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Abstract

This thesis works in partial differential equations and several complex
variables that concentrates on a general estimate for 0-Neumann problem
on domain which is ¢-pseudoconvex or g-pseudoconcave at the boundary
point. Generalization of the Property (P) in [C84], we define the Property
(f-M-P)* at the boundary point. The Property (f-M-P)* is a sufficient

condition to get following estimate
(f-M)P I F)Mall® < e[| Ou]]* + 107ull® + [ull?) + Caqllull?,

for any u € C=(U NQ)* N Dom(9*). We want to point our attention that by
the choice of f and M, (f-M)* will be subelliptic estimate, superlogarithmic
estimate, compactness estimate, subelliptic multiplier estimate...

Moreover, the thesis contains some applications of (f-M)* and construc-
tions of the Property (f-M-P)* on some class of domains.
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Riassunto

La presente tesi ha come argomento lo studio di equazioni alle derivate
parziali nell’ambito dell’analisi in pit variabili complesse. Un primo risultato
e stato quello di trovare alcune stime, abbastanza generali, per il problema del
0-Neumann su domini g-pseudoconvessi o ¢-pseduconcavi. Un altro soggetto
di studio ¢ stato quello di generalizzare la proprieta (P) (vedi [C84]) tramite
la definizione di una nuova nozione che chiameremo proprieta (f-M-P)*.
Quest’ultima consente di ottenere una stima del tipo

(f-ME L) Mull? < e(lloull* + [[07ull® + [lull?) + Callull?,

la quale, con oppurtune scelte di f eM, (f-M)¥ produce stime subellittiche,
superlogaritmiche, di compattezza o stime con moltiplicatori subellettici...

Inoltre mostreremo alcune applicazioni della proprieta (f-M)F e la costruzione
di alcuni domini che soddisfano alla stessa.
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Chapter 1

Introduction

The 0-Neumann problem is probably the most important and natural ex-
ample of a non-elliptic boundary value problem, arising as it does from the
Cauchy-Riemann system. The main tools to prove regularity of solution of
this problem are various Ls-estimates such as subelliptic estimates, super-
logarithmic estimates, compactness estimates... In this thesis, we introduce a
general estimate is called (f-M)*. The principal result proved in this thesis
are Theorem 1.10 and Theorem 1.13. To introduce the thesis, we first give a
brief description of the -Neumann problem, for a detail account see [FK72].

1.1 The 0-Neumann problem

Let 2 be a bounded domain of C" with smooth boundary denoted by
bQ. Let L¥*(Q) be the space of square-integrable (h, k)-forms on Q. Then we
have

5 5
Ly* () = Ly*(9) 2 Ly* (@) (1.1)

by 0 we mean the closed operator which is the maximal extension of the
differential operator and by 0* we mean the Ly-adjoint of 0. We define H"* C
hok
Ly () by
H"* = {u € Dom(9) NDom(9*)[0u =0 and 0*u =0} (1.2)

1



2 CHAPTER 1. INTRODUCTION

The 0-Neumann problem for (h,k)-forms can them be stated as follow :
given o € L2 (Q) with a L H™", does there exist u € L™*(Q) such that

(00" + 0" 0)u = «
u € Dom(d) N Dom(5*) (1.3)
Ou € Dom(9*), 0*u € Dom(9).

Observe that if a solution of (1.3) exists then there is a unique solution
of u of (1.3) such that u L H™*. We will denote this solution by Na. If a
solution to (1.3) exists for all @ 1. ‘H™*  then we extend the operator N to a
linear operator on L2"(Q) by setting

0 ifaeHM
Na= {u if L HME. (1.4)

Then N is bounded self adjoint. Furthermore, if dar = 0, then form (1.3) we
obtain 99*0Na = 0, taking inner product with dNa we get ||0*ONal|/?> = 0
hence 9*ONa = 0. Thus we see from (1.3) that if do = 0 and o L H™MF
then o = 00" Nav. It then follows that v = 0*Na is a unique solution to the

0-problem

ov =

vee _ (1.5)
v is orthogonal to Ker 0.

The 0-Neumann problem is a non-elliptic boundary value problem; in fact,
the Laplacian O = 00* + 0*0 itself is elliptic but the boundary conditions
which are imposed by the membership to Dom([J) are not. The main interest
relies in the regularity at the boundary for these problems, that is, in stating
under which condition u inherits from « the smoothness at the boundary b¢2
(it certainly does in the interior). The regularity of the J-Neumann operator
is defined as follows

Definition 1.1. 1. Global regularity : if « € C*°(§2) then Na € C*°(£2).

2. Local regularity : if « € C®(UNQ) then Na € C*(U' N Q) where
U’ C U is the neighborhoods of given point zy € Q.

One of the main tools used in investigating the local (resp. global ) regu-
larity at the boundary of the solutions of the d-Neumann problem consist in
the certain priori estimates such as subelliptic, superlogarithmic (resp. com-
pactness) estimates. In this thesis we introduce the (f-M)* estimates which
are general of those estimates.
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1.2 The (f-M)" estimate

In order to define (f-M)*, some preliminary material is required.

For quantifies A and B we use the notion A < B to mean A < ¢B for
some constant ¢ > 0, which independent of relevant parameters. We write
A= Btomean A S B and B < A. For functions f and g we use the notion

im L0 _
f > g to mean that tE+moog(t) = +o00.

Let €2 be a smooth domain with local defining in a neighborhood of bound-
ary point zo. Throughout this thesis we assume z; is the origin point. For a
neighborhood U of 2y, fix a smooth real-valued function r

QNU={2z€U:r(z) <0} (1.6)

such that |0r| = 1 on bQ2. We take an local orthonormal basis of (1,0) forms
w1, ..., w, = Or and dual basis of (1,0) vector fields Ly, ..., L; thus Ly, ..., L,
generate TH0(U N bQ). For ¢ € C*(U), we denote by ¢;; the coefficients of
00¢ in this basis.

Let Ai(2) < ... < A\,_1(2) be the eigenvalues of (rjk(z))ﬁil. We take a
pair of indices 1 < g <n—1and 0 < g, < n— 1 such that ¢ # gq,. We assume
that there is a bundle V% € T2} of rank ¢, with smooth coefficients, by
reordering we may suppose V% = span {Ly, ..., L, } such that

do

q
Z)\j — erj|“|2 >0 on UNbQ; (1.7)
=1

j=1
here we conventionally set Z?”Zl -=0if g, = 0.
Definition 1.2. (i) If ¢ > ¢, we say that Q is g-pseudoconver at z.

(ii) If ¢ < q, we say that Q is g-pseudoconcave at z.
The g-pseudoconvexity /concavity is said to be strong when (1.7) holds
as strict inequality.

The notion of g-pseudoconvexity was used in [Ah07] and [Za00] to prove
the existence of C°°(Q)* solutions to the equation Ou = f. Though the notion
of g-pseudoconcavity is formally symmetric to g-pseudoconvexity, it is useless
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in the existence problem. The reason is intrinsic. Existence is a “global” prob-
lem but bounded domains are never globally ¢-pseudoconcave. Owing to the
local nature of estimates and the related local regularity of 9-Neumann prob-
lem, this is the first occurrence where g-pseudoconcavity comes successfully
into play. Moreover, the local estimates on pseudoconcave domain play the
leading role in study the 9/0,-Neumann problem on annuli/hypersurfaces.

Remark 1.3. If Q is g-pseudoconvex at zy then it implies €2 is also k-pseudoconvex
for any k > ¢. Similarly, if €2 is ¢-pseudoconcave at z; then it implies €2 is
also k-pseudoconvex for any k < q.

Remark 1.4. Definition 1.2 is generalized from usual pseudoconvexity, pseu-
doconcavity and condition Z(q). In fact, for ¢, = 0, ¢ = 1 then 1-pseudoconvex
is usual pseudoconvex. Similarly, ¢, = n — 1,¢ = n — 2 then (n — 1)-
pseudoconcave is usual pseudoconcave. Moreover, if € satisfies condition Z(q)
at the point z, that is, the Levi form has at least n — ¢ positive eigenvalues
or at least ¢ + 1 negative eigenvalue at each point z € b2 N U, then € is
strongly g-pseudoconvex or strongly g-pseudoconcave at z.

We denote by A™* the space of smooth (h,k)-forms in Q. Throughout
this thesis we only deal with (0, k)-form since the extension form type (0, k)
to type (h, k) is trivial. Denote by

Ce(UNQ)* = {u e A% |supp(u) C U}.
If u € C®(UNN)E, then u can be written as follows:
u = Z/U/J(DJ, (18)
| T|=k

where @; = @;; A ... A, here J = {ji,...,jx} are multiindices and Y’
denotes summation over strictly increasing index sets. If J decomposes as
J = jK, then we write u;x = E‘lj]KU/J where ef}KuJ is the sign of the permuta-
tion iK — J . We check ready that u € Dom(9*) if and only if u,x|yo = 0
for any K.

We define the multiplier M such that if M = A%% we define
Mu = [M]|ul. (1.9)
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If M =37 Mjw; € A" and when  is ¢-pseudoconvex/concave at zg, we

define
‘ Z |ZMUJK|2

|K|=k—1 j=1

(1.10)

Let zy € b9, we choose special boundary coordinates (x,r) € R*™ 1 x R
defined in a neigborhood U of z, where x;’s are the tangential coordinates
and r, the defining function, is called normal coordinate. Denote by & the

dual varialbes of z; and define x - £ =3 2,63 [€* = 3 &7

For ¢ € C®(U N Q) we define @, the tangential Fourier transforms of ¢,
by

o, r) = /Rzn1 e "oz, r)dr.

We denote by Ae = (14]¢|?)2 the standard “tangential” elliptic symbol of
order 1 and by A the operator with symbol A¢; We define a class of functions
F by

1 m=l(¢
F={f € (L +o0)| 1) S /() 2 0 ana [ )] £ | 7Y,
Notice that with f(t) = 1;log(t)® or t¢, ¢ < L then f € F.

For f € F, we define the operator f(A) by

FWe(er) = o [ agpends (L)
where o € C*(UNQ).
We define the energy form Q on C(U N Q)* N Dom(d*) by
Q(u,v) = (Ou, dv) + (0*u, 0*v) + (u,v)

for u,v € C®(U N Q)* N Dom(9*). Now we are ready to define (f-M)~
estimate.

Definition 1.5. Let € be g-pseudoconvex (resp. g-pseudoconcave) at zg €
bS). Then the O-Neumann problem is said to satisfy (f-M)* estimate at
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the boundary point zy € b€) if there exists a positive constant Crs and a
neighborhood U of z, such that

(f-M)P ) Mull? S Qu,u) + Caqllull?, (1.12)
holds for any u € C>(U N Q)* N Dom(9*) where k > ¢ (resp. k < q).

Remark 1.6. Remark that C is only depend on the constant M so that we
write C'ys for C'y . Then if M is bounded constant then we can assume that
Cym = 0.

Remark 1.7. If Q is ¢g-pseudoconvex at zo and (f-M)* holds for k > ¢ then
(f-M)! holds for any [ > k. Similarly, If Q is g-pseudoconcave at z, and
(f-M)* holds for k < ¢ then (f-M)! holds for any [ < k.

We usually say simply (f-M)* holds when the definition applies. We
remark that f(|€]) < [€|2, and if f(|€]) = [€|2 then the operator M have to
bounded (that is, M independent on M) since the best estimate on boundary
point is %—subelliptic estimates.

1.3 Some relations with (f-M)*

We want to point our attention to the choice of f and M in relevant cases
and review some results concerning those estimates :

1) For f(|¢]) = [€]¢ for 0 < € < & and M = 1, then (f-M)* become

2
subellipitic estimate
Il S Qu ). (1.13)

When the domain 2 is pseudoconvex, a great deal of work has been done
about subelliptic estimates. The most general results concerning this problem
have been obtained in [Koh79] and [Cat87].

e In [Koh79], Kohn gave a sufficient condition for subellipticity over pseu-
doconvex domains with real analytic boundary by introducing a se-
quence of ideals of subelliptic multipliers.
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e In [Cat87], Catlin proved, regardless whether 02 is real analytic or
not, that subelliptic estimates hold for k-forms at zg if and only if the
D’Angelo type Dy(zp) is finite. Catlin applies the method of weight
functions used earlier by Hormander [Ho66]. One step in Catlins proof
is the following reduction:

Theorem 1.8. Suppose that 2 CC C" s a pseudoconvex domain de-
fined by Q = {r < 0}, and that zy € V2. Let U is a neighborhood of
2o. Suppose that for all § > 0 there is a smooth real-valued function ®°
satisfying the properties:

2] <1 on T,
@ﬁigj >0 onU, (1.14)
Soimy P ity > 07 ul? on U N {=6 <r <0}

Then there is a subelliptic estimate of order € at zy.

However, not much is known in the case when the domain is not neces-
sarily pseudoconvex except from the results related to the celebrated Z(k)
condition which characterizes the existence of subelliptic estimates for € = %
according to Hérmander [Hor65] and Folland-Kohn [FKT72]. Some further re-
sults, mainly related to the case of forms of top degree n — 1 are due to Ho

[Ho85].

The basic theorem of Kohn and Nirenberg [1965] shows that local regular-
ity is consequence of a subelliptic estimates. In fact, if subelliptic estimate of
order € holds for the O-Neumann problem on a neighborhood U of the given
point in bQ, then oy € H,(U)* implies Na|y: € Hyyoo(U')* for U CC V;
here H,(U)* denote the L?-Sobolev space of order s on k-forms.

2) For f(|¢]) = log|¢] and M = £ for any € > 0, then (f-M)* implies
superlogarithmic estimate

[1log(A)ul[* < e(0ull* + [[0"ul|*) + Celful*. (1.15)

Superlogarithmic estimate was first introduced by Kohn in [Koh02]. He
proved superlogarithmic estimate for the operator [J, on pseudoconvex CR
manifolds and using them to establish local regularity of [0, and of the 0-
Neumann problem. These estimates are established under the assumption
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that subellipticity degenerates in certain specified ways.

3) For f(|¢]) = 1 and M = I for any € > 0, then (f-M)" implies

compactness estimate
[Jul? < e(|0ul® + [[07ull*) + Cellull2;. (1.16)

By definition (f-M)¥, the compactness estimate in the line (1.16) is local
property. Roughly speaking, the O-Neumann operator N on € is compact if
and only if every boundary point has a neighborhood U such that the corre-
sponding 0-Neumann operator on U N Q is compact. A classical theorem of
Kohn and Nirenberg [KN65] asserts that compactness of N (as an operator
form L, (2) to itsefl) implies global regularity in the sense of preservation of
Sobolve space.

Catlin [Cat84] introduced Property (P) and showed that it implies a com-
pactness estimate for O-Neumann problem. A pseudoconvex domain € has
Property (P) if for every positive number M there exists a plurisubhamonic
function ® in C*(Q), bounded between 0 and 1, whose complex Hessian
has all its eigenvalues bounded below by M on bS:

n a2q)M

= 02;0%;

wy; > Mwl|?, forz € bQ,w € C". (1.17)

Compactness is completely understood on (bounded) locally convexifiable
domains. On such domains, the following are equivalent [F'S98], [FS01] :

(i) N is compact,
(ii) the boundary of the domain satisfies property (P),
(iii) the boundary contains no g-dimensional analytic variety.
In general, however, the situation is not understood at all.
5) For f(§) = Tand M = {370, 15,z Tzdz; is a 1-form for any € > 0

here r¢,r are defining functions with |[Vr¢| = 1 on b2, then (f-M)¥ can be
written as

/ n - — _
o 1D e rmunl® S elllOul® + 1107ul®) + Cclful2,. - (1.18)

|K|=k—1 i,j=1
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for any u = > uydz; € C=(Q)* N Dom(9*).
\T/=k
The estimate (1.18) was introduced by Straube in [Str08]. In [Str08],
he showed that if (1.18) holds for all u € C°°(Q)* N Dom(9*) then the 0-
Neumann operator Nj on k-forms is exactly regular in Sobolev norms, that
1s

[Nkulls < Csflulls

for any integer s > 0 and all u € H,(Q)*. Notice that the estimate (1.18) is
weaker than compactness estimate.

6) For f(¢]) = |¢|° and M € A" (resp. M € A'0), then (f-M)*-

estimates will be
[|[Mull[Z < Qu, w). (1.19)

One calls M be a subelliptic multiplier (resp. subelliptic vector-multiplier
). Kohn [Koh79] used the subelliptic multiplier and subelliptic vector-multiplier
to obtian the subelliptic estimate on real analytic domain. In particular, he
showed there is a nonzero constant function belong to his collection of all
multipliers.

1.4 The main theorems

The first goal in this thesis, we exploit here the full strength of Catlin’s
method to study (f-M)* estimate on a g-pseudoconvex or g-pseudoconcave
domain. These results are related to works of my joint work with G. Zampieri
in [KZ1],[KZ2] and [KZ3].

Denote by Sy the strip set {z € | — 0 < r < 0}, generalize conditions
(1.14) in Theorem 1.8 and Property (P) in (1.17), we define

Definition 1.9. We call that Q is satisfied Property (f-M-P)* at the bound-
ary point zg € b€ if there is a neighborhood U of z; and for all 6 > 0 suf-
ficiently small there exists a real-valued function ® := ®> € C?(U) such
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that:
(1951
n qo
/ _
D, ulu’ N, |uT|?
(f_M_P)k |K|:Zk—1ij§1 JUIK YK j; JJ| |

do
> fO) M + 30| L (@)uT|?
Z =

(1.20)
on S; N U for any u € C(Q N U)*, where u” is the tangetial component of
u.

\

Our result is the following :

Theorem 1.10. Let 2 C C" be g-pseudoconvex (resp. g-pseudoconcave) and
satisfy Property (f-M-P)* at boundary point zy € b2 then (f-M)*-estimate
holds at zy with k > q (resp. k < q).

Observe that conditions of the family {®>*} in our Property (f-M-P)k
is simpler than conditions (1.14) in Theorem 1.8 and Property (P) in (1.17).

The main idea for proving Theorem 1.10 stems from a paper of Catlin
[Cat87], combining with some modifications in our papers [KZ1] and [KZ2].

We remark that our Property ( f-M-P)¥ is restriction only on u"-tangential
component of u. we firstly get (f-M)*-estimate for u replaced by u”. How-
ever, for the normal component u”,of u, one can reasonably get the estimate
|lu”]]? < Q(u, u). This supply completely u to get our estimates.

On the real hypersurface M of C", 0 induces the tangetial Cauchy-
Riemann operator 0,. Let 0; be the Ls-adjoint of 9, and U, = 0,05 + 050,
the Kohn Laplacian. We denote by

Qu(u,v) = (Ou, Ou)y + (0*u, 0*v)y + (u, vy

for any u,v € C(U N M)* where C>°(U N M)* the space of tangential (0,k)-
forms on M with support in U and ( , ), denotes the Lo-inner product on M.

Suppose that u € C(U N M)*. Write

u:u++u7+u0,
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where 4" is supported in a conical neighborhood of 0 with &,—1 > 0, @~ is
supported in a canonical neigborhood of 0 with &,_; < 0, and @° is sup-
ported outside of such neighborhoods.

Our estimates on M are defined as follows:

Definition 1.11. If M is a hypersurface and 2o € M then a (f-M)¥ estimate
holds for (0, 9;) on at zy if there exists a neighborhood U of zy such that

(f-M)y IF ) Mullf < eQuu, w) + Callully

for all w € C*(U N M)*. And a (f-M)j ,-estimate (resp. (f-M)j; _) holds
for (0y, 0;) at z if the above holds with u replaced by u™ (resp. u~), that is,

My IFOMuTfp < Qo u®) + Cullu® |y
(resp.
(f-Ms— IF Ml < cQp(u,u”) + Cadllu™[5 -1 )

Definition 1.12. The hypersurface M is called to be g-pseudoconvex at z,
if one of two sides divided by M is ¢-pseudoconvex at z,.

We denote by Qt = {z € Ulr(z) < 0} the ¢g-pseudoconvex side at z,
which is divied by M; and another side denoted by 2~. By Remark 2.3,
Q- ={z¢e€U|—-r(z) <0}is (n—q— 1)-pseudoconcave at z,. Here U is
a neighborhood of 29 € M. We denote by (f-M)E, the (f-M)* on QF; by
(f-M)E_ the (f-M)* on Q™ .

The second goal in this thesis is the equivalents of (f-M)* estimates on
the domain and on its boundary.

Theorem 1.13. Let M be a g-pseudoconvex hypersurface at zy. Asumme
that M divides a neighborhood U of zy to be QT and Q= as above. Then

(f-M)gs = (F- M)y = (f-M)Z " = (fM)ZTH (1.21)

for any k > q.
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Since Qy(u’,u’) > [|u’||},, Theorem 1.13 implies that (f-M); on M holds

at zy if we have Property (f-M-P)* and Property (f-M-P)"~1=* hold on
QF at z.

The thesis also contains the constructions of the Property (f-M-P)* on
some class of domains such that : Z(k), decoupled, regular coordinate; and
the discussion about global and local regularity.

The thesis is structured as follows. In chapter 2 we give the background
of the O-Neumann problem. In chapter 3 we prove theorem 1.10. The proof
of theorem 1.13 is presented in chapter 4. In chapter 5, we construct the
Property (f-M-P)¥ in some class of domains. The global and local regularity
is discussed in chapter 6.



Chapter 2

Background

In this chapter, we provide almost of the background for reading of the (f M)k
estimate of the 9-Neumann problem on g-pseudoconvex/concave domains at
given point zg.

2.1 The terminology and notations

For z € C", we denote by CT, the complex-valued tangent vectors to C"
at z and we have the direct sum decomposition CT, = T} @ T™, where T°
and T%' denote the holomorphic and anti-holomorphic vectors at z respec-
tively.

Denote A% the space of (0, k)-forms at z and by ( , ), the pairing of A%*
with its dual space, we will also denote by ( , ), the inner product induced
on A% by the hermitian metric and by | |, the associated norm.

We fix the point zy € C". Then there exists a neighborhood U of zy such
that we can choose C* vector fields with value in T%°, which at each point
2 € U are an orthonormal basis of 7', Let L;,--- , L, be such a basis, then
for z we have ((L;)., (L;).). = 0;j.

Let wi,- -+ ,wy, be the dual basis of (1,0)-forms on U, so for each z €
U we have ((w;).,(Lj).). = 0;;. We denote by Ly,---, L, the conjugates

13
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of Ly,---,L,, respectively; these form an orthonormal basis of T%! on U.
Denote by @y, - -+ ,w,, the conjugates of wy, -+ ,w, respectively; then they
are the local basis of (0,1)-forms on U which dual to Ly, - - - , L,. In this basis,
for any ¢ € C*°(U), we can write

dp = Li(@)w; + > Li(d)w
j=1 j=1
Then one defines

0p=> Li(¢w; and 9= Li(¢)w
j=1

Jj=1

We set ¢;; to be the coefficients of 994, i.e.

tj
For each k =1, ....n, let éi-“j be smooth functions such that

— kL _
0wy, = g Cijwi N\ W;.

ij

Then ¢;; can be calculated as follows:
90 = 8( > Ek((ﬁ)@k)
= Y Lkiik(gb)wi NP+ T Li(9) Y ewi Aw;
ik k i
> (Liij(gb) + zk: Efjl_lk(@)wi A @j.

,L"j

Form the fact that 90 4+ 00 = 0, we have

¢ij = LiLj(¢) + Z & Li(¢) = Z ¢ L (¢ (2.2)
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With our notions of ¢;;’s, we say that (¢;;) is Levi matrix of ¢ under basis
W1, ..., Wy. Moreover, from (2.2) we obtain

[Li, L] =Y Ly =) Ly (2.3)
k k

where [L;, L;] = L;L; — L;L;, as usual.

Let €2 C C™ be an open subset of C" and let b2 denote the boundary of
Q. Throughout this thesis we will restrict ourselves to domain 2 such that
b2 is smooth in the following sense. We assume that in a neighborhood U
of b2 there exist a C* real-valued function r such that dr # 0 in U and
r(z) = 0 if and only if z € bQ2. Without loss of generality, we shall assume
that » > 0 outside of Q and r < 0 in €.

For zy € b2, we fix r so that |0r|, = 1 in a neighborhood U of z;. We
choose wy, -+ ,w, to be (1,0)-forms on U such that w, = Or and such that
(wi,w;) = 0;j for z € U. We then define Ly, - - - Lp, Ly, Ly, @, - @0, as
above. Note that on U N b2, we have

Ly(r) = L;(r) = djn.

Thus Ly,-+-,L,_y and Ly,---,L,_; are local bases of TV0(U N Q) :=
CT(U N NTY and TON(U N Q) := CT(U N bQ) N T respectively,
where CT'(U NbSQ2) the space of complex-valued tangent vector to U NbQ2. We
define a vector filed T" on U N b2 with values in CT(U N bQ2) by:

T =1L, — L,.

Observe that Ly,---, L,_1, Ly, -+, L,_1,T are local basis of CT(U N b2).
Using integration by parts, we get the proof of following lemma:

Lemma 2.1. Let p,1 € C(UNQ), then we have

(Lyo) = —(, L) + / L (r)ddS + (. a;0)

b2

where a; € C(U N Q).
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Substituting r for ¢ in (2.2), we get r;; = ¢j; = cf; and by (2.3) hence

n—1 n—1
[Li, L) = v T+ Y Ly =Y L. (2.4)
k=1 k=1
Let Ai(z) < ... < A_1(2) be the eigenvalues of (rjk(z));f;il and denote

$ia(2), S50(2) , sho(2) their number according to the different sign.

We take a pair of indices 1 < ¢ <n—1and 0 < ¢, < n — 1 such that
q # q,. We assume that there is a bundle V% € T4 of rank ¢, with
smooth coefficients, by reordering we may suppose V% = span {L, ..., L, }

such that .

Eq:xj(z) =Y riz) =0 zeUNb. (2.5)

j=1
Remember that we have defined €2 to be g-pseudoconvex or g-pseudoconcave
according to ¢ > ¢, or q¢ < g, follows when (2.5) holds.

Lemma 2.2. The domain ) is qg-pseudoconvex at zy € bS) if and only if
Z eruz;{uﬂ( erj|u]2 >0 on UNHQ (2.6)
|K|=k—11j=1
holds for any u € C*(QNU)? N Dom(d*).

Proof. The proof of Lemma immediately follows by the choice C' =
52, rj; in the equivalence of two facts:

(i) Z|K\:k—1,22j_:11 rijui e > Clul? for all u € C(Q N U)* N Dom(9%)

(ii) The sum of any ¢ eigenvalue of the matrix (r;;) is greater than or equal
to C.

A proof of the equivalence of (i) and (ii) follows by diagonalizing the matrix
(rij); see [Hor65] and [Cat87].
U

As it has already been noticed, (2.5) for ¢ > ¢, implies A, > 0; hence
(2.5) is still true if we replace the first sum Z§=1 - by 2?21 - for any k such
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that ¢ < k <mn — 1. Similarly, if it holds for ¢ < g,, then A\;4; < 0 and hence
it also holds with ¢ replaced by k£ < ¢ in the first sum.

We notice that g-pseudoconvexity/concavity is invariant under a change
of an orthonormal basis but not of an adapted frame. In fact, not only the
number, but also the size of the eigenvalues comes into play. Thus, when we
say that b2 is g-pseudoconvex/concave, we mean that there is an adapted
frame in which (2.5) is fulfilled. Sometimes, it is more convenient to put
our calculatiuons in an orthonormal frame. In this case, it is meant that the
metric has been changed so that the adapted frame has become orthonormal.

Example 2.1. Let s~ (z) be constant for z € b2 close to zp; then (2.5) holds
for g, = s~ and ¢ = s~ +1. In fact, we have A\,- < 0 < A\,— 1, and therefore the
negative eigenvectors span a bunlde V% for g, = s~ that, identified with the
span of the first ¢, coordinate vector fields, yields 3‘:{1 Aj(z) > ;1.":1 ri(2).
Note that a pseudoconvex domain is characterized by s~ (z) = 0, thus, it is
1-pseudoconvex in our terminology.

In the same way, if s7(2) is constant for z € bQ2 close to zy, then A\;- ;o0 <
0 < As—1s041. Then, the eigenspace of the eigenvectors < 0 is a bundle which,
identified to that of the first g, = s~ + s° coordinate vector fields yields (2.5)
for ¢ = q,— 1. In particular a pseudoconcave domain, that is a domain which

satisfies sT =0, is (n — 2)-pseudoconcave in our terminology.

Example 2.2. Let 2 satisfy Z(¢) condition at z, that is, s7(z) >n —q or
s7(z) < qg+1for z € bQNU. Thus Q is strongly ¢g-pseudoconvex or strongly
g-pseudoconcave at zg

Example 2.3. Let €2 be a domain which defining function r defined in a
neighborhood zy by

r =2Rez, — Q(z1, ..., 2¢,) + P(2g, -y Zn—1)

where Q, P is real function such that (Q.,z,)%_; and (P.z,)}'_, are semipos-

itive matrices. Then we can check that €2 is g-pseudoconvex at zj.

Similarly, Let €2 be a domain which defining function r defined in a neigh-
borhood zy by

r =2Rez, — P(z1, ..., Zg+1) + Q(Zgp+1s --» Zn—1)
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where P, @ is real function such that (Pzz.gj)?;;ll and (Q.,z,)i—y, 1 are semi-
positive matrices. Then we can check that €2 is ¢-pseudoconcave at zy (see

Proposition 5.5 ).
Remark 2.3. Since the fact Z;:ll Ai(z) = Z;L:_ll r;i(z) for z € U NbQ, it

follows

q o n—1 j=n—1
DN =D =D (=N = Y (=)
j=1 j=1 j=q+1 dot1

Therefore if €2 defined by r < 0 is g-pseudoconvex (g-pseudoconcave) at zg,
then C"\Q2 = {—r < 0} is (n—¢—1)-pseudoconcave ((n—g—1)-pseudoconvex)
at zg.

2.2 The basic estimate

Remember that we have already denoted by A% the space of (0, k)-forms
in C*(X) restricted to 2 and

CUNF ={uc Ao’klsupp(u) cU}.
If u e C®(U NN, then u can be written as follows:

u = Z/UJCDJ, (27)

|JI=k

where @y = ©j, A...Aw;, here J = {41, ..., j.} are multiindices and >’ denotes
summation over strictly increasing index sets. When the multiindices are not
ordered, the coefficients are assumed to be alternant. Thus, if J decomposes
as J = jK, then ujx = ef',Ku J Where e?,K is the sign if the permutation
jK — J. Then Cauchy-Riemann operator, 0, acts usual on a (0, k)-forms via

ou = Z'ZijuJ@j/\@JJr (2.8)
=k j=1

where the dots refer to terms of order zero in w. Thus we have a complex
A0k 9, fok+1



2.2. THE BASIC ESTIMATE 19

We extend this complex to LY*(Q) the Ly space of (0, k)-forms, so that
the Hilbert space techniques may be applied to analyze the complex. For
each x € Q de denote by (dV), the unique positive (n,n)-form such that :
|(dV).| = 1. We call dV the volume element. We define the inner products
and the norms

() =[G @Vl = (), v e 185(@)
For each form degree (0, k), we define
Dom(d) = {v € LY*(Q) : dv(as distribution) € Ly*(Q)}.

Then the operator 9 : Dom(d) — L*t1(Q) is well-defined, and we have
d: LY*(Q) — LY (Q) as a densely defined operator by noting that A% C
Dom(d). Thus, the operator d has an Lo-adjoint, 0*, defined as follows : if
u € Dom(0*) and d*u = « if

(v, @) = (Ov,u) for all v € Dom(3).

We have
(Ov, u) Z Z Lijvi,ujr) + (v,-++)
|K|=k—1 j=1
Z Z( UK,L U]K)+5]n/ UK’ELjKdS) + (Ua"') (29)
|K|=k—1 j=1 b
=(v, — Z Liujx@g) + djn Z /vKuJKdS—i- )
|K|=k—1 |K|=k—1

where dots denote an error term in which u is not differentiated. Here the
second inequality in (2.9) follows by Lemma 2.1. By (2.9), we have the proof
of following lemma :

Lemma 2.4.
u € Dom(0*) if and only if ujx|en =0 for any K. (2.10)

Over such a form in (2.7) the action of the Hilbert adjoint of 0, coin-
dides with of its ”formal adjoint” and is therefore expressed by a ”divergence

operator”:
/
— Z ZLjqu@K+... (2.11)

|K|=k—-1 j
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for any v € Dom(0").

For a real function ¢ in class C?, let the weighted L7-norm be defined by

_9 _
lull2 = (uy )y = lue~ 3] = / (u, u)e~*dV.

Let 87 be the LZ-adjoint of 9. It is easy to see that Dom(9*) = Dom(d}) and

Ty = — Z' > lugwg + - (2.12)

|K|=k—1 j=1

where 5;5g0 = e?L;(e %) and where dots denote an error term in which u
not differentiated and ¢ does not occur.

By developing the equalities (2.8) and (2.12), the key technical result is
contained in the following proposition :

Proposition 2.5. Let 2y € b2 and fiz an index q, with 0 < q, <n —1, then
there exists a neighborhood U of zy and suitable constant C' such that

2/|0ul3 + 2[105ullg + Cllull3

> SN G ur)s — Y (i un)s

|K|=k—11,j=1 |J|=k j=1
n—1 o
! / 2.13
0 XN [ tncionds = 33 [ et pas™
|K|=k—1i,j=1" & Jl=q j=1 70
1 qO n 3
o (Do N87ullz + 37 1Zsull?)
Jj=1 J=qo+1

for any u € C=(U N Q)* N Dom(d*).
Proof. Let Au denote the sum in (2.8), we obtain that
/ n — / — —
1AulZ => Y Ll — > > (Liujx, Livix). (2.14)
|J|=k j=1 |K|=k—1 ij
Let Bu denote the sum in (2.12), we obtain that

/
IBully = > (67w, 6 ujk ) (2.15)

\K|=k-1 ij
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Since Au and Bu differ from du and 0*u by terms of order zero. It follows
from (2.14) and (2.15) that

2([0ullg + 195ul3) + Cllullg

> [[Aull§ + || Bul|3 (2.16)

= Z,Z||EJUJH§)+ Z Z (5 ulK,é WK ) o (I)juiK,Eiqu)¢

|J|=k j=1 |K|=k—14,j=1
where C' is constant independent of ¢.
Now we want to apply integration by parts to the term (6¢ulK, 5 WK ) o

and (Lju;fc, Liujx) 4. Notice that for each o, 1 € CHUNQ), similar to [ emma
2.1, we have

{(907 534)7%’% = (_JSO ¢)¢ + (aJSD @Z))sb + 5]'71 be 7¢7901st

and for some a;,b; € CH(Q2 N U) independent on ¢.
This immediately implies that

(6Puwirc, 00ui)e = —(Li0fwirc, ujrc)s + Ojn fy 6_¢5¢(uiK)uJKdS + @
_(LjuzK7 Llqu)qg = (5?LjuiK, ’LL]K (Sm be UZK)UJKCZS + R.

From here on, we denote terms involving product of u by 5¢u for j<n-—1
or Lyu for j <n by R.

Recall that @, = L;(unix) = 0 on bQ if j < n—1. We thus conclude that
the boundary integrals vanish in both equalities of (2.17). Now by taking the
sum of two terms in the right side of (2.17), after dlscardlng the boundary
integrals and we put in evidence the commutator [67, L;], we get

(67 wirc, 05 ujr)g — (Lywire, Liwjic)g = (167, Lluwarc, ujac) + R (2.18)

fori,j =1,....,n and any K.

Notice that (2.17) is also true if we replace both w;x and u;x by u; for
indices i = j < qo. Then we obtain

1Zjuslls = 105 usllf = (67, L), ws)s + R. (2.19)
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Applying (2.18) and (2.19) to the last line in (2.16), we have

2(|0ullg + 195ull) + Cllullg

Z, Z([azd)v uleu]Kqﬁ_ZZ UJ,UJ¢

N |K|=k—11,j=1 |J|=k j=1 (2.20)
P q0 n B
(Do Isusl+ Y ILusl) + R
=k g=1 =0t

¢7Lj]7

Now we calculate the commutator [0]

67, L] = LiL;¢ + [L;, L]

= ¢ij + Z Cfldz,) — Z EZZ_—J]C

(2.21)
= ¢ij —i—rw Zc (5¢ Z ’»“jf/k
j=1
here we use the formula in (2.2) and (2.4).
Since L,(r) = 1, we have
(rijOguine, UK )y = /bQ rije”“uikujxdS + R (2.22)
Substituting (2.21) in (2.20) and combine with (2.22), we get
2(/|0ullg + l195ull3) + Cllullg
> i(%“ma wi)o— > i(%wa us)e
|K|=k—11,j=1 7=k j=1
+ Z Z / rijuik e *dS — Z Z/ rijlusle”?dsS
|K|=k—11i,j=1 |J|=k j=1
+Z’(Z||5fw||3+ S ILwlR) + R
|J|=k  j=1 j=qo+1

(2.23)
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We denote by S the sum in the last line in (2.23). To conclude our proof,
we only need to prove that

9 n
Rg%zf(zllajuj||i+ > ILgusl3) + Cllul?. (2.24)

|J|=k Jj=1 J=qo+1

In fact, if we point our attention at term which involve (5j’u for j < qo or
Lju for gog+1 < j <mn, then (2.24) is clear since S carries the corresponding
square ||67u||2 and ||L;ul|?. Otherwise, we note that for j < n — 1 we may
interchange L; and 5;5 by means of integration by parts : boundary integrals
do not occur because L;(r) = 0 on bQ) for j < n — 1. As for §2, notice that
it only hits coefficients whose index contains n and hence u,x = 0 on bS). So
6% (unx )t is also interchangeable with w,x L, by integration by parts. This
concludes the proof of Proposition 2.5.

[l
For the choice ¢ = 0, we can rewrite the estimate (2.13) as
, n—1 . %
Q> Y3 [ s = 323" [ juas

|K|=k—114,j=1" b2 JI=q =1 709

qo n (225)
+ > Ll + Y IZul?

J=1 J=qo+1

for any u € Coo.(U N Q)*Dom(9*).

Observe that if ¢ € C°(UNQ) with ¢ = 0 on U NS, then each || L;pl?
can be interchanged with [|L;p[]* £ (e]l¢[]f + Cell¢||?) even for j = n due to
the vanishing of the boundary integral because ¢ vanish on the boundary.
Thus

4o n
S oILellP+ D 1Ll + llell®
]:1 j:q0+1

1 — _ 2.26
>2 S (sl + NLsel?) —ellell +llel> %)

j=1
>[ol?
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where ||.||; is the Sobolev norm of index 1.

So that we get an estimate which fully expresses the innterior elliptic
regularity of the system (0, 0*)

Q(u,u) > [lully (2.27)

for any u € C®(U N Q)* with u|ymsn = 0. Using observation (2.26) for ¢
replaced by u,x for any K, we get

, n—1 ,qo
Q(u,u) > Z Z /bQTijuiK’ajKdS— Z Z/bgrjj’uJPdS

|K|=k—1ij=1 [J]=q i=1

w“ . (2.28)
— !/
+ 3 Ll + D Ll 4+ Y (lunlld
Jj=1 J=qo+1 |K|=k—1
for any u € C>°(U N Q)* N Dom(9*).
Notice that conversely we have
, n—1 ’ qo
Qs 33 [ s = 'Y [ rfusPas
|K|=k—14,j=1" b2 |J|=q j=1 b2
. § (2.29)
Y ILullZ+ Y I Lguld + lullf
7j=1 J=qo+1

for any v € C®(U N Q)¥ N Dom(9*). This inequality is a consequence of
the calculation in the Proposition 2.5 and holds without the assumption of
pseudoconvexity.

2.3 The tangential operators

In our study of ( f—M)k—estimates, we will use tangential pseudo-differential
operators on U N Q with U is a neighborhood of z5 € b§2. These will be
expressed on the terms of boundary coordinates which are defined as follows
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Definition 2.6. If z; € b2 we will call a system of real C*° coordinates,
defined in a neighborhood U of 2y, boundary coordinates if one of coordinates
function is defining function r. We will denote such a system by (x,r) =
(%1, ey Top—1,7) € R* 1 x R and call the z;’s tangential coordinates and r
the normal coordinate.

We denote the dual variables of z by £, and define x - § = 2:¢j; €12 =
Y& For ¢ € C*(U N Q) we define ¢, the tangential Fourier transforms of

@, by

o, r) = /R% 1 e T p(t, rdt.

Denote by A = (1+|¢ 2)2 the standard “tangential” elliptic symbol of order
1 and by A the operator with symbol A¢. For f € C*([1,+00)) we define

Jf(A)e by
F(A)p(€.r) = / 67 F(A)B(E, ). (2.30)
Hence

el = [ [ raotaten Paras 2.31)

In the case f(t) =t°, s € R, we define tangential Sobolev norms by

Hlellls = 1Al (2.32)

Lemma 2.7. Let f,g € C*([1,4+00)) satzsfy hm % +00. Then for any

e >0 and s € R" there exists the constant C@S such that

la(M)ell* < ell f(A)ell* + Cesllfull]2
for any ¢ € C=(U N Q).

Proof. Since hm % +00, then for any € > 0, there exists the constant

te > 0 such that g(Ag) < ef(Ag) for |£] > t.. Hence

wmwwzf AmgmﬁMQMﬁm%+/ Amgm&M@mst

/ /ﬁme (Ae)*[@(&, !drd§+/ /gm (Ae)?|@(&, ) [Pdrde

<ell f(A)ll* + Cesl[ull2..
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O
In R?" = {(x1,...,%9,)|T2n = 7 < 0}, the Schwarz function are smooth
functions which decrease rapidly at infinity:

S ={f € C*(R¥)Va, 3 sup [z*D’f(x)| < oo}
.Z‘ER%”

oP1 oP2n

oz OxP2n

where o and 3 are 2n-indeces and D” = . Recall that a class of

functions F is defined by
F = e (1 +00)|£(0) S 5 £(0) = 0 and |10 < 1) v e 2,

Proposition 2.8. Let f € F; a € S(R*); s € R; and M be the a vector
field with coefficients in S(R**). Then we have

(1) LA, alellls S 1 (B)ellls—r;

(ii) |1 (), Mlellls S NI1F(N)ellls + Dy f(A)el[|s—15
for any p € C=(UNQ).
Proof. The proof of (i) of Proposition follows by Kohn-Nirenberg formula:

o([A, B]) = Z (0/0€)"0(A) Do (B) /; (0/0€)a(B)Dia(A)

(2.33)

k>0

(notice here that the £k = 0 term cancels out ). Using formula (2.33) for
A= f(\) where f € F and B = a € S(R?"), we obtain

lo([f(A),a))] S a(AT1F(A)).
The second part of this proposition immediately follows by the first part with
notice that M = >, ax(x, T)% + bz, r) 2
O
Proposition 2.9. For f € F, the estimate

A1 F(A 90||1§Z||LA FN)el? + Z 1L AT F(A)gl?
ot (2.34)

AT W)l + AT £ (M)l
holds for all ¢ € C>*(U N Q).
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The above proposition is a variant of Theorem (2.4.5) of [FK72]|. The
key to proving this theorem is a passage between functions in C*°(U N Q) to
C>=(U NbQY). This is done by using an extension of ¥ on U N b§2 to U N Q.
Suppose that ¢ € C2°(U NbQ), we define @ € C*({(z,r) € R*|r < 0})
by

w(e)(a:,r) _ /eix'ier(1+5l2)1/2¢(§)d§
so that ¥ (x,0) = ¥(z).
Lemma 2.10. For each k € Z,k > 0; s € R; and f € F, then we have
(i) |IIr* ()]s 2= Cll F(A)llpsmi2
(ii) |11 Drf (M) O[] 2 [ F(A) Pl 042
for any ¢ € C°(U N bQ2).

Proof. (i): We observe that for every positive integer k, we have from
integration by parts:

/O p2kerHE2 g — O (1 |¢2) 5o, (2.35)

Hence, B

Iz e [ [ Oy I P
Sy IR S F{ (R RO GIR: (2.36)

el [F{ENT (e

(i1). Since the derivative D, does not affect the variables in which we
take the Fourier transform, the two operations commute. Hence

D WwE = [ / (L JER) F((L+ 62221+ [€[2)ex D (e, 0) drde
= 5 [ PR Il 0 P
1
= I,
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Then lemma is proven.

g

_ Proof of Proposition 2.9. We prove the lemma for elliptic system {L;} j<4,U
{L;}q+1<j<nU replaced by {S;}i<j<n, where S; € CTU satisfies there exist
no 0 # n € T*U such that (S;,n), =0 for all j =1,...,n.

Assume for the moment that ¢(x,0) = 0, (i.e, ¢|po = 0), which implies
that A~'g(A)¢(z,0) = 0 since the boundary condition is invariant under the
action tangential operators. Using the observation (2.26) to S;’s, we get

AT AWl S (ISAT F (M)l + 1507 F(M)l?) + A F(A) el
o (2.37)
SO ISAT ANl + AT F(A) el
j=1

Next suppose that ¢ may or may not vanish at the boundary. Let ¢}, be the

restriction of ¢ to boundary, that is ¢(z) = @(x,0). We set ¢(© = ¢ — gol(f).

Then ¢ vanishes on the boundary so that the previous result applies to
©© . We then have

LAY S IS AT AR O + A F(A) 2. (2.38)
j=1
Therefore

1A F(A) @l SIFA)RO |2 + (1 F (A1

SO ISAT W+ AT )G + (L (B |
j=1

<y SN R (Al + 15071 F (M) 1P
;[n TRl + 1587 F(A) 62 -
ATl + AT 1P + ()P
SO ISAT FA)el + 1A (W)l
j=1

F AT AA)S 2 4 (1F ()@ ]12 + | DAL F(A) i)
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since the S;’s are linear combinations of %’s and D, . Using Lemma 2.10,
J

the last line of (2.39) is estimated by [|A~2g(A)ey||2. This concludes the proof.

g
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Chapter 3

The (f-M)*-estimates : a
sufficient condition

In this chapter, we give the proof of Theorem 1.10.

3.1 Reduction to the boundary

Since the Property (f-M-P)* act only on u”, the tangential component of
u, so that we firstly show (f-M)-estimate for u7, that is

IF ) MuT[? S Q(u”, u”) + Col[u7[][2;. (3.1)

One of our steps we reduce the estimate (3.1) to the boundary by following
theorem.

Theorem 3.1. Let Q) be the q-pseudoconvex (resp. q-pseudoconcave) at bound-
ary point z,. Then there is a neighborhood U of zy such that

IF(MMT|? S Q™ uT) + Cuall[u||2, + [[AT2F(NMug |7, (3:2)
holds for any u € C(U NQ)* N Dom(9*) for any k > q (resp. k < q ).
Before the proof of Theorem 3.1, we need following lemma :

Lemma 3.2. Let Q) be the q-pseudoconvex (resp. q-pseudoconcave) at bound-
ary point z,. Then there is a neighborhood U of zy such that

do n
/ —
SO NEus 2+ D7 g2+ IDA w2+ s ?) S Q) (3.3)

|J|=k Jj=1 J=qo+1

31
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holds for any u € C(U NQ)* N Dom(9*) for any k > q (resp. k < q ).
Proof. We only need to show
STIDA | S Qusu).
| T|=k

Since D, = aL, +bT where a,b € C*(Q2) and T is tangential operator order
1, thus

1D, A g 1 S ([ L |2+ I TA™ l® S (| L | + Jull* S Qu, ).
O

Proof of Theorem 3.1. Apply Proposition 2.9 for p = Mu™ € C>*(UNQ),
it gives

1/ (A )MUTH2<ZHL/\ L A)MuT]? + Z 1L A F (M) MuT|?

j=1 J=qo+1 (3 )
+ AT A M|+ A2 F(A) Mug |5
For any S € {L;}j<q U{L;j}g+1<j<n N {id}, we have :

Case 1. If M = Mp, where p € A% and M is either every positive

number or 1, remember that
/
=M > |pllugl*:
|J|=k

then
ISAT F(A)MuT|* =M [[SAT F(A) pus |
|J|=k
M7 (A F(A)Sus 2
|J|=k

LS A (A Jug |2+ 1A F(A), ol )

ALY (IA PSP + |47 FA)5 I + DA (A )

|J|=k
/
S (ISu3l2 + 312 + IDA 5 + Cul 312, )
|J|=k
SQG ) + Calllus |12,
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here the second inequality follows by Proposition 2.8; the fourth inequality
follows by Lemma 2.7 and the last follows by Lemma 3.2.

Case 2. If M = M0, where § € AW and M is either every positive
number or 1, remember that

/ n 1 Jo
MuT =M YT D 0= 102w (3.6)

|K|=k—1 j=1 |J|=k j=1

In the same way in case 1, we get
[SAT!FAMT|? S Qu”, u”) + Cul|ul][%4

This completes the proof of Theorem 3.1.
O

Remark 3.3. We notice again that the constant Cys := Cy, if M is every
positve number and C'y := 0 if M = 1.

3.2 Estimate on strip

In this section, we show the Property (f — M — P)* implies the estimate on
the J-strip near the boundary for each § > 0.

Recall that S5 := {z € C": =0 < r < 0}.

Theorem 3.4. Let Q) be g-pseudoconvez (resp. q-pseudoconcave) at the bound-
ary point zy. Assume that property (f-M-P)* holds at zy with k > q (resp.
k < q). Then there is a neighborhood U of zy such that for any 6 > 0

6y / Mu™PAV < Q) (3.7)
5/2

holds for any u € C=(U N Q)k N Dom(d*).
To simplify, define the quadratic form H C’fo(gzﬁ, u) by

n do
a0 = Y S bt — S lul
j=1

|K |=k—1ij=1



34 CHAPTER 3. THE (F-M)X ESTIMATES

Proof of Theorem 3.4. The proof is divided into two steps. In step 1, we
shall modify ®° to ¢° which has property not only on strip. In step 2, we
shall prove the estimate (3.7).

Step 1. By our assumption, for any § > 0 sufficiently small, there is a
function ®> such that

HE (93M oy >c< M| + OOMYym )
L) 2 e (FOT MR S o)
|(I)5,M| < 1
where (IDj.’M = L;(®>M).

The support of u™ on U but the weighted function has the properties only
on the strip Ss5. So that we have to modify ®>M to ¢*M to get the properties
on the whole U.

We define
,
"M = @6’MX(—5)7 (3.9)

where x is the cut off function which satisfies x(t)

I
—
S =
e T
= =
~ o+
(AVARIVAY
— N

and x < 0.

Computation of 99¢*M show that

6,MX _
or @ or(3.10)

HOM ®
996°M —y0apdM _ X A=—00r +2 Re §a¢5M®ar+

and notice that for all j < ¢g with ¢ <n —1

o poM
¢6,M sM X -
i T AT 5

We remark that v, = 0 for any K on U. So that

X(I)d,./\/l
)

We note that we can write r = 2Rez, + h(z1, ..., Zn_1,Yn) iS a graphing
local defining function and denote by z — 2* the projection C* — Q)

k oM T\ __ k oM T k T
Hq0(¢ U ) - XH%(cI) , U )_ qu(r,u ) (311)
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in a neigborhood of z, along the z,-axis. We have the evident equality

(rij(2))5 ! = (rij(2%))iZ,. Thus the second term in right hand side of (3.11)

can be discard since € is ¢g-pseudoconvex.

Combining with (3.8), we have

k oM T k oM T
HE (6"M,u7) > xHE (@M, ")

4o
> ox (FOMT + Y |05 ) -
=1 :

qo
> (X SOEPIMETE + Y |6 ?)
=1
hold for z € U N Q. Here last inequality follow form (¢?M); = x(®>M); for
7 < g and x > x>

Step 2. We apply Proposition 2.5 for ¢ = 1(¢°) and u = u”. First we
remark that

Héco (¢(¢67M), UT) :@Hg() (¢§,M’ u‘r)

N e d 3.13
_|_,¢( Z ‘Z¢§,MU;K|2_Z|¢§,M’2|ur‘2). ( )
j=1

|K|=k-1 j=1

We also have

n—1
_ _ !
197 oyt G gnnny S2NOUT I gonay + 21 D D ()50 1 o)
|K|=k—1 j=1 A
o (3.14)
%, T oM T
=20|0"uT gy +2 D 1D 005 Uil gome.

|K|=k—1 j=1

Thus we get from (2.13), under the choice of the weight ¥(¢?) and k-form
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u”, and taking into account (3.13) and (3.14):
2010uT gm0y + 40" [ 0.0 + Cllu 0.0y
> / Je e Bk (6PM T yay
Q

n—1
[ @ S S Py (319

|K|=k—1 j=1
qo
T ap(pPM 5 M
_ / Jet e I3 M2y 2qy,
j=1

We now specify our choice of 1. First, we want w > 4&2 so that the term in
the third line of (3.15) can be disregarded. Keeping this condition, we need
an opposite estimate which assures that the absolute value of the second
negative term in the last line of (3.15) is controlled by one half of the term
in the second line. In fact, from (3.12), we have

1 ; 5, M . 5, M 1o

Z —¢(6>) oM T _ —h(¢>M) M2y, T2

g 5 B G )V = [ G P Pav
]:

9o
~wer My (Lo sMp2| 712
2/Qe (5o w);:ljw)j 2lumPav.

The above term is nonnegative as soon as 1/1 < 51/1 . If we then set ¢ :=
%eg(t’l) then both requests are satisfied. Thus the inequality of (3.15) con-
tinues as

(3.16)

> % / e OV HE (60 um)dV
Q
L e e p (512 (= T2
> 2¢e ef(07) x( 5)]Mu A% (3.17)
Q

> SIE [ detIMuTPav,
2 S5/2
Here the first inequality come from (3.12) and the last equality follows the
fact x(5) =1 on Ss/s.
Now we want to remove the weight from the resulting inequality. The
weight in the first line of (3.15) can be handled owing to e %) < 1 on
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QN U. Furthermore, since [¢*M| < 1 on U then the term e *@"™) in the
last line of (3.17) can be greater than a positive constant. We end up with
the unweighted estimate

10w |[* + 110" u||* + [u”||* > f(5‘1)2/ MuT[*dV. (3.18)

Ss/2

This concludes the proof of the theorem.

3.3 The proof of Theorem 1.10

In this section, we give the proof of Theorem 1.10. We firstly show (f-M)*
estimate for u”.

Theorem 3.5. Let Q) be g-pseudoconvez (resp. q-pseudoconcave) at the bound-
ary point zy. Assume that Property (f-M-P)* holds at zy. Then, for a suitable
netghborhood U of zy , we have

IFMuT|* S Qu”, u”) + Collu ]2 (3.19)
for any u € C=(U NQ)F N Dom(0*) with k > q (resp. k < q).
For the proof of Theorem 3.5, we use a method derived from [Cat87].
Let {pr} with k = 0,1, be a sequence of cutoff functions with properties
1. > 02 pi(t) =2 1; for any t > 0
2. pp(t) =0 if t & (2871, 281) with k& > 1 and po(t) = 0,¢ > 2.

We can also choose py, so that p)(t) < 27F
Let P, denote the operator defined by

(Pep)(&,7) = pr(€]) (€, 7)

for any ¢ € C°(U N ). To show the inequality (3.19) ,we need following
lemma
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Lemma 3.6. Let 2o € bQ; f € F; a € S(R®*) and S is the operator of order
1. Then there is a neighborhood U of zy such that

(i) I1F(M)ell? 2= 32020 (22N Preel*:
(ii) 3po F2O)2I[Pes aleol* S NIATHF (M)l
(iii) 3520 |[Pe: Slell* S IIDrA™ 0] + [lepll;
holds for any ¢ € C=(U N Q).
Proof. (i): We have

el = [ [ raorietenpdedr

- /Ooo /R f(A£)2<§:pi(|€|)>|s5(£,r)|2d§dr

since Y po,p? = 1. We notice that A¢ = (1 + |¢]?)/2 =2 2% as long as [¢] is in
the support of p,. Thus, it follow

@ = S [ e R
> || @i

SN oL
k=0

(11): We can choose another sequence of cutoff functions {g}, such
that

1. g, =1 on supp(px) ;

2. qp(t) = 0if t & (28722%3) with k > 1 and ¢o(t) = 0,t > 4.
Then

(@) = pr(y)] £ 27 k()| — y] (3.20)

for any z,y > 0 and > ;7 ¢i(t) = 1. Observe that

f([Pk,a]w)(f,T)Z/ [pe(€]) = pe(IT]a(€ — 7.r)@(r,r)dr. (3.21)

R2n—1
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Using (3.20), and Plancherel Theorem and Young’s Inequality, it follows that
I[P, ale]l* < 27| Qpul)® (3.22)
where @)y defined by

Fi(Prep)(& 1) = qr([€])u(& 7).

Multiply (3.22) by f(2%)?; and take sum over k = 0, 1, ..., using result of (i)
for f(|€]) replaced by ||~ f(|¢]) and P, by Qy, we get conclusion of (ii).

(111): The proof of (iii) follows immediately by (ii) with observing that
S=> aj5 890 +b2. O

Proof of Theorem 3.5. By Theorem 3.1, we only need to estimate || A~/2 f(A)(M

Let x;, € C°(=27%,0] with 0 < x; < 1 and x(0) = 1.

We have the elementary inequality

o0 <2 [ lgwparan [ g

77 _92-k

which holds for any g such that g(—27%) = 0. If we apply it for g(r) =
[k (1) PeMu (-, 7) [y, we get

e}

IA2FA)MaT)olly = Y F(25)P27 X (0) PMuT (-, 0)

k=0

IN

-1Zf (242 / Ik PeMu™ () [2dr

J/

-~

1

o0 0
0y 2P / D, (aPiMar (1)) [P

k=0 -

S/

-~

11

Observe that y; < 1 and recall Theorem 3.4 that we apply for P,Mu™ and
§ = 27%. Thus the first sums above can be estimated by

a2
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f) [ InMClPar

9—

=
A
NE

k=0

A
NE

Q(Pyu”, Pyu')

k=0 (3.23)

S D IPOT|P 1P T 1? + ([[Pe, O |1* + [P, 0”1
k=0
S QT uT) + AT DT

where the estimates on the commutator terms follow by Lemma 3.6. we
remark that D,u” can be expressed as a linear combination of L,u” and Tu”
for some tangential vector field 7. Then

IATID ()] S (AT LT[ + || AT T
S NLauT [P+ [
S

Q(u",u").

Therefore,
(1) < Qu",u’).
We now estimate (I1). Since D, (xx) < 2%, D, P, = P,D, and x; < 1, we
get

0

1<y 5@y ([ D) PMu () s

_o—k

w0 b mmr (e Par)

—2—

NE

<3 F2by / | BeMer () |2 (8:24)

_o-k

Eod

0
+ 3 f@2 [ IRD M) P

k=0

<)M + (| (M)A D (MuT) |12,

where the last inequality follows by Lemma 3.6. We now estimate the second
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term in last line in (3.24), as before D, = aL,, + bT', we obtain

A DM? S QAT LM |P + [ f AT M|
| Lw”ll + Coallla 112, + 1 (A) M|
QU ") + ol |72, + [LF(A) M|

N N

Combining all our estimates of || f(A)A~Y2(Mu"),||?, we obtain
IF A2 M < () <Q(u7,UT)+HUTH2+CM\\|UT\|!2_1)+77Hf(A)MUTH2-
Summarizing up, we have shown that
IF M| S 07 Q™ w”) + Col|u” |12y + Il f(A)MuT| [,

Choosing n > 0 sufficiently small, we can move the term 7||f(A)Mu"||* into
the left-hand-side and get

IF MU S Qu™, u”) + Call[u[|2,.

The proof is complete.
0
The proof of theorem 1.10 is proven by Theorem 3.5 and following lemma:

Lemma 3.7. Let Q be a g-pseudoconvex (resp. q-pseudoconcave ) at zy and
U be a neigborhood of zy. For each u € C*°(U NQ)* N Dom(0*) with k > q
(resp. k < q), assume that (f-M)* estimate holds for u™. Then (f-M)* holds
for u.

Proof. From (2.28), it follows

!/
Q' u) Sluli= Y Ikl S Quyw).

|K|=k—1

On the other hand,

1807 = 18u — w)]) < Gl + 15|
1647 = 10" (u — w) | < 0"l + 1%

Hence

Qu",u") < Qu, u) + Q(u”, u”) < Qu, u). (3.25)
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Notice that, we always have
LA M2 S a1+ Culllu” 121 S QCu, ) + Coul[[u” |24
Therefore,
[1f () Mull SILF (A MuT ]|+ [[f (A) Mo
SQT ) 4 Cull[u||[2y + Qu, w) + Ondl[|u”||12, (3.26)
SQ(u,u) + Ol [ul] ;-
Finally, we remark that
CumlllulllZy SCullull®y + 1 DA
SQ(u,u) + Caallu] 21

This completes the proof of Lemma 3.7.

(3.27)

3.4 Some remarks of (f-M)~

In this section we give some remarks of (f-M)F estimate.

Lemma 3.8. Let f > g. Assume that (f-M)* holds then for any ¢ > 0,
(g-TM)* also holds.

The proof of lemma follows by Lemma 2.7.
For example, if f > log, then (f-1)* estimate implies superlogarithmic

estimate. Similarly, if f > 1, then (f-1)* estimate implies compactness esti-
mate.

Lemma 3.9. Let M' = M on b§). Assume that (f-M)¥ holds then (f-M')*
also holds.

Using observation (2.28), we get the proof of this lemma.

Lemma 3.10. If (f-M)* estimate holds then
DA™ F(A) (M) [P S Q(u,u) + Col[[u] |12,
for any u € C=(U N Q)* N Dom(d*).



3.4. SOME REMARKS OF (F-M)X 43

Proof. Since L, is non-characteristic operator respect to the surface r = 0,
there is functions a and b such that

D, = aL, + aT
where T is tangential operator of order one. Therefore
—1 8 2 < —1 T 2 —1 2
IAT2F(A) 5 Mul” SIATF(A) Lu(Mu)|” + AT (A) T M|

<[ Lot + || F(N)Mul|? + Cadllu]l?, (3.28)
<Q(u, u) + Cululf?;.

This is completely the proof of lemma.
O

It is interesting to remark that when 2 is pseudoconvex (resp. pseudo-
concave ) then if (f-M)¥ holds then (f-M)* (resp. (f-M)*1) also holds.

Lemma 3.11. Let Q) be a pseudoconvex (resp. pseudoconcave) at the bound-
ary point zy. We assume that (f-M)* holds. Then (f-M)*** holds (resp.

(f-M)F)

Proof. The pseudoconvexity case. Let

u= Z/ ur@y, € C(U N Q) N Dom(9%).

|L|=k+1
We rewrite
1 (-DF <1
U=-——0 ULy, = — U gwy | N w.
(k+1)! D wib k+1 (k;!z Y J) :
|L|=k+1 1=1 |J|=k
Forl =1,...,n, we define k-forms v; by v; := > u;;@;. It is easy to see that

T=k

v € CX(UNQ)*NDom(0*); Y |u? = (k+1)|ul?and 3 3 (v)ixc (1) ;5c =
=1

I=1|K|=k—1
/ _
k’ Z UiJUjJ.
|J|=k

Using formula (2.29) we have
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n n

> Q) S (ZHL ul?+>° Z /n] v)i dS)

=1 =1 ij |K|=k—1

<(k+1) ZHL u|]2+k22/rwuuuﬂds

iy |J|=k
Sk + )Q(Uau)-

(3.29)

If M € A% | then
D IFMu” = (k + )| f(A) Mul*,
=1

If M e A% we have

n

D Moy = Z Z i)k = kZ Mg = k| Mul*;

I=1 I=1 |K|=k—1 |T|=k
then .
D IF ) Mu|* = K| £ (A) Maul |,
=1
The pseudoconcavity case. Let u = Y. ugwx € C(U N Q)1 N
|K|=k—1
Dom(9*). For 1=1,....n, we define v; = Y." ugwox A € CX(U N Q)F?
|K|=k—1

Using the same argument in pseudoconvexity case we obtain the conclusion
for this case.
OJ



Chapter 4

The (f-M)" estimate on
boundary

In this chapter we shall study the behavior of the boundary value of forms as-
sociated to the d-Neumann problem. In fact, we establish a relation between
the (f-M)*-estimate on Q and bS).

4.1 Definitions and notations

Let M be a smoothly real hypersurface in C". We start with the forms
on the boundary, denoted by Ag’k the space of restriction of element of
A% N Dom(9*) to the boundary bQ. Then AY* is the space of smooth section

of the vector bundle (T*Ovl(]\/[))k on M.

The tangential Cauchy-Riemann operator o, : Ag’k — Ag’kH is defined as
follows. If u € A" and let u’ be a (0,k)-form which restricted to Ap* equals
u. Then Oyu is the restriction of du’ to .Ag’kH.

Let zg € M and U be a neigborhood of zy, we fix a defining function r
of M such that |Or] = 1 on U N M. We assume that € is one of two side
divided by M defined in U. Let Ly, ..., L,, be the local basis for (1,0) vector
fields defined in U, associated with €2, which are defined in Chapter 1.

45
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We can define a Hermitian inner product on AQ”“ by

(0 6)s = /M (0, 1)2dS

where dS is the volume element on M. The inner product gives rise to an
L% norm ||.||p.

In analogy with development in Chapter 2, we also define J; to be the
L*adjoint of d, in the standard way. Thus & : AY**" — A" when k > 0.
The Kohn-Laplacian is defined by

Db = 6[,5; + gl;kgb
Remember that we have already defined
Qu(u,v) = (Opu, Opv)y, + (T, Ojv)p + (u, v)s.

Denote
Ce(U N M)F = AY* 0 C=(U)

the space of smooth (0, k)-forms on the boundary with support compact in
U.If u e C®(UN M)* given by

/
u = Z UJ(DJ.
|J|=k
Then on M, the operator 9, and 5;; are expressed as follows
; n—1
Oyt = Z ZLjU]@jAJ)]+... (41)
|J|=k j=1
and
, n—1
|K|=k—1 j

where dots refer the error term in which w« is not differentiated.

In U, we choose special boundary coordinate (x1,...,To,_1,7). Let £ =
(&1, xon—1) = (§,&n—1) be the dual coordinates to {z,...,xa,_1}. Let
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T, 97, 9" be nonnegative functions in C*({¢ € R*"7!|[¢| = 1}), with range
in [0,1], such that

¥7(§) =1 when &,y > Z\ﬁ and suppy CC {5‘&21171 > %’f”};

V™ (€) = H(=8);
PO () satisfies (&) = 1 — T (&) — ™ (€).
We extend these functions to R**~! so that

§
€] +1

) (€)= b (=), () = ¥

U = v i

Define

C* ={efenr > S1E'):
C ={¢|-¢cecty (4.3)
¢ ={e] - 21€) < s < SIEN)

Then suppy™ CC C*; suppyy~ CC C~; and suppy’ cc C°.

The operator ¥ is defined by
Up(&) = () for e CXUNM);

Vo6, r) =9(€)@Er)  for e CXUNQ).

The operator U+, &~ W0 are defined as above with substitution of ¥+, 1, 4°
for 1, respectively. The microlocal decomposition ¢ = ¢t 4+ o~ + ¢ is inter-
preted as follows

p=CUTp+ (U o+ (V0%
for all ¢ € C5°(U), where ¢ € C*°(U’),U C U’ and ( =1 on U.

We recall some definitions in Chapter 1:

Definition 4.1. If M is a hypersurface and 2o € M then a (f-M)jy estimate
holds for (0, J5) on at x¢ if there exists a neighborhood U of 2 such that

(f-M)y I Mullf < eQuu, w) + Coallullp
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for all u € C*(U N M)*. And a (f-M)j_ -estimate (resp. (f-M); _) holds
for (0, 0;) at z if the above holds with u replaced by u™ (resp. u™), that is,

(f-My  IFOMuTI} < cQp(u,u’) + Cuallu™ |y
(resp.
(f-My— IIfAMu[; < cQu(u™,um) + Cullu™[l5 -y )

Definition 4.2. The hypersurface M is called to be ¢-pseudoconvex at z, if
one of two parts divided by M is g-pseudoconvex at z.

Denoted by QF = {z € Ulr(z) < 0} the ¢g-pseudoconvex part at zy which
is divided by M; and another part denoted by 2. By Remark 2.3, 2~ = {z €
Ul—r(z) <0} is (n —q— 1)-pseudoconcave at zy. Here U is a neighborhood
of zg € M. Remember that w, = Or, then wy,...,w, 1,w} = w, are the
orthonormal (1,0)-forms on U N QO and wy,...,w,_1,w; = —w, are the
orthonormal (1,0)-forms on UNQ~. So that L} = —L, = L,, where L} ; L,
; L, are the duals of w ; w, ; w,, respectively. We define T = %(Ln — L)
and 2 = (L, + L,). So that

0 . 0
. - _ 4.4
L, = " +T; and L, " T. (4.4)

4.2 Basic microlocal estimates on M

This section we show the basic microlocal estimates on M.

In a way similar to Proposition 2.5, it follows

Lemma 4.3. For two indices q1,q2 ; (1 < q1 < qa < n—1), then there is a
constant C' such that

2/|Opully+20105ully + Cllull;

n—1 q2
> Z/ Z(Tz’jTUiKa Uik )b — Z/ Z(TjjTULUJ)g

|K|=k—11ij=1 |J|=k j=q1 (45)

n—1 q2
1 _
#5300 (MLl = YLy}

lJ|=k  j=1 j=a1
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and conversely,

1Obulls+ 1195l

n—1 q2
§2 ZI Z(TijTuiKa uiK)b — ZI Z(TjjTUJ, UJ)g

|K|=k—1ij=1 |J|=k j=q1 (4-6)
n—1 g2
/ —
+33 (Y Il = D Isusl) + Cllul?
|J|=k j=1 i=a

holds for all w € C(U N M)* for any k.
The following lemma is the estimate for u°:

Lemma 4.4. Let M be a hypersurface defined near z, € M. Then there is a
netghborhood U of zy such that

Qu(u’,u?) = u°7,
holds for all w € C*(U N M)* with any k.

Proof. Using inequality (4.5) twice times for ¢; = ¢ = 0 and ¢; = 0;¢q2 =
n — 1 after that taking sum of them, we get

4| Gpull5+4110; ully + 2C]|ull;

n—1 n—1
>2 Z, Z(TijTUz'K,UiK)b— Z,Z(TjjTubuJ)g

|K|=k—11j=1 |J|=k j=1
1 , n—1 ) , n—1 B ) (47)
(Il + 32 I u)
|J|=k j=1 |J|=k j=1

1 :
>y = (e + diam(U)) | Tully — Cel|ull;

where A’ is the pseudodifferential operator of order 1 whose symbol is (1 +

Z?Z}Q |€;]%)2. Choose U and e sufficiently small, substituting u = u° in (4.7)

with notice that ||Au||, > ||Tu®]],, we get
Qp(u”, ") > [AUO[f; > [[Ad®.

The conversely inequality is always true.
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Lemma 4.5. Let M be a g-pseudoconvex hypersurface at zy. Then, there is
a neighborhood U of zy, such that

(1).
Qp(ut, u®) + [T ulf

n—1
= T D (T ruhe, (T )

|K|=k—1ij=1
, q0 L L
=D > (TR (T )
|J|=k j=1

q0 n—1
/ ! _
D D N E210 2 e S S (V21758 [Vl [ [ At

|J|=k j=1 |J|=k j=qo+1

(4.8)

holds for all u € C®(U N M)* with any k > q, where (TT)2 is the

1
pseudodifferential operator of order 1 whose symbol is &3, 1T (€) and
¢’ is canonical cutoff function with ' =1 on supp (u™).

(ii).
Qu(u™,u™) + [ ¥ ullf
n—1
=YY (TR (T by

|J|=k j=qo+1
— , (4.9)

|K|=k—1ij=1

, 2 B , n—1
Y Y ML+ D Ly lF + 112+ 1% ullf o

|J|=k j=1 |J|=k j=qo+1

holds for allu € C(UNM)* with any k < n—1—gq, where (T™)
pseudodifferential operator of order 1 whose symbol is (—&ap_1)
and (' is canonical cutoff function with ' =1 on supp (u™).

1s the

¥ (€)

(SISl
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Recall that M is g-pseudoconvex at zy then there is a defining function
of M such that

, n—1 qo
E E rijuiKﬂjK — E ’l“jj|U|2 2 0 on M
|K|=k—11ij=1 j=1

for any u € C>°(U N M)* with k > ¢, and

n—1 , n—1
E Tjj‘U’Q - E E rijuiKﬂjK 2 0 on M
J=qo+1 |K|=k—11j=1

for any u € C>(U N M)* with kK <n — q — 1, where U is a neighborhood of
20- B R B
Proof. (i): Since T be a cutoff function with supp(¢") C C* and ¢+ =1
on suppy™, we have

+ _ C\If+90 — C(\iﬁ)?\lﬁw — (\TJJF)QC‘I’JFSO + K’ (¢’+)2]‘I’+80-

Then, the supports of symbols of ¥ and [, (@*)2] are disjoint, the operator
[C, (UT)?]¥T is order —oo and we have

(rijTot, %)y =(ri TCT T, (¥ o),
(riiT <w+>2¢w, CU o) + Ol ol )
()i (TH) 2" (TF)2¢ U, CUH)y + O(| U2 ) (4.10)
(rygC(TH)2CUH o, C(TH)2CT )y
+ ([(C) iy, (TH) T2, CUT )y + O[] _y).
From the pseudodifferential operator calculus we get

([(C)?r, (TH)FNTH)2CT g, (U )| S 17 (4.11)

Substituting u;x or u; for ¢ in (4.10), we obtain

n—1 q0
/ !/
> 2 OwTulic iy = > > (T, uf);

|K|=k—11ij=1 |J|=k j=1

(412)
= S S i~ Sl b
|K|=k—11j=1 |J|=k j=1

+O([lu[l) + O Fully o).
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Since M is g-pseudoconvex then the sum in second line in (4.12) is nonneg-
ative if k > ¢ where k is the degree of u . Thus the first part of Lemma 4.5
is proven by applying Lemma 4.3. with ¢; = 0;¢2 = qo and u for u™.

(i1): The second part is proven analogously with notice

n—1 n—1
Z, Z(rijTu;K,u;K)b — Z, Z (rjTuy,u;);

|K|=k—11ij=1 |J|=k j=qo+1

- > Zmé g (T ) ug + Z (ryiC (T 2uy, C(T7)2uy )}

|K|=k—114j=1 |J|=k j=q0+1

+O0(llu[l) + O~ ully o),

and by Remark (2.3), the second line is nonnegative for any k-form u with
k<n-—q-—1. Il

4.3 Basic microlocal estimates on Q" and )~

In this section, we show the basic microlocal estimates on O and Q. We
begin with the harmonic extension. This extension was introduced by Kohn
in [Ko86]; [Ko01].

In terms of special boundary coordinate (z,r) the operator L; can be
written as

0 0
Lj = 5gn5 -+ Z(Z?(ﬂ?,?”)a—xk
k

for i = 1,...,n. We define the tangential symbols of L;, 1 < j <n —1, by

o (x,r,€) = \/_Za

and

o (e E) = — =N 2t (1)) &

k

l\')
)—l
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Note that o is real. We set 0, (z,£) = oi(x,0,€); ol(x,&) = o7(x,0,)
and
7z, €) = \/Z o1 (@, R + lof (O + 1
J

We see that if U is sufficiently small, then oy (x, €) = (1 + |¢]2)z.

Harmonic extension is defined as follows: Suppose that ¢ € C*(U N M)
we define o) € C=({(x,r) € R*"|r < 0}) by

W) = 2m [ e o,
R2n—1

so that o(z,0) = (). This extension is called “harmonic” since Ap™ (x, 1)
has order 1 on M. In fact, we have

2n—1

0
:_ZLL +Z xra—%Jra(a:r)E (4.14)

2n—1
0
:_——i-T2 ZLL —i—Zbkatr?k—i—b(x r)a—

since by (4.6) implies that LnI:_n = 53_227“ — T? 4+ D, where D is a first order
operator. Hence if (xz,r) € U NQT,

A(p™) () = / ) (pH (@, 1, €) + rpP(x,m, £)P(E))dE. (415)
Further more

L™ (x,r) = (Lj)"(w,r) + Ejp(z,7)

where
Eyplar) = [ 5= (a1, ) + 1ol ., 5(6)) e

and

L™ (z,r) = (Ljp)"(x,7) + Ej(x,r)
forj=1,...,n—1.
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Lemma 4.6. For each k € Z,k > 0; s € R; and f € F, then we have
(i) [N F )WL < I1F(A)pllyampmss

(i) 1D f ()™ lls <1 (A)elly a1
for any ¢ € C=(U NQT).
Proof. We notice again that oy(z,¢) = (1 + |€]?)2, then the proof of this
lemma is similar with the proof of Lemma 2.10.

g

Moreover, if o € C(U N Q) we define ¢, to be the restriction of ¢ to
boundary, we have

lenllys < NIl s + Dl (4.16)

The following lemma is the basic microlocal estimates on Q7.

Lemma 4.7. Let QF be a g-pseudoconver at the boundary zo. If U is a
sufficiently small neighborhood of zo then

()
do n
I0elIF S D IL W%l + Y L 00%I + [0 (4.17)
=1 o1
holds for all p € C=(U NQT).
(i)

qo n
Ol S DL ol + > IL 0 el + 1l (4.18)

j=1 qo+1

holds for all p € C=(U NQT).

(1i1)
Jo n—1
LT ®NE S Y0 ILTrelly + > 1LY el + 107l (4.19)
j=1 go+1

holds for all ¢ € C*(U NHOQT).
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Proof. (i): Since suppy’ € C°, then we have
2n—2

L+ EP PP S IEGPIO©P +¢°
j=1

n—1

S 10,0, w097 + ¥°
j=1

n—1 n—1
> O+ (1(0,0,€) — py(w,r, €)) [ (©) + ¢
j=1 j=1

n—1 2n—1
<D mile,r OO + diam(UN Q) Y OO + ¢,
j=1 j=1
Hence
q0 n 3
AT} D T ILP0p|* + > L8]
Jj=1 Jj=qo+1
1 (4.21)
+[[90%]* + diam(U N Q) Y~ [|1D; T,
j=1

The estimate (4.17) follows by (4.21) by taking U with a sufficiently small
diameter.

(i1): For all p € C>°(UNQ), let ¢£h) be the harmonic extension of ¢, =
Pluawn-+-

— — h — (h
1121} S (0 = ™I + 11192l

(4.22)
— h — (h
S~ (e — ™) + 1112~y I13.

Now we estimate |||U~¢!" |||, we have

(4.20)

L¥ g (a,r) = / e @) (a4, €) = of (2,€) + rpi(¢,€) )1 (€) Bu(€, 0)dg.23)

where p;(z, &) is a symbol of the tangential operator Py of order 1. Choosing
U sufficiently small we have of (z,£) < 0 when £ € supp(¥»~) C C~. Then

O'b(I,f) - Ug(l‘,g) 2 |§| + 1L
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So that
=12 SIL, w2 + [P |12 (4.24)

Applying Lemma 4.6 and inequality (4.16) for the second term in (4.24), we
get

Ir Py |12 SIIAY2 0 g
SIATID T2 + ([T (4.25)
SILa T2 + [T ]|
For the first term in (4.24), we have

T _ h 7 _ h = _
|L, 0~ |1 S|\ L, W (90— N2+ | La¥ g2

: (4.26)
SIT (e = )13 + LT,
Combining (4.22), (4.24), (4.25) and (4.26), we get
1197l S 19 (e = o)+ 1 Za ¥l + [0 (4.27)

Finally, we estimate ||¥~ (¢ — (pb 12, Since ¥~ (90—<p1()h)) = 0 on UNHQ then

197 (p = ™I} SIAT (0 — o™)I17,
SHAY |2y + [|AT™ ™2,

q0 n

S ILL |+ ) L LT el?,
=1 i=qo+1 (4.28)
+ P |2y + [[(rPe+ )W W2,

q0 n
SO ML P+ > L0 el + ([l

Jj=qo+1

Here the third inequality in (4.28) follows by (4.15). This is completed the
proof of (ii).

(ii1): For any ¢ € C°(U NbQT), we have

L™ (w,r) = / ¢S (0w, €)= o (v, €)+rm (2, €) ) (€)P(E, 0)de.



4.3. BASIC MICROLOCAL ESTIMATES ON Q" AND Q~ o7

Choosing U sufficiently small we have o/ (x,£) > 0 when ¢ € suppy™ C
C*. So that

qo [_/7‘ n—1 Li

Oy L 0, L:
Ub_al?:za —Ib—aTOb]+ Z Y iaTOb]'
=1 0T j=ao+1 00 b

Since

J
T (. an T .
op+ ot S i<a op + of Jger1<i<n—1

are absolutely bounded. Hence

do
L2 TR S D LT )] + ZHIL\I’+ "My + llrPe* ™3
=1

J=qo+1

. . (4.29)
SY MLVl + > LV llf + 8ol
=1 i=a0+1

O
Using Lemma 4.7 for each coefficient of a form we obtain :

Lemma 4.8. Let Q1 be a g-pseudoconvez at the boundary zy. Then, there is
a neighborhood U of zy, such that

(i)
1%l [ff + 1 ullff S Q(u,u)
holds for all u € C(U N QH)* N Dom(0*) with any k > q.
(ii) )
L2 ()P < Qulut,uf)
2
holds for all u € C>(U N bQYH)* with any k > q.

Similarly, we get the basic microlocal estimates for €2~.

Lemma 4.9. Let Q= be an—1— g-pseudoconvez at the boundary zy. Then,
there is a neighborhood U of zy, such that

()
2%l [fF + [P ]} S Q(u, w)
holds for all w € C=(U N Q™)* N Dom(9*) with any k <n —1—q.
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(11) )
I () PR < Qulu,u)

holds for all w € C°(U NbQ™)* with any k <n —1—q.

4.4 The equivalent of (f-M) estimate on ()
and bf)

In this section, we give the proof of Theorem 1.13. Theorem 1.13 immediate
consequence of the Theorem follows by Theorem 4.10, Theorem 4.11 and
Theorem 4.12.

Theorem 4.10. Let Q1 be a smoothly q-pseudoconver domain at zy € b2 in
a hermitian manifold X with the boundary M. Then

(i) If (f-M)§. holds then (f-N)i . holds where N is the restriction of M
to M

(i) If (f-N)i . holds then then (f-M)g, holds where M is any extension
of N from M to Q such that M‘M =N.

Proof. (i): We need to show that
IFANuF; < Qu*,u®) + Curllut Iy + 1 ullp o

for any u € C®°(U N M)* where U is a neighborhood of z,. Set ul® :=
S uf,h)wj. Let x be the cutoff function on r with x(0) = 1. Applying in-

|J|=k
equality (4.16), we have
1F (AN uF]Z SIAZ X F(A)Mu® 2 4+ [|A2 D, (x f (A) Mu®H)||?
SIFA)MXC (TF)2u® |2 (4.30)
+ ||A’lf(A)DT(/\/lxg’(TJr)%u(h)*)||2 + error

where ¢/ = 1 on supp(ut) and supp(¢’) C U’. The way to insert ¢/(T)2 is
similar Lemma (4.5) and the error term is

error < [[AZuMH|2 4 Cug|AZu®F |2, 4 ([0t a®|? .
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We can choose x such that x('Tzu®* e C(U' N Q). Notice that

XC’T%u(hH € Dom(0*) is always true. Using hypothesis for the term in the
second line in (4.30) and applying Lemma 3.10 for the second term in last
line in (4.30), continuing (4.30), we have

gQ(XCIT%U(hHa XC/T%u(hH) + CMHXC/T%u(hHH% -+ error

n—1
! 1 1 ! 1 1
< Z Z(TijC/T2u+,C/T2u+)b - Z (ri;¢'T2ul, ('T2ul),

|K|=k—1 1j |J|=k
/ 0 n _
+ 3 (I T P + 3 I Tl )
|J|=k j=1 J=1

(4.31)
+ HXCIT%UUL)JFHQ + CMHx(’T%u(hHH%l + error

SQu(ut,ut) + Cudllurt Iy + 0 ullf
q0 n—1
! 1 h 1.5 h 1=
3 (D IA @) + D AR T §0NR) + ALt ()
|J=k j=1 j=1
SQulut ut) + Cudllurt Iy + 0wl

here the second inequality follows by (2.29), the third one follows by Lemma
4.5, the last one by Lemma 4.8.

Proof of (ii). For any u € C(U N Q)* N Dom(9*), we decompose u =
uT H+ur;uT =u" +u" + 0™’ By Lemma ??7 and Lemma 4.8, we have
LA M”12 < [l + Callu” 2y S Q(u, w) + Caallul?y:
LF MU < [T + Collu™ 12y S Qusw) + Cuallul2 ;- (4.32)
LFA)Mu (12 < [ [T + Callu” 121 S Q(u,w) + Coadllull2,.
Moreover, by Theorem 3.1 and (3.25), we have

£ (M) Mu (2 A2 FINN a2 + Q™ uT) + Caqllu” |2,

1 433
SIAT2 FANNug (5 + Qu, u) + Cuqllul 2. 3

Thus, we obtain

1P Mull® SILF)MuT 4 (L ()M 2 )M + () M 3
SIA™2 FAN U + Qu, u) + Cugllul?.- '
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So that we only need to estimate |A~2 f(A)Nu]*||2, we have
A2 OV} < ILFNCA 2 [+ error. (4.35)

Then (A~ 2ub+ € C°°(U N bQ)k, using hypothesis and continuing (4.35), we
get

SQu(CA wb AR + Cud[CA Rty + error

S Z, Z(TijC/T%(gA_%UZ+)iK7C/T%@A_%Uf)ﬂf)b

|K|=k—1ij=1

O ||b+Z||L (A3 )R

|[J|=k Jj=1

] (4.36)
+ [|CA™ 2ub+Hb+CMH<A 2ub+Hb L HUTAT 2ub”b —oo T error

SQCTCA QW w7, (T3 CA 20 )

q0 n—1
> (D ICLATR W)l + > ICEA ) 12)

\J=k  j=1

+||CA 2“bJr||b+C’/\/t||A 2UbJer 1

Since ¢’ Téé A_%( Ut is tangential pseudodifferential operators of order zero.
So that

Q(CTCAT=CU ™, (T2 CAT2CT ) S Qu7, ).
To estimate the last two line above we proceed as follows. For j < o,
since CL]-A*%(UZ’L)J € C*(UNQ), then using inequality (4.16), we have

* —S (T iz —= (0T 10 -7
ICLIA™2 (")l SIA=CL A (u +> P+ 1IA72 2 LA 2 P

S|ILut|)? + H AT'LuTH|? + error (437)
4.37

<Ll |? + ||TA LTt |2 + | Lo A Ly |2 + error

<IZ; uT’H2 + || Ly, u’ 12+ error

SQW™ W) S QT ).

By the same way for the term ||CL; A*l( 1) 5112 with go+1<j <n—1and
for ||CA=2u]"||2. This concludes the proof of Theorem 4.10.
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Il
Similarly, we get the equivalent of (f-M)* on Q= and M:

Theorem 4.11. Let Q~ be a smoothly q-pseudoconcave domain at zy € bS2
in a hermitian manifold X. Then

1. If (f-M)g- holds then (f-N)g _ holds where N is the restriction of M
to bS2

2. If (f-N)§_ holds then then (f-M)g_ holds where M is any extension
of N to €.

Finall,y we show that

Theorem 4.12. Let M be a g-pseudoconvex hypersurface at zy. Then (f—/\/’)’liJr
holds if and only if (f-N);};l*’“ holds.

Proof. We define the local conjugate-linear duality map F* : Ag’k —

AP 1=k a5 follows. If u = Y u;w; then
Tk

Fry = 6{1’

-----

where J' denotes the strictly increasing (n — k — 1)-tuple consiting if all in-
tegers in [1,n — 1] which do not belong to J and E{ijn—l} is the sign of the
permutation {J, J'} — {1,...,n —1}.

Since (¢7) = (@)~ Then

7 N
Fryt = 6%1 ..... }Thl}(u)JwJ/,

Frot=b PRt =ty | Frut || = [lu”];
OpFFut = FF1o5u™ + - -
and
B Frut = F* 19" + - -
where dots refers the term in which u is not differentiated. Hence
Qp(Frut, FFut) = Qy(u™, u™).

On the other hand, we also have ||f(A)NFfut|]?2 = ||f(A)NuT|? In fact,
this inequality follows by the definition of Nut; Nu~ and F* .
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Corollary 4.13. Let M be a pseudoconvex hypersurface at zy and let N €
C>®(M). Then for 1 < k <n — 2, the estimate (f-N)¥ holds if M has one
of following conditions:

1. (f-N)g and (f-N)_ hold
FN)E L and (f-N)p7' =" hold
f-N),. 4 holds for I < min{k,n—1— k}

2. (

3. (

4. (f-N), _ holds for | > max{k,n—1— k}
5. (f-M)E. and (f-M)E_ hold

6. (f-M)E. and (f-M)2'% hold

7. (f-M)L, holds for 1 < min(k,n —1— k)
8. (f-M)L_ holds for | > max(k,n — 1 — k)
9

. Property (f-M-P)* holds on the both side Q" and Q-

10. Property (f-M-P)% holds on the side Q" and Property (f-M-P)"=*-1
holds on the side 2~

11. Property (f-M-P)! holds on the side Q* for | < min{k,n — k — 1}

12. Property (f-M-P)! holds on the side Q= for | > max{k,n —k — 1}
where M is any extension of N form M to QF or Q.
Proof. By Theorem 1.10, Theorem 1.13, Lemma 3.11 , we see that
(9) = (5) & (1)
(10) = (6) < (2)
(11) = (7) & (3)
(12) = (8) < (4)
4) = @) =(2)<Q1)
Thus we only need to show (1) implies (f-M)f holds. It follows from that

fact that
IAWC]]5 < Qy(u,w)

holds for all u € C>°(U N M)*. We get the conclusion.



Chapter 5

Property (f-M-P)* in some
class of domains

5.1 Domain satisfies Z(k) condition

In this section, we consider domain satisfying Z (k) condition at the boundary
point. This class of domains is probably the simplest of non-pseudoconvex
domains.

Theorem 5.1. Let Q be a domain of C" then Q satisfies Z (k) condition at
20 € bS) if and only if

1l )2 < Qu,u)
holds for any u € C(U N Q)* N Dom(9*), where U is a neighborhood of 2
This is classical result of non-pseudoconvex domain. Theorem 5.1 can
be found in [H665], [FK72],... In this section, we give the new way to get

%—subelliptic estimates by construction the family weight functions in the
Property (f-M-P)* when M =1 .

Proof. We assume (Q satisfies Z(k) condition at zy € 0€2. Then Q is
strongly k-pseudoconvex or strongly k-pseudoconcave. There is a number
do # k and neighborhood U of zy such that

n—1 do
/ _
E E TijWikUjK — E rjj]u\Q > \u\Q on UNC (5.1)
j=1

|K|=k—1ij=1

63
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for any u € C5°(U NQ)*¥ N Dom(9*). So that we only need to show Q satisfies
Property (f-1-P)* at zy with f(67!) = 671/2.

We define ®° = —3. For z € S5, we see that ®? is absolutely bounded
and

do

n—1
Hk @(5 T 5—1 ! P C1.,TI2
g, (2%, u’) > Z ZrljuiKqu ZTJ]|U |

|K|=k—1ij=1 j=1 (5.2)
>571|u7—|2

Moreover, L;(®°) = 0. Then the family {®°};- satisfies Property (f-1-P)F.
U

Corollary 5.2. Let M be a smooth hypersurface in C". Assume that M
satisfies Z(k) and Z(n — 1 — k) condition at zo. Then there is a neigborhood
U of zy such that

Hqu,l/Z < Qulu, u)

for any uw € C=(U N M)*,

The proof of Corollary 5.2 follows by Theorem 5.1 and Corrolary 4.13.

5.2 ¢-decoupled-pseudoconvex/concave domain
Let Q C C" be defined in a neighborhood of zy by
r=2Rez, — hi(z1,. .., 2g+1) + ha(Zge, - -+, 2n-1) <0 (5.3)

where 1 < ¢ +1 < ¢ <n—1and ly’s with [ = 1,2 are the real functions
satisfying doh; be semipositive.

Definition 5.3. 2 is said to be go-decoupled-pseudoconvex (resp. ¢;-decoupled-
pseudoconcave) at zp if there are functions P; such that ho(zg,, ..., 2p-1) =

Z;L:_qlg P](ZJ) (resp. hl(zla e 7Zq1+1> = ;11:;1 PJ(ZJ))

Remark 5.4. Since aéhj > (0 then azjgéj > 0.

Proposition 5.5. The domain ), defined by (5.3), is g2-pseudoconvex and ¢ -
pseudoconcave at zg.
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Proof. We consider the basis of vector fields

0 0 0
=y, —l.m—land L, = —.
9z Ty = len—land la =g

Let wy,...,w, = Or be the dual (1,0) forms of these vector fields. We may
choose the Hermitian metric in which wy, ..., w, are orthonormal. Then

L=

q+1 n—1
857” = — Z(hl)ijwi A\ (Dj + Z (hz)ijwi A\ (Dj
ij=1 1j=q2
where (hy);; = 8‘2 g’; for k = 1,2. Hence
q1+1 q1+1
Hy o (ru”) = Z ha) gl |* — Z Z ha)ijui W + Z Z ha )ijuic i 5-4)
j=1 |K|=k—11j=1 |K|=k—11j=¢q2

for any k-form w. If Hq 41(r,u™) > 0, then by Definition 1.2, 2 is go-pseudoconvex
and ¢;-pseudoconcave.

Let F'* be the operator defined as in the proof of Theorem 4.12, then

q1+1 a+1 q1+1

T2
E : (ha)jilu|” = E E (h1)ijuigVr + E : § : (h1)is( F u’ zK’(F UT>3K(5 5)
j=1 |K|=k—1ij=1 |K/|=n—k—2 ij=1

holds for any k, 1 < k < n — 2. In fact, the left hand side of (5.5) can be
rewritten as following

q1+1
/ /
=i X0 el YT 1)l
J=1 |K|=k—1 |K'|=n—k—2
q1+1 . (56)
+ Z (hl)l]< Z UZKU]K+ Z Fk T zK’ F UT)]K,)
i,j=1;i#j |K|=k—1 |K/|=n—k—2

It is easily to check that the term in the first line in (5.6) equals to the right
hand side of (5.5) and the term in second line equals to 0.
Therefore,

H(fl'f‘l(r? uT) = Z Z hl z] zK’(FU JK! + Z Z h2 zjuZKUTA(ES 7)

|K'|=n—k—2 1ij |K|=k—1 1ij
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is semipositive on U N for any k.

O
Remark 5.6. If Q is go-decoupled-pseudoconvex then
-1
q1+1 (r,u” Z 62 Z |u]K|2>Oon UnQ (5.8)
=k I 1K|=k—1
for all k > ¢o. Similarly, if €2 is ¢;-decoupled-pseudoconcave then
12 p ) )
HE (rou” >Zaz] (JuT]? = Z uk?) >0on UNQ  (5.9)

|K|=k—1
for all £ < ¢;.

Theorem 5.7. Let Q be go-decoupled-pseudoconvezity (resp. qi-decoupled
pseudoconvity ) at zy. Further suppose that for each j there is a invertible

function F; with Fj"t(l‘;t') increasing for any t near 0 such that either

0*P; Ej(l5]) 0’ P F5(ly;l)
i) > ) > 5.10
8zj82j (Z]) ~ J,’JZ or szaéj (Z]) ~ y]2 ( )
By reordering, we may assume to be increasing .. F; S Fjiq... (resp. de-

creasing ...F; > Fjyi...). Then (f-1)* estimate holds in degree k; > qo with
FO7Y) = (F(9)7" (resp. k < qu with f(671) = (Fyy,(6))™" ) where F; is

inverse function of Fj .

Example 5. 1 If P;(z;) = |z;|*™ or |z;|*™ then we get e-subelliptic estimate

with e = W If P(z;) = exp( % Il ) OF exp(—ﬁ) then we get (f-1)*
J

estimate with f(t) = (logt) Eseng
Example 5.2. For indices (q,, q) with ¢, < ¢ < 5=, let

r = 2Rez, — h(z1, ..., 24,) —}—ZP ;).

where d0h > 0 and Pj(z;) is defined in Example 5.1. Then we get (f-1)*
estimate at zg for domain Q" = {+r < 0} (resp. = = {—r < 0}) for any
degree k > ¢ (resp. k < n — q — 1) of forms. By Theorem 1.13 , (f-1)*
estimate for system (0, 0;) on M = {r = 0} holds for degree k between ¢
and n —q—1.
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Proof of Theorem 5.7. We may assume that 822,(1;; (zj) > % for each
§OZj ~ Fi
2p. . .
7 because if %(zj) > %ﬁz‘m) we change coordinate by z; 1= iz;. Let C be

the postive constant such that C' %(zj) > %
jOZ5 b

The case q-decoupled-pseudoconvexity : For each degree k of forms (k >
@2), we define the family of weights by

n—1 2
o _ ol _ Y%
P, = C 4jzkexp( 4F,;‘(6)2> (5.11)

then ®’s are absolutely bounded on S;. Computation the Levi form of &2
shows that

85@6—C’agr+ ! n—1< — x? )e (— x? Ywi A @
FTUTS AR & T 2R T aE e
Then
k 6 T ¢ k T
qu—l-l(q)k?u ) :gH(h"Fl(T’u )
n—1 2 2 5.12)
1 T T / (2
+ * 1 - *J eXp<_ *J ) ’uT ’ °
257 (0)? Fk( 2Fk(6)2> AF}(5)? Kél I
Combining with (5.8). (5.10) and (5.12), we obtain
n—1 2 2
1 F;(|z;)) 1 x5 xs /
Hk (I)(; N > ) J . J o J T |2
q1+1( o u’) > - ((5 xg + 2F ()2 (1 2F,:‘(5)2) exp( 4F/§(5)2)>K§_1|%K|
" - (5.13)
=D (A +B)) Y lul
j=k |K|=k—1
where
1 F(|x;]) 1 x? z?
A==\ g 1— I,
ITS T 2F,j(6)2< 2F,j(6)2> exp( 4F,;"(5)2)

Notice that A; > 0 for any j. For each j (k < j <n — 1), we consider two
cases of |z;]:
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Case 1. If |z;| < F}(0), we have

B; > > R (6) 7
J—4F]2<(5)2€ = C k() )

hence
Aj + Bj > F;((S)iQ
Case 2. Otherwise. we assume |z;| > Fj(d). Using our assumption %

increasing, it follows

4o VE(z) (1 1
76 a? § Fy(0)? § Fy(6)?

But in this case, B; can get negative values; however, by using the fact

o2
rtr;i?{(l —t)e ) = —2¢73/2 for t = SFEGE 2 + we have
Z3

B; > —e 2 Fr(6)72

This imply
AJ’ + Bj > F:(6)72

Therefore, continuous our estimate in (5.13), we obtain

n—1
/
Hy ((@0,07) > (07 Y Jujgl’
j=k |K|=k—1 (5.14)
> f(3)?[u?

n—1
here the last inequality follows by > >>" |ulx|* > > [uj]? = |u|*. More-
J=k|K|=k—1 |T]=k

over, we see that (®); = % = 0 for any j < ¢, +1. Hence Z;“:ng [(®2),u7|? =
0. Thus the weights ®? satisfy Property (f-1-P)* . Applying Theorem 1.10,
we get

1 (A)ull* £ Qu, u)
for any u € C>°(Q N U)* N Dom(9*) with f(671) = F{(§)~ .
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The case q-decoupled-pseudoconcavity : For each k < ¢;, we define the
family of weights by

k+1 2

s _ AT Y
<I>k_05+4;exp( 4F,;*+1(5)2)’ (5.15)

In the same way to above argument , we get ®¢’s are absolutely bounded
on S5 and

k+1

!/
HE (O 07) >Fea ()2 (WP = D7 i)
j=1 |K|=k—1
/ .
>Fen @) 2 ((k+ Dl 2= 3 ugel?)
J=1|K|=k—1
> Fia(8) 2 2.
Now we need to show
q1+1
He (@, 0) > (0 1@])[2) w2 (5.17)
j=1

We note that (®2); =0 for k+2 < j < ¢ + 1 and

2 2
T Ij

(@il = 85%(5)_2(21?;25)2 eXp(_zF;(é)”) SEOT 61

for 1 < j <k+ 1. So that, from (5.16) and (5.18) we get (5.17).

0

5.3 Subelliptic estimates for regular coordi-
nate domains

We state precise subelliptic estimates for the d-Neumann problem over the
class of reqular coordinate domains of C™.
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We consider a domain 2 defined by

2Rezn+2|fj(z)|2 <0, with f; holomorphic, f; = f;(21,...,2;) and 977 f; # 0.
=1

(5.19)
This is called a regular coordinate domain; the inequality which defines €
is denoted by r < 0. We discuss subelliptic estimates for the 9-Neumann
problem on €2:

lll? < loullg + 10" ullg + [lull  for any u € C2*(U N Q)" N Dom(0").

(5.20)
Our problem is to find the optimal €. There are several relevant numbers
related to €2:

e m=my ... -my,_1 the multiplicity.

e D the D’Angelo type defined as the maximal order of contact of a
complex curve with 9Q. Note here that since 3 |f;|* > [2]*™ then

necessarily D < 2m.

e ¢ the (optimal) index of subelliptic estimates. It satisfies
1 ! )
5 Catlin 1983 [C83], €> o D’Angelo conjecture 1992 [7].
m

We define a new number . For this, we write

1 )\]:*1

s . Al
fi=9i(z1,..,25) + 27 + O(z JH) for g; = O(27, ..., 27 ).

Let jo, jo > 2, j > 2, be the first index with the property that g; is indepen-
dent of z; for any j < j, — 1 and write I/ for the minimum between X’ and
m; (resp. m; —n for any n > 0) when ¢ < j,— 1 and j < j,— 1 (resp. j > j,),
and otherwise put l; = 1. Define

&

. ‘] .
;= min —;, = minvy,. 5.21
%= iy = min (5.21)
Note that 5~ < 2 < % Here is our main result (which is also presented in
[?7] with 2 replaced by 5-).
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Theorem 5.8. Let ) be a reqular coordinate domain and let vy be the number
defined by (5.21); then we have e-subelliptic estimates for e = 3.

Example 5.3. For the domain of C™ defined by
n—1
2Rez, + |2 |° + Z|z;nj - ;7,1|2 <0, l; <mj_1 <my,
j=2

the number « is given by v = Tf# We claim that e = 3 = %. The
1 Mnp—1 L

first equality follows from Theorem 5.8. As for the second, we can easily find

the critical curve I' with the maximal contact with 0€2; this is parameterized

over T € A by

[ S
T (rmy rmemy 7, 0).
! l
In fact, we have r|p = |7'%|2 + | S — ﬁ'm%ﬂ +... = |7'%|2 and therefore
D> % On the other hand € = 1 < & by Catlin 1983 [C83].

Example 5.4. For the domain in C? defined by
5 .
2Rezs + [2” + |25 + > _¢;zdz + O(2]))* <0,
j=0
with «; > 3 for any j, we have v, = }L, Yo = 6%1 and v = 7».
Example 5.5. Let us consider in C* the domain defined by
2Rezs + |27]" + |25 + 21" + |25 + 282 + 2323]" < 0.

_ 1 _ 3 — min(3b a 3
Here 71 = 5, 12 = 57 and 13 = r;lm(a.4~4’ 647 64

a > 3,and b > 4, we have v = £;.

Proof of Theorem 5.8.

In order to establish (5.20) it suffices to find a family of bounded weights
{¢°} whose Levi form satisfies over the strip S5 := {z € Q : —r(z) < §},
the estimate 90¢%(2)(u,u) > 6 7|ul?> for u € C". We choose a > 1, put

aj; = a(mj41...m,) and choose a smooth cut off function y with y = 1 in

[0,1] and x =0 in [2,4+00). We define
§(mji—h)y;
e (ot 57

) and 7y = ~3; in particular, if

n mj—l
| log 5| (mj—h)a

) 1
i=de b=1 (5.22)

~ |z | 2] 4 679
+c;x( =) log (o — ),
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87 (mj*h)

where % = : notice that log* ~ logd. The weights ¢° that we

have defined are bounded in the strip Ss. When calculating the Levi form,

we observe that 90r(u,u) = Y |0f; - u|* and 85|8ij|2(u,11) = 100% f; - ul?
) J
and finally 99|z, |*(u, ) = |u;|®. Thus, we have got a decomposition

n MmMj—

004’ (u, ) ZA +) Z B} + Z(JJ, (5.23)
j=Jjo h=1
with the estimates
Aj > (5*1|8fj - ul? for any z € S,
log § )’Y] . 6(m~7h)’yv
Bl > 5 w%magjfj cuf? it [0 £ < T T
Cj > o~ 77|Uj|2 if |Zj|2 < 0%,

We note that the A;’s and BJ’-“S are positive for any z but, instead, the Cj’s
can take negative values when |z;| > 67 ; however, |C;| < ¢ |u;|? and thus

the C}’s are controlled by the A;’s and ij-“s. We define
Dj=A;+C; forj<j,—1,  Dj=A;+ > BI+C; forj>j.
h<m;—1

We wish to start by proving that, when j < j, — 1, then

ZD" E Zé*sm

1<j 1<j

21‘2(Si*1)|ui|2 for any s; < m;. (5.24)

We use induction and show how to pass from step j — 1 to step j (the step
j = 1 being elementary). We fix our choice s; = l; and remark that

A+ Y D> of a6

i<j-1 i<j—1

> 30 P gl = [P ]+ Y 5

i<j—1 i<j—1

Zi|2(l}—1)|ui|2

(5.25)
This proves (5.24) for s = m;. On the other hand, we have

Cj 4 57 |21 > (57 4 573 |5 2051 g2, (5.26)
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This is clear for |z;|> < §%; otherwise, C; gets negative but it is controlled
by the second term in the left of (5.26) for small ¢. By combining (5.25) with
(5.26) we get (5.24) for s = m; and s = 1 and thus also for any 1 < s < m;.
This concludes the proof of our claim (5.24).
We pass to treat the terms D; = A; + ZB]h +C; for j > j,. We begin
n

by an auxiliary statement: if for some ¢ with j, < ¢ < j — 1 and for any
1 < sy < my, we have

ZDi, >0 IOg(S ai_1|ui]2+ Z o UZ‘/|2+ Z oS zi/|2(si’_1)|ui/|2,
i'<i Jo<i'<i—1 i'<jo—1
(5.27)
then we also have
> "Di > 67 log 8% uy|*. (5.28)
i<j
We prove the implication from step j — 1 to j. By choosing s; = lj-/ in (5.27),

and observing that, if i < j — 2, then 677 > ¢~ 71| log §|* for any a, we get

At DDz 30 5 (105 Pl — 12 POl

Z'Sj—l Z'Sjo_l
+ 26*7j71| ]Ogdyajflfl (|az]~fj’2|uj|2 B |u7’|2) T Z D:
i>jo =

> 077 [og 87170, £ 2 |uy[*.
(5.29)

(mj=1)7;
If now [0, f;|* > ‘ o

10g5‘<mj71)aj )

then (5.29) can be continued by
> 5—7j—1+(mg'—1)w’ 10g5’(%71—1)—(mg‘—1)% ]uj|2
> 57| log 81 us .

If not, we pass to use Bj instead of A;. In this way we jump from 82 fi

to (‘9?1_+1fj until we reach B;nj*l; since |z;|* = |8Zj71fj|2 is smaller than
% (otherwise we would have used the former term B;nj_z), then B;nj !
is bigger than the right side of (5.28). This concludes the proof of the auxiliary
statement.

We show that, for any value of |z;|?

> Di> 670wy, (5.30)

i<j
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whereas, when |z;]? > §7%

ither 677 |log 6]% ! |u;[?
S, geher e Tl (551)
=~ |or 6z |2 |y |

For j < j, — 1, the claim has already been proved in (5.24): the second
alternative in (5.31) holds. If |z;|* < §%, then C; > ¢d % |u;|?. Assume

therefore |z;|* > 6% and suppose (5.31) true up to step j — 1; we prove that
it also holds for j (which implies (5.30)). First, if in the inductive statement
it is the first of (5.31) which is fulfilled at some step i with j, <i < j — 1,
the first is also fulfilled at step 7; this follows from the auxiliary statement.
Otherwise, assume we have the second for any i < j — 1; (we surely do have
for any i < j, — 1). Now, if for some i < j, — 1, we have |z > |z;|™ !, or,
for some j, <1i < j—1, we have |z;] > |2;|™ !, then, owing to |z;| > 6%, we
have I 2(15—1)
—11, |2(m;—1 =il —n 5 ; ;
{5 ‘Zi‘( ?25 ]"Zi‘ T isde =L (5.32)
5ot | 20mi 1) > g, P>

To prove the second of (5.32), it suffices to notice that §=7i-1|z]2(m=1 >
§ it (my=1)(mi=1) > §=%-n_ Ag for the first, we notice that

71+(m¢fli-)7j- 1'yj ;
—  — ? -
5 1| i|2m, 1 > ;)“ J l] |ZZ‘|2(IJ 1)

Uy~ =1)v; i_ i i
2(5 J i |Zi|2(lj 1) 2(5 1 n|2i|2(lj 1)7

(because I5 < m; —n). This proves (5.32). By (5.32), the second of (5.31) is
converted into the first in the inductive statement for i < j—1 (and thus also
for j owing to the auxiliary statement). Thus the only critical case occurs
when both the inequalities

(5.33)

|Zi’l} < |Zj’mj_17 1 < jo - 17
|z < z™7h 0> o,

are fulfilled. But we have in this situation

jo_l

m4i— 1
0, i 2 |77 = 2 (lei
i=1

> |z;[2ma =Y,

45

1=Jo



5.3. REGULAR COORDINATE DOMAINS 5

which implies A; + >, D; > §%-1]z;|2mi=V]y;|2. This yields the second of

(5.31). Thus induction works and brings us to step j = n. At this point we
can disregard (5.31) (though it did a great job for the inductive argument):
(5.30) for any j < n yields the conclusion of the proof.

g
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Chapter 6

Global regularity and local
regularity

6.1 Compactness estimates and global regu-
larity

In this section, we will discuss about compactness estimate implies global
regularity.

It is well-known that (global) compactness estimates implies global regu-
larity. The globally compactness estimate can be defined as : for every positive
number M, the estimate

Mlull® < Q(u,u) + Cullull2, (6.1)
holds for any u € C*°(2)* N Dom(9*).

The idea of the proof is very simple. By using elliptic regularization one
sees that the global regularity for the 9-Neumann operator holds if

[ulls < 1[Bulls (6.2)

for any u € C*(Q)¥ N Dom () and for any integer s. Moreover, since the
operator [, it is non-characteristic with respect to the boundary. Hence

lulls < 180l + IA* Dulf? (6.3)

7
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where D is the differential operator of order 1 and A is the tangential differ-
ential operator of order s. By Lemma 3.10, the estimate (6.1) implies that

M| DA™ u]l* £ Q(u, w) + CuallullZ;. (6.4)

In fact, it follows by the non-characteristic with respect to the boundary of

L,; the operator D can be understood as D, or A.

We now estimate the last term of (6.3), we have

M| A Dul|* SM|IDA™ A + Mlu||Z_,
SQAu, Au) + Cyrlulls,
S(ADu, A%w) + ([0, A%ull” + [0, A%ul]®
+ (07,10, ATull* + 1[0, (07, AJull* + Carlull3—
SIADul* + A Dul® + A2 D*u||* + Carflullf
SIBull? + A" Dull* + Corflull3

(6.5)

where the second inequality follows by (6.4). Then the term [[AS~! Du||* can
be absorbed by the left-hand side term when M is sufficiently large. By in-
duction method, we obtain the estimate (6.2).

In the chapter 1, we have introduced the locally compactness estimate at
boundary point by

Mlull* < Qu,u) + Carllull2, (6.6)

for any u € C®(U N Q)* N Dom(9*), where U is a neiborhood of a given
boundary point zy. The following lemma will obtain global estimate from
local estimate.

Lemma 6.1. Let Q be a bounded domain. Assume the the estimates (6.6)
holds at any boundary point. Then (6.1) also holds.

Proof. Let {Cj}évzo be a partition of unity such that {, € C°(Q2) and
each (;, 1 < j < N, is supported in coordinate patch U;, (; € C(Uj),
QCQU(UUj) and

N
ZCJZ =1 on Q.
§=0
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Let u € C*(Q)* N Dom(d*), we need to show (6.1). For j = 0, Form the
interior elliptic regularity of the OJ (see (2.27) ), we have

1Coullf S Q(Cou, Gow).
For every positive constant M, using the Cauchy-Schwarz inequlity

M || Goull® < lISoull; + CarllGoull,

Hence
M||¢oull* SQ(Gou, Cou) + CarllGoul? (6.7)
SQ(u,u) + Carllull2y. '
Similarly, for 7 =1, ..., N, using hypothesis, we have
M| Gull® SQ(Gu, Gu) + Curl|Gull2, (6.8)
SQ(u, ) + Cullull?,.
Summing up over j, the lemma is proved.
O

We conclude the results without the proof in the following theorem.

Theorem 6.2. 1. Let () be the smoothly bounded q-pseudoconvex domain
at any boundary point in C* , n > 2. Assume that compactness esti-
mates holds on (0,k)-forms with ¢ < k <n—1 (resp. p < k < q) in
a neighborhood of any boundary point . Then the O-Newmann operator
Ny on (0, k)-form is global regqularity.

2. Let §) be the smoothly bounded annulus in C* , n > 3, defined by 2 =
01\ Qy where Qy C Qy and Q is p-pseudoconvez and Qs is (n—q—1)-
pseudoconvez. Assume that compactness estimates holds on (0, k)-forms
with p < k < q in a neighborhood of any boundary point . Then the
O-Neumann operator Ny, on (0, k)-form is global reqularity.

3. Let M be the smoothly compact q-pseudoconvex hypersurface at any
local poin in C" , n > 3. Assume that compactness estimates holds on
(0, k)-forms with ¢ < k < n — 1 — q in a neighborhood of any point in
M . Then the Green operator Gy (Gy := ;") on (0, k)-form is global
reqularity.
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6.2 ”Weak” compactness estimates and global
regularity

The purpose of this section is to present that global regularity follows by an
estimate which is weaker than compactness estimate in a bounded pseudo-
convex domain. In fact, we will show the following theorem

Theorem 6.3. Let 2 be a smoothly bounded pseudoconver domain in C".
Assume that for any positive constant € > 0 there exists a defining function
r€ of Q with 35|re [2 =1 on bQ such that

k

/ n 2 _ _
S|t < cldul + 1ol + Cll?, (69)

|K|=k—1 ij

for any u € C>=(Q)*N Dom(0*). Then the Bergman projection Py,_, is exactly
(global) regular, that is,
[ Pe-reells S flevlls

for s >0 and all a € Hy(Q)F.

Let U be a neighborhood of b§2. For any ¢ > 0, we may assume that the
defining function r := r¢ of Q satisfies >_,_, |1, |*> # 0 on U. We define (1,0)
vector fields as follows

1 = ) _ 9
= <n T 5 rz,=—; I'=N—-N and Lj=—-——r,N
Dk Iz ? =~ "0

N
(9zj J

for j =1,...,n. Notice that T"and L;,1 < j < n are tangential; T=-T.
Firstly, we consider u € C°(U N Q)%. Using integration by part we get

IZjull® S ([Lg, Lylu, w) + | Lyul® + [Jul?

, (6.10)
< Mlullv-flall + [ Zyul?

Denote S = span{Ly, ..., L, > 9 Id}.

0z17 """ 0z1

Proposition 6.4. Let s € N; S € S then we have

1Sulls-y S N0ully + 10" ulliy + llulls—1-[lulls (6.11)

s—1 ~o
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and
Jull3 S NOullZy + 10 w2y + lullomr-lulls + | T%ul]? (6.12)

for any u € C=(U N Q¥ N Dom(0*). Moreover, for u € C(Q)* N Dom(d*),
we have

lulleyr < N10wlZ + 1107 ullS + [lulls-, (6.13)

Proof. The proof of (6.11) follows by the fact that

~

ou _ .
||£II§_1 S N0ull?y +10%ull?_y + [Jull?, (6.14)
J

for j=1,...,n; and

ILjulliy S 0wz + 10" ullZy + llullsmr[lulls (6.15)

s—1 ~o

for j = 1,...,n—1. (The inequalities (6.14) and (6.15) may be found in [BS91,
p.83]; or in [CS01, Section 6.2]. The proof of (6.16) follows by the induction
in 7 that

1 T7ull2_; S 0ullz_y + [0 ull3-y + Nulls—alulls + 77 ] (6.16)

s—j ~ s—j—1°

The last one follows by the elliptic holds in the interior of domain.

U
Lemma 6.5. (i)
(52 T1 =6, + Sjo (6.17)
j
1 e ,
where 0; ST ;Tzizjrzw and Sjo, € S
(it)
0 s s+1 25—1
(5 T =2s6,T°% 4 A371S; (6.18)
j

where A?S_l are the tangential differential operator of order 2s—1, and
Sis €8
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Proof. By differentiating and using formula a%- =r,; T+ Lj+r,, L,, we
get the proof of lemma.

g

Proof of Theorem 6.3. For any s € N, we will show by inductions that P,
is exactly continuous on H*(Q) for l=n—1,...,k — 1.

Since N, is elliptic, it follows that P,_; = I —0*N,,0 is exactly continuous
on H*(Q)"!. The induction hypothesis is that Py is exactly continuous on
H*(Q)*. We need to show that Pj,_; is exactly continuous on H*(Q)* for any s.

We firstly prove that
1Pe-rll? S Nl + | Pr-ralli_y (6.19)
for any o € C=(U N Q)*~1. We have
(I — Pp_1)a = 0*Nyda € C=(U N Q) N Dom(d%).
Using (6.16), for u replaced by (I — Py_1)a, it follows
I( = Pe-v)olZ S99 Nidal|Z_y + (I = Pe-y)alli_y + 1T°(1 = Pk—l)algém)
Shells + [1Pe—ralliy + 17 Pera]®
Hence
1Pe-rell? Sllall? + | Pe-rallioy + 177 Pesa? (6.21)
Similarly, by using (6.11), we get
1SPe-ralliy Slledls + [ Pe-rallsll Pr-rarlls-s (6.22)
for any S € S.
Now, we estimate the last term of (6.21). We have

|T%Py._1a||* =(T*Py_1c, T°at) — (T* Py_1cx, T*0* N;,O)
=(T*Pp_1a, T*) — ((T*)*T*0P;_1cx, N, Ocx) (6.23)
— ([0, (T*)*T*) P,_1cx, NpOav)
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Since OP;_1cv = 0 and
[0, (T*)*T*] =[0, T*] + (9, (T*)" — T*)T”]

=250T% + Y  A%S;[;
; 7 (6.24)

=25(T*)*OT> + Y (C3)*B;™'S;1;.
J

where A?S_l, B;_l and C are the tangential operator of order 2s —1; s — 1
and s, respectively; and I; : A%F~1 — A% such that

]_jU: Z Uszj/\dzj

|J|=k—1

Continuing (6.23):

=(T* Py, T*a) — (02T Py, T°NyDar) + > (B S;1; Proyev, C3 X Nydov)

J

6.25)

1 _ _
-—@w%}]@aﬂm4+mvwwwﬁ
J

Ve
Using hypothesis of this theorem, we have
10*T° Npda||* Se(||0T° Npda||* + [|0*T° Npda||*) + Ce|| T Npdar||?
Se([|[0, T*INOa||* + || T°0" Nda||* + (|07, T*] Nyda|?
+ C||T* N0l ,
Se([NkdalZ + [[Parall + llol2) + Cel| Nidall;
Combining (6.21);(6.22);(6.25) and (6.26), we obtain

1Pe—sellZ Slells + [1Pe-salls-y + Vel NkdalS + CelINdallZy (6.27)

<Ve(l|Pe-sal? + |Nidal2) +

86.26)

We use the Boas-Strauble formula in [BS] for da, o € H*(2)F~! we get
Nipda = Pywi Ny y0w_y(I — Py_q)a

where N j is the solution operator to the weighted 0-Neumann problem with
weight w,(z) = exp(—t|z|*). Using Kohn’s theory (see [Ko65]) implies that
N; ;0 is also exactly continuous on H*(2)¥~!. Therefore

INkOalls < llolls + 1 Pe-rells (6.28)
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for any o € H*(Q)*~1. From (6.27) and (6.28), we get (6.19).

Finally, for any o € C>=(Q)F we can write a = Y, + Y20 where x; €
Ce(U N Q) and xy € CZ(Q)*
We have

| Pecrc)? SN Peci (a2 4 || Peo1 (x20) |12
Slhaal? + [P (o) 1221 + [Ixeells + [ Peei Oa) 122, (6.29)
SlallZ 4+ 1P aa) 1221 + | Pe1 O 15—

for any o € H5(Q)*1.

Since ||0*Npoa||?> = (0*Npda, 0* Npda) = (Oa, Npda) = (a, 0*Nypda),
hence || P._1af| < Jlafl. We assume by inductive method that ||Py_1a* ; <
|a]|?_, for any o € C°°(Q)*, then by (6.29) we get

1Pe—re[2 Sllevll2 (6.30)

for any a € C*(Q)*. Using the method of elliptic regularization as in [KN65];
[FK72], we past from the a priori estimate (6.30) to get the conclusion of
Theorem 6.3

U

6.3 Superlogarithmic estimates and local reg-
ularity

In [Ko02], Kohn proved that superlogarithmic estimate of system (0, 9;)
implies local regularity of the operator Db_l; and superlogarithmic estimate
on positive microlocal of system (0y,d;) implies local regularity of the O-
Neumann operator. The purpose of this section is to prove the local regu-
larity of the O-Neumann operator and Bergman projection by using Kohn’s

technique.

Theorem 6.6. Assume that (f-M)* holds in a neighborhood of zy € Q0 with
either f > log; M =1 or f =log; M = % for any € > 0. Then if u € Lg’k
such that Du = o with o € Lg’k whose restriction to U in C* then the
restriction of u to U 1is also in C*°. Moreover, if xo,x1 are the canonical



6.3. SUPERLOGARITHMIC ESTIMATES AND LOCAL REGULARITYS85

cutoff functions with suppxo C suppx1 C U and x1 = 1 on suppxo, then for
each integer s > 0, we have

1F (A)xoulls < 1A xaallf + [lull®.

Proof. For each integer s, we interpolate a sequence of cutoff functions
{¢ j2~5:0 such that (o = x1; C2s = Xo0; and ¢; = 1 on a neighborhood of
supp(j+1. For m =1, ..., s, we define the operator

sCm—1(@r) _

Rl = [ gt (e e
RQn—l
Since the symbol of (A™ — R™)(s, is zero,

£ (M) Comull[7, SIFA)R™ Comul|* + || f (M) Gomul|?
SIF(A) m R Cogm-1yul?
+ [ F(M)[R™, Cam) Cam—nyull? + 1 f (A) Comul|® (6.31)
S.;||f(A)CZ(mfl)ngﬂmfl)uHZ
+ (A, Com] B™ Cogm—vyull® + | F(A)[R™, Com] Co(m—nyull* + || f (M) Camu]|.

From the calculus of pseudodifferential operator we conclude that the last
line of (6.31) is dominated by ||| f(A)Com—1)ul||Z_1- So that

1F (W) Gmulllz, S 1LF (D) Coim-—1) B Copm-nyull® + || F(A)Copm-1yull7-1- (6.32)
Similarly,
11D A7 (A Camulll, S NDATF (M) Cam—1y B Com—nye|* + (1 £ (A) Cam—ryul 5, (6.33)

~ Denote A™ = Ca(m-1) " Ca(m-1), then (A™)* = A™ and A™u € C*(U N
Q)*NDom(d*) if u € A% NDom(d*). Using hypothesis and Lemma 3.10, we
obtain

11 (A) Gamul[7, + DA™ (A) Gl [, S Q(A™u, A™ ) + || f(A) Can—ryull7,(6-34)
Next, we estimate Q(A™u, A™u), we have
|0A™u||* =(A™u, DA™ u) + ([0, A™u, DA™ u)
=(f(A)TA™O*Ou, f(A)A™u) + ([0, A™u, 0A™u) + ([0, A™*u, 0" A™$.35)
+ (f(A)THA™, ", Ou, f(A)A™ ).
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Similarly,

19" Al =(F(A) " A700"w, f(A)A™u) + (107, 4™, 6" A™ ) + (8", A™]"w, OA™) o
(PO 5, F(A)A™). |

Take over sum of (6.35) and (6.36), and using the (lc-sc) inequality, we obtain

Q(A™u, A™u) <[ f(A)"PA™Ow]? + error

6.37
<I1F(A) " Camory D2, + error (6.37)

where

error =10, AMull + 10" A Jull + 10, A"Vl + 1%, A" ull
LAY AT, O, 07 ulP + (M) A", 07T, Ol + [ A

Now we estimate the error terms. First, we consider ||[, A™]ul|?, by the
Jacobi identity

[éa Am] :[5a C?(m—l)RmCZ(m—l)]

_ _ _ 6.39
=0, Gm-1)| R Co(m-1) + Com-1) [0, R™]Co(m-1) + Co(m—1)R™ [0, Cz(m_1< )

Nk

Since the support of derivatives of (y(,,—1) is disjoint from the support of

Com—1 in the operator R™. Let D is % or D,, we have
J

[CI,D, Rm] = mD(C?m—l) log AR™ + [CI,, Rm]D
Hence

110, A™Jul|* S|llog AA™ul|* + ||log Aa(m-1yullm—y + [lull®

. (6.40)
Sell f (M)A ull* + [|f (M) Cam-1yully + Cellull*.

here we apply Lemma 2.7. Arguing similarly we can bound all the term in
(6.38) we obtain

error Sell f(A)A™ull® + || f (M) Gapm-yullf_y + Cellul®

6.41
<eQ(A™u, A7)+ | F(N omorl s + Clufz &4

where the last inequality follows by using again the (f-1)* estimate. Therefore

Q(A™u, A™u) < I F(A) ™ Cogm—ny Bl I, + 11 (A)Com—ryullp, 1 + [[ull*(6.42)
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Combining (6.34), (6.37) and (6.42), we get

11 () Gamul (17, + DA™ (M) Gaml 17, S ()™ G Dul |7,

6.43
(M) am-nyulli—y + [ull*. (6.43)

form=1,2,....s
For m = 2, ..., s, since the operator [ is elliptic, it is non-characteristic
with respect to the boundary, we have

1F (M) Gl S M1 (M) GomBullz, o + [ (D) Caml Iz, + DA™ f (A) Camul ],

hence
1F () Camully S 1 (D)™ Can—ny Bellz, + 1F (A) oyl + [Jul*. (6.44)
For m = 1, from (6.43), we get
1F(A)CullF < 1 (A) 7 GoBullf + 11f (A) Cou|* + . (6.45)
For m = 0, it is easy to get
LAY Coull* < 1 (A) " GoBul|* + [ful . (6.46)

Combining (6.44), (6.45) and (6.46), we obtain

| (A)Casul)? an o Oul?, + [ul)?

Sllf( )™ GoCulI3 + [lull®

(6.47)

namely,

Lf () xoull? SILFA) ™ DxaDulg + flul? (6.48)

for any u € A% N Dom(0). Using the method of elliptice regularization as
in [KN65|, we conclude the proof of theorem.
O
Using above technique and conbining the research about smoothness of
Bergman kernel of Kerzman [Ke72], we obtian the following thoerem
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Theorem 6.7. Let Q) be a bounded q-pseudoconvexr domain in C™ with class
C*> boundary. Suppose further that (f-M)* estimate hold in a neighborhood

U of a point 2y € b with either f > log, M =1 or f = log, M =X for

any € > 0. Let xo and x1 be smooth cutoff functions supported in U with
X1 = 1 in_a neighborhood of the support of xo. For every integer s > 0, we
have the 0-Neumann operator Ny and the Bergman projection Py_q satisfy

the estimates

IF(M)xoNealls S I1F ) aalls + el (6.49)
IX00" Niarll + IxodNeell; < IF(A) el + llal’s (6.50)
IxoPi-rells < Iaalls + llall; (6.51)

for any a € Hy(2)**. Moreover, if wy # zy is another point of b2 such that
(f-M)* estimate hold in a neighborhood V' of w. Then the Bergman kernel
function K(z,w) extends smoothly to (U N Q) x (VNQ).
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