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Abstract

In this thesis we address two problems. In the first part we consider hypoelliptic
diffusions, under both strong and weak Hormander condition. We find Gaussian
estimates for the density of the law of the solution at a fixed, short time. A main tool
to prove these estimates is Malliavin Calculus, in particular some techniques recently
developed to deal with degenerate problems. We then use these short-time estimates
to show exponential two-sided bounds for the probability that the diffusion remains
in a small tube around a deterministic path up to a given time. In our hypoelliptic
framework, the shape of the tube must reflect the fact the diffusion moves with a
different speed in the direction of the diffusion coefficient and in the direction of the
Lie brackets. For this reason we introduce a norm accounting of this anisotropic
behavior, which can be adapted to both the strong and weak Hormander framework.
We establish an equivalence between this norm and the standard control distance in
the strong Hormander case. In the weak Hormander case, we introduce a suitable
equivalent control distance.

In the second part of the thesis we work with mean reverting stochastic volatility
models, with a volatility driven by a jump process. We first suppose that the jumps
follow a Poisson process, and consider the decay of cross asset correlations, both
theoretically and empirically. This leads us to study an algorithm for the detection
of jumps in the volatility profile. We then consider a more subtle phenomenon widely
observed in financial indices: the multiscaling of moments, i.e. the fact that the
g-moment of the log-increment of the price on a time lag of length h scales as h
to a certain power of ¢, which is non-linear in ¢q. We work with models where the
volatility follows a mean reverting SDE driven by a Lévy subordinator. We show
that multiscaling occurs if the characteristic measure of the Lévy has power law tails
and the mean reversion is super-linear at infinity. In this case the scaling function is
piecewise linear.

Keywords: hypoellipticity, Hormander condition, tube estimates for Ito pro-
cesses, density estimates, stochastic volatility, multi-scaling.
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Résumé

Dans cette these on aborde deux problemes. Dans la premiere partie on considere
des diffusions hypoelliptiques, a la fois sur une condition d’Hormander forte et faible.
On trouve des estimations gaussiennes pour la densité de la loi de la solution a un
temps court fixé. Un outil fondamental pour prouver ces estimations est le calcul de
Malliavin. On utilise en particulier des techniques développées récemment pour faire
face a des problemes de dégénérescence. Ensuite, grace a ces estimations en temps
court, on trouve des bornes inférieures et supérieures exponentielles sur la probabilité
que la diffusion reste dans un petit tube autour d’une trajectoire déterministe jusqu’a
un moment fixé. Dans ce cadre hypoelliptique, la forme du tube doit tenir compte
du fait que la diffusion se déplace avec une vitesse différente dans les directions du
coefficient de diffusion et dans les directions des crochets de Lie. Pour cette raison, on
introduit une norme qui prend en compte ce comportement anisotrope, qui peut étre
adaptée aux cas d’Hormander fort et faible. Dans le cas Hormander fort on établit
une équivalence entre cette norme et la distance de controle classique. Dans le cas
Hormander faible on introduit une distance de controle équivalente appropriée.

Dans la deuxieme partie de la these, on travaille avec des modeles a volatilité
+stochastique avec retour a la moyenne, ou la volatilité est dirigée par un processus
de saut. On suppose d’abord que les sauts suivent un processus de Poisson, et on
considere la décroissance des corrélations croisées, théoriquement et empiriquement.
Ceci nous amene a étudier un algorithme pour la détection de sauts de la volatilité.
On considere ensuite un phénomene plus subtil largement observé dans les indices
financiers: le "multiscaling” des moments, c¢’est-a-dire le fait que les moments d’ordre
q des log-incréments du prix sur un temps h, ont une amplitude d’ordre h a une
certaine puissance, qui est non linéaire dans ¢. On travaille avec des modeles ou la
volatilité suit une EDS avec retour a la moyenne dirigée par un subordinateur de Lévy.
On montre que le multiscaling se produit si la mesure caractéristique du Lévy a des
queues de loi de puissance et le retour a la moyenne est superlinéaire a l'infini. Dans
ce cas 'exposant de scaling est linéaire par morceaux.

Mots clés: hypoellipticité, condition d’Hormander, estimations des tube pour les
processus d’Ito, estimations de densité, volatilité stochastique, multi-échelle.
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Sommario

In questa tesi ci occupiamo di due problemi. Nella prima parte consideriamo
delle diffusioni ipoellittiche, sia sotto una condizione di Hérmander forte che debole.
Troviamo delle stime gaussiane per la densita della legge della soluzione in tempo
corto. Uno strumento fondamentale per dimostrare questo tipo di stime ¢ il calcolo di
Malliavin. In particolare, utilizziamo delle tecniche sviluppate negli ultimi anni per
affrontare dei problemi degeneri. Poi, grazie a queste stime in tempo corto, troviamo
dei bound inferiore e superiore esponenziali per la probabilita che la diffusione rimanga
in un piccolo tubo attorno a una traiettoria deterministica, fino a un tempo fissato. In
questo contesto ipoellittico, la forma del tubo deve riflettere il fatto che la diffusione
si muove con una velocita diversa nella direzione dei coefficienti di diffusione e nella
direzione delle parentesi di Lie. Per questo motivo introduciamo una norma che tenga
conto di questo comportamento anisotropo, adattabile al caso di Hormander forte e
debole. Nel caso Hormander forte stabiliamo un’equivalenza tra questa norma e la
distanza di controllo classica. Nel caso Hormander debole introduciamo una distanza
di controllo equivalente adeguata.

Nella seconda parte della tesi lavoriamo con dei modelli a volatilita stocastica con
ritorno alla media, in cui la volatilita e diretta da un processo di salto. Supponiamo
inizialmente che i salti siano dati da un processo di Poisson, e consideriamo il decadi-
mento delle correlazioni incrociate, sia teoricamente che empiricamente. Questo ci
porta a studiare un algoritmo per identificare i picchi nel profilo della volatilita. Con-
sideriamo successivamente un fenomeno piu sottile largamente osservato negli indici
finanziari: il "multiscaling” dei momenti, ovvero il fatto che i momenti d’ordine ¢ dei
log-incrementi del prezzo su un tempo h, hanno un’ampiezza di ordine h a una certa
potenza, che e non lineare in ¢g. Lavoriamo con dei modelli in cui la volatilita ¢ data da
un’equazione differenziale stocastica con ritorno alla media, diretta da un subordina-
tore di Lévy. Mostriamo che il multiscaling si produce se la misura caratteristica del
Lévy ha delle code di legge di potenza e il ritorno alla media e superlineare all’infinito.
In questo caso I'esponente di scaling ¢ lineare a tratti.

Parole chiave: ipoellitticita, condizione di Hormander, stime di tubo per i pro-
cessi di Ito, stime di densita, volatilita stocastica, multiscaling.
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Chapter 1

Introduction

1.1 Regularity of Stochastic Differential Equations

The investigation of regularity properties of solutions of Stochastic Differential Equa-
tions (SDEs) driven by the Brownian motion is one of the motivations and most
important applications of the Malliavin calculus on the Wiener space. Consider the
diffusion process in R™ solution of

d
dX; =Y o;(Xy) dW! +b(X))dt, X =z, (1.1.1)

Jj=1

where W = (W, ...,W9) is a d-dimensional Brownian motion, b, s; € C{°(R",R") for
j = 1,...d. Denoting (0);; = 0%, we say that is uniformly elliptic if there
exist ¢ > 0 such that oo”(y) > cId,, for all y € R", where we denote with o7 the
transpose of ¢ and Id, the n x n identity matrix. It is well known that under these
assumptions admits a unique strong solution for every initial condition z, and
that the following two-sided bound holds for the fixed-time marginals. Fix a time
horizon T > 0.

Theorem 1.1. For every initial condition v € R and every 0 < t < T, the law of
X, is absolutely continuous with respect to the Lebesque measure, and its density in vy,
pe(x,y), is infinitely differentiable with respect to each variable. Moreover, there exist
constants cor, Cor € RY and functions ko, Ko : RT — RT such that

Co,rly — 5’5’2)

; (1.1.2)

c — x|?
Fo(t) exp (—%) < pi(a.) < Kolt)exp (—

where | - | denotes the Euclidean norm.

This result can be proved with PDE’s methods (see for example [2]) or with Malli-
avin calculus techniques. Being able to investigate regularity properties of the law of
solutions of SDEs was the original motivation for developing the theory of Malliavin
calculus, and since then many other applications has been considered. The Malliavin

1



2 CHAPTER 1. INTRODUCTION

derivative permits to quantify the sensitivity of the system with respect to the noise,
and if the so-called “Malliavin covariance matrix” is non-degenerate, the sensibility is
non-zero in any direction. Then X; admits a density, and it is in some cases possible
to obtain bounds for it.

Besides Malliavin, the foudations of this theory were laid by Stroock, Bismut,
Watanabe, Ikeda, Shigekawa and others. We mention here [74] and the series of
papers by Kusuoka and Stroock [70], [71], [72].

It is clear that these assumptions on the coefficients of are quite demanding.
Uniform ellipticity, for instance, implies that d, the dimension of the Brownian Motion,
is greater or equal to n, the dimension of the diffusion. One way to relax the ellipticiy
condition is to assume the Hormander condition, a celebrated hypoelliptic condition
which is one of the key points of our work. For f, g : R® — R" we recall the definition
of the directional derivative of f in the direction g as

0, f(x) =V [g(x Zg )0, f (2

The Lie bracket [f, g] in x is then defined as

[/, 91(x) = Opg(x) — 0y f ().

We denote now oy = b, and say that the Hormander condition holds at point z € R”
if the vector fields

01,04, 05,04, 0<14,5<d, |o,]05,0,]],0<i,5,k<d,... (1.1.3)

span R™ at x. Under this condition the following theorem holds (see [79], Theorem
2.3.3).

Theorem 1.2. Assume that (X;)i=o is the solution to (L.1.1]). Suppose that the coef-
ficients o1, ...,04,b are infinitely differentiable with bounded partial derivatives of all
orders and that Hormander’s condition holds. Then for any t > 0 the random
vector Xy has an infinitely differentiable density.

This result can be considered as a probabilistic version of Hormander’s theorem
on the hypoellipticity of the second-order differential operators. We refer to [98],
[79] for details regarding this interpretation. For many related issues see [64], [92],
[79], [90], [96] and the bibliography there. Similar results are also available for SDEs
with coefficients with dependence on time, under very weak regularity assumptions
([34]), SDEs driven by a fractional Brownian Motion ([I5]) and for rough differential
equations ([33]). Besides the existence and differentiability of the density, the problem
of finding bounds for the density of X} in the spirit of has been widely addressed
in the literature, also in a hypoelliptic framework. One outstanding contribution is
certainly the work of Kusuoka and Stroock. Denote with o a multi-index (ay, ..., ax) €
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{1,...,n}*, and with || the lenght of o. In [71], supposing ((1.1.3)), the following upper
bounds for the density and its derivatives are proved:

_ 2
pi(z,y) < Ko(t) exp GW) |
_ g2 (1.1.4)
|0 pi(,y)| < Ko (t) exp GW) |

where the constant Cjy r and the function K |a‘(-) depend on how many iterated Lie
Brackets we need to take in to span R™. Remark that in this case we have only
the upper bound, whereas if the diffusion is elliptic an analogous lower bound holds.

A two-sided bound for the density of X, is proved in [72], under a more demanding
condition. Consider , but imagine that we are not allowed to take brackets
involving the drift vector field b(-) = o¢(+). More formally, suppose that R" is spanned
by

o1,...,04, |oi,05, 1<4,5<d, |o,o5,0]],1 <i,5,k<d,... (1.1.5)

This hypothesis is usually referred to as Strong Hormander condition, and in oppo-
sition to this is often called Weak Hormander condition. In [72] the strong
Hormander non-degeneracy condition is assumed, and moreover the drift b is supposed
to be generated by the vector fields of the diffusive part, i.e.: b(x) = Z?Zl a;o(x),
with a; € Cp°(R™).

Under this assumption, a Gaussian bound is proved in the control distance that we
now define. For z,y € R™ we denote by C(x,y) the set of controls ¢ € L?([0, 1]; R?)
such that the corresponding skeleton solution of

d
du(W) = Y _oj(u()yldt,  up(y) =2
j=1
satisfies u;(¢) = y. The control (Caratheodory) distance is defined as

1 1/2
de(z,y) :inf{(/ ]ws|2d5> VRS C(x,y)}.
0
Geometrically speaking, this corresponds to take the geodesic (i.e. the length-minimizing

curve) joining x and y on the sub-Riemannian manifold associated with the diffusion
coefficient o. The main result in [72] is the following: there exist a constant M > 1

such that
1 ( Mdc(:lr,y)Z)
CP\TT

M|By,(x, t'/2)]
M de(,y)?

(1.1.6)

for (t,x,y) € (0,1] x R" x R™, where By(z,r) = {y € R" : d(x,y) < r}.
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Again under a strong Hormander condition, Ben Arous and Léandre investigate
the decay of the heat kernel of a hypoelliptic diffusion over the diagonal in their
celebrated paper [I8]. An important difference here is that the authors are interested
in asymptotic results, whereas the works previously mentioned provide results holding
for finite positive times.

Loosely speaking, strong Hormander means that we take advantage of the noise
propagating in the system through the vector fields of the diffusion and their Lie
brackets, whereas when the non-degeneracy is of weak Hormander type the drift gives
an additional specific contribution which is usually difficult to handle when trying
to estimate the desity of the solution. Some related works are [I1] and [42], where
bounds are provided for the density of the Asian type SDE and for a chain of SDEs,
and [63], where a stable driven degenerate SDE is considered. An analytical approach
to similar density estimates is given by Polidoro, Pascucci and Boscain in [85], [80],
[24].

In this thesis we consider a problem which is closely related to the issues mentioned
above: the so-called tube estimates, i.e. estimates on the probability that an Ito
process remains around a deterministic path up to a given time. More precisely, we
consider (1.1.1)) and introduce the associated skeleton path solution of the following
ODE:

dz(¢) = Zo—jm(sb)widt +b(z(9))dt,  zo(0) =z, (1.1.7)

for a certain control ¢ € L?([0,T],RY). With tube estimate we mean that we are
interested in P (supy< 7 | Xt — 2¢(¢)|| < R). Several works have considered this subject,
starting from Stroock and Varadhan in [94], where such result is used to prove the
support theorem fo diffusion processes. In their work || - || is the Euclidean norm,
but later on different norms have been used to take into account the regularity of the
trajectories (about this, see for example [16] and [53]). This kind of problems are also
related to the Onsager-Machlup functional, large and moderate deviation theory: see
e.g. [30], [64], [58].

There is a strong connection between tube and density estimates. In this work
we will use a concatenation of short time density estimates to prove a tube estimate,
but one may proceed in reverse order: tubes estimates, for instance, easily give lower
bounds for the density. In [10] tube estimates for locally elliptic diffusions with time
dependent radius are proved, and applied to find lower bounds for the probability to
be in a ball at fixed time and bounds for the distribution function. In [9], this is
applied to lognormal-like stochastic volatility models, finding estimates for the tails
of the distribution, and estimates on the implied volatility.

1.2 Outline of results: Part 1

In Chapter [2| we work in a fairly abstract framework, applying general Malliavin
Calculus techniques. We obtain some estimates for the density of a random variable,
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based on the fact that we can measure the distance between the densities of the laws
of two random variables F' and G in terms of the Malliavin-Sobolev norm of F' — G,
under some non-degeneracy conditions.

In Chapter [3|we consider a two-dimensional diffusion X driven by a one-dimensional
Brownian Motion W, in a (local) weak Hérmander framework. As we already men-
tioned, similar models have been considered in the literature ([11], [42], [85], [80], [24]).
Here we allow for a more general coefficient for the Brownian Motion, since we suppose
0,0(y) = ko(y)o(y), whereas the works mentioned above would apply for o = (01, 0),
which is a more restrictive condition. We prove a short time non-asymptotic den-
sity estimate, which allows us to find exponential lower and upper bounds for the
probability that the diffusion remains in the tube. For this result we only need local
hypoellipticity along the control, which is also a novelty of our work.

Since we work under Hormander-type conditions, in order to give accurate esti-
mates it is necessary to consider some norms accounting for the non-diffusive time
scale of the process. Indeed, thanks to the Hormander condition, the noise propagates
in the whole R?, but with different speeds in the directions generated by the diffusion
coefficient and the Lie brackets. With this purpose we define the following norm: let
M be a n x m matrix with full row rank. We write M7 for the transposed matrix,
and since M M7 is invertible we can set, for y € R™,

lylv = V{(MMT) "1y, y). (1.2.1)

For any R > 0, we denote with Ag(z) the matrix (R'/?c(z), R*?[0,b](z)). We assume
the following weak Hormander condition: o, [0, b] span R? locally around z(¢) (given

by (1.1.7)), and so Ag(z:(¢)) is invertible, and we can define | - |4, as in (1.2.1)). We
prove, for small 6 and y in a neighborhood of x + b(z)d,

K K.
5—21 exp (—L1|y —Z— b($)5|i(5(x)) < px,(y) < 5—22 exp (—L2|y — T b($)5|i(5(x)) :

We stress that our density estimates are in short time, but differently from [17], where
asymptotics for the heat kernel are proved, our result holds for finite, positive time.
This is crucial to prove the following tube estimate: for small R

T
exp (—CT / (% 4 |¢t|2) dt) <
0

P (Sup |Xt - xt(¢)|AR(xt(¢)) S 1) S

t<T
IS )

In this chapter we also prove a diagonal density estimate in short time for the chain
of stochastic differential equations considered in [42], under local hypoellipticity con-
ditions, which is consistent with the main result of the original paper.
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In Chapter [4] we consider a SDE in dimension n, assuming a (local) strong
Hérmander condition of order one, meaning that we suppose that {o;, [0;,0,] : i,7,p =
1,...,d} span R™ locally around the control z(¢). Here we allow for a general drift,
and we work with time-dependent coefficients, differently from [71], [72] (see [34] for
the regularity of the law of X; with time dependent-coefficients).

We define Ag(t, ) = (VRoi(t, ), R[oj, 0,)(t, 2))ijp1...d-p and find, for small R,
a tube estimates analogous to in the | - |42 (¢)) NOrm (remark that here we
have also the dependence on ¢ in the matrix). Also in this case the proof is based on a
diagonal density estimate in short time. In general, one application of tube estimates
is to prove lower bound for the density. This looks particularly interesting in this case
since the classical lower bound in [72] holds under much more demanding hypothesis
on the drift coefficient (b is generated by the vector fields of the diffusive part).

We also establish a link between the norm | - |5y and the control-Caratheodory
distance (see [78] for classical results). In the strong Hérmander case we establish a
local equivalence that allows us to write the tube estimate in the control distance. This
is interesting again in comparison with [72], where Gaussain bounds are proved, but
only for a very specific form of the drift. In the weak Hoérmander case this equivalence
cannot hold, since the definition of the standard control distance involves only o,
which is not enough to span the whole space even if we consider its Lie brackets. We
nevertheless introduce a suitable control distance and prove a local equivalence with
the matrix norm | - ;.

1.3 Modeling Stylized Facts of Financial Markets

In the last few decades a number of researchers has shown an increasing interest in
the field of economics and finance and their links with statistical mechanics. Many
interesting phenomena arise when looking at financial data with mathematical tools
coming from statistical physics, this being motivated by the fact that a financial mar-
ket is somehow analogous to a physical “complex system”, being the reflexion of the
interactions of a huge number of agents. What we are looking at is not the behavior
of the single agent, but some macroscopic quantity that we consider important. This
new viewpoint has led to the discovery of some striking empirical properties, detected
in various types of financial markets, considered now as stylized facts of these mar-
kets. Examples of such facts are scaling properties, auto-similarity, properties of the
volatility profile, such as peaks and clustering, and long range dependence (see [37]).

In the second part of this thesis we deal with such phenomena, but the point of
view we adopt comes from mathematical finance more than statistical mechanics. We
do not look at the microscopic behavior, but directly at the macroscopic quantities
mentioned above. We can suppose that the large-scale phenomena under study have
their origin in some small-scale interactions, but what we try to model here is just the
macroscopic world. For this purpose we put ourselves in the framework of continuous-
time stochastic volatility models. More precisely, the market models that will be used
in this part are mean reverting stochastic volatility models, with a volatility driven
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by a jump process. This means that the process for the detrended log-price evolves
through dX, = 0,dB;, where B is a Brownian motion and the volatility o, = /V; is
the square root of the stationary solution of a SDE of the following form:

AV, = —f(V,)dt + dL;. (1.3.1)

The function f, what we call “mean reversion”, has the role of pushing the volatility
back to a certain equilibrium value, whereas L = (L;); is a process which models the
noise in the volatility, and it is often taken as a Levy process (see [50], [67], [12]). If
V is independent of B and has paths in L} (R) a.s., the process X can be seen as a
random time-change of a Brownian motion:

X, = Wi, (1.3.2)

where I(t) = f(f Vids is sometimes called trading time. An example of such process
is the model presented in [I], which accounts a number of the stylized facts men-
tioned above, namely: the crossover in the log-return distribution from a power-law
to a Gaussian behavior, the slow decay in the volatility autocorrelation, the diffusive
scaling and the multi-scaling of moments, while keeping a simple formulation and an
explicit dependence on the parameters. In this thesis we analyze cross-correlations of
log returns for a bivariate version of this model. The correlation of both increments
and absolute increments of two assets at a certain time has been widely studied, es-
pecially because of its direct link with systemic risk and portfolio management (see
for instance [48], [25]). It is also possible to consider the cross-correlation of absolute
increments at different times, and compute how this correlation decays as the time
difference increases. This issue has been addressed by Podobnik et al. in [83], where
they analyze the Dow Jones industrial and the S&P500 indices, and in [84], [97], where
long range cross-correlations between magnitudes are found in a number of studies in-
cluding nanodevices, atmospheric geophysics, seismology and finance. This aspect,
together with the analysis of an algorithm for the detection of peaks in the volatility
profile, will be the focus of Chapter [}

In Chapter [6] we consider a generalization of the model in [I], and focus on one
of the stylized facts mentioned above, namely the multi-scaling of moments. Let
(X¢)t>0 be some stochastic process representing the detrended log-price of an asset.
We say that the multi-scaling of moments occurs if E (| X, — X;|?) scales, in the
limit as k | 0, as h@ with scaling exponent A(g) non-linear. This pattern is rather
systematically observed in time series of financial assets ([95] 506], 54L 144 [43]).

A class of stochastic processes that exhibit multi-scaling for a rather arbitrary
scaling function A(q) are the so-called multifractal models (|28, 27, 26]). In these
models, the process X; is given as the random time change of a Brownian motion
(as in (1.3.2])), where I(t) is a stochastic process, often taken to be independent of
W, with continuous and increasing trajectories. Modeling financial series through a
random time-change of Brownian motion is a classical topic, dating back to Clark
([35]), and reflects the natural idea that external information influences the speed at
which exchanges take place in a market. In multifractal models, the trading time
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I(t) is a process with non absolutely continuous trajectories. As a consequence, X
cannot be written as a stochastic volatility model, and this makes the analysis of
multifractal models hard in many respects, as the standard tools of Ito’s Calculus
cannot be applied.

The model constructed in [I] exhibits a bi-scaling behavior, meaning that A(q) is
piecewise linear and the slope A’(q) takes two different values, which suffices to fit most
of the cases observed. This process, in opposition to general multi-fractal models, is a
stochastic volatility model. In Chapter [6] we will prove that this behaviour is common
to a much wider class of stochastic volatility models of the form (|1.3.1)).

1.4 Outline of results: Part 11

Chapter [5]is based on [22]. We consider the model introduced in [I], addressing the
two following issues: a study of a bivariate version of the model, and an algorithm for
the detection of peaks in the volatility profile. These two aspects are linked by the
fact that the cross-correlation between the magnitude of the increments of two indices
is highly dependent on the jumps of the volatility process.

We find an explicit formula for the decay of cross-asset correlations between ab-
solute returns depending on the time lag, analogous to the formula for the decay of
autocorrelations. We then apply this result to the time series of the Dow Jones In-
dustrial Average (DJIA) and the Financial Times Stock Exchange (FTSE) 100, from
1984 to 2013, finding an excellent agreement between predictions of the model and
empirical findings. In particular we find that in both modeling and empirical data the
decay of autocorrelations and cross-correlations is almost coincident, and it is slow
over time, confirming that this is a long-memory processes.

In our model cross-correlation is highly dependent on the jumps of the volatility
process, and for this reason we propose here an algorithm for the detection of jumps
in the volatility, which shares some features with the commonly used ICSS-GARCH
algorithm, but works well under less demanding assumptions. We prove formally some
results justifying the convergence, and some heuristic considerations on the output of
the algorithm confirm its validity in the detection of jumps.

The fact that our model displays a behavior that is completely analogous to real
data in all of these aspects, even the most subtle, is an interesting validation of our
model. We mention that the satistical analysis performed by Podobnik et al. in [83],
[97] lead to results analogous to ours, concerning also the similarity in the decay of
autocorrelations and cross-asset correlations.

In Chapter [6] following [41], we analyze multi-scaling of moments in the class of
models dX; = 0,dB;, with a volatility process o, independent of the Brownian motion
B;: these processes are exactly those that can be written in the form ((1.3.2]) with a
trading time /() independent of W, and with absolutely continuous trajectories. We
say the multi-scaling of moments occurs if the limit

li 1OgE(|Xt+h - Xt|q)
1m sup
hl0 log h

=: A(q)



1.5. PERSPECTIVES 9

is non-linear on the set {¢ > 1 : |A(q)| < +oo}. Since it is reasonable to expect
A(q) = 4, multi-scaling of moments can be identified with deviations from this dif-
fusive scaling. This is exactly what happens for the empirical time series of many
financial indices, for ¢ above a given threshold.

We devote special attention to models in which V; := o7 is a stationary solution of
a stochastic differential equation of the form, for a Levy subordinator L; whose
characteristic measure has power law tails at infinity. We first show multi-scaling is
not possible if f(-) has linear growth, and therefore the heavy tails produced by the
Levy process are not sufficient to produce multi-scaling. On the other hand, we show
that, if f(-) behaves as C'z” as x — 400, with C' > 0 and v > 1, then the stochastic
volatility process whose volatility is a stationary solution of exhibits multi-
scaling (see Theorem for the precise result). The class of processes considered
in this paper are also of the form ([1.3.2)), where the time change I(t) = fg Vids
has absolutely continuous paths. This structure, although quite restrictive, provides
considerable advantages when these model are used in Mathematical Finance, e.g. in
option pricing. A further feature of these model is that the scaling function A(q) is
piecewise linear, with two values for the slope, providing a good fit for most of the
observed cases, as remarked before.

1.5 Perspectives

We conclude this introduction pointing out some possible developments of the work
presented in this thesis.

The theoretical starting point of the density estimates presented in Part I is the
recent series of papers by Bally and Caramellino [3] [7, [§], where a variant of Malli-
avin calculus is developed, in order to obtain estimates of the distance between the
density function of two random variables in terms of the inverse of their Malliavin
covariance matrix and of Sobolev type norms. In our work we use this type of tech-
niques to estimates the law of solutions of SDEs under some specific non-degeneracy
conditions. An interesting example of application is the system of coupled oscillators
analyzed in [42] (see also the related models p.1] [5.1). In [42] Delarue and Menozzi
provide Gaussian estimates for the density of the solution, using parametrix and con-
trol methods. In section [5.I] we find similar estimates with the Malliavin calculus
techniques mentioned above, but it is reasonable to expect that our techniques may
produce estimates for the derivatives of the density as well. We believe this would be
an interesting continuation of our work, in particular for the specific model in [42].

Another aspect which is worth considering concerns the development of higher
order schemes for the simulation of degenerate SDEs. The proofs of our density
estimates require a stochastic Taylor development of the diffusion, which brings out
a geometric structure associated with the equation, linked to the degeneracy of the
covariance matrix of the process and to the different speeds of the dynamic in the
different directions. We think it may be possible to use this structure to implement
higher order simulation methods, which may apply in particular to the pricing of
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Asian Options, a remarkable example of degenerate diffusion in the weak-Hormander
framework. Another model which would possibly be concerned, in neuroscience, is the
”Stochastic Hodgkin-Huxley” (see [61},162]). Some simulations presented in [61] suggest
a possible connection between the weak non-degeneracy and the spiking behavior of
the system, and this would certainly be an interesting topic to investigate, also in
connection with numerical aspects.

A more distant but possible development could be the generalization of the abstract
techniques presented in chapter [2] Indeed, it may be possible to develop analogous
estimates for different kind of stochastic differential equations. The first reasonable
attempt would be to try an extension to equations driven by a fractional Brownian
Motion. This might produce some better understanding of the speed/scaling of the
solution of such equations.

We look now at Part II. For the model presented in chapter [5], pricing and implied
volatility issues have been considered in [31], 32], but for the generalization of chapter
@ many applied aspects are still open. In [3I] the asymptotic behavior of the call
and put option prices is explicitly linked to the tail probabilities P(|X;| > &), where
X; denotes the risk-neutral (or detrended) log-return. When this is applied to the
stochastic volatility model in [I], an interesting property concerning the divergence of
the implied volatility appears, which is usually obtained only in presence of jumps in
the price. Being related to the tail probabilities, this fact looks naturally connected to
the multiscaling of moments, and therefore we believe it would be worth considering
implied volatility also for the generalization introduced in chapter [6} Besides this
precise aspect, option pricing, calibration and many other applied financial issues are
still to explore.

Another possible direction to take would be to suppose that the driving Lévy is an
a-stable process, and try to find more explicit theoretical results, for instance concern-
ing the stationary distribution of the volatility, or the asymptotics of the distribution
in short or long time, similarly to what is done in [49].

A much deeper problem to address would be to try to understand how the super-
linear mean reversion, which is a key feature of these systems, could be produced. This
phenomenon is observed for instance in aggregated indices, so a possible origin could
lie in the fact that we are averaging on a large number of stocks, whose mutual corre-
lations follow dynamics that are not clearly understood. In particular, the superlinear
mean reversion that appears in our model is reminiscent of the asymptotic dynamics of
critical fluctuations (see [36]) of various models with mean-field interaction, although
this analogy is quite vague.
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Chapter 2

Malliavin calculus and density
estimates for random variables

In this chapter we work in the framework of Malliavin calculus, for which our main
reference is [79]. We present some techniques for obtaining quantitative estimates of
the density of a random variable on the Wiener space, based on the recent work of
Bally and Caramellino, developed in [7], [§]. For some computations we also refer to
[81]. Such estimates can be used to study the behavior of a diffusion in short time,
and we give various applications in this sense in Chapter 3] and [ These techniques
are based on the fact that we can measure the distance between the densities of the
laws of two random variables F' and G in terms of the Malliavin-Sobolev norm of
F — @, under a non degeneracy condition for F' and G. Using this fact, if we can
approximate F' with some proxy G with explicit law, we are able to recover an estimate
for the density of F'. We apply it in particular to diffusions, and in that case our G is
some main Gaussian component that we put in evidence trough a stochastic Taylor
development. The main result of this section (cf. Theorem consists in a two
sided bound for pg in terms of a localization of pg, where the lower bound involves
the Malliavin covariance of G and the upper bound involves the Malliavin covariance
of F. When we apply this result to diffusions in short time in Chapter [3] and [, this
leads to very different technical difficulties when dealing with the lower or the upper
bound.

2.1 Elements of Malliavin Calculus

2.1.1 Notations

We recall some basic notions in Malliavin calculus. Our main reference is [79]. We
consider a probability space (€, F,P), a Brownian motion W = (W}, ..., W&);>¢ and
the filtration (F;):>o generated by W. For fixed T > 0, we denote with H the Hilbert
space L%([0,T],R%). For h € H we introduce this notation for the It integral of h:
W(h) =375 Jy W (s)dW.

13
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We denote by Cp°(R") the set of all infinitely continuously differentiable functions
f :R™ = R such that f and all of its partial derivatives have polynomial growth. We
also denote by S the class of simple random variables of the form

F=f(W(hi),....W(hy)),

for some f € C;°(R"), hy, ..., h, in H, n > 1. The Malliavin derivative of ' € S is
the H valued random variable given by

.

DF — zn: 8{(W(h1), W)

We introduce the Sobolev norm of F':

1
[FNl1p = [E[F]” + | DF|[3,]

T 3
IDF |y = ( / |DSF|2ds)
0

It is possible to prove that D is a closable operator an take the extension of D in the
standard way. We can now define in the obvious way DF' for any F' in the closure of
S with respect to this norm. Therefore, the domain of D will be the closure of S.
The higher order derivative of F' is obtained by iteration. For any k£ € N, for a
multi-index o = (g, ..., ) € {1,...,d}* and (sy, ..., s) € [0,T]*, we can define

where

D% | F:=D%..DF.
S Sk S1 Sk

77777

k
1
I1E[lep = [EIFP + ) |DVF[]s

7j=1

where
1/2

DYF? = Z/O D2, F|*ds;...dsy

The extension to the closure of & with respect to this norm is analogous to the first
order derivative. We denote by D¥P the space of the random variables which are k
times differentiable in the Malliavin sense in LP, and D**° = ﬂ;il DkP, As usual, we
also denote with L the Ornstein-Uhlenbeck operator, i.e. L = —§ o D, where ¢ is the
adjoint operator of D.
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2.1.2 Non-degeneracy

We consider random vector F' = (F},..., F,) in the domain of D. We define its
Malliavin covariance matriz as follows:

d T
vl = (DF;, DF})y = Z/ DFF, x DFFyds.
0

We say that I is non-degenerate if its Malliavin covariance matrix is invertible and
E(|detyr| ™) <00, VpeN. (2.1.1)

We denote with 4 the inverse of vp.

2.1.3 Conditional Expectation

The following representation theorem for the conditional expectation has been proved
in [5]. The same representation formula, under slightly more demanding hypothesis
on the regularity, is a result by Malliavin and Thalmaier (see [75] and [92]).

Proposition 2.1. Let F = (F',--- , F") be such that F"',--- | F" € (| oy D*? and let
G € ey D"?. Assume [2.1.1). Then

prc(T)
E(GIF=2)=1 !
( | ) {pr>0} pF(l’)
with
prc(T Z@ Qn(F H,(F;,G)|,

where Q,, denotes the Poisson kernel on R™, i.e. the fundamental solution of the
Laplace operator AQ,, = dy. This is given by

Qi(r) = max(z,0); Qu(x) = Ay Inlz|; Qu(x) = —Ax[* ", n>2
where A, is the area of the unit sphere in R"™. The Malliavin weights are given by
H(F;G) = Gyr x LF — (D(9rG), DF)

Remark 2.2. With G =1 this result gives a representation formula for the density:

ZE 0,0, (F — 2)H;(F; 1)] (2.1.2)
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2.1.4 Localization

The following notion of localization is introduced in [7]. Consider a random variable

U € [0,1] and denote
APy — UdP.

We also denote
IFlpv = Bu(|FP)? = (B(|F[PU))Y?
IFllepw = IFlpw + Y (Eu(|DFP)P.

1<]a|<k

We assume that U € DV and for every p > 1

k+1
my(k,p) =1+ (Ey|D'mU)"? < co.

=1

The specific localizing function we will use is the following. Consider the function

depending on a parameter a > 0:

CL2

Va(7) = Ljz)<a + €XP (1 - m) La<|z|<2a-

For ©; € D*>* and a; > 0, ¢ = 1...,n we define the localization variable:

U=]]va(©)
=1

For this choice of U we have that for any p, k € Ny

k+1 . k+1 .
D'© o)
mU(kap) < Cp,k (1 + Z H Hp) < Cp,k (1 + Hﬂ)
i=1

|al |al
and, for £ > 1,
=~ [ DO6),
||1 . U”k,p < C/@p ZP(|®i|p > af)l/@p) 1+ Z | | P
a 1
3 =1
Ck
< =P1e

The proof of (2.1.4) follows from standard computations and inequality

C
sup|(ln¢a)(k)(x)|p1/)a(x) < ﬁ <oo, k=1,2,...

(2.1.3)

(2.1.4)

(2.1.5)

(2.1.6)
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To prove (2.1.5) we use again (|2 and Markov inequality. For FF = (F',--- [ F")
such that F',---  F™ € (| oy sz and Ve P, for any localization function U

we introduce the locahzed Malliavin weights

pGN

H;y(F,V) ZV”]LFJ (D(VA%), DF?y — V44 (DInU, DFY)

and the vector
Hy(F,V)=(Hy(F,V))

The following representation formula for the density, which is the localized version of
(2.1.2), has been proved in [5].

Theorem 2.3. Let U be a localizing r.v. such that under Py (2.1.1)) holds, i.e.

i=1,.n "

Ey[|det yp| P < 00, VpeN.

Then, under Py the law of F' is absolutely continuous and has a continuous density
pru which may be represented as

pru(® Z]EU 0;0,(F — 2)H; y(F,1)] (2.1.7)

2.2 Density estimates

We discuss some techniques, based on Malliavin calculus, for estimating the density of
arandom variable. These ideas are based on the recent work of Bally and Caramellino,
see for instance [7], [§].

2.2.1 The distance between two local densities

In what follows for a given matrix A we consider its Frobenius norm, given as
1Al = [ 142, = /Tr(ATA).
12

We will employ the fact that the Frobenius norm is sub-multiplicative. Take a square
d x d matrix 7, symmetric and positive definite. Denote with A\*(y) and A.(y) the
largest and the smallest eigenvalues of . From the equivalence between Frobenius
and spectral norm we have

N() < e < VX ().
Denoting 4 = 771, it holds A*(§) = 1/A.(7). So

|=

p
*
2
S~—
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For two time dependent matrices Ay, Bs, we have the following ”Cauchy-Schwartz”

inequality:
\/AsBsds\% < /lAs!%ds/!BSI%dS-

In particular, if B, = v, is a vector,

‘/ASUSdSP§/|Asﬁ7d3/’vs‘2d8'

We fix some notation. Let W be a Brownian Motion in R%. For two random variables
F=(F,...F,), G=(Gy,...G,) and a localization function U, we denote

ru(p) =1+ (EoA(yr)?) "
Treu®) =14 sup (Evh(Veter-c) ")

0<e<1

nrau(kp) = L+ [Flleepv + 1Gllkrzpv + 1LF]kpo + 1 LGl p0

1/p

J Jj—2
N(F,G) =) IDY(F - G)|+ > [DYL(F-G)|, j=2
i=0

=1

When U = 1, i.e. the localization is "trivial”, we omit it in the notation. We also
write ngy (k, p) for npou(k, p). Since we are differentiating with respect to a Brownian
Motion, as a direct consequence of Meyer’s inequality (see for instance [79]), we have

neco(k,p) <1+ C([[Fllerap + 1Glleras) - (2.2.1)

Also notice that
nrau(0,p) < 2npp(0,p) + [|Ao(F, G)|l2p-

We are now able to give the main result of this section, which consists in a lower
bound for pr which does not involve the Malliavin covariance of F', and an upper
bound for pr which does not involve the Malliavin covariance of G.

Theorem 2.4. Take F,G € D*3*". Suppose my(1,32n) < 0o and nrq(1,32n) < oo.
If Tgu(32n) < oo, there exists a constant Cy such that

pau(y) — CillAx(F, G) sy < pru(y) < pr(y)
If T'p(32n) < oo, there exists a constant Cy such that
pr(y) < pau(y) + Co[[Aa(F, G)llsanu + [[1 = Ull1,14n)
Remark 2.5. We can take

Cy = C [my(1,32n)Tg.u(32n)npe.o (1, 320)24"
Cy = C [my(1,320)T #(32n)npe(1, 32n)4

where C' is a universal constant depending only on the dimension n.
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The lower bound for pg is a version of Proposition 2.5. in [7], where here we have
specified as possible choice for the exponent p = 32n. Similar estimates can be found
also in [§].

Proof. We first need an estimate for the localized Malliavin weights and for the dif-
ference of weights:

Lemma 2.6. Let k and p be given. There exists a constant C' depending just on p
and the dimension n such that

| Hy (F,V)|lkpv < CIV [lks1,0mw (b, p2) Lo (p3) P npp (k, pa) (2.2.2)

i p 1 1 1 k+2 | 2k43
for every p;, 1 =1,...,4 with S=o s Moreover

HHU<F> V) - HU<G7 V)Hk,p,U

(2.2.3)
< OV ksrpemu (b, p2)Lrcu(ps) P npeo (b, pa)* P Ao (F, G)||ps.v-
i gp 1 1 1 | k43 4 2k44 | 1
for every p;, 1 =1,....5 wzthp =ttt St

Proof. Consider the weight:
Hy(F,V)=V[jr X LF — (DA, DF)| — (3z(DV +VDInU), DF) (2.2.4)

(1) We first consider Dvyp and have the following estimate:

d t
> [ IDbrzs
1=1 V0
d t d t ?
=> / (Z / D.DFF, x D¥F; + DEF; x DiD{ijdu> ds
1=1 V0 k=10

il
< 4|DPF)?|DF|?

(2) We now consider D4p. From the chain rule and the derivative of the inversion
of matrices,

D*yp = —Ar(D*yr)ir. (2.2.5)

So, applying also the previous estimate

> [ 105lds < 146l Y [ ID5elfids < a3t DFRIDP FP
k k

Now the estimate of ||Hy(F,U)||pu follows easily applying Minkowski and Holder
inequalities for L, norms to (12.2.4)).
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The estimate of ||Hy (F,U)||xp v follows using very similar techniques. The part
giving the ”"main” contribution is D®* V45 for which, iterating (2.2.5)), it is not
difficult to see

[DSD4p| < C(IDF| + -+ + [DEFD F|) 22 || 2

(Recall that D means ”derivative of order [” and D' means ”derivative with respect
to W), This term is also multiplied by |DF|, so we have the estimate of the term
giving the main contribution. We leave out the similar estimate of the other terms.

When considering the difference | Hy (F, V) — Hy (G, V)||kpu, we use similar argu-
ments and the following property of norms: |ab—cd| < |a —c||b| + |c||b—d|. As before
the main contribution comes from D**!(9r — 45), so we consider this and leave out
the estimates of the other terms. We remark that

Yr — e = Yr(ve — P )c
and differentiate this product, finding

D" (3p = A6)| < C(L+ |vellr V vallp)

k+1 k1 gyq
<1+Z|D(Z)’YF’ Vv |D(Z)’YG|> Z‘D(Z)(’YF—’VG)’

=1 i=0
where
k+1 k+1 b _—
(1 + Z |IDOyp| v |D(i)’ya\> <C (1 + Z IDOF| v |D(i)G|>
= i=1
and
i+l i+1
DD (vp —3e)llr < CY_[DU(F =G Y IDY(F +G).
=1 =1

Multiplying with |DF|, and applying Holder inequality, we prove the statement. [

Lemma 2.7. There exists a constant C' depending just on the dimension n such that

‘pF,U(y> - PG,U(3/>|
< Cmy(1,320)T .o (32n)npeo (1, 320)] 2 | Ay (F, G)|s2n0

Proof. We write the densities using (2.1.7):

pru(Y) —peu(y) = Ev((VQa(F —y), Hy(F, 1)) = (VQu(G —y), Hy(G, 1))
= Ey(VQu(F —y), Hy(G,1) — Hy(F, 1))
+ Ey(VQu(G —y) — VQu(F —y), Hy(G, 1))
=1+J
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We recall the following inequality proved in [5]. For p > n, with p’ = p/(p — 1),
/ / n—1
(Eu|VQa(F = y)I")" < Cppn(By| Hy(F, 1)P)" =
In particular, for p = 2n (fixed from now on), applying (2.2.2) with & = 0,p; = ps =
ps =ps=Tp = ldn,
(]EU‘VQd(F . y)‘Zn/(Qn—l))(2n—1)/(2n)
< C(Ey|Hy(F,1))?)2"=1 (2.2.6)
< C [my (0, 14n)T py (140) 20 (0, 14n)%] 7Y
We use now Lemma [2.6] to estimate I and J:
I =Ey[(VQu(F —y), Hy(G,1) — Hy(F, 1))|
< ||VQu(F = y)|l 2o ylHo(G,1) = Hy(F,1)]|2n0

and we have just provided the estimate for the first factor. For the second we apply
(12.2.3)):

”HU<F7 1) - HU<G7 1)H2n,U
< Cmy(0,180)Tpou(18n)*npau (0, 18n)*| Ao (F, G)|18n.u,

We now study J. For A € [0,1] we denote F) = G + A(F — G). With a Taylor
expansion, applying Holder inequality, integrating again by parts and denoting Vj;; =
Hiy(G, 1)(F = Gy

Ey(VQu(F —y) — VQu(G —y), Hy(G, 1))

= > /1 Ey (010, Qa(F\ — y)H, (G, 1)(F — G)1.)d\

k,j=1

d 1
= Z/ EU(and(F)\—y)Hk’U(FA,Hj’U(G,l)(F—G)k))dA

kj=1"0

d 1
= Z / EU(E?] Qd(F)\ - y)Hk,U(FXa ‘/j,k))d)\
0

k.j=1

Now, applying twice ([2.2.2)), first with £ = 0 and then with £ = 1, with some compu-
tations in the same fashion as before, it is possible to show

| (Hyu(Fx, Vik))j=1,...nll2no
S CmU(l, 32n)2I’F7G7U(32n)5nF,G,U(1, 32%)8HF — G||1,32n,U~

From ([2.2.6) and Holder as before,
n2
7] < Cy [mu(1,320)Tr6u(320)?npeu(1,320)] ™ ||F = Gll1 om0

The statement follows. O
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Lemma 2.8. There exists a universal constant C' depending just on the dimension n
such that

pru(y) = pau(y)l
S C [mU(l, 3271) (FF,U V FG,U)<32n)nF,G,U(1; 32n)]24"2 HAQ(F, G>H32n,U
Proof. We denote in this proof M = 4¢(vr, — 7¢), and define, as in (2.1.3)),

V=11 v (M),
1<i,j<n

We have from Lemma 2.7
\pF,UV(y) - pG,UV(Z/)\

. (2.2.7)
< Clmpv(1,32n)Treov(32n)npeov(l,32n)] 7" || A(F, G)||s2n.ov
Remark
Ya — Vr, = Ya(vr, — Ya)VF
S0
197, = Yellr < [Ae(ve, — ve)lFllAr lF
On V # 0 we have [|[Y¢(vr, — va)|lr < 1/2 s0
19e e < 2[7ellF

and therefore

Troov(32n) < 200y (32n) < 206 (32n). (2.2.8)

Now,
prua-v)(y) = Ev((VQu(F —y), Hy(F,1 - V)))

which implies, using as before and
Prua-v(Y) = Eva-v)(VQu(F —y), Hy(F,1 = V))
< C [my (0, 14n)T py (140) 200 (0, 14n)%] Y | Hy (F, 1 = V) lanws
< C [my(0,24n)T 5y (240) 00 (0, 240)°] "1 = Vg
and, using and some standard computations

H1 - VHlAn,U < CH’AYG(”YFA - ”YG)HlAn,U
< CT% 4 (20n)nF, ¢ (0,20n) || F — Gl220n,0
SO
Prua-v) (y) (2 ) 9)
< C [my(0,24n)(Tro V Tap)(24n)*np e u(0,24n)°)™ | As(F, G) 13200

We conclude writing

pru(y) — PaoW)| < lprov(y) — peov(y)| + proa-v)(y) + Peua-v)(y)

and the statement follows easily. [
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We can now prove the theorem. Let V' as in the last proof. We can write

peu(y) > prov(y) = pauv(y) — lpruv(y) — peov (V)|
= pau(y) — raua-v)(y) — lprov(y) — pauv (y)]-

From ([2.2.2) and ({2.2.6|) as before
8n?
paua-vy(y) <C [mU((), 14n)Tq v (14n)*npq.u (0, 1471)3] | A2 (F, G)||32n,0-
Using also (2.2.7)) and (2.2.8) we obtain the desired lower bound for pg.
For the upper bound we apply Proposition [2.1| with G =1 — U. We have

pr1_u(z) =E (Zn: 00 (F — ) Hy(F;1 — U)) , (2.2.10)

We use (2.2.6)) with U = 1:
(E]VQd(F . y)’2n/(2n71)>(2n71)/(2n) < C (FF<14n)2nF(14n)3)4n(n—1) .
Now we apply Holder to (2.2.10]), and using also ([2.2.2)) as before and (2.2.6)) we find
2 3 4n?
pri—v < C||1 = Ullian [Dp(14n)?np(14n)*]™ . (2.2.11)

We apply now the lower bound result to pgy, interchanging the roles of F' and G,
and find

pru(Y) < peu(y) + mu(1,32n)T ey (32n)nea(1, 32“)]24n2 | A2 (F, G)|l320,0-

Putting together this inequality and (2.2.11]), we have the upper bound. ]

2.2.2 Estimates of the derivatives of the density

We derive now analogous local estimates for the derivatives of the density. For a > 1
we set gno = 8n(a+1)(a+ 3).

Theorem 2.9. Suppose my(a+1,¢,4) < 00 and npeu(e+1,¢,q) < 00.
If Tu(qna) < 00, there exists a constant Cy such that

IVepr(y)| > Vrru(W)| 2 [Vipau(y)| — CillAata(F, G)llgn.v
If Tp(gna) < 00, there exists a constant Cy such that
Verr )| < [Vau )| + Ca([[Aara(F, G)lg 0 + 1T = Ullati,gn.a)
If Tau(gna) and Upy(gn.a) are both finite,

\Vru(y) — Vipau(y)| < Csl|Aata(F, G)

dn,a
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Remark 2.10. We can take

2
Cl - C [mU(a + 17 qn,a)FG,U(Qn,a)nF,G(a + ]-7 Qn,a)]qn’a
2
CZ =C [mU(a + 17 Qn,a)FF(Qn,a>nF,G,U(Oé + 17 Qn,a>]qn’a
Cs = Clmu(a+1,¢0.0)Tr0 V Tau(Gna)nreu (@ 4 1, o))

where C' is a universal constant depending only on n and a.

Proof. We do not go through all the details here since the computations are analogous
to the proof of theorem [2.4, We start proving

’VQPF,U(?/) - VaPG,U(?J)‘
< Ol A2 (F, G| [mu (@ + 1, 4u0) T i (Gne)neco (@ + 1, ga)

Defining by induction H}(F,G) = Hy(F,G) and HEPY(F,G) = Hy(F, HY(F,Q)),

integrating by parts we have

Vepru(y) = Eu[VO Qu(F — y)Hy(F,1)] = Ey[VQ,(F — y)Hi ' (F, 1)].

So
Veru(y) — Vpau(y)
= Ey[VQ.(F —y)Hi ™ (F,1)] = Ey[VQ.(G — y) Hi (G, 1)]
= Ey[VQ.(F —y)(Hy ™ (F.1) - Hy (G, 1))]
+Eu[(VQu(F —y) = VQu(G — ) Hy™ (G, 1)]
=1+J
Now,

J =Ey[(VQu(F —y) — VQu(G —y))Hy (G, 1)]
1
—Ey| / (V2Q,(Fy — ) HEH (G, 1)(F — G)dN]
0
1
~Ey[ | (VOu(F ~ y) Hol(Fy, Hy (G D)(F - G)aN
0
Apply Holder inequality and for 1/q; +1/g2 + 1/q3 = 1 and

J < IV Qu(Ex = )llgy vl Hy (Fx, Hy ™ (G D)l | F = Gllgsv-

[terating (2.2.2]),

HHU(F/\7 Hg-l_l(Ga 1)) Hp,U
< Clmo{a+ Lp) ™ Tr(p2) =Dy (0 4 1,pg) 49°
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1 atl (a+1)(a+4)/2 (a+)(a+3) _ 1
with @EL . SRS e = S Now,

1| = IV Qu(F = )l w | H ™ (F. 1) — Hy ™ (G, 1) |-
For ||VQ,(F — y)||,u we use (2.2.6). For the second factor,

|H5(F, 1) = Hy ™ (G D) lkpw < | Ho(F HG(F, 1)) = Hy(G, Hy (F, 1)) [lkpo
+ | Hu(G, Hi(F, 1)) — Hu(G, Hj (G, 1) [k p-

(£:23) implies

| Ho (F, H (F) 1)) — Hy (G, Hi (F, 1)k po

< CIHF(F, V)| psr.p0,omo (b, p2) TG 5 (03)nmcv (k, pa) T Ao (F, G) [l ps.0
with L = l+L+@+M+L

p b3

p1 D2 j2i ps’
lead to

Linearity of Hy in the second variable and ({2.2.2))

| Hy (G, H (F, 1)) — Hy (G, Hi (G, 1)k pv
< |[Hy (G, Hp(F, 1) — Hg (G, D)l pwr
< C||HG(F, 1) — HH (G, 1) |lkgrpy.omo (k, p2)DEE y (ps)npeo (k, pa, U

By induction on «

1HG ™ (F,1) = Hy (G Dl

< g (a, p) TS D2 (o) ng 0 (@, p3) @V Ao (F, G) o

s 1 atl | (efl)(atd)/2 | (a+tl)(at+3)
with P p1 + P2 + P3

+ p%;' Therefore, taking p = 2n,

IVru(y) — Ve (y)l
S ||Aa+2(F7 G) ”qn,a [mU(a + 17 Qn,a)FF,G’,U(Qn,a)nF,G,U(ku Qn,aﬂq%’a

It is possible to prove the analogous of Lemma [2.7 and [2.8] One first shows

|VQPF7U(Q) - VaPG,U(?/”
< Cl|Ags2(F, G)HQn,a [mU(a +1, Qn,a)(rF,U v FG,U)(Qn,a)nF,G,U(av Qn,a)]qi’av

following the proof of Lemma and iterating (2.2.2)). As a consequence we find a
lower bound for |V®pr| which does not involve the Malliavin covariance of F', and an
upper bound for |V®pr| which does not involve the Malliavin covariance of G. We

follow the proof of Lemma and apply (2.1.5)). O
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2.2.3 Density estimates via local inversion

In this section we recall some results from [6], Appendix 2. We see how to use the
inverse function theorem to transfer a known estimate for a Gaussian random variable
to its image via a certain function 7. This provide us some estimates for the localized
density, from which we obtain lower bounds for the global density. To deal with the
global upper bound problem we will need some Malliavin calculus techniques. For a
standard version of the inverse function theorem see [8§].

We consider ®(0) = 0+ n(f), for a three times differentiable function 7 : RY — R4
Define

_ 2 _ 3
ca() =  max sup Ggn(@)l, - es(n) = max sup [0 ()],

and
1

16d2(ea(n) + /es(n)
Lemma 2.11. Take h, as above. If the function n is such that

h, (2.2.12)

n € C*(RYLRY), n(0)=0, Vn(0)<

N[ —

then there exists a neighborhood of 0, that we denote with V,,, C B(0,2h,), such that
¢:V, — B (O, %hn) is a diffeomorphism. In particular, if we denote with ®~ the
local inverse of ®, we have

1
o1 B (0, §h,7) — B(0,2h,),
and we have this quantitative estimate:
1 | —1
vy e B0 Shy ), 127 (W) < [yl < 427 (y)]. (2.2.13)

Remark 2.12. Here we write ®~! for the inverse of the restriction of ® to Vi, what
is called a local inverse.

Proof. We have

So
1 1 1 1
P 25 102 _ 25 2102 2102 — 21002
VRO)af? > Sl — [Va(O)af? > Sl — gla = flal
and ] .
VO (0)z]* < 2|z|* + 2|Vn(0)z|* < 2|zf* + 5!96\2 < §|5L’\2-
Therefore

1
Slzl < [Ve(0)z] < V3lz|



2.2. DENSITY ESTIMATES 27

This implies ®(0) is invertible locally around 0, and the local inverse differentiable,
using the classical inverse function theorem. We now look now at the image of the
inverse, and at the estimates (2.2.13)). We develop 7 around 0, writing V25 (x)[u, v] to
denote V?n(z) computed in u and v.

n(0) = Vn(0)0 + /01(1 —1)V?n(t0)[0, 0] dt.

Fix y € RY. Suppose ®(f) = y. Then

0= (V®(0)) 'Ve(0)d
= (V®(0))~(6 + Vn(0)0)

= (V®(0))™! (0 +n(0) — /0 (1 —t)V>n(t0)[o, G]dt)
= (V®(0))™ <y —/0 (1-— t)V%(tG)[@,&]dt) .
We define .
Uy(0) = <y—/0 (1 —t)v2n(t9)[9,e]dt>,
so that @ can be seen as a fixed point for U,. Recall that |3z < [V®(0)x|.

U,(61) — U, (6)] = ’<v<1><o>>-1 ( [ =0t es. 0 - Vateoio, emdt) \

<9 /0 (1= )(V20(102) 60, 0] — T2 (16,)[6), 01])dt'

1
<9 / (1= )([F2(t0,)[61, 0, — ]| + |92 (16,)[01 — 0, 05)
0

+ ‘V2T](t91)[02, 92] — V27]<t92)[92, 92]|>dt

Now, form (2.2.12), for 6y, 60, € B(0, h,)
1
IV20(t01)[01, 01 — 65]] < d®ca(n)hy|01 — 02| < 610 — .

and

1
[V 20(t01) (02, 62] — V21(165)[02, 0] < d’cs(n)|61 — 02| R < 2_56’91 — ba],

and therefore )
\Uy(61) — Uy(02)] < Z_llel — 6s]. (2.2.14)

For y € B(0,3h,) and 6 € B(0,2h,,) this implies

1
Uy (O)] < [Uy(0) = Uy (0)] + Uy (0)] = 710] + 2y < 2h,
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Define now the sequence
90 = 0, 9k:+1 == Uy<9k)

We know that 0, € B(0,2h,) for any k € N, and therefore inequality (2.2.14)) implies

1
Uy (Ok) — Uy(Or+1)| < Z|9k — .

The Banach fixed-point theorem tells us that 8, converges to the unique solution of
6 = U,(f), which is § = ®~(y), and § € B(0, 2h,). So it is possible to define the local

inverse ®~! on B (O, %hn), and

1

Vi, =0 'B (o, :

hn) C B(0,2h,).
Now, for y € B(0, 3hy,), let = ®~'(y) and the following inequalities hold

1
0] = 1U,(6)] < 50 +2ly] =16] < 4ly]
1

0= Uy (0) 2 [Uy(0)] = U, (0) = U,(0)] = 5

1 1
— —|6 =0 > —|y|.
Iyl - 510 6] > 31yl

]

Let now © be a d-dimensional centered Gaussian variable with covariance matrix
. Denote by A and A the lower and the upper eigenvalues of (). Keeping in mind
the setting of the last subsection, we also introduce the notation

c.(n, k) = sup max |9 (x)|
|z|<2h P

for h > 0. Recall we are supposing n € C3(R¢,R%) and 7(0) = 0.
Suppose now () non-degenerate and take r > 0 such that

1NN B 1
c.(n, 161) < Q—d\/;, r<h,= ORI (2.2.15)

We take a localizing function as in (2.1.3), with a; = r Vi = 1,...d, and U =
[T ¥ (65).

Lemma 2.13. The density pcu of
G:=9(0)=0+n(0)
under Py has the following bounds on B(0,r):

Cdet Q12 P (—;IZV) < pou(z) < g P (—ﬁpﬁ) (2.2.16)
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Proof. For a general nonnegative, measurable function f : R — R with support
included in B(0,4r), we compute E(f(G)l{gea-1p(04r)}). Here @71 is the local dif-
feomorphism of the inverse function theorem. After the multiplication with the char-
acteristic function, on the support of the random variable that we are averaging, ® is
a diffeomorphism and the first equality holds. The second follows from the change of
variable suggested by Lemma for G = ®(O)

E (f(G)lieco-1Boar)) =

1 1
-/ oy OO GGG (_5@ " 9>> 0

- / F(2)pel2)dz,
B(0,4r)

where for z € B(0, 4r)

~ 1 L1 1 1
P6(2) = Gy det Q] det VB (@ 1(2))] P (_§<Q (=)@ (Z)>>'

Again from Lemma [2.11}, since 4r < %", we have z € B(0,4r) = 0 € B(0,16r). Using
C*(na 16T) S 2%1\/%7
1
sl < (L= de(n, b))l < [(VOO)z, 2)] < (1+den(n, hy))lef* < 2l
Therefore if z € B(0,4r)
271 < |det @(@1(2))] < 2%

Moreover, using Lemma [2.11

“1x—1 —1 1 —1 2 2
(@1074(2), @71 (2)) < S 1071 < e,
—15—1 -1 |y 2 1 2
(Q7107(2),07(2) 2 ST () = =

Therefore

Lo (=318 < p0(s) € = ep (— e
xp | —= —————exp | ———= :
Sm@2det @2 “ P\ A ) =P = an qer i P\ o

Now we define, as in (2.1.3]) the localization variables

d d
Up = [[v16:(©:),  Ua =[] ¢n(8)).
=1 i=1

Notice that
Uz < lieca-1B(04r)) < Us,
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so that we have

E(f(G)Us) < E(f(G)ljeco-150ar) < E(f(G)U1).

The following bounds for the local densities follow:

| 8,
pon(z) 2 (8m) 42 det Q172 P (—g’z’ ) ’

21/2 1,
pes) < o ()

Uy > U = Us, so for the localization via U both bounds hold. O]



Chapter 3

Tube and density estimates for
diffusion processes under a weak
Hormander condition

3.1 Introduction

Following [81], we consider a stochastic differential equation on [0, T:

¢ ¢
Xe=x+ / o(Xs) o dW, + / b(Xs)ds (3.1.1)
0 0

where the diffusion X is two-dimensional and the Brownian Motion W is one-dimensional.
odW; denotes the Stratonovich integral and, as we said, we suppose 0,0 (y) = ko (y)o(y).
For this system the ellipticity assumption fails at any point, and the strong Hormander
condition fails as well. The prototype of this kind of problems is a two dimensional
system where the first component X' follows a stochastic dynamic, and the second
component X? is a deterministic functional of X!, so the randomness acts indirectly
on X?2. Besides the natural application to the Asian option, there are others such as
in [61], [62]. In these papers the functioning of a neuron is modeled: X? is the concen-
tration of some chemicals resulting from a reaction involving the first component X*.
Differently from our setting, though, there are several measurements corresponding
to the input X', so X? is multi-dimensional. The pattern, however, is similar.

Under a non-degeneracy assumption of weak Hormander type we find diagonal
Gaussian estimates for the density in short time (for density estimates in a weak
Hormander framework we refer to [11], [42], [63], [85], [80], [24], [13])). In this paper
we consider a more general coefficient for the Brownian Motion, in the sense that we
suppose 0,0(y) = kq(y)o(y), whereas the works mentioned above would apply for
o = (01,0) which is a more restrictive condition. Moreover, our coefficients are just
locally hypoelliptic.

The other novelty is that thanks to our short time non-asymptotic result we find
exponential lower and upper bounds for probability that the diffusion remains in

31
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a small tube around a deterministic trajectory (theorem [3.10)). More precisely, we
consider (3.1.1)) and introduce the associated skeleton path solution of the following
ODE:

n(0) =a+ [ atao)ods+ [ b o)as (3.12)

for a certain control ¢ € L2[0,T]. A tube estimate for (3.1.1)), is an estimate of
P (sup,<r || X: — 2:(¢)|| < R). We obtain this result in a norm which reflects the fact
that the diffusion moves with speed /2 in the direction o and t*? in the direction
[0, b], and establish a connection between this norm and the standard control distance
(cf. [78]).

We also consider, in section [3.5] the system of stochastic differential equations
studied in [42]. We take a Brownian Motion in W € R?, and a chain of n differential
equations in dimension d:

dth = Bl(Xt17 s 7X1;n)dt + U(lel’ to ’X?) © th
dX7 = By(X], ..., X]")dt
dX} = B3(X}?,..., X]")dt

dX = B,(XI, X dt

each X! being R? valued as well. An example of physical system satisfying is a
chain of n coupled oscillators, each of them connected to the nearest neighbors, with
the first oscillator forced by a random noise. For n = 2, d = 1, this equation corre-
sponds again to the dynamics used in mathematical finance to price Asian options.
We apply the Malliavin calculus techniques introduced in chapter [2| finding a Gaus-
sian density estimate in short time. This is coherent with the result of [42], proved
by the authors using both parametrix and optimal stochastic control techniques. Our
estimate holds just in short time, in a neighborhood of the initial condition of the
diffusion, and we consider coefficients that do not depend on time, whereas in [42] the
estimate is global, holds for any ¢t € (0, 7], and the coefficients may depend on ¢. On
the other hand, we require only local non-degeneracy, in contrast to what is done in
[42], and our result is more precise for small enough times.

3.2 Notation and results

3.2.1 Notations

We introduce some notations. For any function n : D € R? — R™ we denote with
Vn(z) the differential of n in z, which is a linear function from R? in R™, given by
the Jacobian matrix. For f,g : R — R" we recall the definition of the directional
derivative of f in the direction g as

89f( ) Zg azlf
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The Lie bracket [f, g] in x is defined as

[/ 91(x) = Opg(x) — 0y f ().

We denote with M7 the transpose of any matrix M. For a squared matrix M we
also use the notation \,(M) for the smallest absolute value of an eigenvalue of M,
and \*(M) for the largest one. For x € R? we denote with A(z) the 2 x 2 matrix
(o(z), [0, b](z)). For any R > 0, we denote with Ar(z) the matrix (R"/?0(z), R%/?[0,b](z)).
For fixed R and z, since we suppose Ag(z) invertible, we associate to Agr(x) the norm

on R?

[€lan) = V((ArAr(2)T) 1€, €) = | A7 (2)¢].

We suppose o, b differentiable three times and define
3
()= > (105b()] +[050(x)])
k=0 |o|=k

and A(z) = A(A(x)). We denote with L(u,h) the class of non-negative functions
which have the property

ft) <uf(s) for|t—s|<h. (3.2.1)

3.2.2 Results

We assume that:

H1 Locally uniform weak Hérmander condition: there exists a function A. : [0, 7] —
(0,1] such that

H2 Locally uniform bounds for derivatives: there exists a function n. : [0,7] —
[1,00) such that

n<y) < M, V‘y - xt<¢)| < 17Vt € [O7T]

H3 Geometric condition on volatility: 3k, : R? — R s. t.
0p0(x) = Ko(z)o(x). (3.2.2)

We suppose w.l.o.g. that |k, (x)| < n(z), |k (z)] < n(x) (thisis a consequence of
H2). If o(x) = (01(2),0), i.e. the Asian option stochastic differential equation,
this property holds true with k, = o} /0.

H4 Control on the growth of bounds: we suppose |¢.|%, A\, n. € L(u, h), for some
h e R>07 1% Z 1.
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Notice that the above hypothesis do not involve global controls of our bounds on
R2: they concern the behavior of the coefficients only along the tube, and may vary
with ¢ € [0, T7.

Under assumptions H1, H2, H3 we prove the following Gaussian bounds for the
density in short time. Define, for fixed 0, & = x + 6b(z).

Theorem . There exist constants L, Ly, Ly, Ky, Ko, 6" such that: for any r. > 0,
for 0 < 0*exp (—LTE); for |y — £|A5(J»‘) < T,

Ky R Ko N
52 &P (=Lily = 21%,) < pxs(y) < 52 &P (—Laly — 2%,)) -

This estimate is local around the point z. In this general framework it is not
possible to obtain global lower bounds, since the weak Hormander condition does not
ensure the positivity of the density. See Remark for details.

Using this estimate we prove the following result for the tube in the Ag-matrix
norm:

Theorem . We assume that H1, H2, H3, H4 holds, with x,(¢) given by (3.1.2)).
q
There exist K,q universal constants such that for H, = K (")\—T) , fJor R < R.(9)

(defined in (3.3.8) ), holds

exp <— /OT H, (}% + |¢t|2> dt) <

P (Sup |Xt - xt(¢)|AR(CEt(¢)) S 1) S

t<T
1 /1
exp (—/0 E (E + |¢t|2) dt) (323)

Remark 3.1. Notice that p is involved in the definition of Hy, so estimate (3.2.3))
holds for the controls ¢ which belong to the class L(u,h). In this sense, H; depends

on the ”growth property” (3.2.1]) of ¢.

Both of these theorems can be stated in a control metric as well, a variant of the
Caratheodory distance which looks appropriate to our framework. Here we just briefly

give the definition, for more details see section [3.4.2, For ¢ € L?((0,1),R?), we define
the norm

||¢H(113) = ||(¢17 ¢2>H(173) = H(‘¢1’7 ‘¢2’1/3)HL2(0,1) .
and, given A(z) = (o(2), o, (), the set

Ca(z,y) = {¢ € L*((0,1),R?) : dv, = A(vs)¢sds, © = vg, y = v1 }.
We define the control norm as

de(x,y) = inf {||¢ll13) : ¢ € Ca(z,y)} .
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Just remark that this distance accounts of the different speed in the [o, b] direction.
We define also the following quasi-distance (which is naturally associated to the norm
|- 1ar0):

d(@,y) VR & |2 = ylage) < 1.
In section [3.4.2| we prove that d and d. are locally equivalent. Now we can restate
theorem [3.10] as follows:

q
Corollary 3.2. For H, = K (“A—Tit> , with K,q universal constants, for small R it
holds

exp <— /OT H (% + |¢t|2> dt) <

P(NPQWMWWSV%)S

0<t<T
1 /1 )
— | == dt
eXp( /0 Ht(R—i_‘@’) )

Example 1: Asian option (see for instance [52]). Consider a system given Black
and Scholes model for the price of an asset, and an (arithmetic average) Asian option
on that asset with time horizon T". This is a problem of real interest in mathematical
finance. The associated SDE is

Xl
dX} = X} o o dW, + rdt); X} =€ >0, dX} = Zdt; X5 = 0.
(the stochastic integral is in Stratonovich form so to recover the classical formulation
r — 7+ 0%/2). In this case

~ oz R\/2 0 I R 2 S|
o= (70 ) <o (T )

Remark that this matrix is invertible for 2! # 0. Since we are working under local
non-degeneracy assumptions, our tube estimates hold for any initial condition £ > 0,
since this implies the positivity of the first component of the skeleton path at any
time ¢t > 0. On the other hand, results requiring ”global” non degeneracy, such as the
density estimates in [42], do not hold for this model. We take as control ¢, = 0 so

x(p) = ¢ (e” % te’”sds). We have

*T JOo

U IXE et | TUXE = § fyerdsp
¥ _ ) _ T JO
| Xe = 21(9)| an(ei6)) Uéeme\/ R *

R3

t t
_ 1 £2lert(eoWe — 1) N &?| fo erstoWsds — fo ersds|?
oert R3

R
1 [lert(eeWe — D)2 | [y ers(eoWs — 1)ds|?
= rt +
oe R

R3
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and applying our tube estimate we find

oWy 1|2 ’ft 67"(5—1&)(60Ws o 1)d8|2
—ClT/R < IP) ’6 0 < 1 < —CQT/R.
‘ - (fgg { Ro? + R30? - =

Example 2: Geometric average Asian option ([52]). The following SDE may
represent the Black and Scholes model for the log-price of an asset, and the log-price
of a geometric Asian option on that asset with time horizon T":

Xl
X} = 00 dW, + rdt = odW, + rdt; X{ =€, AXi = gt Xo = 0.

R/2 | L
Ail €Tr) = ( g o ) = — < R1/2
r () 0 :TR3/2 - #

does not depend on z. With ¢, = 0 we have z,(¢) = <£ +rt, %), SO

The matrix

L JIXE =&+t T2XE — (S +rt?/2)/TV
[ Xe = 24(0) Aoy = ;\/ —5 R

L oW . o [} Weds|?
o R R3 ’

and we find, with our tube estimate,

W2 | fy Wids|?
—CiT/R <P ’ t 0 <1 < —CQT/R‘
© s (fﬁ?{ R om [S)=°

3.3 Density and tube estimate of the diffusion pro-
cess

We study the behavior of the diffusion X, defined in , on a small time interval
[0,6]. We end up finding exponential lower and upper bound for the density of Xy, for
d small enough, in the matrix norm associated to the diffusion. Recall & = x + db(x).
We introduce the class of constants

C={C=K (n(x)/\z))?,3K,q > 1 universal constants}

(recall n(z), A(z) are defined in Subsection [3.2.1)). We will also denote with 1/C =
{0 :1/6 € C}. For this result we need to suppose H1, H2, H3 locally around x, and
we do not require H4, which is needed only in the concatenation involved in the tube
estimate.
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Theorem 3.3. There exist constants L, Ly, Ky € C, Lo, K1,0* € 1/C such that: for
any r, > 0, for

§ < 6" exp (—2Lr7), (3.3.1)
fOT |y - i|A5(x) < Ty
K1 ~ KQ N
5z X (—Lily = #%,0) < px;(y) < 52 X (—Loly — 2%, )) - (3.3.2)

Remark 3.4. Taking 7, = L~/2, this implies in particular the following fact: there
exist constants K, € C, Ky,6", 7, € 1/C such that: for § < 6%, for y with |y — 2|4,z <
T,

The last two results also hold in the same form if we replace the norm | - |4, with

| - | 4,(2), because of (3.4.9).

Remark 3.5. The weak Hormander condition ensures the existence of the density
for Xy, but not its positivity. The fact that we have lower bounds for the density
supposing just a local weak Hormander condition might appear contradictory. In
fact, our estimates are local around Z (and not around z!), and this contradiction
does not subsist, as we see in the following example (see for instance [40] (3.2.6)).
Take

t
X —1+W, X2= / (X1)2ds.
0
, and weak

Clearly px,(y) = 0 for any y € R™. We are taking Xy = =z = é

Hoérmander holds locally around this point, but px,(z) = 0 Vd > 0.

U(a:)—((l)); b(x)—(g%)—(?)’ ["’b](x)_<221>_(g>

The set {y : |y — &|a;s) < 74}, on which (3.3.2)) holds, is included in R*, so this is not
in contrast with the fact that the density px, = 0 on R™. Indeed y satisfies

R 1
|y — 2| a502) = \/51(?41 —1)2+ 15*3@2 —6)2 <.
For y < 0,

> % exp(—2Lr?)

1
— |4, <=0V, = 6>
T S = 12

*

for any choice of r, > 0, if §* < 1, and this is in contrast with (3.3.1)).
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3.3.1 Development

In this section x € R? will be fixed. It represents the initial condition of the diffusion
process X; (so Xo = z). In order to lighten the notation we will not mention it (so,
for example, we denote A instead of A(z), and so on). We write the stochastic Taylor
development of X, with a reminder of order #2. We need to introduce some notation.
Consider a small time 6§ € (0,1). We define

o T =u+0b(x)d

The matrices A and A; as

A = (Al,Ag), with Al =0 +58{,0’, A2 = [0’, b]

and
A5 = (617 A4,,0%%A,) .

Remark that from H1 these matrices are always invertible if ¢ is small enough.

The Gaussian r.v.

s @1 B 571/2W5
S\ ) 06— s)dw,

The polynomial of degree 3 and direction o (recall , defined in (3.2.2))):

n(u) = (’””"2(“%2 LA “3)($)u3> o).

G = 0 +7j(0), where 7(0) = Ay 'n(51/20,)

e The remainder Rs:
d s
Rs :/ / Oy (Xy) — Opo(x)du o dWs+
0o Jo

1 s
/ / b(X.) — Oob(x) o dW,ds+
0 0

é s
/ / Ab(X, ) duds+
0 0

d s u
/ / / 0,0,0(X,) — 0y0,0(x) o dW, o dW,, o dWs+
0o Jo Jo

4 s u
/ / / OOy (X,) © dv o dW,, o dWs.
o Jo Jo

Notice that ||Rs||z, < C6%. We also denote Rs := A;'R;.
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We now prove that the following decomposition holds:
X5 =@+ As(G + Ry) (3.3.3)

This is a main tool in our approach. Indeed we are able to find exponential bounds
for the density of the variable F' := G + Rs in the Euclidean metric of R%. The fact
that in Theorem the bounds for the diffusion are in the As(x)-norm follows from

the change of variable suggested by (3.3.3]).
Let us prove (3.3.3). With a stochastic Taylor development we obtain

Xi=z+bx)t+ U, + Ry

where
t
U =o(x)W; + 0,0(x) / Wy o dW,
0
t S
+8,0,0(z) / / W, 0 diV, o dIV,
0o Jo

t t
+ 81,0(:5)/ sdW +8Ub(x)/ Wids
0 0

t t
/ Wds :/ (t — s)dWs
0 0
t

¢
/ sdWy = —/ (t — 8)dW, + tW,
0 0

Now we write

Therefore

U, = (0(2) + 00 () Wy + (0,b(z) — Oyo(x)) /O (t — )dW,

+ &m(x)% + 8(,800@)%

So we have the following decomposition of Xj:
t
Xi=x+b@)t+ (o(x) +topo(x))W; + [0, b](z) / (t —s)dWs +n(W,) + R,
0

where z is the initial condition. With n we denote the polynomial of degree 3. Remark
that H3 implies that both the coefficients of this polynomial have the same direction
as o:

77(“) — 800’<£U)u2 + (90800'(:6) u3 — (’%02(1')UQ + (80’430 ‘EH%c)(x)uS) U(ZE)
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3.3.2 Density of the rescaled diffusion

We prove in this section the following theorem for F = G + Rj.

Lemma 3.6. There exist Ly, Lo, K1, Ky positive constants, 0* € 1/C such that: for
any r, > 0, for
6 < 6% exp (—2L:(r.)?)

and |z| < r,
K exp (—L1|z|2) < pr(z) < Ksexp (—L2|z\2) .
Remark 3.7. With a simple change of variable we have that for [y — 2|, < 7+,

K, A
Ty o (b =) <pr)

K,
< 2 —exp (~Laly — i3, )
< Taet Ayt P\ Lely = s
These estimates and ([3.4.4)) imply Theorem

Proof. STEP 1: In the proof, wlog, we suppose r, > 1. In what follows, C' € C, and
may vary from line to line. We start by computing the derivatives of n:

Ky Ok + K2
n(y) = (71/2 + Tyg) o

Opkig + K2
' (y) = (Féay + TZ/2> o

1"(y) = (Ko + (Dokio + K3)y)o
0"(y) = Dok + K3)0.
By the definition of /_15_1,
AF1Y2 (0 + 60p0) = (1, 0)7.
Therefore
Ao =6717(1, 0)7 — A5 60,0

By we have |A;'00,0| < §71/2, so that |A;'o| < C571/2. We stress that this
upper bound is §7'/2 in contrast with 6%/2 in (3.4.2), because A; works in the specific
direction 0. Now we can estimate the norms of 7 and its derivatives. Since they are
collinear with o, we have

Au,ii(w)| = | A6V 20 (61 2uy)| < C(|uy|6Y? + |uy|?0
6
)| = A5 60" (6" %ur)| < C(6" + [ua]6)
>| _ |A(5_153/2nl'/(51/2u1)| < Cs
)
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So, referring to the notation of Section [2.2.3] we have

c.(,h) = sup max |9 (u)| < Chs'/?

|u|<2h  ©J

ca(i) = max sup |02;7j(u)| < C5'/ (3.3.4)

W <1

¢3(1]) = max sup |a”k77( )| < (.
LIk ul<1

We first want to apply Lemma to G = ©+47(0). Here d = 2, and the covariance

matrix of © is /
1 1/2
o=@ = ( 1/2 1/3)'

It has 2 positive eigenvalues, 0 < A; < A2, and det(Q) = 1/12. We are supposing here
§ < §*exp (—2Lyr?) < 6*/r2. Since

1 Ty
h —
" B4(ea(n) + ¢— " b o

and

ce(n, 167,) < Cyr Vo < 04\/5_*,
choosing §* < &34 @ the conditions (2.2.15) are satisfied:

M e <y

* ,1 *S_ N =
¢ (n, 167 Vo,

So there exist Ly, Lo, K7, K5 universal constants, such that for |z| < r,,
K exp (—L1|z|2) <peu(z) < Kyexp (—L2|z|2) ) (3.3.5)

STEP 2 (lower bound for pr). From ({3.3.5)), using theorem we recover estimates
for pp. We start checking that C, Cy in Remark 2.5| are in C. n = 2, and from([2.1.4))
and r, > 1,

2
my(1,64) gc(1+“@lﬂ> <CeC.

Now we consider 'y = 1 + (Eg A (vg) 7P)P.

(1€, 6) = [ (D:G,€)?

—_

(Ds©,€)* = (Dyn(©),§)%ds
= Sl + SQ.

N |

vV
—

We have

S = / (V(0)D,0, ¢)*ds — / (D,0, Vn(©)7¢)%ds < Ao|Vn(©)l¢?
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and S > A\1/2, so

M) 2 0 (5 - EITHe))

From and ¢, (n, 16r,) < 14/ :\\—; (proved before) and |Vn(©)| < 2¢.(n, ©) follows

1 /h
< .2
Vn(0)] < 51/ -

and therefore 4\, (v¢) > A1, which implies I'¢ 7(32n) < C. Standard computations
give npeu(l,p) < C € C, so from corollary we have that 3C € C such that for
|2l <

pr(2) > pau(z) — C’”R5H64,U > K exp (—L1|Z|2) — C||R5||64,U-

Notice ) )
| Rslloa = || A5 Rsloar < C82/8%* = CV/5,

2
so pp(2) > Ky exp (—L1|z|?)—C5V/6, 3C5 € C. We have that if § < (%) exp(—2L7?),

K
pr(2) > 71 exp (—L1|2[?) .

So taking
g lh 1 (KN
~ 16\, C2C% \ 2C5
the estimate holds.

STEP 3 (upper bound for pr). The proof of the upper bound follows again from in

theorem We deal with (5 exactly as for the lower bound, with the difference that

we need I'p(64) < oo, instead of I'g 7(64) < co. This fact is proved in Lemma
We also need to prove that [|[1 — Ul 14n decays as Cexp(—L|z|*) < Cexp(—Lr?).

This follows from ([2.1.5)):

[T —=Ulligs < Z P(|©;] > T)%C(l +1/r) < Cemlrt,

i=1,2
O

The moments of 4r are bounded, and these bounds do not depend on 9. This
result looks interesting by itself, since it means that we are able to account precisely
of the of the scaling of the diffusion in the two main directions o and [o,b]. In this
particular case this is a refinement of the classical result on the bounds of the Malliavin
covariance under the (weak) Hormander condition (see Norris Lemma in [79], or [71]

).
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Lemma 3.8. For any fized p > 1, exists §, € 1/C, C € C, such that for any 6 < I,
I'r(p) < G,

(In particular, this is true for p = 32n = 64).

Proof. Following [79] we define the tangent flow of X as the derivative with respect
to the initial condition of X, Y; := 0,X;. We also denote its inverse Z; = Yt’l. They
satisfy the following stochastic differential equations

t t
Y, = Id+/ Vo(X,)Y, o dW, +/ Vb(X,)Y.ds
0 0

t t
Zy = Id — / ZNo(Xs) odW, — / ZVb(Xs)ds
0 0

Then
Dth - Yzfzsa(Xs>7

and B B

D,F = DA (X5 — 2) = A;'Y5Z,0(X,).
We define s

Y5 = / A7 Z0 (X))o (X)) 2 AT ds.

0

and then

vp = (DF,DF) = A;'Y; Asys AL YVE AT
Remark that B B
Vet = A ZE AT AT 25 A,
and that in this representation we have both As and its "perturbed” version As. We
have to check the integrability of A;'Z;A;, which we expect to be close to the identity
matrix for small 6, and the integrability of 45 '. We use the following representation,
holding for general ¢, which follows applying Ito’s formula (details in [79])

zox) o)+ [ zloaxoawt+ [ z{iol+ flolo.al | (Xods (330

In our framework d = 1, o1 = o, 09 = b. Taking ¢ = o the representation above
reduces to
t

Zio(Xy) =o(x) + i Zb, o] (X)ds

= o(x) +tb, o](x) + L,
with L; = fot Zs[b, 0|(Xs) — Zolb, o] (x)ds. We have

A1 Z0(X,) = Ay (o (x) + s[b, o](z) + L)

_ 1 1 /
—m(_s/a)”s’
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with L = A;'L,. Standard computations show

de q
E / LLTds| | < C(0e), vg¢>0, 3ICeC.
0
For constant ¢, that we will chose in the sequel, and fixed e, we introduce the stopping
time .
S. = inf {3 >0: / L LYdu| > 0(55)3} NS,
0
Remark that for any ¢ > 0
de q
P(S. < 6) <P < / L,LTds| > ch((sg)?’q)
0
B(|fy LorTas|]
<
< c(52)%a (3.3.7)
< C(de)t
~ 1(de)
< C/et (de)? < et
for 6 < d,. Now we suppose to be on % > e. Applying the inequality
1
(v +R)(v+R)TE€) > §<UUT€,§> — (RR"¢,€),
which holds for any vectors v, R, £, we obtain
5
N5 = / A7 Z0 (X))o (X2 AT ds
0
SE
> / A7 Z0 (X))o (X)) 2T AT ds
0
S, S,
B 1 1 —s/4 4 [ T 1,7
_/0 5 ( _s/6 (5)6)? )ds—A5 /0 L,L dsAg .
We have
51 1 —s/d 1 1 —s/d e -2 e’
—= ds > — ds > 2 > —
/0 5(—5/5 (3/5)2> S_/o 0 ( —s/d (5/5)2) "e ( -5 3 )_ 16

and, chosing now the constant ¢ in the definition of S. small enough,

Se c 2
Agl/ L LTds A5 < = ¢(0e)® < —
0 03 2
SO
_ g3 s
(756, 8) > == |€1?, V¢l =1

- 32
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Therefore, using also (3.3.7)), we have that for any ¢, for any ¢ < eq, 6 < 4y,
P((75¢,€) < €°/32) < P[S. < d¢] < &4

Now we apply Lemma |3.9. Remark that we do not need all the moments but just up
to a certain ¢, and so the estimate we find holds uniformly in ¢ for § < do. We are
left with the estimate of A;'Z;A;. Applying (3.3.6) and H3, one can prove that

Zio(x) = (1 — ko(2)Wy)o(x) + Jy,
with E|JJ? < Ct*. So

Zs A5 — (\/5(1 kg (2)Wp)o(2), o) + M

where Ms € R? with E|M;|9 < C5*7/2, C € C. Since A; = (6%20,6%?[0,b]), this
implies

A;'Z;45; < C €.

The following lemma is a slight modification of Lemma 2.3.1. in [79)].

Lemma 3.9. Let v be a symmetric nonnegative definite n x n matriz. Denoting
ICl = 1<ij<n |V 2)Y2 we assume that E|C|P*! < oo, and that for & < €,y9,,

Then
EA(7)77 < Cepisn

Proof. Denote with X\ := A (y) = infjg=1 (7€, &) the smallest eigenvalue of . It is
proved in [79] that for every p > 2n under our hypothesis

P\ < ¢] < KE|C|PeP.

for any € < e49,. We have

E[X7P] < p/ooo P[1/\ > x)zP  dw

1/eptan oo
= p/ P[1/\ > 2)aP 'dx —|—p/ P[1/\ > x)zP dw
0 1/epton
The first term is bounded by (1/€,19,)P. For the second we apply the computations
above:

p/ P\ < 1/x)2P dr < pKIE]C]pH/ (1/z)P P de
1/5p+2n 1/6P+2n

— KE‘C’p+1€p+2n.
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3.3.3 Tubes estimates on the diffusion

As an application of Theorem [3.3] we are now able to prove the following tube estimate.
We consider the diffusion on [0, 7], and for ¢ € L?[0,T], let

x(P) = xo + /Ota(xs(qﬁ))gzﬁsds + /Otb(xs(qb))ds, for t € [0,7.

Recall that we suppose |¢.|?, \., n. € L(u, h), for some h € Ryg, u > 1, where L(u, h)
is the class of non-negative functions which have the property

f@) < pf(s)  for [t —s| <h.
We denote in this section, for fixed ¢ € [0, 77,
C,={C, = K (n;/\)?,3K,q > 1 universal constants},
Denote, for K, and ¢, constants,

' 1 )\t qx ) t+9 9
R*(gb):o%{g‘T (K* Mnt) (h/\lnf{é//t |¢s| dS : tE [07T]75€ [Oah]}
(3.3.8)

Theorem 3.10. There exist positive constants K, q such that for R €]0,1] holds

, 1
exp( K/ (“”) ( + 5+l dt)) <P (fgg\Xt — 2(0)|an(en(a) < 1)-

Moreover, exist constants K, q, K, ¢« such that for R < R.(¢$) holds

1 /N
P X, — mon < 1) < - — + [, | dt
(%ﬂ t = Ze(0) | Ap(e(e)) < )_exp( /0 K(ﬂﬂ) ( |¢t|) )

Remark 3.11. For R < R.(¢) < h the lower bound holds as in ({3.2.3)

Proof. A main point in this proof is the choice a sequence of short time intervals in
a way such that we are able to apply the short time density estimate. This issue is
related to the choice of a an ”elliptic evolution sequence” in [11]. We write x; for z,(¢)
to have a more readable notation. We start proving the lower bound.

STEP 1: We set, for large ¢, K; to be fixed in the sequel,

- () (1 howe)

Recall H4: |¢ |2, n, A € L(u, h), 3up > 1,0 < h < 1, where

L(p, h) ={f : f(t) < puf(s) for [t —s[<h}.
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This implies fr € L(u??! h). We also define

%I>1£ {/ fr(s)ds > 2q1+1} (3.3.9)

Clearly 0(t) < h, so we can use on the intervals [t,t + §(¢)] the fact that our bounds
are in L(u,h). H0<t—t <h,

t'+4(t)

t+6(t)
pET fR()o(t) > / fr(s)ds =1 = / fr(s)ds = ™ @04 fr(t)s(t'),

so 6(t')/6(t) < pa+2. Also the converse holds, and §(-) € L(p*%2 h). We set

(1)
() = ( / |¢5|2ds>

1/2

We have t+(t) t+(t)
L falt) Ja(t)
Iugql_,_l - [ fR(S)dS Z /; qul_’_l ds 2 5(t) M2q1+17
i 1 R A\ 2
5(t) < < —’f) . 3.3.10
1) < fr(t) — Ky (lmt ( )
Similarly,

1 t+5(t) LU0 ) 1 Ly q1 )
Wz/t K ( As> |95 ds > = a1 <Tt> e(t)’,

and we can write both

5(t) < Kil <i)m, and  e(t)? < — (i)ql. (3.3.11)

We set our time grid as
to=0; tp =1t 1+6(tr),

and introduce the following notation on the grid:
O =0(te); ex=c(te); nr=n(zr); M= ANag); Xp=Xpy; o=

We also define R

and for t, <t < tpyq,
Xk<t) ZXk+b(Xk)(t—tk); [fk(t) :l‘k—l—b([Ek)(t—tk).

Moreover we denote

€k = 1€l a5, @); Ck = Ciy,
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and r¥ € C;, the ray r, of remark [3.4] associated to zj. Lemmas [3.14} [3.15] |3.16} |3.17|
hold for d;, and €5 small enough, and in particular Lemma says that

1
515\A5(m <€ a5y < Crl€l as(an)s (3.3.12)
k

for some C} € Cy, for any 6 < §;. Moreover we have |z 1 —Zg|p < Cr(ex V), and for
all tp, <t <ty 1, applying also , [T — Tk ()| Ap@) < Crler V 6Oy) for all R > 6.
Recall (3.3.11)), and we fix g3, K3 such that, for ¢; > ¢3, K1 > Kj, the lemmas ,
[3.15] [3.16] [3.17 hold and

|Zppr — Tile < 7F/8 (3.3.13)
1
|25(t) — | Ap(@) < T for all t, <t < tpi1, (3.3.14)
and moreover the theorem in short time holds in the form of remark 3.4, Now,

6(-) € L(pu* 2, h) implies 0y /011 < p*0 2 and Oy /0 < p?T2 This, (3.3.12) and
(3-4.1) give

N 1 2q1+1 1
C’i/vﬂ(thl |£|k S |€|k+1 S K “ Ck|§|k7 (3315)

where C} is in Cj, depending on K3, q3. We now set, for K,y to be fixed in the
sequel,

_ 1 AN 3.3.16
k= Kop2n+2e+1 n_k ’ ( o )

and define

Pk‘ = {|Xk - fL‘k|]€ S Tk‘}) Dk} - { sup |Xt - xt|AR(CCt) S 1}7

T <t<tp+t1
and Py as the conditional probability
]P)k<) = P(|Wt,t < tk;Xk S Fk) .

We denote p; the density of X, with respect to this probability. We prove that on
{| " —Zks1|pr1 < rpe1} we can apply Theorem [3.3]in the form of remark |3.4 to py, and
so there exists U}, € Cj, such that

1

—— < 3.1

We estimate
|y — Xk|k S ‘y — xk+1|k + |$k+1 — ik|k + |.fk — Xk|k (3318)

We already have ([3.3.13)). Since we are on |y — x4 |pr1 < 7p11, from (3.3.15) and the
fact that ry, i /rp < pu?®

)\ q2

1, 2q1+1 1 2q1+1 1, 2q1+2g2+1 k k

Y — Tppale < O™y — gk < Cpp™® gy < G2y, < Ky (n_ '
2 k
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It also holds |y — Xk|k < Ckleg — Xglp < Cyry, for some Cy € Cp. Similarly,
125 (t) — Xk (t)| Ap(z) < Crry, for all t, <t < tp1q. Recalling (3.3.16), we can fix Ky, ¢»
such that [y — 2z |r < r¥/16, |25 — Xi|r < r¥/16, and

| X5 (t) — Te(t) | Ay < 1/4,  forall ty <t <tpys. (3.3.19)

From (3.3.18), (8.3.13) this implies |y — Xi|x < r¥/4. We also have, from (3.4.2),
2 — Xi| < |2 — Xi|eAev/0k, 50 we can also fix Ko, ¢o such that A\, < 1/C in lemma
[3.151 Therefore

1
Z|€|k < 1€l a5, (x0) < 4E]-

So |y — Xk’Agk(Xk) < r*. Now, also from lemma [3.15|and (3.3.15)

{I =zrsilag, 000 < e /ACP T CH{I - =l < mi/(Cpp® )}

CHl - —zrglorr < e},

a2

and rk+1/(4c”1ﬂ2q1+1) > Tk/(4011u241+2q2+1) = —4%](2#41(11“[12” <2:> So
9 1 Ak g2\ 2
FU =iy =t ) = oy det Al (40%1(2M4q1+4q2+2 (n_k;) ) .

Now, det A(zg11) > A1 > Ag/p so, from (3.3.17)),

1 )\k g2\ 2 )\k
Pk(FHl) > Gy, (40}1K2ﬂ4q1+4q2+2 (n_k,) ) E

where C), € 1/Cy, is the constant in remark [3.4] This implies

2u~ 4 exp(— Ky (log p + log ny, — log Ar.)) < Pe(Tky1)

for some constant K4 (depending on K, K3, ¢2, g3; on the contrary, we keep explicit
the dependence in ¢;, which is not fixed yet).
STEP 2: Consider now t; <t < t;,1. Recall the definition

D, = { sup |Xt - $t‘AR(xt) < 1} ’

te<t<tpi1

and introduce

—_

By, = { sup [ X; = Xi(t)]apan < 5} :
tp<t<tpi1
We decompose

‘Xt - xt|AR($t) < |Xt - Xk(t)‘AR(mt) + ‘Xk(t) - ',“%k(t>|AR($t) + ’ik(t) - xt|AR(zt)’
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and, from the previous part of the proof, (3.3.14) gives |2x(t) — #¢|ap(@w < 1/4, and

3.3.19 giVGS |Xk(t) — £k<t>|AR(a:t) S 1/4. SO |Xt — xt|AR(xt) S |Xt — Xk<t>|AR(a:t) —+
1/2, and therefore Ey C Dj. Using (3.3.3), some standard computations and the
exponential martingale inequality we find that

1 A B R
PuE) < e (2 (25) )

for some constants K, qs;. From (3.3.10), R/6r > Ki(ung/Ag)?, so choosing and
fixing now ¢, K large enough we conclude

1
Pk(Eg) S ,U,_4q1 exp(—K4(logu + lOg ne — IOg Ak)) S §Pk(rk+1),
SO

1
Pe(Tki1 N Dy) > Pp(Lrr N Eg) > Pr(Tirr) — Pu(EY) > §Pk(rk+1) (3.3.20)
> exp (—Ks(log p + log ny, — log Ar)) ,

for some constant Kg. Let now N(T') = max{k : t; < T}. From Definition [3.3.9)

/fR t)dt = Z/ Fr(t)dt > 2§1+)1

From (3.3.20)),
N(T)
P (Sup | Xt — 24(0) | ap(zi(0) < 1) >P ﬂ L1 N Dy,
t<T b1
N(T)
> ] exp(—Ks(log i+ log ni — log Ax))
k=1
N(T)
=exp | —Ks Z log i1 + log ny, — log Ak
k=1
Since
N(T)

tk+1
(log p1 + log ny, — log \) = p*@+t Z / s)ds(log u + log ng, — log A)

T MS
< / ,u2q1+1fR(t) log ( t) dt,
0 At

i
I

the lower bound follows.
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STEP 3: We now prove the upper bound. Now recall (3.3.8)), and R < R.(¢). We
define, with the same Ki,q; as in STEP 1 and 2,

]_ 1 1 )\t a 2 ,Lbnt a
t) = — - | - K q1+1 2'
) =5t R <un> R )

for some constants K; > Ki,q7 > g1 + 1 to be fixed in the sequel. We define a new

o) t+6
st =t { [ antoyas 21},

Clearly 6(t) < h, so we can use on the intervals [t,t + 0(¢)] the property of being in
Ll h). EO <t —t' < h,

t8(t) 5(t)
u%%@&wz/ %@mzlz/ gr(s)ds > 172 gr(8)5 (1),
t t/

so 0(t)/6(t) < pl. Taking ¢, and K, in (3.3.8) large enough such that ¢, > 5¢; +

1+ qr, K* > K1K77
t+4(t) 1 a(t) 1 1 A qr
[ s [ i ()
' h . RpPr K, \ png
and again from (3.3.8)
t+4(t) q a1 pt46(t)
[ ment (B) s < e (B0) [ o s
t )\s )‘t t
< Kyt (%)q@ 1 (ﬁ)q
- )\t R K* T
/t+5(t) 1 1 AS q7
< — ds.
—Je R 21 K7 \ pns

)gR(s)ds and

t+3(t
t

t+5(t) 1 1 A qr t+5(t) t+5(t) 1 1 A q7
— ® ds < ds <3 — - ds,
/t R Kqp2ar (lm> i _/t gr(s)ds < /t R Kqp2a (un> i

we find that forall ¢
1 ( At )q7 R 3 ( At )q7
Kaptar \ puny o(t) 7 \ W

For ¢q,, K, large enough this also implies

Therefore, since 1 =
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£+ (t)
() = ( / |¢S|2ds>

We find, with the same computations as before,

1 )\ q1
e(t)? < — (—t) :
Ky \ pny
This implies that (3.3.11)) also holds with this new grid, and also the lemmas used
before. Since we are taking the same K; and ¢; as before (3.3.15]) holds. For the same
reason, the theorem in short time |3.3| also holds. We define
A = {| Xk — Trlag@y < 1},

Py as the conditional probability Py(-) = P (-|W, t < ti: Xi € Ay). As we did in STEP
1, if q., K, are large enough, R is small enough and the upper bound for the density

holds on Ay ;. Because of (3.3.12)),
Leb(| - =@l ap(ees) < 1) < Leb(| - =kl apy < D(Cr)* = (Cp)* det(A(ze)) R

We set
1/2

Now, using the density estimate,

Pe(Ary1) < (O det(A(xy)) R Cr 02 < (C1)? det(A(xy))C (?) :

where C), is the constant of remark Recall
R 3 ( At >q7
- S - | — ,
S(t) = Ky \ umy
so we fix now K7, g7 large enough to have

Py (Ag+1) < exp(—Kio)

for a K9 > 0. (We also fix now g, K., whose size depend on ¢;, K7). From the
definition of N(T')

T N(T) oy,
/ gr(tydt = 5 / gr(t)dt = N(T)
0 k=1 k-1
As before
N(T)
P (sup X = (@) gt < 1) < T] Bulern)
= k=1
N(T)

< TT expl—H) = exp( I N(7) < exp (<1 [ ' nlt)).

and we have the upper bound. Remark that because of the choice of R < R.(¢), we
can drop the dependence on h in the upper bound of Theorem [3.10] O]
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3.4 Matrix norm and control metric

3.4.1 Matrix norms

In this chapter we use a number of properties of norms associated to the matrix A
and Ag. Recall that in general we can associate a norm to a matrix M via

ylv = V{(MMT) =1y, y).

In this case we take Ap = (RY?0, R*?*0,b]), for R > 0. Since these are square
matrices, the associated norm can be defined as well as

’y’AR = ‘AI_%ly‘
Lemma 3.12. For every y € R? and 0 < R< R' < 1,

(R/R)*ylap = lyla, = (R/R)*2|y|ap, (3.4.1)
Rl/zi*(A)|y| < |ylap < mlyl (3.4.2

Proof. Writing explicitly the inequalities (3.4.1), we easily see that they are verified
if 0 < R < R' < 1. Taking R’ = 1, we have

RY|ylan > |yla > R*?|y|a,

and so
1

1
|yl < < - -

Remark 3.13. Recall the following properties of matrices:
Ve, ClE% > €A« C (BBT) ™ > (AAT) ™ & BBT < C AAT

and

(MMTE,€) =) (M, 6)?,

)

so that for (M) := A, (MMT), \#(M) := X\*(MMT)

where M; are the columns of M. Taking M = A(x) = (o(x), [o,b](x)) we have in
particular that

M (A@)IEP < (0(2),) + ([0, 8)(2), €2 < N (A@)?[¢f* V€ R?  (343)
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Lemma 3.14. There exists C € C,6* € 1/C such that for § < 6*, for any £ € R?,

1€l as@) < 1€l a5 < ClElase) (3.4.4)
el as@) < 1€las@) < Clélas@) (3.4.5)

Proof. We take M = As(x) and M = Aj(x) in remark Notice
%o (2),6)* < °CA(A(2))IE]* < C(0{0 (), €)* + 0%([o,b](x), £)*)
We have

§(o(x) + 60,0 (x), &) + 6%([0, 0] (x), £)* < 26(0(x), &) 4 20° (Do (x),£)* + 6°([o, b](x), §)*
< C(8(o(x),€)* + 6%{[0, b](), £)?),

and so [¢[%, < C[¢[3, - Analogously, since
0(o(x),§)* + 6%([0,b](2), §)* < C ({90 () + dDpo(2),§)* + 6%([0, b (), £)°),

we have [£[% ) < CI€%, (). From

0(3) — o(2)] = |o(x + b(z)d) — o(x)] < /0 0" (x + b(x)t)b(2)|dt < C,

applying again Remark as in the previous point, also (3.4.5)) follows. O

We prove now some estimates that will be needed in the concatenation along the
tube. The following lemma establish the equivalence of matrix norms of this kind
when the matrix is taken in two points that are close in such matrix norms, uniformly
in 9.

Lemma 3.15. Consider two points x,y € R2. It exist p,6* € 1/C such that: If
|Z‘ - y|A5(JJ) S P, fO?” any d S 5*7 fOT an@/f € R27

1
11€las) < Elasw) < 4l
Proof. We write C' for a constant in C that may vary from line to line. Remark that

(3.4.2) implies

’$ o y’ < 51/20’33 - y’Aé(I) < /0051/2 <1l

From

)=o)+ [ d@a—vdst [ @+ (2 =)0 - ) — )i
follows
(o), < Ao(9), 6 + 40/ (1) x — 1), &)
4L 0+ = 0)s) — o @)~ ),
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Since As(z) is invertible,
o'(2)(z —y) = o'(2)As(2) A5 () (z — ).
From Cauchy-Schwartz inequality and |A;'(z)(z — y)| < p
(o' (@) (2 — ), €) = (45 (2)(z — y), (¢' () As(2))"€)
< pl(o" () As(2))"€l.

Recalling H3

o'(x)As(w) = o' (2) (6" 20 (x), 6% [0, b] ()

= (51/2,%0(1:)0(3:), 53/28[0717]0'(%))
(o' (2) As(2)) " €[* = drg (2)(0(2), )" + 6% (Do (x), &)*

and therefore

(0'(@)( — 1), €) < p(or2(2){0(x), £ + 63D (2), £)?)
< Cpblo(x),€)° + Cps €]
Now
( / (0'(y + (x — 9)s) — o' (@) (& — y)ds, €)* < / n(@)lly — 221 — s)ds e
< Cp'é?lef*.
So

(o(2),6)* < 4o(y), €)* + Cpd{o(x),€)* + Cpd’[E|* + Cp'a?I¢]*.
Taking 0, p small enough in 1/C, this implies

(0(2),6)° < Ko (), )" + po”[¢["
In the direction [o, b]:

([, b)(2), &)*

0. b(y) + / 0. b (g + (& — 9)s)(z — y)ds, £)?

(
2([0,b)(y), £)* + Clo — y[?|¢]?
2([0,b](y), €)* + Cép*[€]*.

IN N

We can conclude that
3o (@), &)* + 6% ([0, b](2), €)* < 46{0(y), €)* +26°([0,b](y), €)* + Cpd*|¢]*.
So taking p small enough in C, we have
3o (2),€)* +6%([0,b)(x), €)* < 165(0(y), §)* + 166°([0,b](y), €)*.

We have shown [£]a,(z) < 4[€|4,(@y)- The converse inequality follows from an analogous
reasoning.

]
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We prove now that moving along a control ¢ € L?[0,T] for a small time, the
trajectory remains close to the initial point in the As-norm. Define, for fixed 9,

5 1/2
= o 2d .
a(%@|§

M@z%+£d%@ﬁ@+l“%@ﬂ&

For

we have:

Lemma 3.16. There exist 0, € 1/C such that for 6 < 4,, e < e,
|25(0) — (20 + b(0)8)| 4y () < Cle V 6'/2).

Proof. Via computations analogous to Decomposition [3.3.3| it is possible to write

x5(¢) — (l‘o + b(l‘o)(S) = Ag(Gd, + R(p’(s) (346)
where 5
i 512 [% . ds
Go=0s+7O). ©4= ( 52 [2(8 - s)ouds )
and

|Rys| < C6Y2.
Remark that, by Holder inequality,

1 4
512 / buds| < e, |52 / (0= $)buds| < &
0 0

80 [©4] < 2e and by ([3.3.4)) |[7(04)| < 4e%. Therefore |Gy| < 4e and
| A5 1 (25(8) — (z0 + b(20)d))| = |Gy + Rss| < Cle Vv 5H2).

Lemma 3.17. There ezist d.,e. € 1/C, C € C such that for § < 0., e < ¢,

1
1l aso) < [€lass) < Clélasieo)

Proof. Applying in this order (3.4.5), Lemma (3.4.4), Lemma we obtain
|25 — &|as(a) < Cls = (w0 + b(20)8) | aswe) < Clars — (2o + b(20)0)| 25() < CleV 6"2).
Now, choosing ¢, €, small enough, we can apply Lemma to the points x5, z, and
1
118las@) < [€lases) < 4lasa)-

Now again (3.4.5) concludes the proof. O
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3.4.2 The control metric

Here we write Ag(-) instead of Ar because we need to consider this matrix on different
points. A natural way to associate a quasi-distance to the matrix norm | - |4,y used
in this chapter is to define

d(z,y) < VR & |z — Ylan@) < 1.

d is a quasi-distance on = {z € R? : det A(z) # 0}, verifying the following three
properties (see [78]):

i) for every r > 0, the set {y € Q : d(x,y) < r} is open;
it) d(xz,y) = 0 if and only if x = y;

i) for every compact set K € €2 there exists C' > 0 such that d(z,y) < C(d(z,z) +
d(z,y)) holds for every z,y,z € K .

We say that two quasi-distances d; : Q x Q — RT and dy : Q x Q — R* are equivalent
if for every compact set K & () there exists a constant C' such that for every z,y € K

%dl(m,y) < dy(z,y) < Cdy(z,y). (3.4.7)
In particular if d; is a distance and ds is equivalent with d; then d5 is a quasi-distance.
dy and dy are locally equivalent if for every xy € {2 there exist a neighborhood V' of
xo and a constant C' such that holds for every z,y € V.

On the other hand, the distance usually considered in the framework of stochastic
differential equations is the control distance defined as follows: denote

C(x,y) = {QS € L2(07 1) : dUs = O—('Us)¢sd37 =", Y= ’Ul}. (348)

The control distance d. between x and y is

de(z,y) = inf { (/01 |¢>s|2d8) " RS C(:v,y)} :

Geometrically speaking, this corresponds to take the geodesic (i.e. the shortest dis-
tance curve) joining x and y on the sub-Riemannian manifold associated with the
diffusion coefficient ¢. In our case this notion looks inadequate: we are supposing just
a weak Hormander condition, and this means that we have to use the drift coefficient
b to generate the whole space R%2. Therefore any reasonable associated norm should
incorporate b as well. Moreover it should account of the different speed associated to
the vector field given by [0, b]. This is the reason for the following

Definition 3.18. We first introduce a norm for the control which accounts of the
scales associated to the different directions. For ¢ = (¢!, ¢?) € L*((0,1),R?), we
define the norm

éll(1,3) = H(|¢§‘7 |¢§|1/3)HL2(0,1) :
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Now we generalize (3.4.8)) to
Ca(z,y) = {¢ € L*((0,1),R?) : dv, = A(vs)psds, x = vg, y = v1 }. (3.4.9)
This is non-empty if A = (o, [0,b]) is invertible. We introduce
de(x,y) = inf {{|¢ll13) : ¢ € Calz,y)}.

We are interested in establishing an equivalence between d, the semi-distance com-
ing from the matrix-norm, and d., the distance in term of the control.

Lemma 3.19. d and d. are locally equivalent.

Proof. We use in this proof some notions on similar metrics and pseudo-metrics for
which we refer to [78]. Define

p(w,y) = inf{d > 0[3¢ € Calw,y), |o5| <9, [¢7] < 6°}.
It is also possible to allow only constant linear combinations of the vector fields:
Ca(z,y) ={0 € R? : dv, = A(v,)0ds, x = vg, y = v1}, (3.4.10)

and define )
pa(,y) = inf{6 > 0|30 € Ca(x,y), |0 <, |6?| < 6°}.

In [78] the pseudo-distances p and p, are proved equivalent. We use here only the
trivial inequality p < po. Remark that the difference between p and d. is that we take

1/2
|lloc = SUPg<s< |@s| instead of ||¢[l = (fol \qﬁs\st) . So d. < p follows easily from

the fact that the L*(0,1) norm is dominated by the L. (0,1) norm.
For fixed z, we consider a compact K containing x, and define

Ck = {C’ =sup L (n(z)/A(x))?,3L,q > 1 universal constants} :

zeK
1/Cx ={0:1/0 € Cx}. We prove that
d(z,y) < VR = pa(z,y) < CVR,

for R < R, € 1/Ck, C € Ck. By definition, d(z,y) < VR means |z — y|ap@) < 1. We
prove that this implies the existence of § € C4(x,y) with |0'| < CRY? |6?| < CR3/2
Indeed, consider the function

1
©(0) = [ Alw.(6))0ds,
0
with v satisfying dv, = A(v,)0ds, vo(f) = x. Remark that ® : R* — R? &(0) = 0
and ®'(0) = A(x), which is non-degenerate because of H1. Therefore it is locally
invertible. Recall (from (j3.4.2)))

T = Ylage) <1=]z—y| < CVR < Cv/R,,
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C € C4. For R, € 1/C small enough, we have that it exists § € Cx(z,y). We now
show

0'| < CRY?, 6| < CRY>.

It is clear that || < CRz. Now,
Ap(e)(z — y) = Ap(a)™" / Av,(0))0ds
_ (% %) + J(O,R)
with )
J(6,R) = Ap(x)”" / (A(0,(8)) — A(x))bds.

Using as usual H3 and development ({3.4.6)), it is possible to prove |(J(6, R))a| <
C|0||6*|R=3/2. So, supposing R, € 1/Ck, we have that |6?| < CR™3/2,
It also holds

d.(z,y) < g = d(z,y) < VR,

if C* is large enough constant. With the same notation as above, in particular sup-
posing ¢ € Ca(x,y) with ||¢|l15 < \/7§7 and applying H3,

Ap(z)™ /01 A(vs)gsds

7 = Ylan@) =
1 2 1 2
( 15 qsgds) ( I ¢gds)
= R R
<C/Cr<1
This concludes the local equivalence of d, d., p, ps. O

3.5 Density estimates for a chain of stochastic dif-
ferential equations

3.5.1 Setting, notations and results

In this last section we consider a different model. We work with the system of stochas-
tic differential equations considered in [42] (related models are studied in [77], [59]).
We apply the techniques we introduced in chapter [2| and find a local Gaussian den-
sity estimate in short time coherent with the result of [42]. Differently from [42], here
coefficients do not depend on time. We work under local non degeneracy, finding local
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estimates, whereas in the original work hypothesis and results are global. We take a
Brownian Motion in W € R?, and a chain of n differential equations in dimension d:
dX}! = Bi(X},..., X)dt +o(X}, ..., X]") o dW,

dX}? = By(X}, ..., X]")dt
dX} = B3(X7, ..., X}")dt (3.5.1)

dX]" = B, (X1, X dt

each X! being R? valued as well. We write the equation in Stratonovic form, whereas
in [42] the stochastic integral is written in Ito’s form. The equivalence between the
two is clear, since the correction term we need to add when converting the integrals
is non-zero only in the first d components. Therefore, the structure of the differential
equation does not change. corresponds to a diffusion X € R™,

XO =, dXt = 5‘(Xt) @) th + B(Xt)dt

where the coefficients have the specific form

o
B, 0
B = : and o= )
B, 0

and for ¢ > 1 B;(X) depends just on X; 1,...,X,. We denote with ¢' and &' the
1 — th columns of ¢ and 6. We take B,o € C* and suppose

(H1) A (0(2) Dyy Bo(x) ... Dy, B(x)) > A(z) > 0,
(Hy) Vk e N, z € R, |VEB(z)| + |[VFe(z)| < C < 0.

(H) implies that the diffusion satisfies the weak Hormander condition at x, so X,
admits a density. This is explained in detail in [42].

We introduce some notations. For m € N, let M(m) be the set of all m x m
matrices on R.

e For fixed § > 0, Ts € M(nd) is a diagonal matrix given by n diagonal blocks
in M(d), with 6Id; as i diagonal block, where Id; € M(d) is the identity

matrix.

e A € M(nd) is a block-diagonal matrix given by n blocks in M(d), with the
product D,. ,B;...D,, Byo(z) as i'" diagonal block:

o(x) 0 0
A 0 D, By(x) 0 (3.5.2)
0 0

0 0 D, ,By...D; Byo(x)
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This matrix is invertible because of (H;). For fixed § we also define

AT; TsA
Ay = 220 = 200 3.5.3
NG BN ( )

We do not write the dependence on x, since we are working with the diffusion
in short time and the initial condition is fixed.

e () is a symmetric positive definite block matrix in M (nd), given by n? diagonal

blocks: for 1 <4, j < n, the block in position (i, j) is
Id,

(i+7—1@E—-DI(G - 1)

(see remark . We also define M; = TsA\/Q/d = Asy/Q, and recall that

for any M square, invertible matrix ||y, = |[M1E].

(3.5.4)

e We also introduce the following ODE

X(] =, dXt = B(Xt)dt,

and its solution at time §, Xj.

In [42] the following Gaussian two sided bound is proved, using the parametriz method,
under some regularity of the coefficients and a version of (H;) uniform in space.

Theorem 3.20. Let X; be the solution of (3.5.1)) with initial condition x, with final
time horizon T'. X, admits a density px, in y, and there exists a constant Cp such
that, for any ¢ € (0,T],

Crlo™ 2 exp (—~Croly — X5[3,)

—n%d/2 -1 |2 (3.5.5)
< px,;(y) < Cro™" P exp (=Cr'dly — Xolf, ) -

We prove here, with the Malliavin calculus techniques of chapter [2], the following
result:

Theorem 3.21. There exists C > 0 such that for any e >0, r > 0, ford < M,
fory such that |y — Xs|p, <r

—1 ;(;: exp (_—]y — Xéﬁw&)
671 d/2 2
¢ (3.5.6)

d
where ¢ = (H?:ll i!/\ a1 i!) (2m)"4/2 det A.
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Remark 3.22. We first notice that 3C' > 0 such that C‘l\/glf\qyé < €|y <
CV/|€|r,. Therefore, our result implies

Clen? >
Cl6 M exp (—Cély — Xs3,)

< px,(y) < CO P exp (—C71ly — Xuf2,),

which is analogous to (3.5.5), but weaker in the sense that it holds just locally around

Xs and for small §. On the other hand, our result holds under local hypoellipticity,

whereas in [42] global hypoellipticity is required. Moreover, in (3.5.6) there is no

constant in the exponential, and ¢ can be taken abitrarily small (but also § must be
taken depending on ¢), so our estimate is more significant in small time.

(3.5.7)

We present in the following sections the proof of this result, which is based on the
Malliavin calculus techniques presented in chapter 2] In section we consider a
related control distance.

3.5.2 Development

Remark 3.23. [Lie Brackets| Take F' = ([Fy,...F,), G = (Gy,...G,) functions in
R™ each F}, G; being in R?. We consider the Lie Brackets [G, F| = (VF)G — (VG)F.

Supposing Fj11 = Fpio =--- = F, =0 and G4y = Gy = -+ = G; = 0, we have
|G, F|; =0 for i > max(k,[). We have
Da:lBl X Ce
DxlBg DxQBg X
0 D,,Bs;
VB = , )
0 - X
Dxn_QBn—l Dxn_an—l X
0 . 0 D, .B, D, B,

In particular for k < n, [F, Bly+1 = (Dy, Brt1)Fi, and [F, B]; =0 for ¢ > k + 1.

Define the following r.v. in R?, for k = 1,..., n:

t Sk—2 t t_s>1€—1
Jk:/.../ W, dsk—1...ds :/(—dWS.
t 0 0 k—14Sk—1 1 ; (k— 1)!

With a first order stochastic Taylor development we obtain:
t t
X, — X, =a(z)J} +/ (Xs) —a(z) o dWs + / B(X,) — B(X,)ds.
0 0

So in the first d components (i.e., in the space where the first stochastic differential
equation lives) we have
L; o(x)Jy Li

_ 1 X 0 X
Xt—Xt:(j'(x)Jt + . = +
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where L} € R? is of order ¢, meaning E|L}|? < C,t? for any ¢, t < to. When we push
further the development find

X, — X, =0(x)J} + (VB)a(z)J}
+ /0 t /0 (V5)5(X,) 0 dW, o dIV, + /0 t /0 (V5)B(X.)du o dW,
o t | B1x) ~ (VB)a) 0 W,
+ /O t /0 (VB)B(X,) - (VB)B(X,)duds.

From Remark [3.23

and, denoting with L? € R? the vector of the components from d + 1 to 2d of the
integrals above, for any ¢ > 0 it holds E|L?|? < C,t*?. Therefore

O'(l')Jl L%

Dml BQO(x)JQ Lt2

Xt — Xt = 0 + X
0 X

where for any ¢ > 0 E|L}|? < Ct? and E|L?|9 < C,t*. Tterating this procedure n
times we find

o(z)J} + L}
_ D, Byo(x)J? + L2
X — X, = ' 2. (@) . _'t

Dy, Bn...Dy Byo(z)J" + Lo

where E|Li|?7 < C,t". Clearly

F =AY (X5 — X5) = 0+ A ' Ly, (3.5.8)
where
o Y
e = , @kzékfl/QER'
S
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O is a non-degenerate Gaussian since its covariance can be expressed as a block matrix

as
Idy

i+ =10 -G - 1)!>1<i,j<n’

Q= Cov(O) = (
and det(Q) > 0 (see (3.5.11)).

Remark 3.24. In linear algebra a Hilbert matriz is a square matrix with entries
given by H;; = iﬂ%l, i,7 = 1,...n. For this matrix an explicit expression for the
determinant is known:

1 |
det (—) = (H%—lf) (3.5.9)
itV e TLE

=1

In our setting it is more convenient to define H as a block matrix in M(n ) given by
n? diagonal d x d blocks. For 1 < i,j < n, the block in position i, j is . Using

(13.5.9), we can see that

(l+] 1)
det H = <(g2n—1f')'> . (3.5.10)

We also set U as a diagonal matrix in M (dn) where on the diagonal we have n blocks
given by Ada_ i — 1, .. .n. Clearly detU = (IT=, z') . For @) defined in (3.5.4))

l 1)!7

holds Q = UHU, so from (3.5.10))

det(Q) = det(H) det(Q)* = ((1;[%—111@')'2> #0 (3.5.11)

3.5.3 Density estimate
Lemma 3.25. For y € R™, for 6 <1,

1 ly — Xslh,
(27)"72 det M, (eXp (_ 2 —CVs
< px;(y) (3.5.12)

1 ly — X5l
< <z
= 20/ det M, <eXp ( 2 tCove

Remark 3.26. Theorem follows directly from this lemma. Remark, from[3.5.11],

d

(27r>nd/2 det Ms = det A Hzl/ H il (27T>nd/2 §d/2.
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Proof. We start using (3.5.8) to give an estimate for the density of F. We apply
theoremwith U=1,F=Fand G=06 and R = Agng. We have

po(y) — CTe(32nd)|| A; ' Lsll2,32na < pr(y) < po(y) + CTr(32nd)|| A5 Ls|l2,32n4-

Standard computations give HA(;_1L5|]2732nd < Cqél/ 2. ©is a non degenerate Gaussian,
so I'g(32nd) < oo. We prove non-degeneracy of the Malliavin covariance of F' in
lemma More precisely, we prove that there exists d, > 0 such that, for any
§ < 0y, I'p(32nd) < C' < oo. We obtain that for any § < d,.

pely) — CV3 < pr(y) < pely) + CV0.

Since © ~ N(0,Q), multiplying by Q~'/2 we have Q~Y/2F = M;'(X; — X;) and

(QW)ldn . exp( v > Vo

] 2 (3.5.13)
< pM(S_l(X(;—)_((;)(y) < WGXP ( ) +CVG.
(13.5.12)) follows from the change of variable y — Mgyy. O]

Lemma 3.27. There exists C > 0 such that, for any § < 1, I'r(32nd) < C < oc.

Proof. We actually prove I'r(p) < C' < oo for any p > 1. The proof is analogous to
the proof of lemma . Recall that T'r(p) = 1 + (E|\ (v (7)) 7P) V7.
Following [79] we define the tangent flow of X as the derivative with respect to the

initial condition of X, Y; := 0,X;. We also denote its inverse Z; = Yt_l. They satisfy
the following stochastic differential equations in Stratonovic form:

Yt_[d+Z/Va X,)Y, 0 dWF + /VB o) Y.ds

(3.5.14)
Z, = 1Id— Z/ Z V5" (X,) o dWF — / Z,VB(X,)ds
0
Then
Dth - Y;sta-(Xs)7
and, for ¢ € C?, applying Ito’s formula (see([79])),
t 1 d
Zip(Xy) = / Z Xo)dWE + / Zs {[B,qb] +5 210", 0%, 0l ¢ (Xo)ds
0 k=1
(3.5.15)

We compute the derivative of F"

DF = DA (Xs — Xs) = A;'Y5 2.6 (Xs). (3.5.16)



66 CHAPTER 3. DIFFUSIONS UNDER A WEAK HORMANDER CONDITION

Now, multipling by Id,q = AsA; ", we write

vp = (DF,DF) = A;'Y; Asys AL YVEAG YT, (3.5.17)
with
1
N5 = / A1 2.5 (X)a (X)) 2T A7 ds. (3.5.18)
0
Remark that
= AT ZF ATV 55 A Z5 A, (3.5.19)

We now deal with ’75_1. We apply formula (3.5.15]) to 0%, i = 1...d, and then to the
Lie Brackets appearing in the development, iterating until the order of the remainder
is small enough to find

gl(l‘) _I_ O(tl/g)
D,, Byo'(z)t +  O3?)
. s
Zo' (Xy) = Dy, B3D,, Byo' ()% + O(t5/2)
: N _

Dy, ,By... Dy, Boo'(z) gy + O(t” 1/2)

We have denoted as O(t*) the integrals we find iterating . They involve Z;
and ¢, B and their Lie brackets up to a certain finite order. Writing O(*) we mean
that for any ¢ > 0 the g-moment of this quantity is bounded by C,t*, and this follows
from standard computations.

We can write the result above as a matrix product:

o(x) + R}
D, Byo(x)t + R?
Zio(X,) = DmBstBza(fC)g + R (3.5.20)
: P
D, . B,. Dxlea( n)i=y + R
The remainder R!, for i = 1,...,n, is a square d x d matrix, and it is of order ¢"~1/2,

meaning E|R:|? < C 90~/ for any ¢ > 0. From (3.5.20]), using the block-diagonal
structure of As we have

Idg RY/(5Y?)
Idg 3 R2/§
AT Z0(X,) = 67112 C + '/
s\n—1 DN . n

s (3) Ry /(0"?)

where E|RI|¢ < C,t%~1/?) still holds. For fixed e we introduce the stopping time

Cij (5€)z+] 1

i+ D - DG 1) }”’
(3.5.21)

SE:inf{SEO:EIi,jzl,...,n /|R1Rl|du>
0
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with ¢; ; universal constants small enough to have (3.5.23). Remark

P[S. <de] <) P [( /0 - |R;R;|du)q > ¢(6e)10Hi- 1>]

R R \du)q

<2 <cq(5f—:) 5D

1’7]

C (&g)q(zﬂ)
oo (o) =

/1’7.7

for 6 <44, e <1, for any ¢ > 0.
Now we suppose to be on % > e. Applying the inequality

(M +R)(M +R)'¢,€) > <MMT€ §) — (RR'¢,¢),

which holds for any matrix M, R, vector £, we obtain

A Z 0 (X))o (X)) 2 AT ds

> / A7 Z,0(X)o (X)) 2T A ds

Id, Id, T
S Idy s Idy s
> %/ o1t : ’ : b ds

’ Idd ' S n—1 Idd ' s n—1
(n—1)! (S) (n—1)! (S)

RL/(6"/2) RY/(6Y%) \

S| R%/(6%7) R2/(6%2)
—/ . . ds
; : :

Bryv2y )\ Ry

(i+j—1) Se .
— ( (5:/9) Ady — / R;Rg/5<’+ﬂ—1>ds)
(i+j—1DE—-DG—1)! 0 1<i,j<n

i i ! rSe pi "
Idy— &3 ézfﬂll)f D[ RIRIds <%><w_1)
(i+j-DG-DG - 1) 0

1<ij<n

67

(3.5.22)
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From (3.5.21)) we have

4+ -G =G =D [
(i+3J )<(¢Z+ '_1)) -1 R Rids
St 0
(i+5=DE=DG =D [ s
< T i | R R|ds
e\
(8
< ¢

Choosing ¢; ; small enough, independently of d, we have:

1 Id S\
wg@>z—<<i TG-S ) g’5>
2\ \ i+ - 1D - 1) ( 0 ) 1<ij<n (3.5.23)

> c (FE) > e,

since % > €. So Je, such that taking ¢ <e,, Vo <1, V[¢| =1,

</76£> €> > 5271.

Using also (3.5.22) we have that for any ¢, for any ¢ <e,, § <1,
P((7s5¢, &) < ™) < P[S. < de] < Cye.

Now we apply Lemma , as in lemma and we have (E|\,(55)|?)"/? < C.
The estimate of Ang(;Ag is standard, and from (3.5.19) we have the estimate for
(E[A(ye)[ )P < C. O

3.5.4 On the control distance

As in previous sections, we can define the norm |¢|4, = |A5'¢]. Tt is straightforward
to see that 3C' > 0 such that C~'V5|¢|r, < |€]la, < CVO|€|r,. In what follows we
establish a local equivalence between | - |4, and an appropriate control distance as in
section and so could be stated in this control norm as well. We write
Ag(-) instead of Ag because here we need to consider this matrix on different points.
As before, we associate a semi-distance to the matrix norm | - |4,():

d(z,y) < VR & |z — Yl ap@ < 1.

We give the following definition in analogy to definition |3.18
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Definition 3.28. For ¢ € L*((0, 1), R"), we introduce the formal degrees d; = 2i—1,
for j=(Gi—1)d+1,...id, for i = 1... ,n. We define the norm

Now, as for (3.4.9)), we generalize to
Calw,y) = {¢ € L*((0,1),R™) : dv, = A(vs)dsds, v = v, y = v
. and we introduce

de(,y) = nf {|[$llwe : ¢ € Calz,y)} .

Remark that when n = 1, i.e. we have just one elliptic d-dim differential equation,
this corresponds to the usual definition of the Caratheodory distance.

We are interested in establishing a local equivalence between d, the semi-distance
coming from the matrix-norm, and d., the distance in term of the control.

Proposition 3.29. d, d. are locally equivalent.

Proof. Recall that in our notation d is the dimension of o, d; are the degrees associated
to the directions j. We use in this proof some notions on similar metrics and pseudo-
metrics for which we refer to [7§]. Define

plz,y) = inf{s > 0|13p € Cu(x,y), |#’| < 0%, j=1,... ,nd}.
It is also possible to allow only constant linear combinations of the vector fields:
Ca(z,y) = {0 € R : dv, = A(v,)0ds, x = vy, y = v1 }, (3.5.24)
and define
pa(z,y) = inf{6 > 0[30 € Ca(x,y), 07| <%, =1,...,nd}.

In [78] the pseudo-distances p and p, are proved equivalent. We use here only the

trivial inequality p < po. Remark that an equivalent definition of p would be to define
1/2

it as d, taking the norm [|¢|ls = Supg<,<; |¢s| instead of ||¢]|> = (fol |¢S\2ds) . So

d. < p follows easily from the fact that the L?*(0, 1) norm is dominated by the L>(0,1)
norm.
The proof of

d(z,y) < VR = pa(z,y) < OVR,

for R < R, is analogous to what we have done in Lemma m By definition, d(z,y) <
VR means |z — ylay) < 1. This implies that it exists 6 € Ca(x,y) such that

B(6) — /0 " A(a(0))0ds, (3.5.25)
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with v(0) satisfying dv,(0) = A(vs(6))0ds, vo(f) = z. Remark that ® : R" — R,
®(0) = 0 and ®'(0) = A(x), which is invertible because of (H;). Recall

|z — Ylapge) <1=]z—y| < CoVR < Cov/R,.

For R, small enough, we have that there exist 6 such that ®(0) = x—y (local inversion
theorem), so 6 € Cy. From (3.5.25) it is also clear that |#| < CRz. We now show

|ild=D il (2 /R =1, nd.

We have
Anle) " a =9) = Anle)” | A(us(0))0s
= Aale) A0+ An)™ [ (A00) ~ A
_ (%)Fl S I0.R)
Consider

1

IO ) = An(e) " [ (A(0.(0)) - Aw)pds.

0
Remark |A(vs(0)) — A(z)| < C16|. Because of the block-triangular structure of A,

(Dmnlen ce Dl" BQO’(J?))_I
(J(0, R)i)k=n(d—1)+1,...nd = R”—l/; %

1
(/ [Dy, By ... Dy Boo(v5(0)) — Dy, By, . .. Dy, Boor ()]0 V¥ ”dds)
0
so, since |0 < CRz,
|(J(67 R)k)k:n(d—l)+1 ..... nd’ < C‘e‘

For R < R, small enough, C|6| < CR)* < 1/2. So

Recall that

_ 0;
1> |Ap(z) (= —y)l = ‘(Rd—j/?) +J(0,R)
j=1l..nd

0.
= <Rdj/2> + (J(ea R)j)j:n(d—l)—H ..... nd
j=n(d—1)+1,...,nd

.....

<0n(d1)+1 ..... nd)
> Z—
Rr1/2 j=n(d—1)+1,....;nd

.....

2 Rn—1/2



3.5. DENSITY ESTIMATES FOR A CHAIN OF SDES 71

Then we have

It also holds VB
R
dc(‘ray) < ? = d(l’,y) < \/ﬁ7

if K is large enough. With the same notation as above, in particular supposing
30 € Calx,y) with [|¢llue < FE,
1
o= slaneo = Aa(e) " [ Aot
0

Jy dids
<o|( L
j=1l...,nd

<C/K <1

So d(z,y) < VR, and this concludes the local equivalence of d, d,, p, ps. ]
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Chapter 4

Tubes estimates for diffusion
processes under a local Hormander
condition of order one

4.1 Introduction

In this chapter we consider a diffusion process in R™ solution of

d
X, =Y o5t X0) o dW7 +b(t, Xp)dt,  Xo=u. (4.1.1)

J=1

where W = (W', ...,W9) is a standard Brownian motion and odWW; denotes the
Stratonovich integral. We assume o;,b : RT x R” — R" three time differentiable
in z € R™ and one time differentiable in time ¢ € R*, and that the derivatives with
respect to the space z € R™ are one time differentiable with respect to t. We as-
sume that the coefficients o, b verify the strong Hormander condition of order one
(involving o; and the first order Lie brackets [0}, 0;]) locally around a skeleton path

dry(¢) = Z o;(t, x,(¢))ldt + b(t, z,(o))dt. (4.1.2)

As in chapter [3 we use a norm which reflects the non isotropic structure of the
problem, i.e. the fact that the diffusion process X, moves with speed v/t in the
direction of the diffusion vector fields o; and with speed t = Vt x v/t in the direction
of [0;,0,]. We prove that this norm, that we denote |£|4, (see (4.2.3))) is equivalent
with the standard control metric d.. We find exponential lower and upper bounds for
the probability that the diffusion remains in a small tube around the skeleton path, i.e.
P (supy<r | Xt — 24(0) | an(tae(@)) < 1). The proof of this result is based on a diagonal
two-sided bound for the density in short time, and a concatenation procedure. Our
density estimate is interesting in comparison with the classical result (see [72]),

73
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since also here we work in a strong Hérmander framework, but we allow for a general
drift, and moreover our coefficients may depend on t (see [34]). This work is the
continuation of [6], where the lower bound was proved.

4.2 Notations and main results

For (¢t,x) € RT x R™ we denote by n(t, ) a constant such that for every s € [(t —1)V
0,t+ 1],y € B(z,1) and for every multi index « of length less than or equal to three

d
20(s, 9)] + 920(s, 9) + 310205 (s,9)| + 100805 (s,9)]) < mlt,x).  (4.2.1)

j=1
Here, a = (aq,...,a1) € {1,...,n}* represents a multi-index, |a| = k the length of
a and 0y = Oy, ...0z, . We do not assume global Lipschitz continuity or sublinear

growth properties for the coefficients, so the above SDE might not have a unique
solution. We only assume to work with a continuous adapted process X solving
(4.1.1) on the time interval [0, T7.

We need to recall some notations. For f, g : RT xR"™ — R" we define the directional
derivative 9, f(t,x) = > "1, ¢'(t,2)0,, f(t, x), and we recall that the Lie bracket (with
respect to the space variable z) is defined as [g, f](¢,z) = 0,f(t,x) — Org(t,z). Let
M € M, xm be a matrix with full row rank. We write M7 for the transposed matrix,
and MMT is invertible. We denote by Ag(M) (respectively A#(M)) the smallest
(respectively the largest) eigenvalue of MM7T and we consider the following norm on
R™:

[Ylar = V{MMT) "y, y). (4.2.2)
Here and all along this chapter d?> = m. We are concerned with the matrix A(t,z) =
(Ai(t, z))i=1...m, defined as follows. Let | = (p — 1)d+1i € {1,...,m}, with p,i €
{1,...,d}.
Al(t,x) = oy, 0)(t,x) if 1#p,
=o(t,x) if i=p.

For R > 0, we define R the diagonal m x m matrix with R;; = R for i # p and
R, = V'R for i = p. Moreover,

Ag(t,z) = A(t,2)R = (VRoi(t, z), [VRo;, VRO (t, )i jpet....djtp- (4.2.3)
We denote by A(,z) the smallest eigenvalue of A(t,z)A(t, z)T, i.e.

m

At x) = inf > (Ai(t,z), €)%, (4.2.4)

=1
6l=14

Consider now some x € R", ¢ > 0 such that (0;(¢, x), [0}, 0p](t,2))i jp=r1...dj-p SPaD R™.
Then ApA%L(t, x) is invertible and we may define Yl 40y We also denote (o(t, x))
the subspace of R" spanned by o;(t,z),i =1, ...,d.
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For > 1 and 0 < h <1 we denote by L(u, h) the class of non negative functions
f Rt — R* which have the property

() < nf(s) for [t—s| <h.

We will make the following hypothesis: there exists some functions n : [0,7] — [1, 00)
and A : [0,7] — (0, 1] such that for some ¢ > 1 and 0 < h <1 we have

(Hl) n(ta xt(¢)) < nt7Vt € [OaTL
(Hs) At, z(p)) > A >0,V €[0,T], (4.2.5)
(H3) |¢.|27n.7)\. € L(:U“v h)

Remark 4.1. Hypothesis (Hs) implies that for each ¢ € (0,7), the space R" is

spanned by the vectors (o;(t, x¢), [0, 0p](t, 21))i jp=1...dj<p, SO the Hormander condi-
tion holds along the curve x;(¢).

The main result in this chapter is the following:

Theorem . Suppose that (Hy), (H2) and (Hs) hold and that Xo = xo(¢). There
exist K, q universal constants such that for H; = K (“)\—’?)q, for R < R.(¢) (defined

in (1)),

T 1 )
exp —/H(—+¢ >dt>
( o R
171 )
<P {sup | Xy — 24(d)|aptan(en < 1) Sexp | — +lo]” ) di ) (4.2.6)
t<T 0 Ht R

Remark 4.2. Suppose X; = W, and z4(¢) = 0, so that n, = 1, \y = 1, p =1
and ¢ = 0. Then |X; — 24(0)] 4, 1.00(6)) = R™Y2W, and we obtain exp(—C,T/R) <
P(sup,<r [Wi| < VR) < exp(—CyT/R) which is coherent with the standard estimate
(see [64]).

The proof of Theorem relies on the following two-sided bound for the density
of equation (4.1.1)) in short time. The estimate is diagonal, meaning that it is local
around the drifted initial condition Xy + b(0, Xo)J.

Theorem . Suppose that (Hy) and (Hz) hold locally around Xo. Then there exist
constants r, 6., C such that for § < 6., |y — Xo — b(0, X0)d|a50,x0) < 7,

1 C
dim{o(0,X0)) < Px; (y) < 5n- dim(o(0,X0))
2 2

con~

A global two-sided bound for the density of X; is proved in [72], under the strong
Hormander non-degeneracy condition. It is also assumed that the coefficients do not
depend time, i.e. b(t,z) = b(x), o(t,x) = o(x), and that b(z) = Z}i:l a;0(x), with
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a; € Cp°(R™) (i.e. the drift is generated by the vector fields of the diffusive part, which
is a quite restrictive hypothesis). This bound is Gaussian in the control metric that we
now define. For z,y € R™ we denote by C(z,y) the set of controls ¥ € L*([0,1]; R%)
such that the corresponding skeleton solution of

d
du(¥) = _oj(m(@)vfdt,  up(¥) =2
j=1
satisfies u1(¢) = y. The control (Caratheodory) distance is defined as

de(z,y) = inf{(/o1 b, | ds>1/2 RINS C’(m,y)}.

Their result is the following: there exist a constant M > 1 such that

1 . Md.(x,y)?
oMz, y)?
M| By (w,672)] ©P t

M de(x,y)?
< P — _
_pt(x7y) = |Bdc<l‘,t1/2)| exp ( Mt

for (t,x,y) € (0,1] x R" x R™, where By(z,7) = {y € R" : d(z,y) < r}. It is natural
at this point to wonder if d. and |- |4, are somehow related. Recall that now, as in
I72), b(t,z) = b(z), o(t,z) = o(z). We define the semi distance d via: d(z,y) < VR
if |2 — y|ap@) < 1, and prove in section the local equivalence of d and d.. This
allows us to state theorem [£.14]in the control metric:

q
Corollary 4.3. There exist K,q constants such that for H, = K <“A—"tt> , for R <
R*(¢)7

T
exp <—/0 H, (% + |¢t|2> dt)

<P (OigTdc(Xt,xt(ab)) < \/E) < exp (— /OT Hit (% + \qsty?) dt) o (4.2.7)

We present now two examples of application:
Example 1. Consider the two dimensional diffusion process

t
X =o + W}, XP=ux +/ XdW?2.
0

R 0
On {z; =0}, [§%, ) = % + % and consequently for R small {€ : [§],, ) < 1} is an
ellipsoid.

Since ApAL(z) =

2 2
] , the associated norm is |§|?4R(x) = % + m.
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If we take a path x(t) with x;(¢) which keeps far from zero then we have ellipticity
along the path and we may use estimates for elliptic SDEs (see [10]). If z1(t) = 0 for
some t € [0,7] we need our estimate. Let us compare the norm in the two cases: if
x1 > 0 the diffusion matrix is non-degenerate and we can consider the norm || Br()

with Br(z) = Ry/oo™(x). We have

1 1
’f\?gR(x) = Ef% + R—ﬁfg > Ef% +

2 _ 2
R(2R+$1)62 ‘£|AR(1')7

and the two norms are equivalent for R small. Let us now take z:(¢) = (0,0). We
have ny, =1 and A\, = 1 and X; — 2, = (W}, fot W1dW?), so we obtain

2
—GiT/R < p WH + — /WdW2 <1
e su
< <tgg{ Wi+ o

=P (Sup(|Xt — xt’ZR(xt) < 1) < 6702T/R.

t<T

Example 2: The principal invariant diffusion on the Heisenberg group.
Consider on R? the vector fields 9, — 20, and 0, — 50,. The associated Markov
process is a Brownian motion on R? and its Ll’g‘)%vy area.

1 [ 1 [
XD m o AW, X2yt W2 XP oyt 5/ Xlaw? — 5/ X2aw,
0 0
(cf. [47], [3], [73], where gradient bounds for the heat kernel are obtained, and [14]).

Since the diffusion is in dimension n = 3 and the driving Brownian in dimension d = 2,
ellipticity cannot hold. Direct computations give

1 0 0
o1(z) = 0 . oo(x) = 1 , o1, 00)(2) = 0py09 — Dgyor = | 0
—.1'2/2 I1/2 1.

Therefore oy (x) 0'2(17) [01, 0] (x) span R? and hypoellipticity holds. In z = 0 we have
|£|AR €1+£2 - QRQ, so taking as control ¢; = 0, denoting A;(W) = %fg Xldw? —
L deWsl (the Li; vy area) we obtain

A 2 112 2|2 A 2
P sup |Wt1|2 + |Wt2|2 + ‘ t(W)‘ S 1 —P (Sup ’Wt | + ’Wt | + ’ t(‘/{é)’ S 1)
t<T/R 2 t<T R 2R

=P ( sup|X,|3 <1].
(t<$| tlap ey < )

Appling our tube estimate we have

2
e—ClT/R S IP) ( Sup ‘Wt1’2 _|_ ‘Wt2’2 _|_ |At<W)| S 1> < €_C2T/R.
(<T/R 2
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4.3 Decomposition

We start with the decomposition of the process that will allow us to produce the lower
bound in short time. Writing this decomposition we also introduce some notations
that we will employ in this chapter, mainly in section

4.3.1 Development

Using a development in stochastic Taylor series of order two we write
Xt — X() + Zt + b((), Xo)t + Rt (431)

where

d t
Zai,j/ WiodWw! (4.3.2)
0

i,5=1

d
Zt = Z CLthi +
i=1

with a; = 0,(0, Xo), a;; = 05,04(0, Xy), and

d t s
R = Z /O /O (0p,0(u, Xy) — 05,0,(0, Xp)) 0 dW,, o dW! (4.3.3)

Ji=1

d t s d t s
+ Z/ / Opoi(u, X )du o dW! + Z/ / Duoj(u, X,)du o dW!
i=1 70 70 i=1 70 /0
d t s ) t s
+> / / Dy b(u, X,) o dWids + / / Apb(u, X, )duds.
= Jo Jo o Jo

Since O(R;) = t3/2, we expect the behavior of X; and Z, to be somehow close. Our
first goal is to give a decomposition for Z; in (4.3.2). We start introducing some
notation: we will write [a]; ; = a;; — a;; = [0:,0,](0,X,). We fix 6 > 0 and denote
si(6) = %6 and

. . . y sk(9) . . .
DLW = Wiy = Wi e APGW) = [ (Wil o]

s s Sk—1
sk—1(9)

Notice that AZJ (0, W) is the Stratonovich integral, but for ¢ # j it coincides with the
Tto integral. When no confusion is possible we use the short notation s;, = s;(9), A} =
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AL (6, W), Ai’j = Az’j(é, W). Moreover for p =1, ..., d we define

wEW) = YA

i#p
d d d
o o 1 )

GOW) = DT AT+ 3T DY e AN+ 5 e |Af

IEJAFED,JFD l=p+1 i#p j#l iFp

d d o d d . (4.3.4)
€p(5, W) = Z Z apvjA{ + Z Z a,ij{ + Z ap,jA

I>p j#l J p>l j#l J#p

1
WOW) = Zap, |A + D apAiAL + Al

I>p

We write n(5, W) = Zzzl n,(6, W) and ¢ (5, W) = Zzzl Y, (0, W). Our aim is to
prove the following decomposition.

Zs =Y ap(AL(0, W)+ (6, W)+ Y [ali p AL (8, W) +n (6, W) +1(5, W) (4.3.5)

p=1 p=1 i#p

Remark 4.4. The reason of this decomposition is the following. We split the time
interval (0,0) in d sub intervals of length ¢6/d. We also split the Brownian motion
in corresponding increments: (W? — WP ), <.cq,p = 1,...,d. Let us fix p. For
s € (sp-1,8p) we have the processes (W} — W, 1)sp71§3§sp,l = 1,...,d. Our idea is
to settle a calculus which is based on WP? and to take conditional expectation with
respect to W' i # p. So (W! — W;p,l)sp71§s§spai # p will appear as parameters (or
controls) which we may choose in an appropriate way. The random variables on which
the calculus is based are Ab =W? — WP and AP = f;p” (Wi =W _)dWP,j #p.
These are the r.v. that we have emphasized in the decomposition of Zs. Notice that,
conditionally to the controls (W! — Wsip,l)sp,lgsgsp,i # p, this is a centered Gaussian
vector and, under appropriate hypothesis on the controls this Gaussian vector is non
degenerate (we treat in section the problem of the choice of the controls). In

order to handle the term AP’ = f;"_l(Wf — WP )dW]. we use the identity Ab' =
ALAP — AP This is the reason for which (a,; — a;,) = [a],; appears.

We now prove (4.3.5). We decompose

d d

ZaZZZ(sl)—Zsl 1 Z(ZalAUrZa”/ WzodWJ>
= 4,7=1

=1

and write
-1

Sl . .. . . ..
/ WiodW] =W! A} + A = (Z ADA] + A
Si—1

p=1
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Then

Z alA’—i—ZZam ZN N+ZZ%A” —: S + S5+ Ss.
=1

i=1 =1 4,5=1 =1 4,5=1

Notice first that

Sl ZCLZA +ZZ(Z@A1

I=1 i#l
We treat now S;. We will use the identities

|AI]* =24 and  AIA] = AFT 4+ AJ

Then
Sy = Z Z GZ"Z'A;J + Z Z ai,jAg’]
I=1 i=1 I=1 i#j
= Z Z (]JZ'7,L'A;’1 -+ Z Z G,MA?Z -+ Z Z OJ[J‘A?J -+ Z Z ai,jA?]
I=1 i=1 I=1 i#l I=1 j#l I=1 i) iAlj#l
d d d
_ %Z S a A 30 agai
=1 i=1 I=1 i#l
d d
Y a (Alal- AT Y > aay
I=1 j#l I=1 i#j,i#l,j#l

d d d
Al + % DD a A+ D0 (i — a) Ay

d
1
- g2 A A
i=1 =1 i#l =1 i#l

d d
S(Ses) Y

L I=1 i il i

We treat now Sy. We want to emphasize the terms containing Af. We have

d d
So=>" " ai,ALA] = Sy + S5 + S5 + S¥

I>p i,j=1

: d d d
with 50 =271 >, and

d d d
r P AL " o__ APAJ
Sy = § :ap,lApAlv Sy = E § :apJApAl
I>p I>p j#l

d d d d
g = Al Al wo__ A Aj
2 Qi p—=0 2 Q4 p—l:

I>p i#p I>p i#p,j#l
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We have
Sy = Z AP ( > ZapJAJ)
l=p+1 j#l
and ;
P (DY) - 1 (3w
p=1 i#p =1 j#l
so that
Sy + 8y = Z AP ( > Z ap ;N + Z Z aJpN>
l=p+1 j#l =1 j#l
Finally
Zg = ZCLIAI +ZZCL AZ
. d d A d d A
+ Z ap  ALA] + Z AP (Z > A+ Y Y aj,pAg)
l>p l>p j#l p>l j;ﬁl
+Z Z a;i;ALA] + — Za“ A+ 2 ZZ@H Al
l>p 1#£p,jF#l =1 i#l
+ Z Z(a“ — al,i)Af"l + Z (Z al,jAg) Aé + Z Z &Z’JA;"j.
=1 i#l =1 \ j#l 1=1 i£j,il,j#l

We want to compute the coefficient of A : this term appears in Zzzl Ab(a, + &),

with
d d d d
= Z Z ap,jA{ + Z Z aj,pA{ + Z ap,; A

I>p j#l p>l A i#p

We consider now A%P. It appears in

The other terms are

d d d
DD ali Y Y A+ Za“m +z ZZ%!N

=1 iyﬁl I>p i#p,j#l =1 i#l
+Z > aiAY + Z ay APA.
=1 i#j,i#l,j#l I=p+1

We put everything together and (4.3.5)) is proved.
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4.3.2 Main Gaussian component

Let I = (p—1)d+i € {1,...,m} with p,i € {1,...,d}. We define B, = §~/2W;5 and
denote

P

1 o
o, — 5AP—/d (B — BL_)dB? if i#p (4.3.6)
o d

We will also denote {(p) = (p — 1)d + p so that Oy, = \/%Ag. We consider the o field

G:=o(W/— Wsjp L0 5p-1(0) S s < 5p(0),p=1,...d,j #p). (4.3.7)
Forp =1, ...,d we denote O(,) = (O(p—1)d+1; ---» Opa). Notice that conditionally to G the
random variables ©,),p = 1,...,d are independent centered Gaussian d dimensional
vectors and the covariance matrix @, of ©,) is given by

Qg,a:Q;p:/pl <B§—B§%1> ds, j#p,
d

.. d . .
Q= [ (Bi-BL) (Bi-Bi)ds i #pitn
p-1 T e
1
Q=
It is easy to see that det (), # 0 almost surely. It follows that conditionally to G
the random variable © = (O(1), ..., O(y)) is a centered m = d* dimensional Gaussian
vector. Its covariance matrix () is a block-diagonal matrix built with @,, p =1,...,d.
In particular det Q = H 1 det @, # 0 almost surely, and A\, (Q) = min,—; 4\, p(Q)
_____ d Ay (Q). We will need to work on subsets where we
have a quantitative control of this quantities.

4.3.3 Decomposition.
Recall (4.7.10). We have

A0, X0) = laly if i#p, (438)
= a, if t1=p,

We denote by A% € R™ i = 1,...,n the rows of the matrix As. We also denote
S = (AL ..., A7) C R™ and S its orthogonal. If hypothesis (H;) holds the columns
of As span R™ so the rows are linearly independent. It follows that S+ has dimension
m —n. We take I'S,i = n + 1,...,m to be an orthonormal basis in S+ and we denote
I's = A0, Xo) for i = 1,...,n. We also denote ['; the (m —n) x m matrix with rows
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I'4i=mn+1,...,m. Finally we denote by T's the m x m dimensional matrix with
rows ['s, 4 = 1,...,m. Notice that
AsAT(0,Xo) 0
T 641§ y 20
sl = ( 0 Id, . (4.3.9)

where Id,,,, is the identity matrix in R™~". It follows that for a point ¥ = (ya), y(2)) €
R™ with yq) € R",yo) € R™™™ we have

Wit = 190 o + 190 (4.3.10)

where we recall that |y|§(S = ((TsI'Y)'y,y). For a € R™ we define the immersion
Jy : R" — R™ by

zeR" = J,(2) =y e R" withy; = z,i=1,..,n and y; = <Ff5,a> Ji=n+1,...,m.

(4.3.11)
In particular Jy(z) = (%,0,...,0) and
|JOZ|F5 = |Z|A§(0,X0) : (4312)
Finally we denote
d
Vo = > apu(6,W) +4(5, W), (4.3.13)
p=1
i/ d
n.(0) = Z (%5@?@) + 51/2@l(p)5p + Z ap,qé@l(a)@l(p)>
p=1 q>p

where 41,(6, W), 9(6, W) and €, are defined in (4.3.4). Recall that Oy, = 6~ /2AP so
that n,(0) = ZZ:1 (0, W). Now the decomposition (4.3.5) may be written as

Z5 = Vw + Ag(O, Xo)@ + ’I’}w(@)
We embed this relation in R™ and obtain
Jo(Zs) = Jo(Vi,) +T50 + Jo(1.,(0)).

Multiplying with Iy ! we set V,, = T'; ' Jo(V.,), 71.(©) = T Lo (n.,(0)), Z = T3 Jo(Zs).
Now we define
G =0 +1.(0), (4.3.14)

and we have

Z=V,+0+0,(0)=V,+G. (4.3.15)
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4.4 Lower bound for the density in short time

In this section we prove the lower bound of Theorem [4.5] First, using the local
inversion theorem, we deal with the ” Gaussian” part of the diffusion. We find a lower
bound for the density conditioning in an appropriate way on the Brownian paths.
Regarding this, we refer to section for some technical results. The second step
requires Malliavin calculus techniques, presented in Chapter[2 Those techniques allow
us to handle the "non-Gaussian” remainder, and find lower bounds for the density of
the rescaled diffusion F (cf. (4.4.14)). We recover the result for py, with a suitable
change of variable.

Let X; be solution of , and X its initial condition. We introduce the class
of constants

C={C =K (n(0,Xo)/\0,Xy))*,3K, ¢ > lconstants}, 1/C={1/C:C eCC}.

In what follows when we write C' we mean constants in this class, which may vary
from line to line. In this section, since the initial condition is fixed and the notation
heavy, we write o = ¢(0, Xy),b = b(0, Xy), As = As5(0, Xo). We recall that (o) is the
subspace of R™ spanned by 0,7 = 1,...,d. In what follows we prove the lower bound
of the following theorem:

Theorem 4.5. There ezistr.,0, € 1/C, C € C such that for § < o, |y—Xo—bd|a, <r

1 C
im (o S p y im(oc) 441
C(Snfd 2( y Xa( )(5nid 2( y ( )

4.4.1 Localized density

We need to determine a set of Brownian trajectories where we have a quantitative
control on the "non-degeneracy” of the main Gaussian ©, and for this purpose we
use the notion of localization introduced in [7]. Suppose to have a probability space
(Q,F,P) and a random variable U € [0,1]. We denote dPy = UdP, and ppy the
density of a r.v. F when we endow (2 with the measure UdP. For details on this
aspect (in particular in relation with Malliavin calculus) we refer to section We
denote

ars

(B! — B_,)dB!

p—1 d

d

w(B) =" |B, = BL.|+ Y

J#p J#Pp,i#£p

d
and  ¢(B) =) g,(B).
p=1
For fixed ¢,p > 0, for p =1, ..., d we define the sets

Npep = {det Qp, >¢e’, sup Z ’BZ - Bi%l
i#

p—1 p =
T Stsg P

<e "’ q(B) < 6}.

By (4.4.25)), using the scale invariance of Brownian Motion, we may find some con-
stants ¢ and ¢, such that

P(Aycp) > ce2 @) for o< g,
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Let A, = ﬂgzlAp@p. Using the independence property we obtain
P(Aye) > ¢ x 3@, (4.4.2)

On the set A,. € G we have det Q) = szl det Q, > % and \*(Q) < e7?. Remark
that

1/2
) _ (L .
S S 1Ql= (m 1<;<inj> <X(Q). (4.4.3)

For a > 0 we introduce the following function,

CL2

Vo(z) = Ljzj<a +€xp (1 — m) La<|z|<2as

which is a mollified version of 1jp,. We can now define our localization variables.
Taking a; = €%, ay = 72, ag = de, we set

[j = (¢a1(1/det Q))¢a2(|Q‘Z)wa3<Q(B>>‘

The following inclusions hold:
A, C {det@ > e Q| < e %, q(B) < de} —{U=1}C{U#0}. (444)

We can consider U ~as a smooth version of the indicator function of A,.. We also
define, for fixed 7, U = [],_;. ¥+(©;). Remark that U depends on ¢ and U depends
on r, and that U is G measurable. We set U = UU.

Lemma 4.6. There exist C € C, ¢,r € 1/C such that for |z| <r/2,

L e

Proof. STEP 1: We start proving that there exist C' € C, &,1 € 1/C such that, on
U #0, for |z| <r/2

1

& SPzo6(%)-

Here p3 5 g represents the localized density of Z conditioned to G, i.e.

BIH(2)0I9) = [ £ 6l (4:46)

for f positive, measurable, with support included in B(0,7/2). On U # 0, \*(Q) <
2\/me~?F and

gdr

5 < detQ S M (QA Q)" S A(Q)2vim) e,
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and this gives A\, (Q) > (;j%m. So, fixing p = 1/(8m), for € < &*,
1 A(Q) 3
— > Mot > ¢ 4.4.
16m2 M\ (Q) — Cme =° (44.7)

To apply to G = O 4+ 1,(0) (with m = d), we need to check the hypothesis
of Lemma [2.13] We use in the following the notation of section [2.2.3] in particular for
¢«(Nw, r) and ¢;(7,). The third order derivatives of 7, are null so we have ¢3(7,,) = 0.
For i = I(p) and j = I(q) we have 0; ;n.,(©) = da;;, otherwise we get 0; ;1,(0) = 0.
S0 0;;n.(©)| <63, aij. Using we obtain

10:,j710(©)] = [Jo(0i,j1.(0)) |, = [95,;m.(O)] 4, < C € C.

So

1 1

~ S ~ — )

Ci 7 16m*(ea(7) + /e3(7))
We compute now the first order derivatives. For j ¢ {l(p) : p = 1,...,d} we have
01 = 0 and for j = [(p) we have

d
w(©) =4 Z apnqpvaOi(g) + \/SEP‘
a=p

So, as above, we obtain |9;7,(©)| < C(|0] + le;1/v/9). Remark now that on {U # 0}
we have |©] < Cr, and on {U # 0} we have ¢(B) < 2dg, so

d
> lejl < CVoq(B) < CVoe. (4.4.9)
j=1
Therefore
C*(ﬁw, 167“) < CQ(T + 6), EICQ eC. (4410)
We also consider the following estimate of V,| = V.| A, We have
S| = = A0 W), < 6, W) < Cal
pHp\Y) = —= [AsJo(Up\ 0, As > = |Hp\0, =
LV =V
e 0(0.W))
o,W < ——Z < (Cq¢B
W)L, < s < ol
Slo)

Vw S C(](B) S 03€, 303 eC. (4411)
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We consider (4.4.11)), and fix £ = 2C5 € C, so |‘7w| < r/2. Then we consider (4.4.10),
and
1

~ < < 1/2 < —.
Ce(Mu, A1) < Co(2C3 4+ 1)e < e/2,  fore < (4C5C5)? = C

Moreover, looking at (4.4.8))

1 1 1

=92 < — < —.
r 035_01 fors_chc,SEC

So, with
1 1 1

AN PTeNeA R To e A

and r = 2C3¢ we have

1
: Cye (M, 4r) < 81/2; r < —.
(7 41) < <G

Now, using also (4.4.7) and (4.4.8), we prove that (2.2.15) holds, and we can apply
Lemma 2.131 We obtain

Vo] <

N3

1 K 1oP) < paosete)
— —exp | ——~]2 (s
K det Q1/? P 2\ (Q) = Pacug
for |z] < r, where K does not depend on o,b. Remark that, using \.(Q) > (Qi;%m?

D= #7 r/e =2C) and £ < 1/(4C5Ch)?,

2

A!z(lc; < (2@:7”2 < (2\%)’”%2 < (gm)mz_zg < (2Vm)™(201)%e < K (4.4.12)

where K does not depend on o, b. Therefore & < pg g g(2), for |z| < r, for some
C e, on U #0. Now recall |V,| < r/2 and ([£.3.15). Hence for |z| < r/2

1
G < pzo0(%)- (4.4.13)

STEP 2: We want to get rid of the conditioning on G to have non-conditional bound
for p; ;. Since U is G measurable, for f measurable, non-negative, with support
included in B(0,7/2),

E[f(Z)U] = E[E[f(2)U|G|U]
and, by and , we obtain

L[] / f(2)d= < E[f(Z)U]

A,. C{U =1}, (£42) and ¢ € 1/C imply E[U] > &, so (4.4.5) is proved. O
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4.4.2 Lower bound for the density

We use results and notations of chapter In particular, we denote with D the
Malliavin derivative with respect to W, the Brownian Motion driving equation (4.1.1)).

We recall (4.3.3) and I's = ( II:L; ) and define
5

F=Z+R, with R=T;%Rs, 0, ,). (4.4.14)
Lemma 4.7. There exist C € C, 0,7 € 1/C such that for 6 <., |z| <r/2,

é < pru(?). (4.4.15)

Proof. We want to apply Theorem with F = F and G = Z defined in (#.3.15).
Fix p = 32n. We are going to check that C; € C. Moreover, from (4.4.14]),

12s(F = Z)lly = | Rllop < L5 | Rllep < CO716%2 = C'V5, "€ C.

Choosing an appropriate 6 < §, € 1/C, since (4.4.5)),

1

c <pru(z), for |z|<r/2.
Let us check that the quantities involved in the definition of C; in Theorem [2.4] are in
C. For np (1, p) this is elementary. We start with my (k, p). Standard computations

and (4.4.22)) give Vp
11/ det Qll2p + | 1Qlll2p + [la(B)ll2p + [1Oll2p < C,

so we can apply (2.1.4) and conclude

my(l,p) < C, |[1-Ul1,<C, 3CeC. (4.4.16)
Now (see (I313)).
d 5 d 5i(6) o d 54(6) ‘
e =3 [z =Y [ pzer=3 [ (DG
=1 0 i=1 52'71(6) i=1 Sifl((;)
d si(0) 1 ) ) ) )
2 [ D6~ (in©) 6%
i=1 7 si-1
=51+ 5s.
We have
d 5i(6) d 5i(6)

(VH(©)Di6, )%ds = Y / (DIO, Vi(©)T)2ds < A (Q) V()¢

i=1 7 si—1(9) i=1 7 si—1(9)
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s; (6 i .

702 2 0@ (5

vi©)R).

N}

On {U # 0}, c.(n,©) < W (proved in lemma . Since |Vn(©)] <
mc*(n7 @)7

1 [A(Q)

Vn(O)| < - ,

viO) < 3y 3]
and therefore 4\, (yz) > A(Q) > €™, which implies I'; ;(p) < 4Tepy(p) < C €
C. O

We now make the change of variable that gives us (4.4.1)), proving that there exist
C €, d,,r. € 1/C such that for § < d,, |y — Xo — bd|a, < s,

im (o —pl( y
Con—"5 ’

Proof. We take the same 0,7 as in Lemma[4.7 Writing

X =0;0, X;=(X5X), Xo=(Xo+0b50, )

and recalling (4.3.1)), (4.3.15)), (4.4.14)), we have

X5 = Xo +TsF. (4.4.17)

We denote with Pr : R™ — R” the projection of the first n components, and with
Pr : R™ — R™ " the projection of the last m —n components. From (4.4.17]) we have

X5 = Xo + b5 + PrTF, X = PrIF. (4.4.18)
Writing in coordinates as
y = (yay, y2)) = (Xo + b6 + Prlsz, Prlsz) = Xo + sz,
we want to recover a lower bound for px, (y1)) from (4.4.15). From follows
{1X5 — Xo = b8|a; < v/4} 0 {|X] < r/4} € {|X5 — Xolr, < r/2} = {|F| <r/2}

(4.4.19)

We consider a positive, measurable function f : R® — R with support included in

{y « lya) — Xo+bdla; <7/4} (4.4.20)
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Applying (4.4.18)), (4.4.19) and we obtain
E[f(Xs)] > Ev[f(X5)] = Ev[f(Xo + b0 + PrI;F)]

= /f(Xo + b0 + Prlsz)pru(2)dz

1
> — f(Xo+ b0+ Prlsz)dz

{lzl<r/2}

i),
> - fy)dyaydye)
Cldet Ts| J {1y~ Xo—b6l; <r/)0{lygay <r/2}

r

1 < >mfn /
= - f(yl)d?h-
Cy/|det AsAT| \4 {ly(1)—Xo0—b(0,X0)5| a; <r/4}

From (4.2.3) and Cauchy-Binet formula we obtain

]_ im(o im{o
55”*id 27 < /] det A;AT| < O ES (4.4.21)

Since r € 1/C, this gives that for some C' € C, r, € 1/C, for |y — Xo+b(0, Xo)0|a; < 7.

im(o —pX y
o5 ’

4.4.3 Support Property

In this section we prove ((#.4.25)). Let B = (B!, ..., B¥!) be a standard Brownian
motion. We consider the analogues of the covariance matrix @);(B) considered in the
previous sections: we define a symmetric square matrix of dimension d x d by

1
0
1
Qj,p — Qp,j:/ Bng:dS, j7p:1,,d—1
0

and we denote by A\.(Q) (respectively by \*(Q)) the lower (respectively larger) eigen-
value of ().
For a measurable function g : [0,1] — R%! we denote

2

1 1 1
ag(§) = fd—f-/o (g5, &) ds,  By(§) :/0 <gs’£*>2 ds — (/0 (gs,§*>ds> with
& = (&4,...&) € R and &= (&1, Eam1)-

We need the following two preliminary lemmas.
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Lemma 4.8. With g(s) = By, s € [0, 1] we have

(Q€.€) = a(€) + Br(&).

As a consequence, one has

A (Q) = inf (%(€) + B5(€)) and N (Q) < sup(a%(€) + B5(€)) < (1+sup|By)”.

lg1=1 le|=1 t<1
Taking & = 0 and £ = 1 we obtain (QE,£) =1 so that \.(Q) <1 < A\*(Q).

Proof. By direct computation

2

Qo) = grag [ pacriss ([ acra)

+/01 (B, &) ds — (/01 <BS,§*>ds)2
—(g+£?&¢g@f+£7&&#w—(AV&@MQ%

The remaining statements follow straightforwardly. O

Proposition 4.9. For each p > 1 one has
E(|ldet Q") < Cpa < o0 (4.4.22)
where C, 4 is a constant depending on p,d only.

Proof. By Lemma 7-29, pg 92 in [20], for every p € (0, 00) one has

1 1
eGP < TG e

Let 6(&,) : fo (Bs, &) ds. Using the previous lemma

|€| (2p—-1) Q§E>d€ — / (€§+|€*|2)d(2p—1)/26—(§d+9(§*))2—53(f*)dé"
Rd

< O [ (A6 I e ) g,

Rd—1

< C/ sup 1V |Bt|d(2p—1) (1+ |§*|d(2p—1)+1)€—53(£*)d§*_
R

d—1 t<1

We integrate and we use Schwartz inequality in order to obtain

1 (2p—1)+1\2 —28p(£4)\\1/2
E\=——5 c+C x d
(agp) SC+C [ (B e ey g,
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For each fixed &, the process bg*( ) == &7 (B, &) is a standard Brownian motion
and Bg(&,) = |&)° fo (be, (1) fo b, (s)ds)?dt =: |€,|> Ve, where Vg, is the variance of
be, with respect to the time. Then it is proved in [46] (see (1.f), p. 183) that

21¢.)°
E(672IBB(5*)) — E(ei2|£*|2v’5*) = L
sinh 2¢, |

We insert this in the previous inequality and we obtain E(|det Q|™") < oo. O

We are now able to give the main result in this section. We define

Z Bi|+) / BldBY (4.4.23)
J#p
and for €, p > 0 we denote
A,.(B) ={det@ > ”,sup |B;| <e7”,q(B) <e}. (4.4.24)
t<1

Proposition 4.10. There exist some universal constants ¢, q,€,4 € (0,1) (depending
on p and d only) such that for every e € (0,¢,4) one has

P(Aye(B)) > ¢pa x 27, (4.4.25)

Proof. Using the previous proposition and Chebyshev’s inequality we get

P(det@Q < &) <ePPE|det Q" < Cpae? and P(sup|B;| >e7?) < exp(—c 2p).
t<1 £

Let ¢'(B) = S [Bil+ X, |Jy BidBz| . Since |y BiaBz| < |Bi||B{|+|J; BrdB]
we have ¢(B) < 2¢'(B) + ¢'(B)? so that {¢'(B) < 3¢} C {q(B) < ¢}. We will now use
the following fact: consider the diffusion process X = (X!, X7 i=1,....d,1 < j <
p < d) solution of the equation dX; = dB! dX}” = X]dB?. The strong Hérmander
condition holds for this process and the support of the law of X; is the whole space.
So the law of X is absolutely continuous with respect to the Lebesgue measure and
has a continuous and strictly positive density p. This result is well known (see for
example [72] or [7]). We denote ¢4 := inf|y<; p(z) > 0 and this is a constant which
depends on d only. Then, by observing that ¢'(B) < /m |X;|, where m = 1d(d + 1)
is the dimension of the diffusion X, we get

€

3f)><3f>

Pl(B) <€)= P(q(B) < 5) = P(1X < .

with ¢; > 0. So finally we obtain
1
(1529)'
Choosing p > Zipd(d + 1) and € small we obtain our inequality. ]

P(A,o(B)) > cqe2? @) — ¢ 4eP? — exp(—
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4.5 Upper bound for the density in short time

4.5.1 Upper bound for the density
We prove here the upper bound of theorem (4.5)).

Theorem . (Upper bound). There exist C' € C, §, € 1/C such that for 6 <,

C
px;(Y) € —
oz
Proof. As for the lower bound, we rescale X5, but using a different matrix o that we
are now going to define.

We consider the matrix As(t,x) = As, for fixed § > 0, and take a singular value
decomposition (SVD): A; = UXV?T, where U is a n X n orthogonal matrix and V7T
denotes the transpose of the m x m orthogonal matrix V. X is a n x m matrix,
Y = [¥ 0] where ¥ is a n x n diagonal matrix with positive real numbers on the
diagonal (since As has full row rank). We define « = UX. Note that a is a n x n
matrix. We also define the change of variable

T, :R" — R, To(y) = aly,

and its adjoint T (y) = a1y,
Properties:
lyla; = |Toy| = |yla, Yy € R™, and deta =/ AsAT (4.5.1)
; 1
Vo e R" with [v|=1, Fj=1,....m: |Tiv-A}>— (4.5.2)
¢ m
Vi=1,...,d, Vi|Tyo,;|<C (4.5.3)

Proof. 113 ([4.5.1)) follows easily from o = UY and the definition of | - |5;. Now,
(Trv)TAs = vTa A5 = [TO]VT. So (Tiv)"As = 1, and therefore 35 = 1,...,m :
Tiv- A} > =, so [{1.5.2) is proved. Moreover, T,As = [Id,0]VT and so Vi =

1,...,m, |T AL < 1. For Ai = 0,4/ we have ([&.5.3). O

We define now
F=aXs5— Xg) = Ta(Xs — Xo)

We use now some estimates from chapter 2 From Hélder inequality applied to repre-

sentation with p = 2n
pr(2) SENVQu(F = 2)H(F, 1)] < [[H(E, 1)lan]|Qn(F = 2)ll2n/(20-1),

and since [|Qn(F = 2)|l2n/@n-1) < |H(F, 1)||sr"™ " (proved in [5], see equation (2.2.6)
in this work), we have
pr(z) < ClH(F 1)l -
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Equation (2.2.2) with V =U =1, k =0, p = 2n, p3 = ps = 10n gives ||H(F,1)|2, <
CTr(10n)*nx(0,10n)3. In next section, lemma we prove ['r(10n) < C € C.
np(0,10n) < C € C from standard computation. We prove just ||F]|, < C, Vp, for
the Malliavin derivatives the proof is heavier but analogous.

d F) 1
F=T, Z/ o;(t, X¢) o dW} +/ b(t, X¢)dt
j=1"0 0
d ‘ d .5 , s
=T, Zaj(o,xo)wg+2/ aj(t,Xt)—aj(o,Xo)odWH/ b(t,Xt)dt>
j=1 j=10 0

d
=To | Y030, Xo)W{ + Bg) :

j=1

Therefore

|F| =

d
Ta( U](O,Xo)Wg—FBg)‘
7=1
d

Z Too;(0, Xo)Wi| + |ToBs|.

(4.5.3) implies E|Taaj(0,X0)Wg|p <C,j=1,...,d. |ToBs| < |Bsla; < |Bs|/d, and
since By is of order § we conclude that E|F|P < C € C.

I'r(p), Vp is bounded uniformly in § | 0, as we prove in the following section, and
we conclude that prp(z) < C € C. The upper bound for the density of X5 comes from
a simple change of variable. For a positive, measurable f : R® — R

Ef(Xs) = Ef(Xo+aF) = /f Xotaz)pp(z)dz < C/f Xotaz)dz |det |/f

s0 px;(y) < |decm‘ \/A(;AT < = ‘g"é“’) (from (4.4.21))).

4.5.2 Covariance Matrix of the rescaled diffusion

Recall T'r(p) = 1 + (E|A\.(77)|7?)"/?. We need to prove that this quantity is bounded
uniformly in ¢ | 0, (in particular for p = 10n), to be able to prove the upper bound
for pr (see Lemma . We need this preliminary result.

Lemma 4.11. Take a;,b, t € [0,T] stochastic processes a.s. increasing, by = 0, p
fized and EB[BY] < C,t-+YP. Suppose

F2x5< Fort<¢,e<1,

1/p
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Proof. Set

k
SE:inf{szO:bsz (5;) }/\5,

Remark that for any p > 0

On the other hand, on S, > de,

as. = Qse >

Therefore for any p, for any ¢ < 1,
P(as < £/2) < P(as, < €"/2) <P(S. < de) < &P,
This implies that for for any p > 1, for § <4, ¢ <1,
Plas < &) < eP.
O

Lemma 4.12. For any q > 0 there exists 6, € 1/C such that, for § < 6, € 1/C,

Proof. We need a bound for the moments of the inverse of

d )
=Y / DFFDFFT (s,
k=10

Following [79] we define the tangent flow of X as the derivative with respect to the
initial condition of X, Y; := 0, X;. We also denote its inverse Z; = Yt_l. They satisfy
the following stochastic differential equations (remark that the equations we consider
for X, Y and Z are all in Stratonovich form):

d t t
Y, =Id+ Z/ Vor(s, X,)Y, 0 dWF + / Vb(s, X,)Y,ds
k=10 0

d t t
Z, = 1d— Z/ ZNVop(s, X,) o dWF — / Z,Vb(s, X,)ds,
k=10 0
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where Vo, and Vb are the Jacobian matrix with respect to the space variable. It
holds
D.Xs =YsZs0(s, Xs).

Applying Ito’s formula we have the following representation for ¢ € C?:

t d
200(0, %) = 00.2) + [ 2.3 [ 6] X)W
0 -
t f—ld 0 (4.5.4)
ZS b7 5 ) ) N 7Xs ds.
+ [ {[ 1+ 53w ow ol + d8}<s )ds
(Details in [79] for the autonomous case. Remark that here we are taking an Ito
integral). We now compute

D,F =a 'D, X5 = a V;Z,0(5, X,) = a WYsaa ' Z,o(s, X,)
SO
é
= a Ysayp (@ Ysa)"  where  qp = alf Zoo(s, Xo)o(s, X)) Z dsa™ b,
0
and

A = (o Y50) M 5 (a7 Yea) !

Since
(@ Wsa) ' =a Zsa = Idg+a ' (Zs — Idg)a

standard computations give
EX ((a”'Ysa) ) < CecC, Vg
We now need to estimate the reduced matrix, i.e. prove
E\(yr) 1< CeC, Vq. (4.5.5)

We recall lemma (3.9 which is a slight modification of Lemma 2.3.1. in [79], and we
use it again in this proof.

Lemma: Let v be a symmetric nonnegative definite n X n matrixz. Denoting
C] = Y1 jen WIDY2, we assume that E|CPH < oo, and that for e < ey1an,

Then
EA()7 < Oyl

We show now that for any p > 0, sup,_; P ((yrv,v) <e) < P, for § < 4, for
e < ¢, € 1/C not depending on ¢. Together with the previous lemma this implies
@5.5).
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Denote £ = Tv. From (4.5.2]) and the definition (4.2.3)) of As we have two p0881ble
cases: A) [¢-0;(t,x)| > —7 for some j = 1...d, or B) & - oy, 00](t,z)| > =5 for
some j,l =1...d, j # . Moreover

0
(I’}/FOZT:/ Zo (s, X,)o(s, X,) ' Z ds. (4.5.6)
0

Therefore, with £ = T v, we have for any ¢ > 1

5
P({(yrv,v) <e?) =P (fT/ Zyo(s,X)o(s, X)) Z ds ¢ < sq)

0

We decompose this probability:

P((7pv,v) <e?) (Z/ €7 Z,04(t, X,)|Pdt < sq>
<P (Z/ ]5 Zyoi(t Xt)’ dt < e? and Z/ ‘f Ziloi, ok tXt)i dt < )
i,k=1
+P <Z/ €7 Z,04(t, X,)|?dt < €7 and Z/ €7 Z, [0y, 03] (£, X)) |dt > 5)

i,k=1

S| ™

= [1—i—[2

To estimate I, we distinguish two cases:
Case A): [ - 0;(t,z)| > 51/2 for some j = 1...d. We fix this j. For t < ¢,

Il<iP’</ ’é ZtO'](t Xt)‘th<€q and / iéTZZt O'k,O']Kt Xt)| dt<5>

k=1

T k|2 t
<P </ €7 Zyoj (¢, Xp)|2dt < €7 and/ /§ ;Z [k, 05](s, Xs)dWJ|“dt < 2m25>

+P{/ /5 ZZ Ok, 0] (sX)de| dt> and/|§ ZZtUkan (t, Xt)|2dt<5}

Now remark that from the exponential martingale inequality, setting
us = (&7 Zlow, 0;](s, Xo))r=

y t
kR 120 > 2 €
{/li/ dW|dt_12 5 /O|ut|dt<5}

o kb2 > Lt L £ (4.5.7)
<P< su / JAWZET > / w|“dt < = "
0<tI<)t|kZ; 0 | t12 5 0 i ti 5

) 1
< 2exp (_ 12m?26 2_5) = 2exp (_24777,25) '
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So Vp > 1,

T t d n
t
P ™ "7, 1(s, Xo)dWF2dt >
(1S zlonalts, xoawiar 2 i
f T : 2 € p
and |€ ZZt[O'k,O'j](t,Xt)| dt < 5} < P,
0 k=1

Now we define D := {fOE| [y €000 Zylo, o5 (s, Xo)dWE[2dt < & 25} and prove

t 4
P ({/0 &7 Zyo;(t, Xy)|dt < 4_7112} N D) < P

(equivalent to the desired estimate P ({fg 1€ Zyo(t, Xy)|2dt < 8‘1} N D) < eP). From
representation (4.5.4), for ¢ = o; we find

t d
Zyo;(t, X;) = 0;(0, Xo) + / > Ziow, j](s, X)dWE + R,

0 k=1

with
d

R, = /0 Zs {[b, o] + % Z[O’k, ok, 0] + %} (s, X,)ds.

k=1
From (a+b+c¢)* > a?/3 —b* —* and [€ - 0;(z)| >

m51/2

t
/ €7 Zuor (1, X)) 2t
0

070,00, X0) 2 [T = [ '
Zt|£ aj(??, 0)] _/ \Z/ gTzs[ak,aj](s,Xs)deth—/ €T Ry|?dt

35m2—/ |Z/§Z Ok, 0] (5, X ) dWE2dt — /|§TR|dt

and on D
! t
/ ’é-TZtO'J(t,Xt) 2 _/ |§TRt|2dt’
’ 0
SO
E £ 4m?5 [, |¢7 Rifdt
4m2/ €T Zoo i (t, Xo) [P dt > m {§)|§ q |
0
We set

£—4m?s [} |7 R,|2dt
5 9

t
ag:4m2/ &7 Zo(t, Xy)|2dt Vv
0
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and we have

t q
{/ " Zyoj (L, Xy)|2dt < 8—2} ND={a<e’}ND
0 dm

Standard computations, considering also [£| = |T;v| < |[v|C/d = C/§, give
fo €7 R, |2dt)T < OF%1/5% s0 E(40m? [ |€7 Ry[2dt)? < O Setting

t
by = 40m? / €T Ry|?dt,
0

we can apply lemma 4.11}, and we have

P ({/ot € Zyoj(t, X)) [Pdt < 48_77;} N D) =P({a; < e’} N D) <Plap <e’) <&

We obtain I < P for any p > 1, for § < 6,.
Case B) [¢ - [0}, 0](t, )| > =5 for some j,l=1...d, j # 1.

t
L<P ( |16 2o, e, X0 < §>
0

From representation (4 with ¢ = [0, 0y] we find
Ziloj, o)(t, X¢) = [0, 01](0, Xo) + Ry,
with

t

d
ZSZ ok, [0, ar]]( s,XS)dWSk
! (4.5.8)

k=
d
Zs{ 0, 01] —l—%Z[Uk,[ak,[aj,al]]]—l—%}(s,Xs)ds.
k=1

+ ||
S— S—

From (a +0)* > a*/2 — b* and [¢ - [0, o)) (2)| > 75

md

t 1T [o;,0](0, Xo) 2 [F t t
T ) ) T T
[ 1€ 2ol xopar = B AOIIE erppar— o [ enmpar.

Since

P (/Ot €7 Z o, 0] (s, X,)|Pds < %) <P (5 /Ot &7 Z o, 0] (s, X,)[Pds < 5> ,

and _
t—2m?20? [ |7 R, |2dt
5 .

t
2m25/ E7 Z [0, 01 (5, Xs) [Pds =
0
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We apply lemma4.11|with by = 2m?2§2 fo |€T Ry|?dt. Indeed from (4.5.8)) and |¢] < C/6,

E|b;|? < CP.

So we find I} < eP, for 6 < 0, € < g, uniform in §. We estimate now

I, = ( / €T Z,04(s, X)[?ds < e and Z/ &7 Z (04, 05](s, X)) d5>5)

4,7=1

We use again and find

& Z,0i(t, X,) = / & Z (o, 05)(s, X )dW?

+/0 ¢ Z, {[b, il + 5 Z[% ), 0il] + %} (s, Xs)ds.

We can apply tha variant of Norris Lemma given in Lemma [£.13] Indeed for ¢y = ¢,
from the fact that || < %, we have

C
Bl sup (€7 Z[o,0,)(s. X)) € S and
0<s<é
1< e
T
E 0ig£6|§ ZS{[b7O-Z +§;O’k’ O'k,O'Z]]} (S X )| 5_17
Thus
<Z/ 1€ Z,0:(s, X,)|Pds < €7 and Z/ E7 Z o4, 0] (s, X,)|Pds > 5) <eP
i,7=1

for any p > 0, § <9, for € < ¢, uniform in J. Both the estimate of I; and I, do not
depend on v, so it also holds

sup P({(Fpv,v) <) < &P
lv]=1

p > 0,6 <9, for e < ¢, uniform in 9. ]

4.5.3 A specific version of Norris lemma

Lemma 4.13. Suppose u(t) = (uq(t),...,uq(t)) and a(t) are adapted processes such
that for some p > 1

| Q

E { sup |U’s|p:|

0<s5<tg

C
< n E [ sup |a5|p} =7 (4.5.9)
0 0<s<to
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forty < 1. Set
¢ d ¢
Y(t) =y —|—/ a(s)ds + Z/ up(s)dWF
0 o Jo

Then, for any q > 4, for any r > 0 such that 6r + 4 < q, there exists €o(q,7,p) such
that Yty < 1, e < go(q,7,p)

to to I
P{/ Y2dt < €9, / lu(t)|dt > —} < g™,
0 0 to

Proof. 114 Set 0; = |as| + |u], and

T:inf{szO: sup 9“>€t_}/\t0'

0<u<s 0
We have
to to e
IP’{/ YAdt < £, / lu(t)|>dt > t—} < Ay + A,
0 0 0

where A; = P[T < to] and

to to €
AQ:IP{/ Yt2dt<5q,/ |ug|2dt > —,T:to}
0 0 Lo

An upper bound for A; easily follows from (4.5.9). Indeed

PT <t <P { sup 6, > 6;

0<s<tg 0

} < theE [ sup Hﬁ,’] < ce'™P.

0<s<tg

for € < ¢¢ and ¢ not dependent upon ty. To estimate A; we introduce

t d
Nt:/ Y. ) ubdw}.
0 k=1

For
2r+42 8q—27‘

define
B = (¥ < p, sup, [N 23],

0<s<T
By the exponential martingale inequality

2

P(B) < exp(%) < exp (—€2r+4—4)

We show
to to c
{/ Y2Adt < sq,/ g |2dt > =T = to} C B, (4.5.10)
0 0 0
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and this finishes the proof. We suppose w ¢ B, f(f

Oto |ug|2dt < /ty. With these assumption,

*Y2dt < e? and T = to and show

8(1—27”

T
(N)r = / Vi ufdi < < = p.

0

We are also supposing w ¢ B, 50 supgcer | [y Ys 3oy ubdWE| < § = 22 [ty must
hold. From 6r + 4 < g,

t
/ Y.a.ds
0

T 1/2 —r+4q/2 242
€ 5
< (to/ Yfazds) < t(l)/2 <
0

sup <
0<t<T to to
Thus
¢ t t 92r+2
sup /YSCZYS < sup /Ysasds—l—/ You,dW,| <
o<t<T |.Jo o<t<T |Jo 0 to

By Ito’s formula Y? = y? + 2 f(f Y,dYs + (M), with

M, = Z/Ot g (s)dWE.

So
T T Tt
/ (M) dt = / Y2dt —Ty? — 2 / / Y,dY,dt
0 0 o Jo :
< el 4 2672 £ 322
Since (M), is increasing in t, for 0 <y < T
Y(M)p_, < 3> 2.

Using also the fact that

T g—2r
(Myr— (Myry = [ JuPds <25

T—v 0

we have

With v = toe?+1, this gives
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4.6 Tube estimates

We consider the diffusion (4.1.1)) and, for ¢ € L?[0,T], the skeleton (#.1.2)) on [0,T].
We denote in this section, for fixed ¢ € [0, 77,

C,={C, = K (ni/\)?,3K,q > 1 universal constants} .

Recall (H3), and remark that the function ¢t — Cy = K (n;/\;)? is in L(p?9, 1), for p
large enough. Denote, for K, and ¢, constants,

. 1 >\t o . t+o 2
R*(¢) = o%?ng (E@) (h/\lnf{(S//t |QZ55| ds : t e [O,T],(S € [0, h]}) .

(4.6.1)

Theorem 4.14. There exist universal positive constants K, q such that for R €]0, 1]

t 1
exp< K/ (’“m> ( + 2+ 1o dt)) <P (fgg\Xt — 2(0) ] Antan(e) < 1)-

Moreover, exist K., q., K, q such that for R < R.(¢)

1 /N
P X, — <1) < - = > dt
(ilglgl t $t<¢)|AR(t,xz(¢)) — ) =~ €xp ( /0 K (/v”%) ( + |¢t’ ) )

Remark 4.15. For R < R.(¢) < h the lower bound holds as in (4.2.6))

We prove first that moving along a control ¢ € L2[0,7] for a small time, the
trajectory remains close to the initial point in the As-norm. Recall (4.1.2)), ad take
initial condition xg.

x () :xo—l—/o a(s,ms(qﬁ))qﬁsds—i—/o b(s,zs(p))ds.

We write here x; for z;(¢) to have a more readable notation. Define, for § > 0,

5 1/2
= s|%d
. (/0 144 s)

Co.20) = {Clo,00) = K (n(0,20) /A0, 79))? , 3K, ¢ > 1 universal constants} .

Set

Lemma 4.16. There exist d,,e. € 1/C such that for § < 0., < e,, for every
0<t<d and z € R",

|Z|1245(0,$()) S 4 |Z|1245(t,33z) S ]'6 |Z|2A(;(0,.Z0) : (462)
Moreover 3C € C such that
sup |x¢(¢) — (zo + 0(0,20)t)|a50,0) < Ce V6). (4.6.3)

0<t<s
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Proof. Since ¢ < ¢, ¢ < €,, we can choose J,, £, such that
|z — 20| + || < CVO(e +V6) < V5/C. (4.6.4)
(4.6.2) follows from Lemma [4.18] For t < § we write

t t
Jt =Ty — Xog — b(O, 330)t = / as.%'s - b<3a xs)ds + / b<37 .1'3) - b(o’ xo)ds.
0 0

Using (4.7.4) we get
t

t
T2, 0y < 21 /0 Oz — (5, 22)[2 000y 5 + 21 /0 1b(s, 22) — b0, 20) 3, .00,

For s <t <9, from (4.6.2)), we have
0525 — b(s, xS)l?&;(O,aﬂo) < 4]0s5 — b(s, 378)‘124,;(

Svl‘s)'

Moreover, for i = 1,...,m, we set ¢pU—Dd+i = \/ngb] for j =1,...,d, 9" = 0 otherwise.
We can write

d
asxs - b(87 xs) == Z Uj(57 x8)¢g = A§(87 xs)ws
7=1

so that .
85x5—b8,x5 S.T < s = —= || -
| (8, 25) | 45 (s,20) < 15 \/g|¢> |

Then, for t <9
¢ 5 5
Qt/ |85xs—b(s,$s)]ia(0,xo)ds < 8(5/ |0sxs — b(s,xs)]ié(ws) ds < 8/ 6] ds = 8&2.
0 0 0

With the following estimate the statement is proved:
¢ 5
2t / 16(5,24) — B(0, 20) 2, 00yl < C6 / 1b(s, 2.) — b(0, 7o) *ds
0 0

d
< c/ (18] + 2, — o |)2ds < C'52.
0

]

Proof. (of Theorem |4.14))
STEP 1: We first prove the lower bound. We set, for large ¢;, K7 to be fixed in the

sequel,
q1
_ vy l l 2
fr(t) = K; (—)\t ) (h tget || ) -

Recall (H3): |¢.|2,n, A € L(p,h), I3p > 1,0 < h < 1, where

L(p, h) ={f : f(t) < puf(s) for [t —s|<h}.
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This implies fr € L(u??! h). We also define

=l [ oz 169

Clearly §(t) < h, so we can use on the intervals [¢,t + §(t)] the fact that our bounds
are in L(p, h). f 0 <t —1t <h,

t+5(t)

t+8(t)
PPN fR(6)6(t) > / fr(s)ds =1= / fr(s)ds > p=CutD fp(t)s(t),

so 0(')/6(t) < p*" 2. The converse holds as well, so §(-) € L(u* 2 h). We also set

the energy
+5(t) 1/2
e(t) = / |ps|*ds
t
We have t+8(t) t4+8(t)
1 fr(t) fr(t)
= gz [ s o0 5
* 1 R [ M\*"
5(t) < < = _t) : 4.6.6
(t) < fr(t) = Ky (lmt (4.6.6)
Similarly,

1 t+(5(t) ,U/ns q1 N 1 ,unt q1 )
W Z/t Ky < Y ) |ps|"ds = N2q1K1 (Tt) e(t)”,

and we can write both

5(t) < Kil <ﬁ)m , and e(1)*< 1 (ﬁ)m. (4.6.7)

We set our time grid as
to=0; tp=tp1+0(tr1),

and introduce the following notation on the grid:
O =0(tr); er=ctr); ne=nrzr); Mo=Atear); Xo=Xo; =24,

We also define )
X = X, + b(te, Xp)op; T = xx + b(tg, vx)Or,

and for t, <t < tpyq,

Moreover we denote

€l = |£|A6k(tkﬂ3k); Cr = Cy,
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and r¥ € C;, the ray r, of Theorem associated to z. Lemma holds for 9y
and gj small enough, and in this case |zx11 — Tkl < Ci(eg V ). Moreover, for all

tr <t < tpy, applying also (.7.1), [2; — #x(t)|ag@en < Crler V 0r)y/0k/R. Recall
(4.6.7), and we fix g3, K3 such that, for ¢; > g3, K1 > K3, Lemma holds and

|Tpi1 — Bl < 7E/4 (4.6.8)

1
‘L%k(t) — xt|AR(t,act) S Z for all tk S t S tk+1, (469)

and moreover the theorem in short time [4.5 holds. Also (4.6.2) holds and

1
§|£|A6k(tk7$k) < |§|A5k(tk+1,ﬂck+1) < 2|£|A5k(tk7$k)'

now, 6(+) € L2, h) implies 0y /011 < p' 2 and 6y 1 /0 < pl9+2. Together with
(4.7.1]) this gives

1

224141 €]k < [€lkpr < 2020 THE (4.6.10)

We now set, for K, g to be fixed in the sequel,

IS S A 4.6.11
T’“_K2M2q1+2q2+1 n_k ’ (4.6.11)

and define

P ={| Xk —arle <7}, D=4 sup | X¢—@¢|lapea) < 1}

L <t<tp41
and P, as the conditional probability
Pr(-) =P (Wi, t < tp; Xp € T'g) .

We denote p; the density of X, with respect to this probability. We prove that on
{] - —Zgs1|k1 < 61} we can apply Theorem to pr and so there exists C}. € Cy

such that )

Ty < PrY)
2

Cydy
or, because of (4.4.21)),
1

< pr(y) (4.6.12)
C, \/det As AL (b, X)

We estimate

Y — Xile < |y — @gale + g1 — Sl + 136 — Xl (4.6.13)
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We already have (4.6.8). Since we are on |y — Tg11|pr1 < rge1, from (4.6.10]) and the
fact that ryi/rp < p?e

2 /\k q2
ly — Tpsale < 2057y — zppa | < 2020 gy < 2P0 tRetly, < 7 (n_ .
2 \ 1

It also holds |y, — Xk|k < Ckleg — Xglp < Cyry, for some Cy € Cp. Similarly,
[Zr(t) — Xi(t)| anteny < Crry, for all £, <t < 1344, Recalling (4.6.11)), we can fix
K>y, qo such that |y — zpy1|x < 7%/8, |21 — Xk|k <7rk/8 and

\Xk(t) — k()| Apta < 1/4,  forall t, <t <tppq. (4.6.14)

From (4.6.13)), this implies |y — Xz|, < 7¥/2. We also have, from [{£.7.2), |z — Xi| <
\ze — XilevV/ A0k, so we can also fix Ky, g such that 7./ Ay < 1/C in (4.7.5).

Therefore ]
S Il = 1€l as, . x0) < 21E k-

So |y — Xk]Aék(tk,Xk) < r*. Now, also from (4.6.10)

{l=hr1lag, (x0) < ot/ (@22} C {2l < rin / @2} CH{l—an o < 7rady

q2
and 7y /(Ap20+Y) > gy (4pPot2aetl) = W <2_§> _So

1 by G2\ "
Leb(| - —pifer < Trpr) > \/det(AékAaTk(tk,Xk)) (W (n_]]:) ) ‘

So, from (4.6.12]),

(T >1 1 A\ 2\
k(kH)_Q_k W n_k

where C) € 1/Cy is the constant in (4.4.1)). This implies
201 exp(— Ky (log pu + log ng — log A)) < Pi(Tgya)

for some constant K, (depending on Ky, K3, go, g3, remark that ¢; is not a constant,
since we have not fixed it yet, and that is why we keep the explicit dependence on ¢,
in the expression above).

STEP 2: Consider now t; <t < tx,1. Recall the definition

D, = { sup | Xy — el gty < 1} ’
¢

E<t<tgi1

and introduce

DO | —

te<t<tpi1

B, = { sup | X, — Xk(t”AR(t’zt) S
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We decompose

|Xt - xt|AR(t7$t) < |Xt - Xk(t>|AR(t71't) + |Xk(t) - ik(tﬂAR(t,wt) + |£k<t) - xt|AR(t1$t)7
and, from the previous part of the proof, (4.6.9) gives |T4(t) — @¢|ap@e < 1/4, and

[@.6.14) gives | Xy (t) — @4(t)| anren < 1/4. S0 |Xs — Tl apea) < 1Xs — Xi(O)| an(ewn) +
1/2, and therefore Ey C Dy. Since, passing from Stratonovic to Ito integrals,

|Xt - Xk(t”AR(t zt) \/—|J<tk7 th)(Wt - Wtk)|A(t71‘t)
+|AR t J}t / g —0' tk,Xk)dW|
+ |AR t xt / b tk,Xk)dS|

3 Anltn) /WwawX%M%MWﬂ

=1
using the exponential martingale inequality we find that

1 (M \*R
wr e (5 () 5)

for some constants K3, ¢5. From (4.6.6), R/0, > Ki(unk/A)™, so choosing and fixing
now ¢, K large enough we conclude
1
Pi(E5) < p " exp(—Ky(log 1 + log ny, — log Ag)) < 5 Ps(Cr1),

SO

1
IP’k(FkH N Dk) > ]P)k(rk-I—l N Ek) > Pk(rlﬁ'l) B Pk(Eg) = épk(rk+l> (4 6 15)

> exp (—Ks(log p + log ny, — log Ar)) ,
for some constant Kg. Let now N(T') = max{k : t; < T}. From Definition [£.6.5)

[tz S [ =20

From (4.6.15)),
N(T)
(igg) | Xt — T aptz)) < 1) >P ]Q L1 N Dy
N(T)
> [] exp(—Ko(log p+logny, — log Ay))
k=1

N(T)

=exp | — K Z log 1 + log ny, — log i,
k=1
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Since

=2

(1) tk—i-l
(log pu + log ny, — log \y,) = p*@*! Z / r(s)ds(log 1 + log ny, — log Ay)

2q1+1/ f log <lu nt) dt’
the lower bound follows.

STEP 3: We now prove the upper bound. Now recall (4.6.1), and R < R.(¢). We
define, with the same Ki,q; as in STEP 1 and 2,

]_ ]_ 1 )\t ar ,Lbnt a
t) = — — _ K 2q1+1 2'
gr(t) et R 27 K7 (/mt> i ( At i

for some constants K7 > Ki,q7 > q1 + 1 to be fixed in the sequel. We define a new

o) t+5
5(t) = gg{/t gr(s)ds > 1}.

Clearly 6(t) < h, so we can use on the intervals [t,¢ + d(¢)] the property of being in
L, h). 0 <t —t' < h,

k=1

t+5(t) t'+o(t")
12T gr(1)5(1) > / gr(s)ds = 1 = / gr(s)ds > 172 gr(8)5 (1),
t t/

so 8(t')/6(t) < p'e7. Taking ¢. and K, in (4.6.1]) large enough such that ¢, > 5q; +

1 + g7, K, > K1K7,
t+5(t) 1 5(t) 1 1 )\ q7
[ [ (2
t h ¢ R Kq \ pns

and again from (4.6.1)

t+0(t) Q q1 t+6(t)
/ K1M2q1+1 (%) |¢5|2d8 S K1M4q1+1 <%> / ’¢S‘2d8
t s t t

Therefore, since 1 = :M(t) gr(s)ds and

t+4(t) 1 1 A q7 t+4(t) t+4(t) 1 1 A q7
- i ds < ds <3 - > d
/t R Kypar (/m) T /t guls)ds = /t R Ky (un) ;
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1 < At )‘" R 3 < At )‘"
t <<= (=
Kopdar \ puny o(t) iy

For ¢q,, K, large enough this also implies

we find that forall ¢

We set
1/2

+6(2)
(t) = ( / |¢5|2ds>

We find, with the same computations as before,

1 A q1
(07 < ¢ ()
Ky \ pny
This implies that (4.6.7)) also holds with this new grid, and also lemma [4.16| Since

we are taking the same K; and ¢; as before (4.6.10) holds. For the same reason, the
theorem in short time 3] also holds. We define

Ak = {|Xk - xk|AR(tk733k) < 1}7

P, as the conditional probability I@k() =P (:|W,t <tr; X € Ag). As we did in STEP
1, if q., K, are large enough, R is small enough and the upper bound for the density
holds on Ayyq. Because of (4.6.2)),

dim (o (tg,rg))
2

Leb(|-—xy, < 1) < 2"Leb(|- =] appan) < 1) = 2" det(A(ty, z)) R"

’AR(tk+1’mk+1)
Now, using the short time density estimate,
dlm(l’(tk ) — M

I@k(Ak—H) S 2" det(A(tk,xk))R” Ck5

_ dim(o(ty,zy))
2

_ /R\"
S 2" det(A(tk, $k>>0k (—)
where C}, is the constant of theorem Recall

i 3 i)

so we fix now K7, q; large enough to have

Pi(Aps1) < exp(—Ko)



4.7. NORMS AND DISTANCES 111

for a Kjp > 0. (We also fix now ¢, K., whose size depend on ¢7, K7). From the
definition of N(T')

As before

N(T)
P (sup X, = 206 i) < 1) < T] BulAr)
k=1

t<T
N(T)

< T] expl=H) = exp( I N(7) < exp (-~ [ ' nlt)).

and we have the upper bound. O

4.7 Norms and distances

4.7.1 Matrix norms

We write Agp = Ag(0,Xy) and we work with the norm |y|i1R = ((ArAR) 'y, y),
y € R"™.

Lemma 4.17. i) For everyy € R" and0 < R< R <1

R R
R |?/‘AR > |y’AR, > I Iy!AR (4.7.1)

v . (4.7.2)

|
NN Yl < [yl < Rl [yl

it) For every z € R™ and R > 0

|ARZ|AR <zl. (4.7.3)

i11) For every u € L*([0,T];R™) and R >0

t
)/usds
0

Proof. 115 i) It is easy to check that

2 t
gt/ s ds, te[0,T) (4.7.4)
AR 0

/ / 2
B Ay < Ay < (%) ApAT
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which is equivalent to (4.7.1). This also implies (taking R’ =1 so Ag = A) that

LA € 2(4) <

= A#(AR) and }%)\#(AR) < AF(A) < —)\#(AR)

R? R?

which immediately gives (4.7.2)).

ii) For 2 € R™, we write z = ALy +w with y € R" and w € (ImA%L)+ = KerAg.
Then Arz = ArALy so that
Apzlh, = |ArATyl, = ((ArAR) ™' ArATy, ApAfy)
= (2, ApA}z) = (Ahy, Afy) = |ARy[* < |2/

and (4.7.3)) holds.

iii) For o € L*([0,T): R™) and t € [0, 7]

t 2
<ds
[ s,

(Ar

—%// (<AR 1(us—uu)u > (AR s, pts) — (AR~ uu,uu>>d8du
5 [ (o= b = 2, s

< / / a3 dsdu = ¢ / a2l

O

From now on we consider the specific situation when a; = 0,(t, z), [al;; = [0, 0;](t, x)
and we denote by A(t,x) respectively Ag(t,z) the matrices associated to these coef-
ficients.

Lemma 4.18. Let x,y € R", s,t € [0,1], § < 1. There exists C € C such that if
|z —y|+ |t —s| <V0/C, (4.7.5)

then for every z € R"

2 2 2
1 24500y < 12la55) < 4 2la500) - (4.7.6)
Proof. (4.7.6) is equivalent to

AAAT(1,7) > (AAD)(5,9) > S (AAD(1 7).
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Recall that Ajs, k the columns of A;. We use (4.7.5) and the fact that (a+b)? > Sa®—b*:

(Asi(s.9),2)°

NE

<A5A?(Sv y>Z= Z> =

B
Il
—_

(<A5,k(t7 ZE), Z> + <A5,k(87 y) - A5,k(t7 ZL’), Z>)2

I
NE

T
I

AV4
N =
NE

(Asi(t, ) Z ((Ask(s,v) Aa,k(t,$)7z>)2
k=1

T
I

2 (Asi(t,x),2)* = Co(le —yI* + [t — ") ||

N | =
NE

>
Il
—_

C € C. From Mg(As(t,x)) > 0°Au(A(t, z)) follows

Gl —yP + 1t — sP) o < 13 (Asalt ), 27

k=1

,.p

So
(AsAT)(5,9)2, 2) > iz (Asa(t,2), )2 = i (AsAT) (2, 2)z, =)

The converse inequality follows from analogous computations and inequality (a+0b)? <
2a% + 2b2. O

4.7.2 The control distance

We establish the link between the norm ||, ) and the control (Caratheodory) dis-
tance. We will use in a crucial way the alternative characterizations given in [7§].
Since these results hold in the homogeneous case, we suppose now o;(t,z) = o;(z).
Consequently, Ag(t,z) = Agr(x).

We first introduce a quasi-distance d which is naturally associated to the family
of norms [y| 4, ). We set @ = {z € R" : A\ (A(z)) > 0} = {z : det(AAT(z)) # 0},
which is open because the function x + det AAT(z) is continuous. Notice that if
z € Q then det(ArAL(z)) > 0 for every R > 0. For z,y € Q, we define d(x,y) by

d(z,y) <VR & |y— Tl ap() < 1-

The motivation for taking v/R is the following: in the elliptic case |y — x| An(s)

Ry —a| so |y — x|y, < 1 amounts to |y —z| < VR. Tt is straightforward
to see that d is a quasi-distance on €, meaning that d verifies the following three
properties (see [78]):

i) for every r > 0, the set {y € Q : d(x,y) < r} is open;
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i1) d(z,y) = 0 if and only if x = y;

iii) for every compact set K € Q there exists C' > 0 such that d(z,y) < C(d(z, z) +
d(z,y)) holds for every z,y,z € K .

We recall the definition of equivalence of semi-distances, given in section [3.4.2 Two
quasi-distances d; : @ x Q@ — Rt and dy : Q x Q@ — RT are equivalent if for every
compact set K & (2 there exists a constant C such that for every x,y € K

S(r,y) < dola,y) < Cd(r, ). (47.7)

dy and dy are locally equivalent if for every xy € {2 there exist a neighborhood V' of
xo and a constant C' such that (4.7.7)) holds for every z,y € V.
We introduce now the control metric. For z,y € R™ we denote by C(z,y) the set

of controls ¢ € L?([0,1]; R?) such that the corresponding skeleton solution of

duy(¢) = Z oj(uw()Wldt,  uy(¥) =z (4.7.8)

satisfies u1(¢) = y. Notice that the drift b does not appear in the equation of wu;(v)).
We define the control (Caratheodory) distance as

d.(z,y) = inf{(/ol b, | ds)1/2 S € C(x,y)}.

We define C () the set of controls ¢ € L*°([0, 1]; RY) such that the corresponding
skeleton solution of (4.7.8) satisfies ui(¢) =y, and

ool ) = inf { [0} ¥ € Coclar9) }.

We also denote Cs(x,y) the set of controls ¢ € L*([0, d]; R?) such that the correspond-
ing skeleton u;(¢) with ug(¢) = x verifies us(¢) = y, and the associated energy

0= ([ oras)”

Theorem 4.19. Let ,,0, the constants in lemma C, € C, be the constant in
(4.6.3). We also suppose, wlog, 1/C, < e, Ao, € 1/C,.

A. For every z,y € Q such that d.(x,y) < 1/C? it holds d(z,y) < Cpd.(z,y).

B. d is locally equivalent to d. on €.

C. In particular for every compact set K € ) there exists rix and Cyk such that for
every x,y € K with d(x,y) < rx one has d.(z,y) < Cxd(z,y).

Proof. A. Let § > 0, z,y € Q and ¢ € C(z,y). Setting z, = w;5(x)), we obtain
dr; = Z?Zl o;(x)pldt with ¢(t) = 6~ "(t6~1), which means that z; = u,(¢). Notice
also that [ [¢s|*ds = 6 f05 |¢s|* ds. This implies

de(z,y) = Voinf{e,(8) : ¢ € Cs(z,y)}.
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Consider now two points such that d.(z,y) < 1/C?. Take § = C%d.(x,y)?. Then there
exists a control ¢ € Cs(x,y) such that £4(0) < 1/C,. Since £4(5) V6 < 1/C,, from
(4.6.3), we obtain [y — x|, ) < 1, and this implies d(z,y) < Vo < Code(z,y).

B. We prove now the converse inequality. We use a result from [7§], for which we need
to recall the definition of the quasi-distance d, (denoted by ps in [78]). The definition
we give here is slightly different but clearly equivalent. For # € R™ we consider the
equation

v (0) =z + /Ot A(vg(0))bds (4.7.9)

denote
Calz,y) = {0 € R™, satisfying (L79) ,01(0) = )

Notice that 0 is a constant vector, and not a time depending control as in the standard

skeleton, and that in (4.7.9)) are involved also the vector fields [0, 0;], in contrast with

(4.7.8). In both equations the drift term b does not appear. Recall that R is the

diagonal m x m matrix with R;; = R for i # p and Ry; = V'R, and Ag(z) = A(z)R.
Recall that, taking [ = (p — 1)d+1i € {1,...,m}, with p,i € {1,...,d}.

Al(t’x) = [Jhap](t’x) if i#p,
—oi(tx) if i=p, (4.7.10)

R is the diagonal m x m matrix with E,l = R for i # p and }__{l?l =R for i = p, and
Ag(t,x) = A(t,x)R = (VRoi(t, z), [VRoj, VRoy|(t, 2))i jpe1....d -

We define ) .
di(z,y) = inf{R > 0|30 € C4(z,y), |R 0| <1}

As a consequence of Theorem 2 and Theorem 4 from [78] d, is locally equivalent with
doo. Since d.(x,y) < doo(x,y) for every = and y, one gets that d, is locally dominated
from above by d,. To conclude we need to prove that d, is locally dominated by d.

Let us be more precise: we fix x € 2 and we look for two constants C',, R, > 0
such that the following holds: if 0 < R < R, and d(z,y) < V'R, then exists a control
0 € Ca(z,y) such that |§710| < C,. This implies d.(z,y) < C,V/R, and the statement
holds. Notice that we discuss local equivalence, and that is why we can take C,, R,
depending on x.

d(z,y) < VR means |z — y|a,u@ < 1, and this also implies |z — y| < CVR. We
look for € such that v, (#) in is y. We define

o(0) = /0 A(vy(0))0ds = A(z)0 + (0)

0) = fJ(A(vs(Q)) — A(x))0ds. With this notation, we look for 6 such that
0) = y — x. We introduce now the Moore-Penrose pseudoinverse of A(x): A(x)" =

® Y
A(z)T(AAT(z))"!. The idea here is to use it as in the least squares problem, but

2.
-+
=
<



116 CHAPTER 4. DIFFUSIONS UNDER HORMANDER OF ORDER ONE

we need some computations to overcome the fact that we are in a non-linear setting.
We use the following properties: AA(z)" = Id, | — ylaw) = |A(z)" (z — y)|. Write
6 = A(z)*y, v € R% This implies A(x)f = ~, and so

D(A(z) ) =y +7r(Al@) ) =z —v.

Remark 7(0) = 0, Vr(0) = 0, |r(0)] < C,|0|*>. From local inversion theorem, there
exists [, € C, an a diffeomorphism from B(0,[,) to a neighborhood of 0 such that
7| < 2|x — y|. Remark that |z — y| < C,v/R, and I, is uniform in R for R | 0. Now,

using (4.7.2)
Ca|r(A(z) )|
R

lz -yl

[A(z) "]
R

7 (A(@) ") ape) < <C, <C, < Colr =yl

Since vy =z —y — r(A(x)*Y),
VMar) < 12 = Ylape) + Col = Ylhp@) < Co,

(using |z — ylap@ < 1). We have |§_1¢9| = |}_%_1A(a:)+'y|. Since A} Ag(z) =
Af(x)A(z)R is an orthogonal projection and AA™(z) is the identity,

—1 ——1
[R 0| = [AR(x)A(z)RR ~A(2) "] = [AR(2)7] = [7]an)-

So |E_19\ < C,, and as we said before this implies d,(z,y) < CoV/R.
C. Standard O
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Scaling properties of stochastic
volatility models
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Chapter 5

A multivariate model for financial
indices

5.1 Introduction

This chapter is based on [22], with Bonino and Camelia. We consider a process for
the detrended log-price given by dX; = 0,dB;, where B is a Brownian motion and
the volatility o is the square root of the stationary solution of a SDE of the following
form:

do? = —f(o)dt + dLs, (5.1.1)

and in this chapter L is a pure jump process (see [50], [67], [12]). We work with
the model presented in [I], (inspired by [4] and [93]), considering a bivariate version
and an algorithm for the detection of shocks in the market (peaks in the volatility
profile). These two aspects are linked by the fact that the cross-correlation between
two indices is in fact the correlation between the two time changes, and those are
highly dependent on the jumps of the volatility process.

In section we present the univariate model introduced in [I], recalling main
properties and some proofs. In section we consider the bivariate version, defining
the joint process of shocks through correlated Poisson point processes. This is a main
ingredient in our modeling since the long range dependence heavily relies on the jumps
of the volatility process. Defining

dX; =0} dB;, d(oy)* = = f((e7)*)dt + dLy’,
dY; = oy dBy d(oy ) = = (0} )*)dt +dL; ,

it is easy to show under mild hypothesis on the volatility (o;X, 0} ); that

l&ﬁ)lcorrﬂXh — Xo|, |Yign — Yi|) = corr(oy, o)).

If the volatilities are of the precise form considered in [1], explicit computations are
possible and the evolution of (6%, 0") depends just on the jumps of L* and LY. We
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consider the cross-correlation of absolute increments at different times, and compute
how this correlation decays as the time difference increases. This issue has been
addressed by Podobnik et al. in [83], [84], [97]. In our framework we find this explicit
formula for the decay of cross-asset correlations between absolute returns depending on
the time lag, analogous to the formula for the decay of autocorrelations (see Corollary

5.9):

g C5 0 Wi =YD iy ()0 (e
™

Cov <(SX)DX—1/27 (At + SY)DY—1/2> oAt

The quantities involved are constant parameters of the volatilities 0% and oY, except
from S¥ and SY which are correlated exponential variables coming from the jump
process L = (L%, LY).

In section we apply this result to the time series of the Dow Jones Industrial
Average (DJIA) and the Financial Times Stock Exchange (FTSE) 100, from 1984 to
2013, finding an excellent agreement between predictions of the model and empirical
findings. In particular we find that in both modeling and empirical data the decay of
autocorrelations and cross-correlations is almost coincident, and it is slow over time,
confirming that this is a long-memory processes. On the other hand, we empirically
find a non-significant cross-correlation between returns of FTSE and DJIA, even for
very small time lags, and this is consistent with the model as well. This is not
surprising, since for both indices there are no long-range autocorrelations of returns,
and this is easily seen to be consistent with our model. In contrast, as already said,
the decay of cross-correlation of absolute returns is very slow (see Fig. |5.1]).

Figure 5.1: Decay of DJA-FTSE cross-correlations
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Since cross-correlation is highly dependent on the jumps of the volatility pro-
cess, we propose here an algorithm for the detection of such jumps. The problem
of finding shocks in financial time series is a classical one. For example, GARCH
models (Generalized Autoregressive Conditional Heteroskedasticity, [21]) are widely
used, but in practice “volatility seems to behave more like a jump process, where it
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fluctuates around some value for an extended period of time, before undergoing an
abrupt change, after which if fluctuates around a new value” (see [87]). To adress this
issue, regime-switching GARCH models have been developed (see [57], [60]), but they
can be hard to implement. Therefore, a common approach is to use an approximate
procedure, the so-called ICSS-GARCH algorithm, introduced in [65]. This algorithm
is similar to the algorithm that we present because they both use squared returns to
detect volatility shocks. However, the ICSS-GARCH algorithm works well under the
assumption that the returns are normally distributed. Our algorithm, on the con-
trary, does not need any particular assumption on the distribution of the returns, but
is simply based on geometrical considerations.

In section we prove formally some results justifying the convergence of the
algorithm for the detection of shocks in the volatility. We stick to this precise model
for the linearity of the exposition but the same proof would give an analogous result
for a wider class of volatilities solving . Some heuristic considerations on the
output of the algorithm confirm its validity in the detection of jumps. We use it on
the two empirical time series finding that the majority of the peaks of the volatility
are shared by the two indices. This is a motivation to our choice to consider two
processes of shocks with a common part.

5.2 Definition and properties of the univariate model

In this chapter we describe the model and state properties and results related to
stylized facts.

5.2.1 Definition of the univariate model

Given three real numbers D € (0,1/2], A € (0,00), ¢ € (0,00), the model is defined
upon two sources of randomness:

e a Brownian motion W = (W}),,;

e a Poisson point process T = (7,,)nez of rate X on R.

We suppose W and T independent. By convention we label the points of T so that
7o < 0 < 7. Fort > 0, we define

i(t) :=sup{n >0:7, <t} =#{T N(0,t]}.

i(t) is the number of positive times in the Poisson process before ¢, so that ;) is the
location of the last point in 7 before ¢. We introduce the process I = (I;):>¢ defining

i(t)
L=0" |(t—7w)™” + D (1 — 1) = (—70)*" (5.2.1)
k=1
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where we agree that the sum in the right hand side is 0 if i(¢) = 0. Now we define the
process which is the model for the detrended log price as

Observe that [ is a strictly increasing process with absolutely continuous paths, and
it is independent of the Brownian motion W. Thus this model may be viewed as an
independent random time change of a Brownian motion.

We shortly give a motivation for this definition. Remark that for D = 1/2 the
model reduces to Black & Scholes with volatility . For D < 1/2, the introduction
of a time inhomogeneity ¢ — t2” at times 7,, is meant to represent the trading time
of a financial time series, where at "random” times there are shocks in the market,
modeled by our Poisson point process. The reaction of the market is an acceleration
of the dynamics immediately after the shock, and a gradual slowing down at later
times, until a new shock accelerates the dynamics again. This behavior is due to the
shape of the function ¢t — 2P, D € (0,1/2], which is steep for ¢ close to 0 and bends
down for increasing t.

Figure 5.2: Time inhomogeneity
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The definition of the model as a time changed Brownian Motion implies that we
can equivalently express it as a a stochastic volatility model, where the volatility is

Ot = \/ I/(t) =V 2D6’(t — Ti(t))D_1/2,

and the evolution of X is given by dX; = 0,dB;. To write the volatility as solution of
a stochastic differential equation of the form ([5.1.1)), we can define think of it as the
the stationary solution of

d(c?) = —a(o?)dt + oo di(t),

where the constants are

1-2D 1
(2D)1/(1-2D) 52/(1-2D)"

v=2+ >2, a=

1-2D
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This process is well defined, since after the infinite jumps the super-linear drift term
instantaneously produces a finite pathwise solution. We refer to Chapter [6] for the
details of the correspondence between time change and stochastic volatility in this
framework, for a wider class of stochastic volatility models.

Remark 5.1. In the most general version of this model the parameter & is not con-
stant. A sequence of random variables (7, ),en is simulated, and each of them is
associated to the corresponding jump. The results presented here are still valid in
this case, with a slightly more complicated formulation. We have decided to assume
o constant in this work, since calibration on data coming from financial time series
leads in any case to this type of choice.

5.2.2 Main properties

We briefly recall some properties of the process X. For proofs, more detailed state-
ments and some additional considerations we refer to [I].

Proposition 5.2 (Basic Properties). Let X be the process defined in (5.2.2)). The
following assertions are satisfied:

(1) X has stationary increments.

(2) X is a zero-mean, continuous, square-integrable martingale, with quadratic vari-
ation (X)), = I;.

(3) The distributions of the increments of X is ergodic.

(4) E(|X¢|?) < oo for some (and hence any) t > 0, q € [0, 00).

We are now ready to state some results, important because they establish a link
between our model and the stylized fact presented in the introduction. The process X
defined in is consistent with important facts empirically detected in many (fi-
nancial) real time series, namely: diffusive scaling of returns, multiscaling of moments,
slow decay of volatility autocorrelation.

The first result, proved in section m, shows that the increments (X, — X3)
have an approximate diffusive scaling both when h | 0, with a heavy-tailed limit
distribution, and when h 1 oo, with a normal limit distribution. This is a precise
mathematical formulation of a crossover phenomenon in the log-return distribution,
from approximately heavy-tailed (for small time) to approximately Gaussian (for large
time).

Theorem 5.3 (Diffusive scaling). The following convergences in distribution hold for
any choice of the parameters D, \, .
e Small-time diffusive scaling:
(Xt+h - Xt) d
Vh nl0

> f(z)dz = law of 5(@)\%_13) SP=z W, (5.2.3)
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where S ~ Exp(1) and Wy ~ N(0,1) are independent random variables:

[e'e] v tl/Q—D tl_QDxQ
T) = dt \e ' ———=exp | — .
o= = ()

e Large-time diffusive scaling:

(Xewn — X3) d e~/ (2¢%)

NG s A, = N0, F=aNTPTED 1),

(5.2.4)

where I'(a) 1= fooo z*le~*dz denotes Euler’s Gamma function.

The density f, when D < %, has power-law tails:
Ey(Jo]") = 00 & ¢ > ¢" 1= (1/2— D).
The function f, which describes the asymptotic law, for h | 0, of M, has a
different tail behavior from the density of X;,, — X, for fixed h (cf. Proposition

point 4). This feature of f is linked to another property of our model: the multiscaling
of moments. Let us define the ¢ — th moment of the log returns, at time scale h:

mg(h) == E (| Xeyn — X3|?) = E (| X3]9)

the last equality holding for the stationarity of increments. Because of the diffusive
scaling properties (Theorem , we would expect my(h) to approximate in some
sense h? [aif(z)dx = C, h%, for h | 0. This is actually true for ¢ < ¢*, that is, for
q such that the ¢ — th moment of the limit distribution is finite. For ¢ > ¢*, the
g — th moment of the limit distribution is not finite, and it turns out that a faster
scaling holds, namely m,(h) &~ hP7"!. This transition in the scaling of m,(h) is known
as multiscaling of moments, a property empirically detected in many time series, in
particular in financial series. The following theorem states that for this model the
multiscaling exponent is a piecewise linear function of ¢. In chapter [6] the problem of
multiscaling in more general stochastic volatility models is considered, finding that an
analogous behavior is common to a much wider class.

Theorem 5.4 (Multi-scaling of moments). For ¢ > 0 the g—th moment of log returns
mg(h) has the following asymptotic behavior as h | 0:
th%, ifqg<q”
mg(h) ~ § Cyh? log (%) , ifa=q
C, hPT ifq>q*
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The constant C, € (0,00) is given by

E(|W:]9) a4\ (2D)*T(1 — q/q") ifg<q

Cy = { E(IW]%) 57 A (2D)*? ifo=q", (525)
E([Wi|%) a4\ [ [°((1 + )20 — 2?P)3 b)) fa>4q

where I'(«a) := fo “le=%dx denotes Euler’s Gamma function. As a consequence,

the scalmg ea:ponent A( ) is

q . *
1 h = 1fq <
A(g) = lim ogmy(h) _ )35 Ja<q

nio - logh Dg+1 ifqg>q

We now state a result concerning the volatility autocorrelation of the process X,
that is the correlations of absolute values of returns at a given time distance. Recall
that the correlation coefficient of two random variables X and Y is

Cov(X,Y)
VVar(X)Var(Y)

p(X,Y) =

For the process X, introduce § = (& ):>0, the process of absolute values of increments,
for h fixed: & = |Xt+h — X;|. Then the volatility autocorrelation of X is

COU (fs ) 51%)
VVar(&)Var(&)

p(t—s) = lggglp(fs,é}) =

Indeed, being the process stationary, the quantity we have defined above depends just
on the time difference t — s. Let’s state our result, concerning as above the asymptotic
behavior as h | 0.

Theorem 5.5 (Volatility autocorrelaton). Fort >0,

2 Cov (SP=V2 (Mt + S)P-1/2)

) = (NS

where S is an exponential variable with parameter 1, N is a standard normal variable
and they are mutually independent.

This theorem is actually a special case of Corollary 5.9 It shows that the decay
of volatility autocorrelation is between polynomial and exponential for t = O(1/)),
exponential for t >> 1/\.
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5.2.3 Scaling and multiscaling: proof of Theorem and

We prove the scaling properties of our model. Recall that for all fixed ¢,h > 0 we
have the equality in law X,., — X; ~ /I, Wi, as it follows by the definition of
(Xt)i>0 = (W1,)e>0. We also observe that i(h) = #{7 N (0, h|} ~ Po(Ah), as it follows
from the properties of the Poisson process.

Proof of Theorem [5.% Since P(i(h) > 1) =1 — e — 0 as h | 0, we may focus
on the event {i(h) = 0} = {7 N (0,~] = 0}, on which we have I, = 5%((h — 70)*" —
(—70)?P), with —19 ~ Exp()). In particular,

lim — = I'(0) = 2D&* (—7)*’™'  as..

Since X; ., — X; ~ /I, W1, the convergence in distribution (5.2.3)) follows:

Xipnh — Xy
Vh
Next we focus on the case h 1 co. The random variables {(1; — 7%_1)?P }1>1 are

independent and identically distributed with finite mean, hence by the strong law of
large numbers

i) \/2D5’(—T())D_1/2 W1 as h\LO

1 n
nh—>rgo n ;<Tk —7-1)?” = E((m)*”) = A7PT(2D +1) a.s. .

Plainly, limj_,~ i(h)/h = X a.s., by the strong law of large numbers applied to the
random variables {7 }x>1. Recalling (5.2.1)), it follows easily that

lim ) _ FNTPPT@2D +1)  as..
htoo  h

Since X, — X; ~ +/ I, W1, we obtain the convergence in distribution

Xiyn — Xy
Vh

which coincides with

523
Proof of Theorem |5.4: Since Xy, — Xy ~ /I, W1, we can write

Ly JEAN2PT2D+ )Wy ashtoo,

E(|Xn — Xo|*) = E(I["2W1]7) = E(WA) E(H|""?) = ¢ E(In"?),  (5.2.6)

where we set ¢, := E(|W1]?). We therefore focus on E(|1,|2), that we write as the sum
of three terms, that will be analyzed separately:

E(|112) = E(|I]? 1im=0p) + E( 12 Lagy=1y) + E(Lu|? Ligysoy) - (5.2.7)
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For the first term in the right hand side of (5.2.7), we note that P(i(h) = 0) =
e — 1ash ] 0and that I, = 7*((h — 70)*" — (=70)?P) on the event {i(h) = 0}.
Setting —7p =: A™1S with S ~ Exp(1), we obtain as h | 0

E(|14|% Lim=y) = 7T AN PIE(((S + Mh)?P — S2P)8) (14 0(1)) . (5.2.8)

Recalling that ¢* := (3 — D)™', we have

AV

q

] q > > 1
¢ = 52Dq+1 — —12(D—§)q.

As 0 | 0 we have 6 1((S + §)*P — §2P) 1 2D S?P~1 and note that E(S(D*%)q) =
I'(1 — ¢/q*) is finite if and only if (D — 3)¢ > —1, that is ¢ < ¢*. Therefore the
monotone convergence theorem yields

E(((S + AR)2P — §2P) %)

forg <q*: lim = (2D)*T'(1 —q/q*) € (0,00).

h10 A5 hi
(5.2.9)
Next observe that, by the change of variables s = (Ah)x, we can write
E(((S + Ah)?P — 52P)%) = / ((s + Ah)?P — §2P)3 = ds
0 (5.2.10)

= P (142 - )M,
0

Note that ((1+z)2P — 22P)3 ~ (2D)52(P~2)% as z — +o0 and that (D — g < —1if
and only if ¢ > ¢*. Therefore, again by the monotone convergence theorem, we obtain

. E(((S+Ah)P — 52P)3 > q
for ¢ > q*: l}glol ( \Dat1Dar ) = /o (1+2)?P —2*)2dxr € (0,00).
(5.2.11)

Finally, in the case ¢ = ¢* we have ((1+z)2P —2?)7"/2 ~ (2D)? /227! as x — +o00 and
we want to study the integral in the second line of (5.2.10). Fix an arbitrary (large)
M > 0 and note that, integrating by parts and performing a change of variables, as
h | 0 we have

o

oo ,—Ahzx 0
/ ¢ dz = —log Me™ MM 4 )\h/ (logz) e M*dz = O(1) —i—/ log (ﬁ> e Y dy
Mo T M AhM Ah

— 0(1) + /:M log (%) eV dy + log (%) /AhM eVdy = log (%) (14 0(1)).

From this it is easy to see that as h | 0

o0 q* 1
/ (1+2)?P — 2?5 e M2 dg ~ (2D)F log (h)
0
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Coming back to (5.2.10), noting that Dg + 1 = 2 for ¢ = ¢*, it follows that

_ E(((S + h)?P — §20)%)
lim -
Mo AP R log()

Recalling (5.2.6)) and (5.2.8)), the relations ((5.2.9)), (5.2.11)) and (5.2.12)) show that the
first term in the right hand side of ([5.2.7)) has the same asymptotic behavior as in the

statement of the theorem, except for the regime ¢ > ¢* where the constant does not
match (the missing contribution will be obtained in a moment).

We now focus on the second term in the right hand side of . Note that,
conditionally on the event {i(h) =1} = {7y < h, 7o > h}, we have

— 2D)% . (5.2.12)

Iy = ((h—71)*P+(r1—70)*P = (—79)?") ~ &* <(h—hU)2D+ <hU+§)2D— (§>2D) :

where S ~ Ezxp(l) and U ~ U(0,1) (uniformly distributed on the interval (0,1)).
Since P(i(h) = 1) = Ah + o(h) as h | 0, we obtain

st el (1o (03) - (3)) ).

Since (u+ z)*P — 22P — 0 as © — oo, for every u > 0, by the dominated convergence
theorem we have (for every ¢ € (0, 00))

= ME((1-0)") = AT (5.2.14)

lim E(|14)? 1iny=1y)
Dg+1°

h10 th+1

This shows that the second term in the right hand side of (5.2.7)) gives a contribution
of the order hP%*! as h | 0. This is relevant only for ¢ > ¢*, because for ¢ < ¢* the
first term gives a much bigger contribution of the order h%/? (see ([5.2.9) and (5.2.12)).

Recalling (5.2.6)), it follows from ({5.2.14]) and ([5.2.11)) that the contribution of the first
and the second term in the right hand side of ([5.2.7)) matches the statement of the

theorem (including the constant).

It only remains to show that the third term in the right hand side of gives
a negligible contribution. We begin by deriving a simple upper bound for ;. Since
(a + 0)*P — b*P < P for all a,b > 0 (we recall that 2D < 1), when i(h) > 1, i.e.
71 < h, we can write

[ i(h)
I, = 52 (h — Ti(h))zD -+ Z(Tk — Tk_l)QD + [(7'1 — 7_0)2D - (_TO)2D]
k=2
L 5.2.15
" ( )
<o [(h=7w)™” + D (=) + 777
k=2
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where we agree that the sum over k is zero if i(h) = 1. Since 7, < h for all k < i(h),
by the definition of i(h), relation (5.2.15)) yields the bound I;, < 2h?P(i(h)+1), which
holds clearly also when i(h) = 0. In conclusion, we have shown that for all h,q > 0

L]/ < hPag(i(h) + 1)1 (5:2.16)

For any fixed a > 0, by the Holder inequality with p = 3 and p’ = 3/2 we can write
for h <1

E((i(h) + 1) 1ms2y) < E((i(h) + 1)) P(i(h) > 2)**

s (5.2.17)
< E((i(1) + 1)*72) 77 (1 — e — e AR)*3 < (const.) h*/3,

because E((i(1) + 1)3?/2) < oo (recall that i(h) ~ Po())) and (1 — e — e=\h) ~
$(Ah)? as h | 0. Then it follows from (5.2.17)) that
E(|Ih|q/2 1{i(h)22}) S (COTLSt.,) th+4/3 .

This shows that the contribution of the third term in the right hand side of (5.2.7)) is
always negligible with respect to the contribution of the second term (recall ((5.2.14))).
[

5.3 The bivariate model

5.3.1 Definition of the bivariate model

We investigate here the decay of correlation of the absolute returns of a bivariate
version (X,Y) = (X}, Y})so of the model defined in Section[5.2 We need the following
quantities:

e two Brownian motions W* = (W7X) _ and WY = (W}Y)

t>0 t>0’

e two Poisson point processes on R: T = (7.5 ),ez and TV = (1,7 ) ez, of rates
respectively ¥ and \Y;

e positive constants DX, DY, 6% and &Y.

The tricky point is the definition of the Poisson processes, that we want dependent
but different. We introduce 77, i = 1,2, 3 independent Poisson point processes with
intensities \;, i = 1,2,3. Then we define 7% = T U T2, TY = T' U T?3. These are
again Poisson processes, with intensity A\; + Ay and A\; + A3, and they are actually
mutually dependent if 77 is non-degenerate.

We want to have a correlation coefficient p € [—1,1] also between the Brown-
ian motions, and this is a standard issue in financial modeling. We introduce two
independent Brownian motions W, W, and define

WY = pWX + /1 — p2W,.
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The correlation between WY and W will play no role in this paper, but the parameter
p is important for the correlation of the increments of X and Y at the same time,
which could be an interesting aspect to consider.

We suppose that the two-dim Brownian W = (W* W?Y) and the two-dim time
change T = (TX,TY) are independent. The requirements of section on the
marginal one-dim processes are satisfied and we can define X and Y as

X, =Wk, =W\
t t
where the random time changes I;X and I} are defined as in (5.2.1). This definition
is motivated by the fact that in empirical data the occurrence of a shock in one of
the two indices often coincides with a peak in the volatility of the other, as we will
see in Section So it is reasonable to suppose that part of the shock process is
”common” .

5.3.2 Covariance and correlations of absolute log-returns

For a given time h,
& = |Xt+h - Xt|7 = |Yt+h - Yt|,

are the absolute values of the returns of X and Y at time t. We are interested in the
correlations between these two variables, and we start computing their covariance. In
fact, we are now going to state a result on the asymptotic behavior of the covariance
of log-returns as the time scale goes to 0.

Theorem 5.6 (Covariance of absolute log-returns). Let the process (X,Y") be defined
as above. Then, for any t > s > 0, the following holds:

-m COU(§S7 77t>

li m COU(£07 ntfs) o

=1
h

h10 h 10 h
~X =Y X NDY
i676" VD7D¥ , ((_T(;()Dx—l/27(t_S_TS/)DY—l/2> oA (t=9)
m

Remark 5.7. Using the definition of 7% and 7Y and the properties of Poisson
processes it is possible to rewrite this expression as

4 - —
1&&1@ :_5.X5_Y /DXDY (/\X)I/Z DX ()\Y)l/2 DY o
s

Cov ((SX>DX—1/27 (Yt + SY)DY—1/2> oAt

where S% = min{S%* S?} and SY = min{SH", S3} are correlated exponential vari-
ables of parameter 1, and

()\1 + )\Q)Sl’X = ()\1 + )\3)5«1,}/ ~ exXp ()\1) s

A A
2 2 3 3
S exp ()\1+)\2), S exp (A1+)\3)

are mutually independent.




5.3. THE BIVARIATE MODEL 131

Remark 5.8. If instead of taking absolute returns we consider simple returns, we
find that lim o Cov(X), — Xo, Yiin — Y:) = 0, for any ¢t > 0. This is why we say that
our model is consistent with the fact that empirical cross-correlations of returns are
not significant even for very small time lags, in analogy with the autocorrelations.

From this theorem we obtain an asymptotic evaluation for correlations between
log-returns, when the time scale goes to 0. Recall that the correlation coefficient
between &, and 7, is defined as

_ CO@(foy 7]1&) '
\/Var(fo)Var(m)

Corollary 5.9 (Decay of cross-asset correlations). For the process (X,Y) defined
above, for any t > s > 0, the following expression holds as h | 0:

p(&o, 77t) = p(’XhL D/tJrh - Yt|)

5 Cov ((SX)DX—1/27 (At + SY)DY—1/2>
T \/Var(I[N|SP*-1/2)Var(|N|SP"-1/2)

—A\Y¢

l}gg p(&osme) =

where with S we denote an exponential variable of parameter 1 and with N a standard
normal variable, they are mutually independent and both independent of all the other
random variables. S* and SY are defined in Remark/[5.7,

Remark 5.10. Suppose we are dealing with X and Y produced by the same time
change of two different Brownian motions, i.e IX = IY =: I, or:

DX —DY. TX_ gV X _g¥
The expression for the decay of cross-asset correlation becomes in this case
2 Cov (6SP~12 5(At + S)P~1/2) e~

lim p(Co,m) = 2 Var(a|N|SD-172) ’

which is exactly the expression for the decay of autocorrelation coefficients (cf. The-
orem [5.5). An analysis of real data suggests that this property is very close to what
we see in financial markets.

5.3.3 Proof of theorem [5.6l

We start the computations on Cov(&, 1) writing more explicitly the quantities in-
volved. Recall that the increments of WX and WY are independent on disjoint time
intervals, and W* and W are independent Brownian Motions. So for h <t — s

Cov(gsa nt) = E(|Xs+h - Xs||Y;f+h - Y;ﬁ|) - IE:|)(s-|—h - XS|E|}/t+h - Y:‘,|

_E (|Wf< NEAE AN —AY)

—E<\W1X! fiih—ff)E(m ftﬁh—ff)
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and using independence

Cov(&s,me) = (E[W])*Cou (\/ sth ™ \/ ven — 1 )

= _COU (\/ s+h Ix, t+h - [ty)

From our choice of T¥ and TY we have the stationarity of the increments of (I, "),
therefore

Cov (\/ s+h \/ ern — i ) = Cov (\/Ea L gpn — [tys) :

Remark that the covariance of the absolute values of the returns actually depends just
on Cov (\/ o/ +h -1 Y) where t is the time difference. Recall

I, = 72 (h — Ti(h))2D + Z(Tk - Tk—1)2D - (_TO)2D

Almost surely, for h small enough, i(h) = i(0) = 0, so the sum in the right hand
vanishes and a.s.

lim b = lim 52 (h = 7)™ = (=70)"
hlo h  hlo h
B— 72D _ (_7)2D
_ 52 %{8 (h — 7o) - (=) — 2D (—7p)?P 1,

and analogously

iy Ztth — L
11m —-—-

— 2D (t — ) 201
hl0 a T(t))

Lemma [5.11| implies the uniform integrability of the families

X IY —IY
{%:he(o,l]}, {WLTt:he(O,l]},

therefore we first apply bi-linearity of covariance and then take the limit inside, ob-

taining
- Cov (VI;)L(M/IKF;L_ IX ]tljrh
lim = Cov | lim
R0 h R0 hw

= 2V DXDY5%5Y Cov (( TOX)DX 1/2 (t—Ty(t))DY 1/2
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We can obtain a better representation of this quantity multiplying the right term in
the covariance by the characteristic function of {i¥(t) = 0} plus the characteristic
function of its complement:

Cov ((—TOX)DX_I/27 (t— Tiix//(t))DY_lﬂ)
x_ y_
= Cov <(—7'(3X)D 12, (t— Tl-);(t))D 1/21{iy(t):0})
x_ v_
+ Cov ((—TOX)D V2t - T w)” 1/21{iY(t)>0}> :

DY —

The second covariance is 0 because (t—7} ®) Y21 v (=0 is GY measurable, where

Yo=a(r} : k> 0), and G¥, is independent of 7 (loss of memory property of Poisson

processes). So, using the fact that 1y =g} is GY, measurable, because so is v >0y
we have

DX71/2’ (t—7% )DY71/2>

X _ Y_
— )P (= )P E (L gy

)
X _ Y _
(=7 )P 2 (= )P Py )
(
(_TDX)DX71/2 (t — Tg/)DYA/z) oAVt

and the theorem is proved. O
We present now the technical lemma used in the proof of Theorem[5.6] Recall that
0<D<1/2

Lemma 5.11. The class of random variables

{%:he (0,1]}

is bounded in L° for § < ﬁ.

Proof. Recall

and decompose E(I?)
E(I}) = B(f1i(t) = OP(i(t) = 0) + S E(Ifli(t) = k)P(i(t) = k)

Conditioning on i(¢) = 0 and using convexity,
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in a right neighborhood of ¢ = 0. So
E(I7]i(t) = 0) < (2D)’3™E ((—70)"*"~V) t* < Cot”

for 0 < 55 2 5, since —7g is an random variable with exponential distribution. Condi-
tioning on i(t) = k, k > 1, and using convexity again,

I, = 62 (t —73)%P + Z — Tj_1) (—TU)QD]
< 52 (t — 1) + Z — 1)+ (t— 1) - (—TQ)QD]
352 (t — 7% 2D+Z 7 —7i1)* +2D(— )QD—lt].

By Jensen inequality and the fact that 2D < 1,

k 2D 9D
t—T1)+ - T t
t—TkQD—l-}: Tj12D§k<( k) Z]Z:z( ]1)> §k<E)
Jj=

Then
t 2D
I, <52 (2D(—70)2D1t +k (E) ) :

Now, supposing ¢ < 1, we have that for suitable positive constants C; and Cs

k k
E(I2|i(t) = k)P(i(t) = k) < (Jl%zs5 + cgkm—w)%tmm.

Recall § < —55. Therefore 6 < 1+ 2D4, so 1200 < 49 and then

/\k

5
k't

E(1|i(t) = k)P(i(t) = k) < (Cy1 + Cok®072P))

Therefore

10 < Out°

E(I}) <

Co + chy
k=1 '

where C3 and C} are positive constants. So {% :t e (0, 1]} is bounded in L°. O

5.4 Empirical results

We consider the DJIA Index and FTSE Index, from April 2nd, 1984 to July 6th,
2013. For the data analysis we use the software MatLab [76]. What follows is justified



5.4. EMPIRICAL RESULTS 135

by the ergodic properties of the increments X. We start considering the two series
separately. We want to assign to the parameters some values such that the predictions
of the model are as close as possible to real data. For this purpose, we choose some
significant quantities (taking into account interesting features related to stylized facts),
and use them for the calibration. Here we consider the multiscaling coefficients C}
and Cy, the multiscaling exponent A(q), the volatility autocorrelation function p(t).
The procedure for the calibration is described precisely in [I] for what concerns the
one-dimensional model. Here we just outline the basic idea, which is to minimize
an L? distance between predictions of the model and empirical estimations of these
significant quantities. The details of the calibration of the bivariate version can be
found in [82]. We find the following estimates for the parameters.

FTSE: D =~ 0.16;

~ 0.0019; & A1
DJIA: D~ 0.14; .

A ~ 0
A 0014; &~ 0.127.

~
~

In Figure we show the empirical multiscaling exponent versus the prediction of
our model with this parameters. Our estimate for the multiscaling exponent looks
smoothed out by the empirical curve. Since a simulation of daily increments of the
model yields a graph analogous to the empirical one, this slight inconsistency is likely
due to the fact that the theoretical line shows the limit for A | 0, whereas the empirical
data come from a daily sample.

Analogously Figure [5.4] concerns volatility autocorrelation. The decay is between
polynomial and exponential, and fits very well empirical data considering the fact
that they are quite widespread. We conclude that the agreement is excellent for both
multiscaling and volatility autocorrelation.

Figure 5.3: Multiscaling exponent
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We display now the distribution of log returns for our model p,(-) = P(X; € -) =
P(X,s — X, € -) for t = 1 day, and the analogous empirical quantity. We do not
have an explicit analytic expression for p;, but we can easily obtain it numerically.
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Figure 5.4: Volatility autocorrelation
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(c) FTSE loglog plot (d) DJIA loglog plot

Figure (5.5]) represent the bulks and the integrated tails of the distributions. We see
that the agreement is remarkable, given that this curves are a test a posteriori, and
no parameter has been estimated using these distributions!

5.4.1 Jumps and quadratic variation

In this section we introduce the theoretical tools and results that have inspired the
algorithm for finding the location of relevant big jumps in the volatility, that will be
presented in the next section. This algorithm has appeared for the first time in [23].

On one hand we know that the quadratic variation of X is given by I (Proposition

, ie.

Therefore, since we know that the quadratic variation of X, is the limit in probability
of the squared increments on shrinking partitions, it seems natural to estimate I by
evaluating the squared increments of a dense sampling of X.
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Figure 5.5: Distribution of log returns
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On the other hand, the process I is piecewise-concave; in fact, we recall that such
process is defined by

i(t)
It :5’2 (t—Ti(t))QD—l— (Tk—Tk_l)QD— (—T()
k=1

)2D

It is clear that between two consecutive shock times the process is concave. Therefore,
if we are at time 7" and we consider the backward difference quotient defined by

_Ir—Iry

QT<t) . t

this quantity is, conditional on 7T, increasing up to the last shock time before T,
therefore it has a local maximum in ¢ = T — 77). Moreover, the derivative of I; is
very big after a shock but it quickly decays over time. Because of that, we expect
that Qr(s) < Qr(T — 7)) if s € (T — 71), T — Tyry — L), for some L > 0. We
propose here an algorithm based on the following idea: if we choose a M > 0 such
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that T'— M < 1) < T and T'— M is “closer to 71y than to 771", then the global
maximum of Qr(t) in the interval (" — M, T) should be attained in t = T" — 7;(7.
In view of these two observations, we introduce the following estimator

k
Z XT i+1 — )2

In our data analysis, the estimator is an average of daily squared increments of X;
(the densest sampling we could get), so it should be a good estimate of the quadratic
variation of X. Moreover, it has the following property

wl»—*

k

E{Vr(k)|T} = % ZE {(Xr—ips — Xr_0)* [T}
= % ;E {(W[Tfrkl - VVIT%)2 |T}
.
= 7 Z(IT — Ir_y)
= Qr(k)

Since we can’t observe (Qr directly, we can use Vy as an approximation of it and
implement and algorithm for finding the realised jump time estimating V- on historical
data. We give now a more accurate mathematical explanation of these heuristics. This
work has been developed in [23], [29], [82].

First we introduce the process Q(TN)(t), which is an analogous of the estimator
Vr, but its time argument is continuous. In order to simpify the notation we set
m =T — 7y and « := Ty — Ty1)—1. Moreover recall from subsection [5.4.1] “ that

Ir— I
QT(@;%7

Definition 5.12. Let X; the stochastic process defined as Wj,. We define the process
Q%N)(t) as the discrete version of Qr(t).

N
1 2 2
Q%N)(t) = n <Z ((X(nJ]rvl)T — X%) — (X(n+13\(]T—t) — Xn(]]"\;t)) ))

Q7(+) has some nice geometrical properties which guarantee the existence of an
“isolated” maximum point in m. However we cannot observe on real data the realiza-
tion of Q7(-) but we can observe the process Q(TN)(-) on the times where it coincides
with V. Theorem shows that in suitable settings maximum points observed
through Q(TN)() converges to m.

The following lemma shows geometrical properties of Q7(-). Given m small enough
Qr(-) attains its maximum in m and the peak attained in m is arbitrarily high, i.e.
reducing m increases the distance between the maximum and the next minimum.

and -[t = <X>t
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Lemma 5.13. Let m and « as in above and K = (%)ﬁ Then

(1) m is a local mazimum point for Qr(t) iff m < Ko

(2) The following limit holds

QT(m) — QT(Oé -+ m) ﬂ) —+00

Proof. (1) Qr(t) is everywhere continuous and it is differentiable but in {T'—7, },,en.
To prove that it attains the maximum in 7" — 757y we will prove that in m the
left derivative is greater than 0 and the right one is less than 0.

The derivatives are

5’22D(T —t— Ti(T)_1)2D_lt — ([T — [Tft)

Q/T (t) = 12

t € (T — Ti(T); T — Ti(T)—l)

522D(T —t— Ti(T))2D_1t — (IT — ITft)
t2

Qr(t) = t€ (0,7 7)) (5.4.1)

I, is concave then

Ir — IT—t < I/(T — t)t
From (j5.4.1)) we get Q/-(t) > 0 in (0,m).
On the other hand

. 6‘22D(T —1— Ti(T),l)ZDilt — (IT — IT—t) %
lim =
t—m t2 m

L;(a, m) has the following trivial properties

1 1-2D
La 5 — 0 = - ey
(o, m) m=« <2D)
lim L;(a,m) = —o0
m—0+t
lim Ls(a,m) = +o0
m—r—+0o0

which imply that the right derivative is less than zero if and only if m < Ka,
thus Qr(t) attains a local maximum in m if and only if m < Ka.

(2) Note that Qr € C*((T — 7yr), T — Tytr)-1)) a.s. The second order derivative on
this interval is the following

Q(2) _ 2D(2D — 1)(T —t— TZ‘(T)_l)QD_Q _ 2Q’,T
T t t
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Thus Q7(t) = 0 implies Qg?)(t) > 0 then all stationary points are minimum
points. Moreover ()7 can have only one minimum point which in fact exists,

since from hypothesis and from (5.4.2)) we get

lim Q7 (t) <0

t—>T—Ti<T)

and
lim  Qn(t) = 400

t—)T—Ti(T),l

Let v € (T — 71y, T — Tytr)—1) the point in which Q7 (t) attains its minimum.
By definition
Qr(m) — Qr(y) > Qr(m) — Qr(a +m)

Let 5 = Ti(T)—l - Ti(T)_Q. We get

Ir — [Ti(T) _IT — ITi(T)—l _ 2 m?2D + a2P B m?2D + 2D + §2D
m m+«

m)— a+m) =
Qr(m)=Qr( ) T'—mry T —Tir)—1

Passing to the limit

72 (a*PT 4+ m*Pa — me?P) 04

m(m + o)

> 400

Qr(m) — Qr(a+m) =

then lim,, o+ Qr(m) — Qr(y) = +00.
]

Theorem 5.14. Let Qr(t), Q(TN)(t), a and m as above. Let K := (%)ﬁ and
m < Ka. Then there exists an interval I , which contains m, and the sequence
{un}nen of absolute maximum points of Q,}N)(t) in I such that the following limit
holds in probability

N—oo
UN —— M

In order to prove this theorem we need to apply lemma The most complicated
part is to define a suitable interval [ such that [ contains m and excludes 7 - the
minimum point of Q7 between m and m + «. Obviously, given such an interval we
are sure that Qr|; is increasing before m and decreasing after m because of lemma
5.13] Laboriousness comes up with the fact that we are able to observe only Q(TN)
realization, which means that [ has to be defined starting from it. To proceed with
our plan we need to find the maximum point of QF}N’ which corresponds (in some
sense) to m: therefore we have to get rid of all the maximum points caused by the
irregular realization of Q(TN). The idea is to find a maximum higher than the others:
the following definition moves on this direction.
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Definition 5.15. Let ¢ > 0. We define py,. as the minimum ¢ = % such that ¢ is

the absolute maximum point of Q(TN) on the connected component of Q%N)&(Q(TN) (t)—
2e, +00) which contains t. We define Ay . as the connected component such that iy .

. . N
is maximum of Q(T ) on Ane.

Proof. Recall Theorem [5.17} For all § > 0,6 > 0 there exists N such that for all
N > N the following holds

i [{doo (QT(-), <TN>(-)) > 5}] <6 (5.4.3)
Let C :={w € Q : doo(Qr(-,w), (TN)(-,w)) > ¢}. We will consider only w € Q\C' e
N> N.
Let v be the minimum point of Q7 on the interval (T'— 7y, T — 7y1)—1). Lemma
shows that for all ¢ > 0, taking 7" close enough to 7,y (i.e. taking m small
enough) the following inequality holds [T}

Qr(m) — Qr(y) > 4e (5.4.4)

Let pun. and Ay, defined in definition [5.15| (5.4.4)), (5.4.3) imply pn. < 7,
thus px. € (0,v). Moreover from Lemma and from the hypothesis T — 7y <
K (7i(ry — Ti¢r)-1) follows that Qr attains the absolute maximum on the interval (0, )
in m. Thus

i) — 22 < Qrlpwe) — e < Qr(m) —e < QY (m)
or equivalently m € Ay ..

(5.4.4), definition and m € Ay, implies
(1) < Qr(7) e < Qr(m) =32 < Q" (m) — 20 < Q4 () — 2

or equivalently v ¢ Ay ..
Let € > 0 fixed. Consider the interval

I = ﬂ 14]\[78

taking 7" close enough to 7y, m € I, v ¢ I. From Lemma follows that Qr|;
is increasing for x < m and decreasing for z > m. Moreover [ is closed since it is
intersection of closed intervals.

From Lemma follows that for w € Q\C
() == m(w)

Thus arbitrary choice of § > 0 in (5.4.3) implies the thesis.
[

1 Using the same argument of the proof of Lemma we see that there is only a minimum point

between two maximum points, thus Qr(m) — Qr(7) mo0t |
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In the proof above we have used the following results (see for instance [66] for

Theorem [5.17)).

Lemma 5.16. Let I a closed interval. Let f: 1 — R a continuous function with the
following properties:

e f attains in m its unique local mazimum in [
o [ is strictly increasing for x < m, strictly decreasing for x > m,

o {fu}lnen is a sequence of continuous function in I uniformly convergent to f.
Moreover, for alln € N, m,, is the absolute mazimum point of f,.

Then
N—oo
m, —— m

Theorem 5.17. Let M € M<!¢. The process S£2)(M) converges to (M) in probabil-
ity, uniformly on compact intervals [0, T].

5.4.2 An algorithm for the detection of jumps in the volatility

We explain now the empirical usage of the algorithm, justified by previous compu-
tations, in particular by theorem [5.14 We start introducing some notation. The
financial index time series will be denoted by (s;)o<i<n, whereas the detrended loga-
rithmic time series will be indicated by (z;)250<i<n, Where

x; = log(s;) — d(i)

and d(i) == 55 L eolog(s;); we observe that it is not possible to define x; for
i < 250. We moreover define (y(7))o<;<n to be the corresponding series of the trading

dates. We also introduce the empirical estimate of Vi as

Vi (k) =

| =

k
Z ($N7i+1 - foi)Q
i=1

Now, suppose that we want to know when the last shock time in the time series
occurred. We recall that the idea is to choose an appropriate integer M such that
0 < M < N and see where the sequence (Vy(k))n—m<k<n attains its maximum. This
leads us to introduce the following definition.

Definition 5.18. Let (s;), (z:), (y:), N, M be as above; given as integer N such that
M < N < N, we define

k(N,M) := ArGMAX 5y pe

| =

k
Z (541 — $N—i)2‘
i=1
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This quantity is an estimate of the distance of the last shock time before y5 from N.
Using this we define also

i(N,M):=N —k(N,M)+1,

our estimate of the index of the last shock time estimate, and consequently our esti-
mate of the last shock time before yy is

AN, M) =y (J(V, M)

It is worth compare briefly our algorithm with the so called ICSS-GARCH algo-
rithm. Following [87], we can describe the ICSS-GARCH algorithm as follows. Given
a series of financial returns rq,...,7,, with mean 0 we define the cumulative sum of

squares Cy = >°r_ 7?2 and let
C k
Di=—t—-2 1<k<n, Dy=D,=0
C, n
The idea is that if the sequence rq,...,7, has constant variance, then the sequence
Dy, ..., D, should oscillate around 0. However, if there is a shock in the variance, the

sequence should exhibit extreme behavior around that point.

We remark that both algorithms use squared returns to detect volatility shocks.
However, the ICSS-GARCH algorithm works well under the assumption that the
returns are normally distributed, but not with heavy-tailed distributions, as proved in
[87]. Our algorithm, on the contrary, does not need any particular assumption on the
distribution of the returns, but it is simply based on geometrical considerations. In
fact it exploits the particular characteristics of a piecewise-concave Brownian motion
time change to locate shocks. We point out the assumption of a piecewise-concave
Brownian motion time change is very natural in the context of stochastic volatility
models. In fact, to reproduce jumps in the volatility, one has to introduce a process
that makes the volatility dramatically increase when a shock occurs, and then slowly
decay over time. To reproduce such a behavior, it seems natural to introduce a
piecewise-concave time change. Furthermore, we remark that this algorithm does not
work just with the model that presented here. For instance it is possible to prove that
it works with any model where the detrended log-price is given by W,, where W is a
Brownian motion and J; is a time change such that

i(t)

Jio=g(t — Tiw)) + ZQ(Tk — Th-1),
k=1

with {7;},c, and i(¢) as in the model in [1] and g : [0, +00) — [0, +-00) is concave and
satisfies ¢(0) = 0, limy,_,o+ g(h)/h = +o0. E]

2In the model presented above, g(h) = h2P
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Recall that for the empirical discussion outlined here, we decided to use the DJIA
Index and FTSE Index, from April 2nd, 1984 to July 6th, 2013, so that N = 7368. A
similar data analysis has been done on the Standard & Poor’s 500 Index, from January
3rd, 1950 to July 23th, 2013, finding analogous result and confirming the validity of
the method we present here on aggregate indices. All the calculations and pictures
presented here have been obtained using the software MatLab [76]. An example of
the empirical procedure to estimate the last shock time is given in Figure [5.6]

Figure 5.6: Plot of the quantity 1//1\\,(]{) for k = 1,...,2000 (M = 2000). N has been
choosen so that y is the 10th of May 2011. The peak corresponds to the the 15th of
September 2008, the day of the Lehman Brothers bank bankruptcy.
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However, we are not sure whether the choice of M that we made is good or not.
Therefore, to confirm that the shock time estimate is good, we may repeat the estimate
approaching the shock time, for example dropping the last observation, or dropping a
particular number of the last observations. Then we can repeat this procedure many
times and if we see that the last shock time estimate is confirmed, then we have a
clear indication of the presence of a shock there (see Figure (a)). We remark that
when more than one shock is present on the time interval we consider, the most recent
is always found as the maximum peak of V if we take y5 close enough to it. When
we get further, the chosen peak is not necessarily the most recent, as we can see in
Figure (D) This is exactly what we expect from Theorem [5.14]

We can now apply the algorithm to try to locate all the past shocks in a given
financial index time series. To do so, we simply calculate the quantity /z\(N , M) for
N = N,..., M. We introduce the following sequence.

Definition 5.19. Given the quantities defined in definition [5.18] we introduce the
past shock time sequence as

-~

h((@)2s0<i<n, M) = (?(N, M))

M<N<N

However, we slightly tweak the procedure in order to get a clearer result. When
calculating k(N, M) we ignore the last 20 elements of the sum, in order words, instead
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Figure 5.7: Plot of the quantities X//]\g,(k) for k = 1,...,2000 (M = 2000), for the
DJIA. In each figure we shift N 4 times of 20 working days. In N has been
chosen so that yg is the 10/05/11(red), the 11/04/11(yellow), the 14/03/11(green)
and the 11/02/11(blue). The four maxima are all located the 15/09/08, the day of
the Lehman Brothers bank bankruptcy, confirming the presence of a shock there. In
N has been chosen so that yg is the 27/02/12(red), the 27/01/12(yellow), the
28/12/11(green) and the 29/11/11(blue). We can see that when yy is close to the
05/08/11 (European sovereign debt crisis), this date corresponds to the maximum of
V, whereas when we move further the maximum is again on the 15 /09/08.
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of calculating /k\(N, M) as the argmax for N—M < k < N, we drop the last 20 elements
of the series. This leads us to recognize shocks that are at least 20 days old, removing
the noise due to the excess volatility. We do this because when N is very close to a
shock, the procedure becomes unstable since near a shock the volatility is very high,
so it is not always clear where the maximum is.

Finally, to get a clear picture of which are the big shocks in the time series, we can
plot the number of the occurrences of each element of the sequence h((x;)as0<i<n, M).
We may choose to consider an element of the sequence of dates a shock if its numbers
of occurrences exceeds a certain threshold. Table [5.1] contains our estimated shock-
dates. In Figure you can see the graphical evidence that maxima are concentrated
on a small set of days for both FTSE and DJIA, supporting the validity of the method.
The choice of the threshold is not completely determined, and we have based it on
two criteria. Firstly, the number of estimated shocks should be consistent with the
number of expected jumps of the Poisson process (whose rate will be calibrated in
section . Secondly, we see that in both series it is possible to find a big interval in
N for which almost no date has a number of occurrences contained in that interval.
More explicitly, for the DJIA there are just 3 dates found approximately 50 times,
whereas all the others are found more than 80 times or less than 25. Analogously, for
the FTSE there are just 2 dates found approximately 50 times, whereas all the others
are found more than 80 times or less than 20. It is therefore reasonable to consider
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true shocks the ones occurred more than 80 times, whereas it is not that clear how to
consider the dates with approximately 50 occurrences. In any case, these choices are
consistent with the number of expected jumps of the Poisson process. Another issue
in the choice of shock dates is the fact that sometimes there are two or more very
close dates which are found a considerable number of times. In this case we consider
them as related to the same shock. These dates are marked with the word ”sparse”
in table where we have reported our estimated dates.

Figure 5.8: Shock times; x-axis: increasing time index; y-axis: y(i)=number of times
the maximum of V' is realized at i
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(a) FTSE shock times (b) DJIA shock times

It is natural at this point to wonder if there is a relation between the shocks in
the two indices, and a straightforward experiment is to try to superimpose the two
graphics (see Figure . What we get is a clear indication that the shock times of
the two series are almost coincident, only the magnitude (or evidence) being different
and having very few shocks which are present just in one of the two indices. This is
a validation of our choice of modeling the joint process of jumps 7 = (TX,TY) as
explained in section taking 7X = T'UT? and T =T UT>.

5.4.3 Application to cross asset correlation

As a consequence of previous section, a first idea to try a rough modeling of cross
asset correlations is to suppose 7+, jump process for FTSE, and 7, jump process for
DJIA, to be the same process. But if this is true from Remark and from the
fact that D and & are very similar for FTSE and DJIA, we would expect the decay of
volatility autocorrelation in the DJIA, the decay of volatility autocorrelation in the
FTSE and the decay of cross-asset correlation of absolute returns to display a similar
behavior. In fact, this is exactly what happens if we plot these quantities (see Figure
(.10, in agreement with the empirical findings of [83].

Under this rough hypothesis our estimate for cross-asset correlations is therefore
our prediction for the decay of volatility autocorrelation in FTSE or DJIA, or a mean
between the two.
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Table 5.1: Estimated dates of shock times

FTSE DJIA

14/10/87 15/09/87

24/01/89

26,/09/89 11/10/89 (questionable, 53)
09/01,/96
01/07/96 (questionable, 54)
13/03/97 (sparse)

08/08/97

22/10/97 (questionable, 48) 16/10/97

04/08/98 31/07/98

30/12/99 04/01/00

09/03/01 09/03/01

06/09/01 06/09/01

12/06/02 05/07 /02

12/05/07 (questionable, 43)

24/07/07 24/07/07 (questionable, 57)

15/01/08 04/01/08 (sparse)

03/09/08 15/09/08

05/08/11 05/08/11

Figure 5.9: Common jumps: overlap of Figures (a) and (b)
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Figure 5.10: Comparison of empirical correlations
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(a) log plot; one point out of three is plotted  (b) loglog plot; for ¢ > 20, one point out of
three is plotted

We can do better using the bivariate jump process I = (I, IY) described at the
beginning of section [5.3] We just have to estimate the intensities Ai, Ao, A3, subject to
the constraints coming from the estimates of the one dimensional models. The set of
feasible s is in fact a segment in R3.

Define 7,,(t) as the empirical correlation coefficient over h days:

Wn(t) = COTT(‘WQ}L - xf” ‘x~d+t+h - $l~1+t|)-

where 2/ and z? are the FTSE and DJIA series of detrended log returns.
Minimizing a suitable L? distance between this quantity and the theoretical cross-
correlation (Theorem [5.5]) we obtain

A1 =0.0014; Ay =0.0005; A3 =0.

In Figure we can see the excellent agreement of the prediction of our model and
the empirical decay of the cross-asset correlations, for ¢t = 1, ..,400 days.

The fact that our estimate is A3 = 0 means that our best fitting with real data is
obtained when the shocks for FTSE are given by the shocks of the DJIA plus some
additional ones, given by a sparser and independent Poisson process. These estimates,
due to the small sample size, are too rough to allow more quantitative considerations.
In any case, if we want to see a reason for the situation above, we can suppose that
shocks in the DJIA index always determine a shock in the FTSE index, whereas it is
possible to see a shock in the FTSE which does not imply a significant increment in
the empirical variance of DJIA.



5.4. EMPIRICAL RESULTS 149

Figure 5.11: FTSE and DJIA cross-asset correlations
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Chapter 6

Multi-scaling of moments in
stochastic volatility models

6.1 Introduction

Let (X¢)i>0 be a continuous-time martingale representing the log-price of an asset.
We say that the multi-scaling of moments occurs if the limit

i log K <|Xt+h - Xt|q)
im sup
hl0 lOgh

= Aq) (6.1.1)

is non-linear on the set {¢ > 1 : |A(q)| < +oo}. More intuitively, (6.1.1)) says that
E (| Xisn — X¢]9) scales, in the limit as h | 0, as h4@ with A(q) non-linear. In the
case X, is a Brownian martingale (i.e. a stochastic integral w.r.t. a Brownian motion),
one would expect A(q) = £, at least for ¢ sufficiently small. In this case, multi-scaling
of moments can be identified with deviations from this diffusive scaling, occurring
for ¢ above a given threshold; this type of multi-scaling is indeed widely observed in
financial data ([95] 56] [54] 44], [43]), as we can see in fig. Multifractal models are

Figure 6.1: Scaling exponent A(q) of FTSE and DJIA
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a large class of stochastic processes that exhibit multi-scaling for a rather arbitrary
151
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scaling function A(q) ([28, 27, 26]). In these models X; is defined as a time changed
Brownian motion:

Xt = Wl(t)a (612)

but it cannot be expressed as a stochastic volatility model, i.e. in the form dX; = o,dB;,
for a Brownian motion B;. Some results on the scaling properties of stochastic volatil-
ity models are contained in [55], where the scaling of the log-volatility is investigated.

In chapter [5] a simple stochastic volatility model exhibiting a bi-scaling behavior
has been constructed: holds with a function A(g) which is piecewise linear and
the slope A'(q) takes two different values. In this chapter, following [41], we analyze
multi-scaling in a more general class of stochastic volatility models, namely those of the
form dX,; = 0,dB;, with a volatility process o; independent of the Brownian motion
By; these processes are exactly those that can be written in the form (6.1.2)) with
a trading time I(t) independent of Wy, and with absolutely continuous trajectories.
Remark that considering models with no drift does not affect our analysis, since in
short time the drift has a smaller scale than the Brownian Motion, and therefore its
contribution to A(q) is negligible. We focus in particular on models in which V; := o2

is a stationary solution of a stochastic differential equation of the form
AV, = —f(V)dt + dLy, (6.1.3)

for a Lévy subordinator L, whose characteristic measure has power law tails at infinity,
and a function f(-) such that a stationary solution exists, and it is unique in law. We
show that multi-scaling is not possible if f() has linear growth, but if f(-) behaves as
CzY as ¢ — 400, with C' > 0 and v > 1, then the stochastic volatility process whose
volatility is a stationary solution of , exhibits multi-scaling. In this class of
models multi-scaling comes from the combination of heavy tails of L; and superlinear
mean reversion; technically speaking, as will be seen later, the key point is that the
distribution of V; has lighter tails than those of L;. We remark that the class of
processes introduced in [I] can be seen as limiting cases of those considered here, with
~v > 2 and the characteristic measure of the Lévy process L; concentrated on +oo. For
all of these models the scaling function A(q) is piecewise linear, with two values for the
slope. We discuss in Section how this is compatible with empirical data coming,
for instance, from DJIA or FTSE indices or from currency exchange rate data. We
also briefly discuss how the fact that the processes considered in this chapter are also
of the form (|6.1.2)) can be useful in financial applications such as option pricing.

The chapter is organized as follows. In Section [6.2] we give some basic facts on
stochastic volatility models, and provide some necessary conditions for multi-scaling.
Sectioncontains more specific results for models whose volatility is given by .
Section deals with possible financial applications, and in section [6.5| we prove that
for these models volatility autocorrelation decays exponentially, finding some estimates
for the rate of decay.
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6.2 Multi-scaling in stochastic volatility models
We consider a stochastic process (X;):>o that can be expressed in the form
dXt = Utth, (621)

where (W;);>o is a standard Brownian motion, and (oy);>0 is a stationary, [0,400)-
valued process, independent of (Xi);>0, that we will call the volatility process. We
assume the following weak continuity assumption on the volatility process.

Assumption A. As h | 0, the limit

1 rh
ﬁ/ (s — 09)%ds — 0
0

holds in probability.

We begin with a basic result on the scaling function A(q) defined in (6.1.1]). It
states that under a uniform integrability condition on the integrated squared volatility,
the diffusive scaling holds. Thus a necessary condition for multi-scaling is the loss of
this uniform integrability.

Proposition 6.1. Assume that, p > 1,

1 [h p/2
(—/ des)
h Jo

Then, under Assumption A, A(q) = 1 for every q < p.

limsup E < +00. (6.2.2)

hl0

Proof. Note that

X, - X 1 [h !
ZhE Ao | dW, = / oundB",
Vh Vh Jo 0

where ij = \/LEW;W is also a standard Brownian motion. Thus, % has the same
law of fol oundB,, where B is any Brownian motion independent of the volatility

process (0¢)i>0. It follows from Assumption A and the isometry property of the
stochastic integral, that

1
/ Uuthu — UoBl (623)
0

in L? and therefore in probability, as h | 0. By (6.2.2)) and the Burkholder-Davis-

Gundy inequality (see [80]),
1 p/ 1 [h p/2
(/ thdu> (E/ Ugds) ],
0 0

2

p
}gcpﬂz —E

1
E|:/ Uuthu
0
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so the family of random variables { fol oundBy, : h > O} is bounded in LP. This implies
that the convergence in (6.2.3)) is also in L7, for every ¢ < p. Thus

[B53]] -2

as h ] 0 (in particular E (0f) < 4+00). Taking the logarithms in the limit above, one

obtains A(q) = 1.

} S E(Y)E[B]

]
Remark 6.2. Suppose 1 < ¢ < p. Then %p) < %. This follows immediately from
the fact that, for every h > 0,
log E (| X¢qn — Xi|7)
q

lOgIE(‘XtJrh*Xﬂq)
qlogh

= log ||Xt+h - Xt“q

is increasing in ¢, so that is decreasing in ¢ for all 0 < h < 1.

In what follows, for models of the form (6.2.1)), we assume the following further
conditions.
Assumption B. E (¢3) < +o0.

Under Assumption B, (6.2.2]) holds true for p = 2. By Proposition [6.1}and Remark
we have that A(g) = £ for 1 < ¢ < 2, while £ > A(q) > —oo for ¢ > 2. This
suggests the following formal definition of multi-scaling.

Definition 6.3. Under Assumptions A and B, we say that multi-scaling occurs if
{g: —oo0 < A(q) < 1} has a nonempty interior.

In what follows, Assumptions A and B will be assumed implicitly. Note now that,
by the Burkholder-Davis-Gundy inequality, there are constants c,, C, such that for

each h > 0
h p/2 h h p/2
(/ dei?) /O'SdWS (/ delﬁ) .
0 0 0
(6.2.4)
1 h q/2
(—/ afds)
h Jo

Thus, the condition
for each h > 0 is necessary for A(q) > —oo. Note also that, by Jensen’s inequality,

1 h a/
(— / agds)
h Jo
for ¢ > 2. Thus, whenever E [o{] < +o00, the assumption of Proposition [6.1| holds.
These remarks, together with Proposition [6.1] yields the following statement.

p

¢, <E[X)— Xof] =E < C,E

E < 400

2

E < %/OhE (09 ds =E o], (6.2.5)
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Corollary 6.4. A necessary condition for multi-scaling in (6.2.1)) is that there exists

p > 2 such that
1 [t p/2
(E/ 0?ds>
0

E[of] = +o0.

E < 400

for each h > 0, but

From the result above we derive an alternative necessary condition for multi-
scaling, which has sometimes the advantage to be more easily checked in specific
models.

Corollary 6.5. A necessary condition for multi-scaling in (6.2.1)) is that, for some
h >0, there exists p > 2 such that

E[of] < +o0o E [sup af} = +o00.
0<t<h

Proof. Assume multi-scaling holds, and define
¢" = inf{q: E[of] = +o0}.
By Corollary[6.4], ¢* < 400 while, by Assumption B, ¢* > 2. Moreover, by Proposition

6.1 A(q) = g/2 for ¢ < ¢*. Thus, by Definition [6.3, A(¢) has to be finite for some
q > ¢*; in particular, as observed above,

1 [h a/2
(—/ agds)
h Jo

for h > 0. Consider [,r with ¢* <1 <r < q. Setting M), := supg<;<j, 04, we have

I I
E/ olds < M,iZE/ olds.
0 0

By stationarity of o;, and by applying Holder inequality with conjugate exponents 3
we obtain

r/2
l pU2=1 1-2 1 [k /2
r/2—1 2
E (07) < [E (Mh / )] (ﬁ/o Usds)

r/2—1°
Since [ > ¢*, it follows that E (oé) = +400. Moreover, as r < q,

1"
(E/o asds)

E < 400

and

2/r
E

r/2

E < 4-00.




156 CHAPTER 6. MULTI-SCALING IN STOCHASTIC VOLATILITY MODELS

Thus, necessarily,
Fl/2-1
E (Mhr/%l) = +00.
It is easily checked that, choosing [ and ¢* sufficiently close, one gets

U=t
ri=r——
rj2—1 %

which implies
E (of) < +oo.

Setting p := max(7, 2), the proof is completed.
O]

We conclude this section by showing a further property of the scaling function

A(q)

Remark 6.6. Assume that, for each h > 0, the integrated volatility has moments of

all orders, i.e.
h q
( / Jt?dt)
0

The following argument shows that, under this assumption, A(g) is increasing in q.
We will see later an example in which the integrated volatility has heavy tails, so it
violates (6.2.6)), and A(+) is decreasing in an interval. We begin by observing that, by

62.4).
/2
logE {(foh afdt> ! }

E < +oo for every ¢ > 1. (6.2.6)

A(gq) = limsu 6.2.7
(q) 1 Sup o (6.2.7)
From this it easily follows that
h q/2
E |(Jy otat)
o _ <
hr};ﬁ)nf > 0 = X< A(g), (6.2.8)
and
/2
E [(fo" stat)’ }
A< A(g) = liminf = 0. (6.2.9)

hl0 h?
Consider p > ¢ > 1. Moreover, let € > 0, and take [ < ¢ such that [A(q) —€]9 < A(q).

Set
h 1/2
ap = (/ afdt) .
0
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We now use Young’s inequality af < O‘TT + é—T,, valid for o, 5 > 0, r, 7' > 0, %—l— % =1.
l
Choosing o = #, B = aZ_l, r =4 we get
ay ! aj L 4= laq{;—j
hA(@)—e q h(A@—e) q hoe

Taking expectations:

E [( IS afdt)ﬂ

hA(g)—e

IN

l h ) I30g-1)
- E dt . 6.2.10
o | () ) (6.2.10)

hr}rlli%)nf AW (6.2.11)
Moreover,

h q2(pqill>
limE </ afdt> =0 (6.2.12)
hl0 0

by (6.2.6)) and dominated convergence. It follows from (/6.2.10)), (6.2.11]) and (6.2.12)),
that

/2
E [(foh otdt)’ }
hlﬁénf A =0
which, together with (6.2.8]), yields A(p) > A(q)—e. Since € is arbitrary, the conclusion
follows.

6.3 Superlinear Ornstein-Uhlenbeck volatility

In this section we devote our attention to a specific class of stochastic volatility models,
namely those of the form

dXt = UtdBt
AV, = —f(V,)dt + dL, (6.3.1)
V;f = 01527
where:

e (B;)i>o is a standard Brownian motion.
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e (Ly)i>0 is a Lévy process with increasing paths (subordinator) independent of
(Bt)e>0. More precisely (Li);>o is a real-valued process, with independent incre-
ments, Ly = 0 and

E [exp(—AL;)] = exp[—t¥(N)],
with

U(A) =mA+ /(0+ | (1—e™) v(da),

where m > 0 is the drift of the process, and v is a positive measure on (0, +00),
called characteristic measure, satisfying the condition

/ (1A z)v(de) < 400.
(0,+00)

For generalities on Lévy Processes see [19] 38 O1].

e f(-) is a locally Lipschitz, nonnegative function such that f(0) = 0 (which
guarantees V; > 0 if V5 > 0).

Some conditions on f(-) are needed for to have a stationary solution. We will
address this point later. We will always assume that Vj is independent of (L;):>o.
We note now that for many “natural” choices of f, multi-scaling is not allowed. In
particular, multiscaling is not present in Ornstein-Uhlenbeck models (see e.g. [51],68]).

Proposition 6.7. Suppose f(-) satisfies the linear growth condition
|f(v)| < Av+ B

for some A, B > 0 and all v > 0. Moreover, assume (6.3.1)) has a solution for which
(Vi)i>o is stationary, nonnegative and integrable, such that Assumptions A and B hold.
Then multi-scaling does not occur.

Proof. By Remark a A(q) < q/2, so we need to show the converse inequality. Let
(V/)i> be a solution of

dVy = —(AV/ 4+ 2B)dt + dL,

v v 6.3.2
0/ b. ( )
Note that

d(Vi = Vi) = = [f(V}) — AV} — 2B] dt.

In particular V; — V/ is continuously differentiable, and Vi — Vi = 0. It follows that
Vi —V/ > 0 for every t > 0: indeed the path of V; — V}/ cannot downcross the value
zero, since whenever ¢ is such that V5 = Vi =w, then

d
E(vf_vl):—f(v)+Av+2B2B>O.

t
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Thus for every ¢t > 0

2B !
Vi >V = Ve A + o (e —1) +/ e M AL, > Voe M + e 2L, —
0

7.
On the other hand .
vt—vo—/ F(Vi)ds + Ly < Vi + L,
0

which yields

sup Vi < Vo + Lp.
tel0,h]

Putting all together

2B
Voe A 4 e=AM2L, ) — o <V, < sup V; < Vo + Ly, (6.3.3)
te[0,h]

Since 2B
VoefAh I e—Ah/th/Q - cl? «— Vo+L,el?

the conclusion now follows from (6.3.3) and Corollary [6.5]
[

Proposition [6.7|shows that, for models of the form (6.3.1]) to exhibit multi-scaling,
one needs to consider a drift f(-) with a superlinear growth.

Definition 6.8. We say that a function f : (0, +o00) — (0,+00) is regularly varying
at infinity with exponent o € R if, for every x > 0,

L fe)
e f(8)

In the case @« = 0 we say that f is slowly varying at infinity. Note that f is
regularly varying at infinity with exponent « if and only if f(u) = u®l(u) where [ is
slowly varying at infinity. In what follows we consider models of the form for
which the following assumptions hold:

A1l (By)i>o is a standard Brownian motion.

A2 (Lt)i>o is a Lévy subordinator with characteristic measure v. Moreover (B;)>o
and (L;)¢>o are independent.

A3 The function u — v((u,+00)) is regularly varying at infinity with exponent
—a < 0.

A4 f : [0,+00) — [0,400) is increasing, locally Lipschitz, f(0) = 0, and it is
regularly varying at infinity with exponent v > 1.

The following result has been proved in [89] (see also [69], [49] for related results).
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Theorem 6.9. Under assumption A2-A}, the equation dV, = — f(V,)dt+dL; admits
an unique stationary distribution p. Moreover u((u,+00)) is reqularly varying at
infinity with exponent —a — v + 1.

In what follows we assume V; is independent of (B;);>o and (L), and it has
distribution p. Theorem shows that, if v > 1, V; has a distribution with lighter
tails than those of the Lévy process L;.

We are now ready to state the main result of this paper.

Theorem 6.10. Assume A1-Aj are satisfied, and that a+~ > 2 (which, in particular,
implies Assumption B). Then the following statements hold.

(1) If v > 2 then

A()—{% for1<g<2a+~—1)
v ond T forg > 2(a+y —1).
(2) If 1 <~ <2 then
2 for1<g<2(a+vy-1)
Alg) =1 stpat ST for2at+y—1)<g<F

Moreover, for q # 2(a+v—1), %, the scaling exponent A(q) in (6.1.1) can be
defined as a limit rather that a lim sup.

2c

We remark that, in the case 1 <y < 2, A(-) is decreasing for 2(a+y—-1) < ¢ < 3.
This is not in contradiction with Remark , since assumption (6.2.6)) is not satisfied.

Remark 6.11. A simple consequence of Theorem [6.10 is that, by a comparison
argument, Proposition can be extended to any f which is regularly varying at
infinity with exponent 1.

The proof of Theorem will be divided into several steps. We begin by dealing
with the case f(v) = Cv7, with C > 0, and L, is a compound Poisson process.

Proposition 6.12. The conclusion of Theorem hold if f(v) = Cv", with C > 0,

Ly is a Lévy subordinator with zero drift and finite characteristic measure v.

Proof. Note that, for ¢ < 2(a+ v — 1), by Theorem , we have E [Voq/g] < 400 s0

that, by Proposition [6.1]and (6.2.5), A(¢g) = . Thus it is enough to consider the case
q > 2(a+ v —1). In what follows we also write a;, ~ h* for

log ay,
im =
h—0 log h

(6.3.4)
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We will repeatedly use the simple fact that (6.3.4]) follows if we show that for every
€ > 0 there exist C, > 1 such that

1
ah“* < ap < Ch"™ .
In what follows all estimates on A(q) are based on the fact (see (6.2.7])) that the

limit p
log £ {(foh det>q }
lim

A0 log h

exists if and only if the limit
1; log E (| X¢qn — Xi|9)
im
hl0 log h

exists, and in this case they coincide.

Part 1: v> 2

By the assumption of finiteness of v, (L;) jumps finitely many times in any compact
interval. Denote by (7%)r>1 the (ordered) set of positive jump times, and 75 = 0.
Given h > 0, we denote by i(h) the random number of jump times in the interval
(0, h].

Case i(h) = 0. When i(h) = 0, V; solves, for ¢t € [0, h], the differential equation
%Vt = —CV,", whose solution is

V= (Vi 4 (v = 1)C) 77

Integrating, we get

h Y — 2 1— =2 1emyy 2=2
[ v =223 [+ - newFE - g E]L 639)
. _
Note that, setting A := v([0, +00)),
h a/2 h q/2
E (/ Wdt) lgm=0y| = E (/ tht) ‘Z(h) = ()] e~ M
0 0

/2
The factor e gives no contribution to the behavior of E ( foh tht> 1{i(h)0}:| as

h — 0, and it can be neglected. Moreover, by (6.3.5)), and using the fact that V{ and
{i(h) = 0} are independent,

h q/2
E (/ V;dt) ‘i(h):O] _
0
y—2 y-27 4/2
/2 1—y 1 1—y 5=
v =2\ o2 v v 1A ¥
= (== ~1)Ch) T E | | [ —>— +1 S (N —
(7—1) ((=1)CR) (w-l)ch* G- 1)Ch
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Since, for 0 < a <1 and z > 0,
alz+ 1)< (z+1)* =2 < (2 +1)47 (6.3.7)

logE | ([ vidt) "
[( o Vi) ], the right hand side of ([6.3.6) can be

replaced by (using the previous inequality for a = V—:?; recall that v > 2)

5
1 Ry
Ve ,
(v—=1)Ch
(6.3.8)
In other words:

h q/2 2 ‘/01—"1 7%
V.dt 1o — ~ h26-DE | | ———— + 1 . 3.
(/0 ¢ ) {i(h)=0} ((7 ~10h + ) (6.3.9)

To estimate the r.h.s. of (6.3.9), we observe that for y > 0 and 0 < u < r, the
following inequalities can be easily checked

1
ol S (1Q+y) 7 < Q+y) <y (6.3.10)

1—
Setting r := ﬁ and Y := %, using (|6.3.10) we obtain

for computing the limit limy,

log h

2
-2_4 qa/

=2 Vvl_7 1_1 =2
h2-DE — 0 41 = h26-0R
(w—n0h+>

E

1 ‘/01—7 ~3G-D
—PY<])<E|[|——+1 <E((Y ™" 311
P <0 <E| (g e1) | < B0 (031
for every u < ﬁ. Set & := O‘%Il Note that £ < r for ¢ > 2(a + v —1). By
Theorem 6.9
1 1 qoaty-1
PY <) =P (V> (—bt ) L K
S N e (- 1Ch |
(6.3.12)
Moreover, take u < £&. We have
E(Y™) =[(y—1)Ch]"E [vo"”*”] < AR, (6.3.13)

for some A > 0 that may depend on u but not on h, where we have used the fact that
E [Vou(v—l)l < +o00, since u(y — 1) < a4+~ — 1. Since u can be taken arbitrarily close
to &, by (6.3.11)), (6.3.12) and (6.3.13]) we obtain

—VOH 1 e hé 6.3.14
(w—lxm+'> o (0344

E
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which yields

E

h q/2 s a1
(/ ‘/tdt) ]-{i(h):O} ~ h2(7_1)Q+ - (6315)
0

Note that (6.3.15)) has the right order, according to the statement of Theorem m

Therefore, in order to complete the proof for v > 2, it is enough to show that for each

u < at+y—1
v—1
2

h q/
( / Vtﬂ”) Liiny>1y
0

for some A > 0 that may depend on u but not on h.
Case i(h) = 1. Now

E < ApTnH (6.3.16)

1

1

vV, — (Vol_7 +(y=1)Ct)" for0<t<mn
t - —_

(V27 +(y=1)C{t—mn))"7 form <t <h,

which yields

" _ -2 1—y = 1-y 1=

Wi = 2= [+ - em) - )
12 [+ -vom-npH —yE] O3
=: P(h) + Q(h).

and therefore

2
E < 241 []E (Pq/Q(h)]-{i(h)zl}) +E (Qq/z(h)) 1{i(h)=1}]

h a/
(/ tht) Liiny=1}
0
(6.3.18)

/2
We now show that £ {(foh V}dt)q 1{i(h):1}] can be bounded above as in ((6.3.16)):

2

h a/
(/ Vidt> 1iiny=1}
0

for every u < O‘%Il By (6.3.18) it suffices to show that both E (P%%(h)1n)=1}) and

E (Qq/Q(h)l{i(h)zl}) have an upper bound of the same form.
Note first that

E < AR (6.3.19)

— 2 y—=2 y=2

Ph) < =5 (677 + (y = )ER)= = ()3 ]
/y p—

which coincides with (6.3.5]), whose scaling has already been obtained. Since P(i(h) =

1) ~ h, we have that E (P%?(h)1{;n=1y) scales as the term studied in the case

i(h) = 0, but with an extra factor h, i.e.

E (PY2(h)10y=y) < AR D0 < Apaten ot (6.3.20)
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For the term E (Q%?(h)1{n)=1}) we repeat the steps of the case i(h) = 0 (note that
all inequalities used there held pointwise) with V,, in place of Vj and h — 71 in place

of h (see (6.3.9))), obtaining

y=2 | Vi _2(’qu1)
E (Q*(h)1gn-13) <E |(h—7)20-01 g 1 L{i(h)=
(@ (M Liw=1y) <E|(h—m) ((7 et ) {(h)—l}]

Vi , 30T )
(w-now—nf*> titw=1)

Y—2
< h260-DR

(6.3.21)

This last term can be bounded from above as follows, for u <
trivial bound V,, < Vi + Ly,

E Vllfv EECE]
T 1 1iim—
<W—UCW—HY+) =1

2(7;’_1) and using the

Vi o
<E n 1) 1gm-
= Qv—U@h—ﬁf%) =1

: v y

=F Qv—mah—nQ 1WW”]
SHI

<& |(em) 1”””]

< AR'E [(VO + Lh)u(w_l) 1{i(h):1}i|
(6.3.22)

for a constant A > 0. Now observe that Vj is independent of 1;)—1}, that L has
distribution v conditioned to {i(h) = 1}, and that P(i(h) = 1) < Ah. It follows that,
for a suitable constant C' > 0,

E (Vo + Ln)"0 ™) Ly | < CPGR) = 1) [E (Vi) + B (L0 7VJi(h) = 1)]
= CP(i(h) = 1) { / Y (dv) + / l“”‘l)y(dl)} .
(6.3.23)

Since, by Theorem [6.9] the tails of u are lighter that those of v, the above integrals
are both finite if an only if [v*0~Yy(dv) < +o0, which holds true for u < a/(y — 1)
(assumption A3). Thus, for every u < a/(y — 1),

E (Vo + Lu)"0 ™ 1oy | < Ah (6.3.24)

for some A > 0. By (6.3.21)), (6.3.22), (6.3.23) and (6.3.24)), we have that E (Q%/*(h)1;(n)=1})
is bounded from above by

—2
BhﬁQ+u+l
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for every u < a/(y — 1) and some B > 0 possibly depending on u. Equivalently,

E (QV2(h)1-n) < BRT-D (6.3.25)

for all u < %11_1 Therefore, by (6.3.20) and (6.3.25)), (6.3.19)) is established.
Case i(h) > 2. To prove (6.3.16)) and thus to complete the whole proof, we are left to

show that
h q/2
( / tht> Lii(h)>2}
0

for all u < and some A > 0.
Let n > 2 and restrict to the event {i(h) = n}. We have

E < ApT Tt (6.3.26)

a—i-'y 1

Vo7 +(v— 1)075)ﬁ o foro<t<n
(Vi7" 4+ (y=1)Ct—m))™  form <t <7
V, = .
(Vi +(r - >C<t—fn D) form <t<T,
L (V27 + (v =1)C(t— 7)) ™ forr, <t<h,
so that becomes

y—2

/Oh Vidt = Z—:i i [(Vkl:f/ + (v =1DC (1 — k1)) — (vkl_*lw)w%l]

+1 [<V1 T (= DO = 7)) - (V)] (63.27)

n

Pk(h) + Poy1(h).

Each term E [Pg/Q(h)l{i(h):n}] can be estimated as in (6.3.21)) and (6.3.22)), obtaining

E [Plf/ Q(h)l{z'(m:n}} < ChA=nTE [(Vo + L) 0y 1{i(h>=n}]
< C'RG 0 R(i(R) = n) [E (v[)“”*“) +E (LZ(”’l)]i(h) — n)]
(6.3.28)

for u < ﬁ and some constant C,C” that may depend on u but not on n and h.
The distribution of L; given {i(h) = n} is given by the n-fold convolution »*". In

other words, if X, X,,..., X, are independent random variables with law v,

E (LZ(W_l)V(h) = n) =E [(Xl + Xy 4+ Xn)u('vfl) < puO-D-1E [X?(y_l)} ‘



166 CHAPTER 6. MULTI-SCALING IN STOCHASTIC VOLATILITY MODELS
Foru < a/(y—1), E [Xf(v_l)} < 400 as well as E (%u(7_1)> < 4o00. Thus

E [Pﬁ/ Q(h)l{i(h):n}] < ChT " O DIP(i(h) = ), (6.3.29)

for some constant C' independent of n, h and k. By (/6.3.27)), (6.3.28) and (6.3.29) we

obtain, for u < ﬁ,
h q/2 n+1 y
E / th) Teimenm | < n?/? ]E[PqZ(h)lih:n]
( ; t {i(h) }] ; k {i(h)=n} (6.3.30)

< CRE=D T V2P () = ).

ATh™
n

We can now sum over n > 2, observing that P(i(h) = n) <

h q/2
Z]E (/ Wdt) ]—{i(h):n}
0

n>2
2471 (yecall that ¢ > 2(a + v — 1)), we have that

-
v—1
h a/2
< / tht> 1{i<h)z2}]
0

is negligible with respect to (6.3.15)).
This completes the proof for the case v > 2.

Part 2: 1 <vy<2

npn—2
< opEEere 3 s X

—2
< Clhﬁqﬂwz'

: q
Since 51 T 2>

E

Case i(h) = 0. Formula (6.3.5) still hold, but now v — 2 < 0. So (6.3.6]) becomes

h q/2
E (/ tht) 1{i(h)0}] =
0
2 — ~ q/2 - Vi =1 Vi = o2
—_— —1)Ch)z6-1E —9 — | —2— 1 AR
(353) -vew (o25e) (e e
(6.3.32)
To estimate this last expression we need, letting a := fﬁ, the following modifications
of (6.3.7)), valid for z > 0:
az+1) 20 <zz 0~ (z4+1)2<(z+1)727® forO0<a<1 (6.3.33)
z+1) o<z (z+1)%<a(z+1)"'27* fora>1. e
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( ‘/E)’Y—lh v2_’y>q |
1L+ vy 'h°

(6.3.34)
_ /2
Llh\ﬂﬂ ' 1.

—1 q/2
Vd h VQ—W 1,71

2 3(2—7)
~ WP VI ey | + B [VE T Lm0y
(6.3.35)
In order to estimate the two summand of the left hand side of (|6.3.35) we use the
following fact, whose simple proof follows from simple point wise bounds, and it is

omitted. Let u be a probability on [0, +00) such that p((u, +00)) is regularly varying
with exponent —¢ < 0. Then

/ uPp(du) ~ 2P=¢  for p > & (6.3.36)
0

Using these inequalities as in (6.3.6) we obtain, for some C > 1

Vo lh . q h q/2
(Hov—w—lh‘/o v) ( /D tht) Lii(hy=0}
0

We now observe that

—1 q/2
(—VO d v“) =E
14+ Vg 'h°

+E

1
—E

<E
C =

< CE

+o0
/ wPp(du) ~ xP~¢  for p < €. (6.3.37)

Let p be the law of Vj, so that, by Theorem|[6.9) £ = a+~—1. Since ¢ > 2(a+~y—1),
by (6.3.36) we have E [Voq/zl{vg‘lhg}] ~ h*ﬁ(%’a’ﬁl), and therefore

L9/2R [‘/E)q/Ql{VO’Y_lhgl}] ~ h%‘“aﬂfl' (6.3.38)
Moreover, by , also
E [‘/()%(2_7)1{v07*1h>1}} ~ RIS (6.3.39)
for g(Q —7) < a+vy—1, while
B [%%(2_7)1{V0771h>1}} — too (6.3.40)

for 22 —7) >a+~v—1.
Summing up, we have shown that

i h qa/2
=2 aty— 2 _1
£ (/ Wdt) Laeoy | ~ AT for dfaty—1) <q < 20FIZD
0

2—7

h /2
E (/ tht) limy=0| = +00 for g >
0

2(044—7—1)‘

6.3.41
p— (63.41)
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Case i(h) = 1. This case is dealt with as for v > 2, and, using the same argument
leading to (6.3.34)), one sees that the crucial term to estimate is

VILl(h — q/2
( n h=m) Vfﬂ) Tginy=1y | - (6.3.42)

E 1
1+V:F1 (h_Tl)

Since V,, > L., (6.3.42) can be bounded from below by

_ /2
L:1 l(h _ Tl) LQ—’Y ! iy

which takes the value infinity as soon as E [(ij”)q/ ? 1{i(h):1}} = +00. Recalling that

L., independent of {i(h) = 1} and it has law v, this holds as ¢ > % This implies
200

=400 forg>— (6.3.43)

that
h q/2
Vidt L= )
(/0 t ) {i(h)=1} 2~

Comparing with (6.3.41]), note that % < Q(Q%Vv_l) Thus, assume 2(a+v—1) < ¢ <
22_—6‘7 (note that, being by assumption a+v > 2, indeed 2(a+~v—1) < %) An upper

bound for (6.3.42)) is given by

( ‘/;_’I*l(h - 7-1) V?—’y) o2 1,
1 + ‘/7_’1_1(]1 . 7_1) T1 {’L(h)=1}

E

<E

_ /2
(‘/0 + LT )7 lh B q
(1 + (Vo + 1Lﬁ)vflh(vf’ + L)) L=

(Vot L) ~'h
T+ (Vo + Lo, 1h

q/2
(Vo + Lﬁ)H) ] P(i(h) = 1), (6.3.44)

where we used the facts that V) and L., are independent of {i(h) = 1}. Now, (6.3.44))
is estimated exactly as (/6.3.35)), but with V; + L., in place of V. Since the tails of

Vo + L, are the same as those of L, , i.e. regularly varying with exponent «, while
P(i(h) = 1) ~ h, we get

(Vo+ L) 'h
1+ (Vo + Lr,)""th

at+vy—1

(Vo + Ln)H) ] ~ hTE DI FTP(i(h) = 1) ~ RIS

Summing up:

I h q/2
_ by — 2
0 -

h a/2 ] 2c0
E (/ tht) limny=oy | = +00 for ¢ > 5 ) (6.3.45)
0 -
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Case i(h) > 2. This case goes along the same line as for v > 2, using the upper bound
obtained for i(h) = 1. The details are omitted. The proof for 1 < v < 2 is thus
completed.

Part 3: v =2

In this case we have, in the case of no jumps (i(h) = 0),

1

Vi=(Vy'+Ct)”
and therefore

" 1 1
/ Vidt = G [log(Vy" + Ch) —log(Vy )] = G [log(1 + ChV)]. (6.3.46)
0
/2
An upper bound for E [(foh tht)q 1{i(h)0}] is obtained using ((6.3.46)) and the in-

equality, valid for y,r > 0,
1
log(1+y) <~y

which gives

2

h a/
( / tht) Lii(n)=oy
0

Since E (VOW/2) < 400 for < a4+ 1, letting 5 1 4+ 1 we obtain

h q/2
</ Vidt) 1in)=0y
0

for some C' > 0 and every r such that 5 < o+ 1. A corresponding lower bound is
obtained using the inequality

1

E Cla/2

<

Cril2pra/2g (VOTQ/2> '

1) < Chr/?, (6.3.47)

1
log(1+y) > §1<1,+oo>(y),

which gives

2

E

([ vy

where we have used Theorem for the last inequality. By (/6.3.47)) and (|6.3.48)) we

have
h q/2
(/ %dt) 1{7,(h)=0}] ~ hOé-‘rl.
0

The cases with i(h) > 1 are similar to what seen in Parts 1 and 2, and are omitted.
O

1
1{i<h>=0}] = WP(Ch% > 1) ~ ht (6.3.48)

E
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Proof of Theorem [6.10, We now complete the proof of Theorem We need to
extend Proposition in two directions: a) generalize from f(v) = CvY to any f
satisfying Assumption A4; b) extend to Lévy subordinator satisfying Assumptions
A2 and A3, thus with a possibly infinite characteristic measure v.

Step 1. We keep all assumption of Proposition , except that we require f(v) = Cv”?
only for v > €, for some € > 0, and [ satisfies Assumption A4. In other words we do
not prescribe the asymptotics of f near v = 0. Let V, V' be solutions, respectively, of
the equations

AV, = —f(Vp)dt + dL,
AV} = —CV," + dLs.

Assume Vy = Vj = v > 0. We claim that
IV, — VI| < 2¢ (6.3.49)

a.s., for every ¢ > 0. This follows from the following fact: there is a constant § > 0
such that as soon as |V, — V/| > 2e,

d
ZVi—V/| <0 (6.3.50)

To see (6.3.50)), suppose first V; — V/ > 2¢. In particular V; > ¢, so

d

2= V)] = =C (Y = V") < —C(2e),

where we have used the fact that, for ¢ > 0, the map (z + ¢)” — 27 is increasing for
x > 0. Suppose now V; —V; > 2¢. If V; > € then,

d

SV =Vl = =C (V= V))) < —C(2e)';

If V; < e, since f is increasing, then

4
dt

Thus , and so (6.3.49) is proved. In particular, the law of V; is stochastically
smaller than that of V' + 2¢, which means that for every ¢ increasing and bounded,
Elg(V))] < E[g(V/ + 2¢)]. By the ergodicity results proved in [89], this inequality
can be taken to the limit as ¢ — +o00, so to a stochastic inequality between the
stationary distributions of V' and V’. This implies that we can realize, on a suitable
probability space, two random variables V; and Vj, independent of the Lévy process
L, distributed according to the stationary laws of the corresponding processes, and
such that V5 < V{ 4 2¢. By repeating the argument above, we see that the inequality

V! = V)] = —-CV/” + f(V}) < —C(2¢)" + Ce” < 0.
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Vi < V/ +2¢is a.s. preserved for all ¢ > 0 also for the stationary processes. It follows

that
h a/2 h q/27 h a/2
E (/ tht> <E (/ Vi + 2e]dt> < 20/%71 {E (/ Vt’dt) + (26h)‘1/2} :
0 0 0
) (6.3.51)
Since i B
log £ (foh Wdt) ! ]
A(q) = limsu : , 6.3.52
(q) n Sup ozl ( )
and )
logE {(foh V;’dt) }
A'(q) = lim < (6.3.53)
h—0 log h -2

by (6.3.51)) we get
A(q) > A'(q).

By exchanging the role of V' and V' we get A(q) = A’(q). Moreover, the existence of
the limit (6.3.53)), which follows from Proposition implies that also (6.3.52) is a
limit. Since A’(g) is given by Proposition [6.12] the first extension is obtained.

Step 2. In this step we allow the Lévy process L to have infinite characteristic measure
v and positive drift m > 0, though satisfying Assumptions A2 and A3. On the other
hand we make a specific choice for f: f(v) = Cv” for v > €, while f is linear in
0, €), with f(0) =0 and f(e) = Ce”. Moreover we let v, := 11| ), which is a finite
measure. Denote by L(© the compound Poisson process with characteristic measure
v, and by V' the solution of

av,'? = — (Vi + dL (6.3.54)

The original Lévy process L can be decomposed in the form L; = L9 4+ L(<9 where
L(<9 is independent of L', it has characteristic measure v, := V1 and drift m > 0.
Writing

AV, = —f(V,)dt + dLy, (6.3.55)

we obtain
d(V; = Vi) = —[f(V;) — F(V)dt + dL<. (6.3.56)

This implies, for instance that whenever VO(E) < Vy, then V;(g) <V, for all t > 0. Thus,
using as above the ergodicity of V and V(9. V; dominates stochastically Vt(e) also in
equilibrium. Thus, as before, we can start the processes from Vo(ﬁ) and Vj, each having

the corresponding stationary distribution, and such that VO(E) < Vy. Thus V;(G) <V
for all ¢ > 0. Note that with this construction we have that the two processes in

(6.3.54) and (6.3.55]) are separately stationary, by not necessarily the Markov process

(V,9, Vi), whose law will be denoted by u,@, is stationary. To fix this we observe that,

since the family of distribution (/LEQ))QO is tight, by a standard argument its Cesaro
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means % fot u(SQ)ds admit at least a limit point, which is a stationary distribution for
(‘/;(6), V;). This limiting operation preserves the stochastic order between the laws of
the two components. Thus, we can assume to realize Vo(e) and V in such a way their

joint distribution is stationary for (6.3.54) and (6.3.55]), and VOG) < V.

Now we use the fact that f is superlinearly increasing, to conclude that
FOR) = FV) = Vi = V]
for some ¢ > 0. It follows that

d(V, = V) < e[V, = V9] + dL{™,

which implies that

t

os%—%®gaﬂ%—%ﬂ+/¢ﬁw%ﬂﬁl (6.3.57)

0

Since the law of V; — Vt(e) does not depend on ¢, it must be stochastically dominated by
the limit of the law of the r.h.s. of (6.3.57)), which is just the stationary distribution
of the Ornstein-Uhlenbeck process

dZ, = —cZ,dt + dL{~.

As observed e.g. in [51], this stationary law is infinitely divisible with characteristic
pair (m, 7), with

U([x,+00)) = / u v (du).

[,+00)
Since v,, and therefore 7, has bounded support, the stationary law of Z; has moments
of all order (see e.g. [99]). So, also V; — V,” has moments of all order. Thus, using
the inequality (z + y)? < 297127 + y9] for x,y > 0, we have

h q/2 h q/2
(f o) <2 | (f )
0 0
h a/2 h a/2
< QQ/Zfl E </ Vt(ﬁ)dt> (/ [Vt _ Vt(ﬁ)]dt>
0 0
h q/2
/2

0

. .- h 1 (€ a/2 A(q)
Since, by Proposition [6.12]and steps 1, E (fo Vi dt) ~ h™? for every e > 0 and

A(q) < q/2, it follows that
h a/2
([ra)] -
0

E <E

+E

E
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thus completing the proof of this step.

Step 3. The extension of Proposition to any f which satisfies (A4) is now easy,
and it will only be sketched. In a first stage, repeating the argument in step 1, one
extends from the special f’s used for step 2, to the larger class of f in step 1.

The further extension to a general f which satisfies (A4) proceeds as follows: for
every 6 > 0 we can find f; and f, such that f; < f < fo, and fi(v) = C1v" 2,
fa(v) = C*9 for v > €. By using coupling arguments similar to those in step 1, one
shows that the scaling function A(q) of the process with drift f is bounded above and
below by the scaling functions of the processes with drift f; and fs. The continuity of
A(q) w.r.t. v, and the fact that § is arbitrary, implies that A(q) is given by Proposition
0.12]

O

6.4 Modeling financial data

In this Section we briefly discuss potential applications of the proposed models to
Mathematical Finance. The phenomenon that has initially motivated the introduction
of the model is that of multiscaling of moments. Multiscaling has been detected, with
similar features, in many time series of financial indices, including DJIA, S&P 500,
FTSE 100, Nikkei 225, as well as in various currency exchange rates. We refer to
[441, 541, [56), 05, [T, 22] for details. In all cases the scaling function A(q) is estimated
from daily data. The empirical ¢g-th moment is computed from data, as function of the
(discrete) time width i (see (6.1.1))). The log-log plot of this function is approximately
linear for small h, and the slope fl(q) is an estimator for the scaling function A(q).
The curve q — A(q) obtained is a smooth, concave function, which may seem to
contradict the piecewise linear prediction for A(q) of the model. However, if the scaling
function is estimated form “daily” data simulated from the model, the same smoothing
appears (see Figure . This shows that the model is consistent with the observed
data on multiscaling of moments. The fact that the model we have introduced is an
independent time change of a Brownian motion, allows direct applications in option

prices. Indeed, consider the risk-neutral measure under which the price S, := e**
with, say Sp = 1, evolves according to

dSy

— = 04dBy,

St t t

where B is a Brownian motion, and o; evolves as in the previous section, and it is
independent of B. By Ito’s rule

1
dXt = UtdBt - Edet (641)

Note that this martingale measure is not unique, as one could modify the evolution of
oy, allowing flexibility when the model is calibrated to prices. Equation implies
that

S, = Xt = Mnmal, (6.4.2)
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Figure 6.2: Points indicated with stars refer to the curve ¢ — fl(q) computed on the
DJIA time series (opening prices 1935-2013). Circles represent data obtained by first
simulating the model with estimated values of the parameters, and then by computing
¢ — A(q) from the simulated time series.
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where W is a Brownian motion, and [; := fot o2ds is independent of W. Thus, under
the risk-neutral measure, the price S; is a time-changed geometric Brownian motion,
with independent time-change process. For the special v > 2 and the characteristic
measure of the Lévy subordinator L; concentrated on +oo, treated in chapter [5] the
representation (|6.4.2]) is the basis of the computation of sharp asymptotics for the
implied volatility surface in the regime of small maturity or large strike (see |31 [32]).
Moreover, it is shown that the parameters of the model can be tuned to reproduce quite
realistic smile-shapes for the implied volatility. We remark that the model introduced
here, if adopted in a pricing context, would suffer from symmetric smiles. Asymmetry
could be introduced adding a Brownian term of Heston type in the equation for the
volatility:

AV, = —CV{'dt + dL, + C/V;dW,,

where W is a Brownian Motion correlated with W;.

6.5 Decay of autocorrelation

In this section we consider models of the form but we the specific assumptions
of Proposition In particular, f(v) = Cv?, with C > 0, L; is a Lévy subordinator
with zero drift and finite characteristic measure v (a compound Poisson process).
Recall also that u — v((u, +00)) is regularly varying at infinity with exponent —a < 0.
More explicitly,

dXt - \/thBt
dV, = —CV,'dt + dL,
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We prove a result in the spirit of theorem [5.5} autocorrelation of squared returns
decays exponentially in time at infinity. We define

pa(t) == }Lliz% corr(|Xn — Xol?, | Xoan — Xi ).

This quantity and volatility autocorrelation p(t) := limy,_,o corr (| Xn,—Xol, | Xern—X4|),
that we have considered in theorem [5.5], have a similar meaning, and both have been
investigated in the literature (see [45] for details). Define, for p € (0, 1),

a,=p(l/p+Inp—1), /%zme[u+«7—nceAng£;,
where 6 ~ exp(A) and AL ~ v. Remark a,, 5, > 0, Vp € (0,1). We set

r:= sup min{eo,, [, 1}
p€(0,1)

We have the following estimates for the decay at oo of the autocorrelation of squared
returns.

Theorem 6.13. If a + v > 3,

—A < liminf lnTQ

t—ro0 t—o0
Proof. We introduce the notation
foivo (0 4+ (= 1)CH T,
We have
flw) = (1+ (y = )Cr™ )7,

which is a decreasing function. We recall that (74)>1 is the set of positive jump times,
and 79 = 0. Given h > 0, i(h) is the random number of jump times in the interval
(0, h]. We also denote 6y = 17, — p—1, k > 1.

= lim Cov(| Xy — X0|2> [ Xern — Xt|2)
h=0 \/Var(| X, — Xo2)Var(| X — Xi|?)

= lim E(| X5 — Xo*| Xepn — Xof*) — B[Xp — Xo*E[Xin — Xof?
A E[X;, — Xo|' — (EIX, — Xo[?)? |

p2(t)

Now, EVy < oo for ¢ < a+v—1, and 2 < a+ v — 1. Recall Xy, — X; =

ftHh VV,dW,. Using uniform integrability analogously to what has been done in the

proof of proposition [6.1| we can prove

I E(|Xn — Xo*[ Xepn — Xif?) — E[ X — Xo’E| X n — Xi|?
0 g

2 2 2
= —E[VVi| = —E V| E[Vi| = =Cou(Vs, Vi),
7r 7r 7r
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The same procedure applied to the variance in the denominator leads to

Cov(Vy, Vi)

p2(t) = corr(Vy, V) = Var(Va)

So, to prove the statement we just have to prove

—\ < liminf In(Cov(Vo, V1)) < limsup

t—ro0 t—00

< —=Ar<0.

In(Cov(Vy, V)
t

Now,
Cov(Vo, Vi) = Cov(Voy, Viliny=0y) + Cov(Vo, Vilginy>13)

On {i(h) = 0}, Vi = fi(Vo). The first summand is
Cov(Vo, Vilpiw=0y) = E[Vofi(Vo)li=0y) — EVOE[f: (Vo) 1(i)=0y]
= E[Vo fe(Vo)IP(i(t) = 0) — EVE[f,(Vo)[P(i(t) = 0)
= Cov(Vp, fi(Vo))e ™.

This term easily gives

—\ < liminf In(Cou(V, Wl{i(h)zo}».

t—o0 t

Now we consider Cov(Vy, Vilgiw>13). We can express Vilgu>1y as g(Vo,Y) where g
is increasing in Vy and Y and V| are independent r.v.s. Therefore

Cov(Vo, 9(Vo,Y)) =E

[Vog(Vo, Y)] — EVoEg(Vh, Y)
[E[Vog(Vo, Y)|Y]] — E[V]E[E[g(Vo, Y)[Y]]
[E[Vog(Vo, V)Y ] — E[Vo|Y]E[g(Vo, Y)|Y]].

I
E =

E[Vog(Vo, Y)|Y] — E[VL|Y]E[g(Vo,Y)|Y] is a.s. positive, because of the properties
of covariance and because ¢ is increasing in V. So also its expectation is positive,
Cov(Vy, th{i(t)zu) > 0 and the lower bound is proved. Now we prove an upper bound
for the same term. On {i(t) > 1}

‘/;f = ft—ﬁ'(t) (ALTi(t) + fei(t) (ALTi(z)fl + fei(t)fl ( . f91 (%) + A[/7'1 A )))
It is easy to see that

dV / /
d_V:) - ft—Ti(t)("') X X f91()

< firy ALz ) X X f3, (AL % fy, (Vo).

Defining )
Vii= fo,(Vo) x fo,(ALr) x . x fi_.  (ALg, ),
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Vi — V, is decreasing in 1, and therefore Cov(V, Viljw>1y) < Cov(%,\zl{i(t)zl}),
Conditioning w.r.t. 77, and using independence

Cov(Vy, ‘zl{i(t)zl})
= E[(Vh — BV) 0, (V0) X (L) X o % fl_py) (AL, sz
= E[E[(Vo — EVo) fo, (Vo) % f,(ALry) x oo X fi_r  (ALz, Mgioz13 7]
i(t)

=E |E[(Vo — EVo) fo, Vo) Liiws1y ) x B | [ £ (AL, ) x firiy ALz T |
k=2

where we agree that the product over k is 1 if i(¢) = 1. Now we decompose:

H f@ Tk 1 X ft Tb(t)(ALTi(t))h-l
- E H fek Tk 1 X -ft,—Ti(t) (ALTz(t) )]-{i(t)zp)\t} |7_1

+ ]E’ H f@k Tk 1 X ft Ti(t) (AL z(t))l{l(t <pAt}|7—1

Being f/ < 1, from a standard result on tails of Poisson processes, the second summand
admits the following upper bound:

< P(z(t) < pAt|T)
<P (Po(At) < pAt — 1 + 1|1)
<P (Po(At) < pAt + 1) ~yoo P (Po(At) < pAt)

< exp(—a,At).
For the first summand,

i(t)

H fek Tk: 1 X ft Ti(t) (AL z(t))l{z( >p)\t}|7_1

[pAt]+1

<E Ilﬁk L, )lm | <E[f(AL)™

v 7 [pA]
=E[(1+ (- DCoar)rs]”
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where 6 ~ exp(\) and AL ~ v. This part decays exponentially as well,

~ exp (—B,At).

Remark that the upper bounds we have found are deterministic and we can take them
out of the expectation. Now,

E [E[(Vo — EVo) fo, (Vo) i1 | 71]]
= E [(Vo — EVo)fo, (Vo) Lgiy>1)]
= E[(Vo — EVo) fo, (Vo)]

for t — oo, for bounded convergence. Therefore this part does not give any exponential
contribution. W

Remark 6.14. On the leverage effect: = We have considered the multiscaling
phenomenon for a stochastic volatility model

dXt = Utth

where the volatility process ¢ is independent of W. We wonder if it is possible to
add a term that explains the leverage effect of financial markets, but does not change
the multiscaling phenomenon. A first attempt could be to take a Lévy process J
correlated to o4, and define

dXt = O'tth — th

In the specific example of OU with superlinear drift this might be something stricly
connected to the process of jumps of the volatility, e.g. J = const L, or J with
the same jump times of L but with jumps of size one (the standard Poisson process
associated to L). This would give

h
Xh = / O'SdWS — (Jh - JQ),
0

and when computing the moments we have to deal with
E|J, — Jol|%

This depends on the precise law of the process J, but in general scales as h, inde-
pendently of ¢, and therefore it changes the multiscaling behavior introducing a term
with a larger scaling, for ¢ > 2, and producing a scaling exponent A(q) = £ A1. Some
more informations on this issue can be found in [39]
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