UNIVERSITA
DEGLI STUDI
DI PADOVA

Sede Amministrativa: Universita degli Studi di Padova

Dipartimento di Matematica "Tullio Levi-Civita"

CORSO DI DOTTORATO DI RICERCA IN SCIENZE MATEMATICHE
INDIRIZZO MATEMATICA
CICLO XXXII

The Alexander polynomial of certain classes
of non-symmetric line arrangements

Coordinatore del Corso: Ch.mo Prof. Martino Bardi

Supervisore: Ch.mo Prof. Remke Nanne Kloosterman

Dottorando: Federico Venturelli






Riassunto

Il polinomio di Alexander di un’ipersuperficie proiettiva V' C P™ ¢é il polinomio
caratteristico dell’azione di monodromia su H"'(F,C), dove F ¢ la fibra di Milnor
di V; tranne nel caso in cui V' ¢ liscia, il suo calcolo é un problema aperto. Le
ipersuperfici singolari pit studiate riguardo questo problema sono proiettivizzazioni A
di configurazioni centrali di iperpiani A C C"*!, perché ¢ possibile cercare di sfruttare
la natura combinatoria di tali oggetti; senza perdita di generalita, si pud assumere
n = 2. In questa Tesi dimostriamo che il polinomio di Alexander di configurazioni
di rette A C P? che appartengono ad alcune classi di configurazioni di rette non
simmetriche ¢ banale: questo ¢ un indizio a favore della validita di una congettura
proposta da Papadima e Suciu.

La Tesi ¢ organizzata come segue. Il Capitolo 1 é una collezione di risultati noti su
cui ci baseremo: la discussione delle strutture di Hodge miste sui gruppi di coomologia
di varieta algebriche e il confronto tra la filtrazione polare e quella di Hodge sono di
particolare importanza; anche la costruzione di iperrisoluzioni cubiche e il loro uso nel
definire la coomologia di de Rham di varieta algebriche singolari sard molto utile. Il
Capitolo 2 ¢ diviso in due parti. La prima ¢ dedicata principalmente a definire il poli-
nomio di Alexander e a presentare una formula di Libgober che ne permette il calcolo
quando V' & una curva. La seconda ¢ una panoramica di risultati noti sul problema
del calcolo del polinomio di Alexander di configurazioni di rette, e si chiude con una
discussione di alcuni tra gli esempi pit interessanti; cerchiamo di evidenziare come la
simmetria di una configurazione di rette influisca sul suo polinomio di Alexander. Nel
Capitolo 3 introduciamo alcune classi di configurazioni di rette 4 non simmetriche
e dimostriamo che i loro polinomi di Alexander sono banali. I metodi che usiamo
sono sostanzialmente due: uno combina la formula di Libgober con un semplice ar-
gomento di teoria della deformazione, grazie al quale possiamo ridurci a studiare un
numero finito di ‘configurazioni rappresentative’; I’altro si basa sull’associare ad A un
threefold T fibrato in superfici su P! e sullo studio della monodromia attorno ad una
fibra speciale di quest’ultimo. Il punto chiave del secondo metodo é la dimostrazione
dell’esistenza di un morfismo di Gysin che mette in relazione la coomologia di 7" con
quella di una sua sezione di iperpiano S: questo risultato ¢ di interesse indipendente,
perché T ed S non soddisfano le ipotesi di solito necessarie per ottenere risultati di
tipo Lefschetz.
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Abstract

The Alexander polynomial of a projective hypersurface V' C P" is the character-
istic polynomial of the monodromy operator acting on H" '(F,C), where F is the
Milnor fibre of V; unless V' is smooth, the problem of its computation is open. The
singular hypersurfaces that have drawn the most attention are projectivisations A of
central hyperplane arrangements A C C"*!, as one can hope to take advantage of the
combinatorial nature of such objects; one can assume without loss of generality that
n = 2. In this Thesis we prove that the Alexander polynomials of line arrangements
A C P? belonging to some particular non-symmetric classes are trivial: this constitutes
evidence in favour of the validity of a conjecture due to Papadima and Suciu.

The Thesis is organised as follows. In Chapter 1 we gather some known results on
which we will build upon: the discussion of mixed Hodge structures on cohomology
groups of algebraic varieties and the comparison between the polar and Hodge filtration
are of particular importance; the construction of cubical hyperresolutions and their use
in the definition of algebraic de Rham cohomology for singular algebraic varieties will
be very useful too. Chapter 2 is divided in two parts. The first one is mainly devoted
to defining the Alexander polynomial and presenting a formula by Libgober for its
computation in case V is a curve. The second part is a survey of known results
around the problem of determining the Alexander polynomial of a line arrangement,
and closes with a discussion of some interesting examples; we try to highlight how
the symmetry of the arrangement affects its Alexander polynomial. In Chapter 3 we
introduce some classes of non-symmetric line arrangements A and prove that their
Alexander polynomials are trivial. The methods we use are essentially two: one is the
combination of Libgober’s formula with an easy deformation theory argument, thanks
to which we can restrict ourselves to considering a finite number of ‘representative
arrangements’; the other relies on associating to A a threefold T fibred in surfaces
over P! and on studying the monodromy around a special fibre of the latter. A key
step of the second method is the proof of the existence of a Gysin morphism that
connects the cohomology of T' to that of a hyperplane section S: this result is of
independent interest, as T and S do not satisfy the hypotheses usually required in
order to obtain Lefschetz-type results.
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Introduction

The history of the Alexander polynomial goes back to the late 1920s: in fact, it
makes its first appearance in Alexander’s work [1], where it is defined as a polynomial
invariant for knots. A few years later, Zariski realised that methods similar to the ones
used by Alexander could be employed to study the topology of fundamental groups
of complements of plane projective singular curves [71, 72]: in this way he found a
connection between the irregularity of birational models of coverings of P? branched
over certain singular curves and the fundamental groups of the complements of the
curves; in particular, he was able to exhibit two families of irreducible sextic curves
with six cusps such that no member of one family can be equisingularly deformed to
a member of the other [72].

After Zariski’s works, the study of the fundamental groups of complements of
plane projective singular curves went through a long period of stagnation, with only
a few sparse results that did not generate much follow-up. It was only in the early
1980s, thanks to the then emerging field of singularity theory, that the interest in
this problem was revamped. Indeed, the first explicit definition of the Alexander
polynomial of a plane projective curve C' appeared in Libgober’s paper [42, Section 2],
while in [41] the precise connection between coverings of P? branched over C' and the
Alexander polynomial of C' is worked out. This was made possible by the introduction
of constants of quasi-adjunction, which are positive rational numbers associated to
singularity types, and the closely related quasi-adjunction ideals Ay:

Theorem. Let C' C P? be a reduced curve of degree d with r irreducible components,
and let ky, ..., k, be all the constants of quasi-adjunction of C. The Alexander poly-
nomaial of C' is

dk; €7
Ac(t) — (t . 1)7‘71 H [(t - eQm‘kj)(t _ 67271'7,']6]')]8(]63')
where s(k;) == dim H'(P?, Ay, (d — 3 — dk;)). The sum of the s(k;) is the irregularity

of a resolution of singularities of a d-fold covering of P? branched over C.

The values s(k;) can be interpreted as defects of linear systems of curves passing
through the singularities of ', so the formula above shows a dependence between
the Alexander polynomial of C' and the relative position of its singularities. Indeed,
the aforementioned result of Zariski can be rephrased by saying that the Alexander

vil
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polynomial of an irreducible sextic with six cusps is t> — ¢+ 1 if the cusps lie on a conic
and 1 otherwise.

Soon after the works [41, 42|, Randell proved in [63] that the Alexander polynomial
of the curve C' = V(f) coincides with the characteristic polynomial of the algebraic
monodromy action on H'(F,C), where F is the Milnor fibre of C. The latter is any
smooth fibre of the smooth locally trivial fibration

)

which is usually referred to as Milnor fibration. For this reason, in this Thesis we
define the Alexander polynomial starting from the Milnor fibration.
We point out that if we write the Alexander polynomial of a curve C' as

Ac(t) = (t—1)""q(t)

then it is difficult to find curves for which ¢(t) # 1: those for which ¢(¢) is indeed
non-trivial often have a rich geometry, as Libgober’s result suggests.

A class of curves that has drawn a lot of interest is that of line arrangements i.e.
collections of lines in P?; we denote such objects by A, while A is used for their affine
cones. The reason for this interest is that one may try and take advantage of the
combinatorial nature of a line arrangement A, encoded in its intersection semilattice
L(A), to obtain information on its Alexander polynomial. Indications that such an
approach could be fruitful were obtained in the 1990s: indeed, after the introduction
of characteristic varieties [48] in an attempt to extend the theory of Alexander poly-
nomials to higher dimensions, it was realised (see [43, 50]) that these varieties have a
deep connection with the Orlik-Solomon algebra of A, which in turn depends on L(.A).
The Orlik-Solomon algebra of A can also be studied by means of resonance varieties,
introduced in |25].

It must be mentioned that characteristic varieties are related to the cohomology
of certain rank one local systems [36]. This is important, as the cohomology of local
systems can be studied effectively using methods of de Rham and Hodge theory: for
example, one could study the de Rham complex depending on the flat connection
corresponding to a local system.

Soon after a systematic study of the Alexander polynomial of line arrangements
had started, the following problem was raised |35, Problem 9A]|, 38, Problem 4.145]:

Problem. Given a line arrangement A C P?, is its Alexander polynomial A+ deter-
mined by L(A)? If so, give an explicit combinatorial formula to compute it.

As of the time of writing, it remains almost completely open. It is even still
unclear which conditions a line arrangement has to satisfy in order for ¢(¢) to have
positive degree; however, there is evidence that such a condition is, in some sense,
symmetry. This symmetry is encoded in the combinatorial notion of k-multinet: this
is a partition of the lines of A into k classes A, . . ., Ay, of the same cardinality such that
the intersections between lines in different classes satisfy some compatibility condition.

To the best of our knowledge, all arrangements whose Alexander polynomial has
non-trivial factor ¢(t) admit a k-multinet; some of these arrangements have been
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known, for different reasons, for a long time: the Hesse arrangement and the Pappus
arrangement, for example, admit a 4-net and a 3-net, respectively. The former is, to
date, the only known non-central line arrangement admitting a 4-net.

Over the course of the years this Problem was tackled using a wide variety of
techniques. On the geometric side, the main tools were defects of linear systems,
logarithmic forms and mixed Hodge theory [4, 6, 13, 17, 18, 19, 44, 46]. A differ-
ent approach, which can be applied to any curve, relies on establishing a connection
between the Alexander polynomial of a curve and the arithmetic and geometric prop-
erties of elliptic surfaces and threefolds associated to it; it was pursued, starting from
2008, by Cogolludo-Agustin, Kloosterman, Libgober et al. [5, 38]. The topological
approach can be traced back to the work of Cohen and Suciu [7, 8] on characteristic
varieties of arrangements, which builds on Arapura’s theory [2] of characteristic vari-
eties of quasi-projective manifolds. Finally, combinatorial techniques allowed to find
a connection between multinets on a line arrangement 4 and complex resonance vari-
eties of its Orlik-Solomon algebra: this connection, established in [27, 53] and further
developed in [61, 69], was the key tool in may following works [10, 18, 20, 66].

A partial positive answer to the Problem above was given by Papadima and Suciu
in 2017 [59]|. They proved the following:

Theorem. If A is an arrangement with only double and triple points then its Alezander
polynomial is

A(t) = (£ — DAL + ¢ 4 1)B
where 0 < B3(A) < 2 depends only on L(A).

This result, together with the evidence gathered throughout the years, led them to
formulate the following conjecture:

Conjecture. The Alezander polynomial of a line arrangement A has the form

Aa(t) = (t = DATE + £+ DB+ 1)(#2 + 1)]2AD
where Bo(A) and Bs(A) depend only on L(A).

Recent works [52, 15, 22] have established the validity of this conjecture for all
complex reflection arrangements.

In this Thesis we provide new evidence that this conjecture is true. We have focused
on line arrangements that are, in a sense, dual to those for which Papadima and Suciu
have obtained their theorem: indeed, their result concerns line arrangements having
any number of multiple points of low multiplicity, while we focus on two classes of ar-
rangements having exactly two points of high multiplicity. Another difference is that
the methods of Papadima and Suciu are mostly topological or combinatorial, while
the ones we use are much more geometric.

The Thesis is organised as follows. In Chapter 1 we recall known results which
will be used throughout the rest of the Thesis: the most important ones are the
content of Sections 1.2 and 1.3. In the former we illustrate the construction of cubical
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hyperresolutions, and explain their importance in the development of a good de Rham
cohomology theory for singular algebraic varieties; in the latter we report basic facts
about mixed Hodge structures on the cohomology groups of algebraic varieties. In
Section 1.4 we show the construction of the polar filtration P on the cohomology
groups of hypersurface complements, and state a comparison result between that and
the Hodge filtration F.

In Chapter 2, which is divided in two parts, we start discussing the Alexander poly-
nomial. In the first part we recall Milnor’s fibration theorem and the main properties
of the Milnor fibre, and give the definition of Alexander polynomials of hypersurfaces.
We then introduce ideals and constants of quasi-adjunction, which are key tools in
one of Libgober’s main result (see 2.1.14); we also recall the connection between the
Steenbrink spectrum of a singularity and its constants of quasi-adjunction. Lastly,
in Subsection 2.1.3 we briefly discuss the approach of |5, 38| to the computation of
Alexander polynomials, and show that the existence of a quasi-toric decomposition of
f implies that C' = V(f) has Alexander polynomial with ¢(t) # 1.

In the second part we focus our attention on line arrangements, and try to give
an overview of the methods that have been employed in their study and of the re-
sults that have been obtained. This requires us to introduce many notions from the
classical theory of hyperplane arrangements, combinatorics and topology: the inter-
section semilattice of an arrangement and the closely related Orlik-Solomon algebra,
multinets, resonance and characteristic varieties; the connection between these notions
and geometry is provided by the so-called Ceva pencils of curves. The main aim of
this part is to highlight the dependence between the existence of multinets on line ar-
rangements and the Alexander polynomial of arrangements. For this reason, the last
subsection of the chapter is devoted to the discussion of some interesting examples
of line arrangements with non-trivial Alexander polynomials; the precise statement of
the conjecture by Papadima and Suciu can also be found there.

Chapter 3 is where our results are presented. We introduce two classes of ar-
rangements that do not admit multinets, and prove that the Alexander polynomial
of arrangements belonging to such classes is trivial. The arrangements we consider
have two point P, and P, of high multiplicity, with all other multiple points having
multiplicity at most 3, and can contain at most one ‘free line’ not passing through P,
or P»; we denote the number of free lines by s. We have obtained results only in the
cases s = 0,1, as for s > 2 it becomes almost impossible to control the combinatorics
of these arrangements. We now present a brief overview of the methods we used to
prove our results:

s =1 First we show that the arrangements in this class fall into a finite number of
deformation-equivalent classes; as the Alexander polynomial of a curve is invariant
under equisingular deformation, this allows us to reduce our study to a finite number
of representative arrangements. Since, up to an automorphism of P2, we can freely
move the points P, and P and the free line, we can use Libgober’s formula (2.1.15) for
the computation of Alexander polynomials, and our result follows after a long series
of computations with Hilbert functions.
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s =0 This case could be tackled with the same method as the case s = 1, but we
decided to look for a more geometric one; this required an unexpectedly big amount
of work, but also produced an interesting byproduct. First we associate to any ar-
rangement in this class a threefold 7', and show that its fourth primitive Betti number
is (n — 1)? + deg(q(t)) where n is the number of lines in the arrangement; then we
take a hyperplane section S of T, and bound the dimension of H*(T)pm by that of a
subspace of H%(S)prim; finally, we show that the latter subspace has dimension (n—1)2,
which forces ¢(t) = 1.

In order to perform the second step we show the existence of a Gysin morphism
H?*(S) — H*(T), even though T and its hyperplane section S do not satisfy the
hypotheses usually required in order to obtain Lefschetz-type results: indeed, the
hyperplane that cuts S from T passes through a singular point of 7', so it cannot be
transversal to the strata of a Whitney stratification of 7', and T\ S is not smooth.
This is very interesting, as counterexamples to the Lefschetz hyperplane theorem can
usually be found when its hypotheses are not fulfilled. What allows us to obtain this
result is the control over the cubical hyperresolutions of T" and S, which in turn is
a consequence of 7" and S having only ordinary multiple points as singularities; this
suggests that the existence of such a Gysin morphism could not be limited to the
arrangements we consider here.
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CHAPTER 1

Preliminaries

Throughout this chapter, unless stated otherwise, all cohomology groups are to be
understood as singular cohomology groups; when the coefficient ring is not specified, it
will either be C or, especially when dealing with Hodge theory, R: the context should
make it so that no ambiguity arises. Similarly, all varieties and schemes we consider
are over C, with the partial exception of Section 1.2.

1.1 Cohomology of complete intersections and their
complements

In this section, unless stated otherwise, V' is a complete intersection of dimension
n and codimension c inside P"*¢,

Theorem 1.1.1 (Weak Lefschetz theorem). (i) The pullback morphism

H*(P"+e, 7) — H*(V,Z)

s an 1somorphism for k < n and an injective morphism with torsion-free cokernel

for k =n.

(11) If V is smooth then the Gysin morphism

Hk(v’ Z) N HkJrQC(]P)nJrc’ Z)
s an isomorphism for k > n and a surjective morphism for k = n.

A result analogous to the weak Lefschetz theorem holds for weighted complete in-
tersections in weighted projective spaces: the proof relies on the fact that quasi-smooth
weighted complete intersections and weighted projective spaces are Q-homology man-
ifolds, so they admit all the usual duality theorems (Poincaré duality in particular).
See [16, Appendix B|.
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Proof. The second statement is Poincaré dual to the first one, so we only need to prove
the latter, a proof of which can be found in [16, Theorem 5.2.6]. O

If c =1 then V is a hypersurface, and the theorem above becomes what is known
as Lefschetz hyperplane theorem; the latter can be stated in a slightly more general
setting, but in order to do so we first need to recall two well-known results.

Definition 1.1.2. A Stein variety is a closed analytic subvariety X of some C"; if
X is smooth, we call it a Stein manifold. In particular, all affine complex algebraic
varieties are Stein.

Theorem 1.1.3 (Cartan’s theorem B). If F is a coherent sheaf on a Stein manifold
X then H¥(X,F) =0 for k > 0.

Proof. |31, Chapter VIII, Theorem 14]. O

Corollary 1.1.4. Let X be a Stein manifold of complex dimension n, then H*(X) = 0
for k > n.

Proof. The holomorphic de Rham complex of X

0-Cy —=0x —=Q% == Q% =0

is a resolution of Cy by locally free sheaves, which are in particular coherent sheaves,
so by Cartan’s theorem B we have H'(X, Q%) = 0 for all ¢ > 0 and for all j; this
means that the holomorphic de Rham complex is a I'(X, —)-acyclic resolution of Cy,
from which we deduce

HH(X) = HHT(X,9%)).
This implies in particular that H*(X) = 0 for k > n. O

Theorem 1.1.5 (Lefschetz hyperplane theorem). Let X be a complex projective vari-
ety of dimension n and Y C X be an ample divisor.

(i) If X \'Y is smooth then the pullback morphism

H*(X,Q) — H*(Y,Q)
s an isomorphism for k < n — 2 and an injection for k =n — 1.
(11) If both X and Y are smooth then the Gysin morphism
HY(Y,Q) — H**(X, Q)

s an isomorphism for k > n and a surjection for k =n — 1.
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Proof. A proof of (i) can be found in [68, Theorem 1.23]. Here we prove (ii), but first
we use the universal coefficient theorem to switch to complex coefficients. If we set
U := X \ Y then the usual Gysin long exact sequence reads

coe = HMYU) = HYY) = H(X) — -+

From this sequence we deduce that it is enough to prove that H**1(U) = 0 for k >
dim(X) — 1. Now, U is an open subset of some projective space minus a hyperplane,
so it is smooth and affine, and in particular a Stein manifold; since dim(U) = dim(X),
the result follows from Corollary 1.1.4. m

Remark 1.1.6. The Lefschetz hyperplane theorem eases computation of cohomology
groups of smooth hypersurfaces. Let V' C P""! be a smooth hypersurface of degree

d: if we call N := (”22) — 1 we can consider the Veronese embedding v, : P* — PV,

which allows us to write

V ~ Vd(V) = Vd(]pn) NnH

for some hyperplane H C PV. If we apply the Lefschetz hyperplane theorem to
X :=yy(P") and Y := 14(P™) N H we obtain

H*(vg(P")) — H*(vg(P")N H)  is an isomorphism for k < n — 1.
H(vg(PM) N H) — H*2(vy(P")) s an isomorphism for k > n + 1.

But H*(vg(P") N H) = H*(vg(V)) ~ H*(V) and H*(v4(P")) ~ H*(P"); moreover we
can write H*"2(P") ~ H*(P") (since k and k + 2 have the same parity). From this we
get

HY(P") — H*(V) is an isomorphism for k < n — 1.
H*(V) — H*(P") is an isomorphism for k > n + 1.

Thus the only interesting cohomology group of V' is H™(V).

Theorem 1.1.7 (Barth’s theorem). Assume the singular locus of V' has dimension
m; the map

H*(P"+e 7)) — H*(V,Z) forn+m+2<k<2n
is an isomorphism, given by multiplication by deg(V').
Proof. |16, Theorem 5.2.11]. ]
Lemma 1.1.8. The pullback map H*(P"+¢) — H*(V) is injective for 0 < k < 2n.
Proof. [16, Lemma 5.2.17]. O

Definition 1.1.9. The cokernel of the pullback map H*(P"*¢) — H*(V) is called the
k-th primitive cohomology group of V, and it is denoted by H*(V) .

We conclude this section with a result on the cohomology of the complement of a
projective hypersurface:
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Proposition 1.1.10. Let V be a hypersurface with r irreducible components of degrees
di,...,d,, and denote by U its complement in P"*; then

HY(U,Z) ~ 7" & Z/ged(dy, . .., d,)Z.

Proof. |16, Proposition 4.1.3]. ]

1.2 Cubical hyperresolutions and de Rham cohomol-
ogy

In this section we denote the subset {0,...,m} by [m]; moreover, when we write
n we always mean n € Zs.

Definition 1.2.1. 1. The n-simplicial category is the category A, with objects
the sets [m| for 0 < m < n and with morphisms the non-decreasing maps
[m] — [m/]; if we only allow strictly increasing maps as morphisms, we speak of
n-semisimplicial category /\,,.

2. The n-cubical category is the category O, with objects the subsets of [n — 1] and
with Hom(7, J) consisting of a single element if I C J and empty otherwise.

3. If C is any category, an n-semisimplicial C-object is a contravariant functor
K, : /A, — C, and morphisms between such objects are morphisms of the
corresponding functors; similarly, we can define n-cubical C-objects K and mor-
phisms thereof. If we consider covariant functors, we obtain the notion of n-
cosemisimplicial C-object K* and n-cocubical C-object K°.

By the above definitions, it follows that an n-semisimplicial C-object consists of
n + 1 objects K, := K,m] for [m] =€ A,; if a : [m] — [m/] is a morphism in
A\, there exists a corresponding morphism d, : K, — K,,. Similarly, an n-cubical
C-object consists of 2" objects K; := Kp(I) for I € O,; if I C J there exists a
corresponding morphism dy; : K; — K.

Remark 1.2.2. For any m € Z>( and i = 0,...,m we denote by §; : [m — 1] — [m)]
the i-th face map, i.e. the only strictly increasing map whose image does not contain
i; for ¢+ < j, face maps satisfy the relation d; 0 ; = d; 0 6;_;. Clearly, if ° is an
n-cosemisimplicial C-object, the face maps &; give maps d; := Q°*(5;) : Q™! — Q™
satisfying the relation

for ¢ < j. If C is abelian, we can set

o™ = i(—nidi Q= Q!

=0

and thus, thanks to (1.2.1), we obtain a complex
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CO* ={Q° %ot T on o,

This construction will allow us to define the cohomology of an n-semisimplicial topo-
logical space X, with values in a sheaf F* on X,.

Definition 1.2.3. If S is any object in C, the constant n-semisimplicial C-object S
is the contravariant functor S, : A, — C such that S,, = S for all [m] € A, with
all morphisms S,,, — S,, given by the identity of S. An augmentation of an n-
semisimplicial C-object K, to S is a morphism of n-semisimplicial C-objects K, — S.
If we replace A, by [J,, we obtain constant n-cubical C objects and augmentations
thereof.

The next observations will be useful in what follows:

Remark 1.2.4. 1. If X is an n-cubical C-object we can associate to it the aug-
mented n-cubical C-object € : Xg — Xj; sometimes we will call this augmenta-
tion the natural augmentation.

2. Any (n + 1)-cubical C-object X can be considered as a morphism Yo — Zg
of n-cubical C-objects by setting Z; := X; and Y; := Xy, for I € 0,; in
particular, a 1-cubical C-object is the datum of two objects X,Y € C and a
morphism f: X — Y between them.

3. To any (n + 1)-cubical C-object X5 we can associate functorially an augmented
n-semisimplicial C-object € : X, — Y with Y := X. We set:

X = H Xy fork=0,...,n.

[T|=k+1

Let (3 : [s| — [r] be a strictly increasing map (in particular r > s). If I € O,
has cardinality r + 1 we can write it as I = {ig,...,4,} with ig < -+ < i,;
the set J := B(I) := {ig0),---,i8(s)} is contained in I, so we have a morphism
dyr : X; — X ;. We can now define the morphism

dﬁ : XT — XS S.t. (dﬁ)IXI = dﬁ(])[.

Since for any I C [n] we have a morphism dy; : X; — Y we obtain the desired
augmentation by setting € x, = dp;.

Definition 1.2.5. The category T'opSh has objects the pairs (X, F) where X is a
topological space and F is a sheaf on X, and as morphisms the pairs (f, f#) : (X, F) —
(Y,G) where f : X — Y is a continuous function and f# : G — f,F is a morphism
of sheaves on Y. A sheaf on an n-semisimplicial space (resp. sheaf on an n-cubical
space) is just an n-semisimplicial (resp. n-cubical) TopSh-object. In a similar manner,
we can define complexes of sheaves and resolution of sheaves on n-semisimplicial or
n-cubical spaces.
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Fix an n-semisimplicial space X,, i.e. an n-semisimplicial T'op-object, and consider

a sheaf of abelian groups F* on X,: the Godement complexes CZ.,,,,(F™) give injective

resolutions of each F™, and fit together to give an injective resolution of F*°. This

allows us to define the cohomology of an n-semisimplicial space with values in F*°:
namely, the abelian groups

FP9=T(Xy, Cly(FD) (1.2.2)

are the entries of a double complex, with differentials in the p-direction coming from
the Godement resolutions and differentials in the ¢-direction given by the differentials
of the complex C'FP* (recall Remark 1.2.2); we define

H*(X,,F*) = H*(s(F**)) (1.2.3)

where s(F'**) is the simple complex associated to F'*°.

Remark 1.2.6. If Y is a constant n-semisimplicial space, any sheaf on Y will be
denoted by F and not by F*; likewise, the cohomology groups of Y with values in F
will be denoted by H*(Y, F).

Suppose now that € : X, — Y is an augmented n-semisimplicial space and F* is a
sheaf on X,. The sheaves e*ngm(]-"q) form a double complex of sheaves on Y, whose
associated simple complex gives

Re, F* := s[e.Clym(F*)]. (1.2.4)

One can prove that the hypercohomology of the latter complex coincides with the
cohomology of X, with values in F°, i.e.

H*(Y, Re,F*) = H*(X,,F*) for any k. (1.2.5)

Recall now that if f : X — Y is a continuous map between topological spaces and G*
is a complex of sheaves on Y, we have a natural adjunction morphism in D (Sh(Y)):

G* — Rf.f7'G". (1.2.6)

Definition 1.2.7. |9, Definition 5.3.2] An augmented n-semisimplicial space € : Xy —
Y is of cohomological descent if for any sheaf of abelian groups F on Y the natural
adjunction morphism

F — Re,e 'F (1.2.7)

is an isomorphism.

If Xo is an (n + 1)-cubical space and F" is a sheaf on X, by Remark 1.2.4(iii) to
this data we can associate an augmented n-semisimplicial space € : X, — Xy and a
sheaf F* on it. We set

C*(Xn, F) := Cone®*[F? — Re,e ' FY). (1.2.8)
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From now on, we will take for C the category whose objects are reduced separated
schemes of finite type over C, which we will simply call varieties, and whose morphisms
are morphisms of schemes; this is not fully consistent with the existing literature, in
which the term ‘algebraic variety’ is usually reserved for integral separated schemes of
finite type over some field.

Definition 1.2.8. 1. An augmented n-semisimplicial variety is of cohomological
descent if this is the case for the associated augmented n-semisimplicial space.

2. Let X be a variety. An n-semisimplicial resolution of X is an n-semisimplicial
variety € : Xy — X augmented towards X such that all maps X,, — X are
proper, X,, is smooth for all m and ¢ is of cohomological descent.

3. An (n+ 1)-cubical variety is of cohomological descent (resp. a cubical hyperreso-
lution) if the associated augmented n-semisimplicial variety is of cohomological
descent (resp. an n-semisimplicial resolution).

Every variety admits an n-cubical hyperresolution for some n, which can be con-
structed in a standard way; before presenting a (sketch of the) proof of this fact, we
need to give some definitions:

Definition 1.2.9. 1. A proper modification of an n-cubical variety X is a proper
morphism of n-cubical varieties f : Xp — Xp such that there exists an open
dense (n-cubical) subset Ug C X for which f induces an isomorphism between
f~Y(Up) and Ug; a resolution of Xg is a proper modification with X smooth.

2. The discriminant of a proper morphism f : Xg — Sp of n-cubical varieties is the
smallest closed n-cubical subvariety Dg C Sp such that f induces isomorphisms
X7 \ f_1<D]) — S \ Dy for all I C O,.

3. Let f : X5 — Xg be a proper modification (resp. resolution) of an n-cubical
variety with discriminant D, and set Eq := f~'(Dg); the discriminant square
(resp. resolution square) of Xq is the (n + 2)-cubical variety

ED —_—> XD
f\ED f
DD _— X[]

where the horizontal maps are inclusions.

Theorem 1.2.10. For any variety X of dimension n there exists an (n + 1)-cubical
hyperresolution Xo such that dim(X;) <n — |I|+1 for all I C O,4.

Proof. A full proof can be found in [30, Théoréme 1.2.15] or, in greater generality, in
[62, Theorem 5.26|; here we are only interested in showing how the cubical hyperres-
olution is constructed. If m; : X — X is a resolution of X with discriminant D, we
define a 2-cubical variety Xél) by setting
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W ._ W ._ 5 W ._ W _ 1.
X=X, X=X x{}=D X, =m"D)

we can see this as a morphism of 1-cubical varieties f() : YD(I) — Zél), with Z; smooth

for I # (). Next we consider a resolution m : 575(1) — YD(U and the corresponding
resolution square

E|(]1) }}D(l)

DY ——— vV
where D(D1 ) is the discriminant of m, and Eél) =Ty 1(D(Dl )); from this we obtain

ES) Y/[(,l)

DY v z5.

The outer commutative square of 1-cubical varieties can be considered as a 3-cubical
variety Xg) by setting, for any I C [0],

X(Q)

(2 ._ () -
X[ =2, {1} "=

7o, x®

— nb (2) — )
gy = Di X =E;p

g 1U{1,2}

If we repeat this process enough times, we eventually obtain the desired cubical hy-
perresolution of X. O

Remark 1.2.11. The theorem above provides us with a standard way to construct
an (n + 1)-cubical hyperresolution of a variety X of dimension n; however, X can
admit a much simpler one, as it is the case for a variety having both the discriminant
D of a resolution 7 : X — X and its exceptional divisor F smooth: in this scenario,
X admits a 2-cubical hyperresolution (given by its resolution square) regardless of its
dimension.

Observe that if we take for C the category of n-cubical varieties and consider X € C,
we can still apply the construction of Theorem 1.2.10 to X: at each step we obtain an
m-cubical variety whose entries are n-cubical varieties. More precisely, [30, Théoréme
1.2.15] implies the following:

Theorem 1.2.12. Any n-cubical variety X admits a hyperresolution by an m-cubical
variety Y = {Y1;} of n-cubical varieties such that dim(Yr;) < dim(X) — |I x J| + 1
for any I, J.

The following observation will be used in Chapter 3:
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Remark 1.2.13. Assume X = { Xy, X{0, X1}, X{o1} } is a 2-cubical variety and Y is
an m-cubical hyperresolution of X, then Y can be thought of as a 2-cubical variety
Y' = {Yy, Y{’O}, Y{’l}, Y{’Ol}} of (m — 2)-cubical varieties; by construction, for any I € [,
we have that Y/ is an (m — 2)-cubical hyperresolution of X;.

Let X be an (n+ 1)-cubical variety and € : X, — Xj be the associated augmented
n-semisimplicial variety: by the definition of cohomological descent and (1.2.8), we
deduce that X (equivalently, X,) is of cohomological descent if and only if C*(Xg, F")
is acyclic for any sheaf of abelian groups F- on Xp.

Lemma 1.2.14. Let Xp be an (n + 1)-cubical variety and consider it as a morphism
f: Yo — Zo of n-cubical varieties; let F- be a sheaf on X restricting to sheaves on
Yo and Zo denoted again by F©. We have

C*(Xo, FO[1] = Cone*[C*(Zo, F7) S5 Rp.co(ve, FO)].

In particular, if C(f%) is an isomorphism then C*(Xg, F7)[1] is acyclic and, as a
consequence, Xp s of cohomological descent.

Proof. |62, Proposition 5.27]. O

Corollary 1.2.15. Let X be an (n + 2)-cubical variety and consider it as a commu-
tative square of n-cubical varieties

YD%ZD

TD —g> WD-

Let F= be a sheaf on Xo restricting to sheaves on Yo, Zo, T and Wq denoted by F©
too. The cone over the map of complexes

C*(Wo, F)[1] = Cone*[Rb,C*(Zn, F7) & Rg,C* (I, F) = R(g 0 a).C*(Ya, F)]
is isomorphic to C*(Xg, F2)[2].

Proof. We can consider X as a morphism of (n 4 1)-cubical varieties (a,b) : (Yo ER
Zn) = (T & Wh), with these (n + 1)-cubical varieties being morphisms of n-cubical
varieties; this implies (we omit writing F-)

C*(X)[2] = Cone®[C*(TH % Wo) — R(a,b),C*(Ya L Z0)][1] ~
~ Cone®[C*(Th 2 W) [1] = R(a,b),C*(Yg ER Zo)[1]] =
= Cone®*[Cone®(C*(Wn) = Rg.C*(1h)) — R(a,b).Cone*(C*(Zn) — Rf.C*(Yn))] =
— Cone®[Cone® (C(g#)) “““2EC, R(a,p), Cone® (C(f#))]

by a double application of the previous lemma. Now we need the following technical
result:
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Lemma 1.2.16. If we have a commutative square of complexes
A*— . B*
i m

O. J D.
in an abelian category C, then the cone over the morphism

Cone®(7) "0, Cone® (7)

18 equal to the cone over
A1) E Conet[B* @ ¢* Ty D,
We apply it to the commutative square of complexes of sheaves on Xj

C(g#)

C.(WD, .FD) _— RQ*C.(TD, JT"D)

C(b#) C(a?)

#
Rg.C*(Zn, F7) — 7, R(g 0 a).C* (i, FO)

and we are done. O

The brisk presentation of the theory of cubical hyperresolutions and cohomological
descent we have given here is motivated by two reasons:

1. As we shall see in the next section, it allows us to associate to a resolution X ofa
complex algebraic variety X a long exact sequence of cohomology mixed Hodge
structures that relates the cohomology of X to that of X, of the singular locus
¥ of X and of the exceptional divisor E (Proposition 1.3.9). This result will be
used extensively throughout this Thesis.

2. With this language one can define an algebraic de Rham cohomology theory for
singular complex algebraic varieties, and recover some classical results that hold
for smooth varieties: for example, theorems of Lefschetz type on hyperplane
sections and the existence of Gysin morphisms.

The second point needs to be discussed further. One of the first thorough presen-
tations of the theory of the de Rham cohomology (and homology) for possibly singular
schemes X of finite type over a field K of characteristic zero was given by Hartshorne
in [33]. The definition of the cohomology groups is the following:

Definition 1.2.17. Let X be a scheme as above, and assume it can be globally
embedded as a closed subscheme of a scheme Y smooth over K. Denote by Y|X the
formal completion of Y along X and by Q;,TX the formal completion of the de Rham
complex 3, of YV along X; the k-th algebraic de Rham cohomology group of X is
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HY (X)) = HF(Y]X, Q3] X). (1.2.9)

If V is a closed subset of X, considered as a subscheme with its induced reduced
structure, the k-th algebraic de Rham cohomology group with supports in V' is

Hp gy (X) o= HYY|V, RTv Q3 |X) (1.2.10)
where I'y, denotes the restriction of sections functor.

In the same article, Hartshorne proved that this definition is well-posed (i.e. it is
independent on the choice of the embedding, and it can be adapted to schemes that
are not globally embeddable in a smooth scheme) and that it yields a cohomology
theory with all the properties one expects: finite-dimensionality of the cohomology
groups, functorial properties, duality with homology and so on. In the case K = C,
he also proved a comparison theorem with the cohomology groups one can define on
the analytic space X}, associated to X, namely sheaf cohomology groups and analytic
de Rham cohomology groups (the latter are defined as in the algebraic case, but of
course one needs to replace every object by its analytic counterpart):

Theorem 1.2.18. Denoting by X, the analytic space associated to X and by Hpyp 1, (X1)
the analytic de Rham cohomology groups, there exist isomorphisms

H*(Xy,C) ~ Hpp ,(Xp) ~ Hpp(X). (1.2.11)
Proof. [33, Theorem IV.1.1]. O

In particular, we obtain an isomorphism between algebraic de Rham cohomology
groups of X and singular cohomology groups of X}, as it happens in the smooth case.

In [30], a different definition of algebraic de Rham cohomology groups was given
using cubical hyperresolutions:

Definition 1.2.19. Let X be a separated scheme of finite type over a field K of
characteristic zero, and let € : Xp — X be an (n + 1)-cubical hyperresolution of X
together with its natural augmentation; the de Rham compler and k-th algebraic de
Rham cohomology group of X are defined as

DRY := Re, 0%, HpR(X) = H*(X, DRY). (1.2.12)

If V C X is a closed subset, the k-th algebraic de Rham cohomology group of X with
supports in V is defined as

Hppv(X) :==H*(V, RT'y DRY). (1.2.13)

In both cases, € : X, — X is the augmented n-semisimplicial resolution of X associated
to XD-

These definitions coincide with the ones given by Hartshorne in the case of an
embeddable scheme X, because the complexes computing the hypercohomology are
isomorphic by [30, Théoréme I11.1.3]. With this definition at hand the authors proved
the following results, which we shall need in Chapter 3:
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Lemma 1.2.20. If X is an affine separated scheme of finite type over C, then HYp(X) =
0 for k> dim(X).

Proof. [30, Corollaire IT1.3.11(i)]. O

Theorem 1.2.21. Let X be a quasi-projective separated scheme of finite type over C
and Y be a hyperplane section of X satisfying the following hypotheses:

(I) There exists an augmented (n + 1)-cubical hyperresolution Xo — X such that
Yo = Xp xx Y s an n-cubical hyperresolution of Y.

(II) For any «, there exists a closed immersion Y, — X, of codimension 1.

Then there exists an isomorphism

DR} = RTyDR%[2]. (1.2.14)
Proof. |30, Proposition 111.1.20]. ]

Corollary 1.2.22. Let X be a projective separated scheme of finite type over C and
Y be a hyperplane section of X satisfying the hypotheses of Theorem 1.2.21. There
exists a Gysin morphism

Hpyp(Y) — HEZ(X) (1.2.15)
that is an isomorphism for k > dim(Y") and a surjection for k = dim(Y).

Proof. |30, Corollaire I11.3.12(i)]. Call n := dim(Y") so that dim(X) = n+1. The long
exact sequence of the pair (X, X \ Y) reads

o= Hppy(X) = Hpr(X) = Hpp(X\Y) — Hz.)erzl,Y(X) —
Since X \ Y is affine, by the previous lemma we have H*(X \Y) =0 for k > n + 1
and we deduce that the morphism
Hpjy (X) = HER(X)
is an isomorphism for £ > n and a surjection for £ = n. Since Theorem 1.2.21 yields
isomorphisms
Hpp(Y) — H]E)JJF%Q,Y(X)
we can conclude. O

Remark 1.2.23. The definition of the de Rham complex DR given in |30] is actually
different from the one we presented here; in order to state it, and to show that the one
we gave is essentially the same, we need to introduce the category [J*: this is the full
subcategory of [J,, whose objects are the non-empty subsets of [n — 1]. If we denote
by C the category of separated schemes of finite type over a field K of characteristic
zero, we have:



1.3 Hodge theory and deformations 13

Definition 1.2.24. [30, Définition 1.3.2] If X5 : 0, — C is an n-cubical hyperresolu-
tion of X € C, with its natural augmentation Xp — X, the restriction of X to [}
gives a functor Xp« : [J7 — C which has again a natural augmentation € : Xg — X
to X. The latter is an n-cubical hyperresolution of X.

Definition 1.2.25. |30, Définition I11.1.10, Proposition 111.1.12] If X € C and Xp- is
an (n + 1)-cubical hyperresolution of X with its natural augmentation € : Xp« — X,
the de Rham complex of X is

DRY := Re,OR_,.

Pick now X € C. Let X be an (n+1)-cubical hyperresolution of X with its natural
augmentation € : Xg — X, and let € : X — X be the augmented n-semisimplicial
resolution associated to it. Let X« be the augmented (n + 1)-cubical hyperresolution
of X as in Definition 1.2.24, and denote by € : X+ — X its augmentation. In order
to show that Definitions 1.2.19 and 1.2.25 are equivalent, we need to prove that

Re.Q%, ~ Re, QY.

But this is basically a consequence of the construction we presented in Remark 1.2.4(iii):
indeed, that construction does not involve the object Xy of an (n+1)-cubical C-object,
hence all the objects of Xm« can be found in X, too (‘bundled together’ by the co-
products); moreover, the augmentation from the objects of X, to X are combinations
of the augmentations from the objects of Xp« to X.

1.3 Hodge theory and deformations

Definition 1.3.1. A Hodge structure (HS) of weight m is a pair (H, F') where:
1. H is a finite-dimensional vector space over R.
2. Fis a finite decreasing filtration, called Hodge filtration, on H¢c := H ® C.

3. Hc = FPHc @ F—P+tLHe for any p € Z, where the conjugation on H¢ is induced
by the complex conjugation on C.

Given a HS of weight m, for any pair (p,q) such that p + ¢ = m we can define
HP4:= FPH: N F1Hc; we obtain the following equalities:

(1) HC - @p—i—q:m Hp7q'
(i) HPa = HP.

Conversely, given a finite direct sum decomposition of H¢ by subspaces HP¢ satisfying
(i) and (ii) above, we can obtain a HS on H by defining the Hodge filtration as

F’He = @ H™

s>p
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Given a HS of weight m, the associated Hodge numbers are defined, for p 4+ ¢ = m, as

hP? = dimc(Gri.He) = dim(HP9).
By (ii) above, we have h?? = hoP.

Definition 1.3.2. Let (H, F') and (H', F”) be HS of the same weight m. A morphism
of HS is an R-linear map ¢ : H — H’ such that ¢p®1¢ : He — H( satisfies ¢c(FPHc) C
F'PH for all p.

[t is a classical result that if X is a compact Ké&hler manifold then H™ (X, R) admits
a HS of weight m, and the subspaces H™? are given by H?(X, Q% ); in particular, for
p > dim(X) we have H?? = 0.

The notion of HS can be generalised as follows:

Definition 1.3.3. A mized Hodge structure (MHS) is a triple (H, W, F') where:

1. H is a finite dimensional vector space over R.
2. W is a finite increasing filtration, called weight filtration, on H.

3. F is a finite decreasing filtration, called again Hodge filtration, on H¢ with the
following property: if we define Gr{V H := W, H/W,,_ H and denote again by F
the filtration induced by the Hodge filtration on (Gr}Y H)c := (Gr]" H) @ C, the
pair (Gr}” H, F) is a pure HS of weight k for all k.

When the weight filtration is trivial we obtain a HS; in this case we say that the
MHS is pure. The induced Hodge filtration on (Gr})Y H)c is given by

Fp(GTZV)(C = (FpH(C N WkH(C + kalHC)/kalH(C where WkH(C = (WkH) ® C.
To a MHS (H, W, F') we associate the mized Hodge numbers, defined as

hP4(H) = dime(Grh.GrY,

p+q

He).

w
T'ptq

Since they are the Hodge numbers of the pure HS Gr,’ (Hc) we have hP9(H) =

her(H).

Remark 1.3.4. If (V, W, F') and (U, W', F") are MHS, we can put a MHS on Hom(V, U)
by defining the weight and Hodge filtration in the following way:

W,Hom(V,U) :={f : V = U|f(W,,V)) C WU for all n}.
FpHOIIl(c(Vc, U(c) :{f Ve — Udf(FnV(c) C F/n—‘erC for all n}

If the HS are actually pure of weights £ and [ we obtain a pure HS of weight [ — k; in
particular, if we take U = R and Uz = WY we get a pure HS of weight —k on the
dual VY of V.
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Definition 1.3.5. 1. Let (H,W, F) and (H',W’, F’) be two MHS. A morphism of
MHS is an R-linear map ¢ : H — H' such that

(Wi H) C W, H' for all k.
¢c(FPHc) C FPH for all p.

2. Givena MHS (H, W, F') and an integer m € Z we can define the MHS (H(m), W, F')
where

for any k,p € Z.

3. A morphism of MHS of type (r,r) is an R-linear map ¢ : H — H’ such that the
induced map ¢ : H — H'(r) (equivalently, the induced map ¢ : H(—r) — H') is
a morphism of MHS. This implies that

$(FPHe) C F'P* HY..
$(WiH) C Wy o H'.

Proposition 1.3.6. If ¢ : H — H' is a morphism of MHS, then ¢ is strictly compatible
with both filtrations W and F', i.e 9(W H) = W/ H'NIm(¢) and ¢pc(FPHc) = FPHEN
Im(¢c) for all k,p € Z.

Proof. 9, Thm I1.1.2.10(iii)| O

The strictness of the morphisms ¢ of MHS implies that Ker(¢), Im(¢) and Coker(¢)
have canonically defined MHS. In particular, if

oo > Hp 1 —> Hy — Hpg — -+

is an exact sequence of MHS, then it remains exact after taking the Garlv, G’?"f;7 or
Gri.GrY” parts.

Theorem 1.3.7. For any algebraic variety X of complex dimension n there is a func-
torial MHS on H*(X,R) satisfying the following properties for all m > 0:

1. The weight filtration W on H™(X,R) satisfies:

OZW_lgW()ggWQm:Hm(X7R)

Moreover, for m > n we also have Wa, = -+ = Wa,,.
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2. The Hodge filtration F on H™(X,C) satisfies:

H™(X,C)=F"D>...D> F™tt = 0.
Moreover, for m > n we also have F"*1 = 0.

3. If X 1s smooth then W,y =0 and W, = 7*H™(X,R) for any compactification
j: X — X.

4. If X is projective then W,,, = H™(X,R) and W,,_, = Ker(p*) for any proper
map p: X — X with X smooth.

Proof. All these results are contained in [9]. O

From now on, in order to simplify notations, we will omit writing the coefficients
of the various cohomology groups.

MHS arise quite naturally in geometry: in fact, most of the morphisms of cohomol-
ogy groups and long exact sequences of cohomology groups are actually morphisms and
long exact sequences of MHS. The next result summarises some of the most important
cases:

Proposition 1.3.8. (i) Let X be a complex algebraic variety and Y C X be any
subvariety. Then there is a MHS on the relative cohomology groups H®(X,Y)
such that the long exact sequence of the pair (X,Y)

s HY(X)Y) = HY(X) = H(Y) = H*P(X,Y) — -

is a long eract sequence of MHS. If Y is closed and U := X \'Y, the group
H*(X,Y) is usually denoted by H}(X).

(i1) Let X be a compact complex algebraic variety, Y C X be a closed subvariety and
U:=X\Y. Then

(I) The cohomology groups with compact support H2(U) are given a MHS via
the isomorphism H2(U) — H*(X,Y); in particular, by point (i) we obtain
the following long exact sequence of MHS:

o= HNU) = HY(X) = H(Y) = HHU) — - -
(II) The cup product pairings H(U) @ HY(U) — H(U) are morphisms of
MHS. In particular, if d := dim(U) then the pairing
HA(U) @ H*(U) — H>*(U)

s a perfect pairing of MHS; as a consequence, we obtain the isomorphism
of MHS

H(U) ~ H**(U)Y(—d) (1.3.1)
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from which we deduce, for all p and k, isomorphisms

GroGriV HE(U) ~ GriPGrll,  H* (). (1.3.2)
Proof. |62, Sections 5.5, 6.3]. ]

We now present some results on MHS and related notions that we shall use later
on.

Proposition 1.3.9. Let f : X — X be a proper modification of a complez algebraic
variety with discriminant D. Define E == f~*(D) and call g := fip : E — D and
i:D— X, j5:FE <= X the inclusions; from the discriminant square

X

b

X
) (f*,l*) ~

H*(X) @ H'(D) Z=55 HY(E) — H*(X) = ---

&

—_—

J
g
i

%

-

—_—

MHS

~

one obtains a long exact sequence o

o= HY(X
called the Mayer-Vietoris sequence for the discriminant square associated to f.

Proof. |62, Definition-Lemma 5.17| shows that the 2-cubical space Y associated to the
discriminant square of a proper modification is of cohomological descent; the Propo-
sition follows then from [62, Theorem 5.35]. O

Proposition 1.3.10. Let X be a complex algebraic variety of dimension n with sin-
gular locus X. Let Z be a subvariety of dimension s of X containing ¥, and let
m: X = X be a resolution of singularities of X such that D := 7= Y(Z) is a simple
normal crossing divisor in X. Then:

1. For all k > n+ s we have W;,_H*(D) = 0.

2. If moreover Z is compact, then the MHS on H*(D) is pure of weight k for all
k>n+s.

Proof. |62, Theorem 6.31] There exist s + 1 affine open subsets of X, call them
Us, ..., U, whose union U covers Z; being affine, they satisfy H*(U;) = 0 for k > n
for all ¢’s by Corollary 1.1.4.

We prove by induction that H*(Uy U ---UU;) = 0 for k > n +t. The case t = 0
is obvious; for ¢t > 0, we write the Mayer-Vietoris sequence associated to the covering
{UgU---UU;_1,U} of UgU---UUy:

— HY(UyU---ulU,_)NU,) — HYUyU---UU,) — HYUyU---UU,_,) @ H*(U,) —
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We have H*(U;) = 0 for k > n, and H*(UyU---UU;4) =0 for k > n+t—1 by
induction hypothesis. (UyU---UU;_1) NU; is union of the ¢t — 1 affine open sets U; N U,
so by induction hypothesis H* (UyU---UU,_1)NU,) =0fork—1>n+t—1ie.
for k > n + t. This proves our claim.

Now we define U := 7~'(U) and consider the following resolution square:

D——U

Z——U.

The associated long exact sequence in cohomology reads:

... — H¥U) - H*(2)® H*(U) - H*(D) — H*'(U) — - --

For k > n + s we have H*(Z) = 0, which means that the map H*(U) — H*(D) is
surjective for kK = n 4 s while it is an isomorphism for £ > n + s; since U is smooth,
this implies that for k& > n + s the group H*(D) has weights > k, and in particular
Wy_1H*(D) = 0.

If Z is compact then D is compact too, and so H*(D) has weights < k; this implies
that the MHS on H*(D) is pure of weight k. O

Proposition 1.3.11. Let X be a complex algebraic variety of dimension n with singu-
lar locus 33, and let s == dim(X); for k > n+s one has Wy_1H*(X) = 0. In particular,
if X is projective then the MHS on H*(X) is pure for k > n + s.

Proof. [62, Theorem 6.33] Let 7 : X — X be a resolution of X, and define D :=
7 Y(X); for k > n + s we have H*(X) = 0 so we get the exact sequence of MHS

H*(X) — H*(X) — H*(D).

As both W,,_yH*(X) and W;_1 H*(D) are zero (the former because X is smooth, the
latter by the previous proposition) we deduce that W, 1 H*(X) = 0. ]

We now present two easy consequences of Propositions 1.3.9 and 1.3.11:

Corollary 1.3.12. If X is a complex projective surface with singular locus of di-
mension zero and X 1is a resolution of singularities of X, then H(X) ~ H'(X) for
i=3,4.

Proof. If X is smooth there is nothing to prove. If it is not, then H3(X) and H*(X)
have a pure HS by Proposition 1.3.11. If we denote by F the exceptional divisor of
the resolution X — X, the last part of the long exact sequence of MHS associated to
the resolution square of X reads

o > H*(E) S H3(X) = H¥(X) = 0= HYX) —» HYX) = 0

hence H*(X) ~ H*(X). Since H3(X) has a pure HS of weight 3 we know that
Gr] H*(X) = 0 for i # 3, but Gry” H*(E) = 0: this means « is identically zero, which
implies H3(X) ~ H3(X). O
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Corollary 1.3.13. If X is a complex projective surface having only ADE singularities,
then all its cohomology groups H'(X) admit a pure HS.

Proof. For « = 3,4 this follows from the previous corollary, while for i = 0 the state-
ment is trivial. Denote by X the singular locus of X, by X a resolution of X and by
E the exceptional divisor; from the associated resolution square we obtain

0— H(X) = HX) & H'(S) - HY(E) & H'(X) —» H'(X) —
— HY(E) —» H*(X) — H*(X) —» H*E) S H}(X) — -

The exceptional divisor we obtain from the resolution of an ADE singularity consists
of rational curves with intersection diagram coinciding with a Dynkin diagram of type
Ay, D,, Es, E; or Fg; from this we deduce that H'(E) = 0. Moreover H*(E) has
pure HS by Proposition 1.3.11. As the map « is identically zero, we obtain a short
exact sequence

0— H*(X) — H*X) — H*E) =0
which implies that H?(X) has a pure HS. The map o is identically zero too, so we find
0— HYX)— HY(X) =0

i.e. HY(X)~ H*(X) and in particular H*(X) has a pure HS.
[

Remark 1.3.14. The proof of the previous corollary shows that it is sufficient that
X has singularities such that H'(FE) = 0 in order for the H(X) to have a pure HS.

It is now natural to ask how MHS behave ‘in families’, i.e. what is the relation
between the MHS on a variety X and the MHS of a deformation X' of it.

Definition 1.3.15. Let X be a complex algebraic variety. A deformation of X is
given by the following data:

1. Two complex algebraic varieties X and B with B irreducible.
2. A flat, proper and surjective morphism 7 : X — B.

3. A point by € B such that X ~ 771(by) C X.
This information can be encoded in the following diagram:

X—= s a b)) ——— X

{by} ——— B.
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For the Hodge numbers of a pure HS on a Kéhler manifold we have the following
classical result:

Proposition 1.3.16. Let X be a Kdihler manifold and m : X — B be a deformation
of X = 77 1(by). Then for b near by the fibre X, is a Kdihler manifold and h*1(X,) =
hP(X).

Proof. |67, Proposition 9.20]. O

If X is singular, a deformation need not preserve its singularities; the deformation
that do are called equisingular. While it is intuitively clear what ‘preserving the sin-
gularities’ means, the precise definition of equisingular deformation is rather involved;
the interested reader can find it in any book on singularity theory, for example [28].

We are mainly interested in equisingular deformations of plane curves; we will prove
in fact that:

(i) The mixed Hodge numbers of a plane curve C' C P? are invariant under equisin-
gular deformation.

(ii) Let C' C P? be a plane curve and S be a covering of P? branched along C; any
equisingular deformation of C' induces an equisingular deformation of S, under
which the mixed Hodge numbers of S are invariant.

Thus, mixed Hodge numbers of some singular varieties behave under equisingular
deformations as Hodge numbers of Kihler manifolds behave under deformations.

(i) - Curves Let C be a projective plane curve, 3 be its singular locus, C be a
resolution of C' and E be the exceptional divisor. By Theorem 1.3.7 and Proposition
1.3.9 we have that:

e Both the weight and Hodge filtrations on H°(C') are trivial, so h®°(H°(C)) =
ho(C).

e On H'(C) the weight and Hodge filtrations are given by

0=W_H(C)c WoH (C)c W\H'(C) = H*(C).
0=F?’HY(C)Cc F'H'(C) c F°H'(C) = H'(C).

The associated mixed Hodge numbers are thus h*%(H'(C)) and K" (H'(C)) =
RO (HY(C)).

e The MHS on H?(C) is actually pure, i.e. the weight filtration is trivial; the only
mixed Hodge number is thus b1 (H?(C)) = h*(C).
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By Proposition 1.3.9, from the resolution square

]

Y——C

—_—

we obtain the following long exact sequence of MHS:

0 —-H’(C)— H'(C)® H'(X) — H(E) - HY{(C) —
—H'Y(C) = 0— H*(C) = H*(C) — 0.

From this we deduce immediately that H?(C) ~ H?(C), which implies that h2(C) is
invariant under equisingular deformation. Taking the graded parts Gr}V for i = 0,1,
we obtain:
e 0 = GriVHY(C) — H'(C) — 0; this implies the invariance of h%'(H(C)) =
YO (HY(C)).

e 0= H(C) = HC)® H°(X) = H%E) — GrlY H(C) — 0. The dimensions
of the first three non-zero terms of this sequence are invariant under equisingular
deformation so we deduce the invariance of h*2(H'(C')).

(ii) - Branched coverings of P? Let C := V(f(x,71,22)) C P? be a curve of
degree d, and define the surface S := V(y"—f) C P(%, 1,1,1) which is an m-to-1 cover
of P? branched along C; the singular locus of S consists of the points (0 : zg : 21 : T3)
such that (zg : 21 : x2) is a singular point of C, so S has only isolated singularities.
We write ¥ := Syny = {P1,..., P,}. We denote by S a resolution of singularities of
S and by E the corresponding exceptional divisor, which we can assume to be simple
normal crossing.

Remark 1.3.17. A general deformation of C' can be given by a flat, proper and
surjective holomorphic map ¢ : C — C where C = V(F(xq, 11, 22,t)) C P? x C is the
total space, the fibre Cy := ¢~1(0) is isomorphic to C' and ¢ is just the projection onto
t. Under a general deformation the singularities of the starting variety might ‘collapse’
one into the other in some fibres, but to avoid this problem it is enough to remove a
finite set of points A from the base space of the deformation; once we have removed
these points from C and their preimages from C, we have an equisingular deformation
¢:C"— C\A.

From this we immediately obtain an equisingular deformation ¢/ : S — C\ A of S
with total space S = V (y™ — F(z9, ¥1,72,t)) C P2 x C, and by blowing up the singular
locus of the latter total space we obtain a deformation ¢” : & — C\ A of S such that
any fibre S, is a resolution of singularities of the fibre S;. The latter deformation gives
a family of projective manifolds, for which the Hodge numbers are invariant.
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Using Proposition 1.3.9, from the diagram

(1.3.3)

we deduce a long exact sequence of MHS:

o> H*(S) > H*(S)® H*(X) — H*(E) — H*™(S) = --- .

By the Lefschetz hyperplane theorem we have H'(S) = 0, and clearly we have H3(F) =
0 and H'(X) = 0; this yields the following long exact sequence of MHS:

0— H%S) — H'(X) e H°(S) » H°(E) - 0 — HY(S) — HY(E) — H*(S) —

— H*(S) = H*(E) — H3(S) — H3(S) —» 0 — H*(S) — H*S) = 0.

By Corollary 1.3.12 we know that H*(S) ~ H*(S) for i = 3,4, so the mixed Hodge
numbers of H3(S) and H*(S) are invariant under equisingular deformation of C'. We
now have to deal with the cohomology groups H*(S) for i = 0, 1,2; we study them by
applying Gry, Gr}" and Grl" to the above long exact sequence of MHS.

Remark 1.3.18. F is a simple normal crossing divisor with & smooth components
of degrees di,...,d;; if we deform C to C’ with an equisingular deformation, the
exceptional divisor £’ we obtain is again simple normal crossing with & smooth com-
ponents of degrees dy, . .., dy, because it depends on data (the singularities of C’) that
is left untouched by equisingular deformations. In particular, all cohomology groups
H'(E) and the associated mixed Hodge numbers remain invariant under equisingular
deformation of C.

e The Hodge structure on H?(E) is pure by Proposition 1.3.11, so after applying
GrY we obtain

0 — Gry H*(S) — H*(S) — H*(E) — 0.

The Hodge numbers of H?(S) are invariant under equisingular deformation of
C, and the same goes for those of H?(FE), hence the mixed Hodge numbers
h*°(H?%(S)) = h%2(H?(S)) and h'!'(H?(S)) are invariant under equisingular de-
formation.

e Applying Gr}" we obtain

0— HY(S) = GriVHY(E) — GrlVH*(S) = 0

which gives the invariance under equisingular deformation of C' of h"°(H?(S)) =
hOY(H?(S)).
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e Applying Gr}/ we obtain

0— H%S) = HY ()@ H°(S) = HY(E) = 0 — Grly H*(S) = 0

from which we deduce that h%°(H?(S)) = 0 and that h*°(HY(S)) is invariant
under equisingular deformation of C.

1.4 Polar and Hodge filtrations on hypersurface com-
plements

1.4.1 The global case

An effective approach to the study of the cohomology of a (weighted) projective
hypersurface V', which was introduced first by Griffiths in his celebrated paper [29]
in the projective setting, and was later extended to the weighted projective setting
by Dolgachev in [23], consists in studying the cohomology of its complement. In this
section we recall some results of this type, most of which can be found in [16, Chapter
6].

Fix an integer n > 1 and weights wy,...,w, € Z>;, and let R := Clzg, ..., z,].
R becomes a graded ring by setting deg(xp® - ... 2%) = apwy + -+ + a,w,, and
the C-vector space QP of p-forms on C"! becomes a graded R-module by setting
deg(xg® - ... - xordx;, A -+ Ndxy) = agwo + -+ + apw, + w; + -+ 4+ w;,; their
homogeneous components of degree m are denoted by R,, and €2 respectively.

Assume now we are in the usual projective setting, i.e. w; =1 foralli =0,... n.

We denote by E the Euler vector field on C*!

u 0
E = z;xzﬁ_xz

and by g the contraction by E; this means that for any v € C"*' o € O and
V1, .., Upq € T,C" the (p — 1)-form vp(a) on C™* is given by

tp(a) (v, .., vpm1) == a(E(x),v1, ..., Up_1).

Taking advantage of the properties of ¢t : €2, = €, we obtain the following:

Proposition 1.4.1. Let V' C P™ be a hypersurface defined by a polynomial f € Ry,
and define U :=P™\ V; any p-form w on U (for p > 0) can be written as

w = 20) (1.4.1)

- p+1
for some integer s >0 and v € Q.

Proof. [16, Proposition 6.1.16]. O



24 Preliminaries

In particular, since Q"™ is an R-module of rank 1 generated by w,,; = dzg A
-+« ANdx,, we obtain that in the same hypotheses of the proposition above any n-form
on U can be written as

for h € Ryy_p—1 and s > 0 (1.4.2)

where ) is the n-form

Q= 1g(wpyr) = Z(—l)i:ﬁidmo A A d/@ A ANdx,.
i=0
From now on we will work in the weighted projective setting (to which this last
result can be extended by considering a generic set of weights for the indeterminates
x; and adjusting the definition of the Euler vector field): we write P := P(w), and
consider a hypersurface V := V(f) C P of degree d and its complement U := P\ V.

Definition 1.4.2. If w € H°(U,Qb) is a rational differential form as in (1.4.1), the
minimal positive integer s for which such a representation of w exists is called the order

of the pole of w along the hypersurface V; from now on this value will be denoted by
ordy (w).

We now define the polar filtration on the de Rham complex of U, that consists of
objects

A™ = H(U,Qp).

Definition 1.4.3. The polar filtration on (A®, d) is the decreasing filtration P defined
by

PSA™ — {UJEAm|O7”dv(w)§m—3—|—1} 1fm—s—|—120
- 0 fm-s+1<0.

Looking back at (1.4.2), we see that there is an obvious surjective map R,—s)qg—n—1 —
PHLAT st s [hQ) 70,

Proposition 1.4.4. The filtration P has the following properties:
1. P is a filtration of complexes, i.e. it is compatible with the differential:
d(PsA™) C PSA™
2. P is decreasing and bounded above:
0=P 1A C PPA*C---C PPA*C PTTA C -

3. P is erhaustive, 1.e.

A® = U, PPA°.
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Proof. [16, Lemma 6.1.29]. O

The last two bullets of this proposition imply, by the general theory of spectral
sequences, that the spectral sequence associated to the filtration P converges to H*(U).

The inclusion of complexes P*A®* — A® induces, for every m, a morphism at the
level of cohomology H™(P*A®*) — H™(A®); this allows us to define an induced polar
filtration P on the cohomology groups H*(U) := H*(A®) by

P H™U) := Im{H™(P°A*) — H™(A")}.

More explicitly, we have

« has a representative w
s.t ordy(w) <m —s+1

0 itm—-—s+1<0.
(1.4.3)
This filtration is clearly still decreasing. Now, since U is an algebraic variety its
cohomology groups admit a natural MHS (recall Theorem 1.3.7); we are interested in
comparing the polar filtration P with the Hodge filtration F' on H*(U). We have the
following result:

P () = {a € H™(A®)

} ifm—-—s+1>0.

Proposition 1.4.5. F*H™(U) C PP H™(U) for any integer s and m.
Proof. |16, Theorem 6.1.31]. O

Corollary 1.4.6. Any element in H™(U) can be represented by a rational form w €
A™ such that ordy (w) < m.

Proof. [16, Corollary 6.1.32]. O

As a consequence of this corollary, and of the definition of polar filtration and order
of the pole of a differential form, for m > 0 we have the following:

0= P H™U)C PPH™U) C --- C P2PH™U) C PP H™(U) = H™U)  (1.4.4)

and in particular

H™U) ~ é Gri,H™(U). (1.4.5)

We conclude this section by recalling an important result on the primitive middle
cohomology groups of a (weighted) projective hypersurface. We start from the usual
projective setting. Call V := V(f) C P" and U :=P"\ V, and denote by Qf.(sV) the
sheaf of meromorphic n-forms on P having a pole of order at most s along V. For
any s = 1,...,n we can define the map

bs : HO(P™, Q2. (sV)) — H"(U) s.t. a+ [a
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associating to any « its de Rham cohomology class; its image is clearly P" st H"(U).
Assume now V' has degree d; since Qp, = Opn(—n — 1) and Opn (V) = Opn(d), we
obtain a surjective map

¢s : HO(P", Opn(sd —n — 1)) — P" ST H™(U)

which we can compose with the projection onto P"~**2H"(U) to obtain

@5 H'(P", Opn(sd — n — 1)) — Pt H™(U)/P" P> H™(U).

Proposition 1.4.7. Call J/ the Jacobian ideal of f in R. Fors=1,...,n, ifw = ]}—Q
with h € defnfl then w € Ker(@).

Proof. Pick an element h := Z?:o hi% in de_n_l and call w := ’}—Q the corresponding

meromorphic n-form on P"; if we define the (n — 1)-form ¢ as

1) (wihy — ashi)dzy A Adag A Adag A A day,
J J J
1<j

= —

=t

a direct computation shows that

ot dp— -2 iahi
=0

7T 2=,
where the right-hand side 7 is a meromorphic n-form with a pole of order at most s —1
along V. This means that [w] = [7] € P"*"2H"(U) i.e. that ¢4(w) = 0. O

From this proposition we deduce the existence of the following surjective map

(R/J ) sqen_1 — P" ST H™(U)/P"*T2H"(U). (1.4.6)

If V' is smooth then this map further simplifies; we have in fact:
1. The Hodge and polar filtration on H"(U) coincide, as shown by Griffiths in [29].

2. The statement in Proposition 1.4.7 becomes an if and only if.

3. We have F" T H(U) ~ F*SH" YV )yan =~ F*"*H" (V) prim by the following
arguments:

e If we call j : U — P the inclusion, we have the short exact sequence

0 — Hn(PnaQ)prim L Hn(Ua Q) Ei Hn_l(Xy Q)Van — O
which is compatible with the Hodge filtration. Since H"(P",C)pyim = 0

and the residue is a morphism of MHS of type (—1,—1), we get the first
isomorphism.
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e For projective hypersurfaces the vanishing and primitive middle cohomology
coincide, so we get the second isomorphism.

This means that in the smooth case the map (1.4.6) becomes an isomorphism:

(R/Tsdn1 — H ™ V) prim. (1.4.7)

In the weighted projective setting similar statements hold (although we need to put
some care in the definition of a regular form on the space P(w): if we call W the sum
of the weights w;, we obtain

(R I eq_w — PP*TLH™U) /P T2 H"(U). (1.4.8)

If V' is quasi-smooth then the filtrations P and F' on H"(U) coincide (this was proved
by Steenbrink in [65]) and the map above becomes the following isomorphism:

(R/ I ea—w = H™** (V) prim.- (1.4.9)

1.4.2 The local case

We now want to describe a polar filtration in the following local setting: we assume
that X is an open ball of radius r > 0 centred at the origin of C" and Y is a hypersurface
in X with equation ¢ = 0 such that 0 € Y'; we assume also that Y has a conic structure
in X (this can be always achieved by taking r small enough, see [16, Theorem 1.5.1]).

We denote again by ¢ the analytic function germ ¢ : (C",0) — (C,0); the set
{g°ls > 0} can be thought of as a multiplicative system for each stalk Q. . We
denote by QF the associated ‘localised analytic de Rham complex’ and define the
complex A3, := H°(X, Q. ); the latter can be identified with the de Rham complex
of germs at the origin of C* of meromorphic differential forms with poles along Y, so
any element in it has a representative w of the form

_B
w = —
gS
where (3 is a differential form whose coefficients are function germs in Ogn g.
We can define a polar filtration P on A2 by setting

PsAm L {WEAZLO‘OTdY(W)SM—S—i—l} 1fm—s+120
< 0 ifm-—s+1<0.
This filtration has all the properties of the polar filtration we saw in the global case;

in particular, it defines a spectral sequence (F,(Y'), d,) which converges to H*(X \Y).
There is an associated polar filtration P on H™(X \'Y') = H™(A2,) given by:

PH™(X\Y) = Im{H™(P*A%) — H™(A%)}.

Assume from now on that (Y, 0) is an isolated singularity. The cohomology groups
H™(X \Y) also carry a Hodge filtration, but the relation between it and the polar
filtration is not as simple as in the global case:
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Proposition 1.4.8. For any integer s we have

FPH"(X\Y)C P°H"(X\Y).
FEH'™Y(X\Y)D P*H" (X \Y).

Proof. |37]. O
We now focus our interest on a particular class of isolated singularities.

Definition 1.4.9. The singularity (Y, 0) is weighted homogeneous if there exist coor-
dinates y1,...,y, on C" around the origin and weights v; := wt(y;) such that (Y,0)
can be defined by a weighted homogeneous polynomial g of degree M (for some M)
with respect to the weights v := (vq,...,v,).

Proposition 1.4.10. (E,.(Y),d,) degenerates at Es if and only if the singularity (Y,0)
18 weighted homogeneous

Proof. |14, Corollary 3.10]. O

Remark 1.4.11. When (Y, 0) is weighted homogeneous the terms Ej " of this spec-
tral sequence can be described easily: if we denote by M (g) the Milnor algebra of g,
which inherits the grading given by v, and by v the sum of weights of v, we have a
C-linear identification

Ey (YY) = M(g)inr—

given by associating to the class of a monomial y* € M (g);a—, the class of the differ-
ential form y®g~'w,, where w, := dy; A -+ A dy,.

Since we have H™(X\Y') ~ @, . M (9)irr—v, f {y* = 37"y |a = (a4, ..., ap) €
A;} is a monomial basis for M(g)¢—, then the differential forms

form a basis for PPH™(X \ Y).
Since Y — {0} is a smooth divisor in X — {0} we can write the usual Gysin exact
sequence, which gives in particular

= HY(X\A{0}) — HYX\Y) 55 H N (Y \{0}) — H™H(X\{0}) = -

X\ {0} retracts onto S, so H*(X\{0}) = 0 for k # 0,2n—1; as a consequence, the
Poincaré residue map Res: H"(X \Y) — H™(Y \ {0}) is an isomorphism. Moreover,
the assumption of Y being a cone in X means that Y is contractible, so the long exact
sequence of the pair (Y,Y \ {0}) gives an isomorphism H" (Y \ {0}) — H"(Y,Y \
{0}) == H{;;,(Y). Putting things together, we get isomorphisms
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Hiy (V) ~ HY(X\Y) ~ P M(g)irr—- (1.4.10)

teN
This shows that we can induce a polar filtration P on Hjj,(Y') too. This local coho-
mology group carries a natural MHS, which is actually pure of weight n when (Y, 0)

is a weighted homogeneous singularity; in the same situation, the polar filtration P
coincides with the Hodge filtration F' (see [65]).
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CHAPTER 2

Hyperplane arrangements and their
Alexander polynomial

2.1 The Alexander polynomials of a projective hy-
persurface

2.1.1 Definition and basic properties

Call R the ring Cl[zo, ..., z,] and consider a polynomial f € R such that f(0) = 0.
For real numbers ¢,0 > 0 we define the open ball B, := {z € C"*! s.t. |z| < €} and
the punctured disk D} := {z € Cs.t. 0 < |z| < 0}; in [40] Lé proved that:

Theorem 2.1.1. For any 0 < § < € sufficiently small, the map

GiBASTDY) - Dy st wle) = f(2) (2.1.1)

s a smooth locally trivial fibration.

The map v is usually called the Milnor fibration associated to the polynomial f;
this is due to the fact that, before the work of Lé, Milnor [54] proved the existence of
a fibration equivalent to the previous one for polynomials having at worst an isolated
singularity in 0. We are interested in the case in which f is weighted homogeneous:
namely, let w := (wy, ..., w,) be a vector of non-negative integers and assign weights
to the indeterminates x; of R by wt(x;) := w;. R becomes a graded module over itself,
and we can speak of its homogeneous components R, of degree d. If f € R, taking
advantage of the Euler relation f(¢-x) = t¢f(x) it is easy to see that the polynomial
map

fCv\ f7H0) — CF (2.1.2)

is a smooth locally trivial fibration equivalent to ; its restriction over the unit circle
St is called global affine Milnor fibration, and the fibre F := f~1(1) is called global
affine Milnor fibre; the latter is a smooth affine variety of complex dimension n so it

31
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is in particular a Stein space variety. Since we will focus only on the case in which f
is weighted homogeneous, we will simply speak of Milnor fibration and Milnor fibre.

Call now V := V(f) C P(w) the weighted projective hypersurface associated to f,
U :=P(w) \ V its complement and Y := V(y? — f) C P(1,w), which is the closure of
the Milnor fibre in the weighted projective space P(1,w); clearly

Yoing ={(0:z0:...:xp|(mo: ... ) € Viing} = Viing.

Consider the projection map

7Y > Pw) st (y:xo:...:x,) = (To:...:Zy). (2.1.3)
The preimage of V' through 7 is the set {(0: o : ... zy)|(zo: ... 2,) €V} =V,
while the preimage of any point (zg : ... : x,) € U consists of the d points (y : zo :

.1 xy,) with y # 0 satisfying y¢ = f(xo, ..., z,); this exhibits Y as a d-fold cover of
P(w) branched along V', and F as a d-fold cover of U. In particular, F' admits as a
deck transformation the automorphism

2miwg 2miwn

(Toy .y xp) > (67T To,...,e 4 xy,).

As it happens with any fibration over S!, to the Milnor fibration we can associate a
geometric monodromy automorphism h : F' — F'; the explicit expression of h is quite
easy when f is a weighted homogeneous polynomial: we have

2miwg 2miwn,

hzo,...,x,) = (e 4 mg,...,e d x,) (2.1.4)
i.e. the geometric monodromy coincides with the deck transformation of F' we saw
before. For any ¢ = 0,...,n, the geometric monodromy A induces an automorphism

T* on the cohomology group H'(F,C), which we call i-th algebraic monodromy. We
can now give the following definition:

Definition 2.1.2. The i-th Alexander polynomial of V is the characteristic polynomial
of the i-th algebraic monodromy T : H(F,C) — H'(F,C). We denote it by Al ().

As h has finite order, the same holds for the T%s: this means the latter are diago-
nalisable, with (not necessarily primitive) roots of unity of order d as eigenvalues. The
Al (t) are thus products of cyclotomic polynomials ®(¢) with k|d.

Remark 2.1.3. Denote by H(F,C), the eigenspace of T relative to the eigenvalue
a. Since F is a d-fold cover of U, and since the geometric monodromy h coincides
with the generator of the group of deck transformations of F', we deduce that

H'(F,C); = H(F,C)T" ~ H'(F/{(h),C) = H(U,C).

If V has r irreducible components, Proposition 1.1.10 implies that

HY(F,C), ~C"!

so the first Alexander polynomial A{,(¢) will always contain the factor (¢t —1)"~!. For
this reason, when A}, (¢) = (t — 1)"~! we will say that the first Alexander polynomial
is trivial.
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We can give a different, more algebraic (but equivalent) definition of the i-th
Alexander polynomial. Since T has order d, we can consider H'(F,Q) as a mod-
ule over the group algebra A := Q[Z/dZ] ~ QI[t]/(t? — 1) in the following way: for
P(t) € Aand a € H(F,Q) we set P(t) - a := P(T%)(a). The A-module H'(F,Q)
decomposes then into

H'(F,Q) = (Qt]/(t — 1)) & € (@t]/ (1)), (2.1.5)

1<k|d

Definition 2.1.4. The i-th Alexander polynomial of V' is

AL (t) = (t = )Y T @)+
1<k|d

Most of the Alexander polynomials of a projective hypersurface are actually iden-
tical to 1. To see this, observe first that F' = Y N D(y) and V ~ Y N Z(y), so we
have an open immersion j : F' < Y and a closed immersion i : V < Y. As we have
seen, the singular loci of Y and V' have the same dimension m (as usual m := —1 if
Viing = 0); this means that combining Barth’s theorem 1.1.7 with the weak Lefschetz
theorem 1.1.1 we obtain

H'(Y,C) ~ H'(P"*' C) for i <n and n+m +2 < i < 2n.
H'(V,C) ~ H'(P",C) fori<n—Tlandn+m+1<i<2n—2.

Moreover, since F'is a smooth affine hypersurface of complex dimension n by Corollary
1.1.4 we have H'(F,C) = 0 for ¢ > n. If we combine all of this and take advantage of
Poincaré duality, we obtain the following long exact sequence of cohomology groups
with compact support (recall Proposition 1.3.8(ii)):

0— H(P"* C) - H(P",C) — 0 — H*(P"*',C) — H*(P",C) —
o= 0— H" P C) - H"(V,C) - H"(F,C) = H"(Y,C) — H"(V,C) —
— H"""Y(F,C) — H™"™ N (Y,C) — H"™(P",C) - H" ™ *(F,C) —
— HYT(Ppr C) — HMP (P C) — - — 0 — HY(F,C) — H*™(P"*' C) — 0.
As the morphisms H!(P"*!, C) — H'(P",C) are isomorphisms for ¢ = 0,...,2n — 2,
we find that H*(F,C) can be non-trivial (i.e Al can be different from 1) only for i =

0,m—m —1,...,n. For this reason, we shift the indices of the Alexander polynomials
in the following way: for: =1,...,m + 2 we set

AL () i=det(I -t — T "2 g 2H(F . C) — H ™ *T(F,C)). (2.1.6)

An important feature of the Alexander polynomials is that they remain (almost) un-
changed if we substitute the hypersurface V' with a generic hyperplane section V N H;
precisely, we have the following:
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Theorem 2.1.5. Let V C P" be a hypersurface and let m := dim(Vyp,), then

AV =AY for k< m and ATTHATL
for any generic hyperplane H C P".
Proof. |16, Theorem 4.1.24] ]
Corollary 2.1.6. Let V. C P" be a hypersurface and let m := dim(Ving) > 1, then

A%/ = A%/mHm...mHm
for generic hyperplanes Hq, ..., H,, C P™.

When m = —1 (i.e. when V is quasi-smooth) the only interesting Alexander
polynomial is A},, and the problem of its computation has been long solved (see [3,
Proposition 3.5]); on the other hand, when m > 0 the picture changes: it appears
that even the Betti numbers of F' (i.e. the degrees of the Alexander polynomials) are
known only in some special cases (see |24, 57, 64]). This suggests that for m > 0 one
should start by studying Al: by the previous corollary, in fact, we can reduce to the
case of a hypersurface VN H; N ... N H,, C P"™ having isolated singularities. We
will do just that: from now on, we will denote A{, simply by Ay, and we will call it
the Alexander polynomial of V.

We conclude this section with a result that allows to ‘split’ the reduced cohomology
groups of the Milnor fibre of a certain class of polynomials, of which we will make use
in Chapter 3:

Theorem 2.1.7. Suppose f(xo,...,x,) has an isolated singularity at the origin and
9o, - -, Ym) has an arbitrary singularity at the origin. Call F, G and F & G the
Milnor fibres of f, g and f + g respectively, and denote by T}, T; and T}Jrg the various
monodromy operators on the cohomology groups. There is an isomorphism

H Y F® G Q) ~ H'(F,Q) ® H*(G,Q)  fork=0,...,m

respecting the monodromy operators: T}fgk“ =17 ® Tgk.

Proof. This is a consequence of [16, Lemma 3.3.20, Corollary 3.3.21]. O

2.1.2 Constants of quasi-adjunction and a formula for Ay

Assume f(xg,...,x,) = 0 defines a germ of isolated hypersurface singularity at
the origin of C"*! and let Y} denote the associated hypersurface germ. If w is a non-
vanishing holomorphic n-form defined on Y} \ {0} and 7 : Y; — Y} is a resolution of
Y}, then the n-form 7*(w) is a priori holomorphic on Y} \ 7~(0) only.

Definition 2.1.8. Choose for w the form

_dxl/\~~~/\d:1:n

of
Oxg

The adjoint ideal of f is the ideal of O¢n+1 formed by elements ¢ € Ocn+1 such that
7*(¢w) is holomorphic on the whole Y} (see [56]); we denote it by Adj;.

(2.1.7)
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This local definition of the adjoint ideal can be extended to a global one, namely
that of adjoint ideal of a weighted projective hypersurface V. In order to keep notations
simple, we write P for P(wy,...,w,); moreover, we denote by ¢ the inclusion map
V < P and by w the sum of the weights w;. Assume 7 : V — V is a resolution of
singularities of V' with exceptional locus E, and set F := 7,(Qy)(w — d) where Q is
the sheaf of holomorphic (n — 1)-forms on V:

Definition 2.1.9. The adjoint ideal of V is the ideal sheaf Adjy := i, F C Op.

One can check that if p € V;,, and g, is the associated germ of isolated hypersurface
singularity (which we can assume to be at the origin of C"™!), then the stalk Adjy,, is
exactly the adjoint ideal Adj,, of g,.

Assume now that f(zg,...,x,) = 0 defines a germ of isolated hypersurface sin-
gularity at the origin of C"™! and fix a germ of holomorphic function ¢ around the
origin. For any m € N set f,, := 7', — f; then f,, = 0 defines a germ of isolated
hypersurface singularity at the origin of C"*2. We define the function ¢4 as:

Vs :N—= N s.t. m— min{l € N|z!_ ¢ € Adj;, }. (2.1.8)
We have:

Proposition 2.1.10. For any f and ¢ as above there exists kg5 € Qso such that
Vo(m) = [kgs - m].
Proof. 49, Proposition 1.7] O

Definition 2.1.11. If k4 s > 0 then this number is called the constant of quasi-
adjunction of the singularity f corresponding to the germ ¢ (or constant of quasi-
adjunction of ¢ relative to the point p € V' of local equation f).

In what follows we will often drop the subscript f when speaking of constants of
quasi-adjunction. Moreover, we will use the expression ‘constants of quasi-adjunction
of a point p (a hypersurface V')’ to refer to all possible constants of quasi-adjunction
of function germs ¢ at the point p (at any point p € V).

Remark 2.1.12. Since we shall be interested in constants of quasi-adjunction of or-
dinary multiple points in the projective plane, whose local equation have the form
™ —y™ = 0, we recall two ways to compute the constants of quasi-adjunction of
weighted homogeneous isolated singularities:

1. In [56] it was proved that if the singularity g(zo,...,%n, Tn1) = 0 is weighted
homogeneous, then the monomial {0 - . . .- z,' belongs to the adjoint ideal of ¢
if and only if the (n+2)-tuple (ig+1,...,%,4+1+ 1) lies in the Newton polytope of
g. This makes it easy to compute the constants of quasi-adjunction of a weighted
homogeneous singularity f(zo,...,z,) = 0. In particular, if f =z’ + -+ + 2
the Newton polytope of g := a7, — f(xo,...,xy) is

(7o, ..., Tpy1) € R™T2 x; + Dxpyr > Dm where D = | | ¢;.
{ i) RS D 1

1=0



36 Hyperplane arrangements and their Alexander polynomial

In this case the minimal [ such that z - ain iyl | belongs to the adjoint

- N il : .
ideal of g equals [m(1 — >} ,“%=)|. This means that the constant of quasi

i0+1 .
O ..

adjunction of the monomial (function germ) x! := z[? .. .. x% relative to a point
of local equation f = zd’ + -+ a0 is
n .
i+ 1
hop=1-Y = (2.1.9)

=0 I

if this value is positive.

2. If f(x1,...,2n41) = 0 defines an isolated hypersurface singularity, the Steenbrink
spectrum of f is the formal sum of rational numbers

sp(f) == Zozl/(a) (2.1.10)
a€Q

where v(a) is the dimension of the e=2m

-eigenspace of the semisemplification
of the monodromy operator acting on Gr};n_aj H"™(Fy). If f is weighted homoge-
neous then the monodromy operator is diagonalisable, so one does not need to
consider its semisemplification in order to define v(«); moreover, if f has degree

d and weights w; then

v(o) = dim M (f)(a+1)d—w (2.1.11)

where M(f) is the Milnor algebra of f and w is the sum of the w;’s. The
spectrum is symmetric around “5% and v(a) = 0 for o ¢ (—1,n). The results in
[51] show that when n = 2 the constants of quasi-adjunction of f coincide with
the elements of sp(f) belonging to (0,n).

The results illustrated above show that the constants of quasi-adjunction of the
plane curve singularity 2™ — y™ = 0 are
1 2 -3 m—2
A (2.1.12)
m’'m m m
Definition 2.1.13. For any k& € R, the ideal of quasi-adjunction Ay is the sheaf of
ideals of Op s.t. for any U C P:

H(U, Ay) :={¢ € H* (U, Op)lky,s, < k for any p € U N Vg } (2.1.13)
where f, is a local equation of V' N U at the point p.

For any k the ideals of quasi-adjunction are supported on Vj;,,, hence if we define
Qy. := Op/ Ay, and Zy := Supp(Qx) we obtain a zero-dimensional subscheme of P; it
follows that Z, = Spec(Ry,) for some finite-dimensional C-algebra Ry, so we can define
the length of Zj as [(Z) := dimc¢(Ry).

Now we switch back to the usual projective setting, and state the following theorem:
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Theorem 2.1.14. Let V' C P" be a projective hypersurface of degree d with isolated
singularities. For any ml|d let X,, be the m-fold cover of P branched along V and
let X,, be a resolution of singularities of X,,. Denote by K the set of all constants of
quasi-adjunction of V, and for any k € K define 6, := dim H*(P", A.(d—n—1—dk)).
Then

1. We have an equality

~ KMEZ
hn—l,O( m) _ Z 5){'
reK
2. The polynomial
KAEZ
An—l,O(t) — H (t o eQﬂ'i/{)dﬁ

KEK

is the characteristic polynomial of the monodromy action on H" “C(H""1(F)),

hence A" 1O(#) An=10(1) Ay (1).

3. If V is a curve (i.e. n =2), we have the equalily

Av(t) = Al’o(t)ro(t)(t _ 1)7‘71

where 1 is the number of irreducible components of V.

Proof. Points 1. and 2. are the content of [49, Theorem 4.1]. Here we prove 3.,
because in what follows we will be dealing with curves and because for the proof we
will introduce a construction that will be used again in Chapter 3.

Call C = V(f) C P? the curve, F = V(f — 1) C C? its Milnor fibre and S =
V(f —y%) C P3 the closure of I'; we have a long exact sequence of MHS

o= HN(F) — H*(S) = H*(C) — HY(F) — - -

which gives

o= H*(S) S H*(O) — HX(F) — H?*(S) — 0.

The monodromy action on F' is given by (xg,x1,22) — 1 - (20, 21, x2), where 7 is an
element of the group pg of d-th roots of unity, and it can be extended to a pg4-action
on S by setting - (y : xo : ¥y : @9) = (Qy : T : T1 : T2); as S/ug ~ P2, we have
h2(S)Hd =1 and h3(S)Hd = 0.

Clearly hs(C) = r; moreover, we notice immediately that the pg-action on C' is
trivial, hence H'(C)* = H'(C).

The fact that C' C S implies that ¢ is non-trivial, and the fact that C' is fixed by
the pg-action guarantees that it remains non-trivial when we consider its restriction to
the pg-invariant parts o’ : H*(S)# — H?(C). If we consider the invariant part under
the pg-action of the previous long exact sequence, we obtain
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0 — Ker(o') — H*(C) — H3(F)" — 0.

If ¢ — C is a resolution of C, by the long exact sequence associated to this resolution
we deduce that H*(C) ~ H?(C); in particular, H*(C) is a pure HS of weight 2
that consists only of its (1,1) part. The same is true for Ker(o’), which is a Hodge
substructure of H?(C'). This implies that H2(F); = H3(F)"d is a pure HS of weight 2
and type (1, 1) too; moreover, its dimension is r — 1.

If we look at the non-invariant part of the previous long exact sequence under the

[tg-action, we obtain

0— H3(F)p — H*(S) =0
from which we deduce that H>(F).; ~ H?(S). Since the singular locus of S is zero-

dimensional, by Corollary 1.3.12 we have H3(S) ~ H3(S) for any resolution of singu-
larities S of S; this implies that H3(F); is a pure HS of weight 3 with parts (1,2)
and (2,1).

What we obtained is the following:

Hg(F)l = GT’};GT;/VH?)(Fh

[

HX(F)yz = GrpGry H2(F)z ® GriGry H2(F) 4.

c C

If we use the isomorphism (1.3.2), the above becomes

HY(F), = Gri.Gry H'(F);.
HY(F)z = GrpGr)" H' (F) 2 ® Gr&Gr) H'(F) 4.
This means that H'(F); is a pure HS of weight 2 and type (1,1) and H'(F') is a pure

HS of weight 1 and parts (1,0) and (0, 1). We can thus write H'(F) = H"'@H" o HL0
and

Ac(t) = (t—1)""'P(t)P(t)

where P(t) is the characteristic polynomial of the monodromy action on H'°, But by
point 2. we have P(t) = AM0(t), so we are done. O

Remark 2.1.15. We have the following equality:

0 =U(Z:) —hy, (d—n—1—kd) (2.1.14)
where [, C R denotes the homogeneous ideal corresponding to the zero-dimensional
scheme Z,, C P". To prove it, we start from the short exact sequence of sheaves on P"

0— A, — Opn — Z, — 0.

Tensoring with a locally free sheaf is an exact functor, so if we tensor the above
sequence by Opn(d —n — 1 — kd) we obtain
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0—A(d—n—1—krd) = Opn(d—n—1—kd) - Z,(d—n—1—rd) — 0.

We have H'(P", Opn(d —n — 1 — kd)) = 0; moreover, the sheafl Z,(d —n — 1 — kd) is
supported on the singular locus of V i.e. on a finite set of points, so H°(P", Z,(d —
n—1—rd)) ~ H°(P", Z,) and from the long exact cohomology sequence of the short
exact sequence above we deduce

H'(Au(d —n—1—kd)) = Coker(H°(P", Opn(d —n — 1 — rd)) — H°(Z,)).

Since HY(P", Opn(d —n — 1 — kd)) =~ Rq_p_1_ra and H°(Z,) ~ R/I, we obtain that
H'(A.(d —n —1—kd)) is the cokernel of the projection
Rd—n—l—nd — R/L{

Thus 6, is the difference between dim(S/I,;) = h%(Z,.), which is by definition I(Z,),
and the Hilbert function of I, in degree d — n — 1 — kd, i.e. the so-called defect of the
linear system of hypersurfaces of degree d — n — 1 — kd whose local equations at the
points of V;,, belong to A,.

Since we shall be interested in the case of curves, we restate the last point of the
previous theorem in a different way:

Theorem 2.1.16. Let C C P? be a reduced curve of degree d and let ky, . .., k,, be all
the constants of quasi-adjunction of C, then

dk;€Z
Aoty = (=1 [T [t =)t — ek (2.1.15)

where

1. 7 is the number of irreducible components of C'.
2. s(k;) := dim H'(P?, Ay, (Na(k;)))-

3. Nq(kj) :==d —3 — dk;

As before, we have

s(ky) = U(Zy,) — hlkj (Na(k;)). (2.1.16)

2.1.3 Ay and Mordell-Weil rank of abelian varieties

Formula (2.1.15) theoretically allows to compute the whole Alexander polynomial
of a curve C'; in order to use it, however, one needs to have information on the rela-
tive position of the relevant singular points of C' (those admitting constants of quasi-
adjunction), and this is often too much to ask unless one has an explicit equation for
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the curve. An approach that does not rely on this information is the following: one
associates to C' a threefold H fibred over P? having C' as discriminant, and relates
Ac(t) to the Mordell-Weil rank of the Jacobian J(H) of H considered as a curve
over C(z,y); the drawback of this method, which was to be expected, is that it only
provides partial information on Ag(t) unless C' satisfies some strong hypotheses. In
this subsection we illustrate some known results of this kind, which, apart from being
interesting in their own regard, will allow us to introduce quasi-toric decompositions
and show their influence on the Alexander polynomial of a curve.

Definition 2.1.17. Let f € Clyo, y1, y2] be a homogeneous polynomial of degree d. A
quasi-toric decomposition of type (p,q,r) of f (of C := V(f) C P?) consists of co-prime
homogeneous polynomials fi, fa, f3 € Clyo, y1, y2] such that f7 + fg = fif;if f3 =1,
we speak of toric decomposition of type (p,q).

Assume C' = V/(f) is an irreducible curve with only nodes and cusps as singularities,
and associate to it the elliptic threefold (curve over C(z,y)) H of equation u? + v =
f(z,y,1); Cogolludo-Agustin and Libgober obtained the following result (|5, Theorems
1.1,1.2]):

Theorem 2.1.18. Under the above hypotheses and notations we have:

1. The Z-rank of the Mordell-Weil group of H is equal to the degree of Ax(t).

2. The set of quasi-toric decompositions of type (2,3,6) of C has a group structure,
and it is isomorphic to Z* where Ac(t) = (t* —t + 1)

In particular, Ac(t) is non-trivial if and only if C admits a quasi-toric decomposi-
tion of type (2,3,6).

Observe that quasi-toric decompositions of type (p, ¢,lem(p, q)) correspond to the
C(xz,y)-rational points of the affine curve E of equation u? + v? — f(z,y,1) = 0,
with toric decompositions of type (p,q) corresponding to points of E defined over
Clz,y]. Choose now weights wy and w; for u and v respectively in such a way that
h == uP+vi+ f is a weighted homogeneous polynomial; call X the threefold of equation
h = 0 in the weighted projective space P := P(wp,wy, 1,1,1). We have the following
chain of inclusions:

quasi-toric decompositions of
C of type (p, ¢, lem(p, q))

} C J(E)(C(z,y)) C Hy(X,Z)pim.  (2.1.17)

Call g := P +v?, then h = g— f. We denote by Fj,, F,, Fy the Milnor fibres associated
to h, g and f, and by T}, T,, Ty the various algebraic monodromy operators. If we write
down the long exact sequence of cohomology groups with compact support associated
to the pair (P, X), we obtain Hy(X)pnum =~ H2(P\ X)V; by Poincaré duality we can
then write Hy(X)pim ~ H?*(P\ X), and since F}, is a covering space for P\ X we
deduce that Hy(X)prim ~ H?(Fy,)™. If we combine this with Theorem 2.1.7 we can
write
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Hy(X)prim D HY(F))Ts @ H'(Fy)™. (2.1.18)

Assume now that there exists a quasi-toric decomposition of f; it corresponds to a
point p € E(C(x,y)), and by the above chain of inclusions we can associate to it
an element ¢ € Hy(X)prim i.. an element of H3(F},) which is left invariant by Tj,; by
Theorem 2.1.7, we can write ( = Y., (,, ®Cy, with, foralli =1,...,r, (,, € H'(F})a,
and (;, € H'(Fy)s, where a; + f3; = 1. Now, T, ® Id is induced by the automorphism o
of F that multiplies u and v by the appropriate roots of unity; since o(p) # p we deduce
that (T, ® Id)(¢) # ¢, which implies that ¢ does not belong to H*(F,)%s @ H'(Fy)'r.
As a consequence, there exists (; € H'(Fy) which is not invariant under Ty. We have
thus proved the following:

Lemma 2.1.19. If C = V(f) admits a quasi-toric decomposition then Ax(t) is non-
trivial.

The approach of [5] was generalised in two ways: in [47] (see Theorem 1.2 (2))
isotrivial abelian varieties A over C(z,y) were considered, while in [39] the elliptic
threefold u? + v® = f(x,y,1) was replaced by g(u,v) — f(s,t,1) with g weighted
homogeneous. In particular ([39, Corollary 1.2]):

Theorem 2.1.20. Assume C =V (f) is a curve of even degree with only ADE singu-
larities, and let e be a divisor of d. The Mordell-Weil rank of the group of C(z,y)-valued
points on the Jacobian of the general fibre of H : u? = v° + f(x,y,1) equals

1552
2 Z OT’dt:)\jAc(t)
j=1
2migj

where \j :==e < .

When e = 3 one obtains the same result of [5].

2.2 The case for hyperplane arrangements

2.2.1 Motivation

The computation of the Alexander polynomial of singular projective hypersurfaces
V :=V(f) C P" is in general a difficult task. The class of hypersurfaces which has
drawn the most interest consists of those whose defining polynomial f factors into a
product of linear forms: in this situation the associated affine hypersurface (the cone
over V) is a finite collection of codimension one vector subspaces of C"™! ie. a so-
called hyperplane arrangement; we will denote these objects by A = {Hy,...,H,}. In
this situation V' = IP(A) is a finite union of codimension one linear subspaces of P,
so it is a hyperplane arrangement too; thus we will usually denote V by A and write
A={Hy,...,H,}.

What makes this situation easier is that we may try to take advantage of the
combinatorial nature of A, that is encoded in its intersection semilattice L(A) (defined
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at the beginning of the next subsection); however, even in this setting the Alexander
polynomial is not known in general.

Remark 2.2.1. Observe that if 4 C C"*! is a hyperplane arrangement then A C P" is
a projective hypersurface with singular locus of dimension n—2; by Corollary 2.1.6, by
taking successive hyperplane sections we can reduce the computation of the Alexander
polynomial to the case n = 2. In this case the hypersurface A C P? is actually a line
arrangement, so we will write A = {l;,...,l,} where I; is the line corresponding to
the (hyper)plane H;; moreover, the Alexander polynomial is (by (2.1.6)):

A4(t) =det(I -t —T': H'(F,C) — H'(F,C)).

From now on, unless stated otherwise, we will consider only hyperplane arrangements
in A C C? and the associated line arrangements A C P2

In [35, Problem 9A| and [38, Problem 4.145|, the following problem was raised:

Problem 1. Given a line arrangement A C P2, is its Alezander polynomial A4(t)
determined by L(A)? If so, give an explicit combinatorial formula to compute it.

In this section we gather some known results around this problem, that are inter-
esting in their own regard and also motivate the research we have been doing.

The singular locus of A consists of ordinary multiple points, which are weighted
homogeneous singularities i.e. singularities for which we know the constants of quasi-
adjunction: as we showed in Remark 2.1.12, if the point has order m they are Z—-1
for y =1,...,m—2. This means that if we know the position of these multiple points
we can compute A4(¢) using the formula provided by Theorem 2.1.16.

Example 2.2.2. Consider a line arrangement A consisting of k lines passing through
the same point (which we can assume to be (0 : 0 : 1)); the constants of quasi-
adjunction of A are ¢; := k‘% for y = 1,...,k — 2 and the corresponding values
Ny(c;) are j —2. For any j the ideal associated to the scheme Z, is I, = (x,y)’, and

so we have hlej (j—2)= 3(3771), on the other hand, the length of Z, is the dimension

of the vector space of polynomial function germs around (0 : 0 : 1) whose constants of

quasi-adjunction are bigger than or equal to c;, so I(Z.,) = JOTH) This means that
d(cj) =jforall j=1,...,k—2, so the Alexander polynomial of such an arrangement
is non-trivial and is given by
k—2
Aq(t) = (¢ = 1 I = e27i9) 6 = 2o
j=1

If we denote by 7, a primitive k-th root of unity, we can rewrite this expression as

k—2

Ag(t) = (t = )M [T =77 =l P

Jj=1

Fixaj; € {1,...,k—2}; in order to have k—1—j; = jo+1 we need j, = k—2—j;, and
this is always possible given the set in which j; varies. This means that in the above
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expression to any term (t —np)? for j = 1,...,k — 2 corresponds a term (¢ —n)*=277;

we can thus rewrite the Alexander polynomial as

k—1
Az(t)y = (=D [T =m) > = ¢ =0 I @av)>
h=1 1<d|k

In view of this example, from now on we will only consider essential (or non-
central) hyperplane arrangements in C3, i.e. arrangements A such that A does not
consist of lines that intersect in a single point.

2.2.2 Combinatorics of A

The aim of this subsection is to introduce some combinatorial objects naturally
associated to A (and A), and to illustrate their interplay. We start with the intersection
semilattice L(A): this is the partially ordered set of all intersection of hyperplanes in
A, usually called flats, ordered by reversed inclusion and ranked by codimension.
Given two flats X,Y € L(A), their join is X VY = X NY while their meet is
XANY =n{Z € LA|IXUY C Z}. If X € L(A) is a flat, we denote by Ax
the subarrangement {H € A|X C H} and define the multiplicity of X as |Ax|. If
Li(A) denotes the set of flats of L(A) of rank k, we can see that there is a 1-to-
1 correspondence between L;(A) and the lines of A, and between Ly(A) and the
multiple points of A.

Another useful object associated to A is its Orlik-Solomon algebra. This can be
defined over any noetherian ring K, but we will take for K a field. It is defined
as follows: if A = {Hy,...,H,} with H; = V(f;) for f; € K[zg,x1, 221, we let E
be the exterior algebra over K generated by eq,...,e, and define a degree —1 map
0:E,— E, by

p
Oen Ao M) = (=1 ey A NG AL Ney,

j=1
The Orlik-Solomon algebra A(A,K) of A is the quotient of E by the ideal I gener-
ated by {d(e;, A... Nei,){firs---, fi,} is a linearly dependent set}; when no risk of
confusion arises, we will denote it simply by A. The grading on F induces a grading
A = @,A,. If we denote by w; the images of the e; in A, we see that they form a basis
for Ay, so we find an isomorphism A; ~ KM,

It is clear by its definition that A(A,K) only depends on L(.A) and on the choice
of K; however, A(A,K) also carries geometric information: indeed, it was proved in
[58] that A(A,C) is isomorphic, as graded algebra, to the de Rham cohomology ring
H*(M(A),C), where M(A) := C*\ A. Under this isomorphism, the generator w; of
A(A,C) is identified with the logarithmic one-form d(log(c;)), where «; is any linear
form defining H; (for example f;).

Remark 2.2.3. Pick a defining polynomial f € C[zg, 21, zs]q for A: up to a change
of coordinates, we can assume that f = xog for some g € Clxg, 1, 22]q1. If we
denote by p the usual Hopf bundle map C3\ {0} — P2, we can see that its restriction
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p: C*\{zg = 0} — P2\ P! ~ C? defines a trivial C*-bundle; this implies that
p: M(A) — U(A) is a trivial C*-bundle too, with U(A) := P?\ A. Since, as we have
already seen, the Milnor fibre FF C C? of A is a d-fold cover of U(A) whose group of
deck transformations is generated by the monodromy operator h, we can write

M(A) ~ U(A) x C* ~ (F/(h)) x C*.
This shows that M (A) carries information on the Milnor fibre of A, and motivates the
choice of the notation M(A) for C?\ A.

If a € A; then a® = 0 by the graded commutativity of A, so we can associate to a
a cochain complex

(A,da) : AU 5—a> Al 5—a> A2 5—a) Ag — 0 (221)

where 9,(b) := a Ab; this is called the Aomoto-Betti complex of A relative to a. These
complexes allow us to define two other important notions: resonance varieties and
Aomoto-Betti numbers. The (degree ¢, depth r) resonance varieties of A are the
jumping loci for the cohomology of the Aomoto-Betti complexes, namely

RYA,K) = {a € A,| dimg HY((A,K),5,) > r}. (2.2.2)

We will be mainly interested in the degree 1 resonance variety R,(4,K) := R}(A,K)
which, by definition, consists of {0} together with all @ € A; for which there exist
bi,...,b, € Ay such that dimg Span{a,by,...,b,} = r+ 1 and ab; = 0. The variety
R1(A) is particularly well-understood, and its main properties are summarised in the
following theorem (which is a collection of results in [50] and [7]):

Theorem 2.2.4. Over a field K of characteristic 0, all irreducible components of
R1(A,K) are Zariski-closed linear subspaces of K" intersecting pairwise only at {0};
moreover, the positive-dimensional irreducible components have dimension at least two,
and the cup product map N : Ay X Ay — As vanishes identically on each such compo-
nent.

If char(K) # 0 then R, (A, K) may have irreducible components that are non-linear,
or that intersect non-trivially (see [26] for some examples). An irreducible component
of R'(A,K) is called global if it is not contained in any coordinate hyperplane w; = 0 of
Ay ~ KM in this case, we say that A (or A) supports a global resonance component.

Let now o be the element of Ay given by o := Y., A Wis the Aomoto-Betti

-----

number over K of A is defined as

Br(A) = dimg H*((A,K),6,) = maz{r € Nlo € R.(A,K)}. (2.2.3)

It is clear from its definition that Bk (A) depends only on p := char(K), hence we
denote it simply by £,(.A).

Recall that H'(F, Q) decomposes as a Q[Z/dZ)-module in the following way (see
(2.1.5)):



2.2 The case for hyperplane arrangements 45

H'(F,Q) ~ Q4 o @ (Qlt]/®x(t)* .

1<k|d
Aomoto-Betti numbers provide a bound on the e,(A) when & is the power of a prime:
we have in fact (see [60, Theorem 11.3]):
eps(A) < B,(A) for all s > 1 (2.2.4)

As we shall see, A supports a global resonance component only if it is, in some sense,
‘highly symmetric’; the precise notion that allows to detect the symmetry of A is that
of multinet:

Definition 2.2.5. Assume we have a partition N of A into & > 3 subsets A1, ..., Az,
a ‘multiplicity function’ m : A — N and a subset X C Ls(A); consider moreover the
following conditions:

(i) There exists d € N such that ), m(H)=dforalli=1,... k.

)
(ii) For any H € A; and H' € A; with ¢ # j we have HNH' € X.
(ili) For all I € X' the integer 1y := > e 4. ;i m(H) does not depend on i.
(iv) Foralli =1,...,kand any H, H € A;, there is a sequence H = Hy,...,H = H,
such that H;_1 N H; ¢ X.

The couple (N, X) (sometimes just referred to as N) is called:

o a weak (k,d)-multinet if it satisfies (i)-(iii).

e a (k,d)-multinet if it satisfies (i)-(iv).

e a reduced (k,d)-multinet if it satisfies (i)-(iv) and m(H) = 1 for all H € A.

e a (k,d)-net if it satisfies (i)-(iv) and n; = 1 for all [ € X; if d = 1, the (k, 1)-net
is called a trivial k-net.

We call Ay,..., Ay the classes of N, X its base locus and d its weight. If (N, X)
is a weak (k,d)-multinet on A and [ € Ly(.A), we define the support of | with respect
to N as

suppy(l) :={a e {l,...,k}|l C HIH € A,}.

Remark 2.2.6. One can of course define in the same way weak multinets on A, but
we chose to give the definition for A because it appeared first in the context of affine
hyperplane arrangements; however, in what follows we will often abuse notation and
speak of multinets on A, thanks to the correspondence between L;(A) and the lines
of A and between Ly(A) and the multiple points of A.
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Example 2.2.7. Consider the following construction: four points of P? in general
position together with all lines passing through two of them. The arrangement we
obtain is the so-called A3 arrangement: it has six lines and four triple points. It
admits a (3,2)-net, as the figure below shows, whose base locus consists of the triple
points.

Remark 2.2.8. The following are easy consequences of the above definitions:

(1)

(iii)

If (N, X) is a weak (k, d)-multinet on A with multiplicity function m and ¢ € N is
a natural number, we can obtain a weak (k, cd)-multinet (A, X) on A by choosing
¢ - m as multiplicity function; this means that we can choose d to be minimal,
i.e. we can assume, without loss of generality, that ged{m(H)|H € A} = 1.

If (M, X) is a weak multinet on A then X is determined by N, as X = {H N
H'|H € A;,H € A;,i # j}; if (M, X) is a multinet on A, N is determined by
X too: if T" is the graph with vertex set A and an edge connecting H, H' € A if
HNH' ¢ X, then the classes A; are the connected components of T

Nets are automatically reduced multinets. Indeed, let H € A; and H' € A;: by
condition (ii) of Definition 2.2.5 we have | := H N H' € X, and since n;, = 1
this implies m(H) = m(H') = 1. This means we have the following chain of
inclusions

{weak multinets} D {multinets} D {reduced multinets} D
D {nets} D {trivial nets}

which are all strict.

A admits a trivial k-net N' <= A consists of k lines meeting in a point. Implica-
tion <= is obvious: just partition A into k classes containing one hyperplane each.
For =, observe that d = 1 implies that the partition N\ consists of classes contain-
ing exactly one hyperplane each; if H € A; and H' € A; then [:=HNH € X,
and if some H” € A did not pass through [ condition (iii) of Definition 2.2.5
would be violated.
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(v) Let (N, X) be a weak (k, d)-multinet on A and let [ € Ly(A), then clearly either
|suppar(l)| = 1 (mono-coloured flat), or | € X and so |suppy(l)| = k (multi-
coloured flat). If (N, X) is a reduced (k, d)-multinet, condition (iii) of Definition
2.2.5 implies that any [ € X has multiplicity kr; for some 7; (i.e. any flat [ in the
base locus belongs to r; hyperplanes from each class); if (N, X) is a (k, d)-net,
the same condition implies that any [ € X’ has multiplicity &k (i.e. any flat in the
base locus belongs to exactly one hyperplane from each class).

The following is instead a much less trivial result, which summarises the results of
[70],[69] and [61]:

Theorem 2.2.9. Let (N, X) be a (k,d)-multinet on A. If |X| > 1 then k € {3,4}. In
particular, the only hyperplane arrangements admitting o (k,d)-multinet with k > 5
are central hyperplane arrangements, and the multinet is actually a trivial k-net. If
|X| > 1 and (N, X) is non-reduced, then k = 3.

The resonance variety R'(A) is related to multinets on A by the following result:

Theorem 2.2.10. The arrangement A admits a (k,d)-multinet (N, X) <= A sup-
ports a global resonance component of dimension k — 1.

A proof of this theorem, obtained by building on the results of [50], can be found
in [27, Theorem 2.4, Theorem 2.5|; for a different one, the reader can look at [53,
Theorem 3].

Remark 2.2.11. The methods used in the proofs of |27, Theorem 2.4, Theorem 2.5]
show in particular that any weak multinet can be refined to a multinet with the same
base locus.

We can give an alternative description of R'(A). Let S denote P! with at least 3
points removed: a map f : M(A) — S is called admissible if it is regular, surjective
and its generic fibre is connected. Arapura [2| showed that:

Theorem 2.2.12. The correspondence f — f*(H'(S,C)) gives a bijection between
admissible maps (up to reparametrisation of the target S) and positive-dimensional
components of R'(A).

2.2.3 Geometry of A

Theorem 2.2.10 relates something that is purely combinatorial (multinets on A)
with some irreducible components of an object that carries geometric information (the
degree 1 depth 1 resonance variety R'(A)). The connection between combinatoric and
geometry that the theory of hyperplane arrangements exhibits becomes even tighter
when pencil of plane curves enter the picture; for the following discussion, we refer
to [27, Section 3|. Pencils of plane curves are one-dimensional linear systems of plane
curves, which we can think of as lines in P(C|x,y, 2z]4) for some fixed degree d: thus
any two distinct plane curves (which we identify with any of their defining polynomials
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in C[z,y, z|4) define a pencil, and any pencil is uniquely determined by any two of its
curves. This means that any pencil can be written as

aCy + bCYy with (a : b) € P*

an expression from which we deduce that any two of its curves meet exactly in X' :=
C1 N Cy, called base of the pencil. We will always assume that X consists of a finite
set of points, i.e. that the pencil has no fixed components.

Note that C; and C5 determine a rational map

7:P? -5 Plst. p (Ca(p) : —C4(p))

whose indeterminacy locus is X'. The closure of the fibre of m over (a : b) is the curve
aC + bCy, and each p ¢ X lies in exactly one of such curves.

A curve is called completely reducible if its defining polynomial has the form
7, a" where «; are linear forms and m; > 1 for all i = 1,...,¢; the pencil we will
be mostly interested in are those for which 7 has some completely reducible fibres.

Consider a pencil generated by two completely reducible curves. Let ¢ : B — P?
be the blow-up of P? at X, then = lifts to a regular map ' : B — P! (|27, Lemma
3.2(i)]) whose fibres are the strict transforms of the fibres of 7 under the blow-up; we
say the pencil is connected if every fibre of 7’ is connected.

Definition 2.2.13. A pencil of Ceva type (or a Ceva pencil) is a connected pencil of
plane curves with no fixed components in which three or more fibres are completely
reducible.

Now we can state the following theorem:

Theorem 2.2.14. There is a 1-to-1 correspondence between multinets (N, X) on hy-
perplane arrangements A C C* and pencils of Ceva type; namely:

(i) A pencil of Ceva type induces a multinet N on the hyperplane arrangement A
consisting of the irreducible components of its completely reducible fibres F; =
szzl a?fji’j :its classes are A; := {H,j = V(i )}j=1,..5; and m(H;;) = m;; for

all i, 7.

(i) If (N, X) is a (k,d)-multinet on A let C; = [y, ag(H), where oy is any linear
form defining H ; the pencil of degree d curves generated by any two of Cy, ..., Cy
contains all C; and is connected i.e. is a Ceva pencil

Proof. Points (i) and (ii) are Theorems 3.7 and 3.11 of [27] respectively. O

If N is a k-multinet on A, the Ceva pencil associated to it naturally determines
an admissible map fy : M(A) — S (see [59, Section 6.2]); one can check that the
component of R*(A) given by fi-(H'(S,C)) is a global component of dimension k — 1.
Conversely, by [27, Theorem 2.5] all global components of R'(A) arise in this way. We
can summarise these results in the following way:

Corollary 2.2.15. The following are equivalent:
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(i) A admits a (k,d)-multinet N for some d.

(i) A is the set of components of k > 3 completely reducible fibres in a Ceva pencil
of degree d curves, for some d.

(111) There exists and admissible map fy : M(A) — S.

(iv) [ (H'(S,C)) is a global resonance component of R'(A) of dimension k — 1.

Note that the equivalence (i)<(ii) still holds if one restricts to reduced multinets
and pencils of Ceva type with reduced completely reducible fibres, respectively.

At a first glance, it does not seem like these results have anything to do with the
problem of determining the Alexander polynomial of a hyperplane arrangement A.
This is only partially true, as a result by Libgober shows: indeed, in [46, Theorem 1.2]
he calls an arrangement A C P? composed of a reduced pencil if there exists a pencil of
plane curves aC 4+ bC5 such that three of its fibres F}, F5, F3 are completely reducible,
reduced, and V (F| FyF3) = A; he then proves the following:

Theorem 2.2.16. If A has only double and triple points then its Alexander polynomial
has a non-trivial factor ®§ if and only if A is composed of a reduced pencil.

Note that reducible pencils in the sense of Libgober are in particular reduced pencils
of Ceva type, so by the above result for an arrangement A with only double and triple
points being composed of a reduced pencil and admitting a reduced (3, d)-multinet is
equivalent.

The result of Libgober is a particular instance of a more general phenomenon,
namely:

Lemma 2.2.17. If A is given by the components of the k € {3,4} completely reducible
and reduced fibres in a Ceva pencil, then the Alexander polynomial of A is non-trivial.

Proof. Assume k = 3, then A = V(g) = V(g19293) with g; € Clyo, y1, o] completely
reducible and reduced fibres of a Ceva pencil ah; + bhy with (a : b) € P!; up to
reparametrisation of the pencil, we can assume that the g; correspond to the values
(1:0), (0:1)and (1:1).

The equation

admits the solution

v =(1=n*)(z = nu)
y=(1-n)(z—n"w)
where 7 is a primitive root of unity of order three. If we substitute z with ¢g; and w

with gy we obtain z —w = g3, and the corresponding polynomials x,y € Clyo, y1, y2| we
find give a toric decomposition of type (3,3) of g; by Lemma 2.1.19 A4 is non-trivial.
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Assume now k = 4 and A = V(g1929394) with g; completely reducible and reduced
fibres of a Ceva pencil ah; + bhy with (a : b) € P! corresponding to the values (1 : 0),
(0:1) and (1:1) and (1 : \) for some A € C; if g; € Clyo, y1, y2)a then g := [, g;
belongs to Clyo, y1, Yo 44-

If we give weight d to the indeterminates xy and z;, the polynomial zoz(zg —
x1)(zo — Ax1) — 9(Yo, Y1, y2) defines a threefold X in the weighted projective space
P(d,d,1,1,1). It can be proved, using the same ‘intersection method’ employed in [38,
Lemma 3.8|, that D := V(zg — g1, 71 — go) defines an element in H*?*(H*(X)) that
is linearly independent from the element given by a hyperplane section of X. This
implies that

R*(H* (X)) > 2

hence by [38, Proposition 2.8] we can conclude that the Alexander polynomial of A is
non-trivial. N

Corollary 2.2.18. If A admits a reduced multinet then its Alexander polynomial is
non-trivial.

Thus, the existence of a reduced multinet on A is a sufficient condition for the
non-triviality of the Alexander polynomial of A; as we shall see in the last subsection
of this chapter, however, this condition is not necessary.

2.2.4 Topology of U(A)

Let X be a locally connected topological space and G be an abelian group. A local
system of stalk G on X is a sheaf G on X which is locally isomorphic the the constant
sheaf of stalk G, i.e. such that for any U C X open we have Gy ~ G;;. If G is the
vector space C" we speak of local system of rank n with C coefficients.

It is well known (see [68, Corollary 3.10]) that for any x € X there is a bijection
between the set of isomorphism classes of local systems of stalk G and the set of
representations m(X,z) — Aut(G) modulo the action of Aut(G) by conjugation,
provided the space X is ‘sufficiently nice’. In particular, local systems of rank one
with C coefficients correspond to representations p : 71 (X, z) — C* i.e. multiplicative
characters of 71 (X, z), so they can be identified with Hom(H,(X,Z),C*) = H'(X,C*).

Given a hyperplane arrangement A = {H;,..., H,} C C3 we will be interested
in rank one local systems on U(A) = P?\ A: if ; denotes the meridian around the
line ¢; = H; of A, it is known that Hy(U(A),Z) ~ (y1,.. ., W|71 + ... + 7 = 0)z (see
[16, Proposition 4.1.3]), so the rank one local systems on U(A) are parametrised by a
(k — 1)-dimensional torus:

Hom(H,(U(A),Z),C*) = {)\ =AM € (CF TN = 1} ~ (C* 1 (2.2.5)

Local systems provide us with a different way of describing the monodromy eigenspaces
of H'(F,C) (see [7]): namely, for all j = 0, ..., k—1 there exists a rank one local system

L; on U(A) such that
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H'(F,C),, = H'(U(A), ;) where \; == ¢ 7 . (2.2.6)
For any t € (C*)*"! we denote by C, the associated local system on U(A). The (degree
q, depth r) characteristic variety of U(A) is

V(A = {t € (C*)* ' dim CHY(U(A),C,) > r}. (2.2.7)

Characteristic varieties V.(A) := V!(A) of degree 1 are well-understood. Indeed, it
is known that V,.(A) is a finite union of translated subtori (see |2]; this is actually
true in broader generality) and that all positive-dimensional components of V,(.A)
pass through the identity 1 := (1,...,1) of (C*)*7! (see [43]). However, their most
important feature, at least when one deals with hyperplane arrangements, is that
the tangent cone of V,(A) at 1 is exactly R,(A). More specifically, the exponential
homomorphism exp : H'(M(A),C) — H'(M(A),C*) gives a bijection between the
components of R1(A) and the components of V,(A) passing through 1 (see [7],[21]);
since all positive-dimensional components P of R;(A) are obtained by pullback along
an admissible map f : M(A) — S by Theorem 2.2.12, each positive dimensional
component of V,(A) is of the form exp(P) = f*(H'(S,C*)).

Now, assume Y is a k-fold cyclic cover of some topological space X, then it cor-
responds to a surjective homomorphism v : m(X) — Zj; if we fix an inclusion
i+ Zy — C* by 1 — €2™/* we obtain a character p : iov : m(X) — C*, and
we have the following isomorphism of C[Zj]-modules (see |66, Theorem B1|):

HY(Y,C) ~ H'(X,C) & @D (C[t]/@q(t))*r (2.2.8)
1<d|k
where depth(p) := dim¢ H'(X,C,) = maz{r|p € V,(X)}. The Milnor fibre F' of
A is a k-fold cyclic covering of U (Z) and it corresponds, by [66, Theorem 4.10], to
the epimorphism v : Hl(U(A),C) — Zyi s.t. v(mi(ap)) = 1 mod k. For any d|k we
can define the character pg : Hi(U(A),C) — C* by pg(a,) = >/ and the above
isomorphism becomes

H'(F,C) ~C"'& P (C[t]/®a(t))* (2.2.9)
1<dlk
where e4(A) := depth(pg).
We can now present a sufficient condition for the non-triviality of the Alexander
polynomial of a line arrangement A due to Papadima and Suciu [59, Theorem 8.3|;
the same result can be obtained by combining |27, Theorem 3.11] and |20, Theorem

3.1(1)):

Theorem 2.2.19. Assume A admits a reduced k-multinet; if f : M(A) — S is the
associated admissible map, the following holds:

(i) The character py belongs to f*(H'(S,C*)), and en(A) > k — 2.

(ii) If k = p* for some prime p, then p, € f*(H'(S,C*)) and e, (A) >k —2 for all
1<r<s.
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This result implies in particular Corollary 2.2.18: if we add a multiplicity assump-
tion, it specialises to the following (|59, Theorem 1.6]):

Theorem 2.2.20. Assume A has no point of multiplicity 3r for r > 2, then 0 <
es(A) = B5(A) < 2 and the following are equivalent:

(i) A supports a reduced 3-multinet.

(ii) A supports a 3-net.

(iii) es(A) # 0.
As a corollary we obtain [59, Theorem 1.2|:

Corollary 2.2.21. Let A be a line arrangement with only double and triple points,
then its Alexander polynomial is

Ag(t) = (8= DAL + ¢ 4 1)B A

where 0 < B3(A) < 2 depends only on L(A).

Note that this generalises Libgober’s result of Theorem 2.2.16, and gives affirmative
answer to Problem 1 when A has only double and triple points.

2.2.5 Examples

This last section is devoted to the discussion of some interesting line arrangements,
which will highlight the role multinets have in the problem determining the Alexander
polynomial.

The A; arrangement As we have already seen, this arrangement admits a (3, 2)-net
N so its Alexander polynomial is non-trivial by Corollary 2.2.18. Up to an automor-
phism of P2, we can assume that the four triple points are {(1:0:0),(0:1:0),(0:
0:1),(1:1:1)}, so an equation of A is given by

zyz(z —y)(r — 2)(y — 2) = 0.

The classes of N are A, = {y,2 — 2}, Ay = {z,2 — y} and A3 = {z,y — z};
observe that in accordance with Theorem 2.2.14 the lines in each A; are the three
irreducible components of the Ceva pencil given by base curves C} := V(z(y — z)) and
Cy := V(y(x — 2)). The Alexander polynomial of this arrangement can be computed
with Theorem 2.1.16: A4(t) = (t — 1)°(£? + ¢t + 1).
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The Hesse arrangement The Hesse pencil

a(z® +y° + 2°) — bayz for (a: b) € P!

is a connected pencil with four reduced completely reducible fibres Fi, ..., Fy, corre-
sponding to the values (a: b) = {(1:3n)|n® =1} U {(0: 1)}; it is thus a Ceva pencil,
and by Theorem 2.2.14 the line arrangement A given by the irreducible components
of the Fy’s admits a (4,3)-net with classes A; = {irreducible components of F;} and
base locus given by the base locus of the pencil (i.e. nine points of order four). A has
equation

2

Yz H (n'r+n'y+2)=0
irj=0

and it can be pictured in the real plane in the following way:

An alternative way of obtaining this arrangement is by considering the twelve lines
passing through triples of inflection points of an elliptic curve E C P2

In accordance with Corollary 2.2.18 A has non-trivial Alexander polynomial: in-
deed, Ax(t) = (t — D)t +1)(#* + 1))%

Remark 2.2.22. 1. The Hesse arrangement is the only known example of non-
central line arrangement admitting a 4-net.

2. If the lines of any of the classes A; are removed from the Hesse arrangement, one
obtains the Pappus arrangement of nine lines with three triple points on each
line. The latter admits a 3-net, and its Alexander polynomial is (t—1)3(¢t*+t+1).

A particular simplicial arrangement The arrangement A of twelve lines given
by

rz(x£22)(x+42)(y L 2)(y+x£32)(y—x+32)=0

admits a reduced (3, 4)-multinet N which is not a net, whose classes are A; := {z,2z,y+
z,y — 2z} (red), Ay = {z +4z,2 + 22,y — x + 32,y + v — 3z} (blue) and A3 :=
{r—4z,0—2z,y—x—3z,y+x+3z} (green); the line z = 0 is portrayed at infinity. The
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base locus of A consists of one point of order six (in (0 : 1 : 0)) and twelve triple points:
{(F4:£1 1), (2 £1:1),(1: £1:0),(0: £3: 1)} As predicted by Corollary
2.2.18 the Alexander polynomial of A is non-trivial: in fact, it is (¢t — 1)" (£ + ¢ + 1).

The B3 arrangement This is the arrangement of equation

ryz(z —y)(z — 2)(y — 2)(x + y)(x + 2)(y + 2) = 0.

It admits a non-reduced (3, 4)-multinet A" with classes A, := {z,y — 2,y + 2} (red),
Ay = {y, v — z, 2 + 2} (blue), A3 := {z,2 — y,x + y} (green) and multiplicities 2 for
the lines x, y, z and 1 for the other lines; the line z = 0 is portrayed at infinity. Its base
locus is given by three points of order four in (1:0:0), (0:1:0) and (0:0: 1) and
four points of order threein (1:1:1),(1:0:—1),(1:—=1:0)and (1: —1:1)}. The
Alexander polynomial of this arrangement is trivial, so the hypotheses of Corollary
2.2.18 cannot be weakened.

Full monomial arrangements Consider the family of arrangements {A,, },,>1 de-
fined by equations

Qm = (2™ —y™) (@™ = 2")(y" — ") = 0.
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Each A, admits a (3, m)-net, with classes consisting of the irreducible factors of each
factor of @,,: there are three mono-coloured points of multiplicity m and m? multi-
coloured triple points. Direct computations via |59, Lemma 3.1] show that if 3 { m
then B3(A,,) = 1 while 3|m gives B35(A,,) = 2. In the former case Theorem 2.2.20

implies that ez(A,,) = 1, while in the latter we need to distinguish two cases:

e If m = 3 we can invoke again Theorem 2.2.20 to conclude that es(As) = 2.

o If m = 3d with d > 1, the multiplicity assumption of Theorem 2.2.20 no longer
holds, but it is still possible to prove that e3(Aszg) = 2.

This example shows that e3(.4) can indeed take all values between 0 and 2.

Remark 2.2.23. 1. The arrangement As can be obtained as the dual of the nine
inflection point of an elliptic curve E C (P?)Y, see |4, Remarks 3.2(i)] and [43,
Example 3|; in particular, it is the dual of the Hesse arrangement.

2. It can actually be shown (see [52|) that e,(A,,) = B,(A,,) for all primes p and
m > 1.

Monomial arrangements There exist arrangements that in spite of admitting only
a non-reduced multinet still have non-trivial Alexander polynomial: consider for ex-
ample the family of arrangements {A4,,},,>1 of equation

@Qm = xyz(z™ —y™) (@™ = 2")(y" — ") = 0.
For any m, A, admits a (3,2m)-multinet (N, X') with classes

A, = {xz, factors of (y™ — 2™)}.
Ay = {y, factors of (2™ — z™)}.
As = {2, factors of (2™ — y™)}.

The lines x, y and z have multiplicity m, while all other lines have multiplicity 1 (in
particular, this multinet is reduced only for m = 1); X consists of the three points
(1:0:0), (0:1:0)and (0:0: 1) of multiplicity m + 2 and of other m? triple points.

If m = 1 we obtain the A3 arrangement, which we have already studied. For the
other values of m we have two possibilities:

e If m # 1 mod 3 then the Alexander polynomial of A, has the form (¢t —
1)?m=2(t? + t + 1)°; but it can be proven that f3 = 0, so from the modular
bound (2.2.4) we deduce that A, has trivial Alexander polynomial.

o If m = 3d+ 1 with d > 0 it can be proven that A, admits no reduced multinets
but it still satisfies e3(A,,) > 1 i.e. it has non-trivial Alexander polynomial; in
particular, Corollary 2.2.18 is not an if and only if. Observe that in this case the
multiplicities of the points in the base locus have greatest common divisor equal

to 3.
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For a thorough discussion of this example, the reader can consult [59, Example
8.11].

The results and examples presented so far led to the formulation of the following
conjecture:

Conjecture 1. Let A be an essential line arrangement, then eps (A) = 0 for all primes
p and integers s > 1 with two possible exceptions:

e2(A) = es(A) = Ba(A), e3(A) = B5(A). (2.2.10)

Moreover, if e,(A) = 0 for all divisors k of |A| that are not prime powers, then the
Alexander polynomial of A is

Ag(t) = (t = DAY 414+ 1D)BD [+ 1) (82 4 1)), (2.2.11)

The validity of this conjecture in the strong form (2.2.11) would give an affirmative
answer to Problem 1.
We conclude the discussion of these examples with two remarks:

1. To the best of our knowledge, there are no line arrangements with non-trivial
Alexander polynomial that do not support multinets.

2. As we have already observed with the Bs arrangement, the existence of a multinet
on A is not a sufficient condition for the non-triviality of the Alexander polyno-
mial of A; however, the last example shows that there are indeed arrangements
with non-trivial Alexander polynomial that only admit non-reduced multinets
(A,, with m = 3d+ 1 and d > 1). Observe that in the former case the greatest
common divisor of the multiplicities of the points in the base locus is 1, while in
the latter case this value is 3; it is interesting to notice that this value is always
greater than 1 when A admits a reduced multinet (recall Remark 2.2.8(v)) which
is a sufficient condition for the non triviality of A.



CHAPTER 3

Arrangements with two points of high order

As we have seen in Chapter 2, it seems that a line arrangement A needs to have
some symmetry properties (i.e. needs to admit at least a multinet) in order for its
Alexander polynomial to be non-trivial; the existence of a multinet on A, in turn,
imposes restrictions on the multiplicities of the singular points of A. Motivated by
this, we will focus on a class of line arrangements that do not admit multinets. Namely,
we will consider line arrangements A of n lines having the following properties:

1. n>7.
2. A has two multiple points P, and P, with ord(P,), ord(P,) > 3.
3. If P is a multiple point of A different from P, and Py, then ord(P) < 3.

4. If P is a multiple point of A with ord(P) = 3, then at least one of the lines
through P passes through P, or P;.

We impose condition 1. in order to rule out the arrangement As, as it satisfies
2.-4. and it admits a 3-net. One should think of these arrangements as possessing two
‘anchor points’ P; and P, of high order.

The complexity of such arrangements depends on the number of lines not passing
through P, or P», to which we shall refer as to free lines; we will denote their number
by s. For example, if s = 0 then P, and P, are the only points of A of order greater
than or equal to three; if s = 1, the arrangement can have triple points different from
P, and P, but they all belong to the free line; if s > 2, the combinatorics of the triple
points becomes much more complicated.

In this chapter we will consider arrangements satisfying 1.-4. with s € {0,1}.

3.1 s=1 with common line

We denote the free line by ¢. Without loss of generality, we assume that P, has
order p, P, has order ¢ and p > q. We assume moreover that P, and P, lie on a same

57
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line /. of the arrangement, so that p + ¢ = n; this implies that p < n — 3, so we can
write n —3 > p > g > 3. Note that arrangements of this type can have up to ¢ — 1
triple points different from P; and P;, all of them lying on /.

We begin our study by showing that arrangements of this type are indeed non-
symmetric:

Lemma 3.1.1. An arrangement A of this type does not support weak (o, B)-multinets.

Proof. Since any weak multinet can be refined to a multinet (recall Remark 2.2.11),
it is enough to prove that A cannot support a multinet; moreover, since A is non-
central, by Theorem 2.2.9 it is enough to prove that it cannot support (k,d)-multinets
for k € {3,4}. If A supported a (4, d)-multinet (N, X) with classes A, ..., Ay, then
all points of X would have multiplicity at least 4 (recall that for any p € X’ there exists
l; € A; such that p € l;); now we have to distinguish two cases:

e P, has order 3. In this case X = {P;} and P, is the only multi-coloured point of
A. Assume ¢ € A;: since P; is multi-coloured, there is a line ¢ through P; such
that ¢/ € A; with i # j. This means the point P := ¢ N ¢ belongs to X, which
is impossible because ord(P) < 3.

e P, has order 4 or bigger. The cases X = {P;} and X = {P,} are impossible
by the same reasoning as above, so it remains to rule out the possibility that
X = {P,, P,}. Again, since P, and P, are multi-coloured we can find ¢, € A,
through P, and ¢, € A, through P,; this means P := {; N{y € X, which is again
impossible because ord(P) < 3.

Assume now A supports a (3, d)-multinet with classes A;, Ay, A3. Assume Py, Py €
X, then they are multi-coloured and we can find ¢; through P; and {5 through P, such
that ¢, € Ay, l, € Ay and £, € Ajs; this means that P := ¢, N/, belongs to X. If A has
no triple points other than (possibly) P; and P, this is impossible, otherwise the only
way this can happen is by having ¢ € As and P € £. Now, if other lines belonging to
A, or A passed through P, then their intersection with ¢; would be in X', but this is
impossible because that intersection point has multiplicity two; we deduce that all the
q — 2 lines through P, different from ¢, and ¢, must belong to A, and, by symmetry,
all the p— 2 lines through P; different from ¢; and ¢, must belong to A,. These groups
of lines intersect in (¢ — 2)(p — 2) multi-coloured points, but ¢ can pass through at
most g — 2 of them (since it already passes through P); this would imply that there
are multi-coloured points of multiplicity two, impossible.

Assume P, € X and P, ¢ X, then P, is mono-coloured and we can assume that
all lines through it belong to A,. Let now ¢; be a line through P; different from /.
and belonging to A; (or to Ajs): its intersection with the lines through P, gives ¢ — 1
points that must belong to the base locus, but since they lie on the same line this is
impossible (the free line ¢ can only pass through one of them). By symmetry, P, € X
and P; ¢ X is impossible too.

Thus the only possibility that remains is that X contains only triple points P
different from P, and P,. But if P € X is such a triple point we can find ¢; through P;
and P belonging to A; and ¢, through P, and P belonging to Aj; regardless of which
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class /. belongs to, we obtain that at least one between P, and P, belongs to X', and
we have shown that this is impossible. O

Now we state a result that allows to obtain information on the Alexander polyno-
mial of a curve from the first Betti number of a smooth projective surface associated
to it; it is an immediate consequence of points 1. and 3. of Theorem 2.1.14, but since
we focus on the case of curves we present a proof for the convenience of the reader.

Theorem 3.1.2. Let C := V(f(xo,z1,72)) C P? be a reduced curve of degree d; for
any l|d the I-fold cover of P? branched along C' is the surface S; of equation y' = f in
the weighted projective space }P’(%, 1,1,1). If we call S; a resolution of S; and write the
non-trivial part of the Alexander polynomial of C as HKW OL*, we have

29(S) = bi(S) = Y _ deg(®p)oy. (3.1.1)

1<kl

This theorem tells us that the value h'(S)) gives information on the degree of the
product of the factors of the Alexander polynomial of C' that vanish on the é—th root
of unity €27, In particular, if ¢(S;) = 0 then the Alexander polynomial of C'is trivial.

Note that the right-hand side of (3.1.1) is always even, which is no surprise: @y
has even degree for k > 3, and ®, can only appear in the Alexander polynomial with

an even oy by formula (2.1.15).

Proof. 1f we denote by F' the Milnor fibre of C' then S is the closure of F'in IP’(%, 1,1, 1),
thus F'= S5,N D(y) and C = S;N Z(y); in particular, the singular locus of S; consists
of a finite number of points. By Proposition 1.3.8(ii) we have a long exact sequence of
MHS

o= HI(F) — H*(S)) = H*(C) = HY(F) — ...

which gives

o= H*(S) — H*(C) — H}(F) — H*(S)) = 0

The monodromy action on F' is given by (zg,x1,x2) — 1+ (2o, x1,22), where 7 is
an element of the group p; of [-th roots of unity, and it can be extended to a y;-action
on S; by setting - (y : 2o : @1 : To) := (N Ty @o : T 1 2); as S)/w ~ P2, we have
hQ(Sl)‘ul =1 and h3(Sl)‘ul =0.

Calling r the number of irreducible components of C, we have by(C') = r; moreover,
we notice immediately that the j;-action on C'is trivial, so H(C)* = H*(C).

The fact that C' C S; implies that the morphism o : H?(S;) — H?*(C) is non-trivial,
and the fact that C' is fixed by the p-action guarantees that it remains non-trivial
when we consider its restriction to the py-invariant parts o’ : H?(S))" — H?*(C). If we
consider the invariant part under the p;-action of the previous long exact sequence, we
obtain then 0 — H?*(C)/Im(c’) — H2(F)" — 0; in particular H3(F); = H3(F)" has
dimension 7 — 1. On the other hand, H3(F) is Poincaré¢ dual to H'(F) = H'(F); &
H'(F),1, and we know that H'(F'); has dimension r — 1 too; in particular H>(F); ~
HY(F); and H2(F)z ~ HY(F).41.
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More importantly, looking at the non-invariant part of the previous long exact
sequence under the y-action we obtain 0 — H2(F) . — H3(S;) — 0, from which we
deduce H'(F)4 = H?(S;). Since the singular locus of S is zero-dimensional, we have
H3(S)) ~ H3(S)) by Corollary 1.3.12.

From this fact and Hodge symmetry we deduce dim H'(F), = h3(S)) = h*(S)) =
hL(S)) = 2¢(S)); since dim H'(F),, is, by definition, equal to > 1<k deg(®r)ay, the
proof is complete. O

One may ask what happens to the Alexander polynomial when we deform the
curve C. For some types of deformation, namely equisingular ones, the answer is very
simple: nothing, as the following well-known result shows:

Corollary 3.1.3. The Alexander polynomial of a curve C C P? is invariant under
equisingular deformation.

Proof. As we noticed in Remark 1.3.17, an equisingular deformation of C' induces an
equisingular deformation of S; (for any /) and a deformation of the projective manifold
Sy: since the Hodge numbers of a family of projective manifolds are constant, we have
proved our claim. O

Remark 3.1.4. For any deformation X — C with X C PV for some N, the dimension,
degree and arithmetic genus of the fibres X, are independent of ¢ (see [32, Corollary
I11.9.10]); this implies that all fibres of any equisingular deformation ¢ : C — C\ A of
a line arrangement C' are still line arrangements. In order to see this, set

o C; := ¢~ 1(t) for the fibres of ¢; in particular, there exists ty in C \ A such that
C ~ (4, (we can assume without loss of generality that 0 ¢ A and ¢, = 0, so
that C' ~ Cp).

e ¢: X — C\ A for the deformation of C ~ Cy obtained by ¢ after resolving the
singular locus of X, and Cy := ¢~ 1(¢) for its fibres.

Since for any plane curve C' we have h?(C) = h?(C'), if we call d the degree of our
line arrangement C' ~ Cj and pick any ¢t € C\ A we can write

d = deg(Cy) = h2(Cy) = h*(Cy) = h3(Cy) = h*(Cy)

where we have used the invariance of the Hodge numbers for families of smooth man-
ifolds. Since the corollary cited above gives d = deg(Cy) we get h*(C;) = deg(Cy),
which implies that C} is a line arrangement.

We say that A and A are ED-equivalent if one can be obtained from the other by
an equisingular deformation; by the previous corollary and remark, the study of this
class of arrangements reduces to two steps:

(a) We partition the set of arrangements into ED-equivalence classes, and we choose
a suitable representative for each class.

(b) We study the Alexander polynomial of each representative.
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Up to an isomorphism of P? we can assume that P, = (0:0:1), P, = (0:1:0)
and ¢ has equation y — z = 0. If an arrangement has ¢ triple points, they can only
lie on ¢, and the only effect of an equisingular deformation is to move them along
that line; this means we have an ED-equivalence class X; for every possible number of

triple points, i.e. t =0,...,q— 1. As representative of X, we choose any arrangement
Aoy without triple points; as representative of X; with t = 1,...,¢ — 1 we choose any
arrangement 4, whose triple points liein (5 : 1:1) for j = 1,...,¢. This takes care of
step (a).

For step (b) observe that since we know the position of the points of A; of multi-
plicity three or more, the Alexander polynomials Az, can be computed using formula
(2.1.15); while the computation we need to carry out are fairly easy, for the sake of
clarity it is better to establish some notations and lemmas before moving on.

We call R := Clz,y,z] and A := (z,y), B := (z,2) the ideals of P, and P,. We
denote the triple points of A;, whose ideals are I; := (y — 2,z — jy) for j < t, by
T; ; the intersection between r of the I; will be denoted by I1,.. Now we recall some
well-known results from algebra.

Proposition 3.1.5. If I,J C R are monomial ideals, say I = (my,...,m,) and
J = (n1,...,ns), then INJ = (lem(m;,n;)|i = 1,...,r,5 =1,...,s); in particular,
for any a € Zso we have (INJ)* = 1N J°

Proposition 3 1.6. Let f,g,h € R such that ged(f,h) = ged(g,h) = 1, then (f,g) N
(1) = (fy sllr).

Proof. The inclusion D is obvious. For the other inclusion, pick a polynomial @) €
(f,9) N (f,h) and use the division algorithm to Write itas Q = fQ+ gp1 = fQ + hpo,
so that hp, = gp1; this gives both h|gp; i.e. |p1 and g|hps i.e. |p2 s0 we

_ 9
ged(g,h)
are done.

gcd(g h)

Lemma 3.1.7. For any two ideals Ji, Jo C R there exists a short exact sequence

0—=R/INLLR/IJOR/J, S R/(J+ J) =0 (3.1.2)
where p([f]) :== ([f], [f]) and 7([f],[9]) = [f — g]-

Proof. We begin by showing that p and 7 are well-defined.

Pick [f] € R/JiNJo; if [f] = [f'] in R/ J1 N J, for some f' # f then f— f' € JiNJa,
and we get p([f]) —p([f']) = ([f = f'l,[f = f']) = (0], ]0]). This proves p is well-defined.

Pick now [f] € R/Jy and [g] € R/Jy; if [f] = [f'] in R/J; for some f # f" and
lg] = [¢'] in R/Jy for some g # ¢ then f — f' € J; and g — ¢’ € Jo. This means that
w([f]19]) = =([f'],[9') = [f = f" = (9 = ¢')] = [0] because f — f' = (g —g) € /1 + J;
this proves 7 is well-defined.

p is injective because p([f]) = ([0],[0]) if and only if [f] = [0] in both R/J; and
R/Jy i.e if and only if f € J; and f € J,. = is surjective because any element
[f] € R/(J1 + J2) can be written as w([f],[0]). The inclusion I'm(p) C Ker(w) is
obvious; we only need to show that Ker(m) C I'm(p) in order to conclude.

Pick ([f],[g]) € Ker(n), then [f —g] = [0] in R/(J; + J2) i.e. f—g € Jy + Jo; this
means there exist hy € J; and hy € J5 such that f — g = hy + hs, and this allows us
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to write f — hy = g + ha. Now, clearly [f] = [f — k1] in R/J; and [g] = [g + hso] in
R/ Js, so we can write ([f],[g9]) = ([f — h1], [g + h2]); but since f — hy = g+ hg, we can
actually write ([f],[g]) = ([f = ], [g + ha]) = ([g + hal, [g + ha]) = p([g + hol). This

proves the lemma. O]

Corollary 3.1.8. If J, and Jy are homogeneous ideals, the previous short exact se-
quence remains exact after taking the homogeneous parts of any fized degree; in par-
ticular, for any m € Z one has

hJ1ﬂJ2 (m) = hJ1 (m) + hJ2 (m) - hJ1+J2 (m) (313)
In order to use formula (2.1.15) we need to understand which constants of quasi-
adjunction of the A; can actually contribute to the Alexander polynomial Az, and
whether they are relative to one or more multiple points of A;; this requires us to take
into consideration the divisibility relations between 3, p, ¢ and n. Since p+q = n, any
integer d dividing two of p, ¢ and n actually divides all three of them, so ged(p,q) =
ged(p,n) = ged(q,n) = ged(p, q,n); we denote this integer by d, and write p = dp/,
qg=dq and n = dn’.
By Remark 2.1.12, the constants of quasi-adjunction relative to P, are i—; for 5 =
1,...,p— 2; however, i—; can only contribute to the Alexander polynomial if n% € Zyg

ie. n’l% € Z-o. Since (p/,n’) = 1, this means that the only constants of quasi-
adjunction % we need to consider have the form %’ = % for j =1,...,d —1 (unless
d = p, in which case j = 1,...,d—2). Likewise, the only constants of quasi-adjunction
relative to P, that can contribute to the Alexander polynomial have the form %q =1

d
for j=1,...,d—1 (unless d = ¢, in which case j = 1,...,d - 2).

If d < g then all the constants of quasi-adjunction % with j = 1,...,d — 1 we
need to consider are relative to both P, and P». If d = q then the constants of quasi-
adjunction relative to P, that we need to consider are % with j =1,...,9 — 2 but we

have to distinguish two cases:

1. If p > ¢ we have to consider the constant of quasi-adjunction % too, and that

one is only relative to the point P;.
2. If p = q, all the constants of quasi-adjunction we have to consider are % with
j=1,...,9g— 2 and they are relative to both P; and P,.

Lastly, the constant of quasi-adjunction % relative to the triple points has to be

considered if and only if 3|n. In order to maintain the exposition as organised as
possible, we separate the cases p = ¢ and p # ¢ and start from the former.

3.1.1 p=gq

In this scenario we have p = ¢ = d and n = 2d, so 3|n if and only if 3|d. We will
show the following:

Theorem 3.1.9. The Alezander polynomial of each A, is trivial.

We separate cases again, depending on whether 3 divides n or not, and show that
Theorem 3.1.9 holds in each of them.
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3t1d
The constants of quasi-adjunction we need to consider are ¢; := d_}i_j for j =
1,...,d—2. For each of them we need to compute the length of the associated scheme

Z.; and the Hilbert function in degree Naq(c;) = 2d — 3 — 2dc; = 2j — 1 of the
associated ideal I.,. If ¢; > § we have I, = A7 N B? = (AN B)?, while for ¢; < 1 we
have I, = I, NA'N B =I1I,N (AN B).

Lemma 3.1.10. Consider a,b € Z~q such that a > b; a minimal system of generators
for the ideal A*N B is given by monomials x* 'y’ fori=0,...,a—b and x~iye 0+
fori=1,...,D.

Proof. Since A and B are monomial ideals, certainly A*NB° is generated by monomials

lem(z® iy, 2% "2") for i = 0,...,a and h = 0,...,b; we will extract our desired
minimal system of generators from this one.

Assume that ¢ = 0,...,a — b: we have lem(z® 'yt xb~"2") = 2% iyiz" for any
h =0,...,bbut clearly all these monomials are multiples of 2% %y*; this gives our first
group of generators.

Consider now terms in A% like 2°~%y%*=? for i = 1,...,b: we have

lcm(xb—iya-l-i—b’ xb_hzh) 4
l.bfhyaJrszZh

B xb—iya-&-i—bzh if h > .
otherwise.

For a fixed i, the monomials we get for A > i are all multiples of 2°~fy2+i=b2% and this
gives our second group of generators; in order to conclude, we need to prove that for
any fixed i € {1,...,b} the terms x*~"y**~b2" with h < i are multiples of generators
from the first or second group. Fix an i € {1,...,b}. If h = 0 then we get z%yoTi=?

which is multiple of z°y%~?; if 0 < h < i the monomial z*~"y*+=°2" is multiple of

xb~hyath=b2h “and the latter monomial is in the second group of generators since we

can write it as 2y bR for h = i. O
Lemma 3.1.11. hy_(m) = j(j + 1) for any m > j

Proof. By Lemma 3.1.10 we have I, = (2“(yz)’|a,b > 0,a + b = j) so a non-zero
a,b.c

monomial z%y’z¢ in (R/I.,)n needs to satisfy a = j — h for some h € {1,...,j}
because 27 € I.;; moreover, since oIyl € I.;, it needs to have b < h or ¢ < h (or

both), so we can write b (or ¢) as h — [ for some [ € {1,...,h}, and this forces ¢ (or b)
tobem—(j—h+h—0)=m—j+1 Since h=1,...,7and [ =1,..., h, we obtain
hlcj (m) = i:1 2(2?:1 1) = 22?1:1 h = QJ(JTH) =j(i+1). o

Corollary 3.1.12. The constants of quasi-adjunction c; s.t. c¢; > % do not contribute
to Ay, for allt.

Proof. The local ring of the scheme Z., at both P, and P, consists of all the germs of
holomorphic functions whose constant of quasi-adjunction at Py (or P,) is bigger than
or equal to ¢j, so it is the vector subspace of R generated by the monomials z%y® for
a,b > 0 and a + b < j, while the local ring of Z., at the T; is trivial because triple
points admit only % as constants of quasi-adjunction for constant function germs. This
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means that for any ¢; > 3 we have [(Z,) = 2( 7 h) = ZJ(JJrl = j(j +1). Since

2j —1=j (because j > 1), by Lemma 3.1.11 we get hy, (2j — 1) Jj(7 4+ 1) too and
we are done. 0

Now we need to study the contribution of the constants of quasi-adjunction ¢; < %
in this situation we have j > [2‘1741 and I, = I,N AT N B,

Remark 3.1.13. Before moving on, note that it must be ¢ < 2j5. If ¢ > 25 in fact we
would get t > 2[242] = 2[d — 1 —-1 >2(d—1) =2d —2; but 2d —2 > d — 1 as long
as d > 1, which is true in our scenario. Since the A; can have at most d — 1 triple
points, we would get a contradiction.

Lemma 3.1.14. For any r > 2 we have R/(I1,_1 + I,) ~ Cly]/(y"~'). In particular
hir,_v1.(m) is 1 for m <r —1 and 0 otherwise.

Proof. By Proposition 3.1.6 we have I1,_; = (y—z, [['—) (x —iy)) so [I, 1+ 1, = (y

2 [1i2) (z—iy), a—ry) and we get R/(I11,_1+1,) ~ Cly|/([T.Z; (ry—iy)) = Cly)/(y"~").
The last assertion is obvious. O

Proposition 3.1.15. For any m € Z>o and any r > 2 we have

hir (m)=1r— Zdlm N (3.1.4)

In particular, for m > r — 1 we have hyy (m) =r.

Proof. We proceed by induction on r. When r = 2 the proposition follows immediately
from the previous lemma and the short exact sequence

0— R/II, — R/I; ® R/I, — R/(I, + I,) = 0

since R/I; ~ Cly| for any i. Now we assume the proposition holds true for r — 1. From
the short exact sequence

0— R/II., - R/II, y®R/I, - R/(II,_1+1I,) =0

we obtain, using the induction hypothesis and the previous lemma, that

hri,(m) = hyg,_,(m) + hg,(m) — hyr_r.(m) =

== 1= Y dm(Cly)/ D+ e ) ~ (€l

= Z dim(Clyl/(y"™"))m-

]

Lemma 3.1.16. Assume a,b € Z~o, then hip, ganpe(m) =0 for any m > a+b— 1.
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Proof. We can assume without loss of generality that @ > 0. Thanks to Lemma 3.1.10
we can write

R/(II, + A°N B®) ~ Clz,y]/I C Clz,y]/I’

where T is generated by the homogeneous degree ¢ polynomial [[._, (z — iy) and by
monomials 2% "y" for h = 0,...,a — b and 2"y~ 2*2" for h = 1,...,b while I’ is
only generated by the latter two sets of monomials; it is clearly sufficient to prove that
hp(m)=0form >a+b— 1.

Monomials 2% "y™=9*t" with h = 0, ..., a—b belong to I’ if and only if m—a-+h > h
i.e. if and only if m > a, and this holds since b > 1 and m > a + b — 1. Similarly,
monomials z°~"y™ =" with h = 1,..., b belong to I’ if and only if m—b+h > a—b+2h
i.e. if and only if m > a — h; but the maximum possible value for a — h when
he{l,...,b}is a— 1, and by hypothesis we have m > a+b—1>a — 1. O

Corollary 3.1.17. The constants of quasi-adjunction c; s.t. ¢; < % do not contribute
to Az, for allt.

Proof. Arguing as in Corollary 3.1.12 we can say that the sum of the dimensions of
the local rings of Z,, at the points P; and P is j(j + 1); however, since ¢; < % the
local ring of Z.; at the T; has dimension one. This means that for any ¢; < % and for
all t we have [(Z,) = j(j +1) +.

Now we need to compute h[cj (27 — 1): we do it using the short exact sequence

0 — R/I,, — R/II, ® R/(A’ N B’) — R/(II, + A’ N B7) — 0.

Since by Remark 3.1.13 we have 25 —1 > t, Proposition 3.1.15 and Lemmas 3.1.10 and
3.1.16 allow us to conclude that hy, (25 — 1) = j(j + 1) + ¢ too, so we are done. [

Corollaries 3.1.12 and 3.1.17 together imply Theorem 3.1.9.

3|d

If 3|d we write d = 3d’ (with d > 1 since 2d = n > 7) and notice that only
two things are different from the case 3 1 d. First, the constant of quasi-adjunction
5 is now one of the ¢; and it could give a non-trivial factor ®§* in the Alexander
polynomial; second, the inequality in Remark 3.1.13 becomes much simpler: we need
to prove that we cannot have ¢t > 2j for j > 2d’ — 1, and in this situation we have
27 >4d —2=d+d —2 > d—1since d > 1 so that is indeed impossible. All other
computations go through without any change, so we can conclude that Theorem 3.1.9

holds in this case too.

3.1.2 p#q
We write n = d(¢' + p'). If d < g then the constants of quasi-adjunction we
have to consider are 6%3 with 7 = 1,...,d — 1, and they are all relative to both

P, and P,. If d = ¢ the constants of quasi-adjunction we have to consider are %j

with j = 1,...,q9 — 1; they are all relative to both P, and P, save for q;—l which is
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only relative to P;. If 3 + n we know that the constant of quasi-adjunction % does
not contribute to the Alexander polynomial; if 3|n the constant of quasi-adjunction %

might contribute to the Alexander polynomial, but we have to distinguish two cases:

e If 3|d then % is one of the %: indeed, % =
and only if d > 3; since 3|d, this holds.

for j = 2d, and 2d < d — 1 if

[SI

e If 31d then we have to study % separately.

Before starting with the computations, we prove two easy lemmas:
Lemma 3.1.18. Let a,b € Z>q, then ha gs(m) =0 for any m > a+b— 1.

Proof. We can assume, without loss of generality, that a > b. In order for z“y™ =1~ 2
to be non-zero in (R/(A® + BY)),, it must be ¢; = b — j for some j € {1,...,b} and
co = j — h for some h € {1,...,5} (since 2°727 € B® for j = 0,...,b); this implies
that m — ¢; — ¢ = m — b+ h. The monomial 2°~7y*~ (=7 belongs to A%, so we need
to have m —b+h < a— (b—j) i.e. m < a+ j — h; the biggest value j — h can take is
b — 1, but by hypothesis we have m > a + b — 1 so the lemma is proved. O

Lemma 3.1.19.

a(a+1) > b(b+1) - >0
hAa(m):{—2 ifm > a. th(m):{—2 if m >b.

(m+1—)2(m+2) otherwise. w otherwise.

Proof. 1t is clearly enough to prove the lemma for A*. If m < a then we need to count
all monomials x1y2 212+ with ¢, +cy+c3 = m, and they are (m+23_1) = w
If m > a, in order for xy®22z™~“1= to be non-zero in (R/A%),, it must be ¢; =a —j
for some j € {1,...,a} and ¢ = j — h for some h € {1,...,j}; the number of these

. . i 1
monomials is Y7, > 1= “(“; ). O

Using these lemmas, we will prove that
Theorem 3.1.20. The Alezander polynomial of each Ay is trivial.

As before, we distinguish various cases and show that Theorem 3.1.20 holds in each
of them.

d<gqand3{n

In this case triple points cannot contribute to the Alexander polynomial with a term
@53, but we still need to consider them when studying constants of quasi-adjunction

that are less than or equal to %

The constants of quasi-adjunction we need to consider are ¢; := % for 7 =
1,...,d—1, and they are all relative to both P, and P; we have N,(¢;) = p'j+¢'j —3.
d=j _ p=p'j _ p=1=0-1) g d=i _ g=¢ _ ¢=1-(di=1)

we have
d p p d q q

Since

1. If ¢; > % then I., = APi—1 A BYi—1,
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2. If ¢; < & then I, = [I,N AP9~' 0 B7i1,

Lemma 3.1.21. The constants of quasi-adjunction c; s.t. ¢; > % do not contribute to
Az, for allt.

Proof. Since (p'j — 1)+ (¢'j —1) — 1 =7p'j +¢j — 3, we can use Lemma 3.1.18 to
conclude that h ;1 gw;1(q'7 +p'j — 3) = 0; from the short exact sequence

0— R/I, — R/A"7" @ R/BYI™ — R/(AP7™1 + B7771) = 0

we deduce that h;cj P j+d7—3) =hai1(Pj+d5—3)+hgeir(j+¢5—3). Now, if
q'j > 2then p'j+¢'j—3 > p'j—1and by Lemma 3.1.19 we get h ;1 (p/j+¢'j—3) =
P'ip'i—1)
2
3.1.19 we get again h ;1 (p'j + ¢'j —
for the ideal B97~! too, we can conclude that

;if j=¢ =1then p'j+4¢j—3=p —2and p'j —1=p'— 1, so by Lemma

/ / 71 . . .
3) = p—J(p2] ). Since a similar argument works

. . piwi—1)  djldji—1
hi, (Vi +4d5—3) = 5 + 2 5 )

The local ring at P of the scheme Z,; contains all germs of holomorphic function whose
o 01 p=14(p'j-1)

q P ’
it is the vector subspace of R generated by the monomials %’ for a,b > 0 and

a+b=hforall h <pj—1, soit has dimension %. Similarly, the local ring
a'j(d'5-1)
2

constant of quasi-adjunction is bigger than or equal to c¢;; sinc

at P, of Z., has dimension

since the only constant of quasi-adjunction of a triple point is
l(ch) _ p'](p;]—l) + q’](q;J—l

. The local ring of Z., at the T; is trivial instead,
% > ¢;. This implies

) — hi, (p'j +¢'j — 3) so we are done. ]

Now we need to study the ¢; such that ¢; < %, which give I, = ILNAPI-1nBYi-1,

Remark 3.1.22. In order to have ¢; < % we need 7 > %d, but since 3 1 d and j
must be an integer we can actually write 7 > %. This means that p'j +¢j — 3 >
2d;—1 (p/ + q/) 3= 2p+2q;-17'+ql —-3> 2(‘1+2)+32—‘1+p’+q/ 3= —4q+p/;-q’+4 —3; the I‘ight—haﬂd
side is bigger than or equal to ¢ — 1 if and only if ¢ + p’ + ¢ > 2, which is clearly true
in our situation.

Lemma 3.1.23. The constants of quasi-adjunction c; s.t. ¢; < % do not contribute to

A, for allt.

Proof. Using Lemma 3.1.16 we can conclude that h;; | 4 1qgei (07 +¢'5 —3) =0,
while using Lemma 3.1.18 we can write h 4p/j-1~p05-1 (07 +¢'J—3) = hywi (P71 +¢J—
3)+ hgei(p'j 4+ ¢'j — 3). Combining the two things, we get

hi, (05 + 45 =3) = hur, (05 + ' = 3) + hyws (0 + 45 = 3) + hges (05 + 45 = 3).
Remark 3.1.22 together with Proposition 3.1.15 gives

3 X / - /._1 7 - /__1
hzcj(p’J+q’y—3)=t+pJ(p; )+q1(qg )
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Arguing as in Lemma 3.1.21 we can say that the sum of the dimensions of the local
rings of Z., at the points P, and P, is pj(p;_l) + (”(qzj_l); however, since ¢; < 5 the
local ring of Z,; at the T; has dimension one. This means that for any ¢; < % and for

all t we have [(Z,,) = p/j(p;j_l) + q/j(q;j_l) +t. Since this value coincides with [(Z.,) we

are done. m

Lemmas 3.1.21 and 3.1.23 imply Theorem 3.1.20.

d < q and 3|n

The triple points T; can contribute to the Alexander polynomial with the constant
of quasi-adjunction % If 3|d the constant of quasi-adjunction % is one of the c;, so we
can assume 3 { d. The computations for the constants of quasi-adjunction ¢; are the
same as before, so they do not contribute to the Az by Lemmas 3.1.21 and 3.1.23;
we only need to study %. If we write n = 3n/ we obtain N,,(3) = 2n/ — 3.

In order for % to be greater than or equal to a constant of quasi-adjunction ’%

of Py (respectively, a constant of quasi-adjunction q_;_h of P»), we need j > %

(respectively, h > %); we call t, == % and t, := %. Since the indices 7 and
h have to be integers, and neither ¢, nor ¢, is an integer, we actually need j > [t,]

and h > [t,]; this means that I, = 11, N Altr1=1 0 Bltal=1 " We need to compute
(Zy) = h1, (20" = 3).
3

Lemma 3.1.24. The constant of quasi-adjunction % does not contribute to Az, for
all t.

Proof. Since t,+t, = 2n'—2 € Z we have t,+t, = [t,+t,| and [t,+t,]+1 = [t, ]|+t ]
this implies that 2n’ —3 — ([t,] + [t,] —3) =2n' — [t,| — [t,] =2n' — 1 — [t, + ;] =
2n' —1—t,—t,=2n"—1—(2n' —2) =1 >0, so by Lemma 3.1.18 we conclude that
hA[tp]71+B]'tq—\—1(2n, —3)=0.

We have 2n’ —3 > ¢, if and only if ¢ > 3, which is true under our hypotheses; since
t, ¢ Z implies that t, > [t,] — 1, we can conclude that 2n’ — 3 > [t,] — 1. With the
same argument we can prove that 2n’ —3 > [t,] — 1. In particular, from the usual
short exact sequence

0— R/Aftﬂ*l N Bltal=1 _ R/A(tﬂ*l D R/BﬁqFl N R/(Aftﬂfl + Bfthl) -0

and Lemma 3.1.19 we deduce that

[l (Ttp] = 1) | [tgl(Tte] = 1)
2 * 2 '

/
hA(tpplmB[tqpl(Qn —-3) =

Now we need to use the short exact sequence

0— R/I, — R/, ® R/AMI=1 q Bltal=1 _ R/(IT, + Alt»1=1 n Bltal=1) 0.

Since 2n' =3 =t,+t,— 1= [t, +t,] —1 = [t,] + [t,] — 2, using Lemma 3.1.16 we
can conclude that h;; . sro1-10pre1-1(20 — 3) = 0.
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Now, we have ¢ — 1 < |2 —1=n'— 1+ %], and 20’ =3 > n' — 1 + [ %] if and
only if n’ —2 > |2 ]. If n’ is even this is true if and only if n’ > 4, which holds under

our hypotheses (n' = 2 would give n = 6, contradiction); if n’ is odd then L%/J = %,

so that inequality holds if and only if n’ > 3 (which is the case under our hypotheses,
since n > 7 implies n’ > 3). In any case we can conclude that 2n’ —3>¢g—1>t, so
using Proposition 3.1.15 and what we found above we obtain

NOATAESY

hr 5

(271/—3) = h[]t(2”’—3)+hA[tp]flmB(tq171 (271’—3) =t+

[tp]([t] = 1)
2

ol

The local ring at P, of the scheme Z 1 contains all germs of holomorphic function whose

constant of quasi-adjunction is bigger than or equal to %; by the relation we saw above
between % and the constants of quasi-adjunction of P;, this is the vector subspace of
R generated by the monomials 2%y® for a,b > 0 and a + b = h for all h < [t,] — 1,

so it has dimension W

W. The local ring of Z1 at any triple point is simply C, since constants are
the only functions whose constant of quasi-adjunction around a triple point is greater
than or equal to %

As l(Z%) - hI%(2n’ — 3) = 0 we are done. O

Similarly, the local ring at P, of Z 1 has dimension

Lemmas 3.1.24, 3.1.21 and 3.1.23 imply Theorem 3.1.20.

d=gqand 31d

In this case the triple points cannot contribute to the Alexander polynomial with
a term ®%*, but we still need to take them into account when studying constants of
quasi-adjunction which are less than or equal to % The constants of quasi-adjunction
we need to consider are the ¢; := L for j = 1,...,q — 1, so N,(c;) = p'j +j — 3.

. — — 1 (plj—1 —j —1—(j—1 .
Smce%:p;’j:p ([f’] )and%:qfq@)vveobtam:

1. If ¢; > 1 then I, = APV-1n BI~L,

Wl

2. If ¢; < % then I, = II, N API=1 0 BI71,

Lemma 3.1.25. The constants of quasi-adjunction c; s.t. ¢; > % do not contribute to
Az, for all t.

3, 80 I, = AP =1 and
(Z.,) = w (arguing as usual); since h -1 (p' —2) = w by Lemma 3.1.19, we
can conclude that ¢; does not contribute to the Alexander polynomial.

Assume now that j > 2. Since (pj — 1)+ (j— 1) —1 = p'j +j — 3, we can use
Lemma 3.1.18 to conclude that h ;1 5;1(p'j + 7 — 3) = 0; from the short exact
sequence

Proof. First we study c;. Since ¢ > [5] > 3 we have ¢; > L

0= R/Ie, — RJAN & R/B™ = R/(A7! 4 B =0
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we deduce that hy, (p'j +j = 3) = hyp; (P'j +J — 3) + hpi-1(p'j + j — 3). Since we
are in the case j > 2, applying Lemma 3.1.19 we obtain
Pipi—1)  j-1)

h / - - —
1., (P +35—3) 5 +=

Arguing as in Lemma 3.1.21 we find [(Z,;) = p/j(p;jfl) + j(j;) = hy,, (p'j +J — 3)so we
are done. O

Now we study the ¢; > 1, for which I, = II, N APV~ 0 Bi~1.
Remark 3.1.26. In order to have ¢; < % 2—??, but since 3 1 ¢ and j

must be an integer we can actually write 7 > %. This means that p'j +j — 3 >
2q;—lp/ 4 2q;—1 _3— 2p+2q3+p’+1 _3> 2(q+2)+32q+p’+1 — 3= —4‘l+§’+5 — 3; the right-hand

we need j >

side is bigger than or equal to ¢ — 1 if and only if ¢ + p’ > 1, which is clearly true in
our situation.

Lemma 3.1.27. The constants of quasi-adjunction c; s.t. ¢; < % do not contribute to
Az, for all t.

Proof. Using Lemma 3.1.16 we can conclude that h;; s 1051(0'j +J —3) = 0,
while using Lemma 3.1.18 we can write A p—1q5i-1 (07 +7 —3) = hywia(P'j + 7 —
3) + hpi-1(p'j + j — 3). Combining the two things, we get

hie, (05 +35=3) = hir, (P +J = 3) + hyws (05 + 5 = 3) + hpi (Pf + 5 = 3).

Remark 3.1.26 together with Proposition 3.1.15 gives

pﬁ@ﬁ—lf+ﬂj—ﬂ'

h / - - :t
L,y +j=3)=t+ 5 5

Arguing as in Lemma 3.1.23 we find that this value is exactly I(Z,, ), so we are done. [J

Lemmas 3.1.25 and 3.1.27 imply Theorem 3.1.20.

d = q and 3|d

The triple points can contribute to the Alexander polynomial with a factor ®5*, so
we also need to consider the constant of quasi-adjunction % By Lemmas 3.1.25 and
3.1.27 we know that the constants of quasi-adjunction ¢; = % forj=1,...,g—1do

not contribute to A . If 3|¢ the constant of quasi-adjunction % is one of the c¢;, so we
have nothing to do; if 3 1 ¢ then we do have to study the constant of quasi-adjunction
%, but the computations we need to do are the same we did in Lemma 3.1.24.

In any case Theorem 3.1.20 is still true.
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3.2 s =1 without common line

Now we consider arrangements in which no line passes through both P, and Ps;
we assume that P, has order p and P, has order ¢, and we still denote by ¢ the free
line. The argument we use is the same as before: the ED-equivalence classes of such
arrangements are finite, as we have one for each number of triple points these ar-
rangements can have (i.e. classes A, for t = 0...,m := min{p, ¢}), and the Alexander
polynomial of each A; can be determined using formula (2.1.15). The results we obtain
are also the same as before:

Theorem 3.2.1. The Alezander polynomial of each A, is trivial.

From this we conclude that the Alexander polynomial of any arrangement of this
type is trivial using Corollary 3.1.3; but first, we show that these arrangements are
indeed non-symmetric:

Lemma 3.2.2. An arrangement A of this type does not support weak (o, B)-multinets.

Proof. Any line r through P, meets the lines /y,...,[, through P in at least ¢ — 1
double points, which cannot belong to the base locus of a weak multinet; this means
r and the /; must belong to the same class, say A;. Since this argument holds for
any line through P, we deduce that A — A; = {¢} which is impossible because weak
multinets must have at least three classes. O

As we did before we call d, := (p,n), d, = (¢,n) and write p = p'd,, ¢ = ¢'d,,
n = dyn, = dyng we obtain that if d, > 1 (resp. d, > 1) the constants of quasi-
adjunction we have to consider are:

d, —J 1,...,d,—1 ifd .

Relative to Pi: cp; := - J with j = o 1 7P (3.2.1)
d, 2,...,p—1 ifd,=p.
dy — 1..dy—1 ifd, #q

Relative to Pp: cqp == with h =< 777777 : 0 7 (3.2.2)
q 2,...,q—1 ifd,=gq.

1
Relative to triple points: 3 (if and only if 3|n).

This situation however is more complicated than before: since there is no common
line, we have p + ¢ = n — 1, which means in particular that the equality d, = d; no
longer holds; in fact, we actually have (d,,d,) = 1. This means that no constant of
quasi-adjunction cp; will ever coincide with a constant of quasi-adjunction cgj,.

3.2.1 Only one of d, and d, is greater than 1

Without loss of generality we can assume d, > 1 and d, = 1. For any constant of
quasi-adjunction ¢ we study the difference {(Z.) —hy, (N, (c)) where N,(c) = n—3—nc.
We have equalities
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Cdy—j p—1-(j-1) a-1-0UE -1
pj = A = .
P p q

: 1
Moreover, in order to have cp; < 3 (resp. cqp <

h > t, = 22}, This implies the following:

=

we need j > t, := 222 (resp.
) J P b

3 3

1. For cp; > 3 and Ji <2 we have I.,, = AP
P

3

2. For cp; > % and j% > 2 we have I, = APl BU%J_I.

3. For c¢p; < 5 and j% > 2 we have Icpj = APl BU%J_I N I11;.

W=

4. (To be considered if and only if 3|n and 3 1 d,) Iy = Alte1=1 Ay Bltal=1 T,
1
3
only if j > %dp which implies j% > %q > 2 because ¢ > 3.

Remark 3.2.3. It cannot happen that cp; < 3 and ji < 2: indeed, cp; < % if and

Lemma 3.2.4. None of the constants of quasi-adjunction satisfying one of 1.-3. con-
tributes to Az, .

Proof. We proceed case-by-case:

Case 1. N,(cp;) = nyj — 3 so Ny(cpj) > p'j — 1 if and only if j(n, —p') > 2. If
n,—p’ > 2 this is true. n,—p" = 0 cannot happen, as it would give n = p. If n,—p' =1
then N, (cp;) =p'j+j—3: j =1 gives Ny(cp;) =p' —2 and p'j — 1 =p' — 1, while
j > 2 guarantees N, (cp;) > p'j — 1. In any case we can conclude by Lemma 3.1.19
that hy,, (Nn(cpj)) = ’M. [(Zep;) can be computed by the same reasoning we
used so far, and turns out to be %
do not contribute to A, .

. Hence these constants of quasi-adjunction

Case 2. Ny(cpj) = (P — 1)+ (Liz] — 1) — 1 if and only if j(n, — p') > [j],
and it is enough to prove that j(n, —p’) > j% ie. n, —p — % > 0; but this
1

is true, since that difference is 5-. By Lemmas 3.1.18 and 3.1.7 we conclude that

P
Bty (Ne0) = g (Nalepg)) + Ry (Nolemy)
Proceeding as in Case 1. we can show that h ;-1 (N, (cp;)) = w.
Ny (cpj) > Ljij — 1 if and only if n,j — Ljd—qu > 2, and it is enough to prove that
npj = Jis =2 i.ej%l > 2. If d, = p then j > 2 and %} = 1%} > 1, so that holds; if

p+1

d, < p we must have d, < g so P

> %(p + 1) > 2 and we are done. In any case we

Ligh I (ligh =1
can conclude, by Lemma 3.1.19, that hBudiJ,1<Nn(ij)) =t -
D

We have obtained

. . 7 g 7 4
vii—1 ULl -1
hIch (Nn(cp])) = ( 2 ) + - 2 .

and since this value coincides with [(Z,,,) we can conclude that these constants of
quasi-adjunction do not contribute to A .
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Case 3. As before, we have N,(cp;) > (p'j — 1) + (U%j — 1) — 1, so by Lem-
mas 3.1.7, 3.1.16 and 3.1.18 we conclude that hy,, (Nu(cp;)) = hywi-r(Nalcps)) +
h g1 (Na(ep;)) + hur, (Na(ep;)).

Proceeding as in Case 1. we can show that h ;1 (N,(cp;j)) = w, while
L (g [=1)

5 .

Ny (ep;) > t—1if and only if n,j—t > 2, and it is enough to prove that n,j—m > 2;
observe that cp; < % implies j > %dp, SO MpJ —Mm > %n—m = %(p+q+1)—m. Since the
right-hand side of the last inequality is symmetric in p and ¢, we can assume without
loss of generality that p < ¢ i.e. m = p; we obtain n,j —m > %(q +1)— %p > 1+ %
Since ¢ > 3 and n,j — m is an integer we are done. By Proposition 3.1.15, we have
hir,(Nn(cp;)) = t.

We have obtained

proceeding as in Case 2. we can show that hBLjdLJ_l(Nn(ij)) =
P

iy —1) N UiJ(UdipJ —1)

and since this value coincides with [(Z,,,) we can conclude that these constants of
quasi-adjunction do not contribute to A, . m

Now, if 3 { n the ¢p; are the only constants of quasi-adjunction we have to consider,
so Lemma 3.2.4 implies immediately Theorem 3.2.1. If 3|n we have to consider the
constant of quasi-adjunction % too, but we need to distinguish two cases: if 3|d, then
% is one of the ¢p;, so we actually have already taken care of it, while if 3 { d, we do
have to study the constant of quasi-adjunction %

Lemma 3.2.5. The constant of quasi-adjunction % does not contribute to A, .

Proof. If we write n = 3n’ we find N,(3) = 2n’ — 3. In order to prove that 2n’ — 3 >
([t,] — 1)+ ([t,] — 1) — 1 it is enough to prove that 2n’ > ¢, +t, + 2; the right-hand
side is % + % +2= @ =2n' — %, so it is indeed smaller than 2n’. By Lemmas
3.1.7, 3.1.16 and 3.1.18 we deduce that h;, (2n' —3) = h4re,1-1(2n" = 3) + hgreg-1 (20" —
3)+h]]t(2n/—3). i

Now, 2n’ — 3 > t, if and only if p > 3, which is true under our hypotheses; as
t, > [t,] —1, this implies 2n’ —3 > [¢,| — 1 (and the same goes for ¢,). 2n'—3 > m—1

if and only if % —2—m >0, and we can assume without loss of generality that
m = ¢; in this case, the left-hand side is W > ’%4. p = 3 cannot happen, as it

would force ¢ = 3 and n = 7, so that value is indeed greater than or equal to zero.
By Lemma 3.1.19 and Proposition 3.1.15, we find

2w — 3) = el 1 = 1) Tul(Tte] = 1)

and since this value coincides with [ (Z%) we can conclude that the constant of quasi-

hr + +t

ol

adjunction % does not contribute to A, . O]

Hence Theorem 3.2.1 holds when 3|n too.
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3.2.2 d,d, > 1

We certainly have to consider the constants of quasi-adjunction cp; in (3.2.1) and
cqn in (3.2.2), and only these if 3 { n. If 3|n we have to consider the constant of
quasi-adjunction % too; however, if 3|d, (resp. 3|d,) then % is one of the cp; (resp.
cqn), so we have nothing to do, while if 3 t d,,,d, we do have to study the constant
of quasi-adjunction % As before, for any constant of quasi-adjunction ¢ we study the
difference [(Z.) — h;.(N,(c)) where N,(c) =n — 3 — nc.

We have equalities

cp; = =
b=y, p q
dg—h q—1—(¢h—1) p—1=(hz—1)
C = = =
Ph d, " D
and in order to have cp; < % (resp. cqp < %) we need j > t, 1= 2”—3_3 (resp. h > t, :=

%). This implies the following:

1. For ¢p; > 3 and j% < 2 we have I, = APJ~1,
2. For cp; > % and j% > 2 we have I, = APi=1 U=t
3. For ¢p; < % and j% > 2 we have I, = APi-1 A BUd 1= A II,.

4. (To be considered if and only if 3|n and 34 d,, d,) [» = Al?1=1 n BltI=1 AT,

3

5. For cq, > = and hd% < 2 we have I, = B7"L.

W=

6. For cq;, > — goh—1 AlhE

and hd% > 2 we have I,

W=

7. For cq, < % and h;#q > 2 we have I, = B?h—1 A Ath%kl NII,.

1
3
] > %dp which implies j% > %q > 2 because ¢ > 3. Likewise, we cannot have cq, < %
and h;#q < 2.

Now we should do computations analogous to those we did to prove Lemmas 3.2.4
and 3.2.5. In the cases 1. — 4. the computations are actually exactly the same of the
previous Lemmas; in cases 5. — 7., we just need to switch the roles of p (resp. A) and
q (resp. B). The result is again that none of the constants of quasi-adjunction listed
above contributes to Az , which means Theorem 3.2.1 holds under these hypotheses
too.

Again, it cannot happen that cp; < 3 and j7 < 2: indeed, cp; < % if and only if
P
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3.3 s=0

We consider arrangements A with no free lines in which any line passes through
only one of P, or P,. Without loss of generality, we may assume that P, = (0:0: 1),
Py, =(0:1:0) with p := ord(P,) > q := ord(P,); we deduce that n —3 >p >¢q >3
and p + ¢ = n. Arrangements of this type cannot support weak multinets, because
double points must be mono-coloured, and this would force all the lines of A to belong
to the same class. We will prove that

Theorem 3.3.1. The Alezander polynomial of arrangements of this type is trivial.

While this could be done via direct computation using formula (2.1.15), like we did
in Sections 3.1 and 3.2 of this chapter, we will resort to a more geometric argument,
which can be summarised as follows:

(i) We call g := y"+ 2" and we associate to A = V(f) the threefold T := V(g — f) C
P*: we show that from the latter we obtain a fibration v : 77 — P! with a surface
S C P? as generic fibre. We explicitly compute the geometric monodromy of 1

around a pole of the fibration, which we denote by ¢; the action of the algebraic
monodromy 7% on H*(S) clearly extends to H*(P?\ 9).

(ii) We prove the existence of a surjective Gysin morphism H3,(S) — Hp(T),
which yields by Theorem 1.2.18 a surjective Gysin morphism ~ : H?*(S) —»
H*(T) too; using the global invariant cycle theorem we prove that y(H?(S)) =
~(H?(S)™), and then we show that everything restricts to the primitive coho-
mology groups: this gives

H2(S)§§m - H4(T)prim- (331)

(iti) As H?(S)prim is isomorphic to H3(P*\ S) ~ @>_, Gri H3(P*\S), where P denotes

the polar filtration (recall (1.4.4)), and the map (1.4.6) is compatible with T,

we can bound the dimension of H2(S)§§m and, in turn, of H*(T)im; moreover,

the eigenspaces of H'(F,,C) under the action of the algebraic monodromy T,

can be explicitly computed. Since H*(T,C)pim ~ H*(F,_;,C)Ts-f, we can use

Theorem 2.1.7 to deduce information on the eigenspaces of H'(Fy,C) under the

algebraic monodromy T} (i.e. on the Alexander polynomial of A). This allows
us to conclude.

3.3.1 Part (i) - The fibred threefold 7’ and its monodromy

A polynomial f € Clzg,x1,x2] describing an arrangement of this type can be
written as

f= H(iﬂo — Aiz1) H(on — J1iT2) Ai # 0, p; # 0.

i=1 i=1
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Any hyperplane V(ax; — Bxg) C P* cuts a surface from T'; if we assume a # 0 and
call s := 3/ then this surface, which we denote by S, is a hypersurface of P? defined
by the polynomial

p

fs=y"+ 2" — h(s)xh H(mo — [iT2) where h(s) := H(l — \iS).

i=1 i=1

If a = 0 we denote the corresponding surface by S.,, whose defining polynomial as
hypersurface of P3 is

P q
Joo =y "+ 2" — (—=1)" (H i H“l> il
=1 =1

If we call B the blow-up of P? at P, and set 7" := T xp2 B, we can write

B={(ty:t, : t5) x (a: B) s.t. tof =tia} C P? x P!,
T ={(y:z:mp:my:x9) X (tg:t1: 1) X (a:B)s.t. (wg:xy:xe) = (tg: 11 : 1),
tofS =ty y" + 2" — f(xo,x1,22) =0} =
={(y:z:mo:x1:22) X (g : 21 : 22) X (a: ) s.t.
zof = o, y" + 2" — f(wo, 11, 22) = 0}
~{(y:z:xo: 21 w) X (a:f) st o =x10,y" + 2" — f(x, 21, 29) = 0},

and we can write the following diagram

pr
T ------- > P?
2
T’ B
T
(G
]P)l

where pr is the rational map given by (y : z : xg : x1 : @2) — (xg : 1 : x2), m; is the
projection from B onto P, v is given by (y: 2 : zg : 71 : 22) X (o : B) = (a : B) and
the maps from T" are the projections. 1 : 7" — P! is the fibration we want: we have
in fact

P 1:s) ={(y:z:m:sm0:a9) X (1:8)|y" + 2" — h(s)zh H(mo — o)} = Ss.

VO ={(y:2:0:2; :29) X (0: 1)]y" + 2" — (=1)" (H)‘ZH/“) iz} ~ S,
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Now we examine the singular loci of T" and of the various Ss; this discussion will come
into play in Part (ii). We have

Taing=1{(0:0:a:b:¢)|(a:b:c)is a multiple point of A}.
{(0:0:0:0:1)} if h(s) # 0.
—{0 O:a:as:b)} if h(s)=0.

Seosing {0 0:0:0:1),(0:0:0:1:0)}.

ssmg

In particular the point (0:0:0:0: 1) is a singular point of both 7" and any surface
S cut out from it by hyperplanes V(axg — Sx1).

A has nodes at the points (1 : /\1] : o). Ifwe fix jo € [1,p], ho € [1, ¢] and perform
the change of coordinates xy — x1 + i %, Tos 22 — To + —xo we can rewrite f as

o T [(1- 2o T[4 20

i#do o hetho Fho

If we restrict to the local chart 2o # 0 and introduce affine coordinates v := Ajox1 [ [, [(1—
/\’\TJO) —a1] and w = ppo @2 [ [}, [(1 — WZ)) — xg], we can write the local equation of
A around (1 : A—lj : M—lh) as vw. This means that the singularities of 1" at the points
Pip:=(0:0:1: ,\_1J : M_lh) are topologically equivalent to y" + 2" — v? — w? = 0.

A has a point of order p at P, = (0: 0 : 1). If we restrict to the chart {z, # 0}
and change coordinates by v := xq €/Hfl:1(x0 — ), W= T {/szl(xo — [p) we can
write the local equation of A around P, as [[—;(v = Ajw). This means that the
singularity of 7" at the point P, := (0 : 0 : 0 : 0 : 1) is topologically equivalent to
y" +v" —vP —wP = 0. In a similar fashion, we can see that the singularity of 7" at the
point P, :=(0:0:0:1:0) is topologically equivalent to y" 4+ v" — v? — w? = 0.

Now we deal with S,. If we restrict to the affine chart {z2 # 0} and change
coordinates by introducing v := ¢/(—1)*(TT_; M) (ITZ, pi)x1 we see that the point
(0:0:0:0:1)haslocal equation y"+2"—v? = 0, while if we restrict to the affine chart
{z1 # 0} and change coordinates by introducing v := ¢/(=1)"(ITo_, M) (TTL, pi)z2 we
see that the point (0:0:0:1:0) has local equation y™ + 2" — v? = 0.

As for the S;, assume first that h(s) # 0. In the affine chart {zy # 0} the
surface S; is given by y" + 2" — h(s)zf [[{_, (zo — ;) = 0; since for g = 0 we have
[T, (zo — pi) # 0, the coordinate change v := zo{¢/h(s) [[,(zo — ;) is holomorphic,
and turns the previous equation into y™ + 2" — v? = 0.

The surfaces S with h(s) = 0 are given by y" + z" = 0, so they consist of n planes
containing the line L (so they are not even normal).

Assume s; and sy are not roots of h(s), then we can find a diffeomorphism S5, —
Ss,- Pickin fact (y: z : wo @ s120 : 29) € Ss,, which satisfies y"+ 2" —h(s1)xf [ [, (xo—
pire) = 0: we can find (ay : 5z : xg : Sz 1 22) € S, for simple values of a and f.
Namely, in order to have (ay : Bz : xosexg : 22) € S, the equation o"y" + f"z" —
h(s2)zh 1112, (o — piz2) = 0 must be satisfied; as «f) [[_, (zo — pize) = y:(;rf;', we need
to find o and f satisfying
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e (- BRI R

_ h(s2)
h(s1
given by (y:z:xg: 52950,352() = (o ly B 2t wg syt ).
If we call A :={(0: 1)} U{(1: s)|h(s) = 0} we obtain a locally trivial fibration
Y T\ Y HA) = P\ A, with the S; with h(s) # 0 as generic fibres. We now
compute the monodromy of ¢ around one of the special fibres, i.e. the S, with s € A:

and this gives " = " =: . The inverse diffeomorphism S, — S5, is clearly

Lemma 3.3.2. If S; is any generic fibre of ¢, the geometric monodromy around a
special fibre of ¥ 1s given by

Ss — S st (y:z:x0:8%0:T2) = (MY M2 To : STy © Tg) (3.3.2)
where 0, s an n-th primitive root of unity.

Proof Assume the special fibre we are considering is S L Consider a loop s(t) =

L 4 et around y-: by the above discussion, the dlffeomorphlsm between Sy and
Ss(t) is governed by

h A — e\ — N\
Ve 1= ( 27r7,tH 1 1

h )\1—7">\1)\Z'—>\i

We can choose branch cuts for the n-th root function in such a way that, for r small
enough, the loop s(¢) remains in a zone of the complex plane in which the n-th root
is a single-valued function. The only indeterminacy lies then in the term e2™; since
we look for automorphisms ¢, : Sy — S, giving the identity for ¢ = 0, we deduce
that the monodromy action ¢ on Sy is given by y — 7,9, 2 = 1,2, and this clearly

holds for any Ss with h(s) # 0. O

3.3.2 Part (ii) - The Gysin morphism
We can rephrase Corollary 1.2.22 in the following way:

Theorem 3.3.3. Assume X is a quasi-projective separated scheme of finite type over
C and Y s a hyperplane section of X satisfying the following hypotheses:

(I) There exists an augmented n-cubical hyperresolution Xo — X such that Yo :=
Xo Xx Y is an n-cubical hyperresolution of Y.

(IT) For any «, there exists a closed immersion Y, — X, of codimension 1.

Then there exists a map Hpn(Y) — Hyt2(X) that is an isomorphism for k >
dim(Y) and a surjection for k = dim(Y").

We want to apply this corollary our situation, so the first step is to find a cubical
hyperresolution of 7" and to check that its section by the hyperplane H defining S is
a cubical hyperresolution of S.
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Property (I) - Resolution of 7" and S

The singular points of 7' not belonging to S are the P;;, and P,, whose local
equations are y" + 2" — v¥ — w* with k = 2, ¢ respectively; P, is a singular point of
both T and S, with local equation y"+2" —vP —wP. For this reason we will show how to
resolve the singularity at the origin of the affine threefold T := V (y"+2"—v*—w*) c C*
and of its hyperplane section S := TNV (w) = V(y" + 2" — v*) C C3; recall that by
our hypotheses on the arrangements we have k < n — 3. The blow-up of C* at the
origin is by definition

yb = za,yc = va,yd = wa
zc = vb, zd = wb, vd = wc

X1 ::BZO(CA‘:{(y,Z,uw)X[a:b:c:d] }CC4XIP’3.
X1 can be covered by the four affine charts X¢ := X; N (C* x Dy (a)), X! := X; N
(C*x D, (b)), X{:= X1 N(C*x Dy (c)) and X := X;N(C* x D, (d)), all of which are
isomorphic to C*. The blow-up map 7 : X; — C* can be easily read when restricted
to these affine charts; we have in fact:

o X~ CH = Cr st (y,p.qr) = (yopy,qy,ry)  with pi=2 g:=%
o X~ Ct — C it (s,2,t,u) — (sz,2,tz,uz) with s:=¢, t:=¢ wu
¢ X¢ = Ct — C? s.t. (i, 7,v,1) = (iv, ju, v, ) with i:=19  j:= %, [:

m k=4, o

7 X8~ C* - Ctst. (m,k,o0,w) — (mw, kw,ow,w) with

ale

We will denote the intersections of the strict transforms 77 and S; (and of the ex-
ceptional divisors E; and F}) with the various charts by the appropriate apexes. We
obtain:

(a) T2 =V (y"* +y"Fp* — ¢* — r¥), which is singular along L* = {(0,p,0,0)}, and
E¢ = {(0,p,q,7)|q" +r* = 0} = {(0,p,nr,r)|n* = —1} i.e. k planes containing
L% S¢ = {(y,p,q,0)|y" *+y"*p* —¢* =0} = T* NV (r), which is singular along
L* too, and F? = {(0,p,q,0)|¢* =0} = E¢NV(r) = L

(b) TP = V(2" *s" 4 2n=k —tk — 4/*), which is singular along L* = {(s,0,0,0)}, and
EY = {(5,0,t,u)|tF + u* = 0} = {(s,0,nu,u)|n* = —1} i.e. k planes containing
Lb 8P = {(s,2,t,0)|z" Fs" + 2" % —tF = 0} = TP NV (u), which is singular along
L? too, and F? = {(s,2,t,0)[t* =0} = E NV (u) = L.

(¢) T¢ = V(v *i"+v" %" —1—1%), which is smooth, and E§ = {(4,5,0,0)|l* = -1} =
{(i,7,0,n)|n* = —1} i.e. k disjoint planes; S§ = {(i,7,v,0)[o" %" + vn7kjn 41 =
0} = T¢ N V(1), which is smooth, while Ff =0 = Ef NV (1).

(d) T¢ = V(w"*m" +w"*k™ — o* — 1), which is smooth, and E{ = {(m, k, 0,0)|0o* =
—1} = {(m, k,n,0)|n* = —1} i.e. k disjoint planes; in this chart S¢ = F'¢ = ().

Thus, after blowing up 0 we obtain a threefold 77 which is singular along a line L
not meeting X¢, X¢, and whose exceptional divisor E; consists of k£ planes containing

200 1Ra a0 e
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L. Moreover, there is a hyperplane H passing through L and not meeting X¢ that cuts
S1 from 717 and F; from E;. Now we have to blow up the line L. To ease computations,
we will blow up L? in the chart X? (as the situation in X¢ is analogous), but first we
set hy :=n — k and rewrite

T =V(y 2" 4+ 2 — b — k), S = V(w,y"e" 4 2" —oF).
By ={(y,0,qw,w)|n" = =1}, L=V(z,0,w).

By definition, the blow-up of C* along L is

Xy = Bl C* = {(y,z,v,w) x [a:b: c]|zb = va, zc = wa,ve = wb} C C* x P2,

X, can be covered by charts X¢, X% and X§, and the expression of the blow-up map
79+ X9 — C* when restricted to these charts is:

5 Xg~C* - C'sit. (y,2,p,9) = (y,2,p2,q2)  with p:=
o X8~ Ct - Chsit. (y,7,v,8) — (y,rv,v,sv)  with 7=
5 X~ Ct = Clsit. (y,t,u,w) — (y,tw,uw,w) with ¢:=

QlcSIog o

[SNISESTISE-NISH
S R
Il

Observe that now we have to keep track not only of the exceptional divisors Fy C T3
and Fy C S, but also of the strict transform st (E;) of E; (only that of E; because
F} is the center of the blow-up). We need to distinguish three cases.

k < hy With the same convention on notations as before, we obtain:

(a) T¢ = V(ymzm=F 4 2=k — pk — ¢%) whose singular locus is contained in L% :=
(y:0:0:0) and E5 = {(y,0,p,q)Ip" + ¢* = 0} = {(y,0,nq9,9)In* = —1} ie. k
planes containing L% S = {(y, z,p, 0)|y"zM =2 4 2=z —ph2 = 0} = TP NV (q),
whose singular locus is contained in L* too, and F¢ = {(y,0,p,0)[p" = 0} =
E$NV(q) = L% stp(Ey)* = 0.

(b) TP = V(yrMom=F 4 phighi=k 1 — %) smooth and ES = {(y,r,0,s)[s" = -1} =
{(y,r,0,n)|n* = —1} i.e. k disjoint planes; stp(E)” = {(y,0,v,n)|n* = —1}
i.e. k disjoint planes, and st;(F;)* N ES = {(y,0,0,n)|n* = —1} i.e. k disjoint
lines. S8 = {(y,r,v,0)|yrrhom=he 4 phighi=he 1 = 0} = T2 N V(s) smooth and
FP=0=E\nV(s).

(¢) T§ = V(yrthwh=F 4 thywh=F —y* — 1) smooth and ES = {(y,t,u,0)[u* = -1} =
{(y,t,n,0)|n* = —1} i.e. k disjoint planes; st;(F) = {(y,0,n,w)|n* = -1} ie. k
disjoint planes and st;(F)°N ES = {(y,0,7n,0)|n" = —1} i.e. k disjoint lines. We
have S§ = F§ = 0.

Thus, after the blow we obtain a threefold 75 whose singular locus is contained

in a line L not meeting X3 and X5, with Ey = UL, Z{" and st,(E;) = UY_, Z* not
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meeting X3. Sy is singular with Sy, C L too; moreover, Fy = L. The Z% meet in

L, while the Z;O) are disjoint. We have

Z(l) A Z(O) _ a line ifi= j

’ ! 0 ifi+#j.
If we set hy := hy —k, we can see that T C X¢ is in the same situation as T} C X?, the
only difference being that now each ZZ»(l) making up E$ meets the plane ZZ-(O) C str(E1)

in a line; since the ZZ-(O) do not meet L, they remain untouched under the blow-up of
L.

o

= h; With the same convention on notations as before, we obtain:

(a) T3 =V(y"+1—p"—¢") and E§ = {(y,0,p,9)y" + 1 —p* — ¢* = 0} are smooth;
S5 = {(y,2.p,0)[y"+1-p" = 0} = TyNV(q) and F5 = {(y,0,p,0)[y"+1-p" = 0}
are smooth; sty (Fp)* = 0.

(b) T =V (y™r*+rk—1—s*) and ES = {(y, 7,0, s)|y"r* +rF —1—s* = 0} are smooth;
Sy = {(y,r,v,0)[y"rk+r*—1 =0} = T2NV(s) and FY = {(y,7,0,0)|[y"r*+rF—1 =
0} = ESNV (s) are smooth; st (F;)" = {(y,0,v,n)|n* = —1} i.e. k disjoint planes,
and st (E,)" N ES = {(y,0,0,n)|n* = —1} i.e. k disjoint lines.

(c) T§ = V(y"tF +tF —uF —1) and E§ = {(y,t,u, 0)|y"t* +t* —u¥ —1 = 0} are smooth,
while S§ = F§ = 0; st (Ey)° = {(y,0,n,w)|n* = —1} i.e. k disjoint planes and
str(Ey)° N ES = {(y,0,n,0)|n* = —1} i.e. k disjoint lines.

T5 is smooth, and its ‘total exceptional divisor’ Dy := FE, U st (E;) consists of a
smooth surface and k& disjoint planes Zfo), .. .,Z,go) not meeting X¢, with each ZZ-(O)
intersecting Fs in a line. Moreover, there is a hyperplane H meeting neither X nor
str(E1) (the latter fact can be read in X3) that cuts Sy (which is smooth) from Tb;
the ‘total exceptional divisor’ of S is Dg := F5 i.e. a smooth curve which is cut from
Es by H. We have thus obtained a resolution of both 7" and S.

If we get to this point after having gone through the step k < h; for s times, the

only difference is that the k& planes Zi(0 are replaced by a ‘string’ of planes Zi(o) UZi(l) U

0 2 with

aline if¢=jand t; =ty + 1.
AN AC
! J () otherwise.

aline if¢t=0.

79NE, =
! ? 0 otherwise.

k > hy With the same notations as before, we obtain

(a) Tg =V (y"+1—przkm — gk2k=M) smooth and E¢ = {(0,0,p, q)|o" = —1} ie. n
disjoint planes, S = {(y, z,p,0)|y" + 1 — p*zF=" = 0} = T¢ NV (q) smooth and
F§ ={(0,0,p,0)|c" = —1} = E3NV(q) i.e. n disjoint lines; sty (F1)* = ().
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(b) TP = V(y"rh + rM — oM — gkyk=h1) whose singular locus is contained in
H® := (y,0,0,5) and EY = H* U {(0,7,0,s)[c™ = —1} i.e. the plane H® together
with n disjoint planes meeting H® in the n lines {(c,0,0,s)[c" = —1}. S5 =

{(y,r,v,0)|y"r™ +rh —ovk=M =0} = TP NV (s) whose singular locus is contained
in L’ := {(y,0,0,0)} = H°NV(s) and FY = LU{(0,7,0,0)|o" = —1} = EENV(s)
i.e. the line L® together with n disjoint lines L; meeting L? in {(c,0,0,0)|0" = —1}.
str(E1)" = {(y,0,v,m)[n* = —1} with st1(E1)" N H® = {(y,0,0,n)ln* = —1} (k
disjoint lines) and sty (E;)® N ES = {(0,0,0,n)|c" = —1,n* = —1} (nk points
belonging to H).

(¢) T§ = V(y™t" +th — uFwh=h —*="1) whose singular locus is contained in H¢ :=
{(y,0,u,0)} and E§ = H.U{(0,t,u,0)|c™ = —1} i.e. the plane H together with
n disjoint planes meeting H® in the n lines {(0,0,u,0)|c" = —1}. S§ = F§ = 0.
str(Br)® = {(y,0,n,w)[n* = —1} with st;(Ey)° 0 H® = {(y,0,7,0)|n" = =1} (k
disjoint lines) and str(E;)° N ES = {(0,0,n,0)|c" = —1,n* = —1} (nk points
belonging to H¢).

Thus T5 is singular with Ts,, C H, where H is a plane not meeting XJ. The
exceptional divisor generated by the two blow-ups consists of the plane H, n dis-
joint planes Yi,...,Y, and k disjoint planes Zfo), cee Z,go) not meeting X§ such that
stp(Ey) = UleZi(O). HNY; gives a line L;, HN Z](-O) gives a line R;. Sy is cut from 75
by a hyperplane H' (not meeting X§) that cuts H in the line L containing S, H'
also cuts Fy from Fj.

Again, if we get to this point after having gone through the step & < hy for s
times, the only difference is that the k£ planes Zi(O) are replaced by a ‘string’ of planes

ZOUuzM U U Z" with

line ifi=jand t; =ty + 1.
Zt) A gt )R
‘ ! 0 otherwise.
the line R; if ¢t = 0.

ZONH = .
1] otherwise.

Next we blow up the plane H. We will blow up H? in the chart X%, which is the chart
that meets all exceptional divisors generated so far.

Remark 3.3.4. By the discussion above, the only planes ZZ.(t) affected by the blow-up

of H are the Zi(o) i.e. those that make up sty (E;), hence we can assume without loss
of generality that s = 0.

Before starting the computations, we set hy := k — hy and rewrite

T, = V(y”zhl + S gyhe Uthk)7 Sy = V(w,y"zhl + S ,th)'
H=V(zv), Ey=HU{(0,z0,w)oc"=-1}, sty(E)={(y,0,v,n)n" = —1}.
L=V(z,v,w), Fy=LU{(0,2,0,0)|c"=—-1} =E,NV(w).
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By definition, the blow-up of C* at H is

X3 := BlgC* = {(y, z,v,w) x [a : b]|zb = va} C C* x P!

and it can be covered by charts X¢ and X?; the expression of the blow-up map 3 :
X3 — C* when restricted to these charts is:

8 X§~C' = C'st. (y,2,7m,w) = (y,z,72,w) with r:= g
5 Xe~C' - Ch st (y,s,0,w) = (y,sv,0,w) with s:=%.
At this point we need to distinguish three cases, again.
hy < hy We obtain
(a) T¢ = V(ynzghi=he 4 pm=he _ phe _ ph2qpk) whose singular locus is contained in
H® := {(y,0,0,w)} and E¢ = {(y,0,r,n)|n* = —1}. S¢ = V(w,y"zMm"2 +

ZM=ha _ ph2)y = T NV (w) with singular locus contained in L := {(y,0,0,0)} =
HO A V(w) and F = Lt = B§ O V(w). sta(Ey)® = {(0,2,0,w)o” = —1},
stg(F2)* ={(0,2,0,0)|0" = —1} = sty (E>)* NV (w) and sty (stp(Er))* = 0.

(b) TP =V (ynshomh=ha  ghighi=he 1 k) smooth and ES = {(y, s,0,n)|n* = —1}.
SY =V (w,y"shom=he pghighi=h: 1) = TPNV (w) smooth and FY = ESNV (w) =
0. sty(stp(EY))" = {(y,0,v,n)|n* = =1} and sty (E,)" = sty(Fy)° = 0.

The exceptional divisors of T3 we have obtained are:
e A plane H not meeting X2.

k disjoint planes Zfo), ceey Z,go) C E3 meeting both X¢ and X? and intersecting
H in k lines R; not meeting X&.

n disjoint planes Yl(O), o ,Yn(o) C sty (F,) not meeting X5 and intersecting H in
n lines L; (not meeting X2).

k disjoint planes Z{l), ce Z,El) C sty(stp(Ey)) not meeting X§ with ZZ-(I) inter-
secting ZJ(-O) in a line if and only if ¢ = j (clearly these lines too do not meet
X9).

For S5 we have
e Aline L = HNV(w) not meeting X2.

e n disjoint lines K” := Y” N V(w) such that U, K = sty (Fy) = sty(F2) N
V(w); the Ki(o) do not meet X% and intersect L in n points.

Observe that the Zi(l) do not intersect H, hence they are not affected by blow ups
with center H.
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hy > h; We obtain

(a) T§ = V(y”+1—rh22h2_h1 rh2zh2=hiyky smooth and E$ = {(o,0, 7, w)\ =
S8 = V(w,y" + 1 —rh2zh2=M)y = T 0 V(w) smooth and F§ = {(o,0,7,0)|0"
—1} = BNV (w). stH(Ez) ={(0,2,0,w)|o" = =1}, sty(F,)* = {(J,z, ,0)
—1} = StH(EQ)a N V(w) and StH(StL(E1>)a = @

_1}.
[

(b) TP = V(yms™ + sht — ph2=h — gh2=higy*) whose singular locus is contained in
H® := {(y,0,0,w)} and E} = H* U {(0,s,0,w)|lo" = —1}. S8 = V(w,y"s" +
sht — ph2=hy = TP N V(w) singular in L* := {(y,0,0,0)} = H’ N V(w) and
F = L2 U {(0,5,0,0)]0" = -1} = E5NV(w). sty(Ey)’ = sty(F)’ = () and
str(str(En))” = {(y,0,v,n)[n* = —1}.

The exceptional divisors of T3 we have obtained so far are:
e A plane H not meeting X§.

e n disjoint planes Yl(o), . ,Yn(o) C Fj3 meeting both X¢ and X% and intersecting
H in n lines L; not meeting X§.

e n disjoint planes Yl(l), o ,Yn(l) C sty (E,) not meeting X3 with Y;(O) intersecting
Yj(l) in a line if and only if i = j (clearly these lines too do not meet X2).

e k disjoint planes Zfo), ce Z}go) C sty(stp(FE7)) not meeting X§ and intersecting

H in k lines R; not meeting X§.
Fr S; we have
e Aline L = HNV(w) not meeting X¥.

o n disjoint lines K” := Y;” NV (w) such that U, K'”) = Fy = F3 N V(w); the

KZ.(O) intersect L in n points.

e 1 disjoint lines Ki(l) = Y;m N V(w) such that U 1K(1) = sty (Fy) = stp(Ey) N
V(w); the K( ) do not meet X% and Ki 9 intersects KJ(.U in a point if and only
if i = j.

Observe that the Y ) do not intersect H, hence they are not affected by blow ups
with center H.

hy = hy If we set h := hy = hy we obtain

(a) T¢ = V(y"+1—r"—rhwk) and E$ = {(y, 0, r, w)|y"+1—r"—r"w* = 0} are smooth.
S¢=V(w,y" +1—7r") =T¢NV(w) and F¢ = {(y,0,7,0)[y" + 1 — 1" = 0} =
E$NV (w) are smooth. sty (Ey)* = {(0,2,0,w)|c" = —1} (this was to be expected,
as in X3 the plane H is a hyperplane of V(v) with {(c, 2,0, w)|o™ = —1} C V(v)),
st (F2)* ={(0,2,0,0)|0" = —1} = sty (FE>)* NV (w) and sty (stp(Er))* = 0.
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(b) T = V(y"sh + s" — 1 — w*) and E = {(y,s,0,w)|y"s" + s" — 1 —w* = 0} are
smooth. SY =V (w,y"s"+s"—1) = TbﬂV( )and F? = {(y,s,0,0)|y"s"+s"—1 =
0} = E5NV(w) are smooth. sty (Ey)’ = tH(FQ)b = () and sty(sty(E)))” =
{(w, 0,0, )" = —1}.

Thus T3 is smooth with exceptional divisors:
e The smooth surface F3 meeting both X$ and X2.

e n disjoint planes Y;(O) not meeting X% with Yl(o) U---uy = = sty(Es); each Y
intersects F5 in the line L;.

e k disjoint planes ZZ-(O) not meeting X§ with ZOyU...u Z,go) = sty(stp(E1)); each
ZZ-(O) intersects 3 in the line R;.

S5 is smooth too, with exceptional divisors:

e The smooth curve F3 = F3 NV (w) meeting both X§ and X}.

e n disjoint lines K” := v, 0 V(w) not meeting X with KV U ... U K{” =
sty (Fy) = stg(FEe) NV (w); each KZ»(O) intersects F3 in a point.

Conclusion At each step of the resolution one of the h; decreases, so we are guar-
anteed that this procedure terminates at either the step hy = k or the step hy = ho
with 7 and S = TN V(w) smooth; if we have performed the steps k < hy, hy < by
and hy > hy respectively s, r and u times we end up with the following divisors:

o For T:

— A smooth surface F.

— Planes Zl-(t) withs=1,...,kand t=0,...,s+ r such that

line ifi=jand t; =ty + 1.
7t A gt ) #
! / 0 otherwise.

the line R; if t = 0.

Z0NE = ,
0 otherwise.

— Planes Y;(t) withe2=1,...,nand t =0, ..., u such that

vyt Ayt )R hne ifi=jand t; =ty £ 1.
i J

otherwise.
Y(t) NE the llne L if t =0.
! otherwise.

v n ZJ@) = 0.
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e For S:

— A smooth curve F' = ENV(w).

— Lines Ki(t) = Y;(t) NV(w)withi=1,...,nand t =0,...,u such that
K-(tl) A K(tQ) _ a point if ¢ :j and ty =12£ 1.

' ! 0 otherwise.

a point if ¢t = 0.

K9nF = .
0 otherwise.

Property (I) - The cubical hyperresolutions
Assume 7" has d points of type P;; if we denote by X1 and g the singular loci

of T and S respectively, then X7 = {P,, P,} U{P,...,P;} and ¥ = {P,}.

p=¢q=n/2 In this case n is even, and we write n = 2n’. The exceptional divisors

we have generated on T in order to resolve Y1 are:

e (Resolution of P,) A smooth surface £, and p disjoint planes Y; meeting F, in
the lines L;.

e (Resolution of P;) A smooth surface E, and ¢ disjoint planes Z; meeting £, in
the lines R;.

e (Resolution of each P;) A smooth surface Ef and planes W}, for h = 1,2 and

I = 1,...,n — 1 such that the W}, meet Ej in lines V}¥,, the W}, meet the
W,_y in lines V¥ and Vi, NV§, =0.

We call Dy the union of all the divisors above. In order to construct a cubical

hyperresolution of 7" we start with the following resolution square, where 7' denotes

the resolution of 1" we found:

Dy ———T

Yp——T

Since Dr is not smooth, we proceed to resolve the 1-cubical variety (Dp — 7). The
easiest way to do so is by separating its irreducible components, so we set

o (s () (sar () (i (1 IE ) ))
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The discriminant of the map (D} — 3r) — (Dr — 37) of 1-cubical varieties is given
by (K1 — X7), where

o= () U(UR)U(O( U )

In order to obtain a resolution square of (Dy — Xr), we set

Ko o (ﬁ L?]_[L}) 11 (Jﬁl R;?]_[R;> I1 (ﬁ ( h]_lf Vh’fEOHVh’ff))

k=1 \l=1,....n"—1

where the apexes distinguish between the variety being thought as belonging to one
or the other of the irreducible components of Dy in which it is contained. We can now
complete the square with (K} — ¥7), obtaining

T

(K — Yp) ——— (D} — Xp)

(KT — ET) % (DT — ZT)
The maps v and o are simply inclusions, with o sending the L?’s into E, and each L]
into the plane Y; and 7(L?) = 7(L}) = L; (the same goes for all other lines in K7%).
The picture we have now is the following:

K7 D, Ki
r Sr Sy Sr
KT DT - N T KT

2T ET T ZT T

and if we contract the diagram using the dashed maps we obtain our desired cubical
hyperresolution of 7.

For S the situation is much simpler: its only singular point is P,, and its resolution
generates on S a smooth curve F as exceptional divisor. If we cut all terms of the
cubical hyperresolution of T" above by the hyperplane H determining S, we obtain

N~
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F

g

0
g ‘ dg
0

U

which is a cubical hyperresolution of S. Note, however, that Property (II) of 1.2.21 is
not satisfied: for example, the closed immersions g < Y1 have codimension zero.

General case The only difference with the previous case is that the resolution of
P, generates a string of s, groups of k planes with pairwise intersection in lines (resp.
a string of u, groups of n planes with pairwise intersection in lines) where s, (resp.
up) is the number of times the steps & < hy and hy < hy (resp. hy > hy) are executed
during the resolution; the same goes of course for the resolution of F,. Moreover, on
S now we have also a string of u, groups of n lines with pairwise intersection. If we
define Dg, Kg and K in the same way we did in the previous case, we obtain the
hyperresolutions

g g e g

~.
U

KT KS

e e e e

X T ds S

where the one of S is the section of the one of T" by the hyperplane H. Property (IT)
of 1.2.21 is not satisfied in this situation either: the closed immersions >g < Y7 still
have codimension zero.

Property (II) - A workaround

We want to find a surjective ‘Gysin morphism’

v : H*(S) - HX(T). (3.3.3)
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Our strategy is to first obtain a Gysin morphism H%(S) — Hjx(T) at the level of
algebraic de Rham cohomology and then use Theorem 1.2.18 to find the one in singular
cohomology. After all, while it is true that hypothesis (II) of Theorem 1.2.21 does not
hold in our situation, the only problem lies in codimension zero closed immersions
Ys — X7 between zero-dimensional varieties: it is thus reasonable to hope that
the failure of property (II) will only prevent us from finding the Gysin morphisms
HE L (S) — HEL(T) for small values of k.
A resolution square for S is the 2-cubical variety

Dg— S (3.3.4)

Yg———S.

By Theorem 1.2.12 and Remark 1.2.13 we can find an m-cubical hyperresolution Y5 of
(3.3.4) which, as 2-cubical variety of (m — 2)-cubical hyperresolutions, can be written
as

Dgn—L— 5 (3.3.5)

Ysg ——— Sp.

Being a hyperresolution, Yg is in particular of cohomological descent: hence, if Gy
denotes the constant sheaf on Yp then C*(Yg, Cy. ) is acyclic, and the same is true of
C*(Yn, Gy )[2]; by Corollary 1.2.15 we deduce the existence of an isomorphism

C*(S, Cs) = Cone®[Rb.C*(S0, C.) @ Rg,C* (S, Coy, ) A,

C(a¥),C(b¥ .
QDD R(g o a).C*(Dsp, Cp, )I[1].

If we shift by —1 the short exact sequence of the cone over the morphism (C'(a*), C'(b%))
we obtain

0 — R(g 0 a).C*(Dsp,Cpy)[—1] = Cone*[Rb,C*(So,Cg ) ® Rg.C*(Ssp, Cy, ) —

a# #
S Rig o a).C*(Dso, €

=Dsp

)J[—1] = Rb.C*(S, Cg.) & Rg.C*(Xsp, C

=¥s0

) —0

so using the isomorphism above we get the short exact sequence

0— R(goa),C*(Dgy,C

=Dgsn

)[=1] = C*(50,Cq) —
— Rb,C*(S0,Cg,) ® Rg.C*(Ssp, C

=¥sn

) — 0.
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Now, since the (m — 2)-cubical hyperresolution € : S — S is of cohomological descent
C*(So,Cg,) is acyclic; hence, if we denote by S, the (m — 3)-semisimplicial space
associated to Sg we can write the following isomorphism in D (Sh(S)):

Cg = Re.Cg,.

Since all elements of the (m — 3)-semisimplicial variety S, are smooth, in D, (Sh(S,))
we have an isomorphism Cg, N Q1%,, so we can substitute Re,Cq, with Re, Qg ; the
same can of course be done with the other three (m — 2)-cubical hyperresolutions in
Yo
In this way we obtain a short exact sequence of objects of D, (Sh(S5))
0 — R(goa).DR} [-1] = DRy — Rb.DRE ® Rg.DRS,, — 0 (3.3.6)

which yields the long exact sequence of algebraic de Rham cohomology groups

- = Hpp(Ss) ® Hpp(S) = Hpp(Ds) = Hpp (S) = - . (3.3.7)
We want to apply a similar argument to 7. A resolution square for T is the 2-cubical

variety

Dp ———T (3.3.8)

Yp——T

and as before we can associate to it an m’-cubical hyperresolution Xy which, as a
2-cubical variety of (m’ — 2)-cubical hyperresolutions, can be written as:

o — (3.3.9)

Yo ———Th.

We observe the following:

(a) irreducible components of Dy and Dg and intersections thereof are smooth, and
each irreducible component of Dg is an hyperplane section of an irreducible com-
ponent of Dyp.

(b) X7 and X5 are smooth, with the latter being a hyperplane section of the former.
The same goes for 7" and S.

These facts imply that considering in each entry of X the corresponding hyper-
plane section yields precisely Y, so there is a natural closed immersion Y5 — Xq;
hence we can consider the restriction of sections functor I'y, : Sh(Xn) — Sh(Xn).
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From this, passing to semisimplicial objects, we deduce the existence of the restric-
tion of sections functor I'y, : Sh(X,) — Sh(X,) and of its total derived functor
RT'y, : D, (Sh(X,)) = D, (Sh(X,)). The same reasoning applies to all the entries of
(3.3.5) and (3.3.9), and yields the restriction of sections functors I's,, I'g,, I's,, and
I'pg. (plus the corresponding total derived functors).

Now we apply the same argument as before to the complex of sheaves on Y5 given
by RPYDQXD

Remark 3.3.5. We have the following commutative diagram of functors:

T's,

Sh(T,) —=— Sh(T.)

Sh(T) —5— Sh(T).
From this we deduce the equality of the total derived functors R(e,ol's,) = R(I'so€,).
But pushforwards preserve injective objects, and the same holds for I'g, because S, is
closed in Ty; since injective objects are adapted to any functor, we obtain isomorphisms

Re, o Rl'g, ~ R(e.0T's,) = R(I's 0 €,) >~ RI's o Re,. (3.3.10)

Of course this commutativity holds for all the restriction of sections functors previously
listed.

As before we have isomorphisms

RTsC; ~ RTsRe,Cp, ~ RTgRe (Y, = RTsDRY,

(that have counterparts for all the (m’ — 2)-cubical hyperresolution Xp is composed
of). Thus we obtain the short exact sequence of objects of D, (Sh(T))

0— R(goa).Rl'ps, DR}, [-1] = I's, DR}, — Rb.I'sDR% ® Rg.I's; DR, — 0
(3.3.11)
which yields the long exact sequence of algebraic de Rham cohomology groups with
supports

o= Hpps (Br) © H

DR,S(T) — Hppps(Dr) = Hplpo(T) = -+ . (3.3.12)

Now we need to find a way to compare the long exact sequences (3.3.7) and (3.3.12);
in order to do this, we will consider some particular hyperresolutions of the entries of
(3.3.4) and (3.3.8).

We start from (3.3.4), and we assume first that p # ¢. Yg and S are smooth, so
they are already 0-cubical hyperresolutions. Dg instead is not smooth, and it fits in
the resolution square
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Ky ——— Dy

KS—>DS

which is a 2-cubical variety Dgp; since discriminant squares are of cohomological
descent (see |62, Lemma-Definition 5.17]), this is a 2-cubical hyperresolution of Dg.

Similarly, 7 and T are smooth while Dy fits in the resolution square (i.e. 2-cubical
hyperresolution) D7 given by

Kl —— D/,

KT _— DT.

Hence we can write closed immersions Yy < Yp of codimension zero, S < T of
codimension one and Dgn < Dpg, with the latter giving a codimension one closed
immersion if restricted to any irreducible component of any entry of Dgp.

If we switch to 2-semisimplicial varieties, we can write closed immersions

DS. — DT.
ST of codimension 1,
Yg < X  of codimension 0.

By [33, Lemma 3.1] the corresponding trace maps

bs. - RFDS.QBT,[Q]
Q% — RI05[2)
0. — RT3 0%,

are isomorphisms (the reader can find the explicit construction of the trace maps in
[34, Chapter VI, Section 4.2]). These extend to isomorphisms of the associated de
Rham complexes DR®, because the latter do not depend on the particular choice of a
hyperresolution (see [30, Proposition II1.1.12(i)]), and yield isomorphisms of algebraic
de Rham cohomology groups

H}p(Ds) = Hpj py (Dr)

Hpp(S) = Hy 2 (T) (3.3.13)

HZ)R<ES) = HZ)R,ZS(ET)'
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When p = ¢ we have to do the same, but this time Dg is already smooth, so the
cubical hyperresolution Dgr we construct is somewhat artificial. For Dy we consider
the same 2-cubical hyperresolution as in the case p # ¢. For Dg, we first obtain a
1-cubical variety by considering the identity morphism Dg — Dg; then we choose
points Qg € Ds and ) € Ky, with the latter that belongs to the intersection U N W
of irreducible components of Dp. The 2-cubical variety

{Q} ——Ds
id id

{Q} ———Ds

where a and ¢ send everything to )y is a discriminant square for Dg, so it is of
cohomological descent and since all its entries are smooth we conclude that it is a
2-cubical hyperresolution Dgy of Dg. In this way, we obtain a closed immersion
Dsp < Dpp with the same properties as in the case p # ¢ and, reasoning as before,
morphisms of cohomology groups like in 3.3.13.

At this point we can write the following diagram

i « B & o
H} () — Hbp(Ds) —— Hpp(S) —— Hp(5) —— Hp»(Ds) (3.3.14)

(T) — H%R,DS(DT) — HJ%R,S(T) 2 HY (T) —% HJ%R,DS<DT)'

3
H DR,S

DR,S

The two squares are commutative. Indeed, by construction the trace maps are functo-
rial so the same holds for the isomorphisms of cohomology groups they yield, which are
the vertical maps of this diagram; as the horizontal maps are obtained from resolution
squares of S and T they are functorial too, and this gives the commutativity of the
squares. This implies in particular that Ker(a) ~ Ker(a') (hence Im(a) ~ Im(d/)
too) and Ker(o) ~ Ker(o'), from which we deduce isomorphisms

Ker(8) = Im(B) ~ Hhy(Ds)/Ker(8) = Hba(Ds)/ Im(a) ~
~ H}p ps(Dr)/Im(c/) = Hpp py(Dr)/Ker(8') = Im(B') = Ker (')
H}p(S)/Ker(8) ~ Im(8) = Ker(o) ~ Ker(c') = Im(8') ~ Hp 4(T)/Ker(&').

From this we obtain the existence of an isomorphism

H}p(S) ~ Ker(8) @ Hpp(S)/Ker(d) ~ Ker(d') @ H4DR,S(T)/K€T(5/> ~ HéR’S(T).
We will choose a particular isomorphism 6 : Hp,(S) — Hpp o(T). Namely:

1. We send any basis of Ker(d) to any basis of Ker(d') (no actual choice here).
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2. Call h the isomorphism H},(S) — HE o (T). If x € H}p(S)/Ker(5) then
6(z) € Ker(o) and h(0(z)) € Ker(o'); this means there exists y € Hpp o(T')/Ker(d')
s.t. 0'(y) = h(d(x)). We set O(x) := y, so that in particular ' 0 @ = h o §. This

defines an isomorphism between H3,(S)/Ker(d) and Hpp o(T)/Ker(d').

With this choice of 0, we can rewrite diagram (3.3.14) as

Y « B Y o
Hll)R<S) - Hll)R(DS) B— H%R(S) s H12)R<S) — le)R(DS) (3.3.15)

P Y

- o 8 5 .
(T)— HSDR,DS (Dr) — H%)R,S(T) — H} (1) HéR,DS (Dr).

3
H DR,S

DR,S
Observe that all squares of this diagram, with the exception of the second from the
left, are commutative.

Now, T'\ S is affine so HY,(T \ S) = 0 for k > 4 by Lemma 1.2.20; writing down
the long exact sequence of algebraic de Rham cohomology groups associated to the
pair (7,7\ S), we find

T HJSDR(T \S)— H4DR,S(T) - H%)R(T) —0

so there is a surjective morphism Hp,p (T) — Hpp(T). If we pre-compose it with 6
we obtain H%,(S) — Hpp(T), so by Theorem 1.2.18 we obtain the desired surjective
morphism v : H%(S) — H*(T) as in (3.3.3).

Now we need to study how the induced monodromy action 7% on H?(S) interacts
with the Gysin morphism we just found; in order to do this, we will make use of the
global invariant cycle theorem:

Theorem 3.3.6. Let 7 : X — Y be a morphism between smooth projective vari-
eties such that the general fibre is smooth and connected; set B == {y € Y|X, :=
7 (y) is singular}, call F := X, for some y ¢ B and denote by i the closed immer-
sion F — X. The image of the restriction map

i H"(X,Q) — H*(F,Q)
is the invariant part of H*(F, Q) under the monodromy action (Y, y) — Aut(H*(F,Q)).
Proof. |68, Theorem 4.24]. O

Corollary 3.3.7. The image of the Gysin morphism H*(F, Q) — H**?(K,Q) does
not change if we restrict it to the invariant part of H*(F,Q) under the monodromy
action.

Proposition 3.3.8. We have v(H?(S)) = v(H?(S)T"), so there is a surjective mor-
phism

H2(S)T* — HY(T). (3.3.16)
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Proof. First, we denote by ¢’ the extension of the monodromy action from the fibration
T" = P' to T — P!, and by Yj‘f’/ the induced automorphism of the cohomology groups
of T and of the generic fibre S. If we denote by ¥ the usual Gysin morphism H?(S) —

H*(T) then by the global invariant cycle theorem we have

F(H2(S)) = A(H*(S)™).

From the resolution square of T" we obtain the exact sequences of MHS

oo — H¥Dy) = HNT) — HNT) — - - - ;

since the Hodge structure on H*(T) is pure by Proposition 1.3.11 and H*(Dr) has
weights up to 3 by Theorem 1.3.7, we deduce that H*(T) — H*(T) is injective.
Now we observe that the diagram

H?(S) —1—» HX(T) (3.3.17)

H2(S) — 21— HN(T)

is commutative. This can be read off the following diagram (there is a slight abuse
of notation: we have switched to singular cohomology, but we maintain the names we
gave to morphisms in the algebraic setting):

H*(S) —— HY(T) ——— HY(T)

6 8

H?(S) —=— HY(T) —— HY(T).

The left square is commutative, because it is simply the equivalent, in singular coho-
mology, of the third square of diagram (3.3.15); the right square is commutative too,
because the vertical maps are pullbacks and the horizontal maps come from the long
exact sequences of the pairs (T, T\ S) and (T, T\ S) respectively, which are functorial.
Since the compositions of the maps on the top and on the bottom give exactly the
Gysin morphisms v and 4/, we obtain the commutativity of diagram 3.3.17.

The pullback morphism H?*(S) — H?(S) maps the subspace V' C H?(S) which is

not T%-invariant to the subspace V C H?(S) which is not 7%'-invariant, and the latter
is sent to zero by 4 by the global invariant cycle theorem; since the diagram (3.3.17)

is commutative and H*(T) — H*(T) is injective, we deduce that (V) = 0. O

The commutativity of (3.3.17) actually allows us to further refine this result. Since

H?(S) is a pure HS of weight 2, the kernel of H%(S) — H?(S) contains W7 H?(S); this,

together with the injectivity of H*(T) — H*(T) and the commutativity of (3.3.17),
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implies that W, H?(S) C Ker(y). The same holds true if we restrict to the invariant
part of H?(S) under the action of 7, which proves that

YH(S)T") = v (WoH?(S)™). (3.3.18)

Remark 3.3.9. The Gysin morphism (3.3.3) restricts to primitive cohomology groups
yvielding a surjective map H?(S)prim — H*(T)pim- This can be seen in the following
way. Assume H, is the hyperplane of P* that cuts S from 7', and choose another
hyperplane H of P* such that H N Ty, = 0; we can find a resolution of singularities
7r : T — T such that S := T N 77 (Hp) is smooth. If we call 7g : S — S the
restriction of 7y to S, we can write functorial morphisms

75 H*(S) — H?*(S)  (pullback)
mh: HY(T) — HYT) (pullback)
5:H*(S) — HYT) (Gysin).

Since m.'(H) ~ H and 73" (Ho N H) ~ Hy N H we deduce that ([rg'(Ho N H)]) =
[77'(H)]; moreover, the functoriality of the pullback maps implies that 74 ([H]) =
(7 (H)] and 75 (Ho N H) = [rg" (Ho N H)].

The commutativity of (3.3.17) now implies that v([Hy N H|) can be written as
[H] 4+ Ker(m.), but since 7. is injective it must be v([Ho N H]) = [H]; this proves our
claim.

In particular, reasoning as before we obtain a surjective morphism

¥ HA(S) i = HY(T) i (3.3.19)
satisfying
V() i) = YW H(S) 10 (3.3.20)

3.3.3 Part (iii) - Final computations

If we call U := P*\ T then from the long exact sequence of MHS associated to the
pair (P4, T) we deduce

oo — HYPY) — HYT) — H>(U) — 0.

By using Poincaré duality and the isomorphism of homology and cohomology we ob-
tain the isomorphism H?(U) ~ H3(U)Y; since the map H*(PY) — H*(T) is injective
we obtain HY(T)pum ~ H*(U)". This implies in particular that dim H*(T)pm =
dim H3(F,_;)To-1.

If S C P3 is any of the surfaces cut out from T by the hyperplanes V (azy — bx)
and we call U’ := P3\ S, then from the long exact sequence of MHS associated to the
pair (P3,S) we deduce

o+ — H*(P*) — H*(S) —» HX(U') = 0
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and we obtain H?(S)pnm ~ H2(U') at the level of vector spaces. Since we will need to
study in detail the MHS on H?(S)pim we write the Poincaré duality isomorphism at
the level of MHS: by (1.3.1) we have

H?(S) prim =~ H*(U')Y(-3). (3.3.21)
In order to simplify notations we call V' := H?(.S)pim. The isomorphism above implies
the following equality of mixed Hodge numbers:

RPUV) = R P34 H3(U)). (3.3.22)
V is a mixed Hodge substructure of H?(S), so it has weights < 2 and its Hodge
filtration can be written as

0=FVCFVCFWVCFV=V

while for H3(U’) we have

0= F*H3U') C FAH3(U') © FYH3U') C FOH3(U') = H3(U").
On H3(U’) we also have the polar filtration (recall 1.4.4):

0=P'H}U)C---Cc PHU) = H*U).

Since the action of T is compatible with all these filtrations, from (3.3.22), the in-
clusion F*H3(U") C P*H3(U’) given by Proposition 1.4.5 and the symmetry of mixed
Hodge numbers we deduce

WOV + ROV + ROV < dim PPHA(UY)T

2,0 (1, T? 1,0/7,/T¢ 0,0 (1, T? 1117 . 5 113 /7 NT (3.3.23)
KAV + 20 (V) + ROO(VTT) 4+ hM(VTT) < dim P2HA(UY)™

We call now R := Cly, 2, x0, 22|, fs € R the polynomial defining S and J, C R the
associated Jacobian ideal; in this case the map (1.4.6) reads, for t = 1,2, 3, as

(R)Jtg)tn—a — Gry 'H*(U') = P H3(U') /PP HA(U"). (3.3.24)
Any class in P*H3(U’) has a representative of the form
h<)
Wp, 1= f_g with h € Ryp_4

(where Q = ydz A dxg A dxg — zdy A dzg A dxs + zody A dz N\ dxe — zody A dz A dxg),
and T acts on it by multiplying y and z by 7,; this means that if h(y, 2, 7o, 22) is an
element of (R/Jf,)kn—4a such that

h(,% Z, 1507372)921’0372 = h(nny,nnz, 3707552)7723/2550%2 (3-3-25)

then the cohomology class [wy,] € H?(U") is fixed by T?. If we denote by ((R/J s )im—4)""
the elements of (R/Jt,)im—4 satisfying condition (3.3.25), from (3.3.24) we deduce
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¢

(R)J ), — GritH (U = PtH3 (U /PP HA (U™ for t = 1,2, 3.

(3.3.26)
Let us compute the dimensions of the (R/J;)%’ ,: a monomial y*zbz§zd satisfies
condition (3.3.25) if and only if

2wi(a+1) 2mwi(b+1)

e n e n =l<=atb=kn—-23kecZ. (3.3.27)

n—1 1

Since Jy, contains y"~! and z"7!, a monomial y*2*z5zd € (R/Jtg)m_a can satisfy
(3.3.27) only for k = 1; this implies in particular that (R/J;)I*, = 0. From this we
deduce that

Gri, H¥(UN™ = PH3(U)™ =0
which implies Gr2H3 (U = P2H3(U")™°; by (3.3.23) we obtain

dim V™ = p' (V)™ < dim GraH*(U')T°.

Since there are n — 1 choices of non-negative a,b < n — 1 that give a + b =n — 2, we
have (n — 1)? monomials in (R/J,)2,—4 satisfying condition (3.3.25); this gives

dim V™’ < (n — 1) (3.3.28)

Now we compute the dimension of H'(F,n,,») by studying the Steenbrink spectra
of the homogeneous isolated singularities of C given by y™ = 0 and 2" = 0. Recall
(Remark 2.1.12) that if h(y1,...,Ym+1) = 0 is an isolated weighted homogeneous
singularity of degree d and weights w;, the Steenbrink spectrum of A is the formal sum

sp(h) := Z av(a) with v(a) = dim M (h) (a+1)d—w (3.3.29)
acQ

2T

and that v(«) is also the dimension of the e~ *™*-eigenspace of the monodromy operator

acting on Gri™ * H™(F},).

For y" we have d =n, w=1and M(y") =C® Cy® --- @ Cy" 2, so the non-zero
parts of M (y") have weights 0, ..., n—2 and dimension 1. In order to have (a+1)n—1 =
j for j € [0,n — 2] we need a = ﬁ%, which implies sp(y") = Z;L:_g(ﬁ::”); this
means the monodromy operator on H%(F,.,C) has n — 1 eigenspaces of dimension 1
with eigenvalues n¢ for a € [1,n — 1] (and the same goes for H(F,n)).

By Theorem 2.1.7 we deduce that H'(F,n, ) has dimension (n —1)? and it is the
direct sum of monodromy eigenspaces with eigenvalues %" for a,b € [1,n — 1]. The
equality 72+t = n* is satisfied by n — 2 choices of the couple (a,b) for k # 0, while
for k = 0 the choices are n — 1: this means that in H'(Fn,») the fixed part under
the monodromy action has dimension n — 1, while all the other n — 1 eigenspaces have
dimension n — 2.

Theorem 2.1.7 also allows us to write
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HYFy_ )"t = @ H'(F))i1—o ® H'(Fy)a

0<a<1

where the subscript « indicates the eigenspace relative to e2™@. If we denote by ¢;

the dimension of H'(Ff),: then ¢ = n — 1, so we can write the dimension of the
right-hand side as

—_

n—1 n—
n—12+Zn—2 =n—-12+n-2)) ¢
i=1 1

From the surjective Gysin morphism (3.3.19) and from (3.3.28) we deduce that

dlmHS(F ) 9= < (n—1)2

so ¢, = 0 for all ¢ # 0, which means exactly that the Alexander polynomial of the
arrangements we consider is trivial.
This concludes the proof of Theorem 3.3.1.

Remark 3.3.10. While at the beginning of this section we assumed that A does not
contain the line connecting P, and P,, the proof we have given can be applied to that
case too.
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