DEPARTMENT OF PHYSICS AND ASTRONOMY “G. GALILEI”

DOCTORAL SCHOOL IN PHYSICS

Ultracold Quantum Gases:
Beyond-Mean-Field Effects

Author: Supervisor:

Alberto CAPPELLARO Prof. Luca SALASNICH

Vice Coordinator of the Doctoral School:

Prof. Cinzia SADA

Pu.D. CycLE XXXI



Examination date:

Part of the results of this thesis has been already published in the following papers:

» A. Cappellaro and L. Salasnich, Phys. Rev. A 95, 033627 (2017)

Thermal field theory of bosonic gases with finite-range effective interaction;

A. Cappellaro, T. Macri, G. F. Bertacco and L. Salasnich, Scientific Reports 7, 13358
(2017)

Equation of state and self-bound droplet in Rabi-coupled Bose miztures;

A. Cappellaro and L. Salasnich, Phys. Rev. A 96, 063610 (2017)

Finite-range corrections to the thermodynamics of the one-dimensional Bose gas;

F. Cinti, A. Cappellaro, T. Macri and L. Salasnich, Phys. Rev. Lett. 119, 215302
(2017).

Superfluid Filaments of Dipolar Bosons in Free Space;

A. Cappellaro, T. Macri and L. Salasnich, Phys. Rev. A 97, 053623 (2018)

Collective modes across the soliton-droplet crossover in binary Bose miztures;

A. Cappellaro, F. Toigo and L. Salasnich, Phys. Rev. A 98, 043605 (2018)

Collisionless Dynamics in Two-Dimensional Bosonic Gases.









B Thesis Abstract

In this thesis we present a detailed investigation of the role played by quantum and thermal
fluctuations in ultracold Bose gases.

We begin with a review of several important concepts and analytical tools within a functional
integration formalism. We first focus on the so-called zero-range approximation for the interaction
potential, by recovering the Bogoliubov results and the Landau two-fluid model from a field-theory
perspective. In deriving the beyond-mean-field equation of state, we are going to show that a crucial
point concerns the proper regularization of the divergent zero-point energy. Among the alternative
approaches to investigate finite-temperatures Bose gases, we apply the kinetic theory to explain some
recent results on the sound propagation in two-dimensional Bose gases.

We then move to consider the eventual corrections to the thermodynamics of Bose gases due
to the finite-range character of the interaction potential. The coupling constants of the finite-range
model are related to measurable scattering parameters through an effective-field-theory approach.
The role of finite-range corrections is considered not only in three spatial dimensions but also in
systems with lower dimensionalities. Our analytical predictions are in good agreement with available
Monte Carlo simulations and consistent with other theoretical frames, as the Lieb-Lininger theory
for one-dimensional systems.

In the third chapter, the relevance of fluctuations is investigated from an alternative point of
view. Indeed, for a single-component Bose gas we have actually considered their effect as deviations
of thermodynamic quantities from the mean-field and zero-range picture. In the case of collapsing
Bose mixtures, we are going to show that zero-temperature fluctuations play a crucial stabilizing role
against the collapse instability. Because of this peculiar mechanism, ultracold mixtures can display
finite-density configurations also in free space. Inspired by recent experiments, we characterize this
novel self-bound state by comparison with bright solitons, following a variational scheme. We also

consider the case of binary mixtures where a coherent internal coupling is turned on.

In the last chapter, we move to deal with dipolar condensates. In particular, we are interested
in beyond-mean-field effects leading to the formation of inhomogeneous ground states. In order to
provide a reliable answer to the open issue of superfluid properties of these structures, we present our

recent numerical investigation on the phase diagram of dipolar bosons.
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INTRODUCTION AND THESIS OUTLINE

Since the first realization of a Bose-Einstein condensate (BEC) in 1995, ultracold quan-
tum gases have been subject of an intense research effort, both theoretical and experimental.
Fascinating technical advances in magneto-optical trapping provided a wide variety of dif-
ferent quantum fluids. From the first alkali-atoms BEC, a lot of experiments have been
performed with optical lattices, multicomponent quantum fluids, strongly magnetic atoms,
up to recent setups with reduced dimensionality or the implementation of synthetic dimen-

sions; obviously, this is not even a fully comprehensive list.

Many successful theoretical studies have been based on the Bogoliubov (i.e. mean-field)
framework, where the dynamics of the macroscopic wavefunction is described by the Gross-
Pitaevskii equation (GPE). The GPE provides reliable results when the system is so dilute
and ultracold that the true inter-atomic interaction can be replaced by a contact pseudopo-
tential, whose strength depends on the s-wave scattering length a;. The resulting thermo-
dynamics description is defined universal, since only a single parameter is required to take
into account the role of two-body interactions. Despite its success, recent experiments with
higher densities, reduced dimensionalities or richer interactions (compared to a d-like pseu-
dopotential) highlight the necessity to extend the theoretical scheme based on the GPE.
In other words, we need to include in our description beyond-mean-field corrections due to
more complicated inter-atomic interactions. Our research activity stems from this theoreti-
cal necessity to develop an analysis of quantum gases in setups where the mean-field theory

and the zero-range approximation are no more reliable.

The thesis is structured as follows: in Chap. 1 we review some important concepts con-
cerning bosonic gases within a functional integration formalism. We address the issue of

taking into account quantum and thermal fluctuations in the thermodynamic description of



2 CHAPTER 0. INTRODUCTION AND THESIS OUTLINE

condensed Bose gases. We begin by considering the simplest case of an ideal gas, where all
interactions are turned off. Despite being an unrealistic situation, it provides a way to inter-
pret Bose-Einstein condensation in terms of symmetry breaking. Moreover, we will almost
immediately encounter the problem of divergences, which are accompaning us throughtout
the whole thesis. Basically, infinite quantities arise because over-simplifying assumption re-
sults in unphysical situations. The absence of inter-atomic interactions surely makes the
case, but also the assumption of a zero-range interaction leads to ultraviolet divergences in
the theory. The problem is that a zero-range approximation for the interaction does not
decay for high momenta in the Fourier space, as one should expect from a realistic two-body
potential.

A relevant part of this first chapter will then be devoted in reviewing some regularization
techniques to heal this unphysical divergences. First, we mention the so-called convergence-
factor regularization, which is strongly linked to technical details in the construction of
the many-body path integral. Thus we manage to generate the same regularizing terms
appearing in second-quantization, after diagonalizing the quadratic hamiltonian through
canonical Bogoliubov transformations.

We proceed by presenting the momentum cutoff and dimensional regulazation techniques,
the latter being widely exploited in the following chapters. These theoretical tools are funda-
mental in deriving meaningful contributions for quantum and thermal Gaussian fluctuations
in the equation of state. Clearly, since the physics has to be independent from the regu-
larization mechanism, convergence-factor, momentum cut-off and dimensional regularization
all leads to the same beyond-mean-field corrections.

A review of the two-fluid model from a field-theory perspective is then presented, ac-
counting for the superfluid properties of ultracold dilute Bose gases. We introduce the
phase-amplitude representation for the bosonic fields and recover the famous Landau’s for-
mula for the superfluid fraction. The condensate fraction for an interacting Bose gas is also
considered, with a particular attention for the case of two spatial dimensions. We recover
the important statement of Mermin-Wagner-Hohenberg theorem, preventing the occuring
of true long-range order, and consequently Bose-Einstein condensation, in two-dimensional
systems.

At the end of the chapter we mention an alternative approach for the investigation of
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finite-temperature properties of bosonic quantum gases. In place of functional integration,
dilute Bose gases can be described within the boundaries of kinetic theory. Actually, we apply
this formalism in a practical case, in order to substantiate the claim about its effectiveness.
Indeed, we manage to explain a recent puzzling result concerning the sound propagation
in two-dimensional Bose gases by simply considering a Landau-Vlasov equation, the main
equation for a collisionless theory of finite-temperature atomic gases.

In Chap. 2, we start by considering the 3d Bose gas, where the true inter-atomic in-
teraction is replaced by a finite-range pseudopotential. It has been shown that finite-range
corrections crucially modify the GPE, leading to a better agreement with Quantum Monte-
Carlo (QMC) outcomes. In particular, the inclusion of finite-range effects has been proved to
be relevant at higher values of the gas parameter na®, where the zero-range approximation
fails. Indeed, within the zero-range case, a uniform configuration does not exist above a crit-
ical value of na2, since there is no control on fluctuations growth, which destroys the ordered
phase. We derived the non-universal equation of state taking into account corrections up to
the Gaussian level, both at zero and finite temperature. The quantum fluctuations contribu-
tion results to be strongly modified by the finite-range character of the interaction: now, the
uniform configuration is not destroyed by fluctuations and the thermodynamic instability is
removed as expected, since it was an artifact due to the choice of a constant potential in
the momentum space. The importance of finite-range effects is confirmed by the comparison
of our non-universal Gaussian theory with QMC datas concerning a 3D Bose gas made of
hard-spheres, which display a good agreement with our prediction. We also underline that
we have been able to connect the coupling constants of our finite-range pseudopotential to
measurable parameters as the s-wave scattering length and the s-wave effective range, thanks
to well-known effective-field-theory procedures.

This tools allow us to extend our theory in lower dimensions, where deviations from
universality are expected to be more relevant than in the 3d case because of the fluctuations
enhancement, as stated by the Mermin-Wagner-Hohenberg theorem. As in 3d, for the 1d
Bose gas we were able to establish a connection between the coupling constants of the
finite-range pseudopotential and the scattering parameters. The non-universal equation of
state was then derived both at zero and finite temperature. At T = 0 K, we compare

our Gaussian theory in the zero-range limit to the Lieb-Lininger model, which provides
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a detailed description of the system for a whole crossover of the (zero-range) interaction
strength. Compared to the mean-field, the zero-range Gaussian theory can be safely applied
up to intermediate strength, while it fails in the strong-coupling limit, where one expects
a Tonks-Girardeau gas. We analyze then how finite-range corrections modify measurable
quantities as the sound velocity and the pressure.

For the sake of completeness, we also analyzed the 2d case, despite not being directly
involved in this thesis work. Here, one has to face two main complications; first, since
d = 2 is the lower critical dimensions, logarithmic divergences appears: they have to be
explicitly renormalized. In this case, the connection between the coupling constants and
the scattering theory parameters is highly non-trivial. However, with a slightly different
definition of effective range, not based on the scattering theory, it is still possible to derive a
non-universal equation of state. From an experimental point of view, we recall that regimes
where finite-range corrections are relevant can be achieved by fixing the scattering length
and increasing the density.

In Chap. 3, we begin the study of binary Bose mixture. By binary we mean a system
made of atoms belonging to the same atomic species but in two different hyperfine states.
Thanks to the modern experimental techniques it is even possible to switch on an internal
coupling between the components, enabling the flipping of atoms from one states to the
other. In this chapter, we derive the beyond mean-field equation of state for both cases. We
will pay peculiar attention to the situation of a strong enough inter-component attraction.
Standard mean-field calculation predicts a threshold between a stable uniform configuration
and a collapsing region in the parameters space. Within this unstable phase, the system
evolves towards state with increasingly higher density, up to the point where three-body
recombinations kick all atoms out of the condensate and everything basically evaporates.
This picture has been recently challenged by theoretical proposal describing the stabilizing
action of beyond-mean-field corrections. In this framework, the mean-field attraction is
counterbalanced by a fluctuation-driven repulsion and the collapse can be halted if we are
not too deeply beyond the mean-field stability threshold. We review this ground-breaking
proposal by showing that it is possible to obtain finite-density configuration also in absence
of external trapping. It is crucial to remark that we are then in presence of a self-bound state

whose existence is made possible only through the role played by quantum fluctuations.
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This is not a pure theoretical proposal: during the last year, experiments in Barcelona
and Florenc e confirmed the stabilization of collapsing mixtures into the self-bound droplets.
Moreover, a similar theoretical explanation has been crucial to understand the formation of
inhomogeneous structures in dipolar condensates, not accounted by the standard mean-field
theory. Inspired by these experimental advances, in this chapter we propose a practical
characterization of the quantum droplet state by comparing it to another renowned self-
bound configuration in ultracold Bose gases, the bright solitons. Differently from droplets,
solitons do not require beyond-mean-field corrections to be stable, but their shape is strongly
dependent on the external confining potential.

Later in Chap. 3, we address the question of droplet formation in binary mixtures
where an internal coupling is turned on. We compute the Gaussian correction to the zero-
temperature equation of state, proving that the scenario for the droplet nucleation still holds,
since a collapsing mean-field attraction can be contrasted by an effective repulsion led by
fluctuations. The coupling frequency acts an additional knob to tune the stability of the
self-bound configuration.

In Chap. 4 we move towards the interesting field of dipolar condensates. During the
last ten years, since the Bose-Einstein condensation of Chromium in 2005, strongly mag-
netic atoms like Dysprosium and Erbium have played a relevant role in the atomic physics
community. The interest in these system is due to the peculiar nature of dipole-dipole
interaction, which is long-range and anisotropic. Within the broader context of quantum
simulation, thanks to the exquisite parameters control achieved in actual experiments, they
provide a reliable platform to study and probe a plethora of condensed matter theoretical
model.

First, as in the previous chapters, we derive the beyond-mean-field correction due to
quantum fluctuations: dipole-dipole interaction enhances this Gaussian contribution, com-
pared to the pure zero-range case. As previously mentioned, stimulated by recent experi-
mental results with Erbium and Dysprosium setups, in dipolar condensates it is possible to
recover a picture for droplets formation similar to collapsing mixtures. Indeed, when the
partial attractive character of dipole-dipole interaction dominates over short-range repulsion
collapse should occur, according to mean-field calculations. However, repulsion stemming

from quantum fluctuations can again stabilize the system against this instability, leading to
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inhomogeneous ground-state. We focus our attention on the superfluid properties of these
structures which can be elongated filaments or small disordered clusters, according to the
interaction strength and densities at play. Here, we report the results of our numerical inves-
tigation performed in collaboration with F. Cinti (Johannesburg University South Africa),
a leading expert on Path-Integral Monte Carlo simulations, and T. Macri (UFRN, Brazil)
whose research deals with long-range interactions in ultracold atoms and the corresponding

phases.









BOSONIC SUPERFLUIDS AND FUNCTIONAL
INTEGRATION

In this introductory chapter we are going to characterize the thermodynamic properties
of the dilute Bose gas in presence of a broken-symmetry phase within a functional integration
framework. According to this theoretical scheme, we initially consider an ideal Bose gas,
which is exactly described by a Gaussian theory, and then move to the weakly interacting
case. We calculate the one-loop thermodynamic corrections to the equation of state by
assuming a zero-range interaction. A careful analysis is devoted in deriving the zero-point
energy of the system, which requires a proper regularization scheme. Then, key quantities as
the quantum depletion and the superfluid fraction are computed within the two-fluid model,
providing a deeper insight to the coherence properties of the Bose gas in its broken-symmetry
phase. At the end of the chapter, we approach the issue of sound propagation in the peculiar
situation of two spatial dimensions. Differently from the rest of the chapter we apply a
different theoretical framework based on kinetic theory.

The relevance of this preliminary review will be evident in the following chapters, where
theoretical schemes and computational recipes are going to be generalized for bosonic gases

with more complex interactions and a richer phenomenology.
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B 1.1 The ideal Bose gas: a functional integration approach

Let us begin by considering a set of non-interacting identical bosonic particles of mass m
and chemical potential p in d-dimensions (d = 1,2, 3). Within the path integral formulation
of quantum statistical mechanics, atoms are described by a complex field ¥ (r,7), whose

non-relativistic free-theory is build upon the Euclidean action [1, 2, 3]

Bh o h2v2
S, Y] :/O dT/Ld dér ¥ (r, ) <haT —

- o (L1)

2m

where 8 = (kgT)~!, kp being the Boltzmann constant and T the temperature, while L%
is the volume enclosing the system. The chemical potential is required to implement the
normalization constraint fda:‘w(aj)‘2 = N with z a d + 1 vector defined as x = (7,r). By
performing the integral over the whole space one rightfully recover the term uN, as expected

in the grand-canonical ensemble.

The Bose statistics is implemented by imposing periodic boundary conditions [4], i.e.
Y(r,0) = ¢(r,Bh). By moving to the momentum space, this implies that, along the time

axis, the Fourier transform becomes a series, namely

1 E —t(wnTH+qT
w(r’ 7-) = 6h € ( " +q )wQWJn
* o 1 i(wnTHq-r), ) * (12)
P (r,7) = —/Bh E e Voo -

Because of the symmetry constraint, the so-called Matsubara frequencies {wy, } nen are defined

as
2mn

=G -

In the path integral approach, quantum-field-theories are naturally quantized by letting

(1.3)

Wn

assume every possible value, not just the one determined by the equation of motion. For a
many-body theory aiming to derive the thermodynamic picture of the system, this translates

in counting all the possible atomic configurations. All the relevant thermodynamic quantities
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can then be computed by means of the partition function defined as

z - /D[w7¢*]e—513[¢7¢*]/5 ’ (1.4)

where Sg[v¢,1*] is Euclidean action of the theory. The thermodynamic potential Q(u,T)
can be easily derived by taking the logarithm of Eq. (1.4), i.e.

Qu,T) =—-p"tlog Z . (1.5)

It is evident that the free theory described by Eq. (1.1) leads to a Gaussian integral which

can be computed analytically. Indeed, in the Fourier space, the Euclidean action reads

1 ’ 1 " _ Qz)q,n
SE [¢7 ’l/)*] - _/"ng ﬁhLd + 5 Z Z (¢q7n; ¢—q,—n) g[) 1(wn7 q) " (16)
q n wfq,fn ’
The subscript n obviously signals a sum over the Matsubara frequencies w,,, while the prime

means that the sum runs for every value of momentum and frequency except q = 0 and

n = 0. From the inverse kernel of Eq. (1.1) we can obtain G, ! namely

—ihuwn + BT 0

go—l(wmq) =p ) h2g2

(1.7)
In the equation above, we explicity pulled out the mode ¥y corresponding to q = 0 and
n = 0, which represents a uniform and static configuration. The occurring of Bose-Einstein
condensation (BEC) is related to spontaneous breaking of a U(1) global gauge symmetry
[5, 6]. From a theoretical point of view, one can capture the symmetry breaking physics
by splitting the field as ¥ (r,7) = v + n(r,7), with v the uniform and static ground-state
perturbed by the complex fluctuation field n(r, 7). By reinterpreting v as ¢y and replacing
this splitting in Eq. (1.1) we obviously recover Eq. (1.7). Within the usual framework of
phase transition theory, we can interpret v (or 1)) as the order parameter characterising the

onset of the condensation transition [6, 7].

At this point, we can perform the integral specified by Eq. (1.4) and Eq. (1.6). Gaussian
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functional integration for complex fields is based on the generalized formula [3]

/D[v,v*] exp{ - /daz dr’ v*(z) Az, 2" )v(2) + /dm (7% (z)v(z) +](:p)v*(x)}}

(1.8)
o (det A) ' exp [/dx dx’j*(x)Ailj(x)}

leading, in our case, to the following equation for the thermodynamic potential in Eq. (1.5):

1 / _
Q(/'La T7 ¢0) = _Nw(Q) Ld + % Z IOg det gO l(wna q)

1.9)
ey (
2 rd 2032, 2 | 2
= —pupp L + +25§; log [8*(W*wp +€2)]
with the shifted free-particle spectrum eq defined by
52(]2

Strictly speaking, Eq. (1.8) also involves a term proportional to 7% which is divergent in
the limit N — +o00 required by the extension of Gaussian integration to functional spaces.
This further term is though independent from thermodynamic variables and can then be
neglected while computing Q(u,T"). The summation over the Matsubara frequencies can be
performed analytically by means of contour integration techniques as detailed in Appendix
A, reading

215 zn:log [P} + )] = 2+ ;log (1— e Bea) . (1.11)

Thus, the structure of the thermodynamic potential is built upon three different contributions

[8]:
Qu, T) = Qo + QO + Q[T (1.12)

In Eq. (1.12), Que(p) is given by the first term of Eq. (1.9), while Qgg) is a purely quantum-

mechanical term describing the zero-point energy of single-particle excitations; on the other
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(

hand, the role played by temperature is encoded in QgT). These contributions are respectively

Q) = %Zeq (1.13)
q
1 —Be
QgT) =3 Zlog (1—e g a) . (1.14)
q

In the following section we will come back to this splitting of the thermodynamic potential
and analyze how interactions affect each of the above contribution. By moving to the con-
tinuum of states where we can replace series with integrals, i.e. Zq — L% [diq/(27)¢, Eq.
(1.13) appears to be ultraviolet (UV) divergent. This zero-point energy divergence is not
an accident confined to the ideal case, but it is instead ubiquitous within this framework.
Thus, in order to obtain finite, and then reasonable, thermodynamic results, an effective

regularization method is required to solve this unphysical impasse.

In the next section we are going to outline various strategy to look after this issue with
particular consideration for the so-called dimensional reqularization first developed by ’t-
Hooft and Veltmann [9]. Within this framework, it can be proved that the zero-point energy

of single particle excitation in Eq. (1.13) completely vanishes.

The same conclusion can be achieved through a different argument borrowed from Stoof
[2]. Here, we made use of a technical subtlety concerning the quantum mechanical definition
of path integral. In particular, let us consider again the Euclidean free action in Eq. (1.1)
with the further assumptions of dealing with bosons in a single-state labelled by its energy
€. Thus, the partition function simply results in

z- /D[w,w*] exp{ - % /Ohﬁ dr o (7) (hos + ¢ — M)W)} . (1.15)

Actually, this notation introduces an ambiguity in the integral over time (i.e. the tempera-
ture). Indeed, within the functional integration framework we are developing, the time axis
has to be intended as discretized. As a consequence, one has to specify the correct time
ordering of the fields. In Eq. (1.15) and the other ones related to it, we are not pointing out
on which time slice the field ¢*(7) (corresponding to the operator @T) acts. If ¥(7) acts on

the time slice 7;, then we can choose that 1)(7+6) acts on the 7,1 one. In order to implement
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Gwn 0T

this prescription, a § — 0T is needed, translating into a factor e in the Fourier space.

On the other hand, the backwards time ordering § — 07 is likewise possible, leading to a
factor 0 . By performing the countour integral to remove the Matsubara sum, one can
however realize that the partition functions corresponding to these different orderings differ
in a factor e #(¢=#), In Eq. (1.6) we can introduce a Nambu spinorial structure, where the
vector elements are taken at equal times. For the extremely simplified case of single-state

bosons this implies that [2] (with the choice 6 — 0T)

Z= /D[q,z),w] exp{ - }11/:% drdr' ¢*(1 4 0) [0, + € — pldé(r — 7') ¢(T')}

_ *lex 1 . rdr’ [Y*(r 7/ m v ()

Bh —L(r s
= ez [ ot { 1 ["arar (om0 ) EETL | PO

2 (7' + 0)
(1.16)
where the matrix structure of the propagator reads
1 (hO; +€— 0
G (r7)=—2 a S(r—7). (1.17)
h 0 hor +€—p

The factor appearing in the last line of Eq. (1.16) takes into account the change of limit and
the proper time ordering. Moving to many-states systems, its logarithm generates the proper
counterterm to regularize the divergence arising from Eq. (1.13). It is worth to underline
that this argument can be generalized without any difficulties to an interacting system [8].
In that case, however, the choice of the interaction potential could determine an additional

divergence which requires a specific treatment involving the T-matrix [2, 10].
Therefore, the thermodynamic potential of non-interacting Bose systems is given by
1
Qu, Tov0) = —pg L'+ 5 > log (1 — e a). (1.18)
q

The q = 0 contribution g is not a free parameter of the theory. Indeed, if interpreted as the

order parameter of the condensation transition, its value can be drawn from the saddle-point
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equation. In other words, we have to search for its classical value by stationarizing the action

in Eq. (1.1), i.e. 6S[¢o]. This implies

agmf
=0 1.19
( a% )%T , (1.19)

where the derivative is intendend by keeping the other quantities as constants. We remind

that, for non-interacting Bose gases, Qu/L? = —u13, i.e. the first term of Eq. (1.9). Within
the unbroken symmetry phase, the spectrum in Eq. (1.10) must be gapped, meaning p < 0,
so the only possible solution to Eq. (1.19) is )9 = 0. On the other hand, the spontaneous
breaking of a continuous symmetry is intimately connected to the occuring of a gapless mode
[11]. Thus, p = 0 and the saddle-point equation is satisfied for every value of ¢y. In order
to fix a precise value, we need the equation of state connecting the chemical potential to the
total number density. By deriving the thermodynamic potential with respect to the chemical

potential, we get

N 109\ dlq 1
n_Ld___LCI(aN,)T_wO—i_/(QTr)deﬁfq—l . (120)

From Eq. (1.19) we deduced that the critical point is characterised by u. = 0 so, by setting
w =1 = 0in Eq. (1.20), one can easily recover the critical temperature equation for the

condensation in a free Bose gas [6]:

impossible Eq. for d =1

d4 1
n = / — kBTc = 0 ford=2, (121)
271)d h202
(27) exp <2mkl]]3Tc> -1 . s
W” fOI‘ d — 3

where ((t) denotes the Riemann zeta function.

At the end of this section we mention that the result for d < 3 are expected because of
the Mermin-Wagner-Hohenberg theorem [12, 13]: while a true long-range order is possible
in d = 3, there is no condensate for lower dimensions since fluctuations are strong enough to
destroy the ordered phase. It is important to underline that one can still have the so-called

quasi-condensate in d = 2, meaning that phase correlation (or equivalently the two-body
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density matrix) decays algebraically [2, 6].

® 1.2 Weakly-interacting Bose gases: the Bogoliubov theory

We now move to consider an interacting bosonic field theory. As in the previous section,
within the functional integration framework, all the relevant thermodynamic quantities can
be derived from the partition function. The latter is defined in Eq. (1.4) as exponential of
the Euclidean action integrated over the whole set of possible system configurations, i.e. the
fields describing the atoms. In the previous section we presented the extremely simplified
case of a non-interacting theory. Despite its simplicity, that treatment outlined a set of
different issues which are going to play an increasingly relevant role within an interacting
theory, such as the necessity of proper regularization recipes for the zero-point energy.

So, the starting point is, as usual, the Euclidean action expressed in terms of its corre-

sponding lagrangian density:

Bh
S, v*] :/0 dT/Ld dr L[y, ] (1.22)

with

o 8 hV?
Ll ] =" (e, 7) (g

2m

)ty [PV (e Dot P (129

In the equation above we assume that atoms interact via the two-body spherical-symmetric
potential V(Jr — r’|). In the proceeding of this thesis we will consider Bose-Einstein con-
densates made of dipolar atoms where the isotropy assumption does not hold, with relevant

consequences for transport quantities as the superfluid fraction.

1.2.1 The zero-range effective potential

The choice of the inter-atomic potential is crucial, since the physical description depends
on the parameters we choose to model V(r). First of all, one has to acknowledge that using
a sort of true interaction potential is not a viable strategy, for a number of reasons [14, 15].
Indeed, the real interaction potential between atoms is extremely complicated to determine

and, moreover, any possible error, no matter how much small, can significantly affect the
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scattering properties.

However, this picture can be greatly simplified by reminding that we usually deal with di-
lute and ultracold atoms and, consequently, we are only interested in the low-energy physics.
In this limit, for short-range potentials, universality holds: the scattering properties depends
on a single parameter, the scattering length, with the potential shape playing no role in the
thermodynamic picture. Moving from this observation, since the birth of many-body quan-
tum mechanics several authors underlines the convenience of replacing the real inter-atomic
potential with a pseudopotential which has the only (but crucial) constraint of reproducing

the low-energy scattering properties of the system [16, 17, 18, 19].

We deal with ultracold and dilute atoms, so the usual and simplest approach consists in

replacing V' (r) with the zero-range Fermi pseudopotential
Voo(r) =go 6¥(r) . (1.24)

Because of this choice, the Lagrangian density in Eq. (1.23) becomes local, i.e.

o o mv?
ﬁ[waw]:w(raT)(hE_ m

_ M)w(r, ) + %go }w(r,f)ﬁ , (1.25)

and falls in the set of 1)*-theories which are ubiquitous in physics, with a wide range of appli-
cations [3]. The connection between this effective field theory approach and the measurable
quantities has to be provided by a proper choice of the coupling constants in terms of the

scattering parameters.

In d = 3, within the zero-range approaximation specified by Eq. (1.24), the usual

parametrization is obviously in terms of the scattering length

Amh?

go = Qs . (126)

The reason behind Eq. (1.26) can be presented in terms of the two-body transition matrix,

defined as [2]

fla.d) = (o |T*P)|q) (1.27)

m
4Amh?

with f(q,q’) being the scattering amplitude. On the other hand, in the low-energy limit
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the dominant contribution to the scattering amplitude comes from partial waves with zero
orbital momentum (I = 0), i.e. only s-waves play a relevant role in the two-body scattering
processes. This implies that the scattering amplitude can be greatly simplified by taking

into account the contribution of only one set of partial waves, i.e.

1

R 1.28
q cot do(q) — iq ( )

f(a,d) =~ fo(a)

where dp(q) is the s-wave phase shift [20]. It can be evaluated in terms of the s-wave scattering

length as and effective range r; by means of

1 1
gcotdp(q) = - + irsqg +0(¢?) . (1.29)

According to the equation above, the t-matrix is then given by

m 1 1, . mq -1
To(g) = [47rh2 (cTs 2"t ) +Z47Th2:| (1.30)

On the other hand, from an operatorial point of view, the transition matrix obeys to the
following equation [2],

A S S COY (1.31)
E—Hy+ ik

The operator (E — Hy + ie)~! corresponds to the free propagator, as in Eq. (1.7) or Eq.
(1.17), V is the interaction operator and x has to be intended as k — 0. By considering
only the s-wave contribution, Eq. (1.31) admits the following solution in the momentum

space

(1.32)

To(q) = 1 m dp -t
o0\ = Vi) 4nh? ) p*—q¢®+ik

with V being the Fourier transform of the interaction potential, namely V(q) = [ d®qexp(iq-

r)V(r). For a zero-range interaction as in Eq. (1.24) the Fourier transform is simply given

by V(q) = go, being independent from momentum. Through standard contour techniques,

the integral in Eq. (1.32) can be analytically solved, reading

L, ma ]_1. (1.33)

TO(Q) = l:g() + Z47Th2
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Now, by noticing that a zero-range approximation implies r; = 0, we can easily match Eq.
(1.33) and Eq. (1.30) term by terms. This leads to the well known result for d = 3 reported
in Eq. (1.26). Apart from a different numerical factor, the calculation recipe is similar in
d = 1, while for d = 2 we have to face a complication due to the existence of a scattering
bound state [21].

We do not report here the details for the calculation of the transition matrix in the
low-energy limit for systems with reduced dimensionality. However, since the zero-range
approximation has a great relevance as a starting platform for the study of dilute quantum
gases, it is worth to at least mention the final results [21, 22, 23, 8]. In terms of the (small)

positive energy scale ¢, = h?q?/(2m), one gets

—2ﬂh2 ford =2,

ase” meq) Zz
T(eq+ik) = < 2 (1.34)
s ford=1

with v = 0.577 the Euler-Mascheroni constant.

As we noted above, we remark that the choice of a contact pseudo-potential as in Eq.
(1.24) implies that its Fourier transform does not vanish at high momenta. This is the origin
of the ultraviolet divergences that one has to face while developing a perturbative theory. In
the next chapter we are going to consider the first correction to the zero-range framework,

where the pseudopoential depends on the momentum and consequently g # 0.

1.2.2 Thermodynamic properties: mean-field and Gaussian fluctuations

A dilute gas made of bosonic atoms interacting via a contact interaction can be modelled

via the langrangian density in Eq. (1.25), which we report here for clarity

h2v?
2m

£lv. 0" = e ) [0~ =V e )+ Lol (1.3)

where the field ¢» = ¢ (r,7) obeys the usual bosonic periodicity conditions. Also with the
simplest choice for V (r), the resulting theory has to be approached from a perturbative point

of view, because of the quartic term in Eq. (1.25) encoding the presence of the interaction
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potential. Within the functional integration framework, excellent reviews of the perturbation
theory in dilute Bose gases can be found in [24, 25, 26]. It is worth mentioning that, in this
subsection, we are going to consider the case gg > 0, corresponding to a repulsive atom-atom
interaction. The picture arising from an attractive two-body interaction is surely interesting

and it will be briefly mentioned later in the thesis.

As remarked earlier, Eq. (1.25) falls in the 1)*-theories set, meaning a global U(1) gauge
symmetry can be spontaneously broken and a superfluid phase then occurs. In order to take
into account this possibility, the bosonic quantum field can be decomposed in two different
contributions, namely

Y(r,7) =v+n(r,7) (1.36)

where the field n(r,7) represents the space-time dependent fluctuations around the order
parameter v. The physical interpretation of the latter is evident in d = 3, where the superfluid
transition can be characterized in terms of the condensate density, while it is more subtle
for lower dimensions. Indeed, no true long-range order can be achieved for d < 2 [12, 13]

and v then describes, at maximum, the so-called quasi-condensate.

The mean-field picture can be derived by neglecting the fluctuations and assuming that
the ordered phase is uniform and stationary, i.e. v is taken as a real constant. By following the
saddle-point scheme, we have to look for the maximum contribution governing the partition
function integral in Eq. (1.4). In order to identify this configuration, one has to find the
stationary points of the Euclidean action, i.e. the ones solving §S[v] = 0, where S[v] is given
by Eq. (1.25) with gradient and time-derivative terms set to zero.

Thus, by replacing the full bosonic field ¢ (r,7) in Eq. (1.25) with v, representing a

uniform and stationary configuration, one gets the saddle-point action
d 2, L 4
Slv] = Bh L (—,Lw +§gov ) . (1.37)

Through the relation Zys = e Smill/h = ¢=B%ms it is immediate to derive the mean-field

grand potential density
L

1
m - 2 4
S73 (1,v) = —pv* + STALEE (1.38)

In Fig. 1.1 we report the behaviour of Q,¢(v, 1) by remarking the role played by the chemical
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potential in the occurring of the superfluid transition.
By deriving in respect to v, one immediately realize how symmetry breaking is controlled

by the sign of the chemical potential. Indeed

5 0 for p <0
( SM) =0 = = (1.39)
0V /1 Ll for p >0
90

By replacing the saddle-point results in Eq. (1.38), the leading contribution to the thermo-

dynamical potential in the broken-symmetry phase is given by
— () = ——. (1.40)

Obviously, in deriving Eq. (1.40) we have only considered the contribution coming from the

Smf(v)
8-

Figure 1.1: Behaviour of the Mean-field grand potential Q¢ for the broken-symmetry phase
(solid blue line) corresponding to the regime p > 0 and the disordered one characterised by
i < 0. The dependence of Q¢ on v can be immediately inferred from Eq. (1.37). Therefore, it
is evident that the superfluid transition occurs at the critical point p = 0.

classical value of the bosonic field. Therefore, this result completely lacks any information
about quantum (and temperature) fluctuations. In order to encode them in our theory, we let
n(r,7) # 0in Eq. (1.36). By replacing it in Eq. (1.25), the minimal approximation strategy

beyond the mean-field picture consists in retaining only the quadratic (Gaussian) terms in
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the fluctuation fields. Since we are considering fluctuations above the uniform ground state
determined by solving the saddle-point equation, linear terms in n(r, 7) and n*(r, 7) equate to
zero. Moreover, we move to the Fourier space via Eq. (1.2) in order to transform differential
operators into algebraic terms. The resulting partition function factorised into the mean-
field contribution (see Eq. (1.37)) and the one describing the fluctuations dynamics. The

corresponding Gaussian action is given by

T

M(wn, q) eon, ) : (1.41)

q,n n(_wTw _q) ﬁ* —Wn, _Q)

Sg[n,n*] :% > Nﬁ on @

where the sum is obviously intended over the bosonic Matsubar frequencies w,, = 2mn/(8h)
and the 2 x 2 matrix M(w,,q) is the inverse fluctuation propagator. While the formal
structure of Eq. (1.41) is similar to the non-interacting case in Eq. (1.6), interactions
crucially affect the fluctuations propagator. Indeed, while the free propagator Gy in Eq. (1.7)

is diagonal, even within the simplest two-body interaction modelling, the matrix M(wy,, q)

reads [1, 8, 26]
2.2
—ihwn + BT — 4 29902 gov?
M(wn, q) = B , iy ; (1.42)
gov ihwn + 5 — 1+ 2gov
The first beyond-mean-field correction can then be computed via €}, = —Bog Z,, where

the fluctuating partition function is defined by Eq. (1.41) and Eq. (1.42). With the aid of

the matrix identity Trlog A = logdet A, the Gaussian functional integration leads to

1
Qg(p,v) = 25 Zlog [ det M(wn, q)]
o (1.43)
1 .
= — Z log [/6’2(7%2%% + Efl)}
203 poet
where Fq is given by

h2q?2 2

Eq(p,v) = (2m -+ 290112> — gauvt. (1.44)

The physical meaning of Eq can be understood by recalling that the (Gaussian) fluctua-
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tion propagator is M~ (w,,q). A crucial information encoded in the propagator concerns
the frequencies of collective excitations above the uniform ground state. These frequencies

correspond to the poles of the propagator [10], i.e. solution of an equation like A%w?+ Eg =0.

By referring to Appendix A for the details, the Matsubara sum in Eq. (1.43) can be

analytically computed by standard countour technique, reading

1 1
=-Eq+ —log(1- e_ﬁEq) . (1.45)

1
25 ; log [B2(h2wi + Eé)] 5 5

Within the Gaussian approximation, the grand potential counts three different terms
QU T, 0) = Quntlpa, 0) + QP (1, 0) + Q1 (1, T, 0) (1.46)

where Qf is given by Eq. (1.38), while Q(O) and Q( ) represent the fluctuation contribution.
They are respectively given by

- > Pl (1.47)

Q( ), 0,T) Zlog (1—e” ’BE‘*) , (1.48)

with Eq as in Eq. (1.44). More precisely, Qéo) is a purely quantum-mechanical term arising
from the imaginary-time axis integration®, then it contains the information about quantum
statistics. In other words, it is the zero-point energy of bosonic excitations above the uniform
ground state described by the saddle-point equation. On the other hand, the role of thermal
fluctuations is encoded in QgT). By following a perturbative approach, we now replace v
in the equations above with its saddle-point value specified by Eq. (1.39) in the broken-
symmetry phase (u > 0). It is crucial to observe now that the excitation spectrum in Eq.
(1.44) is made gapless by this substitution. This is mandatory, since we are dealing with

a system where a continuous symmetry is broken and the Goldstone theorem consequently

states that low-momenta excitations with no energy cost have to arise [11]. Indeed, with

! By moving to the Fourier space, the integration along the imaginary-time axis becomes the Matsubara
sum.
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v? = u/go we recover the well-known Bogoliubov spectrum [1]

R2q2 [ 242
Eq= | — 75— +2un). 1.4
\/2m < 2m * M) (1.49)

In the continuum limit » 5, — Lt (;ljr()ld’ one immediately gets from Eq. (1.47)
ng) 1 too R [ R2¢?
bl B °q Y R L ) 1.
d =2 d/o daq om \2m T (1.50)

where Ky = Sq/(2m)%, Sy = 27%?2/T'(d/2) being the d-dimensional solid angle. Here we
encounter an important obstacle: the zero-point energy given by Eq. (1.50) has an ultraviolet
(UV) divergence for any integer dimension d. Before outlining a strategy to tackle down this
unphysical divergence, we remark that our functional integration recipe is closely related
to the Bogoliubov approximation within the second-quantization picture [10]. The original

Bogoliubov formulation relied on the fact that, given the grand canonical Hamiltonian

K= Z(eq - /‘)&Iﬂzq + % Z &glﬁggéqslﬁmdql—i—qz,qg,—&-m ) (1.51)

qa q1,92,93,94
in presence of condensation the state q = 0 can be modelled by a simple constant. Indeed,
being macroscopically occupied, the operators 1&0 and 1[18 almost commute. Concerning the
fluctuating part (i.e. q # 0 terms), the Bogoliubov approach retains only quadratic correc-
tions. The resulting Hamiltonian can then be safely diagonalized by means of a canonical

transformation. In the end, one obtains a quasiparticles spectrum equal to Eq. (1.49).

B 1.3 Regularization strategies

Starting from the local Lagrangian density in Eq. (1.25), we have derived the Gaus-
sian contribution to the grand potential coming from quantum (i.e. zero temperature) and
thermal fluctuations. Unfortunately, the zero-range field theory we are developing unavoid-
ably leads to a UV divergence in the zero-point energy. Indeed, the contact pseudopotential
V(r —1') = go 6(r — ') has a constant Fourier transform. This is in contrast with the

vanishing at large momenta required from a reasonable two-body interaction potential [26].
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1.3.1 Momentum cut-off regularization

At first, one can try to make sense of a divergent theory by simply introducing a UV
cutoff A. Related to the non-physical choice of the interaction potential, one should notice
that a momentum cutoff implies a length one, below which atoms can no longer be considered
elementary particles and modelled through the field ¢(r,7). In this unknown region, our
model completely breaks down because new physics arises: for example, the internal structure
of atoms, or molecules, has to be taken into account.

By following this recipe [1, 8], the UV cutoff marks the excluded region whose residual
effect can be absorbed by redefining the coupling parameters of our theory. Thus, Eq. (1.50)

has to be integrated not on the whole R? space, but only on an internal shell described by

00 1 [ e
T — Ky d (o). 1.52
7 2d/0 aq 2m(2m+“> (1.52)

For a gapless excitation spectrum, Eq. (1.52) can be computed analytically. For the case

lq| < A, ie.

d = 3, a large-A expansion retaining all the divergent contributions reads

Qéo) _ 8 m\*/? 5/2 mu? K43 5 -1
L3(M’A)_15772<h2> 7 _4w2h2A+ 12772A +CA +O(A ) (1.53)
where C is a constant independent from thermodynamic variables. This implies that we
can safely neglect the contribution proportional to A%. Thus, we have two terms in Eq.
(1.53) diverging for A — +00. As we already stated, these power divergences are artifacts of
the particular choice we have made for the interaction potential. We also observe that the
theory preserves its local character since large momentum correspond to infinitesimally small
length scale. This is a crucial point because, otherwise, these terms could not be absorbed by
redefining the coupling constants of the theory. Indeed, by recalling the saddle-point result
@ = gov?, we can check that the terms proportional to A and A have the same form of the

ones present in Eq. (1.38), i.e.

oW 1 mgaA goA3
Ligf(,u,v, A) = —p? + 5901)4 - 47r20h2 vl 192 v? (1.54)

It is immediate to notice that, up to this order, the proper definitions of the dressed coupling
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constants in terms of the bare ones are given by

go 43
1272

don = g 90
0,A 0 22 h2 )

HA = B —
(1.55)

which, in turn, lead to the renormalized 3-dimensional zero-temperature Gaussian grand

potential

0© 1 8 (m\*? 5/2
2= g+ () (1.56)

One can perform exactly the same steps for the d = 1 case, where Eq. (1.52) reads

Qs(zo) 2 (m\'? 3/2 R -1
Yo (I s Earony. 1.
L 31 <h2> W F TN T A 0T (1.57)

As usual, all terms independent from the thermodynamic variables can be neglected (the
one oc A3 in this case). In a similar way to the d = 3 case, a comparison between the power
divergences in Eq. (1.57) and the mean-field grand potential in Eq. (1.38) makes clear that
only the chemical potential needs to be renormalized. The remaining divergence can be
absorbed by defining a dressed chemical potential in terms of the bare one, as in Eq. (1.55),

namely

A

g
=pu—"—. 1.
HA == g (1.58)

This, at T' = 0, the one-dimensional grand potential is given by

(0) 1/2

Qp __mi_2(m /u3/2~ (1.59)

L 290 3w\ h? A
In other words, by redefining the chemical potential in Eq. (1.58) we include in the mean-
field contribution exactly the proper counterterm to erase the UV divergence in Eq. (1.57).
We are then left with the d = 2 case, which is highly non-trivial, since this is exactly the
lower critical dimension for a ¥*-theory. By approaching the regularization of the zero-point
energy in Eq. (1.52) with a cutoff strategy, we find not only power divergences as in the

d = 3 and d = 1 case, but also a logarithmic one. While the former are artifacts of the theory

(more precisely, of our zero-range approximation), the latter are physical [26] and need to
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be handled carefully.

While a UV-cutoff regularization can be performed also in d = 2 case [8], we proceed

now to outline a different approach based on dimensional regularization.

1.3.2 Dimensional regularization

As anticipated in the previous sections, Eq. (1.56) and Eq. (1.59) can be derived without
imposing a high momentum cutoff by means of the so-called dimensional regularization
[1, 8, 26]. This technique was first developed by ’t-Hooft and Veltman [9] and relies upon
the integral dependence on a complex parameter which has to be analytically continued to
real values corresponding to physical cases. Concerning the calculation of the zero-point
energy of a d-dimensional Bose gas, the complex parameter to consider in Eq. (1.52) is the
spatial dimension d.

From a formal point of view, one has to perform the integral in a complex dimension
® = d — 2¢, where the result can be analytically continued to the proper real value by taking
the limit ¢ — 0. The main advantage of dimensional regularization is the possibility to set
power divergences to zero. This crucial feature is enabled by the following conjecture [9]
proved in [27]:

+00
Ip = /0 dg ¢ 1¢ 2 =0 forn € Nand d € C. (1.60)

It is immediate to check that this (somewhat) astonishing property readily solves the diver-
gence arising in the free case without the necessity to add a convergence factor (compare
Eq. (1.13) and the final result in Eq. (1.18)).

We now move to regularize the UV-divergent zero-point energy in Eq. (1.52) by following
this strategy. The momentum integral of the Bogoliubov spectrum FEq can be simplified

thanks to the Euler beta function, defined as

r—1

B(z,y) :/O+Oodv( v

for positive Re(z) and Re(y). Indeed, after a little bit of algebra, Eq. (1.52) reads

QO 1 ram\Y? d+1 d+2
9 T, 22 o)/ Hip 2= 2 T2 1.62
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Since d is complex, the beta function can be expressed in terms of Euler Gamma functions

I'()I'(y)

B(z,y) = Tty

(1.63)

The function I'(z) is defined only in the right half of the complex plane, i.e. for Re(z) > 0
and it is then necessary to continue it to the left half, for negative real parts. It is possible to
check that this continuation is analytic everywhere except for zero negative integers. Thanks

to Eq. (1.63), one finally gets the following equation for the zero-point energy:

Qs(lo) 1 2m )/ d/2+1r(%)r( _ %)

By replacing in the equation above d = 3 or d = 1 we immediately recover the results in Eq.
(1.56) and Eq. (1.59). This example highlights the relevance of dimensional regularization
among all the other procedures employed to remove UV divergences and simplify calculations.
Indeed, power divergences do not need to be explicitly renormalized and they are treated for

what they are: unphysical relics due to the choice of an over-simplified model.

Obviously, this is not the whole story: there are divergences that dimensional regulariza-
tion does not manage to suppress by default. As we anticipated in the previous subsection,
this is case for d = 2, where also the analytical continuation of I'(z) diverges. A simple com-
parison with the cutoff procedure makes us realize that this surviving divergence appears a
a logarithm of the high-momentum threshold A. Within this framework, its arising can be
understood by considering the following expansion for the Gamma function, which reads,
for d € N,

D(—d+e€) ~ (-1 [1+¢(d+ 1)] . (1.65)

e—0 n!
The ¢ (x) is the digamma function, defined as

dlogT'(x)

ve) = =2

(1.66)

From Eq. (1.65), it is evident [1, 26] that logarithmic divergences, i.e. o log(A/k) with k
being a proper length scale, arise as poles 1/e within this procedure. The case of the lower

critical dimension d = 2 hence needs an explicit renormalization. In order to reach a finite
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effective contribution to the zero-temperature grand potential Qggf) /L?, we begin from the

formal result in Eq. (1.64). By taking the limit d — 2 and letting the e-dependence explicit,

we get

Qéo) m 4 € m u?

12~ dzmzeel =2+ 2) T TR ene (1.67)
where the factor k¢ appears because of dimensional reasons. Now, the equation above has
been put in a form which can be easily compared to the mean-field result % = —%. As

noted in [1], there is a certain freedom (or ambiguity) in defining the proper length scale
x~!. This is due to the gapless nature of the excitation specturm in Eq. (1.49). On the
contrary, in absence of a Goldstone mode, the spectrum gap would appear in place of k.
The comparison between Eq. (1.67) and Eq. (1.40) leads us to identify the renormalized

coupling constant as

1 K¢ m  go

—=—1 - . 1.68

ge 90 < T o e/<a€> (1.68)
Within the renormalization group theory it is useful to define the flow equation, describing

the motion of the running coupling constant in the parameter space [2, 11], namely

d _ m
B(Qe)zﬁsz 1<—ege+27rh292>. (1.69)

In order to recover the Gaussian critical value of the coupling for d = 2 (while there is no
required renormalization for 1 up to the order O(e)), one has simply to equate 3(ge) in Eq.

(1.69) to zero. Moreover, by solving Eq. (1.69) we get

1 1 m p
Golro) golm) | 2nm2 B (,f) ' (1.70)

The high energy scale can be pointed out by setting 1/ge(kg) = 0, resulting in h?kqo/(2m) =

en. Then, x can be interpreted as the actual energy of the system [8, 28], i.e. h2k?/(2m) = u
and, as a consequence, the renormalized coupling constant depends now on the chemical

potential and on the high-energy cutoff in the following way:

m €n
L = log (2 1.71
Je = trn2 Og(,u) (1.71)

The last step then consists simply in replacing g given by Eq. (1.71) in Eq. (1.40), reading
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the final non-divergent zero-temperature grand potential, namely

Q(O) 2
ot _ K log <6:> . (1.72)

L? - Snh?

B 1.4 Fluctuations, Correlations and the Superfluid Density

In the previous two sections, within the framework of functional integration, we have
reported some major achievements of the Bogoliubov theory, whose original formulation [29]
dates back to 1947. Despite the following intense theoretical effort [16, 17, 30], its experi-
mental confirmation had to wait until 1995, when Bose-Einstein condensation was achieved
for the first time [31, 32]. The Bogoliubov approach has proved to be extremely reliable in
modelling weakly interacting Bose gases, together with the mean-field dynamical descrip-
tion provided by the Gross-Pitaevskii equation [33]. Back in time when these theoretical
tools were originally formulated, liquid Helium experiments were the only way to probe the
non-classical behaviour of fluids at low temperatures. Unfortunately, *He typical experi-
mental values for densities and interactions are well beyond the range of applicability of the
Bogoliubov theory.

Despite this experimental distance, cold atoms and liquid Helium are both wonderful
platforms to investigate the superfluid properties of matter. Therefore, it appeared rather
natural to attempt the theoretical investigation of superfluid Helium by means of the tools
provided by the Bogoliubov theory. Obviously, describing *He as a weakly interacting gas
leads, at maximum, to a qualitative picture of its superfluid features.

The microscopic theory of superfluid Helium proves to be a formidable task [34], where
the only reliable approach is the numerical one, due to the implementation of powerful Path
Integral Monte Carlo algorithms [34]. On the other hand, one can follow the phenomeno-
logical approach by Landau [35, 36], which, in its original formulation, does not require an
atomic perspective or the onset of Bose-Einstein condensation. The crucial point in Landau
theory is that, beyond a certain critical temperature, the system is actually a mixture of a
superfluid part and a normal one, i.e. nyx = ns + n,. The other fundamental assumption is
that also the mass current density has to be decomposed as g = m[nsvs + nnvn].

Here we are interested in the reverse path: we want to analyze the superfluid features of
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weakly interacting Bose gases by applying the core ideas of the two-fluid model. We mainly
focus on the calculation of the superfluid density, but a great and complete review about
two-fluid model and its relation to a bosonic order parameter can be found in [37].

We begin by considering again the Euclidean action of a d-dimensional Bose gas. As
usual, our starting point is the Lagrangian density given in Eq. (1.23), which takes into
account a generic (for now) two-body central interaction. Similarly to the Ginzburg-Landau
approach, a mean-field theory can be derived by means of the saddle-point method. Here,
we have to set the field ¢ (r, 7) at its classical value, i.e. the one solving %[w, ¢¥*] =0. Up

to the saddle-point contribution, one immediately derive the Hartree equation

2%72
ol [t PV (e ) |0 = o) (LT

[ha7'¢ - 2

while for a uniform and static configuration ¥ (r,7) = v € R one gets Eq. (1.38) and Eq.
(1.39), i.e. —pw? 4 Vov® = 0 with its correspondent solutions.

For a generic two-body interaction, we replace the constant gy with Vo = V(q = 0), V(q)
being the Fourier transform of the two-body interaction V = [ d%re™"aT V(r). As outlined
in Sec. 1.2.2, from the equivalent of Eq. (1.39), namely —puv? + Vov? = 0, it is evident that
a phase transition occurs, depending on the sign of p. Indeed, for i < 0 we have v? = 0
while, for positive value of the chemical potential, one gets ©% = 1/ Vo.

The saddle-point approximation only considers the contribution of the classical trajectory
on the system thermodynamics, while classical and quantum fluctuations are completely
neglected. Therefore, all particles enter the condensate in the ordered phase g > 0. When
classical and quantum fluctuations are taken into account, this causes a depletion of both
the condensate and superfluid density: atoms are kicked out from the ground state, entering
in the thermal cloud. There, they can contribute to dissipation processes and are involved
in collisions with condensed atoms [38, 39, 40, 41].

Moreover, we have also to remind that v? plays the role of the order parameter describing
the phase transition occuring because of the spontaneous breaking of a U(1) gauge symmetry;
on the other hand, the superfluid density ns is a transport quantity. It is then crucial
to discern these two different quantities, since there is no clear one-to-one correspondence

between condensation and superfluidity. For example, in a strongly interacting system like
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liquid “He, only the 8% of the atoms populates the ground-state |q = 0) at 7' = 0, while all

of them partecipate to the superfluid dynamics.

Differently from Sec. 1.2, we now describe the fluctuations by moving to the phase-density

formalism, where the bosonic field is represented by
Y(r,7) = /02 + on(r, ) €9FT) (1.74)

Density fluctuations have to be considered small in the sense that the bosonic field can be
expanded as ¢ ~ (1 + dn/20%)e?. This implies that n(r,7) = [¢(r,7)|*> = % + dn(r, 7)
and, concerning the condensate density, ng = (|¢o(r, 7)[)%. Note that, in general, ng # n =
(|3 (r, 7)?) but, within the Gaussian level where (én) ~ 0, one can approximate ng ~ n. Now,
by replacing Eq. (1.74) in Eq. (1.23), the change of coordinates {¢,¢*} — {dn, ¢} requires
the calculation of the corresponding Jacobian. This can be easily computed by recalling
that in the many-body path integral formulation D[y, 1*| is intended as o dRey dlmi
where [3, 4]

Rey = \/172—1-—5n Ccos @ ;

Imy = \/m sin @ .

It is immediate to check that det J(on, ¢) = 1/2 and, being independent from thermodynamic

(1.75)

variables, can be absorbed into the measure, leading to

z:/wa%”WW“:/mmWwﬂMWﬁ (1.76)

where the Bose statistics is encoded in the periodic boundary conditions on(Sh) = on(0)
and ¢(5h) = ¢(0).
By defining n = 92 + én, we replace 1) = \/ne’¥ in Eq. (1.23), resulting in the following

Euclidean action [2]

Bh 2 2 2 2
Sln, ] = / dT/ dr [zhng’o + h (V) + Wn(Ve)” wn+
0 rd T

8mn 2m

) (1.77)
4y [ @V =t )|

where terms like 7 0; n can be eliminated via integration by parts.
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Concerning Eq. (1.77), it is possible to perform an expansion for small density fluctuation

by making the dependence on dn explicit again. Hence, one finally gets a structure like
S[on, ] = Sglén, o] + Sin[on, ¢] (1.78)

where S,[0n, ¢] gathers all terms up to the quadratic (i.e. Gaussian) order in the fluctuations

field, while Sint[07, ] represents the first beyond-Gaussian correction. Explicitly [2],

~ Bh ) 2 9
Sglon, o] = —%BhLdVO / dr /L d ddr[mén&p PO (V)? | W2(Von)

52
1 2m 8mu (1.79)
+3 /ddr’V(|r —r'|)on(r,7) dn(r, 7'):|
where we used the saddle-point results 1 = Vo2 and
Bh h25 2 h25 ) 2
Siut [0, 0] = / d’T/ ddr[ n(Ve)® n(V_2n) ] ' (1.80)
0 Ld 2m 8mu

In the following, we neglect the contribution of Siy[dn, ¢] and focus on the Gaussian theory

specified by Sy[dn, ¢]. In Fourier space one has

1 ~
Sglon, ] = *5571 Voo + zﬂhLd Z 1, 0n(=a, —w))M(q, ) on(q,wl)
q,w ’

where w; are the usual bosonic Matsubara frequencies. In Eq. (1.81), the matrix M is the
inverse propagator of Gaussian fluctuations. Again, within a perturbative approach, the
propagator dependence on the order parameter can be eliminated by making use of the

saddle-point relation between v and p reported in Eq. (1.39). This scheme leads us to

172 h2q? —hwl
M(q7 (Ul) = " ﬁ2 2 ~ * (182)
hUJl Amv2 + V(q)

In order to derive the phase and density correlation up to the Gaussian level one simply has
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to invert M(q, w;). This results in [2, 42]

i = E2 hey
hM_l _ _ v2h2q q 1.83
(q, CL)Z) g(q7 wl) h2wl2 + E(21 —hUJl 172@ ( )
with
h2q2 [ h2¢2 -
E _ 7[7 9 —9 . 1. 4
; \/2m o +2V(q) v (1.84)

Eq. (1.83) implies that the two-field correlations can be immediately computed through
(mi(a,w)m;(d’swr)) = (2m) 6(a+d)om,—m (B1)Gij(a, w) (1.85)

where 4,j = 1,2 with mi(q,w;) = ¢(q,w;) and mz(q,w;) = on(q,w;).

The beyond-Gaussian correction in Eq. (1.80) can be neglected only when |V(q)| is
small enough (weakly-interacting systems) or when the pair-potential is strong but it holds

as < n~ 14 a, being the s-wave scattering length. It can be shown [43] that, within the

Bogoliubov theory, the expansion parameter is given by g2 o n(¢=2/4V} with g = % s

This signals that the case d = 2 has to be handled very carefully, since the perturbative

parameter cancels.

In the gaussian framework, we can then finally consider the current-current correlator
i (730, 7) = (gi(r, 7)g; (r', 7)) — (gi(x, 7)) (g; (v, 7)) (1.86)
with g = mj = mnv,. According to the phase-amplitude representation, one gets
g = hn(r,7)Ve(r,7) = h[v* + on(r,7)]Ve(r,7) . (1.87)
Therefore, correlators in Eq. (1.86) read

<gi(r’ T)gj(r,a 7-/)> = h2’54 <VQD(I', T)iVQO(r/v T/)j> +

+ 12 (On(r, 7)on(r', 7 )Ve(r, 7)i Vo', 7))

(1.88)

where all odd terms vanish in the Gaussian framework due to parity argument.
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The second part of Eq. (1.86) reads

{gi(r, 7)) {g; (', 7)) = B {dn(x, T)Vip(r, 7)) (Sn(r', 7 ) Veo(r', 7)) (1.89)

The four-field correlator in Eq. (1.88) can be decomposed by means of the Wick theorem,
since we are considering Gaussian distributed variables [3, 10]. The decomposition follows
the pattern (ABCD) = (AB) (CD) + (AC) (BD) + (AD) (BC). One can easily check that
one of these contraction is equal to Eq. (1.89). Thus, Eq. (1.86) becomes

Yij (i’ ) = Rt <Vg0(r, 7):iVe(r, T/)j> +
+ h? <6n(r, 7)on(r’, T')> <Vgp(r, 7):iVe(r, T/)j> + (1.90)

R (0, 1)V 7)) (n(e!, 7)) Vol 7))

In the Fourier space, the equation above corresponds to

vij (@ wi s wr) = =01 qiq; (o(a,w)e(d,wr)) +

_ (ﬂ[,ldy Z [<(5n(q — k,wl,m)én(q’ _ k/7wl/7m,)> <(P(k,wm)<,0(k,,wm/)> I

k,wm
’
k' w,,/

+ (0n(k — q,wm-1) (K, W) (K — d's W —1)p(k, W)
(1.91)
The two-field correlation functions are given by the matrix elements of AG(q,w;) in Eq.
(1.83). According to the recipe outlined in [44, 45], we are interested in the transverse
component of the current-current correlation function. Within this formalism, it corresponds

to
1
Yaw) = 75— > P vij(a,w1) (1.92)
h(d—1) =
where 735 = 0jj — ch-q]-/q2 is the transverse projector. With the aid of Eq. (1.83), one can

compute term by term the transverse component of v;;(q,w;) in Eq. (1.91), reading

q,w;) = - > ¢*k? — (ak)? 1*(a = k)* B + Dk wimwn .
T WL PR (W, + B2 ) (R, + B)

27 (1.93)
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The normal density can be derived now from Eq. (1.93) via a limit procedure, namely

2 4, .2
2 Ek_hwm

e m (1.94)
(h2wp, + Eﬁ)2

1
= lim lim A7 = ——
pn = limy Tim 47 (g 1) dﬁLdkE:k

7wm

The limit procedure has carried out a factor 1/d due to isotropy assumption and another
factor (d — 1) because of the longitudinal component removal. The Matsubara sum can be

performed analytically (cfr. [10, 42]), resulting in

B (B — R%w2)em® R 1
lim — o =— 1.95
50+ B Em: (h2w2, + E7)2 4 sinh? (BEq/2) (1.95)
such that Eq. (1.94) reads, for a generic two-body interaction V(q):
o = W/ d’q ¢ (1.96)
" 4d ] (2m)? sinh? (BEq/2) '

Concerning the long-wavelength limit ¢ — 0, in presence of a U(1)-Goldstone mode, the

elementary excitations display a linear dispersion relation

1
E,—h h =4/ = 1.97
a7 cBq where CB - ( )

In this regime, Eq. (1.96) reads the following analytical result in a generic dimension d

d+1
g = LA+ (kD) (198)
24-17d/2 4 T(d/2) i

Focusing on the d = 3 and d = 2 case we get

7T2 4

puld = 3) = 5 (20 (1.99)
3

n(d=2) = ?;i(;) (ki‘? (1.100)

which are consistent with what one can derive by following slightly different approaches
[45, 46] and with the phenomenological theory by Landau [36]. At the end, we underline
a crucial point in our calculation. By recalling Eq. (1.88) and Eq. (1.90), we realize that

the current-current correlation (and consequently the normal density) cannot be simply
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proportional to the Gaussian phase correlator

{o(a,w)e(q,wn)) = (27) BRSm, —mrd(a — d')G11 (a, win ) (1.101)

with G11(q, wy,) given by the proper matrix element of Eq. (1.83). If one had only considered
this phase-phase term, there would be no contribution to the normal density p,,, since only a
purely longitudinal term ¢;q; would be present. This means that, in order to at least derive
the Landau formulation one has to take into account both phase and density fluctuation.
For systems falling into the XY universality class [11, 47] the leading term arises from
phase fluctuations, so it seems natural to work with a simple only-phase action. However,
in Eq. (1.93) is evident that the crucial non-zero contribution to the transverse response
function is due to the next-to-leading corrections involving density (amplitude) fluctuations.
In the language of the functional integration [42], this means that we have to take into
account the correction above the Gaussian framework by including the four-field correlator

(on(z)Vo(z)on(z")Ve(z')) in Eq. (1.90).

® 1.5 Condensate Depletion and Green’s Functions

Here we aim to derive the equation for the condensate fraction up to the Gaussian order
in the fluctuations. As outlined in [10], a perturbative treatment of an interacting Bose
system can be developed around the normal and anomalous Green’s function, which are

defined as

G(r,;v', 7)) = (e, ) (v, 7)) — no (1.102)

Gra((r, 751, 7') = (W(r, 7)Y (', 7)) — no , (1.103)

where ng is the condensate density. According to the Dyson equation [10], the general

structure of the Green’s functions within the Fourier space is given by
1 h2q2
——— = \ikw + —
hD(q,w;) [Z Lt 2m
_ 212 (q7 wl)
D(q,w)

G(q,w) — p+ hE11(—q, —wy) (1.104)

Gia(q,w;) = (1.105)
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with ¥1; and 15 defining the self-energies. The denominator D(q,w;) reads [10]

1 2
D(q,w;) = — {im + 5(211(017 wy) — L11(—q, —wl))] +
1 1h%q? 1 2

[% —p+ 5(211(017 wy) + X11(—q, —Wl))} — |Z12(aq, Wl)’2 :
(1.106)

h

For a system of non-interacting bosons, one simply has 3171 = Y12 = 0 and only the free

propagator survives, i.e.

h

Go(q,wr) =
—ihwy + % —

(1.107)

Here, we aim to compute Eq. (1.102) and (1.103) from which it is possible to extract relevant
informations about the system, such as the condensate depletion. We start by expanding
Eq. (1.74) up to the first order in the fluctuations field where

vier) = 5(1+ % +ig) . (1.108)

Up to the quadratic order, Eq. (1.102) and Eq. (1.103) become [42]

1 7
Glq,w; q,wy) = w2 (on(q,wr)on(dq’,wr)) — 3 (On(a, w)e(d,wr))
v (1.109)

+ 1l )in(el, ) — 0 (e, caplds o)

and

1 i
Gra(awis g wr) = =5 (9n(q, wi)on(d’swr)) + 5 (On(a, w)e(d' wr))
v (1.110)

+ 5 {ela,w)on(e ) — 72 (pla wiplas )

In the same way of section 1.4, two-field correlation functions are given by matrix elements
of the Gaussian fluctuations propagator G(q,w;) in Eq. (1.83) with the excitation spec-
trum given by Eq. (1.84). Replacing in Eq. (1.109) and Eq. (1.110) the proper two-field
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correlations given by Eq. (1.85), we get

h . h2q2 —217
G(q,w;) = Pt 1 B2 ihwn + 5= +0°V(q) (1.111)
ho*V(q)

_ 1.112
h2w12 —I-Egl ( )

GlQ(qv wl) =

By making use again of Eq. (1.39), the self-energies read

=2

Yi(q,w) = % [‘70 + ‘N/(qn

5, = V(@) (1.113)

1

D(q,w;) = 2 (Rwi + Ea) .

We underline one more time that the results obtained up to the Gaussian order are exactly
the same obtained through a Bogoliubov transformation [10]. Thus, in analogy with the

second-quantization recipe, we define the auxiliary functions

o~ 2 2
o 1[0%V(q) + 5L
ta=g5| =g 1
e e (1.114)
— )
o _ 1[0VI@) + 50
Ya ™5 Eq -
where u?l - v?l = 1 and uquq = 52V (q)/(2Eq) hold. At this point we are finally ready to

compute the condensate depletion up to quadratic (i.e. Gaussian) order in the fluctuations

fields.

The condensate depletion is given by [10]

n—ng= /ddr[ (e, 7 — 0N (r, 7+ 01)) — ng]

1 ddq —i(w—wp)T i(w+w; )0t
- G /(%)d T el etV G q w; —q, —w) s

wi,wyr

1 ddq W
3 [ e Gt
wy

w07

where in the last line we assumed translational invariance in time. The factor e arises

naturally within the path-integral formalism [2], encoding the proper time ordering of in-
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finitely small time slices and it is crucial to ensure the convergence of Matsubara summation
[48]. By expressing Eq. (1.111) in terms of Bogoliubov functions defined in Eq. (1.114), Eq.
(1.115) becomes

diq 1 i 0 “(231 Ugl
n—nyg= | ——— el - + - . 1.116
0 / (2m)d 8 %: [—zhwl +Eq  ihw + Eq ( )

Again, Matsubara sums can be solved by means of contour integration, reading the following

useful results

1 Z €iwlO+ . 1

ﬂ o ihwl—Eq_ eﬁEq_l
. . (1.117)
e er~a

1
B ~ ihwn + Eq  efPa—1°~

Thus, Eq. (1.115) can be expressed as

dd uQ eBEq,U2 dd u2 +U2
n—noz/ d 44 a :/qv2+qq. (1.118)
(2m)d | efla —1  efEa —1 (2m)d |1 efEa — 1

2
q’

It is clear that we have now separated two different contribution: the first one is < v,
describing the zero-temperature depletion occurring because of the interaction between par-
ticles. On the other hand, the second one models the effect of thermal fluctuations in draining

the condensate.

At zero-temperature and within the zero-range approximation detailed in the previous
sections, where f/(q) = V), the integral f d’q vg can be computed analytically for a generic

dimension d. Hence, one finds

2473 7d/2 (4 — 2)I' (421 (- %)

An(T =0) =n(T'=0) —ng = (2m)d\/m T'(d/2)

(mng Vo)'/? (1.119)

where we identified 7% ~ ng in Eq and Eq. (1.114). In d = 3 we have V = 4rwha,/m and
consequently
An(T = 0,d = 3) = —— (ngas)*? , (1.120)

while in d = 2, since limg_,2(d — 2)I'(—d/2) = 2

An(T = 0,d = 2) = ”iv(;go
7

(1.121)
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The contribution to the depletion from thermal fluctuations can be analytically computed

in the long-wavelength limit ¢ — 0 where Eq ~ hcpg. In a generic dimension we get

I'(d—1)¢(d —1) m(kgT)%!

An(T #0) = 1.122
n( 7£ ) 2d,1ﬂ_d/21—\(d/2) hd 6%72 ( )
while, for d = 3 and d = 2 one finds
_ _ m(kgT)?
d=3 =  An(T#0)= oo (1.123)
d=2 =  An(T#0)— . (1.124)

The divergence for d = 2 at finite temperature should not be surprising since, as stated by
the Mermin-Wagner theorem [12, 13], this is lower critical dimension of a ¥*-theory and a
true long-range order is not possible at finite temperature due to the unbalanced growth of

fluctuations.

B 1.6 The case of sound propagation in the 2d Bose gas

Up to this point, we have presented a set of theoretical tools to describe an ultracold
and weakly interacting Bose gas. In Sec. 1.4 we have briefly outlined the two-fluid model
within a functional formalism. Besides the derivation of the famous Landau formula for the
superfluid density in Eq. (1.96), it would be possible to derive a self-consistent hydrodynamic
theory based on the two crucial assumptions ny,t = ns + n, and g = m[nsvs + nnvn] [36].
As previously mentioned, the original formulation by Landau did not rely upon an atomic
perspective and, actually, did not imply at all the concept of Bose-Einstein condensation [37].
The resulting two-fluid hydrodynamic equations provide a reliable description of superfluid
Helium and have been extensively employed also in the field of ultracold quantum gases.

However, this does not imply that the connection between these equations and the Gross-
Pitaevskii one, modelling the condensed gas, has always been clear. Since the first experi-
mental realization of Bose-Einstein condensates, it appeared evident that atomic physicists
would have to deal with regimes of temperatures and density really far away from the one

of superfluid Helium.
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First of all, one should find a way to include thermal fluctuations within the Gross-
Pitaevskii framework, in order to take into account a non-negligible condensate depletion.
A wide range of theoretical strategies has been developed during the years in order to tackle
down this non-trivial issue. One of the most relevant is surely the kinetic approach proposed
by Zaremba, Nikuni and Griffin (ZNG) [38, 39, 41]. Moving from a pioneering work by
Kirkpatrick and Dorfman [49], they model the partially condensed Bose gas at finite tem-
perature through a modified Gross-Pitaevskii coupled to a Boltzmann-like equation. The
equation for the condensate part includes a dissipative term, accounting for the losses due to
collisions between thermal and condensed atoms. On the other hand, the kinetic equation
for the thermal cloud is derived by a BBGKY hierarchy [6] with the zero-range coupling g as
expansion parameter. The mean-field term recovers the Hartree interaction term, while the
collisional integral can be built upon two different collision processes: the 2 = 2 scattering
within the thermal cloud and the 2 = 1 one between a two thermal atoms and a condensed
one.

Clearly this is not the only possible approach: for a detailed review of analytical and
numerical tools to effectively describe a partially condensed Bose gas at finite temperature we
point the reader to [50, 51]. Among the most successful strategies, we surely have to mention
the stochastic Gross-Pitaevskii equation [52, 53]. In this framework, the dissipative coupling
of the condensed part with the thermal atoms is basically modelled through a stochastic
noise term.

In this section, we aim to apply the kinetic strategy to the problem of sound propagation
in a two-dimensional Bose gas. We work in the collisionless regime where the ZNG Boltzmann
equation reduces to a Landau-Vlasov one. Despite the label, by collisionless we actually
mean that we neglect the collisional integral, while the mean-field interaction is still present,
supporting also the presence of collective modes [54, 55]. Sound propagation is then possible,
as known from previous study on collisionless Fermi gases [56, 57].

On the other hand, we are already aware that the case of two-spatial dimensions is a pecu-
liar situation. Mermin-Wagner theorem prevents the occuring of Bose-Einstein condensation
at finite temperature, while superfluidity and quasi-condensates can be observed below the
Berezinskii-Kosterlitz-Thouless critical temperature T, [58, 59]. Very recently, the group of

J. Dalibard performed a measurement of the sound velocity in a uniform 2d Bose gas made
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of 8"Rb atoms [60]. The results were puzzling, since they agree with theoretical predictions
[61, 62] based on the Landau-Khalatnikov framework only well below 7. The authors of [60]
correctly noticed that such discrepancy is due to the fact that they are effectively working
in a collisionless regime. Indeed, a hydrodynamic approach can be safely adopted when the
time between two consecutive collisions 7., is much smaller than the time scale of small
perturbation with frequency w, i.e. Teqw < 1. In this regimes collisions are an efficient
mechanism to restore the local thermodynamic equilibrium required by hydrodynamics. Ac-
cording to the experimental values, this was not the case in [60], where Tcow ~ 1.6 + 3.4.
Thus, we should not expect that the gas dynamics will follow the two-fluid model predic-
tions. Here, we are going to assume that the dynamics of normal component is collisionless,
above and below the critical temperature. Therefore, in our case, we do not need the full
complexity of ZNG equations, since condensation does not occur and the collisional integral

can be neglected.

Let us then begin by considering a dilute and ultracold three-dimensional (3D) gas made
of N identical bosonic atoms of mass m. Atom-atom interactions are modelled through
the usual zero-range pseudo-potential with a coupling constant given by g = 4wh%a,/m.
The system is under an external confinement whose shape is given by the sum of a generic
potential U(r) throughtout the zy-plane and a harmonic confinement along the longitudinal
axis. Thus, we have

1
Uext(r, 2) = U(r) + §mw§zz , (1.125)

where r = (z,y) is the radial position of one atom. If the harmonic confinement is strong
enough, one can engineer an effective two-dimensional (2d) configuration. In order to con-
strain the atoms on the transverse plane, we have to require that the characteristic energy

of the longitudinal confinement is much larger than the average kinetic contribution, namely
hw. > (p2 + p2)/(2m) . (1.126)

In the actual experiments, this condition can be fulfilled quite easily. When Eq. (1.126) is
satisfied, the three-dimensional system is forced to occupy the longitudinal ground state. At

the same time, the planar distribution function f(r,p) in the 4d single-particle phase space
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((r,p) = (x,y,pz,Dy)) Obeys to the effective 2d Landau-Vlasov equation [63]

0 P
5+%-vr—vr(u+umf) -vp]f(r,p,t) =0, (1.127)
where
Une(r, t) = /d2p f(r,p,t) (1.128)
mf\l, 92D (27Th)2 » Py :

is the self-consistent Hartree mean-field term [41]. The only memory of the original three-

dimensional character of the system is encoded within the effective 2d coupling constant

g2 = (1.129)

V8Th? [ ag
Az

with a, = \/h/(mw;) the characteristic length of the axial harmonic confinement. In the

following of this section, we are going to prove that a dynamical description based on Eq.

(1.127) manages to recover the experimental results obtained in a homogeneous configuration

[60]. If we assume a box potential, we can set U(r) = 0, thus

f(r,p,t) = fo(p) +0f(r,p,t) (1.130)

where fo(p) is a stationary and isotropic distribution and d f (r, p, t) a very small perturbation
around it. We can perform a stability analysis against a small perturbation like 0 f by

considering the linearized Landau-Vlasov equation

2./
df(r,p,t) =92D/dpVréf(r,p’,t)-vpfo(p). (1.131)

Vi (2mh)?

J p
{aﬁm

Moving to the Fourier space, according to 8 f(k, p,w) = [dt [d?cdf(r,p,t)exp (i(k - T — wt)),

Eq. (1.131) leads us to an implicit formula for the dispersion relation, i.e.

’p k- Vpfo(p) _
1_92D/ @nh)? p_k/‘;n_w =0. (1.132)

In the equation above k is a 2d wavevector and w an angular frequency. Asin [64], Eq. (1.132)
can be derived within the random-phase approximation (RPA). In that framework, solutions

of Eq. (1.132) identify the poles of the dynamic response function. In [64], this equation
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has been solved by setting initially the system at equilibrium in presence of a stationary
sinusoidal potential. With the removal of the external potential, density modulations begin
to oscillates with a damped amplitude. From this damped oscillatory motion one extracts

the sound velocity by means of a fitting procedure.

Here, we address the solution of Eq. (1.132) by a fully analytical point of view. The
key point in our strategy is the proper treatment of the singularity on the integration path
for w = p - k/m. Hence, the integral is Eq. (1.132) is meaningful only with the caveat of
interpreting w as a complex quantity, i.e. w = wgr + iw;. Moreover, we impose wy; > 0 to

avoid an unphysical exponential growth of the perturbation [56].

It is possible to further simplify the solution procedure, without any loss of generality,

by taking k || é, i.e. k = (k,0). Thus, one easily finds that

dpx af O(px) 1
1— =0. 1.133

g2D/ (2wh) Op, 22 —c ( )
In the equation above we have defined ¢ = w/k and fo (pz) = [ fo(ps,py)dpy/(27h). We are
now ready to extract the sound velocity from Eq. (1.133). Because of our hypothesis about
w € C, it descends that ¢ will be a complex number, too. We then introduce its real and

imaginary part, respectively given by cg = wr/k and ¢; = wr/k.

FElegant coupled equations for c¢g and c¢; can be obtained within the limit of weak damping

[63]. Concerning the real part of the sound velocity, from Eq. (1.133) we have

1—g2DP/ 4P ‘% p‘"”)/ap‘”] e 29| g (1.134)

27rh Pz/M — CR Oc

where ¢(c) = 7525 g;jo

and P denotes the Cauchy principal value. On the other hand,

Pe=mc
the equation for the imaginary part c¢; reads

ﬂ.afO(Pz)
_ Opz Pz=mMCR
cr = - . (1.135)

a?{Pf P |:8f0(px)/apm}}

pz/m_ CR

In order to investigate the dynamical behaviour of a quasi-uniform Bose gas in two spatial
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dimension, we choose the Bose-Einstein distibution as initial condition, namely

1 1
fo(p) = — , 1.136
() L? eﬁ(%Jrgan*/i) 1 ( )

where L? is the area enclosing the system. The function fo(p) given in the equation above
describes the thermal equilibrium distribution for gaseous system made of weakly-interacting
bosons with uniform density n. The Hartree interaction term gopn can be absorbed by a
simple shifting of the chemical potential i = u— gapn. The equation of state establishes the
connection between the modified chemical potential i and the number density n. It can be

d?rd?p

derived immediately from the normalization N = Rz 2 fo(p), reading

i=kgT In (1 - e*TB/T) (1.137)

where kpTp = 2mh?n/m is the temperature of Bose degeneracy. From Eq. (1.137) it is also
clear that i < 0. Analytical results can be obtained within the regime of temperatures T' <
T with c%z < kpT/m holding at the same time. In this window of parameters, we can safely
approximate fo(p)L? =~ kpT/(p?/(2m) — i) from which L2 fo(ps) = kpT/(h/(p2/m) — 2}i).
Hence, Eq. (1.134) and Eq. (1.135) respectively read

1+

GopksT 92 mc%% <\/mcR—2u \/mcRﬂ
2 ~
2r  |mch =20 (mch —271) 3/2 \/mcR — 20+ \/mcR

mck, + fi

GgopkpT =0
+gapFBler vm(mek — 2[1)5/2
(1.138)
and
o — CR 6cp n 2(mc%+ﬁ) <\/mcR—2u \/mCR> —-1
= Vm(med —2j)3/2 | | (mc —20)?  /m(mck — 2@5/2 )

\/mcR 20+ \/mcR
(1.139)

where gop = mgap/h? is the adimensional interaction strength. By inserting Eq. (1.139) in
Eq. (1.138) we get an equation for cg. At this point, Eq. (1.138) can be solved numerically
and, by taking into account Eq. (1.137) we can express the zero-sound velocity as a function

of T at fixed values of gop. The results of our calculations are reported in Fig. 1.2, where they
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Figure 1.2: Sound velocity cg in units of cg = y/gapn/m as a function of the scaled tempera-
ture T/T, for gop ~ 0.16. The solid black line represents our prediction based on Egs. (1.138)
and (1.139) while the blue dots are the experimental data of Ref. [60]. The red dashed line is
obtained by using Eq. (1.138) with ¢; = 0. On the basis of universal relations [47], for gop the
Berezinskii-Kosterlitz-Thouless critical temperature is T, = 0.13 T.

are compared to experimental data obtained in [60]. We remark the very good agreement
between our semi-analytic results and the data points, both in the low-temperature limit
and close to the critical temperature. Differently from the prediction based on the two-fluid
model [61, 36, 62], our cr does not exhibit any discontinuity at the Berezinskii-Kosterlitz-
Thouless temperature. This fact highlights how the collisionless sound velocity in Eq. (1.138)

is not related to any superfluid features of the system.

The red dashed line in Fig. 1.2 has been obtained by neglecting the o ¢; correction in
Eq. (1.138). It is then evident that the perturbation damping (i.e. ¢y # 0) is crucial in
determining the exact sound velocity across a wide range of temperatures. In Fig. 1.3 we
report the absolute value of ¢; as predicted by Eq. (1.139), with cg given by solution of Eq.
(1.138). We remark that Eq. (1.134) and (1.135) are derived by assuming a weakly-damped
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Figure 1.3: Main panel: Imaginary part ¢y of the sound velocity in units of cg = \/gapn/m as
a function of the scaled temperature T'/T, for gop ~ 0.16. The solid black line is obtained from
Eq. (1.139) where cg has derived by solving Eq. (1.138). Inset: Ratio between the imaginary
and the real part of ¢ as a function of the temperature.

perturbation, i.e. ¢; <« cg. From Fig. 1.3 it is evident that our approximation is reliable in
the low-temperatures regime, where Landau damping plays a negligible role, but also in the
proximity of the transition temperature T,. The rapid growth of ¢;/cr with the temperature
T above T, is in agreement with the large damping of sound oscillations found in Ref. [60].

A large value of ¢j/cp also signals the breaking of our theoretical scheme.









FINITE-RANGE THERMODYNAMICS OF
ULTRACOLD BOSONIC GASES

In this chapter we begin to move beyond the zero-range approximation for the atom-atom
interaction potential. So far, we have considered a Dirac §-like pseudopotential and explored
some consequences related to this choice, such as the beyond-mean-field equation of state in a
generic dimension, the condensate depletion and the superfluid density computed within the
Landau two-fluid model. Now, we aim to study a dilute and ultracold Bose gas by considering
an effective field theory taking into account a finite-range pseudopotential. Within the
formalism of functional integration, we derive beyond-mean-field analytical results depending
on the scattering length and the effective range of the interaction. In particular, we calculate
the equation of state of the bosonic system as a function of these interaction parameters
both at zero and finite temperature including one-loop Gaussian fluctuations. As in the first
chapter of this thesis, we do not only focus on the case of d = 3 spatial dimensions, but we

also analyze the role played by finite-range effects in lower dimensionalities.
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® 2.1 Finite-range thermodynamics for d = 3

2.1.1 Zero-range approximation: the thermodynamical instability

Throughout the whole previous chapter, we have reported a detailed description of how
one can derive the first beyond-mean-field correction to the equation of state (EoS) of an
ultracold and weakly-interacting Bose gas. However, all these results have to be placed inside
the context of the zero-range approximation for the atom-atom interaction potential. A first
improvement can be made by following the pseudopotential approach. As for the Fermi
pseudopotential, we replace the true inter-atomic potential with a pseudo one which at least
reproduces the low energy scattering properties of the system.

Within the zero-range approximation, in Sec. 1.2 the two-body interaction in Eq. (1.23)
is replaced by the 0-like pseudopotential V}, o(r) = god () (r). In order to highlight the physical
meaning of the coupling constant gp and to clearly set a characteristic length (or energy)
scale, the key-point consists in relating it to scattering parameters that can be measured in
cold-atoms experiments with great precision. As mentioned before, one can then follow the
procedure detailed in [25, 65|, resulting in Eq. (1.26), i.e. go = (47Th2/m)a5, as being the
s-wave scattering length. This recipe can be quite naturally extended to systems with lower
dimensionalities [8, 66], leading to Eq. (1.34).

The choice of a contact pseudopotential brings us to a local lagrangian as the one in Eq.
(1.25), namely

o  h2V?

621/1 (I',T) hai'r_ om

— |80, 7) + ool I

where all terms have the same physical meaning of Chap. 1. Below the critical temperature,
the starting point to describe the thermodynamics consists in splitting the field ¥(r,7) =
v+n(r,7), as in Eq. (1.36). Hence, the mean-field (saddle-point) plus Gaussian (one-loop)
approximation is derived by inserting it in Eq. (1.25) and expanding above the saddle-point
classical field v up to the quadratic terms in the fluctuations fields  and n*. This procedure
leads us to identify three different contribution to the mean-field grand potential, as detailed
in Eq. (1.46). Quantum fluctuations are encoded in the zero-point energy, the integral of the

Bogoliubov excitation spectrum over the whole momentum space (cfr. Eq. (1.50)). Through
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one of the regularization recipes outlined in Sec. 1.3, a finite contribution can be extracted,

reading the beyond-mean-field correction first computed by Lee, Huang and Yang [16]:

0
ﬁ _ 8 (m i 3/2 (2.1)
¥ " az\nz) M ‘

It can be worth to interpret this result within a slightly different frame, by remembering

that the pressure is nothing else than the opposite of the grand potential density, i.e.

Qp, T)
L3

P(u,T) = — (2:2)

At zero-temperature, by taking into account the quantum (Gaussian) fluctuations, we have

(0) s 8 (m\*? 3/2
P =_— — —_— . 2.3
W=t () (23)
In the previous chapter, we have begun to point out unphysical consequences of the zero-
range approximantion in modelling the atom-atom interacting. In particular, we mentioned
the occuring of UV-divergences in the zero-point energy, related to the fact that Fourier

transform V},0(q) = F[V;,0(r)] = go does not vanish at high momenta.

Here, we have to remember another crucial point, namely that we are following a pertur-
bative scheme which, by definition, is reliable only within a precise window of the parameters
space. In this case, the breakdown point can be identified exactly by searching for values
of © making the pressure in Eq. (2.3) negative. Actually, the uniform configuration is
thermodynamically stable if and only if [67]

&*P(u)
ou?

>0. (2.4)

Eq. (2.3) implies thermodynamical instability for g > p. = w(h*/(2m))*/*/\/2go. The

zero-temperature number density n(9) can be related to p thanks to the following equation

n(o>(u)__m“))(m_ﬂ_4(m>3/2u3/2_ (2.5)

n o g0 32 \R2

Therefore, we can numerically determine the chemical potential corresponding to given val-
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3

ues of the gas parameter na;. This frame is summarized in Fig. 2.1 where we plot the

chemical potential vs. the gas parameter as specified by Eq. (2.5). In absence of finite-range

0.3

m0.2- |

W/e

0.1

\ \
0 0.002 0.004
3
na

Figure 2.1: Chemical potential as a function of the gas parameter na® within the zero-range
approximation by taking into account quantum fluctuations up to the Gaussian level, according
to our Eq. (2.5). Energies are expressed in units of e = h?/(ma?) and a; is the s-wave scattering
length. It is evident that the systems undergoes a thermodynamical instability signalling the
breakdown of the zero-temperature perturbative theory.

corrections, it appears clear from Fig. 2.1 that, besides the prediction of two branches for
the chemical potential, close to na? ~ 0.004 a thermodynamic instability occurs since Eq.
(2.5) has no more solutions above this critical value. Therefore, the uniform configuration

does not exist anymore for na? > 0.004.

A grand canonical formulation clarifies the range of applicability of one simple analytical
result that appears naturally in second-quantization many-body theory [10, 67]. Indeed,
from Eq. (2.5) by using a perturbative expansion where gon < p, one gets

B 4go (m\3/2 3/2
p(n) =gon+ 53 (g) (gon)™/=. (2.6)
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The first term of this chemical potential was derived by Bogoliubov [29] while the second term
is the one first computed by Lee, Huang and Yang [16, 17]. Keeping in mind the discussion

about Eq. (2.5) and Fig. 2.1, it is extremely important to remind that Eq. (2.5) is obtained
3

assuming a very small gas parameter na;. Thus, it cannot give back reliable predictions
when the system is thermodynamically unstable. Close to the instability, the contribution
of Gaussian fluctuations in Eq. (2.1) becomes of the same order of the mean-field term; this
signals that quantum fluctuations are strong enough to destabilize the uniform configuration.
Consequently the critical value (na2). ~ 0.004 specifies the upper threshold of applicability

of the zero-range Gaussian theory and, consequently, of Eq. (2.5).

2.1.2 The finite-range effective potential and thermodynamic results

An improvement of the contact (zero-range) approximation can be achieved by replacing

the interaction potential f/(q) with the finite-range pseudo-potential

Voa(q) = 9o+ 92 ¢* - (2.7)

The relation with the true inter-atomic potential appearing in Eq. (1.23) is given by the

following equations

go =V (0) = / dr V(r) (2.8)

1- 1

g2 = §V”(O) = —6/d3r 2 V(r) (2.9)

where, as usual, we define the Fourier transform of the atom-atom potential as ‘N/(q) =
[ d*rexp(iq-r)V(r). It has been shown [18, 68] that, in real space, the pseudo-potential in
Eq. (2.7) is given by

Vo) = 906(r) = 2157 5(r) +5() V| . (2.10)

Within the framework of the effective-field theory (EFT), the connection with experimental
quantities such as the s-wave scattering length as and the s-wave effective range rs can

be established by requiring that the expansion parameters of Eq. (2.7) matches the ones
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obtained with a pseudo-potential V},(¢) depending on the s-wave phase shift. In sec. 1.2.1
we detailed the application of this principle to the zero-range approximation by means of
the T-matrix.

As is [18, 19, 65] we adopt

7 (q) = 47h? tan (6o(q)) ‘

— ; (2.11)

The phase shift dy(q) is related to the s-wave scattering parameters by the equation

1

do(gq) = arctan ( ) , (2.12)
_a% + %qu2 + O(q4)

where r, is the s-wave effective range of the interaction. One can thus expand %(q) and

d0(q), respectively Eq. (2.11) and Eq. (2.12), up to the second order for small ¢q. In this

way, one finds that the coupling constants gg and go are related to the physical parameters

as and 75 according to following equations

A h?

go = m as , (213)
2 h2

g == —airs (2.14)

At this point, we can keep track of the finite-range character of interaction by simply per-
forming the steps we have detailed for the zero-range approximation. We then begin by
replacing the modified potential given by Eq. (2.7) in the general non-local langrangian
reported in Eq. (1.23). One then easily gets

0 h*V?

L=vY"(r,T) ha— o

= |l + DDl = Lo )P D (2.15)

The relation between the coupling of the above lagrangian density and the measurable scat-
tering parameters is the key result of an EFT-based approach. The remaining part of this
section is then based on this simple generalization of the usual local lagrangian density in
Eq. (1.25). A Gaussian (one-loop) analysis relying upon Eq. (2.15) has been performed in
Refs. [65, 26], but limited to the perturbative regime at zero temperature. Here we explic-

itly prove that the inclusion of the effective-range term can remove the artificial instability
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occuring in the zero-range theory. Therefore, it is possible to extend the applicability range
of a Bogoliubov-like theory beyond the critical value pointed out in sec. 2.1.1. Moreover, we
compare our EFT calculatons with Monte Carlo data and analyze finite-temperature effects.

As a first and immediate application of the lagrangian density in Eq. (2.15), we can derive
a generalized Gross-Pitaevskii equation for the stationary but space-dependent field 1y(r).
Indeed, we can apply the saddle-point approximation to the action S[y,¢*] = [dr [ d3r L,
with L[y, ¢*] given by Eq. (2.15), i.e. 6S[1(r),o(r)] = 0 Stationary configurations are
described by the following equation

K2v?
2m

+ go|vo(r)| — 92V2W0(r)‘2 Yo(r) = piho(r) , (2.16)

which was derived for the first time in [68] for a Bose gas trapped under an external con-
finement. In this case, numerical results based on Eq.(2.16) lead to a better agreement with
Quantum Monte Carlo simulations concerning, for instance, the ground state energy. More-
over, by using Eq.(2.16) it is possible to study how space-dependent topological solutions,
such as vortex and solitons, are affected by the effective-range expansion [69].

As usual thoroughout this thesis, we split the field as ¢ (r,7) = v + n(r,7) and then
expand the action S[i,1*] around a uniform and stationary v up to quadratic (Gaussian)
order in n(r,7) and n*(r, 7). The mean-field (saddle-point) can be derived from Eq. (2.16)
and Eq. (2.15) by considering a real uniform scalar field, i.e ¥o(r) — v. Indeed, from Eq.
(2.16) we get the crucial relation between the chemical potential potential and the order
parameter. Even by taking into account the finite-range interaction potential in £, up to the
saddle-point level it is easy to check that yu = gov? as in Eq. (1.39). Similarly, the mean-field
grand potential exactly corresponds to Eq. (1.38), i.e. Que(u,v) = L3( — ? + %gg 04). So,
finite-range corrections due to g2 # 0 do not affect the uniform mean-field configuration.

We then move to analyze the Gaussian action describing the dynamics of fluctuations.

From a formal point of view, moving to the Fourier space we get the analogous of Eq. (1.41)

7(Q)
Sgln,n*| == Q) 7(—Q)) M(Q) , (2.17)
[n.0°] 2%(77()77( ) o

where, for the sake of clarity, we have defined here the 4-vector @ = (q,iw,). The bosonic
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frequencies w,, are given, as usual, by Eq. (1.3). The crucial difference between the finite-
range case and the zero-range approximation is encoded in the inverse fluctuation propagator

M appearing in Eq. (2.17). Indeed, one has

. 12,2 ~
—ihwy, + rgg-b — B+ [90 + V;D(Q)] v? v? VP(Q)

~ . 2 9 ~
02 V,(q) ihwn + 2 — 1+ [go + Vp(g)] v°
(2.18)

M(wna q) = 5

The dispersion relation of excitations above the uniform ground state can be derived by
computing the poles of the propagator or, in equivalent terms, the zeros of det M(q, iw,,). It

results in the following equation

h2q? ~ 2 -
Ealin o) = | — -+ o2(an + Tola)| +017a). (2.19)

where the dependence on the effective-range r; is contained in the Fourier transform of the
pseudopotential. By using Eq. (1.39) to remove the dependence on v in Eg, our theory is
consistent with the Goldstone theorem also in presence of a finite-range interaction. Indeed,

from Eq. (2.19) we obtain a gapless spectrum

Em0:¢mfvﬁg+m%@]:mekuwmmf+ht7 (220

2m | 2m 90 2m 2m

where the relevance of finite-range effects is controlled by the parameter Y,

4m go
== 2.21
X= 750 (2.21)
By referring to sec. 1.3.1, up to the Gaussian level we have three different contributions to
the thermodynamics potential (u): first, the mean-field one Q,¢/L? given by Eq. (1.40),
which is not modified by the inclusion of the effective range in V,(g). Then, we have to
consider the contribution coming from quantum and thermal fluctuations, respectively Q!(;O)

and Q") in Eqs. (1.47) and (1.48).

The zero-temperature Gaussian grand potential is still UV-divergent also for finite values
of x. This divergence can be healed by making use of dimensional regularization as in Sec.

1.3.2. In this way, it is easy to check that the zero-temperature Gaussian grand potential is
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given by
5/2

ng) 8 (m)3/2( L (2.22)

3 T Bm2 \R2) QT+ yp)?

At this point, it is worth to point out an immediate (and maybe trivial) consistency check

for our theory: by setting x = 0 we manage to recover all the results obtained with a contact
pseudopotential, namely Egs. (1.49) and (2.3).

The zero-temperature number density 7 is obtained by using the number equation n(u) =

—% with Q(u) = Qume(p) + Qéo) (1) + Q_E,T) (1, T). At zero temperature we get

5/2

poo 4 m /2 64 (@)5/292 [

nOp) == - — (7)3/2 + = (2.23)
go 3m2\R2)  (14xp)?  15m2 \h2)  go (1 +xp)® " '

From Eq. (2.23) we are able determine u as a function of na? for different values of y at
fixed density n, in a similar way to what we did for Eq. (2.5). The results are shown in Fig.
2.2, where « is proportional to the ratio g2/go in adimensional units, namely
hQ
ma? goas as
As previously discussed, Fig. (2.1) clearly shows that in absence of finite-range corrections

(ov = 0) the chemical potential y versus n has no solutions above the critical value for the gas

3

parameter (na;

)e =~ 0.004. This problem is indeed solved by using a positive value of « larger
than about 0.25, while for a < 0 the problem gets worse. The different behaviour of numerical
solutions of Eq. (2.23) for o # 0 compared to Eq. (2.5) can be understood thanks to the
modified dependence on p of Eq. (2.22): for a 2 0.25 the finite-range Gaussian correction
never becomes of the same order, or bigger, than the mean field term. Differently from the
zero-range case, the finite-range correction manages to control the growth of fluctuations
and it stabilizes the system, as highlighted by the dashed and dashed-dotted lines in Fig.
(2.2): for these values of « there is no critical value of the gas parameter.

It is then interesting to compare our theory with Quantum Monte Carlo (QMC) simu-
lations performed for a system made of hard-spheres bosons [70] based on the path-integral
ground state algorithm. The case of hard spheres is particularly interesting because the

s-wave scattering length as and effective range r; are related in a very simple way by

rs/as = 2/3 [68, 65, T1]. As a consequence, the adimensional parameter @ in Eq. (2.24)
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Figure 2.2: Chemical potential y in units of eg = h%/(ma?) as a function of the gas parameter

na? (cfr Fig.2.1) obtained from Eq. (2.23) for different values of a = 2rs/as, where ag is the
s-wave scattering length and r4 the corresponding effective range. The solid black line for o =0
represents the zero-range equation of state as in Eq. (2.5) and Fig. 2.1.

must be set to a = 4/3. Fig. 2.3 highlights that the Monte Carlo data (filled circles) are
reproduced reasonably well by our EFT results with o« = 4/3 (solid line) also for values of
the gas parameter nag’ larger than 0.004. So, we do not only recover the zero-range curve,
reliable up to na? ~ 0.004, but also QMC points for a more dense system. QMC simulations
are performed with a hard-core potential while our Gaussian theory introduces an effective
range 75 which is related to as by rs = (2/3)as. In the case of the hard-core potential, at
fixed scattering length as (and consequently at fixed effective range r5), by increasing the
gas parameter na2, the number density n increases while the average distance § ~ n1/3
between atoms reduces. In this way, by tuning the number density n, it is possible to reduce
0 such that it becomes comparable to the effective range rs. Therefore, deviations from the
zero-range framework become sizable and can be revealed while measuring thermodynamic
quantities as, for instance, the pressure.

We have to mentioned the relevant fact [72] that beyond the Gaussian level, the ther-

modynamic potential displays a correction arising from two-loops diagrams proportional to
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Figure 2.3: Monte Carlo (MC) data (filled circles) of the chemical potential y vs gas parameter
na? for a Bose gas of hard spheres [70]. Dot-dashed line is the mean-field theory, p = 4wh%asn/m.
Solid and dashed lines are the results of our zero-temperature Gaussian EFT, Eq. (2.23), for
two different values of the effective-range adimensional parameter o = 2r4/as. The case a =0
corresponds to usual scheme with a zero-range interaction while av = 4/3 correspond to the case
of a hard-core interaction potential. Also here e = h?/(ma?) is the characteristic energy of the
interacting Bose gas, a, is the s-wave scattering length, 74 is the effective range, and n is the
number density.

na? whose coefficient is unknown within the zero-range approximation. Braaten and Nieto
[72, 25] showed that, in general, a meaningful expression for this coefficient requires at least
the knowledge of the three-body interaction strength, i.e. the coupling constant of a term
o [#|% in the Lagrangian density. Anyway, if one restricts to the case of alkali atoms, the
second-order quantum corrections are proportional to the logarithm of an additional length

scale fixed by the van der Waals interaction.

In order to complete our analysis concerning the finite-range corrections to the beyond-

mean-field equation of state, we have to briefly consider the T' # 0 case. The finite-

temperature Gaussian contribution to the equation of state is given by Q_S]T) (1) in Eq. (1.48).
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Through an integration by parts, we can express it in the alternative form

o () 1 gdE, 1
b T et A . 2.2
L3 67r/0 da dq ePEa(r) — 1 (2.25)

It is useful to introduce now the variable = SE,(u) which leads us to the following equation

1 o0 1
= d - 2.2
A =5 /0 vale, ) (2.26)

where g(z, ) is given by

_ 2mp (1 + xp)z?

By means of a low temperatures expansion, the integral in the equation above can be com-

puted analytically up to the order (kgT)®, reading

(w7 (m\P k) [ 5n% o1+

Thus, thanks to a simple derivative, the finite-temperature contribution ngg) to the total

number density n consists in

2 1 2
T 7w m . g9 (kBT) 51 o T+ dxH
i () = —@(ﬁ) / e 1= (ksT) 2 ) (2:29)

Within the perturbative expansion approach (|u — gon| < 1) previously discussed, we can

extract the behavior of the chemical potential in terms of the number density

() = po(n) + ) () + " () (2.30)

where po(n) + uéo) (n) can be derived by inverting Eq. (2.23). The finite-temperature con-

tribution behaves as

22 (m\Y2 go (kpT)! 1%\ 7 + 5x(gon)
uéT)(m:—(h?) Fgmlf’/?{l_<21>(90”)20

i (k:BT)Q] . (2.31)
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Our results, namely Eqgs. (2.23) and (2.29) generalize the old familiar one obtained in 1958
by Lee and Yang [16, 17].

m 2.2 Finite-range thermodynamics for d =1

2.2.1 The one-dimensional Bose gas: not a simple toy-model

For almost eighty years one-dimensional (1d) quantum systems have been subject of an
intense fascination, albeit mostly theoretical. Indeed, from the seminal work of Bethe in 1931
concerning the Heisenberg model [73], 1d physics was then explored in great detail, providing
exact and approximate solutions to a wide variety of systems [74]. These 1d physical systems
were considered toy models, until recent advances in experimental setups, like Josephson
nano-junctions [75, 76] and magneto-optical trapping of cold atoms [77, 78, 79, 80], have
achieved the realization of 1d quantum fluids.

Cold atoms experiments proves to be extremely fruitful because of the possibility to
realize these systems in an extremely well-monitored environment [81, 82] where the most
relevant parameters can be tuned with a precision never seen before. Together with these
recent groundbreaking experimental advances, theoretical studies over the years have shown
that 1d quantum fluids display a significantly rich phenomenology. At the same time, the
analytical effort to adequately model and describe them is not too burdensome, thanks to
the presence of only one spatial dimension. A similar point can be obviously made about
numerical simulations. Keeping in mind all these peculiar features, 1d quantum fluids are
extraordinary candidates to answer a lot of textbook questions about, for instance, non-
equiibrium statistical mechanics and quantum transport [83, 84, 85].

The basic theoretical tools for 1d bosonic systems consists in the Lieb-Lininger equa-
tions (LL), providing an exact description of 7' = 0 K thermodynamic quantities [86, 87],
while approximated analytical expressions and numerical results at finite temperature can
be extracted from the Yang-Yang theory [88, 89], which obviously recovers the LL one at
zero temperature. As for 3d weakly interacting Bose gases, the first step in modelling the
interaction potential passes through a Fermi d-like potential. Therefore, it is not surprising

that the resulting thermodynamics is universal, since the only dependence from the inter-
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atomic potential is via a properly defined scattering length. However, as mentioned in sec.
2.1.2, deviations from universality due to the finite-range potential have been shown to be
quite relevant for a better understanding of static and dynamical properties of 3d Bose gases
[90, 65, 18, 68, 91, 26, 19, 92, 93, 94, 69, 67]. Finite-range effects naturally arise by modelling
the two-body interactions beyond the unphysical zero-range approximation. In systems with
lower dimensionalities, their role can be become much more interesting, since they naturally
affect the beyond-mean-field terms in the equation of state. Within a perturbative field-
theory framework, they enter in the loops corrections to the saddle-point classical solution.

The most interesting situation is surely the d = 2 case, briefly described in the next
section. As recently shown in [28], since finite-range corrections affect the behavior of quan-
tum and thermal fluctuations, they have to be taken into account also in lower dimensional
system, where fluctuations are naturally strongly enhanced (Mermin-Wagner-Hohenberg the-
orem [12, 13]).

A detailed analysis, both analytical and numerical, about the role of fluctuations is
mandatory, since improvements in cold-atoms experiments are providing a precision bench-
mark which makes possible to explore in great details beyond-mean-field effects [77, 78, 95,
96]. Concerning the relevance of fluctuations in ultracold quantum fluids, the most im-
mediate consequence consists in deviations from mean-field predictions for thermodynamic
quantities like, for instance, pressure [67], chemical potential or the condensate fraction.
Since we work actually in a perturbative scheme, it seems also natural to guess that these
deviations are present but not so crucial. Fortunately, this is not the whole story; indeed, it
was recently shown, both theoretically and experimentally, that quantum fluctuations pro-
vides a stabilization mechanism against collapse, as predicted by the mean-field theory, both
in dipolar condensate and binary Bose mixture [97, 98, 99, 100, 101].

Moreover, we have to add the possibility offered by Feshbach resonances: in actual ex-
periments one can reach and explore regimes where the effective range of interaction is
comparable the scattering length. In these situations, a universal GPE-based description is
no more reliable, and one has to consider finite-range corrections. These peculiar situations,
which aroused a lot of interest in the last ten years, will be deeply analyzed in the proceeding
of the thesis, with particular focus on the dipole-dipole interaction (for a preliminar review

about this issue we refer to [102]).
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In this section, mainly based on our work in [103], we investigate the role of non-universal
corrections to the thermodynamics of the 1d Bose gas, both at zero and finite temperature.
By following the effective-field-theory scheme [65, 18, 67, 28, 25], we derive a novel equation of

state, taking into account the finite-range character of the atom-atom interaction potential.

Similarly to sec.2.1.1, these corrections are computed at Gaussian (one-loop) level, where
non-physical divergences are removed by using dimensional regularization. However, differ-
ently from the d = 3 case, one-dimensional quantum systems are endowed with the exact

theory developed by Lieb and Lininger, providing a strong benchmark to evaluate our results.

Our Gaussian theory reproduces extremely well the LL equation of state from weak
up to intermediate couplings [103]. Finite-range effects are then analyzed by considering

measurable quantities such as the grand potential, the pressure and the sound velocity.

2.2.2 Effective field theory for the one-dimensional Bose gases

The Euclidean Lagrangian density of identical bosonic particles of mass m and chemical
potential y in a 1D configuration is our starting point. Similarly to the d = 3 case, it is
given by [1, 2, 3]

n? 92
2m Oz

L= (a,7) | h0r - ~afuten) + 5 e DRV - DR @3

where the complex field ¢ (z, 7) describes the bosons, whose two-body interaction potential
is represented by V(|z — 2'|).

In Chap. 1, within a functional formalism, we have derived the Bogoliubov theory for an
ultracold and dilute Bose gas by approximating the atom-atom interaction with a zero-range
pseudopotential as in Eq. (1.24). In the first part of this chapter we have extended our analy-
sis by including finite-range corrections solving the emergences of a spurious thermodynamic
instability. So, we aim to proceed in a similar way for the d = 1 case. In order to analyze
the role played by the finite-range corrections, let us begin by considering a low-momentum

expansion for interaction potential, namely

Vo(q) = go + 920° + O(q") (2.33)
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where V},(¢) has the obvious meaning of the Fourier transform of the interaction potential.
As in Eq. (2.7), we aim to generalize the constant behaviour (in the Fourier space) of
the Fermi pseudopotential [26]. Following the spirit of the effective-field-theory, the crucial
point in this analysis consists in connecting the coupling constants gy and go to physical and

measurable parameters like the 1d scattering length and the corresponding effective range.

In this section we use a slightly different technique respect to sec. 2.1.2, by explicitly
making use of the t-matrix technique [2] instead of relying upon a proper pseudopotential
(cfr. Eq. (2.11)). In order to fulfill these premises, we begin by recalling some notions from
the scattering theory [104]. In particular, for d = 1 we do not have to deal with additional
complications due to the expansion in partial waves, but we simply consider the scattering
amplitude for the even scattered wavefunction. This amplitude can be expressed in terms of

a phase shift
fola) = g @ sin by (q) - (2.34)

Similarly to the three-dimensional case, it holds a relation between the phase shift, the

scattering length and the effective range, namely [104]

1 1
gtandp(q) = — + Erqu +0(qY) . (2.35)

S

We have to underline that the equation above has not to be confused with its 3d correspond-
ing in Eq. (2.12). By assuming that the most relevant scattering processes in the systems
are the ones described by fo(g) as in Eq. (2.34), the t-matrix defined in Eq. (1.27) is then
approximated by

To(q) = ———folq) - (2.36)

m

At the same time, the Lippmann-Schwinger equation for t-matrix reads the formal solution

.1 IR
T - |:A - A:| 5 (237)
vV E-H,

in terms of operators

where V is the interaction operator and Hy the free Hamiltonian. Moving to a basis in which
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Hy is diagonal, in the limit of low momenta, Eq. (2.37) reads [2, 65, 103

1 m dp }_1

_ 2.38
(q) 2mh?® ) p?>—¢®+ik (2.38)

To(q) = [‘7

In the equation above s has to be intended as a limit procedure x — 0T which has to be
taken after the calculation of the integral. It is easy to check that its inclusion is crucial to
remove the singularities along the integration path, consenting the application of the residue

theorem. More precisely, we have to compute an integral of the following kind

+00

1= /_Oo P2 — Z§+ ix (2.39)
whose poles are given by p?> = ¢> — ik = z. In order to apply the residue theorem, we
are required to identify the position of the isolated poles in the complex plane. The square
root of the complex number z is provided by the De Moivre formula, such that in polar
coordinates we get \/z = |z|'/2 exp(if/2). The modulus of z is easy to compute, i.e. |z| =
/1 +K2/¢* ~ ¢*> + k?/(2¢%). On the other hand, the phase can be expressed as 0 =

—arctan(x/q?) ~ —k/q?. Thus, the poles of Z are found to be

/ K2 y 10
P12 ~+4/¢+ 37 [cos (6/2) + isin (9/2)} ~ +q <1 _12q2) , (2.40)

one in the upper half-plane, the other in the lower one. Since the integrand function falls
off as 1/|p|?, the contour can be closed indifferently upper or down. The residue theorem is

then applied, leading to the final result

m +oo dp m

— = — . 2.41
2h? J_o P?P — ¢+ ik 2h2q (2:41)
By replacing Eq. (2.41) in Eq. (2.38) and taking V(¢) as in Eq. (2.33), we get
o) = [+ - 27 Lo+ m ] (2.42)
R PR T g '

On the other hand, we have an explicit equation for Ty(q) involving the phase shift and

consequently, thanks to Eq. (2.35) and the identity ¢?sind = 1/(cotd — 1), Eq. (2.36) leads
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us to the following alternative expression

2h? 1 i1t
To(g) = =~ |as = Sreazd’ +0(¢%) — | (2.43)

By matching Eq. (2.42) and Eq. (2.43), it is then possible to derive an equation for the

coupling constants in the 1d Lagrangian density, i.e.

212
go = — 5

2;“8 (2.44)
g2 = ——Te .

m

We remark that our EFT procedure recovers the familiar result for the 1D coupling constant
go [105, 106] and a remarkably simple formula relating g2 to r.. A similar procedure to get
a relationship between g2 and r. has been used for the 3D Bose gas [67, 65|, while in 2D the
connection between go and 7. is much more complicated due to a logarithmic dependence

on momentum in the t-matrix.

2.2.3 Thermodynamic properties

After having clarified the relation between the EFT coupling constants and the scattering
parameters, the derivation of the finite-range thermodynamics can proceed as in the previous
parts of the thesis. We aim to compute, as usual, the thermodynamic potential as the
logarithm of the partition function, Q = f~'log Z, with Z defined as the functional integral
over the whole set of possible configuration for the bosonic field ¢ (z, 7). The perturbative
framework is developed around the splitting ¢ (z,7) = v 4+ n(z, 7), where one has to expand
the action around the saddle-point trajectory up to the Gaussian order in n and n*.

Since we have already detailed all the technical steps involved in the calculation, we now
simply report the final result. For d = 1 the Gaussian grand potential is still given by Eq.
(1.46), namely

Qp1,v) = Qg1 v) + OO (11, 0) + A (1,0, T) .

The saddle-point equation relating 4 and v? remains p = gv? as stated by Eq. (1.39) so we
still get, at the mean-field level, Qur = —u?/(2g0). Since Q(p) is defined as the opposite of
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the pressure, we then have the basic result

12

Pt = 2
mf 2907

(2.45)

which is not affected by any finite-range corrections, as we already know from the previous
section. This extremely simple results perfectly reproduces the LL outcome for weak cou-
pling. The double contribution to 2(u) arising from Gaussian fluctuations counts zero-point
energy in Eq. (1.47) and its finite temperature counterpart in Eq. (1.48). They both contain
the spectrum of excitations above the uniform mean-field configuration which is, in general,

given by Eq. (2.20), made gapless by inserting Eq. (1.39) in it.

As usual, by means of the dimensional regularization, we can heal the UV divergence in

the zero-point energy. This leads us to the zero-temperature Gaussian contribution for the

2 /m ,u3/2
POy = 2, /2 24
g (1) 3r\V A2 1+ xu’ (2.46)

with the definition xy = (4m/h?)ga/go like in Eq. (2.21). It is interesting to note that the

pressure P(u), i.e.

contribution of quantum fluctuations has an opposite sign compared to its 3-d counterpart
in Eq. (2.22). This is not a secondary fact, since it has been recently shown that it changes
significantly the scenario of droplet formation at the mean-field stability threshold for bi-
nary Bose mixture [98]. This beyond-mean-field Gaussian contribution depends explicitly
on the parameter x in Eq. (2.21), then finite-range effects are acting up to this level of

approximation.

The zero-temperature number density n of the system is immediately derived from

0

=g [Pol) + PO ()] (2.47)

and the corresponding speed of sound reads
s =1 ——=—. (2.48)

Again, the consistency of our theory can be effectively checked by comparing it to the exact

picture derived from the LL formalism [86, 87]. The latter is universal since no other length
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scale plays a role in the thermodynamic pictures besides the scattering length. In order to
match the original zero-range assumption for the interaction, in the upper panel of Fig. 2.4
we report the sound velocity as predicted by our Gaussian theory (solid black line) by setting
X = 0 in Eq. (2.46) and comparing it to the solution of LL equations (dashed red line). The
zero-range interaction strength can be characterized by the parameter v = (mgo)/(h%n)
[106, 107]. As evident from Fig. 2.4, our Gaussian theory considerably refines the mean-
field result derived from Eq. (2.46), namely clmd) (v) = hn,/7/m, which is reliable only in
the weak-coupling limit (dotted line in the upper panel). Quite remarkably, the range of
applicability of our Gaussian theory is up to v ~ 10. Only the very strong coupling (Tonks-
Girardeau) regime of impenetrable bosons is not captured by the Gaussian theory, despite
an interesting (but merely qualitative) trend agreement.

In the lower panel of Fig. 2.4 we plot the behavior of our Gaussian sound velocity
for different values of the finite-range adimensional parameter a = (h?x)/(ma?) = 4r./as.
The figure clearly shows that the inclusion of finite range effects deeply affects the zero-
temperature sound velocity: at fixed zero-range strength the sound velocity becomes larger
with a positive effective range, while the opposite happens for a negative effective range.

As previously stated, enhanced quantum fluctuations play a crucial role in low-
dimensional atomic quantum gases [12, 13], since they cannot be effectively controlled by
lowering the temperature. Thus, the usual mean-field scheme is particularly inadequate for
systems with low dimensionalities: it is mandatory to include at least Gaussian fluctuations
in the thermodynamic and dynamical description provided, respectively, by the grand
potential (u) and the Gross-Pitaevskii equation (GPE).

It has been shown that these corrections deeply affects the stability of 2D and 1D Bose-
Bose mixtures, enabling a transition from the homogeneous ground state to liquid-like self-
bound states [97, 98]. Despite the fact that in the proceeding of the thesis we are going to
deeply focus only on three-dimensional binary Bose mixtures, it is worth to underline that
Gaussian fluctuations are not only responsible for deviations from the mean-field scheme,
but they can drive the nucleation of new quantum phases. The recent observation of a new
peculiar quantum phase at the mean-field collapse threshold is the most striking evidence of
the existence of these, in a certain sense mystical, fluctuations. We are going to deepen this

point in the next chapters.
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Figure 2.4: Upper panel: Zero-temperature sound velocity in units of the Fermi velocity vgp =
hrn/m as a function of the adimensional zero-range interaction parameter v = (mgg)/(h*n)

(9)

[108, 107]. We compare our Gaussian sound velocity ¢s”” (solid line), with the exact solution of LL

(mf)

equation [107] (dashed line), and the mean-field result ¢5” *’ (dotted line). Lower panel: Gaussian
sound velocity for different values of the adimensional parameter o = h?y/(ma?) = 4r./as, which

encodes the role played by the finite range of the inter-atomic potential.

Moreover, Fano-Feshbach resonances now enable a precise fine tuning of the interaction

parameters, the effective range r. being among them. Finite-range effects can then be

greatly enhanced and this pushes experiments towards regime where a universal picture is

not sufficient [91, 19, 94]. Indeed, dynamical analysis based upon a GPE-like framework are

reliable only under a precise separation among the length scales characterizing the system,
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namely r, < as; < 9, with § being the average distance between atoms.

In regimes where r; =~ a,, deviations from universality are relevant, and every dynamical
picture of the system has to take into account Gaussian finite-range corrections modelled
according to our Eq. (1.47). In present experiments one can tune the scattering length
as and in turn the adimensional parameter o = 47./as. Meanwhile, the effective range r.
remains practically fixed at ~ 107! m, generally smaller than as. Then, there is nothing
that prevents us from the experimental observation of the nontrivial behavior of the sound
velocity cs given by Eq. (2.48), reported in the lower panel of Fig. 2.4. Indeed, by fixing
a value of the magnetic field for the Feshbach resonances, and consequently as and r., one

can use the number density as a knob to tune the adimensional interaction parameter ~.

It is likewise possible to regard our thermodynamic description of 1d bosonic quantum
gases as complementary to the one in [109]. There, collective excitations of a one-dimensional
Bose gas were analyzed by following a hydrodynamic framework based on a GP-like equation.
However, their theory is not a pure mean-field scheme, since the chemical potential was

phenomenologically modelled around the LL exact solution.
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Figure 2.5: We plot the pressure P(u,T) in Eq. (2.53), with kgT in units, and g in units of
Ep = h?/(ma?), at the fixed value u/Ep = 0.3. We consider three different values of the adi-
mensional parameter « = 4r./as. The case a = 0 corresponds to the zero-range approximation
of the inter-atomic potential.

Similarly to sec. 2.1.2, we conclude by deriving the thermal fluctuations contribution.
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In the continuum limit, by taking the opposite of Eq. (1.48) for d = 1, the correction to the

pressure is given by

1 [t dE 1
PO (T :/ dgg—2L | ——— ). 2.49
0 (1, T) = 1903, \ B 1 (2.49)

Thanks to usual change of integration variable, i.e. * = BE,(u), one gets

) 1 -‘rood 1
PO T) = /0 e (2.50)
where
2mpu (14 xp)?
=4 /=11 14+ —="7 (kgT)?. 2.51

By inserting Eq. (2.51) in Eq. (2.50), a low-temperatures expansion leads us to the following

final result

2
(T) _T/m 2l Tl xp 2

So, by recalling Eq. (2.45) and Eq. (2.46), the grand canonical ensemble pressure is given
by

P(u,T) = Po(p) + Py (1) + P{7 (1, T) - (2.53)

In Fig. 2.5 we report the pressure P as a function of temperature 7" at fixed chemical potential
w for three values of the finite-range adimensional parameter oo = 4r. /as, obtained from Eq.
(2.52). At finite temperature non-universal effects slightly increase as ratio (kgT/u)* grows.
This is explained by recalling that the details of the inter-atomic potential become more

relevant when atoms scatter at higher energy.

® 2.3 Finite-range thermodynamics for d = 2

In this concluding section, we are left with the two-dimensional case. We have already
pointed out that, from a technical point of view, this is the most difficult situation: the
usual 1%-model foresees exactly d = 2 as its critical dimension, where fluctuations growth
undergoes an outbreak. This obviously prevents the formation of an ordered phase and

consequently the true long-range order characterising the Bose-Einstein condensation [6, 37].
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This peculiar situation affects the possibility to describe the two-dimensional Bose gases
within a perturbative framework. As highlighted by Fisher and Hohenberg [43], the usual

perturbative parameter for dilute gases is given by n(¢=2)/d

as which is identically null for
d = 2. In [110] Schick derived for the first time a reliable equation of state, which displays
a peculiar non-polynomial behaviour. These preliminar results were significantly improved
by Popov, who was the first to propose a generalized diagrammatic theory, tackling down
the divergences occuring in the Bogoliubov approach. While these relevant technical topics
are not discussed in this thesis, one has to keep in mind that a field-theory description of
two dimensional superfluid is still an ongoing research topic, also in the weakly interacting
regime [111, 112, 113, 28|. In particular, finite-range effects on the equation of state of a 2d
Bose gases has been investigated for the first time in [28] within a functional formalism. Let
us then consider a Lagrangian density £ with a generic two-body interaction V' (r), whose
Fourier transform is defined as f/(q) At low momenta, it is possible to consider the expansion
in Eq. (2.7), namely V(q) ~ go + g2¢®. The resulting theory is defined by

h2v?
2m

£ v ) (h0,— 5 = )t )+ Dot )l = Zloe )P P (250

2

It is immediate to check that the coupling constant of £(1,¢*) are defined, in terms of the

the original potential V' (r) as

o= V(0) = / Pr V(r) (2.55)
and
g = %XN/”(O) _ —i/d%ﬂ V(). (2.56)

At this point, one should try to give an expression of the constants defined above in terms of
the scattering parameters. This is certainly one of the possible way to proceed, but in d = 2
these relations are highly non-linear, with a non-polynomial dependence on the momentum
q [21, 114]. In order to provide a more limpid analysis and a length scale for the interaction

range, we follow an alternative path, by defining the characteristic range as in [28]:

| [ dPer?V(r)
| [ V(r)

92
g0

R*=14 (2.57)
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Depeding on the potential we choose, we get a certain dependence of R on the length scale
entering in V(r). For instance, by assuming V(1) = Voe "/, the characteristic range in
Eq. (2.57) reads R = o, which depends only on the gaussian width and not on the strength
Vo. In [28] Eq. (2.57) is computed also the for the square-well potential and the Yukawa

one, finding that the independence from the strength Vj holds for all these three choices.

Defining the finite range of the interaction potential as in Eq. (2.57) marks a relevant
difference between this section and the previous two. After having clarified this issue, we are
then ready to start the usual machinery. By expanding Eq. (2.54) above the saddle-point
configuration p = gov?, up to the Gaussian order in the fluctuations fields, we can derive the

well-known equations for the grand potential. For the sake of clarity, we report them in the

following,
Dt __p*
L? 290
o 1 / d’q
L2 2] (2m)2?

Qé“__lfmd 2B (1
L2  4m ), 14 dg \ efEa —1

where the gapless Bogoliubov spectrum is given by Eq. (2.20)

Eq(p) = \/th2 [(1 + xu)@ + 24 :

2m 2m

Differently from the previous section let us now mention first the finite-temperature Gaussian
grand potential. The reason is that the calculation proceeds exactly in the same way of the
d = 3 and d = 1 case. By changing variable to x = SE,, one has to solve the following

integral
ol 1

1 +o00
i . dz q(z)2——— 2.
A G (2.58)

with ¢(z) given by Eq. (2.27). At low temperatures, we get the analytical expression

(7) m
%Zz_hwwﬂyﬁmx@—r@«ai;WWJf, (2.59)

where ((z) is the Riemann zeta function.

On the contrary, the zero-temperature contribution Qéo) has to be treated with much
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more attention than in the previous section. As in sec. 1.3.2, we can note that dimensional
regularization does not succeed in healing the UV divergence in the zero-point energy since
the outcome is proportional to I'(—2) — +oc0. Therefore, in order to properly extend the
integral to a generic complex dimension, we consider a sort of e-expansion: we take d —
D = 2 — ¢, with the displacement from the desired dimensionality € has to be intended as a
limit procedure to take at the end of the computation, i.e. € — 0%. Thus, this dimensional

generalization leads us to the following, still divergent, contribution

ng) m €
= — I'(f —2+-). 2.60
LD 47I'h2(1 + XM>3/2 KE ( + 2) ( )

In the equation above, k is an arbitrary inverse length scale appearing for dimensional
reasons. We notice that if the spectrum E, had been gapped, the gap would have appeared
in place of k [1]. The parameter y defined in Eq. (2.21) depends only on the ratio g2/go,
then its dimension is not affected by the shifting to D = 2 — € [28]. Up to the leading order
1/e, T'(—2+4¢€/2) = 1/e+ O(1), so

oY m p?
LD  4xh2 (14 xp)3/2 ene

(2.61)

We then have isolated the divergence as a single pole in €. Notice now that, in D = 2 — ¢,

the whole zero-temperature grand potential can be expressed as

00 O Q(O) 2
_tmf % M : (2.62)
0 T IP T IP T 2 (u k)
where the running coupling constant is given by
1 1
m (2.63)

& (p kye)  gore  2wh2(1 4 xp)3/? exe
By following the renormalization recipe, the flow equation for the running constant reads

1 dg?"(“? R, 6) _ € + m
E2(p, Ky €) dr o gokSTL T 2mh2(1 4 xpu)3/2 ket

(2.64)
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which becomes, in the limit € — 0T,

1 d¢,(u, K, 0) m

= _ 2.65

&, ,0)  dk 2mh2(1 + xp)*/? k (2:65)
The equation above is immediate to solve, leading us to
1 1 m

— =— 1 — . 2.66

& A0) & 0) 2nR (T )2 (m) 1250

The parameter A can be regarded as a high-energy cutoff, namely h2A2/(2m) = e,, so
1/&(u, A,0) = 0. This choice implies the crucial fact that now the regulator s corresponds
to the actual energy of the system, in the sense that 72k2/(2m) = p. Thus, by collecting all

the pieces, for D — 2 (i.e. € — 0T) the zero-temperature grand potential has the following

00 m p? EA
= — ! — . 2.67
L? Seh2(L+ )Pl ( [ ) (267)

structure

The high-energy cutoff was computed for the first time in [115], so we set it at the value

4h?

ma?2 e2v+1/2 (2:68)

EA =

with 7 ~ 0.5772 being the Euler-Mascheroni constant. In [28], it has been also underlined
that, given a two-body interaction potential, the s-wave scattering length can be extracted
from the corresponding phase shift dy(q), which in two dimensions obeys to

cot[do(q)] ~ %log <gasev> (2.69)

up to O(q?) contributions. As a consistency check, we underline that by switching off finite-
range corrections, i.e. x = 0 in (2.67), one recovers the Popov result [116, 117].

As evident from its definition in Eq. (2.21), the parameter y weights the deviations from
universality due to the finite-range character of the interaction potential. It is interesting
then to give at least a rough estimation of the finite-range relevance, by comparing Eq. (2.67)

to its zero-range counterpart. By recalling the definition of R in Eq. (2.57), one has

(2.70)

QO (p, x) — QO (u, x = 0)
Q) (Nﬂ X = O)

~ ‘

1 ‘ 1272 nR?

(L+xw?2 | [log(na?)|
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Besides Eq. (2.57), in the equation above we have considered the leading contribution to the

chemical potential p, namely

8wh?n
= 2.71
N llognad) (2T
arising from the inversion of the number equation n(y) = —L729,02) (u). When R is

comparable to the scattering length, finite-range effects become sizable. Indeed [28], for
8TRb atoms one has R ~ 10~® m, while a, can be be widely tuned via Feshbach resonances
[118] to, for instance, as = 1,4 - 1071 m. As a consequence, nR? ~ 5-102 against the two-
dimensional gas parameter na? ~ 107°. In this regime, Eq. (2.70) gives back a correction

to the pressure of ~ 20%.









GROUND-STATE PROPERTIES AND QUANTUM
DROPLETS IN BOSE MIXTURES

In this third chapter, we are going to present the effects of quantum fluctuations in the
equation of state of ultracold and dilute mixtures made by two different bosonic species.
In particular, we are going to focus on Bose gases where atoms of the same species are in
two different hyperfine states. This also offers the possibility to turn on a Rabi coupling
between them, driving the flipping of atoms from one state to the other. We analyze both
the cases and underline the eventual differences. Moreover, in the case of attractive inter-
species interaction, a striking novel phenomenon can occur. Indeed, it has been recently
observed that quantum fluctuations can drive the stabilization of a collapsing mixture into
a self-bound state with finite equilibrium density also in free space. Through an effective
variational formalism, we will be able to characterize the droplet in terms of its static and

dynamical properties.
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m 3.1 A first approach to multicomponent quantum fluids

Throughout the preceding two chapters, we have dealt with bosonic superfluids made
of only one atomic species. However, immediately after the groundbreaking results with
alkali atoms [31, 32], an intense experimental effort was devoted in reaching the quantum
degeneracy limit also with multicomponent bosonic gases [119, 120, 121]. A bosonic mixtures
can be made of different atomic species or atoms of the same element in different hyperfine
states.

The great interest in multicomponent quantum fluids steams from their rich phenomenol-
ogy which is basically due to the spinorial nature of the order parameter. The first theoret-
ical analysis [122] was developed between the boundaries of Landau hydrodynamic picture
[35, 123, 124, 125]. Among the following theoretical development for coupled superfluids, it
is surely worth to mention the result by Andreev and Bashkin [126]: by correcting a mis-
take in the Khalatnikov equations [122], they predicted that a mutual drag force has to act
between the two superfluid species. Unfortunately, until the advent of ultracold and dilute
atomic gases, the research on multicomponent superfluid systems were confined mostly on
the theoretical side. The reason lies on the diluteness criterion of 3He, which does not allow
the revealing of fermionic superfluidity [36].

Mixtures made of atomic gases provide much more flexibility for the same reasons listed
on the previous chapter. We have exquisite control on the experimental parameters, screening
on noise coming from the external environment and temperatures down to the nanokelvin
scale. Within the quantum degeneracy regime, multicomponent condensates can be used to
explore the dynamics of quantum spinors and the related physical effects. All around the
world, a wide range of spinorial quantum fluids can now be engineered to probe an interesting
and exotic phenomenology. Indeed, besides the above mentioned Andreev-Bashkin effect,
one can explore the arising of persistent supercurrents, internal Josephson dynamics [127,
128, 129] and itinerant ferromagnetism in fermionic mixtures [130, 131]. Moreover, ultracold
atomic mixtures have been proved to be an effective platform for quantum simulations of
cosmological topics, from analog of the Hawking radiation [132, 133, 134] to the inflaton
tunneling from a false vacuum [135, 136, 137].

As clear from the vast literature we have mentioned, the intense scientific interest in
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multicomponent atomic fluids is in part due to the possibility of working with the same
atomic species, but in different hyperfine states. In these setups, one can turn on a coherent
coupling between the internal states. Moreover, at least for alkali atoms, experimentalists
have been able to classify the properties of scattering processes between different internal
states. Thus, for binary mixtures, it is possible to tune the strength of three different
interactions: two intra-components processes and the inter-component one. In this way, one
can explore a more complex picture than the one displayed by single-component systems.
Indeed, in the latter we have a black-or-white situation, since, according to the sign of the
scattering length, the effective interaction is repulsive or attractive. A condensed cloud has
stable configurations for a repulsive two-body potential (i.e. as > 0). On the contrary an
atom-atom effective attraction (as < 0) produces an instability moving the system towards
states with increasingly higher density [33], until three-body recombinations kick all atoms
out the confining potential.

On the contrary, the interplay between interactions in binary mixtures requires much
more attention in drawing the stability threshold for the mean-field ground states. In order

to understand this important point we begin by considering a simple theoretical analysis.

3.1.1 The miscibility criterion for binary mixtures

Since we are still dealing with weakly interacting and dilute systems, it is natural to
move from a simple generalization of the Gross-Pitaevskii description. For now, we consider
a fixed number N of atoms and no internal coupling between the condensates. We then start

by writing down the following zero-temperature energy functional [36]

E[y1,12) /dS >

1=1,2

|:¢'L(_+V;ext+ gu‘%})¢i+9i,3—i\¢i\2\w3_i\2 . (3.1)

In the equation above, 1)1 and 15 are the order parameters of the two condensates composing
the mixture, mq and mo specify the atomic masses and we acknoledge the fact that, generally,
the confining potentials Vi ext and Vo ex can differ from each other. Concerning the atom-
atom interaction, for the intra-component coupling we have the usual g; = 47rh2a,;i/mi
for i = 1,2, while the inter-component one is defined as gio = 27h%a12/Mye, With my =

mima/(m1 +mz) being the reduced mass. In order to ensure the intra-component stability,
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thoughtout the chapter we assume a repulsive interaction between atoms of the same species
[138, 139]. Based on detailed analysis on Feshbach resonances, this proves to be a reliable
and practical assumption, since we can use a2 as a single knob to change the character of

the effective global interaction.

In Eq. (3.1) we made another simplifying assumption by neglecting the coupling be-
tween the velocity fields defined as v; = AV#6;/m in sec. 1.4. This hypothesis prevents
us from describing phenomena based on the relative motion between the components, such
as the Andreev-Bashkin effect. For those interested in the understanding of this elusive

phenomenon in dilute atomic gases, we refer to the recent analysis in [140].

It is easy to derive the set of coupled Gross-Pitaevskii equations by minimizing the

functional E[1, 2] in Eq. (3.1). From

. SEb: s
ihiyy = SEWn sl g i o (3.2)
01,
one can easily arrive to
o v 2 2
ihj = | = 5=+ Viext(t) + 93505 + gy8-5 w55 |5 - (33)
J

Obviously, within a quantum field theory perspective, the equation above can be derived
from an Euclidean action as defined in Eq. (1.23), where the order parameter has a spinorial
nature instead of being a scalar quantity. Then, by applying the saddle-point recipe, we
can recover Eq. (3.3) as the equation describing the dynamics of the classical trajectory
contributing to the partition function Z = [ D[¥, ¥] exp(—S[¥, ¥]/h). We will soon deepen
the path integral approach in the proceeding of the chapter, but for now we focus on Eq.
(3.1). In order to further simplify this functional, one can assume the fields as constant
and homogenous or, equivalently, that the confining potentials are simply a box. Despite
appearing as a textbook approximation, box potentials are now experimentally available to

probe uniform configuration properties [127].

From simple energetic considerations, one can inferred that two uniform condensates can

arrange themselves in two different ground states. We can have a miscible configuration,
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where the energy density is given by

Emix 1
73 = 72[,6 E |:gZZNz2 + gi,3—iNiN3—i (34)
1=1,2

)

and L is the side of the box enclosing the system. On the other hand, a ground-state where
the two components are separated in space is likewise possible. In this case, the energy

density reads

FEeep 1 N?
3 = 2 9y (3.5)
i—1,2 i

with V; the volume occupied by the i-component, so L? = V; + V5. Mechanical stability
requires that 0Fsc,/0V) = 0Fgep/0Va, resulting in [36]

N\ 2 Ny \ 2
— ] = — . 3.6
911<V1> 922<V2> ( )

Thanks to the equation above, Eq. (3.5) can then be expressed in terms of L3, namely

E 1
I3 = 376 [guNf + /Gl NiNgi} . (3.7)
i=1,2

Miscibility occurs where Epmix < FEgep, therefore a comparison between Eq. (3.4) and Eq.
(3.7) leads us to the criterion g2 < \/gr1g22. However, this is not enough, since we have
to also impose that the system is robust against density fluctuations. Technically, this
corresponds to require that the Hessian matrix 0% Emix J/ON1ONj3 is defined positive. Being a
2 x 2 matrix, it is sufficient to check that its determinant is positive. At the end, the criterion

for a stable miscible configuration is given by

l912] < V911922 - (3.8)

When g12 > /911922 the mixture is unstable towards a phase separated configuration. On
the other hand, for a strong enough inter-component attraction, i.e. g12 < —,/g11g22 the
intra-component repulsion does not manage to counterbalance it and the mixtures is unstable
towards higher density configuration. We then recover the condensate collapse for single-

component systems.
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It is evident that the physics of multicomponent atomic quantum gases is inherently
richer also under the most simplifying hypothesis. Thanks to a similar approach, we can

also derive the ground states configurations in presence of an internal coupling.

3.1.2 Ground states for coherently-coupled mixtures:

a functional approach

In this section, we consider a Bose gas with two relevant hyperfine states in a volume
L? with chemical potential x. In addition to the usual intra- and inter-component contact
interactions, transitions between the two states are induced by an an external coherent Rabi
coupling of frequency wg. As in the previous section, we aim to identify the possible ground-
state configurations and to point out their stability criterion. Despite being mainly interested
in zero-temperature properties we choose to adopt the path integral formalism in imaginary
time which provides, in principle, both zero and finite-temperature informations.

Each bosonic component is described by a complex field ; (i = 1,2). Given the spinor

W = (1p1,12)T [1, 2, 141], the partition function of the system reads:

Z= /D[\Il, ' exp{ - %S[\Il, \i:]} : (3.9)

The Euclidean action S[®, ¥], in terms of spinor components, is given by

S[w, ] = " d*r " vy (ho P G2+ S gis s )
) - 0 3 — i T om H 9 Gii | Yi 5 Gi3—i|¥3—i i
Sy @wrng]

(3.10)
with 8 = 1/(kgT) and g;; = 47h%a;;/m being a;; the scattering length for collisions between
the component i and the j one (specifically a11, age, and aj2). We remark that here we are
considering a mixtures of two hyperfine states of the same atomic species, so m; = ma.

All relevant thermodynamical quantities can be derived from the grand potential Q =
—%ln(Z) . We work in the superfluid phase, where a U(1) gauge symmetry is spontaneously
broken. The presence of the Rabi coupling in the Euclidean action in equation (3.10) implies

that both components do not have a fixed particle number. By generalizing the usual splitting
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of the field in Eq. (1.36), we define
U,(r,7) =v+H(r,7), (3.11)

where v = (vy, UQ)T is the uniform order parameters spinor, whose entries control the onset of
Bose-Einstein condensation within each component. On the other hand, the spinor $(r,7) =

(m(r,7),m2(r,7))T gathers the fluctuations fields above v.

The mean-field plus Gaussian approximation is obtained by expanding equation (3.10) up

to the second order in 7;(r,7) and 7 (r, 7). In this way, one recovers the following structure
S o Sl V] + Sglpt, vi 9] + Sint [, T, v, 9] (3.12)

where S, groups the Gaussian (i.e. quadratic) terms in the fluctuations, while S;,,; the linear
ones. In our searching for the ground states we are now interested in Sy, the contribution

independent from fluctuations.

If we aim to describe the excitations above the ground state configuration in a pertur-
bative framework, the mean-field equation of state can be derived through the well-known
saddle-point approximation. Indeed, the major contribution to thermodynamic quantities
comes from the solution of the classical equation of motion 6.5,,7/6v = 0. Let us recall that,
in principle, the order parameter of the superfluid transition is a complex number. As a

consequence, it admits a density-phase representation (cfr. sec. 1.4)
v; = \/n; ¥ fori=1,2, (3.13)

with n; being the density. By replacing Eq. (3.13) in Syt appearing in Eq. (3.12), the

mean-field thermodynamic potential is given by [142]

Qunep, v1, v2 1 /
mT = Z B (giivf‘ + giz_i v? U?Q,_i) — hwp cos(®)y/vZv3 ; — vl (3.14)

i=1,2

where we made use of Qu¢ = L3(hB3) 1 Smelp, v1,v2] and ® = @1 — @2 + ¢, We assume
that wgp € RT, s0 pu, = 0. From Eq. (3.14) it is immediate to check that the minimum

energy configuration corresponds to cos® = +1, where ¢; — @2 = 0. The configuration
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corresponding to cos ® = —1 is still a stationary point of the action, but it obviously cannot
be a global minimum. Remarkably, coherently-coupled mixtures are a good platform for
quantum simulations of the early universe [135, 136, 137] precisely because of this energy
landscape. Indeed, the coexistence of a global minimum with other stationary points can be
used to simulate the inflaton tunneling from a false vacuum, as described by the renowned

Coleman equation [143, 144].

In the global minimum characterized by cos ® = +1, it is possible to simplify Eq. (3.14)

to
Oy 2 1 4 2,2
I3 = Z — pvy + 2 JiiVi + g12v7v5 — 2hwgvive | . (3.15)
i=1,2
The saddle-point equation of state can now be easily computed, leading us to the following

set of coupled algebraic equations for ¢ = 1, 2:
(gu-v? + gi73_z~v§,i)vi — hwrvs—; = uv; . (3.16)

The character of the possible ground states of a Rabi-coupled binary mixture can be better
understood in terms of the canonical energy density. Up to the mean-field level, v = n;
and v% = ngy with n = n1 + no the total density. For the sake of simplicity we also assume

that g1 = goo. Through a Legendre transform E/L3 = Qu¢/L3 + un, we get then

Emf

1
73 = ig(nz +13) + Gabnany — 2hwry/nany - (3.17)

The equilibrium configuration is a stationary point of Ey¢/L3, corresponding to the solution

of the equation
hwr
NaTy

9 — Gab + (na —mp) =0. (3.18)

By means of the population imbalance between the species A = n, — ny, it is possible to
characterize the equilibrium configurations in a very transparent way. In terms of A, the

solutions of equation (3.18) are given by [142]

Symmetric Ground State : A=0

™~ 2 (3.19)
Polarized Ground State : A= :l:n\/ 1-— [R] .
n(g - gab)
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As in the previous section, a crucial-point concerns the stability of the stationary points
in Eq. (3.19). This can be clarified by computing the determinant of the energy density

Hessian matrix (we assume an intra-species repulsion). Over the symmetric ground state,

31—

polarized

symmetric

912/9

! unstable ]

2 P T N RS N R
-2 -1 0 1 2 3 4 5

p/hwr

Figure 3.1: Mean field phase diagram based on the grand potential Qu¢(p, v1,v2) of Eq. (3.15)
under the assumption g;; = go2. In the symmetric ground state the two components appear
with the same particle density |v1|> = |vg|?, whereas in the polarized phase densities are unequal.
Dotted lines represent the asymptotic phase boundaries of the polarized region for large g12/g
and pu/hwpg ratios respectively. For gi12/g < —1 the symmetric solution is unstable in the
thermodynamic limit. The grey region for u < hwg corresponds to the trivial solution |v1]? =
‘U2|2 =0.

one finds
1 62Emf 2hwr
det | w=———| = — . 3.20
e [Lg o, (9+ 9ab) | 9 — gab + (3.20)
By imposing it to be positive, the following stability condition arises [142]
hw
gab < g+ 2= . (3.21)
In the symmetric ground-state, the density in terms of u reads
n/2 = (u+hwr) /(g + gav) - (3.22)

On the other side, for the polarized ground-state, since n = u/g, the normalized imbalance
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equals

é B B 29WR 2
no i\/1 [u(g—gab)] ’ (3:23)

leading to the stability condition
2hwpr

Jab > g. (3.24)

The results of stability analysis of the stationary points of mean-field free energy are reported
in Fig. 3.1. In order to summarize our results, the mean-field picture of coherently-coupled
binary Bose-mixtures provides us two stable ground-state configuration, distinguished by
the population imbalance A. In the symmetric ground state we have A = 0, while a finite
imbalance characterized the polarized one. We remark that [142] the switching on of a
Rabi coupling prevents the system from displaying a separated phase, replaced by a finite
polarization. By assuming equal intra-component repulsion g1; = go2 = ¢g > 0 as for Fig.
3.1, for g12 < —g the attractive component of the interaction processes dominates, driving

the system towards a collapse instability.

® 3.2 Quantum fluctuations and droplets

In this section, we derive the zero-temperature beyond-mean-field equation of state for a
binary Bose mixture. We take into account quantum fluctuations above the ground state up
to the Gaussian (i.e. quadratic) order. The lowest-energy configurations have been identified

in the previous section.

3.2.1 Quantum fluctuations and droplets: the case wrp =0

We consider here a binary mixtures made of bosonic atoms in two different hyperfine
states, in absence of internal coupling (wr = 0). We also assume that the miscibility condi-

tion in Eq. (3.8) holds. The Euclidean action describing the mixtures is then given by

S, ¥ = /ﬁh dT/ d’r Z oy (ﬁar VR i + lgz‘z‘\%‘!z + lgi 3—i!1/13—i|2> P
0 L = l . 2 27
(3.25)
where ¥ = (¢1,42)". We underline that the equation above is similar to Eq. (3.10) with

wr = 0 and another relevant difference. Indeed, since no states flipping is allowed, it is



3.2. Quantum fluctuations and droplets 91

possible to define a chemical potential p for each component. The mean-field plus Gaussian
approximation is obtained by replacing the spinor ¥ with Eq. (3.11), resulting in a structure
like the one in Eq. (3.12). In absence of internal coupling, the mean-field contribution,
independent from the fluctuations fields, is given by

1 1
S = ﬁ,@LS Z |:— Miv? + 5 giﬂ}? + B Gi3—i ’1)22 ’U%_i . (3.26)
i=1,2

The corresponding thermodynamic contribution is derived by noticing that, at this level,
Qume/L? = (hB) 1S Therefore, by assuming that v? ~ n;, Eq. (3.26) leads to Eq. (3.4),
which was derived in sec. 3.1.1 by generalizing the Gross-Pitaevskii energy functional [36].
Let us also notice that in Eq. (3.26) we assume uniform condensates. The corresponding

equation of state can be found by solving §Sy/dv; = 0, resulting in
_ 2 2
Hi = 9iV; + gi,3—iV3_; - (3.27)

We then proceed by consider the role played by fluctuations above the ground-state specified
by the saddle-point result in Eq. (3.27). By definition, this erases terms linear in n; and n*,

i.e. Sint =0 in Eq. (3.12). Moving to Gaussian terms, in real space we find

Bh bl h2v2
Sg :/O dT/d3r Z |:77:K <haT — o + 291‘2‘%‘2 + gi,g_,;v%_i — ui> n;i+
=12 (3.28)

8h
(nin; +mm)} +/ df/d?’r[glszz(mnz + 02 + mns +7ﬁn§)} :
0

2
9i3Y;

M

In the Fourier space, we can cast the quadratic action in Eq. (3.28) as

5[ 00), Wl )] =~ 3 Wh(q,0,) 7 (3.29)

qQ,wWn

where ¥ and W are the spinors, {wy,}, is the set of bosonic Matsubara frequencies and the

4 x 4 matrix M is the inverse of the propagator [2]. We can rename 2 x 2 blocks composing
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this matrix as [141]:

—hG7 (q, wn hy
— AM(q, wn) = 91 (@) 12 . (3.30)

h¥12 —1iG5  (d, wn)
The diagonal blocks corresponds to the (inverse) propagator for a species taken singularly,
whose structure [1, 2] has been analyzed in Chap. 1. Then, it is immediate to write down
—thwn + hi givi

—hg; ! = , (3.31)
giU; —Hﬁwn + hl

where
‘i2q2 2 2
h; = Tm +29iv; + 9i,3-iv3_; — i - (3'32)

On the other hand, the off-diagonal blocks of Eq. (3.30), coupling two different hyperfine

states, are given by

1 1
h¥12 = g12 v1 v2 : (3.33)
1 1
In order to compute the zero-point energy, we can define the matrix E(q) = —AM(q,0)

whose eigenvalues give us back the collective excitation spectra [145, 146]. As underlined in
[2, 10, 141] the matrix E(q) has to be diagonalized by keeping in mind the bosonic nature of
excitations, which means that the eigenvectors entries have to satisfy a bosonic commutation

relation; this can be achieved by diagonalizing not E(q), but instead I - E(q), where

(o @2
Oy o2

I=

with o, being the third Pauli matrices and O the 2 x 2 null matrix. The resulting algebraic

system is

1 E(q)]ve(q) = Ex(q)v(q) . (3.34)

The matrices product in the equation above can be write down by recalling Eq. (3.32)
and the saddle-point result in Eq. (3.27). In presence of internal coupling between the

component, i.e. wr # 0 in Eq. (3.10), we are going to obtain a similar structure for the
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propagator. It is then worthwhile to write down the matrix of the eigensystem in Eq. (3.34),

namely
h1 g1 v} g12v1v2 12 U1V2
2
—g11v —hy —g12 V102 —g12 V1V2
I-E(q) = ! . |- (3.35)
g12v1v2  g12 V102 ha 92203
—g12V1Vs  —@12 V102 —ga2vs —hs

Instead of solving Eq. (3.34), the eigenenergies of I-E(q) can be derived in a less demanding
way from the corresponding secular equation det []I ‘E(q)— )\12] = 0. Within the Bogoliubov
regime, where the condensate depletion is small, one can approximate v? ~ n;. Thus, the

resulting excitation spectrum has two branches, namely

1 1 2 | gir2ning
Ex(q) = \/ 5 (Bl + Elep) + \/ (Bl = Blp)” + = 5= hlg" . (336)

m2

In the equation above, F,.; is the Bogoliubov spectrum for the i*h-component

h2 2 hQ 2
Esc,z' = \/q (q + 2g”n2> . (337)

2m \ 2m

Despite the fact that Eq. (3.36) was derived for the first time in 1963 by Larsen [147],
we underline our alternative approach based on functional integration. In addition, both
branches of the Bogoliubov spectrum are gapless, since the original Hamiltonian (or the
Euclidean action in Eq. (3.25)) has a U(1) x U(1) symmetry. This means that two Goldstone
modes arise within the broken-symmetry phase. On the contrary, when the internal coupling

is turned on, a U(1) gauge symmetry holds, so we will expect only one gapless branch.

Our scheme aims include quantum fluctuations within the thermodynamic description of
the system. Up to the Gaussian level, the zero-temperature grand potential corresponds to
the zero-point energy of collective excitations. By extending Eq. (1.47) to our two-branches

spectrum in Eq. (3.36), one finds that

—5 =35 | s lBr@+E-(9)] . (3.38)

P 1 / d3q
(27)3

As expected, the zero-point energy is UV-divergent. Anyway, since the branches of the
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Bogoliubov spectrum are both gapless, nothing prevents us from applying the dimensional
regularization scheme to Eq. (3.38). The calculation proceed exactly in the same fashion as

in sec. 1.3.2, leading us to

B _ 8 (m\"? (911”1)5/22 Ly dmnz () gmme)* dghng 172 (3.39)
I3~ 15m2 \ 2 12 o

2
T giim gini g1

The equation above is the binary-mixtures generalization of the Lee-Huang-Yang correction
in single-component condensed Bose gases [16, 17]. The same result can be derived within a

second-quantization framework by making use of the Bogoliubov canonical transformation.

We also remark that dimensional regularization is not the only strategy to heal the
divergent behavior of the integral in Eq. (3.38). By following [2], regularizing counterterms
can appear for two reasons. First, as explained in 1.2.1, it is possible to add a convergence
factor en?" to the Gaussian action in the Fourier space (cfr. Eq. (3.29) and the following
ones). The remaining divergent terms are removed by renormalizing the scattering length

[8]. Indeed, from second-quantized scattering theory [10], one easily derived that

(3.40)

mgii,0 d*q 1
Gii =~ Gi5,0 + —-

A2 (27T)3 q2

with gi; 0 = 47h*as/m. Following this path, Eq. (3.38) is modified into [97]

Eg(JO) 1 d*q hq? mgZin? + mg; 3-_in; n3_;
Ze o _ 2 E E_(q)— (— g — —Jinl ’ ) . (3.41
27 =3 [ G @+ B0 T (o o (3.41)

which correctly gives back Eq. (3.39) obtained with dimensional regularization.

Differently from the single-component case, we are going to detail in the following that the
quantum fluctuations contribution in Eq. (3.39) is not confined to perturbative deviations
of thermodynamic quantities from the mean-field picture. On the contrary, in a recent and
ground-breaking paper [97], Petrov argued they can crucially influence the system stability

against the collapse.

By following his argument, we have to remember the mean-field stability criterion for a
miscible mixture in Eq. (3.8), namely g%, < g11g22 with g11 > 0 and geo > 0. The Gaussian

correction Eéo) /L3 is computed in the miscible uniform ground state where Eq. (3.8) holds.
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We now consider our system to be on the mean-field instability threshold (g7, = g11922)
or slightly beyond it. We characterize its position in the space of coupling constants by

defining
Ag = g12 + V911922 (3.42)

a definition basically involving the scattering lengths. In the following we consider slightly
unstable configuration, in the sense that Ag is negative but small compared to g11 and goo.
This instability can be easily understood by diagonalizing Eq. (3.4) expressed in terms of
density. It results that

E g1 912 n1
== (1 o) =Y ean? (3.43)
gi12 G922 n2 a=1,|
where )
ni14/911 — N24/G22
&4 5(911 +g22) and np =

V911 + g22 (3.44)
Ag./g11922 n1./g11 + n2./g22 '
g ———= and n| = .
g11 + g22 V911 + 922

The eigensystem highlights that, from an energetic point of view, n; has to be increased

while, on the contrary, one must lower ns. Remarkably, up to the mean-field level, the
ratio between the components densities remains constant, namely ng/n; = \/M . Thus,
when Ag < 0 the system evolves towards the collapse. Within the Bogoliubov scheme, this
instability is signalled by the branch F_(gq) in Eq. (3.36) becoming imaginary for small
momenta (or long wavelength in the real space). However, Petrov noticed [97] that the
major contribution to the Gaussian correction Eéo) comes from high momenta (i.e. short

wavelengths) where the dependence on Ag is weak. The resulting density growth o nb/2

dominates the collapsing mean-field contribution oc n?: the mean-field instability at long

wavelengths is consequently inhibited by quantum fluctuations at shorter wavelength.

Petrov showed that, in order to model the system slighty beyond the mean-field stability
threshold Ag = 0, an effective action can be derived by considering only F,(g) in comput-
ing E!(JO). This means that one has first to integrate out the high-momentum modes. As
second step, the collapsing branch E_(q) can be computed at g3, = g11g22 by considering

(imaginary) corrections < Ag as negligible. Under this assumption, Eq. (3.39) is simplified
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to [148]

E(O) 8 3/2
eff m 5/2
13 = Toa2 <h2> (91171 + gama) ™. (3.45)
Let us note that the quantum fluctuations correction is positive, counterbalancing the attrac-
tion of the negative mean-field term. Because of this interplay, it is possible for the mixture to

survive at finite density also in absence of an external trapping. If Ee(?f) /L3 = [Emix—kEg(,O)} /L3,

the lowest-energy configuration reads

n(O) _ 25T (a12 + m>2 (3.46)
¢ 1024 allagzaii(\/m + \/@)5 ' '

Omitting the numerical prefactors, the structure of the energy functional at zero temperature
also reads an interesting asymptotic behaviour for the equilibrium density n(?). Indeed,
it can be checked that n(®) in Eq. (3.46) is o« a=3(Ag/g)?. This is interesting because,
provided (Ag/g)? <, it implies that the stabilized configuration is still diluted, i.e. na® < 1.
Obviously, this analysis holds at the thermodynamic limit. For a finite number of atoms,
the finite-density configuration of Eq. (3.46) is replaced by the so-called droplet state [97,
98, 101, 148]. In analogy with the Gross-Pitaevskii energy functional (cfr. Eq. (3.1)),
each component can be represented by a complex field ¥; whose dynamics results from the
following real-time low-energy effective action

S = / drd’r| Y- M oy — 007 — Eun (1, %)) . (3.47)

, 2
7=1,2

under the normalization n; = ]%\2. The total energy density oy reads

h? 1
ea= 3 [V Ve I+ Sl

i=12 (3.48)

+ g12|¥ 2| |* + E(¥1, W) |

where we have included also the possibility to turn on an external potential Ve (r). The

beyond-mean-field term & arises from the zero-point energy of Bogoliubov collective exci-
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tations [147, 97]. It is then modelled around Eq. (3.39), reading

8 /m\3/2 5/2 gy gaamao
_ m g22n2 3.49
& 1572 (h2> (gum)""f g11922° giima (3.49)

with f(z,y) =Y 4 [1+y++/(1 —y)2 + 4xy]°/?/(44/2). By applying the saddle-point method

to Eq. (3.47), it is immediate to derive the set of generalized Gross-Pitaevskii equation

., O0V; h?v?
Zﬁait] = |:— W + ‘/ext + ,LLJ(WL LDQ):| wl (350)
with
5,
i = g;ji¥1 + g12¥2 + . (3.51)
J

Under Petrov assumption, by computing the beyond-mean-field term at g2, = g11g22, the

correction to Eq. (3.50) can be considered in the following simplified form

3/2

o0& 32
5 <a11\11/1]2 + CL22|EP2|2> : (3.52)

ony A
The set of Eq. (3.50) with the correction Eq. (3.52) was first solved in [148], both in real and
imaginary times. Remarkably, the real-time dynamics confirmed that the condensate collapse
can be prevented by including the 6&,/0n; given by Eq. (3.52). Moreover, simulations based
on Eq. (3.50) are in good agreement with experimental observation [101, 148] for mixtures
of 3K atoms in the hyperfine states |1) = |F = 1,mp = —1) and [2) = |F = 1,mp = 0).
While in [101, 148] we have the first direct confirmation of Petrov’s theoretical proposal for
collapsing binary mixtures, the stabilizing role of quantum fluctuations has been investigated
also in dipolar condensates. In [149, 150, 151] it was shown that self-bound structures
can appear by including the Gaussian contribution of quantum fluctuations in the Gross-

Pitaevskii equation.

3.2.2 Self-bound states classification for wyp = 0:

The case of the soliton-droplet crossover

In this section, we aim to achieve a deeper insight in the peculiar features of this novel

droplet state predicted in [97, 98]. From a theoretical point of view, the appearance of this
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unexpected phase has an intrisically quantum nature, since quantum fluctuations control its
formation. Their inclusion in the thermodynamic picture provides a sort of quantum pressure
preventing the instability towards the collapse. Within a mean-field frame, the collapse
occurs when inter-component attraction is dominant, i.e. Ag < 0. Experiments confirming
Petrov’s guess [101, 148] are, actually, the most effective way to probe the existence and the
properties of quantum fluctuations. It is then clear why this proposal has resonated so much
within the atomic physics community.

At the same time, another self-bound state, the bright soliton, has been observed and
studied in Bose-Einstein condensates for a much longer time. A soliton, or groups of solitons,
can appear because of sudden quenches in the interaction strength or, more generally, as
excitations in confined geometries with reduced dimensionalities. In principle, only pure
one-dimensional systems can sustain stable solitons. When the atom-atom interaction is
repulsive (self-defocusing non-linearity) one recovers localized dark solitons, while attractive
condensates (self-focusing non-linearity) can display bright solitons. For an exhaustive and
detailed review, we point the reader to [152]. We only mention that solitons can be studied
also in three-dimensional setups by means of optical waveguides or cigar-shaped trapping
potential which are able to stabilize them.

Here, inspired by the recent Tarruell’s group experiment [153] in Barcelona, we proceed
to characterize the droplet state by comparing it to the solitonic one. In [153], the formation
of dilute self-bound states in a two-component BEC was studied in a tight optical waveguide.
Interestingly, above a critical value of the magnetic field a smooth crossover interpolating
between droplets and bright soliton states was observed. Below such critical magnetic field
and for small particle numbers a bistable region is detected, corresponding to different min-
ima of the energy functional. As underlined above, droplets and solitons appear because
of different mechanisms: for the droplets, an interplay between mean-field attraction and
fluctuations repulsion, while solitons are genuine system excitations.

In the following we are going to analyze the structural properties and the collective modes
of droplets and soliton confined in an optical waveguide. In order to properly distinguish
these two types of self-bound states, we have to recall that collective modes acts as a tool to
characterize the behavior of an ultracold atomic gas. In presence of non-local interactions,

such as soft-core [154, 155, 156] or dipolar potentials [149, 151], collective modes are cru-
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cial in detecting quantum phase transitions from uniform ground states to more structured

configurations.

Binary systems naturally support modes where the two components move in phase, such
as monopole and quadrupole oscillations. They are expected to be the lowest energy exci-
tations and their analysis can be greatly simplified by assuming that, over the oscillation
period, the components occupy the same spatial mode. More interestingly, the spinorial na-
ture of the order parameter allows nontrivial collective modes where the internal components
move out of phase around the equilibrium configuration. The simplest case is represented by
the so-called spin-dipole excitation. For a repulsive two-component Bose gas the spin-dipole
oscillation frequency depends crucially on the presence of an external confining potential as
well as on the reciprocal interaction strength. They were recently characterized in an exper-
iment in Trento [157]. On the contrary, for attractive binary mixtures, we observe [158] that
spin-dipole oscillations may take place even in the absence of an external potential. In this
case, the inter-component attraction plays the role of the restoring force, without the need

to superimpose an external trapping.

For a binary Bose mixtures made of atoms in two different hyperfine states in a volume
L3, the starting point of our analysis is the real-time low-energy effetive action in Eq. (3.47).
For the sake of clarity, we report it below

S = /dtd3r[ > %(wj&ewj — U;0,07) —Stot(u‘/l,wz)} ,
j=1,2
where o is given by Eq. (3.48). We recall that Vi (r) is the confining potential, while
gk = Amh*aj/m. The fields are normalized to the species density, i.e. |¥;|*> = n;. The total
energy density &ior includes the Gaussian contribution of quantum fluctuations &;, given
by Eq. (3.49). As anticipated, an analysis of in-phase collective excitations can be greatly
simplified by assuming that the fields share the same spatial configuration. This means that

we can redefine

¥ = /nj é(r,t) for j =1, 2. (3.53)

This assumption neglects the inter-component dynamics, resulting inadequate to probe, for

example, spin-dipole oscillations. The minima of mean-field energy density Eq. (3.4) fix the
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ratio between the components of the population at which the spatial overlap is maximized,
i.e. Ni/Ny = y/az/an [97, 153], which we assume from now on. Moreover, we slightly

modify our notation by defining

Aa = a1 + Vai1ass , (3.54)

instead of Ag in Eq. (3.42). By replacing Eq. (3.53) in Eq. (3.48), in terms of the scattering

lengths we get

R ngo drh?  Aay/
Erot = ntt‘v¢‘2+nmtvext(r)}¢’2+ u ayaz/on Qntot‘¢|4

2
m m (1 + \/a22/a11)
I 256ﬁh2< Ntot+/A11022 )5/2f< a%z 0122>|¢‘5
15m 1+ /asa/a11 araze’ \ an ’

with niot = n1+ns the total density. In order to properly model the experiment performed in

(3.55)

[153] we assume a harmonic confinement on the transverse plane, namely Vext = %mwi (2% +
y?). In the following, all lengths are in units of a; and energies in units of fw /. Scattering
lengths will be rescaled in units of the Bohr radius ag for convenience. The beyond-mean-
field phase diagram and the static properties of the ground-state configurations have been

studied in [101, 148].

The variational framework provides a possibility to analytically explore the properties of

the system. Here, we take a Gaussian ansatz

L3 r?
r)=4/—5——¢€ — : 3.56
ot0) = |z P ) (3.56)
whose variational parameters are o, 0, and o,. The original condition ||¢||*> = N is pre-
served by the prefactors in Eq. (3.56). By replacing it in Eq. (3.55) and taking the infinite

volume limit, the variational energy per particle is given by [153]

Nhw, 4

E _1<i 1+1>+&%+5§+ 2N Aa \/&22/&11
62 62 02 4 V276,66 ——\?
z Y z zCyTz (1 + azz/an)
122 N3/ < Vi )5/2 f< Ge a22>
75v5rT/4 (6,6.5.)3/2 \ 1 + Vaga /a1 apase’ V an /)

(3.57)
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In the equation above the tilde signals a length in units of a . By considering K atoms
[138], the condition Aa < 0 can be achieved via Feshbach resonances by tuning only one of
the three scattering lengths while leaving the others fixed. At the end of this section, we
will provide a little more details on the experimental numbers. Both droplets and solitons
can be observed because of the simultaneous presence of quantum fluctuations and external
confinement.

For low particles number or, equivalently small values of |Aa|, the system is in the
so-called solitonic state, whose shape crucially depends on the trapping profile. Indeed,
oy = 0y ~ a, while o, is much greater. Beyond-mean-field corrections are not necessary
for the stability of this state. This is confirmed by the good agreement between mean-field
simulations [159] and quantities like energy and density profiles.

The situation changes by increasing the particle number or lowering Aa. Within these
regimes, the ground state is isotropic, i.e. (0, = 0y = 0, < a ) and, more importantly, it is
not affected by the aspect ratios of the external confinement. This self-bound state can be
predicted only by taking into account the contribution of Gaussian quantum fluctuations in
the variational energy, see Eq. (3.49).

The results of our variational analysis based on Eq. (3.56) are reported in Fig.3.2 where
we plot the width as a function of N at fixed values of Aa (panels Fig. 3.2(a)-(c)) and, in
turn, as a function of Aa for fixed values of N (panels Fig. 3.2(d)-(f)). At fixed Aa, the
system approaches the droplet state by increasing the particle number. In order to reach a
pure isotropic state, the effective mean-field attraction, i.e. Aa, has to be strong enough.
For example, at Aa = —5.1ag, 0, remains two times larger than the radial width even at
N = 10000, while for Aa = —10.6 ag the system approaches a spherical configuration already
at N ~ 5000 particles. For weak attractive interactions (small negative Aa) the shift from one
bound state to the other occurs via a smooth crossover (see Fig. 3.2 for Aa = —8.7ag). At
stronger interactions (large negative Aa) the system undergoes a bistability where competing
minima are present in the energy functional leading to a sharp structural change of the
condensate as in Fig. 3.2 at Aa = —10.6 ag [153]. A similar picture emerges by considering a
fixed particles number and tuning the effective mean-field attraction as in the panels (d)-(f)
of Fig. 3.2.

Beyond the structural properties of the ground state summarized in Fig. (3.2), a deeper



102 3.2. Quantum fluctuations and droplets

—10.6&0—
— ]
-]
~—
2 i
o) 7]
— ]
E 0 l l | L1 | I
Q 8
S 6
4
2
0
2000 3000 4000 5000 6000 7000 8000 9000 10000
10
8
6
4
— 2
IS 0
~ 4
N
b 3
- 2
—
]
~._ 0
QU A
© 3EHN
2r
1_
0_ |

-8 7 6 5 4
Aa/ag

Figure 3.2: Widths of the ground-state energy predicted by the variational Gaussian energy
in Eq. (3.57). Widths o; with ¢ = z,y, 2z are expressed in units of the oscillator length a;, =
Vh/(mw)) for several values of Aa(ap) (units of the Bohr’s radius). In the plots o, (solid
black line), the gaussian width along the longitudinal direction, and o, (red dashed line) along
the transverse plane. Due to cylindrical symmetry of the confiment, o, = o,. Panels (a)-(c):
Variational widths as a function of the particles number N for three different values of (a)
Aa = —10.6, (b) —8.7, (¢) —5.1. In (a) a sharp change of o, and o, is observed for N =~ 4200
signaling a bistability. Panels (d)-(f): Variational widths as a function of Aa for three different
values of (d) N = 2000, (e) 6000, (f) 10000.
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insight into the differences between solitons and droplets is provided by the collective ex-

citations frequencies. These modes are computed around the minima of E/(Nhw,) of Eq.
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(3.57) with the Gaussian ansatz given by Eq. (3.56). Concerning the excitation frequencies,
the Gaussian approach provides a effective and semi-analytical tool to extract reliable results
throughout a wide range of quantum fluids. For instance, concerning purely one-dimensional
Bose mixtures, a recent and detailed study has been carried out in [160]. There, numerical
solutions of a Gross-Pitaevskii equation were compared to variational Gaussian outcomes.
Moreover, this theoretical recipe was applied to model droplet-like structures and surface
effects in trapped Fermi gases. In [161], density functional simulations well reproduced
variational results.

Three different oscillation modes (wr, wyr, wrrr) are expected by solving the eigenvalue

problem for the Hessian matrix Hess(E) = 821-2;37 - computed at the energy minimum. The

outcomes of our variational calculation are then reported in Fig. 3.3 and 3.4.

The frequency w; (black solid line in Fig. 3.3) can be easily excited along the solitonic
side of the crossover. This feature reflects the absence of confinement along one direction.
The other two modes wyr and wryr (red and green solid line) are degenerate and converge to
~ 2 (in units of fiw, ) as in a weakly interacting BEC [159]. The degeneracy is an obvious
consequence of the cylindrical symmetry of the radial confinement. This structure is clearly
represented in panel (d) of Fig. 3.3, where mode frequencies are depicted for the N = 2000
case: wyr = wrrr =~ 2, two order of magnitude higher than w;. This property survives in
the solitonic side of the crossover also for higher particle numbers or lower values of Aa (cfr.
Fig. 3.3, panels (b), (c¢), (e) and (f)).

In the droplet side of the crossover, Fig. 3.3 also shows the particle-emission-threshold
—u. The chemical potential p is obtained by differentiating the total energy in Eq. (3.55)
with respect to N within the Gaussian ansatz in Eq. (3.56). Throughout the droplet
regime, in place of small amplitude oscillations around the ground state configuration, the
system damps the energy excess by simply expelling particles from the droplet. This peculiar
self-evaporation process has been predicted by Petrov [97] and seems confirmed by the first
experimental check on his proposal [148]. We want to remark the peculiarity of this situation:
for instance, also in the BCS-BEC crossover we are in presence of a negative chemical
potential, but collective modes can be anyway detected. The reason is that Fermi gases
are trapped, while droplets do not effectively sense the presence of the waveguide.

In the solitonic state, ;1 > 0 for every value of Aa, thus wy can be excited and experimen-
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Figure 3.3: Excitation frequencies wy, wrr, wrrr and the particle-emission threshold — g, in units
of hw, as functions of Aa in units of Bohr’s radius ag. The emission threshold (blue triangles)
is shown only in the droplet side of the crossover. The excitation frequencies correspond to the
eigenvalues of the Hessian matrix of Eq. (3.57) Panels (a)-(c): Frequencies as functions of the
particle number N for three different values of the parameter (a) Aa = —10.6, (b) —8.7, (¢) —5.1.
In (b) the grey region denotes the interval of particle numbers where the monopole mode is lower
than the particle emission spectrum in the droplet phase. See also Fig.3.4 for a magnification
of this area. Panels (d)-(f): Frequencies as functions of Aa for three different values of N: (d)
N = 2000, (e) 6000, (f) 10000.
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tally revealed. Its corresponding eigenvector displays the monopole character of wy, since
vy =+a(l,1,1)7T.

Moving to the droplet-side of the crossover, frequencies lie above the emission threshold
in agreement with the prediction of [97, 148]. This implies that excitations of the system
are damped by expelling particles from the droplet in a peculiar self-evaporation process.
We also verified that, for Aa = —5.1a¢ (cfr. Fig. 3.3(c)), upon increasing the particle
number to larger values one enters into the self-evaporation regime (5.2-10* < N < 1.4-10°).
Increasing even more the system size, self-evaporation ceases and the excitations are, at least
in principle, observable. It is also interesting to observe that droplet radial size increases

almost linearly with the particle number already for N > 4 - 10%.
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Figure 3.4: Magnification of the grey region of Fig.3.3(b) with N = 6400 — 7200. In the range
6780 < N < 6950 monopole oscillations (black line-dots) are higher than the particle emission
spectrum (dashed blue line - triangles).

We have described monopole and quadrupole modes as in-phase excitations, meaning that
Eq. (3.53) holds. Obviously, in binary mixtures, this cannot be the whole story. A single-
field approximation neglects by definition the relative dynamics between the components.
The simplest out-of-phase excitation is the so-called spin-dipole oscillation, arising when the
two-components are displaced from the center of the harmonic trap. With the purpose of
a more physically transparent analysis, we add in the following a weak confinement along
the longitudinal axis with an aspect ratio A, = w,/w,. We must then modify the Gaussian

ansatz in Eq. (3.56) to account the displacement of the components. For simplicity, we
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assume it occurs along the z-axis, resulting in the following generalized ansatz

(z — 2)?
202

z

w; = + z’ajz} , (3.58)

73/2020,
where the fields ¥; and ¥ obey the normalization condition [ d®r|¥;|? = Nj;. In the equation
above we have assumed cylindrical symmetry o, = o, = o,, while {o;}i—12 describe the
corresponding slopes of {z;}i—12. The set of variational parameters [162, 163] is then given

by {z1, z2, a1, as}. Replacing (3.58) into the action in Eq. (3.47), we derive the Lagrangian

h2N; h°N; /1 1 N;
L= Z { — thZjOZj — J 042 - J ( + > - me(% (203 + )\gdg + 2)‘3%2)
J

om 7 2m \o2 ' 202 4
2 NN Gy—z)”
1 gijj } g12iN1iVo2 €Xp | — 202 Le
22\2m3/2020, 2V/2713/2020, v

(3.59)
The quantum fluctuations contribution in Eq. (3.49) is simplified by assuming g%, = g11922
[148]. This implies the system is close to the mean-field instability threshold [36]. The

Gaussian correction &; to energy density then reads

m3/2 5/2
59 = (ﬁ) /d3r(gll|l/1|2 +922|E[/2|2) / . (360)
Analytical results can be derived by considering a symmetric mixture, where g11 = g¢o9

and consequently N; = Ns. The Euler-Lagrange equation are computed from Eq. (3.59)
via %% — é%- = 0, with q being the vector of variational parameters. Accordingly, the
equation for the slope a; = mz;/h is elementary, so its dynamics it is completely determined

by the one of z;. The resulting (linearized) system of differential equations is then given by

} 2 [ a12h2N 1024 (RN
Z+ ng\gzl = \/;<M> (21 — 22) < 11 71/2 )(zl — 22)

2 23 o 1/4
m*oio; 2571/ m2cic

(3.61)

(21 — 22) .

The equation for z5 is exactly equal to the one for z; except for a global minus sign on the
right hand side. From Egs. (3.61), we can immediately infer the equations of motion for the

center of mass and the relative coordinate Z = z; — zo. The former corresponds to the sum
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Figure 3.5: (Red dots) Spin dipole oscillations frequency and (Blue triangles) single-particle
emission threshold —u for N = 1000, 4000, 10000 particles. For N = 1000 the chemical potential
is positive in the range shown in the figure (soliton regime). In all cases the spin-dipole frequency
is higher than —u by more than one order of magnitude. The plots shown are done with equal
intra-species interaction g;; = gaa.

of the equations for z; and z, resulting in a simple oscillatory motion determined by wg,

(as stated by the Kohn’s theorem). On the other hand, we get that

2=0. (3.62)

In the equation above, wyq is the so-called spin-dipole oscillation frequency. In units of w,

it reads

5 3/2
Yrel _ y2 \/E Ni(asz/ay) | 2048 (an/a)"2Ni” (3.63)
™

2 2,3 1/4 72
wy oo 257l/ ogaz/

By turning off the longitudinal confinement (i.e. A, = 0) and in presence of an effective
mean-field attraction (Aa < 0), the spin-dipole wy is always a positive defined quantity. The

results of our numerical analysis are summarized in Fig. 3.5 for a wide range of interaction
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strengths and three different particle numbers.

Similarly to our study of in-phase excitations, in the droplet side of the crossover we
have to compare the spin-dipole excitation energy to the particle-emission threshold. We
observe that only in the soliton regime spin oscillations become observable (N = 1000). In
the droplet phase self-evaporation is the dominant mechanism.

In Eq. (3.63), we can identify two different contribution to spin-dipole oscillation. First,
we have the mean-field attraction between the components, which is o< a12. Then, we have
the Gaussian quantum fluctuations contribution encoded in &, given by Eq. (3.60). From
its structure, it is evident that it cannot be split into two terms, one for each component.

Self-bound states in binary Bose mixtures are peculiar also for another reason highlighted
by Eq. (3.63): spin-dipole oscillations are not inhibited by turning off the longitudinal
confining. Indeed, a restoring force driving the oscillatory motion is established by the
interplay between mean-field attraction and quantum fluctuations repulsion. This then an
extension from the scenario depicted in [157].

Let us now conclude this section by pointing out the relevant experimental parameters
in the self-bound states classification. Following the original proposal in [97], experiments to
probe quantum droplets in binary Bose mixtures are performed by now with K atoms in
two different internal states, |1) = |F' =1, mp = —1) and |2) = |F = 1,mp = 0). By tuning
the magnetic field between B = 54 + 57.5 G, where a1; = 33.5ap and a12 = —53.6 ag, the
corresponding Feshbach resonance [138] for age provides a wide range of values for Aa, from
—15ag to +10ap. In-phase collective excitations (such as monopole and quadrupole modes)
can be studied in a setup similar to the one develop by the group of L. Tarruell in Barcelona
[153]. Within a variational framework, our results confirm the dominant role played by self-
evaporation along the droplet side of the crossover. Indeed, monopole and quadrupole are
observable, in principle only in a restricted window in the parameters space, as reported in
Fig. (3.4). Moreover, we developed zero-temperature analysis, leaving unanswered every
question about what happens for small, but finite temperatures.

A tighter range of experimental values is required to probe our analytical prediction about
out-of-phase excitations. This is due to the symmetry requirement g1; = goo. As in [67], we
consider the symmetric mean-field ground state given by the condition a1 ~ a2 =~ 33.5ag

at B = 54.5 G, where ajo = —54ag. The experimental protocol is then similar to the one
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proposed in [157], where a supplementary effort has to be devoted to the fine tuning of
the magnetic fields and scattering lengths. The displacement from a state with complete
spatial overlap can be achieved through a magnetic field gradient d B along the longitudinal
axis, generated by two coils in anti-Helmoltz configuration. A longitudinal trapping is not
mandatory to experimentally probe spin-dipole oscillations, because of the peculiar structure
of Gaussian fluctuations contribution to the energy density. From an experimental perspec-
tive, our study may provide a complementary insight to that of [157]. Finally, we mention
that the effect of three-body losses could be included into a full description of the excitation
dynamics. This can done with the inclusion of a term —ih%]d}]‘l in the right side of the

Gross-Pitaevskii equation [164].

3.2.3 Quantum fluctuations and droplets: the case wr # 0

In this section we consider again the case of Rabi-coupled binary Bose mixture as in
sec. 3.1.2. The coherent-coupling between the two hyperfine states enables the flipping of
atoms from one component to the other, as specified by the wg-term in Eq. (3.10). Our
analysis of the possible ground-states of the system leads us to the mean-field phase diagram
in Fig. 3.1. There are two stable lowest-energy configuration according to the minima of
Eq. (3.15): a symmetric ground state, with no population imbalance, and a polarized one,

where nqy — ng # 0.

In the proceeding of the section, we focus on the symmetric ground state (SGS) existing
in presence of Rabi coupling, where v; = v3 = v/v/2 and equal intra-component interaction.

Over this configuration, Eq. (3.15) becomes

QO(M? U)
s e s

1

4(9 + gi2)v! — hwgo? . (3.64)

The important relation between the chemical potential ;1 and the order parameter can now
be derived from Eq. (3.16). Above the (SGS) we have a single equation, reading v? =
2(p+ hwr)/(g + g12). In this case, Eq. (3.64) reduces to

L3 g+ g12
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We have to remark that we are considering the coherently-coupled mixture within a regime
where polarization due to wgr does not occur. The absence of polarization holds also when
Gaussian fluctuations are taken into account. However, this does not mean that the Rabi
coupling is not relevant. Indeed, we are going to show that it still affects the stability of the
balanced configuration on the mean-field threshold separating the SGS from the collapsing

phase.

The zero-temperature Gaussian contribution Qéo) can be computed by means of the usual

machinery outlined in Chap. 1. Because of Rabi-coupling, the Gaussian action S, in Eq.
(3.28) has an additional term, namely [ d7 [ d3r hwg > nins3—1. Moving to the Fourier space,
this implies a slight modification in the 2 x 2 off-diagonal blocks of M(q,w,) given by Eq.
(3.30). Specifically, we find

v2/2 — hw v2/2
B — g12v°/ R g12v°/ ' (3.66)

g120* /2 9120* /2 — hwg
Keeping in mind the modified h¥12 in the equation above, the spectrum of elementary
excitations above the SGS can be obtained by diagonalizing the matrix —Al - M(q, 0), as
in Egs. (3.34) and (3.35). The dependence on the order parameter can be removed by
making use of the saddle-point equation of state. The resulting Bogoliubov spectrum has

two branches:

ﬁ2q2 h2q2
Ey(q) = \/2 [2m +2(p+ hwR)] (3.67)
#i2a2 [H202
Ey(a) = \/Qq [ 2;2 + 2A(M7WR)} + B(p; wr) - (3.68)
By defining
_ %12
€=, (3.69)

as the ratio between the inter-component scattering length and the intra-component one,
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the functions A(u,wpr) and B(u,wg) are given by

A(p,wr) = T+ hwg) + 2hwg (3.70)

1+4e€
1
B(u,wR)—4hQR|:1+ (1 + hwpr) + hwr| - (3.71)

At T = 0 K, the Gaussian grand potential corresponds to the zero-point energy of bosonic
excitations, given by

1

\]

STES () + B (n,0)] (3.72)

By taking the continuum limit, we stumble upon the usual UV divergence. In order to re-
move it and exctract a finite contribution, in this case we do not make use of dimensional
regularization. Instead, we prefer to add a convergence factor in the Matsubara summation,
i.e. in Eq. (3.29), which generates the proper counterterms balancing the polynomial diver-
gences [2, 48, 165]. These counterterms can also be computed by expanding the branches at
high momenta. The zero-temperature beyond-mean-field grand potential is then given by

equation (3.65) plus the regularized zero-point energy, namely

QO() _ (u+hwr)? 8 (m\*? s AP (m\Y
T - et hon +15W2<712> (1 o)™+ ﬁﬁ(rﬂ) Tnwn o) , (3.73)

where

0o B _
I(u,wR,e)—/O+ dy[\f\/y +2y+52 y3/2—f—(f‘22\/;)} . (3.74)

The energy density £ = E©) /L3 is given by £ = Q©) /L34 in with Q©) as in Eq. (3.73), while

n = —%%. In the experimentally relevant limit of small coupling frequencies [134], the

energy density £ has an analytical expression. By rescaling energies in units Eg = h?/ma?

(then hwr = wrER), we get

&
EB/a3

[2m(1—e)]5/2+£@3 2 (1-e)]*?

32
(3.75)

[277i(1+e)] 5/2

8
_ 2 o o
= 77(1—1-6)71 —WRN+ 15r2 5n2

where 7 = na? is the gas parameter. As a consistency check, notice that for wr = 0 one
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recover the Larsen’s zero-temperature equation of state [147]. Concerning the stability of
this symmetric configuration, it is immediate to realize that for |e| > 1 the uniform, balanced,
ground state is not stable. For a strong inter-component repulsion, i.e. € > 1, we expect
a polarizing instability. On the contrary, for € < —1 the term proportional to [(1 + €)7]/2
becomes imaginary. This imaginary term acts as a dissipative mechanism [97, 150]. However,
as for other sources of losses (for instance three-body losses), in order to study the short-time
dynamics, this dissipative term can be neglected if 7 is not too large. In [97], it was shown,
for instance, that the dissipation induced by the imaginary branch acts on much larger time
scale than three-body losses. The latter remains, in any case, the main source of instability
for condensed mixtures. As in sec. 3.2.1, the energy density in Eq. (3.75) displays the

5/2 dependence, competing with mean-field attraction proportional to n2.

Lee-Huang-Yang n
This is exactly the scenario depicted by Petrov in [97, 98] for the case wr = 0 and recently
applied also in dipolar systems [149, 150, 151]. Therefore, for € < —1, the system sustains a
finite equilibrium density also in free space, as opposed to the mean-field collapsing scenario.

By minimizing Eq. (3.75) with respect to n and neglecting the small imaginary term, we

arrive at the following result

2
ni:( 5y/7|1 + €] {1i\/1_179253(1+|e|)4]> | 76)

32v/2(1 + |e[)5/2 15m2 |1+ €2

The solution n_ is a local maximum. The equilibrium value is given by the minimum 7.

2
Rabi frequency is limited by wgr < % (alﬁj)él

in order to make n € R. For larger g there
is only the absolute minimum with zero energy at n = 0, corresponding to an evaporating

mixture, since there is no confining potential.

In sec. 3.2.2 we propose a theoretical approach to model the self-bound droplet state
with a finite number of particles. By assuming that the components share the same spatial
modes, as in Eq. (3.53) we define a space-time dependent complex field ¢(r,t) such that
n(r,t) = ‘¢(r,t)‘2 is the space-time dependent local number density and N = [ dr n(r, ).
The dynamics of ¢(r,t) is controlled by the real-time effective action

ih

Surle" o] = [ ded’s [2 (6006 — 60k9") — Eun(I6°) | - (3.77)
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where Eor = h’22|:i|2 + £O)(|#|?). The term £ (|¢|?) is modelled around the real part of the
energy density in Eq. (3.75). In the upper panel of Fig. 3.6 we plot the droplet density
profile obtained by solving the Gross-Pitaevskii equation associated to Eq. (3.77). The
numerical evolution is performed in imaginary time by varying the number of particles at
wgr/2m = 1 kHz. The solution indeed corresponds to a self-bound spherical droplet whose
radial width increases with the number of atoms. For large atoms numbers, the density
profile displays a plateau approaching the corresponding value in the thermodynamic limit,
specified by equation (3.76). On the contrary, the droplet does not exist for N < 977, and
the mixture evaporates. Further insight into the droplet features is provided by a variational
analysis. Therefore, we impose an Gaussian ansatz for the in-phase field ¢, similar to Eq.

(3.56), namely

/X 3 ~9
~ N X; )
= — " — i a7 3.78
o5 1) 73/4\/515253 “eXp[ 262 +ih xz] (3.78)

The Gaussian width &;(t) and the curvature §;(t) are in units of the intra-component
scattering length a. Here, by setting r = ar and ‘(b‘ =n ‘q3|, the normalization condition is
modified in [ d3f'}<;~5|2 = N. The real particle number is recovered by N = N7. By inserting
equation (3.78) in Eq. (3.77), the Euler-Lagrange equations for the variational parameters
{G:, Bi }i are [162, 163):

- G

Bi =

_E

and &z = —80(5’1,5’2,5’3)/85’1‘ . (379)

The functional U (&1, 09, &3) is given by

_ 1 1 1+¢l N 1 5/2 py3/2 1 3/2 5, N1/2
D)=ty b o AN N A N
i=1 2ai 2y 2”(010203) (5’1&25'3) (5’1&25’3)
where a = 75\}5% and v = 9\/13%. The energy per particle of the ground state is simply

Eys/N = U(6.,) where 6y, is the minimum of the effective potential energy. In absence of
an external trapping, the system preserves its spherical symmetry, i.e. stationary points of
the effective potential in equation (3.80) are reached for &,,1 = Gm2 = Gm3. In the lower
panel of Fig. 3.6 we report the stability diagram of the droplet phase. Upon increasing

the number of atoms droplets appear to be more stable. On the other side, for small N,
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Figure 3.6: We identify the phases of a Rabi-coupled Bose mixture with equal number of
particles upon the minimization of the energy functional U(&l,&g,&g) of equation (3.80). We
observe three phases: a stable droplet-phase region (light green) of spherical self-bound droplets,
a metastable droplet phase (yellow) where the energy of the droplet is positive and larger than
a uniform background with vanishing density, and an unstable (white region) for small particle
number N or high Rabi coupling w where droplet evaporate. Here we consider |1+¢| = 0.5 which
corresponds to w, ~ 31.8kHz. In the inset we plot the three dimensional density profile n(r)
of droplets from the numerical solution of the Gross-Pitaevskii equation for different particle
numbers at wr/27 = 1kHz, from the metastable region N = 977 and gaussian density limit
N = 5-10? to the Thomas-Fermi regime N = 2-10%* and N = 10° where system density is
roughly constant up to a critical droplet radius. Moving along the vertical axis, increasing the
Rabi coupling, droplets become metastable and finally unstable. Red dashed line refers to a
system of N = 1200 particles.
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a metastable region occurs: U (51, 52,53) has a local minimum with positive energy. The
lowest-energy configuration corresponds instead to a dispersed gas with vanishing density.
It is interesting to observe that Rabi coupling acts as additional knob tuning the droplet
stability. As underlined by the red dashed line N ~ 1200 atoms in the lower panel of Fig.
3.6, by increasing wpg one can cross the boundary between the droplet and the unstable

phase.

Fig. 3.7 shows the energy per particle of the self-bound droplet: the numerical approach
relying on imaginary-time evolution is in reasonable agreement with the variational one
based on Eq. (3.78). Remarkably, above a critical Rabi frequency the internal energy of the
droplet becomes positive, signaling that the droplet enters in a metastable configuration. At
a a slightly larger critical Rabi frequency the droplet evaporates. The low-energy collective

x107°
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Figure 3.7: Energy per particle of a system of N = 1200 particles as a function of the Rabi
coupling along the vertical line of Fig. 3.6. Red dashed line: Variational energy from equation
(3.80). Squared dots: Energy per particle from the numerical solution of the Gross-Pitaevskii
equation. Increasing the Rabi coupling to values larger than w ~ 0.16 w. the metastable droplet
evaporates.

excitations of the self-bound droplet are investigated by solving the eigenvalues problem for
the Hessian matrix of effective potential energy in equation (3.80). Our Gaussian ansatz in
Eq. (3.78) naturally enables two different excitation modes, a monopole (breathing) and a

quadrupole with frequencies given by wy; and wq, respectively.

In Fig. 3.8 monopole and quadrupole frequencies are reported as a function of the
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Figure 3.8: Monopole (breathing) mode frequency wys (solid) and quadrupole mode frequency
wq (dashed) with ’1 + e’ = 0.5. Upper panel: frequencies as a function of particle number
and wg/27 = 1kHz. Below N =~ 977 the droplet becomes unstable. These modes have to be
compared with the particle-emission threshold —u (dashed-dotted red line).

number N of atoms in the droplet, at fixed coupling frequency and scattering lengths. Since
the droplet is in free space, one has to compare these excitation frequencies with the single-
particle emission threshold (dashed-dotted red line). We immediately notice that, differently
from the soliton-droplet crossover in Fig. 3.3, collective modes can in principle be detected
for rather well extended range of atoms numbers.

The experimental observation of a droplet phase with Rabi coupled internal states is
within experimental reach. A promising candidate is a gas of 3°K atoms loaded in hyperfine
states |F'=1,mp = 0) and |F' = 1,mp = —1). The narrow Feshbach resonance at B ~ 54.5
G for collisions between atoms in |1,0), allows to tune intra-component scattering length
to a1 = ag ~ 33.5 ap, where ag is the Bohr radius [138, 139]. The corresponding inter-
component scattering length is ajo >~ —54.5 ag, which gives ¢ ~ —1.6 . For Rabi coupling
frequencies of the order of wr/2m = 1 kHz [166] and N = 10° particles, we predict a droplet
with a FWHM ~ 1.45 ym.









QUANTUM FLUCTUATIONS IN SUPERFLUID
DIPOLAR BOSONS

In this chapter we investigate the structural and superfluid properties of a single-
component Bose-Einstein condensate made of dipolar atoms. Atomic species such as
Chromium, Dysprosium and Erbium have a strong magnetic dipole moment and, conse-
quently, the two-body interaction is anisotropic and long-ranged. These peculiar features
crucially affect the thermodynamic picture and the ground state configurations, leading to
a richer phenomenology than the one displayed by alkali atoms.

We are especially interested in the superfluid character of dipolar condensates, in relation
to the occurring of structured ground states driven by the interplay of quantum fluctuations
and complex interactions.

Besides our analytical approach based on functional integration, we will present the

outcomes of numerical simulations based on the Path-Integral Monte Carlo algorithm.
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® 4.1 Introduction: magnetic atoms in play

4.1.1 Atoms and molecules: new playgrounds for physicists

The first experimental realization of Bose-Einstein condensation [31, 32] was achieved in
atomic clouds made of alkali atoms. In these extremely diluted setups, the Bogoliubov theory
has provided a reliable, and relatively simple, theoretical frame to interpret the experiments
and suggest new research directions. The Bogoliubov theory is often formulated in relation
to the zero-range approximation for the atom-atom interaction. This results in a universal
theory, meaning that all thermodynamic quantities are independent from the potential shape.
The presence of the two-body interaction survives only through the dependence on the s-wave

scattering length.

In Chap. 2 we have shown that it is sufficient to increase the density to enter in regimes
where the zero-range approximation is not reliable. We provided a possible solution, under-
lining how finite-range corrections can heal certain spurious instabilities due to the unphysical
assumption of a zero-range contact pseudopotential. At the same time, Chap. 3 pointed
out that the relevance of quantum fluctuations is not limited to deviations of thermody-
namic functions from the mean-field picture, universal or not. Strikingly, by taking them
into account, we opened the door to the observation of a new quantum phase in collapsing
mixtures. As a matter of fact, the stability of self-bound droplets is driven exclusively by
quantum fluctuations. We have to remark here that binary mixtures are an excellent plat-
form to test this idea: there, the mean-field attraction leading to the collapsing instability
is counterbalanced by the quantum pressure arising from Gaussian corrections. As already
mentioned, from a historical point of view, it is interesting to notice that Petrov theoretical
proposal [97, 98] did not find its first experimental confirmation in binary mixtures, but
instead in dipolar condensates [99, 100].

Moving from this observation, a quick look on the related literature [102, 167, 168] should
make us immediately aware of the uniquely rich phenomenology arising thanks dipole-dipole
interaction in atomic clouds. It has to be acknowledged that the atomic physics community
realized the oustanding opportunities provided by dipolar quantum gases soon after the

alkali condensation. In order to engineer this kind of quantum fluids, the most promising
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platforms rely upon polar molecules and strongly magnetic atoms. Polar molecules as KRb,
NDj3 and HCN are the most natural candidates because of their extremely strong electric
dipole moment. As a matter of fact, electric dipolar coupling is much higher than the
magnetic one. These feature can be understood by considering the interaction potential of
two particles with dipole moments orientend along d; and ds, with ||d;||=1 for i = 1,2. At

a distance r, one has that

2(d; -ds) — 3(dy - r)(dy -
Vddi(r):i’jfr( ) :)EE 1-1)(d; 1)

(4.1)
where the coupling constant is given by

2 72 T
= pgds,  for magnetic dipoles
Cad = o . (4.2)

=d?/ey for electric dipoles

In the equation above g is vacuum magnetic permeability, d,, the magnetic moment, d.
the electric one and €y the vacuum electric permeability. Typical values of parameters in
the equations above provide a first evaluation of the relative strength between electric and
magnetic coupling. Concerning electric dipoles, we have that d ~ eag, e being the electron
charge and ag the Bohr radius. The characteristic scale of magnetic dipoles is instead given

by the Bohr magneton up = ehi/(2m.), where m, is the electron mass. Thus, one has [102]

fody,

2 —4
~ ~ 10 4.3

with a ~ 1/137 the fine-structure constant. In order to quantify the strength of dipole-dipole

interaction between atoms or molecules, it is useful to define a characteristic length, namely

m Cygq
127h2

aqd = (44)

It is common to evaluate the relevance of dipolar interaction in an ultracold quantum gas

by considering the ratio [102]
add

€dd = (4.5)

s

For alkali atoms, magnetic dipole moment is ~ 1.0up, leading to aqq ~ 0.7 ag. For typical
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values of the scattering length, one gets € ~ 1073. For chromium atoms, condensed in
2005 by Pfau’s group in Stuttgart [169], we have d,, ~ 6up, meaning that agq ~ 16 ap and
e ~ 107!, Nowadays, the current research on dipolar atomic gases is focused on Erbium
[170] and Dysprosium [171]. By means of Feshbach resonances, one can engineer systems
with € 2 1, a regime where beyond-mean-field effects and strong correlations arise [99, 172].

Despite the achievements in the atomic setups, the final goal in this research line is fo-
cused on realizing degenerate gases of polar molecules. This is actually due to their strong
electric dipole moment leading to aqq ~ 10%ag and egq ~ 10%. Degenerate gases of ul-
tracold molecules have remained for years only a dream within the community, until the
groundbreaking results of Yun Je’s group at JILA [173]. They report the first experimental
realization of a Fermi degenerate gas of KRb molecules, paving the way for a bright future

research.

4.1.2 Peculiar features of the dipole-dipole interaction

By following [102], in this section we briefly outline the peculiar features of the dipole-
dipole interaction. This is the most immediate way to highlight that Bose-Einstein conden-
sates made of magnetic atoms require a theoretical analysis beyond the usual zero-range
Bogoliubov framework.

We begin by considering again Eq. (4.1), where the dipole-dipole interaction (DDI) is
defined in the most general way. In order to simplify the analysis, it is possible to consider a
set of polarized dipoles. For instance, atoms like Dysprosium and Erbium are oriented along
the z-axis by turning on a field B(r) = (0,0, B;). Eq. (4.1) is then modified in

~ Caal— 3cos? 0

Vaai(r) = - 3 (4.6)

where 6 is the angle between the polarization axis and the relative position of atoms. From
Eq. (4.6), it is also evident another relevant property of DDI. In the zero-range approximation
the energy of the system is in fact an extensive quantity in the thermodynamic limit. On
the other hand, when the interaction is truly long-range, also the total number of particles
affects the energy density. So, a necessary condition for the interaction to be short-range is

that the integral f;oroo d%r Vi (r) converges, with ro being a cutoff. Looking at Vg;i(r) in Eq.



4.1. Introduction: magnetic atoms in play 123

(4.6) we immediately realize that the DDI has a long-range character in d = 3. We remember
that the distinction between intensive and extensive quantities holds in the thermodynamic
limit, so this definition does not apply to finite-size systems.

The angular dependence in Eq. (4.6) highlights the anisotropic nature of the DDI.
The factor 1 — 3cos? § varies within the interval [—2,1] for angles § € [0,7/2]. This is a
crucial point, because it implies that the DDI is purely attractive for dipoles in a head-to-
tail configuration, while repulsion occurs when they are confined side by side. While this
is basically the whole picture for a static polarizing field, time-dependent magnetic field
provides a tool to tune the strength and the character (attractive or repulsive) of the DDI.

In [174] dipoles are aligned according to the following field

A

Figure 4.1: Dipole-dipole interaction can be tuned by enabling the dipole precession around
the polarization axis. This can be achieved by means of a magnetic field as in Eq. (4.7)

cos(t) sin ¢
B(t) = B ég(t) = B | sin()sing | - (4.7)

cos ¢

In addition to the static field along the z-axis, the rotating field in the transverse plane
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causes the rotation of dipoles with frequency €2 around the longitudinal axis. Since dipoles
follow the trajectory given by ép(t), Eq. (4.6) acquires an explicit time dependence, namely
. A 72
. Cdd 1-— 3[eB(t) . e»p]

Vddi(rvt) T 4r r3 (48)

with &, = r/r. This experimental protocol is schematically reported in Fig. 4.1.

The precession frequency has to be much smaller than the Larmor one pp. = dnB/h
and, at the same time, we need to tune it such that atoms do not significantly move over
a period. For a confined system, this implies that € is much greater than the trapping
frequencies. If these conditions are matched, the effective interaction is obtained from the

time average of Eq. (4.8) over a period 27 /€. This average procedure results in [174]

VD 0,4) =

1— 2 2p—1
Cad 3cos® 0 <3cos ) > ' (4.9)

47 r3 2
The equation above is equal to Eq. (4.6) except for an additional factor depending on the
tilt angle ¢. By varying it from 0 to 7/2 we can change the sign of the DDI, moving from

repulsion to an effective attraction, or viceversa.

In order to describe dipolar condensates within a second-quantization or a functional
framework, it is convenient to develop our analysis in the Fourier space. Therefore, we have
to consider the Fourier transform of the dipole-dipole interaction which is defined, as usual,

by the integral
‘N/ddi(q) = /d3reiq'r Vddi(r) s (4.10)

with Vgqi(r) given by Eq. (4.6). The Fourier transform can be computed by moving to
spherical coordinates (z,y,z) +— (r,0,¢). In order to simplify the notation without losing
generality, one can choose the polar axis parallel to the wavevector q, with the dipole moment
lying on the xz-plane. Thus, with 64 representing the angle between the dipole moment and

q, one finds that

. too gmo 2w 1 — 3(sin g sin 6 Oy cos )
Vd(g;))(q):%/ dr/o da/o dp sing 350 0asind + cosbqcosd)” (4.11)
0

4 T

The integration over the radial variable requires a cutoff ry to ensure convergence. The
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integration over ¢ is immediate and together with the change of variable z = cos 6 reads

~ (r Feo sin(qr) ~ 3cos(qr)  3sin(gr
Vd(d?)(q) = Cqq(1 — 3 cos? Hq)/ d( 7“)[ (q2) + (Z ) _ (i )
aro (qr) (qr) (qr) (4.12)
O — 3020 | 20 cos(qrg) — sin(gro) .
da( cos” Oq) [ (qro)?
The limit rg — 0 provides the final result
~ .. 1
Vadi(q) = Cqq | cos” g — 3/ (4.13)

which has the peculiar feature of being independent from the modulus of q.

m 4.2 The Bogoliubov theory for dipolar condensates

4.2.1 Mean-field theory and excitations

In order to theoretically investigate the thermodynamic properties of dipolar conden-
sates, we follow the procedure outlined in Chap. 1, by reproducing the Bogoliubov theory
within a functional framework [1, 2]. We then begin by considering the non-local Euclidean
Langrangian density as in Eq. (1.23), namely

0  h*V?

£tvw] = vt (g oY

_M>1/;(r,7')—|—;/d3r"1/)(r/,T)‘QV(r—r')W)(r,T)|2. (4.14)

Differently from the usual zero-range approximation, we have to take into account the dipole-
dipole interaction between the atoms. Following [175, 176], we choose to effectively described

the interaction processes between atoms by means of

4rh?as(aqq) Cyal —3cos?0
V(r) = —— =000 + G

(4.15)

We have two different contributions to the atom-atom interaction. The first one represents
the zero-range binary collision between atoms. On the other hand, the second term accounts
for the DDI, as discussed in Eqgs. (4.6) and (4.13).

Remarkably, the two interaction processes are not independent. An intense effort, both

theoretical and numerical, was devoted to build a proper pseudopotential. In two pioneering
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papers [175, 176], Yi and Yu showed that this task can be rigorously fulfilled, at least in a
perturbative way. Their calculation exactly results in an interaction potential like the one
in Eq. (4.15). As we said, these analytical results have to be intended as perturbative, since
they are derived within the first Born approximation [20]. The functional relation between
as and agq can be quantitatively understood through a numerical approach. In [177, 178§]
Monte Carlo simulations have been used to test the reliability of mean-field calculations.
The latter are essentially numerical solution of a modified Gross-Pitaevskii equation derived
by minimizing the following energy functional [102]

2 2
E[w] = /d% [h;f' + Vexs () [* + % /d3r’ | (x)[*Vegr(r — r’)}gp(r’)yz (4.16)

where Vog(r) is given by Eq. (4.15). A good agreement was found between Monte Carlo
outcomes and the solutions of the modified Gross-Pitaevskii equation. The crucial point
consists in modelling the functional relation as = as(aqq) in a proper way. This can be
achieved by comparing the low-energy scattering amplitude in the Born approximation [175,
176] and the full one obtained by solving the Schroedinger’s equation for the scattered

wavefunction. The final result is reported in Fig. 4.2. We underline that, within this

Scattering length as/ro
o

|

} | | | | | |
4OO 1 2 3 4 5 6 7

Dipolar length ag/ro

Figure 4.2: Relation between the s-wave scattering length as and the dipolar one aqq derived in
[177, 178] by comparing the analytical, but perturbative result obtained with Eq. (4.15) and the
full numerical solution of the scattering equations. Lengths are both in units of the short-range
cutoff rg.
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picture [175, 176, 177, 178], the only relevant parameters are a5 and aqq, while rg plays no
physical role. The resulting theory is then universal, in the sense that it is independent from
the short-range details of the interaction process. In the following, the zero-range coupling

constant gg = 47h?m/as has to be intended as implicitly dependent on agq.

It is worth mentioning that it is certainly possible to consider more realistic potentials
(by including a sort of Van der Waals short-range contribution) in order to describe binary
collisions of strongly magnetic atoms [179]. These potentials eventually lead to the same

effective potential. In Eq. (4.15), with aqq depending on the short range scattering length.

Coming back to the thermodynamic description of dipolar condensates, we begin, as
usual, by deriving the mean-field picture. Within the broken symmetry phase, the field
Y(r,7) is taken as in Eq. (1.36): the condensate is described by a stationary field v(r),
while n(r,7) and n*(r,7) are the fluctuation fields. By neglecting, for now, quantum and
thermal fluctuations, the saddle-point method leads us to identify the contribution due to
the classical field trajectory. Keeping in mind Eq. (1.4), the mean-field thermodynamic
potential is then given by (1.5), namely

me(:ua ’U) = _; log me(“a ’U) ’ (417)

where Z,, = exp ( — Sme[v]/ h). In absence of a confining potential, the order parameter v
can be assumed as a real constant. Its value is fixed by the solutions of §Sy¢f[v] = 0. The
chemical potential and the order parameter are related by the following familiar equation
(cfr. Eq. (1.39)), i.e.

p = Verr(0) v° (4.18)

where f/eff(O) is the limit for q — 0 of the Fourier transform of the effective potential in
Eq. (4.15). The dipole-dipole contribution to Veg(0) is reported in Eq. (4.13). By simply

applying the definition of Fourier transform, it is easy to realize that, in real space, one finds

Veg(0) = /V dr Veg(r) . (4.19)

In the equation above, we denote by V the large, but finite spherical domain enclosing the

system. Due to this assumption, up to the mean-field level, the dipole-dipole interaction does
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not explictly contribute to Q,,¢/V. Indeed, by looking at Eq. (4.13), the whole dependence
on the wavevector is encoded in cos? 0. Since the dipole moment is along the z-axis, in

terms of wavevector ¢ components we have

qz

\ @+ @+

At the same time, a spherical domain with finite radius R = [3V/ (47r)]1/ % implies the

cos g = (4.20)

existence of a minimal wavenumber ‘qmin‘ = 27/R. By letting V going to infinity, clearly
’qmin‘ approaches zero in the same way along all the direction. At this point, Eq. (4.13) can

be arranged in terms of eqq. With the addition of the zero-range contribution, we get

Vert(Q) = go [1 — €qa + 3€qa cos® O] (4.21)

At the limit q — 0, we then obtain

Ver(0) = go - (4.22)

This is a crucial point: thermodynamic quantities computed above the unform configuration
have to be scalars [180]. Indeed, the mean-field grand potential is given by Qu(p,v)/V =
(BR)~1Sme[v]. In terms of the order parameter and the chemical potential, it reads the usual
bottleneck shape Que(p,v)/V = pv? + %‘N/eff(O)’U4. Through Eqgs. (4.18) and (4.22), we arrive
again to the well-known result

me(u) _ /1'2

% 290

(4.23)

The equation above is equal to Eq. (1.40), reported for the first time in Chap. 1, within the

pure zero-range approximation.

In order to compute the first beyond-mean-field correction we need to take into account
the fluctuations field up to the quadratic (i.e. Gaussian) order. In the Fourier space the
Gaussian action describing the fluctuations is formally equal to Eq. (1.41). The presence of

dipole-dipole interaction in encoded in the inverse of the propagator M(q,wy,), appearing in
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Eq. (1.41), i.e
. n2q2 | Veq) Vett(a)
M) = [ I oo (1.21)
»n MYeﬂ(Q) ’Lhw + 2 q + Iu eﬂ(q) ’
Ver(0) Verr(0)

with Veg(q) as in Eq. (4.21). As stated by Eq. (1.43), the Gaussian correction to Que(u)/V
requires the determinant of M(q,wy,), also describing the excitations spectrum. By means
of the saddle-point relation in Eq. (4.18), we get to the Bogoliubov spectrum for dipolar

condensates

h2q? [ h2q?
Eq= ] [ + 2#(1 — €44 + 3€qq cos? 0 ) (4.25)

2m | 2m

For egq > 1, the system displays unstable low-energy modes as phonons (¢ — 0) frequencies
acquire an imaginary part. This threshold signals a collapsing instability, where the con-
densed atomic cloud evolves towards states with increasingly higher density until three-body
recombinations expel all particles out of the condensates [181]. The collapse of the uniform
configuration is due to the partially attractive nature of DDI which dominates over the short-
range repulsion. It is interesting to note that the most unstable situation corresponds to a
perturbation with wavevector orthogonal to the dipole orientation (i.e. g = m/2). Indeed,
for a sample polarized along the z-axis, phonons with q L €, create planes with higher
densities of dipoles in a head-to-tail configuration. Thus, the attractive character of DDI

prevails and the collapse occurs easier.

Thanks to Eq. (4.25), the Gaussian correction counts two contributions, one at zero

temperature, i.e.

(0)
Qg Z Eq (4.26)

and the second taking into account thermal fluctuations, namely
1 _BE
== log (1— e FFa) (4.27)

Focusing on zero-temperature fluctuations, in the continuum limit we have

(0) +oo
Qg = /dx/ dq ¢*F, (4.28)
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with ¢ = ‘q| and x = cosfy. The zero-point energy in Eq. (4.28) is ultraviolet divergent.
Since the Bogoliubov spectrum is gapless, dimensional regularization can be applied in a

similar way to sec. 1.3.2. In a generic dimension d we then have

Qé Sd ) +oo h2q2 [ h2q2
— _—— 1— 4.
v / / om | 2m + 2#( €d4d + 3€ddX ) ( 29)

By assuming d € C, the integral on momentum can be carried out as

a+2

0 Sia (2m Bd+1 d+2
% _2(27r)d

at2 N
— s |12 / dx [ (1 — €qq + 3eqax )} (4.30)
2 2 2 ) 0

where the Euler’s Beta function is then analytically continued to B(z,y) = I'(x)I'(y)/T'(z +

y). By taking the limit d — 3, we get the final equation for ng),

Qéo) 8 m 3/2 5/9

The function Qs/9(eqq) is the only factor arising due to the presence of dipole-dipole inter-

action. It is defined as

On(z) = /01 dt(l —z + 3:):752)” . (4.32)

In Fig. 4.3 we report the shape of Q,(z) as defined in the equation above for n = 3/2 and
n = 5/2. It is crucial to note that these functions are real for egq < 1 while, beyond this
threshold, they acquire a small imaginary part. This is not surprising because Eq. (4.31) is
the zero-temperature Gaussian correction above the uniform ground-state, which is unstable
exactly for egq > 1. Proceeding with the derivation of thermodynamic quantities for dipolar
condensates, from Eq. (4.31) it is natural to compute number density by means of a simple

differentiation. It is easy to check that

10 4 (m

3
2
n= g e+ 90| = 5 () Qomtean (4.33)

Moreover, within a perturbative approach, where gon < p, from Eq. (4.33) one can extract
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2.5 -
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Figure 4.3: Function Q,(eqq) as in Eq. (4.32) for n = 3/2 (blue lower line) and n = 5/2
(orange upper line).

the chemical potential as a function of the number density, namely

w=gon-+ 3\/—Q5/2(€dd) gon na3 (4.34)

Via a Legendre transform, Eq. (4.31) and Eq. (4.33) provide the internal energy density

E 1 128 27h?
v = 3% n? + 5yvr m Q5/2(€dd)n as\/nag . (4.35)

Our Gaussian correction to the thermodynamic functions agrees with the first derivation by
Lima and Pelster in [182]. They carried on their calculation within a second-quantization
framework: their corrections to the mean-field picture were derived by diagonalizing the
quadratic Hamiltonian through the canonical Bogoliubov transformation [10]. Thus, al-
though Eq. (4.35) has not been derived here for the first, we underline the alternative
approach followed in this section. Thanks to an equation similar to our Eq. (1.118), Lima

and Pelster also managed to calculate the condensate depletion:

no

—=1- —\/ na Q3/2 Edd (4.36)

n
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with the function Qz/5(€qq) plotted in Fig. 4.3. Moreover, they noticed the interesting fact
that, since Qs/5(1) > 2.6, quantum fluctuations are strongly enhanced compared to the pure
zero-range approximation (where €34 = 0). Thanks to recent possibility of engineering a box
trap, this fact can pave the way to a direct measurement of the first beyond-mean-correction

in the equation of state.

B 4.3 Fluctuations and filaments in dipolar condensates

4.3.1 Dipolar droplets and the modified Gross-Pitaevskii equation

In the last section, we have just observed that the partial attractive character of the
dipole-dipole interaction may lead to a collapsing instability. The eventual occuring of col-
lapse is clear when one considers the spectrum of excitations above the uniform configuration
in Eq. (4.25). There, we observed that imaginary frequencies appears when €qq > 1. In
other words, unstable phononic modes occur when dipole-dipole interaction prevails on the
short-range repulsion.

Therefore, the usual picture is that uniform condensates collapse for eqq > 1, similarly
to attractive condensates when ags < 0. The main difference consists in an anisotropic post-
collapse dynamics [181].

The recent results obtained by the group of T. Pfau in Stuttgart radically challenged this
understanding [99, 172, 183, 184]. Indeed, in their Dysprosium setup they observed that, by
quenching the s-wave scattering length to very low values and then driving the system into
the unstable regime, collapse does not occur. On the contrary Dysprosium atoms prefer to
form dense bosonic droplets both in trapped configuration [172, 183, 184] and in free space
[99]. The formation of dipolar droplets has been confirmed in experiments with Erbium
atoms by the F. Ferlaino’s group in Innsbruck [100].

These experimental results cannot be interpreted within a mean-field framework. At
first, conservative three-body forces were indicted for the droplets nucleation. However, as
noticed by many authors [149, 150, 185], their strength should be orders of magnitude larger
than three-body losses and there is no convincing way to justify this fact. Moreover, it is not

clear if these forces should be related (or not) to the presence of a dipole-dipole interaction.
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The other possible candidates are the quantum fluctuations whose thermodynamic weigth
we have just analyzed in the previous section. This idea relies upon Petrov’s seminal proposal
for collapsing Bose mixture [97, 98]: the structures observed by Pfau’s group have been
indeed the first experimental confirmation of the stabilizing action driven by fluctuations.
Saito was the first to suggest that quantum fluctuations can halt the collapsing process in
dipolar condensates, providing convincing Monte Carlo simulations [186] in support of his
guess. The stabilizing mechanism driven by fluctuations has been explained in Chap. 3: in
the collapsing region, the increasing of the local density ruled by the dipole-dipole partially
attractive nature can be halted by the repulsion due to fluctuations. Indeed, the collapsing
mean-field scales as n? in the energy density, while the Gaussian correction as n®/2, producing

a similar scenario to the one depicted by Petrov.

Almost at the same time, large scale simulations based on a modified Gross-Pitaevskii
equations [149, 187, 150, 151] have shown a good agreeement with the density profile and
excitation spectra observed in laboratory. The use of a Gross-Pitaevskii equation is strength-
ened by the experimental study of droplets coherence properties. In [183], it was shown that
a single droplet is coherent and thus superfluid, leaving yet unanswered the question of a
global phase coherence of the system [188]. In order to model the dipolar droplets arising
in collapsing configurations, it is useful to introduce a generalized Gross-Pitaevskii energy
functional. By following [149, 150], we add to the mean-field functional in Eq. (4.16) the
zero-temperature Gaussian correction in Eq. (4.35). We then have

Ve

m

EW,v*] = /d?’rw* [ - + Vet (r) + ;/dgrlveﬁ(r — )| e )P A0 | @ (4.37)

where Vog(r) is taken as in Eq. (4.15) and

(o) _ 128 2712

Vg 15\/7?795/2(5@)“?/2 . (4.38)

is the coupling constant of the fluctuation term o< |L_U|5 Beyond the mean-field stability
threshold (i.e eqq > 1), the function Qs/y(€qq) becomes complex. Anyway, its imaginary
part is typically 10? or 10% smaller than the real one, provided we are not deeply within the

collapsing region (1 < €gq < 2). Thus, the corresponding dissipation process acts on time
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scale much longer than the three body losses, as confirmed by the dynamical analysis in

[185, 187]. Then we can safely approximate Qs /s(€ad) as
3 4
Q5/2(€dd) =1+ Qedd + O(Edd) . (4.39)

The equation of motion corresponding to the functional in Eq. (4.37) can be obtained by

stationarizing the following action
S = / dt d’r [ (T 0w — wo,w )Etot]

As in [149, 150], the equation for ¥(r,t) is given by

ov { B h2v?

hor = 2m

5
= V() + [ Vit~ )P+ T PeP e a0

The dynamics of dipolar droplets is then investigated by solving Eq. (4.40) or, otherwise, an
analytical insight can be gained by approaching the energy functional in Eq. (4.37) within
a variational framework. In the theoretical papers by the groups of L. Santos [149, 187]
and B. Blakie [150, 185, 151] both way are exploited, resulting in a very detailed picture of
droplet formation and stability. We refer the reader to the above-mentioned papers since
the remaining part of this chapter will be devoted to study the (eventual) superfluid nature
of dipolar droplets. However, we aim to give here a brief justification of the stabilizing
mechanism driven by fluctuations in dipolar condensates. More precisely, we are going to
show, in a variational framework, that the energy of a single dipolar filament has a minimum

also in free space, signalling its stability.

We begin by considering a single Gaussian filament oriented along the z-axis. In order

to model this configuration, the following ansatz can be applied

$2 2
U(r) = Adi(r,) = Aexp{ _rty } . (4.41)

202

We underline that, for simplicity, the filament has a constant profile along the z-axis. A

similar, but more realistic, choice for ¥(r) can be found in [149, 150, 185]. The normalization



4.3. Fluctuations and filaments in dipolar condensates 135

condition N = [ d3r|¥|? leads to the following definition of A, namely

A== (4.42)

To?

with p, = N/L, the linear density along the €, direction and L, the large, but finite, spatial
extension along this axis. At the end of the calculation, we will consider the thermodynamic
limit by taking L, — 4o00. By applying the rules of Gaussian integration, the kinetic and the
contact contribution to the total energy read Fyy, = h?/(mo?) and Econ = (A2/m)asp,/o?.
On the other hand, the dipolar self-interaction contribution is much more complicated. With

the dipole-dipole interaction defined as in Eq. (4.6), one has to solve the following integral
1
Hui = 5 / Prd®r' ¢ (r)Vaas(r — )62 (x') (4.43)

In order to simplify the calculation, we can move now into the Fourier space, where the

convolution theorem transforms the integral over double spatial coordinates in

Pasi = 555 [ (=) Vaa(@in(a) (4.44)

In the equation above 7(q) is the Fourier transform of n(r) = A%¢%(r). The product

n(q)n(—q) can be computed analytically, reading

4A% L
i(—q)fi(q) = —5 sin® <(1222>7r204e_”2(q§'+‘1§)/2 : (4.45)
4z
The Fourier transform of dipole-dipole interaction is reported in Eq. (4.13) so Eq. (4.44)

becomes, in cylindrical coordinates,

Alg? e e 3¢ \aL ¢:L:\ 202
Eugi = — goﬁdd/ dql/ dq (l — = > sin? <)€_U a1/ (4.46
'3 47T 0 . z qi + qg qg 2 ( )

By performing the last two integral, we finally get that

Faai R\ aqap-
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where the auxiliary function fs (o, L) reads

feelo,L2) =2+ 3@(1‘1) [e;az?Erfc<fga> = 1] . (4.48)

At this point, let us notice that fs.(0) =2 for L, — +00. The beyond-mean-field contribu-
tion to Eq. (4.37) is given by
B =4 / dPr|v)® (4.49)

resulting in
B 512/ B2 35\ 500"
=L = =) (1+ [PE_ 4.50
N 757 \ mo? + p€dd |4~ (4.50)
Putting all the pieces together, the variational energy of a single dipolar filament is repre-
sented by the equation

E 512 35\ 520"
—_— = — — _— — _— . 4.
= [1 + aspr — Ggaps + - (1 + 2€dd> ag/ " — ] (4.51)

The crucial point of this simple, and somewhat sketchy, calculation is the role of the fluctua-
tions correction in Eq. (4.51). Indeed, it can be easily check that for eqq > 1, E/N displays a
single minimum at negative energies. This signals that the filament is stable, also compared
to an evaporating configuration with vanishing density. On the contrary, by turning off the
gaussian term, the system rolls down towards increasingly thinner filaments, since there is
no minimum. At a certain point, densities are so high that a complete collapse destroys the

filament.

4.3.2 Superfluid dipolar filaments: a numerical approach

During the last year, several valiant papers approached the issue of the structural and
dynamical properties of dipolar droplets, both analytically and numerically.

Concerning the numerical analysis, we have shown that a generalized Gross-Pitaevski
equation can be derived by taking into account both dipole-dipole interaction and quantum
fluctuations. Actually, because of its relative simplicity, the first rigorous quantitative results
were produced by solving Eq. (4.40). These large scale simulations provide a confirmation

of variational results about the structural and stability properties of droplets. Variational
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results are based on Eq. (4.37) where a Gaussian ansatz is assumed for the field ¥ [149,
150]. At the same time, in [151] a rigorous linear stability analysis has been carried on
by numerically solving the Bogoliubov-de Gennes equations corresponding to Eq. (4.40).
Moreover, in [150], the droplet metastable dynamics has been studied by including a three-
body dissipative term in Eq. (4.40). However, the Gross-Pitaevskii equation is essentially
only the first step beyond the mean-field scenario. It surely provides a first interpretation to

the ground-breaking experimental findings, but it is not the only viable strategy.

Moving from the work of Saito [186], more recent investigations rely upon Quantum
Monte Carlo methods. Monte Carlo approaches are more burdensome from a computional
point of view than Gross-Pitaevskii simulations. However, their strength consists in the fact
that they do not require a set of preliminary hypothesis restraining the regime of applicabil-
ity. They are ab initio methods and, by definition, no perturbative framework is assumed.
Concerning dipolar atoms, path-integral Monte Carlo (PIMC) techniques have proved the
existence of a window in the parameter space leading to the formation of stable self-bound
structures both in free space [186, 188] and in trapped configuration [189, 190]. In presence
of an external confinement, it was recover the regular arrangement observed in [172]. How-
ever, the above-mentioned works focus on the search for a non-uniform ground state, leaving
unanswered a series of question about the superfluid nature of these configurations. This
relevant topic was first addressed in [188], on which part of this chapter is based. There, the
issue of superfluidity was analyzed for a wide range of dipolar interaction strength. In ad-
dition, we probed the superfluidity persistence against thermal fluctuations. In [188], PIMC
simulations have been carried on by means of the so-called worm algorithm [191, 192]. This
method provides a reliable technique to extract the superfluid density, since it enables the

access to the off-diagonal sector of the Green’s functions.

The starting point of our numerical simulations is the Hamiltonian for a set of N dipolar

bosonic atoms, namely

N h2 N
7 2 N~
H=- ; Vit ;V(rz r;) . (4.52)

The binary interaction between atoms V' (r) is modelled by imposing a short-range cutoff g,
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ensuring the stability of the system, and an anisotropic dipolar tail. We then have

Caq 1—3cos2 6
T a— for r 2 To

Vir) = (4.53)
o0 forr < g,

where the dipolar coupling Cy4/47 is given in Eq. (4.2), 0 is angle between the vector r
and the z-axis. The hard-core well is required to remove the unphysical 3 attraction at
small distances for dipoles in a head-to-tail configuration. By taking ro and A?/(mrd) as
units of length and energy, the zero-temperature physics can be completely characterized
by the (dimensionless) density nry and interaction strength U = mCaq/(47h*rg). For a
vanishing dipole-dipole interaction, i.e. Cygq — 0, m"g reduces to the usual definition of
the gas parameter na’ [177, 178]. This obviously implies that the short-range cutoff also

corresponds to the s-wave scattering length a5 when we turn the interaction off.

As stated by Eq. (4.15), the presence of a dipole-dipole interaction also affects the s-wave
scattering length. In Fig. 4.2 we report the precise dependence of as on the dipolar length
aqq. By considering N atoms in a cubic box of volume L2, a wide range of scaled densi-
ties and interaction strengths has been explored with the assumption of periodic boundary
conditions. The strongy decay of the dipole-dipole potential prevents the occuring of rele-
vant self-interaction effects, so one has to take into account only the eventual contribution
from neighbor images. Typically, at fixed density n = N/L3, N varies between 100 and 400
and it has been checked that the resulting phase diagram does not change according to size
variations. So, despite having a finite-size character, it is reasonable to assume that in the
thermodynamics limit the picture does not radically change. The phases of the system are
probed in the zero-temperature limit, obtained by lowering the temperature until observables
do not change anymore. This numerical analysis is summarized in the phase diagram of Fig.

4.4.

For small U we find that the system is in the superfluid phase (SF) (the blue region of Fig.
4.4), characterized by a unitary superfluid fraction. For densities lower than nrg’ <1073,
the SF extends up to U ~ 2.1. This threshold corresponds to €gq = 1, in agreement with the
Bogoliubov theory developed in sec. 4.2. For increasing interaction strength, we encounter a

cluster phase (CP) (yellow region in the diagram of Fig. 4.4) where superfluidity vanishes and
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Figure 4.4: Zero-temperature phases of dipolar bosons in three dimensions in free space: Su-
perfluid (SF), superfluid filaments (FP) and cluster phases (CP) for varying dimensionless inter-
action strength U (or equivalently dipolar length ay/70) and scaled density nr3. For aq/ro < 0.9
the blue SF region corresponds to a uniform superfluid, which agrees with mean-field predic-
tion that predicts stability for ag/as < 1. FP is encountered for high densities nrg > 5-10~*
and for ag/ro 2> 1. For small densities nr3 < 5-107* the system breaks up into tiny clusters.
Phase boundaries in the grey region are not resolved. Blue line corresponds to n = 5-1020m—3
and ag = 130ag. Black/Red dots are experimentally measured background scattering lengths
as = 122ag (192Dy) / as = 92ag (**Dy). Green point at a5 = 29 ay.

atoms arrange themselves into a series of small droplet structures. Beyond m“g’ >6-1074,
by crossing the SF phase boundary we enter in a peculiar phase (FP) characterized by
elongated filaments with anisotropic superfluidity. The filament phase extends from the
region corresponding to €gq = 1 to the strongly interacting regime with large (dipolar)
interactions and densities. In Fig. 4.4 it also exists a small region at intermediate densities,
ie. 6-107* <nrd <1-1073, where phase boundaries are not resolved.

On the basis of our phase diagram, we can now move to compare our Monte Carlo

outcomes to the experiments involving 92Dy and 14Dy [99, 172, 172, 184]. The dipolar
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Figure 4.5: (Top). Ratio ¢4 between the dipolar length a4 and the scattering length as com-
puted from Fig.4.2. (Bottom) The gas parameter n a along the blue line in the phase diagram.
Both the quantities have bene computed along the blue line in Fig. 4.4, corresponding to the
situation nagd ~ 2.10~*. The dipolar length are taken equal to 130 ag for both isotopes, since
the deviation is not significant. The red dashed line represents the line for which the scattering
length as vanishes. Black square and red triangle correspond to experimental parameters for Dy
with their background scattering length (122 ag and 92 ag respectively). Green diamond is the
point for Dy with a5 = 29 ag for which n73 = 10~* in the CP.

lengths of the two isotopes have been measured to be, respectively, aqq = 129.2a¢ and
aqq = 130.8 ag, with ag being the Bohr’s radius. We analyze the situation for an average
density n = 5 - 102°m =3, which is represented by the solid blue line in Fig. 4.4. Using the
functional relation between ag and aqq in Fig. 4.2, it is possible to identify the points in
the phase diagram corresponding to each Dysprosium isotopes. Indeed, with our choice of
parameters, we have naf’id ~2.107* and

3

(aaa/ro (4.54)

nrg =

In addition, the background scattering lengths for the isotopes have been measured in [193,
194, 195], resulting to be 122ag for 192Dy and 92aq for 4Dy. Thanks to these previous

measures and the parametrization in Fig. 4.2, the black square in Fig. 4.4 corresponds to
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the 192Dy case, while the red triangle represents the 14Dy one. In Fig. 4.5, we report the gas
parameter na> and ratio eqq = aqq/as along the blue line in the phase diagram corresponding
to nagd =2-10"%

In order to propose an effective characterization of the three phases identified in of Fig.
4.4, we report in Fig. 4.6 typical configurations of the density distribution in each case
for N = 100 atoms. Below every density distribution panel, we also consider the radial
distribution function along the polarization axis gj(r) and on the transverse plane g (r)
[196]. The final curves in Fig. 4.6 are an average over 100 different configurations of the same

phase. In the panel (a) of Fig. 4.6, we can observe a typical situation within the SF phase.

S = N w AW
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Figure 4.6: Characterization of the phases at nrj = 1072, Upper panels. PIMC density
distribution at different strengths of dipolar interaction: (a) SF at ag = 0.6r¢, (b) superfluid FP
at ag = 2.6r¢ and (c) CP at ag = 6.0rg. Lower panels. (a) radial correlation functions g(r) in
the SF. (b) and (c) radial correlation functions g||(r) along the vertical direction (red) and g ()
along the orthogonal plane (blue). g (r) has a fluid-like profile in the FP. In the CP g (r) a high
peak due to strong attractive interactions appears at distances r 2 rg. g, (r) in the FP shows
a strong suppression in between two filaments whereas in the CP it flattens at intermediate
distances. Simulations are done with 100 particles. Correlation functions are averaged over 100
configurations.

Particles are delocalized into a uniform density configuration. The flat profile of the radial
distribution function is peculiar of a fluid phase where atom-atom interaction is basically a
hard-core potential. In the middle panel, we see the elongated filaments characterizing the
FP, while the small clusters of CP are displayed in the panel (c¢). These cluster are still

slightly elongated along the z-axis, hinting that filaments undergo a fragmentation process
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for high values of U. The distinction between the two radial distribution functions, g (r)
and g (r), further specifies the different nature of the inhomogeneous phases. Starting from
g)(r) (the red line in the lower panel of Fig. 4.6), we observe a liquid-like behavior in
the FP. The peak at r ~ rg is a consequence of the partial attractive character of dipole-
dipole interaction. On the contrary, within the CP, g (r) has an oscillatory behavior before
vanishing for large distances as a consequence of the finite size of the sample. Moving to
g1 (r) (blue line in Fig. 4.6), we observe a strong suppression in the region between the
filaments of the FP. Concerning CP, g, (r) reaches a plateau at intermediate distances. This
signals the irregular arrangement of cluster along the plane orthogonal to dipoles orientation.
A full description of the three phases has to include an estimation of the superfluid fraction
fs(i) as a function of the interaction strength and the temperature. The spatial directions are
labelled by i = z.y, z. Following [34], an estimator for the superfluidity is provided by the

winding number w;, via the equation

1= (5 ) (455)

where (...) has to be intended as a thermal average. In Fig. 4.7 the superfluid fraction
along the three principal directions is analyzed as a function of the dipolar length aqq for
m‘g = 1072. As mentioned above, fp is uniform and unitary within the SF, while a strong
anisotropy occurs by crossing the SF-FP boundary. In FP, the superfluid fraction is still
unitary along the vertical direction, while it vanishes on the transverse plane. This result
seems to suggest that the single filament is phase coherent [183], but the whole system is not.
Within the CP, fs(i) = 0 everywhere, providing a further confirmation of filaments fragmen-
tation process. In the end, we aim to investigate the stability of superluid dipolar filaments
against thermal fluctuations. The results of PIMC simulations at finite temperatures can be
found in Fig. 4.8, for a system with N = 100 particles and m"o_2 = 1072, The temperature
is in units of the critical temperature of an ideal Bose gas, i.e. Ty = [27/((3/2)%3] (nr)?/3.
In the FP, we compare the numerical outcomes with analytical results derived within the

Landau-Khalatnikov two-fluid model outlined in Sec. 1.4. In order to take into account the
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Figure 4.7: Superfluid fraction f; as a function of the dipolar length, across the transition
from superfluid to filament transition at high densities for nr§ = 1072. Dipoles and filaments
are aligned along the z-axis. In the SF the superfluid fraction converges to fs = 1 isotropically.
Within FP we observe fs = 1 along the vertical axis and vanishing on the orthogonal plane.
Error bars are statistical uncertainties.

anisotropic character of DDI, Eq. (1.96) has to be modified as in [197], namely

. Bh? 4 8in 0, cos? 0, e Fa
F&) = ~ 1 dq d9qq (cPFs — 1)2 . (4.56)

In the equation above Eq is given by Eq. (4.25), with the chemical potential as in Eq. (4.34),
taking into account at least the contribution from quantum fluctuations. In Fig. 4.8 the
superfluid fraction along the z-axis is considered in the pure zero-range caso agq = 0 (solid
black line) and at agq = 0.679 (red dashed line). In the low-temperatures regime, where
our framework effectively holds, it is reasonable to linearize the Bogoliubov spectrum Eq in

order to determine a fully analytical equation for fs(i). We get

; 27 1 m\3/2 (kgT)*
(&) =1-— U 4.
s 45u—fﬁx1+%Mpm<ﬁ) T (4.57)

appearing to work quite well for T' < 0.3 Tp. In the inset of Fig. 4.8 we report the difference
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Figure 4.8: Superfluid fraction fﬁz) as a function of the scaled temperature T/Tj at nrg = 1072
for three values of the dipolar lengths: a) SF with ag = 0 (hard-core bosons), b) SF with
aq = 0.6rq, ¢) FP with ag = 2.6r¢. Lines refer to the analytical prediction of the temperature
dependence of the superfluid fraction at nr3 = 1072 from Eq.(4.56) at az = 0 (black solid line)
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and ag = 0.67¢ (red dashed line). Inset. Low temperature limit of £ from Eq. (4.56) and
Eq.(4.57) in the SF at ag = 0 and ag = 0.6 9. Temperatures are in units of Ty, the critical value
for a non-interacting Bose gas.

between Eq. (4.56) and Eq. (4.57) for the same value of aqq in the main plot. For agq = 2.6
within the FP, we observe that superfluidity persists along the dipole orientation for a wide
range of temperatures. Then, we can surely conclude that filaments exist non only at zero
temperature but that their anisotropic superfluidity is finite up to 0.87Tp. At the same
time, the orthogonal contribution remains extremely small within the same window in the

parameters space.









CONCLUSIONS AND FUTURE PERSPECTIVES

Throughtout all the previous chapters, we aim to convince the reader of the relevant
role played by quantum fluctuations in dilute and ultracold systems made of bosonic atoms.
First, we take into account corrections due to the finite-range character of a reasonable atom-
atom interaction potential. Thereafter, we move to consider the case of binary Bose-mixture

and dipolar condensates.

Concerning finite-range corrections, we highlight deviations of thermodynamic quanti-
ties from the zero-range predictions. We consider the contribution of quantum and thermal
fluctuations; the former requires a regularization procedure to produce finite and meaning-
ful contribution. We have also explored how this picture changes in systems with lower
dimensionalities. As explained in the text, due to the Mermin-Wagner-Hohenberg theorem,

fluctuations play a crucial role in systems with reduced dimensions.

One- and two-dimensional Bose gases are still the focus of an intense experimental re-
search, requiring analytical and numerical tools beyond our perturbative approach. For
instance, important experimental group in Zurich and Wien, led respectively by T. Esslinger
and J. Schmiedmayer, have adopted one-dimensional gases as an effective platform to probe
thermodynamics at the quantum scale. Thanks the outstanding isolation from the external
environment, it is possible to understand how a quantum system relaxes (or not) to equi-
librium [82, 84]. Recent results appear in [85], where phase-coherence properties of coupled
condensates have been investigated in a one-dimensional Josephson junction. The authors
report that they have observed a phase locking which escapes a convincing theoretical expla-
nation, despite several attempts with increasingly refined tools. Moreover, textbook situa-
tions can be reproduced with cold atoms setups as in [198], where two vessels are connected

by an effectively one-dimensional wire. Within the experimental regime of temperatures and
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densities, a violation of the Weidemann-Franz relation for heat transport has been observed.
This important results make us understand the importance of ultracold quantum gases is not
confined in the atomic physics community. On the contrary, ultracold atoms can spark a new
technological advancement, by providing useful hints for a future development of quantum
devices [199].

Despite many advanced theoretical analysis [111, 112, 113, 28], actual experiments with
two-dimensional gases continue to shine lights on new puzzling effects [60]. We have to men-
tion the occuring of Berezinskii-Kosterlitz-Thouless (BKT) transition [58, 59], which has
been observed in thin liquid Helium films three decades ago [200]. At the same time, physi-
cists have realized this topological transition still escapes an exhausting comprehension in
ultracold Bose gases. In [60], the authors originally aimed to excite a sound mode depending
on the superfluid density, but no discontinuity has been revealed at the transition. For now,
we have extremely refined Monte Carlo simulations [47] and some experimental results on
the proliferation of vortices [201]. A further analytical insight on this topic was provided
in [202]. By means of functional renormalization group, the authors have investigated the
BKT transition proposing a more rigorous amplitude-phase parametrization. The resulting
modified perturbative theory seems to better agree with Monte Carlo simulation.

A clear understanding of the most recent theoretical and experimental advances helps to
understand the boundaries of this thesis and the future outlooks in a clearer way. Finite-
temperature low-dimensional systems require more refined theoretical approaches: we made
this point clear in Fig. 2.4, where Gaussian corrections proved to be not enough to recover
the exact Lieb-Lininger solutions. The estimation of the superfluid fraction for dipolar
condensates in Fig. 4.8 leads us to a similar point for our finite-temperature results. If
we are not too close to the critical temperature, they are certainly reliable, but we do not
manage to reproduce the proper scaling at the transition.

A first step in this direction has been made in Sec. 1.6, where we abandoned the func-
tional integration for a moment, in order to show the effectiveness of possible alternative
approaches. In that case, we have derived informations about non-equibrium dynamics and
sound propagation by following a kinetic approach leading to Eq. (1.127). Obviously, the
problem is not functional integration itself but rather the choice of the most suitable frame-

work according to experimental regimes.



CHAPTER 5. CONCLUSIONS AND FUTURE PERSPECTIVES 149

Moving to Chap. 3 and Chap. 4, we have investigasted the stabilizing role played
by fluctuations in collapsing system. While the first theoretical proposal was formulated
in binary mixtures [97, 98], it has been shown to apply as well to dipolar condensates
[149, 187, 150, 185]. Concerning multicomponent quantum gases, we have managed to point
out a practical characterization of the self-bound droplets besides their peculiar nucleation
mechanism. Moreover, by studying Rabi-coupled mixtures, we have identified in the coupling
frequency an additional knob to tune the droplet stability. Despite our analysis and the
recent experimental developments [101, 153, 148], many questions remain unanswered. The
first one concerns the role of thermal fluctuations, since our analytical results only apply
at zero-temperature. At first, the occurring of self-evaporation seems to suggest that self-
bound quantum droplets immediately dissolve at finite temperature. However, this picture
is not reproduced in dipolar condensates, where our Monte Carlo simulations [188] proved
the stability of self-bound filaments against temperature fluctuations. It is then natural to
ask if finite-temperature corrections would destabilize (or not) the droplet.

In Chap. 3 we also devoted our attention to collective excitations occuring in self-bound
states. According to our prediction, self-evaporation prevents the observation of monopole
and quadrupole oscillations in two-component droplets. However, recent proposals have
paved the way to the engineering of more exotic situation like droplets with non-zero vorticity.
Such non-trivial excitations have been studied in binary mixtures [203] but also in dipolar
condensates [204]. Another interesting path surely concerns the investigation of Bose-Fermi
mixtures for three and lower dimensions [205, 206].

Indeed, the role of dimensionality is fundamental also for droplet nucleation. In our 3d
analysis the attraction leading to collapse instability comes from the mean-field contribution
to the equation of state. On the contrary, the quantum pressure halting the process is due
to quantum fluctuations. For one-dimensional systems the situation is exactly the opposite
[98]. Another peculiarity of the 1d quantum droplets is that the modified Gross-Pitaevskii
equation arising from the analog of our Eq. (3.48) can be solved analytically [160]. In
[98] Petrov and Astrakharchik also underline that the most interesting case remains the
one provided by two-spatial dimensions, where the occurring of self-bound configurations
only requires an inter-component attraction, no matter how small. In [207] and [208] two-

dimensional droplets are investigate at finite temperature by means of the time-dependent
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Hartree-Fock-Bogoliubov theory. Both in binary mixtures and dipolar atoms, droplets are
predicted to be stable, at least below a certain critical temperature.

In order to achieve a further understanding on the mechanism leading to the droplet for-
mation, a possible outlook of this thesis concerns the investigation of eventual modulational
instabilities. In analogy to the solitons trains formation in single-component condensed Bose
gases [209, 210, 211], a quench of the inter-component scattering length could lead to the
droplet fragmentation. It would be then interesting to probe the survival of Bose-Einstein
condensation and superfluidity in this situation. The possibility to engineer and control
multiple droplets could also open the way to the investigation of droplets dynamics and
collisions. Some preliminary steps in this direction have already been made by reviewing the
non-dissipative drag (i.e. the Andreev-Bashkin effect) occuring in multicomponent atomic
superfluids [140].

Approaching the actual conclusion of this thesis, it is important to remark that, in gen-
eral, the sparkling interest in dipolar condensates and binary mixtures is not, and it should
not be, confined within the boundaries of the atomic and molecular physics community.
Dipolar systems are probably the most reliable platform to effectively perform analog quan-
tum simulations of condensed matter models without losing too much complexity. This is
even more pressing these days, when degenerate regimes have been achieved for the first
time with gases made of polar molecules [173].

On the other hand, the research on multicomponent quantum fluids surely received a
great incentive thanks to quantum droplets and their possible applications as cooling com-
ponents in quantum circuits or in interference apparatuses. The interest in these systems
touches also fundamental applications in statistical physics [212] and quantum simulations
of exotic symmetry appearing in particle physics [213], models of the early universe and
inflationary expansion [135, 136].

In the end, this will continue to be a long and enternaing travel, waiting for passionate

scientists to reveal novel features and ground-breaking applications.









APPENDIX: BOSONIC MATSUBARA FREQUENCIES SUMS

Here we aim to prove the following useful formula, appearing throughtout this whole

thesis:

> log [B*(hPwy + E2)] = BEq +2(1 — e #Fa) + (C) (A1)

where C is here a infinite constant which can be safely discarded because of its independence
from all the thermodynamic variables. Throughtout the derivation we refer to the classical
thermal field theory monography by J. Kapusta and the equally excellent lectures notes by
A. Schmitt [214, 215].

The first step consists in tackling down the logarithm which otherwise forces us to deal
with an uneasy-to-handle branch cut. Thus, let us begin by splitting the sum into two
contributions with the change of variable Eq = %, namely

2+562

2052, 2 | 2\] _ W) 1 2
> log [ (H*w? + E2)] G 0> D) +) logll+ (2mn)?] . (A.2)

The second term in the right-hand-side (RHS) of the equation above is clearly divergent,
but independent from any thermodynamic variable so it can be considered harmless. The
crucial point is the summation contained in the first term of Eq. (A.2). As underlined in
[215], the proper way to solve it relies on contour integration technique. By making use of

the residue theorem, it can be expressed as

1 1 i 1 p
- - __~_coth (B2 A.
3 En: w2+ B2 2mh fp e (B2> (A.3)

where the contour I' has to chosen to enclose only the poles of the coth(z) function. As
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noted in [215], this contour can be deformed in order to reach the simpler integral
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Now, the residue theorem can be applied again, this time closing the contour on the half-

plane Rez > 0 (or Rez < 0), leading to

1 1 1 E 1 2
- - th(p28) = — (1+—"— ). A.
5;h2wg+ﬂg 9By <ﬂ 2> 2Eq( +eﬁEq—1> (A.5)

Finally, we can replace the result above in Eq. (A.2), finding that

2
Zlog [,62(h2w2 +E2):| _ /(BEQ) d$2 i 1 4 2 —|—C
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= BEq + 2log (1 — efﬂEq) +C
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