥❞ ν✱ ✐✳❡✳ t❤❡ s❡t ♦❢ ❛❧❧ ♣r♦❜❛❜✐❧✐t②
♠❡❛s✉r❡s ♦♥ M ×M ✇✐t❤ µ ❛♥❞ ν ❛s ♠❛r❣✐♥❛❧s✳

❚❤❡♦r❡♠ ✶✳✸✳✸✳ ❚❤❡ ♥♦♥❧✐♥❡❛r ♣r♦❝❡ss ✭✶✳✸✳✶✶✮ ✐s ✇❡❧❧✲❞❡✜♥❡❞✱ ✐✳❡✳ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡
str♦♥❣ s♦❧✉t✐♦♥ ❢♦r ❛❧❧ sq✉❛r❡✲✐♥t❡❣r❛❜❧❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ (X0, λ0) ∈ R

2✳
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Pr♦♦❢✳ ●✐✈❡♥ ❛♥② sq✉❛r❡✲✐♥t❡❣r❛❜❧❡ ❧❛✇ µ0 ♦♥ R
2✱ ✇❡ ❞❡✜♥❡ ❛ ♠❛♣ F t❤❛t ❛ss♦❝✐❛t❡s t♦ ❛

♠❡❛s✉r❡ Q ∈ M2(C([0, T ],R2)) t❤❡ ❧❛✇ ♦❢ t❤❡ s♦❧✉t✐♦♥ {(X(t), λ(t)}t∈[0,T ] ♦❢ t❤❡ ❙❉❊

{

dX(t) = β
2
g′(λ(t))dt+ ρ′(X(t))

2ρ(X(t))
dt+ dB1(t)

dλ(t) = −αλ(t)dt+
〈

Qt(dx, dl),
β
2
g′(l) + ρ′(x)

2ρ(x)

〉

dt+DdB2(t),

t❤❛t✱ ❢♦r µ0 ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥✱ ❛❞♠✐ts ❛ ✉♥✐q✉❡ str♦♥❣ s♦❧✉t✐♦♥ ❢♦r ❝❧❛ss✐❝❛❧ r❡s✉❧ts ✭s❡❡ ❬✸✻❪✮❀
♦❢ ❝♦✉rs❡ ❛ s♦❧✉t✐♦♥ t♦ ✭✶✳✸✳✶✶✮ ✐s ❛ ✜①❡❞ ♣♦✐♥t ♦❢ F ✳ ❲❡ ✉s❡ ❛ ❝♦✉♣❧✐♥❣ ❛r❣✉♠❡♥t t♦ ♣r♦✈❡
❡①✐st❡♥❝❡ ✭✈✐❛ ❛ P✐❝❛r❞ ✐t❡r❛t✐♦♥✮ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ ✜①❡❞ ♣♦✐♥t ♦❢ F ✳
▲❡t ✉s st❛rt ✇✐t❤ t❤❡ ♣r♦♦❢ ♦❢ ✉♥✐q✉❡♥❡ss✿ ❧❡t Q1 ❛♥❞ Q2 ❜❡ t✇♦ ✜①❡❞ ♣♦✐♥t ♦❢ F ✱ ✐✳❡✳
t✇♦ ♠❡❛s✉r❡s ✐♥ M2(C([0, T ],R2)) s✉❝❤ t❤❛t Q1 = F (Q1) ❛♥❞ Q2 = F (Q2)✳ ❲❡ ❝♦✉♣❧❡
t❤❡♠ ❛s ❢♦❧❧♦✇s✿ ❧❡t (Ω,F , {Ft}t∈[0,T ], P ) ❜❡ ❛ ✜❧t❡r❡❞ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ ❛♥❞ {B(t)}t∈[0,T ] ❛
t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥✱ t❤❡♥ ✇❡ ✇r✐t❡







dX1(t) = β
2
g′(λ1(t))dt+ ρ′(X1(t))

2ρ(X1(t))
dt+ dB1(t)

dλ1(t) = −αλ1(t)dt+
〈

Q1
t (dx, dl),

β
2
g′(l) + ρ′(x)

2ρ(x)

〉

dt+DdB2(t),

❛♥❞






dX2(t) = β
2
g′(λ2(t))dt+ ρ′(X2(t))

2ρ(X2(t))
dt+ dB1(t)

dλ2(t) = −αλ2(t)dt+
〈

Q2
t (dx, dl),

β
2
g′(l) + ρ′(x)

2ρ(x)

〉

dt+DdB2(t),

✇❤❡r❡ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s ❛r❡ (X1
0 , λ

1
0) = (X2

0 , λ
2
0) ❛✳s✳✱ µ0 ❞✐str✐❜✉t❡❞✳ ◆♦t✐❝❡ t❤❛t ♦♥

M2(C([0, T ],R2) t❤❡ W2 ❞✐st❛♥❝❡ r❡❛❞s

W2(µ, ν) =

[

inf
γ∈Γ(µ,ν)

{∫

C×C
||x− y||2∞γ(dx, dy)

}] 1
2

,

❛♥❞ t❤❡ ❝♦✉♣❧✐♥❣ ❞❡s❝r✐❜❡❞ ❛❜♦✈❡ ✐s ❛♥ ❡❧❡♠❡♥t ♦❢ Γ(Q1, Q2)✱ t❤❡♥ ✇❡ ❣❡t t❤❡ ❢♦❧❧♦✇✐♥❣
❡st✐♠❛t❡✿

W2(Q
1, Q2) ≤

√

√

√

√E

[

sup
t∈[0,T ]

(X1(t)−X2(t))2 + (λ1(t)− λ2(t))2

]

.

❚❤❡ ❙❉❊ ❢♦r λ1 ❛♥❞ λ2 ✐s ❧✐♥❡❛r✱ t❤❡♥ ✇❡ ✇r✐t❡ ❡①♣❧✐❝✐t❧②

λ1(t)− λ2(t) =

∫ t

0

eα(s−t)

〈

Q1
s(dx, dl)−Q2

s(dx, dl),
β

2
g′(l) +

ρ′(x)

2ρ(x)

〉

ds.

◆♦t✐❝❡ t❤❛t
〈

Q1
t (dx, dl)−Q2

t (dx, dl),
β
2
g′(l) + ρ′(x)

2ρ(x)

〉

= d
dt
E [X1(t)−X2(t)]✱ t❤❛t ❣✐✈❡s

λ1(t)− λ2(t) = E
[

X1(t)−X2(t)
]

− α

∫ t

0

E
[

X1(s)−X2(s)
]

e−α(t−s)ds.
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❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇❡ ✉s❡ ■t♦✬s ❢♦r♠✉❧❛ t♦ ♦❜t❛✐♥

(X1(t)−X2(t))2 = 2

∫ t

0

(X1(s)−X2(s))

(

β

2
g′(λ1(s))− β

2
g′(λ2(s))

)

ds

+ 2

∫ t

0

(X1(s)−X2(s))

(

ρ′(X1(s))

2ρ(X1(s))
− ρ′(X2(s))

2ρ(X2(s))

)

ds.

❚❤❡r❡❢♦r❡✱ ✉s✐♥❣ ❆ss✉♠♣t✐♦♥s ✶✳✸✳✷✱ t❤❡r❡ ❡①✐sts CT s✉❝❤ t❤❛t

E

[

sup
t∈[0,T ]

(X1(t)−X2(t))2 + (λ1(t)− λ2(t))2

]

≤

CT

∫ T

0

E

[

sup
t∈[0,s]

(X1(t)−X2(t))2 + (λ1(t)− λ2(t))2

]

ds,

❛♥❞ ❜② ●r♦♥✇❛❧❧ ▲❡♠♠❛ t❤✐s ❣✐✈❡s W2(Q
1, Q2) = 0✳

❈♦♥❝❡r♥✐♥❣ ❡①✐st❡♥❝❡✱ ✇✐t❤ ❛ P✐❝❛r❞ ✐t❡r❛t✐♦♥ ♦❢ t❤❡ t②♣❡ Qn = F (Qn−1) ❛♥❞ ✇✐t❤ t❤❡
❛❜♦✈❡ ❛r❣✉♠❡♥ts✱ ✇❡ ♦❜t❛✐♥ t❤❛t

E

[

sup
t∈[0,T ]

(Xn(t)−Xn−1(t))2 + (λn(t)− λn−1(t))2

]

≤

L

∫ T

0

E

[

sup
t∈[0,s]

(Xn(t)−Xn−1(t))2 + (λn(t)− λn−1(t))2

]

ds

+ α2T

∫ T

0

W2,s(Q
n−1, Qn−2)2ds,

✇❤❡r❡ W2,s(Q
n−1, Qn−2) r❡♣r❡s❡♥ts t❤❡ W2 ❞✐st❛♥❝❡ ♦❢ t❤❡ r❡str✐❝t✐♦♥s ♦❢ Qn−1, Qn−2 t♦

C([0, s],R2)✳ ❊st✐♠❛t✐♦♥ ❛❜♦✈❡ ❣✐✈❡s

W2(Q
n, Qn−1)2 ≤ (eLTTα2)n

n!

∫ T

0

W2,s(Q
1, Q0)2ds,

s♦ {Qn}n∈N ✐s ❛ ❈❛✉❝❤② s❡q✉❡♥❝❡ ❢♦r W2 ❛♥❞ t❤❡r❡❢♦r❡ ❢♦r ❛ ✇❡❛❦❡r✱ ❜✉t ❝♦♠♣❧❡t❡✱ ♠❡tr✐❝
♦♥ M2(C([0, T ],R2))✳

❚❤❡♦r❡♠ ✶✳✸✳✹✳ ▲❡t (XN(t), λN(t))t≥0 ❜❡ t❤❡ ▼❛r❦♦✈ ♣r♦❝❡ss s♦❧✉t✐♦♥ t♦ ✭✶✳✸✳✼✮ ✇✐t❤ ✐♥✐✲
t✐❛❧ ❝♦♥❞✐t✐♦♥s ✭✶✳✸✳✾✮ ❛♥❞ ❞❡♥♦t❡ ✇✐t❤ PN ✐ts ❧❛✇ ♦♥ C([0, T ],R2N)✳ ▲❡t (X(t), λ(t))t≥0 ❜❡
t❤❡ s♦❧✉t✐♦♥ t♦ ✭✶✳✸✳✶✶✮ ✇✐t❤ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ µ0✱ ❛♥❞ ❞❡♥♦t❡ ✇✐t❤ µ ✐ts ❧❛✇ ♦♥ C([0, T ],R2)✳
❚❤❡♥✱ t❤❡ s❡q✉❡♥❝❡ (PN)N∈N ✐s µ✲❝❤❛♦t✐❝✳

Pr♦♦❢✳ ❇② ❚❤❡♦r❡♠ ✶✳✷✳✶✱ ✐t ✐s ❡♥♦✉❣❤ t♦ ♣r♦✈❡ E
[

W2(µ
N , µ)

]

−→0 ❛s N → +∞✱ ✇✐t❤ µN

❜❡✐♥❣ t❤❡ ❡♠♣✐r✐❝❛❧ ♠❡❛s✉r❡ ✭✶✳✸✳✶✵✮✳
❚❤❡ ❦❡② ✐❞❡❛ ✐s t♦ ❝♦✉♣❧❡ t❤❡ ♣❛rt✐❝❧❡ s②st❡♠ ✇✐t❤ ❛♥ ✐♥t❡r♠❡❞✐❛t❡ ♣r♦❝❡ss ✐♥ ✇❤✐❝❤ t❤❡
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❧✐♠✐t✐♥❣ ❧❛✇ µ ✐s s✉❜st✐t✉t❡❞ t♦ µN ✐♥ t❤❡ ♥♦♥❧✐♥❡❛r t❡r♠✿ ♦♥ ❛ ✜❧t❡r❡❞ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡
(Ω,F , {Ft}t∈[0,T ], P )✱ ❢♦r ❛♥② N ∈ N✱ t❛❦❡ ❛ 2N ✲❞✐♠❡♥s✐♦♥❛❧ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ {B(t)}t∈[0,T ]

❛♥❞ ❝♦♥s✐❞❡r t❤❡ ❝♦✉♣❧❡❞ ♣r♦❝❡ss❡s ❣✐✈❡♥ ❜②






dXN
i (t) = β

2
g′
(

λN
i (t)

)

dt+
ρ′(XN

i (t)

2ρ(XN
i (t))

+ dB1
i (t),

dλN
i (t) = −αλN

i (t)dt+
〈

µN
t (dx, dl),

β
2
g′(l) + ρ′(x)

2ρ(x)

〉

dt+DdB2
i (t) +

1
N

∑N
j=1 dB

1
j (t),

✭✶✳✸✳✶✷✮
i = 1, . . . , N ✱ ❛♥❞







dX̄N
i (t) = β

2
g′(λ̄N

i (t))dt+
ρ′(X̄N

i (t))

2ρ(X̄N
i (t))

dt+ dB1,i
t

dλ̄N
i (t) = −αλ̄N

i (t)dt+
〈

µt(dx, dl),
β
2
g′(l) + ρ′(x)

2ρ(x)

〉

dt+DdB2
i (t),

i = 1, . . . , N ✱ ✇❤❡r❡ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s ❛r❡ (XN
i (0), λN

i (0)) = (X̄N
i (0), λ̄N

i (0)) ❛✳s✳✱ µ⊗N
0

❞✐str✐❜✉t❡❞✳ ❙✐♠✐❧❛r❧② t♦ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✳✸✳✸✱ ✇❡ ✇r✐t❡ ❡①♣❧✐❝✐t❧②✱ ❢♦r ❛❧❧ i = 1, . . . , N

λN
i (t)−λ̄N

i (t) =

∫ t

0
eα(s−t)

〈

µN
s (dx, dl)− µs(dx, dl),

β

2
g′(l) +

ρ′(x)
2ρ(x)

〉

ds+
1

N

N
∑

j=1

∫ t

0
eα(s−t)dB1

j (s).

❍♦✇❡✈❡r✱ ❢r♦♠ ✭✶✳✸✳✶✷✮✱ ✇❡ s❡❡ t❤❛t✱ ❛✳s✳ ✐t ❤♦❧❞s

∫ t

0
eα(s−t)

〈

µN
s (dx, dl),

β

2
g′(l) +

ρ′(x)
2ρ(x)

〉

ds =

∫ t

0
eα(s−t)d〈µN

s (dx, dl), x〉− 1

N

N
∑

j=1

∫ t

0
eα(s−t)dB1

j (s),

❛♥❞✱ ❝♦♥s❡q✉❡♥t❧②✱ ✇❡ ✇r✐t❡

λN
i (t)− λ̄N

i (t) =
1

N

N
∑

j=1

XN
j (t)− E

[

X̄N
i (t)

]

− e−αt

(

1

N

N
∑

j=1

XN
j (0)− E

[

X̄N
i (0)

]

)

− α

∫ t

0

(

1

N

N
∑

j=1

XN
j (s)− E

[

X̄N
i (s)

]

)

e−α(t−s)ds.

◆♦✇ ❝♦♥s✐❞❡r t❤❡ ❡♠♣✐r✐❝❛❧ ♠❡❛s✉r❡ ♦❢ t❤❡ ✐♥t❡r♠❡❞✐❛t❡ ♣r♦❝❡ss✿ µ̄N = 1
N

∑N
j=1 δ(X̄N,j ,λ̄N,j)❀

✐t ✐s ❡❛s② t♦ s❡❡ t❤❛t✱ ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✳✸✳✸✱ ✐t ❤♦❧❞s

E
[

W2(µ
N , µ̄N)2

]

≤ E

[

sup
t∈[0,T ]

(XN
1 (t)− X̄N

1 (t))2 + (λN
1 (t)− λ̄N

1 (t))
2

]

≤L

∫ T

0

E

[

sup
t∈[0,s]

(XN
1 (t)− X̄N

1 (t))2 + (λN
1 (t)− λ̄N

1 (t))
2

]

ds

+ α2T

∫ T

0

E
[

W2,s(µ
N , µ)2

]

ds,
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✇❤✐❝❤✱ ❜② ❛♥ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ●r♦♥✇❛❧❧✬s ▲❡♠♠❛✱ ✐♠♣❧✐❡s t❤❛t t❤❡r❡ ❡①✐sts CT > 0 s✉❝❤ t❤❛t

E
[

W2(µ
N , µ̄N)2

]

≤ CT

∫ T

0

E
[

W2,s(µ
N , µ)2

]

ds. ✭✶✳✸✳✶✸✮

▼♦r❡♦✈❡r✱ ✐t ✐s ❡❛s② t♦ s❡❡ t❤❛t E
[

W2(µ̄
N , µ)

]

≤ β(N) ❢♦r s♦♠❡ s❡q✉❡♥❝❡ β(N) s✉❝❤ t❤❛t
limN→∞ β(N) = 0✳ ❚❤❡♥✱ ✉s✐♥❣ ✭✶✳✸✳✶✸✮✱ ✇❡ ❤❛✈❡

E
[

W2(µ
N , µ)2

]

≤E
[

W2(µ
N , µ̄N)2

]

+ E
[

W2(µ̄
N , µ)2

]

≤CT

∫ T

0

E
[

W2,s(µ
N , µ)2

]

ds+ β(N) ≤ KTβ(N)

❢♦r s♦♠❡ KT > 0✱ ✇❤✐❝❤ ❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢✳

✶✳✸✳✹ ❚❤❡ ●❛✉ss✐❛♥ ❝❛s❡ ✇✐t❤♦✉t ❞✐ss✐♣❛t✐♦♥

❚❤❡ st✉❞② ♦❢ t❤❡ st❛❜✐❧✐t② ❛♥❞ t❤❡ ❧♦♥❣✲t✐♠❡ ❜❡❤❛✈✐♦r ♦❢ ✭✶✳✸✳✶✶✮ ✐s ♣❛rt✐❝✉❧❛r❧② ❤❛r❞ ❛♥❞ ✇❡
❛✐♠ t♦ ❢♦❝✉s ♦♥ s♦♠❡ ♣❛rt✐❝✉❧❛r ❝❛s❡s✳ ❋r♦♠ ♥♦✇ ♦♥✱ ✇❡ ❝❤♦♦s❡ ❛s s✐♥❣❧❡ s✐t❡ ❞✐str✐❜✉t✐♦♥
♦❢ s♣✐♥s t❤❡ ◆♦r♠❛❧ ❞✐str✐❜✉t✐♦♥ ✇✐t❤ ♠❡❛♥ ③❡r♦ ❛♥❞ ✈❛r✐❛♥❝❡ σ2✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱
❛❝❝♦r❞✐♥❣ t♦ ❆ss✉♠♣t✐♦♥s ✶✳✸✳✶✱ ✇❡ r❡str✐❝t t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ✐♥t❡r❛❝t✐♦♥ ❢✉♥❝t✐♦♥ t♦ t❤❡
❝❧❛ss ♦❢ ❢✉♥❝t✐♦♥s g s✉❝❤ t❤❛t t❤❡r❡ ❡①✐sts ❛ s②♠♠❡tr✐❝✱ ♥♦♥❝♦♥st❛♥t✱ ❝♦♥✈❡① ❢✉♥❝t✐♦♥ h ♦♥
R ✇✐t❤ g(x) ≤ h(x) ❢♦r ❛❧❧ x ∈ R ❛♥❞

∫

R

eah(x)e−x2

dx < ∞ ❢♦r ❛❧❧ a > 0. ✭✶✳✸✳✶✹✮

▼♦r❡♦✈❡r✱ ✇❡ ✇✐❧❧ t❛❦❡ D = 0 ❛♥❞ ❧❡t ✉s ❝♦♥s✐❞❡r ❛s ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ♠❡❛s✉r❡s ♦❢ t❤❡ ❢♦r♠

µ0(dx, dλ) = ν0(dx)× δλ0(dλ),

✇❤❡r❡ ν0 ✐s ❛ sq✉❛r❡✲✐♥t❡❣r❛❜❧❡ ♠❡❛s✉r❡ ♦♥ R ❛♥❞ δλ0 ✐s ❛ ❉✐r❛❝ ❞❡❧t❛ ❝❡♥t❡r❡❞ ✐♥ λ0 ∈ R✳
❚❤❡s❡ ❤②♣♦t❤❡s❡s ❞r❛st✐❝❛❧❧② s✐♠♣❧✐❢② t❤❡ tr❡❛t♠❡♥t✱ s✐♥❝❡ t❤❡② ❛❧❧♦✇ ❢♦r ❛ ❧♦✇✲❞✐♠❡♥s✐♦♥❛❧
❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ♠❛❝r♦s❝♦♣✐❝ ❧❛✇✳ ■♥ ❢❛❝t✱ t❤❡ r❡s✉❧t✐♥❣ ♥♦♥❧✐♥❡❛r ♣r♦❝❡ss (X(t), λ(t))t≥0

✐s s♦❧✉t✐♦♥ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦♥❧✐♥❡❛r ❙❉❊✿






dX(t) = β
2
g′(λ(t))dt− X(t)

2σ2 dt+ dB(t),

λ̇(t) = −αλ(t) + β
2
g′(λ(t))− m(t)

2σ2 ,
µt = Law(Xt, λt) ❛♥❞ mt = 〈µt(dx, dl), x〉,

✭✶✳✸✳✶✺✮

✇✐t❤ (B(t))t≥0 st❛♥❞❛r❞ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥✳ ❙✐♥❝❡ λ(t) ❢♦❧❧♦✇s ❛ ❞❡t❡r♠✐♥✐st✐❝ ❞②♥❛♠✐❝s✱
t❤❡ ❧❛✇ ♦❢ t❤❡ ♣r♦❝❡ss ✐s s✉❝❤ t❤❛t✱ ❢♦r ❛♥② t ≥ 0✱

µt(dx, dλ) = νt(dx)× δλt
(dλ).

▼♦r❡♦✈❡r✱ t❤❡ r❡s✉❧t✐♥❣ ♣r♦❝❡ss ✐s ❛ ●❛✉ss✐❛♥ ♣r♦❝❡ss ❤❡♥❝❡ ✐t ✐s ❝♦♠♣❧❡t❡❧② ❞❡s❝r✐❜❡❞ ❜②
t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ µ0 ❛♥❞ t❤❡ ✢♦✇ ((m(t), V (t), λ(t)))t≥0✱ ✇❤❡r❡ V (t) = ❱❛r[X(t)]✳
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■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡ st✉❞② t❤❡ ❜❡❤❛✈✐♦r ♦❢ ✭✶✳✸✳✶✺✮ ✇✐t❤ ❛♥❞ ✇✐t❤♦✉t t❤❡ ❞✐ss✐♣❛t✐♦♥✳

❲❡ st❛rt ✇✐t❤ t❤❡ st❛❜✐❧✐t② st✉❞② ♦❢ ✭✶✳✸✳✶✺✮ ✇✐t❤♦✉t t❤❡ ❞✐ss✐♣❛t✐✈❡ t❡r♠✱ s♦ ❧❡t α = 0✳
■♥ t❤✐s ❝❛s❡✱ t❤❡ ✈❛r✐❛❜❧❡ λ(t) ❤❛s t❤❡ s❛♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ m(t)✱ t❤❡♥ ✐❢ λ(0) = E[X(0)]✱ t❤❡
♥♦♥❧✐♥❡❛r ♣r♦❝❡ss ✭✶✳✸✳✶✺✮ ✇✐t❤ α = 0✱ ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ♥♦♥❧✐♥❡❛r ❧✐♠✐t ♦❢ ❛ s❡q✉❡♥❝❡ ♦❢
♣❛rt✐❝❧❡ s②st❡♠s XN ✱ ❡❛❝❤ ♦❢ t❤❡♠ ❡✈♦❧✈✐♥❣ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ▲❛♥❣❡✈✐♥ ❞②♥❛♠✐❝s ✭✶✳✸✳✻✮✳
❚❤❡r❡❢♦r❡✱ ✇❡ ♠❛② ❝♦♥s✐❞❡r t❤✐s ♣r♦❝❡ss ❛s t❤❡ ❞②♥❛♠✐❝❛❧ ❣❡♥❡r❛❧✐③❡❞ ❈✉r✐❡✲❲❡✐ss ♠♦❞❡❧
✐♥ t❤❡ ●❛✉ss✐❛♥ ❝❛s❡✱ t❤❛t ✐s ❡①♣❧✐❝✐t❧② ✇r✐tt❡♥ ❛✳s✳

X(t) = e
t

2σ2

(

X(0) +

∫ t

0

e−
s

2σ2
β

2
g′(m(s))ds+

∫ t

0

e−
s

2σ2 dB(s)

)

.

❲❡ ❝❛♥ r❡str✐❝t t❤❡ st✉❞② t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ s②st❡♠ ♦❢ ❖❉❊✿
{

ṁ(t) = β
2
g′(m(t))− m(t)

2σ2

V̇ (t) = 1− V (t)
σ2 .

✭✶✳✸✳✶✻✮

❙✐♥❝❡ t❤❡ t✇♦ ✈❛r✐❛❜❧❡s ❡✈♦❧✈❡ ✐♥❞❡♣❡♥❞❡♥t❧② ❛♥❞ t❤❡ ❧♦♥❣✲t✐♠❡ ❜❡❤❛✈✐♦r ♦❢ V (t) ✐s tr✐✈✐❛❧✱
✇❡ ❢♦❝✉s t❤❡ ❛tt❡♥t✐♦♥ ♦♥ t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❖❉❊ ❢♦r t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ m(t)✳ ❲❡ ❞❡✜♥❡
t❤❡ ❢✉♥❝t✐♦♥

fβ(x)
.
= βg′(x)− x

σ2
✭✶✳✸✳✶✼✮

❛♥❞ ♥♦t✐❝❡ t❤❛t✱ ❢♦r ❛ ✜①❡❞ β > 0✱ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣♦✐♥ts ♦❢ ✭✶✳✸✳✶✻✮ ❜❡❧♦♥❣ t♦ t❤❡ s❡t
{(x, σ2), x ∈ Λ(β)}✱ ✇❤❡r❡

Λ(β)
.
= {x ∈ R s✳t✳ fβ(x) = 0}.

❘❡♠❛r❦ ✶✳✸✳✹✳ ❙✐♥❝❡ g′ ✐s ❣❧♦❜❛❧❧② ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s ✭❆ss✉♠♣t✐♦♥ ✶✳✸✳✷✮ ❛♥❞ ✐t ❞♦❡s ♥♦t
❞❡♣❡♥❞ ♦♥ β✱ ✐t ✐s ❝❧❡❛r t❤❛t ❢♦r β s✉✣❝✐❡♥t❧② s♠❛❧❧ t❤❡ ♦r✐❣✐♥ ✐s t❤❡ ♦♥❧② ❡q✉✐❧✐❜r✐✉♠ ♣♦✐♥t
❛♥❞ ✐t ✐s ❛ ❣❧♦❜❛❧ ❛ttr❛❝t♦r✳ ■♥❞❡❡❞✱ ♥❡❝❡ss❛r✐❧② g′(0) = 0 ✭s✐♥❝❡ ❜② ❆ss✉♠♣t✐♦♥ ✶✳✸✳✶ g ✐s
❡✈❡♥✮ ❛♥❞ ❢♦r β s✉✣❝✐❡♥t❧② s♠❛❧❧ ❞♦❡s ♥♦t ❡①✐st ❛♥② x∗ 6= 0 s✉❝❤ t❤❛t fβ(x∗) = 0✳ ▼♦r❡♦✈❡r✱
♥♦t✐❝❡ t❤❛t t❤❡ s❡t ♦❢ ❝r✐t✐❝❛❧ ♣♦✐♥ts ❝♦♥t❛✐♥s ❛❧❧ t❤❡ ✈❛❧✉❡s ♦❢ β s✉❝❤ t❤❛t t❤❡ ❧✐♥❡ y = x

σ2β
✐s

t❛♥❣❡♥t t♦ t❤❡ ❣r❛♣❤ y = g′(x)✳ ❇② ♣♦✐♥t ✭✐✮ ♦❢ ❆ss✉♠♣t✐♦♥ ✶✳✸✳✶✱ ✇❡ ❦♥♦✇ t❤❛t g′ ❝❛♥♥♦t
❜❡ ✐❞❡♥t✐❝❛❧❧② ③❡r♦ ❛♥❞ t❤✐s ❡♥s✉r❡s t❤❛t t❤❡r❡ ❡①✐sts ❛t ❧❡❛st ♦♥❡ ❝r✐t✐❝❛❧ ♣♦✐♥t✳ ❉❡♣❡♥❞✐♥❣
♦♥ t❤❡ r❡❣✉❧❛r✐t② ♦❢ t❤❡ ❢✉♥❝t✐♦♥ g✱ ✇❡ ❝❛♥ ♦❜s❡r✈❡ ♠♦r❡ t❤❛♥ ♦♥❡ ♣❤❛s❡ tr❛♥s✐t✐♦♥ ❛♥❞
t❤❡ ❛♣♣❡❛r❛♥❝❡ ♦❢ ❝♦❡①✐st✐♥❣ st❛❜❧❡ ❡q✉✐❧✐❜r✐❛✳ ❚❤❡ st❛❜✐❧✐t② ♦❢ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣♦✐♥ts ♦❢
✭✶✳✸✳✶✻✮ ❢♦❧❧♦✇s ❢r♦♠ ❛ st❛♥❞❛r❞ ❛♥❛❧②s✐s ♦❢ t❤❡ s✐❣♥ ♦❢ t❤❡ ❢✉♥❝t✐♦♥ fβ✳

❲❡ ♣❧❛♥ t♦ st✉❞② t❤❡ ❧♦♥❣✲t✐♠❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ s♦❧✉t✐♦♥ t♦ ✭✶✳✸✳✶✺✮ ✇❤❡♥ α = 0✳ ❚♦
t❤✐s ❛✐♠✱ ✇❡ st❛t❡ ❛♥❞ ♣r♦✈❡ ❛ ❧❡♠♠❛ ❝♦♥❝❡r♥✐♥❣ t❤❡ ❧♦♥❣✲t✐♠❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣
t✐♠❡✲✐♥❤♦♠♦❣❡♥❡♦✉s ❙❉❊✿

{

dY (t) = a(t)dt− Y (t)
2σ2 dt+ dB(t)

Y0 ∈ L2(Ω)
✭✶✳✸✳✶✽✮
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✇❤❡r❡ a(t) ✐s ❛ ❞❡t❡r♠✐♥✐st✐❝ ❢✉♥❝t✐♦♥ s✉❝❤ t❤❛t

lim
t→+∞

a(t) = a∗ ∈ R. ✭✶✳✸✳✶✾✮

❚❤❡ s♦❧✉t✐♦♥ ♦❢ ✭✶✳✸✳✶✽✮ ✇✐❧❧ ❜❡ ✉s❡❞ ❛s ❛♥ ❛✉①✐❧✐❛r② ♣r♦❝❡ss t♦ ♣r♦✈❡ ❧♦♥❣✲❜❡❤❛✈✐♦r ♦❢ t❤❡
s♦❧✉t✐♦♥ ♦❢ ✭✶✳✸✳✶✺✮✳ ■♥❞❡❡❞✱ ✇❤❡♥ α = 0✱ ❧❡t (X(t))t≥0 ❜❡ t❤❡ ✜rst ❝♦♠♣♦♥❡♥t ♦❢ ❛ s♦❧✉t✐♦♥
t♦ ✭✶✳✸✳✶✺✮ ❛♥❞ (Y (t))t≥0 ❜❡ t❤❡ s♦❧✉t✐♦♥ t♦ ✭✶✳✸✳✶✽✮✳ ❚❤❡♥✱ ✐❢ Law(X(0)) = Law(Y (0))
❛♥❞

{

a(t) = βg′(m(t))
2

,

ṁ(t) = β
2
g′(m(t))− m(t)

2σ2
,

✇✐t❤ m(0) = E[X0]✱ t❤❡♥✱ ❢♦r ❛❧❧ t > 0

Law(X(t)) = Law(Y (t)).

❚❤❡ s❛♠❡ ❛r❣✉♠❡♥t ❤♦❧❞s tr✉❡ ✇❤❡♥ α > 0✱ r❡♣❧❛❝✐♥❣ m(t) ✇✐t❤ λ(t)✳

▲❡♠♠❛ ✶✳✸✳✶✳ ▲❡t (Y (t))t≥0 ❜❡ t❤❡ s♦❧✉t✐♦♥ ♦❢ ✭✶✳✸✳✶✽✮ ❛♥❞ Pt(Y (0), ·) ❜❡ ✐ts ❧❛✇ ❛t t✐♠❡
t✳ ❚❤❡♥✱

lim
t→+∞

||Pt(Y (0), ·)− νa∗(·)||TV = 0

✇❤❡r❡ νa∗(dx) =
1√
2πσ2

e
(x−a∗)2

2σ2 dx ❛♥❞ || · ||TV ✐♥❞✐❝❛t❡s t❤❡ t♦t❛❧ ✈❛r✐❛t✐♦♥ ♥♦r♠✳

Pr♦♦❢✳ ❋✐rst ♦❢ ❛❧❧✱ ♥♦t✐❝❡ t❤❛t

lim
t→+∞

∣

∣

∣

∣

∫ t

0

e
s−t

2σ2 a(s)ds− a∗
∣

∣

∣

∣

= 0. ✭✶✳✸✳✷✵✮

■♥ ❢❛❝t✱ ✜① ε > 0✱ t❤❡♥ ❜② ✭✶✳✸✳✶✾✮✱ t❤❡r❡ ❡①✐sts t∗ε s✉❝❤ t❤❛t |a(t)− a∗| < ε ❢♦r ❛♥② t > t∗ε✳
❙♦✱

∣

∣

∣

∣

∫ t

0

e
s−t

2σ2 a(s)ds− a∗
∣

∣

∣

∣

≤ e−
t

2σ2

∫ t

0

e
s

2σ2 |a(s)− a∗|ds

= e−
t

2σ2

∫ t∗ε

0

e
s

2σ2 |a(s)− a∗|ds+ e−
t

2σ2

∫ t

t∗ε

e
s

2σ2 εσ2ds

≤ e−
t

2σ2 t∗εe
t∗ε
2σ2 max

s∈[0,t∗ε ]
|a(s)− a∗|+ ε

2
,

t❤❡♥✱ t❛❦✐♥❣ t∗∗ε s✉❝❤ t❤❛t

e−
t∗∗ε
2σ2 t∗εe

t∗ε
2σ2 max

s∈[0,t∗ε ]
|a(s)− a∗| < ε

2
,

❢♦r ❛♥② t > t∗∗ε ✐t ❤♦❧❞s t❤❛t
∣

∣

∣

∣

∫ t

0

e
s−t

2σ2 a(s)ds− a∗
∣

∣

∣

∣

< ε
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❛♥❞ ✭✶✳✸✳✷✵✮ ✐s ♣r♦✈❡❞✳ ❇② t❤❡ t❤❡♦r② ♦❢ ❧✐♥❡❛r st♦❝❤❛st✐❝ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ✐t ✐s ✇❡❧❧✲
❦♥♦✇♥ t❤❛t

(Y (t)|Y (0) = y) ∼ N
(

ye−
t

2σ2 +

∫ t

0

e
s−t

2σ2 a(s)ds, σ2
(

1− e−
t

σ2

)

)

,

t❤❡♥✱ ✐❢ ν0 = Law(Y (0))✱

||Pt(Y (0), ·)− νa∗(·)||TV =

∫

R

||Pt(y, ·)− νa∗(·)||TV dν0(y)

=
1

2

∫

R

∫

R

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

exp





(

x−ye
−

t
2σ2 −

∫ t

0 e
s−t

2σ2 a(s)ds

)2

2σ2(1−e
−

t
2σ2 )





√

2πσ2(1− e−
t

2σ2 )

− e
(x−a∗)2

2σ2

√
2πσ2

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

dxdν0(y)

✇❤✐❝❤ ❝♦♥✈❡r❣❡s t♦ 0 ❛s t → +∞ t❤❛♥❦s t♦ ✭✶✳✸✳✷✵✮ ❛♥❞ t❤❡ ❉♦♠✐♥❛t❡❞ ❈♦♥✈❡r❣❡♥❝❡
❚❤❡♦r❡♠✳

❲❡ ❛r❡ ♥♦✇ r❡❛❞② t♦ ♣r♦✈❡ t❤❡ r❡s✉❧t ♦♥ ❧♦♥❣✲t✐♠❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ♠❛❝r♦s❝♦♣✐❝ ♣r♦❝❡ss✳

❚❤❡♦r❡♠ ✶✳✸✳✺✳ ❋✐① β > 0✱ t❤❡♥ (X(t), λ(t))t≥0 ❤❛s ❡①❛❝t❧② Card(Λ(β)) st❛t✐♦♥❛r② s♦❧✉✲
t✐♦♥s ❣✐✈❡♥ ❜② t❤❡ ♠❡❛s✉r❡s

µm∗(dx, dl) =
1√
2πσ2

e−
(x−m∗)2

2σ2 dx× δm∗(dl)

❢♦r ❛❧❧ m∗ ∈ Λ(β)✳ ▼♦r❡♦✈❡r✱ ❢♦r ❛❧❧ µ0(dx, dλ) = ν0(dx)×δm0(dλ), sq✉❛r❡✲✐♥t❡❣r❛❜❧❡ ✐♥✐t✐❛❧
❝♦♥❞✐t✐♦♥s ✇✐t❤ m0 = 〈µ0, x〉

lim
t→∞

‖µt(·)− µm∗(·)‖TV = 0, ✭✶✳✸✳✷✶✮

✇❤❡r❡ m∗ ✐s t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣♦✐♥t ♦❢

ṁ(t) =
β

2
g′(m(t))− m(t)

2σ2

s✉❝❤ t❤❛t m0 ❜❡❧♦♥❣s t♦ t❤❡ ❞♦♠❛✐♥ ♦❢ ❛ttr❛❝t✐♦♥ ♦❢ m(t)✳

Pr♦♦❢✳ ■t ✐s ❝❧❡❛r t❤❛t t❤❡ ❡✈♦❧✉t✐♦♥ ❣✐✈❡♥ ❜② ✭✶✳✸✳✶✺✮ ✇❤❡♥ α = 0 ♠✉st ❤❛✈❡ ❛ ❧❛✇
µt(dx, dl) = νt(dx) × δmt

(dl) ✇❤❡r❡ δmt
✐s ❛ ❉✐r❛❝ ❞❡❧t❛ ❝❡♥t❡r❡❞ ✐♥ mt =

∫

R
yνt(dy)✳

❚❤❡♥ t❤❡ st❛t✐♦♥❛r② ❋♦❦❦❡r✲P❧❛♥❝❦ ❣✐✈❡s

0 =
1

2

d2

dx2
ν∗(x)− d

dx

[(

β

2
g′(m∗)− x

2σ2

)

ν∗(x)

]
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✇✐t❤ m∗ =
∫

R
xν∗(x)dx ❛♥❞ µ∗(dx, dl) = ν∗(dx)δm∗(dl)✳ ❙♦✱ t❤❡r❡ ❡①✐sts K ∈ R s✉❝❤ t❤❛t

d

dx
ν∗(x) = K +

(

β

2
g′(m∗)− x

2σ2

)

ν∗(x).

❚❤✉s ν∗(x) s♦❧✈❡s ❛ ❧✐♥❡❛r ❖❉❊✱ ✐✳❡✳ t❤❡r❡ ❡①✐sts C ∈ R s✉❝❤ t❤❛t

ν∗(x) = exp(βg′(m∗)x− x2

2σ2
)

(

C +K

∫

R

exp(−βg′(m∗)y +
y2

2σ2
)dy

)

.

◆♦t✐❝❡ t❤❛t ♥❡❝❡ss❛r✐❧② ✇❡ ❤❛✈❡ t♦ ❝❤♦♦s❡ K = 0 ❛♥❞ C =
(

∫

R
exp(βg′(m∗)x− x2

2σ2 )dx
)−1

✐♥ ♦r❞❡r t♦ ❤❛✈❡ ❛♥ ✐♥t❡❣r❛❜❧❡ ❛♥❞ ♥♦r♠❛❧✐③❡❞ ❞❡♥s✐t② ❢✉♥❝t✐♦♥ ν∗✳ ▼♦r❡♦✈❡r✱ t❤❡ ❛❞♠✐ss✐❜❧❡
❢✉♥❝t✐♦♥s ν∗ ❛r❡ s✉❝❤ t❤❛t

m∗ =

∫

R

xν∗(x)dx = βσ2g′(m∗)

❛♥❞ t❤✐s ✐❞❡♥t✐✜❡s t❤❡♠ ❛s t❤❡ ♦♥❡s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ m∗ ∈ Λ(β)✳
◆♦✇✱ ❧❡t ✉s ♣r♦✈❡ t❤❡ ❧♦♥❣✲t✐♠❡ ❜❡❤❛✈✐♦r ♦❢ µt ❢♦r ❛♥② sq✉❛r❡✲✐♥t❡❣r❛❜❧❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥
♦❢ t❤❡ t②♣❡ µ0 = ν0 × δm0 ✳ ❆s ✇❡ s❛✐❞✱ t❤✐s ✐♠♣❧✐❡s t❤❛t µt = νt × δλ(t) ❛♥❞ λ(t) = E[X(t)]
❢♦r ❛❧❧ t ≥ 0✳ ❲❡ ✐♥tr♦❞✉❝❡ ❛♥ ❛✉①✐❧✐❛r② ♣r♦❝❡ss Y (t)✱ s♦❧✉t✐♦♥ ♦❢

dY (t) = a(t)dt− Y (t)

2σ2
dt+ dBt

✇✐t❤ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ Y (0) ∼ µ0 ❛♥❞ a(t) = βg′(λ(t))
2

❢♦r ❛❧❧ t ≥ 0 ✳ ❉❡♥♦t✐♥❣ Pt(Y (0), ·) =
▲❛✇(Y (t))✱ ✐t ✐s ❝❧❡❛r t❤❛t

‖Pt(Y (0), ·)− νt(·)‖TV = 0,

❢♦r ❛❧❧ t ≥ 0✳ ❚❤❡♥ ✭✶✳✸✳✷✶✮ ❢♦❧❧♦✇s ❞✐r❡❝t❧② ❢r♦♠ ▲❡♠♠❛ ✶✳✸✳✶✳

✶✳✸✳✺ ❚❤❡ ●❛✉ss✐❛♥ ❝❛s❡ ✇✐t❤ ❞✐ss✐♣❛t✐♦♥

▲❡t ✉s ♥♦✇ ❢♦❝✉s ♦♥ t❤❡ s②st❡♠ ✐♥ ♣r❡s❡♥❝❡ ♦❢ t❤❡ ❞✐ss✐♣❛t✐✈❡ ❡✛❡❝t ✐♥ t❤❡ ✐♥t❡r❛❝t✐♦♥✳ ❇②
❛ss✉♠✐♥❣ t❤❡ s❛♠❡ ❤②♣♦t❤❡s❡s ❛s ❙❡❝t✐♦♥ ✶✳✸✳✹✱ ✇❡ ❛❣❛✐♥ r❡❞✉❝❡ t❤❡ ♣r♦❜❧❡♠ t♦ t❤❡ st✉❞②
♦❢ ❛ s②st❡♠ ♦❢ ❖❉❊s✱ t❤❛t ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿

{

ṁ(t) = β
2
g′(λ(t))− m(t)

2σ2
,

λ̇(t) = −αλ(t) + β
2
g′(λ(t))− m(t)

2σ2 ,
✭✶✳✸✳✷✷✮

✇❤❡r❡✱ ❛s ❜❡❢♦r❡✱ t❤❡ ✐♥❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ V (t) ❛❧❧♦✇s ✉s ❝♦♥s✐❞❡r ❛ t✇♦✲
❞✐♠❡♥s✐♦♥❛❧ ✐♥st❡❛❞ ♦❢ ❛ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ s②st❡♠✳ P❡r❢♦r♠✐♥❣ t❤❡ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡
y = 1

2σ2 (λ−m)✱ ✇❡ ❣❡t t❤❡ s②st❡♠

{

ẏ(t) = − α
2σ2λ(t),

λ̇(t) = y(t)−
(

α + 1
2σ2

)

λ(t) + β
2
g′(λ(t)),

✭✶✳✸✳✷✸✮
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✇❤✐❝❤ ✐s ❛ ▲✐é♥❛r❞ s②st❡♠✳ ❚❤❡ ❧✐♥❦ ✇✐t❤ ▲✐é♥❛r❞ s②st❡♠s ✐s ✐♠♣♦rt❛♥t t♦ ✉s s✐♥❝❡ t❤❡
s②st❡♠s ♦❢ t❤✐s ❝❧❛ss ❤❛✈❡ ❜❡❡♥ ❡①t❡♥s✐✈❡❧② st✉❞✐❡❞ ✐♥ r❡❧❛t✐♦♥ t♦ t❤❡✐r ❧✐♠✐t ❝②❝❧❡s ❬✼✱ ✶✵✱
✸✷✱ ✹✶✱ ✹✸✱ ✹✼❪✳ ■♥ ❣❡♥❡r❛❧✱ ❛ s②st❡♠ ♦❢ ▲✐é♥❛r❞ t②♣❡ ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✿

{

ẋ = y − A(x),
ẏ = −b(x),

❢♦r t✇♦ s✉✐t❛❜❧❡ ❢✉♥❝t✐♦♥s A, b✳ ❚❤❡ ✉s✉❛❧ ❤②♣♦t❤❡s✐s r❡q✉✐r❡ t❤❛t A′ ❛♥❞ b ❛r❡ C1 ❢✉♥❝t✐♦♥s✱
b(0) = 0 ❛♥❞ b(x)x > 0 ❢♦r x s♠❛❧❧ ❡♥♦✉❣❤✳ ❆ ❞❡t❛✐❧❡❞ ❛♥❞ ❝♦♠♣❧❡t❡ st✉❞② ♦❢ ❛❧❧ ▲✐é♥❛r❞
s②st❡♠s✱ ✇✐t❤ ♥❡❝❡ss❛r② ❛♥❞ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❡①❛❝t❧② k ≥ 0 ❧✐♠✐t
❝②❝❧❡s✱ ✐s st✐❧❧ ❛♥ ♦♣❡♥ ♣r♦❜❧❡♠✳ ❍♦✇❡✈❡r✱ ✐♥ ❧✐t❡r❛t✉r❡ ✇❡ ❝❛♥ ✜♥❞ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥s ❢♦r
t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛t ❧❡❛st ✭♦r ❡①❛❝t❧②✮ k ≥ 0 ❧✐♠✐t ❝②❝❧❡s✱ ❬✶✵✱ ✹✸❪✳ ■♥ t❤✐s s❡tt✐♥❣✱ ❜② ❛ s❧✐❣❤t
❛❜✉s❡ ♦❢ ♥♦t❛t✐♦♥✱ ✇❡ ❞❡✜♥❡ t❤❡ ❢✉♥❝t✐♦♥

fα,β(x) : =

(

α +
1

2σ2

)

x− β

2
g′(x);

♦❢ ❝♦✉rs❡✱ t❤✐s ❣❡♥❡r❛❧✐③❡s ✭✶✳✸✳✶✼✮✱ ✐♥❞❡❡❞ f0,β = fβ✳ ❋♦r ❛♥② ✜①❡❞ tr✐♣❧❡t ♦❢ ♣❛r❛♠❡✲
t❡rs (α, β, σ2)✱ ❡q✉❛t✐♦♥ ✭✶✳✸✳✷✸✮ r❡♣r❡s❡♥ts ❛ ▲✐é♥❛r❞ s②st❡♠ ✇✐t❤ A(x) = fα,β(x) ❛♥❞
b(x) = α

2σ2x✳

■♥ t❤✐s ❝❛s❡✱ ❜② ♣❤❛s❡ tr❛♥s✐t✐♦♥ ✇❡ ♠❡❛♥ ❛♥② ❝❤❛♥❣❡ ✐♥ t❤❡ ♥✉♠❜❡r ♦r ✐♥ t❤❡ st❛❜✐❧✐t②
♦❢ ❡q✉✐❧✐❜r✐✉♠ ♣♦✐♥ts ❛♥❞ ❧✐♠✐t ❝②❝❧❡s ♦❢ t❤❡ ❖❉❊ ✭✶✳✸✳✷✸✮✳ ❆ss✉♠♣t✐♦♥s ✶✳✸✳✶ ❛♥❞ ✶✳✸✳✷
❛r❡ r❛t❤❡r ❣❡♥❡r❛❧ ❛♥❞ ❛❧❧♦✇s t♦ ❝❤♦♦s❡ t❤❡ ✐♥t❡r❛❝t✐♦♥ ❢✉♥❝t✐♦♥ g ✇✐t❤ ❡♥♦✉❣❤ ❢r❡❡❞♦♠ t♦
♠❛❦❡ ✐♠♣♦ss✐❜❧❡ ❛ ❝♦♠♣❧❡t❡ ❛♥❛❧②s✐s ♦❢ t❤❡ ♣❤❛s❡ tr❛♥s✐t✐♦♥s ♦❢ ✭✶✳✸✳✷✸✮✳ ◆❡✈❡rt❤❡❧❡ss✱ ✐♥
t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ ✇❡ ❛r❡ ❛❜❧❡ t♦ ❞❡s❝r✐❜❡ t❤r❡❡ ✐♥t❡r❡st✐♥❣ ❜❡❤❛✈✐♦rs✳

❚❤❡♦r❡♠ ✶✳✸✳✻✳ ❋✐① σ2 > 0 ❛♥❞ α > 0 ❛♥❞ ❝♦♥s✐❞❡r t❤❡ ❞②♥❛♠✐❝❛❧ s②st❡♠ ✭✶✳✸✳✷✸✮ ✉♥❞❡r
❆ss✉♠♣t✐♦♥s ✶✳✸✳✶ ❛♥❞ ✶✳✸✳✷✳

✐✮ ❚❤❡r❡ ❡①✐sts β∗ > 0 s✉❝❤ t❤❛t ∀ β ∈ (0, β∗) t❤❡ ♦r✐❣✐♥ ✐s ❛ ❣❧♦❜❛❧ ❛ttr❛❝t♦r ❢♦r ✭✶✳✸✳✷✸✮✳

✐✐✮ ■❢ g′′(0) > 0 ❛♥❞ g′ ✐s ♥♦t ❧✐♥❡❛r ❛r♦✉♥❞ ✵✱ t❤❡ ♦r✐❣✐♥ ❧♦♦s❡s st❛❜✐❧✐t② ✈✐❛ ❛ ❍♦♣❢

❜✐❢✉r❝❛t✐♦♥ ❛t t❤❡ ❝r✐t✐❝❛❧ ✈❛❧✉❡ βH =
2α+ 1

σ2

g′′(0)
.

✐✐✐✮ ■❢ g′′(0) > 0 ❛♥❞ t❤❡r❡ ❡①✐sts C > 0 s✉❝❤ t❤❛t ❢♦r ❛❧❧ x ∈ ]C,+∞[ t❤❡ ❢✉♥❝t✐♦♥ g′(x)
✐s ❝♦♥❝❛✈❡✱ t❤❡♥ t❤❡r❡ ❡①✐sts ❛ βUC s✉❝❤ t❤❛t ❢♦r ❛❧❧ β > βUC t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡
❧✐♠✐t ❝②❝❧❡ ❢♦r ✭✶✳✸✳✷✸✮✳

Pr♦♦❢✳ ✐✮ ❋✐rst ♦❢ ❛❧❧✱ ♥♦t✐❝❡ t❤❛t ❢♦r ❛♥② ❝❤♦✐❝❡ ♦❢ β > 0✱ (0, 0) ✐s t❤❡ ✉♥✐q✉❡ ❡q✉✐❧✐❜r✐✉♠
❢♦r ✭✶✳✸✳✷✸✮✳ ❚❤❡ str❛t❡❣② t♦ ♣r♦✈❡ ✐ts st❛❜✐❧✐t② ❢♦r β < β∗ ❝♦♥s✐sts ✐♥ ✜♥❞✐♥❣ ❛ ▲②❛♣✉♥♦✈
❢✉♥❝t✐♦♥✳ ▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❢✉♥❝t✐♦♥

W (y, λ) =
α

4σ2
λ2 +

y2

2
,
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✐t ✐s ❝❧❡❛r t❤❛t

d

dt
W (y(t), λ(t)) = − α

2σ2
λ(t)

(

(α +
1

2σ2
)λ(t)− β

2
g′(λ(t))

)

= − α

2σ2
λ(t)fα,β(λ(t)).

✭✶✳✸✳✷✹✮
❚❤❡ ♣r♦❜❧❡♠ r❡❞✉❝❡s t♦ ❝♦♥s✐❞❡r t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♦❢ t❤❡ ❣r❛♣❤ ♦❢ t❤❡ ❢✉♥❝t✐♦♥

y = g′(λ)

✇✐t❤ ❛ ❧✐♥❡✱ t❤❛t ✐♥ t❤✐s ❝❛s❡ ✐s t❤❡ ❧✐♥❡

y =
2α + 1

σ2

β
λ.

❚❤✐s✱ ✐♥❞❡❡❞✱ ❞❡t❡r♠✐♥❡s t❤❡ s✐❣♥ ♦❢ t❤❡ ❢✉♥❝t✐♦♥ fα,β(λ)✳ ❲❡ s❡❡ t❤❛t t❤❡r❡ ❡①✐sts ❛ β∗

s✉✣❝✐❡♥t❧② s♠❛❧❧✱ s✉❝❤ t❤❛t ∀ β < β∗ t❤❡ ♦♥❧② ✐♥t❡rs❡❝t✐♦♥ ✐s t❤❡ ♦r✐❣✐♥✱ ♠❡❛♥✐♥❣ t❤❛t
✭✶✳✸✳✷✹✮ ✐s str✐❝t❧② ♥❡❣❛t✐✈❡ ❡①❝❡♣t t❤❛♥ ❛t (0, 0)✱ ✐♥ ✇❤✐❝❤ ✐t ✐s ③❡r♦✳ ❚❤❡r❡❢♦r❡ W ✐s ❛
❣❧♦❜❛❧ ▲②❛♣✉♥♦✈ ❢✉♥❝t✐♦♥ ❢♦r t❤❡ s②st❡♠ ✭✶✳✸✳✷✸✮✱ ♣r♦✈✐♥❣ ❣❧♦❜❛❧ ❛ttr❛❝t✐✈✐t② ♦❢ t❤❡ ♦r✐❣✐♥✳

✐✐✮ ❆ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥ ♦❝❝✉rs ✇❤❡♥ ❛ st❛❜❧❡ ♣❡r✐♦❞✐❝ ♦r❜✐t ❛r✐s❡s ❢r♦♠ ❛♥ ❡q✉✐❧✐❜r✐✉♠ ♣♦✐♥t
t❤❛t ❧♦s❡s ✐ts ✭❧♦❝❛❧✮ st❛❜✐❧✐t②✳ ❙✉❝❤ ❛ ❜✐❢✉r❝❛t✐♦♥ ❝❛♥ ❜❡ ❞❡t❡❝t❡❞ ❧♦♦❦✐♥❣ ❛t t❤❡ ❧✐♥❡❛r✐③❡❞
s②st❡♠ ❛r♦✉♥❞ t❤✐s st❛❜❧❡ ❡q✉✐❧✐❜r✐✉♠ ❛♥❞ ✜♥❞✐♥❣ t❤❡ ✈❛❧✉❡s ♦❢ t❤❡ ♣❛r❛♠❡t❡rs ❢♦r ✇❤✐❝❤
❛ ♣❛✐r ♦❢ ❝♦♠♣❧❡① ❡✐❣❡♥✈❛❧✉❡s ❝r♦ss❡s t❤❡ ✐♠❛❣✐♥❛r② ❛①✐s ❬✹✹✱ ❚❤❡♦r❡♠ ✷✱ ❈❤❛♣t❡r ✹✳✹❪✳
❚❤❡r❡❢♦r❡✱ ❝♦♥s✐❞❡r t❤❡ s②st❡♠ ✭✶✳✸✳✷✸✮ ❧✐♥❡❛r✐③❡❞ ❛r♦✉♥❞ t❤❡ ♣♦✐♥t (0, 0)✱ t❤❛t ❣✐✈❡s t❤❡
❧✐♥❡❛r s②st❡♠✿

(

ẏ(t)

λ̇(t)

)

=

(

0 − α
2σ2

1 −
(

α + 1
2σ2

)

+ β
2
g′′(0)

)(

y(t)
λ(t)

)

✇✐t❤ ❡✐❣❡♥✈❛❧✉❡s

x± =
1

2





β

2
g′′(0)− α− 1

2σ2
±
√

(

β

2
g′′(0)− α− 1

2σ2

)2

− 2α

σ2



 .

■t ✐s ❡❛s② t♦ ❝❤❡❝❦ t❤❛t✱ ✇❤❡♥ β = βH ✱ t❤❡ ❡✐❣❡♥✈❛❧✉❡s x± ❝♦♥st✐t✉t❡ ❛ ♣❛✐r ♦❢ ❝♦♥❥✉❣❛t❡
♥♦♥✲③❡r♦ ♣✉r❡❧② ✐♠❛❣✐♥❛r② ♥✉♠❜❡rs✱ ❝r♦ss✐♥❣ t❤❡ ✐♠❛❣✐♥❛r② ❧✐♥❡ ✇✐t❤ ♣♦s✐t✐✈❡ ✈❡❧♦❝✐t②✳ ❚❤❡
❛ss✉♠♣t✐♦♥ ♦♥ g′ ❜❡✐♥❣ ♥♦t ❧♦❝❛❧❧② ❧✐♥❡❛r ❛ss✉r❡ t❤❛t ✇❡ ❛r❡ ✐♥ ♣r❡s❡♥❝❡ ♦❢ ❛ ❧♦❝❛❧ ❜✐❢✉r❝❛✲
t✐♦♥✱ ❛♥❞ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t ✇❤❡♥ β = βH ✇❡ ❤❛✈❡ ❛ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥✳

✐✐✐✮ ❘❡❝❛❧❧ t❤❛t ❜② ❆ss✉♠♣t✐♦♥ ✶✳✸✳✶✱ g′ ✐s ❛♥ ♦❞❞ ❢✉♥❝t✐♦♥ ♣♦s✐t✐✈❡ ♦♥ ]0,+∞[✳ ▼♦r❡♦✈❡r✱
❜② ❆ss✉♠♣t✐♦♥ ✶✳✸✳✷✱ ✐♥ t❤❡ ●❛✉ss✐❛♥ ❝❛s❡ g′(x) ❤❛s ♥❡❝❡ss❛r✐❧② t♦ ❜❡ ❞❡✜♥✐t✐✈❡❧② s✉❜✲❧✐♥❡❛r
✭✐t ✐s ❝❧❡❛r ❜② ✭✶✳✸✳✶✹✮✮✳ ❙✉♣♣♦s❡ t❤❛t g′′(0) > 0 ❛♥❞ t❤❛t t❤❡r❡ ❡①✐sts C > 0 s✉❝❤ t❤❛t ❢♦r
❛❧❧ x ∈ ]C,∞[ t❤❡ ❢✉♥❝t✐♦♥ g′(x) ✐s ❝♦♥❝❛✈❡❀ t❤❡♥✱ t❤❡r❡ ❡①✐sts ❛ βUC s✉✣❝✐❡♥t❧② ❧❛r❣❡ s✉❝❤
t❤❛t ∀ β > βUC ✱ t❤❡ ❢✉♥❝t✐♦♥ fα,β ❤❛s ❡①❛❝t❧② t❤r❡❡ ③❡r♦s −x∗ < 0 < x∗ ❛♥❞ s❛t✐s✜❡s t❤❡
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❢♦❧❧♦✇✐♥❣✿ fα,β ✐s ♥❡❣❛t✐✈❡ ♦♥ ]0, x∗[ ❛♥❞ ♣♦s✐t✐✈❡ ❛♥❞ ♠♦♥♦t♦♥✐❝❛❧❧② ✐♥❝r❡❛s✐♥❣ ♦♥ ]x∗,∞[✳
■♥ t❤✐s ✇❛②✱ ❢♦r ❛❧❧ β > βUC ✱ t❤❡ s②st❡♠ ✭✶✳✸✳✷✸✮ s❛t✐s✜❡s t❤❡ ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ ❡①✐st❡♥❝❡
❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ ❛ ❧✐♠✐t ❝②❝❧❡ ♣r❡s❡♥t❡❞ ✐♥ ❚❤❡♦r❡♠ ✶✳✶ ♦❢ ❬✼❪✳ ❚❤❡ ♣r♦♦❢ ❢♦❧❧♦✇s ❛ ✉s✉❛❧
❛♣♣r♦❛❝❤ ❢♦r ▲✐é♥❛r❞ s②st❡♠s✱ s❦❡t❝❤❡❞ ❛❧s♦ ✐♥ ❬✶✾❪✳

❆s ✐♥ t❤❡ ❝❛s❡ ✇✐t❤♦✉t ❞✐ss✐♣❛t✐♦♥✱ t❤❡ r❡s✉❧ts ♦♥ t❤❡ ❞②♥❛♠✐❝❛❧ s②st❡♠ ✭✶✳✸✳✷✷✮ ✐♠♠❡✲
❞✐❛t❡❧② ❡①t❡♥❞ t♦ t❤❡ ▼❛r❦♦✈ ♣r♦❝❡ss (X(t), λ(t))t≥0 s♦❧✉t✐♦♥ t♦ ✭✶✳✸✳✶✺✮✳ ❲❤❡♥❡✈❡r t❤❡
♠❛❝r♦s❝♦♣✐❝ ❧❛✇ ✐s ❛ttr❛❝t❡❞ ❜② ❛ ♣❡r✐♦❞✐❝ ♦r❜✐t✱ ✇❡ ✇✐❧❧ ♦❜t❛✐♥ ❛♥ ✐♥✈❛r✐❛♥t s❡t ♦❢ ♠❡❛s✉r❡s✱
❡❛❝❤ ♦❢ t❤❡♠ ❝❡♥tr❡❞ ✐♥ ❛ ♣♦✐♥t ♦❢ t❤❡ ❧✐♠✐t ❝②❝❧❡ ❢♦r ✭✶✳✸✳✶✺✮✳

❚❤❡♦r❡♠ ✶✳✸✳✼✳ ❋✐① α, β > 0✱ t❤❡♥ t❤❡ ♣r♦❝❡ss (X(t), λ(t))t≥0 ❞❡s❝r✐❜❡❞ ❜② ✭✶✳✸✳✶✺✮ ❤❛s
❡①❛❝t❧② ♦♥❡ st❛t✐♦♥❛r② s♦❧✉t✐♦♥ ❣✐✈❡♥ ❜② t❤❡ ♠❡❛s✉r❡

µ∗
(0,0)(dx, dl) : =

1√
2πσ2

e−
x2

2σ2 dx× δ0(dl).

▲❡t γ ❜❡ ❛ ❧✐♠✐t ❝②❝❧❡ ♦❢ ✭✶✳✸✳✷✷✮✱ t❤❡♥ t❤❡ s❡t

Γ =

{

µ∗
(m,λ)(dx, dl) : =

1√
2πσ2

e−
(x−m)2

2σ2 dx× δλ(dl), ❢♦r ❛❧❧ (m,λ) ∈ γ

}

✐s ❛♥ ✐♥✈❛r✐❛♥t s❡t ❢♦r t❤❡ ❞②♥❛♠✐❝s ✭✶✳✸✳✶✺✮✳ ▼♦r❡♦✈❡r✱ ❢♦r ❛❧❧ µ0(dx, dλ) = ν0(dx) ×
δλ0(dλ), sq✉❛r❡✲✐♥t❡❣r❛❜❧❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s ✇✐t❤ λ0 ∈ R✱

lim
t→∞

inf
(m,λ)∈γ

‖µt(·)− µ∗
(m,λ)(·)‖TV = 0,

✇❤❡r❡ γ ✐s t❤❡ ❛ttr❛❝t♦r ♦❢ t❤❡ tr❛❥❡❝t♦r② st❛rt✐♥❣ ❢r♦♠ (〈µ0, x〉, λ0) ✐♥ t❤❡ ❞②♥❛♠✐❝❛❧ s②st❡♠
✭✶✳✸✳✷✷✮❀ ❤❡r❡ ✇✐t❤ γ ✇❡ ♠❡❛♥ ❡✐t❤❡r ❛ ❧✐♠✐t ❝②❝❧❡ ♦r s✐♠♣❧② t❤❡ ♦r✐❣✐♥✳

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ❢♦❧❧♦✇s t❤❡ s❛♠❡ ❛♣♣r♦❛❝❤ ♦❢ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✳✸✳✺✱ ✉s✐♥❣ t❤❡
st❛t✐♦♥❛r② ❋♦❦❦❡r✲P❧❛♥❝❦ ❡q✉❛t✐♦♥ ❛♥❞ t❤❡ ❛✉①✐❧✐❛r② r❡s✉❧ts ♦♥ ❧♦♥❣✲t✐♠❡ ❜❡❤❛✈✐♦r ❣✐✈❡♥
❜② ▲❡♠♠❛ ✶✳✸✳✶✳

✶✳✸✳✻ ❈♦❡①✐st❡♥❝❡ ♦❢ st❛❜❧❡ ❧✐♠✐t ❝②❝❧❡s

❚❤❡♦r❡♠ ✶✳✸✳✻ ❛♥❞ ✶✳✸✳✼ ♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ s❡❧❢✲s✉st❛✐♥❡❞ ♣❡r✐♦❞✐❝ ❜❡❤❛✈✐♦r ❢♦r t❤❡ ❣❡♥✲
❡r❛❧✐③❡❞ ❈✉r✐❡✲❲❡✐ss ♠♦❞❡❧ ✇✐t❤ ❞✐ss✐♣❛t✐♦♥✱ ✇✐t❤ t❤❡ ❛♣♣❡❛r❛♥❝❡ ♦❢ ❛ ✉♥✐q✉❡ ❛ttr❛❝t✐✈❡
❧✐♠✐t ❝②❝❧❡ ❢♦r t❤❡ ♠❛❝r♦s❝♦♣✐❝ s②st❡♠ ✉♥❞❡r s✉✐t❛❜❧❡ ❝♦♥❞✐t✐♦♥s✳ ■♥ ✈✐❡✇ ♦❢ t❤❡ ❧♦♥❣✲t✐♠❡
❜❡❤❛✈✐♦r ♦❢ t❤❡ ❝❧❛ss✐❝❛❧ ❈✉r✐❡✲❲❡✐ss ♠♦❞❡❧ ✇✐t❤ ❞✐ss✐♣❛t✐♦♥ ♣r❡s❡♥t❡❞ ✐♥ ❙❡❝t✐♦♥ ✶✳✷✱ t❤✐s
s❤♦✉❧❞ ♥♦t ❜❡ s✉r♣r✐s✐♥❣✳ ◆❡✈❡rt❤❡❧❡ss✱ ❛s ❛❧r❡❛❞② ♠❡♥t✐♦♥❡❞✱ t❤❡ ♣✐❝t✉r❡ ❞❡s❝r✐❜❡❞ ❜②
❚❤❡♦r❡♠ ✶✳✸✳✻ ✐s ❢❛r ❢r♦♠ ❜❡✐♥❣ ❝♦♠♣❧❡t❡✿ ❛s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❢♦r♠ ♦❢ t❤❡
✐♥t❡r❛❝t✐♦♥ ❢✉♥❝t✐♦♥ g✱ t❤❡ ❣❡♥❡r❛❧✐③❡❞ ❈✉r✐❡✲❲❡✐ss ♠♦❞❡❧ ❝❛♥ ❞✐s♣❧❛② ❛ ♠✉❝❤ r✐❝❤❡r ❜❡❤❛✈✲
✐♦r ✐♥ t❤❡ ✐♥✜♥✐t❡ ✈♦❧✉♠❡ ❞②♥❛♠✐❝s✳ ❚❤❡ ♠♦st ✐♥t❡r❡st✐♥❣ ♣❤❡♥♦♠❡♥❛ ❛r❡ t❤❡ ❛♣♣❡❛r❛♥❝❡ ♦❢
❧✐♠✐t ❝②❝❧❡s ✇✐t❤♦✉t t❤❡ ♦r✐❣✐♥ ❧♦♦s✐♥❣ ✐ts ❧♦❝❛❧ st❛❜✐❧✐t② ❛♥❞ t❤❡ ❝♦❡①✐st❡♥❝❡ ♦❢ ❛♥② ✭✜♥✐t❡✮
♥✉♠❜❡r ♦❢ st❛❜❧❡ ❧✐♠✐t ❝②❝❧❡s✳ ❚❤❡s❡ ♦r❜✐ts✱ ✐♥ ❣❡♥❡r❛❧✱ ❛r❡ ❝r❡❛t❡❞ ❛♥❞ ❞❡str♦②❡❞ t❤r♦✉❣❤
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❣❧♦❜❛❧ ❜✐❢✉r❝❛t✐♦♥s✳ ❚❤❡ ♥✉♠❜❡r ♦❢ ❧✐♠✐t ❝②❝❧❡s ❛♥❞ t❤❡✐r st❛❜✐❧✐t② ♠❛✐♥❧② ❞❡♣❡♥❞s ♦♥ t❤❡
❢✉♥❝t✐♦♥ fα,β(x)✱ ✇❤✐❝❤ ♣❧❛②s ❛ ❦❡② r♦❧❡ ✐♥ t❤❡ st✉❞② ♦❢ ❛ ▲✐é♥❛r❞ s②st❡♠ s✉❝❤ ❛s ✭✶✳✸✳✷✸✮✳
■♥ ❣❡♥❡r❛❧✱ s♦♠❡ t♦♦❧s t♦ ❞❡t❡r♠✐♥❡ t❤❡ ❡①❛❝t ♥✉♠❜❡r ♦❢ ❧✐♠✐t ❝②❝❧❡s ✐♥ ❛ ▲✐é♥❛r❞ s②st❡♠
❛r❡ ❛✈❛✐❧❛❜❧❡ ✐♥ ❧✐t❡r❛t✉r❡ ✭s❡❡ ❬✶✵✱ ✹✸❪ ❛♥❞ r❡❢❡r❡♥❝❡s t❤❡r❡✐♥✮✱ ❜✉t t❤❡✐r ❛♣♣❧✐❝❛t✐♦♥ ♠❛②
❜❡ ❝✉♠❜❡rs♦♠❡ ✐♥ ❛ ❣❡♥❡r❛❧ s❡tt✐♥❣✱ s✐♥❝❡ s❡✈❡r❛❧ ❢❡❛t✉r❡s ♦❢ t❤❡ ❢✉♥❝t✐♦♥ fα,β(x) s❤♦✉❧❞ ❜❡
st✉❞✐❡❞✱ s✉❝❤ ❛s t❤❡ ♣♦s✐t✐♦♥ ♦❢ ✐ts ③❡r♦❡s✱ ✐ts ❧♦❝❛❧ ♠✐♥✐♠❛ ❛♥❞ ♠❛①✐♠❛✱ t❤❡✐r ❤❡✐❣❤t ❛♥❞
s♦ ♦♥✳ ◆❡✈❡rt❤❡❧❡ss✱ ❜② ♣❧❛②✐♥❣ ✇✐t❤ t❤❡ ❢♦r♠ ♦❢ t❤❡ ✐♥t❡r❛❝t✐♦♥ ❢✉♥❝t✐♦♥ g✱ ✇❡ ❝❛♥ ❛❧✇❛②s
❝r❡❛t❡ ❛ ●❛✉ss✐❛♥ ❈✉r✐❡✲❲❡✐ss ♠♦❞❡❧ ✇✐t❤ ❞✐ss✐♣❛t✐♦♥ ✇✐t❤ ❛ ❝✉st♦♠✐③❡❞ ♥✉♠❜❡r ♦❢ ♣❤❛s❡
tr❛♥s✐t✐♦♥s ❛♥❞ ♦❢ ❝♦❡①✐st✐♥❣ ❧✐♠✐t ❝②❝❧❡s✳
▲❡t ✉s ❜r✐❡✢② ✉♥❞❡r❧✐♥❡ t❤❡ r♦❧❡ ♦❢ t❤❡ ❢✉♥❝t✐♦♥ g ✐♥ t❤❡ ♦❝❝✉rr❡♥❝❡ ♦❢ ❧✐♠✐t ❝②❝❧❡s ✐♥ t❤❡
❞②♥❛♠✐❝s ♦❢ ✭✶✳✸✳✷✷✮✳ ❚♦ t❤✐s ❛✐♠✱ ✇❡ r❡✇r✐t❡ t❤❡ ▲✐é♥❛r❞ s②st❡♠ ✭✶✳✸✳✷✸✮✿

{

ẏ(t) = − α
2σ2λ(t),

λ̇(t) = y(t)− fα,β(λ(t)).

■♥ t❤❡ r✐❝❤ ❧✐t❡r❛t✉r❡ ♦♥ ▲✐é♥❛r❞ s②st❡♠✱ ✇❡ s❡❡ t❤❛t t❤❡ ❢♦r♠ ♦❢ t❤❡ ❢✉♥❝t✐♦♥ fα,β ♣❧❛②s
❛ ❢✉♥❞❛♠❡♥t❛❧ r♦❧❡ ✐♥ t❤❡ ♥✉♠❜❡r ♦❢ ❧✐♠✐t ❝②❝❧❡s ♦❢ t❤❡ s②st❡♠✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❢r♦♠ t❤❡
r❡s✉❧ts ✐♥ ❬✹✸❪✱ ✇❡ ❝❛♥ st❛t❡ t❤❡ ❢♦❧❧♦✇✐♥❣✳

Pr♦♣♦s✐t✐♦♥ ✶✳✸✳✶✳ ❋✐① σ2, α > 0 ❛♥❞ s✉♣♣♦s❡ t❤❛t t❤❡r❡ ❡①✐sts ❛ β∗ s✉❝❤ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣
❝♦♥❞✐t✐♦♥s ❛r❡ s❛t✐s✜❡❞✿

✐✮ t❤❡ ❢✉♥❝t✐♦♥ fα,β∗ ❤❛s K ♣♦s✐t✐✈❡ ③❡r♦s x0 : = 0 < x1 < · · · < xK(< xK+1 ❛ ❜♦✉♥❞ )
❛t ✇❤✐❝❤ ✐t ❝❤❛♥❣❡s s✐❣♥❀

✐✐✮ ❢♦r ❡✈❡r② k = 1, . . . , K t❤❡r❡ ✐s ❛ C1 ♠❛♣♣✐♥❣ φk : [xk−1, xk] → [xk, xk+1] s✉❝❤ t❤❛t

φk(x)φ
′
k(x) ≥ x ❛♥❞ |fα,β∗(φk(x))| ≥ |fα,β∗(x)|;

✐✐✐✮ t❤❡ ❢✉♥❝t✐♦♥ fα,β∗ ♦♥ ❡❛❝❤ ✐♥t❡r✈❛❧ [xk−1, φk−1(xk−1)] ❢♦r 2 ≤ k ≤ K + 1 ❤❛s ❛♥
❡①tr❡♠✉♠ ❛t ❛ ✉♥✐q✉❡ ♣♦✐♥t yk ❛♥❞ ✐ts ❞❡r✐✈❛t✐✈❡ ✐s ✇❡❛❦❧② ♠♦♥♦t♦♥❡✳

❚❤❡♥ t❤❡ ❣❡♥❡r❛❧✐③❡❞ ❈✉r✐❡✲❲❡✐ss ♠♦❞❡❧ ✇✐t❤ ❞✐ss✐♣❛t✐♦♥ ❤❛s ❛t ❧❡❛st ♦♥❡ r❡❣✐♠❡ ✐♥ ✇❤✐❝❤ ✐t
❤❛s ❡①❛❝t❧② K ❧✐♠✐t ❝②❝❧❡s✳ ❚❤❡ ♦✉t❡r ❝②❝❧❡ ✐s st❛❜❧❡✱ t❤❡♥ t❤❡ ♦t❤❡rs ❛❧t❡r♥❛t❡ ❛s ✉♥st❛❜❧❡
❛♥❞ st❛❜❧❡✱ r❡s♣❡❝t✐✈❡❧②✳

❚❤❡ ♣r♦♦❢ ♦❢ t❤✐s r❡s✉❧t ✐s ❛ s✐♠♣❧❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ r❡s✉❧ts ✐♥ ❬✹✸❪✳ ■t ✐s ❡❛s② t♦ s❡❡ t❤❛t
t❤❡ ❢✉♥❝t✐♦♥

fα,β(x) =

(

α +
1

2σ2

)

x− β

2
g′(x)

❞❡♣❡♥❞s ♦♥ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ✐♥t❡r❛❝t✐♦♥ ❢✉♥❝t✐♦♥ g✳ ❆ss✉♠♣t✐♦♥s ✶✳✸✳✶ ❛♥❞ ✶✳✸✳✷ ❛r❡ ♥♦t
✈❡r② r❡str✐❝t✐✈❡✱ s♦ g ❝❛♥ ❜❡ ❝❤♦s❡♥ ✇✐t❤ s✉✣❝✐❡♥t ❣❡♥❡r❛❧✐t② t♦ ♦❜t❛✐♥ ❛ s②st❡♠ t❤❛t ❛❞♠✐ts
❛ r❡❣✐♠❡ ❞✐s♣❧❛②✐♥❣ t❤❡ ❞❡s✐r❡❞ ♥✉♠❜❡r ♦❢ ❧✐♠✐t ❝②❝❧❡s✳
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❲✐t❤ ❛♥ ❡①♣❧✐❝✐t ❡①❛♠♣❧❡✱ ✇❡ ♥♦✇ s❤♦✇ ❤♦✇ ✇❡ ❝❛♥ ♠❛♥✐♣✉❧❛t❡ t❤❡ ✐♥t❡r❛❝t✐♦♥ ❢✉♥❝t✐♦♥ g
✐♥ ♦r❞❡r t♦ ♦❜s❡r✈❡ t❤❡ ♣❡❝✉❧✐❛r ♣❤❡♥♦♠❡♥❛ ❞❡s❝r✐❜❡❞ ❛❜♦✈❡✳ ▲❡t ✉s ❞❡✜♥❡ t❤❡ ❢✉♥❝t✐♦♥

g(x) = tanh
(

ax2 + bx4 + cx6
)

, ✭✶✳✸✳✷✺✮

✇✐t❤ a, b, c s✉✐t❛❜❧❡ ❝♦♥st❛♥ts s✉❝❤ t❤❛t g st❛②s str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ♦♥ [0,∞)✳ ❋✐① σ2 > 0✱
t❤❡♥ t❤❡ ♣❛✐r (g, ρ)✱ ✇✐t❤ ρ ∼ N (0, σ2) ❝❧❡❛r❧② s❛t✐s✜❡s ❆ss✉♠♣t✐♦♥s ✶✳✸✳✶ ❛♥❞ ✶✳✸✳✷ ❛♥❞ ✐t
❞❡✜♥❡s ❛ ❣❡♥❡r❛❧✐③❡❞ ❈✉r✐❡✲❲❡✐ss ♠♦❞❡❧✳ ❲❡ ❝♦♥s✐❞❡r t✇♦ tr✐♣❧❡ts ♦❢ ❝♦♥st❛♥ts (1

2
,−1, 2)

❛♥❞ (1, 1, 0) ✐♥ ♦r❞❡r t♦ ♦❜s❡r✈❡ s♦♠❡ ♣❛rt✐❝✉❧❛r r❡❣✐♠❡s t❤❛t ❞♦ ♥♦t ❡①✐st ❢♦r t❤❡ ❝❧❛ss✐❝❛❧
❈✉r✐❡✲❲❡✐ss ♠♦❞❡❧ ✇✐t❤ ❞✐ss✐♣❛t✐♦♥✳

❈❛s❡ ❆✿ tr✐♣❧❡t
(

1
2
,−1, 2

)

❲❡ s❡❡ ❢r♦♠ ❋✐❣✉r❡ ✶✳✶ t❤❡ ❝❤❛♥❣❡s ✐♥ t❤❡ ❝♦♥❝❛✈✐t② ♦❢ g′(x)✳ ❚❤✐s ❝❛✉s❡s✱ ✐♥ t❤❡ ❞②♥❛♠✐❝s
✇✐t❤♦✉t ❞✐ss✐♣❛t✐♦♥✱ t❤r❡❡ ❝r✐t✐❝❛❧ ✈❛❧✉❡s ♦❢ β ❛♥❞ t❤❡ ❢♦✉r ❢♦❧❧♦✇✐♥❣ r❡❣✐♠❡s✿

✲ ❢♦r β < β1 t❤❡ ♦r✐❣✐♥ ✐s ❛ ❣❧♦❜❛❧ ❛ttr❛❝t♦r❀

✲ ❢♦r β ∈ (β1, β2) t❤❡ ♦r✐❣✐♥ ✐s ❧♦❝❛❧❧② st❛❜❧❡✱ ❜✉t t❤❡r❡ ❛r❡ ❢♦✉r ♦t❤❡r ❡q✉✐❧✐❜r✐✉♠ ♣♦✐♥ts
−x2 < −x1 < 0 < x1 < x2✱ s✉❝❤ t❤❛t ±x2 ❛r❡ st❛❜❧❡ ❛♥❞ ±x1 ❛r❡ ✉♥st❛❜❧❡❀

✲ ❢♦r β ∈ (β2, β3) t❤❡ ♦r✐❣✐♥ ❜❡❝♦♠❡s ✉♥st❛❜❧❡ ❛♥❞ t✇♦ ❛❞❞✐t✐♦♥❛❧ st❛❜❧❡ ❡q✉✐❧✐❜r✐✉♠
♣♦✐♥ts ❛♣♣❡❛r✱ · · · − x1 < −x3 < 0 < x3 < x1 . . . ❀

✲ ❢♦r β = β3 t❤❡ ♣❛✐rs ♦❢ ❡q✉✐❧✐❜r✐✉♠ ♣♦✐♥ts {x3, x1} ❛♥❞ {−x3,−x1} ❝♦❧❧❛♣s❡ ❛♥❞
❞✐s❛♣♣❡❛r✱ s✉❝❤ t❤❛t ❢♦r β > β3 t❤❡r❡ ❛r❡ t❤r❡❡ ❡q✉✐❧✐❜r✐✉♠ ♣♦✐♥ts −x2 < 0 < x2✱ t❤❡
♦✉t❡r t✇♦ ❛r❡ st❛❜❧❡ ❛♥❞ t❤❡ ♦r✐❣✐♥ ✐s ✉♥st❛❜❧❡✳

❋✐❣✉r❡ ✶✳✶✿ ❚❤❡ ♣❧♦t ♦❢ t❤❡ ❢✉♥❝t✐♦♥ g′ ❛♥❞ ♦❢ ❧✐♥❡s y = 1
βσ2x ❢♦r ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ β✳ ❚❤❡

♥✉♠❜❡r ♦❢ ✐♥t❡rs❡❝t✐♦♥s ❣✐✈❡s t❤❡ ♥✉♠❜❡r ♦❢ ❡q✉✐❧✐❜r✐✉♠ ♣♦✐♥ts ✐♥ t❤❡ ♣♦s✐t✐✈❡ ❛①❡s✳ ▲❡❢t✿
t❤❡ ❝❛s❡ ❆✳ ❘✐❣❤t✿ t❤❡ ❝❛s❡ ❇✳

❚❤❡ ❡①❛❝t ❝r✐t✐❝❛❧ ✈❛❧✉❡s ♠❛② ❜❡ ♦❜t❛✐♥❡❞ ♥✉♠❡r✐❝❛❧❧②✱ ❛♥❞ t❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ❞②♥❛♠✐❝❛❧
s②st❡♠ ✐s ❝❧❡❛r ❢r♦♠ ❛ st❛♥❞❛r❞ ❛♥❛❧②s✐s ♦♥ t❤❡ s✐❣♥s ♦❢ t❤❡ ❢✉♥❝t✐♦♥ fβ✳ ❆s ✇❡ ❡①♣❡❝t✱ ✐♥
t❤✐s ❝❛s❡ t❤❡ ❞✐ss✐♣❛t❡❞ ❞②♥❛♠✐❝s ✭✶✳✸✳✷✷✮ ❛❝t✉❛❧❧② s❤♦✇s ❢♦✉r ❞✐✛❡r❡♥t r❡❣✐♠❡s ❛s ✇❡❧❧✱ ❜✉t
t❤❡ ❝r✐t✐❝❛❧ ✈❛❧✉❡s β̂1(α)✱ β̂2(α)✱ β̂3(α) ❛r❡ ♥♦t str❛✐❣❤t❢♦r✇❛r❞❧② ♦❜t❛✐♥❡❞ ✇✐t❤ t❤❡ s❛♠❡
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♣r♦❝❡❞✉r❡ ♦❢ t❤❡ ❡❧❡♠❡♥ts ♦❢ CV ✳ ❚♦ ❜❡ ♣r❡❝✐s❡✱ ✐❢ β1 ❝♦rr❡s♣♦♥❞s t♦ t❤❡ s♠❛❧❧❡st ✈❛❧✉❡ ♦❢
β ✐♥ ✇❤✐❝❤ t❤❡ ❧✐♥❡ y = x

σ2β
✐s t❛♥❣❡♥t t♦ t❤❡ ❣r❛♣❤ ♦❢ y = g′(x)✱ t❤❡ ✈❛❧✉❡ β̂1(α) ✐s str✐❝t❧②

❣r❡❛t❡r t❤❛♥ t❤❡ s♠❛❧❧❡st ✈❛❧✉❡ ♦❢ β s✉❝❤ t❤❛t t❤❡ ❧✐♥❡ y =
2α+ 1

σ2

β
x ✐s t❛♥❣❡♥t t♦ t❤❡ ❣r❛♣❤

♦❢ y = g′(x)✳ ❚❤✐s ♠❡❛♥s t❤❛t t❤❡r❡ ❡①✐sts ❛ β∗ s✉❝❤ t❤❛t t❤❡ ❧✐♥❡ y =
2α+ 1

σ2

β∗ x ✐♥t❡rs❡❝ts t❤❡
❣r❛♣❤ ♦❢ y = g′(x) ❜✉t ❛♥② ❧✐♠✐t ❝②❝❧❡ ♦❝❝✉rs✳ ◆❡✈❡rt❤❡❧❡ss✱ t❤❡ s②st❡♠ ❞✐s♣❧❛②s ❛ r❡❣✐♠❡
♦❢ ❝♦❡①✐st❡♥❝❡ ♦❢ st❛❜❧❡ ❧✐♠✐t ❝②❝❧❡s✳ ▲❡t ✉s ❜❡tt❡r ❡①♣❧❛✐♥ t❤❡ ❢♦✉r r❡❣✐♠❡s t❤❛t ✇❡ ♦❜s❡r✈❡
✐♥ s②st❡♠ ✭✶✳✸✳✷✷✮ ✭❛❝t✉❛❧❧② t❤❡ ❝♦♠♣✉t❛t✐♦♥s ❛♥❞ t❤❡ ♣❧♦ts r❡❢❡r t♦ s②st❡♠ ✭✶✳✸✳✷✸✮✱ s✐♥❝❡
t❤❡ ❧✐♥❦ ✇✐t❤ t❤❡ ❢✉♥❝t✐♦♥ fα,β ✐s ♠♦r❡ ❝❧❡❛r ✐♥ t❤✐s ❝❛s❡✮✳

✲ ❋♦r β < β̂1(α) t❤❡ ♦r✐❣✐♥ ✐s ❛ ❣❧♦❜❛❧ ❛ttr❛❝t♦r✳ ◆♦t✐❝❡ t❤❛t✱ ♥✉♠❡r✐❝❛❧❧② ✇❡ ❝❛♥ s❡❡
t❤❛t β̂1(α) ✐s ❣r❡❛t❡r t❤❛t t❤❡ β∗ ♦❜t❛✐♥❡❞ ✐♥ ❚❤❡♦r❡♠ ✶✳✸✳✻❀ ✐♥❞❡❡❞ ✐t ✐s ♥♦t ♥❡❝❡ss❛r②
t❤❛t t❤❡ ❢✉♥❝t✐♦♥ fα,β(x) ✐s str✐❝t❧② ❣r❡❛t❡r t❤❛♥ ③❡r♦ ❢♦r ❛❧❧ x > 0✳ ■t ✐s r❡❛s♦♥❛❜❧❡ t♦
❜❡❧✐❡✈❡✱ s❡❡ ❋✐❣✉r❡ ✶✳✷✭❛✮✱ t❤❛t ❢♦r t❤♦s❡ β s✉❝❤ t❤❛t t❤❡ ♥❡❣❛t✐✈❡ ♣❛rt ♦❢ t❤❡ ❢✉♥❝t✐♦♥
✐s ✏s♠❛❧❧ ❡♥♦✉❣❤✑ ❞♦ ♥♦t ♥❡❝❡ss❛r② ❣✐✈❡ r✐s❡ t♦ ❛ ♣❡r✐♦❞✐❝ ♦r❜✐t✳

✲ ❋♦r β ∈ (β̂1(α), β̂2(α)) t❤❡ ♦r✐❣✐♥ ✐s ❧♦❝❛❧❧② st❛❜❧❡ ❛♥❞✱ t❤r♦✉❣❤ ❛ ❣❧♦❜❛❧ ❜✐❢✉r❝❛t✐♦♥✱
t✇♦ ♣❡r✐♦❞✐❝ ♦r❜✐ts ❤❛✈❡ ❛r✐s❡❞✱ t❤❡ ❧❛r❣❡r ♦♥❡ ✐s st❛❜❧❡ ❛♥❞ t❤❡ s♠❛❧❧❡r ♦♥❡ ✐s ✉♥st❛❜❧❡✳
■♥❞❡❡❞✱ ✇❡ ❝❛♥ ♣r♦✈❡ ♥✉♠❡r✐❝❛❧❧② t❤❛t t❤❡r❡ ❡①✐sts ❛ ✈❛❧✉❡ β∗ ∈ (β̂1(α), β̂2(α)) s✉❝❤
t❤❛t t❤❡ ❢✉♥❝t✐♦♥ fα,β∗ s❛t✐s✜❡s t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ❆ ❛♥❞ ❇ ✐♥ ❬✹✸❪ ❢♦r t❤❡
❡①✐st❡♥❝❡ ♦❢ ❡①❛❝t❧② t✇♦ ❧✐♠✐t ❝②❝❧❡s✳ ❙❡❡ ❋✐❣✉r❡ ✶✳✷✭❜✮ ✐♥ ✇❤✐❝❤ ✇❡ ❝❛♥ ♦❜s❡r✈❡ t❤❡
st❛❜❧❡ ♦✉t❡r ❝②❝❧❡ ❛♥❞ t❤❡ ❛ttr❛❝t✐✈✐t② ♦❢ t❤❡ ♦r✐❣✐♥✳

✲ ◆♦t✐❝❡ t❤❛t βH = β̂2(α) ❢r♦♠ ❚❤❡♦r❡♠ ✶✳✸✳✻✳ ❚❤❡r❡❢♦r❡✱ ❢♦r β ∈ (β̂2(α), β̂3(α)) ✇❡
♦❜s❡r✈❡ t✇♦ ❛ttr❛❝t✐✈❡ ❧✐♠✐t ❝②❝❧❡s✱ ❛ s♠❛❧❧❡r ♦♥❡ s♣r❡❛❞✐♥❣ ❢r♦♠ t❤❡ ♦r✐❣✐♥ ✭t❤❛t ✐s
♥♦✇ ✉♥st❛❜❧❡✮ ✇❤✐❧❡ t❤❡ ❜✐❣❣❡r ♦♥❡ r❡♠❛✐♥s ❢r♦♠ t❤❡ ♣r❡✈✐♦✉s r❡❣✐♠❡✿ s❡❡ ❋✐❣✉r❡
✶✳✷✭❝✮✳ ❚❤❡ ❜❛s✐♥ ♦❢ ❛ttr❛❝t✐♦♥ ♦❢ t❤❡ t✇♦ st❛❜❧❡ ♦r❜✐ts ❛r❡ s❡♣❛r❛t❡❞ ❜② ❛ t❤✐r❞
✉♥st❛❜❧❡ ♣❡r✐♦❞✐❝ ♦r❜✐t✳ ❚❤✐s ✐s t❤❡ r❡❣✐♠❡ ✐♥ ✇❤✐❝❤ ✇❡ s❡❡ t❤❡ ❝♦❡①✐st❡♥❝❡ ♦❢ t✇♦
st❛❜❧❡ ♣❡r✐♦❞✐❝ ♦r❜✐ts✱ ♦♥❡ ✐♥s✐❞❡ t❤❡ ♦t❤❡r✳ ❚❤❡ ❡①✐st❡♥❝❡ ♦❢ t❤✐s r❡❣✐♠❡ ✐s ❛❣❛✐♥ ❛
❝♦♥s❡q✉❡♥❝❡ ♦❢ ❚❤❡♦r❡♠ ❆ ❛♥❞ ❇ ✐♥ ❬✹✸❪✱ ❜❡❝❛✉s❡ ✇❡ ❝❛♥ ♥✉♠❡r✐❝❛❧❧② ✜♥❞ ❛ β∗∗ t❤❛t
s❛t✐s✜❡s t❤❡ ❤②♣♦t❤❡s✐s ❢♦r t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❡①❛❝t❧② t❤r❡❡ ❧✐♠✐t ❝②❝❧❡s✱ t✇♦ st❛❜❧❡ ❛♥❞
♦♥❡ ✉♥st❛❜❧❡✳

✲ ❋♦r β > β̂3(α) ✇❡ s❡❡ t❤❛t ♦♥❧② t❤❡ ❧❛r❣❡st ♣❡r✐♦❞✐❝ ♦r❜✐t ❤❛s s✉r✈✐✈❡❞✳ ■♥❞❡❡❞✱ ❢♦r
✐♥ β̂3(α) t❤❡ s♠❛❧❧❡st st❛❜❧❡ ♦r❜✐t ❛♥❞ t❤❡ ✉♥st❛❜❧❡ ♦♥❡ ❝♦❧❧❛♣s❡ ❛♥❞ ❞✐s❛♣♣❡❛r✳ ❖❢
❝♦✉rs❡✱ ✇❡ s❡❡ t❤❛t t❤✐s β̂3(α) = βUC ❞❡✜♥❡❞ ✐♥ ❚❤❡♦r❡♠ ✶✳✸✳✻❀ ❜✉t ❢r♦♠ ♥✉♠❡r✐❝❛❧
❡✈✐❞❡♥❝❡ ✇❡ s✉♣♣♦s❡ t❤❛t ❢♦r t❤✐s ✈❛❧✉❡ ♦❢ β t❤❡ ❢✉♥❝t✐♦♥ fα,β ❤❛s ♠♦r❡ t❤❛♥ ♦♥❡
s✐♥❣❧❡ ③❡r♦ ✐♥ t❤❡ ♣♦s✐t✐✈❡ ❤❛❧❢✲❧✐♥❡✱ ❜✉t t❤❛t t❤❡ ♦t❤❡r t✇♦ ③❡r♦s ❛r❡ ♥♦t ❞✐st❛♥t
❡♥♦✉❣❤ t♦ ❛❞♠✐t t❤❡ ❡①✐st❡♥❝❡ ♦❢ t❤❡ t✇♦ ✐♥♥❡r ♦r❜✐ts✳ ❖❢ ❝♦✉rs❡ ✇❤❡♥ β ✐s s✉❝❤ t❤❛t
t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ♣♦s✐t✐✈❡ ③❡r♦ ❢♦r fα,β✱ ✇❡ ❛♥❛❧✐t✐❝❛❧❧② ♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡ ❛♥❞
✉♥✐q✉❡♥❡ss ♦❢ t❤❡ ❧✐♠✐t ❝②❝❧❡ ✭s❡❡ ❚❤❡♦r❡♠ ✶✳✸✳✻✮ ✇❤✐❧❡ ❢♦r ❧♦✇❡r ✈❛❧✉❡s ✇❡ ❝❛♥ ♦♥❧②
s❤♦✇ ✐t ♥✉♠❡r✐❝❛❧❧②✱ s❡❡ ❋✐❣✉r❡✶✳✷✭❞✮✳
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❈❛s❡ ❇✿ tr✐♣❧❡t (1, 1, 0)

❲❡ s❡❡ ✐♥ ❋✐❣✉r❡ ✶✳✶ t❤❛t t❤❡ s❤❛♣❡ ♦❢ g′ ❜❛s✐❝❛❧❧② ❛❧❧♦✇s t❤r❡❡ ❞✐✛❡r❡♥t r❡❣✐♠❡s ❢♦r t❤❡
❝❛s❡ ✇✐t❤♦✉t ❞✐ss✐♣❛t✐♦♥✳ ■♥❞❡❡❞✱ ✐♥ ✭✶✳✸✳✶✻✮✱ t❤❡ s❡t CV ❤❛s ❝❛r❞✐♥❛❧✐t② 2✱ ✐✳❡✳ ✇❡ ❤❛✈❡
β1 < β2 =

2
σ2 ✳ ❚❤❡ t❤r❡❡ r❡❣✐♠❡s ❛r❡ t❤❡ ❢♦❧❧♦✇✐♥❣✿

✲ ❢♦r β < β1 t❤❡ ♦r✐❣✐♥ ✐s ❛ ❣❧♦❜❛❧ ❛ttr❛❝t♦r❀

✲ ❢♦r β ∈ (β1, β2) t❤❡r❡ ❛r❡ ✜✈❡ ❡q✉✐❧✐❜r✐✉♠ ♣♦✐♥ts −x2 < −x1 < 0 < x1 < x2✱ ✇❤❡r❡
±x1 ❛r❡ ✉♥st❛❜❧❡✱ ✇❤✐❧❡ t❤❡ ♦t❤❡rs ❛r❡ st❛❜❧❡❀

✲ ❛t β = β1 t❤❡ t✇♦ ♣♦✐♥ts ±x1 ❝♦❧❧❛♣s❡ ✐♥ t❤❡ ♦r✐❣✐♥ t❤❛t ❜❡❝♦♠❡s ✉♥st❛❜❧❡✱ s✉❝❤ t❤❛t
❢♦r β > β1 t❤❡ ♦r✐❣✐♥ ✐s ✉♥st❛❜❧❡ ❛♥❞ t❤❡ ♣♦✐♥ts ±x2 ❛r❡ st❛❜❧❡✳

❲❡ tr❡❛t t❤✐s ❡①❛♠♣❧❡ ✐♥ t❤❡ ❞✐ss✐♣❛t❡❞ ❝❛s❡ ✭✶✳✸✳✷✷✮ ✭❜② ♠❡❛♥s ♦❢ t❤❡ ▲✐é♥❛r❞ s②st❡♠
✭✶✳✸✳✷✸✮✮✳ ❲❡ ❡①♣❡❝t t❤r❡❡ r❡❣✐♠❡s ❛♥❞✱ ✐♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ✇✐❧❧ ♦❜s❡r✈❡ ❛♥ ❛t②♣✐❝❛❧ ❜❡❤❛✈✐♦r
❛t t❤❡ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥✱ ✇❤❡r❡ ✇❡ ✇✐❧❧ ♥♦t ❤❛✈❡ ❛ s♠❛❧❧ ❧✐♠✐t ❝②❝❧❡ ❜✐❢✉r❝❛t✐♥❣ ❢r♦♠ t❤❡
♦r✐❣✐♥✱ ❜✉t t❤❡ ❛❧r❡❛❞② ❡①✐st✐♥❣ st❛❜❧❡ ❧✐♠✐t ❝②❝❧❡ t❤❛t ❜❡❝♦♠❡s ❛ ❣❧♦❜❛❧ ❛ttr❛❝t♦r✳ ■♥ ❋✐❣✉r❡
✶✳✸ ✇❡ ❝♦♠♣❛r❡ t❤❡ r❡❣✐♠❡s ✐♠♠❡❞✐❛t❡❧② ❜❡❧♦✇ ❛♥❞ ❛❜♦✈❡ t❤❡ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥✳

✲ ❋♦r β < β1(α)✱ t❤❡ ♦r✐❣✐♥ ✐s ❛ ❣❧♦❜❛❧ ❛ttr❛❝t♦r✳ ❆s ✐s ❈❛s❡ ❆ t❤❡ ✈❛❧✉❡ β1(α) ✐s str✐❝t❧②
❣r❡❛t❡r t❤❛♥ t❤❡ ✈❛❧✉❡ ✐♥ ✇❤✐❝❤ t❤❡ ❧✐♥❡ ✜rst t♦✉❝❤❡s t❤❡ ❣r❛♣❤ y = g′(x)✳

✲ ❋♦r β ∈ (β1(α), βH) t❤❡ ♦r✐❣✐♥ ✐s st❛❜❧❡ ❛♥❞ ✇❡ ❤❛✈❡ ❛♥ ✉♥st❛❜❧❡ ♣❡r✐♦❞✐❝ ♦r❜✐t
❝♦♥t❛✐♥❡❞ ✐♥ ❛ st❛❜❧❡ ♣❡r✐♦❞✐❝ ♦♥❡✳ ❲❤❡♥ β ✐♥❝r❡❛s❡ t❤❡ ✐♥♥❡r ♦r❜✐t s❤r✐♥❦s ❛♥❞ t❤❡
♦✉t❡r ❡①♣❛♥❞s✳

✲ ❋♦r β = βH t❤❡ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥ ✐s s✉❝❤ t❤❛t t❤❡ ♦r✐❣✐♥ ❧♦♦s❡s st❛❜✐❧✐t②✱ ❜✉t t❤✐s
❤❛♣♣❡♥s s✐♠✉❧t❛♥❡♦✉s❧② t♦ t❤❡ ❝♦❧❧❛♣s❡ ♦❢ t❤❡ ✉♥st❛❜❧❡ ♣❡r✐♦❞✐❝ ♦r❜✐t ♦♥ ✐t✳ ❚❤❡r❡❢♦r❡✱
❛❢t❡r t❤❡ ❜✐❢✉r❝❛t✐♦♥✱ ✇❡ ❞♦ ♥♦t s❡❡ t❤❡ ✉s✉❛❧ ♣❡r✐♦❞✐❝ ♦r❜✐t ❡①♣❛♥❞✐♥❣ ❢♦r♠ t❤❡ ♦r✐❣✐♥
❜❡❝❛✉s❡ t❤❡ ✉♥✐q✉❡ ♦r❜✐t ✐s t❤❡ st❛❜❧❡ ♦♥❡ ✭❢r♦♠ t❤❡ ♣r❡✈✐♦✉s r❡❣✐♠❡✮ t❤❛t ❜❡❝♦♠❡s
❣❧♦❜❛❧❧② st❛❜❧❡✳

❚❤✐s ❝❛s❡ ✐s ✐♥t❡r❡st✐♥❣ ❜❡❝❛✉s❡ t❤❡ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥ ❞♦ ♥♦t ♦r✐❣✐♥❛t❡s ❛ s♠❛❧❧ ♣❡r✐♦❞✐❝
♦r❜✐t✳ ❍♦✇❡✈❡r✱ t❤❡ ♣❤❡♥♦♠❡♥♦♥ ✐s st✐❧❧ ❛ ❧♦❝❛❧ ♦♥❡✱ ❜❡❝❛✉s❡ ✐t ✐s ❛ s♠❛❧❧ ✉♥st❛❜❧❡ ♦r❜✐t
t❤❛t ❝♦❧❧❛♣s❡s ♦♥ t❤❡ ♦r✐❣✐♥ ❝❤❛♥❣✐♥❣ ✐ts st❛❜✐❧✐t②✳
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❋✐❣✉r❡ ✶✳✷✿ ❉✐✛❡r❡♥t r❡❣✐♠❡s ❢♦r ❝❛s❡ ❆✳ ■♥ ❛❧❧ t❤❡ ♣✐❝t✉r❡s✱ t❤❡ ❜❧❛❝❦ ❧✐♥❡ r❡♣r❡s❡♥ts t❤❡ ❣r❛♣❤

♦❢ y = fα,β(λ) ❛♥❞ ✇❡ ✜①❡❞ α = σ2 = 1✳ ■♥ ✭❛✮✱ t❤❡ r❡❣✐♠❡ β < β̂1(α) ✭β = 1.2✮✿ t❤❡ r❡❞ ❧✐♥❡

r❡♣r❡s❡♥ts t❤❡ s♦❧✉t✐♦♥ st❛rt✐♥❣ ❢r♦♠ λ(0) = 1✱ y(0) = 4✱ ✇❤✐❝❤ ✐s ❞❡✜♥✐t❡❧② ❛ttr❛❝t❡❞ ❜② t❤❡

❣❧♦❜❛❧❧② st❛❜❧❡ ♦r✐❣✐♥✳ ■♥ ✭❜✮✱ t❤❡ r❡❣✐♠❡ β ∈ (β̂1, β̂2) ✭β = 2✮✿ t❤❡ r❡❞✲❝♦❧♦r❡❞ s♦❧✉t✐♦♥✱ st❛rt✐♥❣

❢r♦♠ λ(0) = 2✱ y(0) = −7✱ ❛♥❞ t❤❡ ❜❧✉❡✲❝♦❧♦r❡❞ s♦❧✉t✐♦♥✱ st❛rt✐♥❣ ❢r♦♠ λ(0) = 0.5✱ y(0) = −5✱
❛r❡ ❛ttr❛❝t❡❞ ❜② ❛ st❛❜❧❡ ❧✐♠✐t ❝②❝❧❡✳ ❍❡r❡✱ t❤❡ ♦r✐❣✐♥ ✐s ❧♦❝❛❧❧② st❛❜❧❡ ✭t❤❡ ♦r❛♥❣❡✲❝♦❧♦r❡❞ s♦❧✉t✐♦♥

✇✐t❤ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ λ(0) = 0.5✱ y(0) = −2 ✐s ❛ttr❛❝t❡❞ ❜② ✐t✮ ❛♥❞ ✐ts ❜❛s✐♥ ♦❢ ❛ttr❛❝t✐♦♥ ✐s

s✉rr♦✉♥❞❡❞ ❜② ❛♥ ✉♥st❛❜❧❡ ❧✐♠✐t ❝②❝❧❡✳ ■♥ ✭❝✮✱ t❤❡ r❡❣✐♠❡ β ∈ (β̂2, β̂3) ✭β = 3.4✮✿ t❤❡ r❡❞ ❛♥❞

❜❧✉❡ ❧✐♥❡s✱ ❤❡r❡ r❡♣r❡s❡♥t✐♥❣ s♦❧✉t✐♦♥ st❛rt✐♥❣ ❢r♦♠ λ(0) = 0.5✱ y(0) = −17 ❛♥❞ λ(0) = −0.5✱
y(0) = 10 r❡s♣❡❝t✐✈❡❧②✱ ❛r❡ ❛❣❛✐♥ ❛ttr❛❝t❡❞ ❜② t❤❡ ♦✉t❡r ❝②❝❧❡ ❜✉t ♥♦✇ t❤❡ ♦r✐❣✐♥ ✐s ✉♥st❛❜❧❡ ❛♥❞

❛♥♦t❤❡r st❛❜❧❡ ❝②❝❧❡ ✐s ❜♦r♥ ✈✐❛ t❤❡ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥✳ ❚❤❡ ♦r❛♥❣❡✲❝♦❧♦r❡❞ s♦❧✉t✐♦♥✱ ✇✐t❤ ✐♥✐t✐❛❧

❝♦♥❞✐t✐♦♥ λ(0) = −0.25✱ y(0) = 1.5✱ ✐s ❛ttr❛❝t❡❞ ❜② t❤❡ s♠❛❧❧❡st ❝②❝❧❡✳ ❚❤❡ ❜❛s✐♥s ♦❢ ❛ttr❛❝t✐♦♥

♦❢ t❤❡ st❛❜❧❡ ♦r❜✐ts ✐s s❡♣❛r❛t❡❞ ❜② ❛♥ ✉♥st❛❜❧❡ ❝②❝❧❡✱ ✇❤✐❝❤ ✐s ♥♦t r❡♣r❡s❡♥t❡❞ ✐♥ t❤❡ ♣✐❝t✉r❡✳ ■♥

✭❞✮✱ t❤❡ r❡❣✐♠❡ β > β̂3 ✭β = 6✮✿ ♦♥❧② t❤❡ ❡①t❡r♥❛❧ ♦r❜✐t ✐s s✉r✈✐✈❡❞ ❛♥❞ ✐t ❤❛s ❜❡❝♦♠❡ ❣❧♦❜❛❧❧②

❛ttr❛❝t✐✈❡✱ ❛s s❤♦✇♥ ❜② t❤❡ r❡❞ ❛♥❞ ❜❧✉❡ ❧✐♥❡s✱ ✇✐t❤ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s λ(0) = 0✱ y(0) = −0.005
❛♥❞ λ(0) = 1.5✱ y(0) = 31 r❡s♣❡❝t✐✈❡❧②✳
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❋✐❣✉r❡ ✶✳✸✿ ❉✐✛❡r❡♥t r❡❣✐♠❡s ❢♦r ❝❛s❡ ❇ ❝❧♦s❡ t♦ t❤❡ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥✳ ■♥ ❜♦t❤ ♣✐❝t✉r❡s✱ t❤❡

❜❧❛❝❦ ❧✐♥❡ r❡♣r❡s❡♥ts t❤❡ ❣r❛♣❤ ♦❢ y = fα,β(λ) ❛♥❞ ✇❡ ✜①❡❞ α = σ2 = 1✳ ■♥ ✭❛✮✱ t❤❡ r❡❣✐♠❡

β ∈ (β̂1(α), βH) ✭β = 1.2✮✿ t❤❡ s✐t✉❛t✐♦♥ ✐s q✉❛❧✐t❛t✐✈❡❧② t❤❡ s❛♠❡ ♦❢ ❋✐❣✉r❡ ✶✳✷✭❜✮✳ ❚❤❡ r❡❞✱ ❜❧✉❡

❛♥❞ ♦r❛♥❣❡ ❧✐♥❡s r❡♣r❡s❡♥t s♦❧✉t✐♦♥ st❛rt✐♥❣ ❢r♦♠ λ(0) = 0.5✱ y(0) = −2✱ λ(0) = 0✱ y(0) = −1.5
❛♥❞ λ(0) = 0✱ y(0) = −0.8 r❡s♣❡❝t✐✈❡❧②✳ ■♥ ✭❜✮✱ t❤❡ r❡❣✐♠❡ β > βH ✭β = 1.8✮✿ t❤❡ s②st❡♠ ❤❛s

✉♥❞❡r❣♦♥❡ t❤r♦✉❣❤ ❛ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥ ❜✉t t❤❡ st❛❜❧❡ ❧✐♠✐t ❝②❝❧❡ s♣r❡❛❞✐♥❣ ❢r♦♠ t❤❡ ♦r✐❣✐♥ ✐s ♥♦t

♣r❡s❡♥t ❤❡r❡✱ ❞✉❡ t♦ t❤❡ ❝♦❧❧❛♣s❡ ♦❢ t❤❡ ✉♥st❛❜❧❡ ❝②❝❧❡ ❛t t❤❡ ♦r✐❣✐♥✱ ❧❡❛✈✐♥❣ t❤❡ ♦✉t❡r ♦r❜✐t t♦

❜❡❝♦♠❡ ❣❧♦❜❛❧❧② ❛ttr❛❝t✐✈❡✳ ❚❤❡ r❡❞✲❝♦❧♦r❡❞ ❛♥❞ ❜❧✉❡✲❝♦❧♦r❡❞ s♦❧✉t✐♦♥s ❤❛✈❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s

λ(0) = 0✱ y(0) = −0.005 ❛♥❞ λ(0) = 0✱ y(0) = 6 r❡s♣❡❝t✐✈❡❧②✳



❈❤❛♣t❡r ✷

❆ t✇♦✲♣♦♣✉❧❛t❡❞ ♠❡❛♥ ✜❡❧❞ ♠♦❞❡❧

■♥ t❤✐s ❝❤❛♣t❡r ✇❡ ❝♦♥t✐♥✉❡ t❤❡ st✉❞② ♦❢ t❤❡ ♠❡❝❤❛♥✐s♠s ❡♥❤❛♥❝✐♥❣ s❡❧❢✲s✉st❛✐♥❡❞ ♣❡r✐♦❞✐❝
❜❡❤❛✈✐♦rs ✐♥ ♠❡❛♥ ✜❡❧❞ ♠♦❞❡❧s✿ ❤❡r❡ t❤❡ ❢♦❝✉s ✐s ♦♥ t❤❡ r♦❧❡ ♣❧❛②❡❞ ❜② t❤❡ str✉❝t✉r❡ ♦❢
t❤❡ ✐♥t❡r❛❝t✐♦♥ ♥❡t✇♦r❦ ✐♥ ♠✉❧t✐✲♣♦♣✉❧❛t❡❞ s②st❡♠s✳ ❚❤❡ r❡s✉❧ts ♣r❡s❡♥t❡❞ ❤❡r❡ ✐♥❞✐❝❛t❡
t❤❛t ❤❛✈✐♥❣ t✇♦ ❣r♦✉♣s ♦❢ s♣✐♥s ✇✐t❤ ♣♦ss✐❜❧② ❞✐✛❡r❡♥t s✐③❡ ❛♥❞ ❞✐✛❡r❡♥t ✐♥t❡r✲ ❛♥❞ ✐♥tr❛✲
♣♦♣✉❧❛t✐♦♥ ✐♥t❡r❛❝t✐♦♥s s✉✣❝❡s ❢♦r t❤❡ ❡♠❡r❣❡♥❝❡ ♦❢ ♠❛❝r♦s❝♦♣✐❝ ♣❡r✐♦❞✐❝✐t②✳ ▼♦r❡♦✈❡r✱
❞❡❧❛② ♠❛② ✐♥❞✉❝❡ ♣❡r✐♦❞✐❝ ❜❡❤❛✈✐♦r ✐♥ ✐♥t❡r❛❝t✐♦♥ ♥❡t✇♦r❦ ❝♦♥✜❣✉r❛t✐♦♥s ✇❤❡r❡ ♦t❤❡r✇✐s❡
❛❜s❡♥t✳

✷✳✶ ❚❤❡ ♠♦❞❡❧ ❛♥❞ ✐ts ♠❛❝r♦s❝♦♣✐❝ ❞②♥❛♠✐❝s

❚❤❡ t✇♦✲♣♦♣✉❧❛t✐♦♥ ❈✉r✐❡✲❲❡✐ss ♠♦❞❡❧ ✐s ❛ s♣✐♥ s②st❡♠ ✇❤❡r❡ ♦♥ t❤❡ ❝♦♠♣❧❡t❡ ❣r❛♣❤ t✇♦
t②♣❡s ♦❢ s♣✐♥s ❛r❡ ♣r❡s❡♥t✳ P❛rt✐❝❧❡s ❛r❡ ❞✐✛❡r❡♥t✐❛t❡❞ ❜② t❤❡✐r ♠✉t✉❛❧ ✐♥t❡r❛❝t✐♦♥s✿ t❤❡r❡
❛r❡ t✇♦ ✐♥tr❛✲❣r♦✉♣ ✐♥t❡r❛❝t✐♦♥s✱ t✉♥✐♥❣ ❤♦✇ str♦♥❣❧② s✐t❡s ✐♥ t❤❡ s❛♠❡ ❣r♦✉♣ ❢❡❡❧ ❡❛❝❤ ♦t❤❡r✱
❛♥❞ t✇♦ ✐♥t❡r✲❣r♦✉♣ ✐♥t❡r❛❝t✐♦♥s✱ ❣✐✈✐♥❣ t❤❡ ♠❛❣♥✐t✉❞❡ ♦❢ t❤❡ ✐♥✢✉❡♥❝❡ ❜❡t✇❡❡♥ ♣❛rt✐❝❧❡s ♦❢
❞✐st✐♥❝t ♣♦♣✉❧❛t✐♦♥s✳ ❚❤✐s ♠♦❞❡❧ ❤❛s ❜❡❡♥ ❡♠♣❧♦②❡❞ t♦ ❛♥❛❧②s❡ ✐♠♠✐❣r❛t✐♦♥ ❛♥❞ ❝✉❧t✉r❛❧
❝♦❡①✐st❡♥❝❡ ❛♥❞ t♦ ❡①♣❧❛✐♥ t❤❡ r♦❧❡ ♦❢ s♦❝✐❛❧ ❣r♦✉♣s ✐♥ ✐♥✢✉❡♥❝✐♥❣ ❛♥ ✐♥❞✐✈✐❞✉❛❧✬s ❜❡❧✐❡✈❡s
❛♥❞ ♣r❡❢❡r❡♥❝❡s ❬✹✱ ✶✽✱ ✶✼✱ ✸✵❪✳ ■♥ t❤❡s❡ ✇♦r❦s✱ t❤❡ t❤❡r♠♦❞②♥❛♠✐❝ ❧✐♠✐t ♦❢ t❤✐s ♠♦❞❡❧
❤❛s ❜❡❡♥ st✉❞✐❡❞ ❢r♦♠ t❤❡ st❛t✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇✳ ▲❛r❣❡ ✈♦❧✉♠❡ ❞②♥❛♠✐❝❛❧ ❜❡❤❛✈✐♦r ❤❛s
✐♥st❡❛❞ ❜❡❡♥ ❡①♣❧♦r❡❞ ✐♥ ❬✶✷❪✱ ✇❤✐❝❤ ❛❧s♦ ❝♦♥t❛✐♥s ❛♥ ❛♥❛❧②s✐s ♦♥ t❤❡ st❛t✐♦♥❛r② s♦❧✉t✐♦♥s
❢♦r t❤❡ s②st❡♠✳ ■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❝♦♥t✐♥✉❡ t❤✐s st✉❞② ❜② ❧♦♦❦✐♥❣ ❢♦r ✐♥t❡r❛❝t✐♦♥ ♥❡t✇♦r❦s
t❤❛t ❝❛♥ ❡♥❤❛♥❝❡ t❤❡ ❛♣♣❡❛r❛♥❝❡ ♦❢ s❡❧❢✲s✉st❛✐♥❡❞ ♣❡r✐♦❞✐❝ ❜❡❤❛✈✐♦r ✐♥ t❤❡ ✐♥✜♥✐t❡ ✈♦❧✉♠❡
❞②♥❛♠✐❝s ♦❢ t❤❡ t✇♦✲♣♦♣✉❧❛t❡❞ ❈✉r✐❡✲❲❡✐ss ♠♦❞❡❧✳
❲❡ ❞❡✜♥❡ t❤❡ ♠♦❞❡❧ ❛♥❞ ✐ts ♠✐❝r♦s❝♦♣✐❝❛❧ ❞②♥❛♠✐❝s ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✳ ▲❡t S = {−1,+1}
❧❡t σ = (σj)

N
j=1 ∈ SN ❜❡ ❛♥ N ✲♣❛rt✐❝❧❡ ❝♦♥✜❣✉r❛t✐♦♥✳ ❲❡ ❞✐✈✐❞❡ t❤❡ ✇❤♦❧❡ s②st❡♠ ♦❢ s✐③❡

N ✐♥t♦ t✇♦ ❞✐s❥♦✐♥t s✉❜s②st❡♠s ♦❢ s✐③❡s N1 ❛♥❞ N2 r❡s♣❡❝t✐✈❡❧②✳ ▲❡t I1 ✭r❡s♣✳ I2✮ ❜❡ t❤❡ s❡t
♦❢ s✐t❡s ❜❡❧♦♥❣✐♥❣ t♦ t❤❡ ✜rst ✭r❡s♣✳ s❡❝♦♥❞✮ s✉❜s②st❡♠✳ ❲❡ ❤❛✈❡ |I1| = N1 ❛♥❞ |I2| = N2✱
✇✐t❤ N1+N2 = N ✳ ❚♦ ✜① ♥♦t❛t✐♦♥✱ ❧❡t 1, 2, . . . , N1 ❜❡ t❤❡ ✐♥❞✐❝❡s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ♣❛rt✐❝❧❡s

✸✸
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Population I1 Population I2

J22

J11

J21

J12

❋✐❣✉r❡ ✷✳✶✿ ❆ s❝❤❡♠❛t✐❝ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ✐♥t❡r❛❝t✐♦♥ ♥❡t✇♦r❦ ❢♦r ❛ ❜✐♣❛rt✐t❡ ❈✉r✐❡✲
❲❡✐ss ♠♦❞❡❧✳ ❙♣✐♥s ❛r❡ ❞✐✈✐❞❡❞ ✐♥t♦ t✇♦ ♣♦♣✉❧❛t✐♦♥s I1 ❛♥❞ I2✳ ❲✐t❤✐♥ I1 ✭r❡s♣✳ I2✮
♣❛rt✐❝❧❡s ❢❡❡❧ ❛ ♠❡❛♥ ✜❡❧❞ ✐♥t❡r❛❝t✐♦♥ ✇✐t❤ ❝♦✉♣❧✐♥❣ J11 ✭r❡s♣✳ J22✮✳ ❇❡s✐❞❡✱ ♣♦♣✉❧❛t✐♦♥
I1 ✭r❡s♣✳ I2✮ ✐♥✢✉❡♥❝❡s t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ♦t❤❡r ❣r♦✉♣ t❤r♦✉❣❤ ✐ts ♠❛❣♥❡t✐③❛t✐♦♥ ✇✐t❤
str❡♥❣t❤ J21 ✭r❡s♣✳ J12✮✳

✐♥ ♣♦♣✉❧❛t✐♦♥ I1 ❛♥❞ N1 + 1, N1 + 2, . . . , N t❤♦s❡ ♦❢ ♣❛rt✐❝❧❡s ✐♥ ♣♦♣✉❧❛t✐♦♥ I2✱ s♦ t❤❛t

P♦♣✉❧❛t✐♦♥ I1 P♦♣✉❧❛t✐♦♥ I2

σ = (σ1, σ2, . . . , σN1 σN1+1, σN1+2, . . . , σN).

●✐✈❡♥ t✇♦ s♣✐♥s✱ t❤❡✐r ♠✉t✉❛❧ ✐♥t❡r❛❝t✐♦♥ ❞❡♣❡♥❞s ♦♥ t❤❡ ♣♦♣✉❧❛t✐♦♥s t❤❡② ❜❡❧♦♥❣ t♦✿ J11
❛♥❞ J22 t✉♥❡ t❤❡ ✐♥t❡r❛❝t✐♦♥ ✇✐t❤✐♥ s✐t❡s ♦❢ t❤❡ s❛♠❡ s✉❜s②st❡♠❀ ✇❤❡r❡❛s✱ J12 ❛♥❞ J21
❝♦♥tr♦❧ t❤❡ ❝♦✉♣❧✐♥❣ str❡♥❣t❤ ❜❡t✇❡❡♥ s♣✐♥s ❧♦❝❛t❡❞ ✐♥ ❞✐✛❡r❡♥t ❣r♦✉♣s ✭s❡❡ ❋✐❣✉r❡ ✷✳✶ ❢♦r
❛ s❝❤❡♠❛t✐❝ r❡♣r❡s❡♥t❛t✐♦♥✮✳ ❆❧❧ t❤❡ ✐♥t❡r❛❝t✐♦♥s ❝❛♥ ❜❡ ❡✐t❤❡r ♣♦s✐t✐✈❡ ♦r ♥❡❣❛t✐✈❡ ❛❧❧♦✇✐♥❣
❜♦t❤ ❢❡rr♦♠❛❣♥❡t✐❝ ❛♥❞ ❛♥t✐❢❡rr♦♠❛❣♥❡t✐❝ ✐♥t❡r❛❝t✐♦♥s✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ▼❛r❦♦✈ ♣r♦❝❡ss
(σ(t))t∈[0,T ] ✇✐t❤ ✐♥✜♥✐t❡s✐♠❛❧ ❣❡♥❡r❛t♦r

LNf(σ) =
∑

i∈I1

e−σiR1(m1,m2)
(

f(σi)− f(σ)
)

+
∑

i∈I2

e−σiR2(m1,m2)
(

f(σi)− f(σ)
)

✭✷✳✶✳✶✮

✇❤❡r❡ σi ✐s ❞❡✜♥❡❞ ❜② ✭✶✳✷✳✶✮✱ R1 ❛♥❞ R2 ❛r❡ t❤❡ ❢✉♥❝t✐♦♥s

R1 (x1, x2) = J11x1 + J12x2 ✭✷✳✶✳✷✮

R2 (x1, x2) = J22x2 + J21x1 . ✭✷✳✶✳✸✮

✇❤✐❧❡ t❤❡ ♣r♦❝❡ss (m1,N(t),m2,N(t))t∈[0,T ] ✐s ❣✐✈❡♥ ❜②

m1,N(t) =
1

N

∑

i∈I1

σi(t), m2,N(t) =
1

N

∑

i∈I2

σi(t).

❖❜s❡r✈❡ t❤❛t m1,N(t) ❛♥❞ m2,N ❛r❡ ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ♠❛❣♥❡t✐③❛t✐♦♥ ♦❢ t❤❡ t✇♦ ♣♦♣✉✲
❧❛t✐♦♥s✿ ✐♥ ❢❛❝t✱ ✐❢ γ := N1/N ✐s t❤❡ ♣r♦♣♦rt✐♦♥ ♦❢ s✐t❡s ❜❡❧♦♥❣✐♥❣ t♦ t❤❡ ✜rst ❣r♦✉♣✱ t❤❡
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♠❛❣♥❡t✐③❛t✐♦♥ ♦❢ ♣♦♣✉❧❛t✐♦♥ I1 ❛t t✐♠❡ t ✐s ❡q✉❛❧ t♦ γ−1m1,N(t) ❛♥❞ t❤❡ ♠❛❣♥❡t✐③❛t✐♦♥ ♦❢
♣♦♣✉❧❛t✐♦♥ I2 ❛t t✐♠❡ t ✐s ❡q✉❛❧ t♦ (1−γ)−1m2,N(t)✳ ◆♦t✐❝❡ ❛❧s♦ t❤❛t t❤❡Ri✬s ❛r❡ ❝♦♠♣r✐s❡❞
♦❢ t✇♦ t❡r♠s✿ t❤❡ ✜rst ♦♥❡ t❡❧❧s ❤♦✇ str♦♥❣ s✐t❡s ✐♥ t❤❡ s❛♠❡ ♣♦♣✉❧❛t✐♦♥ ✐♥t❡r❛❝t✱ ✇❤✐❧❡ t❤❡
s❡❝♦♥❞ ❡♥❝♦❞❡s t❤❡ ✇❛② ♦♥❡ ♣♦♣✉❧❛t✐♦♥ ✐♥✢✉❡♥❝❡s t❤❡ ♦t❤❡r✳

❲❡ ♥♦✇ st✉❞② t❤❡ ❞②♥❛♠✐❝s ♦❢ (σ(t))t∈[0,T ] ✐♥ t❤❡ ✐♥✜♥✐t❡ ✈♦❧✉♠❡ ❧✐♠✐t✳ ❲❡ ❛ss✉♠❡ t❤❛t
N ↑ +∞ ✐♥ s✉❝❤ ❛ ✇❛② t❤❡ ♣r♦♣♦rt✐♦♥s γ ❛♥❞ 1 − γ ♦❢ t❤❡ t✇♦ ❣r♦✉♣s r❡♠❛✐♥ ❝♦♥st❛♥t✳
❙✐♠✐❧❛r❧② t♦ ✇❤❛t ❞✐s❝✉ss❡❞ ✐♥ ❙❡❝t✐♦♥ ✶✳✷✳✷✱ s✐♥❝❡ ✭✷✳✶✳✶✮ ♣r❡s❝r✐❜❡s ❛ ♠❡❛♥ ✜❡❧❞ ✐♥t❡r❛❝t✐♦♥✱
✐t ✐s ♣♦ss✐❜❧❡ t♦ ✜♥❞ ❛ ❧♦✇✲❞✐♠❡♥s✐♦♥❛❧ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❡♠♣✐r✐❝❛❧ ♠❡❛s✉r❡ ✢♦✇✿ ✐t ✐s ❝❧❡❛r
t❤❛t (m1,N(t),m2,N(t))t∈[0,T ] ✐s ❛♥ ♦r❞❡r ♣❛r❛♠❡t❡r ♦❢ t❤❡ s②st❡♠ ✭s❡❡ ❉❡✜♥✐t✐♦♥ ✶✳✷✳✸✮✳

❚❤❡♦r❡♠ ✷✳✶✳✶✳ ❋✐① T > 0 ❛♥❞ ❧❡t (σ(t))t∈[0,T ] ❜❡ t❤❡ ▼❛r❦♦✈ ♣r♦❝❡ss ✇✐t❤ ✈❛❧✉❡s ✐♥ SN

❛♥❞ ✐♥✜♥✐t❡s✐♠❛❧ ❣❡♥❡r❛t♦r ✭✷✳✶✳✶✮ ❛♥❞ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s

▲❛✇(σ1(0), . . . , σN1(0), σN1+1(0), . . . , σN1+N2(0)) = ν⊗N1
1 ⊗ ν⊗N2

2 , ✭✷✳✶✳✹✮

✇✐t❤ ν1, ν2 ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s ♦♥ S✳ ❚❤❡♥✱ t❤❡ ♣r♦❝❡ss (m1,N(t),m2,N(t))t∈[0,T ] ✇✐t❤ ✈❛❧✉❡s
✐♥ [−γ, γ]×[−1+γ, 1−γ]✱ ✇❤❡r❡ γ = N1/N ✱ ✐s ❛♥ ♦r❞❡r ♣❛r❛♠❡t❡r ♦❢ t❤❡ s②st❡♠✳ ▼♦r❡♦✈❡r✱
❛s N ↑ +∞ ✐♥ s✉❝❤ ❛ ✇❛② γ r❡♠❛✐♥s ❝♦♥st❛♥t✱ (m1,N(t),m2,N(t))t∈[0,T ] ❝♦♥✈❡r❣❡s✱ ✐♥ s❡♥s❡
♦❢ ✇❡❛❦ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ st♦❝❤❛st✐❝ ♣r♦❝❡ss❡s✱ t♦ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❖❉❊s

{

ṁ1(t) = 2γ sinh(R1(m1(t),m2(t))− 2m1(t) cosh(R1(m1(t),m2(t)),

ṁ2(t) = 2(1− γ) sinh(R2(m1(t),m2(t))− 2m2(t) cosh(R2(m1(t),m2(t)),
✭✷✳✶✳✺✮

✇✐t❤ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ m1(0) = γ(ν1(+1)− ν1(−1)) ❛♥❞ m2(0) = (1− γ)(ν2(+1)− ν2(−1))✳

Pr♦♦❢✳ ❯s✐♥❣ ▲❡♠♠❛ ✶✳✷✳✶ ✐t ✐s s✐♠♣❧❡ t♦ ❝❤❡❝❦ t❤❛t (m1,N(t),m2,N(t))t∈[0,T ] ✐s ❛ ▼❛r❦♦✈
♣r♦❝❡ss ✇✐t❤ ✐♥✜♥✐t❡s✐♠❛❧ ❣❡♥❡r❛t♦r KN t❤❛t✱ ❢♦r f : [−γ, γ]× [γ − 1, 1− γ] → R✱ r❡❛❞s

KNf(m1,m2) =
∑

j∈S
|A1,N(j)|e−jR1(m1,m2)

(

f

(

m1 − j
2

N
,m2

)

− f(m1,m2)

)

+
∑

j∈S
|A2,N(j)|e−jR2(m1,m2)

(

f

(

m1,m2 − j
2

N

)

− f(m1,m2)

)

,

✇❤❡r❡✱ ❢♦r k = 1, 2 ❛♥❞ j ∈ S✱ Ak,N(j) ✐s t❤❡ s❡t ♦❢ s✐t❡s ✇✐t❤ s♣✐♥s ❡q✉❛❧ t♦ j ✐♥ ♣♦♣✉❧❛t✐♦♥
Ik✱ ❢♦r ❛ ❣✐✈❡♥ ❝♦♥✜❣✉r❛t✐♦♥✳ ❖♥❡ ❝❛♥ s❡❡ t❤❛t

|A1,N(j)| =
N(γ + jm1)

2
, |A2,N(j)| =

N((1− γ) + jm2)

2
.

❚❤❡ ✇❡❛❦ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s ✐s ❛♥ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ▲❛✇ ♦❢ ▲❛r❣❡ ◆✉♠❜❡rs✿
✉♥❞❡r ✭✷✳✶✳✹✮✱

(

1

N1

N1
∑

i=1

σi(0),
1

N2

N
∑

i=N1+1

σi(0)

)

w−→
N↑+∞

(ν1(+1)− ν1(−1), ν2(+1)− ν2(−1))
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✇❤✐❧❡ m1(0) = γ 1
N1

∑N1

i=1 σi(0) ❛♥❞ m2(0) = (1− γ) 1
N2

∑N
i=N1+1 σi(0)✳

❲❡ ❛r❡ ♦♥❧② ❧❡❢t t♦ ♣r♦✈❡ t❤❡ ✇❡❛❦ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ♣r♦❝❡ss (m1,N(t),m2,N(t))t∈[0,T ] t♦
t❤❡ s♦❧✉t✐♦♥ ♦❢ ✭✷✳✶✳✺✮✱ ❜✉t t❤✐s ❝❛♥ ❜❡ s❤♦✇♥ ❜② ✉♥✐❢♦r♠ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ✐♥✜♥✐t❡s✐♠❛❧
❣❡♥❡r❛t♦rs ✭s❡❡ ▲❡♠♠❛ ✶✳✷✳✸✮✳ ❚❤✐s ❝♦♠♣✉t❛t✐♦♥ ✐s ✐❞❡♥t✐❝❛❧ t♦ t❤❡ ♦♥❡ ♣❡r❢♦r♠❡❞ ✐♥ t❤❡
♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✳✷✳✷✿ ❣✐✈❡♥ f : [−γ, γ]× [γ − 1, 1− γ] → R✱ f ∈ C2✱ ❛ ✜rst✲♦r❞❡r ❚❛②❧♦r
❡①♣❛♥s✐♦♥ ♦❢ KNf(m1,m2) ♣r♦✈✐❞❡s t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ❣❡♥❡r❛t♦r ♦❢ ✭✷✳✶✳✺✮✱ ♣❧✉s ❛ t❡r♠ o(1)
✉♥✐❢♦r♠❧② ❝♦♥✈❡r❣✐♥❣ t♦ ✵✳

✷✳✷ ❚❤❡ ♠♦❞❡❧ ✇✐t❤ ❞❡❧❛② ❛♥❞ ✐ts ♠❛❝r♦s❝♦♣✐❝ ❞②♥❛♠✐❝s

❲❡ ❝♦♥s✐❞❡r ♥♦✇ ❛ ♠♦❞✐✜❝❛t✐♦♥ ♦❢ t❤❡ ❞②♥❛♠✐❝s ❞❡✜♥❡❞ ❜② ✭✷✳✶✳✶✮✱ ♦❜t❛✐♥❡❞ ❜② ✐♥tr♦✲
❞✉❝✐♥❣ ❛ ❞❡❧❛② ✐♥ t❤❡ ✐♥t❡r✲♣♦♣✉❧❛t✐♦♥s ✐♥t❡r❛❝t✐♦♥s✳ ❲❡ ❛ss✉♠❡ t❤❛t ❛t ❛♥② t✐♠❡ t✱ t❤❡
✐♥✢✉❡♥❝❡ ♦❢ ❡❛❝❤ ♣♦♣✉❧❛t✐♦♥ ♦♥ t❤❡ ♦t❤❡r ✐s ❣✐✈❡♥ ❜② ❛♥ ❛✈❡r❛❣❡ ♦✈❡r t❤❡ ♠❛❣♥❡t✐③❛t✐♦♥
tr❛❥❡❝t♦r② ✉♣ t♦ t✐♠❡ t✱ ✇❡✐❣❤t❡❞ t❤r♦✉❣❤ ❛ ❦❡r♥❡❧✳ ▼✉❧t✐✲♣♦♣✉❧❛t❡❞ ♠❡❛♥ ✜❡❧❞ ♠♦❞❡❧s
✇✐t❤ ✐♥t❡r❛❝t✐♦♥s ✇❡✐❣❤t❡❞ t❤r♦✉❣❤ ❛ ❞❡❧❛② ❦❡r♥❡❧ ❤❛✈❡ ❜❡❡♥ ❝♦♥s✐❞❡r❡❞ ❢♦r ❡①❛♠♣❧❡ ✐♥
❬✷✸❪✱ ✇❤✐❧❡ ✐♥ ❬✺✺❪ ❛ ❞✐✛❡r❡♥t t②♣❡ ♦❢ ❞❡❧❛②✱ ✐♥ ✇❤✐❝❤ ✐♥t❡r❛❝t✐♦♥s ❛t t✐♠❡ t ❞❡♣❡♥❞s ♦♥❧② ♦♥
t❤❡ st❛t❡ ♦❢ ♠❛❣♥❡t✐③❛t✐♦♥s ❛t t✐♠❡ t− τ ✇✐t❤ τ > 0 ✜①❡❞✱ ✐s ❝♦♥s✐❞❡r❡❞ ❢♦r ❛ ❜✐✲♣♦♣✉❧❛t❡❞
s♣✐♥ s②st❡♠✳ ❚❤❡ ❛❞✈❛♥t❛❣❡ ♦❢ ✐♥tr♦❞✉❝✐♥❣ ❞❡❧❛② t❤r♦✉❣❤ ❛ s✉✐t❛❜❧❡ ❦❡r♥❡❧ ❝♦♥s✐sts ✐♥ t❤❡
❝❤❛♥❝❡ t♦ ♦❜t❛✐♥ ❛ ✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ ♠❛❝r♦s❝♦♣✐❝ ❞②♥❛♠✐❝s✳

■♥❢♦r♠❛❧❧② s♣❡❛❦✐♥❣✱ ✇❡ ❛r❡ ❣♦✐♥❣ t♦ ❝♦♥s✐❞❡r ❛ ♠✐❝r♦s❝♦♣✐❝ ❞②♥❛♠✐❝s ✐♥ ✇❤✐❝❤ t❤❡ tr❛♥s✐✲
t✐♦♥ σ(t) −→ σi(t) ♦❝❝✉rs ❛t r❛t❡







e
−σi(t)R1

(

m1,N (t), η
(n)
2,N (t)

)

, ✐❢ i ∈ I1

e
−σi(t)R2

(

η
(n)
1,N (t),m2,N (t)

)

, ✐❢ i ∈ I2 ,
✭✷✳✷✳✶✮

✇❤❡r❡✱ ❢♦r n ∈ N ❛♥❞ k ∈ N \ {0}✱ ✇❡ ❞❡✜♥❡

η
(n)
i,N(t) =

∫ t

0

(t− s)n

n!
e−k(t−s) mi,N(s) ds, ❢♦r i = 1, 2.

◆♦t✐❝❡ t❤❛t t❤❡ ❞❡❧❛② ❦❡r♥❡❧ ✐s ✐♥ t❤❡ ❢♦r♠ ♦❢ ❊r❧❛♥❣ ❞✐str✐❜✉t✐♦♥✿ t❤❡ ♣❛r❛♠❡t❡r n ✐s r❡✲
❧❛t❡❞ t♦ t❤❡ s❤❛♣❡ ♦❢ t❤❡ ❜✉♠♣ ♦❢ t❤❡ ❢✉♥❝t✐♦♥✱ ✇❤❡r❡❛s k t✉♥❡s ❤♦✇ s❤❛r♣ ❛♥❞ ❝❧♦s❡ t♦
t✐♠❡ t t❤❡ ♣❡❛❦ ✐s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❢♦r ❛♥② ✜①❡❞ n✱ t❤❡ ♣❡❛❦ ♦❢ t❤❡ ❦❡r♥❡❧ ❜❡❝♦♠❡s ❝❧♦s❡r t♦
t ❛s k ❣r♦✇s✳ ❚❤✐s s✉❣❣❡sts t❤❛t t❤❡ ❛❞❞✐t✐♦♥ ♦❢ ❞❡❧❛② ✐s r❡❧❡✈❛♥t ❢♦r s♠❛❧❧ ✈❛❧✉❡s ♦❢ t❤❡
♣❛r❛♠❡t❡r k✳

❲❡ ✇❛♥t t♦ ❞❡✜♥❡ ❛ ▼❛r❦♦✈✐❛♥ ❡✈♦❧✉t✐♦♥ ❢♦r t❤❡ t✇♦✲♣♦♣✉❧❛t✐♦♥ ❈✉r✐❡✲❲❡✐ss ♠♦❞❡❧s ✐♥
✇❤✐❝❤ t❤❡ ✢✐♣♣✐♥❣ r❛t❡s ❝♦rr❡s♣♦♥❞ t♦ ✭✷✳✷✳✶✮✳ ❋✐① t❤❡ ♣❛r❛♠❡t❡rs n ❛♥❞ k✿ ❝❧❡❛r❧②✱ t❤❡
♣r♦❝❡ss (σ(t), η(n)1,N(t), η

(n)
2,N(t))t∈[0,T ] ✐s ♥♦t ▼❛r❦♦✈✱ s✐♥❝❡ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ t❡r♠s η(n)i,N ❛t

t✐♠❡ t ❞❡♣❡♥❞ ♦♥ t❤❡ ❤✐st♦r② ♦♥ [0, t]✳ ◆❡✈❡rt❤❡❧❡ss✱ ✇❡ ❝❛♥ ❡①♣❧♦✐t t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡
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❊r❧❛♥❣ ❦❡r♥❡❧ ✿ ♦❜s❡r✈❡ t❤❛t✱ ❢♦r ✜①❡❞ k✱ t❤❡ ❢❛♠✐❧✐❡s (η(j)1,N(t))
n
j=0 ❛♥❞ (η

(j)
2,N(t))

n
j=0 s❛t✐s✜❡s

η̇
(0)
1,N(t) = k

(

− η
(0)
1,N(t) +m1,N(t)

)

,

η̇
(j)
1,N(t) = k

(

− η
(j)
1,N(t) + η

(j−1)
1,N (t)

)

, ❢♦r j = 1, . . . , n,

η̇
(0)
2,N(t) = k

(

− η
(0)
2,N(t) +m2,N(t)

)

,

η̇
(j)
2,N(t) = k

(

− η
(j)
2,N(t) + η

(j−1)
2,N (t)

)

, ❢♦r j = 1, . . . , n.

❚❤❡r❡❢♦r❡✱ (η(j)1,N(t))
n
j=0 ❛♥❞ (η

(j)
2,N(t))

n
j=0 ❝♦♥st✐t✉t❡ ❛ ❝❛s❝❛❞❡ ♦❢ ▼❛r❦♦✈✐❛♥ ♠❡♠♦r② t❡r♠s✿

❡✈❡♥ ✐❢ t❤❡ ✢✐♣♣✐♥❣ r❛t❡s ❛t t✐♠❡ t ❞❡♣❡♥❞ ❞✐r❡❝t❧② ♦♥❧② ♦♥ η
(n)
1,N(t) ❛♥❞ η

(n)
2,N(t)✱ t❤❡ ❦♥♦✇❧✲

❡❞❣❡ ♦❢ t❤❡ ✧❛✉①✐❧✐❛r②✧ ♣r♦❝❡ss❡s (η(j)1,N(t))
n−1
j=0 ❛♥❞ (η

(j)
2,N(t))

n−1
j=0 ❛❧❧♦✇s t♦ ❞❡✜♥❡ ❛ ▼❛r❦♦✈✐❛♥

❡✈♦❧✉t✐♦♥ ❢♦r t❤❡ s②st❡♠✱ ❛s ♣r❡s❡♥t❡❞ ❜❡❧♦✇✳

❆❢t❡r ✜①✐♥❣ t❤❡ ♣❛r❛♠❡t❡rs n, k ♦❢ t❤❡ ❞❡❧❛② ❦❡r♥❡❧✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ▼❛r❦♦✈ ♣r♦❝❡ss
(

σ(t), η
(0)
1,N(t), . . . , η

(n)
1,N(t), η

(0)
2,N(t), . . . , η

(n)
2,N(t)

)

t∈[0,T ]
✭✷✳✷✳✷✮

✇✐t❤ ✈❛❧✉❡s ✐♥ SN × R
2n+2 ❛♥❞ ✇✐t❤ ✐♥✜♥✐t❡s✐♠❛❧ ❣❡♥❡r❛t♦r

LNf(σ, η1, η2) =
∑

i∈I1

e−σiR1(m1,η
(n)
2 )
(

f(σi, η1, η2))− f(σ, η1, η2))
)

+
∑

i∈I2

e−σiR2(η
(n)
1 ,m2)

(

f(σi, η1, η2))− f(σ, η1, η2))
)

+
∑

r=1,2

k
(

− η(0)r +mr

)

∂
η
(0)
r
f(σ, η1, η2)

+
∑

r=1,2

n
∑

j=1

k
(

− η(j)r + η(j−1)
r

)

∂
η
(j)
r
f(σ, η1, η2),

✭✷✳✷✳✸✮

✇❤❡r❡ ηr = (η
(0)
r , . . . , η

(n)
r )✱ ❢♦r r = 1, 2✳ ❲❡ ❝❛♥ st✉❞② ✐ts ♠❛❝r♦s❝♦♣✐❝ ❞②♥❛♠✐❝s ❜② ♠❡❛♥s

♦❢ ❛ (2n+ 4)✲❞✐♠❡♥s✐♦♥❛❧ ♦r❞❡r ♣❛r❛♠❡t❡r✳

❚❤❡♦r❡♠ ✷✳✷✳✶✳ ❋✐① T > 0 ❛♥❞ ❧❡t (σ(t), η1(t), η2(t))t∈[0,T ] ❜❡ t❤❡ ▼❛r❦♦✈ ♣r♦❝❡ss ✭✷✳✷✳✷✮
✇✐t❤ ✐♥✜♥✐t❡s✐♠❛❧ ❣❡♥❡r❛t♦r ✭✷✳✷✳✸✮ ❛♥❞ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s

▲❛✇(σ(0), η1(0), η2(0)) = ν⊗N1
1 ⊗ ν⊗N2

2 ⊗ δ
⊗(n+1)
ξ1

⊗ δ
⊗(n+1)
ξ2

, ✭✷✳✷✳✹✮

✇✐t❤ ν1, ν2 ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s ♦♥ S ❛♥❞ ξ1, ξ2 ∈ R✳ ❚❤❡♥✱ t❤❡ ♣r♦❝❡ss

(

m1,N(t),m2,N(t), η1,N(t), η2,N(t)
)

t∈[0,T ]
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✇✐t❤ ✈❛❧✉❡s ✐♥ [−γ, γ]× [−1+ γ, 1− γ]×R
2n+2✱ ✇❤❡r❡ γ = N1/N ✱ ✐s ❛♥ ♦r❞❡r ♣❛r❛♠❡t❡r ♦❢

t❤❡ s②st❡♠✳ ▼♦r❡♦✈❡r✱ ❛s N ↑ +∞ ✐♥ s✉❝❤ ❛ ✇❛② γ r❡♠❛✐♥s ❝♦♥st❛♥t✱ t❤❡ ♦r❞❡r ♣❛r❛♠❡t❡r
❝♦♥✈❡r❣❡s✱ ✐♥ s❡♥s❡ ♦❢ ✇❡❛❦ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ st♦❝❤❛st✐❝ ♣r♦❝❡ss❡s✱ t♦ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❖❉❊s


















































ṁ1(t) = 2γ sinh(R1(m1(t), η
(n)
2 (t))− 2m1(t) cosh(R1(m1(t), η

(n)
2 (t)),

ṁ2(t) = 2(1− γ) sinh(R2(η
(n)
1 (t),m2(t))− 2m2(t) cosh(R2(η

(n)
1 (t),m2(t)),

η̇
(0)
1 (t) = k

(

− η
(0)
1 (t) +m1(t)

)

,

η̇
(j)
1 (t) = k

(

− η
(j)
1 (t) + η

(j−1)
1 (t)

)

, ❢♦r j = 1, . . . , n,

η̇
(0)
2 (t) = k

(

− η
(0)
2 (t) +m2(t)

)

,

η̇
(j)
2 (t) = k

(

− η
(j)
2 (t) + η

(j−1)
2 (t)

)

, ❢♦r j = 1, . . . , n.

✭✷✳✷✳✺✮

✇✐t❤ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s m1(0) = γ(ν1(+1)− ν1(−1))✱ m2(0) = (1−γ)(ν2(+1)− ν2(−1)) ❛♥❞

η
(j)
r (0) = ξr ❢♦r j = 0, . . . , n ❛♥❞ r = 1, 2✳

Pr♦♦❢✳ ❊ss❡♥t✐❛❧❧② t❤❡ s❛♠❡ ❝♦♠♣✉t❛t✐♦♥s ♦❢ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✶✳✶✳

✷✳✸ ❊♠❡r❣❡♥❝❡ ♦❢ ♣❡r✐♦❞✐❝ ❜❡❤❛✈✐♦r

❲❡ ♥♦✇ ❛♥❛❧②s❡ t❤❡ ♠❛❝r♦s❝♦♣✐❝ ❞②♥❛♠✐❝s✱ ❜♦t❤ ❢♦r t❤❡ ♠♦❞❡❧ ✇✐t❤♦✉t ❞❡❧❛② ❛♥❞ ✇✐t❤
❞❡❧❛②✳ ❲❡ ❞♦ ♥♦t s❡❡❦ t♦ ♣r♦✈✐❞❡ ❛ ❝♦♠♣❧❡t❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ♣❤❛s❡ tr❛♥s✐t✐♦♥s ♦❢ ✭✷✳✶✳✺✮
❛♥❞ ✭✷✳✷✳✺✮✱ ♦✉r ❣♦❛❧ ✐s r❛t❤❡r t♦ ✉♥❞❡rst❛♥❞ ✇❤✐❝❤ ❝♦♥✜❣✉r❛t✐♦♥s ♦❢ t❤❡ ✐♥t❡r❛❝t✐♦♥ ♥❡t✇♦r❦
❝❛♥ ❡♥❤❛♥❝❡ t❤❡ ❛♣♣❡❛r❛♥❝❡ ♦❢ ♣❡r✐♦❞✐❝✐t② ✐♥ t❤❡ ♠❛❝r♦s❝♦♣✐❝ ❧❛✇✳

✷✳✸✳✶ ❚❤❡ ❝❛s❡ ✇✐t❤♦✉t ❞❡❧❛②

❈♦♥s✐❞❡r t❤❡ ♣❛✐r ♦❢ ❖❉❊s ✭✷✳✶✳✺✮✱ ❞❡s❝r✐❜✐♥❣ t❤❡ ♠❛❝r♦s❝♦♣✐❝ ❞②♥❛♠✐❝s ♦❢ t❤❡ ❜✐✲♣♦♣✉❧❛t❡❞
❈✉r✐❡✲❲❡✐ss ♠♦❞❡❧ ✭✇✐t❤♦✉t ❞❡❧❛②✮✳ ■t ✐s ✐♠♠❡❞✐❛t❡ t♦ ❝❤❡❝❦ t❤❛t (0, 0) ✐s ❛♥ ❡q✉✐❧✐❜r✐✉♠
❢♦r ❛♥② ❝❤♦✐❝❡ ♦❢ t❤❡ ♣❛r❛♠❡t❡rs γ, J11, J12, J21, J22✳ ❇② st✉❞②✐♥❣ t❤❡ ❧✐♥❡❛r✐③❛t✐♦♥ ♦❢ t❤❡
❞②♥❛♠✐❝❛❧ s②st❡♠ ❛r♦✉♥❞ t❤❡ ♦r✐❣✐♥✱ ✇❡ ❧♦♦❦ ❢♦r t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❛ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥✱ ✇❤✐❝❤
♦❝❝✉rs ✇❤❡♥ ❛ st❛❜❧❡ ♣❡r✐♦❞✐❝ ♦r❜✐t ❛r✐s❡s ❢r♦♠ ❛♥ ❡q✉✐❧✐❜r✐✉♠ ♣♦✐♥t ❛s✱ ❛t s♦♠❡ ❝r✐t✐❝❛❧
✈❛❧✉❡s ♦❢ t❤❡ ♣❛r❛♠❡t❡rs✱ ✐t ❧♦s❡s st❛❜✐❧✐t②✳ ■t ✐s ❡❛s② t♦ ❝❤❡❝❦ t❤❛t t❤❡ ♠❛tr✐① ❣✐✈❡♥ ❜② t❤❡
❧✐♥❡❛r✐③❛t✐♦♥ ♦❢ ✭✷✳✶✳✺✮ ❛r♦✉♥❞ (0, 0) ✐s

A =

(

2(γJ11 − 1) 2γJ12
2(1− γ)J21 2((1− γ)J22 − 1)

)

✇❤♦s❡ ❝❤❛r❛❝t❡r✐st✐❝ ♣♦❧②♥♦♠✐❛❧ r❡❛❞s

pA(λ) = λ2 − 2λ(γJ11 + (1− γ)J22 − 2) + 4(γJ11 − 1)((1− γ)J22 − 1)− 4γ(1− γ)J12J21.

❆ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥ ❝❛♥ ❜❡ ✐❞❡♥t✐✜❡❞ ✇❤❡♥ ❛ ♣❛✐r ♦❢ ❞✐st✐♥❝t ❡✐❣❡♥✈❛❧✉❡s ♦❢ A ❝r♦ss t❤❡
✐♠❛❣✐♥❛r② ❛①✐s✿ s♦✱ ❛ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥ ♦❝❝✉rs ❛t t❤❡ ♦r✐❣✐♥ ❢♦r ✭✷✳✶✳✺✮ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ❜♦t❤
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t❤❡ ❝♦♥❞✐t✐♦♥s

γJ11 − 1 = −((1− γ)J22 − 1),

(γJ11 − 1)2 + γ(1− γ)J12J21 < 0
✭✷✳✸✳✶✮

❛r❡ s❛t✐s✜❡❞✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤✐s ♠❡❛♥s t❤❛t✿

• ✐❢ J11, J22 ≤ 0✱ t❤❡ ❡q✉❛❧✐t② ✐♥ ✭✷✳✸✳✶✮ ✐s ♥❡✈❡r s❛t✐s✜❡❞✱ t❤✉s t❤❡ s②st❡♠ ✭✷✳✶✳✺✮ ♥❡✈❡r
✉♥❞❡r❣♦❡s ❛ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥✳

• ■❢ J12J21 ≥ 0✱ t❤❡ ✐♥❡q✉❛❧✐t② ✐♥ ✭✷✳✸✳✶✮ ❤❛s ♥♦ s♦❧✉t✐♦♥ ❛♥❞ ❛❣❛✐♥ ✐t ✐s ♥♦t ♣♦ss✐❜❧❡ t♦
✜♥❞ ❛ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥✳

• ❚❤❡ ✈❛❧✉❡s ♦❢ ♣❛r❛♠❡t❡rs t♦ ❣❡t ❛ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥ ❝❛♥ ❜❡ ♣r♦♣❡r❧② ❝❤♦s❡♥ ✐♥ t❤❡ s❡t
{J11, J22 ≤ 0}c ∩ {J12J21 ≥ 0}c✳

✷✳✸✳✷ ❚❤❡ ❝❛s❡ ✇✐t❤ ❞❡❧❛②

❲❡ ♥♦✇ ♠♦✈❡ t♦ t❤❡ ❛♥❛❧②s✐s ♦❢ ✭✷✳✷✳✺✮✱ ❞❡s❝r✐❜✐♥❣ t❤❡ ♠❛❝r♦s❝♦♣✐❝ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❜✐✲
♣♦♣✉❧❛t❡❞ ❈✉r✐❡✲❲❡✐ss ♠♦❞❡❧ ✇✐t❤ ❞❡❧❛②✳ ❲❡ ❡①♣❡❝t t❤❛t ✇❤❡♥❡✈❡r ❛ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥ ✐s
♣r❡s❡♥t ❢♦r ✭✷✳✶✳✺✮ t❤❡ s❛♠❡ s❤♦✉❧❞ ❤♦❧❞ ✭♣♦ss✐❜❧② ❛t ❛ ❞✐✛❡r❡♥t ❝r✐t✐❝❛❧ ✈❛❧✉❡✮ ❢♦r ✭✷✳✷✳✺✮✿
❢♦r ❡①❛♠♣❧❡✱ ♥♦t✐❝❡ t❤❛t ❢♦r k ❧❛r❣❡✱ ✭✷✳✷✳✺✮ ❝❛♥ ❜❡ r❡❞✉❝❡❞ t♦ ❛ ♣❧❛♥❛r s②st❡♠ ❝❧♦s❡ t♦
✭✷✳✶✳✺✮✳ ❚❤❡r❡❢♦r❡✱ ♦✉r ❛✐♠ ✐s t♦ ❛♥s✇❡r t❤❡ ❢♦❧❧♦✇✐♥❣ q✉❡st✐♦♥✿ ❝❛♥ ❞❡❧❛② ❡♥❤❛♥❝❡ t❤❡
❛♣♣❡❛r❛♥❝❡ ♦❢ ❝♦❧❧❡❝t✐✈❡ ♣❡r✐♦❞✐❝ ❜❡❤❛✈✐♦r ✐♥ ❝♦♥✜❣✉r❛t✐♦♥s ❢♦r ✇❤✐❝❤ ✐t ✇❛s ♥♦t ♣♦ss✐❜❧❡
❢♦r t❤❡ ❝❛s❡ ✇✐t❤♦✉t ❞❡❧❛②❄ ■♥ ✇❤❛t ❢♦❧❧♦✇s ✇❡ s❤♦✇ t❤❛t t❤❡ ❛♥s✇❡r ✐s ②❡s✱ ✐♥ ♣❛rt✐❝✉❧❛r
✇❡ ❝❛♥ ✐♥❞✉❝❡ ♣❡r✐♦❞✐❝✐t② ✐♥ ❛ s✉❜s♣❛❝❡ ♦❢ t❤❡ ♣❤❛s❡ {J11, J22 ≤ 0}✱ ✇❤❡r❡ ❧✐♠✐t ❝②❝❧❡s
✇❤❡r❡ ❛❜s❡♥t ❢♦r ✭✷✳✶✳✺✮✳
❈♦♥s✐❞❡r ✭✷✳✷✳✺✮ ✇✐t❤ J11, J22 < 0 ❛♥❞ J12J21 < 0✳ ❆s ❜❡❢♦r❡✱ ✇❡ ❛r❡ ❣♦✐♥❣ t♦ ❧✐♥❡❛r✐③❡ t❤❡
❞②♥❛♠✐❝s ❛r♦✉♥❞ t❤❡ ♦r✐❣✐♥✱ ✇❤✐❝❤ ✐s ❛♥ ❡q✉✐❧✐❜r✐✉♠ ♣♦✐♥t ❢♦r ❛❧❧ ❝❤♦✐❝❡ ♦❢ t❤❡ ♣❛r❛♠❡t❡rs✳
◆♦t✐❝❡ t❤❛t t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ s②st❡♠ ✐s 2n+4✿ s✐♥❝❡ ✐t ✐s ♥♦♥✲♣❧❛♥❛r✱ t♦ ❞❡t❡❝t ❛ s✉♣❡r✲
❝r✐t✐❝❛❧ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥ ✐t ❞♦❡s ♥♦t s✉✣❝❡ ❧♦♦❦✐♥❣ ❢♦r ❛ ♣❛✐r ♦❢ ♣✉r❡ ✐♠❛❣✐♥❛r② ❝♦♥❥✉❣❛t❡
❡✐❣❡♥✈❛❧✉❡s✱ ❜✉t ✐t ✐s ❛❧s♦ ♥❡❝❡ss❛r② t♦ ❝❤❡❝❦ t❤❛t ❛❧❧ t❤❡ 2n + 2 ♦t❤❡rs ❤❛✈❡ ♥❡❣❛t✐✈❡ r❡❛❧
♣❛rt ❬✹✹❪✳ ❚♦ s✐♠♣❧✐❢② ❝♦♠♣✉t❛t✐♦♥s✱ ❛ss✉♠❡

γJ11 = (1− γ)J22 = −k

2
+ 1 ✭✷✳✸✳✷✮

✇✐t❤ k > 2 ❛♥❞ r❡♣r❡s❡♥t✐♥❣ t❤❡ s❛♠❡ ❝♦♥st❛♥t ❛♣♣❡❛r✐♥❣ ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❞❡❧❛②
❦❡r♥❡❧✳ ❚❤✐s ❝❤♦✐❝❡ ❞r❛st✐❝❛❧❧② s✐♠♣❧✐✜❡s ❝♦♠♣✉t❛t✐♦♥s✱ ❜✉t ✇❡ ❜❡❧✐❡✈❡ ✐t ✐s ♥♦t ❛♥ ❡ss❡♥t✐❛❧
✐♥❣r❡❞✐❡♥t ❢♦r t❤❡ ♦❝❝✉rr❡♥❝❡ ♦❢ ❛ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥✳ ❯♥❞❡r ✭✷✳✸✳✷✮✱ ❜② r❡✲❛rr❛♥❣✐♥❣ ✈❛r✐❛❜❧❡s✱
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t❤❡ ❧✐♥❡❛r✐③❛t✐♦♥ ♦❢ ✭✷✳✷✳✺✮ r❡❛❞s

































ṁ1(t)
ṁ2(t)

η̇
(0)
1 (t)

η̇
(0)
2 (t)
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(1)
2 (t)
✳✳✳
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(n)
1 (t)
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−k 0 0 0 0 · · · 0 0 J̃12
0 −k 0 0 0 · · · 0 J̃21 0
k 0 −k 0 0 · · · 0 0 0
0 k 0 −k 0 · · · 0 0 0

0 0
✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ 0 · · · 0 0

0 · · · 0
✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ 0 · · · 0

✳✳✳ · · · · · · ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳
✳✳✳

0 · · · · · · · · · 0 k 0 −k 0
0 · · · · · · · · · · · · 0 k 0 −k
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✇✐t❤ J̃12 = 2γJ12 ❛♥❞ J̃21 = 2(1 − γ)J21✳ ❆ t❡❞✐♦✉s ❝♦♠♣✉t❛t✐♦♥ ✭❜✉t ♥♦t t♦♦ ❧♦♥❣ s✐♥❝❡
✐t r❛♣✐❞❧② r❡❞✉❝❡s t♦ ❝❛❧❝✉❧❛t✐♥❣ t❤❡ ❞❡t❡r♠✐♥❛♥ts ♦❢ tr✐❛♥❣✉❧❛r ❛♥❞ tr✐❞✐❛❣♦♥❛❧ ♠❛tr✐❝❡s✮
②✐❡❧❞s t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ♣♦❧②♥♦♠✐❛❧ ❢♦r t❤❡ ♠❛tr✐① ❛❜♦✈❡✿

p(λ) = (k + λ)2n+4 − k2n+24γ(1− γ)J12J21.

▲❡t ✉s ❞❡♥♦t❡ ✇✐t❤ xj✱ j = 0, . . . , 2n+ 3✱ t❤❡ j✲t❤ ❡✐❣❡♥✈❛❧✉❡✱ s♦ t❤❛t

xj = −k − |4γ(1− g)J12J21|
1

2n+4k
n+1
n+2 exp

[

i
(2j + 1)π

2n+ 4

]

.

❆t t❤✐s ♣♦✐♥t✱ ✐t ✐s ❡❛s② t♦ ❝❤❡❝❦ t❤❛t ❢♦r

k =
√

|4γ(1− γ)J12J21|
(

cos

(

π

2n+ 4

))n+2

✭✷✳✸✳✸✮

xn+1 ❛♥❞ xn+2 ✐s ❛ ♣❛✐r ♦❢ ❞✐st✐♥❝t ❝♦♥❥✉❣❛t❡ ❡✐❣❡♥✈❛❧✉❡s ❝r♦ss✐♥❣ t❤❡ ✐♠❛❣✐♥❛r② ❛①✐s ✇✐t❤
♣♦s✐t✐✈❡ ❞❡r✐✈❛t✐✈❡✱ ✇❤✐❧❡ ❛❧❧ ♦t❤❡r ❡✐❣❡♥✈❛❧✉❡s ❤❛✈❡ str✐❝t❧② ♥❡❣❛t✐✈❡ r❡❛❧ ♣❛rts✿ t❤❡r❡❢♦r❡✱
❛ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥ ♦❝❝✉r✳

✷✳✸✳✸ ❙♦♠❡ ❝♦♠♠❡♥ts

❲❡ ✇❡r❡ ✐♥t❡r❡st❡❞ ✐♥ ✉♥❞❡rst❛♥❞✐♥❣ ✇❤✐❝❤ str✉❝t✉r❡s ♦❢ t❤❡ ✐♥t❡r❛❝t✐♦♥ ♥❡t✇♦r❦ ❝♦✉❧❞
❣✐✈❡ r✐s❡ t♦ ❛ ♣❡r✐♦❞✐❝ ❜❡❤❛✈✐♦r ✐♥ t❤❡ ♠❛❝r♦s❝♦♣✐❝ ❧❛✇ ♦❢ t❤❡ t✇♦✲♣♦♣✉❧❛t✐♦♥ ❈✉r✐❡✲❲❡✐ss
♠♦❞❡❧✱ ✇✐t❤♦✉t ❛♥❞ ✇✐t❤ ❞❡❧❛②✳ ❖✉r ✜♥❞✐♥❣s ❛r❡ s✉♠♠❛r✐③❡❞ ❜② ❚❛❜❧❡ ✷✳✸✳✸✱ ✇❤✐❝❤ ❣✐✈❡s
✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ ♣♦ss✐❜❧❡ ❡♠❡r❣❡♥❝❡ ♦❢ ♠❛❝r♦s❝♦♣✐❝ ♦s❝✐❧❧❛t✐♦♥s ❢♦r t❤❡ ✐♥t❡r❛❝t✐♦♥
♥❡t✇♦r❦ ❝♦♥✜❣✉r❛t✐♦♥s ❞❡♣✐❝t❡❞ ✐♥ t❤❡ ❧❡❢t ❝♦❧✉♠♥✳ ◆♦t✐❝❡ t❤❛t ❜② st❛t✐♥❣ t❤❛t ♣❡r✐♦❞✐❝
❜❡❤❛✈✐♦r ✐s ♣r❡s❡♥t✱ ✇❡ ♠❡❛♥ t❤❛t t❤❡r❡ ❡①✐sts ❛ ❝❤♦✐❝❡ ♦❢ t❤❡ ♣❛r❛♠❡t❡rs ✭✐♥ ❞❡t❛✐❧s✱ s❛t✲
✐s❢②✐♥❣ ✭✷✳✸✳✶✮ ❢♦r ✭✷✳✶✳✺✮ ❛♥❞ ✭✷✳✸✳✷✮✲✭✷✳✸✳✸✮ ❢♦r ✭✷✳✷✳✺✮✮ ❢♦r ✇❤✐❝❤ ❛ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥ ♦❝❝✉r
❛t t❤❡ ♦r✐❣✐♥✳
❆s ❛❧r❡❛❞② ♠❡♥t✐♦♥❡❞✱ ❝♦❧❧❡❝t✐✈❡ ♣❡r✐♦❞✐❝ ❜❡❤❛✈✐♦r ✐♥ ♠✉❧t✐✲♣♦♣✉❧❛t❡❞ s②st❡♠s ✇✐t❤ ❞❡✲
❧❛②❡❞ ✐♥t❡r❛❝t✐♦♥s ❛r❡ ♥♦t ❛ ♥♦✈❡❧t② ✐♥ ❧✐t❡r❛t✉r❡ ❬✷✸✱ ✺✺❪✱ ❤❡♥❝❡ t❤❡ ♠♦st ✐♥t❡r❡st✐♥❣ r❡s✉❧t
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−
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❚❛❜❧❡ ✷✳✸✳✶✿ ◗✉❛❧✐t❛t✐✈❡ s✉♠♠❛r② ♦❢ t❤❡ r❡s✉❧ts✳ ■♥ t❤❡ ❧❡❢t ❝♦❧✉♠♥ ❛ s❝❤❡♠❛t✐❝ r❡♣r❡s❡♥t❛✲
t✐♦♥ ♦❢ t❤❡ ❝♦♥s✐❞❡r❡❞ ✐♥t❡r❛❝t✐♦♥ ♥❡t✇♦r❦ ✐s ❞✐s♣❧❛②❡❞✳ ❚❤❡ ❝♦❧♦r ❝♦♥✈❡♥t✐♦♥ ❢♦r ❝♦✉♣❧✐♥❣s
✐s ❛s ✐♥ ❋✐❣✉r❡ ✷✳✶✳ ❋♦r ❡❛❝❤ ✐♥t❡r❛❝t✐♦♥ ♥❡t✇♦r❦ ✇❡ ❤✐❣❤❧✐❣❤t t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ ♦❜s❡r✈✐♥❣
♦r ♥♦t ♦❜s❡r✈✐♥❣ ♣❡r✐♦❞✐❝ ❜❡❤❛✈✐♦r ✇❤❡♥ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❞②♥❛♠✐❝s ✭✷✳✶✳✺✮ ✭❝❡♥tr❛❧ ❝♦❧✉♠♥✮
♦r ✭✷✳✷✳✺✮ ✭r✐❣❤t ❝♦❧✉♠♥✮✳ ◆♦t✐❝❡ t❤❛t✱ ✐♥ ❛❧❧ ❝❛s❡s ❡①❝❡♣t ❢♦r ♦♥❡✱ ❞❡❧❛② ✐s ♥♦t ♥❡❝❡ss❛r② t♦
♣r♦❞✉❝❡ r❤②t❤♠✐❝ ♦s❝✐❧❧❛t✐♦♥s✳

❤❡r❡ ✐s t❤❛t ❞❡❧❛② ✐s ♥♦t ❛♥ ❡ss❡♥t✐❛❧ ✐♥❣r❡❞✐❡♥t ❢♦r t❤❡ ❡♠❡r❣❡♥❝❡ ♦❢ ♠❛❝r♦s❝♦♣✐❝ ♦s❝✐❧✲
❧❛t✐♦♥s ✐♥ t❤❡ ❜✐✲♣♦♣✉❧❛t❡❞ ❈✉r✐❡✲❲❡✐ss ♠♦❞❡❧✳ ❚❤❡ ❦❡② ❢❡❛t✉r❡ s❡❡♠s r❛t❤❡r t♦ ❜❡ t❤❡
♣r❡s❡♥❝❡ ♦❢ ❛ ❢r✉str❛t✐♦♥ ✐♥ t❤❡ ✐♥t❡r❛❝t✐♦♥ ♥❡t✇♦r❦✿ t❤✐s ❢❛❝t✱ ✐♥ t❤❡ ❝❛s❡ ✇✐t❤♦✉t ❞❡❧❛②✱
❝❛♥ ❜❡ ✉♥❞❡rst♦♦❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t❡r♠s✳ ■❢ t❤❡ ✐♥tr❛✲♣♦♣✉❧❛t✐♦♥ ✐♥t❡r❛❝t✐♦♥ str❡♥❣t❤s J11
❛♥❞ J22 ❛r❡ ❧❛r❣❡ ❡♥♦✉❣❤✱ ❡❛❝❤ s✐♥❣❧❡ ♣♦♣✉❧❛t✐♦♥ ❝❛♥ ❜❡ s❡❡♥ ❛s ❛ ♠❛❝r♦s♣✐♥ t❤❛t✱ ✉♥❞❡r
●❧❛✉❜❡r ❞②♥❛♠✐❝s✱ t❡♥❞s t♦ ✐ts ♦✇♥ r❡st st❛t❡✳ ❍♦✇❡✈❡r✱ ❛s s♦♦♥ ❛s t❤❡ t✇♦ ♣♦♣✉❧❛t✐♦♥
❛r❡ ❧✐♥❦❡❞ t♦❣❡t❤❡r ✇✐t❤ ✇✐t❤✐♥ ✐♥❢r❛✲♣♦♣✉❧❛t✐♦♥ ✐♥t❡r❛❝t✐♦♥s s✉❝❤ t❤❛t J12J21 < 0✱ t❤❡
❢♦r♠ ❛ ❢r✉str❛t❡❞ ♣❛✐r ♦❢ ♠❛❝r♦s♣✐♥s ✇❤❡r❡ t❤❡ r❡st st❛t❡ ♦❢ t❤❡ ✜rst ✐s ♥♦t ❝♦♠♣❛t✐❜❧❡
✇✐t❤ t❤❡ r❡st ♣♦s✐t✐♦♥ ♦❢ t❤❡ s❡❝♦♥❞✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡ ❞②♥❛♠✐❝s ✐s ♥♦t ❞r✐✈❡♥ t♦ ❛
✜①❡❞ ❡q✉✐❧✐❜r✐✉♠ ❛♥❞ ❦❡❡♣s ♦♥ ♦s❝✐❧❧❛t✐♥❣✳ ❲❡ r❡♠❛r❦ t❤❛t s✐♠✐❧❛r r❡s✉❧t s❤♦✉❧❞ ❤♦❧❞ ❡✈❡♥
✐♥ t❤❡ ♠✉❧t✐✲♣♦♣✉❧❛t❡❞ ❡①t❡♥s✐♦♥s✱ ❣r❛♥t❡❞ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❢r✉str❛t✐♦♥s ✐♥ t❤❡ ✐♥t❡r❛❝t✐♦♥
♥❡t✇♦r❦✳ ❍♦✇❡✈❡r✱ t❤❡ ♠❡❝❤❛♥✐s♠ ♦❢ ❢r✉str❛t✐♦♥ ❡♥❤❛♥❝✐♥❣ ♣❡r✐♦❞✐❝ ❜❡❤❛✈✐♦r s❡❡♠s t♦ r❡❧②
str♦♥❣❧② ♦♥ t❤❡ ♠❡❛♥ ✜❡❧❞ ❛ss✉♠♣t✐♦♥s ✭s❡❡ s✐♠✉❧❛t✐♦♥s ✐♥ ❬✶✺❪✮✳
❚♦ s✉♠ ✉♣✱ ♦✉r r❡s✉❧ts s✉❣❣❡st t❤❛t ❞❡❧❛② ✐s ♥♦t ❛❧✇❛②s ♥❡❡❞❡❞ t♦ ❝r❡❛t❡ ♣❡r✐♦❞✐❝✐t② ✐♥
♠✉❧t✐✲♣♦♣✉❧❛t❡❞ ♠♦❞❡❧s✳ ◆❡✈❡rt❤❡❧❡ss✱ ❞❡❧❛② ❝❛♥ ❡♥❤❛♥❝❡ t❤❡ ❛♣♣❡❛r❛♥❝❡ ♦❢ ♠❛❝r♦s❝♦♣✐❝
r❤②t❤♠ ✐♥ ❝♦♥✜❣✉r❛t✐♦♥s ✐♥ ✇❤✐❝❤ ✐t ✇❛s ❛❜s❡♥t ✐♥ t❤❡ ❝❛s❡ ✇✐t❤♦✉t ❞❡❧❛②✳ ■♥ ♣❛rt✐❝✉❧❛r✱
t❤✐s ♦❝❝✉rs ✐♥ t❤❡ ❝❛s❡ J11 < 0, J22 < 0 ❛♥❞ J12J21 < 0✳ ❆ ♣♦ss✐❜❧❡ ✐♥t✉✐t✐✈❡ ❡①♣❧❛♥❛✲
t✐♦♥ ♦❢ t❤✐s ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❞②♥❛♠✐❝s ✇✐t❤ ❛♥❞ ✇✐t❤♦✉t ❞❡❧❛② ✐s ❛s ❢♦❧❧♦✇s✳ ■♥ t❤❡
❝❛s❡ ✇✐t❤♦✉t ❞❡❧❛②✱ ❜♦t❤ ♣♦♣✉❧❛t✐♦♥s ❤❛✈❡ ❛♥t✐✲❢❡rr♦♠❛❣♥❡t✐❝ ✐♥tr❛✲♣♦♣✉❧❛t✐♦♥ ✐♥t❡r❛❝t✐♦♥
✭J11 < 0 ❛♥❞ J22 < 0✮ s♦ t❤❡② ❞♦♥✬t ❛❝t ❛s ♠❛❝r♦s♣✐♥s ❛♥❞ t❤❡ r❡st st❛t❡ ❢♦r ❜♦t❤ ♦❢ t❤❡♠ ✐s
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③❡r♦✳ ◆♦t✐❝❡ t❤❛t ✇❤❡♥❡✈❡r m1,N ❛♥❞ m2,N ❛r❡ ❝❧♦s❡ t♦ ③❡r♦✱ ✐♥❢r❛✲♣♦♣✉❧❛t✐♦♥ ✐♥t❡r❛❝t✐♦♥s
❛r❡ ✈❡r② s♠❛❧❧ ❛♥❞ ❢r✉str❛t✐♦♥ ✐♥ t❤❡ ♥❡t✇♦r❦ ❝❛♥ ❜❡ ♥❡❣❧❡❝t❡❞✳ ■♥st❡❛❞✱ ✇❤❡♥ ❞❡❧❛② ✐s
♣r❡s❡♥t✱ ❡❛❝❤ ♣♦♣✉❧❛t✐♦♥ r❡❝❡✐✈❡s t❤❡ ✐♥❢♦r♠❛t✐♦♥ ♦♥ t❤❡ ♦t❤❡r ♦♥❡ t❤r♦✉❣❤ ❛ s♠♦♦t❤✐♥❣
♦❢ t❤❡ ♣❛st tr❛❥❡❝t♦r② ✭r❡♣r❡s❡♥t❡❞ ❜② t❤❡ t❡r♠s η

(n)
1,N , η

(n)
2,N✮✱ ✇❤✐❝❤ r❡❣✉❧❛r✐③❡s ❛♥❞ ❛♠♣❧✐✲

✜❡s t❤❡ r❛♥❞♦♠ ✢✉❝t✉❛t✐♦♥s ♦❢ ❡❛❝❤ ♣♦♣✉❧❛t✐♦♥ ❛r♦✉♥❞ ③❡r♦✳ ❚❤✐s ♠❡❝❤❛♥✐s♠ ♣r♦❞✉❝❡s ❛
s♦rt ♦❢ ♣♦s✐t✐✈❡ ❢❡❡❞❜❛❝❦ t❤❛♥❦s t♦ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❢r✉str❛t✐♦♥✱ ❛♥❞ ✐♥ t❤❡ ❡♥❞ ♠❛❝r♦s❝♦♣✐❝
♦s❝✐❧❧❛t✐♦♥s ❛♣♣❡❛r✳



❈❤❛♣t❡r ✸

❆♥ ■s✐♥❣ ♠♦❞❡❧ ✇✐t❤ ❞✐ss✐♣❛t✐♦♥

■♥ ❈❤❛♣t❡r ✶ ✇❡ ❡①❛♠✐♥❡❞ t❤❡ r♦❧❡ ♦❢ ❞✐ss✐♣❛t✐♦♥ ✐♥ ❡♥❤❛♥❝✐♥❣ ♠❛❝r♦s❝♦♣✐❝ ♣❡r✐♦❞✐❝ ❜❡❤❛✈✲
✐♦r ✐♥ ❝♦♦♣❡r❛t✐✈❡ ♠❡❛♥ ✜❡❧❞ ♠♦❞❡❧s✳ ■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ s❤♦✇ t❤❛t t❤✐s ♣❤❡♥♦♠❡♥♦♥ ✐s ♥♦t
str✐❝t❧② r❡❧❛t❡❞ t♦ t❤❡ ♠❡❛♥ ✜❡❧❞ s❡tt✐♥❣✿ ✇❡ ❝♦♥s✐❞❡r ❛ s❤♦rt✲r❛♥❣❡ ✐♥t❡r❛❝t✐♥❣ ❝♦♦♣❡r❛t✐✈❡
s②st❡♠ ✭❛ ✶✲❞✐♠❡♥s✐♦♥❛❧ ■s✐♥❣ ♠♦❞❡❧✮ ♠♦❞✐✜❡❞ ❜② ✐♥tr♦❞✉❝✐♥❣ ❞✐ss✐♣❛t✐♦♥ ❛♥❞ ✇❡ ♣r♦✈❡
t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ❛ ♣r♦♣❡r❧② t✐♠❡✲r❡s❝❛❧❡❞ ✈❡rs✐♦♥ ♦❢ t❤❡ ♠❛❣♥❡t✐③❛t✐♦♥ t♦ ❛♥ ♦s❝✐❧❧❛t✐♥❣
♣r♦❝❡ss✱ ✐♥ ❛ s✉✐t❛❜❧❡ ③❡r♦✲t❡♠♣❡r❛t✉r❡ ❛♥❞ ✐♥✜♥✐t❡✲✈♦❧✉♠❡ ❧✐♠✐t✳

✸✳✶ ❚❤❡ ♠♦❞❡❧ ❛♥❞ ❛ ❞❡s❝r✐♣t✐♦♥ ♦❢ r❡s✉❧ts

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ♣r❡s❡♥t ❛♥ ■s✐♥❣ ♠♦❞❡❧ ✇✐t❤ ❞✐ss✐♣❛t✐♦♥ ❛♥❞ ✇❡ ❞❡s❝r✐❜❡ t❤❡ r❡s✉❧ts ✇❡
❛✐♠ t♦ ♣r♦✈❡✳

▲❡t S = {−1,+1} ❛♥❞ ❝♦♥s✐❞❡r ❛ ❝♦♥✜❣✉r❛t✐♦♥ ♦❢ N ✲s♣✐♥s σ ∈ SΛN ✱ ✇❤❡r❡

ΛN = {1, 2, . . . , N} ⊆ Z

r❡♣r❡s❡♥ts t❤❡ s❡t ♦❢ s✐t❡s ♦❢ t❤❡ s♣✐♥s✳ ◆♦✇✱ ❞✐✛❡r❡♥t❧② ❢r♦♠ t❤❡ ♠❡❛♥ ✜❡❧❞ ♠♦❞❡❧s st✉❞✐❡❞
s♦ ❢❛r✱ t❤❡ ❣❡♦♠❡tr② ♦❢ ΛN ✐s r❡❧❡✈❛♥t✿ ❢♦r i ∈ ΛN ✱ ❡❛❝❤ s♣✐♥ σi ♦♥❧② ✐♥t❡r❛❝ts ✇✐t❤ ✐ts ✜rst
♥❡✐❣❤❜♦✉rs σi+1 ❛♥❞ σi−1✳ ❲❡ ❛ss✉♠❡ ♣❡r✐♦❞✐❝ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥✱ ✐✳❡✳ σN+1 ≡ σ1 ❛♥❞
σ0 ≡ σN ✭♦♥❡ ♠❛② t❤✐♥❦ ♦❢ t❤❡ s✐t❡s σ1, . . . , σN s✐tt✐♥❣ ♦♥ ❛ ❝✐r❝❧❡✮✳
❲❡ ✇✐❧❧ st✉❞② t❤❡ ♣r♦❝❡ss (σ(t), λ(t))t≥0 ✇✐t❤ ✈❛❧✉❡s ✐♥ SΛN × R

N ❡✈♦❧✈✐♥❣ ❛❝❝♦r❞✐♥❣ t♦
t❤❡ ❢♦❧❧♦✇✐♥❣ ❞✐ss✐♣❛t❡❞ ❞②♥❛♠✐❝s✿ ❛t ❛ ❣✐✈❡♥ t✐♠❡ t ≥ 0 ❡❛❝❤ tr❛♥s✐t✐♦♥ σi(t) → −σi(t)✱
i ∈ ΛN ✱ ♦❝❝✉rs ✇✐t❤ r❛t❡

ri(t) := exp(−σi(t)λi(t)), ✭✸✳✶✳✶✮

✇❤❡r❡ {λi(t)}i∈ΛN
✐s ❛ ❢❛♠✐❧② ♦❢ st♦❝❤❛st✐❝ ♣r♦❝❡ss❡s ✭❧♦❝❛❧ ✜❡❧❞s✮ ❡✈♦❧✈✐♥❣ ❛❝❝♦r❞✐♥❣ t♦

dλi(t) = −αλi(t)dt+ βdmi(t), i ∈ ΛN ✭✸✳✶✳✷✮

✇✐t❤ α, β > 0 ❛♥❞
mi(t) =

∑

j∼i

σj(t), i ∈ ΛN , ✭✸✳✶✳✸✮

✹✸
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✇❤❡r❡ i ∼ j ❞❡♥♦t❡s t❤❡ s❡t ♦❢ s✐t❡s j ✇❤✐❝❤ ❛r❡ ♥❡✐❣❤❜♦rs ♦❢ i ✭♥❛♠❡❧②✱ i−1 ❛♥❞ i+1✮✳ ❙✐♥❝❡
✇❡ ❛r❡ ♥♦ ❧♦♥❣❡r ✐♥ ❛ ♠❡❛♥ ✜❡❧❞ ❝♦♥t❡①t✱ t❤❡r❡ ✐s ♥♦ ♥❡❡❞ t♦ ♥♦r♠❛❧✐③❡ ❧♦❝❛❧ ♠❛❣♥❡t✐③❛t✐♦♥
✭✸✳✶✳✸✮ ✭♦♥❡ ❝♦✉❧❞ ♥♦r♠❛❧✐③❡ mi ❜② ❛ ❢❛❝t♦r ✷ ❛♥❞ t❤✐s ✇♦✉❧❞ ❜r✐♥❣ ✈❡r② ❧✐tt❧❡ ❝❤❛♥❣❡s ✐♥
t❤❡ r❡st ♦❢ ♦✉r st✉❞②✮✳
❋♦r♠❛❧❧② s♣❡❛❦✐♥❣✱ (σ(t), λ(t))t≥0 ✐s ❛ ▼❛r❦♦✈ ♣r♦❝❡ss ✇✐t❤ ✐♥✜♥✐t❡s✐♠❛❧ ❣❡♥❡r❛t♦r

LNf(σ, λ) =
∑

i∈ΛN

exp[−σiλi]
(

f(σi, λ− 2βσiv
i)− f(σ, λ)

)

− αλifλi
(σ, λ), ✭✸✳✶✳✹✮

✇❤❡r❡ fλi
r❡♣r❡s❡♥ts t❤❡ ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡ ♦❢ f ✇✐t❤ r❡s♣❡❝t t♦ λi✱ σi ✐s t❤❡ ❝♦♥✜❣✉r❛t✐♦♥

♦❜t❛✐♥❡❞ ❜② ✢✐♣♣✐♥❣ t❤❡ st❛t❡ ♦❢ t❤❡ i✲t❤ s♣✐♥ ✭s❡❡ ✭✶✳✷✳✶✮✮ ❛♥❞ vi ✐s ❛ N ✲❞✐♠❡♥s✐♦♥❛❧ ✈❡❝t♦r
s✉❝❤ t❤❛t

vik =

{

1, k = i+ 1 ♦r k = i− 1,

0, ♦t❤❡r✇✐s❡.

■♥ ✇❤❛t ❢♦❧❧♦✇s✱ ✇❡ ✇✐❧❧ ❛ss✉♠❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s✿

σi(0) = −1, λi(0) = −γ, ❢♦r ❛♥② i ∈ ΛN ✇✐t❤ γ > 0. ✭✸✳✶✳✺✮

❘❡♠❛r❦ ✸✳✶✳✶✳ ❇② t❛❦✐♥❣ α = 0 ✭✐✳❡✳ r✉❧✐♥❣ ♦✉t ❞✐ss✐♣❛t✐♦♥✮✱ ✇❡ ♦❜t❛✐♥ ❛ ●❧❛✉❜❡r ❞②♥❛♠✐❝s
❢♦r t❤❡ ❝❧❛ss✐❝❛❧ ✶✲❞✐♠❡♥s✐♦♥❛❧ ■s✐♥❣ ♠♦❞❡❧ ✇✐t❤ ♣❡r✐♦❞✐❝ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛♥❞ ✐♥✈❡rs❡
t❡♠♣❡r❛t✉r❡ β✳

❖✉r ❛✐♠ ✐s t♦ s❤♦✇ t❤❛t ✐♥ ❛ s✉✐t❛❜❧❡ ❧❛r❣❡ ✈♦❧✉♠❡ ✲ ❧♦✇ t❡♠♣❡r❛t✉r❡ ❧✐♠✐t✱ t❤❡ t♦t❛❧ ♠❛❣✲
♥❡t✐③❛t✐♦♥ ♦❢ t❤❡ s②st❡♠ ❤❛s ❛ r❤②t❤♠✐❝ ❜❡❤❛✈✐♦r ❛❢t❡r ❛ ♣r♦♣❡r t✐♠❡ s❝❛❧✐♥❣✿ ✇❡ ❜r✐❡✢②
❞❡s❝r✐❜❡ t❤❡ ♣❤❡♥♦♠❡♥♦♥ ❤❡r❡✳
❆ss✉♠✐♥❣ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s ✸✳✶✳✺✱ t❤❡ ❛♥❛❧②s✐s ♦❢ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ (σ, λ)t≥0 ✐s ❞✐✈✐❞❡❞ ✐♥t♦
t✇♦ ♣❛rts✳ ❲❡ ❜❡❣✐♥ ❜② st✉❞②✐♥❣ t❤❡ ♦❝❝✉rr❡♥❝❡ t✐♠❡ ♦❢ t❤❡ ✜rst s♣✐♥ ✢✐♣✳ ❯♥❧✐❦❡ t❤❡ ❝❛s❡
✇✐t❤ ♥♦ ❞✐ss✐♣❛t✐♦♥ ✭α = 0✮✱ ✇❤❡r❡ t❤✐s t✐♠❡ ✐s ❡①♣♦♥❡♥t✐❛❧❧② ❞✐str✐❜✉t❡❞✱ t❤❡ ❞✐ss✐♣❛t✐♦♥
♣r♦❞✉❝❡s ❛ ♠✉❝❤ ❤✐❣❤❡r ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤✐s t✐♠❡✿ ✐♥❞❡❡❞✱ ✐t ✇✐❧❧ ❝♦♥✲
✈❡r❣❡ t♦ ❛ ❞❡t❡r♠✐♥✐st✐❝ ✈❛❧✉❡ ❛s γ,N ↑ +∞✳ ❆❢t❡r t❤❡ ✜rst s♣✐♥✲✢✐♣ ♦❝❝✉rs✱ t❤❡ ❝❤❛♥❣❡ ✐♥
t❤❡ ❧♦❝❛❧ ✜❡❧❞ ❛♥❞ t❤❡ ❧♦✇ t❡♠♣❡r❛t✉r❡ ✭β ↑ +∞✮ ❢❛✈♦✉rs t❤❡ ❣r♦✇t❤ ♦❢ ❛ ✏❞r♦♣❧❡t✑ ✭❥✉st
❛ s❡❣♠❡♥t ✐♥ t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧❡ ❝❛s❡✮ ♦❢ +1 s♣✐♥s✱ ✇❤✐❝❤ ✐♥✈❛❞❡s t❤❡ ✇❤♦❧❡ st❛t❡ s♣❛❝❡
✐♥ ❛♥ ❡①tr❡♠❡❧② s❤♦rt t✐♠❡ s❝❛❧❡✳ ❆t t❤✐s ♣♦✐♥t ✇❡ ❛r❡ ❜❛❝❦ t♦ t❤❡ s✐t✉❛t✐♦♥ ♦❢ ❛❧❧ ❡q✉❛❧
s♣✐♥s✳ ❲❡ ✇✐❧❧ s❤♦✇ t❤❛t ❜② ❛ss✐❣♥✐♥❣ t❤❡ ✐♥✐t✐❛❧ ❧♦❝❛❧ ✜❡❧❞s λi(0) ✭✐✳❡✳ ❝❤♦♦s✐♥❣ γ✮ ✐♥ ❛
s✉✐t❛❜❧❡ ✇❛②✱ t❤❡ ❧♦❝❛❧ ✜❡❧❞s ❛t t❤❡ t✐♠❡ t❤❡ ❞r♦♣❧❡t ❤❛s ✐♥✈❛❞❡❞ t❤❡ s♣❛❝❡ ✐s ❡ss❡♥t✐❛❧❧②
♦♣♣♦s✐t❡ t♦ t❤❡ ✐♥✐t✐❛❧ ♦♥❡✱ ♣r♦❞✉❝✐♥❣ t❤❡ ✐t❡r❛t✐♦♥ ♦❢ t❤❡ s❛♠❡ ♣❤❡♥♦♠❡♥♦♥✳ ❙✐♥❝❡ t❤❡ t✇♦
♣❛rts ♦❢ t❤❡ ❡✈♦❧✉t✐♦♥ ✭✇❛✐t✐♥❣ ❢♦r t❤❡ ✜rst s♣✐♥✲✢✐♣ ❛♥❞ ❝♦✈❡r✐♥❣ ❜② t❤❡ ❞r♦♣❧❡t✮ ♦❝❝✉r ♦♥
❞✐✛❡r❡♥t t✐♠❡ s❝❛❧❡s✱ ✇❡ ✇✐❧❧ ❝♦♥s✐❞❡r ❛ t✐♠❡✲r❡s❝❛❧❡❞ ♠❛❣♥❡t✐③❛t✐♦♥ ♣r♦❝❡ss t♦ ❛♥❛❧②s❡ t❤❡
♠❛❝r♦s❝♦♣✐❝ ❜❡❤❛✈✐♦r✳
❚♦ ❣✉❛r❛♥t❡❡ t❤❡ ♣❤❡♥♦♠❡♥♦♥ ❞❡s❝r✐❜❡❞ ❛❜♦✈❡ t♦ ♦❝❝✉r ✇✐t❤ ♦✈❡r✇❤❡❧♠✐♥❣ ♣r♦❜❛❜✐❧✐t②✱ ✇❡
✇✐❧❧ ❛ss✉♠❡ β,N ↑ ∞ ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t logN

β
→ c ∈ [0, 1[✳ ❚❤✐s ❛ss✉♠♣t✐♦♥ ❛ss✉r❡s t❤❛t✱

❛❢t❡r t❤❡ ✜rst s♣✐♥✲✢✐♣✱ t❤❡ ❞r♦♣❧❡t ♦❢ +1 s♣✐♥s ❝♦✈❡rs t❤❡ ✇❤♦❧❡ s♣❛❝❡ ❜❡❢♦r❡ t❤❡ ❜✐rt❤ ♦❢
♦t❤❡r ❞r♦♣❧❡ts✳ ❆s ✇❡ ✇✐❧❧ s❡❡ ✐♥ ❙❡❝t✐♦♥ ✸✳✸✱ t❤✐s ❛❧❧♦✇s ❛ ❣♦♦❞ ✉♥❞❡rst❛♥❞✐♥❣ ❢♦r t❤❡ t✐♠❡
t❛❦❡♥ ❜② t❤❡ ❞r♦♣❧❡t t♦ ❝♦✈❡r ΛN ✳ ■♥❞❡❡❞✱ ✐❢ logN

β
→ c ∈ [1, 2[✱ ❛ s✐♥❣❧❡ ❞r♦♣❧❡t ❝❛♥♥♦t
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✐♥✈❛❞❡ t❤❡ ✇❤♦❧❡ s♣❛❝❡✿ ✐♥ t❤✐s ❝❛s❡✱ t❤❡ ❜♦① s✐③❡ N ✐s t♦♦ ❜✐❣ t♦ ❜❡ ❝♦✈❡r❡❞ ❜② ❛ s✐♥❣❧❡
❞r♦♣❧❡t✱ ❛♥❞ ♠❛♥② ♦t❤❡r ❞r♦♣❧❡ts ♦❢ +1 s♣✐♥s ❛♣♣❡❛r✳ ❲❡ ❜❡❧✐❡✈❡ t❤❛t t❤✐s ❞♦❡s ♥♦t r✉❧❡
♦✉t ♣❡r✐♦❞✐❝ ❜❡❤❛✈✐♦r✱ ❜✉t ✐t ♠❛❦❡s t❤❡ ❛♥❛❧②s✐s ❝♦♥s✐❞❡r❛❜❧② ❤❛r❞❡r✳

■♥ ✇❤❛t ❢♦❧❧♦✇s✱ ✇❡ ✇✐❧❧ s❡❡ t❤❛t ✐♥ t❤❡ r❡❣✐♠❡ logN
β

→ c ∈ [0, 1[ t❤❡ ✇❛✐t✐♥❣ t✐♠❡ ❢♦r t❤❡
✜rst s♣✐♥ ✢✐♣ ✐s ❧❛r❣❡✱ ❜✉t ❤❛s s♠❛❧❧ ✢✉❝t✉❛t✐♦♥s✳ ❚❤❡s❡ ✢✉❝t✉❛t✐♦♥s✱ ❤♦✇❡✈❡r✱ ❤❛✈❡ ✐♠♣❛❝t
♦♥ t❤❡ ❣r♦✇t❤ t✐♠❡ ♦❢ t❤❡ ❞r♦♣❧❡t✳ ❋♦r t❤✐s r❡❛s♦♥✱ ✇❤✐❧❡ t❤❡ ✇❛✐t✐♥❣ t✐♠❡ ♦❢ t❤❡ ✜rst s♣✐♥
✢✐♣✱ r❡s❝❛❧❡❞ ❜② ✐ts ♠❡❛♥✱ ❤❛s ❛ ❞❡t❡r♠✐♥✐st✐❝ ❧✐♠✐t✱ t❤❡ r❡s❝❛❧❡❞ ❣r♦✇t❤ t✐♠❡ ♦❢ t❤❡ ❞r♦♣❧❡t
❦❡❡♣s s♦♠❡ r❛♥❞♦♠♥❡ss ✐♥ t❤❡ ❧✐♠✐t✳ ❉✉❡ t♦ t❤✐s ❢❛❝t✱ t❤❡ ♠❛❝r♦s❝♦♣✐❝ ❡✈♦❧✉t✐♦♥ ✇✐❧❧ ♥♦t
❜❡ ♣❡r✐♦❞✐❝✱ ❜✉t ✐t ✇✐❧❧ ♣r❡s❡♥t r❡❣✉❧❛r ♦s❝✐❧❧❛t✐♦♥s ✇✐t❤ st♦❝❤❛st✐❝ r❤②t❤♠✳

■♥ ❙❡❝t✐♦♥ ✸✳✷ ✇❡ ❛♥❛❧②s❡ t❤❡ ❧✐♠✐t✐♥❣ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ st♦♣♣✐♥❣ t✐♠❡ ❛t ✇❤✐❝❤ t❤❡ ✜rst
s♣✐♥ ✢✐♣ ✐s ♦❜s❡r✈❡❞✱ ✐♥ ❙❡❝t✐♦♥ ✸✳✸ ✇❡ st✉❞② t❤❡ t✐♠❡ s❝❛❧❡ ❛t ✇❤✐❝❤ t❤❡ ❝♦✈❡r✐♥❣ ♦❝❝✉rs✳
❋✐♥❛❧❧②✱ t❤❡s❡ r❡s✉❧ts ✇✐❧❧ ❜❡ ❡①♣❧♦✐t❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✹✱ ✇❤❡r❡ t❤❡ ❧✐♠✐t✐♥❣ ❜❡❤❛✈✐♦r ♦❢ t❤❡
♠❛❣♥❡t✐③❛t✐♦♥ ✐s ♣r❡s❡♥t❡❞✳

❘❡♠❛r❦ ✸✳✶✳✷✳ ❙♦♠❡ r❡s✉❧ts ✐♥ t❤✐s ❝❤❛♣t❡r ✭s✉❝❤ ❛s t❤❡ ❛♥❛❧②s✐s ♦❢ t❤❡ ❝♦✈❡r✐♥❣ t✐♠❡ ✐♥
❚❤❡♦r❡♠ ✸✳✸✳✶✮ ♠❛② r❡s❡♠❜❧❡ st❛t❡♠❡♥ts t❤❛t ❝❛♥ ❜❡ ❡♥❝♦✉♥t❡r❡❞ ✐♥ ♠❡t❛st❛❜✐❧✐t② st✉❞✐❡s
✭❢♦r ❡①❛♠♣❧❡ ❬✹✷❪ ❛♥❞ r❡❢❡r❡♥❝❡s t❤❡r❡✐♥✮✳ ❍♦✇❡✈❡r✱ t❤❡r❡ ❛r❡ s♦♠❡ ❢✉♥❞❛♠❡♥t❛❧ ❞✐✛❡r❡♥❝❡s
❜❡t✇❡❡♥ ♦✉r ❡♥q✉✐r② ❛♥❞ ♠❡t❛st❛❜✐❧✐t② ♦♥❡s✳ ❚❤❡ ♠♦st ✐♠♣♦rt❛♥t ❞✐st✐♥❝t✐♦♥ ✐s t❤❛t t❤❡
♠❛❥♦r ♣❛rt ♦❢ ♠❡t❛st❛❜✐❧✐t② r❡s✉❧ts ❛r❡ ❛❝❤✐❡✈❡❞ ❢♦r r❡✈❡rs✐❜❧❡ s②st❡♠✱ ❢♦r ✇❤✐❝❤ t❤❡r❡
❡①✐sts ❛ ❍❛♠✐❧t♦♥✐❛♥ ❡♥❡r❣② ✇❤✐❝❤ ❣✉✐❞❡s t❤❡ tr❛♥s✐t✐♦♥s ❜❡t✇❡❡♥ ♠❡t❛st❛❜❧❡ ❡q✉✐❧✐❜r✐❛✳
■♥ ♦✉r ❝❛s❡✱ t❤❡ ♠❡❝❤❛♥✐s♠ ✇❤✐❝❤ ❡♥❤❛♥❝❡ t❤❡ ♣❤❡♥♦♠❡♥♦♥ ✐s ❞✐ss✐♣❛t✐♦♥✱ ✇❤✐❝❤ ♠❛❦❡s
t❤❡ ❞②♥❛♠✐❝s ♦❢ ♦✉r s②st❡♠ ✐rr❡✈❡rs✐❜❧❡✱ t❤❡r❡❢♦r❡ ❛ ❍❛♠✐❧t♦♥✐❛♥ ❞❡s❝r✐♣t✐♦♥ ♦❢ ❡♥❡r❣② ✐s
❧❛❝❦✐♥❣✳ ▼♦r❡♦✈❡r✱ s♦♠❡ ♠❡t❛st❛❜✐❧✐t② st✉❞✐❡s ❛r❡ ♦♥❧② ❝♦♥❝❡r♥❡❞ ✇✐t❤ t❤❡ t✐♠❡ ❛t ✇❤✐❝❤ ❛
❞r♦♣❧❡t ♦❢ ❝r✐t✐❝❛❧ s✐③❡ ❛♣♣❡❛rs✳ ❍❡r❡ ✐♥st❡❛❞ ✇❡ ❤❛✈❡ t♦ ❝♦♥tr♦❧ t❤❡ ❣r♦✇t❤ ♦❢ t❤❡ ❞r♦♣❧❡t
✉♥t✐❧ ✐t ❝♦✈❡rs ❛❧❧ t❤❡ ✈♦❧✉♠❡✱ s✐♥❝❡✱ ✐♥ ♦r❞❡r t♦ ❧♦♦❦ ❢♦r ♣❡r✐♦❞✐❝ ♦r❜✐ts✱ ✇❡ ❤❛✈❡ t♦ ❦❡❡♣
tr❛❝❦ ♦❢ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❧♦❝❛❧ ✜❡❧❞s ✉♥t✐❧ ❛❧❧ s♣✐♥s ❤❛✈❡ ✢✐♣♣❡❞ t♦ t❤❡ ♦♣♣♦s✐t❡ s✐❣♥✳
■♥ ✇❤❛t ❢♦❧❧♦✇s✱ ✇❡ ♦❜t❛✐♥ s❤❛r♣ ❡st✐♠❛t❡s ♦♥ t❤❡ t✐♠❡ s❝❛❧❡ ❛t ✇❤✐❝❤ t❤❡ ❞r♦♣❧❡t ❣r♦✇s
❜② ❝♦✉♣❧✐♥❣ ✐t ✇✐t❤ t✇♦ ♦t❤❡r ❞r♦♣❧❡ts✱ ♦♥❡ ❢❛st❡r ❛♥❞ ♦♥❡ s❧♦✇❡r✱ ❛ t❡❝❤♥✐q✉❡ ♣r❡s❡♥t ✐♥
s♦♠❡ ♠❡t❛st❛❜✐❧✐t② st✉❞✐❡s✳ ❍♦✇❡✈❡r✱ ♠♦st ♦❢ t❤❡ ❣❡♥❡r❛❧ ♠❡t❛st❛❜✐❧✐t② t❡❝❤♥✐q✉❡s ❤❛✈❡
❜❡❡♥ ❞❡✈❡❧♦♣❡❞ ✐♥ t❤❡ r❡✈❡rs✐❜❧❡ ❝♦♥t❡①t s♦✱ ❛s ♠❡♥t✐♦♥❡❞ ❛❜♦✈❡✱ t❤❡② ❝❛♥ ♥♦t ❜❡ ❛♣♣❧✐❡❞
✐♥ ♦✉r ❝❛s❡✳

✸✳✶✳✶ ●r❛♣❤✐❝❛❧ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ♣r♦❝❡ss

❋♦r ❛♥② β > 0✱ t❤❡ ❢❛♠✐❧② ♦❢ ♣r♦❝❡ss❡s {(σ(t), λ(t))t≥0}N≥1 ❝❛♥ ❜❡ ❞❡✜♥❡❞ ♦♥ ❛ ❝♦♠♠♦♥
♣r♦❜❛❜✐❧✐t② s♣❛❝❡ t❤r♦✉❣❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❣r❛♣❤✐❝❛❧ ❝♦♥str✉❝t✐♦♥✳ ❚❤✐s st❛♥❞❛r❞ ❝♦♥str✉❝t✐♦♥
✐s ♦❢t❡♥ ✉s❡❞ t♦ ❝♦✉♣❧❡ t❤❡ ♠❛✐♥ ♣r♦❝❡ss ✇✐t❤ ♦t❤❡r ♣r♦❝❡ss❡s ✇❤✐❝❤ ❝❛♥ ❜❡ ✉s❡❢✉❧ ✐♥
t❡❝❤♥✐❝❛❧ ♣r♦♦❢s ✭s❡❡ ❬✺✵❪ ❢♦r ❛ ♥✐❝❡ ❡①❛♠♣❧❡✮✳
▲❡t {Ni}i∈N ❜❡ ❛ ❢❛♠✐❧② ♦❢ ✐✳✐✳❞✳ P♦✐ss♦♥ ♣r♦❝❡ss❡s ♦❢ ✐♥t❡♥s✐t② e4β ❛♥❞ ❞❡♥♦t❡ t❤❡ s✉❝❝❡ss✐✈❡
❛rr✐✈❛❧ t✐♠❡s ♦❢ t❤❡ i✲t❤ P♦✐ss♦♥ ♣r♦❝❡ss ✇✐t❤ {τi,n}n✳ ❊❛❝❤ ❛rr✐✈❛❧ t✐♠❡ τi,n ✐s ❛ss♦❝✐❛t❡❞
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✇✐t❤ ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ Ui,n✱ ✉♥✐❢♦r♠❧② ❞✐str✐❜✉t❡❞ ♦♥ [0, 1]✳ ❚❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s {Ui,n}i,n
❛r❡ ✐♥❞❡♣❡♥❞❡♥t ❛♠♦♥❣ t❤❡♠s❡❧✈❡s ❛♥❞ ✐♥❞❡♣❡♥❞❡♥t ❢r♦♠ t❤❡ P♦✐ss♦♥ ♣r♦❝❡ss❡s {Ni}i✳ ❚❤✐s
❝♦♥❝❧✉❞❡s t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡✳ ❋♦r ❛ ✜①❡❞ N > 1✱ t❤❡ ♣r♦❝❡ss (σ, λ)
❡✈♦❧✈❡s ❛❝❝♦r❞✐♥❣ t♦ ✇❤❛t ❢♦❧❧♦✇s✿ ❡❛❝❤ s✐t❡ i ∈ ΛN ✐s ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ♣r♦❝❡ss Ni❀ t❤❡♥✱
❡❛❝❤ ♣♦✐♥t τi,n ✐s ❛❝❝❡♣t❡❞ ❢♦r ❛ s♣✐♥ ✢✐♣ ♦♥❧② ✐❢

exp[−σi(τi,n)λi(τi,n)]

e4β
> Ui,n.

❲❤❡♥❡✈❡r ❛ ♣♦✐♥t (τi,n) ✐s ❛❝❝❡♣t❡❞✱ t❤❡ s♣✐♥ ❛t s✐t❡ i ✐s ✢✐♣♣❡❞ ❛♥❞ t❤❡ ✈❛❧✉❡s ♦❢ t❤❡ ❧♦❝❛❧
✜❡❧❞s ✉♣❞❛t❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✿

λk(τi,n) =

{

λk(τ
−
i,n)− σi(τ

−
i,n)2β, k = i+ 1, i− 1

λk(τ
−
i,n), ♦t❤❡r✇✐s❡

❆t ❛♥② t✐♠❡ ✐♥ ✇❤✐❝❤ t❤❡r❡ ✐s ♥♦ ❛❝❝❡♣t❡❞ s♣✐♥ ✢✐♣s✱ t❤❡ ❧♦❝❛❧ ✜❡❧❞s ❡✈♦❧✈❡s ❛❝❝♦r❞✐♥❣ t♦

λ̇i(t) = −αλi(t), i ∈ ΛN .

❖♥❡ ❝❛♥ ❝❤❡❝❦ t❤❛t t❤✐s ❝♦♥str✉❝t✐♦♥ ♣r♦✈✐❞❡s t❤❡ r❛t❡s ♣r❡s❝r✐❜❡❞ ❜② ✭✸✳✶✳✹✮✳ ❖t❤❡r
♣r♦❝❡ss❡s ✇✐❧❧ ❜❡ ❧❛t❡r ❝♦✉♣❧❡❞ ✇✐t❤ (σ, λ) ✉s✐♥❣ t❤✐s ❣r❛♣❤✐❝❛❧ ❝♦♥str✉❝t✐♦♥✳

✸✳✷ ❋✐rst s♣✐♥ ✢✐♣

❉❡♥♦t❡ ❜② −γ < 0✱ t❤❛t ❢♦r t❤❡ t✐♠❡ ❜❡✐♥❣ ✇❡ ❛ss✉♠❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ s✐t❡✱ t❤❡ ✐♥✐t✐❛❧
✈❛❧✉❡ ♦❢ t❤❡ ❧♦❝❛❧ ✜❡❧❞s ✭s❡❡ ✭✸✳✶✳✺✮✮✳ ❆t ❛ ❧❛t❡r st❛❣❡✱ γ ✇✐❧❧ ❜❡ ❝❤♦s❡ ❞❡♣❡♥❞✐♥❣ ♦♥ β ❛♥❞
✇✐t❤ ❛ ♣♦ss✐❜❧❡ ❞❡♣❡♥❞❡♥❝❡ ♦♥ t❤❡ s✐t❡ i✳ ❚❤❡ t✐♠❡ ♦❢ t❤❡ ✜rst s♣✐♥ ✢✐♣ T1 ✐s t❤❡ t✐♠❡ ♦❢
t❤❡ ✜rst ❥✉♠♣ ✐♥ N ✐✳✐✳❞✳ ❝♦✉♥t✐♥❣ ♣r♦❝❡ss❡s (Zi)

N
i=1 ✇✐t❤ ✐♥t❡♥s✐t②

µ(t) = exp
[

−γe−αt
]

.

■♥ ♦t❤❡r ✇♦r❞s

T1 := inf{t ≥ 0 :
N
∑

i=1

Zi(t) = 1}.

◆♦t❡ t❤❛t

P (T1 > t) = exp

[

−N

∫ t

0

e−γe−αs

ds

]

. ✭✸✳✷✳✶✮

❚❤❡ ❛s②♠♣t♦t✐❝s ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ T1✱ ❛s N, γ ↑ +∞✱ ❛r❡ ❝♦♠♣✉t❡❞ ✉s✐♥❣ ✭✸✳✷✳✶✮✱ ❛♥❞
❛r❡ ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✳

Pr♦♣♦s✐t✐♦♥ ✸✳✷✳✶✳ ❙✉♣♣♦s❡ N, γ ↑ +∞ ✇✐t❤ t❤❡ ❝♦♥❞✐t✐♦♥ N
γ
e−γ → 0✳ ❚❤❡♥

α logN
(

T1 − t(γ,N)
)

d−→
γ,N→+∞

X, ✭✸✳✷✳✷✮
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✇❤❡r❡ X ✐s ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ❞✐str✐❜✉t❡❞ ❛❝❝♦r❞✐♥❣ t♦

P (X > x) = exp (−ex) , ∀ x ∈ R

❛♥❞

t(γ,N) :=
1

α
log

γ

L−1
(

L(γ) + α
N

) ✭✸✳✷✳✸✮

✇❤❡r❡✱ ❢♦r x > 0✱

L(x) =

∫ +∞

x

e−y

y
dy.

▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛s②♠♣t♦t✐❝s✿

t(γ,N) =
1

α

(

log γ − log logN +
log logN

logN

)

+ o

(

log logN

logN

)

, ✭✸✳✷✳✹✮

λi(T
−
1 ) = − logN + log logN + logα +XN + o(1), ∀ i ∈ ΛN , ✭✸✳✷✳✺✮

✇❤❡r❡ t❤❡ t❡r♠ o(1) ❞❡♥♦t❡s ❛ r❡♠❛✐♥❞❡r t❤❛t ❣♦❡s t♦ ③❡r♦ ✐♥ ♣r♦❜❛❜✐❧✐t② ❛s γ,N ↑ +∞ ❛♥❞

XN := α logN
(

T1 − t(γ,N)
)

.

❘❡♠❛r❦ ✸✳✷✳✶✳ ◆♦t❡ t❤❛t t❤❡ ❛s②♠♣t♦t✐❝s ♦❢ λi(T
−
1 ) ❞♦ ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ✐♥✐t✐❛❧ ❞❛t✉♠ γ✿

t❤✐s ❢❛❝t ✇✐❧❧ ❜❡ ✉s❡❢✉❧ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✭s❡❡ ❙❡❝t✐♦♥ ✸✳✹✮✳

❚❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳✷✳✶ ✐s ❜❛s❡❞ ♦♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛s✳

▲❡♠♠❛ ✸✳✷✳✶✳ ❋✐① γ > 0 ❛♥❞ c > 0 ❛♥❞ ❞❡♥♦t❡ ✇✐t❤ τ(γ, c) t❤❡ q✉❛♥t✐t② s✉❝❤ t❤❛t

∫ τ(γ,c)

0

e−γe−αs

ds =
1

c
.

❚❤❡♥✱

τ(γ, c) =
1

α
log

γ

L−1
(

L(γ) + α
c

) . ✭✸✳✷✳✻✮

Pr♦♦❢✳ ❈♦♥s✐❞❡r t❤❡ ❢✉♥❝t✐♦♥✱

ϕ(t, γ) =

∫ t

0

e−γe−αs

ds

❢♦r t > 0 ❛♥❞ γ > 0✳ ❚❤❡♥✱ ✜① c > 0 ❛♥❞ ❧❡t τ(γ, c) ✐♥❞✐❝❛t❡ t❤❡ q✉❛♥t✐t② s✉❝❤ t❤❛t

ϕ(τ(γ, c), γ
)

=
1

c
. ✭✸✳✷✳✼✮

❖✉r ❛✐♠ ✐s t♦ ♣r♦✈❡ t❤❛t τ(γ, c) s❛t✐s✜❡s ✭✸✳✷✳✻✮✳ ❇② ✭✸✳✷✳✼✮ ❛♥❞ t❤❡ ✐♠♣❧✐❝✐t ❢✉♥❝t✐♦♥
t❤❡♦r❡♠ ✇❡ ❤❛✈❡ t❤❛t

∂γτ(γ, c) = −∂γϕ
(

τ(γ, c), γ
)

∂tϕ
(

τ(γ, c), γ
) .
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◆♦t✐❝❡ t❤❛t
∂tϕ(t, γ) = e−γe−αt

✇❤✐❧❡

∂γϕ(t, γ) = −
∫ t

0

e−γe−αs

e−αsds =
1

α

∫ e−αt

1

e−γydy =
1

αγ

(

e−γ − e−γe−αt
)

.

❍❡♥❝❡✱ ✐t ❤♦❧❞s t❤❛t

∂γτ(γ, c) =
1

αγ

(

1− e−γ(1−e−ατ(γ,c))
)

. ✭✸✳✷✳✽✮

❈♦♥s✐❞❡r ♥♦✇ t❤❡ ❢✉♥❝t✐♦♥

w(γ) =
log γ

α
− τ(γ, c) :

❜② ✭✸✳✷✳✽✮ ✇❡ ❣❡t

w′(γ) =
1

αγ
− ∂γτ(γ, c) =

1

αγ
e−γ(1−e−ατ(γ,c)) =

1

αγ
ee

αw(γ)−γ.

❚❤❡ ❧❛st ❡q✉❛t✐♦♥ ❝❛♥ ❜❡ ✐♥t❡❣r❛t❡❞ ✉s✐♥❣ t❤❡ s❡♣❛r❛t✐♦♥ ♦❢ ✈❛r✐❛❜❧❡s ♠❡t❤♦❞✱ s♦ t❤❛t
∫ w(γ)

w(1)

e−eαy

dy =
1

α

∫ γ

1

e−x

x
dx. ✭✸✳✷✳✾✮

■t ✐s ❝♦♥✈❡♥✐❡♥t t♦ ✇r✐t❡ t❤❡ ❧❡❢t✲❤❛♥❞ s✐❞❡ ✐♥t❡❣r❛❧ ♦❢ ✭✸✳✷✳✾✮ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✿

∫ w(γ)

w(1)

e−eαy

dy =

∫ w(γ)

0

e−eαy

dy −
∫ w(1)

0

e−eαy

dy.

◆♦t✐❝❡ t❤❛t
∫ w(1)

0

e−eαy

dy
†
= −

∫ τ(1,c)

0

e−e−αs

ds = −ϕ
(

τ(1, c), 1
)

= −1

c

✇❤❡r❡ ✐♥ † ✇❡ ✉s❡❞ t❤❡ s✉❜st✐t✉t✐♦♥ s = −y✱ ✇❤✐❧❡

∫ w(γ)

0

e−eαy

dy
♯
=

1

α

∫ eαw(γ)

1

e−x

x
dx

✇❤❡r❡ ✐♥ ♯ ✇❡ ✉s❡❞ t❤❡ s✉❜st✐t✉t✐♦♥ x = eαy✳
❚❤❡r❡❢♦r❡✱ ❢r♦♠ ✭✸✳✷✳✾✮ ✇❡ ❣❡t

1

α

∫ eαw(γ)

1

e−x

x
dx+

1

c
=

1

α

∫ γ

1

e−x

x
dx,

✇❤✐❝❤ ✐♠♣❧✐❡s
1

α

∫ γ

eαw(γ)

e−x

x
dx =

1

c
. ✭✸✳✷✳✶✵✮
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❘❡❝❛❧❧ t❤❛t ✇❡ ❞❡♥♦t❡❞ ✇✐t❤ L(x) t❤❡ ❢✉♥❝t✐♦♥

L(x) =

∫ +∞

x

e−y

y
dy,

s♦ ❜② ✭✸✳✷✳✶✵✮ ✇❡ ❣❡t

L
(

eαw(γ)
)

− L
(

γ
)

=
α

c

eαw(γ) = L−1
(

L
(

γ
)

+
α

c

)

w(γ) =
1

α
logL−1

(

L
(

γ
)

+
α

c

)

✇❤✐❝❤✱ s✐♥❝❡ w(γ) = log γ
α

− τ(γ, c)✱ ✐♠♣❧✐❡s ✭✸✳✷✳✻✮✳

■t ❢♦❧❧♦✇s ❢r♦♠ ▲❡♠♠❛ ✸✳✷✳✶ ❛♥❞ ✭✸✳✷✳✸✮✱ t❤❛t

t(γ,N) = τ(γ,N). ✭✸✳✷✳✶✶✮

▲❡♠♠❛ ✸✳✷✳✷✳ ■t ❤♦❧❞s t❤❛t

lim
z→0+

L−1(z)− log
1

z
+ log log

1

z
= 0.

Pr♦♦❢✳ ❋✐① ρ ∈ R✿ ♥♦t✐❝❡ t❤❛t ✭✇❡ ❛r❡ ✉s✐♥❣ ▲✬❍ô♣✐t❛❧✬s r✉❧❡✮

lim
x→+∞

L(x− log x+ ρ)

e−x
= lim

x→+∞

− x
x−log x+ρ

e−xe−ρ
(

1− 1
x

)

−e−x
= e−ρ.

❋✐① ♥♦✇ ρ > 0 s♦ t❤❛t

lim
x→+∞

L(x− log x+ ρ)

e−x
= e−ρ < 1;

❜② ❝♦♥t✐♥✉✐t②✱ t❤❡r❡ ❡①✐sts x̄ s✉❝❤ t❤❛t

e−x ≥ L(x− log x+ ρ), ∀ x > x̄.

▲❡t z = e−x ❛♥❞ z̄ = e−x̄ s♦ t❤❛t

z ≥ L

(

log
1

z
− log log

1

z
+ ρ

)

, ∀ z > z̄;

s✐♥❝❡ L−1(·) ✐s ❛ ❞❡❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥✱ ✇❡ ❣❡t

L−1(z)− log
1

z
+ log log

1

z
≤ ρ, ∀ z > z̄.

❚❤✐s ✐s tr✉❡ ❢♦r ❛♥② ρ > 0✱ ✇❤✐❝❤ ✐♠♣❧✐❡s

lim sup
z→0+

L−1(z)− log
1

z
+ log log

1

z
≤ 0.
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❇② ❛♥ ❛♥❛❧♦❣♦✉s ❛r❣✉♠❡♥t ✭✜①✐♥❣ ρ < 0 ❛♥❞ ❢♦❧❧♦✇✐♥❣ t❤❡ s❛♠❡ st❡♣s ❛s ❛❜♦✈❡✮✱ ♦♥❡ ❛❧s♦
❣❡ts

lim inf
z→0+

L−1(z)− log
1

z
+ log log

1

z
≥ 0,

✇❤✐❝❤ ❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢✳

▲❡♠♠❛ ✸✳✷✳✸✳ ❙✉♣♣♦s❡ γ,N ↑ +∞ ✇✐t❤ t❤❡ ❝♦♥❞✐t✐♦♥ N
γ
e−γ → 0✳ ❚❤❡♥ ❢♦r ❡✈❡r② ρ > 0

lim
γ,N↑+∞

α logN [t(γ,N)− t(γ, ρN)] = log ρ. ✭✸✳✷✳✶✷✮

Pr♦♦❢✳ ◆♦t❡ ✜rst t❤❛t L(γ) ∼ 1
γ
e−γ ❛s γ ↑ +∞✱ s♦ t❤❛t NL(γ) → 0✳ ❯s✐♥❣ t❤✐s r❡♠❛r❦

❛♥❞ ▲❡♠♠❛s ✸✳✷✳✶ ❛♥❞ ✸✳✷✳✷✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛s②♠♣t♦t✐❝ ❡q✉✐✈❛❧❡♥❝❡s✿

α logN [t(γ,N)− t(γ, ρN)] = logN



log
L−1

(

L(γ) + α
ρN

)

L−1
(

L(γ) + α
N

)





∼ logN



log





log
(

L(γ) + α
ρN

)

log
(

L(γ) + α
N

)









∼ logN



log





log
(

α
ρN

)

log
(

α
N

)









∼ logN

[

log

(

1− log ρ

log α
N

)]

∼ log ρ.

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳✷✳✶✳ ❲❡ ❜❡❣✐♥ ❜② ♦❜s❡r✈✐♥❣ t❤❛t✱ ❜② ✭✸✳✷✳✶✮✱ ✭✸✳✷✳✻✮ ❛♥❞ ✭✸✳✷✳✶✶✮✱
❢♦r ❡✈❡r② ρ > 0

P (T1 > t(γ, ρN)) = e−
1
ρ . ✭✸✳✷✳✶✸✮

◆♦✇✱ ❧❡t x ∈ R✳ ❇② ▲❡♠♠❛ ✸✳✷✳✸✱

t(γ,N) = t(γ, e−xN)− x

α logN
+ o

(

1

logN

)

.

❙✐♥❝❡ t(γ,N) ✐s ❞❡❝r❡❛s✐♥❣ ✐♥ t❤❡ s❡❝♦♥❞ ✈❛r✐❛❜❧❡✱ t❤✐s ✐♠♣❧✐❡s t❤❛t ❢♦r ❡✈❡r② a > 1

t(γ, ae−xN) ≤ t(γ,N) +
x

α logN
≤ t(γ, a−1e−xN)

❢♦r γ ❛♥❞ N s✉✣❝✐❡♥t❧② ❧❛r❣❡✳ ❙♦

P (α logN [T1−t(γ,N)] > x) = P

(

T1 > t(γ,N) +
x

α logN

)

≤ P
(

T1 > t(γ, ae−xN)
)

= e−a−1ex
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❛♥❞✱ s✐♠✐❧❛r❧②✱

P (α logN [T1 − t(γ,N)] > x) ≥ P
(

T1 > t(γ, a−1e−xN)
)

= e−aex .

❙✐♥❝❡ a ❝❛♥ ❜❡ ❝❤♦s❡♥ ❛r❜✐tr❛r✐❧② ❝❧♦s❡ t♦ 1✱ ✇❡ ♦❜t❛✐♥

limP (α logN [T1 − t(γ,N)] > x) = e−ex .

❋✐♥❛❧❧②✱ ♥♦t✐❝❡ t❤❛t ✭✸✳✷✳✹✮ ❢♦❧❧♦✇s r❡❛❞✐❧② ❢r♦♠ ✭✸✳✷✳✸✮ ❛♥❞ ▲❡♠♠❛ ✸✳✷✳✷ ❛♥❞ t❤❛t✱ ❜②
❡q✉❛t✐♦♥ ✭✸✳✶✳✷✮✱ t❤❡ ❧♦❝❛❧ ✜❡❧❞s λi(t) ❞❡❝❛② ❡①♣♦♥❡♥t✐❛❧❧② ✇✐t❤ r❛t❡ α ✉♣ t♦ t✐♠❡ T1✱ ✐✳❡✳

λi(T
−
1 ) = λi(0)e

−αT1 .

❘❡❝❛❧❧✐♥❣ t❤❛t λi(0) = −γ✱ ❧❡tt✐♥❣

XN := α logN
(

T1 − t(γ,N)
)

,

✉s✐♥❣ t❤❡ ❡st✐♠❛t❡ ✭✸✳✷✳✹✮✱ ✇❡ ❤❛✈❡ ❢♦r ❛♥② i ∈ ΛN ✱

λi(T
−
1 ) = −γ exp

[

−α

(

t(γ,N) +
XN

α logN

)]

= −L−1
(

L(γ) +
α

N

)

exp

[

− XN

logN

]

= − logN + log logN + logα +XN + o(1),

✇❤✐❝❤ ♣r♦✈❡s ✭✸✳✷✳✺✮✳

✸✳✷✳✶ ❚❤❡ ✐♥❤♦♠♦❣❡♥❡♦✉s ❝❛s❡

❲❡ ♥♦✇ ❣✐✈❡ ❛ ❢♦r♠✉❧❛t✐♦♥ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳✷✳✶ t❛❦✐♥❣ ❛ ♠♦r❡ ❣❡♥❡r❛❧ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ❢♦r
t❤❡ ❧♦❝❛❧ ✜❡❧❞s✿ ✇❡ ❛❧❧♦✇

λi(0) = −γ + YN + εi(γ,N), i ∈ ΛN

✇❤❡r❡ {YN}N ✐s ❛ s❡q✉❡♥❝❡ ♦❢ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✇❡❛❦❧② ❝♦♥✈❡r❣✐♥❣ t♦ ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡
Y ❛♥❞ εi(γ,N) ❛r❡ s♠❛❧❧ r❛♥❞♦♠ ♣❡rt✉r❜❛t✐♦♥s ✇❤✐❝❤ ❝♦♥✈❡r❣❡ t♦ ✵ ✐♥ ♣r♦❜❛❜✐❧✐t②✳ ❚❤❡
r❡❛s♦♥ ❢♦r ❝❤♦♦s✐♥❣ t❤✐s ♣❛rt✐❝✉❧❛r ❢♦r♠ ✐s t❤❛t ✐t ✇✐❧❧ ❜❡ ✉s❡❢✉❧ t♦ s❤♦✇ t❤❡ ❝♦♥✈❡r❣❡♥❝❡
♦❢ t❤❡ ♠❛❣♥❡t✐③❛t✐♦♥ t♦ ❛♥ ♦s❝✐❧❧❛t✐♥❣ ♣r♦❝❡ss✳ ■♥ ❙❡❝t✐♦♥ ✸✳✶ ✇❡ ❤❛✈❡ ❛❧r❡❛❞② ❣✐✈❡♥ ❛♥
✐♥t✉✐t✐✈❡ ♦✈❡r✈✐❡✇ ♦❢ t❤❡ ♣❤❡♥♦♠❡♥♦♥✿ ✇❡ ✇❛✐t s♦♠❡ t✐♠❡ ❢♦r t❤❡ ✜rst s♣✐♥✲✢✐♣✱ ❛❢t❡r ✐t ✇❡
♦❜s❡r✈❡ t❤❡ ❣r♦✇t❤ ♦❢ ❛ ❞r♦♣❧❡t ♦❢ ✰✶ s♣✐♥s ✇❤✐❝❤ ✈❡r② q✉✐❝❦❧② ❝♦✈❡rs t❤❡ ✇❤♦❧❡ s♣❛❝❡✳ ❆t
t❤✐s ♣♦✐♥t ✇❡ ❛r❡ ❜❛❝❦ t♦ ❛ s✐t✉❛t✐♦♥ ❛t ✇❤✐❝❤ ❛❧❧ s♣✐♥s ❛r❡ ❡q✉❛❧✿ t❤❡ ♦s❝✐❧❧❛t♦r② ❜❡❤❛✈✐♦r
✇✐❧❧ ♦r✐❣✐♥❛t❡ ❜② ✐t❡r❛t✐♦♥ ♦❢ t❤✐s ♣❤❡♥♦♠❡♥♦♥✳
■♥ ♠♦r❡ ❞❡t❛✐❧s✱ ❧❡t ✉s ❝❛❧❧ τ t❤❡ st♦♣♣✐♥❣ t✐♠❡ ❛t ✇❤✐❝❤ ❛❧❧ s♣✐♥s ❤❛✈❡ ❜❡❝♦♠❡ ♣♦s✐t✐✈❡✳
❆t t✐♠❡ τ ✱ ✇❡ r❡❝♦✈❡r ❛ ✉♥✐❢♦r♠ st❛t❡ ❢♦r t❤❡ s♣✐♥s ✭σi(0) = −1 ❛♥❞ σi(τ) = +1 ❢♦r ❛♥②
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i ∈ ΛN✮✿ ✐♥ ♣r✐♥❝✐♣❧❡✱ ✇❡ ✇♦✉❧❞ ♦❜t❛✐♥ t❤❡ ✐t❡r❛t✐♦♥ ♦❢ t❤❡ s❛♠❡ ❜❡❤❛✈✐♦r ❛❢t❡r t✐♠❡ τ ✭✐✳❡✳
✇❛✐t✐♥❣ ❢♦r ❛ s♣✐♥ ✢✐♣ ❢r♦♠ +1 t♦ −1 ❛♥❞ ❢♦r♠❛t✐♦♥ ♦❢ ❛ ❞r♦♣❧❡t ♦❢ −1 s♣✐♥s ✇❤✐❝❤ ❝♦✈❡rs
t❤❡ s♣❛❝❡✮ ✐❢ t❤❡ r❛t❡s ❛t t✐♠❡ τ ❛r❡ s✉❝❤ t❤❛t ri(τ) ≈ ri(0)✱ ❢♦r ❛♥② i ∈ ΛN ✳ ❲❡ ✇✐❧❧ s❡❡
t❤❛t ❜② ♣r♦♣❡r❧② ❝❤♦♦s✐♥❣ γ✱ ♦♥❡ ♦❜t❛✐♥s ✇✐t❤ ✈❡r② ❧❛r❣❡ ♣r♦❜❛❜✐❧✐t②

ri(0) = e−γ, ri(τ) = e−(γ+YN+εi(γ,N)), i ∈ ΛN ,

✇✐t❤ YN ❛♥❞ εi(γ,N) ❛s ❣✐✈❡♥ ❛❜♦✈❡✳ ❚❤✐s ❢❛❝t ✇✐❧❧ ❜❡ ❡①t❡♥s✐✈❡❧② ❡①♣❧❛✐♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✹✳
❲❡ ❝❛♥ ❛♥t✐❝✐♣❛t❡ t❤❛t t❤❡ r❛♥❞♦♠♥❡ss YN ✭❝♦♠♠♦♥ t♦ ❛❧❧ s✐t❡s✮ ✐s ❞✉❡ t♦ t❤❡ ✢✉❝t✉❛t✐♦♥s
♦❢ t✐♠❡ T1 ✇❤✐❝❤ ❤❛✈❡ ❛♥ ✐♠♣❛❝t ♦❢ t❤❡ ❣r♦✇t❤ ♦❢ t❤❡ ❞r♦♣❧❡t✱ ✇❤✐❧❡ εi(γ,N) r❡♣r❡s❡♥t s♦♠❡
r❛♥❞♦♠ ✐♥❤♦♠♦❣❡♥❡✐t✐❡s ❞✉❡ t♦ t❤❡ ❛❝t✐♦♥ ♦❢ ❞✐ss✐♣❛t✐♦♥ ❞✉r✐♥❣ t❤❡ ❣r♦✇t❤ ♦❢ t❤❡ ♣♦s✐t✐✈❡
❞r♦♣❧❡t✳ ❙✐♥❝❡ t❤❡ ❝♦✈❡r✐♥❣ ♦❝❝✉rs ✐♥ ❛ ✈❡r② s❤♦rt t✐♠❡ s❝❛❧❡✱ t❤❡s❡ ✐♥❤♦♠♦❣❡♥❡✐t✐❡s ❛r❡
✈❡r② s♠❛❧❧ ❛♥❞ ✉♥✐❢♦r♠❧② ❝♦♥✈❡r❣❡ t♦ ③❡r♦✳ ❲❡ r❡❢❡r t❤❡ r❡❛❞❡r t♦ ❙❡❝t✐♦♥ ✸✳✹ ❢♦r ♠♦r❡
❞❡t❛✐❧s✳

❲❡ r❡str✐❝t t❤✐s ❣❡♥❡r❛❧✐③❛t✐♦♥ t♦ t❤❡ r❡❣✐♠❡ logN
γ

→ k ∈ [0, 1[✱ s✐♥❝❡ ✇✐❧❧ ❜❡ s✉✣❝✐❡♥t ❢♦r
♦✉r ♠❛✐♥ ♣✉r♣♦s❡✳

Pr♦♣♦s✐t✐♦♥ ✸✳✷✳✷✳ ❆ss✉♠❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ ❧♦❝❛❧ ✜❡❧❞s✿

λi(0) = −(γ + YN + εi(γ,N)), i ∈ ΛN ✭✸✳✷✳✶✹✮

✇❤❡r❡ {YN}N ✐s ❛ s❡q✉❡♥❝❡ ♦❢ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✇❡❛❦❧② ❝♦♥✈❡r❣✐♥❣ t♦ ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ Y
❛♥❞ εi(γ,N) ❛r❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s s✉❝❤ t❤❛t

lim
γ,N↑+∞

ǫ(γ,N) = lim
γ,N↑+∞

ǫ(γ,N) = 0 ✭✸✳✷✳✶✺✮

✐♥ ♣r♦❜❛❜✐❧✐t②✱ ✇❤❡r❡

ǫ(γ,N) := max
i=1,...,N

ǫi(γ,N) ǫ(γ,N) := min
i=1,...,N

ǫi(γ,N).

❆ss✉♠❡ t❤❛t t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s YN ❛♥❞ εi(γ,N)✱ i = 1, . . . , N ✱ ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ❢r♦♠
t❤❡ ❝♦✉♥t✐♥❣ ♣r♦❝❡ss❡s ❞r✐✈✐♥❣ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ s②st❡♠ ❢♦r t > 0✳ ❚❤❡♥✱ ❛s N, γ ↑ +∞
✇✐t❤ t❤❡ ❝♦♥❞✐t✐♦♥ logN

γ
→ k ∈ [0, 1[✱

α logN
(

T1 − t(γ,N)
)

d−→
γ,N→+∞

X, ✭✸✳✷✳✶✻✮

✇❤❡r❡ X ✐s ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ❞✐str✐❜✉t❡❞ ❛s X̃+kY ✱ ✇✐t❤ X̃ ✐♥❞❡♣❡♥❞❡♥t ❢r♦♠ Y ❛♥❞ s✉❝❤
t❤❛t

P (X̃ > x) = exp (−ex) .

▼♦r❡♦✈❡r✱

λi(T
−
1 ) = − logN + log logN + logα +XN + oi(1), ∀ i ∈ ΛN , ✭✸✳✷✳✶✼✮

✇❤❡r❡ t❤❡ t❡r♠s oi(1) ❞❡♥♦t❡ r❡♠❛✐♥❞❡rs t❤❛t ✉♥✐❢♦r♠❧② ❣♦ t♦ ③❡r♦ ✐♥ ♣r♦❜❛❜✐❧✐t② ❛s γ,N ↑
+∞ ❛♥❞

XN := α logN
(

T1 − t(γ,N)
)

.
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❇❡❢♦r❡ ♣r♦✈✐♥❣ Pr♦♣♦s✐t✐♦♥ ✸✳✷✳✷✱ ❧❡t ✉s r❡❝❛❧❧ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧ts✳

▲❡♠♠❛ ✸✳✷✳✹ ✭❬✹✺❪✱ ❙❡❝t✐♦♥ ✸✳✶✳✺✮✳ ▲❡t {fn}n ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ ❢✉♥❝t✐♦♥s fn : R → R ❝♦♥✲
✈❡r❣✐♥❣ ♣♦✐♥t✇✐s❡ t♦ ❛ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ f : R → R✳ ■❢ t❤✐s ❝♦♥✈❡r❣❡♥❝❡ ❤♦❧❞s ✉♥✐❢♦r♠❧②
♦♥ ❝♦♠♣❛❝ts✱ t❤❡♥✱ ❢♦r ❡✈❡r② ❝♦♥✈❡r❣✐♥❣ s❡q✉❡♥❝❡ {xn}n ⊂ R✱

lim
n

fn(xn) = f(x)

✇❤❡r❡ x = limn xn✳

▲❡♠♠❛ ✸✳✷✳✺ ✭❬✻✵❪✱ ❚❤❡♦r❡♠ ✸✳✹✳✹✮✳ ▲❡t (S,m) ❛♥❞ (S ′,m′) ❜❡ t✇♦ ♠❡tr✐❝ s♣❛❝❡s✳ ▲❡t
g ❛♥❞ gn✱ n ≥ 1✱ ❜❡ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥s ♠❛♣♣✐♥❣ (S,m) ✐♥t♦ (S ′,m′)✳ ▲❡t (S ′,m′) ❜❡
s❡♣❛r❛❜❧❡✳ ▲❡t E ❜❡ t❤❡ s❡t ♦❢ x ✐♥ S s✉❝❤ t❤❛t gn(xn) → g(x) ❢❛✐❧s ❢♦r s♦♠❡ s❡q✉❡♥❝❡
{xn}n ✇✐t❤ xn → x ✐♥ S✳ ▲❡t X ❛♥❞ Xn✱ n ≥ 1 ❜❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ♦♥ S✱ ✇✐t❤ Xn

❝♦♥✈❡r❣✐♥❣ ✐♥ ❞✐str✐❜✉t✐♦♥ t♦ X ✐♥ (S,m) ❛♥❞ P (X ∈ E) = 0✳ ❚❤❡♥✱ gn(Xn) → g(X) ✐♥
❞✐str✐❜✉t✐♦♥ ✐♥ (S ′,m′)✳

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳✷✳✷✳ ❋✐rst ♦❢ ❛❧❧✱ ❝♦♥s✐❞❡r t❤❡ ❡✈❡♥t

EN = {|YN | ≤ log γ};

s✐♥❝❡ t❤❡ s❡q✉❡♥❝❡ {YN}N ✐s t✐❣❤t ✭s❡❡ ❚❤❡♦r❡♠ ✶✳✸✳ ✐♥ ❬✻❪✮✱ P (EN) → 1 ❛s γ,N ↑ +∞✳
❯♥❞❡r t❤❡ ❡✈❡♥t EN ✱ ❢♦r γ,N ❧❛r❣❡ ❡♥♦✉❣❤ t❤❡ q✉❛♥t✐t② t(γ + YN , N) ✐s ✇❡❧❧✲❞❡✜♥❡❞✳ ❆s
❛ ✜rst st❡♣✱ ✇❡ ✇❛♥t t♦ ♣r♦✈❡ t❤❛t

α logN(t(γ + YN , N)1EN
− t(γ,N))

d−→
γ,N↑+∞

kY. ✭✸✳✷✳✶✽✮

◆♦t✐❝❡ t❤❛t✱ ❢♦r ❛♥② y ∈ R✱ ❜② ✭✸✳✷✳✸✮ ❛♥❞ ▲❡♠♠❛ ✸✳✷✳✶✱

α logN(t(γ + y,N)− t(γ,N)) = logN
(

log
γ + y

γ
+ log

L−1(L(γ + y) + α
N

L−1(L(γ) + α
N

)

≈ logN

γ
y + o(1) → ky.

❙✐♥❝❡ t❤✐s ❝♦♥✈❡r❣❡♥❝❡ ❤♦❧❞s ✉♥✐❢♦r♠❧② ♦♥ ❝♦♠♣❛❝ts✱ ❜② ▲❡♠♠❛ ✸✳✷✳✹✱ ▲❡♠♠❛ ✸✳✷✳✺ ❛♥❞
t❤❡ ❢❛❝t t❤❛t P (EN) → 1✱ ✇❡ ❣❡t ✭✸✳✷✳✶✽✮✳
◆♦✇✱ ❧❡t ✉s s❤♦✇ t❤❛t t❛❦✐♥❣ t❤❡ ✐♥✐t✐❛❧ ❞❛t❛ ✇✐t❤♦✉t ✐♥❤♦♠♦❣❡♥❡✐t②✱ ✐✳❡✳

λi(0) = −(γ + YN), i ∈ ΛN ,

✐t ❤♦❧❞s t❤❛t
α logN [T1 − t(γ + YN , N)1EN

]
d−→

γ,N↑+∞
X̃. ✭✸✳✷✳✶✾✮

❙✐♠✐❧❛r❧② t♦ ▲❡♠♠❛ ✸✳✷✳✷✱ ✇❡ ♣r♦✈❡ t❤❛t ❢♦r ❡✈❡r② ρ > 0✱

α logN [t(γ + YN , N)− t(γ + YN , ρN)]1EN
→ log ρ ✭✸✳✷✳✷✵✮
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✐♥ ♣r♦❜❛❜✐❧✐t② ❛s γ,N ↑ +∞✳ ❈♦♥❞✐t✐♦♥❡❞ t♦ t❤❡ r❡❛❧✐③❛t✐♦♥ ♦❢ YN ✱ T1 ✐s t❤❡ t✐♠❡ ♦❢ t❤❡
✜rst ❥✉♠♣ ✐♥ ◆ ✐✳✐✳❞✳ ❝♦✉♥t✐♥❣ ♣r♦❝❡ss❡s ✇✐t❤ ✐♥t❡♥s✐t②

µ(t) = exp[−(γ + YN)e
−αt].

❲✐t❤ t❤❡ s❛♠❡ ❛r❣✉♠❡♥ts ♦❢ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳✷✳✶✱ ❜② ✭✸✳✷✳✷✵✮ ♦♥❡ ❝❛♥ s❡❡ t❤❛t

P (α logN [T1 − t(γ + YN , N)] > x|YN)1EN
≤ e−a−1ex1EN

P (α logN [T1 − t(γ + YN , N)] > x|YN)1EN
≥ e−aex1EN

✇✐t❤ a ❝❤♦s❡♥ ❛r❜✐tr❛r✐❧② ❝❧♦s❡ t♦ ✶✱ ✇❤✐❝❤ ✐♠♣❧✐❡s ✭✸✳✷✳✶✾✮✳ ◆♦✇ ✇❡ ✇❛♥t t♦ s❤♦✇ t❤❛t
✭✸✳✷✳✶✾✮ ❤♦❧❞s ❛s ✇❡❧❧ ✐♥ t❤❡ ✐♥❤♦♠♦❣❡♥❡♦✉s ❝❛s❡✱ ✐✳❡✳ ✇✐t❤ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s ✭✸✳✷✳✶✹✮✿
❝♦♥s✐❞❡r t❤❡ ❡✈❡♥t

ĒN =

{

|YN | ≤ log γ, max(|ε(γ,N)|, |ε(γ,N)|) ≤ 1

log γ

}

.

❇② ❝♦♥s✐❞❡r❛t✐♦♥ ❛❜♦✈❡ ❛♥❞ ✭✸✳✷✳✶✺✮✱ P (ĒN) → 1 ❛s γ,N ↑ +∞✳ ◆♦t✐❝❡ t❤❛t✱ ✐♥ t❤❡ s❛♠❡
✇❛② ✇❡ ♣r♦✈❡❞ ✭✸✳✷✳✶✽✮✱ ✐t ❤♦❧❞s

α logN |t(γ + YN , N)− t(γ + YN + ε(γ,N), N)|1ĒN
≤ logN

γ log γ
+ o(1) → 0,

s♦✱

logN |t(γ + YN , N)− t(γ + YN + ε(γ,N), N)|1ĒN
→ 0,

logN |t(γ + YN , N)− t(γ + YN + ε(γ,N), N)|1ĒN
→ 0,

✭✸✳✷✳✷✶✮

❜♦t❤ ✐♥ ♣r♦❜❛❜✐❧✐t②✳
❉❡♥♦t❡ ❜② T 1 ✭r❡s♣❡❝t✐✈❡❧② T 1✮ t❤❡ t✐♠❡ ♦❢ t❤❡ ✜rst s♣✐♥ ✢✐♣ t❛❦✐♥❣ ❛s ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s

λi(0) = −(γ + YN + ε(γ,N)) (r❡s♣✳ λi(0) = −(γ + YN + ε(γ,N)))

❢♦r ❛❧❧ i ∈ ΛN ✳ ❍❡♥❝❡✱ ❝♦♥❞✐t✐♦♥❡❞ t♦ YN ❛♥❞ {εi(γ,N)}i✱ T 1 ✭r❡s♣✳ T 1✮ ✐s t❤❡ ✜rst ❥✉♠♣
t✐♠❡ ♦❢ N ✐✳✐✳❞✳ ❝♦✉♥t✐♥❣ ♣r♦❝❡ss❡s ♦❢ ✐♥t❡♥s✐t②

exp
[

−(γ + YN + ǫ(γ,N))e−αt
]

✭r❡s♣✳ exp
[

−(γ + YN + ǫ(γ,N))e−αt
]

✮.

❇② ♦❜✈✐♦✉s ♠♦♥♦t♦♥✐❝✐t② ❛r❣✉♠❡♥ts✱ ❢♦r ❡✈❡r② t > 0

P (T 1 > t) ≤ P (T1 > t) ≤ P (T 1 > t).

❚❤✉s

P (α logN [T1 − t(γ + YN , N)] > x|YN , {εi(γ,N)})1ĒN
≤

P
(

α logN [T 1 − t(γ + YN , N)] > x|YN , {εi(γ,N)}
)

1ĒN
=

P
(

α logN [T 1 − t(γ + YN + ǫ(γ,N), N)] > x+ ζN |YN , {εi(γ,N)}
)

1ĒN
,
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✇❤❡r❡
ζN = α logN(t(γ + YN , N)− t(γ + YN + ǫ(γ,N), N)).

❇② ✭✸✳✷✳✷✶✮✱ ζN → 0 ✉♥❞❡r ĒN s♦

lim supP
(

α logN [T1 − t(γ + YN , N)1ĒN
] > x

)

≤
limP

(

α logN [T 1 − t(γ + YN + ǫ(γ,N), N)1ĒN
] > x

)

= e−ex ,

✇❤❡r❡ t❤❡ ❧❛st ❧✐♠✐t ❝❛♥ ❜❡ ♣r♦✈❡❞ ✐♥ t❤❡ s❛♠❡ ✇❛② ❛s ✭✸✳✷✳✶✾✮✳ ❚❤❡ ♦♣♣♦s✐t❡ ✐♥❡q✉❛❧✐t②
❝❛♥ ❜❡ r❡❛❞✐❧② s❤♦✇♥✱ ✇❤✐❝❤ ❧❡t ✉s ❝♦♥❝❧✉❞❡ t❤❛t ✉♥❞❡r ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s ✭✸✳✷✳✶✹✮✱

α logN [T1 − t(γ + YN , N)1ĒN
]

d−→
γ,N↑+∞

X̃. ✭✸✳✷✳✷✷✮

❚❤❡r❡❢♦r❡✱ ❜② ✭✸✳✷✳✶✽✮ ❛♥❞ ✭✸✳✷✳✷✷✮✱

α logN [T1 − t(γ,N)] =

α logN [T1 − t(γ + YN , N)1EN
] + α logN [t(γ + YN , N)1ĒN

− t(γ,N)]
d−→

γ,N↑+∞
X̃ + kY.

❋✐♥❛❧❧②✱ t❤❡ ❛s②♠♣t♦t✐❝s ✭✸✳✷✳✶✼✮ ✐s ♦❜t❛✐♥❡❞ ❛s ✐♥ Pr♦♣♦s✐t✐♦♥ ✸✳✷✳✶✳

✸✳✸ ❈♦✈❡r✐♥❣ t✐♠❡

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ st✉❞② t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ s♣✐♥ s②st❡♠ ❛❢t❡r t✐♠❡ T1✱ s♦ ❝♦♥s✐❞❡r t❤❡
♣r♦❝❡ss❡s (σ̃(t), λ̃(t))t≥0 s✉❝❤ t❤❛t

σ̃i(t) = σi(t+ T1)

λ̃i(t) = λi(t+ T1)
t ≥ 0, i ∈ ΛN .

❇② t❤❡ str♦♥❣ ▼❛r❦♦✈ ♣r♦♣❡rt②✱ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ (σ̃(t), λ̃(t))t≥0 ✐s st✐❧❧ ❞❡s❝r✐❜❡❞ ❜② ✭✸✳✶✳✶✮
❛♥❞ ✭✸✳✶✳✷✮✳ ❉❡✜♥❡

Tc := inf{t > 0 : σ̃i(t) = 1 ❢♦r ❛❧❧ i ∈ ΛN}
t❤❡ t✐♠❡ ♥❡❡❞❡❞ t♦ r❡❛❝❤ t❤❡ ❤♦♠♦❣❡♥❡♦✉s ❝♦♥✜❣✉r❛t✐♦♥ ✇✐t❤ ❛❧❧ s♣✐♥s ❡q✉❛❧ t♦ +1✳ ❚❤❡
❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ ❞❡s❝r✐❜❡s t❤❡ ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦r ♦❢ Tc ❛s β,N ↑ +∞✳ ■♥ ✇❤❛t ❢♦❧❧♦✇s
✇❡ ❛ss✉♠❡ ✭✸✳✷✳✶✹✮ ❛s ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ❢♦r t❤❡ ❧♦❝❛❧ ✜❡❧❞s✳

❚❤❡♦r❡♠ ✸✳✸✳✶✳ ▲❡t γ, β,N ↑ +∞ ✇✐t❤ t❤❡ ❝♦♥❞✐t✐♦♥

lim
β,N↑+∞

logN

β
= c lim

γ,N↑+∞

logN

γ
= k, ✭✸✳✸✳✶✮

✇✐t❤ c, k ∈ [0, 1[✱ ❛♥❞ ❛ss✉♠❡ t❤❛t ❝♦♥❞✐t✐♦♥s ✭✸✳✷✳✶✹✮ ❛♥❞ ✭✸✳✷✳✶✺✮ ❤♦❧❞✳ ❚❤❡♥

Tc

N2

2α logN
e−2β−XN

P−→
γ,β,N→+∞

1 ✭✸✳✸✳✷✮
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✐♥ ♣r♦❜❛❜✐❧✐t②✱ ❛♥❞
Tc

N2

2α logN
e−2β

d−→
γ,β,N→+∞

Z, ✭✸✳✸✳✸✮

✇❤❡r❡ XN := α logN
(

T1 − t(γ,N)
)

❛♥❞ Z ✐s ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ❞✐str✐❜✉t❡❞ ❛s e−X ✱ ✇✐t❤

X ❜❡✐♥❣ t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ✐♥tr♦❞✉❝❡❞ ✐♥ Pr♦♣♦s✐t✐♦♥ ✸✳✷✳✷✳

❘❡♠❛r❦ ✸✳✸✳✶✳ ◆♦t❡ t❤❛t ✭✸✳✸✳✸✮ ❢♦❧❧♦✇s ✐♠♠❡❞✐❛t❡❧② ❢r♦♠ ✭✸✳✸✳✷✮ ❛♥❞ ✭✸✳✷✳✶✻✮✱ s✐♥❝❡ e−XN

❝♦♥✈❡r❣❡s ✐♥ ❞✐str✐❜✉t✐♦♥ t♦ e−X ✳ ■t ✐s ✇♦rt❤ ♥♦t✐❝✐♥❣ t❤❛t t❤❡ r❛♥❞♦♠ ✢✉❝t✉❛t✐♦♥s ♦❢ t❤❡
t✐♠❡ Tc ❛r❡ ♦♥❧② ❞✉❡ t♦ t❤❡ ✢✉❝t✉❛t✐♦♥s ♦❢ T1 t❤❛t✱ ❞❡s♣✐t❡ ♦❢ t❤❡ ❢❛❝t t❤❡② ❛r❡ s♠❛❧❧✱ ♣r♦❞✉❝❡
✢✉❝t✉❛t✐♦♥s ❢♦r t❤❡ ❧♦❝❛❧ ✜❡❧❞s λi(T1)✳ ❈♦♥❞✐t✐♦♥❡❞ t♦ t❤❡s❡ ❧♦❝❛❧ ✜❡❧❞s✱ t❤❡ ✐♥✈❛s✐♦♥ ♦❢ t❤❡
s♣❛❝❡ ❜② t❤❡ +1 s♣✐♥s ✐s ❡ss❡♥t✐❛❧❧② ❞❡t❡r♠✐♥✐st✐❝✳

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳✸✳✶✳ ❇❡❢♦r❡ ❣♦✐♥❣ ✐♥t♦ t❤❡ ❞❡t❛✐❧s ♦❢ t❤❡ ♣r♦♦❢✱ ✇❡ ❣✐✈❡♥ ❛♥ ✐♥t✉✐t✐♦♥
♦❢ ✇❤❛t ❤❛♣♣❡♥s ❞✉r✐♥❣ t❤❡ ❝♦✈❡r✐♥❣✳
▲❡t i ∈ {1, 2, . . . , N} ❜❡ s✉❝❤ t❤❛t

σ̃i(0) =

{

−1 ❢♦r i 6= i
1 ❢♦r i = i.

❚❤❡ ❧♦❝❛❧ ✜❡❧❞ ♣r♦✜❧❡ ✐s ❣✐✈❡♥ ❜②

λ̃i(0) =

{

2β + λi(T
−
1 ) ❢♦r i = i± 1

λi(T
−
1 ) ♦t❤❡r✇✐s❡.

✭✸✳✸✳✹✮

✇❤❡r❡✱ ❜② ✭✸✳✷✳✶✼✮✱

λi(T
−
1 ) = − logN + log logN + logα +XN + oi(1). ✭✸✳✸✳✺✮

◆♦t❡ t❤❛t t❤❡ s♣✐♥s ❛t i± 1 ❛r❡ ❧✐❦❡❧② t♦ ✢✐♣ ✜rst✱ ❛s✱ ❜② ✭✸✳✸✳✶✮✱ 2β ≫ −λi(T
−
1 ) ✇✐t❤ ✈❡r②

❤✐❣❤ ♣r♦❜❛❜✐❧✐t②✳ ❙✉♣♣♦s❡ ♥♦✇ t❤❛t t❤❡ ✜rst s♣✐♥ ✢✐♣ ♦❝❝✉rs ❛t t✐♠❡ τ1 ❢♦r t❤❡ s♣✐♥ i + 1✳
❲❡ ❤❛✈❡✿

λ̃i(τ1) =







[

2β + λi(T
−
1 )
]

e−ατ1 ❢♦r i = i± 1
λi(T

−
1 )e−ατ1 + 2β ❢♦r i = i, i+ 2

λi(T
−
1 )e−ατ1 ♦t❤❡r✇✐s❡.

✭✸✳✸✳✻✮

■♥ t❡r♠s ♦❢ t❤❡ s♣✐♥✲✢✐♣ r❛t❡s r̃i(t) = exp[−σ̃i(t)λ̃i(t)]✱ ♥♦t❡ t❤❛t r̃i(τ1) ≤ 1 ✇✐t❤ ❤✐❣❤
♣r♦❜❛❜✐❧✐t② ❢♦r i 6= i− 1, i+ 2✱ ✇❤✐❧❡

r̃i−1(τ1) = exp
[(

2β + λi−1(T
−
1 )
)

e−ατ1
]

❛♥❞
r̃i+2(t) = exp

[

λi+2(T
−
1 )e−ατ1 + 2β

]

.
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■t ❢♦❧❧♦✇s t❤❛t t❤❡ s♣✐♥s ❛t i − 1 ❛♥❞ i + 2 ❛r❡ ❧✐❦❡❧② t♦ ✢✐♣ ❜❡❢♦r❡ t❤❡ ♦t❤❡rs✳ ❚♦ ❤❛✈❡ ❛
❜❡tt❡r ✉♥❞❡rst❛♥❞✐♥❣✱ ❛ss✉♠❡ t❤❡ s♣✐♥ ❛t i− 1 ✢✐♣s ✜rst✱ ❛t t✐♠❡ τ2✳ ❚❤❡ ❧♦❝❛❧ ✜❡❧❞ ♣r♦✜❧❡
❛t t✐♠❡ τ2 ✐s

λ̃i(τ2) =































[

λi(T
−
1 )e−ατ1 + 2β

]

e−α(τ2−τ1) + 2β ❢♦r i = i
[

2β + λi(T
−
1 )
]

e−ατ2 ❢♦r i = i− 1
λi(T

−
1 )e−ατ2 + 2β ❢♦r i = i− 2

[

2β + λi(T
−
1 )
]

e−ατ2 ❢♦r i = i+ 1
[

λi(T
−
1 )e−ατ1 + 2β

]

e−α(τ2−τ1) ❢♦r i = i+ 2
λi(T

−
1 )e−ατ2 ♦t❤❡r✇✐s❡.

✭✸✳✸✳✼✮

❆❣❛✐♥✱ ✇❡ s❡❡ t❤❡ s♣✐♥s ❛t i±2 ❛r❡ ❧✐❦❡❧② t♦ ✢✐♣ ✜rst✳ ❚❤✉s ✇✐t❤ ❤✐❣❤ ♣r♦❜❛❜✐❧✐t②✱ ❛s ✇❡ ✇✐❧❧
s❡❡ ✐♥ ❞❡t❛✐❧s ♥❡①t✱ ❛ ❞r♦♣❧❡t ♦❢ ❝♦♥s❡❝✉t✐✈❡ +1 s♣✐♥s ❢♦r♠s✳ ❉❡♥♦t❡ ❜② τn t❤❡ t✐♠❡ ❛t ✇❤✐❝❤
❛ ❞r♦♣❧❡t ♦❢ ❧❡♥❣t❤ n+ 1 ✐s ❢♦r♠❡❞✱ ✇✐t❤ 1 ≤ n ≤ N − 3✳ ❆t t✐♠❡ τn t❤❡ ❧♦❝❛❧ ✜❡❧❞ ✐♥ t❤❡
✐♥t❡r✐♦r ♦❢ t❤❡ ❞r♦♣❧❡t ✐s ❜♦✉♥❞❡❞ ❜❡❧♦✇ ❜② 4βe−ατn + λi(T

−
1 )✳ ■♥ t❤❡ ✐♥t❡r♥❛❧ ❜♦✉♥❞❛r② ♦❢

t❤❡ ❞r♦♣❧❡t t❤❡ ❧♦❝❛❧ ✜❡❧❞ ✐s ❜♦✉♥❞❡❞ ❜❡❧♦✇ ❜② 2βe−ατn +λi(T
−
1 )✳ ■♥ t❤❡ ❡①t❡r♥❛❧ ❜♦✉♥❞❛r②

♦❢ t❤❡ ❞r♦♣❧❡t t❤❡ ❧♦❝❛❧ ✜❡❧❞ s❛t✐s✜❡s

λ̃i(τn) ∈
[

2β + λi(T
−
1 ), 2β + λi(T

−
1 )e−ατn

]

✭✸✳✸✳✽✮

✐❢ i ✐s t❤❡ s✐t❡ ♥❡✐❣❤❜♦r ♦❢ t❤❡ ❧❛st s♣✐♥ ✢✐♣♣❡❞✱ ❛♥❞

λ̃i(τn) ∈
[

2βe−ατn + λi(T
−
1 ), 2β + λi(T

−
1 )e−ατn

]

✭✸✳✸✳✾✮

❢♦r t❤❡ ♦t❤❡r s✐t❡✳ ◆♦t❡ t❤❛t t❤❡ ❡①tr❡♠❡s ♦❢ t❤❡s❡ ✐♥t❡r✈❛❧ ♠❛② ❜❡ r❡✈❡rs❡❞ ✐♥ t❤❡ ✉♥❧✐❦❡❧②
❝❛s❡ λi(T

−
1 ) > 0 ✭s❡❡ ✭✸✳✸✳✺✮✮✳ ❋♦r ❛❧❧ ♦t❤❡r s✐t❡s t❤❡ ❧♦❝❛❧ ✜❡❧❞ ❡q✉❛❧s λi(T

−
1 )e−ατn ✳ ❋♦r

n = N − 2 t❤❡ s✐t✉❛t✐♦♥ ✐s s❧✐❣❤t❧② ❞✐✛❡r❡♥t✱ s✐♥❝❡ t❤❡r❡ ✐s ♦♥❧② ♦♥❡ s✐t❡ ✐♥ t❤❡ ❡①t❡r♥❛❧
❜♦✉♥❞❛r② ♦❢ t❤❡ ❞r♦♣❧❡t✳ ❚❤✐s ❣✐✈❡s✱ ❢♦r s✉❝❤ s✐t❡ i✱

λ̃i(τN−2) ∈
[

4βe−ατN−2 + λi(T
−
1 ), 4β + λi(T

−
1 )e−ατN−2

]

.

❚❤✐s ❣✐✈❡s t❤❡ ✐♥t✉✐t✐♦♥ ♦♥ ❤♦✇ t❤❡ ❧♦❝❛❧ ✜❡❧❞s ❝❤❛♥❣❡ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❣r♦✇t❤ ♦❢ t❤❡
❞r♦♣❧❡t ♦❢ +1 s♣✐♥s✳ ◆♦t✐❝❡ t❤❛t✱ ✇✐t❤ ✈❡r② ❧❛r❣❡ ♣r♦❜❛❜✐❧✐t②✱ t❤❡ ❝♦✈❡r✐♥❣ ✐s ♣❡r❢♦r♠❡❞
✭❡①❝❧✉❞✐♥❣ t❤❡ ❧❛st ✢✐♣✮ ✇✐t❤ s✉❜s❡q✉❡♥t st❡♣s ❡❛❝❤ ♦❢ t❤❡♠ ♦❝❝✉r✐♥❣ ✇✐t❤ ❛ r❛t❡ ✐♥ t❤❡
❢♦r♠

2e2β−logN+log logN+logα+XN+o(1) =
2α logN

N
e2β+XN+o(1)

❛♥❞ t❤✐s ✐s t❤❡ ✐♥t✉✐t✐✈❡ r❡❛s♦♥ t♦ ❝❤♦♦s❡ t❤❡ t✐♠❡ s❝❛❧✐♥❣

N(2e2β−logN+log logN+logα+XN )−1 =
N2

2α logN
e−2β−XN ✭✸✳✸✳✶✵✮

❛♣♣❡❛r✐♥❣ ✐♥ ✭✸✳✸✳✷✮✳
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❚❤❡ str❛t❡❣② ♦❢ t❤❡ ♣r♦♦❢ ✐s t♦ s❤♦✇ t❤❛t✱ ✐♥ t❤❡ ❧✐♠✐t✱ ❞✉r✐♥❣ t❤❡ ❝♦✈❡r✐♥❣ ♣r♦❝❡ss ♦♥❧②
s♣✐♥s ❛❞❥❛❝❡♥t t♦ t❤❡ ❞r♦♣❧❡t ✇✐❧❧ ✢✐♣✱ t❤❡♥ t♦ s❤♦✇ t❤❛t ✭✸✳✸✳✶✵✮ ❣✐✈❡s t❤❡ ❝♦rr❡❝t t✐♠❡✲
s❝❛❧✐♥❣ ❢♦r t❤❡ ♣r♦❝❡ss ✇❤❡r❡ ❛❧❧ ✉♥❞❡s✐r❡❞ ✢✐♣s ❛r❡ s✉♣♣r❡ss❡❞✳

❙t❡♣ ✶✿ Pr♦❜❛❜✐❧✐t② ♦❢ ♦❜s❡r✈✐♥❣ ❛♥ ✉♥❞❡s✐r❡❞ ✢✐♣

▲❡t τ̄ ❜❡ t❤❡ t✐♠❡ ❛t ✇❤✐❝❤ ❛♥ ✧✉♥❞❡s✐r❡❞✧ ✢✐♣ ♦❝❝✉rs✱ ✐✳❡✳ t❤❡ t✐♠❡ ❛t ✇❤✐❝❤ ✇❡ ♦❜s❡r✈❡
❛ ✢✐♣ ♦❢ ♦♥❡ ♦❢ t❤❡ s♣✐♥s t❤❛t ❛r❡ ♥♦t ❛❞❥❛❝❡♥t t♦ t❤❡ ❞r♦♣❧❡t✳ ❖✉r ❛✐♠ ✐s t♦ s❤♦✇ t❤❛t
P (τ̄ ≤ τN−1) ❝♦♥✈❡r❣❡s t♦ ③❡r♦ ❛s β,N ↑ +∞✳ ❲❡ ❡st✐♠❛t❡ t❤✐s ♣r♦❜❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥❡❞ t♦
t❤❡ ❡✈❡♥t

AN := {− logN ≤ λi(T
−
1 ) ≤ − logN + 2 log logN : i = 1, . . . , N},

✇❤♦s❡ ♣r♦❜❛❜✐❧✐t② t❡♥❞s t♦ ♦♥❡✳
◆♦t✐❝❡ t❤❛t✱ ✉♥❞❡r AN ✱ ❢♦r t ∈ [0, τ1[✱ ✇❡ ❤❛✈❡ ♦♥❡ ♣♦s✐t✐✈❡ s♣✐♥ ✇✐t❤ ✢✐♣♣✐♥❣ r❛t❡ ❛t ♠♦st

elogN−2 log logN ,

N − 3 ♥❡❣❛t✐✈❡ s♣✐♥s ✇❤♦s❡ r❛t❡s ❛r❡ ❛t ♠♦st

e[− logN+2 log logN ]e−αt

,

❛♥❞ t✇♦ ♥❡❣❛t✐✈❡ s♣✐♥s✱ ❛❞❥❛❝❡♥t t♦ t❤❡ ❞r♦♣❧❡t ♦❢ +1 s♣✐♥s✱ ✇❤♦s❡ r❛t❡s ❛r❡ ❛t ❧❡❛st

e[2β−logN ]e−αt

.

❚❤❡♥✱ P (τ̄ ≤ τ1|T1)1AN
✐s ❜♦✉♥❞❡❞ ❜② t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t t❤❡ ✜rst ♣♦✐♥t ♦❢ ❛ P♦✐ss♦♥

♣r♦❝❡ss ♦❢ t✐♠❡✲❞❡♣❡♥❞❡♥t ✐♥t❡♥s✐t②

I1(t) := elogN−2 log logN + (N − 3)e[− logN+2 log logN ]e−αt

♦❝❝✉rs ❜❡❢♦r❡ t❤❡ ✜rst ♣♦✐♥t ♦❢ ❛ ♣♦✐♥t ♣r♦❝❡ss ✇✐t❤ t✐♠❡✲❞❡♣❡♥❞❡♥t ✐♥t❡♥s✐t②

J(t) := e[2β−logN ]e−αt

,

✇❤❡r❡ t❤❡ t✇♦ ♣r♦❝❡ss❡s ❛r❡ ✐♥❞❡♣❡♥❞❡♥t✳
❚❤❡♥✱ ✉♥❞❡r AN ∩ (τ̄ > τ1)✱ ❢♦r t ∈ [τ1, τ2[✱ ✇❡ ❤❛✈❡ ❛ ❞r♦♣❧❡t ❝♦♠♣r✐s❡❞ ❜② t✇♦ ♣♦s✐t✐✈❡
s♣✐♥s ✇❤♦s❡ r❛t❡s ❛r❡ ❛t ♠♦st

e[−2β+logN ]e−αt

,

N − 4 ♥❡❣❛t✐✈❡ s♣✐♥s ✇❤♦s❡ r❛t❡s ❛r❡ ❛t ♠♦st

e[− logN+2 log logN ]e−αt

,

❛♥❞ t✇♦ ♥❡❣❛t✐✈❡ s♣✐♥s✱ ❛❞❥❛❝❡♥t t♦ t❤❡ ❞r♦♣❧❡t ♦❢ +1 s♣✐♥s✱ ✇❤♦s❡ r❛t❡s ❛r❡ ❛t ❧❡❛st

e[2β−logN ]e−αt

.
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❙♦✱ P (τ̄ ∈]τ1, τ2]|T1, (τ̄ > τ1))1AN
✐s ❜♦✉♥❞❡❞ ❜② t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t t❤❡ ✜rst ♣♦✐♥t ♦❢ ❛

P♦✐ss♦♥ ♣r♦❝❡ss ♦❢ t✐♠❡✲❞❡♣❡♥❞❡♥t ✐♥t❡♥s✐t②

I2(t) := 2e[−2β+logN ]e−αt

+ (N − 4)e[− logN+2 log logN ]e−αt

♦❝❝✉rs ❜❡❢♦r❡ t❤❡ ✜rst ♣♦✐♥t ♦❢ ❛ ♣♦✐♥t ♣r♦❝❡ss ✇✐t❤ t✐♠❡✲❞❡♣❡♥❞❡♥t ✐♥t❡♥s✐t② J(t)✱ ✇❤❡r❡
t❤❡ t✇♦ ♣r♦❝❡ss❡s ❛r❡ ✐♥❞❡♣❡♥❞❡♥t✳
▼♦r❡♦✈❡r✱ ❢♦r ❛♥② k = 3, . . . , N − 2✱ ✉♥❞❡r AN ∩ (τ̄ > τk−1)✱ ❢♦r t ∈ [τk−1, τk[✱ ✇❡ ❤❛✈❡ ❛
❞r♦♣❧❡t ❝♦♠♣r✐s❡❞ ❜② k ♣♦s✐t✐✈❡ s♣✐♥s✿ t✇♦ ♦❢ t❤❡♠ ✇✐t❤ r❛t❡s ❛t ♠♦st

e[−2β+logN ]e−αt

,

❛♥❞ k − 2 ♦❢ t❤❡♠ ✇✐t❤ r❛t❡s ❛t ♠♦st

e[−4β+logN ]e−αt

.

❚❤❡ s②st❡♠ ✇✐❧❧ ❛❧s♦ ♣r❡s❡♥t N − k − 2 ♥❡❣❛t✐✈❡ s♣✐♥s ✇❤♦s❡ r❛t❡s ❛r❡ ❛t ♠♦st

e[− logN+2 log logN ]e−αt

,

❛♥❞ t✇♦ ♥❡❣❛t✐✈❡ s♣✐♥s✱ ❛❞❥❛❝❡♥t t♦ t❤❡ ❞r♦♣❧❡t ♦❢ +1 s♣✐♥s✱ ✇❤♦s❡ r❛t❡s ❛r❡ ❛t ❧❡❛st

e[2β−logN ]e−αt

.

❚❤❡♥✱ ❢♦r ❛♥② k = 3, . . . , N − 2✱ P (τ̄ ∈]τk−1, τk]|T1, (τ̄ > τk−1))1AN
✐s ❜♦✉♥❞❡❞ ❜② t❤❡

♣r♦❜❛❜✐❧✐t② t❤❛t t❤❡ ✜rst ♣♦✐♥t ♦❢ ❛ P♦✐ss♦♥ ♣r♦❝❡ss ♦❢ t✐♠❡✲❞❡♣❡♥❞❡♥t ✐♥t❡♥s✐t②

Ik(t) := 2e[−2β+logN ]e−αt

+ (k − 2)e[−4β+logN ]e−αt

+ (N − k − 2)e[− logN+2 log logN ]e−αt

♦❝❝✉rs ❜❡❢♦r❡ t❤❡ ✜rst ♣♦✐♥t ♦❢ ❛ ♣♦✐♥t ♣r♦❝❡ss ✇✐t❤ t✐♠❡✲❞❡♣❡♥❞❡♥t ✐♥t❡♥s✐t② J(t)✱ ✇❤❡r❡
t❤❡ t✇♦ ♣r♦❝❡ss❡s ❛r❡ ✐♥❞❡♣❡♥❞❡♥t✳
❋✐♥❛❧❧②✱ ✉♥❞❡r AN ∩ (τ̄ > τN−2)✱ ❢♦r t ∈ [τN−2, τN−1[✱ ✇❡ ❤❛✈❡ ❛ ❞r♦♣❧❡t ❝♦♠♣r✐s❡❞ ❜② N −1
♣♦s✐t✐✈❡ s♣✐♥s✿ t✇♦ ♦❢ t❤❡♠ ✇✐t❤ r❛t❡s ❛t ♠♦st

e[−2β+logN ]e−αt

,

❛♥❞ N − 3 ♦❢ t❤❡♠ ✇✐t❤ r❛t❡s ❛t ♠♦st

e[−4β+logN ]e−αt

.

❚❤❡ s②st❡♠ ❛❧s♦ ♣r❡s❡♥ts ♦♥❡ ♥❡❣❛t✐✈❡ s♣✐♥✱ ✇✐t❤ r❛t❡ ❛t ❧❡❛st

e[4β−logN ]e−αt

.

❚❤❡♥✱ P (τ̄ ∈]τN−2, τN−1]|T1, (τ̄ > τN−2))1AN
✐s ❜♦✉♥❞❡❞ ❜② t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t t❤❡ ✜rst

♣♦✐♥t ♦❢ ❛ P♦✐ss♦♥ ♣r♦❝❡ss ♦❢ t✐♠❡✲❞❡♣❡♥❞❡♥t ✐♥t❡♥s✐t②

IN−1(t) := 2e[−2β+logN ]e−αt

+ (N − 3)e[−4β+logN ]e−αt
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♦❝❝✉rs ❜❡❢♦r❡ t❤❡ ✜rst ♣♦✐♥t ♦❢ ❛ ♣♦✐♥t ♣r♦❝❡ss ✇✐t❤ t✐♠❡✲❞❡♣❡♥❞❡♥t ✐♥t❡♥s✐t② J(t)✱ ✇❤❡r❡
t❤❡ t✇♦ ♣r♦❝❡ss❡s ❛r❡ ✐♥❞❡♣❡♥❞❡♥t✳
❇② t❤❡ ❛♥❛❧②s✐s ❛❜♦✈❡✱ ✇❡ ❝❛♥ ❝♦♥s✐❞❡r ❛ ❢❛♠✐❧② ♦❢ P♦✐ss♦♥ ♣r♦❝❡ss❡s {ζk}N−1

k=1 ✇✐t❤ t✐♠❡✲
❞❡♣❡♥❞❡♥t ✐♥t❡♥s✐t✐❡s {Ik(t)}N−1

k=1 ❛♥❞ ❛ P♦✐ss♦♥ ♣r♦❝❡ss η ✇✐t❤✲t✐♠❡ ❞❡♣❡♥❞❡♥t ✐♥t❡♥s✐t②
J(t)✳ ❲❡ ❛❧s♦ ❛ss✉♠❡ t❤❛t✱ ❢♦r ❛♥② k = 1, . . . , N − 1✱ t❤❡ ♣r♦❝❡ss ζk ❛♥❞ t❤❡ ♣r♦❝❡ss η ❛r❡
✐♥❞❡♣❡♥❞❡♥t✳ ▲❡t ✉s ❞❡♥♦t❡ ✇✐t❤Xk t❤❡ ✜rst ♣♦✐♥t ♦❢ t❤❡ ♣r♦❝❡ss ζk ❢♦r ❛♥② k = 1, . . . , N−1✱
❛♥❞ ✇✐t❤ Y t❤❡ ✜rst ♣♦✐♥t ♦❢ t❤❡ ♣r♦❝❡ss η✳ ■♥ t❤✐s ✇❛②✱ ✇❡ ❞❡❞✉❝❡ t❤❛t

P (τ̄ ≤ τN−1|T1)1AN
= P (τ̄ ≤ τ1|T1)1AN

+
N−1
∑

k=2

P (τ̄ ∈]τk−1, τk]|T1)1AN

≤ P (τ̄ ≤ τ1|T1)1AN
+

N−1
∑

k=2

P (τ̄ ≤ τk|T1, (τ̄ > τk−1))1AN

≤
N−1
∑

k=1

P (Xk < Y ).

▲❡t ✉s ✜① Tm = e−dβ ✇✐t❤ d ♣♦s✐t✐✈❡ ❝♦♥st❛♥t s✉❝❤ t❤❛t 2c + d < 2 ❛♥❞ ♦❜s❡r✈❡ t❤❛t✱ ❢♦r
❛♥② k = 1, . . . , N − 1✱

P (Xk < Y ) ≤ P (Xk < Y |Y ≤ Tm) + P (Y > Tm)

=
P (Xk < Y, Y ≤ Tm)

P (Y ≤ Tm)
+ P (Y > Tm)

=
P (Xk < Y, Y ≤ Tm, Xk ≤ Tm)

P (Y ≤ Tm)
+ P (Y > Tm)

=
P (Xk < Y, Y ≤ Tm, Xk ≤ Tm)P (Xk ≤ Tm)

P (Y ≤ Tm)P (Xk ≤ Tm)
+ P (Y > Tm)

=
P (Xk < Y, Y ≤ Tm, Xk ≤ Tm)P (Xk ≤ Tm)

P (Y ≤ Tm, Xk ≤ Tm)
+ P (Y > Tm)

= P (Xk < Y |Y ≤ Tm, Xk ≤ Tm)P (Xk ≤ Tm) + P (Y > Tm)

≤ P (Xk < Y |Y ≤ Tm, Xk ≤ Tm) + P (Y > Tm)

✇❤❡r❡ ✇❡ ✉s❡❞ t❤❡ ✐♥❞❡♣❡♥❞❡♥❝❡ ♦❢ Xk ❛♥❞ Y ✱ ❤❡♥❝❡

P (τ̄ ≤ τN−1|T1)1AN
≤

N−1
∑

k=1

P (Xk < Y |Y ≤ Tm, Xk ≤ Tm) + (N − 1)P (Y > Tm).

◆♦t✐❝❡ t❤❛t✱ ❝♦♥❞✐t✐♦♥❡❞ t♦ (Xk ≤ Tm, Y ≤ Tm) t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ Xk ✐s st♦❝❤❛st✐❝❛❧❧②
❜✐❣❣❡r t❤❛♥ t❤❡ ♦♥❡ ♦❢ ❛♥ ❡①♣♦♥❡♥t✐❛❧ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ♦❢ ♣❛r❛♠❡t❡r Ik(Tm) ❛♥❞ t❤❡ ❞✐s✲
tr✐❜✉t✐♦♥ ♦❢ Y ✐s st♦❝❤❛st✐❝❛❧❧② s♠❛❧❧❡r t❤❛♥ t❤❡ ♦♥❡ ♦❢ ❛♥ ❡①♣♦♥❡♥t✐❛❧ r✳✈✳ ♦❢ ♣❛r❛♠❡t❡r
J(Tm)✳ ❚❤✐s ♠❡❛♥s t❤❛t✱ ❢♦r ❛♥② k = 1, . . . , N − 1✱

P (Xk < Y |Y ≤ Tm, Xk ≤ Tm) ≤
Ik(Tm)

Ik(Tm) + J(Tm)
,
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s♦ ✇❡ ❣❡t

P (τ̄ ≤ τN−1|T1)1AN
≤

N−1
∑

k=1

Ik(Tm)

Ik(Tm) + J(Tm)
+ (N − 1)P (Y > Tm). ✭✸✳✸✳✶✶✮

▲❡t✬s ❝♦♥s✐❞❡r t❤❡ s❡❝♦♥❞ t❡r♠ ♦♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✸✳✸✳✶✶✮✿

(N − 1)P (Y > e−dβ) ≤ (N − 1) exp

[

−
∫ e−dβ

0

e[2β−logN ]e−αt

dt

]

≤ exp
[

logN − e−dβe[2β−logN ]e−αe−dβ
]

≈ exp
[

logN − e(2−d)β−logN+αe−dβ [2β−logN ]+o(βe−dβ)
]

−→
β,N↑+∞

0,

t❤❛♥❦s t♦ ✭✸✳✸✳✶✮ ❛♥❞ t❤❡ ❢❛❝t t❤❛t c+ d < 2✳
❈♦♥s✐❞❡r ♥♦✇ t❤❡ ✜rst t❡r♠ ✐♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✸✳✸✳✶✶✮✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❧✐♠✐ts ❤♦❧❞✿

I1(Tm)

I1(Tm) + J(Tm)
=

elogN−2 log logN + (N − 3)e[− logN+2 log logN ]e−αTm

elogN−2 log logN + (N − 3)e[− logN+2 log logN ]e−αTm + e[2β−logN ]e−αTm
−→

β,N↑+∞
0,

I2(Tm)

I2(Tm) + J(Tm)
=

2e[−2β+logN ]e−αTm
+ (N − 4)e[− logN+2 log logN ]e−αTm

2e[−2β+logN ]e−αTm + (N − 4)e[− logN+2 log logN ]e−αTm + e[2β−logN ]e−αTm
−→

β,N↑+∞
0,

IN−1(Tm)

IN−1(Tm) + J(Tm)
=

2e[−2β+logN ]e−αTm
+ (N − 3)e[−4β+logN ]e−αTm

2e[−2β+logN ]e−αTm + (N − 3)e[−4β+logN ]e−αTm + e[2β−logN ]e−αTm
−→

β,N↑+∞
0.

▼♦r❡♦✈❡r✱ ✐t ❤♦❧❞s t❤❛t

N−2
∑

k=3

Ik(Tm)

Ik(Tm) + J(Tm)
=

N−2
∑

k=3

2e[−2β+logN ]e−αTm
+ (k − 2)e[−4β+logN ]e−αTm

+ (N − k − 2)e[− logN+2 log logN ]e−αTm

Ik(Tm) + J(Tm)
≤

N2e[−2β+logN ]e−αTm

J(Tm)
+

N2e[−4β+logN ]e−αTm

J(Tm)
+

N−2
∑

k=3

(N−k − 2)e[− logN+2 log logN ]e−αTm

Ik(Tm) + J(Tm)
,
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✇❤❡r❡
N2e[−2β+logN ]e−αTm

J(Tm)
=

2e[−2β+logN ]e−αTm+logN

e[2β−logN ]e−αTm
−→

β,N↑+∞
0,

N2e[−4β+logN ]e−αTm

J(Tm)
=

e[−4β+logN ]e−αTm+2 logN

e[2β−logN ]e−αTm
−→

β,N↑+∞
0,

✇❤✐❧❡

N−2
∑

k=3

(N − k − 2)e[− logN+2 log logN ]e−αTm

Ik(Tm) + J(Tm)
≤

N−5
∑

k=1

ke[− logN+2 log logN ]e−αTm

ke[− logN+2 log logN ]e−αTm + J(Tm)
=

N−5
∑

k=1

k

k + e[2β−2 log logN ]e−αTm
≤

∫ N

0

x

x+ e[2β−2 log logN ]e−αTm
dx =

N + e[2β−2 log logN ]e−αTm
log

[

e[2β−2 log logN ]e−αTm

N + e[2β−2 log logN ]e−αTm

]

.

◆♦t✐❝❡ t❤❛t

lim
β,N↑+∞

(

N + e[2β−2 log logN ]e−αTm
log

[

e[2β−2 log logN ]e−αTm

N + e[2β−2 log logN ]e−αTm

])

=

lim
β,N↑+∞

(

N + e[2β−2 log logN ]e−αTm
log

[

1− N

N + e[2β−2 log logN ]e−αTm

])

=

lim
β,N↑+∞

(

N+e[2β−2 log logN ]e−αTm

(

1

2

(

N

N + e[2β−2 log logN ]e−αTm

)2

− N

N + e[2β−2 log logN ]e−αTm

))

=

lim
β,N↑+∞

(

N2

e[2β−2 log logN ]e−αTm
+

N2e[2β−2 log logN ]e−αTm

2e[4β−4 log logN ]e−αTm

)

=

lim
β,N↑+∞

3

2
exp

[

2 logN − [2β − 2 log logN ]e−αTm

]

=

lim
β,N↑+∞

3

2
exp

[

2 logN − 2β + 2 log logN + αe−dβ(2β − 2 log logN)
]

= 0,

t❤❛♥❦s t♦ ✭✸✳✸✳✶✮✳
❆❧❧ t❤❡s❡ ❝♦♥s✐❞❡r❛t✐♦♥s ✐♠♣❧② t❤❛t t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t ❛♥ ✉♥❞❡s✐r❡❞ s♣✐♥ ✢✐♣ ♦❝❝✉rs ❜❡❢♦r❡
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t❤❡ ❞r♦♣❧❡t ♦❢ +1 s♣✐♥s ✐♥✈❛❞❡s t❤❡ ✇❤♦❧❡ s♣❛❝❡ ❝♦♥✈❡r❣❡s t♦ ③❡r♦✿

P (τ̄ ≤ τN−1) = E(P (τ̄ ≤ τN−1|T1)1AN
) + P (Ac

N)

≤ E

(

P (τ̄ ≤ τ1|T1)1AN
+

N−1
∑

k=2

P (τ̄ ≤ τk|T1, (τ̄ > τk−1))1AN

)

+ P (Ac
N)

≤
N−1
∑

k=1

P (Xk < Y ) + P (Ac
N)

≤
N−1
∑

k=1

Ik(Tm)

Ik(Tm) + J(Tm)
+ (N − 1)P (Y > Tm) + P (Ac

N) −→
β,N↑+∞

0.

❙t❡♣ ✷✿ ❚✐♠❡✲s❝❛❧✐♥❣ ❢♦r t❤❡ ❝♦✈❡r✐♥❣ ♣r♦❝❡ss

❖♥ t❤❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✶✳✶✱ ✇❡ ❝❛♥ ❝♦✉♣❧❡ t❤❡ ♣r♦❝❡ss (σ̃, λ̃) ✇✐t❤
t❤❡ ♣r♦❝❡ss (σ̂, λ̂) ♦❜t❛✐♥❡❞ ❜② s✉♣♣r❡ss✐♥❣ ❛❧❧ ✉♥❞❡s✐r❡❞ s♣✐♥ ✢✐♣❀ ✐♥ ♦t❤❡r ✇♦r❞s σ̃(0) =
σ̂(0)✱ ❛♥❞

λ̂i(t) =

{

λ̃i(t) ✐❢ σ̂i(t) = −1, ❛♥❞ σ̂j(t) = 1 ❢♦r ❛t ❧❡❛st ♦♥❡ j ∈ {i− 1, i+ 1}
0 ♦t❤❡r✇✐s❡

❇② t❤❡ ❡st✐♠❛t❡s ❛❜♦✈❡✱ ✇❡ ❤❛✈❡

lim
β,N↑+∞

P (σ̃(t) = σ̂(t) ❢♦r t ∈ [0, Tc]) = 1. ✭✸✳✸✳✶✷✮

❚❤✉s✱ t♦ ❝♦♠♣✉t❡ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ Tc ✇❡ ❝❛♥ ✉s❡ t❤❡ ♣r♦❝❡ss σ̂ ✐♥ ♣❧❛❝❡ ♦❢ σ̃✳ ◆♦t❡ t❤❛t
t❤❡ t✐♠❡s τn ✐♥tr♦❞✉❝❡❞ ❛❜♦✈❡ ❛r❡ ✇❡❧❧ ❞❡✜♥❡❞ ❢♦r t❤❡ ♣r♦❝❡ss (σ̂, λ̂)✳ ▼♦r❡♦✈❡r✱ Tc = τN−1

♦♥ t❤❡ ❡✈❡♥t {σ̃(t) = σ̂(t) ❢♦r t ∈ [0, Tc]}✳ ❯s✐♥❣ t❤❡ s❛♠❡ ❡st✐♠❛t❡ ❛s ✐♥ ❙t❡♣ ✶✱ ❢♦r
n = 1, . . . , N − 1✱ ✐♥ AN ✇❡ ❤❛✈❡

P

(

τn − τn−1 >
e−dβ

N

∣

∣T1

)

≤ exp

[

−e−dβ

N
e[2β−logN ]e−αe−dβ

N

]

✇❤✐❝❤ ✐♠♣❧✐❡s✱ ❞❡✜♥✐♥❣

BN :=

{

τn − τn−1 ≤
e−dβ

N
: n = 1, . . . , N − 1

}

, ✭✸✳✸✳✶✸✮

t❤❡ ❡st✐♠❛t❡

P (Bc
N |T1)1AN

≤ N exp

[

−e−dβ

N
e[2β−logN ]e−αe−dβ

N

]

= exp

[

logN − e−dβ−logN+[2β−logN ]e−αe−dβ

N

]

= exp

[

logN − e
(2−d)β−2 logN+α e−dβ

N
[2β−logN ]+o

(

β e−dβ

N

)

]

→ 0 ✭✸✳✸✳✶✹✮
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❛s β,N ↑ +∞ s✐♥❝❡ 2c+ d < 2✳ ❚❤✐s ❡st✐♠❛t❡✱ t♦❣❡t❤❡r ✇✐t❤ ✭✸✳✸✳✶✷✮✱ ❣✐✈❡s ❛❧s♦

lim
β,N↑+∞

P (Tc > e−dβ|T1)1AN
= lim

β,N↑+∞
P (τN−1 > e−dβ|T1)1AN

→ 0 ✭✸✳✸✳✶✺✮

❛s β,N ↑ +∞✳
❍❛✈✐♥❣ ❛❧❧ t❤❡s❡ ♣r❡❧✐♠✐♥❛r② ❡st✐♠❛t❡s✱ ✇❡ ♥♦✇ ❛✐♠ ❛t ❣✐✈✐♥❣ s❤❛r♣ ❡st✐♠❛t❡s ♦♥ t❤❡
❞✐str✐❜✉t✐♦♥ ♦❢ τN−1✳ ❚❤❡ ❦❡② ✐❞❡❛ ✐s t♦ ✇r✐t❡

τN−1 = τ1 +
N−1
∑

k=2

(τk − τk−1) ,

❛♥❞ s❤♦✇ t❤❛t t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✐♥ t❤❡ s✉♠ ❛❜♦✈❡ ❛r❡ ♥❡❛r❧② ✐♥❞❡♣❡♥❞❡♥t ❛♥❞ ✐❞❡♥t✐❝❛❧❧②
❞✐str✐❜✉t❡❞✳ ❲❡ ❞❡✜♥❡

LN := − logN + log logN + logα +XN ,

s♦ t❤❛t λi(T
−
1 ) = LN + oi(1)✱ ✇❤❡r❡ ❢♦r ❡❛❝❤ ǫ > 0

P

(

max
i=1,...,N

|oi(1)| > ǫ

)

→ 0

❛s β,N ↑ +∞✱ s❡❡ ✭✸✳✷✳✶✼✮ ✳ ❇② ✭✸✳✸✳✹✮✱

P (τ1 > t|T1) = P (min(X+, X−) > t|T1),

✇❤❡r❡ X+, X− ❛r❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✇❤✐❝❤ ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ❝♦♥❞✐t✐♦♥❛❧❧② t♦ FT1 ✱ ❛♥❞

P (X± > t|T1) = exp

[

−
∫ t

0

(

e(2β+λi±1(T
−

1 ))e−αs
)

ds

]

.

❚❤❡r❡❢♦r❡

P (τ1 > t|T1) = exp

[

−
∫ t

0

(

e(2β+λi+1(T
−

1 ))e−αs
)

ds−
∫ t

0

(

e(2β+λi−1(T
−

1 ))e−αs
)

ds

]

= exp

[

−2

∫ t

0

(

e(2β+LN+o(1))e−αs
)

ds

] ✭✸✳✸✳✶✻✮

✇❤❡r❡✱ ❛s ✉s✉❛❧✱ o(1) ❞❡♥♦t❡s ❛ T1✲♠❡❛s✉r❛❜❧❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ✇❤✐❝❤ ❣♦❡s t♦ ③❡r♦ ✐♥
♣r♦❜❛❜✐❧✐t②✳ ▼♦r❡ ❣❡♥❡r❛❧❧②✱ ✉s✐♥❣ ✭✸✳✸✳✽✮ ❛♥❞ ✭✸✳✸✳✾✮✱ ❢♦r 2 ≤ n ≤ N − 3

P (τn+1 − τn > t|τn, τn−1, . . . , τ1, T1) ≥ exp

[

−2

∫ t

0

e(2β+(LN+o(1))e−ατn)e−αs

]

ds ✭✸✳✸✳✶✼✮

❛♥❞

P (τn+1 − τn > t|τn, τn−1, . . . , τ1, T1) ≤ exp

[

−2

∫ t

0

e(2βe
−ατn+LN+o(1))e−αs

ds

]

. ✭✸✳✸✳✶✽✮
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❚❤❡ ❝❛s❡ n = N − 2 ✐s s✐♠✐❧❛r✱ t❤❡ 2 ♠✉❧t✐♣❧②✐♥❣ t❤❡
∫ t

0
♠✉st ❜❡ r❡♠♦✈❡❞ ❛♥❞ 2β r❡♣❧❛❝❡❞

❜② 4β✳ ❇② ✭✸✳✸✳✶✼✮✱ ♦♥ BN ∩ AN ✇❡ ❤❛✈❡✱ ❢♦r n = 1, . . . , N − 3 ❛♥❞ t❤❡ ❛❜♦✈❡ ❝♦rr❡❝t✐♦♥
❢♦r n = N − 2✱

P (τn+1 − τn > t|τn, τn−1, . . . , τ1, T1) ≥ exp
[

−2te2βe
−αe−dβ

+LN+o(1)
]

= P (Yn > t|T1)

✭✸✳✸✳✶✾✮
✇❤❡r❡ (Y1, . . . , YN−2)✱ ❝♦♥❞✐t✐♦♥❡❞ t♦ T1 ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ❛♥❞ ❤❛✈❡ ❡①♣♦♥❡♥t✐❛❧ ❞✐str✐❜✉t✐♦♥
✇✐t❤ ♠❡❛♥

E(Yn|T1) =
1

2
e
−
[

2βe−αe−dβ
+LN+o(1)

]

❢♦r n ≤ N − 3✱ ✇❤✐❧❡

E(YN−2|T1) = e
−
[

4βe−αe−dβ
+LN+o(1)

]

.

❚❤✉s✱ ❜② ▲❡♠♠❛ ✸✳✸✳✶✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❡q✉❛❧✐t② ❤♦❧❞s ♦♥ AN ✱ ❢♦r ❡✈❡r② t > 0✿

P (τN−1 > t|T1) ≥ P (Y0 + · · ·+ YN−2 > t|T1)−NP (Bc
N |T1). ✭✸✳✸✳✷✵✮

❙✐♥❝❡✱ ❢♦r j ≤ N − 3

E(Yj|T1) =
N

2α logN
e−2β−XN (1 + o(1)). ✭✸✳✸✳✷✶✮

t❤❡ ▲❛✇ ♦❢ ▲❛r❣❡ ◆✉♠❜❡rs ❢♦r (Yn) ❣✐✈❡s

lim
β,N↑+∞

P

(

Y0 + · · ·+ YN−2

N2

α logN
e−2β−XN

> 1− ǫ

)

= 1

❢♦r ❡✈❡r② ǫ > 0✳ ■♥s❡rt✐♥❣ t❤✐s ✐♥ ✭✸✳✸✳✷✵✮✱ ✉s✐♥❣ t❤❡ ❢❛❝t t❤❛t ❜② ✭✸✳✸✳✶✹✮

NP (Bc
N |T1)1AN

→ 0,

P (Ac
N) → 0 ❛♥❞ Tc = τN−1 ♦♥ AN ✱ ✇❡ ♦❜t❛✐♥

lim
β,N↑+∞

P

(

Tc

N2

α logN
e−2β−XN

> 1− ǫ

)

= 1. ✭✸✳✸✳✷✷✮

❚♦ ♦❜t❛✐♥ ❛ ❝♦rr❡s♣♦♥❞✐♥❣ ✉♣♣❡r ❜♦✉♥❞ ❞❡✜♥❡ ξn := [τn+1 − τn]1
(

τn+1 − τn ≤ e−dβ

N

)

✳ ❇②

✭✸✳✸✳✶✽✮✱

P (ξn > t|τn, τn−1, . . . , τ1, T1) ≤ exp

[

−2te(2β+LN+o(1))e−αe−β

N

]

= P (Zn > t|T1),

✇❤❡r❡ Z1, . . . , ZN−2 ❛r❡✱ ❝♦♥❞✐t✐♦♥❛❧❧② t✉ T1✱ ✐♥❞❡♣❡♥❞❡♥t✱ ❡①♣♦♥❡♥t✐❛❧❧② ❞✐str✐❜✉t❡❞ ✇✐t❤
♠❡❛♥

1

2
e−(2β+LN+o(1))e−αe−dβ

N =
N

2α logN
e−2β−XN (1 + o(1)).
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❯s✐♥❣ ▲❡♠♠❛ ✸✳✸✳✶ ❛s ❛❜♦✈❡ ❛♥❞ ♦❜s❡r✈✐♥❣ t❤❛t ξ1 + · · ·+ ξN−1 = τN−1 = Tc ♦♥ BN ∩AN ✱
✇❡ ♦❜t❛✐♥

lim
β,N↑+∞

P

(

Tc

N2

α logN
e−2β−XN

< 1 + ǫ

)

= 1 ✭✸✳✸✳✷✸✮

❢♦r ❛❧❧ ǫ > 0 t❤❛t✱ t♦❣❡t❤❡r ✇✐t❤ ✭✸✳✸✳✷✷✮✱ ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢✳

■♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳✸✳✶ ✇❡ ♦❜t❛✐♥❡❞ t❤❛t t❤❡ s❡q✉❡♥❝❡ ♦❢ t✐♠❡s t❛❦❡♥ t♦ ♣❡r❢♦r♠
❡❛❝❤ st❡♣ ✐♥ t❤❡ ❝♦✈❡r✐♥❣ ❝❛♥ ❜❡ st♦❝❤❛st✐❝❛❧❧② ❞♦♠✐♥❛t❡❞✱ ❜♦t❤ ❜② ❛❜♦✈❡ ❛♥❞ ❜② ❜❡❧♦✇✱ ❜②
t✇♦ ❞✐✛❡r❡♥t ❢❛♠✐❧✐❡s ♦❢ ✐✳✐✳❞✳ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ♦❜❡②✐♥❣ t❤❡ s❛♠❡ ▲❛✇ ♦❢ ▲❛r❣❡ ◆✉♠❜❡r✳
❚❤✐s ✇❛s s✉✣❝✐❡♥t t♦ ❝♦♥❝❧✉❞❡ t❤❡ ♣r♦♦❢ t❤❛♥❦s t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ t❡❝❤♥✐❝❛❧ ❧❡♠♠❛✳

▲❡♠♠❛ ✸✳✸✳✶✳ ▲❡t X = (Xn)
N
n=1 ❛♥❞ Y = (Yn)

N
n=1 ❜❡ t✇♦ r❛♥❞♦♠ ✈❡❝t♦rs✱ s✉❝❤ t❤❛t

X ✐s ❛❞❛♣t❡❞ t♦ ❛ ✜❧tr❛t✐♦♥ (Fn)
N
n=1✱ ❛♥❞ Y ❤❛s ✐♥❞❡♣❡♥❞❡♥t ❝♦♠♣♦♥❡♥ts✳ ❉❡✜♥❡ SX

n :=
X1 + · · · + Xn✱ ❛♥❞ s✐♠✐❧❛r❧② SY

n ✳ ❆ss✉♠❡ t❤❡r❡ ✐s ❛♥ ❡✈❡♥t B s✉❝❤ t❤❛t ❢♦r ❡✈❡r② t ∈ R

❛♥❞ n ∈ {1, . . . , N} ❛♥❞ ω ∈ B

P (Xn > t|Fn−1)(ω) ≤ P (Yn > t). ✭✸✳✸✳✷✹✮

❚❤❡♥ ❢♦r ❡✈❡r② t ∈ R ❛♥❞ n ∈ {1, . . . , N}
P (SX

n > t) ≤ P (SY
n > t) + nP (Bc) ✭✸✳✸✳✷✺✮

❙✐♠✐❧❛r❧②✱ ✐❢ ✭✸✳✸✳✷✹✮ ✐s r❡♣❧❛❝❡❞ ❜②

P (Xn > t|Fn−1)(ω) ≥ P (Yn > t), ✭✸✳✸✳✷✻✮

✇❡ ❤❛✈❡
P (SX

n > t) ≥ P (SY
n > t)− nP (Bc) ✭✸✳✸✳✷✼✮

Pr♦♦❢✳ ❲❡ ♣r♦✈❡ t❤❡ ❞❡s✐r❡❞ st❛t❡♠❡♥t ❜② ✐♥❞✉❝t✐♦♥ ♦♥ n✳ ❋♦r n = 1 t❤❡r❡ ✐s ♥♦t❤✐♥❣ t♦
♣r♦✈❡✳ ◆♦t❡ t❤❛t✱ ✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ✇❡ ❝❛♥ ❛ss✉♠❡ Y t♦ ❜❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢ X✳ ❲❡
❤❛✈❡✱ ✐♥ B✱

P (SX
n+1 > t|Fn) = P (Xn+1 > t− s|Fn)

∣

∣

∣

s=SX
n

≤ P (Yn+1 + SX
n > t|Fn),

s♦ t❤❛t
P (SX

n+1 > t) ≤ P (Yn+1 + SX
n > t) + P (Bc).

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❞❡♥♦t✐♥❣ ❜② LYn+1 t❤❡ ❧❛✇ ♦❢ Yn+1✱ ✉s✐♥❣ t❤❡ ✐♥❞✉❝t✐✈❡ ❛ss✉♠♣t✐♦♥ ✇❡
♦❜t❛✐♥

P (Yn+1 + SX
n > t) =

∫

P (SX
n > t− y)LYn+1(dy)

≤
∫

P (SY
n > t− y)LYn+1(dy) + nP (Bc) = P (SY

n+1 > t) + nP (Bc).

❚❤❡ ♣r♦♦❢ ✇✐t❤ t❤❡ r❡✈❡rs❡❞ ✐♥❡q✉❛❧✐t✐❡s ✐s ✐❞❡♥t✐❝❛❧✳
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✸✳✹ ❈♦♥✈❡r❣❡♥❝❡ t♦ ❛♥ ♦s❝✐❧❧❛t✐♥❣ ♣r♦❝❡ss

❋♦r s❛❦❡ ♦❢ ❝❧❡❛r♥❡ss✱ ❛ss✉♠❡ ✭✸✳✶✳✺✮ ❢♦r ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥✱ s♦

σi(0) = −1, λi(0) = −γ, i ∈ ΛN .

❇② t❤❡ ❛♥❛❧②s✐s ♣❡r❢♦r♠❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✷ ❛♥❞ ✸✳✸✱ ✐t s❤♦✉❧❞ ❜❡ ❝❧❡❛r t❤❛t ❛t t✐♠❡ T1 + Tc✱
❛t ✇❤✐❝❤ ❛❧❧ s♣✐♥s ❛r❡ ❡q✉❛❧ t♦ ✰✶✱ ✇✐t❤ ✈❡r② ❧❛r❣❡ ♣r♦❜❛❜✐❧✐t② ✇❡ ✇✐❧❧ ♦❜s❡r✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣
♣r♦✜❧❡ ❢♦r t❤❡ ❧♦❝❛❧ ✜❡❧❞s✿

λi(T1 + Tc) = 4β − logN + log logN + logα +XN + oi(1), i ∈ ΛN ,

✇❤❡r❡ XN ✐s ❛ FT1✲♠❡❛s✉r❛❜❧❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡✱ ❝♦♥✈❡r❣✐♥❣ ✐♥ ❞✐str✐❜✉t✐♦♥ t♦ X✱ ❛s st❛t❡❞
✐♥ Pr♦♣♦s✐t✐♦♥ ✸✳✷✳✶✱ ❛♥❞ t❤❡ t❡r♠s oi(1) r❡♣r❡s❡♥ts F(T1+Tc)✲♠❡❛s✉r❛❜❧❡ r❛♥❞♦♠ t❡r♠s
✉♥✐❢♦r♠❧② ❝♦♥✈❡r❣✐♥❣ t♦ ③❡r♦ ✐♥ ♣r♦❜❛❜✐❧✐t②✳ ❚❤✐s ✐s ❞✉❡ t♦ t❤❡ ❛s②♠♣t♦t✐❝s ❢♦r λi(T

−
1 ) ❣✐✈❡♥

❜② ✭✸✳✷✳✺✮✱ ♣❧✉s t❤❡ t❡r♠ +4β ✇❤✐❝❤ ❛♣♣❡❛rs s✐♥❝❡ ❛♥② s♣✐♥ ❤❛s s❡❡♥ ❜♦t❤ ♦❢ ✐ts ♥❡✐❣❤❜♦✉rs
✢✐♣♣✐♥❣ ❢r♦♠ −1 t♦ +1 ❞✉r✐♥❣ t❤❡ ✐♥t❡r✈❛❧ [T1, T1 + Tc]✳ ❚❤❡ ✭r❛♥❞♦♠✮ ✐♥❤♦♠♦❣❡♥❡✐t②
❛♣♣❡❛r✐♥❣ ✐♥ t❤❡ r❡♠❛✐♥❞❡rs oi(1) ✐s ❞✉❡ t♦ t❤❡ ❞✐ss✐♣❛t✐♦♥ ❛❝t✐♥❣ ♦♥ t❤❡ s♣✐♥s ❞✉r✐♥❣ t❤❡
❣r♦✇t❤ ♦❢ t❤❡ ❞r♦♣❧❡t ♦❢ +1 s♣✐♥s✳ ❙✐♥❝❡ ✇✐t❤ ✈❡r② ❧❛r❣❡ ♣r♦❜❛❜✐❧✐t② Tc ≤ e−dβ ❢♦r ❛ s✉✐t❛❜❧❡
♣♦s✐t✐✈❡ ❝♦♥st❛♥t d✱ t❤❡ r❡♠❛✐♥❞❡rs oi(1) ❝❛♥ ❜❡ ✉♥✐❢♦r♠❧② ❞♦♠✐♥❛t❡❞ ❜② ❛ t❡r♠ ♦❢ ♦r❞❡r
O(βe−dβ)✳
❆s ❛❧r❡❛❞② ♣♦✐♥t❡❞ ♦✉t ✐♥ ❘❡♠❛r❦ ✸✳✷✳✶✱ t❤❡ ❞♦♠✐♥❛♥t ♣❛rt ♦❢ t❤❡ ❧♦❝❛❧ ✜❡❧❞s ❛t t✐♠❡ T1

❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ γ✳ ❚❤✐s ❤♦❧❞s tr✉❡ ❛❧s♦ ❛t t✐♠❡ T1 + Tc ❛♥❞ ✐t ❛❧❧♦✇s ✉s t♦ ❝❤♦♦s❡ γ ✐♥
❛ s✉✐t❛❜❧❡ ✇❛② t♦ ♦❜t❛✐♥ t❤❡ ✐t❡r❛t✐♦♥ ♦❢ t❤❡ s❛♠❡ ♣❤❡♥♦♠❡♥♦♥ ❛❢t❡r T1 + Tc✳ ■♥ ❢❛❝t✱ s❡t

γ = 4β − logN + log logN + logα.

❇② t❤✐s ❝❤♦✐❝❡ ✇❡ ❤❛✈❡✱ ❛t t = 0✱ ❢♦r ❛♥② i ∈ ΛN

σi(0) = −1 ✇✐t❤ r❛t❡ e−σi(0)λi(0) = e−γ,

✇❤✐❧❡✱ ❛t t✐♠❡ T1 + Tc✱ ✇✐t❤ ✈❡r② ❧❛r❣❡ ♣r♦❜❛❜✐❧✐t②✱ ❢♦r ❛♥② i ∈ ΛN

σi(T1 + Tc) = −1 ✇✐t❤ r❛t❡ e−σi(T1+Tc)λi(T1+Tc) = e−(γ+XN+εi(γ,N)).

◆♦t✐❝❡ t❤❛t ✇❡ ❛r❡ ❡①❛❝t❧② ✐♥ t❤❡ s✐t✉❛t✐♦♥ ❛♥❛❧②s❡❞ ✐♥ Pr♦♣♦s✐t✐♦♥ ✸✳✷✳✷✿ ✐❢ ✇❡ ❞❡✜♥❡

T2 := inf{t > T1 + Tc | σi(t) = −1 ❢♦r s♦♠❡ i ∈ ΛN} − (T1 + Tc)

t❤❡♥✱ ❜② Pr♦♣♦s✐t✐♦♥ ✸✳✷✳✷ ✐t ✐s ✐♠♠❡❞✐❛t❡ t♦ ❝❤❡❝❦ t❤❛t

α logN [T2 − t(γ,N)]
d−→

γ,N↑+∞
X̃ +

c

4− c
X,

✇❤❡r❡ X̃,X ❛r❡ ✐✳✐✳❞✳ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ❞✐str✐❜✉t❡❞ ❛❝❝♦r❞✐♥❣ t♦

P (X > x) = exp (−ex) , ∀ x ∈ R
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❛♥❞ c s✉❝❤ t❤❛t logN
β

→ c ∈ [0, 1[✱ ✐♥ ❢❛❝t

logN

γ
=

logN

4β − logN + log logN + logα
→ c

4− c
.

❙♦✱ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ✢✉❝t✉❛t✐♦♥s ♦❢ t✐♠❡ T2 ❞❡♣❡♥❞s ❛❧s♦ ♦♥ t❤❡ ✢✉❝t✉❛t✐♦♥s ♦❢ t✐♠❡ T1

❜✉t✱ ❜❡②♦♥❞ t❤❛t✱ t❤❡ s❛♠❡ ♣❤❡♥♦♠❡♥♦♥ ✇✐❧❧ ✐t❡r❛t❡ ❢♦r ❛♥② ✜♥✐t❡ ♥✉♠❜❡r ♦❢ t✐♠❡✳

❋♦r♠❛❧❧② s♣❡❛❦✐♥❣✱ ❜② Pr♦♣♦s✐t✐♦♥ ✸✳✷✳✷ ❛♥❞ ❚❤❡♦r❡♠ ✸✳✸✳✶ ✇❡ ❤❛✈❡ ❛❧s♦ ♣r♦✈❡❞ t❤❡ ❢♦❧✲
❧♦✇✐♥❣ r❡s✉❧t✳

❚❤❡♦r❡♠ ✸✳✹✳✶✳ ▲❡t γ = 4β − logN + log logN + logα ❛♥❞ t❛❦❡ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s

σi(0) = −1, λi(0) = −γ, i ∈ ΛN .

❋✐① n ∈ N ❛♥❞ ❞❡✜♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣ st♦♣♣✐♥❣ t✐♠❡s✱ ❢♦r j = 1, . . . , n

T1,j := inf

{

t >

j−1
∑

k=0

(T1,k + Tc,k)
∣

∣

∣
σi(t) = (−1)j+1 ❢♦r s♦♠❡ i ∈ ΛN

}

−
j−1
∑

k=0

(T1,k + Tc,k),

Tc,j := inf

{

t > T1,j +

j−1
∑

k=0

(T1,k + Tc,k)
∣

∣

∣
σi(t) = (−1)j+1 ❢♦r ❛❧❧ i ∈ ΛN

}

−
j−1
∑

k=0

(T1,k + Tc,k)

✇✐t❤ T1,0 = Tc,0 = 0✳ ▲❡t {Yi}ni=1 ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ ✐✳✐✳❞✳ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ❞✐str✐❜✉t❡❞
❛❝❝♦r❞✐♥❣ t♦

P (Y1 > y) = exp (−ey) , ∀ y ∈ R.

❙✉♣♣♦s❡ β,N ↑ +∞ ✇✐t❤ t❤❡ ❝♦♥❞✐t✐♦♥

lim
β,N

logN

β
= c ∈ [0, 1[.

❚❤❡♥✱ ❢♦r ❛♥② j = 1, . . . , n✱

α logN(T1,j − t(γ,N))
d−→

γ,N↑+∞
Xj

Tc,j

N2

2α logN
e−2β

d−→
β,N↑+∞

Zj,

✇❤❡r❡ t(γ,N) ✐s ❞❡✜♥❡❞ ❛s ✐♥ ✭✸✳✷✳✸✮✱ {Xj}nj=0 ✐s t❤❡ ❞✐s❝r❡t❡ ▼❛r❦♦✈ ♣r♦❝❡ss ❞❡✜♥❡❞ ❜②

X0 = 0, Xj = Yj +
c

4− c
Xj−1,

❛♥❞✱ ❢♦r ❛♥② j✱ Zj ❞✐str✐❜✉t❡❞ ❛s e−Xj ✳
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◆♦✇ ✇❡ ✇❛♥t t♦ ♣r♦✈❡ t❤❛t ❛t ♠❛❝r♦s❝♦♣✐❝ ❧❡✈❡❧ t❤❡ s②st❡♠ ♣r❡s❡♥ts ❛♥ ♦s❝✐❧❧❛t✐♥❣ ❜❡❤❛✈✐♦r✳
▼♦r❡ ❢♦r♠❛❧❧②✱ ✇❡ s❤♦✇ t❤❛t t❤❡ t♦t❛❧ ♠❛❣♥❡t✐③❛t✐♦♥ ❝♦♥✈❡r❣❡s t♦ ❛ ♣r♦❝❡ss ✇❤✐❝❤ r❡❣✉❧❛r❧②
♦s❝✐❧❧❛t❡s ❜❡t✇❡❡♥ −1 ❛♥❞ +1✿ t♦ ❞♦ s♦✱ ✇❡ ❤❛✈❡ t♦ ❝❤♦♦s❡ ❛ ♣r♦♣❡r t✐♠❡✲s❝❛❧✐♥❣ s✐♥❝❡ t❤❡
t✇♦ ♣❤❡♥♦♠❡♥❛ ❛♥❛❧②s❡❞ ✭t❤❡ ✜rst s♣✐♥ ✢✐♣ ❛♥❞ t❤❡ ❝♦✈❡r✐♥❣ ♦❢ t❤❡ ❜♦①✮ ♦❝❝✉r ♦♥ ✈❡r②
❞✐✛❡r❡♥t t✐♠❡ s❝❛❧❡s✳ ■♥ ❢❛❝t✱ t❛❦✐♥❣

γ = 4β − logN + log logN + logα

❛♥❞ ❧❡tt✐♥❣ β,N ↑ +∞ ✉♥❞❡r t❤❡ ❝♦♥❞✐t✐♦♥ logN
β

→ c ∈ [0, 1[ ✐♠♣❧✐❡s

lim
β,N↑+∞

t(γ,N) =

{

+∞, ✐❢ c = 0,
1
α
log
(

4−c
c

)

, ♦t❤❡r✇✐s❡,
❛♥❞ lim

β,N↑+∞

N2e−2β

2α logN
= 0.

❚❤❡r❡❢♦r❡✱ ❣✐✈❡♥ t❤❡ t♦t❛❧ ♠❛❣♥❡t✐③❛t✐♦♥ ♣r♦❝❡ss

mN(t) =
1

N

∑

i∈ΛN

σi(t),

❝♦♥s✐❞❡r t❤❡ t✐♠❡ ❝❤❛♥❣✐♥❣ ♣r♦❝❡ss

θN(t) =

∫ t

0

t(γ,N)1{|mN (s)|=1} +
N2e−2β

2α logN
1{|mN (s)|<1}ds, ✭✸✳✹✳✶✮

✇❤✐❝❤ ✧s♣❡❡❞s ✉♣✧ t✐♠❡ ✇❤❡♥❡✈❡r ❛❧❧ t❤❡ s♣✐♥s ❛r❡ ❡q✉❛❧ ❛♥❞ ✇❡ ❛r❡ ✇❛✐t✐♥❣ ❢♦r t❤❡ ❢♦❧❧♦✇✐♥❣
✢✐♣ ❛♥❞ ✧s❧♦✇s ❞♦✇♥✧ t✐♠❡ ✇❤❡♥❡✈❡r ✇❡ ❛r❡ ♦❜s❡r✈✐♥❣ t❤❡ ✈❡r② ❢❛st ✐♥✈❛s✐♦♥ ♦❢ ❛ ❞r♦♣❧❡t ♦❢
s♣✐♥s ♦♣♣♦s✐t❡ s✐❣♥✳ ❚❤❡♥✱ ✇❡ ❞❡✜♥❡ ❛ t✐♠❡✲s❝❛❧❡❞ ✈❡rs✐♦♥ ♦❢ t♦t❛❧ ♠❛❣♥❡t✐③❛t✐♦♥ ♣r♦❝❡ss
❜②

m̃N(t) := mN(θN(t)). ✭✸✳✹✳✷✮

❇② ❚❤❡♦r❡♠ ✸✳✹✳✶ ❛♥❞ t❤❡ ❛♥❛❧②s✐s ♣❡r❢♦r♠❡❞ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳✸✳✶✱ ✇❡ ❡①♣❡❝t t❤❛t
t❤❡ ♣r♦❝❡ss m̃N ❝♦♥✈❡r❣❡s t♦ ❛ st♦❝❤❛st✐❝ ♣r♦❝❡ss x̃ ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❜❡❤❛✈✐♦r✿ x̃(0) = −1
t❤❡♥ ✐t ❞♦❡s ♥♦t ♠♦✈❡ ❢♦r ❛ ✉♥✐t ♦❢ t✐♠❡✱ t❤❡♥ ✐t t❛❦❡s ❛ r❛♥❞♦♠ t✐♠❡ Z1 t♦ ❧✐♥❡❛r❧② ❣r♦✇
❢r♦♠ −1 t♦ +1❀ ❛❢t❡r r❡❛❝❤✐♥❣ +1✱ ✐t ❞♦❡s ♥♦t ♠♦✈❡ ❢♦r ❛ ✉♥✐t ♦❢ t✐♠❡✱ t❤❡♥ ✐t t❛❦❡s ❛
r❛♥❞♦♠ t✐♠❡ Z2 t♦ ❧✐♥❡❛r❧② ❞❡❝r❡❛s❡ ❢r♦♠ +1 t♦ −1 ❛♥❞ s♦ ♦♥✱ ✇❤❡r❡ t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s
Z1, Z2, . . . ❛r❡ ❣✐✈❡♥ ✐♥ ❚❤❡♦r❡♠ ✸✳✹✳✶✳ ❲❡ ❡①♣❡❝t ❛ ❧✐♥❡❛r ♣r♦✜❧❡ ❜❡t✇❡❡♥ −1 ❛♥❞ +1 ❛♥❞
✈✐❝❡✈❡rs❛ s✐♥❝❡ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳✸✳✶ ✇❡ s❛✇ t❤❛t ❞✉r✐♥❣ t❤❡ ❣r♦✇t❤ ♦❢ t❤❡ ❞r♦♣❧❡t
❡❛❝❤ st❡♣ ♦❝❝✉rs ❡ss❡♥t✐❛❧❧② ❛t t❤❡ s❛♠❡ t✐♠❡✳ ❆ ❣r❛♣❤✐❝❛❧ ✐♥t✉✐t✐♦♥ ♦♥ t❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡
❧✐♠✐t✐♥❣ ❞②♥❛♠✐❝s ✐s ❣✐✈❡♥ ✐♥ ❋✐❣✉r❡ ✸✳✶✳ ▲❡t ✉s ❣✐✈❡ ❛ ❢♦r♠❛❧ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❧✐♠✐t✐♥❣
♣r♦❝❡ss x̃✿ ❝♦♥s✐❞❡r t❤❡ ❞❡t❡r♠✐♥✐st✐❝ tr❛❥❡❝t♦r② x(t) s✉❝❤ t❤❛t

x(t) =



















−1 ❢♦r t ∈ [0, 1[,

2t− 3 ❢♦r t ∈ [1, 2[,

+1 ❢♦r t ∈ [2, 3[,

−2t+ 7 ❢♦r t ∈ [3, 4[,
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❋✐❣✉r❡ ✸✳✶✿ ❖s❝✐❧❧❛t✐♥❣ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ❧✐♠✐t✐♥❣ ♣r♦❝❡ss x̃(t)✳ Z1, Z2, Z3 r❡♣r❡s❡♥t r❛♥❞♦♠
✈❛r✐❛❜❧❡s ❞✐str✐❜✉t❡❞ ❛❝❝♦r❞✐♥❣ t♦ ✇❤❛t st❛t❡❞ ✐♥ ❚❤❡♦r❡♠ ✸✳✹✳✶✳

❛♥❞ t❤❡♥ ❡①t❡♥❞❡❞ ♣❡r✐♦❞✐❝❛❧❧② ♦♥ R+ ❢♦r t ≥ 4✳ ❚❤❡♥✱ ❝♦♥s✐❞❡r t❤❡ ❢❛♠✐❧② ♦❢ r❛♥❞♦♠
✈❛r✐❛❜❧❡s {Zi}i≥1 ❞❡✜♥❡❞ ✐♥ ❚❤❡♦r❡♠ ✸✳✹✳✶ ❛♥❞ ❞❡✜♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣ t✐♠❡✲❝❤❛♥❣✐♥❣ ♣r♦❝❡ss✿

φ(t) =

∫ t

0

1{|x(s)|=1} +
∑

i≥1

Z−1
i 1{s∈[2i−1,2i[}ds. ✭✸✳✹✳✸✮

❋✐♥❛❧❧②✱ t❤❡ ❧✐♠✐t✐♥❣ ♣r♦❝❡ss ✐s ❞❡✜♥❡❞ ❛s

x̃(t) = x(φ(t)). ✭✸✳✹✳✹✮

❚❤❡♦r❡♠ ✸✳✹✳✷✳ ▲❡t γ ❛♥❞ {Zi}i≥q ❛s ✐♥ ❚❤❡♦r❡♠ ✸✳✹✳✶✳ ❙✉♣♣♦s❡ β,N ↑ +∞ ✇✐t❤
t❤❡ ❝♦♥❞✐t✐♦♥ logN

β
= c ∈ [0, 1[✳ ❚❤❡♥✱ ❢♦r ❛♥② T > 0✱ t❤❡ ♣r♦❝❡ss (m̃N(t))t∈[0,T ] ❞❡✲

✜♥❡❞ ❜② ✭✸✳✹✳✶✮✲✭✸✳✹✳✷✮ ❝♦♥✈❡r❣❡s✱ ✐♥ s❡♥s❡ ♦❢ ✇❡❛❦ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ st♦❝❤❛st✐❝ ♣r♦❝❡ss❡s✱ t♦
(x̃(t))t∈[0,T ] ❞❡✜♥❡❞ ❜② ✭✸✳✹✳✸✮✲✭✸✳✹✳✹✮✳

Pr♦♦❢✳ ▲❡t ✉s st❛rt ✇✐t❤ s♦♠❡ ♣r❡❧✐♠✐♥❛r② ❝♦♥s✐❞❡r❛t✐♦♥s✿ ❞❡✜♥❡ t❤❡ st♦♣♣✐♥❣ t✐♠❡s

τm̃ = inf{t > 0 | m̃N(t) = +1}, τx̃ = inf{t > 0 | x̃(t) = +1}.
❋♦r s✐♠♣❧✐❝✐t② ♦❢ ♥♦t❛t✐♦♥s ❛♥❞ r❡❛❞❛❜✐❧✐t② ♦❢ t❤❡ ♣r♦♦❢ ✇❡ ♦♥❧② ♣r♦✈❡ t❤❛t t❤❡ ♣r♦❝❡ss
(m̃N(t∧ τm̃))t∈[0,T ] ❝♦♥✈❡r❣❡s t♦ (x̃(t∧ τx̃))t∈[0,T ] ❛s β,N ↑ +∞✿ t❤❡ r❡s✉❧t ❝❛♥ ❜❡ ❡①t❡♥❞❡❞
❢♦r ❛♥② ✜♥✐t❡ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s ✭t❤❡ s❛♠❡ ✐❞❡❛ ❛s ❚❤❡♦r❡♠ ✸✳✹✳✶✮ ❛♥❞ t❤✐s ✐s s✉✣❝✐❡♥t
s✐♥❝❡

P

(

+∞
∑

i=1

Zi < T

)

= 0.
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▼♦r❡♦✈❡r✱ ❝♦♥s✐❞❡r t❤❡ ♣r♦❝❡ss (σ̂(t), λ̂(t))t≥0 ❞❡✜♥❡❞ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ ❙t❡♣ ✷ ✐♥ ♣r♦♦❢ ♦❢
❚❤❡♦r❡♠ ✸✳✸✳✶✱ ❢♦r ✇❤✐❝❤ ❛❧❧ ✧✉♥❞❡s✐r❡❞✧ ✢✐♣s ❛r❡ s✉♣♣r❡ss❡❞✿ ❝♦✉♣❧✐♥❣ t❤✐s ♣r♦❝❡ss ✇✐t❤
t❤❡ ♦r✐❣✐♥❛❧ ♦♥❡ (σ(t), λ(t))t≥0 ✈✐❛ t❤❡ ❣r❛♣❤✐❝❛❧ ❝♦♥str✉❝t✐♦♥ ✐♠♣❧✐❡s t❤❛t

lim
β,N↑+∞

P (σ̂i(t) = σi(t) ❢♦r i ∈ ΛN , t ∈ [0, T1 + Tc]) = 1,

❤❡♥❝❡ ✇❡ ❝❛♥ ♣r♦✈❡ t❤❡ r❡s✉❧t ✉s✐♥❣ t❤❡ t♦t❛❧ ♠❛❣♥❡t✐③❛t✐♦♥ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ♣r♦❝❡ss
σ̂ ✐♥st❡❛❞ ♦❢ σ✳ ◆♦✇ ✇❡ ❛r❡ r❡❛❞② ❢♦r t❤❡ ♣r♦♦❢✳
❙✐♥❝❡ t❤❡ ❛♠♣❧✐t✉❞❡ ♦❢ ❥✉♠♣s ♦❢ t❤❡ ♣r♦❝❡ss (m̃N(t))t∈[0,T ] ❝♦♥✈❡r❣❡s t♦ ③❡r♦✱ t❤❡♥✱ ❞❡♥♦t✐♥❣
✇✐t❤ (m̃(t))t∈[0,T ] ✐ts ❧✐♠✐t✱ ✐t ❤♦❧❞s P (m̃ ∈ C([0, T ],R) = 1 ✭s❡❡ ❬✻❪✱ ❚❤❡♦r❡♠ ✶✸✳✹✮✳ ❚❤✐s
✐♠♣❧✐❡s t❤❛t t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ❝❛♥ ❜❡ st✉❞②✐♥❣ ♦♥ t❤❡ s♣❛❝❡ D([0, T ],R) ❡♥❞♦✇❡❞ ✇✐t❤ t❤❡
✉♥✐❢♦r♠ ♠❡tr✐❝ ❛♥❞ t♦♣♦❧♦❣② ✭s❡❡ ❢♦r ❡①❛♠♣❧❡ ▲❡♠♠❛ ✶✳✻✳✹ ✐♥ ❬✺✷❪✮✳ ❲✐t❤ t❤✐s ❝❤♦✐❝❡✱ ♦♥
M1(D([0, T ],R) t❤❡ ❲❛ss❡rst❡✐♥ ❞✐st❛♥❝❡ W1 ✭s❡❡ ❉❡✜♥✐t✐♦♥ ✶✳✸✳✶✮ r❡❛❞s

W1(µ, ν) = inf
γ∈Γ(x,y)

∫

D×D
||x− y||∞dγ(x, y) ✭✸✳✹✳✺✮

✇❤❡r❡ Γ(µ, ν) ✐s t❤❡ s❡t ♦❢ ❛❧❧ ♣♦ss✐❜❧❡ ❝♦✉♣❧✐♥❣s ♦❢ µ ❛♥❞ ν✳
❈♦♥s✐❞❡r t❤❡ ❡✈❡♥ts

AN = {− logN ≤ λi(T
−
1 ) ≤ − logN + 2 log logN : i = 1, . . . , N},

BN =

{

τn − τn−1 >
e−dβ

N
: n = 1, . . . , N − 1

}

✐♥tr♦❞✉❝❡❞ ✇❤✐❧❡ ♣r♦✈✐♥❣ ❚❤❡♦r❡♠ ✸✳✸✳✶✳ ❚❤❡ str❛t❡❣② ♦❢ t❤❡ ♣r♦♦❢ ✐s t♦ ✉s❡ t❤❡ ❣r❛♣❤✐❝❛❧
❝♦♥str✉❝t✐♦♥ t♦ ❝♦✉♣❧❡ (m̃N(t))t∈[0,T ] ✇✐t❤ t✇♦ ♣r♦❝❡ss❡s (m̃+

N(t))t∈[0,T ] ❛♥❞ (m̃−
N(t))t∈[0,T ]✱

❜♦t❤ ❝♦♥✈❡r❣✐♥❣ t♦ (x̃(t))t∈[0,T ]✱ ✐♥ s✉❝❤ ❛ ✇❛② ✉♥❞❡r AN ∩ BN ✐t ❤♦❧❞s

m̃−
N(t) ≤ m̃N(t) ≤ m̃+

N(t) ❢♦r ❛♥② t ∈ [0, T ∧ τm̃].

❘♦✉❣❤❧② s♣❡❛❦✐♥❣✱ m̃+
N ✭r❡s♣❡❝t✐✈❡❧② m̃−

N✮ r❡♣r❡s❡♥ts t❤❡ t✐♠❡✲s❝❛❧❡❞ ♠❛❣♥❡t✐③❛t✐♦♥ ♦❢ ❛
s♣✐♥ s②st❡♠ η+

N
✭r❡s♣✳ η−

N
✮ ✐♥ ✇❤✐❝❤ ❛❧❧ ✉♥❞❡s✐r❡❞ s♣✐♥s ❛r❡ s✉♣♣r❡ss❡❞ ❛♥❞✱ ❛❢t❡r t✐♠❡ T1✱

❡❛❝❤ ✢✐♣ ✐s ♣❡r❢♦r♠❡❞ ✇✐t❤ ❛ ❤✐❣❤❡r ✭r❡s♣✳ ❧♦✇❡r✮ r❛t❡ ✇✐t❤ r❡s♣❡❝t t♦ σ̂✳ ▼♦r❡♦✈❡r✱ t❤❡
r❛t❡s ❢♦r η+

N
❛♥❞ η−

N
❤❛✈❡ t♦ ❜❡ ❝❤♦s❡♥ ✐♥ s✉❝❤ ❛ ✇❛② ❜♦t❤ m̃+

N ❛♥❞ m̃−
N ❝♦♥✈❡r❣❡ t♦ x̃✳

❖♥ t❤❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ ❛❧r❡❛❞② ❞❡✜♥❡❞ ❢♦r t❤❡ ❣r❛♣❤✐❝❛❧ ❝♦♥str✉❝t✐♦♥✱ ❞❡✜♥❡ t❤❡ s♣✐♥
♣r♦❝❡ss❡s η+ ❛♥❞ η− ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✿

η+i (t) = η−i (t) = σi(t), t ∈ [0, T1],

✇❤✐❧❡✱ ❛❢t❡r T1✱ t❤❡ ❧♦❝❛❧ ✜❡❧❞s ❢♦r η+ ❛♥❞ η− ❛r❡ ❞❡✜♥❡❞ ❛s✿

λ+
i (t) =

{

2β + LNe−αe−dβ
✐❢ η+i (t) = −1, ❛♥❞ η+j (t) = 1 ❢♦r ❛t ❧❡❛st ♦♥❡ j ∈ {i− 1, i+ 1}

0 ♦t❤❡r✇✐s❡

λ−
i (t) =

{

2βe−αe−dβ
+ LN ✐❢ η−i (t) = −1, ❛♥❞ η−j (t) = 1 ❢♦r ❛t ❧❡❛st ♦♥❡ j ∈ {i− 1, i+ 1}

0 ♦t❤❡r✇✐s❡
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✇❤❡r❡✱ ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳✸✳✶✱

LN = λi(T
−
1 ) = − logN + log logN + logα +XN + o(1).

❖❢ ❝♦✉rs❡✱ ❜② ❝♦♥str✉❝t✐♦♥✱ ❛❢t❡r t✐♠❡ T1 ❛ r❛♥❞♦♠ ♣♦✐♥t τ ✐s ❛❝❝❡♣t❡❞ ❢♦r η+ ✭r❡s♣❡❝t✐✈❡❧②
η−✮ ✐❢ ❛♥❞ ♦♥❧② ✐❢

exp[−η+i (τ)λ
+
i (τ)]

e4β
> Uτ ,

(

r❡s♣❡❝t✐✈❡❧②
exp[−η−i (τ)λ

−
i (τ)]

e4β
> Uτ

)

✇❤❡r❡ Uτ ✐s ✉♥✐❢♦r♠ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ τ ✳
◆♦t✐❝❡ t❤❛t✱ ✉♥❞❡r t❤❡ ❡✈❡♥t AN ∩BN ✭s❡❡ ❛❣❛✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳✸✳✶✮✱ ✐t ❤♦❧❞s t❤❛t

exp[−η−i (t)λ
−
i (t)] ≤ exp[−σi(t)λi(t)] ≤ exp[−η+i (t)λ

+
i (t)] ✭✸✳✹✳✻✮

❢♦r ❛♥② t ✉♣ t♦ T1 + Tc ✇❤✐❝❤ ♠❡❛♥s t❤❛t ❛♥② ♣♦✐♥t ✇❤✐❝❤ ✐s ❛❝❝❡♣t❡❞ ❢♦r ❛ s♣✐♥ ✢✐♣ ❢♦r η−

✐s ❛❧s♦ ❛❝❝❡♣t❡❞ ❢♦r σ̂✱ ❛♥❞ ❛♥② ♣♦✐♥t ✇❤✐❝❤ ✐s ❛❝❝❡♣t❡❞ ❢♦r ❛ s♣✐♥ ✢✐♣ ❢♦r σ̂ ✐s ❛❧s♦ ❛❝❝❡♣t❡❞
❢♦r η+✱ t❤❡r❡❢♦r❡✱ s✐♥❝❡ ✇❡ ❝♦♥str✉❝t❡❞ ❛ ♠♦♥♦t♦♥❡ ❝♦✉♣❧✐♥❣ ✭s❡❡ ❬✸✾❪✮✱ ✐t ❤♦❧❞s

η−i (t) ≤ σ̂i(t) ≤ η+i (t), i ∈ ΛN , ✭✸✳✹✳✼✮

❢♦r ❛♥② t ✉♣ t♦ T1 + Tc✳ ❆❝t✉❛❧❧②✱ ✭✸✳✹✳✻✮ ❛♥❞ ✭✸✳✹✳✼✮ ❛r❡ tr✉❡ ♦♥❧② ✉♣ t♦ t❤❡ s❡❝♦♥❞ t♦ ❧❛st
✢✐♣ ♦❢ σ̂✱ s✐♥❝❡ ✐ts ❧❛st ✢✐♣ ♦❝❝✉rs ✇✐t❤ r❛t❡ ♦❢ ♦r❞❡r e4β+LN ✿ ❛♥②✇❛② t❤✐s ✐s ♥♦t s♦ ✐♠♣♦rt❛♥t✳
■♥ ❢❛❝t✱ ✐❢ ✇❡ ❞❡♥♦t❡ ❜② m+

N ✭r❡s♣❡❝t✐✈❡❧② m−
N✮ t❤❡ t♦t❛❧ ♠❛❣♥❡t✐③❛t✐♦♥ ❛ss♦❝✐❛t❡❞ ✇✐t❤ η+

✭r❡s♣❡❝t✐✈❡❧② η−✮✱ ♦✉r ❣♦❛❧ ✐s t♦ ❣✐✈❡ ❜♦✉♥❞s ♦♥ mN ❜② ♠❡❛♥s ♦❢ m+
N ❛♥❞ m−

N ✿ ✐t ✐s tr✉❡
t❤❛t✱ ✉♣ t♦ t❤❡ s❡❝♦♥❞ t♦ ❧❛st ✢✐♣ ♦❢ σ̂✱ ❜② ✭✸✳✹✳✼✮ ✐t ❤♦❧❞s t❤❛t

m−
N(t) ≤ mN(t) ≤ m+

N(t);

t♦ ❡①t❡♥❞ t❤❡ ❜♦✉♥❞s ♦♥ t❤❡ ✇❤♦❧❡ ✐♥t❡r✈❛❧ [0, T1 + Tc] ✐t ✐s s✉✣❝✐❡♥t t♦ ❛❞❞ ❛ t❡r♠ + 2
N

t♦ t❤❡ ✉♣♣❡r ❜♦✉♥❞✳ ❚❤❡s❡ ❜♦✉♥❞s ❛r❡ tr✉❡ ❛❧s♦ ♣❛ss✐♥❣ t♦ t❤❡ t✐♠❡✲s❝❛❧❡❞ ♣r♦❝❡ss❡s
m̃±

N(t) = m±
N(θN(t))✿ t♦ s✉♠ ✉♣✱ ✇✐t❤ t❤✐s ❝♦♥str✉❝t✐♦♥✱ ✉♥❞❡r t❤❡ ❡✈❡♥t AN ∩BN ✱ ✐t ❤♦❧❞s

m̃−
N(t) ≤ m̃N(t) ≤ m̃+

N(t) +
2

N
❢♦r ❛♥② t ∈ [0, τm̃]

✇❤✐❝❤ ✐♠♣❧✐❡s✱ ❛❣❛✐♥ ✉♥❞❡r AN ∩ BN ✱

max{||m̃N − m̃−
N ||∞, ||m̃N − (m̃+

N +
2

N
)||∞} ≤ ||m̃+

N − m̃−
N ||∞ +

2

N
, ✭✸✳✹✳✽✮

✇❤❡r❡ || · ||∞ ❞❡♥♦t❡s t❤❡ ✉♥✐❢♦r♠ ♥♦r♠ ♦♥ D([0, T ∧ τm̃],R)✳ ◆♦t✐❝❡ t❤❛t ❜② t❤❡ ❣r❛♣❤✐❝❛❧
❝♦♥str✉❝t✐♦♥ ❛♥❞ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ m̃+

N ❛♥❞ m̃−
N ✱ ♦♥❡ ❣❡ts t❤❛t

||m̃+
N − m̃−

N ||∞ → 0 ✐♥ ♣r♦❜❛❜✐❧✐t② ❛s β,N ↑ +∞.

❍❡♥❝❡✱ s✐♥❝❡ P (AN ∩ BN) → 0✱ t❤❛♥❦s t♦ ✭✸✳✹✳✽✮ ✇❡ ❛❧s♦ ♦❜t❛✐♥ t❤❛t

||m̃N − m̃−
N ||∞ → 0 ✐♥ L1 ❛s β,N ↑ +∞, ✭✸✳✹✳✾✮
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✇❤❡r❡ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ✐♥ L1 ❢♦❧❧♦✇s ❜② ❝♦♥✈❡r❣❡♥❝❡ ✐♥ ♣r♦❜❛❜✐❧✐t② ❛♥❞ ✉♥✐❢♦r♠ ✐♥t❡❣r❛❜✐❧✐t②✱
t❤❡ ❧❛tt❡r ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t ||m̃N − m̃−

N ||∞ ≤ 2 ❢♦r ❛♥② N ✳
❖❜s❡r✈❡ t❤❛t {m̃−

N}N ✭❜✉t ❛❧s♦ {m̃+
N}N✮✱ st♦♣♣❡❞ ❛s s♦♦♥ ❛s ✐t r❡❛❝❤❡s +1✱ ❝♦♥✈❡r❣❡s t♦ t❤❡

♣r♦❝❡ss x̃(t ∧ τx̃)✳ ❚❤✐s ❝❛♥ ❜❡ s❡❡♥ ❜② Pr♦♣♦s✐t✐♦♥ ✸✳✷✳✶✱ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ t✐♠❡ s❝❛❧✐♥❣
✭✸✳✹✳✶✮ ❛♥❞ ❜② t❤❡ ❢❛❝t t❤❛t ❛❢t❡r t❤❡ ✜rst s♣✐♥ ✢✐♣✱ ❦❡❡♣✐♥❣ ✐♥ ♠✐♥❞ t❤❡ t✐♠❡ s❝❛❧✐♥❣✱ m̃±

N

❡ss❡♥t✐❛❧❧② ❜❡❝♦♠❡ P♦✐ss♦♥ ♣r♦❝❡ss❡s r❡s❝❛❧❡❞ ❜② 2
N

✇✐t❤ r❛♥❞♦♠ ✐♥t❡♥s✐t② Ne−XN ✳
◆♦✇ ❞❡♥♦t❡ ✇✐t❤ µN t❤❡ ❧❛✇ ♦❢ m̃N ♦♥ D([0, T ],R)✳ ▲❡t ❛❧s♦ µx ❜❡ t❤❡ ❧❛✇ ♦❢ t❤❡ ❧✐♠✐t✐♥❣
♣r♦❝❡ss x̃✳ ❚♦ s❤♦✇ t❤❡ ✇❡❡❦ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ m̃N t♦ x̃ ✐t ✐s ❡♥♦✉❣❤ t♦ s❤♦✇ t❤❛t W1(µN , µx)
❝♦♥✈❡r❣❡s t♦ ✵ ✭s❡❡ ❬✺✽❪✮✳ ▲❡t µ−

N ❜❡ t❤❡ ❧❛✇ ♦❢ t❤❡ ♣r♦❝❡ss m̃−
N ✳ ❙✐♥❝❡ µN ❛♥❞ µ−

N ❝❛♥ ❜❡
❝♦✉♣❧❡❞ ✈✐❛ t❤❡ ❣r❛♣❤✐❝❛❧ ❝♦♥str✉❝t✐♦♥ ♦❢ m̃N ❛♥❞ m̃−

N ✱ ❜② ✭✸✳✹✳✾✮ ❛♥❞ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡
❲❛ss❡rst❡✐♥ ❞✐st❛♥❝❡✱ ✐t ❤♦❧❞s

W1(µN , µ
−
N) ≤ E

[

||m̃N − m̃−
N ||∞

]

→ 0 ❛s β,N ↑ +∞.

❚❤❡r❡❢♦r❡✱ ❜② t❤❡ ❢❛❝t t❤❛t m̃−
N ✇❡❛❦❧② ❝♦♥✈❡r❣❡s t♦ x̃✱

W1(µN , µx) ≤ W1(µN , µ
−
N) +W1(µ

−
N , µx) → 0 ❛s β,N ↑ +∞,

✇❤✐❝❤ ♣r♦✈❡s t❤❡ ✇❡❛❦ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ m̃N t♦ x̃✳
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P❛rt ■■

❚❤❡ ❞②♥❛♠✐❝s ♦❢ ❝r✐t✐❝❛❧ ✢✉❝t✉❛t✐♦♥s ✐♥

❛s②♠♠❡tr✐❝ ❈✉r✐❡✲❲❡✐ss ♠♦❞❡❧s

✼✺





❈❤❛♣t❡r ✹

❈r✐t✐❝❛❧ ✢✉❝t✉❛t✐♦♥s ❛t ❛ ❍♦♣❢

❜✐❢✉r❝❛t✐♦♥

■♥ t❤✐s ❝❤❛♣t❡r ✇❡ ❝♦♥t✐♥✉❡ t❤❡ ❛♥❛❧②s✐s ♦❢ s♣✐♥✲✢✐♣ ♠❡❛♥ ✜❡❧❞ ♠♦❞❡❧s ♣r❡s❡♥t✐♥❣ t❤❡
❡♠❡r❣❡♥❝❡ ♦❢ ❝♦❧❧❡❝t✐✈❡ ♣❡r✐♦❞✐❝ ❜❡❤❛✈✐♦r✳ ❚❤❡♦r❡♠ ✶✳✷✳✷ ❛♥❞ ❚❤❡♦r❡♠ ✷✳✶✳✺ r❡s♣❡❝t✐✈❡❧②
❡st❛❜❧✐s❤ t❤❡ ♠❛❝r♦s❝♦♣✐❝ ❧❛✇ ♦❢ t❤❡ ❈✉r✐❡✲❲❡✐ss ♠♦❞❡❧ ✇✐t❤ ❞✐ss✐♣❛t✐♦♥ ❛♥❞ ♦❢ t❤❡ ❜✐✲
♣♦♣✉❧❛t❡❞ ❈✉r✐❡✲❲❡✐ss ♠♦❞❡❧ ✐♥ t❡r♠s ♦❢ ❛ ▲❛✇ ♦❢ ▲❛r❣❡ ◆✉♠❜❡r ✭✐✳❡✳ t❤❡ ✇❡❛❦ ❝♦♥✈❡r❣❡♥❝❡
♦❢ t❤❡ ❡♠♣✐r✐❝❛❧ ♠❡❛s✉r❡ ✢♦✇✮✳ ■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❛✐♠ t♦ st✉❞② t❤❡ ✢✉❝t✉❛t✐♦♥s ❛r♦✉♥❞
t❤❡✐r ❧✐♠✐ts✳ ❆s ♦♥❡ ❝♦✉❧❞ ❡①♣❡❝t✱ st❛♥❞❛r❞ ✢✉❝t✉❛t✐♦♥s ✭♦❜t❛✐♥❡❞ ❜② r❡s❝❛❧✐♥❣ t❤❡ ❡♠♣✐r✐❝❛❧
✢♦✇ ❜② ❛ ❢❛❝t♦r

√
N✮ ♦❜❡② t♦ ❛ ❈❡♥tr❛❧ ▲✐♠✐t ❚❤❡♦r❡♠✱ ❛s t❤❡② ❝♦♥✈❡r❣❡ t♦ ❛ ●❛✉ss✐❛♥

♣r♦❝❡ss✳ ❚❤✐s r❡s✉❧t ❤♦❧❞s ❢♦r ❛♥② ❝❤♦✐❝❡ ♦❢ t❤❡ ♣❛r❛♠❡t❡rs ❜✉t✱ ❛s ✜rst s❤♦✇♥ ✐♥ ❬✶✻✱ ✷✷❪ ❢♦r
r❡✈❡rs✐❜❧❡ ♠❡❛♥ ✜❡❧❞ ❞②♥❛♠✐❝s ✇✐t❤ ❢❡rr♦♠❛❣♥❡t✐❝ ✐♥t❡r❛❝t✐♦♥✱ ✢✉❝t✉❛t✐♦♥s ❛t t❤❡ ❝r✐t✐❝❛❧
♣♦✐♥t ♣r❡s❡♥t s♦♠❡ ♣❡❝✉❧✐❛r✐t✐❡s✱ ✇✐t❤ ❛♥ ❛♥♦♠❛❧♦✉s s♣❛❝❡✲t✐♠❡ s❝❛❧✐♥❣ ❛♥❞✱ ♣♦ss✐❜❧②✱ ❛
♥♦♥✲●❛✉ss✐❛♥ ❧✐♠✐t✳
❲❡ st✉❞② ❤❡r❡ t❤❡ r♦❧❡ ♦❢ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❛ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥✳ ❚❤❡ ♥❛t✉r❡ ♦❢ t❤❡ ❜✐❢✉r❝❛t✐♦♥
✐s r❡❧❡✈❛♥t✱ ❛s t❤❡ ❞②♥❛♠✐❝s ♦❢ ✢✉❝t✉❛t✐♦♥s ✐s ❞❡❡♣❧② r❡❧❛t❡❞ t♦ t❤❡ ❧✐♥❡❛r✐③❛t✐♦♥ ♦❢ t❤❡
▼❝❑❡❛♥✲❱❧❛s♦✈ ❡q✉❛t✐♦♥✳ ■♥ ❜♦t❤ ❡①❛♠♣❧❡s ❝♦♥s✐❞❡r❡❞ ✐♥ t❤✐s ❝❤❛♣t❡r✱ t❤❡ ❛♥❛❧②s✐s ❧❡❛❞s
t♦ t❤❡ st✉❞② ♦❢ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ ❛ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ♦r❞❡r ♣❛r❛♠❡t❡r✱ ✇❤✐❝❤ ❤❛✈❡ ❛ ♣❡❝✉❧✐❛r
❢❡❛t✉r❡ ❞✉❡ t♦ t❤❡ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥✳ ❆❢t❡r ❛ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s✱ ✇❡ ❝❛♥ ✐❞❡♥t✐❢② ❛ ❢❛st
✈❛r✐❛❜❧❡ ✭❡✈♦❧✈✐♥❣ ♦♥ ❛ s❝❛❧❡ ♦❢ ♦r❞❡r

√
N✮ ❛♥❞ ❛ s❧♦✇ ✈❛r✐❛❜❧❡ ✭❡✈♦❧✈✐♥❣ ♦♥ ❛ s❝❛❧❡ ♦❢ ♦r❞❡r

1✮✳ ❚❤❡ ❝♦♥✈❡r❣❡♥❝❡ t♦ t❤❡ ❧✐♠✐t ♣r♦❝❡ss ✐s ❛❝❤✐❡✈❡❞ ❜② ♥♦t✐❝✐♥❣ t❤❛t ✐♥ t❤❡ ♥❛t✉r❛❧ t✐♠❡
s❝❛❧❡ t❤❡ ❢❛st ❝♦♠♣♦♥❡♥t ❛✈❡r❛❣❡s ♦✉t✱ ♣r♦❞✉❝✐♥❣ ❛ ❧✐♠✐t✐♥❣ ❞②♥❛♠✐❝s ❢♦r t❤❡ s❧♦✇ ✈❛r✐❛❜❧❡
✈✐❛ ❛♥ ❛✈❡r❛❣✐♥❣ ♣r✐♥❝✐♣❧❡✳ ❲❡ ❛❧s♦ s❤♦✇ t❤❛t t❤❡ ❝r✐t✐❝❛❧ ✢✉❝t✉❛t✐♦♥s ❢♦r ❜♦t❤ ♠♦❞❡❧s
❜❡❧♦♥❣ t♦ t❤❡ s❛♠❡ ❝❧❛ss ♦❢ ✉♥✐✈❡rs❛❧✐t②✳

✹✳✶ ❋❧✉❝t✉❛t✐♦♥s ❢♦r t❤❡ ❈❲ ♠♦❞❡❧ ✇✐t❤ ❞✐ss✐♣❛t✐♦♥

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ st✉❞② st❛♥❞❛r❞ ❛♥❞ ❝r✐t✐❝❛❧ ✢✉❝t✉❛t✐♦♥s ❢♦r t❤❡ ❈✉r✐❡✲❲❡✐ss ♠♦❞❡❧ ✇✐t❤
❞✐ss✐♣❛t✐♦♥ ♣r❡s❡♥t❡❞ ✐♥ ❙❡❝t✐♦♥ ✶✳✷✳ ❚❤❡ ♣r♦♦❢ ♦❢ t❤❡ ♠❛✐♥ t❤❡♦r❡♠ ✭❝♦♥❝❡r♥✐♥❣ t❤❡ ❝r✐t✐❝❛❧
✢✉❝t✉❛t✐♦♥✮ ✐s ❝♦♠♣r✐s❡❞ ❜② ❛ r❡❧❡✈❛♥t ♥✉♠❜❡r ♦❢ t❡❝❤♥✐❝❛❧ st❡♣s✱ s♦ ✐t ✐s ♣♦st♣♦♥❡❞ t♦

✼✼
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❙❡❝t✐♦♥ ✹✳✷✳

✹✳✶✳✶ ❉②♥❛♠✐❝s ♦❢ ♥♦r♠❛❧ ✢✉❝t✉❛t✐♦♥s

❈♦♥s✐❞❡r ❛❣❛✐♥ t❤❡ s♣✐♥✲✢✐♣ ❈✉r✐❡✲❲❡✐ss ♠♦❞❡❧ ✇✐t❤ ❞✐ss✐♣❛t✐♦♥ ✭s❡❡ ❙❡❝t✐♦♥ ✶✳✷✮✿ ✇❡ s✉♠
✉♣ ❤❡r❡ ❜❛s✐❝ ♥♦t❛t✐♦♥ ❛♥❞ ❛ss✉♠♣t✐♦♥s ❢♦r ❝♦♥✈❡♥✐❡♥❝❡✳ ▲❡t (σ(t), λN(t))t∈[0,T ] ❜❡ t❤❡
▼❛r❦♦✈ ♣r♦❝❡ss ✇✐t❤ ✐♥✜♥✐t❡s✐♠❛❧ ❣❡♥❡r❛t♦r ✭✶✳✷✳✷✮ ❛♥❞ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ s✉❝❤ t❤❛t

▲❛✇(σ(0), λN(0)) = ν⊗N
0 ⊗ δλ0 ✭✹✳✶✳✶✮

✇❤❡r❡ ν0 ✐s ❛ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ ♦♥ S = {−1,+1} ❛♥❞ δλ0 ✐s ❛ ❉✐r❛❝ ❞❡❧t❛ ❝❡♥t❡r❡❞ ✐♥
λ0 ∈ R✳ ❋♦r ❛♥② t ∈ [0, T ]✱ ❧❡t mN(t) r❡♣r❡s❡♥t t❤❡ ♠❛❣♥❡t✐③❛t✐♦♥

mN(t) =
1

N

N
∑

i=1

σi(t),

❛♥❞ µN(t) t❤❡ ♠❛r❣✐♥❛❧ ❡♠♣✐r✐❝❛❧ ❞✐str✐❜✉t✐♦♥ ❛t t✐♠❡ t

µN(t) =
1

N

N
∑

i=1

δ{σi(t),λN (t)}.

■♥ ❙❡❝t✐♦♥ ✶✳✷✳✷ ✇❡ ❤❛✈❡ s❤♦✇♥ ❛ ▲❛✇ ♦❢ ▲❛r❣❡ ◆✉♠❜❡r ✐♥ t❤❡ ❢♦r♠ ✭✶✳✷✳✶✵✮ t❤r♦✉❣❤ ❛
✇❡❛❦ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ♦r❞❡r ♣❛r❛♠❡t❡r ♦❢ t❤❡ s②st❡♠ ✭❚❤❡♦r❡♠ ✶✳✷✳✷✮✳ ■t ✐s ♥❛t✉r❛❧ t♦
✇♦♥❞❡r ✇❤❡t❤❡r ❛ ❈❡♥tr❛❧ ▲✐♠✐t ❚❤❡♦r❡♠ ❤♦❧❞s ❛s ✇❡❧❧✳ ▲❡t (µ(t))t∈[0,T ] ❞❡♥♦t❡ t❤❡ ❧✐♠✐t✐♥❣
❞②♥❛♠✐❝s ♦❢ (µN(t))t∈[0,T ]✳ ■♥ t❤✐s ♣❛r❛❣r❛♣❤ ✇❡ st✉❞② t❤❡ ✢✉❝t✉❛t✐♦♥ ✢♦✇ (µ̃N(t))t∈[0,T ]

✇❤❡r❡
µ̃N(t) = N

1
2 (µN(t)− µ(t)) ✭✹✳✶✳✷✮

❢♦r ❛♥② t ∈ [0, T ]✳ ❆s ❛♥❛❧②s❡❞ ✐♥ ❙❡❝t✐♦♥ ✶✳✷✳✷✱ (µ(t))t∈[0,T ] ✐s ❞❡s❝r✐❜❡❞ ❜② (m(t), λ(t))t∈[0,T ]✱
s♦❧✉t✐♦♥ ♦❢ ✭✶✳✷✳✶✸✮✱ ❛♥❞ (mN(t), λN(t))t∈[0,T ] ✐s ❛♥ ♦r❞❡r ♣❛r❛♠❡t❡r ✇❤✐❝❤ ❢✉❧❧② ❞❡s❝r✐❜❡s
(µN(t))t∈[0,T ]✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ✢♦✇ ♦❢ ✢✉❝t✉❛t✐♦♥s ✭✹✳✶✳✷✮ ✐s ❢✉❧❧② ❞❡s❝r✐❜❡❞ ❜② t❤❡ ♣r♦❝❡ss
(m̃N(t), λ̃N(t))t∈[0,T ] ✇❤❡r❡

m̃N(t) = N
1
2 (mN(t)−m(t)), λ̃N(t) = N

1
2 (λN(t)− λ(t)). ✭✹✳✶✳✸✮

❆s ♦♥❡ ♠❛② ❡①♣❡❝t✱ t❤✐s ♦r❞❡r ♣❛r❛♠❡t❡r ❝♦♥✈❡r❣❡s t♦ ❛ ●❛✉ss✐❛♥ ❜✐✲❞✐♠❡♥s✐♦♥❛❧ ♣r♦❝❡ss✱
❛s st❛t❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠✳

❚❤❡♦r❡♠ ✹✳✶✳✶✳ ❋♦r ❛♥② α, β > 0 ❛♥❞ T > 0✱ ✉♥❞❡r ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s ✭✹✳✶✳✶✮✱ t❤❡ ♣r♦❝❡ss
(m̃N(t), λ̃N(t))t∈[0,T ] ❞❡✜♥❡❞ ❜② ✭✹✳✶✳✸✮ ❝♦♥✈❡r❣❡s✱ ✐♥ s❡♥s❡ ♦❢ ✇❡❛❦ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ st♦❝❤❛st✐❝

♣r♦❝❡ss❡s✱ ❛s N ↑ +∞ t♦ t❤❡ ●❛✉ss✐❛♥ ♣r♦❝❡ss (m̃(t), λ̃(t))t∈[0,T ]✱ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ♦❢ t❤❡
❧✐♥❡❛r t✐♠❡✲✐♥❤♦♠♦❣❡♥♦✉s st♦❝❤❛st✐❝ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥

d

(

m̃(t)

λ̃(t)

)

= A(t)

(

m̃(t)

λ̃(t)

)

dt+
√

1−m(t) tanh(λ(t))

(

2
2β

)

dB(t) ✭✹✳✶✳✹✮
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✇✐t❤ (m(t), λ(t))t∈[0,T ] s♦❧✉t✐♦♥ ♦❢ ✭✶✳✷✳✶✸✮✱

A(t) =

(

−2 2(1 + tanh(λ(t))
−2β(1− tanh(λ(t)) 2β − α

)

,

B(t) ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ st❛♥❞❛r❞ ❇r♦✇♥✐❛♥ ▼♦t✐♦♥ ❛♥❞

▲❛✇(m̃(0), λ̃(0)) = N (0, V (ν0))⊗ δ0

✇❤❡r❡ N (0, V (ν0)) ❞❡♥♦t❡s ❛ ③❡r♦✲♠❡❛♥ ●❛✉ss✐❛♥ ❞✐str✐❜✉t✐♦♥ ✇✐t❤ t❤❡ s❛♠❡ ✈❛r✐❛♥❝❡ ♦❢
ν0✳

Pr♦♦❢✳ ❚❤❡ ❛r❣✉♠❡♥t ♦❢ t❤❡ ♣r♦♦❢ ✐s ❛❣❛✐♥ t❤❡ ✇❡❛❦ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s ♣❧✉s
t❤❡ ✉♥✐❢♦r♠ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ✐♥✜♥✐t❡s✐♠❛❧ ❣❡♥❡r❛t♦rs✳ ❲❤❡♥ ❝♦♥s✐❞❡r✐♥❣ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥
✭✹✳✶✳✶✮✱ t❤❡ ✇❡❛❦ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ (m̃N(0), λ̃N(0)) t♦ (m̃(0), λ̃(0)) ✇✐t❤

▲❛✇(m̃(0), λ̃(0)) = N (0, V (ν0))⊗ δ0

✐s ❛ str❛✐❣❤t❢♦r✇❛r❞ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ❝❧❛ss✐❝❛❧ ❈❡♥tr❛❧ ▲✐♠✐t ❚❤❡♦r❡♠✳
▲❡t It ❜❡ t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ❣❡♥❡r❛t♦r ♦❢ t❤❡ s♦❧✉t✐♦♥ ♦❢ ✹✳✶✳✹✱ ♥❛♠❡❧②✿

Itf(m̃, λ̃) = (1−m(t) tanh(λ(t))(2fm̃m̃ + 2β2fλ̃λ̃ + 4βfm̃λ̃)+

+ 2((1 + tanh(λ(t))λ̃− m̃)fm̃ + ((2β − α)λ̃− 2β(1− tanh(λ(t))m̃)fλ̃,

✇❤❡r❡ (m(t), λ(t))t∈[0,T ] ✐s t❤❡ ❞❡t❡r♠✐♥✐st✐❝ s♦❧✉t✐♦♥ ♦❢ ✭✶✳✷✳✶✸✮✳ ▲❡tKN ❜❡ t❤❡ ✐♥✜♥✐t❡s✐♠❛❧
❣❡♥❡r❛t♦r ♦❢ t❤❡ ♣r♦❝❡ss (mN(t), λN(t)) ✭✇❤✐❝❤ ❤❛s ❜❡❡♥ ❝❛❧❝✉❧❛t❡❞ ✐♥ ✭✶✳✷✳✶✷✮✮ ❛♥❞ ❝♦♥s✐❞❡r
t❤❡ t✐♠❡✲❞❡♣❡♥❞❡♥t✱ ❧✐♥❡❛r ❛♥❞ ✐♥✈❡rt✐❜❧❡ tr❛♥❢♦r♠❛t✐♦♥

(m̃, λ̃) = gt(m,λ) = (N
1
2 (m−m(t)), N

1
2 (λ− λ(t)) :

❛♣♣❧②✐♥❣ KN t♦ ❛ ❢✉♥❝t✐♦♥ f(gt(m,λ))✱ ❜② s✐♠♣❧❡ ❝♦♠♣✉t❛t✐♦♥s ❛♥❞ ▲❡♠♠❛ ✶✳✷✳✶ ✇❡ ❝❛♥
❝❤❡❝❦ t❤❛t Ĩt,N ✱ t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ❣❡♥❡r❛t♦r ♦❢ t❤❡ t✐♠❡✲✐♥❤♦♠♦❣❡♥❡♦✉s ▼❛r❦♦✈ ♣r♦❝❡ss
(m̃N(t), λ̃N(t)) r❡❛❞s✿

Ĩt,Nf(m̃, λ̃) = KNf(gt(m,λ)) =

=
N(1 +m(t)) +N

1
2 m̃

2

(

1− tanh(N− 1
2 λ̃+ λ(t))

)

(

f

(

m̃− 2

N
1
2

, λ̃− 2β

N
1
2

)

− f
(

m̃, λ̃
)

)

+

+
N(1−m(t))−N

1
2 m̃

2

(

1 + tanh(N− 1
2 λ̃+ λ(t))

)

(

f

(

m̃+
2

N
1
2

, λ̃+
2β

N
1
2

)

− f
(

m̃, λ̃
)

)

+

− α(λ̃+N
1
2λ(t))fλ̃(m̃, λ̃)−N

1
2 ṁ(t)fm̃ −N

1
2 λ̇(t)fλ̃.

❚❛❦✐♥❣ f inf ∈ C3
b (R

2) ❛♥❞ ♣❡r❢♦r♠✐♥❣ ❛ ✜rst ♦r❞❡r ❚❛②❧♦r ❡①♣❛♥s✐♦♥ ♦❢ tanh(N− 1
2 λ̃+λ(t))

❛r♦✉♥❞ λ(t) ❛♥❞ ❛ s❡❝♦♥❞ ♦r❞❡r ❚❛②❧♦r ❡①♣❛♥s✐♦♥ ♦❢ f ❛r♦✉♥❞ (m̃, λ̃) ✐♥ t❤❡ ❡①♣r❡ss✐♦♥ ❢♦r
ĨN,tf(m̃, λ̃)✱ ♦♥❡ ♦❜t❛✐♥s t❤❛t

ĨN,tf(m̃, λ̃) = Itf(m̃, λ̃) + o(1)
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✇✐t❤ o(1) ❞❡♥♦t✐♥❣ ❛ q✉❛♥t✐t② ✉♥✐❢♦r♠❧② ❝♦♥✈❡r❣✐♥❣ t♦ ✵ ❛s N ↑ +∞ ❢♦r ❛♥② t ∈ [0, T ]✳ ◆♦✲
t✐❝❡ t❤❛t ✇❡ ❛r❡ ❞❡❛❧✐♥❣ ✇✐t❤ t✐♠❡✲❞❡♣❡♥❞❡♥t ✐♥✜♥✐t❡s✐♠❛❧ ❣❡♥❡r❛t♦rs✱ s♦✱ ✐♥ ♦r❞❡r t♦ ❛♣♣❧②
▲❡♠♠❛ ✶✳✷✳✸✱ ✇❡ ❤❛✈❡ t♦ ♦✈❡r❝♦♠❡ t❤✐s ❛s♣❡❝t✳ ❚❤✐s ❝❛♥ ❜❡ ❡❛s✐❧② ❞♦♥❡ ❜② ✐♥tr♦❞✉❝✐♥❣ t❤❡
✭❞❡t❡r♠✐♥✐st✐❝✱ ❤❡♥❝❡ ▼❛r❦♦✈✮ ♣r♦❝❡ss τ(t) = t✳ ■♥ t❤✐s ✇❛②✱ Ĩt,Nf(m̃, λ̃) = ĨNf(m̃, λ̃, τ)✱
Ĩtf(m̃, λ̃) = Ĩf(m̃, λ̃, τ) ❛♥❞ ✐t ❤♦❧❞s t❤❛t

lim
N→∞

sup
(m̃,λ̃,τ)∈R2×[0,T ]

|ĨNf(m̃, λ̃, τ)− If(m̃, λ̃, τ)| = 0,

✇❤✐❝❤ ❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢✳

✹✳✶✳✷ ❉②♥❛♠✐❝s ♦❢ ❝r✐t✐❝❛❧ ✢✉❝t✉❛t✐♦♥s

❚❤❡ r❡s✉❧t ♦❢ ❚❤❡♦r❡♠ ✹✳✶✳✶ ❤♦❧❞s ❢♦r ❛♥② r❡❣✐♠❡✱ ❜✉t ♦✉r ♠❛✐♥ ❣♦❛❧ ✐s t♦ st✉❞② ♠♦r❡
❝❧♦s❡❧② t❤❡ ❧♦♥❣✲t✐♠❡ ❜❡❤❛✈✐♦✉r ♦❢ ✢✉❝t✉❛t✐♦♥s ❛t t❤❡ ❝r✐t✐❝❛❧ ♣♦✐♥t✱ s✐♥❝❡ t②♣✐❝❛❧❧② t❤❡②
❞✐s♣❧❛② s♦♠❡ ♣❡❝✉❧✐❛r ❢❡❛t✉r❡s ✭s❡❡ ❬✶✸❪✱ ❬✶✻❪ ❛♥❞ ❬✷✷❪✮✳ ❋r♦♠ ♥♦✇ ♦♥✱ ✇❡ ✇✐❧❧ ❛❧✇❛②s t❛❦❡
t❤❡ ♣❛r❛♠❡t❡rs α ❛♥❞ β ✐♥ s✉❝❤ ❛ ✇❛② β = α

2
+ 1✱ ✇❤✐❝❤ r❡♣r❡s❡♥ts t❤❡ ❝r✐t✐❝❛❧ ♣♦✐♥t ❢♦r

♦✉r ♠♦❞❡❧ ✭s❡❡ ❚❤❡♦r❡♠ ✶✳✷✳✸✮✳
▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❝r✐t✐❝❛❧ ✢✉❝t✉❛t✐♦♥ ✢♦✇ ❢♦r t ∈ [0, T ] :

µ̂(t) = N
1
4 (µN(N

1
2 t)− µ∗

0),

✇❤❡r❡ µ∗
0 ❞❡♥♦t❡s t❤❡ st❛t✐♦♥❛r② s♦❧✉t✐♦♥ ❝♦rr❡s♣♦♥❞❡♥t t♦ (0, 0)✱ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣♦✐♥t ♦❢

✭✶✳✷✳✶✸✮✳ ■♥ t❤✐s ✇❛②✱ ✇❡ ❛r❡ ❛ss✉♠✐♥❣ t❤❛t t❤❡ ♣r♦❝❡ss st❛rts ✐♥ ❧♦❝❛❧ ❡q✉✐❧✐❜r✐✉♠✱ ✇❤✐❝❤
s✐♠♣❧✐✜❡s t❤❡ ♣r♦♦❢ ♦❢ ♦✉r r❡s✉❧t✱ ❜✉t ✐t s❤♦✉❧❞ ♥♦t ❜❡ t♦♦ ❞✐✣❝✉❧t t♦ ❡①t❡♥❞ ✐t t♦ ❛ ❣❡♥❡r❛❧
✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥✳ ◆♦t✐❝❡ ❛❧s♦ t❤❛t ✇❡ ❛r❡ ❡♠♣❧♦②✐♥❣ t❤❡ ✉s✉❛❧ s♣❛❝❡✲t✐♠❡ s❝❛❧✐♥❣ ✐♥✈♦❧✈❡❞ ✐♥
❝r✐t✐❝❛❧ ✢✉❝t✉❛t✐♦♥s✳ ❚❤❡ ✢♦✇ (µ̂N(t))t∈[0,T ] ❝❛♥ ❜❡ ❢✉❧❧② ❞❡s❝r✐❜❡❞ ❜② t❤❡ ♦r❞❡r ♣❛r❛♠❡t❡r✿

m̂N(t) = N
1
4mN(N

1
2 t), λ̂N(t) = N

1
4λN(N

1
2 t). ✭✹✳✶✳✺✮

❆❢t❡r ❤❛✈✐♥❣ ♣❡r❢♦r♠❡❞ t❤❡ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡ ✭s❡❡ ❙❡❝t✐♦♥ ✹✳✷✳✶ ❢♦r ♠♦t✐✈❛t✐♦♥✮
{

zN(t) = λ̂N(t),

uN(t) =
βm̂N (t)−λ̂N (t)√

β−1
,

✭✹✳✶✳✻✮

❝♦♥s✐❞❡r t❤❡ ♣r♦❝❡ss κN(t) = z2N(t) + u2
N(t)✳ ❙✐♥❝❡ ✇❡ ❛r❡ st✉❞②✐♥❣ ✢✉❝t✉❛t✐♦♥s ❛r♦✉♥❞

✭✵✱✵✮✱ ✐t ✐s r❡❛s♦♥❛❜❧❡ t♦ ❛ss✉♠❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s s✉❝❤ t❤❛t (mN(0), λN(0)) → (0, 0) ❛s
N ↑ +∞✳ ❲❡ s❤❛❧❧ ❛❧s♦ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss✉♠♣t✐♦♥ ♦♥ λN(0)✿

✭❍✶✮ N
1
4λN(0) → λ̄ ∈ R \ {0} ✐♥ ♣r♦❜❛❜✐❧✐t②✱ ❛s N → +∞✳

❘❡♠❛r❦ ✹✳✶✳✶✳ ❚❤❡ ❝♦♥❞✐t✐♦♥ λ̄ 6= 0 ✐♥ ❍②♣♦t❤❡s✐s ✭❍✶✮ ✐s ♦❢ ♣✉r❡ t❡❝❤♥✐❝❛❧ ♥❛t✉r❡✿ t❤❡
❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✶✳✷ ✐s s✐♥❣✉❧❛r ✐♥ t❤❡ ♦r✐❣✐♥✱ s♦ ✇❡ r❡q✉✐r❡ t❤❡
♣r♦❝❡ss ✐♥✈♦❧✈❡❞ ❞♦❡s ♥♦t st❛rt ✐♥ t❤❡ ♦r✐❣✐♥✳ ❲❡ ❜❡❧✐❡✈❡ t❤✐s ❛ss✉♠♣t✐♦♥ ❝♦✉❧❞ ❜❡ ❛✈♦✐❞❡❞
❜② ❛♣♣r♦①✐♠❛t✐♦♥ ❛r❣✉♠❡♥ts t❤❛t ✇❡ ❤❛✈❡ ♥♦t s✉❝❝❡❡❞ t♦ ❝♦♠♣❧❡t❡✳
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❚❤❡♦r❡♠ ✹✳✶✳✷✳ ❆s N ↑ +∞✱ ✐❢ (mN(0), λN(0)) → (0, 0) ❛♥❞ ✭❍✶✮ ❤♦❧❞s✱ t❤❡ ♣r♦❝❡ss
(κN(t))t∈[0,T ] ❝♦♥✈❡r❣❡s✱ ✐♥ s❡♥s❡ ♦❢ ✇❡❛❦ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ st♦❝❤❛st✐❝ ♣r♦❝❡ss❡s✱ t♦ (κ(t))t∈[0,T ]✱
✉♥✐q✉❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ st♦❝❤❛st✐❝ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥

dκ(t) =

(

4β2 − β

2
κ2(t)

)

dt+ 2β
√

2κ(t)dB(t) ✭✹✳✶✳✼✮

✇✐t❤ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ κ(0) = β
β−1

λ̄2✳

✹✳✷ Pr♦♦❢ ♦❢ t❤❡ ♠❛✐♥ t❤❡♦r❡♠

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❣✐✈❡ t❤❡ ♣r♦♦❢ ❢♦r ❚❤❡♦r❡♠ ✹✳✶✳✷✳

▲❡t ✉s tr② t♦ s❦❡t❝❤ t❤❡ ✐❞❡❛ ♦❢ t❤❡ ♣r♦♦❢ ❜❡❢♦r❡ ❣♦✐♥❣ ✐♥t♦ t❤❡ ❞❡t❛✐❧s✳ ❲❡ ❞❡s❝r✐❜❡ t❤❡
❜❡❤❛✈✐♦r ♦❢ t❤❡ ♣❛✐r (zN(t), uN(t)) t❤r♦✉❣❤ t❤❡ ♣♦❧❛r ❝♦♦r❞✐♥❛t❡s (κN(t), θN(t)) s✉❝❤ t❤❛t

zN(t) =
√

κN(t) cos θN(t), uN(t) =
√

κN(t) sin θN(t).

❚❤❡ ❞♦♠✐♥❛♥t ♣❛rt ♦❢ t❤❡ ❛♥❣✉❧❛r ✈❛r✐❛❜❧❡ θN ❝❛♥ ❜❡ ❛♣♣r♦①✐♠❛t❡❞ ❜② ❛ ❞❡t❡r♠✐♥✐st✐❝ ❞r✐❢t
♦❢ ♦r❞❡r N

1
2 ✳ ❙♦✱ ❛s N ↑ +∞✱ t❤❡ ❛♥❣✉❧❛r ✈❛r✐❛❜❧❡ ❛✈❡r❛❣❡s ♦✉t✱ ♣r♦❞✉❝✐♥❣ t❤❡ ❧✐♠✐t✐♥❣

❞②♥❛♠✐❝s ✭✹✳✶✳✼✮ ✈✐❛ ❛♥ ❛✈❡r❛❣✐♥❣ ♣r✐♥❝✐♣❧❡✳ ❚❤✐s ✐s t❤❡ r❡❛s♦♥ ❢♦r ✇❤✐❝❤ ✇❡ ❣❡t ❝♦♥✈❡r❣❡♥❝❡
♦♥❧② ♦❢ t❤❡ r❛❞✐❛❧ ✈❛r✐❛❜❧❡ κN(t)✳ ❆❝t✉❛❧❧②✱ t❤✐s ❝♦♥✈❡r❣❡♥❝❡ ✇✐❧❧ ❜❡ ♣r♦✈❡❞ t❤r♦✉❣❤ ❛
❧♦❝❛❧✐③❛t✐♦♥ ❛r❣✉♠❡♥t✳ ❋✐rst ♦❢ ❛❧❧✱ ✇❡ ❛♥❛❧②s❡ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ♣r♦❝❡ss κN(t) st♦♣♣❡❞
✇❤❡♥ ✐t ❜❡❝♦♠❡s t♦♦ ❧❛r❣❡ ♦r t♦♦ s♠❛❧❧✳ ❇② ♠❡❛♥s ♦❢ t❤❡s❡ st♦♣♣✐♥❣ t✐♠❡s ✭✐♥ ♣❛rt✐❝✉❧❛r
t❤❡ ♦♥❡ r❡❧❛t❡❞ t♦ t❤❡ ❧♦✇❡r ❜♦✉♥❞✮ ✇❡ ❛r❡ ❛❜❧❡ t♦ ❛✈♦✐❞ t❡❝❤♥✐❝❛❧ ♣r♦❜❧❡♠s ❞✉❡ t♦ t❤❡
s✐♥❣✉❧❛r✐t② ♦❢ t❤❡ ♣♦❧❛r ❝♦♦r❞✐♥❛t❡s ✐♥ t❤❡ ♦r✐❣✐♥✳ ❙❡❝♦♥❞❧②✱ ✇❡ ❝❤❛r❛❝t❡r✐③❡ t❤❡ ❧✐♠✐t ♦❢ t❤❡
st♦♣♣❡❞ ♣r♦❝❡ss ❛s t❤❡ s♦❧✉t✐♦♥ ♦❢ ❛ st♦♣♣❡❞ ♠❛rt✐♥❣❛❧❡ ♣r♦❜❧❡♠ r❡❧❛t❡❞ t♦ t❤❡ ✐♥✜♥✐t❡s✐♠❛❧
❣❡♥❡r❛t♦r ♦❢ t❤❡ s♦❧✉t✐♦♥ ♦❢ ✭✹✳✶✳✼✮✳ ❋✐♥❛❧❧②✱ ✇❡ ✇✐❧❧ ❡①♣❧♦✐t t❤✐s ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ ❧✐♠✐t
♦❢ t❤❡ st♦♣♣❡❞ ♣r♦❝❡ss t♦ ❣❡t t❤❡ t❤❡s✐s ♦❢ ❚❤❡♦r❡♠ ✹✳✶✳✷✳

✹✳✷✳✶ Pr❡❧✐♠✐♥❛r② ❝♦♠♣✉t❛t✐♦♥s

■♥ t❤✐s s✉❜s❡❝t✐♦♥ ✇❡ ♣❡r❢♦r♠ s♦♠❡ ♣r❡❧✐♠✐♥❛r② ❝♦♠♣✉t❛t✐♦♥s ✇❤✐❝❤ ✇✐❧❧ ❜❡ ✉s❡❢✉❧ ✐♥ t❤❡
❢♦❧❧♦✇✐♥❣✳ ❲❡ ✇✐❧❧ ❛❧s♦ ♣r♦✈❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ ❧✐♠✐t✐♥❣ ♣r♦❝❡ss ✭✹✳✶✳✼✮✳

❈❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s

❋✐rst ♦❢ ❛❧❧✱ ✇❡ ✇❛♥t t♦ ❣✐✈❡ ❛ ♠♦t✐✈❛t✐♦♥ ❢♦r t❤❡ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡ ✭✹✳✶✳✻✮✳ ▲❡t LN ❜❡ t❤❡
✐♥✜♥✐t❡s✐♠❛❧ ❣❡♥❡r❛t♦r ♦❢ t❤❡ ♣r♦❝❡ss (m̂N(t), λ̂N(t)) ❞❡✜♥❡❞ ✐♥ ✭✹✳✶✳✺✮✳ ❇② ❡①♣❛♥❞✐♥❣ t❤❡
❣❡♥❡r❛t♦r ✐♥ ❛ s✐♠✐❧❛r ❢❛s❤✐♦♥ t♦ ✇❤❛t ✐s ❞♦♥❡ ✐♥ ▲❡♠♠❛ ✹✳✷✳✷✱ ♦♥❡ ❝❛♥ ❝❤❡❝❦ t❤❛t✱ ❢♦r ❛
❢✉♥❝t✐♦♥ f r❡❣✉❧❛r ❡♥♦✉❣❤✱

LNf(m̂, λ̂) = N
1
2L1f(m̂, λ̂) + L2f(m̂, λ̂) + o(1). ✭✹✳✷✳✶✮
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■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❞♦♠✐♥❛♥t ♣❛rt ♦❢ ♦r❞❡r N
1
2 ✐s ❣✐✈❡♥ ❜②

L1f(m̂, λ̂) = (2λ̂− 2m̂)∂m̂f(m̂, λ̂) + (2λ̂− 2βm̂)∂λ̂f(m̂, λ̂) = (∇f(m̂, λ̂))⊤A

(

m̂

λ̂

)

,

✇❤❡r❡

A =

(

−2 2
−2β 2

)

.

◆♦t✐❝❡ t❤❛t A ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❏❛❝♦❜✐❛♥ ♠❛tr✐① ✐♥ (0, 0) ❢♦r s②st❡♠ ✭✶✳✷✳✶✸✮ ❛t ❝r✐t✐❝❛❧
♣♦✐♥t β = α

2
+ 1 ❛♥❞ ✐ts ❡✐❣❡♥✈❛❧✉❡s ❛r❡ λ1,2 = ±i2

√
β − 1✳ ❈♦♥s✐❞❡r ❛♥ ✐♥✈❡rt✐❜❧❡ ♠❛tr✐①

C s✉❝❤ t❤❛t

CAC−1 =

(

0 −2
√
β − 1

2
√
β − 1 0

)

❛♥❞ t❛❦❡ t❤❡ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s
(

z
u

)

= C

(

m̂

λ̂

)

.

❲✐t❤♦✉t ♣r❡t❡♥❞✐♥❣ t♦ ❜❡ ❢♦r♠❛❧ ❤❡r❡ ✭s❡❡ ▲❡♠♠❛s ✹✳✷✳✶ ❛♥❞ ✹✳✷✳✷ ❢♦r t❤❡ ❢♦r♠❛❧ ❝♦♠♣✉✲
t❛t✐♦♥s✮✱ ♦♥❡ ❣❡ts

L1f(z, u) = (∇f(z, u))⊤CAC−1

(

z
u

)

= −2
√

β − 1u∂zf(z, u) + 2
√

β − 1z∂uf(z, u),

t❤❡♥✱ ♣❛ss✐♥❣ t♦ t❤❡ ♣♦❧❛r ❝♦♦r❞✐♥❛t❡s κ = (z)2 + (u)2✱ θ = arctan(u/z)✱

L1f(κ, θ) = 2
√

β − 1∂θf(κ, θ).

■t ❢♦❧❧♦✇s t❤❛t L1✱ ✇❤✐❝❤ ❛❝❝♦r❞✐♥❣ t♦ ✭✹✳✷✳✶✮ ✐s t❤❡ ❢❛st ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ❣❡♥❡r❛t♦r LN ✱
✐♥✈♦❧✈❡s ♦♥❧② t❤❡ ❞❡r✐✈❛t✐✈❡ ✇✐t❤ r❡s♣❡❝t t♦ θ✱ ✇❤✐❝❤ t❤❡r❡❢♦r❡ ♣❧❛②s t❤❡ r♦❧❡ ♦❢ ❢❛st ✈❛r✐❛❜❧❡
❝♦♠♣❛r❡❞ t♦ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ r❛❞✐❛❧ ✈❛r✐❛❜❧❡ κ✳ ❚❤✐s s✉❣❣❡sts t♦ ❞❡r✐✈❡ t❤❡ ❛s②♠♣t♦t✐❝
❡✈♦❧✉t✐♦♥ ♦❢ κ ❜② ❛♥ ❛✈❡r❛❣✐♥❣ ♣r✐♥❝✐♣❧❡✳ ❖♥❡ ❝❛♥ ❡❛s✐❧② ❝❤❡❝❦ t❤❛t ❛ s✉✐t❛❜❧❡ ❝❤♦✐❝❡ ❢♦r C
✐s ❣✐✈❡♥ ❜②

C =

(

0 1
β√
β−1

− 1√
β−1

)

,

✇❤✐❝❤ ❥✉st✐✜❡s t❤❡ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡ ✭✹✳✶✳✻✮✱ ✐✳❡✳
{

z = λ̂,

u = βm̂−λ̂√
β−1

.

❘❡♠❛r❦ ✹✳✷✳✶✳ ❲❡ ❝❛♥ ❣✐✈❡ ❛ ♠♦r❡ ✐♥t✉✐t✐✈❡ ✐❞❡❛ ♦♥ t❤❡ ❛r❣✉♠❡♥t ❢♦r t❤✐s ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡✳
❆s st❛t❡❞ ❜❡❢♦r❡✱ ♦♥❡ ♠❛② ❡①♣❡❝t t❤❛t t❤❡ ✧❞♦♠✐♥❛♥t✧ ❜❡❤❛✈✐♦✉r ♦❢ (wN(t), zN(t)) s❤♦✉❧❞
❜❡ ❞r✐✈❡♥ ❜② t❤❡ ❧✐♥❡❛r s②st❡♠

(

ẋ(t)
ẏ(t)

)

= A

(

x(t)
y(t)

)

. ✭✹✳✷✳✷✮
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❙♦✱ st✉❞②✐♥❣ t❤❡ s♦❧✉t✐♦♥s ♦❢ ✭✹✳✷✳✷✮✿ ✇❡ ❧♦♦❦ ❢♦r ❛ q✉❛❞r❛t✐❝ ❢✉♥❝t✐♦♥

F (x, y) = (x, y)Q

(

x
y

)

✇❤✐❝❤ ✐s ❛ ✜rst ✐♥t❡❣r❛❧ ❢♦r ✭✹✳✷✳✷✮✳ ▲❡tQ ❜❡ ❛ s②♠♠❡tr✐❝ ♠❛tr✐① ❛♥❞ ❧❡tX(t) = (x(t), y(t))⊤✿
t❤❡♥ F (X(t)) ✐s ❛ ✜rst ✐♥t❡❣r❛❧ ✐❢ ❛♥❞ ♦♥❧② ✐❢

d

dt
F (X(t)) = 0 ⇔ (Ẋ(t))⊤QX(t) + (X(t))⊤QẊ(t) = 0 ⇔ A⊤Q+QA = 0.

■t ❝❛♥ ❜❡ ❡❛s✐❧② ❝❤❡❝❦❡❞ t❤❛t

Q =

(

β −1
−1 1

)

s❛t✐s✜❡s A⊤Q+QA = 0✱ ❤❡♥❝❡✱ ❢♦r s✉✐t❛❜❧❡ c ∈ R✱ t❤❡ ❡q✉❛t✐♦♥

(x, y)Q

(

x
y

)

= c ⇔ βx2 − 2xy + y2 = c

✐❞❡♥t✐✜❡s ❛♥ ❡❧❧✐♣s❡ ✇❤✐❝❤ ✐s ❛♥ ♦r❜✐t ♦❢ t❤❡ ❧✐♥❡❛r✐③❡❞ s②st❡♠✳ ❍❡♥❝❡✱ ✐♥ ♦r❞❡r t♦ ✉s❡
♣♦❧❛r ❝♦♦r❞✐♥❛t❡s✱ ✇❡ ✇❛♥t t♦ tr❛♥s❢♦r♠ t❤✐s ❡❧❧✐♣s❡ ✐♥t♦ ❛ ❝✐r❝❧❡ ❛♥❞ t❤✐s tr❛♥s❢♦r♠❛t✐♦♥
✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s ❞❡s❝r✐❜❡❞ ❛❜♦✈❡✳

❊①♣❛♥s✐♦♥ ♦❢ ✐♥✜♥✐t❡s✐♠❛❧ ❣❡♥❡r❛t♦rs

■♥ t❤✐s ♣❛r❛❣r❛♣❤✱ ✇❡ st✉❞② t❤❡ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ♦❢ t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ❣❡♥❡r❛t♦rs ♦❢ t❤❡
♣r♦❝❡ss❡s ✐♥✈♦❧✈❡❞ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ♠❛✐♥ r❡s✉❧t✳

▲❡♠♠❛ ✹✳✷✳✶✳ ■♥ t❤❡ ❝r✐t✐❝❛❧ ❝❛s❡ β = α
2
+1✱ t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ❣❡♥❡r❛t♦r GN ♦❢ t❤❡ ▼❛r❦♦✈

♣❛✐r (zN(t), uN(t)) ✐s ❣✐✈❡♥ ❜②✿

GNf(z, u) =

= N
1
2
N(1 +N− 1

4β−1(
√
β − 1u+ z))

2

(

1− tanh(N− 1
4 z)
)

(

f

(

z − 2β

N
3
4

, u

)

− f(z, u)

)

+

+N
1
2
N(1−N− 1

4β−1(
√
β − 1u+ z))

2

(

1 + tanh(N− 1
4 z)
)

(

f

(

z +
2β

N
3
4

, u

)

− f(z, u)

)

+

+N
1
2

(

− 2(β − 1)zfz(z, u) + 2
√

β − 1zfu(z, u)
)

.

Pr♦♦❢✳ ❉❡✜♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❝❡ss❡s✱ ❢♦r t ∈ [0, T ]✿

w̃N(t) = N
1
4mN(t), z̃N(t) = N

1
4λN(t), ũN(t) =

βw̃N(t)− z̃N(t)√
β − 1

.

❲❡ ✇❛♥t t♦ ✐❞❡♥t✐❢② t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ❣❡♥❡r❛t♦r ♦❢ (z̃N(t), ũN(t)) ❛♣♣❧②✐♥❣ ▲❡♠♠❛ ✶✳✷✳✶✳
❈♦♥s✐❞❡r t❤❡ ❢✉♥❝t✐♦♥

g(m,λ) =

(

N
1
4λ,N

1
4
βm− λ√
β − 1

)
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❛♥❞ ❡✈❛❧✉❛t❡ t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ❣❡♥❡r❛t♦r KN ❞❡✜♥❡❞ ✐♥ ✭✶✳✷✳✶✷✮ ♦♥ t❤❡ ❢✉♥❝t✐♦♥ (f ◦g)✳ ■t ✐s
❥✉st ❛ ♠❛tt❡r ♦❢ ❝♦♠♣✉t❛t✐♦♥ t♦ ♥♦t✐❝❡ t❤❛t ✇❡ ❣❡t t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ❣❡♥❡r❛t♦r G̃N ❞❡✜♥❡❞
❜②

G̃Nf(z̃, ũ) = KN(f ◦ g)(m,λ) =

=
N(1 +N− 1

4β−1(
√
β − 1ũ+ z̃))

2

(

1− tanh(N− 1
4 z̃)
)

(

f

(

z̃ − 2β

N
3
4

, ũ

)

− f(z̃, ũ)

)

+

+
N(1−N− 1

4β−1(
√
β − 1ũ+ z̃))

2

(

1 + tanh(N− 1
4 z̃)
)

(

f

(

z̃ +
2β

N
3
4

, ũ

)

− f(z̃, ũ)

)

+

+
(

− 2(β − 1)z̃fz̃(z̃, ũ) + 2
√

β − 1z̃fũ(z̃, ũ)
)

.

❋✐♥❛❧❧②✱ ✇❡ ♦❜t❛✐♥ (zN(t), uN(t)) ❢r♦♠ (z̃N(t), ũN(t)) r❡s❝❛❧✐♥❣ t✐♠❡ ❜② ❛ ❢❛❝t♦r N
1
2 ✿ t❤❡

✐♥✜♥✐t❡s✐♠❛❧ ❣❡♥❡r❛t♦r GN ♦❢ (zN(t), uN(t)) ✐s ♦❜t❛✐♥❡❞ ❜②

GNf(z, u) = N
1
2 G̃Nf(z̃, ũ).

▲❡♠♠❛ ✹✳✷✳✷✳ ❋✐① ❛♥② r, R > 0 s✉❝❤ t❤❛t r < β
β−1

λ̄2 < R ❛♥❞ ❧❡t

τNr,R := inf{t ∈ [0, T ] | z2N(t) + u2
N(t) 6∈ ]r, R[ }.

❋♦r ❛♥② t ∈ [0, T ] ❞❡✜♥❡ t❤❡ ♣♦❧❛r ❝♦♦r❞✐♥❛t❡s ♣r♦❝❡ss (κN(t), θN(t)) ❜②

κN(t) = z2N(t) + u2
N(t),

θN(t) = arctan

(

uN(t)

zN(t)

)

.

❚❤❡♥✱ t❤❡ st♦♣♣❡❞ ♣r♦❝❡ss (κN(t ∧ τNr,R), θN(t ∧ τNr,R)) ❤❛s ❛♥ ✐♥✜♥✐t❡s✐♠❛❧ ❣❡♥❡r❛t♦r Hr,R
N

✇❤✐❝❤✱ ❢♦r ❛ ❢✉♥❝t✐♦♥ f : [r, R]× [−π
2
, π
2
] → R✱ f ∈ C3✱ s❛t✐s✜❡s

Hr,R
N f(κ, θ) = ✶]r,R[(κ)

[

8β2κ cos2 θfκκ(κ, θ)− 8β2 cos θ sin θfκθ(κ, θ) +
2β2 sin2 θ

κ
fθθ(κ, θ)+

+

(

N
1
22
√

β − 1 +
4β2 cos θ sin θ

κ
+

2β

3
κ cos3 θ sin θ + 2

√

β − 1 sin θ

)

fθ(κ, θ)+

+

(

4β2 − 4β

3
κ2 cos4 θ

)

fκ(κ, θ) + or,R(1)

]

,

✇❤❡r❡ t❤❡ r❡♠❛✐♥❞❡rs or,R(1) ❝❛♥ ❜❡ ✉♥✐❢♦r♠❧② ❞♦♠✐♥❛t❡❞ ❜② ❛ t❡r♠ ♦❢ ♦r❞❡r o(1) ♦♥ [r, R]×
[−π

2
, π
2
]✳
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❘❡♠❛r❦ ✹✳✷✳✷✳ ❚❤❡ ♣r♦❝❡ss θN(t) ❞❡✜♥❡❞ ✐♥ ▲❡♠♠❛ ✹✳✷✳✷ ✐s ❛❧♠♦st s✉r❡❧② ✇❡❧❧✲❞❡✜♥❡❞ ❢♦r
t ∈ [0, T ]✳ ■♥ ❢❛❝t ✇❡ ❤❛✈❡ t❤❛t

P
(

∃ t ∈ [0, T ] s.t. zN(t) = 0
)

= 0 :

❢r♦♠ ✭✸✳✶✳✷✮✱ ✇❡ ❝❛♥ s❡❡ t❤❛t λN ✭❤❡♥❝❡ zN✮ ❝❛♥ ❤✐t ✵ ♦♥❧② ✇❤❡♥ ❛ ❥✉♠♣ ♦❝❝✉rs✳ ▲❡t (τn)n
❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ ❥✉♠♣ t✐♠❡s ❢♦r λN ✿ ❢♦r ❛♥② n✱ ✇❡ ❤❛✈❡ t❤❛t

P
(

λN(τn) = 0
∣

∣ Fτn−1

)

≤ P
(

τn ∈ An−1

∣

∣ Fτn−1

)

✇❤❡r❡ An−1 ✐s ❛♥ ❛❧❡❛t♦r② s❡t s✉❝❤ t❤❛t |An−1| ≤ 1✳ ■♥ ❢❛❝t✱ ✐♥t✉✐t✐✈❡❧②✱ s✐♥❝❡ t❤❡ ❥✉♠♣
s✐③❡ ♦❢ λN ✐s ✜①❡❞ ❛♥❞ t❤❡ tr❛❥❡❝t♦r✐❡s ♦❢ λN ❛r❡ str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ♦r str✐❝t❧② ❞❡❝r❡❛s✐♥❣
❜❡t✇❡❡♥ t✇♦ ❥✉♠♣s✱ t❤❡♥ t❤❡r❡ ❡①✐sts ❛t ♠♦st ♦♥❡ ♣♦✐♥t ✐♥ ✇❤✐❝❤ t❤❡ ❥✉♠♣ ❧❡❛❞✐♥❣ t♦ ✵ ❝❛♥
♦❝❝✉r✳ ▼♦r❡♦✈❡r✱ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ❥✉♠♣ t✐♠❡s ✐s ❛❜s♦❧✉t❡❧② ❝♦♥t✐♥✉♦✉s ✇✐t❤ r❡s♣❡❝t
t♦ t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡ ♦✈❡r R✱ ❤❡♥❝❡

P
(

τn ∈ An−1

∣

∣ Fτn−1

)

= 0.

■♥ ❝♦♥❝❧✉s✐♦♥✱

P
(

∃ t ∈ [0, T ] s.t. zN(t) = 0
)

≤
∑

n

E
[

P
(

τn ∈ An−1

∣

∣ Fτn−1

)]

= 0.

Pr♦♦❢✳ ❈♦♥s✐❞❡r t❤❡ ❢✉♥❝t✐♦♥

g(z, u) =
(

z2 + u2, arctan
(u

z

))

❛♥❞ ❛♣♣❧② ❣❡♥❡r❛t♦r GN ❞❡✜♥❡❞ ✐♥ ▲❡♠♠❛ ✹✳✷✳✶ t♦ (f◦g)(z, u) ✇✐t❤ f ∈ C3([r, R]×[−π
2
, π
2
])✳
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❇② st❛♥❞❛r❞ ❚❛②❧♦r ❡①♣❛♥s✐♦♥s ✇❡ ❣❡t✿

GN(f ◦ g)(z, u) =

=
N

3
2 (β +N− 1

4 (
√
β − 1u+ z))

2β

(

1− tanh(N− 1
4 z)
)

(

(f ◦ g)
(

z − 2β

N
3
4

, u

)

− (f ◦ g)(z, u)
)

+

+
N

3
2 (β −N− 1

4 (
√
β − 1u+ z))

2β

(

1 + tanh(N− 1
4 z)
)

(

(f ◦ g)
(

z +
2β

N
3
4

, u

)

− (f ◦ g)(z, u)
)

+

+N
1
2

(

− 2(β − 1)z(f ◦ g)z + 2
√

β − 1z(f ◦ g)u
)

=

=
βN

3
2 +N

5
4 (
√
β − 1u+ z)

2β

(

1− z

N
1
4

+
z3

3N
3
4

+ o

(

1

N
3
4

))

·

·
(

− 2β

N
3
4

(f ◦ g)z +
2β2

N
3
2

(f ◦ g)zz + o

(

1

N
3
2

))

+

+
βN

3
2 −N

5
4 (
√
β − 1u+ z)

2β

(

1 +
z

N
1
4

− z3

3N
3
4

+ o

(

1

N
3
4

))

·

·
(

2β

N
3
4

(f ◦ g)z −
2β2

N
3
2

(f ◦ g)zz + o

(

1

N
3
2

))

+

+N
1
2

(

− 2(β − 1)z(f ◦ g)z + 2
√

β − 1z(f ◦ g)u
)

=

= 2β2(f ◦ g)zz −
(

2βz3

3
+N

1
22β
√

β − 1u

)

(f ◦ g)z +N
1
22
√

β − 1z(f ◦ g)u + o(1).

◆♦✇✱ ♦❜s❡r✈❡ t❤❛t✿

(f ◦ g)z = 2zfκ −
u

z2 + u2
fθ, (f ◦ g)u = 2ufκ +

z

z2 + u2
fθ,

(f ◦ g)zz = 4z2fκκ −
4zu

z2 + u2
fκθ +

u2

(z2 + u2)2
fθθ + 2fκ +

2uz

(z2 + u2)2
fθ,

❤❡♥❝❡

GN(f ◦ g)(z, u) = 8β2z2fκκ −
8β2zu

z2 + u2
fκθ +

2β2u2

(z2 + u2)2
fθθ+

+

(

N
1
22
√

β − 1 +
4β2zu

(z2 + u2)2
+

2βz3u

3(z2 + u2)

)

fθ+

+

(

4β2 − 4βz4

3

)

fκ + o(1).
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❚❤❛♥❦s t♦ ▲❡♠♠❛ ✶✳✷✳✶✱ t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ❣❡♥❡r❛t♦r HN ♦❢ (κN(t), θN(t)) s❛t✐s✜❡s✿

HNf(κ, θ) = 8β2κ cos2 θfκκ(κ, θ)− 8β2 cos θ sin θfκθ(κ, θ) +
2β2 sin2 θ

κ
fθθ(κ, θ)+

+

(

N
1
22
√

β − 1 +
4β2 cos θ sin θ

κ
+

2β

3
κ cos3 θ sin θ + 2

√

β − 1 sin θ

)

fθ(κ, θ)+

+

(

4β2 − 4β

3
κ2 cos4 θ

)

fκ(κ, θ) + o(1).

❚❤❡r❡❢♦r❡✱ t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ❣❡♥❡r❛t♦r Hr,R
N ♦❢ t❤❡ st♦♣♣❡❞ ♣r♦❝❡ss (κN(t ∧ τNr,R), θ(t ∧ τNr,R)

s❛t✐s✜❡s✱ ❢♦r ❛ ❢✉♥❝t✐♦♥ f ∈ C3([r, R]× [−π
2
, π
2
])✿

Hr,R
N f(κ, θ) = ✶]r,R[(κ)

[

8β2κ cos2 θfκκ(κ, θ)− 8β2 cos θ sin θfκθ(κ, θ) +
2β2 sin2 θ

κ
fθθ(κ, θ)+

+

(

N
1
22
√

β − 1 +
4β2 cos θ sin θ

κ
+

2β

3
κ cos3 θ sin θ + 2

√

β − 1 sin θ

)

fθ(κ, θ)+

+

(

4β2 − 4β

3
κ2 cos4 θ

)

fκ(κ, θ) + or,R(1)

]

,

◆♦t✐❝❡ t❤❛t t❤❡ r❡♠❛✐♥❞❡rs ♦❢ t❤❡ ❡①♣❛♥s✐♦♥ ♦❢ tanh ❛♥❞ (f ◦ g) ❛r❡ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥s
♦❢ (κ, θ) ♦♥ t❤❡ ❝♦♠♣❛❝t s❡t [r, R] × [−π

2
, π
2
]✱ s♦ or,R(1) ❝❛♥ ❜❡ ✉♥✐❢♦r♠❧② ❞♦♠✐♥❛t❡❞ ❜② ❛

t❡r♠ ♦❢ ♦r❞❡r o(1)✳

❊①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ ❧✐♠✐t ♣r♦❝❡ss

■♥ t❤✐s ♣❛r❛❣r❛♣❤ ✇❡ ♣r♦✈❡ t❤❡ ✇❡❧❧✲♣♦s❡❞♥❡ss ♦❢ t❤❡ ❙❉❊ ✭✹✳✶✳✼✮✳

▲❡♠♠❛ ✹✳✷✳✸✳ ❚❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❧✐♠✐t✐♥❣ ❡q✉❛t✐♦♥ ✭✹✳✶✳✼✮✳

Pr♦♦❢✳ ▲❡t (X(t), Y (t))t≥0 ❜❡ t❤❡ ✉♥✐q✉❡ ❛♥❞ ❣❧♦❜❛❧❧② ❡①✐st❡♥t s♦❧✉t✐♦♥ ♦❢
{

dX(t) = −β3

2
X(t)(X2(t) + Y 2(t))dt+ dB1(t)

dY (t) = −β3

2
Y (t)(X2(t) + Y 2(t))dt+ dB2(t)

✭✹✳✷✳✸✮

✇✐t❤ B1, B2 ✐♥❞❡♣❡♥❞❡♥t ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ❛♥❞ X(0) = Y (0) = λ̄

2
√

β(β−1)
✳ ◆♦✇✱ ❧❡t ✉s

❞❡✜♥❡
κ(t ∧ τr,R) = 2β2(X2(t ∧ τr,R) + Y 2(t ∧ τr,R)) ✭✹✳✷✳✹✮

✇✐t❤
τr,R := inf

t∈[0,T ]
{t ≥ 0 | 2β2(X2(t) + Y 2(t)) 6∈ ], r, R[ }.

❆♣♣❧②✐♥❣ ■t♦✬s ❢♦r♠✉❧❛ t♦ ✭✹✳✷✳✹✮ ❢♦r t ∈ [0, T ∧ τr,R]✿

dκ(t) =

(

4β2 − β

2
κ2(t)

)

dt+ 2β
√

2κ(t)

(

X(t)
√

X2(t) + Y 2(t)
dB1(t) +

Y (t)
√

X2(t) + Y 2(t)
dB2(t)

)

.
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◆♦t✐❝❡ t❤❛t✱ ❢♦r t ∈ [0, T ∧ τr,R]✱ t❤❡ ♣r♦❝❡ss

∫ t

0

X(s)
√

X2(s) + Y 2(s)
dB1(s) +

Y (s)
√

X2(s) + Y 2(s)
dB2(s)

✐s ❛ ③❡r♦✲♠❡❛♥ ♠❛rt✐♥❣❛❧❡ ✇✐t❤ q✉❛❞r❛t✐❝ ✈❛r✐❛t✐♦♥ dt✱ ❤❡♥❝❡ ✐t ✐s ❛ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥✳
❚❤❡r❡❢♦r❡✱ t❤❡ ♣r♦❝❡ss κ(t) ❞❡✜♥❡❞ ✐♥ ✭✹✳✷✳✹✮✱ ✐s ❛ s♦❧✉t✐♦♥ ♦❢ ✭✹✳✶✳✼✮ ♦♥ t❤❡ t✐♠❡ ✐♥t❡r✈❛❧
[0, T ∧ τr,R] ❛♥❞ ❡①✐st❡♥❝❡ ✐s ♣r♦✈❡❞✳ ❖♥ t❤❡ s❛♠❡ t✐♠❡ ✐♥t❡r✈❛❧✱ ❛❧s♦ ✉♥✐q✉❡♥❡ss ❤♦❧❞s ❢♦r
t❤❡ s♦❧✉t✐♦♥ ♦❢ ✭✹✳✶✳✼✮ s✐♥❝❡ t❤❡ ❝♦❡✣❝✐❡♥ts

b(k) = 4β2 − β

2
κ, σ(κ) = 2β

√
2κ

❛r❡ ▲✐♣s❝❤✐t③✲❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥s ♦✈❡r [r, R]✳
❚♦ ❝♦♥❝❧✉❞❡ t❤❡ ♣r♦♦❢✱ ✇❡ ✇❛♥t t♦ s❤♦✇ t❤❛t

P (τr,R ≤ T ) → 0, as r → 0+, R → +∞. ✭✹✳✷✳✺✮

❇② t❤❡ ❣❧♦❜❛❧ ❡①✐st❡♥❝❡ ♦❢ (X(t), Y (t))t≥0✱

P

(

sup
t∈[0,T ]

2β2(X2(t) + Y 2(t)) ≥ R

)

→ 0

❛s R → ∞. ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❛❦❡ ❛ s❡q✉❡♥❝❡ (rn)n≥1 ♦❢ ♣♦s✐t✐✈❡ ♥✉♠❜❡rs ❝♦♥✈❡r❣✐♥❣
♠♦♥♦t♦♥✐❝❛❧❧② t♦ ③❡r♦✳ ❋♦r ❛♥② n ≥ 1✱ ❞❡✜♥❡ t❤❡ ❡✈❡♥t An ❛s

An :=

{

inf
t∈[0,T ]

2β2(X2(t) + Y 2(t)) ≤ rn

}

❛♥❞ ♥♦t✐❝❡ t❤❛t (An)n≥1 ✐s ❛ ❞❡❝r❡❛s✐♥❣ s❡q✉❡♥❝❡ ♦❢ ❡✈❡♥ts ❝♦♥✈❡r❣✐♥❣ t♦

Ā :=
⋂

n

An =

{

inf
t∈[0,T ]

2β2(X2(t) + Y 2(t)) = 0

}

=
{

∃ t ∈ [0, T ] s✳t✳X(t) = Y (t) = 0
}

.

❋✐♥❛❧❧②✱ r❡❝❛❧❧ t❤❛t (X(t), Y (t))✱ ❜❡✐♥❣ ❛ ❜✐❞✐♠❡♥s✐♦♥❛❧ ❞✐✛✉s✐♦♥✱ ✐s ❛❜s♦❧✉t❡❧② ❝♦♥t✐♥✉♦✉s
✇✐t❤ r❡s♣❡❝t t♦ ❛ ❜✐❞✐♠❡♥s✐♦♥❛❧ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥✳ ❙✐♥❝❡ ❛ ❜✐❞✐♠❡♥s✐♦♥❛❧ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥
♥❡✈❡r ✈✐s✐ts t❤❡ ♦r✐❣✐♥ ❛✳s✳✱ ✇❡ ❝♦♥❝❧✉❞❡ ❜②

P
(

∃ t ∈ [0, T ] s✳t✳X(t) = Y (t) = 0
)

= 0.



✹✳✷✳ P❘❖❖❋ ❖❋ ❚❍❊ ▼❆■◆ ❚❍❊❖❘❊▼ ✽✾

✹✳✷✳✷ ❚✐❣❤t♥❡ss ♦❢ t❤❡ s❡q✉❡♥❝❡ ♦❢ st♦♣♣❡❞ ♣r♦❝❡ss❡s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✇❛♥t t♦ ♣r♦✈❡ t❤❛t t❤❡ s❡q✉❡♥❝❡ ♦❢ st♦♣♣❡❞ ♣r♦❝❡ss❡s (κN(t ∧ τNr,R))N≥1

❞❡✜♥❡❞ ✐♥ ▲❡♠♠❛ ✹✳✷✳✷ ✐s t✐❣❤t✳

❘❡♠❛r❦ ✹✳✷✳✸✳ ▲❡t PN ❜❡ t❤❡ ❧❛✇ ♦❢ (κN(t))t∈[0,T ] ♦♥ D([0, T ],R)✱ ❡♥❞♦✇❡❞ ✇✐t❤ t❤❡ ❙❦♦✲
r♦❤♦❞ t♦♣♦❧♦❣②✳ ❋♦r ❛♥② x ∈ D([0, T ],R) ❛♥❞ ❛♥② r, R > 0 ❝♦♥s✐❞❡r

τr,R := inf{t ∈ [0, T ] | x(t) 6∈ ]r, R[}

❛♥❞ ❞❡✜♥❡ t❤❡ ♠❛♣ ϕr,R : D([0, T ],R) → D([0, T ],R) ❛s

ϕr,R (x(·)) = x(· ∧ τr,R). ✭✹✳✷✳✻✮

❋♦r♠❛❧❧② s♣❡❛❦✐♥❣✱ ✧t❤❡ s❡q✉❡♥❝❡ ♦❢ st♦♣♣❡❞ ♣r♦❝❡ss❡s (κN(t ∧ τNr,R))N≥1 ✐s t✐❣❤t✧ ♠❡❛♥s
✧t❤❡ s❡q✉❡♥❝❡ ♦❢ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s (PN ◦ ϕ−1

r,R)N≥1 ✐s t✐❣❤t✧✳

❇❡❢♦r❡ ♣r♦✈✐♥❣ t❤❡ t✐❣❤t♥❡ss✱ ❧❡t ✉s r❡❝❛❧❧ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧ts ♦♥ ❥✉♠♣ ♣r♦❝❡ss❡s ✭s❡❡ ❬✸✻❪✮✳

Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✶✳ ▲❡t (Ω,F , P ) ❜❡ ❛ ❝♦♠♣❧❡t❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ ✇✐t❤ ❛ r✐❣❤t✲❝♦♥t✐♥✉♦✉s
✐♥❝r❡❛s✐♥❣ ❢❛♠✐❧② (Ft)t≥0 ♦❢ s✉❜✲σ✲✜❡❧❞s ♦❢ F ❡❛❝❤ ❝♦♥t❛✐♥✐♥❣ ❛❧❧ P ✲♥✉❧❧ s❡ts✳ ▲❡t X ❜❡ ❛
s❡♠✐✲♠❛rt✐♥❣❛❧❡ ♦❢ t❤❡ ❢♦r♠

X(t) = X(0) +

∫ t

0

∫

Y

f(s, y)Λ(ds, dy)

✇❤❡r❡ Λ(ds, dy) ✐s ❛ ♣♦✐♥t ♣r♦❝❡ss ♦❢ ✐♥t❡♥s✐t② A(s, dy)ds ♦♥ [0, T ]× Y ✱ ✇✐t❤ T > 0 ❛♥❞ Y
♠❡❛s✉r❛❜❧❡ s♣❛❝❡✱ ❛♥❞ X(0) ✐s ❛♥ F0✲♠❡❛s✉r❛❜❧❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡✳ ■❢ f ✐s ✭Ft)✲♣r❡❞✐❝t❛❜❧❡
❛♥❞ ❢♦r ❡✈❡r② t ∈ [0, T ]

∫ t

0

∫

Y

|f(s, y)|Λ(ds, dy) < ∞ a.s.

❛♥❞ F ∈ C(R) t❤❡♥

F (X(t)) = F (X(0)) +

∫ t

0

∫

Y

[F (X(s) + f(s, y))− F (X(s))] Λ(ds, dy).

Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✷✳ ▲❡t (Ω,F , P )✱ (Ft)t≥0✱ Λ(ds, dy)✱ A(s, dy)✱ Y ❛♥❞ X(0) ❛s ✐♥ Pr♦♣♦✲
s✐t✐♦♥ ✹✳✷✳✶✳ ▲❡t X ❜❡ ❛ ♠❛rt✐♥❣❛❧❡ ♦❢ t❤❡ ❢♦r♠

X(t) = X(0) +

∫ t

0

∫

Y

f(s, y)Λ̃(ds, dy)

✇❤❡r❡ Λ̃(ds, dy) ✐s t❤❡ ❝♦♠♣❡♥s❛t❡❞ ♣♦✐♥t ♣r♦❝❡ss

Λ̃(ds, dy) = Λ(ds, dy)− A(s, dy)ds.
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■❢ f ✐s (Ft)✲♣r❡❞✐❝t❛❜❧❡ ❛♥❞✱ ❢♦r ❡✈❡r② t ∈ [0, T ]

E

[∫ t

0

∫

Y

|f(s, y)|A(s, dy)ds
]

< ∞, E

[∫ t

0

∫

Y

|f(s, y)|2A(s, dy)ds
]

< ∞

t❤❡♥

E
[

X2(t)
]

= E

[

(∫ t

0

∫

Y

f(s, y)Λ̃(ds, dy)

)2
]

= E

[∫ t

0

∫

Y

f 2(s, y)A(s, dy)ds

]

.

Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✸✳ ❋♦r ❛♥② N ≥ 1✱ t ∈ [0, T ] ❧❡t κN(t ∧ τNr,R) ❜❡ t❤❡ ♣r♦❝❡ss ❞❡✜♥❡❞ ✐♥
▲❡♠♠❛ ✹✳✷✳✷✳ ❚❤❡♥✱ t❤❡ s❡q✉❡♥❝❡ ♦❢ ♣r♦❝❡ss❡s (κN(t ∧ τNr,R))N≥1 ✐s t✐❣❤t✳

Pr♦♦❢✳ ❋✐rst ♦❢ ❛❧❧✱ ❢♦r j ∈ S✱ t > 0✱ ❝♦♥s✐❞❡r t❤❡ s❡t AN(j, t) ♦❢ s♣✐♥s ❡q✉❛❧ t♦ j ❛t t✐♠❡ t
✭s❡❡ ❛❧s♦ ✭✶✳✷✳✶✶✮✮✿ ✇❡ ❤❛✈❡

|AN(j, t)| =
N(1 + jmN(t))

2
. ✭✹✳✷✳✼✮

❲❡ ❝❛♥ ✇r✐t❡ t❤❡ ❥✉♠♣ ♣❛rt ♦❢ t❤❡ ♣r♦❝❡ss zN(t) ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✱ ❢♦r t ∈ [0, T ]✿
∫ t

0

∑

j∈S

[

−j2β

N
3
4

]

ΛN(j, ds), ✭✹✳✷✳✽✮

✇❤❡r❡ Λ(j, ds) ✐♥❞✐❝❛t❡s ❛ ♣♦✐♥t ♣r♦❝❡ss ♦❢ ✐♥t❡♥s✐t②

N
1
2 |AN(j,N

1
2 s)|(1− j tanhλN(N

1
2 s))dt.

❋r♦♠ ✭✶✳✷✳✸✮ ❛♥❞ ✭✹✳✶✳✻✮✱ ✐t ✐s ❡❛s② t♦ s❡❡ t❤❛t uN(t) ❤❛s ❝♦♥t✐♥✉♦✉s tr❛❥❡❝t♦r✐❡s✱ s♦ ❢♦r ❛♥②
t ∈ [0, T ]✱

κN(t)− κN(t−) = z2N(t)− z2N(t−).

▲❡t ✉s st✉❞② t❤❡ ❥✉♠♣s ♦❢ t❤❡ ♣r♦❝❡ss z2N(t)✳ ❯s✐♥❣ t❤❡ ❣❡♥❡r❛❧✐③❡❞ ■tô✬s ❢♦r♠✉❧❛ ♣r♦✈✐❞❡❞
❜② Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✶✱ ✇❡ ❝❛♥ ✇r✐t❡ t❤❡ ❥✉♠♣ ♣❛rt ♦❢ z2N(t) ❛s

∫ t

0

∑

j∈S

[

(

zN(s)−
j2β

N
3
4

)2

− (zN(s))
2

]

ΛN(j, dt) =

∫ t

0

∑

j∈S

[

4β2

N
3
2

− j2βzN(s)

N
3
4

]

ΛN(j, dt).

✭✹✳✷✳✾✮
❚❤❡ st♦♣♣❡❞ ♣r♦❝❡ss κN(t ∧ τNr,R) ❝❛♥ ❜❡ ❞❡❝♦♠♣♦s❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✿

κN(t ∧ τNr,R) = κN(0) +

∫ t∧τNr,R

0

Hr,R
N κN(s)ds+Mt∧τNr,R

N,κ ✭✹✳✷✳✶✵✮

✇❤❡r❡ Hr,R
N κ ✐♥❞✐❝❛t❡s t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ❣❡♥❡r❛t♦r ♦❢ ▲❡♠♠❛ ✹✳✷✳✷ ❡✈❛❧✉❛t❡❞ ♦♥ t❤❡ ❢✉♥❝t✐♦♥

f(κ, θ) = κ✱ ✇❤✐❧❡ MN,κ ✐s t❤❡ ❧♦❝❛❧ ♠❛rt✐♥❣❛❧❡ ❣✐✈❡♥ ❜②

∫ t∧τNr,R

0

∑

j∈S

[

4β2

N
3
2

− j2βzN(s)

N
3
4

]

Λ̃N(j, ds), ✭✹✳✷✳✶✶✮
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✇✐t❤ Λ̃N(j, ds) r❡♣r❡s❡♥t✐♥❣ t❤❡ ❝♦♠♣❡♥s❛t❡❞ ✈❡rs✐♦♥ ♦❢ ΛN(j, ds) ✭s❡❡ t❤❡ ♥♦t❛t✐♦♥ ✐♥✲
tr♦❞✉❝❡❞ ✐♥ Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✶✮✳ ❲❡ ✇✐❧❧ ✉s❡ t❤❡ ❆❧❞♦✉s✬ t✐❣❤t♥❡ss ❝r✐t❡r✐♦♥ ✭s❡❡ ❬✻❪✮✳ ❆
s❡q✉❡♥❝❡ ♦❢ ♣r♦❝❡ss❡s {ξN(t)}N≥1 ✐s t✐❣❤t ✐❢✿

✶✳ ❢♦r ❡✈❡r② ε > 0 t❤❡r❡ ❡①✐sts M > 0 s✉❝❤ t❤❛t

sup
N

P

(

sup
t∈[0,T ]

|ξN(t)| ≥ M

)

≤ ε, ✭✹✳✷✳✶✷✮

✷✳ ❢♦r ❡✈❡r② ε > 0 ❛♥❞ α > 0 t❤❡r❡ ❡①✐sts δ > 0 s✉❝❤ t❤❛t

sup
N

sup
0≤τ1≤τ2≤(τ1+δ)∧T

P (|ξN(τ2)− ξN(τ1)| ≥ α) ≤ ε, ✭✹✳✷✳✶✸✮

✇❤❡r❡ t❤❡ s❡❝♦♥❞ s✉♣ ✐s t❛❦❡♥ ♦✈❡r st♦♣♣✐♥❣ t✐♠❡s τ1 ❛♥❞ τ2✱ ❛❞❛♣t❡❞ t♦ t❤❡ ✜❧tr❛t✐♦♥
❣❡♥❡r❛t❡❞ ❜② ♣r♦❝❡ss ξN ✳

◆♦t✐❝❡ t❤❛t✱ ❢♦r ❛♥② t ∈ [0, T ]✱ |κN(t)| = κN(t) ❛♥❞ κN(t ∧ τNr,R) ≤ R ❤❡♥❝❡ t❤❡ ✉♥✐❢♦r♠
❜♦✉♥❞❡❞♥❡ss ✭✹✳✷✳✶✷✮ tr✐✈✐❛❧❧② ❤♦❧❞s✳
▲❡t ♥♦✇ τ1✱ τ2 ❜❡ t✇♦ st♦♣♣✐♥❣ t✐♠❡s ❛❞❛♣t❡❞ t♦ t❤❡ t❤❡ ✜❧tr❛t✐♦♥ ❣❡♥❡r❛t❡❞ ❜② κN ✱ s✉❝❤
t❤❛t✱ ❢♦r δ > 0✱ τ1 ≤ τ2 ≤ (τ1 + δ) ∧ T ❛✳s✳✳ ❇② ❞❡❝♦♠♣♦s✐t✐♦♥ ✭✹✳✷✳✶✵✮✱ ✇❡ ❤❛✈❡ t❤❛t

∣

∣κN(τ2 ∧ τNr,R)− κN(τ1 ∧ τNr,R)
∣

∣ =

∣

∣

∣

∣

∣

∫ τ2∧τNr,R

τ1∧τNr,R
Hr,R

N κN(s)ds+M(τ1,τ2)∧τNr,R
N,κ

∣

∣

∣

∣

∣

≤

≤
∫ τ2∧τNr,R

τ1∧τNr,R

∣

∣

∣
Hr,R

N κN(s)
∣

∣

∣
ds+

∣

∣

∣M(τ1,τ2)∧τNr,R
N,κ

∣

∣

∣

✇❤❡r❡

M(τ1,τ2)∧τNr,R
N,κ :=

∫ τ2∧τNr,R

τ1∧τNr,R

∑

j∈S

[

4β2

N
3
2

− j2βzN(s)

N
3
4

]

Λ̃N(j, ds).

▲❡t✬s ❣✐✈❡ s♦♠❡ ❡st✐♠❛t✐♦♥s✿ ✐❢ f(κ, θ) = k✱ ❜② ▲❡♠♠❛ ✹✳✷✳✷

Hr,R
N f(κ, θ) = ✶]r,R[(κ)

[

4β2 − 4β

3
κ2 cos4 θ + or,R(1)

]

s♦

∫ τ2∧τNr,R

τ1∧τNr,R
|Hr,R

N κN(s)|ds =
∫ τ2∧τNr,R

τ1∧τNr,R

∣

∣

∣

∣

4β2 − 4β

3
(κN(s))

2 cos4 θN(s) + or,R(1)

∣

∣

∣

∣

ds ≤

≤
∫ τ2∧τNr,R

τ1∧τNr,R
4β2 +

4β

3
R2 + or,R(1)ds ≤

∫ τ2∧τNr,R

τ1∧τNr,R
4β2 +

4β

3
R2 +

C1(R)

Nγ
ds,
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✇❤❡r❡ γ > 0 ❛♥❞ C1(R) ✐s ❛ ❝♦♥st❛♥t ✇❤✐❝❤ ❞❡♣❡♥❞s ♦♥ R✳ ❚❤❡♥✱ t❛❦✐♥❣ C2(R) :=
4β2 + 4β

3
R2 + C1(R)✱

∫ τ2∧τNr,R

τ1∧τNr,R
|Hr,R

N κN(s)|ds ≤ C2(R)δ. ✭✹✳✷✳✶✹✮

▼♦r❡♦✈❡r✱ ✐❢ ✇❡ ✜① t ∈ [0, T ]✱ ✇❡ ❝❛♥ st✉❞② t❤❡ ❡①♣❡❝t❡❞ ✈❛❧✉❡ ♦❢
(

Mt∧τNr,R
N,κ

)2

❛♣♣❧②✐♥❣ t❤❡

■tô ✐s♦♠❡tr② ❢♦r st♦❝❤❛st✐❝ ✐♥t❡❣r❛❧s ✇✐t❤ r❡s♣❡❝t t♦ ♣♦✐♥t ♣r♦❝❡ss❡s ✭Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✶✮✿

E

[

(

Mt∧τNr,R
N,κ

)2
]

=

E

[

∫ t∧τNr,R

0

∑

j∈S

[

4β2

N
3
2

− j2βzN(s)

N
3
4

]2

N
1
2 |AN(j,N

1
2 s)|(1− j tanhλN(N

1
2 s))ds

]

≤

E

[

∫ t∧τNr,R

0

∑

j∈S
2

[

16β4

N3
+

4β2z2N(s)

N
3
2

]

N
1
2 |AN(j,N

1
2 s)|2ds

]

≤

E

[

∫ t∧τNr,R

0

8

[

16β4

N3
+

4β2R

N
3
2

]

N
1
2 sup

j∈S
|AN(j,N

1
2 s)|ds

]

≤

E

[

∫ t∧τNr,R

0

32β2

[

4β2

N
3
2

+R

]

ds

]

.

❇② t❤❡ ❖♣t✐♦♥❛❧ ❙❛♠♣❧✐♥❣ ❚❤❡♦r❡♠✱

E

[

(

M(τ1,τ2)∧τNr,R
N,κ

)2
]

= E

[

(

Mτ2∧τNr,R
N,κ

)2

−
(

Mτ1∧τNr,R
N,κ

)2
]

≤

≤ E
[

32β2(4β2 +R)
[

(τ2 ∧ τNr,R)− (τ1 ∧ τNr,R)
]

]

≤ 32β2(4β2 +R)δ =: C3(R)δ.

✭✹✳✷✳✶✺✮

◆♦✇✱ ❣✐✈❡♥ ε, α > 0✱ t❛❦❡ δ > 0 s✉❝❤ t❤❛t α−C2(R)δ > 0 ❛♥❞ C3(R)δ/(α−C2(R)δ)2 < ε✿
❜② ✭✹✳✷✳✶✹✮✱ ❈❤❡❜②s❝❡✈ ■♥❡q✉❛❧✐t② ❛♥❞ ✭✹✳✷✳✶✺✮ ✐t ❤♦❧❞s

sup
N

sup
0≤τ1≤τ2≤(τ1+δ)∧T

P
(

|κN(τ2 ∧ τNr,R)− κN(τ1 ∧ τNr,R)| ≥ α
)

≤

sup
N

sup
0≤τ1≤τ2≤(τ1+δ)∧T

P
(

∫ τ2∧τNr,R

τ1∧τNr,R
|Hr,R

N κN(s)|ds+
∣

∣

∣M(τ1,τ2)∧τNr,R
N,κ

∣

∣

∣α
)

≤

sup
N

sup
0≤τ1≤τ2≤(τ1+δ)∧T

P
( ∣

∣

∣M(τ1,τ2)∧τNr,R
N,κ

∣

∣

∣ ≥ α− C2(R)δ
)

≤

sup
N

sup
0≤τ1≤τ2≤(τ1+δ)∧T

E

[

∣

∣

∣
M(τ1,τ2)∧τNr,R

N,κ

∣

∣

∣

2
]

(α− C2(R)δ)2
≤ C3(R)δ

(α− C2(R)δ)2
< ε,

✇❤✐❝❤ ♣r♦✈❡s ✭✹✳✷✳✶✸✮✳
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✹✳✷✳✸ ❆✈❡r❛❣✐♥❣ ♣r✐♥❝✐♣❧❡

■♥ t❤❡ t❤✐s ♣❛r❛❣r❛♣❤ ✇❡ ♣r♦✈❡ ❛♥ ❡❧❡♠❡♥t❛r② ❛✈❡r❛❣✐♥❣ ♣r✐♥❝✐♣❧❡ t❤❛t ✐s ❜✉✐❧t ❛❞ ❤♦❝ ❢♦r
♦✉r ♣✉r♣♦s❡✳

Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✹✳ ❈♦♥s✐❞❡r φ : R×R → R ❛ ❧♦❝❛❧❧② ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥✱ 2π✲
♣❡r✐♦❞✐❝ ✐♥ t❤❡ s❡❝♦♥❞ ✈❛r✐❛❜❧❡✳ ▲❡t {(xN(t), yN(t))t∈[0,T ]}N≥1 ❜❡ ❛ ❢❛♠✐❧② ♦❢ ❝❛❞❧❛❣ ▼❛r❦♦✈
♣r♦❝❡ss❡s s✉❝❤ t❤❛t✿

✶✳ ❛s N → ∞✱ (xN(t))t∈[0,T ] ❝♦♥✈❡r❣❡s✱ ✐♥ s❡♥s❡ ♦❢ ✇❡❛❦ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ st♦❝❤❛st✐❝ ♣r♦✲
❝❡ss❡s✱ t♦ ❛ ♣r♦❝❡ss (x̄(t))t∈[0,T ]. ❆ss✉♠❡ ❛❧s♦ t❤❛t t❤❡r❡ ❡①✐sts ❛ ❝♦♠♣❛❝t s❡t K ⊂ R

s✉❝❤ t❤❛t✱ ❢♦r ❛♥② t ∈ [0, T ] ❛♥❞ N ≥ 1✱ xN(t) ∈ K ❛♥❞ x̄(t) ∈ K ❛♥❞ t❤❛t ❝♦♥❞✐t✐♦♥
✭✹✳✷✳✶✸✮ ❤♦❧❞s tr✉❡ ❢♦r t❤❡ s❡q✉❡♥❝❡ (xN(t))N≥1❀

✷✳ ❢♦r ❛♥② γ > 0 t❤❡r❡ ❡①✐st h′ > 0 ❛♥❞ N̄ ≥ 1, s✉❝❤ t❤❛t

sup
0≤h≤h′

E [|yN(t+ h)− yN(t)|] ≤ γ ✭✹✳✷✳✶✻✮

❢♦r ❛♥② N ≥ N̄ ❛♥❞ t ∈ [0, T ]✳

❚❤❡♥✱ ❢♦r ❛♥② c > 0 ❛♥❞ ξ > 0✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛✈❡r❛❣✐♥❣ ♣r✐♥❝✐♣❧❡ ❤♦❧❞s✿
∫ T

0

φ
(

xN(s), cN
ξs+ yN(s)

)

ds
weakly−−−−→

∫ T

0

φ̄ (x̄(s)) ds, ❛s N → ∞ ✭✹✳✷✳✶✼✮

✇❤❡r❡ φ̄ ✐s t❤❡ ❛✈❡r❛❣❡❞ ❢✉♥❝t✐♦♥ ❞❡✜♥❡❞ ❜②

φ̄(x) =
1

2π

∫ 2π

0

φ(x, θ)dθ.

❇❡❢♦r❡ ♣r♦✈✐♥❣ Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✹✱ r❡❝❛❧❧ t❤❡ ❙❦♦r♦❤♦❞✬s ❘❡♣r❡s❡♥t❛t✐♦♥ ❚❤❡♦r❡♠ ✭s❡❡ ❬✻❪✮✳

❚❤❡♦r❡♠ ✹✳✷✳✶✳ ❙✉♣♣♦s❡ t❤❛t t❤❡ s❡q✉❡♥❝❡ ♦❢ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s (PN)N≥1 ✇❡❛❦❧② ❝♦♥✲
✈❡r❣❡s t♦ P ❛♥❞ P ❤❛s ❛ s❡♣❛r❛❜❧❡ s✉♣♣♦rt✳ ❚❤❡♥ t❤❡r❡ ❡①✐st r❛♥❞♦♠ ❡❧❡♠❡♥ts (XN)N≥1

❛♥❞ X✱ ❞❡✜♥❡❞ ♦♥ ❛ ❝♦♠♠♦♥ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ (Ω,F ,P)✱ s✉❝❤ t❤❛t L(XN) = PN ❢♦r ❛♥②
N ≥ 1✱ L(X) = P ❛♥❞ XN(ω) → X(ω) ❢♦r ❡✈❡r② ω✳

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✹✳ ▲❡t PN = L(xN)✱ P̃N = L((xN , yN)) ❢♦r ❛♥② N ≥ 1 ❛♥❞
P = L(x̄)✳ ❚❤❡♥✱ PN ❛♥❞ P ❛r❡ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s ♦✈❡r t❤❡ s❡t ♦❢ ❝❛❞❧❛❣ tr❛❥❡❝t♦✲
r✐❡s D([0, T ],R)✱ ✇❤✐❝❤✱ ❡♥❞♦✇❡❞ ✇✐t❤ t❤❡ ❙❦♦r♦❤♦❞ t♦♣♦❧♦❣②✱ ✐s ❛ ❝♦♠♣❧❡t❡ ❛♥❞ s❡♣❛r❛❜❧❡
♠❡tr✐❝ s♣❛❝❡ ✭s❡❡ ❬✷✾❪✮✳ ❚❤❡r❡❢♦r❡✱ ❜② t❤❡ ❙❦♦r♦❤♦❞✬s ❘❡♣r❡s❡♥t❛t✐♦♥ ❚❤❡♦r❡♠✱ t❤❡r❡ ❡①✲
✐sts ❛ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ ♦♥ ✇❤✐❝❤ ❛r❡ ❞❡✜♥❡❞ D([0, T ],R)✲✈❛❧✉❡❞ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s xN ✇✐t❤
❞✐str✐❜✉t✐♦♥ PN ✱ ❢♦r N ≥ 1✱ ❛♥❞ x̄ ✇✐t❤ ❞✐str✐❜✉t✐♦♥ P s✉❝❤ t❤❛t xN ❝♦♥✈❡r❣❡s t♦ x̄ ❛✳s✳✳
◆♦t✐❝❡ t❤❛t ♦♥ t❤✐s ❝♦♠♠♦♥ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ ✭♦r ❛t ❧❡❛st ❡♥❧❛r❣✐♥❣ ✐t✮ ✇❡ ❝❛♥ ❛❧s♦ ❞❡✜♥❡✱
❢♦r ❛♥② N ≥ 1✱ ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ yN s✉❝❤ t❤❛t t❤❡ ❥♦✐♥t ❞✐str✐❜✉t✐♦♥ ♦❢ (xN , yN) ✐s P̃N ✳ ■♥
t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ✇✐❧❧ ♣r♦✈❡ t❤❛t✱ ♦♥ t❤✐s ❝♦♠♠♦♥ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡✱

∫ T

0

φ
(

xN(s), cN
ξs+ yN(s)

)

ds
L1

−→
∫ T

0

φ̄ (x̄(s)) ds, ❛s N → ∞
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✇❤✐❝❤ ✐♠♣❧✐❡s ✭✹✳✷✳✶✼✮✳
❋✐rst ♦❢ ❛❧❧✱ ✇❡ ❤❛✈❡ t❤❛t

E

∣

∣

∣

∣

∫ T

0

φ
(

xN(s), cN
ξs+ yN(s)

)

ds−
∫ T

0

φ̄ (x̄(s)) ds

∣

∣

∣

∣

≤

≤ E

∣

∣

∣

∣

φ
(

xN(s), cN
ξs+ yN(s)

)

ds−
∫ T

0

φ̄ (xN(s)) ds

∣

∣

∣

∣

+ ✭✹✳✷✳✶✽✮

+ E

∣

∣

∣

∣

∫ T

0

φ̄ (xN(s)) ds−
∫ T

0

φ̄ (x̄(s)) ds

∣

∣

∣

∣

. ✭✹✳✷✳✶✾✮

◆♦t✐❝❡ t❤❛t✱ s✐♥❝❡ xN → x̄ ❛✳s✳✱ t❤❛♥ ❛❧s♦
∫ T

0

φ̄ (xN(s)) ds →
∫ T

0

φ̄ (x̄(s)) ds a.s..

❙✐♥❝❡ t❤❡r❡ ❡①✐sts ❛ ❝♦♠♣❛❝t s❡t s✉❝❤ t❤❛t✱ ❢♦r ❛♥② s ∈ [0, T ]✱ xN(s) ∈ K ❛♥❞ φ̄ ✐s ❝♦♥t✐♥✉♦✉s✱
t❤❡ q✉❛♥t✐t✐❡s ❛❜♦✈❡ ❝❛♥ ❜❡ ✉♥✐❢♦r♠❧② ❞♦♠✐♥❛t❡❞ ❜② ❛ ❝♦♥st❛♥t ❤❡♥❝❡✱ ❜② t❤❡ ❉♦♠✐♥❛t❡❞
❈♦♥✈❡r❣❡♥❝❡ ❚❤❡♦r❡♠✱ ✇❡ ❛❧s♦ ❤❛✈❡ ❝♦♥✈❡r❣❡♥❝❡ ✐♥ L1 s❡♥s❡ s♦ t❤❡ q✉❛♥t✐t② ✐♥ ✭✹✳✷✳✶✾✮
❝♦♥✈❡r❣❡s t♦ ✵✳
❲❡ ❤❛✈❡ t♦ st✉❞② ✭✹✳✷✳✶✽✮✿ ❢♦r ❛♥② n ≥ 1 ❝♦♥s✐❞❡r t❤❡ ♣❛rt✐t✐♦♥ Pn ♦❢ [0, T ] ❞❡✜♥❡❞ ❛s

0 = t0 < t1 < · · · < tn ≤ tn+1 = T

✇❤❡r❡

n =

⌊

cN ξ

2π
T

⌋

, |ti − ti−1| =
2π

cN ξ
∀ i = 1, . . . , n, |T − tn| <

2π

cN ξ
.

❚❤❡♥✱

E

∣

∣

∣

∣

∫ T

0

φ
(

xN(s), cN
ξs+ yN(s)

)

ds−
∫ T

0

φ̄ (xN(s)) ds

∣

∣

∣

∣

≤

≤ E

∣

∣

∣

∣

∣

n−1
∑

i=0

∫ ti+1

ti

φ
(

xN(s), cN
ξs+ yN(s)

)

ds−
∫ T

0

φ̄ (xN(s)) ds

∣

∣

∣

∣

∣

+ ✭✹✳✷✳✷✵✮

+ E

∫ T

tn

∣

∣φ
(

xN(s), cN
ξs+ yN(s)

)∣

∣ ds ✭✹✳✷✳✷✶✮

❚❤❡ t❡r♠ ✐♥ ✭✹✳✷✳✷✶✮ ❝♦♥✈❡r❣❡ t♦ ✵✿ s✐♥❝❡ xN(s) ∈ K ✇✐t❤ K ❢♦r ❛❧❧ s ∈ [0, T ]✱ ❛♥❞ φ ✐s
❝♦♥t✐♥✉♦✉s ❛♥❞ ♣❡r✐♦❞✐❝ ✐♥ ✐ts s❡❝♦♥❞ ✈❛r✐❛❜❧❡✱ t❤❡r❡ ❡①✐sts C1 > 0 ✐♥❞❡♣❡♥❞❡♥t ♦❢ N s✉❝❤
t❤❛t

max
s∈[0,T ]

∣

∣φ
(

xN(s), cN
ξs+ yN(s)

)∣

∣ ≤ C1.

❍❡♥❝❡✱

E

[∫ T

tn

∣

∣φ
(

xN(s), cN
ξs+ yN(s)

)∣

∣ ds

]

≤ C1(T − tn) → 0
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❛s n → ∞✱ s♦ ✇❡ ❝❛♥ ❞❡❛❧ ✇✐t❤ t❤❡ t❡r♠ ✐♥ ✭✹✳✷✳✷✵✮ ♦♥❧②✳

E

∣

∣

∣

∣

∣

n−1
∑

i=0

∫ ti+1

ti

φ
(

xN(s), cN
ξs+ yN(s)

)

ds−
∫ T

0

φ̄ (xN(s)) ds

∣

∣

∣

∣

∣

≤

E

∣

∣

∣

∣

∣

n−1
∑

i=0

∫ ti+1

ti

[

φ
(

xN(s), cN
ξs+ yN(s)

)

− φ
(

xN(ti), cN
ξs+ yN(ti)

)]

ds

∣

∣

∣

∣

∣

+ ✭✹✳✷✳✷✷✮

E

∣

∣

∣

∣

∣

n−1
∑

i=0

∫ ti+1

ti

φ
(

xN(ti), cN
ξs+ yN(ti)

)

ds−
∫ T

0

φ̄ (xN(s)) ds

∣

∣

∣

∣

∣

. ✭✹✳✷✳✷✸✮

◆♦t✐❝❡ t❤❛t✱ ❢♦r ❛♥② i = 0, . . . , n− 1✱

∫ ti+1

ti

φ
(

xN(ti), cN
ξs+ yN(ti)

)

ds =

∫ ti+
2π

cNξ

ti

φ
(

xN(ti), cN
ξs+ yN(ti)

)

ds
†
=

†
=

1

cN ξ

∫ 2π

0

φ
(

xN(ti), σ + cN ξti + yN(ti)
)

dσ =
2π

cN ξ
φ̄ (xN(ti)) = φ̄ (xN(ti)) (ti+1 − ti)

✇❤❡r❡ ✐♥ † ✇❡ ✉s❡❞ t❤❡ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡ σ = cN ξ(s − ti)✳ ❚❤❡ q✉❛♥t✐t② ✐♥ ✭✹✳✷✳✷✸✮ ❝❛♥
t❤❡r❡❢♦r❡ ❜❡ ✇r✐tt❡♥ ❛s

E

∣

∣

∣

∣

∣

n−1
∑

i=0

φ̄(xN(ti))(ti+1 − ti)−
∫ T

0

φ̄(xN(s))ds

∣

∣

∣

∣

∣

✇❤✐❝❤ ❝❧❡❛r❧② ❝♦♥✈❡r❣❡s t♦ ✵ ❛s n → ∞✳
❙♦ ✇❡ ❛r❡ ♦♥❧② ❧❡❢t t♦ ♣r♦✈❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ t❡r♠ ✐♥ ✭✹✳✷✳✷✷✮✿

E

∣

∣

∣

∣

∣

n−1
∑

i=0

∫ ti+1

ti

[

φ
(

xN(s), cN
ξs+ yN(s)

)

− φ
(

xN(ti), cN
ξs+ yN(ti)

)]

ds

∣

∣

∣

∣

∣

≤

=
n−1
∑

i=0

∫ ti+1

ti

E
∣

∣φ
(

xN(s), cN
ξs+ yN(s)

)

− φ
(

xN(ti), cN
ξs+ yN(s)

)∣

∣ ds+ ✭✹✳✷✳✷✹✮

+
n−1
∑

i=0

∫ ti+1

ti

E
∣

∣φ
(

xN(ti), cN
ξs+ yN(s)

)

− φ
(

xN(ti), cN
ξs+ yN(ti)

)∣

∣ ds. ✭✹✳✷✳✷✺✮

◆♦t✐❝❡ t❤❛t t❤❡ ❢✉♥❝t✐♦♥ ✐❢ φ ✐s ❧♦❝❛❧❧② ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s ❛♥❞ ♣❡r✐♦❞✐❝ ✐♥ t❤❡ s❡❝♦♥❞
✈❛r✐❛❜❧❡✱ t❤❡♥ ✐t ✐s ❛❧s♦ ❧♦❝❛❧❧② ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s ✐♥ t❤❡ ✜rst ✈❛r✐❛❜❧❡ ✉♥✐❢♦r♠❧② ✐♥ t❤❡
s❡❝♦♥❞ ✈❛r✐❛❜❧❡✳ ❙✐♥❝❡ xN(s) ∈ K ❢♦r ❛❧❧ s ∈ [0, T ]✱ t❤❡r❡ ❡①✐sts LK > 0 s✉❝❤ t❤❛t

n−1
∑

i=0

∫ ti+1

ti

E
∣

∣φ
(

xN(s), cN
ξs+ yN(s)

)

− φ
(

xN(ti), cN
ξs+ yN(s)

)∣

∣ ds ≤
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≤ LK

n−1
∑

i=0

∫ ti+1

ti

E|xN(s)− xN(ti)|ds.

❙✐♥❝❡ ✭✹✳✷✳✶✸✮ ❤♦❧❞s ❢♦r t❤❡ s❡q✉❡♥❝❡ (xN)N≥1✱ ❢♦r ❛♥② ε, α > 0 t❤❡r❡ ❡①✐sts δ > 0 s✉❝❤ t❤❛t

sup
N

sup
0≤τ1≤τ2≤(τ1+δ)∧T

P (|xN(τ2)− xN(τ1)| ≥ α) ≤ ε.

❚❤❡♥✱ ❢♦r ❛♥② N s✉❝❤ t❤❛t 2π
cNξ < δ✱ ❢♦r ❛♥② i = 0, . . . , n− 1 ❛♥❞ s ∈ [ti, ti+1] ✇❡ ❤❛✈❡

E|xN(s)− xN(ti)| ≤

≤ E
[

|xN(s)− xN(ti)|✶{|xN (s)−xN (ti)|≥α}
]

+ E
[

|xN(s)− xN(ti)|✶{|xN (s)−xN (ti)|<α}
]

≤

≤ max
x,y∈K

|x− y|P (|xN(s)− xN(ti)| ≥ α) + α ≤ C̄ε+ α

✇❤❡r❡ C̄ := maxx,y∈K |x− y|. ❙♦✱ ❢♦r ❛♥② ε, α > 0 ❛♥❞ N ❧❛r❣❡ ❡♥♦✉❣❤✱

n−1
∑

i=0

∫ ti+1

ti

E
∣

∣φ
(

xN(s), cN
ξs+ yN(s)

)

− φ
(

xN(ti), cN
ξs+ yN(s)

)∣

∣ ds ≤

≤ LK

n−1
∑

i=0

∫ tt+1

ti

C̄ε+ αds ≤ LK(C̄ε+ α)

⌊

cN ξ

2π
T

⌋

2π

cN ξ
≤ LK(C̄ε+ α)T.

❚❤❡r❡❢♦r❡✱ t❤❡ q✉❛♥t✐t② ✐♥ ✭✹✳✷✳✷✹✮ ❝♦♥✈❡r❣❡s t♦ ✵✳
❋✐♥❛❧❧②✱ ✇❡ ❛r❡ ❧❡❢t ✇✐t❤ ✭✹✳✷✳✷✺✮✿ ❢♦r ❛♥② γ > 0 ❛♥❞ N ❧❛r❣❡ ❡♥♦✉❣❤✱

n−1
∑

i=0

∫ ti+1

ti

E
∣

∣φ
(

xN(ti), cN
ξs+ yN(s)

)

− φ
(

xN(ti), cN
ξs+ yN(ti)

)∣

∣ ds ≤

≤ LK

n−1
∑

i=0

∫ ti+1

ti

E |yN(s)− yN(ti)| ds ≤

≤ LK

n−1
∑

i=0

∫ ti+1

ti

sup
0≤h≤ 2π

cNξ

E |yN(ti + h)− yN(ti)| ds ≤

≤ LK

n−1
∑

i=0

∫ ti+1

ti

γds ≤
⌊

cN ξ

2π
T

⌋

2π

cN ξ
LKγ ≤ LKTγ

✇❤❡r❡ ✇❡ ✉s❡❞ ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉✐t② ❛♥❞ ❝♦♥❞✐t✐♦♥ ✭✹✳✷✳✶✻✮✳ ❙✐♥❝❡ γ ✐s ❛r❜✐tr❛r②✱ t❤❡ ♣r♦♦❢
✐s ❝♦♠♣❧❡t❡❞✳
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✹✳✷✳✹ ❆♥❛❧②s✐s ♦❢ t❤❡ ❢❛st ❝♦♠♣♦♥❡♥t

❈♦♥s✐❞❡r ❛❣❛✐♥ t❤❡ ♣r♦❝❡ss (κN(t), θN(t))t∈[0,T ] ❞❡✜♥❡❞ ✐♥ ▲❡♠♠❛ ✹✳✷✳✷ ❛♥❞ ❞❡✜♥❡ t❤❡ ♣r♦✲
❝❡ss (ηN(t))t∈[0,T ] ❜②

ηN(t) := θN(t)−N
1
22
√

β − 1t. ✭✹✳✷✳✷✻✮

❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ♣r♦✈❡s t❤❛t✱ ❣✐✈❡♥ t❤❡ st♦♣♣✐♥❣ t✐♠❡

τNr,R := inf{t ∈ [0, T ] | κN(t) 6∈ ]r, R[},
t❤❡ st♦♣♣❡❞ ♣r♦❝❡ss ηN(t ∧ τNr,R) s❛t✐s✜❡s ✭❛ str♦♥❣❡r ✈❡rs✐♦♥ ♦❢✮ ❝♦♥❞✐t✐♦♥ ✭✹✳✷✳✶✻✮✳

Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✺✳ ▲❡t ηN(t) ❜❡ t❤❡ ▼❛r❦♦✈ ♣r♦❝❡ss ❞❡✜♥❡❞ ❜② ✭✹✳✷✳✷✻✮✳ ❚❤❡♥✱ ❢♦r h′ > 0✱
t❤❡r❡ ❡①✐st C > 0 ❛♥❞ N̄ ≥ 1 s✉❝❤ t❤❛t

sup
0≤h≤h′

E
[

∣

∣ηN((t+ h) ∧ τNr,R)− ηN(t ∧ τNr,R)
∣

∣

]

≤ C
√
h′ ✭✹✳✷✳✷✼✮

❢♦r ❛❧❧ N ≥ N̄ .

Pr♦♦❢✳ ◆♦t✐❝❡ t❤❛t (κN(t), ηN(t)) ✐s ❛ t✐♠❡✲❞❡♣❡♥❞❡♥t ✐♥✈❡rt✐❜❧❡ tr❛♥s❢♦r♠❛t✐♦♥ ♦❢ (zN(t), uN(t))✿
s♦✱ (κN(t), ηN(t)) ✐s ✐ts❡❧❢ ❛ ✭t✐♠❡ ✐♥❤♦♠♦❣❡♥❡♦✉s✮ ▼❛r❦♦✈ ♣r♦❝❡ss✳ ❲❡ ✇❛♥t t♦ ✜♥❞ ❛♥
❡①♣r❡ss✐♦♥ ❢♦r ✐ts ❣❡♥❡r❛t♦r JN,t✳ ❆❝t✉❛❧❧②✱ ✐♥ ♦r❞❡r t♦ ♦✈❡r❝♦♠❡ t✐♠❡✲❞❡♣❡♥❞❡♥❝❡✱ ✇❡ ❧❡t
t✐♠❡ ♣❧❛② t❤❡ r♦❧❡ ♦❢ ❛❞❞✐t✐♦♥❛❧ ✈❛r✐❛❜❧❡✳ ▲❡t (yN(t))t∈[0,T ] ❜❡ t❤❡ ♣r♦❝❡ss

dyN(t) = N
1
22
√

β − 1dt

❛♥❞ ❝♦♥s✐❞❡r t❤❡ tr❛♥s❢♦r♠❛t✐♦♥

κN(t) = z2N(t) + u2
N(t),

ηN(t) = arctan

(

uN(t)

zN(t)

)

− yN(t),

ξN(t) = yN(t).

❘❡❝❛❧❧ ❣❡♥❡r❛t♦r GN ✐♥tr♦❞✉❝❡❞ ✐♥ ▲❡♠♠❛ ✹✳✷✳✶✿ t❤❡♥✱ ✐♥✜♥✐t❡s✐♠❛❧ ❣❡♥❡r❛t♦r ḠN ❛ss♦❝✐✲
❛t❡❞ ✇✐t❤ (zN(t), uN(t), yN(t)) ✐s ❣✐✈❡♥ ❜②

ḠNf(z, u, y) = GNf(z, u) +N
1
22
√

β − 1fy.

▲❡t g ❜❡ t❤❡ ❢✉♥❝t✐♦♥

g(z, u, y) =
(

z2 + u2, arctan
(u

z

)

− y, y
)

❛♥❞ ❝♦♠♣✉t❡ ḠN(f ◦ g)(z, u, y)✱ ✇✐t❤ f ∈ C3
b ([r, R] × R

2)✳ ❱❡r② s✐♠✐❧❛r ❝♦♠♣✉t❛t✐♦♥s t♦
t❤❡ ♦♥❡ ♣❡r❢♦r♠❡❞ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✹✳✷✳✷ ②✐❡❧❞ ✉s

ḠN(f ◦ g)(z, u, y) = 2β2(f ◦ g)zz −
(

2βz3

3
+N

1
22β
√

β − 1u

)

(f ◦ g)z+

+N
1
22
√

β − 1z(f ◦ g)u +N
1
22
√

β − 1fy + o(1).
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❖❜s❡r✈❡ t❤❛t✿

(f ◦ g)z = 2zfκ −
u

z2 + u2
fη, (f ◦ g)u = 2ufκ +

z

z2 + u2
fη, (f ◦ g)y = −fη + fξ,

(f ◦ g)zz = 4z2fκκ −
4zu

z2 + u2
fκη +

u2

(z2 + u2)2
fηη + 2fκ +

2uz

(z2 + u2)2
fη,

❤❡♥❝❡

ḠN(f ◦ g)(z, u, y) = 8β2z2fκκ −
8β2zu

z2 + u2
fκη +

2β2u2

(z2 + u2)2
fηη+

+

(

4β2zu

(z2 + u2)2
+

2βz3u

3(z2 + u2)

)

fη+

+

(

4β2 − 4βz4

3

)

fκ +N
1
22
√

β − 1fξ + o(1),

✇❤✐❝❤ ✜♥❛❧❧② ②✐❡❧❞s t❤❛t t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ❣❡♥❡r❛t♦r JN ♦❢ (κN(t), ηN(t), ξN(t)) ✐♥ t❤❡ ❢♦r♠
✭s❡❡ ▲❡♠♠❛ ✶✳✷✳✶✮✿

JNf(κ, η, ξ) = 8β2κ cos2(η + ξ)fκκ − 8β2 cos(η + ξ) sin(η + ξ)fκη +
2β2 sin2(η + ξ)

κ
fηη+

+

(

4β2 cos(η + ξ) sin(η + ξ)

κ
+

2β

3
κ cos3(η + ξ) sin(η + ξ) + 2

√

β − 1 sin(η + ξ)

)

fη+

+

(

4β2 − 4β

3
κ2 cos4(η + ξ)

)

fκ +N
1
22
√

β − 1fξ + o(1).

❙♦✱ t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ❣❡♥❡r❛t♦r Jr,R
N ♦❢ t❤❡ st♦♣♣❡❞ ♣r♦❝❡ss (κN(t∧ τNr,R), ηN(t∧ τNr,R), ξN(t∧

τNr,R)) ✇✐❧❧ s❛t✐s❢② ❢♦r f ∈ C3
b ([r, R]× R

2)✿

Jr,R
N f(κ, η, ξ) =

= ✶]r,R[(κ)

[

8β2κ cos2(η + ξ)fκκ − 8β2 cos(η + ξ) sin(η + ξ)fκη +
2β2 sin2(η + ξ)

κ
fηη+

+

(

4β2 cos(η + ξ) sin(η + ξ)

κ
+

2β

3
κ cos3(η + ξ) sin(η + ξ) + 2

√

β − 1 sin(η + ξ)

)

fη+

+

(

4β2 − 4β

3
κ2 cos4(η + ξ)

)

fκ +N
1
22
√

β − 1fξ + or,R(1)

]

✇❤❡r❡✱ ❛s ✐♥ ▲❡♠♠❛ ✹✳✷✳✷✱ ♦♥❡ ❝❛♥ ❡❛s✐❧② ❝❤❡❝❦ t❤❛t t❤❡ r❡♠❛✐♥❞❡rs or,R(1) ❝❛♥ ❜❡ ✉♥✐❢♦r♠❧②
❞♦♠✐♥❛t❡❞ ❜② ❛ t❡r♠ ♦❢ ♦r❞❡r o(1) ♦♥ [r, R]× R

2✳
❲❡ ✇✐❧❧ ✉s❡ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥

ηN(t ∧ τNr,R) = ηN(0) +

∫ t∧τNr,R

0

Jr,R
N ηN(s)ds+Mt∧τNr,R

N,η ✭✹✳✷✳✷✽✮
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✇❤❡r❡ Jr,R
N η ✐♥❞✐❝❛t❡s t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ❣❡♥❡r❛t♦r Jr,R

N ❡✈❛❧✉❛t❡❞ ♦♥ t❤❡ ❢✉♥❝t✐♦♥ f(κ, η, ξ) =
η ❛♥❞

Mt∧τNr,R
N,η =

∫ t∧τNr,R

0

∑

j∈S
∆ηN(s)Λ̃N(j, ds)

✇❤❡r❡ Λ̃(j, ds) ✐s t❤❡ s❛♠❡ ❝♦♠♣❡♥s❛t❡❞ ♣♦✐♥t ♣r♦❝❡ss ✐♥tr♦❞✉❝❡❞ ✐♥ Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✸ ❛♥❞
∆ηN(s) ✇✐❧❧ ❜❡ ❡st✐♠❛t❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✳
▲❡t h > 0 ❛♥❞ st✉❞② t❤❡ q✉❛♥t✐t②

∣

∣ηN((t+ h) ∧ τNr,R)− ηN(t ∧ τNr,R)
∣

∣ ≤
∫ (t+h)∧τNr,R

t∧τN
r,R

∣

∣

∣
Jr,R
N ηN(s)

∣

∣

∣ ds+
∣

∣

∣
M(t+h)∧τNr,R

N,η −Mt∧τNr,R
N,η

∣

∣

∣
.

❲❡ ❤❛✈❡

Jr,R
N η =

4β2 cos(η + ξ) sin(η + ξ)

κ
+

2β

3
cos3(η+ ξ) sin(η+ ξ)+2

√

β − 1 sin(η+ ξ)+ or,R(1),

t❤❡r❡❢♦r❡

∫ (t+h)∧τNr,R

t∧τN
r,R

|Jr,R
N ηN(s)|ds ≤

∫ (t+h)∧τNr,R

t∧τN
r,R

4β2

r
+ 2βR + 2

√

β − 1 + or,R(1)ds ≤ C(r, R)h.

✭✹✳✷✳✷✾✮
❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✉s✐♥❣ t❤❡ s❛♠❡ ❛r❣✉♠❡♥ts ♦❢ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✸✱

E

[

(

M(t+h)∧τNr,R
N,η −Mt∧τNr,R

N,η

)2
]

= E

[

(

M(t+h)∧τNr,R
N,η

)2

−
(

Mt∧τNr,R
N,η

)2
]

=

= E

[

∫ (t+h)∧τNr,R

t∧τN
r,R

∑

j∈S
(∆ηN(s))

2 N
1
2 |AN(j,N

1
2 s)|
(

1− j tanh(λN(N
1
2 s))

)

ds

]

.

❲❡ ✇❛♥t t♦ ❡st✐♠❛t❡ t❤❡ t❡r♠ (∆ηN(t))
2 ❢♦r t ∈ [0, T ∧ τNr,R]✳ ❘❡❝❛❧❧ ✭✹✳✷✳✷✻✮✱ s♦ t❤❛t

ηN(t)− ηN(t−) = θN(t)− θN(t−) = arctan

(

uN(t)

zN(t)

)

− arctan

(

uN(t−)

zN(t−)

)

.

❆s ♣r❡✈✐♦✉s❧② r❡♠❛r❦❡❞✱ uN(t) = uN(t−) ❢♦r ❛❧❧ t ∈ [0, T ] ✇❤✐❧❡✱ ✐❢ τ ∈ [0, T ∧ τNr,R] ✐s ❛
❥✉♠♣ t✐♠❡ ❢♦r zN ✱

|zN(τ)− zN(τ−)| = 2β

N
3
4

.

❙✐♥❝❡ | d
dx

arctan(x)| ≤ 1 ❢♦r ❛❧❧ x ∈ R✱

|ηN(τ)− ηN(τ−)| ≤
∣

∣

∣

∣

uN(τ)

zN(τ)
− uN(τ−)

zN(τ−)

∣

∣

∣

∣

=

∣

∣

∣

∣

uN(τ)
zN(τ)− zN(τ−)

zN(τ)zN(τ−)

∣

∣

∣

∣

. ✭✹✳✷✳✸✵✮
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◆♦t✐❝❡ ❛❧s♦ t❤❛t ✉s✐♥❣ t❤❡ ✇❡❧❧✲❦♥♦✇♥ ♣r♦♣❡rt② ♦❢ arctan
∣

∣

∣

∣

arctan(x) + arctan

(

1

x

)∣

∣

∣

∣

=
π

2
∀ x 6= 0,

✇❡ ❤❛✈❡ t❤❛t
∣

∣

∣

∣

arctan

(

uN(τ)

zN(τ)

)

− arctan

(

uN(τ−)

zN(τ−)

)∣

∣

∣

∣

=

∣

∣

∣

∣

arctan

(

zN(τ)

uN(τ)

)

− arctan

(

zN(τ−)

uN(τ−)

)∣

∣

∣

∣

❛♥❞ ✇❡ ❣❡t ❛ s❡❝♦♥❞ ❡st✐♠❛t❡

|ηN(τ)− ηN(τ−)| ≤
∣

∣

∣

∣

zN(τ)

uN(τ)
− zN(τ−)

uN(τ−)

∣

∣

∣

∣

=

∣

∣

∣

∣

zN(τ)− zN(τ−)

uN(τ)

∣

∣

∣

∣

. ✭✹✳✷✳✸✶✮

▲❡t ♥♦✇ ✜① ε > 0 ❛♥❞ N̄ ≥ 1 s✉❝❤ t❤❛t 2βN̄− 3
4 < ε ❛♥❞ 4ε2 < r; s♦✱ ❢♦r N > N̄ ✱ ✐❢

|zN(τ)zN(τ−)| ≥ ε2 ✐t ❤♦❧❞s✱ ❜② ✭✹✳✷✳✸✵✮✱

|ηN(τ)− ηN(τ−)| ≤
√
R

ε2
2β2

N
3
4

.

❖t❤❡r✇✐s❡✱ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ |zN(τ)zN(τ−)| < ε2✿ t❤✐s ✐♠♣❧✐❡s |zN(τ)| < 2ε ❤❡♥❝❡

|uN(τ)| ≥
√
r − 4ε2.

❚❤❡r❡❢♦r❡✱ ❜② ✭✹✳✷✳✸✶✮✱

|ηN(τ)− ηN(τ−)| ≤ 1√
r − 4ε2

2β

N
3
4

.

■♥ ❝♦♥❝❧✉s✐♦♥✱ ❤❛✈✐♥❣ ✜①❡❞ ε ❛♥❞ N̄ ❛s ❛❜♦✈❡✱ s❡t C̄ = max
{

1√
r−4ε2

,
√
R

ε2

}

✇❡ ❤❛✈❡

|∆ηN(t)| ≤ C̄
2β

N
3
4

✭✹✳✷✳✸✷✮

❢♦r ❛♥② t ∈ [0, T ∧ τNr,R] ❛♥❞ N ≥ N̄ ✳ ❇② ♠❡❛♥s ♦❢ ✭✹✳✷✳✸✷✮

E

[

(

M(t+h)∧τNr,R
N,η −Mt∧τNr,R

N,η

)2
]

=

= E

[

∫ (t+h)∧τNr,R

t∧τN
r,R

∑

j∈S
(∆ηN(s))

2 N
1
2 |AN(j,N

1
2 s)|
(

1− j tanh(λN(N
1
2 s))

)

ds

]

≤

≤ E

[

∫ (t+h)∧τNr,R

t∧τN
r,R

∑

j∈S
C̄24β

2

N
3
2

N
1
2 sup

j∈S
|AN(j,N

1
2 s)|2ds

]

≤ 16β2C̄2h,
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✇❤✐❝❤✱ ❜② ❍ö❧❞❡r ✐♥❡q✉❛❧✐t②✱ ✐♠♣❧✐❡s

E
[∣

∣

∣
M(t+h)∧τNr,R

N,η −Mt∧τNr,R
N,η

∣

∣

∣

]

≤
√

E

[

(

M(t+h)∧τN
r,R

N,η −Mt∧τNr ∧τN
R

N,η

)2
]

≤ 4βC̄
√
h. ✭✹✳✷✳✸✸✮

■♥ ❝♦♥❝❧✉s✐♦♥✱ ✉s✐♥❣ ✭✹✳✷✳✷✾✮ ❛♥❞ ✭✹✳✷✳✸✸✮✱ ❢♦r ❛ ❣✐✈❡♥ h′ > 0 t❤❡r❡ ❡①✐sts N̄ ≥ 1 ❛♥❞ C̄ > 0
s✉❝❤ t❤❛t

sup
0≤h≤h′

E
[

∣

∣ηN((t+ h) ∧ τNr,R)− ηN(t ∧ τNr,R)
∣

∣

]

≤

≤ sup
0≤h≤h′

E

∫ (t+h)∧τNr,R

t∧τN
r,R

|JNηN(s)| ds+ sup
0≤h≤h′

E
∣

∣

∣
M(t+h)∧τNr,R

N,η −Mt∧τNr,R
N,η

∣

∣

∣
≤

≤ sup
0≤h≤h′

C(r, R)h+ sup
0≤h≤h′

4βC̄
√
h ≤ C(r, R)h′ + 4βC̄

√
h′,

❢♦r ❛♥② N ≥ N̄ ✳ ❇❡✐♥❣ h′ ≪
√
h′ t❤❡ ♣r♦♦❢ ✐s ❝♦♠♣❧❡t❡❞✳

✹✳✷✳✺ ❈❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ ❧✐♠✐t ♦❢ t❤❡ s❡q✉❡♥❝❡ ♦❢ st♦♣♣❡❞ ♣r♦✲

❝❡ss❡s

❇② Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✸✱ ❢♦r ❛♥② ❝❤♦✐❝❡ ♦❢ r, R s✉❝❤ t❤❛t 0 < r < β
β−1

λ̄ < R✱ t❤❡ s❡q✉❡♥❝❡

(PN ◦ ϕ−1
r,R)N≥1 ❛❞♠✐ts ❛ ❝♦♥✈❡r❣✐♥❣ s✉❜s❡q✉❡♥❝❡ (Pn ◦ ϕ−1

r,R)n≥1✱ ✇❤❡r❡ PN = L(κN) ❛♥❞
ϕr,R ❞❡✜♥❡❞ ❜② ✭✹✳✷✳✻✮ ✭s❡❡ ❘❡♠❛r❦ ✹✳✷✳✸✮✳ ▲❡t P̄r,R ❜❡ t❤❡ ❧✐♠✐t ♦❢ (Pn ◦ ϕ−1

r,R)n≥1✱ ✇❤✐❝❤
✐❞❡♥t✐✜❡s ❛ ❝❛❞❧❛❣ st♦❝❤❛st✐❝ ♣r♦❝❡ss (κ̄r,R(t))t∈[0,T ]✳ ❉❡✜♥✐♥❣ t❤❡ st♦♣♣✐♥❣ t✐♠❡

τnr,R := inf{t ∈ [0, T ] | κn(t) 6∈ ]r, R[ },

✇❡ ❤❛✈❡ t❤❛t t❤❡ s❡q✉❡♥❝❡ ♦❢ ♣r♦❝❡ss❡s (κn(t ∧ τnr,R))n≥1 ✇❡❛❦❧② ❝♦♥✈❡r❣❡s t♦ t❤❡ st♦❝❤❛s✲
t✐❝ ♣r♦❝❡ss κ̄r,R(t)✳ ▲❡t ♥♦✇ L ❞❡♥♦t❡ t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ❣❡♥❡r❛t♦r ♦❢ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡
st♦❝❤❛st✐❝ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥

dκ(t) =

(

4β2 − β

2
κ2(t)

)

dt+ 2β
√

2κ(t)dB(t),

♥❛♠❡❧②✱ ❢♦r ❛♥② f ∈ dom(L)✱

Lf(κ) = 4β2κf ′′(κ) +

(

4β2 − β

2
κ2

)

f ′(κ). ✭✹✳✷✳✸✹✮

❚❤❡ ♣r♦❝❡ss κ̄r,R(t) s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt②✳

Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✻✳ ❋♦r ❛♥② f ∈ C∞
c ([r, R]) t❤❡ st♦❝❤❛st✐❝ ♣r♦❝❡ss

N̄ f
r,R(t) := f(κ̄r,R(t))− f(κ̄r,R(0))−

∫ t

0

Lf(κ̄r,R(s))ds

✐s ❛ ♠❛rt✐♥❣❛❧❡✳



✶✵✷ ❈❍❆P❚❊❘ ✹✳ ❈❘■❚■❈❆▲ ❋▲❯❈❚❯❆❚■❖◆❙ ❆❚ ❆ ❍❖P❋ ❇■❋❯❘❈❆❚■❖◆

Pr♦♦❢✳ ▲❡t f ∈ C∞
c ([r, R]) ❛♥❞ ✜① t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦t❛t✐♦♥s✿

Af (κ, θ) := 8β2κ cos2 θf ′′(κ) +

(

4β2 − 4β

3
κ2 cos4 θ

)

f ′(κ),

Āf (κ) :=
1

2π

∫ 2π

0

Af (κ, θ)dθ.

◆♦t✐❝❡ t❤❛t ✐t ❤♦❧❞s t❤❛t

Hr,R
n f(κ, θ) = Af (κ, θ) + or,R(1)

✇❤❡r❡ Hr,R
n ✐s t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ❣❡♥❡r❛t♦r ♦❢ t❤❡ ♣r♦❝❡ss κn(t ∧ τnr,R) ❛♥❞ Āf (κ) = Lf(κ)✳

❉❡✜♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❝❡ss❡s✱ ❢♦r t ∈ [0, T ]✿

Mf
n(t) = f(κn(t ∧ τnr,R))− f(κn(0))−

∫ t∧τnr,R

0

Hr,R
n f(κn(s))ds,

N f
n (t) = f(κn(t ∧ τnr,R))− f(κn(0))−

∫ t∧τnr,R

0

Af (κn(s), θn(s))ds;

♠♦r❡♦✈❡r ✐t ❤♦❧❞s t❤❛t

N̄ f
r,R(t) = f(κ̄r,R(t))− f(κ̄r,R(0))−

∫ t

0

Āf (κ̄r,R(s))ds.

❲❡ ✇❛♥t t♦ s❤♦✇ t❤❛t N̄ f
r,R(t) ✐s ❛ ♠❛rt✐♥❣❛❧❡✳ ❋✐① m ≥ 1✱ g1, . . . , gm ❝♦♥t✐♥✉♦✉s ❛♥❞

❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥s ❛♥❞ 0 ≤ t1 ≤ · · · ≤ tm ≤ s ≤ t ≤ T ✳ ❙✐♥❝❡ Mf
n ✐s ❛ ♠❛rt✐♥❣❛❧❡✱

E
[(

Mf
n(t)−Mf

n(s)
)

g1(κn(t1 ∧ τnr,R)) · · · gm(κn(tm ∧ τnr,R))
]

= 0,

✇❤✐❝❤ ✐♠♣❧✐❡s

E
[(

N f
n (t)−N f

n (s)
)

g1(κn(t1 ∧ τnr,R)) · · · gm(κn(tm ∧ τnr,R))
]

= or,R(1).

❚❤❡ ❧❛st ❡q✉✐✈❛❧❡♥❝❡ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

E
[(

f(κn(t ∧ τnr,R))− f(κn(s ∧ τnr,R))
)

g1(κn(t1 ∧ τnr,R)) · · · gm(κn(tm ∧ τnr,R))
]

+

E

[

−
(

∫ t∧τnr,R

s∧τn
r,R

Af (κn(σ), θn(σ))dσ

)

g1(κn(t1 ∧ τnr,R)) · · · gm(κn(tm ∧ τnr,R))

]

=

= or,R(1). ✭✹✳✷✳✸✺✮

◆♦t✐❝❡ t❤❛t✱ s✐♥❝❡ (κn(t∧τnr,R))n≥1 ✇❡❛❦❧② ❝♦♥✈❡r❣❡s t♦ κ̄r,R(t)✱ t❤❡ t❡r♠ ✐♥ ✭✹✳✷✳✸✺✮ ❝♦♥✈❡r❣❡s
t♦

E
[(

f(κ̄r,R(t))− f(κ̄r,R(s))
)

g1(κ̄r,R(t1)) · · · gm(κ̄r,R(tm))
]
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❛♥❞ or,R(1) ❝♦♥✈❡r❣❡s t♦ ✵✱ ✐♥ ♦r❞❡r t♦ s❤♦✇ t❤❛t N̄ f
r,R(t) ✐s ❛ ♠❛rt✐♥❣❛❧❡ ✇❡ ♦♥❧② ❤❛✈❡ t♦

♣r♦✈❡ t❤❛t t❤❡ t❡r♠

E

[(

∫ t∧τnr,R

s∧τn
r,R

Af (κn(σ), θn(σ))dσ

)

g1(κn(t1 ∧ τnr,R)) · · · gm(κn(tm ∧ τnr,R))

]

❝♦♥✈❡r❣❡s t♦

E

[∫ t

s

Āf (κ̄r,R(σ))dσg1(κ̄r,R(t1)) · · · gm(κ̄r,R(tm))

]

.

◆♦t✐❝❡ t❤❛t✱ s✐♥❝❡ f ∈ C∞
c ([r, R])✱ ✐t ❤♦❧❞s t❤❛t

∫ t∧τnr,R

s∧τn
r,R

Af (κn(σ), θn(σ))dσ =

∫ t

s

Af (κn(σ ∧ τnr,R), θn(σ ∧ τnr,R))dσ,

s♦ ✇❡ ❤❛✈❡ ❛❧❧ t❤❡ ❡❧❡♠❡♥ts t♦ ❛♣♣❧② t❤❡ ❛✈❡r❛❣✐♥❣ ♣r✐♥❝✐♣❧❡ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✹✿ ✇❡ ❝❛♥
t❛❦❡ xN(t) = κN(t∧τNr,R)✱ x̄(t) = κ̄r,R(t)✱ yN(t) = ηN(t∧τNr,R) ✇✐t❤ ηN(t) ❞❡✜♥❡❞ ❜② ✭✹✳✷✳✷✻✮✱
c = 2

√
β − 1 ❛♥❞ ξ = 1

2
✳ ❚❤❛♥❦s t♦ Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✺ ✇❡ ❝❛♥ ❛♣♣❧② t❤❡ ❛✈❡r❛❣✐♥❣ ♣r✐♥❝✐♣❧❡✱

❢r♦♠ ✇❤✐❝❤

E

[∫ t

s

Af (κn(σ ∧ τnr,R), θn(σ ∧ τnr,R))dσ

]

→ E

[∫ t

s

Āf (κ̄r,R(σ))dσ

]

❛s n → ∞✳ ❋✐♥❛❧❧②✱ s✐♥❝❡

∫ t

s

Af (κn(σ ∧ τnr,R), θn(σ ∧ τnr,R))dσ

❝❛♥ ❜❡ ❜♦✉♥❞❡❞ ❜② ❛ ❝♦♥st❛♥t ✉♥✐❢♦r♠❧② ✐♥ n✱

E

[(∫ t

s

Af (κn(σ ∧ τnr,R), θn(σ ∧ τnr,R))dσ

)

g1(κn(t1 ∧ τnr,R)) · · · gm(κn(tm ∧ τnr,R))

]

↓

E

[(∫ t

s

Āf (κ̄r,R(σ))dσ

)

g1(κ̄r,R(t1)) · · · gm(κ̄r,R(tm))

]

❛s n → ∞ ❛♥❞ t❤❡ ♣r♦♦❢ ✐s ❝♦♥❝❧✉❞❡❞✳

▲❡t ✉s r❡❝❛❧❧ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ st♦♣♣❡❞ ♠❛rt✐♥❣❛❧❡ ♣r♦❜❧❡♠ ❛♥❞ ❛ ✈❡r② ✉s❡❢✉❧ t❤❡♦r❡♠ r❡❧❛t❡❞
t♦ ✐t✳

❉❡✜♥✐t✐♦♥ ✹✳✷✳✶✳ ▲❡t E ❜❡ ❛ ♠❡tr✐❝ s♣❛❝❡✱ U ❛♥ ♦♣❡♥ s✉❜s❡t ♦❢ E ❛♥❞ (X(t))t∈[0,T ] ❜❡ ❛
st♦❝❤❛st✐❝ ♣r♦❝❡ss ✇✐t❤ s❛♠♣❧❡ ♣❛t❤s ✐♥ D([0, T ], E)✳ ❉❡✜♥❡ t❤❡ st♦♣♣✐♥❣ t✐♠❡

τ = inf{t ∈ [0, T ] |X(t) 6∈ U or X(t−) 6∈ U}.
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▲❡t L ❜❡ ❛ ❧✐♥❡❛r ♦♣❡r❛t♦r L : dom(L) ⊂ B(E) → B(E) ✇✐t❤ B(E) t❤❡ ❇❛♥❛❝❤ s♣❛❝❡
♦❢ ❜♦✉♥❞❡❞ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥ E → R✳ ❚❤❡♥✱ X(· ∧ τ) ✐s ❛ s♦❧✉t✐♦♥ ♦❢ t❤❡ st♦♣♣❡❞
♠❛rt✐♥❣❛❧❡ ♣r♦❜❧❡♠ ❢♦r (L,U) ✐❢

f(X(t ∧ τ))− f(X(0))−
∫ t∧τ

0

Lf(X(s))ds

✐s ❛ ♠❛rt✐♥❣❛❧❡ ❢♦r ❛❧❧ f ∈ dom(L)✳

❚❤❡♦r❡♠ ✹✳✷✳✷ ✭❬✷✾❪✱ ❚❤♠ ✻✳✶ ♣✳✷✶✻✮✳ ▲❡t (E, d) ❜❡ ❛ ❝♦♠♣❧❡t❡ ❛♥❞ s❡♣❛r❛❜❧❡ ♠❡tr✐❝ s♣❛❝❡
❛♥❞ ❧❡t L ❜❡ ❛ ❧✐♥❡❛r ♦♣❡r❛t♦r L : Cb(E) → B(E)✳ ■❢ t❤❡ D([0, T ], E) ♠❛rt✐♥❣❛❧❡ ♣r♦❜❧❡♠
❢♦r L ✐s ✇❡❧❧✲♣♦s❡❞✱ t❤❡♥ ❢♦r ❛♥② ♦♣❡♥ s❡t U ⊂ E t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ♦❢ t❤❡
st♦♣♣❡❞ ♠❛rt✐♥❣❛❧❡ ♣r♦❜❧❡♠ ❢♦r (L,U)✳

Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✼✳ ❋✐① ε > 0✿ ❧❡t κ̄r,R(t) ❜❡ t❤❡ ✇❡❛❦ ❧✐♠✐t ♦❢ t❤❡ s❡q✉❡♥❝❡ ♦❢ st♦♣♣❡❞
♣r♦❝❡ss❡s (κn(t ∧ τnr,R))n≥1 ❛♥❞ ❞❡✜♥❡ t❤❡ st♦♣♣✐♥❣ t✐♠❡

τ̄ εr,R = inf{t ∈ [0, T ] | κ̄r,R(t) 6∈ ]r + ε, R− ε[ },

✇✐t❤ r, R s✉❝❤ t❤❛t 0 < r < β
β−1

λ̄2 < R✳ ▲❡t κ(t) ❜❡ t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ st♦❝❤❛st✐❝
❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥

dκ(t) =

(

4β2 − β

2
κ2(t)

)

dt+ 2β
√

2κ(t)dB(t)

✇✐t❤ κ(0) = β
β−1

λ̄2 ❛♥❞ ❞❡✜♥❡

τ εr,R = inf{t ∈ [0, T ] | κ(t) 6∈ ]r + ε, R− ε[ }.
❚❤❡♥✱ t❤❡ ♣r♦❝❡ss❡s κ̄r,R(t ∧ τ̄ εr,R) ❛♥❞ κ(t ∧ τ εr,R) ❤❛✈❡ t❤❡ s❛♠❡ ❞✐str✐❜✉t✐♦♥✳

Pr♦♦❢✳ ❋✐rst ♦❢ ❛❧❧✱ ✇❡ ❤❛✈❡ t❤❛t κN(0) ❝♦♥✈❡r❣❡s ✐♥ ❞✐str✐❜✉t✐♦♥ t♦ κ(0). ◆♦t✐❝❡ t❤❛t✱ ❣✐✈❡♥
g ∈ C∞

0 ([0,+∞[)✱ ❢♦r ❛♥② ε > 0 t❤❡r❡ ❡①✐sts ❛ ❢✉♥❝t✐♦♥ f ∈ C∞
c ([r, R]) s✉❝❤ t❤❛t f(x) = g(x)

❢♦r ❛♥② x ∈ [r+ε, R−ε]✳ ❚❤❡♥✱ ❜② Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✻✱ ❢♦r ❛♥② g ∈ C∞
0 ([0,+∞[)✱ t❤❡ ♣r♦❝❡ss

g(κ̄r,R(t ∧ τ̄ εr,R))− g(κ̄r,R(0))−
∫ t∧τ̄εr,R

0

Lg(κ̄r,R(s))ds

✐s ❛ ♠❛rt✐♥❣❛❧❡✳
❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ♣r♦❝❡ss κ(t∧τ εr,R) ♦❜✈✐♦✉s❧② s♦❧✈❡s t❤❡ st♦♣♣❡❞ ♠❛rt✐♥❣❛❧❡ ♣r♦❜❧❡♠
❢♦r (L, ]r + ε, R − ε[) ✇❤❡r❡ L ✐s ❣✐✈❡♥ ❜② ✭✹✳✷✳✸✹✮✳ ❇② ▲❡♠♠❛ ✹✳✷✳✸✱ t❤❡ ♠❛rt✐♥❣❛❧❡
♣r♦❜❧❡♠ ❢♦r L ✐s ✇❡❧❧✲♣♦s❡❞ ❤❡♥❝❡ ❢♦r ❚❤❡♦r❡♠ ✹✳✷✳✷ t❤❡ st♦♣♣❡❞ ♠❛rt✐♥❣❛❧❡ ♣r♦❜❧❡♠ ❢♦r
(L, ]r + ε, R − ε[) ❤❛s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥✳ ❇✉t✱ s✐♥❝❡ C∞

0 ([0,+∞[) ✐s ♠❡❛s✉r❡✲❞❡t❡r♠✐♥✐♥❣
❛♥❞ ❢♦r ❛❧❧ g ∈ C∞

0 ([0,+∞[) t❤❡ ♣r♦❝❡ss

g(κ̄r,R(t ∧ τ̄ εr,R))− g(κ̄r,R(0))−
∫ t∧τ̄εr,R

0

Lg(κ̄r,R(s))ds

✐s ❛ ♠❛rt✐♥❣❛❧❡✱ t❤❡ ♣r♦❝❡ss❡s κ(t∧ τ εr,R) ❛♥❞ κ̄r,R(t∧ τ̄ εr,R) ♠✉st ❤❛✈❡ t❤❡ s❛♠❡ ❞✐str✐❜✉t✐♦♥✳
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✹✳✷✳✻ ❋r♦♠ ❧♦❝❛❧✐③❛t✐♦♥ t♦ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✶✳✷

■♥ t❤✐s ♣❛r❛❣r❛♣❤ ✇❡ ❡①♣❧♦✐t t❤❡ ❧♦❝❛❧✐③❛t✐♦♥ ❛r❣✉♠❡♥t t♦ ❝♦♥❝❧✉❞❡ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠
✹✳✶✳✷✳

Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✽✳ ●✐✈❡♥ Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✼ ❛♥❞ ▲❡♠♠❛ ✹✳✷✳✸✱ t❤❡ s❡q✉❡♥❝❡ ♦❢ ♣r♦❝❡ss❡s
(κN(t))N≥1 ✇❡❛❦❧② ❝♦♥✈❡r❣❡s t♦ t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ♦❢ ✭✹✳✶✳✼✮✳

Pr♦♦❢✳ ▲❡t ✉s ✜① s♦♠❡ ♥♦t❛t✐♦♥✿ ❢♦r ❛♥② m ≥ 1 ❞❡✜♥❡

Um =]rm + εm, Rm − εm[

s✉❝❤ t❤❛t 0 < rm < rm + εm < β
β−1

λ̄2 < Rm − εm < Rm ❢♦r ❛❧❧ m ≥ 1✱ U1 ⊂ U2 ⊂ · · · ❛♥❞

lim
m→∞

rm + εm = 0, lim
m→∞

Rm − εm = +∞.

❋♦r ❛♥② m✱ ❧❡t κ̄m(t) := κ̄rm,Rm
(t) ❜❡ t❤❡ ✇❡❛❦ ❧✐♠✐t ♦❢ κN(t ∧ τNrm,Rm

) ❛♥❞ ❧❡t κ(t) ❜❡ t❤❡
s♦❧✉t✐♦♥ ♦❢ t❤❡ ❧✐♠✐t✐♥❣ ❡q✉❛t✐♦♥ ✭✹✳✶✳✼✮✳ ▼♦r❡♦✈❡r✱ ✇❡ ❞❡✜♥❡ t❤❡ st♦♣♣✐♥❣ t✐♠❡s

τNUm
= inf{t ∈ [0, T ] | κN(t) 6∈ Um},

τ̄m = inf{t ∈ [0, T ] | κ̄m(t) 6∈ Um},
τm = inf{t ∈ [0, T ] | κ(t) 6∈ Um}.

❇② Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✼✱ t❤❡ ♣r♦❝❡ss κ̄m(t) ✐s ❝♦♥t✐♥✉♦✉s ❛✳s✳✱ ❤❡♥❝❡ t❤❡ ✇❡❛❦ ❝♦♥✈❡r❣❡♥❝❡ ♦❢
(κN(t ∧ τNrm,Rm

))N≥1 t♦ κ̄m(t) ❛❧s♦ ❤♦❧❞s ❡♥❞♦✇✐♥❣ t❤❡ s♣❛❝❡ D([0, T ],R) ✇✐t❤ t❤❡ ✉♥✐❢♦r♠
t♦♣♦❧♦❣② ✭s❡❡ ❢♦r ❡①❛♠♣❧❡ ▲❡♠♠❛ ✶✳✻✳✹ ✐♥ ❬✺✷❪✮✳ ❋♦r ❛♥② m ≥ 1 ❝♦♥s✐❞❡r t❤❡ s❡t

Am = {x ∈ D([0, T ],R) | x(t) ∈ Um ∀ t ∈ [0, T ]};

s✐♥❝❡ Ac
m ✐s ❛ ❝❧♦s❡❞ s❡t ✐♥ t❤❡ ✉♥✐❢♦r♠ t♦♣♦❧♦❣② ♦❢ D([0, T ],R) ❢♦r ❛♥② m✱ ✐t ❤♦❧❞s

lim sup
N

P (κN(· ∧ τNrm,Rm
) ∈ Ac

m) ≤ P (κ̄m(·) ∈ Ac
m), ∀m ≥ 1 ✭✹✳✷✳✸✻✮

❜② t❤❡ P♦rt♠❛♥t❡❛✉ ❚❤❡♦r❡♠✳ ❇② Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✼ κ̄m(t ∧ τ̄m) ❛♥❞ κ(t ∧ τm) ❤❛✈❡ t❤❡
s❛♠❡ ❞✐str✐❜✉t✐♦♥✱ s♦ ♦❜s❡r✈❡ t❤❛t

P (κ̄m(·) ∈ Ac
m) = P (τ̄m ≤ T ) = P (τm ≤ T ).

▼♦r❡♦✈❡r✱ s✐♥❝❡ Um ⊂ ]rm, Rm[✱

P (κN(· ∧ τNrm,Rm
) ∈ Ac

m) = P (τNUm
≤ T ) ≥ P (τNrm,Rm

≤ T ),

❤❡♥❝❡✱ ❜② ✭✹✳✷✳✸✻✮✱

lim sup
N

P (τNrm,Rm
≤ T ) ≤ P (τm ≤ T ), ∀m ≥ 1. ✭✹✳✷✳✸✼✮
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▲❡t f : D([0, T ],R) → R ❜❡ ❛ ❝♦♥t✐♥✉♦✉s ❛♥❞ ❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥✿ ✇❡ ✇❛♥t t♦ s❤♦✇ t❤❛t

|E[f(κN(·))]− E[f(κ(·))]| → 0

❛s N → ∞✳ ❲❡ ❝❛♥ s❡❡ t❤❛t✱ ❢♦r ❛♥② m,N ≥ 1✱

|E[f(κN(·))]− E[f(κ(·))| ≤ |E[f(κN(·))]− E[f(κN(· ∧ τNrm,Rm
)]|+

+ |E[f(κN(· ∧ τNrm,Rm
))]− E[f(κ̄m(·))]|+

+ |E[f(κ̄m(·))]− E[f(κ̄m(· ∧ τ̄m))]|+
+ |E[f(κ̄m(· ∧ τ̄m))]− E[f(κ(· ∧ τm))]|+
+ |E[f(κ(· ∧ τm))− E[f(κ(·))]|.

❇② Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✼✱ t❤❡ ♣r♦❝❡ss❡s κ̄m(t ∧ τ̄m) ❛♥❞ κ(t ∧ τm) ❤❛✈❡ t❤❡ s❛♠❡ ❞✐str✐❜✉t✐♦♥✱
s♦

|E[f(κ̄m(· ∧ τ̄m))]− E[f(κ(· ∧ τm))]| = 0

❛♥❞

|E[f(κ̄m(·))]− E[f(κ̄m(· ∧ τ̄m))]|+ |E[f(κ(· ∧ τm))− E[f(κ(·))]| ≤ 2||f ||∞P (τm ≤ T ).

◆♦t✐❝❡ ❛❧s♦ t❤❛t

|E[f(κN(·))]− E[f(κN(· ∧ τNrm,Rm
)]| ≤ ||f ||∞P (τNrm,Rm

≤ T ),

s♦ ✇❡ ❣❡t✱ ❢♦r ❛♥② m,N ≥ 1✱

|E[f(κN(·))]− E[f(κ(·))| ≤ ||f ||∞P (τNrm,Rm
≤ T )+

+ |E[f(κN(· ∧ τNrm,Rm
))]− E[f(κ̄m(·))]|+

+ 2||f ||∞P (τm ≤ T ).

❋✐① ε > 0✿ ❜② ▲❡♠♠❛ ✹✳✷✳✸ ✇❡ ❤❛✈❡ t❤❛t t❤❡r❡ ❡①✐sts m ❧❛r❣❡ ❡♥♦✉❣❤ s✉❝❤ t❤❛t

P (τm ≤ T ) < ε.

❆❢t❡r ❤❛✈✐♥❣ ❝❤♦s❡♥ s✉❝❤ m✱ ❜② ✭✹✳✷✳✸✼✮ ❛♥❞ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ κN(t ∧ τNrm,Rm
) t♦ κ̄m(t)✱

✇❡ ❝❛♥ ❝❤♦♦s❡ N ❧❛r❣❡ ❡♥♦✉❣❤ s✉❝❤ t❤❛t P (τNrm,Rm
≤ T ) ≤ 2ε ❛♥❞

|E[f(κN(· ∧ τNrm,Rm
))]− E[f(κ̄m(·))]| < ε.

❙♦✱ ❢♦r ❛♥② ε > 0✱ t❤❡r❡ ❡①✐st m ❛♥❞ N ❧❛r❣❡ ❡♥♦✉❣❤ s✉❝❤ t❤❛t

|E[f(κN(·))]− E[f(κ(·))| ≤ ε+ 4ε||f ||∞

✇❤✐❝❤ ❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢✳
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✹✳✸ ❈r✐t✐❝❛❧ ❞②♥❛♠✐❝s ❢♦r t❤❡ ❜✐✲♣♦♣✉❧❛t❡❞ ❈❲ ♠♦❞❡❧

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❜r✐❡✢② ❛♥❛❧②s❡ ❝r✐t✐❝❛❧ ✢✉❝t✉❛t✐♦♥s ✐♥ ♣r❡s❡♥❝❡ ♦❢ ❛ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥ ❢♦r
t❤❡ ❜✐✲♣♦♣✉❧❛t❡❞ ❈✉r✐❡✲❲❡✐ss ♠♦❞❡❧ ✇✐t❤♦✉t ❞❡❧❛② ✭s❡❡ ❙❡❝t✐♦♥ ✷✳✶✮✳ ❲❡ ✇✐❧❧ s❡❡ t❤❛t t❤❡②
❜❡❧♦♥❣ t♦ t❤❡ s❛♠❡ ❝❧❛ss ♦❢ ✉♥✐✈❡rs❛❧✐t② ❣✐✈❡♥ ❜② ❚❤❡♦r❡♠ ✹✳✶✳✷✳

▲❡t (σ(t))t∈[0,T ] ❜❡ ❛ ▼❛r❦♦✈ ♣r♦❝❡ss ✇✐t❤ ✐♥✜♥✐t❡s✐♠❛❧ ❣❡♥❡r❛t♦r ✭✷✳✷✳✸✮✳ ❘❡❝❛❧❧ t❤❛t ❛♥
♦r❞❡r ♣❛r❛♠❡t❡r ♦❢ t❤❡ s②st❡♠ ✐s ❣✐✈❡♥ ❜② t❤❡ ♣❛✐r

m1,N(t) =
1

N

∑

i∈I1

σi(t), m2,N(t) =
1

N

∑

i∈I2

σi(t).

■♥ ❚❤❡♦r❡♠ ✷✳✶✳✶ ✇❡ st✉❞✐❡❞ t❤❡ ♠❛❝r♦s❝♦♣✐❝ ❞②♥❛♠✐❝s ♦❢ t❤❡ ♠♦❞❡❧✱ t❤r♦✉❣❤ t❤❡ ❝♦♥✲
✈❡r❣❡♥❝❡ ♦❢ ✐ts ♦r❞❡r ♣❛r❛♠❡t❡r✳ ❆s ♣♦✐♥t❡❞ ♦✉t ✐♥ ❙❡❝t✐♦♥ ✷✳✸✳✶✱ t❤❡ ♣❛r❛♠❡t❡rs γ✱ J11✱
J12✱ J21✱ J22 ❝❛♥ ❜❡ ❛❞❥✉st❡❞ t♦ ❝r❡❛t❡ ❛♥ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥ ❛t t❤❡ ♦r✐❣✐♥ ❢♦r t❤❡ ❧✐♠✐t✐♥❣
❞②♥❛♠✐❝s ✭✷✳✶✳✺✮✿ ✐t ✐s s✉✣❝✐❡♥t t♦ ✐♠♣♦s❡ t❤❛t

γJ11 − 1 = −((1− γ)J22 − 1), ✭✹✳✸✳✶✮

Γ := (γJ11 − 1)2 + γ(1− γ)J12J21 < 0. ✭✹✳✸✳✷✮

■♥ t❤✐s ❝❛s❡✱ t❤❡ ♠❛tr✐① ♦❜t❛✐♥❡❞ ❧✐♥❡❛r✐③✐♥❣ ✭✷✳✶✳✺✮ ❛r♦✉♥❞ (0, 0) ✇✐❧❧ ❜❡

Acr =

(

2(γJ11 − 1) 2γJ12
2(1− γ)J21 −2(γJ11 − 1)

)

❛♥❞ ✐ts ❡✐❣❡♥✈❛❧✉❡s ❛r❡ t❤❡ ♣✉r❡❧② ✐♠❛❣✐♥❛r② ♥✉♠❜❡rs λ1,2 = ±2i
√

|Γ|✳
◆♦t✐❝❡ t❤❛t ❛ r❡s✉❧t ❝♦♥❝❡r♥✐♥❣ st❛♥❞❛r❞ ✢✉❝t✉❛t✐♦♥s s✐♠✐❧❛r t♦ ❚❤❡♦r❡♠ ✹✳✶✳✶ ❝❛♥ ❜❡ st❛t❡❞
❜✉t ✇❡ ❢♦❝✉s ♦♥ t❤❡ ❝r✐t✐❝❛❧ ✢✉❝t✉❛t✐♦♥s ♦❢ t❤❡ ♣r♦❝❡ss (m1,N(t),m2,N(t)) ✇❤❡♥ ✭✹✳✸✳✶✮ ❛♥❞
✭✹✳✸✳✷✮ ❤♦❧❞✱ ❤❡♥❝❡ ✐♥ ♣r❡s❡♥❝❡ ♦❢ ❛ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥✳ ❚❤❡ ❝r✐t✐❝❛❧ ✢✉❝t✉❛t✐♦♥s ✢♦✇✱ ✇❤❡♥
st❛rt✐♥❣ ❢r♦♠ t❤❡ ❧♦❝❛❧ ❡q✉✐❧✐❜r✐✉♠✱ ✐s ❞❡s❝r✐❜❡❞ ❜② t❤❡ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ♣r♦❝❡ss

xN(t) = N
1
4m1,N(N

1
2 t), yN(t) = N

1
4m2,N(N

1
2 t). ✭✹✳✸✳✸✮

❈♦♥s✐❞❡r t❤❡ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s

wN(t) =
yN(t)

(1− γ)J21
, vN(t) =

1
√

|Γ|

(

−xN(t) +
(γJ11 − 1)

(1− γ)J21
yN(t)

)

. ✭✹✳✸✳✹✮

❛♥❞ ❞❡✜♥❡
κN(t) = wN(t)

2 + vN(t)
2.

❙✐♠✐❧❛r❧② t♦ t❤❡ ❝❛s❡ ✇✐t❤ ❞✐ss✐♣❛t✐♦♥✱ ♦✉r t❡❝❤♥✐q✉❡ t♦ ♣r♦✈❡ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ❢♦r t❤❡
♣r♦❝❡ss (κN(t))t∈[0,T ] r❡q✉✐r❡s t♦ ✜① ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s s✉❝❤ t❤❛t

(m1,N(0),m2,N(0))
w−→

N→+∞
(0, 0), κN(0)

w−→
N→+∞

κ̄ ✭✹✳✸✳✺✮
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✇✐t❤ κ̄ > 0✳ ■♥ t❤✐s ❝❛s❡✱ t♦ ♦❜t❛✐♥ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s ✇❤✐❝❤ ✈❡r✐❢② ✭✹✳✸✳✺✮✱ ♦♥❡ ❝❛♥ t❛❦❡ ❛
s♠❛❧❧ ❛s②♠♠❡tr② ✐♥ t❤❡ ✐♥✐t✐❛❧ ❞✐str✐❜✉t✐♦♥ ❢♦r t❤❡ s♣✐♥s✳ ❋♦r s✐♠♣❧✐❝✐t②✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤✐s
s♠❛❧❧ ❛s②♠♠❡tr② ♦♥❧② ✐♥ ♦♥❡ ❢❛♠✐❧② ♦❢ s♣✐♥s✳ ❆s ♥♦t✐❝❡❞ ✐♥ ❘❡♠❛r❦ ✹✳✶✳✶✱ ✇❡ ❜❡❧✐❡✈❡ t❤✐s
❛s②♠♠❡tr② ❝♦✉❧❞ ❜❡ ❛✈♦✐❞❡❞✳
✭❍✷✮ t❤❡ ✐♥✐t✐❛❧ s♣✐♥s {σi(0)}i=1,...,N ❝♦♥st✐t✉t❡ ❛ ❢❛♠✐❧② ♦❢ ✐♥❞❡♣❡♥❞❡♥t r❛♥❞♦♠ ✈❛r✐❛❜❧❡
✇✐t❤ t❤❡ ❞✐str✐❜✉t✐♦♥s s❛t✐s❢②✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s✿

• ✐❢ i ∈ I1✱ t❤❡♥

lim
N→+∞

N
1
4

[

P (σi(0) = +1)− 1

2

]

= ǫ 6= 0;

• ✐❢ i ∈ I2✱ t❤❡♥

lim
N→+∞

N
1
4

[

P (σi(0) = +1)− 1

2

]

= 0;

■❢ ✭❍✷✮ ❤♦❧❞s✱ t❤❡♥ xN(0) → 2ǫγ ❛♥❞ yN(0) → 0 ✐♥ ❞✐str✐❜✉t✐♦♥✱ ❤❡♥❝❡ κN(0) ✇❡❛❦❧②
❝♦♥✈❡r❣❡s t♦ 4ǫ2γ2|Γ|−1✳

❚❤❡♦r❡♠ ✹✳✸✳✶✳ ❆ss✉♠❡ ✭❍✷✮ ❤♦❧❞s✳ ❚❛❦❡ γ ∈]0, 1[✱ (J11, J12, J21, J22) ∈ R
4 s✉❝❤ t❤❛t

✭✹✳✸✳✶✮✲✭✹✳✸✳✷✮ ❛r❡ ✈❡r✐✜❡❞ ❛♥❞ s✉❝❤ t❤❛t Z2(γ, J11, J12, J21) < 0✱ ✇❤❡r❡

Z2(γ, J11, J12, J21) = −2J2
11|Γ| − 2J2

21 + (γJ11 − 1)|Γ|(J2
11 − J2

21) + (γJ11 − 1)J2
21

+ (γJ11 − 1)(J11(γJ11 − 1) + (1− γ)J12J21)
2+

− J11(γJ11 − 1)(J11(γJ11 − 1) + (1− γ)J12J21).

❚❤❡♥✱ ❛s N ↑ +∞ ✐♥ s✉❝❤ ❛ ✇❛② γ r❡♠❛✐♥s ❝♦♥st❛♥t✱ t❤❡ ♣r♦❝❡ss (κN(t))t∈[0,T ] ❝♦♥✈❡r❣❡s✱
✐♥ s❡♥s❡ ♦❢ ✇❡❛❦ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ st♦❝❤❛st✐❝ ♣r♦❝❡ss❡s✱ t♦ (κ(t))t∈[0,T ]✱ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ♦❢ t❤❡
st♦❝❤❛st✐❝ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥

dκ(t) =

(

4Z1(γ, J11, J12, J21) +
1

4
Z2(γ, J11, J12, J21)κ

2(t)

)

dt

+2
√

2Z1(γ, J11, J12, J21)κ(t)dB(t)

✭✹✳✸✳✻✮

✇✐t❤

Z1(γ, J11, J12, J21) =
|Γ|+ γ(1− γ)J2

21 + (γJ11 − 1)2

(1− γ)J2
21|Γ|

❛♥❞ κ(0) = 4ǫ2γ2|Γ|−1✳

❘❡♠❛r❦ ✹✳✸✳✶✳ ◆♦t✐❝❡ t❤❛t r❡q✉✐r✐♥❣ Z2(γ, J11, J12, J21) < 0 ❣✉❛r❛♥t❡❡s ❣❧♦❜❛❧ ❡①✐st❡♥❝❡ ❛♥❞
✉♥✐q✉❡♥❡ss ♦❢ t❤❡ s♦❧✉t✐♦♥ ♦❢ ✭✹✳✸✳✻✮✳ ■t ✐s ✐♠♣♦rt❛♥t t♦ st❛t❡ t❤✐s ❛ss✉♠♣t✐♦♥ ❢♦r♠✉❧❛t✐♥❣
❚❤❡♦r❡♠ ✹✳✸✳✶✱ s✐♥❝❡ ✐t ✐s ❡❛s② t♦ ✜♥❞ ❝❤♦✐❝❡s ❢♦r γ, J11, J12, J21, J22 ✇❤✐❝❤ s❛t✐s❢② ✭✹✳✸✳✶✮✲
✭✹✳✸✳✷✮ ❜✉t ♥♦t Z2(γ, J11, J12, J21) < 0✿ ❢♦r ❡①❛♠♣❧❡✱ ♦♥❡ ❝❛♥ ❝❤❡❝❦ ✐t ✇✐t❤ γ = 0.6✱ J11 =
−10✱ J12 = 20✱ J21 = −15✳
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❘❡♠❛r❦ ✹✳✸✳✷✳ ❚❤❡ ❞②♥❛♠✐❝s ♦❢ ❝r✐t✐❝❛❧ ✢✉❝t✉❛t✐♦♥s ✐♥ ♣r❡s❡♥❝❡ ♦❢ ❛ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥ ♦❢
t❤❡ t✇♦ ♠♦❞❡❧ ❛♥❛❧②s❡❞ ❜❡❧♦♥❣ t♦ t❤❡ s❛♠❡ ❝❧❛ss ♦❢ ✉♥✐✈❡rs❛❧✐t②✳ ■♥❞❡❡❞✱ t❤❡ st♦❝❤❛st✐❝
❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ✭✹✳✶✳✼✮ ❛♥❞ ✭✹✳✸✳✻✮✱ ✇❤✐❝❤ ❞❡s❝r✐❜❡ t❤❡ ❧✐♠✐t ♦❢ t❤❡ ❝r✐t✐❝❛❧ ❞②♥❛♠✐❝s
♦❢ t❤❡ t✇♦ ♠♦❞❡❧s✱ ❤❛✈❡ t❤❡ s❛♠❡ str✉❝t✉r❡✱ ✐✳❡✳

dκ(t) = (C1 − C2κ
2(t))dt+

√

C3κ(t)dB(t),

✇✐t❤ C1, C2, C3 > 0✳

✹✳✸✳✶ ❙❦❡t❝❤ ♦❢ ♣r♦♦❢

❚❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✸✳✶ ♣r❡s❡♥ts t❤❡ s❛♠❡ t❡❝❤♥✐❝❛❧ st❡♣s ♦❢ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠
✹✳✶✳✷✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ♦♥❧② s❦❡t❝❤ t❤❡ ❝♦♠♣✉t❛t✐♦♥s s✉✣❝✐❡♥t t♦ ✐❞❡♥t✐❢② t❤❡ ❝♦rr❡❝t ❝❤❛♥❣❡
♦❢ ✈❛r✐❛❜❧❡s ❛♥❞ t❤❡ ❧✐♠✐t✐♥❣ ❡q✉❛t✐♦♥ ✭✹✳✸✳✻✮✳

❆s ♣♦✐♥t❡❞ ♦✉t ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✶✳✷✱ ✇❡ ❛r❡ ❧♦♦❦✐♥❣ ❢♦r ❛ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s
(

wN(t)
vN(t)

)

= C

(

xN(t)
yN(t)

)

✇❤❡r❡ C ❤❛s t♦ ❜❡ s✉❝❤ t❤❛t

CAC−1 =

(

0 −2
√

|Γ|
2
√

|Γ| 0

)

.

❲❡ ❝❛♥ t❛❦❡

C =

(

0 1
(1−γ)J21

− 1√
|Γ|

(γJ11−1)

(1−γ)J21
√

|Γ|

)

,

✇❤✐❝❤ ♣r♦✈✐❞❡s

wN(t) =
yN(t)

(1− γ)J21
, vN(t) =

1
√

|Γ|

(

−xN(t) +
(γJ11 − 1)

(1− γ)J21
yN(t)

)

. ✭✹✳✸✳✼✮

❯s✐♥❣ t❤❡ s❛♠❡ t♦♦❧s ♦❢ ❙✉❜s❡❝t✐♦♥ ✹✳✷✳✶✱ t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ❣❡♥❡r❛t♦r GN ♦❢ t❤❡ ♣r♦❝❡ss
(wN(t), vN(t)) s❛t✐s✜❡s✱ ❢♦r f ∈ C3✱

GNf(w, v) =

=
2

(1− γ)J2
21

fww +
4(γJ11 − 1)

(1− γ)J2
21

√

|Γ|
fwv +

2(γ(1− γ)J2
21 + (γJ11 − 1)2)

(1− γ)J2
21|Γ|

fvv+

+
1

(1− γ)J21

(

(1− γ)

3
R3

2(x, y)− yR2
2(x, y)

)

fw+

+

(

γJ11 − 1

(1− γ)J21
√

|Γ|

(

(1− γ)

3
R3

2(x, y)− yR2
2(x, y)

)

− 1
√

|Γ|
(γ

3
R3

1(x, y)− xR2
1(x, y)

)

)

fv+

+N
1
2

(

−2
√

|Γ|vfw + 2
√

|Γ|wfv
)

+ o(1),
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✇❤❡r❡ x = (γJ11 − 1)w −
√

|Γ|v✱ y = (1− γ)J21w✳ ❚❤✐s ♠❡❛♥s t❤❛t ❢♦r 0 < r < R ❛♥❞

τNr,R := inf{t ∈ [0, T ]|κN(t) 6∈]r, R[},

t❤❡ st♦♣♣❡❞ ♣r♦❝❡ss (κN(t ∧ τNr,R), θN(t ∧ τNr,R)) ❤❛s ❛♥ ✐♥✜♥✐t❡s✐♠❛❧ ❣❡♥❡r❛t♦r Hr,R
N ✇❤✐❝❤✱

❢♦r f ∈ C3✱ s❛t✐s✜❡s

Hf r,R
N f(κ, θ) = Hr,R

f (κ, θ) +N
1
22
√

|Γ|fθ(κ, θ) + or,R(1)

✇❤❡r❡ Hr,R
f (κ, θ) ✐s ❝♦♠♣♦s❡❞ ❜② t❡r♠s ♦❢ ♦r❞❡r ✶✳ ■❢ ✇❡ ❛♣♣❧② Hr,R t♦ ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡

t②♣❡ f(κ, θ) = f(κ) ✇❡ ❣❡t Hr,R
f (κ) = ✶]r,R[(κ)Af (κ, θ) ✇✐t❤

Af (κ, θ) =

=

(

8

(1− γ)J2
21

w2 +
16(γJ11 − 1)

(1− γ)J2
21

√

|Γ|
wv +

8(γ(1− γ)J2
21 + (γJ11 − 1)2)

(1− γ)J2
21|Γ|

v2

)

f ′′(κ)+

+ 4
|Γ|+ γ(1− γ)J2

21 + (γJ11 − 1)2

(1− γ)J2
21|Γ|

f ′(κ)+

+

(

2w

(1− γ)J21
+

2(γJ11 − 1)v

(1− γ)J21
√

|Γ|

)

(

(1− γ)

3
R3

2(x, y)− yR2
2(x, y)

)

f ′(κ)+

− 2v
√

|Γ|
(γ

3
R3

1(x, y)− xR2
1(x, y)

)

f ′(κ),

✇❤❡r❡ x = (γJ11 − 1)w −
√

|Γ|v✱ y = (1 − γ)J21w✱ w =
√
κ cos θ ❛♥❞ v =

√
κ sin θ✳ ◆♦✇

✇❡ ❤❛✈❡ t♦ ❝❛❧❝✉❧❛t❡ Āf (κ) =
1
2π

∫ 2π

0
Af (κ, θ)dθ✳ ◆♦t✐❝❡ t❤❛t t❤❡ ❛✈❡r❛❣✐♥❣ ✇✐❧❧ ♠❛❦❡ ❛♥②

t❡r♠ ✇✐t❤ ♦❞❞ ♣♦✇❡r ✐♥ w ♦r v ❞✐s❛♣♣❡❛r s✐♥❝❡
∫ 2π

0

cosn θ sinm θdθ = 0

✐❢ ❛t ❧❡❛st ♦♥❡ ❜❡t✇❡❡♥ n ❛♥❞ m ✐s ♦❞❞✳ ❚❤❡♥✱ ♦♥❡ ❣❡ts

Āf (κ) = 4Z1(γ, J11, J12, J21) (κf
′′(κ) + f ′(κ)) +

1

4
Z2(γ, J11, J12, J21)κ

2f ′(κ)

✇❤❡r❡

Z1(γ, J11, J12, J21) =
|Γ|+ γ(1− γ)J2

21 + (γJ11 − 1)2

(1− γ)J2
21|Γ|

❛♥❞

Z2(γ, J11, J12, J21) = −2J2
11|Γ| − 2J2

21 + (γJ11 − 1)|Γ|(J2
11 − J2

21) + (γJ11 − 1)J2
21

+ (γJ11 − 1)(J11(γJ11 − 1) + (1− γ)J12J21)
2+

− J11(γJ11 − 1)(J11(γJ11 − 1) + (1− γ)J12J21).
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❚❤❡♥✱ ❛s ❧♦♥❣ ❛s t❤❡ ♣❛r❛♠❡t❡rs ❛r❡ ❝❤♦s❡♥ ✐♥ ❛ ✇❛② t❤❛t Z2(γ, J11, J12, J21) < 0✱ Āf (κ)
❝♦rr❡s♣♦♥❞s t♦ t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ❣❡♥❡r❛t♦r ♦❢ t❤❡ ♣r♦❝❡ss (κ(t))t∈[0,T ]✱ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ♦❢
✭✹✳✸✳✻✮✳ ❚❤❡ ❛r❣✉♠❡♥ts t♦ ❜❡ ✉s❡❞ ❛r❡ t❤❡ s❛♠❡ ♦❢ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✶✳✷✿ ✇❡ ✜① r, R
s✉❝❤ t❤❛t 0 < r < 4γ2|Γ|−1 < R ❛♥❞ ✇❡ ❝❤❛r❛❝t❡r✐③❡ t❤❡ ✇❡❛❦ ❧✐♠✐t ❢♦r t❤❡ st♦♣♣❡❞ ♣r♦❝❡ss
(κN(t ∧ τNr,R))t∈[0,T ] ✉s✐♥❣ t❤❡ ❛✈❡r❛❣✐♥❣ ♣r✐♥❝✐♣❧❡❀ t❤❡♥✱ ❛s ✐♥ Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✽✱ ♦♥❡ ♣r♦✈❡s
t❤❛t ✐t ❛❧s♦ ✐♠♣❧✐❡s t❤❛t (κN(t))t∈[0,T ] ❝♦♥✈❡r❣❡s✱ ✐♥ s❡♥s❡ ♦❢ ✇❡❛❦ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ st♦❝❤❛st✐❝
♣r♦❝❡ss❡s✱ t♦ (κ(t))t∈[0,T ]✳
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❈♦♥❝❧✉s✐♦♥s ❛♥❞ ❢✉t✉r❡ ♣❡rs♣❡❝t✐✈❡s

■♥ t❤❡ ✜rst ♣❛rt ♦❢ t❤✐s t❤❡s✐s ✇❡ ❡①♣❧♦r❡❞ t✇♦ ✐♥t❡r❛❝t✐♦♥ ♠❡❝❤❛♥✐s♠s t❤❛t ❡♥❤❛♥❝❡ s❡❧❢✲
s✉st❛✐♥❡❞ ♣❡r✐♦❞✐❝ ❜❡❤❛✈✐♦r ✐♥ t❤❡ ♠❛❝r♦s❝♦♣✐❝ ❞②♥❛♠✐❝s ♦❢ ❝♦♠♣❧❡① s②st❡♠s✳

■♥ ❈❤❛♣t❡r ✶ ✇❡ st✉❞② t❤❡ r♦❧❡ ♦❢ ❞✐ss✐♣❛t✐♦♥ ✐♥ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ✐♥t❡r❛❝t✐♦♥ ♣♦t❡♥t✐❛❧
♦❢ ♠❡❛♥ ✜❡❧❞ ❝♦♦♣❡r❛t✐✈❡ s②st❡♠s✳ ❈♦❧❧❡❝t✐✈❡ ♣❡r✐♦❞✐❝✐t② ✐♥❞✉❝❡❞ ❜② t❤✐s ❢❡❛t✉r❡ ✐s ♥♦t ❛
♥♦✈❡❧t② ✐♥ ❧✐t❡r❛t✉r❡ ✭❬✶✾❪✱ ❬✷✵❪✱ ❬✶✹❪✮ ❛♥❞ t❤✐s ❝❤❛♣t❡r ♣r♦✈✐❞❡s ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤❡s❡
r❡s✉❧ts✳ ❆❞♦♣t✐♥❣ t❤❡ ❛♣♣r♦❛❝❤ ❞❡s❝r✐❜❡❞ ✐♥ ❬✶✹❪✱ ✇❡ ✐♥tr♦❞✉❝❡ ❞✐ss✐♣❛t✐♦♥ ✐♥ t❤❡ ▲❛♥❣❡✈✐♥
❞②♥❛♠✐❝s ♦❢ t❤❡ ❣❡♥❡r❛❧✐③❡❞ ❈✉r✐❡✲❲❡✐ss ♠♦❞❡❧✳ ❲❡ ❞❡r✐✈❡ t❤❡ ❧✐♠✐t✐♥❣ ❞②♥❛♠✐❝s ✐♥ ❛ ❣❡♥✲
❡r❛❧ ❢r❛♠❡✇♦r❦ ❛❞♦♣t✐♥❣ ❛ ♣r♦♣❛❣❛t✐♦♥ ♦❢ ❝❤❛♦s t❡❝❤♥✐q✉❡✱ ❤♦✇❡✈❡r✱ t♦ ♦❜t❛✐♥ ❛ ❝♦♠♣❧❡t❡
♣✐❝t✉r❡ ♦❢ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ♠❛❝r♦s❝♦♣✐❝ ❧❛✇ ✇❡ r❡str✐❝t t♦ t❤❡ ●❛✉ss✐❛♥ ❝❛s❡✳ ❚❤✐s
❛❧❧♦✇s t♦ ❞❡s❝r✐❜❡ t❤❡ ♠❛❝r♦s❝♦♣✐❝ ❞②♥❛♠✐❝s ❛s t❤❡ s♦❧✉t✐♦♥ ♦❢ ❛ ▲✐é♥❛r❞ s②st❡♠✱ ❢♦r ✇❤✐❝❤
❛ ♥✉♠❜❡r ♦❢ r❡s✉❧ts ❛r❡ ❛✈❛✐❧❛❜❧❡✳ ❚❤✐s ❛♥❛❧②s✐s ♣❡r♠✐ts ✉s t♦ ❞❡♣✐❝t ❛ r✐❝❤ ❜❡❤❛✈✐♦r ♦❢ t❤❡
❧✐♠✐t✐♥❣ ❞②♥❛♠✐❝s✿ ❞❡♣❡♥❞✐♥❣ ♦♥ ❝❤♦✐❝❡s ♦❢ t❤❡ ♠♦❞❡❧✬s ❞❡t❛✐❧s✱ ✇❡ ❝❛♥ ♦❜s❡r✈❡ ♣❛tt❡r♥s
✇❤✐❝❤ ✇❡r❡ ♥♦t ♣r❡s❡♥t ✐♥ ♣r❡✈✐♦✉s ✇♦r❦s✱ ✐♥❝❧✉❞✐♥❣ t❤❡ ❝♦❡①✐st❡♥❝❡ ♦❢ ♠✉❧t✐♣❧❡ st❛❜❧❡ ❧✐♠✐t
❝②❝❧❡s ✐♥ t❤❡ ♣❤❛s❡ s♣❛❝❡✳
❚❤❡ ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ ❞✐ss✐♣❛t✐♦♥ ❛♥❞ ♣❡r✐♦❞✐❝✐t② ✐s ❜② ♥♦✇ ✇❡❧❧✲✉♥❞❡rst♦♦❞ ✐♥ t❤❡ ♠❡❛♥
✜❡❧❞ ❝♦♥t❡①t✱ ❜✉t s♦♠❡ ❛s♣❡❝ts ♠❛② ❜❡ ✇♦rt❤ ❢✉rt❤❡r ✐♥✈❡st✐❣❛t✐♦♥s✳ ❖♥❡ ♣♦ss✐❜❧❡ ♦✉t❧✐♥❡
✐s t♦ ❝♦♥s✐❞❡r ♠♦r❡ ❣❡♥❡r❛❧ s②♠♠❡tr✐❝ s✐♥❣❧❡ s✐t❡ ❞✐str✐❜✉t✐♦♥s r❛t❤❡r t❤❛♥ r❡str✐❝t✐♥❣ t♦
t❤❡ ●❛✉ss✐❛♥ ♦♥❡✳ ❲❡ ❜❡❧✐❡✈❡ t❤❛t t❤✐s ❞♦❡s ♥♦t r✉❧❡ ♦✉t ♠❛❝r♦s❝♦♣✐❝ ♦s❝✐❧❧❛t✐♦♥s ❜✉t
✇❡ ❛❧s♦ ❡①♣❡❝t t❤❡ ❢♦r♠❛❧ ❛♥❛❧②s✐s ♦❢ t❤❡ ❧✐♠✐t✐♥❣ ❞②♥❛♠✐❝s t♦ ❜❡ ❞r❛♠❛t✐❝❛❧❧② ❤❛r❞❡r✱
s✐♥❝❡ ✐t ✇♦✉❧❞ ♥♦t ❧♦♥❣❡r ♣♦ss✐❜❧❡ t♦ r❡❝♦✈❡r ❛ ✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ ♣r♦❜❧❡♠✳ ❚❤✐s ❛s♣❡❝t ❤❛s
❜❡❡♥ ♣❛rt✐❛❧❧② ♦✈❡r❝♦♠❡ ✐♥ ❬✶✹❪ ❜② ❝♦♥s✐❞❡r✐♥❣ ❛ s♠❛❧❧✲♥♦✐s❡ ●❛✉ss✐❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡
♠❛❝r♦s❝♦♣✐❝ ♣r♦❝❡ss ❛♥❞ t❤✐s t♦♦❧ ♠❛② ❜❡ ❤❡❧♣❢✉❧ ✐♥ st✉❞②✐♥❣ ♠♦r❡ ❣❡♥❡r❛❧ ❝❛s❡s✳

■♥ ❈❤❛♣t❡r ✷ ✇❡ ❢♦❝✉s ♦♥ t❤❡ ❡♠❡r❣❡♥❝❡ ♦❢ s❡❧❢✲s✉st❛✐♥❡❞ ♣❡r✐♦❞✐❝ ❜❡❤❛✈✐♦r ✐♥ ❛ ❜✐✲♣♦♣✉❧❛t❡❞
❈✉r✐❡✲❲❡✐ss ♠♦❞❡❧✳ ❲❤✐❧❡ ♣❡r✐♦❞✐❝✐t② ❤❛s ❛❧r❡❛❞② ❜❡❡♥ ♦❜s❡r✈❡❞ ✐♥ ♠✉❧t✐✲♣♦♣✉❧❛t❡❞ s②s✲
t❡♠s ✇✐t❤ ❞❡❧❛②❡❞ ✐♥t❡r❛❝t✐♦♥s ❬✷✸✱ ✺✺❪✱ ❤❡r❡ ✇❡ s❤♦✇ t❤❛t ❞❡❧❛② ✐s ♥♦t ❛♥ ❡ss❡♥t✐❛❧ ✐♥✲
❣r❡❞✐❡♥t t♦ ♣r♦❞✉❝❡ t❤✐s ♣❤❡♥♦♠❡♥♦♥✱ ✇❤✐❝❤ ❝❛♥ ❛♣♣❡❛r s✐♠♣❧② ❝♦♥s✐❞❡r✐♥❣ ❛ ●❧❛✉❜❡r
❞②♥❛♠✐❝s ✐♥ ♦✉r ♠♦❞❡❧✳ ❚❤❡ ❦❡② ❢❡❛t✉r❡ s❡❡♠s r❛t❤❡r t♦ ❜❡ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❛ ❢r✉str❛t✐♦♥
✐♥ t❤❡ ✐♥t❡r❛❝t✐♦♥ ♥❡t✇♦r❦✳ ❍♦✇❡✈❡r✱ ✇❡ ❛❧s♦ s❤♦✇ t❤❛t ❞❡❧❛② ❝❛♥ ❡♥❤❛♥❝❡ t❤❡ ❛♣♣❡❛r❛♥❝❡
♦❢ ♠❛❝r♦s❝♦♣✐❝ r❤②t❤♠ ✐♥ ❝♦♥✜❣✉r❛t✐♦♥s ✐♥ ✇❤✐❝❤ ✐t ✇❛s ♦t❤❡r✇✐s❡ ❛❜s❡♥t✳
❋✉t✉r❡ ✇♦r❦s ♠❛② ❡①♣❧♦r❡ ✇❤❛t ❤❛♣♣❡♥s ✇❤❡♥ ♠♦r❡ t❤❛♥ t✇♦ ♣♦♣✉❧❛t✐♦♥s ❛r❡ ♣r❡s❡♥t✿ ✇❡
❡①♣❡❝t t♦ ♦❜s❡r✈❡ ♣❡r✐♦❞✐❝✐t② ❛❣❛✐♥✱ ❣r❛♥t❡❞ t❤❛t t❤❡r❡ ❡①✐sts ✧❡♥♦✉❣❤✧ ❢r✉str❛t✐♦♥ ✐♥ t❤❡

✶✶✸
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s②st❡♠✳ ❉❡♣❡♥❞✐♥❣ ♦♥ t❤❡ t♦♣♦❧♦❣② ♦❢ t❤❡ ✐♥t❡r❛❝t✐♦♥ ♥❡t✇♦r❦ ❛♥❞ t❤❡ str❡♥❣t❤ ♦❢ ❡❛❝❤ ✐♥✲
t❡r❛❝t✐♦♥✱ ♠♦r❡ ❣❡♥❡r❛❧ ❜❡❤❛✈✐♦rs ❝♦✉❧❞ ❜❡ ♣♦ss✐❜❧❡ ✭❢♦r ❡①❛♠♣❧❡ ❤❛✈✐♥❣ s♦♠❡ ♣♦♣✉❧❛t✐♦♥s
✇❤✐❝❤ ♦s❝✐❧❧❛t❡ ❛♥❞ ♦t❤❡rs ✇❤✐❝❤ r❡❧❛① t♦ ❛♥ ❡q✉✐❧✐❜r✐✉♠✮✳ ❍♦✇❡✈❡r✱ ❛ ❢♦r♠❛❧ ❛♥❛❧②s✐s ✐♥
t❤✐s ❞✐r❡❝t✐♦♥ ✐s st✐❧❧ ❧❛❝❦✐♥❣✳
▼♦r❡ ❝♦♠♣❧✐❝❛t❡❞ ❣❡♥❡r❛❧✐③❛t✐♦♥s ♠❛② ✐♥❝❧✉❞❡ st♦❝❤❛st✐❝ ❞②♥❛♠✐❝s ❛❧s♦ ❢♦r t❤❡ ♣❛r❛♠❡t❡rs
✇❤✐❝❤ t✉♥❡ t❤❡ str❡♥❣t❤ ♦❢ ✐♥t❡r❛❝t✐♦♥s✿ ✐♥ t❤✐s ❝❛s❡✱ t❤❡ ❧✐♠✐t✐♥❣ ❞②♥❛♠✐❝s ❝♦✉❧❞ ❞✐s♣❧❛②
❛ ♠✉❝❤ r✐❝❤❡r ❜❡❤❛✈✐♦r✳

■♥ ❈❤❛♣t❡r ✸ ✇❡ ❝♦♠❡ ❜❛❝❦ t♦ t❤❡ ♠❡❝❤❛♥✐s♠ ♦❢ ❞✐ss✐♣❛t✐♦♥✱ t❤✐s t✐♠❡ ♦✉ts✐❞❡ t❤❡ ❝♦♥t❡①t ♦❢
♠❡❛♥ ✜❡❧❞ s②st❡♠s✳ ❲❡ ❝♦♥s✐❞❡r ❛ s❤♦rt✲r❛♥❣❡ ✐♥t❡r❛❝t✐♥❣ s②st❡♠✱ ♦❜t❛✐♥❡❞ ❜② ✐♥tr♦❞✉❝✐♥❣
❞✐ss✐♣❛t✐♦♥ ✐♥ ❛ ●❧❛✉❜❡r ❞②♥❛♠✐❝s ❢♦r t❤❡ ❝❧❛ss✐❝❛❧ ✶✲❞✐♠❡♥s✐♦♥❛❧ ■s✐♥❣ ♠♦❞❡❧✳ ❲❡ ♣r♦✈❡
t❤❛t ✇❡ ❝❛♥ ♦❜t❛✐♥ r❡❣✉❧❛r ♦s❝✐❧❧❛t✐♦♥s ✐♥ ❛ s✉✐t❛❜❧❡ ③❡r♦✲t❡♠♣❡r❛t✉r❡ ✐♥✜♥✐t❡✲✈♦❧✉♠❡ ❧✐♠✐t
✇❤❡♥ ❛ ♣r♦♣❡r t✐♠❡ s❝❛❧✐♥❣ ✐s ♣❡r❢♦r♠❡❞✳ ❚❤✐s r❡s✉❧t ✐s ❛❝❤✐❡✈❡❞ t❤r♦✉❣❤ ❛ ❞❡❡♣ st✉❞②
♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥s ♦❢ t❤❡ t✐♠❡ ❛t ✇❤✐❝❤ t❤❡ ✜rst s♣✐♥ ✢✐♣ ♦❝❝✉rs ❛♥❞ t❤❡ s✉❝❝❡ss✐✈❡ t✐♠❡
t❛❦❡♥ ❜② t❤❡ ♥❡✇❜♦r♥ ❞r♦♣❧❡t t♦ ❝♦✈❡r ❛❧❧ t❤❡ s♣❛❝❡✳
❚♦ t❤❡ ❜❡st ♦❢ ♦✉r ❦♥♦✇❧❡❞❣❡✱ t❤✐s ✐s t❤❡ ✜rst r❡s✉❧t ❝♦♥♥❡❝t✐♥❣ ♣❡r✐♦❞✐❝✐t② ❛♥❞ ❞✐ss✐♣❛t✐♦♥
✐♥ s②st❡♠s ✇✐t❤ ❧♦❝❛❧ ✐♥t❡r❛❝t✐♦♥s✳ ❚❤❡r❡❢♦r❡✱ t❤❡r❡ ❡①✐sts ❛ ❤✉❣❡ ♥✉♠❜❡r ♦❢ ✐♥tr✐❣✉✐♥❣
q✉❡st✐♦♥s t❤❛t ✇✐❧❧ ❤♦♣❡❢✉❧❧② ❜❡ ❛❞❞r❡ss❡❞ ✐♥ ❢✉t✉r❡ ✇♦r❦s✿ ❤❡r❡ ✇❡ ❧✐st s♦♠❡ ♦❢ t❤❡♠✳
❘❡❝❛❧❧ t❤❛t ♦✉r ❛♥❛❧②s✐s ✇❡ t♦♦❦ t❤❡ ❧✐♠✐t ❢♦r β,N ↑ +∞ ✐♥ s✉❝❤ ❛ ✇❛②

logN

β
→ c ∈ [0, 1[,

❛ ❝❤♦✐❝❡ t❤❛t ❛❧❧♦✇s ✉s t♦ r✉❧❡ ♦✉t t❤❡ ❜✐rt❤ ♦❢ ❛ s❡❝♦♥❞ ❞r♦♣❧❡t ❞✉r✐♥❣ t❤❡ ❝♦✈❡r✐♥❣ ♣r♦❝❡ss✳
❲❤❛t ❞♦❡s ✐t ❤❛♣♣❡♥ ✇❤❡♥ c ≥ 1❄ ❙♦♠❡ ♥❛✐✈❡ ❝♦♠♣✉t❛t✐♦♥s t❡❧❧ ✉s t❤❛t ❛s s♦♦♥ ❛s

logN

β
→ c = 1 + ε, ❢♦r s♦♠❡ ε > 0

t❤❡ s✐t✉❛t✐♦♥ ❝❤❛♥❣❡s ❞r❛♠❛t✐❝❛❧❧②✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ s♣❛❝❡ ✐s t♦♦ ❜✐❣ t♦ ❜❡ ❝♦✈❡r❡❞ ❜② ❛
s✐♥❣❧❡ ❞r♦♣❧❡t ❛♥❞ ❛❝t✉❛❧❧② ✇❡ ❡①♣❡❝t t❤❡ ❜✐rt❤ ♦❢ ❛♥ ✐♥✜♥✐t❡ ♥✉♠❜❡r ♦❢ s❡♣❛r❛t❡ ❞r♦♣❧❡t
✇❤✐❝❤ ❡✈❡♥t✉❛❧❧② ❝♦❛❧❡s❝❡ ❛♥❞ ❝♦✈❡r ❛❧❧ t❤❡ s♣❛❝❡✳ ❆ ♣r♦♠✐s✐♥❣ ❛♣♣r♦❛❝❤ t♦ t❤✐s ❝❛s❡ ✐s
t♦ ❞✐✈✐❞❡ t❤❡ s♣❛❝❡ ✐♥ ❜♦①❡s ♦❢ s✐③❡ e(1−ε)β ✐♥ ♦r❞❡r t♦ ❡①♣❧♦✐t t❤❡ st✉❞② ♣❡r❢♦r♠❡❞ ✐♥ t❤✐s
t❤❡s✐s✳
❚❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s ❝❛♥ ❛❧s♦ ❜❡ ❞✐s❝✉ss❡❞✳ ❋♦r s✐♠♣❧✐❝✐t②✱ ✐♥ ❈❤❛♣t❡r ✸ ✇❡
❝❤♦s❡ ❛❧❧ t❤❡ s♣✐♥s t♦ ❜❡ ❡q✉❛❧ ❛♥❞ ❛ ❝♦♥st❛♥t ♣r♦✜❧❡ ✭♣❧✉s s♦♠❡ s♠❛❧❧ ✐♥❤♦♠♦❣❡♥❡✐t✐❡s✮
❢♦r t❤❡ ❧♦❝❛❧ ✜❡❧❞s ❛t t❤❡ ❜❡❣✐♥♥✐♥❣✳ ❍♦✇❡✈❡r✱ t❤❡r❡ ✐s ♥♦t ❛♥② ♦❜✈✐♦✉s r❡❛s♦♥ t♦ ❜❡❧✐❡✈❡
t❤❛t t❤✐s ✐s t❤❡ ✉♥✐q✉❡ ❝♦♥✜❣✉r❛t✐♦♥ ✇❤✐❝❤ ❛❧❧♦✇s t❤❡ s②st❡♠ t♦ ❝♦♥✈❡r❣❡ t♦ s♦♠❡ ❢♦r♠ ♦❢
♦s❝✐❧❧❛t✐♥❣ ❜❡❤❛✈✐♦r✳ ❚❤✐s ❛s♣❡❝t ❝❡rt❛✐♥❧② ❞❡s❡r✈❡s ❢✉rt❤❡r ✐♥✈❡st✐❣❛t✐♦♥s✳
❋✐♥❛❧❧②✱ ✇❡ ✇♦✉❧❞ ❧✐❦❡ t♦ ♠❡♥t✐♦♥ t❤❛t t❤❡ ♣❤❡♥♦♠❡♥♦♥ ❞❡s❝r✐❜❡❞ t❤✐s ❝❤❛♣t❡r s❤♦✉❧❞ ❛❧s♦
❤♦❧❞ ✐♥ ❤✐❣❤❡r ❞✐♠❡♥s✐♦♥s✳ ❲❡ st✉❞✐❡❞ t❤❡ ✶✲❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡✱ ✐♥ ✇❤✐❝❤ t❤❡ ❣r♦✇t❤ ♦❢ t❤❡
❞r♦♣❧❡t ✐s r❡❧❛t✐✈❡❧② ❡❛s② t♦ ❛♥❛❧②s❡✱ s✐♥❝❡ ✐t ❝❛♥ ♦♥❧② ❣r♦✇ ❛❧♦♥❣ ♦♥❡ ❞✐r❡❝t✐♦♥✳ ❋♦r t❤❡
d✲❞✐♠❡♥s✐♦♥❛❧ ■s✐♥❣ ♠♦❞❡❧ ✇✐t❤ d ≥ 2✱ t❤❡ ❞r♦♣❧❡t ✐s ❛❧❧♦✇❡❞ t♦ ❣r♦✇ ❛❧♦♥❣ d ❞✐r❡❝t✐♦♥s✱
✇❤✐❝❤ ♠❛❦❡s t❤❡ ❡st✐♠❛t❡ ♦❢ s❝❛❧❡ ♦❢ t❤❡ ❝♦✈❡r✐♥❣ t✐♠❡ ❛ ❝❤❛❧❧❡♥❣✐♥❣ t❛s❦✳
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❚❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ t❤❡ t❤❡s✐s ✐s ❞❡❞✐❝❛t❡❞ t♦ t❤❡ st✉❞② ♦❢ ❝r✐t✐❝❛❧ ✢✉❝t✉❛t✐♦♥s ♦❢ ♠❡❛♥
✜❡❧❞ s♣✐♥ s②st❡♠s ❡①❤✐❜✐t✐♥❣ ❛ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥ ✐♥ t❤❡ ❞②♥❛♠✐❝❛❧ s②st❡♠ ❞❡s❝r✐❜✐♥❣ t❤❡
❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ♠❛❝r♦s❝♦♣✐❝ ❧❛✇✳

■t ✐s ❦♥♦✇♥ t❤❛t ❞②♥❛♠✐❝s ♦❢ ✢✉❝t✉❛t✐♦♥s ❛t ❝r✐t✐❝❛❧ ♣♦✐♥t ✐♥ ♠❡❛♥ ✜❡❧❞ ♠♦❞❡❧s t②♣✐❝❛❧❧②
♣r❡s❡♥t ❛♥ ❛♥♦♠❛❧♦✉s s♣❛❝❡✲t✐♠❡ s❝❛❧✐♥❣ ❛♥❞✱ ♣♦ss✐❜❧②✱ ❛ ♥♦♥✲●❛✉ss✐❛♥ ❧✐♠✐t ❬✶✻✱ ✷✷✱ ✶✸✱
✸✺❪✳ ■♥ ❈❤❛♣t❡r ✹✱ ✇❡ ❡①t❡♥❞ t❤❡ ❛♥❛❧②s✐s ♦❢ ❝r✐t✐❝❛❧ ✢✉❝t✉❛t✐♦♥s t♦ t❤❡ ❝❛s❡ ✐♥ ✇❤✐❝❤ ❛
❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥ ✐s ♣r❡s❡♥t✳ ❆s ✇❡ ❞✐s❝✉ss❡❞✱ t❤❡ ✢✉❝t✉❛t✐♦♥s ❛r❡ ❞❡❡♣❧② ❝♦♥♥❡❝t❡❞ t♦
t❤❡ ❧✐♥❡❛r✐③❛t✐♦♥ ♦❢ t❤❡ ❧✐♠✐t✐♥❣ ❞②♥❛♠✐❝s✱ t❤❡r❡❢♦r❡ t❤❡ ❦✐♥❞ ♦❢ ❜✐❢✉r❝❛t✐♦♥ ❤❛s ❛ r❡❧❡✈❛♥t
✐♠♣❛❝t ♦♥ t❤❡ ❝r✐t✐❝❛❧ ✢✉❝t✉❛t✐♦♥s✳ ❖✉r r❡s✉❧t ✐s ♥♦t ♦❜t❛✐♥❡❞ ✐♥ ❢✉❧❧ ❣❡♥❡r❛❧✐t②✱ ❜✉t ✇❡
❢♦❝✉s ♦♥ t❤❡ ❈✉r✐❡✲❲❡✐ss ♠♦❞❡❧ ✇✐t❤ ❞✐ss✐♣❛t✐♦♥ ❬✶✾❪ ❛♥❞ ♦♥ t❤❡ t✇♦✲♣♦♣✉❧❛t✐♦♥ ❈✉r✐❡✲
❲❡✐ss ♠♦❞❡❧ st✉❞✐❡❞ ✐♥ ❈❤❛♣t❡r ✷✳ ❲❡ ✐❞❡♥t✐❢② ❛ s❧♦✇ ❛♥❞ ❛ ❢❛st ✈❛r✐❛❜❧❡✱ r❡s♣❡❝t✐✈❡❧②
❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ r❛❞✐✉s ❛♥❞ t❤❡ ❛♥❣❧❡ ♦❢ ❛ ♣♦❧❛r ❝♦♦r❞✐♥❛t❡ ❞❡s❝r✐♣t✐♦♥✿ ✐♥ t❤❡ ✑♥❛t✉r❛❧✑
t✐♠❡ s❝❛❧❡✱ t❤❡ ❢❛st ✈❛r✐❛❜❧❡ ❛✈❡r❛❣❡s ♦✉t✱ ♣r♦❞✉❝✐♥❣ ❛ ❧✐♠✐t✐♥❣ ❞②♥❛♠✐❝s ❢♦r t❤❡ s❧♦✇
✈❛r✐❛❜❧❡ ✈✐❛ ❛♥ ❛✈❡r❛❣✐♥❣ ♣r✐♥❝✐♣❧❡✳ ❚❤❡ ❝r✐t✐❝❛❧ ✢✉❝t✉❛t✐♦♥s ❢♦r ❜♦t❤ ♠♦❞❡❧s ❜❡❧♦♥❣ t♦
t❤❡ s❛♠❡ ❝❧❛ss ♦❢ ✉♥✐✈❡rs❛❧✐t②✱ ✇❤✐❝❤ ✇❡ ❝♦♥❥❡❝t✉r❡ t♦ ❜❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ♠✐❝r♦s❝♦♣✐❝
❞②♥❛♠✐❝❛❧ ❞❡t❛✐❧s ♦❢ t❤❡ ♠♦❞❡❧✱ ❜✉t r❛t❤❡r str♦♥❣❧② ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ♣r❡s❡♥❝❡ ♦❢ t❤❡
❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥ ✐♥ t❤❡ ♠❛❝r♦s❝♦♣✐❝ ❞②♥❛♠✐❝s✳
❋✉t✉r❡ ✇♦r❦s ♠❛② ❛tt❡♠♣t t♦ ✐♥✈❡st✐❣❛t❡ ❢✉rt❤❡r t❤✐s ❝❧❛ss ♦❢ ✉♥✐✈❡rs❛❧✐t②✱ ❜② ❝♦♥s✐❞❡r✐♥❣
♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞ ♠♦❞❡❧s ❞✐s♣❧❛②✐♥❣ ❛ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥✱ ✐♥ ♣❛rt✐❝✉❧❛r ❝♦♥t✐♥✉♦✉s ♠♦❞❡❧s
s✉❝❤ ❛s t❤❡ ❑✉r❛♠♦t♦ ♠♦❞❡❧ ✇✐t❤ ❞✐s♦r❞❡r❡❞✳
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❬✶❪ ▲✳ ❆♥❞r❡✐s✳ ▼❝❑❡❛♥✲❱❧❛s♦✈ ❧✐♠✐ts✱ ♣r♦♣❛❣❛t✐♦♥ ♦❢ ❝❤❛♦s ❛♥❞ ❧♦♥❣✲t✐♠❡ ❜❡❤❛✈✐♦r ♦❢
s♦♠❡ ♠❡❛♥ ✜❡❧❞ ✐♥t❡r❛❝t✐♥❣ ♣❛rt✐❝❧❡ s②st❡♠s✳ P❤❉ t❤❡s✐s✱ ❉❡♣❛rt♠❡♥t ♦❢ ▼❛t❤❡♠❛t✐❝s✱
❯♥✐✈❡rs✐t② ♦❢ P❛❞♦✈❛✱ ✷✵✶✼✳

❬✷❪ ▲✳ ❆♥❞r❡✐s ❛♥❞ ❉✳ ❚♦✈❛③③✐✳ ❈♦❡①✐st❡♥❝❡ ♦❢ st❛❜❧❡ ❧✐♠✐t ❝②❝❧❡s ✐♥ ❛ ❣❡♥❡r❛❧✐③❡❞ ❈✉r✐❡✲
❲❡✐ss ♠♦❞❡❧ ✇✐t❤ ❞✐ss✐♣❛t✐♦♥✳ ❛r❳✐✈ ♣r❡♣r✐♥t ❛r❳✐✈✿✶✼✶✶✳✵✺✶✷✾✳

❬✸❪ P✳ ❇❛❦✱ ❈✳ ❚❛♥❣✱ ❛♥❞ ❑✳ ❲✐❡s❡♥❢❡❧❞✳ ❙❡❧❢✲♦r❣❛♥✐③❡❞ ❝r✐t✐❝❛❧✐t②✳ P❤②s✐❝❛❧ r❡✈✐❡✇ ❆✱
✸✽✭✶✮✿✸✻✹✱ ✶✾✽✽✳

❬✹❪ ❆✳ ❇❛rr❛✱ P✳ ❈♦♥t✉❝❝✐✱ ❘✳ ❙❛♥❞❡❧❧✱ ❛♥❞ ❈✳ ❱❡r♥✐❛✳ ❆♥ ❛♥❛❧②s✐s ♦❢ ❛ ❧❛r❣❡ ❞❛t❛s❡t
♦♥ ✐♠♠✐❣r❛♥t ✐♥t❡❣r❛t✐♦♥ ✐♥ ❙♣❛✐♥✳ ❚❤❡ ❙t❛t✐st✐❝❛❧ ▼❡❝❤❛♥✐❝s ♣❡rs♣❡❝t✐✈❡ ♦♥ ❙♦❝✐❛❧
❆❝t✐♦♥✳ ❙❝✐❡♥t✐✜❝ r❡♣♦rts✱ ✹✱ ✷✵✶✹✳

❬✺❪ ▲✳ ❇❡rt✐♥✐✱ ●✳ ●✐❛❝♦♠✐♥✱ ❛♥❞ ❑✳ P❛❦❞❛♠❛♥✳ ❉②♥❛♠✐❝❛❧ ❛s♣❡❝ts ♦❢ ♠❡❛♥ ✜❡❧❞ ♣❧❛♥❡
r♦t❛t♦rs ❛♥❞ t❤❡ ❑✉r❛♠♦t♦ ♠♦❞❡❧✳ ❏♦✉r♥❛❧ ♦❢ ❙t❛t✐st✐❝❛❧ P❤②s✐❝s✱ ✶✸✽✭✶✲✸✮✿✷✼✵✕✷✾✵✱
✷✵✶✵✳

❬✻❪ P✳ ❇✐❧❧✐♥❣s❧❡②✳ ❈♦♥✈❡r❣❡♥❝❡ ♦❢ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s✳ ❲✐❧❡② ❙❡r✐❡s ✐♥ Pr♦❜❛❜✐❧✐t② ❛♥❞
❙t❛t✐st✐❝s✿ Pr♦❜❛❜✐❧✐t② ❛♥❞ ❙t❛t✐st✐❝s✱ ❏♦❤♥ ❲✐❧❡② ✫ ❙♦♥s ■♥❝✳✱ s❡❝♦♥❞ ❡❞✐t✐♦♥✱ ✶✾✾✾✳

❬✼❪ ❚✳ ❈❛r❧❡tt✐ ❛♥❞ ●✳ ❱✐❧❧❛r✐✳ ❆ ♥♦t❡ ♦♥ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ ❧✐♠✐t ❝②❝❧❡s ❢♦r
▲✐é♥❛r❞ s②st❡♠s✳ ❏♦✉r♥❛❧ ♦❢ ♠❛t❤❡♠❛t✐❝❛❧ ❛♥❛❧②s✐s ❛♥❞ ❛♣♣❧✐❝❛t✐♦♥s✱ ✸✵✼✭✷✮✿✼✻✸✕✼✼✸✱
✷✵✵✺✳

❬✽❪ ❘✳ ❈❡r❢✱ P✳ ❉❛✐ Pr❛✱ ▼✳ ❋♦r♠❡♥t✐♥✱ ❛♥❞ ❉✳ ❚♦✈❛③③✐✳ ❆♥ ■s✐♥❣ ♠♦❞❡❧ ✇✐t❤ ❞✐ss✐♣❛t✐♦♥✳
■♥ ♣r❡♣❛r❛t✐♦♥✳

❬✾❪ ❲✳✲❈✳ ❈❤❡♥✳ ◆♦♥❧✐♥❡❛r ❞②♥❛♠✐❝s ❛♥❞ ❝❤❛♦s ✐♥ ❛ ❢r❛❝t✐♦♥❛❧✲♦r❞❡r ✜♥❛♥❝✐❛❧ s②st❡♠✳
❈❤❛♦s✱ ❙♦❧✐t♦♥s ✫ ❋r❛❝t❛❧s✱ ✸✻✭✺✮✿✶✸✵✺✕✶✸✶✹✱ ✷✵✵✽✳

❬✶✵❪ ❳✳ ❈❤❡♥✱ ❏✳ ▲❧✐❜r❡✱ ❛♥❞ ❩✳ ❩❤❛♥❣✳ ❙✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛t ❧❡❛st n
♦r ❡①❛❝t❧② n ❧✐♠✐t ❝②❝❧❡s ❢♦r t❤❡ ▲✐é♥❛r❞ ❞✐✛❡r❡♥t✐❛❧ s②st❡♠s✳ ❏♦✉r♥❛❧ ♦❢ ❉✐✛❡r❡♥t✐❛❧
❊q✉❛t✐♦♥s✱ ✷✹✷✿✶✶✕✷✸✱ ✷✵✵✼✳

❬✶✶❪ ❋✳ ❈♦❧❧❡t✳ ❚❤❡ ✐♠♣❛❝t ♦❢ ❞✐s♦r❞❡r ✐♥ t❤❡ ❝r✐t✐❝❛❧ ❞②♥❛♠✐❝s ♦❢ ♠❡❛♥✲✜❡❧❞ ♠♦❞❡❧s✳ P❤❉
t❤❡s✐s✱ ❉❡♣❛rt♠❡♥t ♦❢ P✉r❡ ❛♥❞ ❆♣♣❧✐❡❞ ▼❛t❤❡♠❛t✐❝s✱ ❯♥✐✈❡rs✐t② ♦❢ P❛❞♦✈❛✱ ✷✵✵✾✳

✶✶✼
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