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Resume

In this thesis we treat the first singular perturbation problem of a stochas-
tic model with unbounded and controlled fast variables with success. Our
methods are based on the theory of viscosity solutions, homogenisation of
fully nonlinear PDEs and a careful analysis of the associated ergodic stochas-
tic control problem in the whole space R™. The text is divided in two parts.

In the first chapter, we investigate the existence and uniqueness as well
as a suitable stability of the solution to the associated ergodic problem that
are crucial to characterize the effective Hamiltonian of the limit (effective)
Cauchy problem in Chapter II of this thesis. The main achievement obtained
in this part is a purely analytical proof for the uniqueness of solution to such
ergodic problem. Since the state space of the problem is not compact, in
general there are infinitely many solutions to the ergodic problem. However,
if one restrict the class of solutions to the set of bounded-below functions,
then it is known that uniqueness holds up to an additive constant. The
existing proof relies on some probabilistic techniques employing the invariant
probability measure for the associated stochastic process. Here we give a new
proof, purely analytic, based on the strong maximum principle. We believe
that our results can be interesting and useful for researchers in the PDE
community.

In the second chapter, we introduce our singular perturbation model of
a stochastic control problem and we prove our main result: the convergence
of the value function V¢ associated to the problem to the solution of the
limiting equation. More precisely, we prove that the functions

V(t.z):= liminf inf V(. o'
V(t,x) minf - inf ' 2, y)

and

V(t,x) == (sup Vg)*(t,z) (upper semi-continuous envelope of sup Vy )
R R

where Vg(t, 1) := lim SUD (¢ 1/ 2/)—>(0,4,2) SUPyeBR(0) V(1 7', y), are, respectively,
a super and a subsolution of the effective Cauchy problem. As a corollary of
this result, V¢ converges to the unique solution V' of the effective equation
provided the equation admits the comparison principle for discontinuous vis-
cosity solutions. The justification of this convergence is not trivial at all. It
especially involves some regularity issues and a careful treatment of viscos-
ity techniques and stochastic analysis. This result has never been obtained
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before.

Key words: Singular perturbations, viscosity solutions, optimal stochas-
tic control problems, ergodic control problems in the whole space R™, PDEs
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Riassunto

In questa tesi viene trattato con successo il primo problema di pertur-
bazione singolare di un modello stocastico con variabili veloci controllate
e non limitate. I metodi si basano sulla teoria delle soluzioni di viscosita,
omogeinizzazione dei PDE completamente non lineari, e su un’attenta anal-
isi del problema stocastico ergodico associato, valido nell’intero spazio R™.
Il testo ¢ diviso in due parti.

Nel primo capitolo, saranno studiate 1’esistenza, I'unicita e alcune pro-
prieta di stabilita della soluzione del problema ergodico, riferito sopra, che
sono essenziali per caratterizzare il Hamiltoniano effetivo che appare in un
Problema di Cauchy “limite”, che sara descritto nel capitolo II di questa
tesi. Il principale contributo, presentato in questa parte, € una prova pu-
ramente analitica dell’unicita della soluzione di questo problema ergodico.
Siccome lo stato dello spazio del problema non e compatto, in generale ci
sono un numero infinito di soluzioni a questo problema. Tuttavia, se uno
limitasse la classe di soluzioni all’insieme di funzioni limitate inferiormente,
allora € noto che I'unicita sara mantenuta a meno di una costante. La prova
esistente si basa su alcune tecniche probabilistiche che impiegano la misura
di probabilta inviariante per 1’associato processo stocastico. Qua verra data
una nuova prova, puramente analitica, basata sul principio del massimo. Si
ritiene che il risultato potra essere interessante ed utile per i ricercatori che
lavorano all’interno della comunita di ricerca delle Equazioni Differenziali alle
derivate Parziali (PDE).

Nel secondo capitolo, sara introdotto un modello di perturbazione singo-
lare di un problema di controllo stocastico, e provato il risultato principale:
la convergenza della funzione valore V¢, associata al nostro problema, per
soluzione dell’equazione limite . Piu precisamente, sara provato che le fun-
zioni:

V(t,z) := liminf inf V<, 2
CEE) = By i VL T0)
e
V(t,x) == (sup Vg)*(t,z) (upper semi-continuous envelope of sup Vp )
R R
dove Vg(t,z) := Hmsup .y o) (0.0 SUPyenp) V(' 2, y), sono, rispettiva-

mente, una super soluzione e una sottosoluzione del problema effettivo di
Cauchy. Come corollario di questo risultato, V¢ converge all’unica soluzione
V della equazione effettiva se I’equazione limite permette il principio di com-
parazione per le soluzioni di viscosita discontinue. La motivazione di questa



convergenza non e ovvia del tutto. Coinvolge specialmente alcuni problemi
di regolarita e un trattamento attento delle tecniche di viscosita e di analisi
stocastica. Questo risultato e nuovo e non ¢ mai stato ottenuto, prima d’ora,
in la letteratura Matematica.

Parole chiave: Perturbazioni singolari, soluzioni di viscosita, problemi di

controllo stocastico ottimale, problemi di controllo ergodico nello spazio R™,
equazioni differenziali alle derivate parziali.
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Introduction

In this thesis we study singular perturbations of a class of optimal stochas-
tic control problems with finite time horizon and with unbounded and con-
trolled fast variables. The problem we treat is for ¢ € [0, 7] and given 0* > 1
and € > 0

minimize in v and &: Ef”’y[ftT(l(XS, Vs, us) 4 5217 )ds + g(X7)]

subject to

dXs = F(X57 Y;7us>d3 + \/§U(Xsa Ysaus)dwsv Xso =T
4Y, = —Leds + 1 (v, Y, =

where [ is a running cost function, g represents a terminal cost, X, € R", Y, €
R™ . ug is a control taking values in a given compact set U, £ = (&;)o<s<r de-
notes a control process taking its values in R™, and Wj is a multi-dimensional
Brownian motion on some probability space.

Basic assumptions on the drift ' and on the diffusion coefficient o of the
slow variables X are that they are Lipschitz continuos functions in (z,y)
uniformly in u and satisfy the following growth condition at infinity

[Fl+ lloll < C(1 + [z]).

This implies, in particular, the existence and uniqueness of strong solutions
to (1).

On the fast process Y, we will assume that the matrix 777 = I so it is
positive definite. No non-degeneracy assumption on the matrix o will be
imposed.

In this thesis, we will deal with continuous running costs [ satisfying the
following coercivity condition

—lo + Iy y|* < Uz, y,u) < lo(1 4+ |y|*) for some Iy > 0

where o > 1. As for the terminal costs, we will always assume ¢ continuous
and bounded, that is,

3C, > 0 s.t. |g(z)| < Cy.

X



Calling V¢(¢, x,y) the value function of this optimal control problem, i.e.

T
1 x
Ve(t, x,y) = inngx’y[/ (Z(XS, Y;,us) + %'53‘0 )dS + g(XT)],
u, :

we are interested in the limit V as € — 0 of V< and in particular in under-
standing the PDE satisfied by V. This is a singular perturbation problem for
the system above and for the HJB equation associated to it. We treat it by
methods of the theory of viscosity solutions to such equations, homogenisa-
tion of fully nonlinear PDEs and a careful analysis of the associated ergodic
stochastic control problem in the whole space R™.

In fact our main result is Theorem 10.1 where we prove that if V<(¢, x,y)
is a viscosity solution of the HJB equation then the relaxed semilimits

V(t,z)= liminf inf V(¢ o’ 2
V(t, ) (Aminf inf (' 2, y) (2)

and B B
V= (s%p Vr)" (3)

(the upper semicontinuous envelope of supp Vi) where Vy is defined as

Vr(t,z) = limsup  sup V(¢ 2,y) (4)
(e,t',x")—(0,t,x) ye Br(0)

are, respectively, a supersolution and a subsolution of the effective Cauchy

Problem B
~Vi+ H(z,D,V,D2.V)=0 in (0,00) x R" (5)
V(T,z) = g(x) in R™.

This procedure allow us to prove also that in some cases V(t, z, y) converges
locally uniformly, as € — 0, to the only solution V (¢, x) of (5). Moreover,
the effective Hamiltonian H(x,p, M) is the unique constant A such that the
following ergodic PDE

(BP) A= 580(y) + 5[D6()° = f(y) i B",

has a solution ¢ bounded from below, %%—9% = land f(y) = —H(z,y,p, M, 0),
where H is the Bellman Hamiltonian associated to the slow variables of (1)
and its last entry is for the mixed derivatives D,,. Such type of equations
appear in utility maximisation problems in mathematical finance and were
first studied by Naoyuki Ichihara in [25] using probabilistic and analytical
arguments.



The main difficulty of (E'P) lies in the unbounded nature of our problem:
first, the control region of £ is not compact (all R™), and consequently the
running cost |£|®" is unbounded; second, f inherits the coercive growth of [
and tends to infinity at infinity; and, third, the superlinear nonlinearity in
the gradient implies that |D¢(y)| — 400 as |y| — oo, in contrast with [37] or
[21] where the gradient remains bounded on the whole space. Of course, this
unboundedness for the gradient complicates even more the arguments and to
prove the solvability of (EP) one needs to know more about the problem or
the equation itself. In fact, in our case, due to the form of equation (EP),
and the properties on f, we can use the results on the existence of solutions
and a priori bounds for second order quasilinear equations to guarantee the
existence of classical solutions of (EP) (see Section 1). But if for the existence
part the methods used in [25] are analytical, for the study of the uniqueness
Ichihara’s methods are probabilistic. First, it is showed in [24] that there
exists a continuum of A such that (EP) has a solution. In fact, Ichihara
showed that there exists a critical value A* such that for any A < A\* (E'P) has
a solution (see also our Proposition 1.5). And so no uniqueness is expected
for a general ¢ but at most for ¢ restricted to some classes. Second, given
any solution (A, ¢) of (EP) we can define the diffusion process driven by

dY (s) = —Dh(DS(Y (s)))dt + dW (s), s> 0, (6)

where D,h(q) denotes the gradient of h(q) := %|q|?. Notice that such solu-
tion corresponds to the diffusion process obtained from (1) by taking € = 1,
and 7 = I (that we will call for simplicity fast subsystem) and consider-
ing £ = D,h(D¢(Y (s))) the optimal control feedback (see Proposition 4.10
of [25]). It can be shown that equation (EP) and diffusion (6) are closely
related to a stochastic control problem with ergodic type criterion (which jus-
tifies the name of ergodic stochastic control problem for the study of (EP)).
Indeed, let £ = (£(t))i>0 be an R™-valued control process belonging to some
appropriate admissible class, say A, and let Y& = (Y¢(¢))s>0 denote the as-

sociated controlled process driven by

Yé(s) =y — /Osg(f)df +W(s), s>0.

We consider the stochastic control problem of minimising the long-run aver-
age cost

1 g 1y
J(u, &) = liminff]Ex,y[/o (l(X:,é’Yf’us) + @’58‘9 )dS—i—g(X;f’E)]_

T—o00

Then, under some suitable conditions, one can expect that

A ueg}geﬂ(“’f)’

x1



where A* is the critical constant for the ergodic PDE (1), and that the feed-
back control £*(t) := D,h(D¢(Y(t))) with Y(¢) defined by (6) gives the
optimal control. That is, only A* allows us to define an optimal control
¢* for which Y; has good long-time behaviour (ergodicity). Thus studying
the ergodicity of diffusion (6) plays a crucial role in solving rigorously this
minimization problem. It is proved in [25] that when Y is ergodic there
exists an invariant probability measure x for Y& and one can then prove that
(EP) has a unique solution pair (A, ¢) such that ¢ is bounded from below
and necessarily A = \*.

In this thesis we prove again the uniqueness of (£ P) using new and purely
analytical proofs. Indeed, if § > 2 we use the transformation z = —e~? as the
key ingredient to prove uniqueness for solutions of (EP) that are bounded
from below (see section 4). In fact, such transformation allows us to show
a comparison result for solutions of (F'P) in the complement of a large ball
and satisfying an apropriate Dirichlet condition. Then we argue by means
of the strong maximum principle inside the ball. We mention that with such
transformation z we don’t need any type of knowledge about the behaviour
of the solutions of (EP) (other than the gradient bound that is necessary for
the existence). A different phenomenon occurs when ¢ < 2. In this case the
useful transformation is z = ¢? plus an estimate of the behaviour at infinity
of solutions of (EP) bounded from below: they necessarily grow with some
specific power that will appear many times in this thesis. All this and more
is explained and showed in Section 4.

Properly equipped with these new tools we are able to build up all the
results on the ergodic Bellman equation that we need and we can also prove
some procedures that are useful for Chapter 2. In this sense, this thesis is
self contained. With our new proofs it is easy to see that, if (A, ¢) is a pair
solution of (EP) such that ¢ is bounded from below, then necessarily we
have A = A\* (Section 5). This is the result that we mentioned earlier for
the ergodic diffusion Y¢" but now we don’t need anymore to argue with the
ergodic measure. Also, with the new proofs, we can show new non-standard
approximation results for (EP) that are extremely useful in the proof of the
convergence theorem of Section 10 when we introduce the perturbed test
function method. In Section 6, we first treat approximations of (EP) by
perturbing f with truncations of f. And then we consider approximations
of (E'P) by looking at the ergodic PDE defined on the ball Bg(0) and com-
plemented with a boundary condition that reads differently according to the
value of #. In fact, we look at

{ Ar — 5A80r(y) + 5|Dor(Y)” = f(y) in Br(0)
dr(y) = +o00 as y — 0Bg(0)

xil



forl <8 <2

and
{ Ar — 580r(Y) + 5| Dor(y) (y) in Bgr(0)

" =f
Ar — 580r(y) + 5|Dor(y)|” > f(y) on dBR(0)

for 6 > 2.

The key features of such approximations are that, first, considering per-
turbations of f, we can control the growth of the corrector in the perturbed
test function method as we wish and, second, considering approximations
of (E'P) by balls, we consider only correctors that “explode” on the bound-
ary of Br(0). This is important because it forces the maximum point to be
achieved only inside Br(0), as it will be explored in Section 6, and this is a
crucial element for Section 10. For more details we refer the reader to Section
6. Here, we wish to stress that our main motivation in Section 6 is indeed
the proof of Theorem 10.1.

We prove a convergence theorem for the singular perturbation problem
of our stochastic model with controlled and unbounded fast variables by
using non-standard relaxed semilimits and we give some examples that test
our result. We are now in conditions to discuss the Convergence Theorem,
Theorem 10.1, the main result of this thesis. First we notice that A\* is
the appropriate constant to define the effective Hamiltonian H appearing in
the Cauchy effective problem. Second, due to the unbounded nature of our
problem and the fact that we wish to define the relaxed semilimits in a way
that gets rid of y, the standard relaxed semilimits

V(t = lim inf Vet o' o
(tzy) =, Jminf V.2 Y)

and
V(' o, y)=  limsup V(' 2",y)
(e,t" 2" ,y")—(0,t,x,y)

cannot be applied successfully. This is a difficulty that we overcome by
introducing new relaxed semilimits ¥ and V as in (2) and (3). The lower
relaxed semilimit is similar to the one used in periodic singular perturbations,
but something different must be done for V. The main difference is that
we can control how V¢ grows from below but not completely from above.
The upper relaxed semilimit V' gives us more troubles but it is also the
most interesting to treat. With all the machinery introduced in the earlier
sections we can prove that (2) and (3) are respectively a supersolution and a
subsolution of the Cauchy effective problem. In the corollaries and examples
we test our convergence theorem.

x1ii



We finish this Introduction with some historical remarks on the theme.
Singular perturbations of diffusion processes, with and without controls, have
been studied by many authors. For results based on probabilistic methods
we refer to the books [27, 29], papers [34, 13], and the references therein. For
an approach based on PDE-viscosity methods for the HJB equations we refer
the worked developed by Alvarez and Bardi in [1, 2, 3], also [4] for problems
with an arbitrary number of scales. It allows to identify the appropriate
limit PDE governed by the effective Hamiltonian and gives general conver-
gence theorems of the value function of the singularly perturbed system to
the solution of the effective PDE, under assumptions that include determin-
istic control as well as differential games, in deterministic and stochastic
cases. However, this theory originating in periodic homogenisation problems
(in papers [33, 19]) was developed mostly for fast variables restricted to a
compact set, almost all in the case of the m-dimensional torus. Nonetheless
in many financial models the a priori knowledge of the boundedness of the
fast variables does not appear to be natural according to the empirical data.

In the papers [7] and [6] the authors present an extension of the meth-
ods based on viscosity solutions showed in [1, 2, 3] to singular perturbation
problems that have unbounded but uncontrolled fast variables.

This thesis is divided in two chapters. In Chapter I we study (EP) and
in Chapter II we study our singular perturbation problem.

Main results of this thesis:

e Chapter I: Study of (EP) by purely PDE methods, introduction of
non-standard approximations for (EP) that will be useful in Chapter
II.

e Chapter II: The convergence theorem, our main result. Our relaxed
semilimits are not typical and the proof of this convergence uses many
of the procedures introduced and developed in Chapter I. We present
some cases where V' really converges locally uniformly to V', solution
of the effective Cauchy problem, as ¢ — 0. It is, as far as we know,
the first singular perturbation problem of a stochastic model with un-
bounded and controlled fast variables that is treated with success. We
treat everything analytically. We believe that some of our ideas can be
applied with success to the study of other singular perturbation models.

Xiv






Chapter I
The Ergodic Problem



This Chapter is organised as follows. In Section 1 we study the solvability
of (E'P) and we prove that it has infinitely many solutions and a critical value.
Section 2 is devoted to the construction of solution bounded from below of
(EP). We prove that there exists a solution ¢ € C*(R™) such that there
exists R > 0 such that ¢(y) > Cly|® for all |y| > R. These first two sections
are connected to Ichihara work, namely, the papers [24] and [25].

Section 3 considers (EP) defined in the ball and complemented with
a state constraint boundary condition which is different according to the
value of 6. We study such ergodic problems and we give some properties
of the ergodic constant. This section is a preparation for the most general
approximation results considered in Section 6. The main references in this
section are [31], [10], and [38].

Next sections are an original part.

Section 4 deals with the problem of the uniqueness of the ergodic constant
and of the corrector (up to additive constants) of (E'P). This problem was
also studied by Naoyuki Ichihara in [25] but our methods differ very much
from his probabilistic arguments. Here we present a full PDE proof.

Section 5 is concerned with some properties of the ergodic constant A for
solutions of (E'P) that are bounded from below. We also give some estimates
that will be useful in Section 10.

Sections 6 shows new convergence results for (EP). There we consider
approximations of (EP) by perturbing f or by specific ergodic problems set
on balls. This section is mainly motivated by the problem studied in Chapter
2 though it has interest in itself.

Appendices are devoted to review some well established results or to
present some technical computation or estimate needed in the text.



Part 1
Existence



1 Solvability of (EP)

This part is concerned with the existence of solutions of (EP). Our problem
is to find a pair (), ¢) € R x C*(R™) such that for given 6 > 1

1 1 o
(EP)  A=3A8(y) + 5Do(y)|" = fly) i R™
Here D¢ and A¢ denotes respectively the gradient and the Laplacian of ¢.
Definition (Solution, Subsolution and Supersolution for (EP)) We
will call a pair (A, ¢) a solution ( resp. subsolution, supersolution) of (EP)
if A\ € R, ¢ : R™ — R belongs to C*(R™), and
1 1
A= 5A6(y) + 5 IDs)I = f(y) (resp. < f(y), = f(v))

for all y € R™.
Our assumption on f is

(H1) f € WL (R™) and there exists fo > 0 and o > 0 such that

—fo+ f 1™ < fy) < folyl™ + fo

and
IDf(y)] < fo(1+]yl*")
for all y € R™.

Notice that this implies that VA, M > 0 we can find R > 0 such that
fly) = A > M for all |y] > R. We will exploit condition (H1) in several
occasions.

For simplicity of notation, let G be the operator

GIgl(y) = ~5A0() + 5 IDO)I’ ~ F(y).
Then (EP) is equivalent to
G[g](y) = pin R™ (7)

with up = —A\.

Important remark: Since ¢ — $|Dz/1|9 is strictly convex and Laplacian
is a linear operator, it is easy to see that G is a stricly convex operator. This
convexity will play a crucial role in the arguments.



Definition (Hdlder Spaces) For given k € NU{0} , ¢ € (0, 1] and an open
set O C R™, we define the Holder space C**(0) by

— _ Da _ Da
Ck,L(O) = {’U c Ck(0)| sup | U(x) U(y>|
z,y€0, x4y ’.CE - y’L

< 00, |af =k},

where a stands for a multi-index of Differential operator D. We denote by
C*4(R™) the set of all functions v € C*(R™) such that v € C**(O) for any
bounded O.

Let I be the operator
1
Ly, q) = 5la” = f(v) (8)

hence we can write

GIol(y) =~ 5A0(y) + Iy, DO(y).

Remark: By virtue of (H1) we have that for all |y|] < R there exists a
constant Cr > 0 such that |I(y,q)| < Cr(1+ |q|%).

1.1 Functions ¢g

We start by giving a very important class of functions.

Lemma 1.1 There are constants co, vy and py € (0,1) such that for any
B .
p € (—po po), d5(y) = p(1 + |y*)=, satisfies

Glosl(y) < —colyl® +vo, yeR™ (9)
where B € [0, 5 + 1].
Proof This proof can be found in [25]. Let p € (—1,1). We have
g2
Des(y) = Bp(1+[y*) =y,

and

Ay = Bolm(1 + |y)= + (8 — 2yl + [y2) T
= Bp[(B = 2)|yl> + m(1 + [y[*)]) (1 + y>) =



Since 8 < §+1 < a+2implies (8 —1) < a and -2 < a, we see, in view
of our assumption on f, (H1), and |p| < 1= |p|® <|p| (8 > 1), that

1 1
Glos)(y) = —5A05(y) + 51 Ds(w)|” — f()
< CL L+ [pllyl® 2 + [pl®ly® D) + fo = fo  yl*

< Co(L+ |pllyl™ + |plly|*) + fo — fo |yl
< (2p|Ce = fe DIy* + fo + Oy

for some constant C'; > 0 independent of p and that we can make it inde-
pendent of 8 too (by taking larger Cy if necessary). Now choosing pg € (0, 1)
so small such that py < (20)71f; " and defining co := f; ' — 2poCy > 0 and
vy = fo+ Cy we can conclude (9). |}

Observe that ¢g given by Lemma 1.1 satisfies
lim_Glé5](y) = —o. (10)

ly|—o0

Fix any ¢s := po(1 + |y[2)% in the conditions of Lemma 1.1. As we will see
next, such function ¢z is enough to guarantee the existence of a solution for

(EP).

1.2 Existence of solutions for (EP)

The goal of this subsection is to show Theorem 1.2. We follow [24]. The
proof proceeds essentially in the same lines of [28, Section 2].

Let C2°(R™) be the set of infinitely differentiable functions on R™ with
compact support. For k& € NU {0}, p € [1,00] and an open set O C R™, we
define the Sobolev space W*?(0) by the collection of all locally summable
functions v on O such that for each multi-index a with |a| < k, D%v exists
in the weak sense and belongs to LP(0). We denote by W[P(R™) the set
of locally summable functions v on R™ such that v{ € W*P(R™) for all
¢ € C2(R™).

Before starting the proof of Theorem 1.2, we first remark that any weak
solution of (7) (and therefore (EP)) in the distribution sense belonging to
VV&;COO(RT”) is indeed a classical solution. This is a direct consequence of the
classical regularity theory for quasilinear elliptic equations. Furthermore, in
view of the Schauder theory, any classical solution of (7) ((EP)) is a C3-
solution (see [23]).



Theorem 1.2 There exists a constant pio such that (7) has a solution with
= Ho-

Proof This proof can be found in [24, Proposition 3.2]. Since we have (10)
then we know that there exists g € R such that Gog](y) < po Yy. This
together with Theorem B.1(b) implies that for any R > 1, there exists a
solution ¢ € C**(Bpg) of

Glor] = po in Br, ¢r = ¢3 on 0Bk.

By Corollary B.2, we have that | D¢g| is uniformly bounded by a constant not
depending on R. Then, using the classical regularity theory for quasilinear
elliptic equations (see [23]), we have that the Holder norm | D¢g|r g, for some
[ € (0,1) is bounded by a constant not depending on R. By Schauder’s the-
ory for linear elliptic equations, we also have that the Holder norm |¢g|r g,
is bounded by a constant not depending on R. In particular, the family
{br}r>1 is relatively compact. By Arzela-Ascoli Theorem, we can conclude
that there exist a sequence {R,}, diverging to infinity as n — oo such that
{bn}n = {0r, }n converges to a function ¢ € CH(R™) = W5 (R™) locally
uniformly in R™. Next, we prove that ¢ is is a weak solution of G[¢] = o in
R™ in the distribution sense.

Indeed, fix any ¢ € C°(R™) and some R > 1 such that supp ( C Bg.
Observe that for any n, we have by integration,

L Dony) - Dely)dy + /

2 Br Br

I(y, Don(y))C(y)dy = po ; C(y)dy. (11)

where I was introduced in (8). Since sup,, |Dén|r~(p,) < 00, we see that
¢n — ¢ — 0 weakly in Wl’z(Rm). Moreover, we can verify that ¢, — ¢ — 0

loc

strongly in W,'?(R™) as n — oo. Indeed, replacing ¢ in (11) by the function

loc

(¢, — &)C, we first see that

2 [ Do (D6~ DoYcdy =~ [ Don- (6.~ o)DCdy

2 Br Br

- / I(y, Dé2) (dn — $)Cdy + 10 / (60 — $)Cdy
Br Br

and then we take into account the equality Do, (y) = (Do,(y) — Do(y)) +



Dé(y) and the bound |I(y, q)| < Cr(1+|q|?) for all |y| < R to conclude that

/ 1Dou(y) ~ Do) <(r)y

<~/ (Du(y) = D)) Do)y

n /B 1D6u(0)64(4) ~ S0y

2 [ (L 1D6u(0) ) onty) — ISl

o / (6nly) — 6())C()dy.

Since the right-hand side converges to zero as n — oo, we obtain the strong
convergence ¢, — ¢ — 0 in V[/lif(Rm) Thus, letting n — oo in (11), we get

L Do) - D)y + /

5 Iy, Do(y)C(y)dy = po | C(y)dy

R R™

for all ¢ € C°(R™). Hence, ¢ is a weak solution of G[¢] = pp in R™ in
the distribution sense. By the standard regularity arguments for quasilinear
elliptic equations, we conclude that ¢ is indeed a C?-solution (in fact, C?-

solution).

Corollary 1.3 (EP) has a solution.

m

Important Remark: For the solvability of (EP) the only information that
is used is the existence of a function ¢ satisfying (10). Therefore the proof
works for any other solution satisfying the same condition. We can state

Proposition 1.4 If there exist ¢ € C*(R™) such that limy, . G[¢](y) =
—oo then (EP) has a solution.

1.3 Infinite number of solutions

Proposition 1.5 If (A, ¢) is a sub solution of (EP), then there exist a
solution of (EP) for any Ay < Ay.

Proof Let (A1, ¢) be a sub solution of (EP). Then, G[¢] < —A; < —Xg. By
Theorem B.1(b) (Appendix B), we know that for any R > 1 there exists a
solution ¢ € C*(R™) of

G[gbR] = —)\2 in BR, gbR:wOH 8BR

Consider the family {ngSR} r>1- The conclusion follows by applying the same
argument as in in Theorem 1.2. |



Remark: Theorem 1.2 and Proposition 1.5 shows that there are infinitely
many solutions of (EP).

1.4 Existence of a critical value

Proposition 1.6 Set \* := sup{\ € R| (E'P) has a subsolution}. Then \*
is finite and there exists a solution associated to it.

Proof Theorem 1.2 implies \* # —oo because A\* > —pug with gy € R. To
prove that \* < 400, suppose, by contradiction, that \* = +o00. Then, there
exists a sequence of subsolutions { (A, ¢x)}x of (EP) such that limyg_,o, Ay, =
+o0o. Fix any ¢ € C°(R™). We have, by integration by parts,

! Doy (y)D¢(y)dy + /

2Rm

m

(G101 5ty < x| cty

for all k. By Corollary B.3 (gradient bound), we know that the left-hand side
is bounded uniformly in k. Therefore, taking k& — oo yields a contradiction
because the right-hand side of the above equality goes to —oco as k — oo.
Therefore \* is finite.

We can now choose any {(Ag, ¢x)}r such that G[ox] = —Ax := py in R™
for each k and limg_., A\x = A*. Then, it is an obvious consequence of the

gradient bound and the argument in Theorem 1.2, that ¢, converges to a
function ¢ that is indeed a C*-solution of (EP) with A = A*. |}

Notation: Sometimes we will refer to A* as A*(f) to stress the dependence

of (EP) on f.

Corollary 1.7 There exists a constant \* € R such that (EP) admits a
classical solution ¢ € C*(R™) if and only if X < \*.

By combining Propositions 1.5 and 1.6 we get the following conclusion.

Proposition 1.8 (Monotonicity of \* with respect to f) Suppose that fi, fo
satisfy (H1). If fi < fa, then X*(f1) < X*(fa).

Proof By Proposition 1.6 we know that there exists a solution ¢; associated
to M*(f1) and a solution ¢9 associated to A*(f2). If fi < fo then (A*(f1), ¢1)
is a subsolution of (EP) with f = f,. By definition of \*(f3), we have that

N(fr) S X (f2). |

Remark: Observe that this result is true for any f, fo satisfying (H1) pos-
sibly with different constants and exponents.

9



Proposition 1.9 Assume that [ satisfies assumption (H1). Then
N(f+c¢)=X(f)+ c where c € R.

Proof Let (A*(f),#1) be a solution of (EP) given by Proposition 1.6 and
let (\*(f +¢), ¢2) be a solution of (EP) with f = f + ¢ given by Proposition
1.6.

We have
» 1 1 0
(A(f) +¢) —§A¢1+§|D¢1\ =f+c
Consequently, by definition of \*(f + ¢),
A (f) +e <N (f + o) (12)

On the other hand,

() =) = 500 + g Doal’ = (F +6) = e = f

and we can see that

N(f+c¢) <N(f)+e (13)

Therefore using (12) and (13), we have that \*(f + ¢) = M (f) + ¢ as we
wished to show. |

Proposition 1.10
* o fi* * 64
A (cly®) = cm = A" (Jyl*).

Proof Let (A*(|y|%), ¢1) be a solution of (EP) with f(y) = |y|* given by
Corollary 1.7. We will now construct a solution of (EP) with f(y) = c|y|*
by considering ¢»(y) = /B%qbl (By) and the right choice of 3.

We have,

‘ <

2

sl

3 80u(y) + D))’ = ~ S A6 (By)) + 5ID(EF 61 (By)I
575 AG1(5) + 5675 1D (By)

5 (5 AG(B0) + 5 Dé(5w))
"Byl = Ay D)

N~ DN~

B
<

B
B

10



using the chain rule for the second equality and the fact that (A\*(|y|*), ¢1)
is a solution of (EP) with f(y) = |y|* and ;% = 6" for the last.
Therefore

*y ok a 1 1 *+a «
BEN(ly*1) = 5A¢(y) + 51Dba(y)l” = 7y
and choosing B+t =¢, ie., f = c7Fa we arrive at
L « 1 1 6 «
TN (Jy%)) = 5AG2(y) + 5[ Do2(y)” = cly]
By definition of A*(c|y|*), we obtain
U a * a
cm T N ([y]) < A(cly[®).
The reverse inequality is obtained in an equivalent manner by looking at

the solution (A*(cly|*), ¢ ) of (EP) with f(y) = c|ly|* given by Corollary 1.7
and then construction a solution of (EP) with f(y) = |y|* by considering

Pa(y) = 5%%(5@ and B = (%)ﬁ
Conclusion: A*(c|y|¥) = Cefm/\*qyab. i

11



2 Bounded from below solutions of (EP)

Theorem 1.2 shows that (FP) has a solution for any ¢ = po(1 + |y|2)§

in the conditions of Lemma 1.1. In this section, our goal is to construct a
suitable solution by an analytical approximation procedure (approximation
by Dirichlet problems) satisfying a certain growth from below. In fact, we
will build a solution (), ¢) € R x C*(R™) of (EP) such that infgm (¢ — ¢p)

is finite.

2.1 Estimate for solutions of (EP)

Proposition 2.1 Let (A, ¢) be a solution of (EP). Then there exists a K > 0
such that

Do)l < KA+ 1y, [o(y)] < K(1+y]"), yeR™,

where v = 4 + 1.

Proof From Corollary B.3 in Appendix B, we have for all » > 0 that there
exists a constant C' > 0 such that

sup | D(y)] < C(1+ sup [£(y) - A7 4 sup | Df(y)]27).

Br+1 Br+1

Using now hypothesis (H1), we see that

sup | Do| < C(1+ (r+1)% + (r+ 1)%1).
B,

for another C' > 0. Since § =~ — 1 and 20‘9—__11 < v —1, we can conclude that

sup |Dg| < C'+ C(r+ 1)
B

with ¢ > 0. From this inequality we can deduce the first estimate of this
proposition. The second one is deduced by integration from the first one.
Hence, we have completed the proof. |

An heuristic justification: In fact, from the type of growth assumed on
f, we would expect ¢(y) to have a polynomial growth on y. Now assume for
simplicity that ¢(y) = |y|? for some power 8 > 0 and that we are “away”
from y = 0. Then D¢ is of order |y|?~! while A¢ is of order |y|?~2. Since f(y)

12



growths like |y|* at infinity (see (H1)) we have, plugging into the equation
A= 586(y) + 51 Dow)|” = f(y), that

O(ly” + [y""=) < O(|y|)

(which translates the fact that the left-hand side cannot exceed in growth
the right-hand side). But 8 —2 < 8 —1 < 0(8 — 1) (because 6 > 1) hence
O(|y|?=2 + |y|?B=Y) = O(]y|?®~Y) (here we use the fact that y is not close
to 0!), and obviously 0(3 —1) < a = 3 < §+1 :=~. Hence the maximum
growth expected is of order ~!

Notice that, if y is “close to 07, the quantities |y|*~2, |y’ may ex-
plode according to the values of 3. The reason why we considered ¢, above,
is because ¢y behaves like a polynomial of order [ at infinity but is twice
differentiable in all R™.

The exponent 7: From now on, v will denote the value |y := ¢ + 1|

2.2 The class ®p

We will denote by C,(R™) the set of continuous functions on R™ that have
polynomial growth, that is,

Cp(R™) = {v € C(R™) : 3¢,C > 0 s.t. [u(y)| < C(1+ [y|*)}.
As Proposition 2.1 shows if (A, ¢) is a solution of (EP) then ¢ € C,(R™).
For given f € [0, 7], consider

Dy = {v € C*(R™) N C,(R™)] nminfM > 0}.
lyl—oo |y]?

Our aim is to construct a solution of (EP) belonging to ®g.

2.3 Existence of a solution of (EP) in &g
For any € € (0,1) and g € [0,7], let us consider the elliptic equation

Gl¢] + € = epp in R™ (14)

B
2

for any ¢5 := po(1 + |y|?)2 satisfying Lemma 1.1 for some py € (0,1).

13



Lemma 2.2 (Similar to Lemma 1.1) There is a constant p; > 1 such that
X .
Uy (y) == p1(1 + |y|*)2, satisfies

Gly)(y) > —K in R™
for some K > 0.

Proof The proof is similar to Lemma 1.1’s proof. We have, in view of (H1)
and the computations presented in Lemma 1.1 with g = ~, that

Gliby] > —p1Ci(L+ y["™2) + Calpr [*|y)?O™Y — fo(1 + |y|%)

for some constants C and C positive that do not depend on the value of p;
and . Since (7 — 1) = @ and v — 2 < «, we can see that

Gy > (=p1Ch + Calprl® = fo)lyl* — fo — p1Ch

If we choose p; large enough such that —p;Cy + Cylp1|? — fo > 0 and take
K = fy + p1C; the conclusion follows. |

Proposition 2.3 For any sufficiently small ¢ > 0, there exists a solution
ve € C*(R™) of (14) such that infgm (v — ¢g) is finite. Moreover, we have
that ev.(0) is bounded by a constant that does not depend on e.

Proof The proof is divided into three parts. Fix an arbitrary ¢ > 0 and
consider the 1., of Lemma 2.2. Because 0 < py < 1 < p; and 8 <, we have

that ¢s = po(1+ |y[2)2 < pr(1+ |y2)? = 1, in the whole space R™.
Let vy be the constant in Lemma 1.1.

Step 1. ¢ — = and ¢, + % are respectively a subsolution and a super-
solution of (14)

We have,
IZ0) IZ0) a
G s — ?} +e(ds — ?) = Glog] + €dg — v < —coly|* + edp < €.

Where we use (9) in the first inequality. Therefore ¢3 — “2 is a subsolution

of (14).
Analogously, one can see that
K K
G, + =] + et + =) = Glis] + ety + K = ey, > €0,

14



and conclude that 1., + ? is a supersolution of (14). Observe that here we
use Lemma 3.2 in the first inequality and ¢g < 1, in R™ in the last one.

Step 2. There erist a C*-solution v. of (8) such that

Ps(y) — — < ve(y) < Uy (y )+§ian.

Fix any R > 0 and consider the Dirichlet problem
Glveg) + €Vep = €p in Br, v.p = ¢ on 0Bg.

By virtue of Theorem B.1(a) in Appendix B, for any R > 1 there exists a
solution in the class v p € C’Q"(BR). Moreover, since ¢g — =¢ and 9, + %
are, respectively, sub— and supersolutions of (14) that satisfy ¢g — 2 <
Ver = g < Py + ? on 0BR, a standard comparison principle implies that
op — 2 < vep < Y, + ? in Br. Furthermore, by Theorem B.2, we have
that supp |Dvegr| < C where the constant C' does not depend on R and e.
Thus, by the Ascoli-Arzela theorem and the same argument as in the proof
of Theorem 1.2, there exists a weak solution v, € WL°(R™) of (14) in the

distribution sense, which is indeed of C*?-class by the standard regularity ar-
guments.

Step 3. infgm(ve — ¢p) is finite and ev.(0) is bounded by a constant that
does not depend on e.

Since v, satisfies

650) — 2 < uly) <) + = m R,

we have that infgm (ve — ¢3) > —*2. Multiplying now the above inequality
by €, we get
eps(0) — vy < ev(0) < e, (0) + K in R™.

Hence, €|v.(0)] < C for all € € (0, ¢y) for some ¢y. Thus ev(0) is bounded by
a constant that does not depend on e. [

Theorem 2.4 There exists a solution (X, ¢) of (EP) such that infgm (¢ —¢p)
is finite.

Proof Let v, be the solution given by Proposition 2.3 and define w,(y) :=
ve(y) — ve(0) and A := ev(0). It is obvious that (A, w,) is a solution of

Ae + Glw] + ew. = epp in R™,  w,(0) = 0.

15



By Theorem B.2 in Appendix B, we observe that, for any R > 0, supg, |Dw|
is bounded by a constant not depending on €. In particular, repeating the
argument of Theorem 1.2, we can prove that the family {w,}.s¢ is relatively
compact in C'(R™). By the Ascoli-Arzela theorem, there exist a sequence
{ex}r — 0 as k — oo, a function ¢ € W,2°(R™) and a constant A such
that exve, (0) — A and w,, — ¢ in C(R™) as k — oo. As in the proof of
Theorem 1.2, ¢ is a solution of G[¢] = —A := p in R™ in the distribution
sense and therefore, by the standard regularity arguments, ¢ is a C?-solution

of G¢] = v in R™, that is, (A, ¢) is a solution of (EP).

We show next that infgm(¢ — ¢5) is finite. For that, notice first that, by
convexity of G, Lemma 1.1 and (H1), we have for any § € (1/2,1) and
y e R™

G[09sl(y) = G[0gs + (1 —6)0](y)
< 6G(ggl(y) + (1 = 0)G[0](y)
< =dcoly|® 4+ ovo + (1 = ) (—f(y))

1
< —galyl*+w+ (1 =0)fy" = (1 - 0)folyl”

IA

1 1,
—§co|y|a + 19+ §f0 1.
Taking into account this last estimate and Proposition 2.3, we can choose
R > 0 so big such that

Glogs)(y) < —C1 < ev(0) for all |y| > R,e € (0,¢) and 6 € (1/2,1) (15)

and then find an Mg > 0 such that supy_._., sup,ep,(|¢s] + [w) < Mg.
Observe that Mg is finite because supp, |w.| is bounded by a constant not
depending on e.

We will now prove that w,, satisfies w., > d¢pp — Mp in R™ for all § €
(1/2,1). To see this, we will argue in different regions of space. First, we
have that

e (y) = 005(y) = = sup(|@s] + |we,[) = —Mp for all [y| < R (16)

Hence, the claim is true in Bg. From another point of view, since

We, (y) — 6¢3(y) + Mp = (we, — ¢p)(y) + (1 = 6)¢p(y) + Mr — +oo  (17)

as |y| — +oo (recall that infgm(w,, — ¢3) is finite by Proposition 3.3), the
claim also holds for a R, 5 > R such that

We, (y) > 6¢pp(y) — Mp for all |y| > R, s.

16



Hence, the claim is also true in By .
k>

It remains to show that it is also verified in the ring D := {y € R™|R <
ly| < Re, s} For that, we will show that d¢s — Mg and w, are respectively
a sub and a supersolution of

Gv] + exv = expp — Cy in D,

(Cy is the constant in (15)) and then conclude by means of the comparison
theorem that d¢s — Mp < w,, in D.

For any y € D, we have, using (15) and the fact that Mg > 0,

G[0ps — Mg|(y) + ex(00s(y) — Mr) = G[0¢s](y) + €x(d¢3(y) — Mg)
< —Ch + er(9p(y) — Mr)
< egsly) — C

and

Therefore, d¢g — Mp and w,, are respectively a subsolution and a superso-
lution of
G[U] + €U = Ekgbg — Cl in D,

that satisty d¢g — Mg < w,, on 0D (look at (16) when |y| = R and at
(17) when |y| = R.,) . Applying a standard comparison principle, we obtain
d¢p — Mp < w,, in D. Therefore, the claim also holds in D.

Consequently, 0¢s — Mr < w,, in R™ for all 6 € (1/2,1). Letting 6 — 1, we
conclude that ¢g — Mg < w,, in R™. Taking k — oo we get infgm (¢ — ¢) >
—Mpg as we would like to prove.

Remark: Observe that the convexity of G plays a crucial role in this proof.

It is obvious that if infgm (¢ —¢p) is finite then lim inf), % > 0. Therefore

Corollary 2.5 There exists a solution (X, @) of (EP) such that ¢ belongs to

s 1= {v € C*(R™) N C,(R™)] llilflinfT;—?lJB) > 0}.
y|—o0

17



In particular, if we take 3 =~ := § + 1, we can conclude that

Corollary 2.6 There exists a solution (A, ¢) of (EP) such that ¢ belongs to

o, = {v e CHR™ N O, &™) liminf 1Y) > 0},

lyl—oo |y

We ask the reader to keep in mind this class ®,.

Observation: ®, C &3 C {bounded from below}.

18



3 Approximations

Let # > 1 and consider the ergodic problem in Bg(0) (R > 0),

M~ 580n(y) + 71Dor()I’ = faly) in Ba0) (13)

complemented with a state constraint boundary condition which is different
in the sub and superquadratic case.

We start with some local gradient bounds for solutions of (18) plus the
boundary condition.

Theorem 3.1 (Local Gradient Bound) Assume that for any fized \r there
exist a solution ¢r € W2P(Bgr(0)) (p < +00) of (18) satisfying the boundary
condition. Then, if fr € WH*(Bg(0)), we have for all0 < R' < R

|1Dor(y)| < Cr ify € Br(0)
where C'r depends only on bound on D fr, upper bounds on fr — Ar and 6.

Proof This proof can be found in [31, in Appendix]. |

3.1 Subquadratic and quadratic cases

For any R > 0 consider

{ Ar — 3A0r(Y) + §|Dor(W)|” = fr(y) in Bg(0) (19)
¢r(y) — +oo as y — 0Bg(0).

Theorem 3.2 (Existence and uniqueness of solutions for (19)) Assume 1 <
0 < 2 and that fr € C(Bg). Then, there exists a unique constant \p € R
such that the problem (19) has a solution ¢r € WP (Bg(0)) for every p > 1.
This solution is unique up to an additive constant.

Proof See [31, Theorems I.1 and VI.1]. |

Lemma 3.3 Assume 1 < 0 < 2 and let fr € WH(Bg(0)) and ¢r be
a solution of (19) given by Theorem 3.2. Then, ¢r € Cir (Bgr(0)) for all
I'e(0,1).

Proof This result comes from the additional assumption on fr and a stan-
dard bootstrap argument. In fact, by Theorem 3.2, ¢ is in W2?(Bg(0)) for
all p > 1 hence in CJF(Bg(0)) for all T' € (0,1), and therefore a standard
regularity result implies that ¢r € Crl (Bg(0)) for all T € (0,1) because
|Dég|? and fr are in CF (Br(0)). [

loc
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Remark: In particular, ¢x € CE_(Br(0)).

Proposition 3.4 (Monotonicity property of Ag with respect to the domain
Bgr(0)) Suppose that for all R fr € WH(Bgr(0)) and that fr < fr for all
R > R. Then, if A\g and Ag' are the ergodic constants associated to (19) in
Bpr and Bpg respectively, we have Agr < Ag.

Examples: fr(y) = f(y) (fr does not depend on R) or fr(y) = maXyEB%(O) f(y)

(this case will be considered in Section 10) satisfy trivially fr < fg for all
R > R.

Proof This is a minor adaptation of Proposition 2.1 of [10]. We include the
proof for completeness of the text.

Let (Ag, ®r) and (Ag/, ¢r/) be the pair of solutions of the ergodic problem
(19) in Br(0) and Bg/(0) respectively. From Theorem 3.2, the constants Ag
and Ap are unique whereas the functions ¢g, ¢r are unique up to additive
constant. We look at function ¢r — ¢g.

Pick any yy € 0Bg(0). Since ¢g is bounded in Bgr(0) and ¢r(y) —
+00 as y — 0Bg(0),

lim  (¢r — ¢r)(Y) = or'(v0) — lim  ¢gr(y) = —oco.

y—yo,y€BR(0) y—yo,y€BR(0)

Therefore ¢r — ¢r has a maximum point y* € Bg(0). Going back to the
equations solved by ¢r and ¢r, we obtain

1 1
_§A¢R’(y*) + 5|D¢R'(Z/*)\9 = [r(y") = A\

and 1 ]
—§A¢R(?J*) + §|D¢R(?J*)|9 = frR(Y") — Ar.

Subtracting and using the properties D(¢r —or)(y*) = 0, A(pr —dr)(y*) <
0 and fr < fgr one gets

1
0< —§A(¢RI — or)(Y") £ =Ar + Ag,

ie,
A < Ap.
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Proposition 3.5 (Characterisation of the constant Ag) Let Ag be the ergodic
constant associated to (19) and let us denote by S the set of all a € R such
that there exist a subsolution b € C(Bg(0)) of

0~ 3B+ o[ DUf’ < fu in Ba(0). (20)

Then
Ar =sup{a | a € S}.

Proof See [10, Proposition 2.2] |}

Remark: Notice that S # ). Indeed, it is easy to see that —||frllcc € S
because 1) = 0 is a (classical) subsolution of

1 1 :
— 580+ DU’ < fit il in Br(0),

3.2 Superquadratic case

Let R > 0 and consider the ergodic problem given by

{ Ar = 5A0r(y) + §lDor()|” = fr(y) in Br(0) (21)
Ar — 380r(Y) + 5|Dor(W)|® > fr(y) on Bg(0).

Theorem 3.6 (Eristence and uniqueness of solutions for (21)) Assume that
fr € WH(Bgr(0)) and 6 > 2. Then there exists Ag € R and a function
Or € CO’%(BR( 0)) N C2.(Br(0)) such that ¢r is a viscosity solution of
(21). Moreover if the pair (v,1) is a solution of (21) such that 1) is a viscosity
solution of (21) belonging to C’O’%(BR( 0)) N C2.(Br(0)) then Ag = v and
or =Y + K for some constant K > 0.

Proof This is a consequence of Lemma 3.6 of [38] and the standard regularity
theory for quasilinear elliptic equations and Schauder’s theory. |

Proposition 3.7 (Monotonicity property of Ag with respect to the domain
Bgr(0)) Suppose that for any R fr € WH(Bg(0)) and that fr < fr for all
R' > R. Then, if A\g and Ar are the ergodic constants associated to (21) in
Br and Bpg respectively, we have Agpr < ARg.

Proof We know that (¢r — ¢r)|5,(0) has a maximum point at y* € Bg(0).
Suppose y* is inside Bg(0). In thls case, the proof proceeds exactly as in
Proposition 3.4 and one gets Agr < Ag.
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If y* € 0Br(0), (¢r — ¢r')|Bp(o) has a minimum at y*. Then, using the
information that ¢ is a supersolution of (21), we obtain

AR + Do) > Taly) A
with (¢r/)|5,(0) as a test function. But
2 A@r)) + GIDGR) W < Jarly) ~ An

Therefore, fr(y*) — Ar > fr(y*) — Ag. Since fr < fr, frR(Y*) — Ar >
fr(y*) — Mg and we arrive at Agy < Ag. |}

Proposition 3.8 (Characterisation of the constant A\r) The ergodic con-
stant introduced in Theorem 3.6 is characterised as follows:

An = sup{a € R | 3 € C(Br(0)) with a— %M + %\Dw < fu in Bp(0)}.
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Part 11
Uniqueness
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4 Uniqueness

Theorem 1.2 and Proposition 1.5 show that there are infinitely many solutions
(A, ¢) of (EP). Hence no uniqueness is expected to be achieved in the general
case. Still, is there any hope to prove uniqueness for ¢ for a certain class of
functions? We will reformulate this question.

Proposition 2.1 gives us an upper bound for ¢. It says that ¢ cannot
exceed a polynomial growth in y with maximum power ~, that is, ¢(y) <
C(1+[y|?) for some C' > 0 with v = §+41. From another point of view, there
are solutions of (FP) bounded from below - Theorem 2.4. Thus, since the
growth of ¢ from above is fixed by the gradient bound, a “natural” approach
to prove uniqueness for solutions of (EP) is to start looking for conditions
restricting the range of ¢ from below.

Indeed our main result is the following

Theorem 4.1 Assume that f satisfies hypothesis (H1). Let (A, ¢) and
(A2,1) be two solutions of (EP) bounded from below. Then Ay = Ay and
p=v+C.

Next subsections are devoted to prove this result.

4.1 Superquadratic and quadratic cases
4.1.1 Transformation z = —e¢~¢

The key ingredient in the superquadratic case is the transformation z =
_e®
e .

Lemma 4.2 Let (A, ¢) be a solution (resp. subsolution, supersolution) of
(EP) then z(y) = —e~%W) is a solution (resp. subsolution, supersolution) of

1
—§Az + N(y,2,Dz) =0 (22)

where N(y. 2 D2) i= 2(3 2" = §| 22"+ £ - ).

z

Proof By setting z(y) = —e *®, we have
e =—2= ¢=—log(—2).

Thus D D
Dp— 2 _ZF

—Zz z
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and

A
Ap = —72 — Dz (—22D2)
_ Az, DA
2 22
Substituting into (EP), we get
1. Az |Dz]*, 1,Dzp
- - == —|— = < f.>
A=sl=—+—=J+5l— =71 (ep. <f>1))

and multiplying it by —z (observe that —z > 0) we have

1, Dz 1, Dz

1
Ao =gzt (gl =gl ) =0 (e <0,20)

Set N(y,z,Dz) := z(%|&’2 — %!%‘0 +f— )\). We arrived at equation

z

1
—§Az + N(y,z,Dz) =0 (resp. <0,>0).

Given two arbitrary solutions of (FP), generally not much is known about
their behaviour at infinity (other than Proposition 2.1).

In this subsection, we will start considering the particular case when
¢, — 400 at infinity (which includes the case ¢, € ®3) and then we will
show how to adapt the proof of the more general case when ¢ and i are
bounded from below.

Case: ¢, — 400 at infinity
If ¢ — +oo at infinity, then, z(y) = —e®®W — 0 as |y| — oo. More-

over, because ¢ € C?(R™), z is always a non positive regular function. All
this properties for z will be crucial.

In the following we will use (H1). Let R > 0 be such that
fly) =A>—k Vly| > R (23)

where k := mingegm (— 3|Q|* + (1 — 5)|Q|%). Observe that such minimum
exists because 6 > 2 and 1 — % > 0.
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Proposition 4.3 Suppose that 0 > 2 and ¢, ¥ are, respectively, a sub and
a supersolution of (EP) such that ¢, — +oo at infinity. Let R > 0 be as
in (23). Then, if 2y = —e=% and 2z, = —e~¥ are such that z; < 2o on dBg(0)
we have

z1(y) < 22(y) for ally € By(0).

Proof Suppose that the conclusion fails, i.e., there exists a point v’ € B,
such that z1(y') > z2(y’). Then sup,cpe {21(y) — 22(y)} = € > 0. Because
zi(y) — 0 as |y| — oo (i = 1,2), we see that the supremum is actually
achieved at some point y* (it is a maximum point). Moreover, we know
that z; and zy are regular functions and so differentiable at the point y*.
Using now our Dirichlet condition, we see that y* cannot be in dBg(0) and
so it is in B%(0) (that is, it is an interior point). Hence, we know that
Dz (y*) = Dz (y*) =: p and A(zy — 29)(y*) < 0.

By Lemma 4.2, we have that z;(y*) is a subsolution of (22) while z5(y*)
is a supersolution of (22),

1
—§A21 + N(y, 21,p1) < 0 where py := Dy2,

1
——Azy + N(y, 22, p2) > 0 where py := Dy 2.

2
Subtracting the second from the first inequality, we arrive at
1 * * * * *
58 = 2)(y) + N 21(y"),p) = Ny 2(y"),p) 0. (24)

Denoting by N, the derivative of N with respect to z, we have

1 1 2 0
Nalyzp) = 32 = G2+ (1) =) +2(- - L2

1 1 2 (%

= gl2 g2 G- 45 - i

1 1
= —5\5\2 +(1 - 5)\99 (f(y) =)
>+ (f(y) = N)
Therefore

N(y*, z21(y%),p) = N(y*, 22(y"),p) = [k + (f(y) = N)][z1(y") — 22(y")]. (25)

Taking into account (24), (25) and the properties on the laplacian term, we
obtain

[k + (f(y") = Mllaaly”) — 22(y7)] < 0.
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But [k + (f(y*) — A)][z1(y*) — 22(y*)] > 0 since, in virtue of our choice of
R and y* € B$(0), we have f(y*) — A > —k and because z(y*) — z2(y*) =
Sup,¢ B}c%{zl(y) — 22(y)} > 0 by our hypothesis. Therefore, we reach a contra-
diction. Hence,

21(y) < 22(y) for all y € By(0).

Remark: Observe that hypothesis 6 > 2 is essential in this proof. Otherwise
we cannot guarantee the existence of infgerm (—3[Q)? + (1 — 3)|Q|).

Corollary 4.4 Let 0 > 2 and take R > 0 as in (23). If ¢ and ¢ are,
respectively, a subsolution and a supersolution of (EP) such that ¢, — 400
at infinity and ¢ < b on OBg(0), then

o(y) < ¥(y) for all y € By,

Proof The proof follows easily from Proposition 4.3 and Lemma 4.2 by
taking z; = —e® and 20 = —e ¥ and observing that 2z(y) < 2(y) <

o(y) <v(y). |

Remark: Notice that our results are true for all solutions of (EP) going to
+oo at infinity. This include a variety of cases such as ¢(y) > log(|y|) or, of
course, ¢ € ®g. Next, we will see how to adapt this proof to the case when
¢ and v are bounded from below.

General Case: ¢, 1 bounded from below

If ¢(y) > —C then 0 > z(y) = —e*W > —e® and s0 z; = —e® and 2z, =
—e ¥ satisfy e¢ > 21—z, > —e®. That is, 21 —2 is a bounded function in R™.

In the following, we will consider R > 1 such that

1 1 1 1
Fly) =2 > max (1L, max (51Q1 + (5 - 5)IQF +5))  (26)

for all [y| > R where 0* is the conjugate of 0 (5 + 5= = 1).

Remarks:

1. If > 2, then 5 > 3 and so (5 — 57) < 0. Therefore it is easy to see

Z o
that there exists a maximum value for $|Q* + (3 — 7)|Q|’ + 3 in R™.

2. Notice that, due to our choice of R, we always have f(y) — A > 1 for
all |y| > R.
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Proposition 4.5 Suppose that 0 > 2 and ¢, 1 are respectively a subsolution
and a supersolution of (EP) bounded from below. Let R > 0 be as in (26).
Then, if 21 = —e~% and 2o = —e™¥ are such that 2, < z, on OBg(0) we have

21(y) < z2(y) for all y € BR(0).

Proof The proof follows the same lines of Proposition 4.3’s proof but now the
main new difficulty is that we cannot guarantee the existence of a maximum
point for the function z; — 25 in B(0). Because of that, we will look at z; —
— §ly|? for 6 > 0 small enough. Our goal being to achieve a contradiction.
Suppose that there exists a point ¢y € B%(0) such that 2z (y') — z2(y') >
€ > 0. Since z; — 29 is a bounded function,
(21— 22)(y) — dly|* — —o0 as [y| — oo.

Therefore 2; —z, —d]y|* has a maximum point 4% in B%(0). Suppose that y} €
0Bgr(0). Then, by our hypothesis (Dirichlet condition), z;(y%) — 22(y%) < 0
and we would get that

0> 2(y5) — 2(5) = 0lys " = 21(y) — 22() = ly'|* = e = oy

A contradiction letting 6 — 0. Then y; € B%(0) and Ms := maxpe 0){21 —
29 — 8ly[*} > 0 for any ¢ small enough. We can also conclude that M; —
Supge (g)(21 — 22) (> 0) as 6 = 0.

Considering such a small §, we have that

D(z1 — 22)(y5) = 20y;

and
Az — 22)(y5) < 26m.

Arguing now as in Proposition 4.3, we arrive at
1 * * * * * * *
_§A(21 — 22)(y5) + N(ys, 21(y5), Dz1(y5)) — N(y5, 22(y5), Dz2(y5)) < 0,

le.,

N(ys, 21(y5), Dza(ys) + 26y5) — N(ys, 22(y5), D2z2(y5)) < om. (27)

Let t € [0, 1] and define X (¢) := tz1(y;)+(1—t)22(y}), Y (t) := Dzo(y5)+2tdy;
and h(t) .= N(y}, X(t),Y(t)). Then,

N(ys, 21(y5), Dza(ys) + 20y5) — N(y5, 22(y5), D22(v5))
—N(y5, (1),Y (1)) = N(y;, X(0),Y(0))
= h(1) — h(0)

- /0 1 W (t)dt
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and

ON

X + —N(yg,X(t),Y(t)) - (26y7).

He) = oY

(5, X (), Y (1)) (Ms + 8l |)

Thus inequality (27) can be re-written as

/0 [g—g(y;‘,X(t),Y(t))(M(; +Olyi[?) + g—];(y;,)((t),y(t)) - (265)] < om

(28)
Set ) := x. We did the computation for in Proposition 4.3,
ON 1 9
O X ¥) =Sl + (= Dl + (7~ 3).
d
We now compute 311\,[ ,
ON Y Y |92 X|y|P-2
—(y, X,)Y) = X(— — =Q — Y
ay(y’ ’ ) (X2 |X’9 ) Q |X‘9
|Y|9—2
=Q+ |X\9—1Y

where we used |X| = —X.

e Case 0 =2

In this case, 8X(y,X Y) = f(y) — A and 8N(y,X Y) = 0. Then, (28) is
reduced to

(f(yz) = N (M;s + 0|y ) < om
a contradiction because f(yy) — A > 1 and M; > 0 when letting 6 — 0.

e Case 0 > 2

First we notice, by Cauchy-Schwarz inequality, that

8N

Therefore (28) implies

*

Ys

]Sém.

(29)

/0 [g—)]\([(y(?,X(t),Y(t))(Mg+6|yj;|2)—25\2—];@;,)(@),1/@))]
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We now come back to our choice of R ((26)). It is easy to see that

1 1
—§|Q|2+(1—5)|Q|9+f(y)—
__1 Lope B
——2\Q’2+9*\Q! + f(y)
1 1,1 11, 1
Z—§|Q|2+§|Q| +§|Q|2+(§—§)|Q| +t3
= a+er)

for all |y| > R. Therefore

ON
0X

and we can also see that 8N s X,Y) >
of view, we have

XY 2 S+ [Qf)

% for all § > 0. From another point

N
2 . x.v)] <J@l+ ol <21+ Q).

Indeed the first inequality follows immediately from the computation of
(y, X,Y) while the second comes by notlcmg that if |Q| < 1 then ‘Q‘ +

8Y
‘Q‘ <2 and 1f‘Q‘ > 1 then ‘Q| !Q‘ ’Q‘ because 6 > 2.
Hence,
N . ON , .,
‘a_y<y67X7Y)‘ < 68_X<y57X7Y>

Then (29) implies

[ I 05 X0 Y ()05 + 143~ 1205 265, X0, Y ()] ] <

1
aN * * *
o [ G XY O) (M + Sl — 12003]) < om. (30)
0
Given that Ms — suppe ) (21— 22) (see the beginning of this proof), Slyz|* —
0 and d|yf| — 0 as 0 — 0, we can see that

Ms + 6y; | — 126|y;| — sup (21 — 22) > 0 when 6 — 0.
Bg(0)
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Then, we have

! ON % * |2
ax Waor X (1), Y () (M, + dolys, | — 1200
0

Ys,|) >0

for all § < & small enough since 2% (y; , X (t),Y(t)) > 0. This is a contra-
diction with (30) by taking do — 0.

Conclusion,
21(y) < zo(y) for all y € BE(0).

Corollary 4.6 Let 6 > 2 and take R > 0 as in Proposition 4.4. If ¢ and
W are, respectively, a subsolution and a supersolution of (EP) bounded from
below and such that ¢ <1 on OBg(0), then

o(y) < (y) for all y € By,

Proof Obvious from the previous proposition. |

4.1.2 The Strong Maximum Principle

We refer the reader to [18] and [23] for more about the strong maximum
principle for smooth solutions of linear parabolic and elliptic equations and
to [9] and [16] for viscosity solutions of fully nonlinear degenerate elliptic and
parabolic operator. The result we are concerned with is the following

Lemma 4.7 Let C > 0 and let O be an open set. Any upper semicontinuous
viscosity subsolution of

—Aw —C|Dw|=0 in O
that attains its maximum at some point of O is a constant in O. In particular,

maxw — maxw.
O 00

For the proof, see [9].
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4.1.3 Uniqueness of (EP)

Theorem 4.8 Let 6 > 2. If (M1, ¢) and (A\2,%) are two solutions of (EP)
such that ¢ and 1 are bounded from below, then \y = Xy and ¢ = + C.

Proof Let R > 1 be as in (26) and suppose that A\; > Ay (otherwise we
change the roles of ¢ and ¢ in the argument). Observe that this implies that
(A1, @) is a subsolution of (EP) with A = A\y. We will first prove that ¢ =
in R™ and then conclude that A\; = \,.

Step 1: Adding constants to ¢ and v we may assume that supaBR(O)(qﬁ* —
Y*) = 0.

Indeed, consider the compact set 0Bg(0). Since ¢ and @ are continuous
functions, we know that there exists supyp,, o) (¢ — 1) = S. Set ¢* := ¢ and
Y* =1+ 5. It is obvious then, that supyp,, o) (¢* — V") = subyp,0)(¢ — ¢ —
S) =5 -5 =0. Hence, ¢* = ¢* at some point of dBr(0).

Step 2: In Br(0)

We have ) |
—§A¢* + §|D¢*|9 =f-M<f—-X

and ) )
- * - *|0 — .
2A¢ +9|D¢ " =f =X
Therefore ¢* — 1* satisfies
1 * * 1 * |0 *10
—3A@" =¥ + 5 (IDg"[ = [Dyr[) < 0

Let ¢ € [0,1] and define h(t) by h(t) := [tD¢*+(1—t)Dy*|’. Then (| D¢*|’—
|Dy*|?) = L(h(1) — h(0)) = & [ I (t)dt, that is,

1 1t

GUDST =D l') = 5 | 6D6"+ (=) DuP2(tD6" +(1—) Dy Dl ")
0

Thus we see that ¢* — ¢* is a weak subsolution of

1
—§Aw +Z(y) - Dw =0 (31)
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where Z(y) = [, [tD6"(y) + (1 — ) Dg*(y)|*2(tD¢" (y) + (1 — 1) Dy*(y))dt.
We notice that Z(y) € L>(Bgr(0)), more precisely

|I(y)| S /0 |tD¢*(y) + (1 _ t)D¢*(y)|0_1dt

1

g/ K(1+ [y|=D0=D)q
0

< K(1+ R(H—l)(v—l))

where we used Proposition 2.1 in the second inequality and that y € Br(0) =
ly| < R in the third. Then we can apply the classical maximum principle to
(31) in Bgr(0) (see [23]) to obtain

sup (¢" —¢*) = sup (¢" —¢"). (32)

Br(0) 9BR(0)
Remark: Observe that this gives a comparison in Bpr(0). In fact, since
Sy (o) (@ — 1) = 0, (32) implies ¢* < v in Br(0).
Step 3: In B$(0)

Let R’ be any real number such that R > R. We want to prove that the
maximum of ¢* — ¢* in Bg/(0) is attained on the boundary of Bg(0).

Arguing as above, we can conclude that

sup (¢" —¢*) = sup (9" — 7).

By (0) 0By (0)

We now observe that, since (A1, ¢*) and (Aq, 1) are, respectively, a subso-
lution and a solution of (EP) with A = Ay, by Corollary 4.6, we have that
¢* < ¢* in B§(0). In particular, ¢* < ¢* in 0Bg/(0). Hence,

sup (¢" — ) = sup (¢"—¢") <0= sup (¢" —¢"), VR >R

Bpi(0) 8B (0) 9BR(0)

This implies,

sup (¢° —¢") = sup (¢" —¢%), VR >R (33)

BR/(O) 0BRr(0)
Combining results (32) and (33), we arrive to

sup (¢* — ") = sup (¢* —¢*) = sup (¢" —¥*), VR >R.

Br(0) 9BR(0) Bpi(0)

33



Therefore the global maximum of ¢* — ¢* in Bg/(0) is achieved on 0Bg(0)
at some point yy € 0Bg(0).

Step 4: ¢* — ¢* is a constant in R™

Arguing as above, we can see that ¢* — 1* satisfies
1
—EAyw +Z(y) - Dyw < 0.

Since —3A,w — |Z(y)||Dyw] < —1A,w+Z(y) - Dyw and Z(y) € L°(Bg(0)),
we can conclude that there exists a constant C' > 0 (for example, C' :=
I Z() || Lo (Br(oy)) such that ¢* — ¢* is an upper semi continuous viscosity
subsolution of

1
—§Ayw — C|Dyw| =0 in Bg/(0)

that we showed that attains its maximum at some point yo € 0Br(0) C
Br/(0). Applying Lemma 4.7, we can deduce that ¢* — ¢* is a constant in
Bpg, for all R > R. It follows that ¢* —¢* is a constant in R™ by continuity.

Step 5: A\ = X\

Since ¢* — 1* is a constant in R™, we have ¢ = 1) + C' and we can deduce
immediately from (EP) that Ay = A. |

4.2 Sub quadratic case

As pointed out in the previous subsection, when 6§ < 2 there isn’t a minimum
value for the function —1|Q|? + (1 — 3)|Q|? with @ € R™. This implies that
technically the proof needs changes.

4.2.1 Behaviour at infinity of the solutions of the ergodic problem

Proposition 4.9 Let 6 > 1. If ¢ is a solution of (EP) bounded from below
then there exists ¢ > 0 such that ¢(y) > cly|” — ¢~ where v = § + 1.

Proof Adding constants to ¢ if necessary we may assume that ¢ > 0. We
already know that ¢ satisfies:

|IDo(y)| < K(1 4 |y["™ ") (Proposition 2.1)
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and
lo(y)| < K(1+4 |y|”) (consequence of the previous estimate)

for some constant K.
We argue by contradiction assuming that there exists a sequence |y | —

400 such that % — 0. Weset I', = % and we introduce

P(ye + L'y
ve(y) = % for |y| < 1.

Because of the above estimates on ¢, we have |v¢|, | Dv| uniformly bounded
and v, satisfies

1 1
—5F3_2_QAUE + 5|Dve|9 =T7*(f(ye + Tey) — A) in By(0).
Then we notice

1
7—2—a:%—1—a:M5—U—1<0

and therefore 7727 — (0 as € — 0.

flye+Tey) = fi' T = fo

since |y + Ley| > |ye| — Te > .. )
Since (ve) is precompact in C'(B;(0)), we can apply Ascoli’s Theorem and
pass to the limit in the viscosity sense: if v. — v then

1 |
g1Dvl” > fo! in Bi(0)

and
v >0 on 0B;(0) since ¢ >0

therefore v is a supersolution of the equation %|Du|9 = f; ! with null bound-
ary condition for which the unique solution is (6f;*)/?d(y,dB(0,1)). By
comparison principle for the eikonal equation the supersolution is above the
solution. Then, v(y) > (05 )d(y, dB,(0)) and v(0) > (0f;1)a.

T’y(zf':) — 0 by our hypothesis.

But this is a contradiction since v (0) = 27

Corollary 4.10 If ¢ is a bounded from below solution of (EP) then ¢ € ®.,.

35



4.2.2 Uniqueness of (EP)

We will show that the analog of the transformation z = —e~? when 0 < 2 is
the transformation ¢ where ¢ > 1 is very close to 1.

Lemma 4.11 Let (X, ¢) be a solution of (EP) such that ¢ € ®., and ¢ > 1.
Then, there exists R > 1 and qo > 1 such that for all ¢ € (1,q0), (A, ¢7) is a
strict supersolution of (EP) in B%(0).

Proof We wish to prove that, there exists R > 1 and ¢o > 1 such that for

all ¢ € (1, 90)
Q(y) >0 forall y € B(0)

where Q(y) := —3A¢%(y) + 51D¢(y)|” — (f(y) — A). We have,
D¢ = 46" Do

and
Ap? = q(qg — 1) |Do|* + q¢* ' Ag.
Then () becomes

Q = 5 (ala— V6" ?IDO + 90" A6) + 5lag? ™ Do|’ — (F ~ A).

By adding and subtracting 3¢¢?~'|D¢|?, using the equation (EP) and notic-
ing that (1 — g¢?1) = [(1 — ¢971) — (¢ — 1)¢?71], we arrive at

Q=- ; (g — 1)o"?|Dg|* + (qeqﬁe(q‘”—qcbq‘l)!l?cél@
-9 — (g D~y
= —ala— DI IDOP + 7 (6" — g ) [Dol’ — (1 — ¢ )(f — N
]
But

%(q%e(q‘” —q¢* ")|Dgl’ > 0and — (1 —¢" " )(f—A) >0

because ¢ > 1, ¢ > 1 and for R large enough we have f — A > 0 in B(0).
Therefore, if we prove that there exist large R > 1 such that

Q1 > 0 for all y € BR(0)

where Q1 = —1q(q — 1)¢%[D¢> + (¢ — 1)¢7*(f — A), we would have
Q > 0 for all y € B%(0).
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We have,

1
Q1 >0& §q¢q‘2lD¢|2 <@ f =N

1 |Do|?
& §q% < f—X (because ¢ > 1).
By Proposition 2.1, assumption (H1) and the fact that ¢ € ¢, we can see
that there are constants K, M > 0 such that

1 [Do(y)P

WAL < K2,
2 0y) < Kly|

and
fly) —A> My

for all y in the complementary of a (possible large) ball Bg. Therefore, to
have inequality @)1 > 0 (at least for R large) it is enough to have v — 2 < «.

But

(6% @]
S22
T

Consequently, there exist a R > 1 such that @; > 0 for all y € B$(0). It is
worth remarking that such R is independent of ¢ € (1, go). |

a—(y—2)=a-— +1>0.

Proposition 4.12 Suppose that ¢ and 1) are respectively a subsolution and
a supersolution of (EP) such that ¢,¢ € ®., » > 1 and ¢ < 1p on 0Bg(0).
If R>1is as in Lemma 4.11, then ¢ < 97 in B%(0).

Proof By Lemma 4.11, we know that (A, ¢9) is a strict supersolution of
(EP) in B5,(0). We wish to prove that ¢ < ¢? in B%(0).

Suppose that 3y’ € By (0) such that ¢(y’) > 1*(y'). Then sup,¢pe o) {¢(y)—
Yi(y)} > € > 0. Consider the function (¢ — ?)(y). Since ¢ € @, implies
Y? € @, and gy > v, we can conclude that ¢ grows more than |y|” at infinity
(at least like |y|?7). From another point of view, Proposition 2.1 showed that
¢(y) < K(1+ |y|”). Therefore, we can conclude

(¢ — ") (y) = —o0 as [y| — oo.

Hence there exists a maximum point y* € B%(0) of ¢ — 9. If y* € dBg(0),
o(y*) < Y(y*) < ¥i(y*) (¢ > 1) (here we used the Dirichlet condition) and
then we would have that ¢(y*) —9?(y*) < 0 a contradiction because y* is the
maximum of ¢ — ¢ in B%(0) and ¢ > 97 at 3. Therefore at y*, we know
that

Dé = Dy
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and
A(p —9) <0.

We then arrive at

1 1 1 1 .
FW)=A = =580(y" )+ 5 Do) = =5 Aty )+ D (y)|” > f(y") =\ in BR(0)
a contradiction. Therefore, ¢ < 7 in B§(0). |

Corollary 4.13 Suppose that ¢ and 1) are, respectively, a subsolution and a
supersolution of (EP) such that ¢,¢ € @, » > 1 and ¢ < 1) on 0Bg(0). If
R > 11is as in Lemma 4.11, then ¢ < in B%(0).

Proof Since R in Lemma 4.11 is independent of ¢, the conclusion follows by
letting ¢ — 1 in Proposition 4.12. |

Theorem 4.14 Let 6 < 2 and suppose that (A, ) and (\2,v) are two solu-
tions of (EP) such that ¢,vp € ®... Then, ¢ =1 + C and \y = Xo.

Proof Suppose that \; > Ay. Otherwise we exchange the roles of ¢ and 1 in
the argument. Notice that if A\; > Ay, then (A1, ¢) is a subsolution of (EP)
with A = )\2.

We saw in Step 1 of Theorem 4.8 that for a fixed R > 1 we can always add
constants to ¢ and 1 and ask that supyp, ) (¢* —¢*) = 0 and " > 1. We
now look at R > 1 given by Lemma 4.11 for which we know that (Ag, (¢*)9)
for ¢ > 1 is a strict supersolution of (EP) with A = Ay. Corollary 4.13 give us
now ¢* < ¢* in Bg(0). From another point of view, supyp,, o) (¢* — ¢*) =0
implies a comparison in the ball, ¢* < ¢* in Bz(0). Therefore, ¢* < ¥* in R™
and we can repeat the argument of Theorem 4.8 to conclude that ¢ — ) = C
is a constant in R™. Consequently, from the equation of (EP), \y = Aa. |}

Since solutions of (E'P) that are bounded from below belong to @, (Propo-

sition 4.9), we have

Theorem 4.15 (Uniqueness result) Let 6 < 2 and suppose that (A, ¢) and
(A2, %) are two solutions of (EP) bounded from below. Then, ¢ =1+ C and
A= Ao

Important comment: It is worth pointing out that all the arguments of
this subsection, particularly, both Theorems 4.8 and 4.15 are valid for any
6 > 1. Subsection 4.1 gives another analytical proof in the superquadratic
case 0 > 2.

4.3 Conclusion

Combining Theorems 4.8 and 4.15 we can conclude Theorem 4.1.
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Consequences of the Uniqueness
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5 Remark on the properties of A
Corollary 1.7 shows the existence of a critical value
A" :=sup{\ € R| (EP) has a subsolution}

such that (EP) admits a classical subsolution ¢ € C?*(R™) if and only if
A< A

Proposition 5.1 Suppose 1 < 6 < 2 and let (A, ¢) be a solution of (EP)
bounded from below. Then A = \*.

Proof Without loss of generality we may assume ¢ > 1. Let ¥ be a solution
of (EP) with A = \* (see Proposition 1.6). We have that A < A*. It remains
to check that A* < A. Suppose that \* > \.

If A* > A, then (A%, ¢) is a supersolution of (EP). By adding a constant
to ¢ we may assume that ¢» < ¢ in 0Bg(0). In particular, we saw that this
implies that ¥ < ¢ in Bg(0). From another point of view, since ¢ € @,
(Corollary 4.10) and ¢ > 1, by Lemma 4.11 there exists R > 1 and ¢ > 1
such that (A*,¢7) is a strict supersolution of (EP) with A = A* in B%(0).
We can now repeat Proposition 4.12 to conclude that ¢» < ¢? in B%(0) and
consequently, by letting ¢ — 1, ¢ < ¢ in B$(0) (Corollary 4.13).

Since ¥ < ¢ in Bg(0) and ¢ < ¢ in B%(0), we have ¢ < ¢ in R™.
Therefore, we can repeat the argument shown in Theorem 4.8 to conclude
that ¢ — 1) is a constant in R™. Consequently, from the equation, A = \*
which is a contradiction with our hypothesis.

Therefore, A = A\* |}

Proposition 5.2 Suppose 0 > 2 and let (A, ¢) be a solution of (EP) such
that ¢ 1s bounded from below. Then \ = \*.

Proof Let ¢ be a solution of (EP) with A = A\* (look at Proposition 1.6).
If ¢ is bounded from below, then it is a direct consequence of Theorem 4.8
(uniqueness result) that A = A*. Admit now that ¢ is not bounded from
below. We already know that A < \*. Therefore all we have to check is that
A<

Suppose A* > A. Then (\*,4) is a subsolution of (E'P) and, by Lemma
4.2, z1 = e ¥® and 2z, = e~?® are respectively a subsolution and a solution
of (22). Translating, if necessary, ¢ and ¢ in the compact set Br(0) we can
always ask that ¢ < ¢ in Bg(0). In particular v < ¢ on 9Bg(0). We now
use the hypotheses that ¢ is bounded from below in R™ but v is not, to see
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that e~? is a bounded function but —e~% (< 0) is not bounded from below.
Therefore we have

—e VW 4 omo) _ Sy|* = —o0

at infinity and we can repeat Proposition 4.5 to conclude that z; < 25 in
B%(0). That is, to conclude that ¢ < ¢ in B§(0). Hence ¢ < ¢ in R™ and
repeating the argument of Theorem 4.8 we arrive at ©» = ¢+ C in R™. Thus,
A = A\* a contradiction because we assumed \* > \. Therefore, \* < A, as

we wished to prove.
Conclusion, A = \*. |

Remark: From the proof of these proposition, one can also conclude that

(EP) with A = A* does not have a subsolution which is strict at some point
in R™.

In the next Proposition f and g are two functions satisfying hypothesis (H1)
with the same exponent a.

Proposition 5.3 Let 0 < p < 1 and suppose that (N*(f),¢1), (AN(g), p2)
are, respectively, the unique solution pair of (EP) such that ¢, is bounded
from below and the unique solution pair of (EP) with f = g such that ¢, is
bounded from below. Then,

PN (f) — A*(g) < sup (uf(y) — g(y)*

yeR™
where v =1V 0 := max(r, 0).

Proof Adding constants to ¢5 we can always assume that ¢ > 1. Let ¢ > 1.
By Lemma 4.11 we know that there exists R > 1, independent of ¢, such that
(A*(g), #3), is a (strict) supersolution of (EP) with f = ¢g in B%(0). That is,

* 1 1 : c
N'(9) = 5Ad(Y) + 5\D¢§(y)|9 > g(y) in Bx(0).
For this fixed R we add constants to ¢; and ¢, and ask that ¢; < ¢, in Br(0).
Let p € (0,1). We study the maximum of ug; — ¢3. We have,

(ng1 — ¢5)(y) — —o0 as |y| — oo.

Therefore there exists a maximum point y* of (u¢p; — )(y) in B%(0) and
y* & 0BR(0) since we asked ¢ < ¢ on 0Bg(0). Thus, y* is inside B%(0)
and we have A(ugr — ¢5)(y") <0, D(udy — ¢3)(y") =0
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Since pu > p?,

uf) = X () =~ S A1 (w) + 7ul D)

> X ()~ 58 (1) + 5D ()

for all y € R™. Consequently we have computed at y*

uf 2 () = A + 5D (o)
> () — 5 D68 + 51D()
> pA(f) + (g — A" (9)-

That is, we have

pA*(f) = X(g) < (nf = 9)y") < (uf —9)"
as we wished to prove. |}

Comment: In many cases, the right-hand side of this estimate is +o0o0 but
when it is finite this result is very useful. Indeed, one of our main examples
in subsection 10.2 uses this formula and the right-hand side is finite.

Important observation: If ;4 = 1 in the previous proposition we can see
that

M) =N (g) < sup |f(y) — g(v)]

yeR™

and changing the roles of (A*(f), ¢1) and (A*(g), ¢2) in the argument, we get

IN(f) — X (9)] < sup |f(y) — g(y)|. (34)

yeR™

Corollary 5.4 Suppose that, in addition to the assumptions of Proposition

5.3, we know that sup,cgm ( % ) <e€. Then

IA*(f) = A*(g)| < Kemax(A™(f), A"(g))

for some constant K > 0.

Proof Translating if necessary f to f + C and g to g + C' and moving
accordingly \*(f) and A*(g), we may assume that

fy) = a(l +[y|%) (35)
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for some a > 0.

If sup,cgm ( %D < ¢, then choosing 1 — 1 = —< we have
pwf—g=0U—-9)+k-1f
€
=(f-9) - pel
€

<(f-9)—-all+]yl*) (using (35))
<0 (because of our hypothesis).
Therefore, by the previous proposition,
pA™(f) = X (g) <0.
That is,
* * E *
() = A"(g) < =A(f)-

a

Exchanging the roles of f and ¢ in the argument, we obtain

X(9) = N'(/) < - X'(g).

Hence,

A (9) = A ()] < = max(IX (), A (9)]):
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6 Approximations of (EP)

In this section we present new convergence results for (EP). This section is
mainly motivated by the singular perturbation problem that will be studied
in Chapter 2.

We recall (EP)

A— %Acb(y) + %Ich(y)la = f(y) inR"

with f satisfying

(H1) f € WL(R™) and there exists fo > 0 and o > 0 such that

loc
—fo+ fo lyl* < fly) < folyl® + fo

and
IDf(y)l < fo(1 + [y|*™")
for all y € R™.

6.1 Convergence of approximations to (£'P) by pertur-
bations of f

For R > 0 we will consider the following ergodic problem

1 1 o

AR — §A¢R(y) + 5|D¢R(y)|9 =Fr(y) nR (36)
with Fg satisfying the following set of assumptions:
(i) Fg satisfies (H1) with coercive growth a; > 0,

(ii) Fr 1T f (f above) as R — +o00 on any compact subset of R™.

Remark: Observe that (ii) implies Fg < Fg for all R > R and Fr < f for
all R. And this last one also implies o < a.

Examples: The example that we have in mind for Fp is to consider Fg(y) =
f) A (fytly|™ + R) where we are using the notation a A b := min(a, b).

Proposition 6.1 Assume that Fr satisfies (i) above. Then, there ezist a
unique bounded from below solution pair (Ag,¢r) of (36). Moreover, we
know that ¢r € ®,, with v, = % +1, and A\g = \j.
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Proof The existence and uniqueness comes from Corollary 2.6 and Theorem
4.1 by considering (FP) given by (36). ¢r € ®,,, comes from Corollary 4.10
and Ap = A} from Section 5. |}

Theorem 6.2 Assume that Fg satisfies (i)-(ii) above. Then, there ezists a
sequence R; — +00 as j — 400 such that the solution pair ()\*Rj, br;) of (36)
with R = R; and ¢g, € ®, = converges to (N, 0 + C) where (X', ¢) is the
unique solution of (E'P) such that ¢ is bounded from below.

Proof In view of Theorem B.2 in Appendix B, we know that VO < R’ < R
there exists a constant C' > 0 depending only on R’, # and m such that

sup |Dér| < C(1+ sup |Fa(y) — Ael? + sup |DFn(y)|=1).

Bp/ BR/+1 BR’+1

If a1 > 1 we can use directly the estimates in (i) and the fact that G = 74, —1

and 3‘5:11 < Yo, — 1 to conclude

sup |Dor| < C(1+ (R + 1)7‘11’1)

R/

for a bigger C' > 0. Otherwise, for the second estimate we use the infor-
mation that Fg is locally Lipchitz on any compact subset of R™ and so
supp,,  |[DFg| is finite.

In particular, we observe that VR > R’ > 0, supp., |D¢g| is bounded by
a constant not depending on R. These facts together with the classical the-
ory for quasilinear elliptic equations, imply that the Holder norm [D¢g|r,z,,
for some I' € (0,1) is bounded by a constant not depending on R > R’
Applying Schauder’s theory for quasi linear elliptic equations, we also see
that the Holder norm |¢r|o4r, 5, is bounded by a constant not depending
on R > R'. In particular, {¢r}g>p is relatively compact in C?(R™), namely
JR; — 400 as j — 400 and a function v € C*(R™) such that

¢r;, Dor;, D?%j converge respectively to
v, Dv, D*v uniformly on any compact subset of R™ as j — -+o0.
Since Fr; < [ and Fg, < Fg,,, for all j, Proposition 1.8 gives that
° )\Ej < \*Vy,

° )‘*Rj < A3 V7.

Rjt10
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Hence {Aj,}; is monotone and bounded and so it converges to a constant:
Ak, > ceR
We have that

)\Rj o §A¢Rj (y) + 5|D¢Rj (y)lg - ]:RJ' (y)
converges as j — 400 to

e~ 3 8u(y) + 5Dy’ = ()

where we use (ii).

Since ¢r, € ®,,, for all j we can see that v := lim;, . ¢r; belongs to
®.,. In particular, v is a bounded from below solution of (£ P) and therefore,
by corollary 4.10, it has to belong to ®,. Hence, v is in the right class for
which we have uniqueness for (EP) and we can conclude v = ¢ + C and
¢ = A* (Theorem 4.1). |

6.2 Convergence of approximations to (E£P) by restric-
tions to balls

We recall (19)

{ Ar = 380r(Y) + §IDor(Y)|” = frly) in Br(0) (37)
or(y) — +oo as y — 0Bg(0)

forl<0<2

and (21)

{ Ar — 3A0r(y) + 5| Dor(y)|° =
Ar — 580r(y) + 5|Dor(Y)” > fr(y) on dBx(0)

for 6 > 2.

And in both cases we will assume that fr = f|p,©) With f as in the be-
ginning of this section.

Because we are considering such fr we can use all the results of section
3.

Proposition 6.3 Let (A, ¢) be any solution of (EP) and let (Agr, ¢r) be the
solution of (37) (respectively of (38)) given by Theorem 3.2 (respectively The-
orem 3.6). Then, A < Ag.
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Proof The proof is identical to the proof of Proposition 3.4 (1 < 6 < 2) or
Proposition 3.7 (6 > 2) with ¢ replaced by ¢. |

Theorem 6.4 There exists a sequence R; — +o00 as j — +o0o such that
the solution pair (Ar,, ¢r,;) of (37) (respectively (38)) given by Theorem 3.2
(respectively Theorem 3.6) converges to (X\*, p+C') where (X\*, @) is the unique
solution of (EP) such that ¢ is bounded from below.

Remember: By Propositions 3.5 and 3.8,
_ 1 1
Ar =sup{a € R | 3 € C(Bg(0)) with a — EAQ/J + §|D¢|9 < fr in Bgr(0)}.

Proof By Theorem 3.1, we know that VO < R’ < R there exists a constant
C depending only on bounds on fg, upper bounds on fzr — A and 6 such
that
sup |Dog| < C.
.

In particular, VR > R’ > 0 sup Br |D¢r| is bounded by a constant not de-
pending on R and thus |¢r|o¢r 5, Dy the standard regularity arguments and
Schauder’s estimates. Since {¢g}r>r is pre compact in C?(Bg(0)), we can
apply Ascoli-Arzela’s Theorem to conclude that 3R; — +o00 as j — 400 and
a function v € C*(R™) such that ¢g,, Dor,, D*¢r, converge respectively to
v, Dv, D?*v uniformly on any compact subset of R™ as j — oo.

By Proposition 3.4 (respectively 3.7) we have that g, , < Ag, for all
J and by Proposition 6.3 \* < Ag, for all j. Therefore, it exists R'; a
subsequence of R; such that Ag/;, — ¢ € R as j — 400 and we have that

1 1
AR, — §A¢R'j(y) + 5|D¢R'j W)I° = fr,(y)
converges, as R'; — +oo (j — +00), to
1 1
c— §Av + 5|Dv| = f(y).

We now wish to prove that (c,v) = (A, ¢ + C) and for that we need to
know that v € C?(R™) is bounded from below.

By Lemma 3.3 (respectively Theorem 3.6) we know that ¢/ € CZ.(Bg,(0)).
Since ¢p; € Ct(Bg,(0)) and, when 1 < 6 < 2, the solution blows up on
the boundary, we can conclude that the minimum point of qu;, call it y};;_,

is achieved inside Bg(0). (When ¢ > 2, the minimum cannot be on the
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boundary due to the boundary condition in the viscosity solution’s sense- see
[31]). Therefore, we have

D(ZSR(y;;) =0 and Aﬁf)R(yE;) >0

and the equation implies fR;, (y;‘%;) — )‘R;- <0< fR;_ (y;‘%) < )‘R;- But )\R;
are bounded (decreasing sequence converging to ¢) and f tends to +oo at
infinity, therefore y}‘%;_ remains in a bounded region of R™ as j — 4o00. By
compactness of ¢ R (7 large) in bounded regions, there exist a subsequence of
R, that we will still denote by R}, such that ¢R3(y}‘%;_) — w(y*) as j — +o0.
Therefore, v(y) := lim;_ oo drr, (y) > lim; 100 PRy, (y;‘%}) = w(y*) is bounded
from below.

Since v € C*(R™) and v is bounded from below, we can apply Theorem
4.1. Hence, v = ¢ + C and ¢ = \* as we wished to prove. |
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Chapter II
The Singular Perturbation Problem
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This chapter is organised as follows. In section 7 we present our singular
perturbation problem for a class of optimal stochastic control problems and
the HJB equation associated to it. Section 8 studies the initial value problem
satisfied by V€. Section 9 is devoted to the effective Hamiltonian and its
properties. In section 10 we prove our main result, Theorem 10.1, and we
give some examples on the convergence of V¢ to the solution of the effective
Cauchy problem.
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7 The stochastic control system

7.1 The two-scale system

Let (2, F, F;,P) be a complete filtered probability space on which is defined
an (F;)-adapted standard Brownian motion (W;)s> in R% d > m. We con-
sider stochastic control systems with small parameter ¢ > 0 of the form:

{ dX, = F(X,, Y, us)ds + V20(X,, Yy, u)dW,, X, =z cR® (39)

4Y, = —eds + e (v, Y, =y € R™,

It is a model of systems where some state variables, Y, here, evolve at a much
faster time scale than the other variables, X,. Passing to the limit as ¢ — 0
is a classical singular perturbation problem. Here u and £ are two different
control processes. u is a control process affecting only the slow variables X
and taking values in a given compact set U, subset of a separable complete
normed space (for example R¥), while £ is a control process taking its values
in R™ and driving only the fast variables Y.

The first equation is a general stochastic differential equation (SDE):
dX, = F(X,,Y,,uy)ds +V20(X,,Ys,u)dW,, X, =z €R"  (40)

This is a shorthand way of writing

X, ==z +/ F(X., Y. u)dr + \/5/ o( Xy, Yy, uy)dW,. (41)
S0 S0

Here the drift F' and diffusion coefficient o are measurable functions. The

first integral in (41) stands for a Lebesgue-Stieltjes Integral while the second

one stands for a Stochastic Integral.

The second equation in (39),

1 1
dYg = __fsds + \/jT(Y;)dW& }/:90 =Y € Rm’ (42)
€ €

is a stochastic differential equation that translates the situation of a moving
particle starting in y at instant sq for which we can control the drift & without
constraints but that it is affected by a “noise” perturbing its trajectory.
Such type of equations appear naturally in many models of Physics as well
as Mathematical Finance. Minimisation problems for functionals associated
to such type of equations fall in the category of optimal stochastic control
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problems or stochastic calculus of variations. In this chapter we will deal
with such problems.

On the fast process Y, we will assume that the matrix 7 = [ L Omx(d—m)
(recall that d > m). Hence 777 = I,,, and the matrix 777 is positive definite.
No non-degeneracy assumption on the matrix ¢ will be imposed.

We now define the set of admissible control processes for v and £. We remind

that ¢ € [0, 7.

Definition (admissible control processes £) £ progressively measurable pro-
cess taking values in R™ is admissible if for all compact K € R™, there exists
Ck > 0 such that

E[(¢]” + [yt ds|y = o]
= EY[(|¢]" + Y|PV ds] < Ok

for all y € R™ and where Y¢ is governed by (42) with sy = t and we are
using the notation a V b = max(a, b).

We denote by A the totality of admissible control processes &.

Definition (admissible control processes u) We say that u is an admissible
control process if it is a progressively measurable process taking values in U.

We denote by U the totality of admissible control processes u taking val-
ues in U.

Remarks:

1. The first definition is not standard. It comes from [25] and is motivated
by the unbounded nature of the problem.
2. A is not empty.

Indeed, consider ¢ = 0. Then it is an easy consequence of the known
result that any Brownian motion has finite moments of all orders and
||7]| is bounded (since 7 is a constant matrix) that £ =0 € A.

Changing slightly the argument we can also see that £ bounded implies
ce A
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7.2 The optimal control problem

For a given 6* > 1, we consider Payoff Functionals for ¢ € [0, T] of the form

T
1 *
Je(t7x7y7u7£) = E[/ (Z(XSJY:?7US> + §|€S|9 )dS + g<XT7YT)|Xt - .Z’,Y; = y]
t
(43)

( :Ex’y[/t (Z(Xs,Ys,uSHélfsle*)dwg(XT,YT)] ).

Our optimal control problem consists in determining the optimal trajectories
(X,Y) which minimize J(t, z,y, u, ) among admissible controls v and ¢ and
all solutions (X, Y) of (39) satisfying the initial condition X; = z and Y; = y.

Therefore the Value Function of the terminal value optimal control problem
is:

Ve(t,z,y) = ingf J(t,x,y,u, &), 0<t<T (44)

In our definition of Payoff Functional, [ and 9% &|%" represent running costs
associated respectively to the controls v and £&. They mean the amount of
expend to perform some desire task. Our running costs will be continuous
functions having specific growth conditions (see Section 8).

7.3 The HJB equation

In this subsection let L be L(x,y,u, &) = l(z,y,u) + -

1 ¢16"
0 :

¢

The HJB equation associated via Dynamic Programming to the value func-
tion V¢ is

2 € 2 €
D2 VE Dyyv DCCZ/V
) xx Y € ) \/E

complemented with the obvious terminal condition

VAT, z,y) = g(z,y).

This is a fully nonlinear degenerate parabolic equation.

D,Ve
~V+H(z,y, DV, - ) =0in (0,7) x R* x R™
€

The Hamiltonian H : R® x R™ x R"® x R™ x S™ x S™ x M"™™ — R is defined
as

1
H(z,y,p,q, M,N,Z) = H(z,y,p, M, Z) — Etrace(N) + h(q) (45)
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where

H(zx,y,p, M, Z) = sup{—trace(co’ M) — F - p—/2trace(or7 ZT) =1} (46)

ucU

and ) . |
v 1. —+Z=1 4
b=l Sa=1 @D

g

h(a) = sup{€ -q — 5-l¢
£

is the Legendre transform associated to the cost 9%

Justification:

Observation: We would like to point out that the justification that we
present here is not rigorous. We don’t know for now if the value function V¢
has enough regularity to apply the argument of the Dynamic Programming
Principle. This will be done in the next section.

For a fixed control u € U the generator of the diffusion process (39) is

2
trace(aaTDiz)jL\/jtrace(oTT (chy)T) +F-D,+ L
€

1 1
+ 2—tI‘aCG(TTTD;y) +—(=¢) - D,

€ €

D2
= trace(co” D2,)+V/2trace(or” ( \/x_y)T) +F - D+
€
1 D
0* —A -
+ 2¢ Y +(=¢) €

1
I+ l€

since 777 = 1,,,.
To derive the HJB equation associated via Dynamic Programming to the
value function in this case we first maximise in u

D3 V¢ 1

— Vi + sup{—trace(s0” D2, V) — F - D,V — V2trace(o7" ( )T) — 1= 1"}
uelU \/E a
DVe 1
S —A, V=0
[ 5 € + 2¢ Y ] A

D? Ve 1
— Vi€ + sup{—trace(co’ D2, V) — F - D,V — \/§trace(cr7'T( ) -1} - —¢
uelU \/E 0~
D,ve 1 1 o
e Q—AyV6 =0, (because —§|§|‘9 doesn’t depend on u)
€

0*

+¢

€
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Next we maximise in £ and the HJB equation associated via Dynamic
Programming to the value function of our control problem becomes

D2, Ve " D, Ve
v—) = A Vet sup{ - o — 5

€

0*}:0

{—W+H@%Dﬂﬁmgﬁ ¢

VT, z,y) = g(x,y)

Claim: Now we wish to prove that h(Dyve) = supg{¢- DV _ €17} is also

€ €

equal to %‘%W where 5+ + 3 = 1.
For this, define ¢(&) :=¢ - % — €|, We have,
D,ve 1 1 & D,Ve gt
Dep(§) =0 24— — — "¢ 1> =0 L — = 13 48
. 7 g « g o
then
D,Ve . D, V< o . 1 1

(48) = ‘yT| =€ = ‘yT| = 1€1°C"D = |¢|  because %‘Fé =1

Substituting the implicit relation (48) in ¢, we get

0*—1 * * * * €0
& B — gl = el — =16l = (1= )l = g2
Therefore DV L DV
(2 R et AL
2y - L2
Conclusion:

D2,V
Ve

) = AV A+ P50 = 0in (0,7) x R" x R™

-V + H(z,y, D, Ve, Dnge,
VAT, z,y) = g(x,y).

We close this section recalling the duality between 5+|£|”" and h defined in
(47).

Proposition 7.1 (Conver duality) 5=|£|” + h(q) > & q for all §,q € R™
where h is defined in (47). Moreover, the equality hold if and only if & =
Dgh(q).

Proof See, for example, [15, Theorem A.2.5]. |}
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8 The Cauchy Problem for the HJB equation

We would like to characterise the value function V¢ as the unique continuous
viscosity solution under some growth to the parabolic problem with terminal

data

P70 = 0in (0,T) x R™ x R™

€

—Vi+ H(z,y, D, V<, D3, V<, D%gve) — 38,V +3
VAT, 2,y) = g(x,y).

(49)

For that reason we will present a variant of a result shown in [7, 2010]. The

main difficulty now is that the cost 5=|£|”" has super linear growth (6* > 1).

The idea then is to adapt their proof using a result of Da-Lio and Ley for

convex Hamilton-Jacobi equations under super linear growth conditions on
data (see [17, 2011]).

8.1 Assumptions
We start by discussing the conditions on the data.
In the following we will assume:

(A1) U is a compact subset of a separable complete normed space;

(A2) F:R"xR™x U — R" and 0 : R" x R™ x U — M™? are Lipschitz
functions in (x,y) uniformly w.r.t. u;

(A3) For some C' > 0, |F(z,y,u)| + ||lo(z,y,u)|| < C(1+ |z|);

(A4) I :R" x R™ x U — R is continuous and there exist I > 0 and o > 1
such that for all (z,y,u) € R™ x R™ x U, we have

~lo+ I y|* < (2, y,u) < lo(1+ |y|¥)

and for every R > 0, there exists a modulus of continuity mpg such that
for all z,2" € Br(0) and u € U

[z, y,u) = U2y, w)| < (1+ |y[*)me(|z — 27]);

(A5) g : R" x R™ — R is continuous and there exists C; > 0 such that
lg(z,y)| < C, for all (z,y) € R" x R™ (i.e, g is bounded).
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Remarks:

e Under the current hypotheses, the Hamiltonian H is finite (which might
not happen if the diffusion coefficient ¢ depend on the control u, look
at Example 2.1 of [17, 2011]). Note that H is convex with respect to
the third variable.

e Observe that (A2) implies that F' and o are continuous functions in
(x,y) uniformly w.r.t. u.

e [ is bounded on z and .

8.2 A subsolution and a supersolution for V¢

Proposition 8.1 (A subsolution for V<€) For any B1 € [0, a A] there exists
p1 € (0,1) such that

vt y) = (T = )(epr (1 +y2)* —2f) = C, (50)

is a classical subsolution of (49) where C, is the constant appearing in (A5)
and v = § + 1. Moreover, we have —C < v® <V with V< defined in (44).

Proof We first notice that we can write (49) as

D2, Ve
L)

{*W—iAW“+a¥ﬁW=ﬂm%DwﬁD$Wa in Q= (0,T) x R" x R™

VT, z,y) = g(x,y)

D2, Ve
€

Ve

D2 Ve
acye )

with f(x,y, DV, D2, V°, 2

) = —H(l’7 Y, Dzvea Dg%gpv€7
We wish to prove that
(T, z,y) < g(z,y)

and
S f(l’, y7 DxU€7 Dnge,

1| D,v* o Dgyv6 )
0 € Ve o
For that, notice that, by the definition of f and the fact that v¢ does not

depend on z, that f inherit the coercive growth of [ in (A4). That is, we
have

1
—v; — 2—€Ayv€ +

2 ,€
D3, v

Ve

f(;lyy‘a - fO S f(l',y,DxUG,DixUG, ) = f(x7y707070) S fO(l + |y‘o¢)

for some fy > 0 and for all (z,y) € R" x R™.

o7



If 1 = 0 there is not so much to show. Indeed, in this case, v*(¢,z,y) =
(T'—t)(ep1 — 2fy) — Cy and then v (T, z,y) = —C, < g(z,y) and —vj —
> A+ 5 %W = (ep1 — 2fo) which is less or equal to —fy + f; '|y|* by
taking any p; € (0, 1) small enough such that ep; — fy <O0.

If g1 > 0, by (50) v° satisfies
UE(TJ x, y) = _Cga

B1
—vf = epi(L+y) 7 — 2fo,
-2
Dyv¢ = (T — t)ebupr(1+ y*) "= y

and
B1—4
Ayo© = (T = )ebip[(Br = )y +m(1+ [P+ ly?) 77
Hence,
1 1 D,°
_ € _A € _ Y 0
Ve et i 9’ € |

B1 1 B1—4
=ep(1+[y]*)2 —2f — 5 (T = t)ebrp[(Br - 2)|y|* + m(L+ [y (1 + |y|*) =
B1—2
L (T = t)(efip(1+y|*) "= y
+3 . |
< Clp) (L [yl™ + [y 72 + [y 7Y) = 2y

for some constant C'(p;) that depends linearly on p; as p; — 0. Since f; <
a A~y then f; —2 <~v—2<aand ; <« and we arrive at

1 | D,v°
0 €

—vf — Q%Ayzf + "< Clp) (1 +3lyl") = 2fo = (Clp1) = 2fo) +3C(p1)lyI™.

Since C'(p1) — 0 as p; — 0, we can choose p1, € (0,1) small enough such
that C'(p1,) < min(%,fo) and have

(Clpro) — 2f0) +3C(p10)lyl* < —fo+ fo |yl < f(z,9,0,0,0).

That is,

1 1,D,v¢ D? o
2—Ayv€ + Al ” < f(x,y, Dyv°, D v°, =
€

§|e Ve

€
_/Ut —

)- (51)
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Therefore, using (51) and v*(T, z,y) < g(z,y) for all (z,y) € R" x R™, we
can conclude that v¢ is a subsolution of (49) for every p; < py,. Since v° is
bounded from below, we have —C' < v¢ for some C' € R.

We will now prove that any of such v“’s satisfy v¢ < V¢ with V¢ defined
n (44). For that, fix any £ € A and u € U. By Proposition 7.1,

|§|9 1’Dv

€
D,v
€

”>¢. (52)

Applying It6’s formula (Appendix A) to ve(s, Y5) := v<(s, x, Y¥) (since it is
independ on z), we have

v (T A g, Yf/\m) = v(t,y)

TATR
+ / (vsds + Dyv - dYY)
t

TATR
+ §/t trace(Diyve)d <Y >,

where < Y& >, denotes the quadratic variation of Y, see Appendix A for
the definition. Therefore,

TATR 1 .
v (T A Tr,, Y;ATR) / (§|fs T F(XESYE))ds
t

TATR TATR 1 1
=v(t, z,y) +/ veds + / Dyve - (—=¢&ds + \/jT(Y;)dWS)
¢ € €
1 TATR ' TATR
+ 2—€/t trace( D2, v)T(YE) T (YE)ds +/t ( [

TNATR TATR 1 TATR
=v(t,z,y) + / vids + / ——&5 - Dyvids + \/j/ Dyver(Yy)dWs
t t € € Jt

1 TATR TNATR 1 -
+ — Ayveds + / (EKS +
t t

+ f(X25,YE))ds

X% YE))d
26 f( s 7S )) S

since 777 = I and where we are using the notation f(z,y) tosay f(x,v,0,0,0) =

2 €
f(x,y, Dyve, D2 ve, D%v ). Then, noting the subsolution property for v¢ |

—AU> ‘

} —fl’y) szv
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and (52), we can see that
TATR 1
ve(T/\TR,x,Yﬁ/\TR) +/ (EKS
¢

1 TATR
2 UE<t7$7 y) _I— \/j/ DyUET(}/;)dWs~
€ Jt

Taking the expectation and observing that M, := ftT

martingale, we get

T FXIEYE))ds

MR DT (Y)dW, s a

TATR 1 .
E*Y [v(T A TR,x,YﬁATR) +/ (wfs O+ F(XEEYE))ds] > ot (t L y)
t
for all admissible controls £ € A and u € U.

We now send R — oo and use the fact that f(z,y,0,0,0) is bounded from
below, to conclude that

0* +f(Xu’£ Yg))dS} > v(t, 2, y)

T
1
E®Y [UG(T, x, Y;) + / (EKS s 3 ¥y
t
for all admissible controls £ € A and u € U.

But v*(T,z,Y5) < g(X%°,YE) and f(X»€,VE) < (X", YE u,). Thus, by
monotonicity,

O UXEEYE ug))ds] > vl (t, x,y)

T
u 1
Ezw [g(XT’g,Yié) + / (%Es
t

for all admissible controls { € A and u € U. Taking the inf, ¢y ec 4, we obtain
ve < V€ as we wished to prove. |

Proposition 8.2 (A supersolution for V<) For any Ps € [y, + 2], there
ezists po > 1 such that

Ba
w(t,x,y) = epa(1+ |y*) 2 + p5(T —t) + C, (53)

is a classical supersolution of (49) where C, is the constant appearing in (A5)
and v = 5 + 1. Moreover, we have w® > V*.

Observation: Notice, again, that v is always less than a + 2.
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Proof As in the proof of Proposition 8.1, we first notice that we can write
(49) as

Vi = RV PP = f(a,y, DV D2V ) i Q= (0,T) x R x R™
VT, z,y) = g(x,y)

D2, Ve

D2, V¢
) LS

With f<x7 y? D$V67 Dnge7 \/E

):=—H(x,y, DV, Dngi

We wish to prove that
w(T,z,y) > g(z,y)

and

1
—w; — gAwa +

1, Dyw*
7l

2 €
D3, w )
Ve
Similarly to the proof of Proposition 8.1, we observe that, by the definition

of f and the fact that w* does not depend on z, f inherit the coercive growth
of I in (A4). That is, we have

0
‘ > f(x>y7wa€7 Dixw67

D2 w*
f(;lly|a - fO S f('ray7wa€7D32mw67 L) = f(x7y707070) S fO(l + ‘y’a)

NG
for some fy > 0 and for all (z,y) € R" x R™.

w°e satisfies
wE(T,I,y) > Cg > g(xvy)a

e 2
—wy = Py,

Bo—2
Dyw® = eBapa(1+ [y[*) T v,

and

e 2 2 2y 21
Ayw* = fapa[ (B2 — 2)[y[" + m(1 + [y[H)](1 + |y[7) 7=
Hence,
o1 . 1 Dywe
i g gl =

> = paCilL+ [yl %) + Calpal "

for some positive constants C'; and C5 independent on the value of p; and

Ba.
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Suppose that |y| <1 (< —|y| > —1), then

1 1, D,we
yT|9 > p? — 2p2C + Cypo|?|y| P2~V

—uf — - Ayut +

and taking p; > 1 so large such that

P2 —2p2Cy > 2f;,

we can see that
1

. . 1 Dywe o
0 = 5 A g T 2 2 > o1+ [yl°)

for all |y| < 1. This proves that

2 €
D, w

Ve

1 E‘Dyw€|9

ZAywe%— 7 > f(z,y, Dyw*, D> w°, )= f(x,y,0,0,0)

€

for all |y| <1, since

fO(l + ’y|a) 2 f(xaya()?O’O)'

Assume now that |y| > 1. Since Sy € [y, a + 2|, then §(5; — 1) > « and
B2 — 2 < a and consequently

—wf—lA w6+1‘Dwa|0

9e Y i) > P% + (=p2C1 + C2|P2|0)|y|a — p2C4

for all |y| > 1. Taking p, > 1 enough large such that

(—p2C1 + Calpa|)|y|* — poC1 > fo(1+ |y|¥)

we can see that

. 1 . L Dy a
—wt—Q—EAyw +5‘ ; "> fo1+[yl%)
holds and hence
B ]_ 6 ]_ D U)E 0 € 2 € Da2: U)€
—wt—§Ayw +§‘ y€ | Zf(l’?y’wa7me7#):f@77%070u0)

since

fO(l + |y|a) > f(a?,y,0,0,0).
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Therefore if we take py > 1 enough large such that
p3 — 2p2Ch > 2y
and
(=p2C1 + Calpa|") Y™ = p2Ci > fo(1 + [yl*),

we is a classical supersolution of (49).

We will now show that any of such w®’s satisfy w® > V¢ with V¢ the value
function defined in (44). We know that

€
Dyw

€

"=¢- (54)

9*+

1‘ Djw*
' €
where £* = D,h(q) and h is defined in (47) (see Proposition 7.1).

L.
@!5

Applying Ito’s formula to we(s, Y5) := we(s,z, V"), we have

w (T A g, Yiin,,) = w(t,y)

TATR TATR )
—i—/ wids +/ Dyuw* - dY?t
t t

TATR .
+ é/t trace(D;,w)d <Y >, .

Therefore,

T FXEELYE))ds

o TATR 1
w (T N TR, Yipr,) +/ (§|§:
t

T/\TR T/\TR N
= w(t,z,y) + / wids + / Dyuw* - dY?¢
t t

TATR

% | trace(Dzywﬁ)T(ﬂé*)TT(Ysg*)ds

TATR 1
TATR 1 1 TATR .
=w(t,x,y) + / —Efj - Dyweds + E/ DyweT(Yf )W
t

t

+

T FXELYE))ds

TATR 1 TATR TATR 1 . . .
+/ wids + - %w%+/ (GrIEsl” + (X, YE ) )ds
t € Jt t
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since 777 = I and where we are using the notation f(z,y) tosay f(x,,0,0,0) =
D:%ywE

f(x,y, Dywe, D? we, e ). Then, noting the supersolution property for w*

Y

D,we g .
5 ’ _f<$ay)_wt7

and (52), we can see that

. TATR 1 . . N
W(T A gy, YL ) +/ (Il + F(X2€ YE)) ds
t

1 TATR .
< w(t,r,y) + \/j/ Dyw (Y )dW,.
€ Jt

Taking the expectation and observing that M, := ftTATR Dywer(YE)dW; is
a martingale, we get

TATR 1
E*Y [w (T A Tr, z, Yﬁ;m) + / (@Kj
t

T XY ds] < wt(t ).

Since 9% &|%", f and we are bounded from below, sending R — oo we can
conclude that

. |
Ezv [w6<T,x,Y:,§ )+/ (§|§:
¢

T FXEYS))ds] < w(t ).

But w (T, X35, YE) > g(X&¥, Y5 ) and f(X2€,YE) > (X2, YE  uy)
for all control v € Y. Thus, by monotonicity,

T
T u * * 1 *
B oY) + [ (Gl
t

for all control u € Y. Since £* € A in view of (A4), using the definition of
the value function V¢, we obtain w® > V¢, the required estimate. |

T UXPYE Jug))ds] < wf(t, 3, y)

We are now in conditions to prove the main result of this section.

8.3 Well posedness

Under the previous assumptions we wish to characterize the value function
V¢ as the unique continuous viscosity solution with a-growth to the parabolic
problem with terminal data (49).

Theorem 8.3 Suppose 6 = o* where o* is the conjugate number of «, that

is, «* = =2—. For any € > 0, the function V¢ defined in (44) is the unique

a—1"
continuous viscosity solution to the Cauchy problem (49) with at most a-

growth in x and y. Moreover the functions V¢ are locally equibounded.
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Proof We divided the proof in 4 steps.
Step 1 (bounds on V¢)

By Propositions 8.3 and 8.4, we know that there exists v¢, defined in (50),
and there exists w¢, defined in (53), such that

v(t,z,y) < V(t,x,y) < w(t,z,y),

for all t € [0,7], x € R™ and y € R™. So using the previous inequality and
the definitions of v and w*, we can conclude that there exist K > 0 such
that

Vet z,y)| < K(1+[y|™), (55)

for all t € [0,7], z € R", y € R™ and By € [y, + 2]. This estimate in
particular implies that the sequence V¢ is locally equibounded.

Step 2 (the upper and lower semicontinuous envelopes are sub and superso-
lutions respectively)

We define the lower and upper semicontinuous envelopes of V¢ as:

Ve(t,z,y) = liminf V(' 2 ),
(tay) =, Himinf VE(E, 2% y)

(VY*(t,z,y) = limsup V(' 2", ¢)
(2! y") = (t,z,y)

where (t',2/,y') € [0,T] x R" x R™,

By definition, we have V¢ < V¢ < (V¢)* and moreover both V¢ and (V)*(¢, x, y)
satisfy the growth condition (55).

A standard argument in viscosity solution theory, based on the dynamic
programming (see [14]), gives that V¢ is a viscosity supersolution and (V¢)*
is a viscosity subsolution of (49). We remark that in this result, the space
of controls U just need to be closed and that it is very important to know a
priori that the functions V¢ are locally equibounded.

Step 3 (V¢ attains continuously the final data)
We show that the value function V¢ attains continuously the final data locally
uniformly with respect to (z,y). This means that lim, .7 V<(¢,z,y) = g(z,y)

locally uniformly in (z,y) € R™ x R™.
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By definition of V¢ and V¢(T,x,y) = g(x,y), we get
Vn, Ju € U, 3€ € A such that

T
1 .
Veltizy) = V) B [0 ) + "]
t

+E7Y[lg(X7*, V) — g(a, )l +n.

Exchanging the integral with respect to the time variable with the expecta-
tion (Fubini’s Theorem), we can see that

T T
B[ [0 v ) + gl ds) = [ B IO Y ) + el ds
t t

Using assumption (A4) and the admissibility of the control process £ € A,
we have for all compact K C R™ that

o*

]EI:?J HZ<X;L7§7 }/Su,§7 U’S) + élgs

ds}

0*

1
< E"Y[lo(1+ [Y5%) + E\fs ds] <L

for all z € R™ and y € K and where L is a constant depending on C. Then,
by monotonicity of the integral

0*

T T
1
/Exﬁy[]z(ng,}g“vf,us)+5\65 ]ds§/ L=LT-t)=>0ast—=T,
t t

for all z € R™ and y € K. We just proved that
4 L,
]E””y[/ }Z(Xg’ﬁ,Ys“’E,us) + §|SS|9 {ds} —0ast—T
t
locally uniformly in (z,y) € R" x R™.
What about E*¥[|g(X7¢, Y7) — g(w, y)[]?

For that we write the integral form of (42), take the modulus and apply
the triangle inequality

. e 1, [T
|YT,£ —y| < E/ |€s|ds + \/; / T(}/;u,S)dWS|.
t t
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Next we use Holder’s inequality for the first term and Burkholder-Davis-
Gundy inequality for the last. We obtain

T 1 1 1
woves -yl Bl [ leia) @ -0l v e Lo o)

for some C; > 0 and consequently

NI

1 1 1
B —yl) < 2o - b+ [oyr - (56)

1
=

where Cy 1= E*[( fOT €517 ds)”"] < +o00 (by the admissibility of the control

process &).

For every M > 0 and 0 > 0, and for all z € R", y € R™ such that |z|, |y| < M
define
A={|Xy —z| 2 6} U{|Yr —y| = d}.

Because of property (56), relation P*Y({|Yr —y| > 0}) = E*Y(1{jv,—y/>6})
and the Markov inequality, we can conclude that there exists a constant
C(&,0,€), depending on the admissibility of the control process £, on 4, and
on € such that the conditional probability

N

Pr|Yr — gy > 6] < C(&6.0)[(T = )0 + (T —1)2). (57)
We can now apply Theorems 1 and 4 of [22, Ch 2]) or Appendix D of [20] to
equation (41) (that depends on Y') to conclude that there exists a constant
C'(&, M, 6, ¢€) depending on the Lipschitz constants of F' and ¢ and possible
also on C'(, 6, €) such that

NI

PV (| Xy — x| > 8) < O(E, M, 8,¢)(T — )3,

Therefore

VI

P"Y(A) < C(§, M,6,€)(T — )2 + C(&,0)[(T — )7 + (T — 1)
< K(& M, 5,e)[(T—t)5 + (T —1)2).

]

Then

E™Y]|g(X3%, Y°) — g(x,y)|] <E™Y[lg_a|g(Xi%, V%) — g(z, )]
FESY[14|g(X35, Vi) — g(z, )]
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and we can compute the last term by using the estimate on P*Y(A) and the
information that g is bounded (A5) to say that

=
ol

E™Y[Lalg(X7, Ye) = g(a,y)[] < K'(&, M. 6,6)[(T = )7 + (T = 1)2] = 0

uniformly in (z,y) as T — t.

The term E*Y[1g_4|g(X%%, Y4) — g(z,y)|] can be estimated as follows
E™[lo-alg(X74,Y7) = g(2.y)l] < E¥[wyar(|X7* — ], [V —y])] = 0

uniformly in (z,y) as T" — t, where § < M and w, y is the modulus of
continuity of g restricted to {(x,y)||z| < 2M, |y| < 2M}.

Consequenlty
limsup |V(t,z,y) = VI(T,z,y)| <n

t—T

locally uniformly in (x,y) and we conclude by the arbitrariness of 7.

Finally, using the definitions, it is easy to prove that

VAT, z,y) = (V) (T,z,y) = g(x,y), ¥(zr,y) € R" xR™

Step 4 (Comparison Principle and conclusion)

We now use a comparison result of Da-Lio and Ley between sub and su-
persolutions to parabolic problems satisfying an a-growth condition. We
mention that to apply this result we need to know a priori that § < a* (see
[17, page 314] ).

We already observed that the estimate (55) holds also for V¢ and (V¢)*,
so they both satisfy the appropriate growth condition if 85 < «. Since
Ba € [v,a+2], fa < aimplies 6 > o*. Moreover we saw in the previous step
that VE(T,xz,y) = (V)(T, z,y) = g(z,y) for all (z,y) € R" x R™. Therefore
we can apply the comparison principle and conclude that (V)*(T,x,y) <
VE(T, z,y) for all (x,y) € R" x R™ provided that we have 0 = o*.

Now using the definition of upper and lower envelopes and the compari-
son result, we get (V)*(t,z,y) = V(t,x,y) = VE(t, x,y) for every (t,z,y) €
[0,7] x R™ x R™. Then V¢ is the unique continuous viscosity solution to (49)
satisfying an a-growth in z and y. |
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9 The effective Hamiltonian

9.1 The effective Hamiltonian

We are interested in the limit V' as e — 0 of V¢ and in particular in under-
standing the PDE satisfied by V. In this section we deal with the problem
of finding the candidate limit Cauchy problem of the singularly perturbed
problem as ¢ — 0.

Ansatz: V<(t,z,y) = V(t,x) + ex(y), with x(y) € C*(R™).

We have:

Vi=V, D,V°=D,V, Dy V°=D.V, DV =eD)yx, D,V =eDyyx,
DiyVe =0, AV =eAyx.

Substituting into (49) we get

1 1,eD
0= _V; _'_H(xay?vaaDz‘x‘/?O) - 2_€6A9X+ 5‘6 yX‘G
that is,
1 1

with H(x,y,p, M,0) = sup,{—trace(co?’ M) — F - p —}.

We wish that

H(z,D,V,D2.V) = H(z,y, D,V,D2.V,0) — %Ayx + %|Dyx|9.
The idea is to freeze (,7), set p := D,V (,z) and M := D? V (¢, %) and
let only y vary. Hence, H(z,p, M) is a constant that we will denote by
—\ thus we call f(y) := —H(z,y,p, M,0) and impose x(0) = 0, to avoid
the ambiguity of additive constants with respect to x, and we arrive at the
following problem:

{ A—31A X+ 3Dyx|" = fly) inR™
x(0) =0,

where unknown is the pair (A, ) € R x C?(R™).

Proposition 9.1 Assume that all the assumptions (A1) — (A5) of Section 8
holds. Then f(y) :== —H(Z,y,p, M,0) satisfies

—fo+ fo ' y1" < fy) < fo(l+[yl%)

for some fo > 0.
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Proof This is an obvious consequence of the fact that f is a function of y
only, the definition of H and the assumptions (A3) and (A4). |}

We arrived at exactly the ergodic problem studied in Chapter I.

9.2 The standing assumptions

Generally, we don’t know the regularity of f := —H. Basically, all we know
is that the supremum of continuous functions is lower semicontinuous. As a
consequence, to use the results of the previous chapter we have to assume
the regularity of f.

The standing assumptions: We will assume besides (A1) —(A5) of Section
8 the following hypothesis:

(HO) { y — f(y) belongs to IiI{lf)’Coo(Rm)
IDf(y)] < fo(1+ |y[*7) for all y € R™

where fj is the constant appearing in Proposition 9.1.

Therefore the standing assumptions imply that f = —H satisfy (H1) of
Chapter I. As a consequence we can use all the results of Chapter I here.

Proposition 9.2 Assume all the standing assumptions. Then, for any fized
z,p, M f(y) == —H(Z,y,p, M,0) satisfies (H1) of Chapter I and we have
that there exist a unique solution pair (H,¢) € R™ x C*(R™) of

{ _%Ay¢+ %’Dy¢|6 +H<i‘,y,ﬁ’ M70) = H(f7ﬁ7M)
¢(0) =0,

such that ¢ is bounded from below. Moreover, ¢ belongs to @, and |p(y)| <
C(L+ |y[") for some C >0 with v = § + 1.

Definition (Effective Hamiltonian) The constant H(z,p, M) in the con-
ditions of Proposition 9.2 is called effective Hamiltonian.

Proof Checking that f satisfies (H1) is easy due to Proposition 9.1 and
hypothesis (H0). The remaining conclusions are all consequence of Chapter

L 1
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9.3 Some results for H

Proposition 9.3 H is continuous at (Z,p, M).

Proof Suppose that z,, — z, p, — p and M,, — M. We wish to show that
then H(x,,pn, M) — H(Z,p, M).
For every n € N, consider the ergodic problem

1 1 _
_§A¢n + §‘D¢n<y)’9 + H(xm Y, Pn, Mna O) = H(xnapna Mn) = _)\n (58)

First we notice that by continuity of H we have H(x,,, y, pn, My, 0) — H(Z,y,p, M, 0)
and then, by the results of Chapter I, we know that there exists a unique
solution pair (A, ¢,,) of (58) such that ¢, is bounded from below. Moreover,
Corollary 4.10 shows that ¢,, € @, and Section 5 that A\, = X*(f,).

In view of Theorem B.2 (Appendix B), we have that, for any R > 0,
supp,, |¢n| and suppg, |D¢,| are bounded by a constant not depending on n.
In particular, we can see that the Holder norm |¢,|24r 5, for some I' € (0,1)
is bounded uniformly in n. Hence, the family {¢, }.en is relatively compact
in C(R™). By the Ascoli-Arzela theorem, there exists a sequence n; — 400
as j — +oo and a function w € C*(R™) such that ¢,, — w, D¢,, — Duw,
D2¢nj — D?w locally uniformly in R™.

We now observe that for every n € N, f,(y) := —H(zn, Yy, pn, My, 0)
satisfy (by Proposition 9.1)

—Fao + Fao 1Y% < fa(y) < Fuo(l + [y|*)

for some f,, > 0. Therefore, by Propositions 1.8, 1.9 and 1.10, we have

—Fao+ (Fag VTN (]®) < N (Fa()) < Fo + (Fuo) #7 N ([9]%)).

This tell us that A\, and thus H,, is uniformly bounded by a constant.
Hence there exists a subsequence, that we will still denote by n;, such
that

1 1
Any = 5860, + 5106, W)[" = —H (Tn;, 4,0, My, 0)(y) - (59)
converges to, as n; — 400,
1 1 0 _
with ¢ € R.
Since ¢,;, € @, for all n;, w € ®, and we are in the right class for

which there is uniqueness of (EP). Thus ¢ = —H(z,p, M) and w = ¢ + C.
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In particular, we showed that (z,,p,, M,) has a unique limit point for all
converging subsequences, therefore (z,, p,, ]\_4n) converges to this limit point
and we can conclude that H(x,,, pn, M,) — H(Z,p, M) as we wished to show.

for all M > M’ all p.

Proof If Mﬁz M’ the degenerate ellipticity of H implies that fy(y) =
—H(z,y,p, M',0) < —H(Z,y,p, M,0) = fi;(y). By the monotonicity of \*
(Proposition 1.8), A*(fur () < X*(fua (9), L., (7, 5, M) < H(z, p, M) for
all p. |

Remark: Note that the degeneracy ellipticity of H is a requisite for consid-
ering viscosity solutions of the effective equation.
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10 Convergence theorem

The main result of this chapter is the following convergence result.

10.1 Convergence theorem

Theorem 10.1 Assume the standing assumptions, condition 0 = o, and
that the terminal data g is independent of vy, i.e., g(x,y) = g(x). Then, the
semailimits

V(t,z) .= liminf inf V(¢ 2" y) (61)

(e, 2")—=(0,t,x) yeR™

and

V(t,x) := (sup Vr)*(t,z) (upper semi-continuous envelope of sup Vi )
R R

(62)
where

Vr(t,z) ;== limsup  sup V¢, 2',y)

(e,t",2")—(0,t,z) ye BR(0)
and V< was defined in (44), are, respectively, a supersolution and a subsolu-
tion of the effective Cauchy problem

{ ~Vi+ H(x,D,V,D?, V) =0 in (0,T) x R"

V(T,z) = g(x). (63)

Proof The proof is divided in several steps.

Step 1: Relaxed semi limits.

First recall that by (55) the functions V¢ are locally equibounded in [0, 7] x
R™ x R™, uniformly in €. Second recall that by Proposition 8.1 V¢ is bounded
from below and in fact we have

Vet > —C.

These facts allow us to define the upper and lower relaxed semilimits in
[0,7] x R™ x R™ as in (61) and (62).

It is immediate to get from the definitions that V is a lower semi-continuous
(LSC) function (Hminf(; ) ome) V. (6, 2) = V(to,20)) and V is an upper
semi-continuous (USC) function, they do not depend on y and we have that
V <Veand V < Vi < V. It is also obvious by the definitions and estimate
(55) that there exists a constant K > 0 such that

‘VR(t> $)’, ‘V(t,l’”, |K(t>$)| <K (64)
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for all t € [0, 7.
Step 2: V is a supersolution of the limit PDE in (0,7) x R"

We would like to prove that V is a supersolution of the limit PDE (63)
in (0,7) x R™. For that purpose, we fix an arbitrary (¢,Z) € (0,7) x R" and
we show that V is a supersolution at that point of (63). This means that if
1 is a smooth function such that ¢(t,z) = V (¢, %) and V. — 1 has a minimum
at (¢, ) then
—y(t,z) + H(z, Dy(t, ), D2, (t, 7)) > 0.

Without loss of generality we may assume that V' — 1 has a strict minimum
at (t,7) in B.(t,z) N ([0,T] x R™).

We will argue by contradiction.

Assume that there exists n > 0 such that

—i(t,7) + H(Z, Dy(t, ), D70 (t, 7)) < =21 < 0. (65)

Set,
fra(y) == —H(z,y, Dytp(t, x), DI (t, ),0). (66)

By Proposition 9.1, we know that for all fixed ¢ and x there exist fy > 0 such
that

—fo+ fo WI* < fro(y) < o1+ [y[*).
That is, f;, satisfies (H1).

For § € (0,1) consider the ergodic problem

N — 5 B0s(y) + gD’ = il fialy) = fily) (67)

|£E*{i‘|,‘t*£|§5

We observe that fs(y) satisfies (H1) with growth o and that we have fs < f, .,
{fs}se(,1) increases as & goes to 0, fs — frz and supg, |Dfs| is uniformly
bounded ((H0)). Furthermore, by the results of Chapter 1, we know that
(67) has a unique solution pair (A, ¢s) such that ¢ is bounded from below.

We now look at (36) with
Froy) = fsy) A (fg [yl + R). (68)
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where 0 < 8; < min(f(« — 1), «) (this choice of f; is motivated by Proposi-
tion 8.1 as it will be clarified later).

First we define H ro = —Agrs and then we notice that by Proposition 6.1
there exist a unique bounded from below solution pair (Ags, ¢rs) of (36)
with Fr given by (68) and one also has that ¢ps € @751, Vs, = % +1. In
particular, using Proposition 2.1 with f = Fg, we have the upper bound
brs(y) < M(1+ |y|") and, since ¢ s is bounded from below, we can then
write

m < Ors(y) < M1+ [y[™). (69)

All this characteristics for ¢ps will be essential next.

By Theorem 6.2 (applied twice, one for Frs be letting R going to infin-
ity and another for fs; with 6 — 0), there exist a sequence R; — +00 and a
sequence 9; — 0 as j — +oo such that, for some C

(AR,.8;, ®r;5,) = (M@ +C) as j — +oo

where —\ is exactly H(z, Dy, D2,1)| .z that we will also denote by H (see
the definition of effective Hamiltonian in Section 9).

We now consider the perturbed test function
(L, y) = Ot ) + edrs(y)-
for R = R; and ¢ = ¢; with j large enough such that
|Hys — H <, (70)
and satisfying also
[t —t], |z —Z| <6 = |(t,x) — (t,T)] < (¢ is smooth) (71)
and

d<r (72)

(V. — 4 has a strict minimum at (¢,z) in B,.(¢,Z) N ([0,7] x R™) therefore
considering ¢ as in (72) will imply later for us that we will be in a region
that is strictly contained in B,(t,z) N ([0, 7] x R™)).
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We have Vi, x,y

(L) H (g, D (4, ), D (12,9),0) — oAy (1) + 5| 2T
= _¢t(t7:p) + H(ZL‘, Y, D:quz)(tv l’), Dimlﬁ(t,l’) ) - _Ay¢R5 _‘DygbR(S )’9
< _wt(twf) +‘ —‘s\lﬁ}ijé (.2? Y, xw(t 37) @b(t?x), ) (_fO 1|y‘6 - )
~ 586m50) + 51Dy6ms0)]
= —(t,x) — Frs — %AcﬁR,a(y) + %|D¢R,§<y)’€
= _wt(tv .T}) + 7375
< —(t,7) + H + 27 (by (70) and (71))
<0 (by (65)).
Consequently ¢ satisfies

g+ Hey, Do, D 0) — A+ 5|2 <0 (79
in

Qs =]t — d,t + 0[x Bs(z) x R™. (74)

From another point of view, by Proposition 8.1 and the definition of ¢, we
have that

mm(a )

Ve(tv I,y) - w€<t7 €, y) Z(T - t)(Gp(l + |y’ )
—Y(t,z) — €Prs(y)-

Taking into account estimate (69), we can conclude that

—2fg 1)+ i]élnfg(x)

min(a.7)

Ve(t,l‘,y) - ¢6(tax7y) Z<T - t)(Ep(l + |y| ) - 2f0_1) + l]élnfg(l‘)
—(t,x) —eK(1+|y["s) > —C.

since min(a, y) >, due to our choice of f; in (68).
Hence there exists

liminf  inf (V<= o), 2, y)

e—0,(t 2" )—(t,z) yeR™
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and we have

liminf  inf (V=) (2", y) > (V. —¥)(t, z)

e—0,(t',z’)—(t,x) yeR™

because 1 is bounded from below in y.

We now use the fact that (¢, 7) is a strict minimum point of V — in B,.(¢,Z)N
([0, T] x R™) such that V (¢, ) = v(¢, Z) and condition § < r to conclude that
(V. — ) > 0 on 0Qs and thus liminf._ o @ o) (1) infyerm (V — 1) > 0.
Therefore, we can find ¢ > 0 such that

Ve — (¢ > on 9Qs for € small. (75)

But ¢ grows at maximum like |y|”% with v5, < a, for this reason it belongs
to the class C*:

IC > 0 s.t. Ju(t,z,y)| < C(1+|z|*+]|y|*), for all (t,z,y) € R" xR™x[0,T].

Therefore to apply Da Lio-Ley comparison principle we need to guarantee
that V¢ also belongs to C. Since V¢ satisfy estimate (55) (that comes from
Proposition 8.2) with 8y € [y,a + 2|, it belongs to C* if 53 < «. But
Bs € [y, + 2] and By < « implies v < « and as a result a* < 0. Once we
are assuming condition # = o, v = a = 5 and so V¢ belongs to C*. By the
comparison result proved in [17], we have that

Ve —(¢>9°in Q.
Since V¢ — ( > ¢ in Q)5 we can pass to the liminf inf and obtain
V(t,z) — ¢ > (t,x) for all (¢t,2) € |t —d,t+ 6[x Bs(T).

In particular at (¢,Z) we have V(¢,7) — ( > 9(¢,Z) a contradiction since
Y(t,z) =V (t,7) and ¢ > 0.

Conclusion: V is a super solution of the limit PDE in (0,7") x R™.

Step 3 (Vg is a subsolution of
~Vi+ Hg(z,D,V,D?,V) =0 in (0,7) x R" (76)

where Hy := H(z,p, M) is the ergodic constant obtained by looking
at (37) or (38) with fR = f{@, _)\R = HR.
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Vg is a subsolution of (76) in (0,7) x R" if for any (£,z) € (0,T) x R"
and for any test function ¢ such that ¥(f,z) = Vz(f,z) and Vi — 1 has a
strict maximum at (¢,Z) in B,(¢,z) N ([0,T] x R™) then

7)) <0.

By contradiction, assume that there exists n > 0 such that

—y(t, %) + Hp(z, Dy (t, T), D2 1)(t,

—i(1,7) + Hr(%, Do (1, 7), D3, (1, 7)) > 2 > 0. (77)

Recall f;, defined in (66). For (¢,z,y) € (0,T) x R™ x R™ we define

ly)= sup  fiu(y) (78)

‘x_jmt_ﬂﬁts

and we look at the ergodic problem

Sy |Dy¢5 ()|" = fs(y) in Bg(0) (79)

complemented with one of the boundary conditions introduced in the section
about approximations, namely,

¢%(y) — +o0 as y — OBR(0) if 1< <2

or

- yw \DWR)\zﬁ@MnBMm 0> 2.

By Theorem 3.2 (1 < § < 2) or 3.6 (# > 2), we know that there exists a
unique solution pair (A%, ¢%) of (79) such that ¢% satisfies the associated
boundary condition. We denote —\% by H? as in Section 9.

Since f5 forms a decreasing sequence as ¢ decreases and f; — frz as 0 — 0,
we can repeat the arguments of Section 6 and conclude by uniqueness of
solutions (Theorem 3.2 or Theorem 3.6) that there exists a sequence d; — 0
as j — +oo such that, for some ¢ € R,

(/\%,qb%) — (Ar,0r +¢) as j — o0

where (Ag, ¢r) is the solution given by Theorem 3.2 or 3.6 for (79) with the
right hand side equal to fz;(y). —Ar = Hp with the notation of Section 9.
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We now consider the perturbed test function

V(L z,y) = U(t,x) + edh(y)

for 6 = d; small enough such that

|Hj, — Hg| <, (80)
it —t], |z — 7| <6 = [h(t,x) —Pu(t,7)] < (81)

and
o< (82)

Then, for all (t,z,y) € (0,7) x R™ x Bg(0)

D
i) e D) D )0 A0, g) [P Tp
= —(t, ) +H(x,y7wa(t,x)7Dix¢(t z),0) — y¢R IDy¢6 y)|
> —y(t,z) + o j‘lfﬁf f|<6 ( - ft,x(y)) - y¢R 0 |Dy¢(S )l
= —(t,2) — f5(y) — y¢R 9|Dy¢
= _¢t(t7 ZL‘) + ﬁlé%
> —y(t,7) —n+ Hg —n (by (81) and (80))
> 0 (by (77)).
Consequently,

1 1, D¢
—f + H(z,y, Dy, D2ap", D2 ¢) — e At + é\yTwr’ >0  (83)
n
QR,5 Z:]Z?— 5,2?4— 5[XB(;(.T) X BR<O)
On the other hand,

limsup  sup (V= )(F,a,y) < (Ve — ) (t.2).

E_>07(t/ 7x/)_>(t7'7:) yeBR(O)

But (£, ) is a strict maximum point of Vz — 4 in B,(t, ) N ([0, T] x R") such
that Vr(t,7) = (t,7) and ¢ satisfy condition § < r (82), therefore Qg is
strictly contained in (B, (¢, )N ([0,T] x R™)) x Br(0) and we have that (Vz —
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Y) < 0 on dQgs. Consequently im sup .y ) (0.4.2) SUPye o) (V' — %) <0
on 0Qprs and we can find ¢ > 0 such that

V4 ¢ <9 on OQg,s for e small. (84)

Since V¢ is a viscosity solution of (49) in Qrs and ¢ is a classical super-
solution of (49) in Qrs that satisfies one of the boundary condition (the
correspondent for each 6), we can conclude by the comparison result proved
in [9] (when 6 < 2) or in Theorem 2.1 of [38] (when 6 > 2), that

Vet ¢ <¢f in Qpy.

In particular by taking sup,cp, o) and hmsup y ,/)_(0,4,) We reach a contra-
diction with Vz(¢,z) = v (¢,2) and ¢ > 0.

Conclusion: Vg is a subsolution of (76).
Step 4 (Behaviour of V; and V at time 7T)

The arguments in this step are based on analogous results given in [1, The-
orem 14] and [2, Theorem 3] in the periodic setting, with some corrections
due to the unboundedness of our domain.

1. V(T,z) > g(x) for all z € R"

By Proposition 8.1 we know that for all € > 0, (¢,z,y) € (0,T) x R" x R™
there exists a constant M € R such that

Ve(t,z,y) > v (t,z,y) > M. (85)

We now fix £ € R™ and r > 0. Moreover we consider a smooth nonpositive
function ¢ such that ¢(z) = 0 and ¢(x) + inf|._z<, g(2) < M for every
x € 0B,(Z). Next, we consider a positive constant C' such that

H(z,y, Dyib, D?2),0) < C for all v € B,(z) and y € R™ (86)
where H is defined in (46) and we are using assumptions (A3) and (A4).
We define the function

U(t,x) = inf g(z)+¢(x)—C(T —1) (87)

|z—z|<r
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and we check that it is a subsolution to the parabolic problem

Vi + Hx,y, DV, 2V p2 v, Pt Dygv) =01in (0,T) x B, () x
V(t,z,y) =M in (0,7) x 0B,.(T) X Rm
V(T,z,y) = g(x) in Br( ) x R™
(88)
where H is given by (45). Indeed ¥ is smooth and
2 2
-V, +H(z,y, DV, —— b, D2, Do M)

e /e
= —C + H(QT,y, qu/J’ mx¢v ) —

by (86) and for all ¢ € (0,7), x € B.(Z) and y € R™. Moreover, for all
r € B.(z) and y € R™

U(T,x) = inf g(z)+(x) <g(z)

|z—Z|<r

because v is < 0. Finally, for every ¢t € (0,7'), x € 0B,(z) and y € R™

U(t,z) = inf g(z)+¢(x)—C(T—t)<M

|z—Z|<r

because of the definition of ¢ and —C(T" —t) < 0.

Therefore W is a viscosity subsolution of (88). Since V¢ is a viscosity solution
to (49) that satisfies (85) then it is a viscosity supersolution to (88). Then, by
Da Lio-Ley comparison principle we can conclude that U (¢, ) < V(¥ 2, y)
foralle > 0,0 < < T and 2’ € B,(7), y € R™. Taking first inf,cg= on both
sides of the above expression and then the lim inf ¢ ¢ 1 (0,4,2), We deduce that
inf._z<rg(2) + ¥(x) — C(T —t) < V(t,z). Letting r — O (t,x) — (T,x)
and recalling that ¢(z) = 0 we obtain

9(z) < V(T,7)

This proves that V is a supersolution at the terminal boundary.

2. Vgr(T,r) < g(z) for all R and » € R"

The proof is similar. The main differences being the choice of M and the
domain of y which is Bg(0) now.

We fix z € R", r > 0 and a constant M such that V¢(¢,z,y) < M for
every ¢ > 0, x € B,(Z) and y € Bg(0). Observe that this is possible by
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estimates (55). Moreover, we consider a smooth nonnegative function v, (x)
such that ¢, (%) = 0 and ¥y () + sup|,_z <, 9(x) > M for every x € 9B, (%),
and the solution ¢ > 0 of

1 1 .
inf H(z,y, Dathr, D7,31,0) — 52 (y) + 5117¢2(y)w ==Xy in Bg(0)

le—z|<r

and complemented with one of the boundary conditions introduced in the
section about approximations, namely,

$2(y) — +oo asy — OBR(0) if 1 <6 <2

or

1 1 - :
inf H(x,y, xwl,Dfmwl,0)—§A¢2(y)+§|D¢2(y)]9 > — )y in Bg(0) if 6 > 2.

|lx—Z|<r

Observe that by Theorem 3.2 (6 < 2) or 3.6 (f > 2) there exits a unique
solution pair (Mg, ¢2) of the above problem.

Next, we consider a constant C' > Ay and we define ¥ as follows

U(t,z,y) = sup g(z) + () + egay) + C(T — 1)

|z—Z|<r
and we claim that W is a supersolution to

2 2
DV D2,V

—V; + H(z, v, 2L, D2V, =) = 0in (0,T) x B,(2) x Br(0)
Vt,z,y) =M in (0,T) x 8B, (&) x Bg(0)
V(t,z,y) = +oo in (0,7) x B.(Z) x dBg(0)
V(T,z,y) = g(x) in B,.(Z) x Bg(0)

89

if # < 2, and a supersolution to )

Vi H(a,y, DV, 2V D2, v, Pt PRV — g0 (0,T) x B,(z) x Br(0)
V(t,x,y) =M in (0,T) x OB, (&) x Bg(0)
Vit H(a,y, DV, 2V D2, v, Pt PV — i (0,T) x B,(z) x 9B (0)
V(T,z,y) = g(z) in B,(z) x Bg(0)

(90)

if 6 > 2.
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In fact,
D,w D2W D)W
- \;[/t—FH(aj’y’Dx\Il’L’sz\Il’L’—y)
€ € Ve
1 1
=C + H(xay7D$¢17Da2:mwlao) - §A¢2 + §|D¢2|0

. 1 1
Z C+ inf H(:Ij‘,y, walaD?m%,O) - §¢2 + §|D¢2‘9

|lx—Z|<r

>C=X2>0

because C' was chosen to be C' > Ay and this for all ¢t € (0,T), x € B,(Z)
and y € Bg(0). Furthermore, for all z € B,.(z) and y € Bg(0)

V(T z,y) = sup g(z)+Yi(z) + €pa(y) = g(x)

|z—z|<r
because 11 and ¢ are nonnegative. Also,

U(t,z,y) = sup g(z) +¢u(z) +egoly) + C(T —t) = M

|z—z|<r

for every ¢t € (0,T), v € 0B,(Z) and y € Br(0) because of our definition of
Y1 and the fact that ¢, is > 0, and C(T'—t) > 0. Finally, for every ¢t € (0,7,
x € B,.(z) and y € dBr(0)

U(t,z,y) = +oo > M if § < 2 since ¢ blows up at the boundary

and

D, D2,V D2V

— U, + H(x,y, DV, —2—, D> U, )>C =X >0if0>2
€

€ €

as done above for (0,7) x B,(Z) x Br(0).

From our choice of M, we get that V¢ is a subsolution to (89) (6 < 2)
or (90) (6 > 2). Since V¥ is a supersolution of (89) (# < 2) or (90) (¢ > 2) in
(0,T) x B.(Z) x Br(0) that satisfies the boundary condition correspondent
for each 0, we can conclude by the comparison result proved in [9] (# < 2) or
or in Theorem 2.1 of [38] (when 6 > 2), that

V6<t7 l’,y) S \Il(tv ZC,y) = Sup g(z) + wl(x) + €¢2(y) + C<T - t)

|z—z|<r
for every € > 0 and (¢,z,y) € [0,T] x B,(Z) x Bg(0). In particular, we have

Vet o' y') < Ut 2 y') = sup g(z) + i (2) +eda(y) + C(T —t')

|z—Z|<r
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for every € > 0 and (¢, 2/, ') € (0,T) x B.(Z) x Br(0). We compute the upper
relaxed semilimit on both sides of the above expression as (e, t',2',y") —
(0,t,z,y) for t € (0,T), x € B.(Z), y € Br(0) and get

Vr(t,z) < sup g¢(z)+¢1(z) + C(T —t).

|z—a|<r

Remark: Observe that ¢, is regular in Bg(0), a bounded domain, and we
are not including the behaviour of ¢, at the boundary, therefore eps(y) — 0
as € — 0 and y € Bg(0).

Taking the limit for » — 0 and (t,2) — (7, Z) and recalling that ¢;(z) = 0
we obtain )
VR<T7 E) < g(f)

as we wished to show. This proves that Vj is a subsolution at the terminal
boundary.

Conclusion: Using the previous Steps, we can now conclude that V is a
viscosity super solution of the limit PDE (63) whereas Vj is a viscosity sub-
solution of

{ —V,+ Hg(x,D,V,D3,V) =0 in (0,T) x R (01)

V(T z) = g(x).
Step 5 (V is a subsolution of the limit PDE (63))

We just showed that for all fixed R Vz is a viscosity subsolution to (91).
Since Hr > H (this is Proposition 6.3), Vi being a subsolution with Hpy
implies that it is a subsolution with H for the same R. Since as R tends to
infinity, Vz form an increasing sequence and we have estimate (64) for all R,
supp Vi is finite. We want now conclude that supg Vi is a viscosity subso-
lution of the limit PDE (63) but in general it is not upper semi-continuous.
Therefore we consider the upper semi-continuous envelope V = (supp Viz)*
which coincides with lim supj, Vz by Lemma 2.18 of Chapter V in [5]. Then,
we have

—V,+ H(x,D,V,D> V) <0if0<t<T (92)

and
either V(T,z) < g(x) or =V; + H(z,D,V, D2 V)< 0att=T (93)

where we also use that H is degenerate elliptic (Proposition 9.4).
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We will now show that V satisfies the terminal data in the classical sense,
ie., V(T,z) < g(z). For all fixed z € R", § > 0 and C' > 0 large, we define

|z — af?

J

Since V/(t, z) is locally bounded (we have estimate (64)) and for all t € (0,7)
we have that —@ + C(T —t) - —o0 as |z] — oo, then x has a local
maximum point (t*, z*) in a neighborhood of (T, z).

Suppose t* < T. Then using x as a test function, condition (92) and the
properties of the maximum point, we can conclude that

x(t,2) =Vt 2) +C(T —t). (94)

C+H(z*,u,gﬂ) <0. (95)
J J
But if we fix 6 > 0 small and we take C' large enough, then (95) cannot occur.
Therefore t* = T and we necessarily have that V (T, 2*) < g(z*) because of
condition (93) and the argument just showed.

Since (T, z*) is a local maximum point of y in a neighborhood of (7', x),
then x(T,2*) > x(T,z), i.e., V(T,z*) > V(T,z) + @ > V(T,x). Conse-
quently

V(T,z) < g(2*)
since we know that V(T 2*) < g(2*). Letting now § — 0, keeping C' large
enough, we see that z* — x and so

V(T,x) < g(x)

in the limit.
Hence V' = (supy Vg)* is an upper semi-continuous viscosity subsolution

of _
“V,+ H(z,D,V,D2,V) =0 in (0,T) x R" (%6)
V(T,z) = g(x)

as we wished to show. |

Corollary 10.2 Suppose that, in addition to the assumptions of Theorem
10.1, V¢ converges uniformly on the compact subsets of [0,T] x R™ x R™ to
some function V(t,z) such that V. = g att = T. Then V is a viscosity
solution of (63).

Proof First, we see that V. =V = V in [0, T) x R", by using the convergence

of Ve¢fort <T and V = g at t =T. This implies that V' is continuous and
it is a viscosity solution of the limit PDE (63). |}
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The second corollary is most useful because it proves the local uniform con-
vergence of V¢. It supposes that the comparison principle holds for the limit
equation (63) in the sense that every upper-semicontinuous viscosity subsolu-
tion must be smaller than every lower-semicontinuous viscosity supersolution.

Definition (Comparison principle) Let H be a Hamilton-Jacobi-Bellman
operator defined in (0,7) x R™ and consider the evolutive equation

uy + H(z, Dyu, D?,u) =0 in (0,T) x R". (97)

We say that H satisfy the comparison principle if for every upper-semicontinuous
viscosity subsolution of (97) and for every lower semi-continuous viscosity
supersolution of (97) such that uy(7T,z) < wus(T,x) for all x € R™, then
u(t, ) < wug(t,x) for all [0, 7] x R™.

Corollary 10.3 Suppose that, in addition to the assumptions of Theorem
10.1, H satisfy the comparison principle for (63). Then V¢ converges umi-
formly on the compact subsets of [0,T) x R™ x R™ to the unique viscosity
solution of (63).

Proof Observe that by definition V < V. Moreover, the Hamiltonian H sat-
isfies the usual regularity assumptions so as to get comparison result between
upper-semicontinuous viscosity subsolution and lower-semicontinuous viscos-
ity supersolution of (63). Then we deduce V. > V. Therefore V. =V = V.
In particular V' is continuous (is a LSC and an USC function). We will now
show that V¢ converges locally uniformly to V as e — 07 in [0, T) x R" x R™.

Assume by contradiction that there exist a compact set K C [0,7T) X
R* x R™, § >0, ¢, — 07, and (t,, x,, yn) € K such that either

Ver(tn, Tn,Yn) — V(tn, x,) > 0

or
Vo (tn, oy Yn) — Vb, 2,) < —0.
Since K is a compact set, we may assume that (¢, x,, y,) — (¢, x,y). There-

fore passing to the relaxed semilimits as (€,, t,, Tn, yn) — (0,¢, 2, y) and using
the continuity of V' we arrive at either

V(t,z) = V(t,x) > 6
" V(t,x) = V(t,x) < =9

which are both in contradiction with V. =V := V.

In particular, we proved that V¢ converges uniformly on the compact
subsets of [0, T) x R" x R™ to V. Corollary 10.2 ensures that V' is a viscosity
solution of (63). It is the unique solution by comparison. |

86



10.2 Examples

In this subsection we present some examples in which our convergence theo-
rem can be applied.

We start by recalling the definition of H(z,y,p, M,0),

H(z,y,p, M,0) = sup{—trace(o(z, y,u)o (z,y,u)" M)—=F(z,y,u)-p—l(z,y,u)}.
uelU

Example 1 (F and o independent of y, bounded in z, and [ does not depend
on u)

In this first example we are assuming that besides the standing assump-
tions F' and ¢ do not depend on y and are bounded in x for all u fixed and
[ is independent of u and we also have that

3C, Cy > 0 such that Cy (1 + |y|*) < l(z,y) < Co(1 + |y|?).
In this case, we can write H as
H(z,y,p, M,0) = H'(z,p, M) + l(z,y)
where
H'(x,p, M) = ilelg{—trace(aaT(x, u)M) — F(z,u) - p}
and it is easy to check, using our assumptions on F' and o, that

|H' (2, p, M) = H'(z', p', M")| < Ll —2'|(1+[M|+p]) + C(|1M = M'| +|p—p'])

for some constants L, C' > 0.

By Proposition 1.9 we know that
H(z,p, M) = H'(z,p, M) + ()
because H' is a constant in y.

On the other hand, we have for all z, 2" € Bg(0) that

sup (‘\l(x,y) — (2, y)|
yeR™ 1+ ‘y|a

) < ma(|x - 2'))

since |l(z,y) — (2", y)| < (1 + |y|*)mg(Jz — 2'|) for all z,2" € Bg(0) and
y € R™ by (A4).
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Therefore we can use Corollary 5.4 and we have for all z,2" € Bg(0)
() = I(2")]| < Kmp(|lz — 2]) max(|l(z)], |I(2")])-
We now remind that
Ci(1+ [y?) < Uz, y) < Co(1+ [y[*).
By monotonicity of \*(I) = —I(x) (Proposition 1.8) we have
(O A+ Ty]%)) < A1) < A (Col1 + [y]*)).

Then, by Propositions 1.9 and 1.10, we obtain
Cr+ Gy X' (Jy]*) < X*(1) < Ca + Comme A" ([y|*).

This tell us that A*(1) (and thus /) is uniformly bounded by a constant which
depends only on C and C5. The dependence in = appears only through C}
and Cy and A*(]y|*) depends only on « which is fixed.

Then, for all z, 2" € Br(0) we have
() = U(2")] < Kmp(|lz - 2'|)
for some bigger constant K > 0.

Hence

|(H' (, p, M) + I(x)) — (H'(2/,p/, M") + I(a"))]
|H' (2, p, M) — H'(2/,p, M')| + [I(z) — I(2")]

< |H'(z,p, M) — H'(z'.p/, M')| + |I(z) — I(z')]

< Lz = 2|(1 4+ [M] + [pl) + C(IM = M'| + |p — p'|)

+ Kmpg(Jz — 2'|)

|H($,p,M) _ﬁ(xlvplvM,N

IN

for all z, 2’ € Bg(0).

By Da Lio-Ley comparison principle, we can conclude that H satisfies the
comparison.

A special case of this example would be decorrelating the variables x; and
ZIo:

H(xlax%yvpa M) - Hl(xlvpa M) + l(x%y)
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Example 2 (using formula (34))

In this example we suppose, besides the standing assumptions, that I(x, y,u) =
l1(z,u) + l5(y) where [y and [; are continuous functions that satisfy

Jlp > 0 such that — Iy + 15 y|* < L(y) < lo(1 + |y|®)
and

(2, u) = lao(2', u)| < mg(le —2'])

for all z,2" € Bgr(0) and all u € U. We will also assume that F' and o are
bounded in all variables.

Then H can be written as
H(Z’,y,p, Ma 0) = Hl(may>pa M) + lZ(y)
where

Hl(ma Y, D, M) = sup{—trace(U(L Y, u)a(a:, Y, U)TM>—F(Z‘, Ys u) 'p_ll(xv u)}
uelU

and it is easy to see that it satisfies for all z, 2’ € Bg(0)

’Hl<x7y7p7 M) - HI($layap/7M/)‘ < L”ZC - x/’(l + ’M| + |p‘)+0(|M - MI’ + ’p _p,|>

+ ma(jz — o)),
Using formula (34) we can conclude that

|ﬁ($,p, M) - H($/,p/,M/)| S sup |H/('r7y7p7 M) - Hl(x/7y7p/7M/)|

yER™

because the I, in both H'’s cancel out.

Then
|H (x,p, M) — H(a',p/, M")| < Llx — 2'|(1 + [M| + |p|)+C(IM — M'| + |p — p'|)

+mg(|lz — ')

Again, we can apply the comparison result of Da Lio-Ley.

This example is also interesting because we can prove in another way the
continuity of H from the above expression. Indeed,

|H (2, p, M) — H(z,p/, M')| < C(]p—p/| + |M — M'|)
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that is, H is Lipschitz in the variables p and M, and

|H(z,p, M) — H(',p, M)| < Llz — 2'|(1+ [M] + |p|) + ma(|lz — 2'|)
which shows the continuity in x.

Corollary 10.4 Let 0 = o™ and suppose that we are in one of the Examples 1
or 2. Then, V¢ converges uniformly on the compact subsets of [0,T) x R" x R™
to the unique viscosity solution of (63).

Proof By Proposition 8.3 V¢ defined in (44) is the unique continuous viscos-
ity solution to the Cauchy problem (49) with at most a-growth in x and y.
Since in all these cases H satisfy the comparison of Da Lio-Ley and both V.
and V satisfy the growth condition (64), we deduce that V > V. Therefore
V =V :=V and we conclude by Corollary 10.3. |
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Appendix A - Some Stochastic Results

We start by reviewing some definitions and give some well known results.

A collection of o-fields F; such that F, C F; if s <t is called a filtration. A
o-field G is complete if N € G whenever P(N) = 0. A filtration is right con-
tinuous if Fy+ = F}, where Fy+ = NesoFiye. We say that the filtration satisfies
the usual conditions if each F} is complete and the filtration is right continu-
ous. In this text we consider only filtrations that satisfy the usual conditions.

We say that a stochastic process X is adapted to a filtration {F;} if X
is F; measurable for each t. Often one starts with a stochastic process X
and defines F; to be the smallest o-field with respect to which {X, : s < ¢}
is measurable. In such a case X is automatically adapted.

Definition (Brownian motion or Wiener process) A one-dimensional Brow-
nian motion or Wiener process adapted to a filtration F; is a process W;
started at 0 if

o WO =0 a.s.

e W, — W, is a normal random variable with mean 0 and variance ¢t — s
whenever s < t.

W, — Wy is independent of the o-field generated by {W, : r < s}.

With probability 1 the map ¢ — W;(w) is continuous as a function of
t.

If instead of Wy = 0 we have W, = x, we say we have a Brownian motion
started at . A d-dimensional Brownian motion is a d-dimensional process
whose components are independent one-dimensional Brownian motions. An
example of brownian motion is tea diffusing in water, the particles swirl in
random directions.

First hitting time and first exit time of a Borel subset: If X, is
a stochastic process and A a Borel subset of R?, we write

Th=T(A)=inf{t >0: X, € A}

and
Ta=7(A) = inf{t >0: X, ¢ A}

for the first hitting time and first exit time of A, respectively.
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Definition (Stopping times) A random variable 7" : Q — [0, 00) is called a
stopping time with respect to the filtrarion F; provided

{T <t} e Fforalt>0.

This says that the set of all w € Q such that T'(w) < t is an F;-measurable
set. Note that T is allowed to take on the value oo, and also any constant is
a stopping time.

Definition (Martingale) A process X; is a martingale if for each ¢ and s < ¢
the random variable X, is integrable and adapted to F; and E[X;|F;] = X
almost surely (a.s.).

Example: The concept of the martingale is a generalisation of the sequence
of partial sums arising from a sequence {X,} of independent and identically
distributed random variables with mean 0. Let S,, = X; + ... + X,,. Then
the sequence {5, } is a martingale.

Definition (Local martingale and semimartingale) A process X; is a local
martingale if there exist stopping times 7, T oo such that X;,r, is a martin-
gale for each n and it is a semimartingale if it is the sum of a local martingale
and a process that is locally of finite bounded variation (i.e., finite bounded
variation on every interval [0, ]).

Remark: Semimartingales are “good integrators”, forming the largest class
of processes with respect to which the stochastic integral can be defined (see
below). The class of semimartingales is quite large (including, for example,
all continuously differentiable processes and Brownian motion).

We will be dealing exclusively with continuous processes, so all of our pro-
cesses will have continuous paths.

Definition (Quadratic variation) We say that a local martingale M; has
quadratic variation < M >; (sometimes written < M, M >;) if < M >, is
the unique increasing continuous process such that M?— < M >, is a local
martingale. In case that X; is a semimartingale, i.e. X; = M; + A; where M,
is a local martingale and A; has paths of locally finite bounded variation, we
define < X; > to be < M; >.

If X; and Y; are two semimartingales, we define < XY >, by polarization:
<XV >=3(< X4+Y > <X > —-<Y >).
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Definition (Stochastic Integral) Let M, be a local martingale and let H; be
a process adapted to the filtration {F;} satisfying the usual conditions. If
fg H?d < M >,< oo for all t, we define the stochastic integral Ny = fot H,dM,

to be the local martingale such that < N, L >,= fot Hyd < M, L >, for all
martingales L; adapted to {F;}.
For X, = M, + A; a semimartingale, the stochastic integral fot H.dX, is

defined by
t t t
/HSdXS:/ HSdM8+/ H,dA,,
0 0 0

where the first integral on the right is a stochastic integral and the second
integral on the right is a Lebesgue-Stieltjes integral.

Observation: We observe that we can extend this construction to more gen-
eral processes H, by linearity and taking limits in L?. We refer the reader to
[12] to see this.

The most important theorem of stochastic integration is It6’s formula. This
is also known as the change of variables formula.

It6’s formula: Let X; be a semimartingale and f € C*(R). It&’s formula is
the equation

F(X) = f(ao) /f dX+/f” V< X >,

There is a multivariate version of 1t6’s formula,

(X)) — /Zaf )dX? + /Za,]f )d < X', X7 >

1,7=1
Here X; = (X}, ..., X{) is a d-dimensional semimartingale, that is, a process
in R%, each of whose components is a semimartingale and f € C?(R?).
We next list some important results which will be used in the following text.

Lemma A.1 (Markov’s inequality) If X is any nonnegative integrable ran-
dom wvariable and a > 0, then

P(X >a) < E(;()

Lemma A.2 (Gronwall’s lemma) Suppose g : [0,00) — R is bounded on
each finite interval, is measurable, and there exist A and B such that for all

tglt) <A+ Bfo s)ds. Then g(t) < Aexp(Bt) for all t.
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Lemma A.3 (Burkholder-Davis-Gundy inequality) For p > 0 there exist a
constant c1(p) such that if M is a continuous martingale and T a stopping
time, then E[sup,.p |[MP] < ci(p)E[ < M >7}/2 ]

All these proofs can be found in [11] or [12].

94






Appendix B - Gradient Estimate

In this Appendix, we present some results and estimates needed for this the-
sis.

We recall that

Glel(y) = —%Aqb(y) + %Ich(y)le — f(y)
and that (EP) can be written equivalently as
Gl¢l(y) = p in R™
with p1 = —\.

Let I be the operator

16)(y) = 51Dl ~ f(y).

We begin with the following result

Theorem B.1 Let R > 1, f; € CY(Bg) and g, € C**(0Bg) where v € (0,1).
Then,

(a) For any € > 0, the Dirichlet problem
G[¢] +€p = fi in Br, &= g1 on OB,
has a solution in the class C**(Bg).
(b) The Dirichlet problem
Gl¢] = fi in B, ¢ = g1 on OB,

has a solution in the class C%'(Bg) provided that there exists a function
u € C?(Bg) N C(Bg) such that

Glu] < f1 in B, u= gy on OBg.

Proof Claim (a) is a particular case of [30]. Claim (b) can be found in
Theorem A.1 of [24] and it uses the convexity of the operator I and Theorem
6.14 of [23. i
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Theorem B.2 Let Q) and Y be two bounded open sets in R™ such that ' C
Q. For given € € [0,1) and f € W2 (R™), let ¢ € C*(R™) be a solution of

the elliptic equation
1 1 0 .
—§Ad) + 5]D¢\ +ep = fi in Q.

Then, there exists a constant K > 0 depending only on m, 6 and dist(€)', 9$2)
such that

sup| D¢l < K (1+supeg|7 +sup |f1]7 + sup [Dfy[#-7).
Q/ Q Q Q

Proof The proof is the same as in Theorem B.1 of [25]. |}

Comment: To apply the classical Bernstein method, we need ¢ € C3. How-
ever, one can see by taking suitable approximations that the same estimate
holds for ¢ € C? provided all the coefficients are regular enough.

Next, we give a priori gradient estimate for C*-solutions of (EP).

Corollary B.3 (Gradient estimate for solutions of (EP)) Fiz any r > 0.
There exists K > 0 depending only on m and 6 > 1 such that

sup |Do| < K(1+ sup |f — A|s + sup | Df|77).
B,

Bri1 Bri1
for any solution ¢ € C*(R™).

Proof Follows easily from the previous theorem by taking €' = B,, ) =
Br+17€:0andf1:f_)\' I
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