UNIVERSITA DEGLI STUDI DI PADOVA
FACOLTA DI SCIENZE MM.FF.NN.
DIPARTIMENTO DI FisicA “G. GALILED”

SCUOLA DI DOTTORATO DI RICERCA IN FISICA
CICLO XXIII

Phenomenology of Discrete

Groups in Flavor Symmetries

Coordinatore: Ch.mo Prof. ATTILIO STELLA

Supervisore: Ch.mo Prof. FERRUCCIO FERUGLIO

Dottorando: Dott. ALESSIO PARIS

January 31, 2011






Abstract

The experimental determination of flavor parameters (mass values, mixing angles and
phases) suffer, in the lepton sector, from large uncertainties. Moreover, the ground on
which theoretical models are built is not firm and although we have several clues to guide
us toward the solution of the puzzle, no approach can be considered conclusive up to now.
The situation gets more complicated by the fact that many theoretical constructions pre-
dict correctly many features of neutrino oscillation, but we still lack enough experimental
sensitivity to discriminate among them, to refute the wrong and identify the best candi-
dates to describe how nature works. Some of the most useful and popular tools to try to
solve the flavor puzzle are the discrete symmetry groups. In this thesis we will deal with
three distinct aspects of the current theoretical research on neutrino physics and discrete
flavor symmetries. We will explicitly construct a model based on the discrete group As;
in order to explain neutrino mixing. Phenomenological consequences will be discussed
at the Leading and Next-to- Leading order, while special emphasis will be put on the
naturalness of the vacuum alignment that spontaneously breaks the symmetry.

We will analyze the phenomenology of flavor models beyond the neutrino sector: in
particular, rare decays of the muon and the tau will be discussed in models based on the
symmetry group Ay X Zz x U(1) and realized at a high-energy scale, both in a frame-
independent way and in a particular supersymmetric realization. Moreover, we will con-
sider models in which the flavor scale coincides with the electroweak scale and more than
one Higgs fields are present and charged under a generic discrete flavor group. In this case,
the constraints come from the Higgs phenomenology and the search for flavor violation.

Finally, we will consider the effects of including a model for neutrinos in a larger and
more realistic framework, adding Supersymmetry and the Seesaw mechanism. One of the
key test is to check if the high-energy predictions of a given flavor model are stable against
quantum corrections of the renormalization group. We will show general results applying
to a broad class of textures called mass-independent; as an explicit example of this class,
we will pick the Tribimaximal realization of the Altarelli-Feruglio model.






Riassunto della Tesi

Da un punto di vista sperimentale i parametri della fisica del sapore (valori delle
masse, angoli di mescolamento e fasi) mostrano ancora larghe bande di incertezza, spe-
cialmente nel settore dei leptoni. Inoltre, la base sulla quale i modelli teorici vengono
costruiti non ancora solida e nessun approccio pud dichiararsi definitivo nonostante i
numerosi indizi che ci possono guidare verso la soluzione del problema. La situazione é
resa piu complicata dal fatto che molti modelli riproducono correttamente 1’oscillazione
dei neutrini, ma non si possiede ancora sufficiente sensitivita sperimentale per separare
quelli sbagliati dai candidati pita plausibili per descrivere il meccanismo che la natura ha
adottato. I gruppi di simmetria discreti sono fra gli strumenti pi utili e popolari nel tenta-
tivo di risolvere il problema del sapore. In questa tesi ci occuperemo di tre distinti aspetti
appartenenti alla ricerca teorica sulla fisica dei neutrini e sui gruppi di sapore discreti.
Costruiremo esplicitamente un modello basato sul gruppo di simmetria discreto As che
spieghi il mescolamento dei neutrini. Si studieranno le conseguenze fenomenologiche per i
due ordini perturbativi piu bassi, sottolineando in particolare come i valori di aspettazione
sul vuoto che rompono spontaneamnete la simmetria compaiono in modo naturale.

Analizzeremo poi alcuni modelli di sapore al di fuori dell’oscillazione dei neutrini: in
particolare discuteremo decadimenti rari delle particelle ;e 7 in modelli di sapore basati
sul gruppo di simmetria Ay x Z3 x U(1). I decadimenti verranno discussi sia senza speci-
ficare una teoria generale che in un contesto supersimmetrico. Passeremo poi ad esempi
in cui la scala della fisica del sapore é fatta coincidere con la scala elettrodebole ed in cui
pit campi di Higgs, carichi essi stessi sotto il gruppo di sapore, sono presenti. In questo
caso Per concludere, verranno studiati gli effetti nell’incluedere un modello di sapore
all’interno di una teoria pii ampia e realistica, ovvero aggiungendo la Supersimmetria e
il cosiddetto meccanismo di Seesaw. Uno dei punti chiave é la verifica che le predizioni di
un dato modello, valide ad alte energie, non vengano rovinate dalle correzioni quantistiche
causate dal gruppo di rinormalizzazione. Mostreremo dei risultati generali che si appli-
cano ad un’ampia classe di schemi detti indipendenti dalle masse (mass-independant):
come esempio esplicito sceglieremo lo schema tribimassimale implementato nel modello
di Altarelli e Feruglio.
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Introduction and Outline

Despite the amazing experimental effort that has confirmed its many features and
predictions, it is a spread belief that the Standard Model is somehow incomplete, or even
a simple effective theory of a more general physical framework. There are many theoretical
reasons that seem to support this view, but before the discovery of neutrino oscillations
there were no serious experimental argument to confirm it.

Neutrino oscillation requires that neutrinos have mass, and this requirement obliges us
to modify, even only in a minimal way, the particle content of the SM and the correspond-
ing Lagrangian. Although the excitement about opening a windows to new physics, the
discovery of oscillating neutrinos made the flavor sector of the SM even more complicated
than before: it added to the ten parameters of quark mixing (six mass eigenvalues, three
angles and a CP phase) ten or twelve parameters describing the lepton mixing, depending
on the Dirac or Majorana nature of neutrinos. But the biggest surprise was that leptons
mix in a very different way with respect to quarks. In fact, the former show two large
angles and one angle which, given our current knowledge, could be vanishing or is, in any
case, very small; the latter show instead three small angles, whose order of magnitude can
be express as powers of the Cabibbo angle A ~ 0.22.

After a decade of efforts, we know now that the angle that measure the atmospheric
oscillations is large, possibly maximal. The solar angle has the smallest uncertainties, it
is not maximal, and its particular value is a fundamental hint, as we will see many times
in this work, for model-building. Finally, the reactor angle is bounded by an upper limit,
while its value is still compatible with zero [1-3].

What we do not know about neutrinos is maybe more than what we learned. The
reactor angle is still unmeasured; due to the smallness of 6,3 we have no clue on the size of
CP violation in the lepton sector; we ignore the absolute value of neutrino mass, although
beta-decay experiments and cosmology bound it from above, and the hierarchy of the
spectrum; we can not answer the fundamental question whether neutrinos are Dirac or
Majorana particles. However, this lack of data did not prevent physicists to build models
able to fit the empirical evidences. In particular, symmetry is a powerful tool to explore
the flavor problem from a theoretical point of view. Of course, the field of symmetries
is ample: they can be global or local, Abelian or non-Abelian, discrete or continuous.
In this work we will focus on the class of discrete non-Abelian theories, which is a very
popular setup to describe neutrino mixing. The original reason of this popularity is the
fact that large mixing angles point directly toward discrete rotations, as exemplified by
the symmetry of solids.



The differences among quarks and leptons suggest that different symmetries may act
on different particles. It is a common prejudice, however, that at some high scale their
description is unified. As a consequence, many efforts have been put to find a symmetry
that fits both sectors. In this work, we forget about this issue and focus mainly on models
and phenomenologies of leptons.

Before moving on to concrete realization of these ideas, it is important to stress that a
maximal atmospheric angle is unachievable with an exact symmetry. Then one is forced to
study models where the symmetry is broken either explicitly or spontaneously. The task
of model-building should then consist in discovering a natural way to explain neutrino
mixing and to produce the desired breaking. There are two main paths to implement
a discrete symmetry with a correct breaking in the flavor sector: the first, which is the
most explored, is to build a model where the symmetry is realized at a very high energy
(possibly a scale of Grand Unification) and a completely new set of scalar degrees of
freedom, called flavons, acquires vacuum expectation values (VEVs). The mixing texture
is then realized by a hidden sector, whose consequences can be discovered in some related
low-energy observables; in the second, the flavor scale coincides with the Electroweak scale,
more than one Higgs are present and they usually belong to a non-trivial representation
of the symmetry. This second approach has the advantage to need less new degrees of
freedom, and to offer, perhaps, the chance of observing some direct evidences at LHC; on
the other hand, it is in general less predictive and need a good dose of fine-tuning of the
parameters, while the Higgs phenomenology has to be analyzed carefully not to find it
theoretically and empirically inconsistent. Moreover, it is easier to find a correct vacuum
alignment in the latter case, because usually it is sufficient to break the symmetry in one
direction only to accommodate both charged leptons and neutrinos, while the flavon case
usually needs two different vacuum breaking directions and the task to obtain them in a
natural way is more difficult.

Regarding the last point, working in the Minimal Supersymmetric Standard Model
(MSSM) helps to reach the goal. Due to the holonomicity of the superpotential it is
possible to break the symmetry into two subgroups, denoted as G; and G, which rule
charged leptons and neutrinos, respectively. We must stress, however, that in most cases
the chosen discrete symmetry is not enough: additional constraints coming from Z,, or
U(1) groups are necessary and implemented in most of the models. Their function is to
forbid operators that, if included in the Lagrangian, would spoil the desired predictions,
or to give some extra-details of the model, as the hierarchy among charged lepton masses,
that can not be obtained through the starting symmetry alone.

After showing three textures for neutrino oscillations that fall in the broader class
satisfying p — 7 symmetry (namely Tribimaximal, Bimaximal and Golden Ratio textures)
we focus on the Golden Ratio prediction for the solar angle and build a complete model
to obtain it [4]. Our setup is based on the group As X Zs x Z3. We discuss at the
Leading Order the vacuum alignment derived by the minimization of the most general
superpotential built out of the flavon fields and invariant under our symmetry. There
are a finite number of solutions: one of them lead straightforwardly to the Golden Ratio
pattern. We discuss the spectrum of neutrinos and deduce that it is compatible with both

VI



normal and inverted hierarchy. We discuss the Next-to-Leading-Order corrections, find
them to be under control and plot the corrected values of the solar and reactor angles. Our
results show that even in the presence of higher-order corrections the predicted reactor
angle remains far below the current and future experimental sensitivity.

Since many models correctly reproduce the features of neutrino oscillations, there
must be an alternative way to distinguish among them and to rule out those that are
incorrect. For this reason it is important to draw the effects of one’s model beyond the
neutrino sector and to verify if it remains viable even if included in a larger and more
realistic theoretical frame, like adding the Seesaw mechanism or Supersymmetry. The
flavon realizations, in fact, lay at high-energy, while the low-energy observables are at the
electroweak scale: the picture obtained by imposing a flavor symmetry is then modified
by the renormalization group equations. The running between the two scales is different
if you consider an effective theory for neutrino mass or if we include Seesaw, if we work in
the Standard Model or in the MSSM. We chose to discuss the evolution of flavor models
with the type I Seesaw, both in the SM and in the MSSM [5]. We find some general results
valid for the so-called mass-independent textures, to which the Tribimaximal, Bimaximal
and Golden Ratio textures belong. As an example, we analyze in details the effects on
the Altarelli-Feruglio model [6], a Tribimaximal realization based on the symmetry group
Ay x Zy x U(1).

The same group is the topic of another part of this thesis, in which lepton flavor
violating processes are discussed [9]. First, we organize the operators that cause flavor
violation according to their particle content, in an effective, model-independent frame. We
demonstrate that the allowed processes satisfy a selection rule, that excludes, in particular,
radiative decays. After that, the Altarelli-Feruglio model is considered. The fact that this
model is supersymmetric changes in a drastic way the predictions of the effective case,
allows to avoid the aforementioned selection rule and modifies the branching ratios of the
decays.

Finally, we will deal with models in which the flavor symmetry is realized at the elec-
troweak energy scale [10,11]. In this class of models, there are usually more copies of the
Higgs field and they are charged under a symmetry group. The connection between the
electroweak and the flavor symmetry breaking opens the door to new effects that provide
constraints to the theoretical building. They come in particular from Higgs phenomenol-
ogy (perturbative unitarity, Z and W decays etc.) and from flavor violation processes.
After developing a general formalism to constrain, we will apply it to three distinct models
present in literature.

The thesis is organized as follows. In the first chapter we fix the notation and review
some aspects of the Standard model and its possible extensions. The mechanism to give
mass to neutrinos is discussed, along with a brief report of the experimental data on flavor
physics and neutrino oscillation in particular. The chapter also includes a summary of
the features of Supersymmetry and of the MSSM. Chapter 2 presents the flavor puzzle
and suggests non-Abelian discrete symmetries as an useful tool to investigate it. After a
list of three mass-independent textures for neutrino oscillation, Tribimaximal, Bimaximal
and Golden Ratio, the Altarelli-Feruglio model is reported in full detail. In Chapter 3
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we show a natural model for the Golden Ratio prediction based on the discrete group
As. In the fourth chapter, renormalization group equations are reported and applied
to Seesaw models based on discrete-symmetries. The general case of mass-independent
textures is analyzed, while a concrete example of the effects of running is given by the
Altarelli-Feruglio model. In Chapter 5 we discuss rare decays of muon and tau particles
in models based on Ay x Z3 x U(1). Again, the Altarelli-Feruglio paper provides us a
concrete realization. Finally, in Chapter 6 we deal with a multi-Higgs flavor symmetry
based on Ay. After a general discussion on the different sources of constraints, we apply
it to three model by Ma, Morisi-Peinado and Lavoura-Kuhbock.
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Chapter 1

The Standard Model and Beyond

1.1 The Standard Model and the Neutrino Masses

The interactions of what we call fundamental particles are described by the Standard
Model of particle physics [12]. In its mathematical form, the Standard Model is a quantum
field theory in a four-dimensional Minkowski space, whose Lagrangian is invariant under
the gauge group SU(3). x SU(2)r x U(1)y. The first group, SU(3)., describes quantum
chromodynamics, the theory of strong interactions of colored particles, such as gluons and
quarks. The SU(2);, x U(1)y term is the group of the electroweak force, which describes
the behavior of the weak gauge bosons, W*, W~ and Z°, as well as the electromagnetic
one, the photon 7, in their mutual interactions and in the presence of fermions.

The constituents of matter are leptons and quarks, which transform as four-component
Dirac spinors under the Lorentz group. Using the Weyl or chiral representation of the
Lorentz group, in which the y* have vanishing 2 x 2 block diagonal components, it is
possible to define Dirac spinors ¥ as the sum of two two-components Weyl spinors with

qf:<$;) . (1.1)

Each of these new spinors belongs to a different representation of the Standard Model. If
the left- and right-handed Weyl spinors of a Dirac spinor satisfy U = ic?*U%, then the
four-component spinor is called Majorana spinor and the two parts are equivalent.

In this work we will mainly adopt another notation: we consider a basis in which
all the fields are left-handed and therefore ¥ refers to the true left-handed component
and ¥¢ to the charge conjugate of the right-handed part. Using this convention, we

opposite chirality

clarify the equivalence between the two- and the four-component notations. For example
e (e°) denotes the left-handed (right-handed) component of the electron field. In terms
of the four-component spinor ¢! = (e, €°), the bilinears €5”e and e°c”e® correspond to
7" Pripe and ¢, Prip. (where Pp g = $(1F+°)) respectively. We take 0% = (1,5), o/ =
(1,-0), o = 1(o"5" — 0"a*), 7" = ;(6%"0" —570") and g, = diag(+1,—1,—1,—1),

where & = (0!, 0%, 03) are the 2 x 2 Pauli matrices:

s (O1) e () e (D)



2 CHAPTER 1. THE STANDARD MODEL AND BEYOND

Leptons and quarks are present in three generations or families and each of them
includes four left-handed SU(2)-doublets, one in the lepton sector, ¢ = (v, €), and three
in the quark sector, ¢ = (u, d), and seven right-handed SU(2),-singlets, the charged
lepton e and the up- and down-quarks u¢ and d°. The symmetry charge assignments of
one such family under the Standard Model gauge group are displayed in Table 1.1, along
with the symmetry assignments of the Higgs boson H = (H™, H°). The electric charge
is given by Qen = 137, + Y, where T3y, is the weak isospin and Y the hypercharge.

14 e° q u’ d° H

SU@3).| 1 1 3 3 3 1
SU2), || 2 1 2 1 1 2
Uly | —1/2 +1|+1/6 —2/3 +1/3|+1/2

Table 1.1: Charge assignments of leptons, quarks and the Higgs field under the Standard Model gauge
group.

The fermion assignments are such that the SM results anomaly-free and the gauge
group symmetry of the Lagrangian is preserved at the quantum level. The most general
SU(3). x SU(2)r x U(1)y gauge invariant renormalizable Lagrangian density can be

written as follows:
Lsm =L+ H +V, (1.3)

where £ contains the kinetic terms and the gauge interactions for fermions and bosons,
while %y referees to the fermion Yukawa terms and V' is the scalar potential. The Yukawa
Lagrangian can be written as

2

gy = (Y;)ij GCHTEJ' —+ (Y;l)lj dequ + (Yu)w uff[qu -+ h.c. (14)

where H = ic2H*. The Standard Model gauge group prevents direct fermion mass terms
in the Lagrangian. However, it is customary to account for the mass of fermions and of
the gauge bosons W= and Z to a unique mechanism, the Higgs spontaneous symmetry
breaking. When the neutral component of the Higgs field acquires a non-vanishing vacuum
expectation value (VEV), (H°) = v/+/2 with v ~ 246 GeV, the electroweak symmetry is
spontaneously broken,

SU(Z)L X U(l)y — U(l)em s (15)

and as a result all the fermions, apart from neutrinos, acquire non-vanishing masses:
v
V2

However, the experimental observation of the past two decades have undoubtedly
confirmed the oscillation of neutrinos among different families [1]. From the point of view

Ly = (M) u§u; + (Myg)ij did; + (M.);; eje; where M;, =Y, (1.6)



1.1 THE STANDARD MODEL AND THE NEUTRINO MASSES 3

of quantum theory, this phenomenon is possible if neutrinos have non-vanishing masses.
However, the SM lacks the mechanism to give mass to neutrinos and this fact suggest the
need to extend it. The minimal variation consists in the introduction of a set of right-
handed neutrinos, v¢, which transform under the gauge group of the Standard Model as
(1, 1, 0), i.e. they do not have any interactions with the vector bosons. In this way, it is
possible to construct a Yukawa term for neutrinos similar to the up-quark Yukawa:

()i veH'0; + hc. (1.7)

which in the electroweak symmetry broken phase becomes a neutrino Dirac mass term
v
V2

According to the observations, m, ~ 0.1 eV and as a consequence it requires that Y, ~

(1.8)

(my)ij Viv; where m, =Y,

107'2, which does not find any natural explanation.

An alternative minimal extension of the Standard Model consists in assuming the
explicit violation of the accidental global symmetry L, the lepton number, at a very high
energy scale, Ay . It is then possible to write the Weinberg operator [13], a five-dimensional
non-renormalizable term suppressed by Ap:

Lo () (HT)

05 = (1) = (L.9)

When the Higgs field develops the VEV, this produces a neutrino Majorana mass term

2
(mw)ijviv; where m, = YZ,U— ) (1.10)

4AL
Considering again an average value for the neutrino masses of the order of 0.1 eV, it
implies that Ay can reach 10"+ GeV, for (Y;);; = O(1). Once we accept explicit lepton
number violation, we gain an elegant explanation for the lightness of neutrinos as they
turn out to be inversely proportional to the large scale where lepton number is violated.

1.1.1 The See-Saw Mechanism

Three different high scale renormalizable interactions have been proposed to account
for the violation of the lepton number and the smallness of neutrino masses. They are
known as the See-saw mechanisms, because the heaviest the new degrees of freedom are,
the lightest the left-handed neutrinos become. Neutrino mass is generated by the tree-
level exchange of three different types of new particles: right-handed neutrinos, fermion
SU(2)-triplets and scalar SU(2)-triplets. We explain in the following how Type I See-
saw [14], based on the introduction of right-handed neutrinos, works.

The presence of new fermions with no gauge interactions, which play the role of right-
handed neutrinos, is quite plausible because any grand unified theory (GUT) group larger
than SU(5) requires them: for example, v¢ complete the representation 16 of SO(10).



4 CHAPTER 1. THE STANDARD MODEL AND BEYOND

As already anticipated they have a Dirac Yukawa interaction Y, with the left-handed
neutrinos. Assuming explicit lepton number violation a second term appears, a Majorana
mass Mpg: the Lagrangian can then be written as

[ J71 7y

~ 1
FLigper = (Vo )gve 1t + S (M )it + e, (1.11)

Y, and My are 3x 3 matrices in the flavor space: M is symmetric and is usually associated
with a high-energy scale A, while Y, is in general non hermitian and non symmetric. The
Dirac mass term originates through the Higgs mechanism as in eq. (1.8). On the other
hand, the Majorana mass term is SU(3) x SU(2), x U(1)y invariant and therefore the
Majorana masses are unprotected and naturally of the order of the cutoff of the low-energy
theory. The full neutrino mass matrix is a 6 x 6 mass matrix in the flavor space and can

be written as
C

14 1%
v 0 m©E
M, = D 1.12
VC(mD MR> ’ ( )

where mp = Y, v/v/2. By block-diagonalizing M, the light neutrino mass matrix is
obtained as
m, = —mhMgz'mp . (1.13)

This is the well known type I See-Saw Mechanism: the light neutrino masses are quadratic
in the Dirac masses and inversely proportional to the large Majorana ones, justifying the
lightness of the left-handed neutrinos.

This construction holds true for any number of heavy v coupled to the three known
light neutrinos. In the case of only two v¢, one light neutrino remains massless, which is
a possibility not excluded by the present data.

1.2 The Physical Basis and the Mixing Matrices

If we simply assume that the lepton number is explicitly violated, when the electroweak
symmetry is broken all fermions develop a mass term:

Lrnass = (Mu) wiu; + (Ma)y; did; + (Me)i; efe; + %(mu)ij%’”j : (1.14)
where M; and m, are 3 X 3 mass matrices in the flavor space. Counting the number of
free parameters, there are nine complex entries for each mass matrix, apart for m, which
is symmetric and owns only six. To reduce this amount, we can move to the physical
basis in which the kinetic terms are canonical and all the mass matrices are diagonal.
In this basis also the Yukawa coupling matrices are diagonal and therefore there is no
tree-level flavor changing currents mediated by the neutral Higgs boson. This feature is
in general lost extending the Standard Model by introducing multiple Higgs doublets or
extra fermions.
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We make unitary transformations on the fermions in the family space in order to move
to the physical basis. Unitarity of these matrices ensures that the kinetic terms remain
canonical. Specifically, we define V,, ye 4 4c and U, e, such that the transformations
produce the following diagonal matrices:

VJC M,V, = diag(m,, m., my), Vch MV, = diag(mg, ms, my) ,
(1.15)
ch M. U, = diag(m., m,, m;), Ul'm, U, = diag(my, my, ms) .

Moving to the physical basis, the unitary matrices V; and U; should enter into all the
fermion interactions. As already noted, the associated transformations bring the Yukawa
couplings of fermions with the Higgs boson in the diagonal form. After these rotations
the couplings of fermions to the Z° boson and to the photon remain diagonal, as well.
It follows that in the Standard Model flavor is conserved by the tree-level exchange of
neutral bosons. The charged current interactions are brought in a non-diagonal form:
considering for simplicity only the negative charged current J , we see that

J, = Tyue + wyd — vy, U Uee + 7,V Vad . (1.16)

The products of the diagonalizing unitary matrices are defined as the mixing matrices for
leptons, the Pontecorvo-Maki-Nakagawa-Sakata (PMNS) matrix [15], and for quarks, the
Cabibbo-Kobayashi-Maskawa (CKM) matrix [16,17], respectively:

U=UlU, and V=VIV,;. (1.17)

As the product of two unitary matrices, U and V' are unitary as well. As said, before, a
3 x 3 unitary matrix has nine complex independent parameters. It is possible to absorb
some of them through a redefinition of the fermion fields such that only three angles and
one phase are left (142 phases if neutrinos are Majorana particles). The angles rule the
mixing between the flavor eigenstates and the phases are responsible for CP violation.
The standard parametrization of the CKM and PMNS matrices are in terms of the angles
012, 013 and A3 and of the phase §:

1 0 0 C13 0 s13¢7 % c12 S12 0
V= 0 co3 893 |- 0 1 0 -l =819 ¢ O
0 —S93 Cog —513¢® 0 3 0 0 1
(1.18)
C12C13 C13512 s13e”"0

i6 i6
= —C23512 — C12513523€ C12C23 — 512513523€ C13523 5
6 i6
512823 — C12€23513€ —C12523 — €23512513€ C13C23

where ¢;; and s;; stand for cos;; and siné,; (with 0 < 6;; < 7/2), respectively, and
the Dirac CP-violating phase lies in the range 0 < ¢ < 27. This notation has various
advantages: the rotation angles are defined and labeled in a way which is related to the
mixing of two specific generations; as a result if one of these angles vanishes, so does the
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mixing between the two respective generations. Moreover in the limit 653 = 613 = 0 the
third generation decouples and the situation reduces to the usual Cabibbo mixing of the
first two generations with sin 6y, identified to the Cabibbo angle [16].

The standard parametrization of the lepton mixing is similar to eq. (1.18): we can
write the PMNS matrix as the product of four parts

U= R23(‘923> : R13(‘9137 6) : R12(‘912) - P

C12€13 C13512 sige”"’ (1.19)
_ i 6
= | —c23812 — C12513523€""  C12C23 — S12513523€" C13523 P,
i6 is
512523 — C12€23513€ —C12523 — €23512513€ C13C23

where P is the matrix of the Majorana phases P = diag(e®1/2 ei#2/2 1), ¢;; and s
represent cos 0;; and sin 0;;, respectively, and ¢ is the Dirac CP-violating phase. Angles
and phases have well defined ranges: 0 < 69, 053, 13 < g and 0 < 0, @1, Yo < 2.
Majorana phases are not present in eq. (1.19) if total lepton number is conserved.

In analytical and numerical analysis, quark and lepton mixing matrices are not in the
standard form as in egs. (1.18, 1.19) but it is possible to recover the mixing angles 6;; and
the phases 9, 1 and o through the following procedure. Denoting the generic mixing
matrix as W, the mixing angles are given by

sin013 = ’ng‘ s tan@lg = <|W12|> y tan923 = (@> s (120)

Wil | Ws|

if [Wi1] (|Wss|) is non-vanishing, otherwise 615 (f23) is equal to 7/2. For the Dirac CP-
violating phase we use the relation

mthjw}zvvz = C12 C%g C23 513 (672‘5 512 523 — C12 Ca3 513) (1-21)
which holds for 4, j € {1,2,3} and i # j. Then the phase ¢ is given by
WiWi Wi Wy

Jj
3 + C12 C23 S13
C12 C13 C23 513 (1 22)

0 = —arg
512 523

where 7,5 € {1,2,3} and i # j. An additional parameter, the Jarlskog invariant [18]
which measures the amount of the CP violation is defined as:

1 * * 1 * *
Jep =5 (Wi WieWa Wa)| = 5 [Tm(Wi Wi W W) (123
1.23
1 1 .
== 5 |Im(W§2W23W32W§3)| == 5 |012 0%3 Co3 Sln5 512 S13 823‘ .

To conclude the Majorana phases, that are present only in the lepton mixing matrix, are
given by
p1 = 2arg(e™ UT) py = 2arg(e™ Uy,) (1.24)

where §, = arg(e®® Wi3).
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1.2.1 Experimental Data and Prospects

Experimentally, the CKM matrix has well defined entries [19]: a fit on the data,
considering the unitary conditions, gives the following results,

Vud Vus Vub
| v | = ‘/cd ‘/cs V;b
Vie Vis Vi

1.25
0.97428 4 0.00015 0.2253 +0.0007  0.0034775-50015 (1.25)

= | 0.225240.0007 0.9734570:90015 (9 0410+30011
0.00862+0:90026 0.040379:99LL (0.999152+0:000030

Making use of the standard parametrization, it is possible to extract the values of the
quark mixing angles: in terms of sin ¢;; we naively have

sin 612 ~ (.2253 s sin 023 ~ (.0410 s sin 913 ~ (0.0035 . (126)

In the same way it is possible to recover the phase-convention-independent J-p and the
result of the data fit is

Jop = (2.917017) x 107° . (1.27)

A convenient summary of the neutrino oscillation data is given in Table 1.2. The pat-
tern of the mixing is characterized by two large angles and a small one: 653 is compatible
with a maximal value, but the accuracy admits relatively large deviations; 15 is large,
but about 50 far from the maximal value; 6,3 has only an upper bound. According to the
type of the experiments which measured them, the mixing angle 63 is called atmospheric,
015 solar and 63 reactor. We underline that there is a tension among the two global fits
presented in Table 1.2 on the central value of the reactor angle: in [2] we can read a
suggestion for a positive value of sin®#;3 ~ 0.016 + 0.010 [1.60], while in [3] a best fit
value consistent with zero within less than 1o is found.

It is interesting to note that the large lepton mixing angles contrast with the small
angles of the CKM matrix. Furthermore, to compare with eq. (1.25), we display the
allowed ranges of the entries of the PMNS matrix [20]:

Un Us U 0.79—0.88 0.47—0.61 < 0.20
U= | Ung Us Us | = | 019-052 042—0.73 058—0.82 | . (1.28)
Up Uy Uss 0.20 — 0.53 0.44 —0.74 0.56 — 0.81

Experiments showed that quarks and charged leptons have strongly hierarchical masses:
the mass of the first families are smaller than those of the second families and the third
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Ref. [2] Ref. [3]
parameter best fit (1)  3o-interval | best fit (1o) 3o-interval

Am?, [x1075eV?] 7671018 7.14 — 8.19 7.65705  7.05—8.34

sol — -

Am?2,, [x107%eV?] | 2.39700% 2.06 — 2.81 2407012 2.07—2.75
sin? 0, 0.3127099  0.26—0.37 | 0.304%5832  0.25 — 0.37
sin? fys 046610053 0.331 —0.644 | 0.50%09%  0.36 — 0.67
sin? 03 0.01615015 < 0.046 0.01019:6:9 < 0.056

Table 1.2: Neutrino oscillation parameters from two independent global fits [2, 3].

families are the heaviest. The quark masses are given by [19]®
m, = 1.7+ 3.3 MeV , me = 1.271550 GeV | my =172.0+0.9 £ 1.3 GeV ,

mg = 4.1+ 58 MeV | m, = 10173 MeV | my = 4191008 GeV .
(1.29)
The charged lepton masses are very precisely known and they read [19]

me = 0.510998910 + 0.000000023 MeV |,
m, = 105.658367 £ 0.000004 MeV , (1.30)

m, = 1776.82+0.16 MeV .

In the neutrino sector the mass hierarchy is much milder and only two mass squared
differences have been measured in oscillation experiments.¥ The mass squared differences
are defined as

Am2, = mi—m?=Am2, = (7.59£0.20) x 107 eV?

sol —

Am3 = mj—mi=+Am2,, = (243+0.13) x 107% eV (1.31)

atm

and in Table 1.2 we can read the results of two independent global fits on neutrino
oscillation data from [2] and [3]. It is interesting to report also the ratio between the two

$The u-, d-, and s-quark masses are estimates of so-called “current-quark masses”, in a mass-
independent subtraction scheme such as MS at a scale u ~ 2 GeV. The c- and b-quark masses are
the “running” masses, m(u = m), in the MS scheme. Only the mass of the t-quark is a result of direct
observation of top events.

YThere is an indication for the existence of a third independent mass squared difference from the
LSND experiment [21], which could be explained only if an additional (sterile) neutrino is considered.
The MiniBooNE collaboration [22] did not confirm the LSND result with neutrinos, but seems to support
it for antineutrinos [23]. Results from MINOS [24] point toward a neutrino/antineutrino anomaly, too.
The existence of a sterile neutrino and a third mass squared difference is still controversial.
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mass squared differences [3]:

A 2
r= ooyt = 00325 (1.32)

atm

Due to the ambiguity in the sign of the atmospheric mass squared difference, neutrinos
can have two mass hierarchies: they can be normally hierarchical (NH) if m; < mgy < mg
or inversely hierarchical (IH) if ms < m; < my. Furthermore, if the absolute mass scale
is much larger than the mass squared differences then we cannot speak about hierarchy:
in this case the neutrino spectrum is quasi degenerate (QD) and we speak about mass

ordering. It is common to redefine the atmospheric mass squared difference to account

2
atm

for the type of the hierarchy: indeed Am?, is taken to be the mass squared difference

between the heaviest and the lightest mass eigenstates and therefore
m3 — mi(m3)| = Amg,, (1.33)
for the normal (inverse) hierarchy.

Regarding the experimental prospects on neutrino mass and mixing there are several
future experiments that will provide information. They are:

e many reactor and accelerator experiments are devoted to improve the sensitivity on
the reactor angle 0;3. The combined limit of DOUBLE CHOOZ [25], Daya Bay [26],
MINOS [27], RENO [28], T2K [29] and NOvA [30] should reach sin? 26,3 < 1072 [31].
The results of these experiments will also set the schedule of CP violation searches;

e [(-decay experiments which measure the endpoint of the tritium decay and to good
approximation probe m2, = Y. |UZ|m? and consequently the absolute scale of neu-
trino mass. The most recent experiment is MAINZ [32] and it puts an upper bound
at 99% of CL of m,, < 2.1 eV. The KATRIN experiment will improve the sensitivity
to m,, by one order of magnitude down to ~ 0.2 eV [33]. Cosmology can also set an
upper bound on the sum of the neutrino masses. As a result [34] >, m; < 0.19+2.6
eV;

e the neutrinoless-double-beta (0v23) decay is a viable decay for a little class of nuclei
only in the hypothesis of Majorana nature for neutrinos. Dedicated experiments
could probe the ee element of the neutrino Majorana mass:

Mee = E UZm; = cos 035(my cos 03,e™" + mysin 03,e%) + mgsinfy, ,  (1.34)
i

where ¢; are the Majorana phases. Nowadays only an upper bound of 0.35 eV on this
quantity has been put by the Heidelberg-Moscow collaboration [35], but the future
experiments are expected to reach better sensitivities: 90 meV [36] (GERDA), 20
meV [37] (Majorana), 50 meV [38] (SuperNEMO), 15 meV [39] (CUORE) and 24
meV [40] (EXO).
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1.3 Supersymmetry

In the Standard Model two Higgs parameters appear in the scalar potential: my and
A, which are the mass and the quartic coupling of the Higgs boson, respectively. The
Higgs VEV is linked to these parameter as
m

=L 1.35
e (1.35)

v
(H) 7
Since Ay is bounded from above by various consistency conditions (such as perturbative
unitarity), and given the measured value v ~ 246 GeV, it follows that it should be roughly
—m3, ~ (100 GeV)?. The parameter my receives corrections from the virtual effects of
every particle that couples to the Higgs field. These corrections depend quadratically on
the high-energy cut-off scale; the Higgs mass is unprotected against them and this fact
is called the hierarchy problem. If the cutoff scale is taken to be close to the Planck
scale Mp ~ 10! GeV, the corrections due to the fermion loops are much larger than the
weak scale. Supersymmetry (SUSY') was rapidly recognized as an elegant solution to this
problem ¥. The introduction of supermultiplets composed of the known SM particles and
of yet-to-be-discovered, heavy partners allows to mitigate the corrections to a logarith-
mic term. SUSY can be considered an extension of the usual 4-dimensional space-time
Poincaré symmetry, in which new fermionic operators, that transform a boson field into a
fermion field and vice versa, are introduced. The generators of the Poincaré algebra and
the new spin 1/2 operators form a superalgebra, whose irreducible representations, called
supermultiplets or superfields, contain both fermionic and bosonic degrees of freedom.
The squared-mass operator P,P* commutes with every single operators of the superal-
gebra, so it follows that particles belonging to the same supermultiplet should have the
same mass. Since this feature has never been observed, we must conclude that somehow
SUSY is a spontaneously broken symmetry. As a consequence the Lagrangian is the sum
of two terms,

L = ZLsusy + Lot (1.36)

where Zsygy is the supersymmetric preserving part, while Z,s breaks SUSY softly, in
order to preserve the relations that solve the hierarchy problem. In the minimal supersym-
metric extension of the Standard Model (MSSM), SM fermions and their superpartners
belong to so-called chiral supermultiplets. The superpartners are spinless bosons and their
names are built placing a s- before the partner’s name (as an example, the partner of the
electron is the selectron). The gauge bosons, along with their 1/2-spin partners called
gauginos, belong to gauge multiplets. Finally, there are two additional chiral supermul-
tiplets to which two independent Higgs fields and two Higgsinos are assigned. The usual
Standard Model Higgs H, defined in Table 1.1, is renamed to Hy and it is responsible
for giving mass to the down quarks and to the charged leptons. The extra Higgs, H,, is
required to generate the Dirac mass of the up quarks (and of neutrinos if ¢ are included),

SFor a detailed introduction to Supersymmetry, see [41]



1.3 SUPERSYMMETRY 11

as a requirement of the theory prevents the charge conjugate of Hy from playing that
role (in contrast to what happens with H in the Standard Model). After electroweak
symmetry breaking the neutral components of the Higgs fields acquire VEVs:

(HY) = v, , (H) = va. (1.37)

They are related to the mass of the Z° boson by

v? 2my

2 2 _ _ ~ 2
and the ratio of the VEVs is a free parameter of the theory and is traditionally written
as

tan B = —*. (1.39)
Vd

It is not difficult to generalize the Standard Model description of Section 1.1 to the
supersymmetric context: each Standard Model field is considered to be a part of a super-
field, z, and the Lagrangian of the model can be written as a sum of different terms in
the following way

Z = /d20d2§IC(§, e*V2) + {/ d*0w(z) +h.c} +;L {/ d*0f(z)WW +hee.| , (1.40)
where KC(Z, z) is the Kéhler potential, a real gauge-invariant function of the chiral su-
perfields z and their conjugates, of dimensionality (mass)?; w(z) is the superpotential,
an analytic gauge-invariant function of the chiral superfields, of dimensionality (mass)?;
f(2) is the gauge kinetic function, a dimensionless analytic gauge-invariant function; V' is
the Lie-algebra valued vector supermultiplet, describing the gauge fields and their super-
partners. Finally W is the chiral superfield describing, together with the function f(z),
the kinetic terms of gauge bosons and their superpartners. § and @ are spinor degrees of
freedom and correspond to transformations in the superspace, defined by the union of the
usual space-time and of the space on which the superymmetric operators act.

The scalar potential V = V/(Z, z') is composed of two contributions. One is usually
called the F-term, obtained from the superpotential as F; = 0w(2)/0Z;, where i is an
index labeling the components of whatever representation the field has under the gauge
group (for example, two components if the chiral superfield containing Z; is a doublet
of SU(2)). The other contribution is usually called the D-term, and is associated with
the gauge group: D® = g,(M%;)? — g,2'T*%, where a labels the generators T of the
group and (M%;)? denotes the contribution of the Fayet-Tliopoulos (FI) term, which may
be non-zero only for Abelian U(1) factors of the group. Assuming a canonical Kéhler
potential, I = Z;2z; and summarizing the two contributions we have

1 dw(z) |?
_pip4op?= S |2
V=FF+-D Z’ 7

1

+5 S (gu (M) — gu3T2)” (1.41)

a

In terms of the hierarchy problem, mp receives new contributions from the Standard
Model superpartners in such a way that the loop diagrams with superparticles in the loop
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have exactly the same value as those ones with Standard Model particles in the loop, but
with opposite sign (due to the minus sign coming from the fermion loop): Supersymmetry
enables the exact cancellation of the quadratic divergence, leaving only milder logarithmic
divergences.

If from one side in supersymmetric theories there is a natural explanation of the
hierarchy problem, dangerous gauge-invariant, renormalizable operators appear: the most
general super potential would include also terms which violate either the baryon number
(B) or the total lepton number (L). The existence of these terms corresponds to B- and
L-violating processes, which however have not been observed: a strong constraint comes
from the non-observation of the proton decay. A possible way out to this problem is
represented by the introduction of a new symmetry in MSSM, which allows the Yukawa
terms, but suppresses B- and L-violating terms in the renormalizable superpotential. This
new symmetry is called “matter parity” or equivalently “R-parity”. The matter parity is
a multiplicative conserved quantum number defined as

Py = (_1)3(B*L) (1.42)

for each particle in the theory. It is easy to check that quark and lepton supermultiplets
have Py, = —1, while Higgs supermultiplets, gauge bosons and gauginos have Py, = +1.
In the superpotential only terms for which Py, = +1 are allowed. The advantage of
such a solution is that B and L are violated only due to non-renormalizable terms in the
Lagrangian and therefore in tiny amounts.

It is common to use also a second definition of this symmetry: the R-parity refers to

PR — (_1)3(37[/)4*25 ’ (143>

where s is the spin of the particle. The two definitions are precisely equivalent, since
the product of (—1)%* is always equal to +1 for the particles in a vertex that conserves
angular moment. Under this symmetry all the Standard Model particles and the Higgs
bosons have even R-parity (Pr = +1), while all their superpartners have odd R-parity
(Pp=—1).

The phenomenological consequences of an R-parity conservation in a theory are ex-
tremely important: the lightest sparticle with odd R-parity is called lightest supersym-
metric particle (LSP) and is absolutely stable; each sparticle, other then the LSP, must
eventually decay in a state with an odd number of LSPs; sparticles can only be produced
in even numbers, at colliders.



Chapter 2

Discrete Flavor Symmetries and the
Flavor Problem

Most of the free parameters of the Standard Model are inherent to the flavor sector.
The mass values of quarks and leptons, their mixing angles and phases remain without
a definitive theoretical explanation although experimental data have been accumulated
for decades. Neutrino mixing could turn to be fundamental to solve the flavor problem,
since it is very different from the quark mixing, for which the angles are small. To
build up theoretical models of neutrino mixing one must guess which features of the data
are relevant in order to identify the basic principles for the formulation of the model. Of
course, one can assume that the particular pattern of the PMNS matrix (1.28) is accidental
and has no deep physical meaning. The experimental data could then be fitted varying
the parameters of a chosen framework. On the other hand, if we assume that neutrino
mixing hides a specific physical pattern, then we are led to consider models that naturally
produce that pattern as a first approximation and only a very special dynamics can lead to
this peculiar mixing matrix. Discrete non Abelian groups (for a review see [42]) naturally
emerge as suitable flavor symmetries, because they immediately suggest rotations by fixed,
discrete and possibly large angles. In the following I will discuss three cases of a broader
class of neutrino mixing patterns based on  — 7 symmetry. Through a general argument
it is shown that specific predictions on the values of the mixing angles can be naturally
related to the property of some discrete groups.

2.1 Lepton Mixing Angles and Platonic Solids

On a pure phenomenological basis there are attractive patterns that could provide a
good LO approximation for the lepton mixing. In particular the data are firmly indicating
that the atmospheric mixing angle is close to maximal and that the reactor angle is the
smallest one so that, in a crude approximation, we can take sin” 3 = 1/2 and sin® 6,3 = 0.
In the same approximation, several choices have been suggested for the solar angle, such
as sin? 01, = 1/2 (Bimaximal pattern), sin? 6, = 1/3 (Tri-Bimaximal) and tan 6, = 1/¢

13
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(Golden Ratio). Clearly, depending on the pattern chosen as first approximation to the
data, appropriate sub leading corrections are needed, smaller for the TB and GR mixing
patterns and larger for the BM one. In the basis where the charged leptons are diagonal the
most general neutrino mass matrices corresponding to the considered LO approximations
are given by

m, = Upyyg diag(mi, ma, ms) U}TDMNS : (2.1)
with a mixing matrix
cz Sz 0
BLERNCERN
Upmns = V2 V2 V2 ; (2.2)
_s12oon 1

NCRRVCRNG

where ¢19 = cosfis and s15 = sinf5. The three cases we are interested in are obtained
by specializing the value of 615. By applying eq. (2.1) we find a matrix of the form:

Ty y
my,=\y z w ; (2.3)
Yy w oz

with coefficients x, y, z and w satisfying the following relations:

Z+w = BM
z+w = z+vy TB
4w = z—+v2y GR . (2.4)

Thus we have three textures each depending on three independent complex parameters.
Each of them can be completely characterized by a simple symmetry requirement, that
of being invariant under two independent commuting parity transformations, U and S:

SP=U?=1 |, [S,U]=0 . (2.5)
Indeed the mass matrix of eq. (2.3) is the most general one invariant under the so-called
1 — 7 exchange symmetry, generated by:

100
U=[(0 01 . (2.6)
010

Moreover, depending on the particular chosen texture, we have another generator .S, which
can be found by using the constraints in eq. (2.4). We list the solutions in Table 2.1. The
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requirement of invariance under U and S completely determine the mass textures listed
above. Namely, given a generic neutrino mass matrix m, the most general solutions to

the equations:
U'm, U=m, |, STm, S=m, (2.7)

with U and S given in eq. (2.6) and in Table 2.1, are the mass matrices defined by egs.
(2.3) and (2.4).

At the same time the requirement that the combination m}ml is diagonal can be
fulfilled by asking that the charged lepton sector is invariant under the action of a cyclic
symmetry of Z,, type. Calling T" the corresponding generator, with 7" = 1, we can choose
T so that the solution of

Tt (mimy) T = (mimy) (2.8)

is a diagonal matrix. In minimal constructions realizing BM, TB and GR mixings the
generator 1" can be chosen as in Table 2.1. With this choice T" has the additional property:

(ST =1 . (2.9)
BM TB GR
) 0o -1 —1 L7122 . 1 V2 V2
S 7 -1 1/V2 -1/V2 sl 2 -1 2 — | V2 —¢ 1/¢
2\ 4 —1/vV/2 1/V2 2 2 -1 >\ V2 /¢ —o¢
1 0 0
-1 0 0 10 0 2
T 0 —i 0 0 w 0 0 e d 0
0 0 i 00 w? 87
0 0 e

Table 2.1: Generators S and T for the different mixing patterns (¢ = (1 + v/5)/2 and

w=—1/2+1iv/3/2).

A model giving rise to the desired lepton mixing matrix Upynys can be obtained
starting from the family group Gy generated by S, T' and U. The family symmetry
should be spontaneously broken by a set of scalar fields in such a way that, at the LO, the
charged lepton sector has a residual invariance under the group generated by T, whereas
the neutrino sector has a residual invariance under the group generated by S and U. The
desired lepton mixing Upy s arises by construction, independently from the base choice.
In existing models the 1 — 7 exchange symmetry generated by U arises at the LO as
an accidental symmetry. In this case the family symmetry Gy is generated by S and T
satisfying:

S? = (ST)> =1 and ™"=1 |, (2.10)
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with n = 4 for BM, n = 3 for TB and n = 5 for GR. These are the defining relations of Sy
(BM) [43], A4 (TB) [44] and A5 (GR) [4,45-47], which are the proper symmetry group of
the cube/octahedron, tetrahedron and dodecahedron/icosahedron, respectively. We find
rather intriguing that Platonic solids and their symmetries are in a natural correspondence
with the most popular lepton mixing patterns. Notice that these groups are all subgroups
of the modular group, defined by the presentation S? = (ST)3 = 1.

2.1.1 The Bimaximal Mixing Pattern

The Bimaximal mixing [48] predicts sin® #;, = 1/2, to which corresponds a well defined
relation between the mass parameters: w = x — z (2.4). The most general mass matrix
of the BM-type can be written as

x Y Y
m,=|vy z x—2z (2.11)
y r—2z @z

and satisfies an additional symmetry for which (m, )11 = (my)22 + (my)23. Apart from
the Majorana phases, eq. (2.11) depends on only three real parameters, the masses, which
can be written in terms of the mass parameters x, y and z:

my =z +V2y, my =1 — 2y, mg=2z—2x. (2.12)

These masses are the eigenvalues of eq. (2.11), while the eigenstates define the uni-

diag __
> =

tary transformation which diagonalizes the mass matrix in such a way that m
UL, ym,Ugyr, where the unitary matrix is given by

1/vV2 —-1/v2 0
Usnu=| 1/2 1/2 —1/V2 | . (2.13)
/2 1/2  +1/V2

Notice that this matrix is mass-independent. It is useful to express eq. (2.11) in terms of
m; instead of z, y and z:

my, = Ugpy diag(my, ma, mg) UgM

- 0 0 0 - 2 V2 =2 s 2 V2 V2
=5 (01 1)+ V2 11 o v2
0 -1 1 -2 1 1 V2 11

(2.14)

(Clearly, all type of hierarchies among neutrino masses can be accommodated. The small-

2

2.m Tequires either |zy| < |2?| (normal hierarchy) or

ness of the ratio r = Am?2,,/Am

|z| ~ |z] < |y| (inverse hierarchy) or |y| < |z| ~ |z| (approximate degeneracy except for
T~ 22).
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A final comment on the agreement of this scheme with the experimental data is worth.
In the bimaximal pattern the solar angle is assumed maximal, sin® 6, = 1/2, to be com-
pared with the latest experimental determination: at 3o error level, sin® 65 = 0.26 — 0.37
from [2] or sin® 15 = 0.25 — 0.37 from [3], and the Bimaximal pattern can be considered
at most as a zeroth order approximation that needs large corrections.

2.1.2 The Tribimaximal Mixing Pattern

In the so-called Tribimaximal or Harrison-Perkins-Scott pattern [49] a vanishing reac-
tor angle, a maximal atmospheric angle and sin?#,, = 1/3 are assumed. From eq. (2.4)
it results w = x + y — 2z and therefore the most generic mass matrix of the TB-type is

given by
z y y
my,= 1|y 2 r+y—z | . (2.15)
Yy rT+y—=z z

This matrix satisfies the so-called magic symmetry, for which the sum of the entries
of each row and columns are equal, or (m, )11 = (my)22 + (My)23 — (Mmy)13. The mass
eigenvalues can be written in terms of the parameters z, y and z:

m =x—y, mo =+ 2y, ms=2z—x—y. (2.16)

These eigenvalues come from the diagonalisation of eq. (2.15) by the use of a unitary

diag _

d Ulzm,Urp, where the unitary matrix is given

transformation in such a way that m
by
2/3 1/vV/3 0
Up=| -1/V6 1/v3 —1/v2 | . (2.17)
~1/V6 1/v/3 +1/V2

Notice again that Urp does not depend on the mass eigenvalues, in complete analogy to
the Bimaximal pattern of eq. (2.13).
It is useful to write eq. (2.15) in terms of m; instead of x, y and z:

m, = Urgp diag(mh ma, m3) UTTB

[0 0 0 (111 . 4 -2 —2 (2.18)
:73 0 1 -1 +?2 111 +?1 92 1 1
0 —1 1 111 2 1 1

All the type of neutrino spectra can be accommodated: msz >> mo >> m; defines
a normal hierarchy; a degenerate model is given by choosing ms ~ —msy = my; for
my =~ —msy and mg ~ 0 the inverse hierarchy case is achieved. However, stability under
renormalization group running strongly prefers opposite signs for the first and the second
eigenvalue which are related to solar oscillations and have the smallest mass squared
splitting (see Chapter 4 for details).
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Finally we underline that this mixing pattern is a very good approximation of the
experimental data: the Tribimaximal values for the atmospheric and the reactor angles
are inside the 1o error level, while that one for the solar angle is very close to the upper
lo value.

2.1.3 The Golden Ratio Prediction

In the Golden Ratio prediction [51,52] a maximal atmospheric angle and ;3 = 0
are assumed. It receives the name from the relation tanf,, = 1/p, where if ¢ is the
irrational number known as Golden Ratio, defined as ¢ = %5 From eq. (2.4) it results
w = x — /2y — z and therefore the most generic mass matrix of the TB-type is given by

z Y Y
m,= | vy z r—\2y—2 | . (2.19)
y x—2y—2 2

As in the previous cases, the mass eigenvalues are functions of the three parameters of
the matrix (2.19).

5 202 5 34+ 5
mlz—(x—3+ﬁy>, my = - (z + 7 Yy)

3 3
These eigenvalues come from the diagonalization of eq. (2.19) by the use of a unitary

mg = —x —V10y + 2z . (2.20)

transformation in such a way that mﬁiag = Ug rMyUgr, where the unitary matrix is given

by
9 _1 0
v V59
_ 1 ¢
Usr=| —\/37: 37 —1/v2 | . (2.21)
1 ¢
—Vm Ve FUV2

As the two previous cases Uggr does not depend on the mass eigenvalues and therefore it
belongs to the class of mass-independent textures.
It is useful to write eq. (2.19) in terms of m; instead of z, y and z:

m, = Ugrdiag(mi, ma, ms) Ulp

[0 0 0 . % V2 V2 . 202 —V2 —V2
R T T B Rl (s
0 -1 1 V2 ot g2 -2 L5 4

All the type of neutrino spectra can be accommodated. We underline that this mixing
pattern is a good approximation of the experimental data: the values for the atmospheric
and the reactor angles are inside the 1o error level, while that one for the solar angle is
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close to the lower border of the 20 range. A small correction could shift it toward the
best experimental value.

2.2 Overview of Flavor Symmetries

In the previous section we discussed how the particular structure of Upynvs lead to
adopt particular non-Abelian discrete symmetry groups. In the following, we describe in
a general way the advantages and disadvantages of this choice.

There is a large variety of symmetries which can be used: they can be either Abelian
or non-Abelian, either local or global (or even a combination of them) and finally either
discrete or continuous. Historically, flavor symmetries were first used to describe the
quark sector and the Abelian U(1) symmetry has been shown to be able to explain the
observed quark mass hierarchies and mixing. In this approach developed by Froggatt and
Nielsen in 1979 [53], there is a flavon field S, a gauge-invariant scalar, which acquires a
vacuum expectation value (VEV) and breaks the U(1) symmetry. It is possible to define
a small parameter € = (S) /Ay, where the cutoff Ay is the scale of flavor dynamics usually
associated with some heavy fermions which are integrated out. This symmetry breaking
is then communicated to fermions with a non-universal mechanism, in such a way that
different fermions receive different powers of €. The advantage of this mechanism is that
the Yukawas can be of O(1) and the fermion masses and mixing are explained as powers of
the expansion parameter €. On the other hand, the main disadvantage consists in the lack
of well-defined predictions: masses and mixing angles are only predicted up to unknown
O(1) coefficients. Furthermore, certain mixing patterns such as the Bimaximal and the
Tribimaximal schemes cannot be achieved with an Abelian symmetry. Therefore we can
conclude that the predictive power of a non-Abelian symmetry is in general larger than
that of an Abelian one.

Concerning the local or the global attribute of a flavor symmetry, we have to remember
that the requirement of anomaly freedom for a local symmetry can put strong constraints
on the charge assignment of the fermions. Furthermore, locality preserves the symmetry
from being broken by quantum gravity effects at the Planck scale.

We now discuss the advantages and disadvantages of using a continuous or a discrete
group. In the case of a spontaneously broken symmetry a continuous one leads to the
appearance of Goldstone or gauge bosons. On the other hand, the breaking of a discrete
group is safe from such a consequence. Furthermore, using the continuous groups such as
SO(3) or SU(3), we have only a single non-trivial possibility to describe the three fermion
families and the type of contractions is also strongly limited. On the contrary, adopting
a discrete symmetry, there are several small representations which can be fairly used.

After this brief summary, we restrict to the context of non-Abelian discrete flavor
symmetries which are in general more predictive than Abelian ones and that are safe from
dangerous effects such as the appearance of Goldstone or gauge bosons. Furthermore, the
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particular mixing pattern in the lepton sector can be very well explained by the use of
certain discrete symmetries, which are all subgroups of SU(3). In the rest of this section
we do not enter in the details of each group, referring to [50] for the general group theory
and to the following chapters where some of these group are treated in detail.

In general, groups containing a three-dimensional representation are chosen, because
it is possible to collect all the fermion families in a unique representation, such as with
SO(3) or SU(3), but with more freedom in the type of couplings. However, this is not
a rule, since it is possible to organize the three families in a 2 4+ 1 representation, for
example in S; given that the third family is usually heavier than the other.

Although discrete flavor symmetry were introduced in the lepton sector to study the
related neutrino phenomenology, efforts have been made in order to find a common sym-
metry behind quarks and leptons. For example, the tetrahedral group A4, which was
first used to obtain the Tribimaximal mixing, was then extended to quarks. However,
when the quark sector is considered, it results a highly non-trivial task to get a (even non
grand) unified description of fermions. A possible strategy to overcome the problem is to
enlarge the symmetry: th group 7”7, the double coverage of A4, or Sy, which contains the
tetrahedral group as a subgroup, are good choices.

A general feature of models based on (discrete) groups is that, unfortunately, the
symmetry alone is not sufficient to fully account for the fermion mass hierarchies and
mixing in the majority of the cases. A first problem concerns the differences between
leptons and quarks: two (of three) large lepton mixing angles with respect to three small
and hierarchical quark ones; neutrinos with a much milder mass hierarchy with respect to
the charged fermions. A viable solution consists in avoiding interferences among the two
sectors, at least in first approximation, and to keep them separated additional groups, such
as the Abelian factors Z,, are implemented in the complete flavor symmetry group. A
second problem refers to the use of the three-dimensional representation, which is usually
adopted to describe leptons: the components of a triplet show degenerate masses, unless
some breaking parameter is introduced. From this the problem of how to describe the
charged lepton mass hierarchy follows and two kind of solutions have been proposed: the
Froggatt-Nielsen (FN) mechanism, which consists in introducing an additional (global or
local) U(1)py factor under which right-handed fermions transform, is the most used.

The gauge group of the Standard Model prevents direct fermion mass terms and the
Higgs mechanism is addressed to be responsible for them, but it leaves the measured
flavor structure unexplained. When a flavor symmetry is implemented in a model, new
fields are needed: it is necessary that they acquire VEVs, that communicated to the
fermions accounts for masses and mixing. People usually refer to this kind of new degrees
of freedom with the name of “flavons”. They usually are invariant under the gauge group
of the Standard Model and transform only under the flavor symmetry; their masses are
typically much larger then the electroweak scale, introducing an additional energy scale
in the model.

In order not to introduce further scales into the theory, an alternative approach has
been pursued: the flavor and the electroweak symmetries are broken together due to
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the introduction of several copies of the Standard Model Higgs doublet which transform
non-trivially under the flavor group. It is well-known that such multi-Higgs models find
strong constraints by direct searches for Higgs bosons and by indirect bounds from flavor
changing neutral current and lepton flavor violating processes.

The requirement of a broken flavor symmetry is also the result of a well-known no-go
theorem [54,55], which affirms that the atmospheric mixing angle is always undetermined
in the limit of the exact symmetry and in particular 615 = 7/4 can not be obtained. Only
when small breaking parameters are considered in the mass matrices, it is possible to
recover this result. This goal is achieved if the breaking terms have suitable orientations
in the flavor space; this is connected to the VEV (mis)alignment of the flavons: if the
breaking terms are produced by a spontaneous symmetry breaking, in general two inde-
pendent sectors of flavons are needed, indeed one of them communicates the breaking to
charged fermions and the other one to neutrinos. It is worth to underline that the VEV
(mis)alignment of the flavons is an highly non-trivial problem to solve, which could put
severe constraints on the choice of the group representations and on the minimal number
of new degrees of freedom. Usually, working in a supersymmetric environment or adding
extra dimensions helps, but apart from expanding the mathematical apparatus of a model,
it forces us to introduce additional degrees of freedom. In particular, in the MSSM it is
often necessary to add driving fields, charged under R-symmetry, to the superpotential.
Minimizing it with respect to these new scalars provides the desired vacuum alignment.
We stress here that in some case this is not an unavoidable feature, as we will show
explicitly in the next chapter.

2.3 A Concrete Example: the Altarelli-Feruglio Model

We recall here the main features of the Altarelli-Feruglio (AF) model [6-8], which is
based on the flavor group Gy = Ay x Z3 x U(1)pn: the spontaneous breaking of A, is
responsible for the Tribimaximal mixing; the cyclic symmetry Z3 prevents the appearance
of dangerous couplings and helps keeping separated the charged lepton sector and the
neutrino one; the U(1) gy provides a natural hierarchy among the charged lepton masses.

Ay is the group of the even permutations of 4 objects, isomorphic to the group of
discrete rotations in the three-dimensional space that leave invariant a regular tetrahedron.
It is generated by two elements S and T' obeying the relations [50]:

S?= (ST =T°=1. (2.23)

It has three independent one-dimensional representations, 1, 1’ and 1” and one three-
dimensional representation 3. We present a set of generators S and T for the various
representations, and the relevant multiplication rules in appendix A.1. The group Ay
has two obvious subgroups: Gg, which is a reflection subgroup generated by S, and Gr,
which is the group generated by 7', isomorphic to Z3. These subgroups are of interest
for us because Gg and G are the relevant low-energy symmetries of the neutrino and
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the charged-lepton sectors at the leading order, respectively. The Tribimaximal mixing is
then a direct consequence of this special symmetry breaking pattern, which is achieved via
the vacuum misalignment of triplet scalar fields. If & = (®1, ®y, $3) denotes the generic
scalar triplet, the VEV

() x (1,1,1) (2.24)
breaks A4 down to Gg, while

(®) xx (1,0,0) (2.25)

breaks A4 down to Gr. The flavor symmetry breaking sector of the model includes the
scalar fields pr, pg, £ and 0. In Table 2.2, we can see the fermion and the scalar content
of the model and their transformation properties under Gy.

H 0 or ¢s &

Ay 3 11”7 1|1 1 3 3 1

Ulpx |0 2 1 00 -1 0 0 0

Table 2.2: The transformation properties of the fields under Ay, Zs and U(1)py.

As anticipated above, the specific breaking patter of the symmetry which leads to the
Tribimaximal scheme and to hierarchical masses for leptons requires that & and 6 develop
a non vanishing VEV and that the following specific vacuum misalignment for the triplets
occurs:

<90T> = (UTa 0, 0) ) <905> = (USa Us, US) : (2'26>

In [6,7] it has been shown a natural explanation of this misalignment. These VEVs can
be very large, much larger than the electroweak scale. From the analysis in [6, 7], it is

reasonable to choose:
VEV N

Ag
where VEV stands for the generic non-vanishing VEV of the flavons, A; the cutoff of
the theory and A the Cabibbo angle. Since the ratio in eq. (2.27) represents the typical
expansion parameter when including higher dimensional operators, it keeps all the leading

P (2.27)

order results stable, up to correction of relative order A\%. A very useful parametrization
of VEV/Ay is the following:

{€) {6)

(ps) _ _
Af = Cq 'U/7 Af =

- (U, 07 0) ) A—f = Cb<u7 u, u) )

(o1)
Ay

t, (2.28)

where ¢, are complex numbers with absolute value of order one, while u and ¢ are the
small symmetry breaking parameters of the theory (they can be taken real through field
redefinitions).
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Once defined the transformations of all the fields under GV, it is possible to write down
the Yukawa interactions: at the leading order they read

Lo = i—;mecm (orf) + /y\_éﬁuCH* (er) + %TCH Mert)" + he (229)
 Tq ot ot Ty ot
%, = AfALg(H (Hl)+ AA (psH (H l)+ h.c., (2.30)

where y; and x; are complex numbers with absolute value of order one. The contractions
under SU(2);, are understood and the notation (...), (...)" and (...)"” refers to the con-
tractions in 1, 1’ and 1”, respectively. We distinguish two different energy scales: Ay
refers to the energy scale of the flavor dynamics while A, to the scale at which the lepton
number is violated. We assume here that Ay ~ Ap.

When the flavons develop VEVs in agreement with eq. (2.28) and after the electroweak
symmetry breaking, the leading order mass matrix of charged leptons takes the following
form: in the basis of canonical kinetic terms,

420 0
y vu

Mo=| 0 yt o |22, (2.31)
0 0 y) V2

Once in the physical basis, the entries on the diagonal are identified to the masses of the
charged leptons and the relative hierarchy among them is given by the parameter ¢: when

t ~ 0.05 (2.32)

then the mass hierarchy is in agreement with the experimental measurements. As we will
see in the following sections, the model admits a well defined range for the parameter u
which can approximatively be set to

0.003 < u < 0.05 . (2.33)

In the neutrino sector, the leading order Majorana mass matrix is given by

at20/3 b3 b3\
m,= | =b/3  22/3 a-b/3 | (2.34)
~b/3 a—0b/3 2b/3 L

where a = x, ¢, u and b = xy ¢, u. At this order the mass matrix is diagonalized by

U2

Urm,U, = ALdiag(|a + 0|, |a|, | —a+10]), (2.35)

where U, = UrgP. The matrix Urp is the Tribimaximal transformation of eq. (2.17),
while P is the matrix of the Majorana phases,

P = diag(eml/2, elo2/?, em3/2) , (2.36)
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with a; = —arg(a +b), ay = —arg(a) and a3 = —arg(—a + b).

It is possible to generalize this description also to the supersymmetric context. In this
case G accounts for an additional term, a continuous R-symmetry U(1)g, that contains
the usual R-parity as a subgroup and simplifies the constructions of the scalar potential:
under this symmetry, the matter superfields transform as U(1)g = 1, while the scalar
ones are neutral.

It is easy to extend eqgs. (2.29, 2.30) in the supersymmetric case: two Higgs doublets
H4,, invariant under A4, substitute A and H , respectively; the Lagrangian %, is iden-
tified to the leading order charge lepton superpotential w, and .%, is identified to the
leading order neutrino superpotential w,. Moreover, it is necessary to introduce a further
flavon €, which exactly transforms as ¢ but does not acquire any VEV. As a result it does
not have any impact on the previous discussion and its relevance is only linked to the way
in which the VEV misalignment is recovered (see [7] for further details).

While ¢ is still equal to 0.05 in order to have a correct charged lepton mass hierarchy,
the range for u slightly changes:

0.007 < u < 0.05 . (2.37)

2.3.1 The Neutrino Mass Spectrum

We now summarize the results for the neutrino mass spectrum. Notice that the fol-
lowing analysis is valid in the Standard Model as well as in its supersymmetric extension,
by substituting v with v, when necessary. The neutrino masses are given by

U2 U2 U2
m1:|a—|—b\A—, mgzla\A—, mgzl—a—i—b|A— (238)
L L L

They can be expressed in terms of only three independent parameters: a possible choice
that simplifies the analysis consists in taking |a|, p and A, where p and A are defined as

b .
~=pe’ (2.39)

with A in the range [0, 27]. From the experimental side only the squared mass differences
have been measured and as a result the spectrum is not fully determined and indeed A
is still a free parameter: we can, however, bound A requiring that |cos A| < 1. Before
proceeding it is useful to express p and cos A as functions of some physical observables.
To this purpose we calculate the following mass ratios: for both the hierarchies we have

i)

2
my

=142pcos A+ p* . (2.40)

It is then easy to express p and cos A as a function of the neutrino masses:

2 _ 92 2 2 _ 2
p= i mg s : cos A = s . (2.41)
2m; 2v/2mg\/m? — 2m3 + m2
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Using now the definitions of the mass squared differences,

Angol = mg - m% ) ATnitm = |m§ - m%(m%” ) (242)

it is possible to express cos A as a function of only the lightest neutrino mass. Imposing
the constraint | cos A| < 1, it results that only the normal hierarchy is allowed and taking
the most conservative case (the 3¢ upper value for Am2, and the 30 lower value for

Am?,  as in [2]) we have
my > 14.1 meV . (2.43)
This value corresponds to cos A = —1 and it is the value for which the spectrum presents

the strongest hierarchy: the values of the masses of the other two neutrinos are given by
me = 16.7 meV and mg = 47.5 meV . (2.44)

Furthermore the sum of the neutrino masses in this case is about 78.3 meV. When cos A
approached the zero, the neutrino spectrum becomes quasi degenerate.

Not only the neutrino masses can be written as a function of the lightest neutrino mass,
but also the phases: since in the Tribimaximal mixing the reactor angle is vanishing, the
Dirac CP phase is undetermined at the leading order; on the contrary the Majorana phases
are well defined and they can be expressed through p and A. Since we are interested in
physical observables, we report only phase differences, a;; = (o — «j)/2: in terms of p
and A in order to keep compact the expressions,

2psin A in A
sin(2an3) = pol , sin(20m5) = pel . (2.45)
V(p? — 1)2 + 4p2sin® A V1 —2pcos A + p?
It will be useful to report also sin(2ay3):
in A
sin(2ans) = P (2.46)

_\/1%—2pcosA—|-,02 '

These results are valid only at the leading order and some deviations are expected
with the introduction of the higher-order terms, that is illustrated in the following section.
The corrections are expected to be of relative order u, whose allowed range is defined in
eqs. (2.33, 2.37). However, close to cos A = —1, where the bounds are saturated, the
corrections to both the numerator and the denominator of eq. (2.41) remain of relative
order u and as a result the lower bound on m; of eq. (2.43) is not significantly affected.
Major effects could appear when the spectrum is quasi degenerate, cos A ~ 0.

2.3.2 The Next-To-Leading Order Contributions

Another important implication of the spontaneously broken flavor symmetry is that
the leading order predictions are always subjected to corrections due to higher-dimensional
operators. The latter are suppressed by additional powers of the cutoff A; and can be
organized in a suitable double power expansion in u and t.
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At the NLO there are may additional terms which can be added to the Lagrangian.
Since ¢ is the only scalar field which is neutral under the Abelian part of the flavor
symmetry, all the NLO terms contain the terms already present in the leading order
Lagrangian with an additional insertion of ¢r/As. In addition to these terms, there are
also corrections to the leading vacuum alignment in eq. (2.28):

{er) (1,0,0) + (c1u?, cou?, cau?)

A

<K—S> = cp(u,u,u) + (cau?, csu?, cou?) (2.47)
!

% = CuUu+ c7u2 ,

where ¢; are complex numbers with absolute value of order one. Note that in the su-
persymmetric version, the model predicts co = ¢3. Here we will not perform a detailed
analysis for NLO operators and the origin of eq. (2.47) (see [6,7] for a detailed study).
As a result of these NLO contributions, the quantities generally deviate from their initial
values for terms of relative order wu:

Y, +0Y, , my, + om,, . (2.48)

These corrections affect also the mixing angles and it is not difficult to see that deviations
from Tribimaximal are also of relative order u with respect to their leading order values
6,7]:

1 1
sin? O3 = 5 + O(u), sin? 0y = 3 + O(u), sin 63 = O(u). (2.49)

Since the solar mixing angle is, at present, the most precisely known, we require that its
value remains inside the 3¢ range [1]. This requirement results in an upper bound on u
of about 0.05. On the other hand, from eq. (2.31), we have the following relations:

1 V2m, 1

T v T
Y y Y (2.50)
£ B £
u o~ SNVIMe o tan in the MSSM
ly-| v Y-

where for the 7 lepton we have used its pole mass m, = (1776.84 £ 0.17) MeV [19].
Requesting |y,| < 3 we find a lower limit for u of about 0.003 in the Standard Model case;
in the supersymmetric context, the same requirements provides a lower bound close to
the upper bound 0.05 for tan # = 15, whereas for tan § = 2 it is u > 0.007. From now
on, we will choose the maximal range of u as

0.003 < u < 0.05 (2.51)
for the Standard Model context, while for the supersymmetric case we take

0.007 < u < 0.05 (2.52)
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which shrinks when tan /3 is increased from 2 to 15.

The NLO terms affect also the previous results for the neutrino phases. All the
new parameters which perturb the leading order results are complex and therefore they
introduce corrections to the phases of the PMNS matrix. Due to the large amount of such
a parameters, we expect non-negligible deviations from the leading order values.

2.3.3 Type I See-Saw Realization

It is possible to easily modify the previous model to accommodate the (type I) See-
Saw mechanism. In this part we do such an extension and analyze the differences with
the effective model. Notice that this part is written considering an underlying Standard
Model context, but the extension to the supersymmetric one is trivial, following the same
strategy as in the effective model.

We introduce conjugate right-handed neutrino fields ¢ transforming as a triplet of A,
and we modify the transformation properties of some other fields according to Table 2.3.

v lps € €
Ay 313 1 1
Zs3 W w? oW w?

U(l)ry

Table 2.3: The transformation properties of v°, ¢s, & and & under Ay X Zs X U(1)rn-
The rest of the fields still transform as in Table 2.2. Notice that £ is present only in the
supersymmetric context.

The Lagrangian changes only in the neutrino sector and it is given by
L, =y HY) 4 2.6(v°1°) + 2 (svV) + hc. + ..., (2.53)

where dots stand for higher-order contributions.

The vacuum alignment of the flavons is exactly the one described in eqs. (2.28, 2.47).
When the flavons develop VEVs in agreement with eq. (2.28) and after the electroweak
symmetry breaking, the Dirac and the Majorana mass matrices, at the leading order, are
given by

100 a+2b/3 —b/3  —b/3
mp=2~|00 11|, Mg=| -b/3 2/3 a—0b/3 |, (254
010 —b/3  a—0b/3 2b/3

where a = 2x,c,u and b = 2x,cu. The complex symmetric matrix Mg is diagonalized by

the transformation
Mp = U, MgUg , (2.55)
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where Mp is a diagonal matrix with real and positive entries, given by
MR = diag(Mb M2> M?)) = dlag(’a + b|7 ’CL|, | —a+ b|) ) (256)

while the unitary matrix Ui can be written as Ur = Upp P, where P is the diagonal matrix
of the Majorana phases already defined in eq. (2.36). After the electroweak symmetry
breaking, the mass matrix for the light neutrinos is recovered from the well known type

I See-Saw formula
y? 2

2
where the last passage is possible considering that M};lmD = mDM}gl. From eq. (2.55),
UIT%M;U,*% = diag(M; !, My, M; ') and as a result the light neutrino mass matrix can
be diagonalized by

Mp? (2.57)

m, = —m%MlglmD = —

m, = Um,U, , (2.58)

where U, = iU}, = iUppP*. The diagonal matrix m, has real and positive entries written
as

v? 42
i= = 2.59
M= SAn (2.59)
which explicitly give the following values
v y? 2 42 vy
_v : =2 =——2 2.60
M a1 0] 2= 9] T A b (2.60)

In these expressions we have absorbed the possible phase of y inside the matrix P: this
phase however is not observable and thus we could have assumed a positive y from the
beginning without loss of generality. We can repeat the analysis presented in Section 2.3.1
to study the light neutrino spectrum in this case. Taking |a| = My = v*y?/(2ms), we find
that both the orderings can be described and that the lightest neutrino masses span the
following ranges: for the most conservative case,

normal hierarchy: 4.3 meV < my < 6.2 meV
(2.61)
inverse hierarchy: mg > 15.8 meV .

For the normal hierarchy, m; spans a narrow range of values, which corresponds to
values of A close to zero. This completely determines the neutrino masses inside a very
small range and represents a prediction of the model. On the other hand, for the inverse
hierarchy, ms is bounded only from below and the minimum is achieved when A is close
to 7. In Figure 2.1 we can read off the light neutrino spectrum and its dependence with
the lightest neutrino mass.

From eq. (2.59) it is possible to describe the leading order spectrum of the right-
handed neutrinos as a function of a unique parameter, which is the lightest left-handed
neutrino mass. In all the allowed range for m, 3, the order of magnitude of the right-
handed neutrino masses falls between 10'* GeV and 10" GeV. In fig. (2.1) we show
explicitly the right-handed neutrino masses for normal hierarchy and inverse hierarchy,
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Figure 2.1: Plots of the heavy neutrino masses, as a function of the lightest left-handed
neutrino mass. On the left the normal hierarchy and on the right the inverse hierarchy.
The green areas refer to the allowed range for my) as in eq. (2.61). The vertical black
lines correspond to the future sensitivity of KATRIN experiment.

on the left and on the right respectively. The ratios among the masses are well defined
for the NH, thanks to the narrow allowed range for my: M;/Ms ~ 11 and My/Mj ~ 5.
In the case of the TH, the ratio M;/M, is fixed at 1 while M3/Ms, varies from about 3 to
1, going from the lower bound of ms up to the KATRIN sensitivity. The analysis done
for the Majorana phases in eqs. (2.45, 2.46) is still valid here.






Chapter 3

The Golden Ratio Pattern from the
Symmetry Group As

Neutrino oscillation and the lepton mixing matrix Upysng still suffer from large un-
certainties. As seen in Chapter 1, the parameters related to CP violations are totally
unknown at present. The reactor angle 6,3 is the smallest mixing angle, but there is only
an upper bound on it and its value can range from zero to about 0.2. The atmospheric
mixing angle 63 is compatible with being maximal, but deviations from maximality are
still allowed to some extent. The most precisely measured angle is the solar angle 65,
which is large but not maximal, with a 1o uncertainty of less than 2 degrees:

sin? 015 = 0.304700%2 sin® 015 = 0.321700%. (3.1)

Despite the lack of a precise knowledge of Upysns, the present data guide us while search-
ing for a first-order approximation providing the basis of a theoretical description. Some
of them, based on a p — 7 symmetry and predicting the values sin? fp3 = 1/2 and 63 = 0
have been described in Chapter 2. Tri-bimaximal mixing (TB) is perhaps the most stud-
ied pattern [49]. Tt predicts sin® 615 = 1/3, which is within two standard deviations from
the current best value. TB mixing can be reproduced at the LO in many models based
on discrete and continuous flavor symmetries [42]. A minimal construction is based on
Ay. In Bimaximal mixing (BM) the solar angle is maximal, sin®6;, = 1/2, outside the
presently allowed range [48]. To reconcile the LO approximation with the data, the expan-
sion parameter should be not-too-small, of the order of the Cabibbo angle. Sub-leading
corrections of this size are expected to affect also other parameters, such as 6,3, which is
thus predicted close to the present experimental upper bound.

Another plausible mixing pattern is the one where sin® fy3 = 1 /2,013 = 0 and tan 65 =
1/¢ where ¢ = (1++/5)/2 is the Golden Ratio (GR) [51,52]. This pattern, called GR the
hereafter, is the focus of the present part of our work. We have

1 2
sin? 0y, = = ~0.276 . 3.2
2= ke 5+ (3:2)

This value is about two standard deviations below the experimental range and can be

31
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brought inside the allowed interval by a small NLO correction, of order 0.05 radiants. ®
The GR characterizes several properties of the icosahedron and a natural candidate for the
flavor symmetry giving rise to (3.2) is the icosahedral one, related to the group As. This
relation was pointed out for the first time while trying to connect the value of the solar
angle to the Golden Ratio [51]. Indeed there have been attempts to construct a model
based on the As symmetry [45] to the purpose of reproducing the GR mixing pattern,
but a complete model does not exist to date. Recently, the group A5 was also applied
to a scenario with a fourth lepton family [46], while the double cover of the icosahedral
group was used to reproduce the quark mixing [47]. In models based on spontaneously
broken flavor symmetries a crucial feature is the discussion of the vacuum alignment. The
family symmetry is broken by the Vevs of flavon fields and the desired mixing pattern is
intimately related to the directions of these VEVs in flavor space. In a complete model
the VEV alignment should occur naturally, as the outcome of the minimization of the
energy density of the theory. To our knowledge none of the existing proposals of what we
called the GR pattern have solved the vacuum alignment problem.

Aim of the present chapter is to build a complete model based on the family group
As and reproducing the GR mixing pattern in a natural way. We will discuss how the
symmetry group As can be used to generate the GR mixing pattern. We will show that the
invariance of a general neutrino mass matrix under a parity transformation S guide us in a
straightforward way to the icosahedral symmetry. We will also specify the field content of
the model, develop a natural way of symmetry breaking and discuss the phenomenological
consequences at the LO and NLO.

3.1 A Family Symmetry for the Golden Ratio

We start by analyzing the property of the most general neutrino mass matrix leading
to the Golden Ratio (GR) prediction for the solar mixing angle. We chose a basis where
the mass matrix for the charged leptons m; is diagonal. More precisely, it is sufficient that
the combination mlel is diagonal, so that there is no contribution to the lepton mixing
from the charged lepton sector. We should also make a choice for 655 and ;3. To begin
with we assume a leading order approximation where sin®f; = 1/2, sin®6;3 = 0 and
tanfy, = 1/¢ where ¢ = (1 + /5)/2 is the GR. We look for the most general neutrino
mass matrix m, leading to this mixing pattern. Such a matrix can be constructed by
acting with the corresponding mixing matrix Ugg on a generic diagonal neutrino mass
matrix:

m, = Uy diag(my, my,ms) ULy (3.3)

In a particular phase convention, the matrix Ugpg representing our mixing pattern is given

by:

$An alternative proposal [56] relating the Golden Ratio to the lepton mixing assumes cos s = ¢/2.

Consequently we have sin” 015 = %(3 —¢) ~ 0.345, about two standard deviations above the experimental

value. In [57] this prediction was deduced from the symmetry of the dihedral group Djp.
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COS 912 sin 912 0
sin 912 COS 912 1

Usr=| 2 V2 R , (3.4)
sin 619 cos 019 1

V2 V2 V2

with tan 5 = 1/¢. By applying eq. (3.3) we find a matrix of the form:

ISEERSEINS
ISEE SN
—~
w
ot
S~—

x
my, = |y
Y

with coefficients z, y, z and w satisfying the following relation:
stw=x—V2y . (3.6)

The matrix in eq. (3.5) is the most general one giving rise to f13 = 0 and a3 maximal.
The constraint of eq. (3.6) arises from further specifying the solar mixing angle.

The matrix in egs. (3.5-3.6) can be completely characterized by a simple symmetry
requirement. Indeed, it is invariant under the action of the two unitary transformations:

100 . 1 V2 V2
U=[001 S=-—1 V2 —¢ 1/¢ , (3.7)
010 "\V2 /e —¢

which satisfy
S?=0?=1 , S,U]=0 |, (3.8)

and generate a group G, = Z, X Z,. Conversely, the requirement of invariance under
U and S completely characterize m, in eqgs. (3.5-3.6). Namely, given a generic neutrino
mass matrix m, the most general solution to the equations:

U'm, U=m, ST m, S=m, (3.9)

with U and S given in eq. (3.7), is the mass matrix defined by egs. (3.5) and (3.6).

In the chosen basis, where m;ml is diagonal, there is no contribution to the lepton
mixing from the charged lepton sector and the mixing matrix Ugg originates only from
the diagonalization of m,,. To construct a model for the desired mixing pattern, we should
require that a diagonal mlel arises naturally, as the general solution of a symmetry or
dynamical requirement. For instance, we can require that the charged lepton sector is
invariant under a family group G; enforcing a diagonal mzrml. In our LO approximation
the groups GG, and (G; should be seen as the residual vacuum symmetries characterizing the

neutrino sector and the charged lepton sector, respectively. Such a configuration can be
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induced by the spontaneous breaking of some family symmetry G, through the vacuum
expectation values of two different sets of flavons that selectively couple to neutrinos
and to charged leptons. It is not strictly necessary that Gy entirely contains G; and
G, as subgroups, since a part of the residual symmetries can arise accidentally, due to
the specific field content of the model, as the baryon and the lepton numbers arise as
accidental classical symmetries in the standard model. A natural candidate for the family
symmetry G giving rise to the GR prediction for the solar mixing angle is the proper
symmetry group of the icosahedral, the alternating group As [58]. One of the possible
presentations of Ay is in term of two generators S and T satisfying:

S? = (ST)* =1 and =1 . (3.10)

We make the following ansatz: we assume that the y—7 exchange symmetry generated by
U arises as an accidental symmetry of the neutrino mass matrix, at the LO in the allowed
lepton coupling constants. We then identify the matrix S in eq. (3.7) with the generator
S of As. Given the explicit form of the generator S, the algebraic relation (3.10) allows
to determine the matrix corresponding to the generator 7. We find:

1 0 0
271
T = 0 ed 0 ) (3.11)
81
0O 0 eb?d

This is an encouraging result. Indeed the condition

Tt (mfm;) T = (mim) (3.12)
requires mlel to be a diagonal matrix and the natural candidate for the subgroup Gj is
the group Z5 generated by T'. We look for a model invariant under the family symmetry
As, where, after spontaneous breaking, the residual symmetries of the neutrino sector
and of the charged lepton sector are those generated by (S,U) and T, respectively. The
i — 7 symmetry is accidental and is slightly broken by higher order corrections, resulting
in deviations from the LO predictions 613 = 0 and 6,3 = 7/4. By construction the model
predicts GR for the solar mixing angle.

Notice that this approach automatically guarantees the independence of the mixing
matrix Uggr and the other physical results from the base choice. Indeed, in a generic
basis where the generators are Xq = Q X Qf (X = S, T,U), Q denoting a unitary 3 x
3 matrix, in general the combination mgml is no more diagonal and the neutrino mass
matrix m, have a texture different from the one in egs. (3.5-3.6). However, as a result
of the residual symmetries, mzrml is diagonalized by 2, whereas m,, is diagonalized by
(Q Ugr), the physical mixing matrix remaining Ugg.
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3.2 The Group A;

The group Ajs is the group of the even permutations of five objects. It is the proper
symmetry group of two of the five Platonic solids, the icosahedron and the dodecahedron.
It has 60 elements that can be grouped into five conjugacy classes with 1, 12, 12, 15 and 20
elements. The five irreducible representations are the invariant singlet, two inequivalent
triplets, a tetraplet and a pentaplet. The characters of A5 are collected in Table 3.1. The

As | oy 12cf 120l 15 200
N 1 1 . .
X3 6 (1-¢) -1 0
X3 (1-9) 6 -1 0
VO 1 . 0 X
| s 0 0 L

Table 3.1: Characters of the A5 group.

products of two As representations can be decomposed according to the following rules

3®3 = (145)s+3a

3®3 = (1+5)s+3,

33 = 445

3®4 = 3 +4+5

3®4 = 3+4+5

3®5 = 3+3 +4+5 (3.13)
35 = 343 +4+5

44 = (1+4+5)s+(3+3)a

4@5 = 3+3 +4+5+5

55 = (1+445+5)s+(3+3 +4)a

where the suffices S(A) denote the symmetric(antisymmetric) property of the correspond-
ing representation. The product between the singlet and any representation r gives r. As
recalled in the previous section, Aj is generated by two elements S and T, with the
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presentation

S? = (ST)* =1 and 5 =1 (3.14)
The element S belongs to the class C’f] and the element 7" to the class 02[5]. We find
useful to work in a basis where the 7" generator for the various representations is always
diagonal. Since this choice is unconventional we list in Table 3.2 the matrices associated

to S and T in our basis. In Appendix A we made connection with other basis used in the

literature.
5
S %log(T)
1 V2 V2
3 =l v2 o 3 diag(0,1,4)
V2 Lo
1 V2 V2
3/ _%g V2 i —¢ diag(0,2,3)
V2 o 1
V5 (0-3) (6+2) V5
-3) V5 V5 +2 .
4 1 Ez+2; Y- EZ—si diag(1,2,3,4)
V5 (6+2) (6-3) -5
1 V6 VB 6 G
V6 2-9¢ 2¢ 21-9¢) -1-9¢
503 —V6 29 1+¢ 2—¢ 2(—1+9) diag(0,1,2,3,4)
V6 2(1—9¢) 2—¢ 1+ ¢ —2¢
V6 —1-9¢ —2(1-¢) —2¢ 2—¢

Table 3.2: S and T generators of As in the basis where T' is diagonal.

Notice that the matrices S and T of the previous section coincide with those of the
As generators in the representation 3. We have derived the Clebsh-Gordan coefficients

entering the decomposition of the representation products. They are given in Appendix
A.
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3.3 A Model with A; Family Symmetry

In this section we define our model. We focus on the lepton sector and, to facilitate
the task related to the vacuum alignment, we consider a supersymmetric model in the
limit of exact supersymmetry (SUSY). SUSY breaking effects do not affect lepton masses
and mixing angles. Among the fields in the lepton sector we include three gauge singlets
v{ and the neutrino masses will be dominated by the contribution of a type I see-saw
mechanism [14]. A version of the model without see-saw, where the neutrino masses are
described by effective higher-dimensional operators, is equally possible. It would lead to
the same predictions for the lepton mixing angles.

To start with we assign both the SU(2) lepton doublets [ and the right-handed neutri-
nos v° to the representation 3 of As5. We take the SU(2) singlets e, u¢ and 7¢ as invariant
As singlets. Higgs doublets H,, 4 are also singlets of A;. In the neutrino sector we can
write a renormalizable Yukawa coupling of the type (v°l)H,, the notation (...) standing
for the combination of the fields in parenthesis giving an As singlet. The product vv° is
symmetric and contains a singlet and a pentaplet of A5 and, to discuss the most general
case, we introduce two flavon chiral multiplets ¢ and ¢g transforming as 1 and 5 of As,
respectively. They are completely neutral under the gauge interactions. In the charged
lepton sector renormalizable Yukawa interactions are not allowed and we need additional
flavons transforming as 3 under As. To solve the vacuum alignment problem a minimum
of three triplets is needed, since trilinear interaction terms depending on less than three
triplets vanish by the As symmetry. We include three triplets ¢, ¢’ and ¢”, neutral under
the gauge interactions. An additional flavon &', singlet of As, is also introduced to imple-
ment the desired vacuum alignment. To avoid couplings of the flavon multiplets to the
wrong sector we also need to enlarge the flavor symmetry. This is done by considering
the group Gy = A5 X Zs x Z3. In Table 3.3 we collect the chiral supermultiplets and their
transformation properties under Gy. Notice that, at variance with other constructions
based on flavor symmetries, we do not introduce the so-called driving fields.

eC /«LC 7_6 l I/C Hu7d (10 S0/ S0// SOS 6 5/
As | 1] 1|1 3|3 1 31313 111
Zs 1014 1110]0 0 04| 1 00
Zs | 1111 (2]1 0 00} 0] 1 1]2

Table 3.3: Chiral multiplets and their transformation properties.

The additional symmetry Z3 is a discrete version of the total lepton number and is
broken by the VEVs of the flavons of the neutrino sector, ¢g, £ and &’. This symmetry
prevents a direct mass term for v°. The presence of the new Z; factor forces each of
the lepton multiplets e, u¢ and 7¢ to couple to only one of the triplets ¢, ¢ and ¢”,
at the LO. The additional factors Z3 and Z5 play also an important role both in the
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construction of the flavon scalar potential and in the classification of NLO corrections.
The superpotential for the lepton multiplets reads:

3
w = yWilH, + \/;ylf(ucyc) + y5 (s V)
/! /

+ yeec(%l)Hd + yu,uc(%l)Hd + yTTC(%Z)Hd ¥ (3.15)

where dots stand for higher order operators and A denotes the cut-off scale. Notice that
the LO Yukawa couplings of the charged fermions are described by non-renormalizable
operators. As we will see in section 5, where we will discuss the vacuum alignment, at
the LO the flavons ¢g, &, ¢, ¢ and ¢” acquire VEVs of the type:

(ps) = (—\/g(p+Q),—p7q,q,p)A

€ = sA

(p) = (u,0,0) A

(") (0,4,0) A

(") = (0,0,u") A . (3.16)

where p,q, s, u,u',u” are dimensionless coefficients. Such a pattern completely specifies
lepton masses and mixing angles, at the LO. Plugging the VEVs of vg, &, ¢, ¢ and ¢”
into the superpotential w and working out the A5 invariant combinations, with the help
of the results of the previous section and those of the Appendix A, we can find the LO
mass matrices m; and m,,.

In the charged lepton sector, after breaking of As, the relevant part of the superpo-
tential becomes

yeu €leHy + y,u” pl,Hy + y,u' 71 Hy . (3.17)

There is no contribution to the lepton mixing from this sector and charged lepton masses
are

! /
Me = Yy my, = y,u"vg m, = y,u'vg (3.18)

vg being the VEV of the neutral component of H;. We might be surprised by the fact that
my is diagonal, since only the VEV of ¢ leaves the ZZ subgroup generated by T invariant,
while the VEVs of ¢ and ¢” break ZI. We can understand this result by recalling that
the flavor symmetry G contains a factor Zs, distinct from ZZ. The VEVs of ¢, ¢’ and
¢" break As x Zs down to the diagonal subgroup Z¥ contained in the product ZI x Zs.
It is this residual group that guarantees a diagonal m; in our construction.

Similarly, in the neutrino sector we read from eq. (3.15) the mass matrices M for the
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right-handed neutrinos and mp, the Dirac one:

2 P P
s+ —ys(p + - -
U1 Sys(p q) v y15 NG
P
M =+6 = s— —ys(p+ A 3.19
G Ysq Y1 3y5(p q) (3.19)
b Sys(p + Q)
PEN— S—_
y5\/§ Y1 3y5p q Ysq
100
mp=y| 0 0 1 |v, |, (3.20)
010

where v, is the VEV of the Higgs doublet H,. Since M is u — 7 symmetric and mp is
proportional to the matrix U in eq. (3.7), from the see-saw formula we have

m, = mhM tmp = y*v2 M~ (3.21)

We notice that M has precisely the structure given in egs. (3.5) and (3.6) and therefore
both M and its inverse are diagonalized by the mixing matrix in eq. (3.4) with tan 6,5 =
1/¢:

Ulp my, Ugr = diag(my, mg, ms) . (3.22)

Therefore Ug g represents the contribution to the lepton mixing coming from the neutrino
sector, as desired. This result crucially depends on the VEV of the flavon pentaplet
s, which will be derived from the minimization of the scalar potential in Section 3.4.
We observe that such a VEV is left invariant by the action of the generator S, as can
be immediately checked by multiplying the 5x5 matrix S of Table 3.2 and the vector
(—+v/2/3(p+q), —p, q,q,p). This is the reason why the residual symmetry of the neutrino
sector contains the parity subgroup generated by S. The presence of the y — 7 symmetry
is more subtle. Indeed the generator S of the 5 representation has three eigenvalues equal
to one and the corresponding eigenvector can be parametrized as

(—v2/3(p+q+71d),—p+r,9+2rd,q,p+71) . (3.23)

This is the most general VEV of pg that leaves S unbroken. It is easy to construct the
corresponding neutrino mass matrix m, and check that in the general case, with r # 0,
m,, is not ;. — 7 symmetric. In our model it is the minimization of the scalar potential that
selects the vacuum with r = 0, thus enforcing the u — 7 symmetry. We will demonstrate
this result in Section 3.4.

The charged fermion masses depend on three sets of independent parameters, which
do not display a manifest relative hierarchy. It is easy to induce the correct hierarchy by
assigning Froggatt-Nielsen U(1)r charges 2¢ and ¢ to e, and u, respectively [53]. The
spontaneous breaking of such U(1)r by the VEV of a scalar fields carrying a negative
units of F' explains why y. << y, << y,. In the LO approximation the spectrum of the
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Figure 3.1: Predictions for |m..| versus the lightest neutrino mass, for normal (red) and
inverted (blue) mass ordering. In lighter regions the mass parameters are completely free.
In darker regions they are correlated as prescribed by the LO approximation of our model.

light neutrinos is

1 1 1
_ _ I — = 3.24
"MEAyBro "™T ArB-c "7 "A+28B (3:24)
where A, B and C are complex parameters defined as
A A A
A=6yg———, B= +4¢)————, C=3V5 . 3.25
by ys(p + 4q) NGEE v (3.25)

There are no special relations between the three complex parameter and thus we have no
prediction on the neutrino spectrum, that can have both normal and inverted ordering.
A moderate tuning among the parameters is needed in order to reproduce the ratio be-
tween solar and atmospheric squared mass differences. The mass combination entering
neutrinoless double-beta decay, m.., is given by y?v?(M~');; and depends on the same
parameters A, B and C. By expressing the absolute values of A, B and C' in terms of
Am?,, Am?, . the smallest neutrino mass and the phases of A, B and C, we can derive a
range for |me.| as a function of the smallest neutrino mass by varying the available phases.
We plot the result in Figure 3.1, where the lighter region refer to the unconstrained case
(see the first reference in [1]), and the darker one corresponds to the present model, in
the LO approximation.

The dominant contribution from local effective operators to the light neutrino masses
is ({lh,h,&"). This operator is suppressed compared to the see-saw contribution, since
the former is of order VEV/A?, while the latter is of order 1/V EV. Moreover, it is easy



3.4 VACUUM ALIGNMENT 41

to see that the new effective term preserves the p — 7 symmetry and the Golden Ratio
prediction.

3.4 Vacuum Alignment

The results of the previous section crucially depend on the assumed set of VEVs, eq.
(3.16), and the purpose of this section is to show that they derive from the minimization
of the scalar potential of the theory, without ad-hoc tuning of the parameters involved.
The transformation properties of the flavon fields allow to write the following contribution
to the superpotential

g g
wp = M€ + g1&(}) + g2(9d)1 + gs(03)2 + 3453 + 355’3
+ Mi(9?*) + Ma('9") + gl ") + ... (3.26)

where dots stand for higher dimensional terms, which will contribute at the NLO. There
are two independent cubic invariants that can be built from a pentaplet and they are
denoted by the suffices 1 and 2 in w¢. There are no driving fields in our construction and
the minima are derived by analyzing the F-terms of the flavons themselves. At the LO
there is no mixing between &, £, ¢g, that control the neutrino mass terms and ¢, ¢’ and
", that give rise to the charged lepton Yukawas. We can separately discuss the two sets
of minima. We start from the neutrino sector. The condition

ow
L= Mo+ g56% =0 (3.27)
23
is solved by g
5 12
= 2
£= 37 (3.28)
Another set of conditions is given by
8wf
=0 . 3.29
Dpsi ( )

To solve these equations it is convenient to move to the so-called Cummins-Patera basis
[59,60] for the generators S and 7. In this basis the generator S for the five-dimensional
representation is diagonal, Sop = diag(+1,—1,—1,4+1,+1). The explicit form of T for
the 5 representation in the Cummins-Patera basis as well as the unitary matrix relating
the two basis is given in Appendix B. We denote the components of g in the Cummins-
Patera basis by

ps = (X1, X9, X3, 2,7) (3.30)
where X; (i = 1,2,3), Z and Z should be seen as independent complex quantities. The
terms of the superpotential wy that depend on g are explicitly given by:

wy = g&(X7+ X5+ X5 +222)
+ 92 (2° = Z° = 3(X7 + X5 + wX3)Z + 3(X; + wX3 4+ wX5)Z)
+ (22 + 22+ (X7 + W’ XJ +wX3)Z + (X] +wX; +wX3)Z
— 4X1X,X3) A+ .. (3.31)
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where _
27

w=e 3 . (3.32)
We have explicitly solved the equations (3.29) in this basis. We found no non-trivial
solutions invariant under 7" and seven independent solutions invariant under S. They can
be grouped in two pairs and a triplet. Each of these sets is closed under the action of the
generator T'. One of the triplet of solutions is given by:

X =Xo=X3=0 , (3.33)
3Mo (92 — 93)" (g2 + g5)*~
_ 2 1
7 - 1 9195 12 (334)

3Mo (92 — 93)**(g2 + g3)'/*~

where we have also made use of eq. (3.28). The other two solutions belonging to the triplet
are obtained by multiplying Z by w(w?) and Z by w?(w). The condition X; = X3 = 0
correspond to the invariance under .S, whereas X; = 0 is an additional specific feature of
this set of solutions.

In each of these minima we have the basis independent result:

(@2) — _89%93 1 14
° IMG (g2 — 93)(g92 + g3)

We have a finite multiplicity of minima and we chose the minimum in eqs. (3.33,3.34).

(3.35)

Before coming back to our basis, we analyze the equation

dwg

o Mo&' + g1(92) + 98 =0, (3.36)
which, by making use of (3.28) and (3.35), becomes
¢ { 89193 2} "
= — — 0495 | =—= =0 . 3.37
My [9(g2—g3)(g2+g5) 7] M¢ (337)

This equation has non-vanishing solutions for &, which make non-trivial the solutions
(3.28) and (3.33, 3.34). With the help of the unitary transformation relating the Cummins-
Patera basis to ours we find that in our basis the minimum (3.33, 3.34) translates into

(ps) = (—\/g(p +q),—p,q,¢,p) A (3.38)

p = ﬁ w<\/§—i>2—<\/§+i>2
g = ﬁ w<\/§+i>2—<\/§—i>2 , (3.39)

with
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with Z and Z given by eq. (3.34). We have recovered the pattern displayed in Section 3.3.
Notice that this result does not depend on the specific value of the Z and Z components,
but rather on the conditions X; = 0. In particular, the p — 7 parity symmetry is related
to the vanishing of the X; component.

Moving to the flavons ¢, ¢" and ¢”, the relevant part of the superpotential is given by

/N

wp = Mi(¢?) + Ma(¢'¢") + g(pg'9") + ...
= Mi(p1 + 2p293) + Ma(01071 + b + @iypty)
+ g(p1950s + P23 + aieh — L1950 — Y2015 — Papapl) + ... (3.40)
The minima in the ¢, ¢’ and ¢” can be found by solving the system of equations:
owy ~0 owy _0
Ops ’ 0 ’ 0y

which, using a vectorial notation, can be written as

owp g (3.41)

2My @+g @' x¢"=0 |, 2My@"—gox¢"=0 , 2My @ 4+gex¢ =0 , (3.42)

where x denotes the external product and, for any vector v = (v, vs,v3), we set 0 =
(v1,v3,v9). To solve this system it is useful to recognize that the LO part of the su-
perpotential that depends only on the fields ¢, ¢’ and ¢” is invariant under the linear
transformation

1
0= QR Q' o -y QRO Y | o' — ; QR Q" | (3.43)
where y is a complex dimensionless parameter,

1 0 0

0 1 —
0= V2 V2 (3.44)

0 1+

V2 V2

and R is a general complex orthogonal matrix, R” R = 1, depending on three complex
parameters. As we shall see this invariance is accidental and is broken by the NLO
contributions to the superpotential. By exploiting such an invariance we can always
reach the particular minimum with ¢y = @3 = 0. It is easy to see that one such solution
is given by’

M,
oo = ——(1,0,0
0 P ( )
2M+ M.
306 = #(07170)
g
2M+ M
vy = “——-2(0,0,1) (3.45)
g

YThere is also another solution where the entries of ¢’ and ¢ are exchanged.
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The general solution of the system (3.42) is given by

1
p=0QRQ 0y , ¢ =yQRQ'g ,  ¢'= i O lgy , (3.46)

The degeneracies related to R and y are accidental. Indeed the transformations of eq.
(3.43) are not symmetries of our system, but rather accidental symmetries of the LO
approximation. It is easy to see that the symmetry related to the rotation R is removed
at the NLO, by including operators of dimension four in wy. As we will discuss in the next
section, the inclusion of the most general set of operators of dimension four in the flavon
fields, leads to the result R = 1, thus justifying the choice of the previous section. The
symmetry under the rescaling y is removed by adding invariant operators of dimension
five.

3.5 Higher-order Corrections

3.5.1 Vacuum Alignment

The vacuum alignment discussed in the previous section is modified by the contribution
to the superpotential from higher dimensional operators. If we denote by V E'V the typical
vacuum expectation value of the flavon fields, we expect corrections to the LO minima of
order VEV/A. These corrections can be kept small by asking VEV/A < 1. Nevertheless
they play an important role in removing some of the degeneracy that affect the LO result.
In the following discussion we include all NLO operators, that is operators of dimension
four depending on the flavon fields. A complete set of invariants under the flavor group

is given by
Q1 = (pp)(we) Qu = ((p0)s5(¢'¢¥")s5)
Q2 = (') (") Q2 = ((¢'¢)s(¢"¢")5)
Qs = (¢'¢")(¥'¥") 13 = (((psps)s5,95)3%)
Qs = (¢'¢")(¢"¥") 14 = (((ps9s)s.05)3¢
Qs = () (¢'¢") 15 = (((ps99)aps)3¢) (3.47)
Qs = ((p9')3(p¥")3) 16 = &' (@s(00)s) '
Q7 = ((¢'¢")3('0")3)  Quir =& (ws(¥'¢")s)
Qs = ((¢¢")s(0¥")s5) Qs = &€ (o)
Qo = ((¢'¢")s(¢'¥")s)  Quo = &€ (¢'¢")
Q1o = ((09)s5(09)s) 20 = 5/2(903<PS)

the NLO contribution to the flavon superpotential is

(5w1 + (5w2 + (51113 (348)
where Y "
(511)1 = le% 3 5w2 == Z IZ% s 511)3 = Jfgo% (349)



3.5 HIGHER-ORDER CORRECTIONS 45

It is useful to deal with the contribution wy+ dw, first. This includes all quartic operators
that depend on the fields o, ¢’ and ¢” only. In this case the minima of ¢, ¢’ and ¢” can
be analyzed in a analytic form. This part of the superpotential breaks the invariance of
eq. (3.43), but is still invariant under the linear transformation

1
© — QR Q1 | ¢ =y QRy QN O — = QRy Q71" |, (3.50)
Y

with 2 given in eq. (3.44) and

1 0 0
Rys=1 0 cosa sina (3.51)
0 —sina cos«

with a complex. We start by looking for a minimum for ¢, ¢’ and ¢” with the same
orientation of the one in eq. (3.45)

vo = (u,0,0)A
vy = (0,u,0)A
oo = (0,0,u")A | (3.52)

Along this direction the minimum conditions reduce to

M 1
gu'u” + QTIU + 4w + 211 )u® + 5(4% — 4x7 + 3x9 + 2x12)un/u” =0

M. 1 1
gu + TQ + 1(4% — 4a7 4 39 + 2w10)u* + 5(4$4 + 4ag + 219 + 6213)u'u” =0

We find that the values of the u, v’ and u” components are the ones given in eq. (3.45)
plus small perturbations of order VEV/A. The solution (3.52) is not isolated. It is
continuously connected to an infinite set of solutions given by

/ — / ! 1 — /
PR Qe W=y ORn QT = QR 0T (353)

Thus the degeneracy present at the LO has been only partially removed by the NLO
contribution dw;. The remaining degeneracy is removed by the contribution dwy. We
have analyzed the full NLO superpotential wy 4 dw; 4 dw, + dws by looking for numerical
solution to the minimum equations. Looking for minima for the fields ¢, ¢’ and ¢” we
have frozen the value of ¢g to its LO minimum, eq. (3.16). Under this condition it is
easy to see that the operators )13, Q)14 and (015 vanish. Moreover the operator )5y does
not influence the minima of ¢, ¢' and ¢” and the effect of the operators Q13 and Q19 can
be absorbed in a redefinition of the parameters M; and M, of the LO superpotential. In
our numerical simulation g, z1_;2 and x6,17 are complex random numbers generated with
a flat distribution in the square defined by the corners [—(1414)/v/2, (14 14)/v/2]. To get
an expansion parameter VEV/A of order 0.01, we have taken values of M /A, (pg)/A
and &/A in the square defined by the corners [—(1 +14)/v/2, (1 +14)/v/2] x 1072, We have
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performed 50.000 independent minimizations of the scalar potential. We find that the
mean values of the VEVs, normalized to one up to terms of order (VEV/A)?, are

(p) = (100,0.35+ 0.17i,0.35 + 0.174) x 1072
(¢') = (-0.51—10.03i,100, —0.53 — 0.05i) x 10~
(¢"y = (—0.51 —0.03i,—0.53 — 0.054,100) x 107% . (3.54)

Notice that the induced perturbations are not independent. We have (ps2) = (p3), (¢}) =
(p]) and (¢4) = (ph). This is true not only on average, but also separately for each
individual minimization. The direction of the minima in flavor space is now completely
determined and coincides, up to corrections of relative order VEV/A with the alignment
(5.2) needed to enforce the desired mixing pattern. The only remaining flat direction is
that related to the overall scale of ¢' and ¢” (the parameter y in eq. (3.43)), since also
the NLO superpotential only depends on the combination ¢’¢”. This last flat direction
is removed at NNLO order where terms depending separately on ¢’ and ¢” first occur in
the superpotential. Finally the contribution dws also modifies the VEVs of £, & and ¢g
compared to their LO values. Also these corrections are of relative order VEV/A.

In summary the analysis of the scalar potential of the model in the SUSY limit shows
that the minima of the flavon fields are given by

(ps) = (—\/g(p+Q),—p,q7q,p)A+0(V]'ZV2)

© = saro"EV

) = @0.0a+0 2

@) = o0 A+ 0LED

@) = o0 a+0XED (3.55)

This proves that the lepton mixing pattern originates from the dynamics of our model
and not from an ad hoc choice of the underlying parameters.

3.5.2 Other Higher-order Operators

Beyond the operators (3.47), that correct the lepton mass spectrum through the
flavon VEVs, there are other higher-dimensional operators contributing directly to lepton
masses. We only consider NLO contributions. At this order the charged lepton mass
matrix my is not affected. At LO m; is dominated by operators of order 1/A. At NLO we
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find the following three invariant operators:

1
—QC(QO/QOHZ)Hd,

A2
]' 4 !
A (e Ha,
1
FTC(gogp'l)Hd. (3.56)
From the multiplication rules reported in the Appendix and the alignment shown in the
previous sections it is easy to show that the NLO VEVs of the new triplets are

(¢'¢")s = (v u”,0,0)A%,
()3 = (0,u v/, 0)A,
(#"@)s = (0,0,u" u)A? (3.57)

and that they exactly align in the same direction as @, ¢' and ¢”, respectively. Thus these
operators do not modify the LO structure of m;. We conclude that, at NLO, the charged
lepton mass matrix is only modified by the corrections to vacuum alignment analyzed in
Section 3.5.1.

The neutrino sector receives corrections from the operators:

(VCZSO)HU
6,2 (chc)
(s ). (3.58)

The first one modifies non-trivially the Dirac neutrino mass matrix mp. The second one,
after the breaking of the flavor symmetry, can be absorbed by redefining the coupling
constant y;. The third one changes the Majorana mass matrix M for the heavy neutrinos.
The neutrino mass matrix m,, receives two type of corrections at the NLO. One coming
from the modified vacuum for the flavon ¢g and another one from the operators (3.58).
The corrections to the entries of pg are unrelated to each other and consequently slightly
modify the vacuum alignment shown in eq. (3.38). Neutrino masses and mixing angles
are modified by terms of relative order V EV/A. The size of this correction is constrained
by the agreement between the predicted and observed value of 615. Not to spoil the
successful prediction of 09, the ratio VEV/A should not exceed a few percent. In Figure
3.2 we show the relation between sin® 6y, and sin® 6,5 at the NLO order as a result of a
numerical simulation with random parameters. The simulation takes into account all the
corrections coming from eqs. (3.55) and (3.58).

We recognize a possible correlation: in general either 615 or 613 can deviate significantly
from the LO prediction, but not both at the same time. When VEV/A is of order 0.01,
the maximal correction to the reactor angle remains far below the sensitivity of future
experiments [31] and the result from the global fit on neutrino oscillation given in [2],
where a value not too far from the current limit is reported. On the other hand, 65 could
be shifted toward the experimental value shown in (3.1).



48 CHAPTER 3. THE GOLDEN RATIO PATTERN FROM THE SYMMETRY GROUP Aj

0.0005 ¢

0.0004 -

Sll’l2 913

0.0002 -

0.0001 -

o .|
E o © l..o‘l& ° °® ° °
0.0000 =" S

0.20 0.25 0.30 0.35

Sin2 912

|
|
g
|
0.0003 - ;
i
|
|
|
|

Figure 3.2: Correlation between sin” 5 and sin®#f;3 at the NLO. For the triplets ¢, ¢’
and ¢” the mean values in (3.54) were chosen. (pg)/A, (£)/A and (£')/A have values
in the square defined by the corners [—(1 + 4)1072/4/2, (1 +4)1072/+/2]. Similarly the
other parameters are complex random numbers generated with a flat distribution in the
square defined by the corners [—(1 +14)/v/2, (1 +1i)/v/2]. The LO prediction for the solar
angle is also shown (dashed line), along with the extremes of the 30 experimental range
(dot-dashed lines).

3.6 Conclusion of the Chapter

We think that the GR mixing pattern, where sin® 3 = 1/2, 613 = 0 and tan 615 = 1/¢,
should be considered on the same foot as other more popular schemes, such as the TB and
the BM ones, in our attempts to construct a model of lepton masses and mixing angles.
Indeed the GR scheme is compatible with the experimental data. The largest deviation is
for the solar angle, where the predicted value is about two standard deviations below the
present experimental central value. In this work we have built a supersymmetric model
reproducing the GR pattern in the LO approximation. In the limit of exact GR mixing we
have identified two transformations S and T, leaving invariant the neutrino mass matrix
and the charged lepton mass matrix respectively, and generating the discrete group As.
Following this hint, we have chosen as the family symmetry of our model A5 x Z5 x Z3
where the Z5 x Z3 factor forbids unwanted couplings between the flavon fields and the
matter fields. In the supersymmetric limit we have analyzed the most general scalar
potential for the flavon fields up to terms suppressed by one power of the cutoff A. In a
finite portion of the parameter space, without any fine-tuning of the parameters, we find
an isolated minimum of the scalar potential where the flavon VEVs give rise to the GR
mixing pattern, up to terms of order VEV/A. Choosing VEV/A of order few percent
we can have an excellent agreement between theory and data for both the solar and the
atmospheric mixing angles. The mixing angle 6,3 is expected to be of order few degrees.
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The neutrino masses depend on three complex parameters so that both types of ordering
can be accommodated. Neutrino masses and squared mass differences can be fitted but
not predicted. At the LO we find restrictions on the allowed value of m.., once the mass
ordering and the smallest neutrino mass have been fixed.

To achieve the desired vacuum alignment there is no need of driving fields, a tool often
used in this type of constructions. Neglecting matter multiplets, the energy density of the
theory only depends on the flavon fields, that are self-aligned at the minimum. To our
best knowledge our model is the first example where the GR mixing pattern is derived
from a full minimization of the energy density.

We think that our model provides a valuable alternative to other existing proposals.
There are not sufficient hints in the data to prefer other mixing patterns, such as the TB
one, to the GR one. Indeed in most of the existing models, including the present one,
TB, BM, GR or other mixing patterns are only lowest order approximations, unavoidably
corrected by powers of the symmetry breaking parameters. From this point of view,
TB and GR mixing patterns can be both considered excellent first order approximations
to the existing data. It is remarkable that the TB, BM and GR mixing patterns can
be obtained from minimal constructions based on the symmetry groups A4, Sy and As,
which are the proper symmetry groups of the Platonic solids. To make a comparative
experimental test of these constructions other observable quantities should be considered,
such as for instance the rates of lepton flavor violating processes, which, depending on
the assumed supersymmetry breaking scale, could be within the reach of the presently
running or planned experiments.






Chapter 4

Running Effects on Flavour Models

In many flavor models mass matrices and mixing are generated at a very high energy
scale. In order to compare the high-energy predictions with the experimental results, it
is necessary to evolve the observables to low energies through the renormalization group
(RG) running.

In general the deviations from high energy values due to the running consist in mi-
nor corrections which cannot be measured in the future neutrino experiments, but in
some special case these deviations undergo a large enhancement and may cause a conflict
between the original setup and data.

In the present chapter we will discuss the effects of the renormalization group run-
ning on the lepton sector when masses and mixing are the result of an underlying flavor
symmetry, both in the Standard Model and in the MSSM.

When the lightness of the neutrino masses is explained through the five-dimensional
Weinberg operator, it is a general result [61] that the running corrections become relevant
only when the neutrino spectrum is almost degenerate or inversely hierarchical (and only
for particular values of the Majorana phases) or when in the supersymmetric context tan (3
is large. Similar results have been found when particular flavor structures for the neutrino
masses are invoked, such as the Tribimaximal [62] and the Bimaximal [63] patterns.

When we consider models in which the type I See-Saw mechanism in implemented,
few studies have been proposed in literature [64] and only regarding general, in particular
non-flavor, models. For this reason we focus [5] our attention only on flavor models in
which the type I See-Saw is responsible for the light neutrino masses.

We first describe, in a very general context, two kinds of interesting constraints on
the Dirac neutrino Yukawa Y, from flavor symmetries and then analyze their impact
on running effects. We start considering flavor models in which Y, is proportional to a
unitary matrix as it is the case, for example, when the right-handed singlet neutrinos or
the charged leptons are in an irreducible representation of the flavor group Gy. Then we
extend this constraint to a more general class of flavor models in which the mixing textures
are independent from the mass eigenstates: examples are the Tribimaximal, Bimaximal
and Golden Ratio textures presented in the previous chapter.

As a general result, we find that in this class of models, the effect of the running

51
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through the See-Saw thresholds can always be absorbed by a small shift on neutrino mass
eigenvalues and the mixing angles remain unchanged. This conclusion is, in particular,
independent both from the specific mixing pattern implied by the flavor symmetry and
from the basis in which we are working.

In a second moment, as an explicit example, we describe in detail the running effects
on the Tribimaximal mixing texture in the Altarelli-Feruglio model described in Section
2.3.

4.1 Running Effects on Neutrino Mass Operator m,,

In this section we begin to analyze, in a general context, the renormalization group
equations (RGEs) for neutrino masses below and above the See-Saw threshold, both in
the Standard Model and in the MSSM extended with three right-handed neutrinos. We
consider the Lagrangian in the lepton sector of the type I See-Saw already defined in egs.
(1.4, 1.11):

L = Y, H + v°Y, H' + v° Mg + h.c. (4.1)

where the supersymmetric case is easily derived considering two Higgs doublets, all the
fields as supermultiplets and identifying the homomorphic part of .2 with a superpoten-
tial. In what follows we concentrate only on the Standard Model particles and for this
reason in our notation a chiral superfield and its R-parity even component are denoted
by the same letter.

Given the heavy Majorana and the Dirac neutrino mass matrices, Mr and mp =
Y, v/+/2 respectively, the light m,, is obtained from block-diagonalizing the complete 6 x 6
neutrino mass matrix,

02
2
The matrix m,, is modified by quantum corrections according to the RGEs widely studied
in the literature [64]. For completeness, in Appendix B, we report the full RGEs for all

YT MY, (4.2)

m, =

the interested quantities in the running. In order to analytically study the change of
m,, (@) from high to low-energy, it is useful to work in the basis in which the Majorana
neutrino mass is diagonal and real, Mg = diag(Ms, Myr, Mp). The mass eigenvalues
can be ordered as Mg < Mj; < M. Furthermore, we can divide the running effects
in three distinct energy ranges: from the cutoff A of the theory down to Mp, the mass
of the heaviest right-handed neutrino; from Mj; down to Mg, the mass of the lightest
right-handed neutrino; below Mg down to p, which can be either m , considered as the
electroweak scale, or mgygy, the average energy scale for the supersymmetric particles.

As — My,. Above the highest See-Saw scale the three right-handed neutrinos are all
active and the dependence of the effective light neutrino mass matrix from the
renormalization scale p is given by mean of the y—dependence of Y, and Mg:

my (1) = = Y, () Mz (1) Yo (1) (4.3)
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Then from the RGEs in egs. (B. 1, B. 2), it is not difficult to see that the evolution
of the effective mass matrix m,, is given by:

dm, T
167 gz - (CeYte + CVYJYV) My + my <C€YJY€ + C,,YjY,,) vam, (4.4)
with
3 1 .
Co= —=, C,== in the SM
2 2 (4.5)
C.=0,=1 in the MSSM
and
. ¢ § f f I 29
asu = 2Tr 3V, +3Y[Ya+ Y)Y, +YiY.] - 9t = 345

. (4.6)
dmm»:QﬂPﬁH+wnyﬁﬁ—®§

My, — Msg. The effective neutrino mass matrix m,, below the highest See-Saw scale can
be obtained by sequentially integrating out v, with n = L, M, S:

2/ (), () (n)
m, = _UZ <<li)—|— QYVTMRlyy) (47)

where ' is the coefficient of the effective neutrino mass operator (H'¢)T(H'?). From
the (tree-level) matching condition, it is given by

Rig = 20V )in M7 (Vo)s (4.8)

)
which is imposed at yu = M,,. At My, the 2 x 3 Yukawa matrix Y, is obtained by

(L)
simply removing the L-th row of Y, and the 2 x 2 mass matrix Mg is found from Mg

by removing the L-th row and L-th column. Further decreasing the energy scale
down to My, %\}: is a single-row matrix, obtained by removing the M-th row from
(§L/l),, and j\kj 1)?, consists of a single parameter, found by removing the M-th row and
M-th column from ](\i[) r. Finally at Mg, (55/; and ](\54) r are vanishing.

In the Standard Model, the two parts which define m,, in eq. (4.7) evolve in different
ways. We can summarize the corresponding RGEs as follows:

)
dx 1o, 3 Tw o/1mm 3 w @
167> — = (=YY, — ~VIY, ) X+ X (V)Y - Yy, vx X 4.9
™t (2” 26) +<2” it )t )
where
) ; (), ()
a, = 2T [3Y]Y, +3Y]Y,+ Y]V, + YiY,| — 32+ Ay

. (4.10)
(n) (n) (n)
aﬁ%m,:2ﬁkﬁn+%ﬁﬂﬂﬁﬂﬁﬁ4—ﬁﬁ—y&
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with Ay the Higgs self-coupling.?

n OINCORNON ‘
In MSSM the running of W and of Y Mp~'Y, is the same and therefore we can write

dm, RO (), (n) n
167 d—nz = <YJYe + YJYV) 1y -+ m, (Yg Y, + YJYV) cam,,  (411)
where
) ; OXO) 6 )
a=2Tr|3YY, +Y]Y,| — S0 695 - (4.12)

Mg — A. For energy range below the mass scale of the lightest right-handed neutrino,
all the v, are integrated out and (lsf)y and ](\Si) r vanish. In the right-hand side of eq.
(4.7) only the term ' is not vanishing and in this case the effective mass matrix m,,
evolves as:
167 % - (C’ngYe)Tml, +m, ((JeYeTYe> +am, (4.13)
with ©
asu = 2Tr [3Y]Y, +3Y]Ya+ Y[V.| - 363 + A
(4.14)

6
(gz)MSSM = 6T1r [YJYU} — gg% — 693 .

4.1.1 Analytical Approximation to the Running Evolution of
my

Now we analytically solve the RGEs for m, in the leading Log approximation. All
the Yukawa couplings YiTYi for i = v,e,u,d are evaluated at their initial value at the
cutoff A. Furthermore we will keep only the leading contributions from each Y;TYZ- term,
for i = e,u,d, i.e. |y-|? |y:|* and |y|? respectively. The corrections to the leading order
Y;TY; come from their running evolution as well as from their sub leading terms and they
contribute to the final result as sub leading effects and we can safely neglect them in our
analytical estimate.

In the MSSM context, the general solution to eqs. (4.4, 4.11, 4.13) have all the same

structure, which is approximately given by

My (lower Energy) ~ IU JeTJ,,TmV (higher Energy) Jy(]e (415)

where I, J. and J, are all exponentials of integrals containing loop suppressing factors
and as a result they are close to 1. Note that [y is a universal contribution defined as

1 n
Iy = exp [— /(62 dt] (4.16)

1672

where the integral runs between two subsequent energy scales and we have extended the

) *)
definition of & by identifying & = & in order to include the range from A down to M. J. is

5We use the convention that the Higgs self-interaction term in the Lagrangian is —\g (HTH)?/4.
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the contribution from charged lepton Yukawa couplings which is always flavor-dependent,
while J, is the contribution from the neutrino Yukawa coupling: they are given by

1 1 <n> (n)
J, = exp [—16%2 /ij; dt} , J, = exp {—mﬁ /Y Y, dt} , (4.17)

(n) (A)
where also here we have extended the definition of Y,, by identifying Y, with Y, in order to
include the range between A and M. $ Differently from .J,, J, can be flavor-dependent
or not.

In the Standard Model context, the running effects do not factorize, due to the different
), () (n)
evolution of % and Y MR'Y, between the See-Saw mass thresholds. However eq. (4.15)

applies also to the Standard Model context when m,, is a result of a flavor symmetry: in

this case, by a suitable redefinition of the parameters which define the mass eigenvalues,
the sum % + %nf) ](\Z/) 1(}”/) after the running evolution has exactly the same flavor structure
of M, (nigher Energy)- Tor the purposes of the present discussion we simply assume that
eq. (4.15) is valid also in the Standard Model context and an explicit example will be
proposed in Section 4.2.3.

Expanding J, and J, in Taylor series and summing up eq. (4.15) on several energy

ranges one can approximately calculate the neutrino mass at low-energy as
My =~ Iy (m,,(A) + Am,(j‘k) + Am,(j‘]”)) , (4.18)

where the low-energy scale g is my in the case of Standard Model and mgygy for MSSM.
The explicit form of the universal part I, is given by:

1 9 9 A 9 3 M
]SM =1 - _ T 272 6 2 1 f 2 <2 Y 1
U X exp [ 162 [( g% "%t |4 no ot gl t A I

M M, A
+y (21n—M+41—+71 f)

Mg My My,
(4.19)
1 6 A
MSSM  _ 2 2 2 f
IU =1 X exXp [_ 1672 [ (_ggl - 692 + 6|yt| ) In mSUSY+
(4.20)
My, My, Ay
2ln — 4+4Iln— In
( n M +4In Mo +38 ML)
Am{’? is the the contribution from J. and can easily be calculated as:
Am’?) = m, ) diag(0,0,A,) + diag(0, 0, A, )my ) (4.21)

)
$In eq. (4.17), the combination Y, Y, should enter with Y, instead of Y, as one can see from the RGEs
in Appendix B. In our approximation, however, they coincide.
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where the small parameter A, is given by

2
A, = — S, lnA in the SM
167202 my (4.22)
2 A .
A, = Tr (1 + tan®3)In in the MSSM
8m2v? Msusy

with tan 5 the usual ratio between the VEVs of the neutral spin zero components of H,
and H,, the two doublets responsible for electroweak symmetry breaking in the MSSM.
On the other hand, the contribution from J,,, Am} ”), non trivially depends on the neu-
trino Yukawa coupling Y, which cannot be determined by low-energy observables without
additional ingredients. In Section 4.2, we will analyze strong impacts of the flavor sym-
metries on J,, but before proceeding, we comment on the hierarchy among the various
running contributions to the neutrino mass. Indeed, assuming that the flavor symmetries
have no effects on Y,,, we expect that

(n), (n)
Y1y, ~Y1Y, =0(1) (4.23)

and therefore we conclude that the contribution from J, always dominates. In [5] we
explicitly show that this conclusion holds both in the Standard Model and in the MSSM
even for large tan 5 (we consider tan f = 60 as the maximal value). One should expect
that a similar observation holds also for the lepton mixing angles, but quite frequently
flavor symmetries imply a J, which is flavor-independent or has no effects on mixing
angles, as we will see in a moment.

4.2 Flavor Symmetries and Running Effects

In the present section, we will apply the general results of the running evolution of
the neutrino mass operator m, to models beyond the Standard Model, where a flavor
symmetry is added to the gauge group of the Standard Model. The main task is to track
some interesting connections between the running effects and the realization of the flavor
symmetry.

In a given basis, Y'Y, and m, can be diagonalized by unitary matrices, U, and U,,
respectively. The lepton mixing matrix is given by U = UJU,. In a flavor model, the
charged lepton Yukawa, the neutrino mass matrix and therefore the PMNS matrix are
dictated by the flavor symmetry Gy. We have already discussed in Section 2.2 that Gy
must be spontaneously broken in order to naturally describe fermion masses and mixing;:
here, we simply assume that G is spontaneously broken by a set of flavon fields ¢ at a
very high scale. Suppose that, at the leading order, the neutrino mixing matrix is given
by Uy which differs from U by sub leading contributions ~ (®)/A; where Ay is the cutoff
scale of the flavor symmetry Gy. We will begin with some general assumptions on U
without however specifying its form. Then we will move to specialize in a concrete case
in which Uj is given by the Tribimaximal mixing pattern. Similar studies can be done
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considering other mass-independent textures, such as the Bimaximal, the golden-ratio
and (sometimes) the Trimaximal schemes.

4.2.1 Running Effects on Neutrino Mixing Patterns

As described in Section 4.1 the relevant running effects on m, are encoded in the
combinations Y;Y8 and YY,. Furthermore, we observe that a relevant contribution to
the running of Y'Y, is encoded by Y1V,

We perform the analysis in the basis in which the charged leptons are diagonal, then

at high energy we have
2

Y1y, = diag(mg,mi,mz)ﬁ . (4.24)
From now on, we will use v in the notation of the Standard Model and in order to convert
similar expressions to the MSSM, it is sufficient to substitute v with v, 4, when dealing
with neutrinos or charged leptons, respectively. This simple form changes when evolving
down to low energies. This running effect of Y'Y, on m,, is of second order and we can
safely forget it. However it can generate a non trivial U, and consequently introduces
additional corrections to the PMNS matrix U. We will return to this effect in Section
4.2.2.

Since flavor symmetries impose constraints on Y,,, they should have some impacts also
on running effects. In this section we are interested in two classes of constraints. The
first class is characterized by Y, proportional to a unitary matrix: VY, ~ 1 or Y, Y ~ 1
is frequent in the presence of a flavor symmetry, since it is, for example, a consequence
of the first Schur’s lemma when ¢ or v¢ transforms in a irreducible representation of the
group G [65]. In the second class, we assume that m, can be exactly diagonalized by U,
according to

m, = Ul'm,U (4.25)

where 1, = diag(mq, mg, m3) with m; positive and U, is a mass-independent mixing
pattern enforced by the flavor symmetry G;. Independently from the way in which G
is broken, it is straightforward to see that the neutrino Yukawa coupling in the basis of
diagonal right-handed Majorana neutrinos, which we indicate as 171,, has the following
simple form

Y, =iDU] (4.26)

where D = diag(++v/2my My, £/2my My, ++/2m3M3) /v. Notice that Y, becomes unitary
if D ~ 1. However, the present case is not strictly a generalization of the previous one
since a unitary Y, does not necessarily imply a mass-independent mixing pattern.

In [5] we show that m, does not change its flavor structure under J, if Y, belongs to
one of these classes: the running effects from J, correct only the neutrino mass eigenvalues
but not the mixing angles. Therefore, the only flavor-dependent running contribution to
m, is encoded in J,.
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A Special Case Uy = iUrgP* and D « diag(1,1,—1)

In this part we consider a special case of Y, =iD Ug in which the expression of Uj is
enforced by the flavor symmetry group A, in the context of the Altarelli-Feruglio model
described in Section 2.3. A more detailed analysis of the running effects will be discussed
in the next section. Here we only comment on the constraints on the mixing matrix
Uy = iUrg P* and the neutrino Yukawa coupling in the hatted basis:

V23 ~1/VB —1/V6
Y, =yPUrgOs =yP [ 1/V3 +1/V3 +1/v3 (4.27)
0 +1/vV2 —1/V2

where y is a positive parameter of order O(1), P is the usual diagonal matrix of the
Majorana phases and Oa3 is defined as

Oz =

S O =

0 0
01 |. (4.28)
10

In order to confront eq. (4.27) with the general expression Y, =iD Ug we observe that
Y, = yPUf30x3UrsUf s = diag(y,y, —y) PUf 5 . (4.29)

Then we conclude that (4.27) corresponds to the special case in which D = diag(y, y, —y).
Furthermore, in the Altarelli-Feruglio model considered in this section, there is a very
simple relation between m; and M; given by m; = v2y*/2M;.

Now we explicitly calculate the renormalization group running from Ay down to g for
this special case using the approximate analytical expressions given in Section 4.1.1. In
the physical basis, it is useful to define the light neutrino mass matrix eq. (4.2) at the
initial energy scale Ay: by imposing the condition m, ) = U{{ml,Ug , we have

mlP = ~Urp P, PUip
- 0 0 0 5 111 ~ 4 -2 =2
ms mo my
=50t gt )21 :
0 -1 1 111 -2 1 1

(4.30)

where m; = m;e'®. It is necessary to specify the kind of neutrino mass spectrum: in the
normal hierarchy the light neutrinos are ordered as m; < msy < mgz and the heavy ones as
< ms9 and

~Y

Mj < My < My; while in the inverse hierarchy they are arranged as ms < my
My < My < Ms.
The general result of the running effects on m,, is given by eq. (4.18) which in our case
becomes
M) = lv (MEP + Am{) + Am,(;]“)) . (4.31)
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The analytical result for both Iy and AmS™ (see Section 4.1) does not depend on the
type of the neutrino spectrum, it is sufficient to identify Mg, My, M, with the correct
hierarchy between My, My, M3 . In particular, for the Tribimaximal mixing pattern, the
contribution from J, is given by

Am{e) = mIB diag(0, 0, A,) + diag(0, 0, A,)mI?

m; Mo
0 0 LEE
3 3
_ 0 0 i g | (432)
6 3 2
my Mo mi Mg Mg m;  2mo .
- — et — = o — i

Naturally, the contribution from J, depends on the type of the neutrino spectrum, however
it can be written in the same form for both the spectra:

y 4 -2 =2 o 1 11 0 0 O
Amw:_# -2 1 1 |+ 32 111 ) +myl 0 1 -1
-2 1 1 1 11 0 -1 1
(4.33)
where M, are redefinitions of the light neutrino masses:
Normal Hierarchy:
my =nmi(p+q), mh=me(r+q), ms=mg(x+z) inthe SM (30
=0, il = g | My = 2ms(x + 2) in the MSSM
with
9 9 M,
_ -3 2 A 2 42 In —
1 9 9 M,
- _ -3 2 A 2 42 In —=
q 1671'2< 93 T A+ 1091 + 292) n Ms (435
r = - v ln% |
327’(’2 MQ
z = — v ln% ;
3272 M3’
Inverse Hierarchy:
my=mi(x+q), mh=me(xr+2), mi=ms(p+gq) intheSM (4.36)
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with | 0 9 \
_ 302 N g2 Zg2)n 2
p 167r2( 395 + +1091+292) v
1 9 9 M
¢ = ——— (-3 + A+ —g?+-g})In—
167 10 2 M, (437)
v o= L |
3272 M,
R
3272 M,

Comparing mI? of eq. (4.30) with the perturbations Am,, of eqs. (4.33), we note the
presence of the same flavor structure for several matrices and in particular, by redefining
m; to absorb the terms 7} it is possible to account for the See-Saw contributions from the
renormalization group running into mZ®. As a consequence the leading order predictions
for the Tribimaximal angles receive corrections only from the terms proportional to A..
This result explicitly confirms what we outlined in the previous section.

4.2.2 Running Effects in the Charged Lepton Sector

The presence of a term proportional to Yj Y, in the RG equation for Y, can switch
on off-diagonal entries in the charged lepton Yukawa matrix Y,. When rotated away, this
additional contribution introduces a non-trivial U, and consequently corrects the lepton
mixing matrix U. For a unitary Y,, this correction appears only between the See-Saw
mass scales while in the general case it appears already from the cutoff Ay.

In close analogy with the running effects on neutrino mass matrix in eq. (4.31), the
full result of the running for charged lepton mass matrix can conventionally be written as

(YY) = L (YY) up + AYIY] (4.38)

where I, is an irrelevant global coefficient which can be absorbed by, for example, y,. Now
we move to the case of Tribimaximal mixing pattern. In this case, the flavor-dependent
corrections can be explicitly calculated:

NH case:
0 0 1 0 0 0 00 0
AYY)~y?la.l 0O 0 —1/2 | +b.| 0 0 —1 |+c| 00 0 :
1 —1/2 5 0 -1 2 00 2
(4.39)
IH case:
000 001 000
AYIYV)~y2lall 001 [+ 001 )+ 000 . (4.40)
01 2 112 00 2
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where the coefficients are

a—b’——C’,’ y_an% b——C’/’ y—zln%

Cf T 16m2 3 My © 16722 My (4.41)
Ce=0C, = SC/yT In Ay a, = Gy ln% |

c e 1671'2 mSUgy(mZ) ’ ¢ 1671'2 2 M1 ’

and C,, = —3/2 (1), C! = 3/2 (3) in the Standard Model (MSSM). Here we observe that
the off-diagonal contributions to Y'Y, are encoded in a., b, a. and b, which depend only
on the See-Saw scales M;. As a result, as we will show in the next section, ¢, and ¢, do
not affect the lepton mixing angles.

4.2.3 Full Running Effects on the Tribimaximal Mixing Pattern

In this section, we combine various contributions discussed in previous sections into
the observable matrix U from which we extract angles and phases at low-energy. Since we
are interested in physical quantities, we eliminate one of the phases of P and in particular
we express each result as a function of oy; = (a; — a;)/2, removing as. The corrected
mixing angles can be written as

Oijo) = 05" + kij + ... (4.42)

where 0L = 0, 01 = arcsin\/1/3, 0LP = —r/4, dots stand for sub leading corrections
and k;; are defined by

1 |y + m2|
ki, = < A, — 3a,

3v2 - mi
1 ~ S 12
1 {(]mg—i— m32| ) |m22—{— m32| ) A, — 3a, — 6be:| for NH

o 6 ms ml m3 m2

1 12 3 4 olM2 3l A, + 3a. + 3d. for TH
6 —m3 m3 —m3

. ; 2 N _ _ _ 2
1 mysinoys Mo Sin amgs |y +ms|> e + msl?
kis = 4m3 Az 2 2 T 2 7 | T 2 -~ = o ) Ay —3a| .
3\/§ my —m;3 may — M3 my —m3 my — M3

In the previous expressions we can clearly distinguish the contributions coming from the
diagonalize of the corrected Tribimaximal neutrino mass matrix (4.31) and those from
the diagonalize of (4.38). As it is clear from (4.41), the corrections to the Tribimaximal
mixing from the charged lepton sector is important only for hierarchical right-handed
neutrinos and will approach to zero as soon as the spectrum becomes degenerate. On
the other hand, the corrections from the neutrino sector should be enhanced if the light
neutrinos are quasi-degenerate and if the tan § is large, in the MSSM case.
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The physical Majorana phases are also corrected due to the running and we found the
following results:
Ozij(g) = QGj + 5aijAT + ... (444)

where o;; are the starting values at Ay and

Sern — 2 myms sin(ayz — a3) Ser — 4 mymssin(agz — aag)
Q13 = 7 2 2 ) Qo3 = = 2 2
3 my — mj 3 ms — mj

(4.45)

At Ay, sin 017 is vanishing and as a result the Dirac CP-violating phase is undetermined.
An alternative is to study the Jarlskog invariants which are well-defined at each energy
scale. At Ay, Jop is vanishing, while after the renormalization group running it is given

by

misinaiy  mosin a23) ‘ A (4.46)

1
sor =5 e (g
Two comments are worth. First of all, in the expression for ki3, it is easy to recover
the resulting expression for Jop as the first term under the square root, apart global
coefficients. This means that the running procedure introduces a mixing between the
expression of the reactor angle and of the Dirac CP-phase. Moreover we can recover the
value of the Dirac CP-phase directly from eq. (4.46) and we get the following expression:

ot d — myi(m3 — m3) cos az — ma(m? — m3) cos ang — mz(m? —m3)

: : +
my(m3 —m3) sin gz — ma(m? — m2) sin agg

(4.47)
Bac(mj — m3)(mi — mj)

 2ms [my(m3 — m3) sin ayz — ma(m3 — m3) sin ags] A,

In the neutrino sector, the running contributions from the See-Saw terms are present only
in the resulting mass eigenvalues:

where m; are the starting values at Ay and dm;, in both the Standard Model and the
MSSM and in both the normally and inversely hierarchical spectra, are given by

/ AT / QAT /
Smi= 1 2T gy =22 22T s =0T A (4.49)
my 3 Mo 3 ms

= |m;|, given as in eqs. (4.34, 4.36).

4.3 Running Effects in the Altarelli-Feruglio Model

In this section we will apply the analysis of renormalization group running effects on
the lepton mixing angles to the Altarelli-Feruglio model, already introduced in Section
2.3. In order to perform such a study, it is important to verify the initial assumptions
made in Section 4.2.3, in particular, we see that eq. (4.27) exactly corresponds to the one
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implied by the Altarelli-Feruglio model, when moving to the physical basis (the phase of
y can be absorbed in the definition of P). On the other side, the presence of flavon fields
has a relevant impact on the results of the analysis. In the unbroken phase, flavons are
active fields and should modify the RGEs. Since the only source of the A, breaking is
the VEVs of the flavons, any flavor structure is preserved above the corresponding energy
scale, whatever interactions are present. In particular, the Lagrangian (2.53) contains all
possible leading order terms, given the group assignments, and its invariance under Ay
is maintained moving downward to the scale (¢), where significant changes in the flavor
structure can appear. From egs. (2.54) and (2.56), we deduce that (p) ~ M; and as a
result in the Altarelli-Feruglio model A, must be proportional to In({y)/0) and not to
In(As/p). Furthermore, it is relevant for the subsequent discussion to recall the level of
degeneracy of the neutrino masses in the allowed space of parameters. The ratios between
the right-handed neutrinos are well defined for the normal hierarchy, M;/Mj; ~ 11 and
M,y /Mj ~ 5, while in the case of the inverse hierarchy, the ratio M; /M, is fixed at 1 while
M3 /My varies from about 3 to 1, going from the lower bound of mg up to the KATRIN
sensitivity.

We will separately discuss the evolution of angles and phases for both type of hierarchy.
In the following, the results will be shown for the Standard Model and for the MSSM
with tan 8 = 15 in the absence of other explicit indications. Without loss of generality,
we choose y = 1 for our numerical analysis. We also set (p) = 10'. The spectrum spans
the range obtained in (2.61).

4.3.1 Running of the Angles

Since we are interested in deviations of the corrected mixing angles from the Tribi-
maximal predictions and in comparing them with experimental values, it is convenient to
relate the coefficients k;; defined in Section 4.2.3 with physical observables. Keeping in
mind that |k;;| < 1 and that we start from a Tribimaximal mixing matrix, it follows that

22
3

sinfi3 ~ ki3 , c0s 2093 ~ 2kos | sin? 01y — % ~ k1o . (4.50)
The corrections to the tribimaximal mixing angles as functions of m, 3 in the normal and
inverse hierarchies are shown in Figure 4.1.

We begin with the case of the normal hierarchy. Since the dependence of the corrected
mixing angles from A, is the same, Standard Model corrections are generally expected
to be smaller than those in MSSM. However, from Figure 4.1 we see that, in normal
hierarchy, there is not a large split between the two curves for Standard Model and
MSSM. This fact suggests a dominant contribution coming from the charged lepton sector
as discussed in Section 4.2.3. For the atmospheric and reactor angles, the deviations from
the Tribimaximal predictions lie roughly one order of magnitude below the 1o limit.
In particular, running effects on sin#,3 are even smaller than the NLO contributions
analyzed in Section 2.3.2 which are of O(u), without cancellations. On the other hand,
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Figure 4.1: Corrections to the Tribimazimal mizing angles as functions of the lightest
neutrino masses, for the normal hierarchy on the left and for the inverse hierarchy on
the right. The plots show the MSSM case with tan 8 = 15 (solid blue) and the Standard
Model case (black dashed), compared to the current 1o and 30 limits (dashed red). my 3
are restricted in a range which is given by eq. (2.61) or by the KATRIN bound.

since the experimental value of the solar angle is better measured than the other two,
the running effects become more important in this case. Indeed, the running corrections
to the Tribimaximal solar angle evade the 1o limit as it can be clearly seen in Figure
4.1. Anyway, we observe that for both the atmospheric and solar angles, the running
contribution is of the same order as the contribution from NLO operators.

Now we move to analyze the case of the inverse hierarchy. In this case, since the
neutrino spectrum predicted by the Altarelli-Feruglio model is almost degenerate and in
particular ms/my ~ 1, the contribution from the charged lepton sector in eqgs. (4.40) is
sub dominant. As a consequence the information which distinguishes the Standard Model



4.3 RUNNING EFFECTS IN THE ALTARELLI-FERUGLIO MODEL 65

case from the MSSM one is mainly dictated by A, defined in eq. (4.22). As a result the
running effects in the MSSM are always larger than in the Standard Model and for large
tan [ they are potentially dangerous. The curves corresponding to the atmospheric and
reactor angles do not go above the 30 and 1o windows respectively. However, the deviation
from 0LP presents a more interesting situation. For example, for tan 8 > 10, the running
effects push the value of the solar angle beyond the 3¢ limit for the entire spectrum.
For lower values of tan 3, the model is within the 3¢ limit only for a (small) part of the
spectrum where the neutrinos are less degenerate. Comparing with the running effects,
in the inverse hierarchy, the contribution from NLO operators in the Altarelli-Feruglio
model is under control.

4.3.2 Running of the Phases

Majorana phases are affected by renormalization group running effects too. Since
there is no experimental information on Majorana phases available at this moment we
will simply show their values at low-energy, comparing them with the predictions in the
Altarelli-Feruglio model. We stress again that they are completely determined by only
one parameter, the mass of the lightest neutrino, m; for the normal hierarchy and ms for
the inverse hierarchy.

801 80f
% 60| g 60[
& = o 13 g_ [ \\
% 40’ = % 40*(1’13(/\)\\
S L 5 [
T KN | @23(Msysy)
s 20! = 20/

N W ) A
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Figure 4.2: Majorana phases aq3 and ciag as functions of the lightest left-handed neutrino
masses. For the normal hierarchy (left panel) the corresponding curves at low and high
energies are indistinguishable. For the inverse hierarchy (right panel) the curves refer to
low-energy values in MSSM with tan 8 = 15 (solid blue or red) and the Altarelli-Feruglio
predictions at Ay (dashed blue or red).

In the case of normal hierarchy, Majorana phases are essentially not corrected by
running effects. This feature is due to the fact that days and dagg of eqs. (4.45) are
proportional to sin(a;3 — as3) which is close to zero, as we can see looking at the left panel
of Figure 4.2. In the case of inverse hierarchy, MSSM running effects always increase the
values of phases when moving from high energy to low-energy and they are maximized for
tan 8 = 15, especially when the neutrino spectrum becomes degenerate. On the contrary,
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in the Standard Model context, the low-energy curves cannot be distinguished from the
high energy ones.

As described in Section 4.2.3, a definite Dirac CP violating phase § arises from running
effects even if; in the presence of a Tribimaximal mixing pattern, it is undetermined in the
beginning. Although the final Dirac phase can be large, Jarlskog invariant, which measures
an observable CP violation, remains small because of the smallness of #;3. These results
are valid both for the Standard Model and for MSSM.

4.4 Conclusion of the Chapter

In this chapter we have studied the running effects on neutrino mixing patterns when
neutrino masses are generated by See-Saw I. The running contribution from the neutrino
Yukawa coupling Y,, encoded in .J,, is generally dominant at energies above the See-
Saw threshold. However, this effect, which in general introduces appreciable deviations
from the leading order mixing patterns, does not affect the mixing angles, under specific
conditions: in the first part of the chapter, we have analyzed two classes of models in
which this indeed happens. The first class is characterized by a Y, proportional to a
unitary matrix. It is the case, for example, when the right-handed singlet neutrinos or
the charged leptons belong to an irreducible representation of the flavor group. The
second class is the mass-independent mixing pattern, in which, in particular, the effects
of J, can be absorbed by a small shift of neutrino mass eigenvalues leaving mixing angles
unchanged. The widely studied Tribimaximal mixing pattern belongs, for example, to
this second class of models.

Subsequently, we focused on the Altarelli-Feruglio model. The aim was to analyze the
running effects on the Tribimaximal mixing pattern in addition to the NLO corrections
already present in this model due to the spontaneous breaking of the symmetry and to
confront them with experimental values. The analysis has been performed both in the
Standard Model and MSSM. We found that for the normal hierarchy light neutrinos,
the dominant running contribution comes from the charged lepton sector which weakly
depends on both tan and mass degeneracy. As a result, for this type of spectrum,
the Tribimaximal prediction is stable under running evolution. Moreover, the running
contribution is of the same order or smaller with respect to the contribution from NLO
operators. On the other hand, in the case of the inverse hierarchy, the deviation of the
solar angle from its Tribimaximal value can be larger than the NLO contribution and,
in particular in MSSM, for tan 2 10 an inversely hierarchical spectrum is strongly
disfavored. In the end, we observe that for both spectra, the reactor angle 6,3 does not
receive appreciable deviations from zero.



Chapter 5

Rare Decays in A;-Based Models

If we assume that the experimental values of mixing angles hint at a new physical
framework beyond the Standard Model, as the one provided by discrete symmetries, we
still face the task to discriminate among the possible choices of the underlying symmetry
and model. In fact, as pointed out in Chapter 2, several theoretical textures are compatible
with the current data on neutrino oscillation.As a consequence, we need to improve our
knowledge of neutrino mixing or to test models beyond the neutrino sector.

The latter possibility can be offered by processes with lepton flavor violation (LFV)
expected, at some level, for massive and non-trivially mixed neutrinos. At low-energy
LFV is described by dimension six operators, suppressed by two powers of a new physics
scale M, which could be much smaller than the fundamental scale A at which the fla-
vor symmetry is generated, thus allowing observable effects. In models based on flavor
symmetries rates of LFV transitions usually receive a double suppression: one from 1/M*
and one from the parameters that break the flavor symmetry. In a set of papers [66-68]
radiative decays of the charged leptons have been analyzed in models invariant under
Ay x Z3x U(1) gy, like the Altarelli-Feruglio model discussed in Chapter 2. Remembering
that two breaking parameters u &~ t &~ 0.01 are present, a generic suppression u?/M?* for
the rates was found, that can become more severe in a supersymmetric (SUSY) realization
of Ay X Z3 x U(1)py. For instance, in this last case the decay rate of u — ey can scale
as t*u?/M?*, leaving room to a relatively light scale of new physics M.

In this chapter we complete the analysis of LFV in Ay x Z3 x U(1)pxy symmetric
models, by building the most general dimension six effective Lagrangian allowed by the
symmetry. Contrary to the expectations of many models based on flavor symmetries,
such effective Lagrangian contains four-lepton operators that break the conservation of
the individual lepton numbers, while being fully invariant under the flavor symmetry [66].
These operators leads to LFV transitions whose rates are suppressed only by 1/M*, which
can result in strong bounds on the scale M. We carefully analyze all such transitions, that
satisfy the selection rule AL.AL,AL; = +2. We separate our discussion according to the
type of leptons involved in the transition: four neutrinos, two neutrinos plus two charged
leptons, and four charged leptons. We find that the strength of the new LFV operators
are most severely bound by the observed universality of leptonic muon and tau decays,

67
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from the agreement between the Fermi constant measured in the muon decay and that
extracted from the my /myz ratio, and from the limits on the rare decays 7= — uTee”
and 77 — et~ . The present experimental limits on the branching ratios of these two
tau decays push the scale M above 10 TeV.

We also analyze a specific SUSY realization of Ay x Z3 X U(1) py, motivated by several
considerations: it offers a natural solution to the required vacuum alignment, it might be
required to realize the embedding of the model in a grand unified theory and it provides
a natural framework for a relatively small scale of new physics M, related to the SUSY
breaking scale. In this SUSY model the four-lepton LE'V operators arise from box dia-
grams, with neutralinos, charginos and sleptons circulating in the loop. For all processes
that were allowed by the selection rule AL.AL,AL; = %2, we find rates suppressed at
least by eight powers of the symmetry breaking parameters ¢ and/or u, at variance with
the result of the model-independent analysis. We provide a detail explanation for this
singular behavior and we reconsider all possible LFV transitions in the SUSY model,
ending up with a complete picture of the most relevant LF'V processes for the model at
hand.

5.1 Classification of Four-lepton Operators
We will consider a model based on the flavor symmetry group
Gf = A4 X Zg X U(l)FN, (51)

as described in details in Chapter 2. The flavor symmetry breaking sector of the model
includes the scalar fields @7, pg, & and 6. The transformation properties of the lepton
fields L, E., E,, E., of the electroweak scalar doublet ' and of the flavon fields have been
recalled in Table 5.1. Notice that at variance with the notation introduced in Chapter 1,
in the following we use the fields E., F, and E. instead of e, u¢ and 7¢. The different
notations are connected by the equality E, = €° and the same for the muon and the
tau. As a consequence, L = (L., L,,, L,) are left-handed SU(2) doublets with hypercharge
Y=-1/2, while E., E, and E, are right-handed SU(2) singlets with hypercharge ¥ = —1.
Chirality projectors are understood. The following pattern of VEVs for the flavon fields

@j\_ﬂ — (4,0,0) + O(u?)

@ = cp(u,u,u) + O(u?)

% = cou+ O(u?)

% . (5.2)

where u and t are the small, real, symmetry breaking parameters of the theory, guarantees
that the lepton mixing is approximately TB. The parameters ¢, are pure numbers of order
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one and A is the cutoff of the theory. It is possible to achieve this pattern of VEVs in a
natural way, as the result of the minimization of the scalar potential of the theory [7,69].

Field | L | E. |E, |E-||H |or|ps|§]| 0

Ay I3 1 1|11} 3 13 (1|1

Zs |lwlw|lwlw|l1l]1l|lw|lw|l

UNpn 0] =2[=1]0]0]0]|0]|0]-1

Table 5.1: The transformation rules of the fields under the symmetries associated with
the groups Ay, Z3 and U(1) gy .

At the leading order, neglecting the O(u?) contributions, the mass matrix for the
charged leptons is diagonal with the relative hierarchy described by the parameter ¢. To
reproduce the correct hierarchy we need

t~005 . (5.3)

In the same approximation, the neutrino mass matrix is diagonalized by the TB mixing
matrix (2.17). The symmetry breaking parameter u should approximately lie in the range

0.005 < u < 0.05 (5.4)

the lower bound coming from the requirement that the Yukawa coupling of the 7 does
not exceed 47, and the upper bound coming from the requirement that the higher order
corrections, so far neglected, do not modify too much the leading TB mixing. The inclu-
sion of higher order corrections modifies all mixing angles by quantities of relative order
uw and in order to keep the agreement between the predicted and measured values of the
solar angle within few degrees, u should not exceed approximately 0.05. The unknown
angle 13 is expected to be of order u, not far from the future aimed for experimental
sensitivity [31]. Constraints from baryogenesis have been discussed in ref. [70].

The fields of Table 5.1 and their transformation properties are common to a generic
class of models, differing from each other by the specific mechanism leading to the desired
vacuum alignment, eq. (5.2), and by additional heavy degrees of freedom. One such
model has been realized in the SUSY framework [6], where the special properties of the
scalar potential in the SUSY limit are helpful in obtaining the correct vacuum structure.
To construct a general low-energy effective Lagrangian depending on lepton fields we
only need the information contained in Table 5.1 and we do not need to specify any
particular model, but in the second part of the chapter we will make contact with the
SUSY realization of ref. [6].
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A complete basis of four-lepton operators, invariant under the SU(2)x U(1) gauge
symmetry, have been introduced by Buchmiiller and Wyler in [71]. Up to flavor combi-
nation, it consists of four independent dimension-six operators:

(Op)l = (L°E,)(E°L.), (5.5)
(012 (L4 La) (L, Ly) , (5.6)
(0202 = (L°4*TLa)(L*7,7L,), (5.7)
(Opp)2, = (E°"Ey)(E™,E,) (5.8)

We are using a four-component spinor notation and 7 denotes the Pauli matrices acting
on SU(2) indices. Greek letters specify the flavor content. Their possible values are e,
w and 7. The effective Lagrangian, invariant under SU(2)x U(1) gauge transformations,
and depending on L, and Ejp is given by:

Lepr= — 2V2Gr [(eLp)5(OLp) + (e10)52 (O1L)5
+ ()0 + (eep) 5 (Opr)2] + ... (5.9)

We have normalized the interaction strength to the Fermi constant G, which here we
define by the relation

2
R=—=—-+4/-— (5.10)

where myy 7 are the electroweak gauge boson masses, ae,,(m%) is the running QED cou-
pling constant evaluated at the my scale, and Ar is the relevant SM radiative correction.
This relation defines the constant G in terms of the experimental value of the W and Z
boson masses. The Lagrangian L.¢; is hermitian under the following conditions:

(cLe)fy = (eLp)l
1,3\a 1,3
<5LL)B:SY = <€LL)§§y
(61;5)2} = (EEE)gi . (5.11)

Dots in (5.9) stand for higher order operators. The most general dimension-six effective
Lagrangian depending on lepton fields also include other operators that we mention for
completeness. They fall into two classes. The first one includes operators of dipole type,
describing leptonic electric and magnetic dipole moments and flavor changing radiative
transitions such as y — ey, 7 — py and 7 — ev:

(05,) = E°0c"B,H'L,

(008 = E°o™7 W, H L, . (5.12)

81t is useful to keep G distinguished from G, the constant extracted from muon decay.
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Their effect in the model under consideration has been analyzed in refs. [66]. The second
class includes operators bilinear in the lepton fields containing a derivative and a double
insertion of the Higgs multiplet H:

(O}JH)Q = (EBH) i@(HTLa)
(O%)s = (L°7H)id(H'FL.)
(Opn)? = (H'DH) (E°y,E,) (5.13)

where D denotes the SM covariant derivative. They modify kinetic terms of neutrinos
and charged leptons and lead to deviations in the neutral and charged leptonic currents
as well as to deviation from unitarity in the leptonic mixing matrix. Their effects have
been discussed in general in refs. [72-74]. In the model under consideration the leading
contribution to this second class of operators is flavor conserving and will not be further
discussed here.

The operators (OF ;)% and (OF,)5 only differs by the contraction of the SU(2) in-

dices. In terms of SU(2) components, they are given by:

(O1)2 = (P9 v + e%9%e) (FPrp0 + €07, (5.14)
(O3)5 = (P77 e + @ va) (PP,e, + 1)
- (Dﬁypea — éﬁypya) (175%67 — éévpl/w)

+ (v, — yen) (PP, — Epe,) (5.15)

The flavor symmetry Gy imposes some restrictions on the coefficients of L.¢;. In a low-
energy approximation, below the scale of flavor symmetry breaking, the four-lepton opera-
tors of the model originate either from genuine dimension-six operators invariant under G
or from higher-dimensional G ¢-invariant operators involving the insertions of the flavon
multiplets. After the breaking of Gy by the VEVs in eq. (5.2), the latter become four-
lepton operators proportional to some positive power of the symmetry breaking parame-
ters t and/or u. As a consequence, the coefficients €55 = {(cLr)3], (€1.0)35 (€11) 54+ (€EE) 33 }
can be expanded in powers of the symmetry breaking parameters ¢t and wu.

sy = (5T + ("5 t+ (O3 u+ .. (5.16)

Given the smallness of these parameters, here we will focus on the leading terms (5(0))%,
that is on the operators that do not vanish when the symmetry breaking effects are
neglected. In particular, there are four-lepton operators that violate flavor while being
invariant under Gy and not suppressed by powers of ¢ and/or u. We will classify them
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and we will study their effects. We find:

Leff= — 2\/§GF04 (ETVPE# EW,,E# N ETE“VpEe)

— 9VAGrar (E4°L, LoyLe +4 IiyPL, Iyl +
2 L#y°L. L™y,Le + 2 L°4"L,, L*v,L,)

— 2V2Gpp (L*9"L, L*y,L, +4 L'y L, L*y,L.+
2 L'Y"L, L°y,L, +2 LFy"L, I_/‘%Le)

— 2V2Gm (ET’prT L™y,L, +4 L*yL, L*v,L,+
2 LA, Z_L“'prT +2 Z_LTfy"Le Z_}T’prM)

— 2V2Gray (LY*7L. L°y,TL. +4 L*4*7L,, L7, 7L+
2 ['y°7L. L™y,7Le + 2 L*y°7L,, L*v,7L.)
— 2V2Gpfs (L"Y"FLy L'y, 7Ly + 4 LTy 7Ly Lo, 7Lt
2 ET’YpFLu EeVpFLu +2 L'y*TL, DL’YPFLG)
— 2\/§GF73 (I_JT’Yp’FLT ET’prLT +4 Ee'YpFLe EMPVPFLH—{_
2 L*y*TL, L'y,7Ly +2 L™*TL. L™,7L,) + ... (5.17)

where dots stands for operators that do not violate lepton flavor. For instance, there
are three independent operators of the type (OLE)gi, but they are all flavor conserving.
Notice that among the operators of the type (Ogg)5

We found three independent operators of the type (O} L)gi that violate lepton flavor, and

only one of them is flavor violating.

we call the corresponding coefficients oy, 51 and ;. Similarly, there are three independent

flavor-violating operators of the type (0% L)gg, entering the Lagrangian with weights given

by the coefficients a3, 83 and 3. All other operators in L. ;s either conserve flavor or are
suppressed by some power of the symmetry breaking parameters ¢t and u. From the
Lagrangian (5.17) it is clear that symmetry restricts the allowed operators to a class
satisfying the selection rule AL.AL,AL, = 0,£2. By expanding the Lagrangian (5.17)
in neutrino and charged lepton components we get:

Eeff = ‘C4V + *Cdecay + »CNSI + £ch (518)
where

Ly, = —2V2Gr x
{(a1 + a3) vy ve Deyple + (B + B3) DY Vi UV + (11 + 93) 00 Vs Ueyplet
4[(7 4+ 78) PV Ve Dy + (a1 + as) 0,770, Deypve + (Br + B3) 0y v Derypie] +
2[(on + a3) DY Ve Uryple + (Bi + Bs) Uy vy Ueyoly + (1 + 73)0eY V7 Dypls
+h.c]} (5.19)
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»Cdecay = _2\/§GF X
[(1+ 8v3) ey ve Duypn + 2(0n + ag) €9 vr Veyop + 2(B1 + B3) ey vy Uryppt
(1+ 8a) iy vy vry,T + 2(B1 + B3) Ve VT + 2( + 73) 1 V7 DeypT+
(1+803) ev’ve Uy, + 2(on + a3) ev’v, Ve, ™+ 2( + 73) €y°vr U,7,7]
+h.c. (5.20)

Lysi = —2V2Gp x
{2(o1 + a3) DA Ve +4(71 — 73) DY v + 4B — Bs) U v:] eype+
[4(1 = 73) Py ve +2(B1 + Bs) 1y vy + 4o — az) Uy vr] yput
[4(B1 — B3) Dy Ve + 4o — a3) DY vy + 2(71 + 93) U007 T,T}
(5.21)

Lo, = —2V2Gp x
{1 +az) ev’e ey,e + (Bi + Ba) Iy 1 fypt + (11 + 3) 71T Ty,7+
4 +73) ey7e frypp + (on + ag) @y’ 7,7 + (B + B3) Ty T €y,e] +
2[(a1 + az) iy’e Type + (Bi + Bs) T eyppt + (1 + v3)@y T fiy,™ + hoe] +
o [E™E, E*y,E, + h.c.]} (5.22)

In our notation all above fields are left-handed, except the charged leptons E, , , that are

right-handed.

5.2 Bounds

We discuss the bounds on the parameters € = {a, a1 3,813,713}, by distinguishing
three types of operators: those involving neutrinos only, those involving both neutrinos
and charged leptons and finally those depending on charged leptons only. For simplicity
we assume that all the new parameters € are real.

5.2.1 Neutrino Self-interactions

Neutrino self-interactions are poorly constrained by present data [75]. Extremely mild
bounds come from astrophysics. For instance limits can be derived by requiring that the
mean free path of neutrinos propagating in the medium between the supernova SN1987A
and us is comparable to or larger than the distance to the supernova [76]. Such bounds
would allow self-coupling of a four-fermion interaction larger than the Fermi coupling by
many order of magnitudes. Stronger bounds can be derived from the agreement between
the observed invisible decay width of the Z boson and the value predicted by the Standard
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Model (SM). New neutrino self-interactions of the type considered here would contribute
to both the decay width of the Z into four neutrinos at the tree level [77], and to the
decay width of the Z into two neutrinos at the one-loop level [78]. These new contri-
butions remain sufficiently small for values of the couplings a3, 513,713 smaller than
approximately 1 <+ 100.

5.2.2 Neutrino-Charged Lepton Interactions

The new operators containing two neutrinos and two charged leptons lead to several
effects. Some of them add to the SM Lagrangian to modify the prediction for the purely
leptonic decays of the charged leptons p and 7. The relevant Lagrangian for muon and
tau decays is Lgecay, from which we can identify the “Fermi” constants extracted from
the decays p — evv, T — pvv, T — evv, that we call G, G, and G, respectively. By
expanding the results in powers of the real parameters ¢, we find:

GH = GF (1 + 8’)/3 + 2(0./1 + (13)2 + 2(51 + 53)2 + )
Gy = Gr(1+8az+2(B1+B3)° +2(n +73)° + ...
Gre = Gp(1+8B;5+2(m +73)° +2(ar +a3)’ + ...) (5.23)

where dots stand for higher powers of the parameters. We see that the operators O%; lead
to amplitudes that interfere with the SM ones, so that the sensitivity to the correspond-
ing parameters is higher, whereas the operators O}, contribute to the decays through
non-interfering amplitudes. The presence of the new operators leads to deviations from
universality in weak interactions. We have

Gre\’
( ) = 14+16(85 —v3) +4(77 + 4995 — 57 + 1565 + 271773 — 26153 — 647353)

G\’
( M) = 1+ 16(0(3 — ’}/3) + 4(’7% + 49’}/3% — O./% + 1501% + 2’71’73 — 20(10[3 — 64’73013)

G\’
( N) = 1 + 16(0[3 — 63) + 4(5% + 4953% — Oz% + 15@% + 2,81&3 — 2&1&3 — 64@30&3)

(5.24)
These ratios can be directly compared with data using the following relations:
Gre\® > f(me/mi)r
( ) — “BR(r — e py) (@> Pl i)
G# Tr mr f(mg/m'zr)rE‘W
2 5 2 /02 M
o T Y L e
GH Tr mr f(mi/m‘?')TgW
G\’ _ BR(t™ = p ouwy) f(m2/m?) (5.25)
Gre ~ BR(T™ = e U.vy) f(m2/m2) '
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where 7, . are the muon and tau lifetimes, f(z) = 1 — 8z + 82 — 2* — 122%logz and
radiative corrections are those of the SM [79]

3 m? a(my) (25

2 m 1
-1 —at- Zlog L4 — . 5.27
o (m) = 3T 8 Me + o6 ( )

From the measured values of 7, and of BR(7~ — p~v,v;), BR(T~ — € Uv;) and their
ratio [19,80]
7, = (290.6 £ 1.1) x 107 s | (5.28)

BR(r~ — e i,) = 0.1785 £ 0.0005 ,
BR(t™ — p ;) = 0.1736 £ 0.0005 ,

= 0.9796 = 0.0040 , (5.29)

we get

G\ G\’ G\
= 1.0025+0.0047 , = 1.0025+£0.0048 , = 1.0072+0.0041
G, G, Gre
(5.30)

Assuming values of the parameters € roughly of the same order, we see that the
deviations from the SM prediction are dominated by the operators of type O2,, and we
obtain the bounds

—0.0007 < 35— 73 < 0.0010 [30]
—0.0007 < az—~s < 0.0010 [30]
—0.0003 < az— B3 < 0.0012  [30] (5.31)

When the operators O2; can be neglected, we get a milder bound on the new parameters.

For instance, if §3 = y3 = 0, we have
—0.0033 < 7% — 87 < 0.0043  [30] (5.32)

If we parametrize the effective Lagrangian in terms of a new mass scale M, through the
relation

1
2V2G pe = e (5.33)

we see that an upper bound on || of order 0.001(0.06) corresponds to a lower bound on
M of order 5.5(0.7) TeV.

The comparison between G in (5.10), extracted from the W mass, and G, in (5.23),
obtained from the muon lifetime, leads to additional constraints on the parameters. It
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is convenient to express the ratio R = (mj,/m%) in terms of G,. By expanding up to
second order in the new parameters, we get

(1 — Rsm) 2 2 Rsym(1 — Rsm)?
= 1-—— 2 2 — 64
R RSM [ (QRSM — 1) (8’}/3 —+ (Oél -+ 063) + (51 -+ ﬁ3) ) 6 (ZRSM — 1)3 3
(5.34)
where we have defined
1 1 2
R = = + TemMz) () 77680(0.77611) (5.35)

2 \4 \2G,m3(1— Ar)

The numerical values have been obtained from ref. [81] in the OSII scheme, by using as
inputs my = 91.1875 GeV, as(my) = 0.118, Aoz;f)) = 0.02761, m; = 173.1 GeV and
my = 115(200) GeV. The experimental value of R, obtained by combining the PDG
averages of the W and Z masses is

Rexp = 0.77735 £ 0.00048 (5.36)
We first compare (5.34) and (5.36) assuming dominance of the y3 parameter. We obtain
—0.0010 < 3 < 0.0004 [30] . (5.37)

If ~3 is negligible, we get
—0.0041 < (o + a3)? + (B + B3)* < 0.0014  [30] . (5.38)

The bounds are approximately in the same range derived from the universality of the
muon and tau decays.

Weaker bound are derived from the non-standard neutrino interactions described by
the Lagrangian Lyg; in eq. (5.21). These interactions are usually described in terms of a
perturbation of the weak effective Lagrangian,

Lysr = —2V2Grlens @ vs) (L pVulL.r)), (5.39)

where eflLB’R is a small parameter measuring the size of the deviation and [ = e, u, 7. The
strongest bounds are those on neutrino-electron interactions, EZ%R. When a = 3 = e,
they are derived from neutrino-electron elastic scattering [82]

—0.07 < F < 0.11 ~1.0< e <05 [90% CL]
—0.025 < €} < 0.03 —0.027 < €} < 0.03 [90% CL]  (5.40)

For a = 8 = 7 the limit comes from the ete™ — vy cross-section measured at LEP

11 [83,84]

—0.6 < et <04 — 0.4 < e <06 [90% CL] (5.41)
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Similar bounds can be derived on flavor-changing terms a # [ from matter effects in
neutrino oscillations, but they are not relevant for the present analysis. Indeed, by com-
paring egs. (5.21) and (5.39), we see that in our model, only flavor conserving terms are
allowed (a = /) and we have

el = 2(ay + as) e;ﬁ = 4(y; — 3) el =4(p, - p3) (5.42)

while right-handed couplings are vanishing. From egs. (5.40) and (5.41) we get the 90%
CL bounds

—0.04 < (a1 +a3) < 0.06 —0.006 < (y1—73) < 0.007 —0.15 < (51—03) < 0.1

(5.43)
With the exception of the limit on (y; — 73), at present these bounds are not compet-
itive with those derived previously from muon and tau decays. A future improvement
is expected from further analysis of data from KamLAND, SNO, SuperKamiokande and
neutrino factories.

5.2.3 Charged Lepton Interactions

New interactions among charged leptons are induced by the Lagrangian (5.22). We
have seen that LF'V transitions obey the selection rule AL AL,AL, = £2. This is a
very interesting feature of the model under discussion. Usually SM extensions allowing
for low-energy flavor changing four-lepton interactions are severely constrained by the
experimental limits on the branching ratio p — eee: BR(u — eee) < 1.0 x 107'2. In
our model this transition is forbidden at the lowest order by the selection rule imposed
by A4 symmetry. For the same reason also the transitions 7 — eee and 7 — uup are
forbidden at the lowest order. The above selection rule allows the flavor changing decays
Y 7= = pre7e” and 7= — et~ p~ , whose branching ratios have the following upper
limits at 90% CL [19]:

BR(t~ = pte e”) <2.0x107° BR(t™ — et pu7) <23x107° . (5.44)

From (5.22), we compute the corresponding decay rates

It~ = ptee”) = C;%Zf (a1 + )’

L(r™ —etp ) = C;%Z;i [(51 + f3)° + %2} : (5.45)
The total 7 width is approximately given by:

_ GEm? 1 ~ Gim’ 1

r (5.46)

= X R X
19273 © BR(7~ — p~v,,) 19273 0.18

9In the context of models with an A4 flavor symmetry, these decays were first considered in ref. [91].
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and we get the 90% CL bounds

log +a3] < 24x107*

\/(ﬁl + B3)? + %2 < 25x107% . (5.47)

These bounds are the most restrictive ones among those discussed so far. The effec-
tive Lagrangian (5.22) also describes flavour-conserving four-lepton interactions, such as
ete™ — ff (f = e, u, 7), which have been constrained by the LEP data [85]. For instance,
in terms of the effective operator —2v/2Gr[e(ev7€)( fv,f)], ref. [85] quotes

€l7¢ = 0.0168 4 0.0133 el=¢ = —0.0187 £ 0.0320 (5.48)
Using (5.22), we obtain the bounds at 3¢
—0.006 < (71 +73) + (B + B3) < 0.014 —0.124 < (ay + as) < 0.086  (5.49)

Similar bounds exist on four-lepton flavour-conserving operators with different chirality
structure.

5.3 A Specific Realization

So far we have analyzed the consequences of the A4 flavor symmetry in a general effec-
tive Lagrangian approach, without making reference to any particular model. The only
model-dependent ingredient that we have used is the assignment of the lepton multiplets
to representations of the full flavor group Ay x Z3 x U(1) gy given in Table 5.1. It is inter-
esting to investigate some concrete realizations of the flavor symmetry in a specific model,
to see if the expectations based on the effective Lagrangian approach are fulfilled or not.
Perhaps the most significant feature of the effective Lagrangian approach is the prediction
of the leading order selection rule AL.AL,AL, = £2, which implies the dominance of
the channels 7= — pTe e and 7= — et~ p~ among the flavor-changing transitions. In
this section we consider the supersymmetric realization of Ay x Z3 x U(1)py discussed
in ref. [6]. The fields in Table 5.1 are promoted to chiral supermultiplets and a U(1)g
symmetry, eventually broken down to the R-parity , is introduced to restrict the super-
potential. This realization of Ay x Z3 x U(1)py is particularly relevant since it offers a
complete and natural solution of the vacuum alignment problem. Namely the specific
pattern of VEVs given in eq. (5.2) can be reproduced from the minimization of the scalar
potential of the theory in a finite portion of the parameter space, without any fine-tuning
of the parameters. After SUSY breaking four-lepton operators are expected to arise at
one-loop from the exchange of sleptons, charginos and neutralinos. They are naturally
depleted by the effective SUSY breaking scale mgysy, so that, in the absence of other
suppressions, our parameters € are expected to be of order
1 mZ

~

ER ——
2 7,2
1672 mey gy

(5.50)
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If msysy ~ 1 TeV we have ¢ ~ 10~ which, as we have seen, is close to the experimental
upper bounds on the branching ratios for 7= — pte e” and 77 — eTpu pu~, see eq.
(5.47). For this reason it is important to proceed to a direct estimate of the rates for
lepton flavor violating processes in the SUSY model in order to establish their strength
and their relative hierarchy. We first focus on the potentially most dangerous transitions:
77 = pute e and 77 — etpu . At one-loop these transitions are described by box
diagrams alone, since penguin diagrams always require a particle-antiparticle pair in the
final state. It is useful to analyze these diagrams in the so-called super-CKM basis, where
gaugino-lepton-slepton vertices are flavor diagonal. Neglecting Higgsino exchange, whose
contributions are suppressed by lepton masses, the only sources of flavor change are the
off-diagonal terms of slepton mass matrices (m?),sy, which can be analyzed in the mass
insertion approximation, expressed through the parameters

(M) mw

(6ij)mn = (5.51)

My sy
where M, N = (L, R) are the chiralities. A quick inspection of the relevant box diagrams
reveals that both transitions require at least two mass insertions: d,. and d,. for 7= —
pte e and 4, and d,. for 7~ — et p~p~ and the corresponding amplitudes scale as:

2
1 m7

M(t7 = pfee) x X 0repe (5.52)

2,2
1672 mgy gy

1 m?
M(T™ = efpp) o Z

X OrpOpe (5.53)

1672 mGy gy
The most general slepton mass matrices compatible with the Ay x Z3 x U(1)py flavor
symmetry in the super-CKM basis have the following leading order structure [67,68]:

1+0(u) Ou? O(u?)
mgLL = m12/LL = Ow?) 14+0(u) O(u?) m%‘USY (5.54)
(w?)  O(?) 1+ 0(u)

O(1) O(tu) O(t*u)
m?m = O(tu) O(1) Of(tu) mZUSY (5.55)
O(t2u) O(tu) O(1)

Me € MU €Ml
mep, =k | ecmyu  my, cmuu | msusy (5.56)
cmsu cmau my
where k and ¢ are model dependent coefficients. Depending on the chirality structure of
the four-lepton operator we can have different type of suppression:

2
1 m 4

M~ = ptee”) X U (LLLL)

2.2
1672 Mgy gy

1 2
x 1 Z_ '’  (RRRR)
™ Msysy
1 m% 3
x X tu (LLRR) (5.57)

2.2
1672 mey gy
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2
1 my 4

X U (LLLL)

M~ =sefpp) o« —
1672 m%y, gy

1 2
x ———2_ x{* (RRRR)
1672 Mgy gy
1 m% 3
x X tu (LLRR) (5.58)

2.2
1672 mey gy

The chirality structure (LRLR) is not included because it is strongly suppressed by the
ratio m;/msysy. We see that both amplitudes vanish in the limit of exact flavor symmetry,
contrary to the expectation based on our effective Lagrangian approach. In principle the
flavor symmetry allows for non-vanishing amplitudes, but the specific SUSY realization
considered here prevents non-vanishing contributions in the exact symmetry limit. Such a
result can be justified by analyzing the specific symmetry properties of the SUSY model.
Indeed, it is easy to recognize that, in the limit of exact flavor symmetry lepton masses
vanish, and so does the block m?,; , whereas m?; ; is proportional to the unit matrix and
m2gp is diagonal. The flavor symmetry in this limit is larger than Ay x Z3 X U(1)py: it
contains SU(3), x U(1)er x U(1)r x U(1);pr, which forbids any flavor-violating transition
in the lepton sector. Since both u and ¢ symmetry breaking parameters lies in the percent
range, the predicted rates for 7= — pTe e” and 7= — e"pu~p~ drop by more than
ten order of magnitudes below the present experimental sensitivity. Indeed in the SUSY
model all the operators of Lecay, €q. (5.20), originate from similar box diagrams and
they get the same suppression, thus relaxing also the bounds coming from universality
in leptonic muon and tau decays, and from the agreement between the Fermi constant
measured in the muon decay and that extracted from the my,/my ratio.

Given this strong suppression of the a priori favored channels 7= — pte e™ and
77 — etu p~, we would like to establish which is the leading flavor violating process in
this SUSY realization of Ay X Z3 x U(1)px. We should look for transitions where a single
mass insertion occurs. In ref. [67,68] a detailed analysis of the dipole transitions p — e,
T — py and 7 — ey was presented. In terms of the normalized branching ratios

R, = 5.9
J BR(ll — ljl/iljj) ( )
the generic expectation in the SUSY model is
6 4
Rij = _T—Waem’wij U’2 (560)
T Msysy

where a, is the fine structure constant and w;; are dimensionless parameters of order
one. Such behavior is due to the dominance of the mass insertion of RL type, leading to
an amplitude linear in the symmetry breaking parameter u. As apparent from eq. (5.56)
the amplitude is proportional to the model-dependent coefficient c¢. There is a class of
SUSY model where ¢ actually vanishes [67]. In this case the ratios R;; are of the form:

4 2

6 m;
R =— TW Qe |w§;)u2|2 + —; |w§)u|2 (5.61)
TMgysy m;
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(1,2)
tj
appear much more favored with respect to 7= — pte~e” and 7= — et~ p~. The best

where w are order one parameters. Even in the case ¢ = 0 the dipole transitions

present (and future aimed for) limit is for p — ey:

BR(i— ey) <12 x 1071 (1071) (5.62)

which implies the following bounds (setting wf}e’z) =1)

msusy > 255 (820) GeV  (u = 0.005)

msusy > 0.7 (2.5) TeV  (u=0.05) . (5.63)

Process Suppression
P — ey t2u?
T = Uy t2u?
T — ey u?

W — e ete” t2u?

T =t t2u?

T = uete” t2u?

T ety u?

T —eete” u?

T = pute e u®t?

T et uitt

Table 5.2: Parametric suppression of the rates for lepton flavor violating processes, as-
suming the behavior of eq. (5.61) for the dipole transitions and of egs. (5.57) and (5.58)
for the last two processes.

A related process is the decay = — e ete”. Within our SUSY model, at one loop
there are contributions both from 7- and Z-penguin diagrams and from box diagrams,
dominated by a single flavor changing mass insertion in a slepton propagator. The domi-
nant contribution comes from the v penguin diagrams, and we can relate the BR of this
process to the p — ey one [86]

Br(u~ — e ete) = 7-107° Br(u — ev). (5.64)

From the current upper bound Br(u~ — e“eTe™) < 1.0 x 10712, using the estimate for
BR(u — e7v) of eq. (5.61), we find

msusy > 400 (700) GeV (u=0.05) , (5.66)

where in parenthesis we have shown the results assuming an improvement of the limit
by one order of magnitude. Other 7 decays such as 7= — e ete™ 77 — pu putpu~,
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77 — pete”, 77 — e putu~, have a relationship with 7 — 7y analogous to that
between u~ — e“e”et and u — ey. We summarize the suppression of the rates for
these processes in Table 5.2. In this SUSY model there are no LF'V transitions that are
non-vanishing in the limit of exact flavor symmetry. Flavor violating 7 decays have rates
comparable to those of u decays, but the present and future experimental sensitivities are
much worse compare to y — evy, for which the prospect of detection are the best.

Finally we comment on j to e conversion in nuclei. Although quarks go beyond the
description provided by the flavor symmetry Ay x Z3 x U(1) gy, 4 to e conversion in nuclei
can be included in our discussion, since in the SUSY model considered here it is driven by
a -y penguin graph similar to that entering the decay = — e~ ete. The conversion rate
CR(p — e in nuclei) is then related directly to the branching ratio of u — ey, through
the relation (the range spans the nuclei used as target in real experiment)

15 x 10-3 < CER—e)

T < 3% 1072 5.67
SBRi—ey) (567)

Given the current experimental limit from SINDRUMII [87] with a gold target, C R4* <
6.1 x 10713 | this channel is not competitive with u — ey. However, if Mu2e [88] and
PRIME [89] experiments will reach the sensitivity of CRA! < 6 x 10717 and CRT* < 1078,
they could realistically set the most stringent constraint on lepton flavor violation. For a
titanium target CRT* = 0.5x 1072 BR(uu — ev) [90]. Setting u = 0.05 we get msysy = 6.6
TeV, while for u = 0005, mgsusy Z 2.3 TeV.

5.4 Conclusion of the Chapter

Violation of individual lepton numbers has been established in neutrino oscillations
and might be confirmed in rare transitions involving charged leptons. Discovering LF'V
in charged lepton decays would represent a major step towards the solution of the flavor
puzzle. First of all LF'V in tau or muon decays at an observable rate requires new physics
at an energy scale M not too far from the TeV scale, opening the exciting possibility of
producing and detecting the new particles responsible for LEF'V at the LHC. Moreover, in
many models the same parameters that describe neutrino masses and mixing angles are
also responsible for LF'V, and testable predictions can be obtained. In a previous set of
papers, radiative decays of charged leptons have been studied, both in a general effective
Lagrangian approach and in a specific SUSY realization of Ay X Z3 X U(1)py. The three
decays i — ey, T — py and 7 — ey have similar rates in these models, but the rates
derived from the effective Lagrangian scale as u? and require rather large values for the
scale M, while in the SUSY realization the rates can be much more suppressed and can
allow for a more accessible scale of new physics M.

In the present chapter we have extended the analysis to cover all LVF transitions. We
have analyzed the most general four-lepton effective Lagrangian invariant under A4 X Z3 X
U(1)pn. Such a Lagrangian describes several transitions that violate lepton flavor and
that are not suppressed by any powers of ¢ and/or u. All these unsuppressed transitions
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satisfy the selection rule AL AL,AL, = £2, which would provide a nice signature of
the assumed flavor symmetry. For instance the decays 7= — puTe e™ and 77 — et~
would be favored over all the other decays with three charged leptons in the final state.
Indeed, calling £ the strength of the generic four-lepton interaction in units of the Fermi
constant, the non-observation of these tau decays provide the strongest bound on ¢ from
the existing data: |e] < (2 + 3) x 107%. If interpreted as a bound on the scale of new
physics M, this requires M above approximately 10 TeV. Slightly milder bounds comes
from the observed universality of leptonic muon and tau decays and from the agreement
between the Fermi constant measured in the muon decay and that extracted from the
my /my ratio.

Then we have analyzed LFV in the specific SUSY realization of Ay X Z3 x U(1)py-.
In this model, LF'V proceeds through one-loop diagrams where sleptons, charginos and
neutralinos are exchanged. Working in the super CKM basis, LFV is due to off-diagonal
entries in the slepton mass matrices and can be analyzed in the mass-insertion approxi-
mation. Contrary to the expectation based on the general effective Lagrangian, a different
hierarchy among the rates of LE'V transitions is predicted. Processes where the individ-
ual lepton number is violated by a single unit, like uy= — e efe™, 77 — e efe , 77 —
pwptp, 77 = pmete”, 77 — e putu~ are favored, with the corresponding rates being
suppressed by u* + t?u?, while 7= — pte"e” and 7= — et~ are more suppressed,
their rates scaling as u5¢? 44, respectively. We have traced back this “anomalous”
behavior to the fact that, in the limit of vanishing v and ¢, the low-energy SUSY La-

and u

grangian acquires a much larger flavor symmetry: SU(3), X U(1)er X U(1)ur X U(1)+r,
which forbids any flavor-violating transition in the lepton sector. We can also understand
the predictions of the SUSY case by inspecting the relevant interaction terms. Once we
go in the super CKM basis, neglecting Higgsino interactions that are suppressed by small
lepton masses, all the relevant interaction terms are flavor-diagonal. The only source of
flavor violations are the off-diagonal terms of slepton masses. But slepton masses are
diagonal when t and u vanish and in this limit lepton flavor is conserved. The crucial
point is that in the SUSY model lepton flavor violation proceeds through bilinear terms
of the low-energy Lagrangian. The symmetry group Ay X Z3 x U(1)px allows for quartic
invariant operators which violate lepton flavor, such as the effective Lagrangian we have
discussed in the first part of this work, but it forbids any LFV at the level of bilinear
terms. Our SUSY model does not represent the most general realization of the flavor
symmetry Ay X Z3 x U(1)pn and leads to more restrictive conclusion about LFV pro-
cesses. One the one hand this feature might allow to discriminate the SUSY realization
of Ay x Z3 x U(1)py from other models possessing the same flavor symmetry, but hav-
ing a more general structure of interaction terms. On the other hand, as we have seen,
in the SUSY model there are several characteristic correlations among LFV transitions,
which could hopefully allow to test Ay x Z3 x U(1)ry against other possible underlying
flavor symmetries. At the moment, given the present experimental sensitivity, u — ey
appear as the favorite channel. In the future, with improved experimental facilities, p to
e conversion in nuclei could provide the most stringent test of the model.
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Chapter 6

Multi-Higgs Models

In the models analyzed in the previous chapters, one introduces flavons, heavy scalar
fields charged in the flavor space. Once the flavons develop specific vacuum expectation
values (VEVs), this translates to structures in the masses and mixing of the fermions.
However, imposing the correct symmetry breaking patterns on the flavons is highly non-
trivial. This holds in particular if two or more flavons are used, breaking in different
directions in flavor space. So far, only a few techniques have been developed, all of which
need a supersymmetric context or the existence of extra dimensions [42]. Alternatively,
one can look at models that require only one flavor symmetry breaking direction. In this
case the scalar potential that implements the breaking can be non supersymmetric and
does not require extra dimensions. Of particular interest is the possibility that one set
of fields simultaneously takes the role of the flavons and the Standard Model (SM) Higgs
fields, identifying the breaking scales of the electroweak and the flavor symmetries. In this
chapter, we will consider the discrete flavor symmetry A, and we will assume that there
are three copies of the Standard Model Higgs field, that transform among each other as
a triplet of A4 [91-96]. The presence of this extended Higgs sector has a deep impact on
the high energy phenomenology: indeed new contributions to the oblique corrections as
well as new sources of CP and flavor violation usually appear in this context. We will
analyze the constraints coming from these observables for all the vacuum configurations
allowed by the scalar potential and will discuss on the viability of each of them. After
the analysis of that part of Higgs phenomenology which is independent from the fermion
content of the theory, we will discuss flavor violation processes, first in a general way and
the focusing on three models taken from the literature: two models for lepton mixing by
Ma and Morisi-Peinado, and a model for quark mixing by Lavoura-Kuhbock. In the text
they are labeled Model 1,2, and 3.

6.1 The A, Scalar Potential

We consider the Standard Model gauge group SU(3). x SU(2), x U(1)y with the
addition of a global flavor symmetry A,. We consider three copies ®,, a = 1,2,3, of

85
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the conventional SM Higgs field (i.e. a singlet of SU(3)., doublet of SU(2);, and with
hypercharge Y = 1/2) such that the three Higgses are in a triplet of the flavor group Aj.
Once the flavor structure of the quarks and leptons is specified, each ®, will couple to
the three fermion families according to the group theory rules in a model dependent way.
Below, we will write down the most general scalar potential for the three Higgses that is
invariant under the flavor and gauge symmetries of the model. After the fields occupy one
of the minima of the potential, electroweak symmetry gets broken (while electromagnetism

is conserved) and we can develop the fields around their vacuum expectation values as
q)azi(ReCI)(ll+z:Im¢lll>_>i( 4Re¢i+ilmfb}l ) (6.1)

V2 \Re ®° + i Im ®° V2 \wae™ + Re ¢2 + i Im ¢

Here v,e™e is the vacuum expectation value of the a'* Higgs field. One or two of
the v, can be zero, implying that the corresponding Higgs field does not develop a VEV.
Furthermore, if all VEVs are real (so if all w, are zero) CP is conserved, while if one or
more w,s are nonzero, CP is broken. Note that in general, there is the freedom to put
one of the phases to zero by a global rotation.

The most general potential V[®,] can be written as

VB, = p2(DID) + BIDy + DLD3) + A (BB + BID, + BLds)?2
+ X3(T 001D, + DD Dldy + LD, DI D) (6.2)
+ (DI, DLD, + DI DDLD, + DIDDLD,)
s [ .
+ 75 e“[(D1d2)? + (DLD3)? + (PLD1)?] + e *[(BIP1)2 + (BL Do) + (B]D3)7]]

in agreement with the usual notation adopted in the two Higgs Doublet Models
(2HDM) (for a review on this topic see [97]). The parameter u? is typically negative
in order to have a stable minimum away from the origin. All the other parameters, \;,
are real parameters which must undergo to the condition for a potential bounded from
below: this forces A\; and the combination A\; + A3 + Ay + A5 cos e to be positive.

It is interesting to notice that, contrary to other multi Higgs (MH) scenarios, here we
can not recover the SM limit, with one light scalar and all the others decoupled and very
heavy. The flavor symmetry constrains the potential parameters in such a way that the
scalar masses are never independent from each other. This can be easily understood by a
parameter counting: the scalar potential in eq. (6.2) presents 6 independent parameters
and the number of the physical quantities is 8, i.e. the electroweak (EW) VEV and the
seven masses for the massive scalar fields.

We will study the minima of the potential in eq. (6.2) under electromagnetism con-
serving VEVs as specified in eq. (6.1) by studying the first derivative system

oV[®]
Db

=0, (6.3)
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where @7 is of the fields Re @}, Re ®%, Im ®. or Im ®? and by requiring that the Hessian

02V (]

A 4
00700 (6.4)

has non negative eigenvalues, or in other words that all the physical masses are positive
except those ones corresponding to the Goldstone bosons (GBs) that vanish.

In Sections 6.3 and 6.4 we will verify that this potential presents a number of so-
lutions. Some of them are natural in the sense that they do not require ad hoc values
of the potential parameters; these are only constrained by requiring the boundedness at
infinity and the positivity of all the physical scalar masses. The only potential parameter
constrained is the bare mass term p? which is related to the physical Electroweak (EW)
VEV, v2 = v? +v3 +v2. Others require specific relations between the adimensional scalar
potential parameters and may have extra Goldstone bosons.

6.2 The Physical Higgs Fields

The symmetry breaking of the Higgs fields of equation eq. (6.1) leads to a large
number of charged and neutral Higgs bosons as well as the known Goldstone bosons of
the Standard Model.

In the most general case, where CP is not conserved, the neutral real and imaginary
components of eq. (6.1) mix to five CP non-definite states and a GB:

ha = U..Re ¢2 + Ua(a+3) Im ¢2 )

(6.5)
10 = UsaRe ¢ + Us(ass)Im ¢} .

Here @ = 1,2,3 and o = 1 — 5, while o = 6 represents the GB 7°. In matrix form this

reads
Re ¢!
hy :
: Re ¢f
hs -Y Im ¢§) (6:6)
0 :
Im ¢

Clearly eq. (6.5) holds also in the CP conserved case: in that case the 6 by 6 scalar mass
matrix reduces to a block diagonal matrix with two 3 by 3 mass matrices leading to three
CP even states and 2 CP odd states and the GB 7°.

The three charged scalars mix into two new charged massive states and a charged GB.
Hy 1
Hy | =5 |é] . (6.7)

ia 3
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where 7" is the Goldstone boson eaten by the gauge bosons W*. In general, the S is a
complex unitary matrix. In the special case where CP is conserved, its entries are real
(and it is thus an orthogonal matrix).

6.3 CP Conserved Solutions

In this section, we will study minima of the potential in eq. (6.2) in which only Re ¢
develops a VEV, i.e. the CP symmetry is conserved. In this case we expect having 3
neutral scalar CP-even states, 2 CP-odd states and 2 charged scalars as well as a real and
a complex GBs originating from respectively the CP-odd states and the charged states.

In the CP-conserved case all the w, vanish and the first derivative system in eq. (6.3)
reduces to

(6.8)
vy (v — v
vo(vi —v3)Assine = 0,
v3(v3 — v} Assine = 0,

where the first three derivatives refer to the real components ®% and the second ones to
the imaginary parts. In the most general case, when neither ¢ nor A5 is zero, the last
three equations allow two different solutions

1) v = vy = v3 = v =1,/V3;
2) v # 0 and vy = v3 = 0 (and permutations of the indices); in this case v; = v,,.

Both these solutions are solutions of the first three equations as well, provided that

) (6.9)

p? = =3\ + A3+ M\ + Ascos€)v? /3 for the first case
2= —\v2 for the second case.

In this cases A5 can be chosen positive, as a sign can be absorbed in a redefinition of e.
Next, we consider the case where sin € is 0. This implies ¢ = 0 or 7. We may however
absorb the minus sign corresponding to the second case in a redefinition of A5 that is now
allowed to span over both positive and negative values.
Assuming v; # 0, we may solve the first equation in eq. (6.8) with respect to u?. Then

by substituting p? in the other two equations we get
va(v? —v3)(As + A+ As) = 0, (6.10)
v3(v — V) (A3 + M+ Xs) = 0. .

Next to the two solutions present in the general case, this system has two further possible
solutions
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3) v3 =0,v9 = v1 = v/ V2 and permutations. This requires

M2:_<4)‘1+/\3+>‘4+)‘5)U129/4' (611)

4) (A3 + s+ As) = 0. This condition implies that in the real neutral direction there is
a enlarged—O(3) accidental symmetry that is spontaneously broken by the vacuum
configuration, thus we expect extra GBs. Indeed in this case vy, v, and v are only
restricted to satisfy v} +v3 4+ v2 = v2 and the parameter p? is given by pu? = —\jv2.

Finally, the case A5 = 0 allows special cases of the solutions 1) to 4), but does not give
rise to new solutions. For this reason, we will discuss only the general cases and the case
€ = 0 in the remainder of this section and comment what happens for A5 = 0.

6.3.1 € # 0: The Alignment (v,v,v)

In the basis chosen, the vacuum alignment (v, v,v) preserves the Z3 subgroup of Aj.

It is convenient to perform a basis transformation into the Z3 eigenstate basis, 1,1’ ~

2

w, 1” ~ w* according to

p o= (D140 +®y)/V3~1
o = (P + w4+ wPs)/V3~w
@ = (D) + WPy 4 wbs)/V3 ~ WP (6.12)

When A, is broken to Z3 in the Z3 eigenstate basis, ¢ ~ 1 behaves like the standard
Higgs doublets: its neutral real component develops a vacuum expectation values

2
mp = gvi(fﬂ)\l + A3 + Ay + A5 cose). (6.13)

The neutral components of the other two doublets ¢’ and ¢” mix into two complex neutral
states and their masses are given by

2
ml'? = %" (—)\3 — Ay —4)A5cose + \/()\3 + Ag)2 + 4X2(1 + 2sin?€) — 4(A3 + M\g) A5 cose
(6.14)
The charged components of ¢, ¢” do not mix, their masses being
1,112 UQ
= —Ew (3>\4 + 3)5 cos € + V/3\5 sin e) : (6.15)

6.3.2 € # 0: The Alignment (v, 0,0)

In the chosen A, basis, the vacuum alignments (v, 0,0) preserves the Zs subgroup of
Ay. As we did with the vacuum alignment that conserved the Z3 subgroup, in this case
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it is useful to rewrite the scalar potential by performing the following Z5 conserving basis

transformation
] 1 — 6] 1,

Dy — e, (6.16)
d; — 6’L’E/2¢3.

®, is even under Z, and behaves like the standard Higgs doublet, while &, and $3 are
odd. For what concerns the neutral states, the 6 x 6 mass matrix is diagonal in this basis
and with some degenerated entries: using a notation similar to the 2DHM, we have

1
m; =2\, mp, =m;, = 5(/\3 + A = As)vi (6.17)
. :
= m, = S0 A Al 2 =0,

where the last state corresponds to the GB. The charged scalar mass matrix is also

diagonal with

1
mg, =mg, = 5)\31)120, m2. =0, (6.18)

where the last state corresponds to the GB. The degeneracy in the mass matrices are
imposed by the residual Z, symmetry. Contrary to the previous case the neutral scalar
mass eigenstates are real and not complex.

6.3.3 € = 0: The Alignment (v, v, 0)

This vacuum alignment does not preserve any subgroup of A4 and it holds that v =
U/ V2. From the minimum equations we have that

1
IMZ = _ZU3U<4)\1 + )\3 + )\4 + )\5) . (619)

The scalar and pseudoscalar mass eigenvalues are given by

’U2 ,02

mi, = =5 (s + A+ X)), mi, = S (A da Mt ),
2

v

mis = Zw(/\;; + A\ + )\5> , mi4 = —/\521120 , (620)
2

TTL%S :%()\34-)\4—3)\5), mio =0.

For the charged sector we have
v2 02
mg, =~ (As = i = Xs), mg, = =5+ Xs) m%, =0. (621

For A5 # 0 the alignment (v,v,0) has the correct number of GBs, while for Ay = 0
we have an extra massless pesudoscalar. However in both cases, A5 # 0 or A\ = 0, the
conditions mj > 0 and mj, > 0 can not be simultaneously satisfied. This alignment is
therefore a saddle point of the A, scalar potential we are studying.
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6.3.4 € = 0: The Alignment (v, va,v3)

This vacuum alignment, as the previous one, does not preserve any subgroup of Ay.
A part from the condition € = 0, we recall that in this case there is the further constraint
A3+ A+ A5 = 0 and A5 may assume both positive and negative values since we have
reabsorbed in the \; sign the case ¢ = 7.

Let us define v2 = v? + v3 + v = (1 4 s* + r?)v? with s = vy/v; and r = v3/v;
respectively. The mass matrix for the neutral scalar states presents two null eigenvalues—
as we expected since the condition A3+ A4+ A5 = 0 enlarges the potential symmetry— and
a massive one

mhy? = 2\ 02 . (6.22)

At the same time the mass matrix for the CP-odd states has one null eigenvalue-the GB
7% and two degenerate eigenvalues of mass

my, =mp, = (A3 + Ag)v, . (6.23)

. Notice that for the special case A\; = 0 we have the constraint A3 = —\, that implies
two extra massless pseudoscalars. Finally for the charged scalars we have

1
me, = mé, = AV, ms =0 (6.24)
The total amount of GBs is 5 (7) for the case A5 # 0 (A5 = 0), so we have 2 (4) extra
unwanted GBs: this situation is really problematic. We note that the introduction of
terms in the potential that softly break A, can ameliorate the situation with the Goldstone
bosons.

6.4 CP Non-Conserved Solutions

In this section, we consider vacua that exhibit spontaneous CP violation. This occurs
if the VEV of at least one of the Higgses is inherently complex. A global rotation can
always absorb one of the three phases of the VEVs.

We note that that the two natural vacua of the previous section (v,v,v) and (v,0,0)
do not have CP violating analogues as they have only one phase that can be reabsorbed
to make all VEVs real.

6.4.1 The Alignment (v,e™*, vy, 0)

In this case the third doublet is inert and therefore we are left only with two doublets
that develop a complex VEV and after the redefinition, there is only one phase w;. Taking
the generic solution (vie™!,v,,0) the minimum equations are solved if € = —2w; or € =
—2w1 4 T, V1 = vy = v, /V/2 and

2
2 = —%ﬂ(ul F s+ A+ ) (6.25)
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The neutral and charged 6 x 6 mass matrices are quite simple and it is possible having
analytical expression for the mass eigenvalues. For the neutral sector we have

mh, = Sd(—ha = A= ha). mi, = SU (8 4 X+ At Ag),
mp, = ivi()\g + A — A5 + 2A5 cos 3wy) mp, = —AsUs
mp, = iva()\g + A — A5 — 25 cos 3wy ), m2, =0,
6.26
and for the charged one we have | )
mg, = %(Ag — A= As), mg, = %(—M —Xs), mg, =0.  (6.27)

We see that the mass of the fourth neutral boson selects negative values for As, i.e. the
second solution € = —2w; + 7. It is interesting to see that in the CP conserved limits
wy — 0 (or ), it is not possible to have both mj and mj, (respectively mj_ ) positive,
but that in the general case, there are points in parameter space where indeed all masses
are positive. This is in particular clear in the region around cos 3w; = 0.

Finally, as for the CP conserved case, for A5 = 0 we have two problems: an extra GB
and we cannot have all positive massive eigenstates.

6.4.2 The Alignment (v,e®, ve™2, v3)

In this case all the doublets develop a VEV v; # 0, so we may have two physical CP
violating phases. We have the freedom to take w3 = 0. Minima are obtained for wy = —w;
and vy = v; = v. Defining v3 = rv and v? 4+ v3 + v2 = v We can also get

T —%[(2 + 13+ A3 + Ay + A5 cos(e — 2wy )],
(r? —1)(A3 + \4) sinw; (6.28)
(r2 — 1) sin(e — wy) — 2 cosesin(3wy)

As =

and one of the following two conditions

i) A= -3,
72 sin 2w, + sin 4w, (6.29)
r2 cos 2wy — cos dwy

i1) tane =

To test the validity of the solution so far sketched it is necessary to check to be in a
true minimum of the potential and not to have extra GBs a part from those eaten by the
gauge bosons.

Case 1)

In this case the constraints Ay = —A3 puts A5 to zero and enlarge substantially the
symmetries of the potential: we have an accidental O(3) in the neutral real direction and
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two accidental U(1)s due to A5 = 0. For this reason the neutral spectrum has 5 massless
particles, the GB 7° and 4 other GBs, and only one massive state

my, =2\, . (6.30)
The charged scalars are

1
me, = mé, = AV, miz =0 (6.31)

The massive states are degenerate as in the CP conserving minima studied in

Case i)

As it is not possible to find analytical solutions, here we will study the limit with r very
large. This particular choice is justified by the fact that models present in literature [92,93]
fall in this case.

We may then perform an expansion in term of 1/r and neglect terms of order 1/r?.
From eq. (6.29) we have that

€~ 2w + N, (6.32)

and then eq. (6.28) reduces to

2 2
B _/\1vw )

)\5 ~ —(/\3 + )\4) ;
(6.33)

Under these approximations we find a massless neutral scalar state, m2, = 0, and the
other 5 neutral masses are given at leading order by

My, ~ my, ~ FINO/ vy,
my, ~ 2\, (6.34)
mf214 ~ mf2l5 ~ ()\3 + )\4)'0120 ?

where once more f[)\;] stays for a linear combination of the A’s potential parameters. The

charged scalar mass matrix is diagonal up to terms of order O(1/r*) with two massive

degenerate states
me, =mg, = A3v5/2, (6.35)

and the correct number of GBs.
We see that the expressions for m%l , say that we may have two very light neutral
scalars. Taking as reference values for r the range 50 <+ 200 we find

my,, ~ / f[Ai]5GeV(1GeV), (6.36)
giving
mi, < 50° GeV® for r~50,
m?, < 10° GeV® for r~ 200, (6.37)
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where 50(10) GeV may be obtained only for very peculiar combination of the potential
parameters. In other words we expect that also in the majority of the cases for r in the
range 50 — 200 we will have m%g very light.

Of course, this does not mean that these states will be light for any value of r but
it is a quite strong hint that it is possible that this could be what indeed happens. As
mentioned before, the addition of soft A, breaking terms to the potential may help in the
cases of Goldstone bosons or very light bosons.

6.5 Bounds From The Higgs Phenomenology

In this section we analyse the phenomenology corresponding to the different vacua
discussed above: unitarity, Z and W* decays and oblique parameters. In this way we
manage to constrain the parameter space and, in some cases, to rule out the studied
vacuum configuration.

6.5.1 Unitarity

In this section we account for the tree level unitarity constraints coming from the
additional scalars present in the theory. We examine the partial wave unitarity for the
neutral two-particle amplitudes for s > M32,, M%. We can use the equivalence theorem, so
that we can compute the amplitudes using only the scalar potential described in eq. (6.2).
In the regime of large energies, the only relevant contributions are the quartic couplings
in the scalar potential [98-101] and then we can write the J = 0 partial wave amplitude
ap in terms of the tree level amplitude T as

1 [t 1
ao(s) = 73 / deost T(s) = 7=F (). (6.38)

where F' represents a function of the \; couplings. Using for simplicity the notation

wy
q)a = Uaeiwa + hg + Z'Za s (639)
V2

we can write the 30 neutral two-particle channels as follows:

07,0
v _ Zamy hohy g
a

wy , , hozp
V2T V2 '

Once written down the full scattering matrix ag, we find a block diagonal structure. The
first 12 x 12 block concerns the channels

(6.40)

. b A% mm o zz WM hGhG g R
TV VTV VR V2 V2

— +,,— 0 0 0
Wy Wy , Wy Wy , W ) hlzla h222; h323,
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while the other three 6 x 6 blocks are related to the channels

wiwy, , wiw, ROz, hiza, zazy, RORY

once we specify the labels (a, b) as (1, 2), (1, 3) and (2, 3). Notice that up this point
the analysis is completely general and is valid for all the vacua presented. We specify the
vacuum configuration, expressing the quartic couplings \; in terms of the masses of the
scalars. Afterwards, putting the constraint that the largest eigenvalues of the scattering
matrix ag is in modulus less than 1, we find upper bounds on the scalar masses which we

use in our numerical analysis.

6.5.2 Z And W= Decays

From an experimental point of view gauge bosons decays into scalar particles are
detected by looking at fermionic channels, such as for example Z — hA — 4f in the
2HDM, or Z decays into partial or total missing energy in a generic new physics scenario.
From this point of view gauge bosons decays bound the Higgs sector in an extremely model
dependent way. However since in the SM the Z and the W* decays into 2 fermions, 4
fermions or all have been precisely been calculated and measured, we may focus on the
decays Z,W=* — all. Doing this we overestimate the allowed regions in the parameter
space, but we have a first and model independent cut arising by the gauge bosons decay.
Once we will pass to a model dependent analysis the region may only be restricted, not
enlarged. Furthermore, defining the contribution from new physics as AT, since

AT ps ~ AU s ~ ATy < Ty, (6.41)

we expect the error we commit being quite small.
From LEP data we have
F?fs[/i = FSZIXI/Vi + AFZ7wi (642)
with AT’y ~ 0.0023 GeV and ATy« ~ 0.042 GeV [19]. Therefore we may calculate the
width
Z = hlh] s

(6.43)
Wt — Hjhj

for the different multi Higgs (MH) vacuum configuration studied and select the points
that satisfy

IYire < ATz . (6.44)

Here we have indicated the generic Z — h;h; referring to our notation introduced in
Section 6.1. Clearly when CP is conserved the h; have defined CP and only couplings to
CP odd states are allowed. Of course this is not true for the configuration when CP is
spontaneously broken.
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In the vacuum analysis we did we have seen that in few situations we have extra
massless or very light particles. For those cases the gauge bosons decays put strong
bounds. For what concerns the Z decays we have

.
1674
ky; < Al'y— T CW if both particles h; and h; are massless,
myz g
m3.\° 167 4¢3
ky (1 — 2) < AFZ—WC—?/ if h; is massless and 0 < mi_ <m%,
my my @ ¢
mi +m3:. 167 4¢2
kz<1—% < AT, 22w if by hy # 0 and 0 < m2, +m2 < m%.
my my g ¢ J
\

(6.45)
where ¢ is the SU(2) gauge coupling, ¢y the cosine of the Weinberg angle 6y, and the
parameter ky is given by

kz = ( U bUa+3 + Ua+3 bUT) (6.46)
with U defined in eq. (6.6).

Similarly for the W* decays we have

m2\° 167 4
kw <1 — —20) < AFW—W—E if h; is massless and mg, < m3, (6.47)
mW mw g '

where, in analogy to the Z decay, the parameter ky is given by
t U
Sab

2
b = St U] (6.48)

with S defined in eq. (6.7).

6.5.3 Large Mass Higgs Decay

Electroweak data analysis considering the data from LEP2 [102] and Tevatron [103]
put an upper bound on the mass of the SM Higgs of 194 GeV at 99% CL [19]. In a MH
scenario this bound may be roughly translated in the upper bound for the lightest scalar
mass, mp,. For large values of the SM Higgs mass, m;, > 2myy, the main channel decay
is h = WTW~ and the upper bound is completely model independent. Let us indicate
as [y, (194) the branching ratio of the SM Higgs into two W* at a mass of 194 GeV.

In a MH model the lightest Higgs boson couples to the gauge bosons with a coupling
that is

Gnzz = Baiyy,
' 27 (6.49)
gmww = ghWW )

with 8 < 1. In our case for example f is given by

fa(cosw, UL} + sinw; U£+3)1) : (6.50)
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with f, = v,/v, and w, the corresponding CP phase. Taking into account that h; is less
produced then the SM Higgs and that its T')HT (my, ) is reduced with respect to the SM
one,

Do (mn,) ~ B T3y (may) < Tiy (194) (6.51)

we can roughly constrain the upper bound for masses my, > 194 GeV.

6.5.4 Constraints By Oblique Corrections

The consistence of a MH model has to be checked also by means of the oblique correc-
tions. These corrections can be classified [104-108] by means of three parameters, namely
TSU, that maybe written in terms of the physical gauge boson vacuum polarizations
as [109]

47

T = ——[A — A
620%,[,;71222[ ww (0) 2 Cw ZZ(O)] ) 2 2
siey [Azz(my) — Azz(0) (ciy — siv)
S = 162 W Z — A _(0) — WA ()
T e2 m2Z ’Y’Y( ) Cw Sw 'yZ( ) )
2 TA 2)— A 0 A 2) — Az, (0
U = —1671'56—2/ [ WW(mWW>L2 ww (0) —012/1/ ZZ(mz;Z 22(0) —S%/VA/W(O) —QSchA;z(O) )
w Z

(6.52)
where sy, ¢y are sine and cosine of Ay and e is the electric charge. EW precision mea-
surements severely constrain the possible values of the three parameters 7', S and U. In
the SM assuming m} > m?% we have

TSM o _ 3 Ogm_,%
h 167cs, m%’
1 m3 (6.53)
SSM- _—_log —1 :
& 127 2
UM~ 0.

For a Higgs boson mass of my, = 117 GeV (and in brackets the difference assuming instead
myp, = 300 GeV), the data allow [19]

SeP = (.10 = 0.10(—0.08)
Tesr = 0.03 4 0.11(+0.09) (6.54)
Uer = 0.06 4 0.10(+0.01).

The constraints in eq. (6.54) must be rescaled not only for the different values of the
Higgs boson mass but also for a different scalar or fermion field content: for example, if
we assume to have a MH scenario this gives a contribution TMH to the T-parameter and
we need

TNSS M — e (6.55)

A detailed analysis on the T'SU in a MH model has been presented in [110,111] where
all the details are carefully explained. However the resulting formulae are valid only for
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scalar masses larger or comparable to mz. Since this is not the case for a generic MH
model and particularly for the configurations studied so far, where we have a redundant
number of massless or extremely light particles, we improved their results, getting full
formulae valid for any value of the scalar masses (see the appendix C for details).

6.6 Results from Higgs Phenomenology

We have performed a numerical analysis for all vacuum configurations considered,
neglecting the alignment (v, v,0) since in this case there are tachyonic states. Our aim
was to find a region in the parameter space where all the Higgs constraints were satisfied for
each configuration considered. We have analyzed the points generated through subsequent
constraints, from the weaker one to the stronger according to

e points Y: true minima —all the squared masses positive— (yellow points in the fig-
ures);

e points B: unitarity bound (blue points);
e points G: Z and W¥ decays (green points);
e points R: T'SU parameters (red points).

The ratios B/Y, G/B, R/G may be used to indicate which is the stronger constraint
for each allowed minima. For almost each case we have compared the masses of the two
lightest neutral states —except for the alignment studied in sec. 6.4.2 where we have only
one massive neutral state— and the mass of the lightest neutral scalar versus the mass of
the lightest charged one. Then we have plotted the T'S oblique parameters for all the
green points to check that 7' is the most constrained one —for this reason we have not
inserted the plots concerning U.

On the contrary for the CP breaking alignment (ve™!, ve™™1 rv) we have personalized
the plots for reasons that will be clear in the following.

Notice that in all the following discussion, we refer as m; (msz) to the (next-to-the-)
lightest neutral state and as m.y,, as the lightest charged mass state.

6.6.1 CP Conserved Solutions
The Alignment (v, v, v)

In sec. 6.3.1 we have redefined the initial 3 doublets in term of the Z3 surviving
symmetry representation: 1, 1’, 1”. One combination corresponds to a Z3 singlet doublet,
that behaves like the SM Higgs: it develops a non-vanishing VEV | gives rise to a CP even
state which we call h; and to the three GBs eaten by the gauge bosons. The others two
doublets, ¢’ and ¢”, are inert. From these informations we may already figure out what
we expect by the numerical scan:
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1) when my, is the smallest mass, hy is the lightest state and corresponds to the SM-
like Higgs. As a result, the usual SM mass upper bound applies. On the contrary
as long as we do not consider its coupling with the fermions we do not have a model
independent lower mass bound. This is due to a combined effect of the CP and Z;
symmetries: h; is CP even and singlet under Z3, but couplings like Zh,¢"°, Zh,¢",
W=hi¢ or W~—hy"' are forbidden because of Z3 and then gauge boson decays
cannot constrain the lower mass of h;.

2) When ¢ (¢) is the lightest state, we do not have an upper bound on this state
because the couplings @ °WTW = (W) is absent. On the contrary we may

0, 111
¥

have a lower bound because couplings like Zp%¢"® and W~ are allowed.

Combining the two situations sketched in points 1) and 2), we expect neither lower nor
upper bounds for the lightest Higgs mass: according to which of the two cases is most
favored, we may expect a denser vertical region around m; ~ mz/+v/2 when the Z decay
channel closes according to eq. (6.45) —case 2) more favored— or a denser vertical line
around m; ~ 194 GeV, if the large Higgs mass decay constrain applies —case 1) more
favored. Indeed by looking at fig. 6.1 we see that we may find R (allowed) points for
very tiny m; masses and up to ~ 500 GeV when the unitarity bound starts to show
its effect. However by looking at the crowded points in fig. 6.1 it seems that case 2) is
slightly preferred with respect to case 1). Finally for the G points —those that satisfy the
minimum, unitarity and decays conditions— we have compared the contributions to the
oblique parameters 7" and S to see which of the two is more constraining. It turns out to
be T', while we have not reported U because its behavior is very similar to S.

The Alignment (v, 0, 0)

For what concerns the second natural A, minimum, the Z, preserving one, things
slightly change with respect to the Z3 surviving case. By sec. 6.3.2 we know that as for
the Z3 case we have a SM-like doublet, Z, even, that develops the VEV, gives rise to a
CP even neutral state, hq, and to the GBs eaten by the gauge bosons. However contrary
to the Z3 case, in the Z; minima we have 4 Z, odd states, 2 CP even labeled hy 3 and 2
CP odd labeled hy 5. Moreover the 2 CP even (odd) are degenerate. As done in sec. 6.6.1
we may sketch what we expect from the numerical analysis:

1) when hy, the Z; even SM-like Higgs, is the lightest we expect the SM Higgs upper
bound but no lower bound because the interactions Zhjhy 5 are forbidden by the Z,
symmetry;

2) when the two lightest are the Z; odd degenerate states ho s —CP even— or hy; —CP
odd— we expect no upper bound. Moreover since they are degenerate we do not
expect lower bound too. On the contrary we expect that Z and W decays constrain
the third lightest neutral Higgs mass and that of the charged ones.
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Figure 6.1: CP conserving alignment (v, v,v): the upper panels show the lightest neutral
mass my versus the second lightest neutral mass mq and the lightest charged one m,
respectively. The gray arc delimits the region below which the Z ( W) decay channel
opens. On the left plot the arc is only of 45° because mo > my. For points below the
arc the Z (W) decay may happens. The points allowed stretch in the region close to
the border because of the conditions of eq. (6.45). The dashed vertical lines indicates the
approximated cuts that occur at mq ~ mz/\/§ and my ~ 194 GeV according to case 2)
and case 1) respectively as explained in the text. The down panels show the contributions
toT and S for the G points. The gray dashed lines indicate the experimental values at 3,
2, 1o level —long,normal,short dashing respectively. The T parameter turns out to be the
most constraining one.

By looking at fig. 6.2 we see that indeed we have a large amount of points for which
my = my for values from 0 up to 700 GeV, thus reflecting case 2). Then the points
corresponding to case 1) have a sharp cut at m; = 194 GeV, that rejects many blue
points, i.e. those satisfying the unitarity constrain but not the decays one. We have
reported also m, versus ms to check that indeed, when m; — 0, mgs is bounded by my
as we expected. Our intuitions are also confirmed by the plot m; — mep,. As for the Z3
preserving case the most constraining oblique parameter is 7T'.
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Figure 6.2: CP conserving alignment (v,0,0): the upper panels show my versus mq (on
the left) and third lightest ms (on the right). For the latter we reported only the R points.
The central panel shows my versus mep,. The gray arc delimits the region below which
the Z (W) decay channel opens while the second dashed vertical one the SM-Higgs mass
upper bound at 194 GeV. The first dashed vertical line at m; = mz/\/§ 18 reported to
help a comparison with the Z3 preserving case. On the first two plots the arc is only of 45
degrees because ma3 > my. The down panels show the contributions to T and S for the
G points. The T parameter turns out to be the most constraining one.

The Alignment (vy,vs,v3) with e =0, A3+ Ay + A5 =0

In this case we do not have any surviving symmetry which forbid some couplings.
However from sec. 6.3.3 we know that the conditions € = 0, A3 + Ay + A5 = 0 give rise to
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two extra massless CP even particles. Therefore we expect that

1) when the lightest massive state is CP odd, then its mass is bounded by the Z decay
through eq. (6.45);

2) when the lightest massive state is CP even, then its mass could reach smaller values
since the Z decay bound would constrain the combination of its mass with the
lightest CP odd state mass.

Moreover in both cases we expect the mass of the lightest charged scalar bounded by W
decay, according to eq. (6.47), due to its coupling with W and the massless particles.

By fig. 6.3 we see that it seems that case 2) happens very rarely because the cut at
my ~ my is in evidence. As for the Z3 and Z, preserving minima the 7" parameter is the
most constraining one.

1000

800

600

m, GeV

400

200

0 200 400 600 800 1000
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Figure 6.3: CP conserving alignment (vq, ve, v3): the upper panels show my versus mo and
Men, Tespectively. The dashed lines at my = my (vertical) and mep1 = mw (horizontal)
delimit the region below which the Z and W decay channels open respectively. The allowed
points concentrate close to the borders according to eqs. 6.45-6.47. The down panels show
the contributions to T and S for the G points. The T parameter turns out to be the most
constraining one.
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6.6.2 CP Non-Conserved Solutions
The Alignment (ve®*, v, 0)

As for the vacuum alignment (v1, v2, v3) commented in sec 6.6.1 the alignment (ve™!, v, 0)
does not preserve any A, subgroup. Moreover since even CP is broken any symmetry can-
not help us in sketching the behavior we expect. In general any state, having a CP even
and a CP odd component, may couple to Z and to another neutral state. However we
expect limit situations in which for example CP is almost conserved and the 2 lightest
states have almost the same CP parity. Thus for those cases we do not expect any lower
bound on m; and my. On the contrary the coupling between the W with the lightest
neutral and the lightest charged scalars does not go to zero when CP is almost restored.
Then we expect that the quantity mi 4+ m2, is bounded by the W decay (fig. 6.4). For
what concerns the upper bound on the lighetst neutral mass state we do not expect any
clear cut because we may not identify a SM-like Higgs.

700 700
600 600

500}
© 400F ... -.¢
@) -
5300}
N

200

100

100 200 300 400 500 600 700 00 100 200 300 400 500 600 700

m; GeV m; GeV
10
04— — - ——— — — = —
e
_________________ 02
& 00 ©“ 00
_________________ Pl = i e it
-05
-04
o 100 200 300 400 500 600 700 0 100 200 300 400 500 600 700
m, GeV m; GeV

Figure 6.4: CP no conserving alignment (ve™',v,0): as in the previous figure the upper
panels show my versus mo and mey, respectively. In the plot on the right, the effect of the
W decay constraint on m? + mfhl 18 clear by looking at the B points. The down panels
show the contributions to T' and S for the G points. The T parameter turns out to be the
most constraining one.
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The Alignment (ve®*,ve~ ™, rv) case 1)

In sec. 6.4.2 we have seen that the alignment (ve™!, ve ™' rv) with the constrains
A5 = 0, \y = — )3, gives rise to 4 extra GBs and only to one neutral state. The simplicity of
the analytical expressions for the three no vanishing masses ensures that the boundedness
constrain A\; > 0 in addition to A3 > 0 give positive masses. Thus in this case the Y points
are superfluous. As in the previous cases, we expect the B points to be similar to the Y
ones, because we choose our parameters centered in 1 in order not to have problems with
unitarity. In conclusion, for this case only the G and R points are interesting. Moreover we
expect that the most stringent bound is given by the decay constrains and not by T'SU:
massless particles give a small contribution to the oblique parameters and due to the
limited number of new particles (2 charged degenerate scalars) T'SU should not deviate
too much by the SM values. Indeed in fig. 6.5 it is shown that the oblique parameters
at 3 o level do not constrain at all the G points. For this reason we reported only the
R points in the upper panel of fig. 6.5. By looking at the plot m; — m¢,, in fig. 6.5 we
see that with respect to the minima so far analyzed we have much less points and that as
expected there are cuts in correspondence of my and myy.

In conclusion, the solutions for the alignment (ve™!, ve™1 rv) with Ay = 0, Ay = — A3
are not easy to find, but the Higgs phenomenology does not completely rule out this
vacuum configuration. We could introduce a weight to estimate how much a solution is
stable or fine-tuned but this goes over the purposes of this work. We expect that this
situation with 4 extra massless particles could be very problematic when considering the
model dependent constraints [11].

(ve'™1, ve~ ™1, rv) case i1)

In the discussion of sec. 6.4.2 we have seen that in the limit » >> 1 we expect the
presence of two very light particles. From all the numerical scans we performed we found
out that solutions for the vacuum alignment (ve™!,ve™™! rv) with the constraints of
case ii) are very difficult to be found. Moreover from fig. 6.6 we see that for any value
of r the two lightest states are always very light, thus confirming our rough analytical
approximations and indicating that some cancellations have to occur to give all the masses
greater then 0. This supports the difficulty to find solutions, difficulty that cannot to be
ascribed to any constrain we imposed, because even in presence of 4 additional GBs as in
sec. 6.6.2 we found out a significant larger number of solutions.

The presence of a single R point in fig. 6.6 is not statistically relevant, but more
interesting is the order of magnitude of m; 5: even in case ii) we expect that the alignment
(ve™1, ve~™1 rv) may present serious problems once we add model dependent constraints
[11].

Regarding the last VEV, in our previous paper we also stressed that some very light
Higgs masses are expected. To avoid this feature, which is potentially in contrast with
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Figure 6.5: CP no conserving alignment (ve™!, ve™™! rv) case i): the upper panel show
my versus mep,. Only the R points are reported. The down panels show the contributions
to T and S for the G points. For this specific case the T'SU oblique parameter constrain
15 irrelevant compared to the decay one.
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Figure 6.6: CP no conserving alignment (ve™!, ve™™1 rv), case ii): the panels show m;
(on the left) and mq (on the right) versus r. The number of points is small, but the
interesting information is the order of magnitude of the masses.

the current limits on flavor violation, we add soft breaking terms to eq. (6.2) in the form

k

Viasuort = Vi (6102 + 6ho1) + vl (8h6s + 6}oa) + 025 (0ln + dlor),  (6.56)



106 CHAPTER 6. MuLTI-H1GGS MODELS

where m, n, k are adimensional parameters that should presumably be smaller than one.
Notice that the chosen V4,4 is not the most general one but it prevents accidental extra
U(1) factor to appear.

6.7 (General Analysis Of The Higgs-Fermion Interac-
tions

We explicitly introduce the interaction of the Higgs triplets with fermions and deduce
the phenomenological consequences. Without specifying the flavor group G and the
fermion representations under it, in general ®, will couple to fermions through a given
Ya

g

Ly ( zgaQdequ) +Y;1]‘GQL2uRJ<I> ) (d <> e)+ h.c. (6.57)
where 7 and j are fermion family indices and a is the Higgs triplet index. Notice that,
in order to keep the formulae compact, we simply use d <> e to indicate that similar
Yukawa terms are present in which down quarks are substituted by charged leptons.
Without specifying any high-energy explanation for the neutrino masses, we consider the
low-energy effective Weinberg operator: this term generates the neutrino masses and it
has been already discussed in the models we will analyze in the next sections. After EW
symmetry breaking according to eq. (6.1), the part of the Lagrangian including neutral
Higgs fields becomes

ezwa
‘CYv” - ( Z]GQdeR] \/5 + Y;?GQdeRJ \/—(Re ¢0 +¢Im d)o)

—u Ve W u
+ }/ZTJLQQLZ'UR] \/§ + }/z]aQLzuR] \/—(Re ¢0 — 4 Im ¢O)>
+(d s e)+ e, (6.58)

while the part with the charged Higgs is

‘CY,Ch = ( zgaQdeR](I)l z]aQLzuRj((I)l) ) + (d A 6) + h.C. (659)

Now we move to the mass basis of fermions through the transformations:

GLz QLT er? de = ngsts, (6'6())

and in analogous way for all the other particles. The neutral and the charged Higgs fields
are also rotated into the mass basis, according to egs. (6.6) and (6.7).
In the mass basis the part of the Lagrangian which includes the neutral Higgs becomes

1+’Y5

I 1 A = 1 1
Ly, = (dng) J;% d, + d (R ha—d + 4, M, z 5 4+ B (R he z 75&5) N
+ (d <€)+ h.c

(6.61)
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with

du d,ut d,u
Mij - VLM’ (Za Ey;ja ) VR_]S’

(RY)e, [vzil ﬂw* “+3>Q+U*wm;zvgjs} , (6.62)
1
(Ru)a — |:VLUT ( ZUT a+3 UTaa)yu Vﬁ ’
rSs mﬂ 1ja ]S

and similarly for the leptons. The interaction with the charged Higgs becomes

_ .1 N = .1
£y,ch:(ar(Td)sz; Z%ds—dr(T")sz- ”“) (d<>e)+he  (6.63)
where
()7, = [Vt sty v (6.64)

and similarly for the leptons. Expanding the hermitian conjugate, the Lagrangian can be
written in a more compact form

Ly = @Mg)dr +de (I, +5(TH2) hads
U M+ G (12, + 7592, ) hatly
ity (FY, 4+ 5GP Hidy + d, (Ff: — 75051)@@5) Y (dre), (6.65)

with the new coefficients defined in the following way:

(o, = (R (R)°)), (6.66)

(7t = Q(Rd““ Rd“)“)*), (6.67)
L (A (O (6.6
a, = Sy u>5r>*), (6.69)

and similarly for leptons.

6.7.1 Flavor Changing Interactions

The interaction of fermions with the Higgs particles induces flavor violating processes
in the lepton and quark sectors. In the former, rare decays of muon and tau particles
into three leptons are allowed at tree-level, while processes as l; — [;y take place through
one-loop graphs. For the latter the possibility of AF = 2 meson-antimeson oscillations is
considered.
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The Processes = — e e et and 77 — pp et

We consider the decay of a muon into a positron and two electrons (fig. 6.7 on the
left). In the approximation of massless final states, the decay amplitude is written as

m5

F([I, — 66@) = mlﬂeee, (670)

where the coefficient I,c. is a combination of I;; and J;;, that were defined in the previous

section:
fo‘efé’e ? J%Jﬁé ? fo‘eJ?e ? JC“JSZ ?
M‘Z e S ‘Z eroe ‘Z Sweleel o (6.71)
e w
M 7'*

e I

AN AN

ha ho&

et e’

Figure 6.7: The decays u= — ete~e™ (left) and 7= — etpu~u~ (right) can occur at tree
level in our models.

The prediction for the corresponding branching ratio is then

F(:u — 665) _ [peee

= 6.72
I'(u— ever,) 8G%’ (6.72)

Br(pu — ece) =~
to be compared with the experimental value [19] of Br(y — €€€)eyp = 1.0 X 10712

The decay of a 7 into two muons and a positron (fig. 6.7 on the right) is generally
less constrained than the decay of the muon in two electrons and a positron, but it is
of interest in models where the latter process is prohibited by the symmetries. The
calculation proceeds in an analogous way. In fact, the decay amplitude is now

5

D(r —eup) = ———1L e, 6.73
where the coefficient is now given by the following expression:
Je Jo 2 Jo Jo 2 Jo Jjo 2 Jo Jo 2
e = | S ¢ [ | 4 |2 e
H

o «
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while the branching ratio becomes

(T —eup) =0.17 x Lrpe (6.75)

Br(r — gup) = 0.17
T = eup) “T(r — pw,,) 8G2.

to be compared with the experimental limit Br(7 — €pjt)esp = 2.3 x 1078 [19].

The process = — e 7y

The relevant diagram for this process has one loop with a charged fermion and a
neutral Higgs (see fig. 6.8). We consider the limit in which the Higgs is much heavier
than the virtual fermion and the final electron is massless. Under this assumption the
decay amplitude becomes [113]

2

€2m5 ( o )* o

— H fe/ “fp
I(p—ey) = 6 % (16)77 Z -y (6.76)

of "
and the branching ratio is
Iy — ey) Qem (Rf.) Ry

Br(p — = = £ 6.77
t(p = ev) I(p—evw)  327G% azf m92 ( )

to be compared with the current [114] (future [115]) experimental bound Br(p — €7y)ezp =
1071 (10713).

Figure 6.8: The decays =~ — e~y proceeds at one loop in our models, but can be much
larger than in the Standard Model, where a GIM-like cancellation occurs.

Meson oscillations

Meson-antimeson oscillations are constrained to be generated by box processes in the
SM (fig. 6.9 on the left left), but in the presence of flavor violating Higgs couplings, they
can also proceed via tree-level Higgs exchange.
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Figure 6.9: By-By oscillations take place via box diagrams in the Standard Model, but can
proceed via tree-level Higgs exchange in our model.

For the mass splitting connected to F° — T oscillations [116,117], we find

1 1 1 M? 1 11 M?
B 3+ b))
m%g <| rs| 6+6<mr+m5)2 +‘ rsl 6+ 6 (mr+ms)2

(6.78)
Here, My is the mass of the meson, fr is its decay constant and Bp are recalibration

AMp = B} f# MFZ{

constants of order 1, related to vacuum insertion formalism. Lastly, m, and mg are the
masses of the quarks of which the meson is build, i.e. rs = bd, bs, ds stands for By, B;
and K° respectively. Recent experimental values for the meson parameters, including
AMTp that should be reproduced by the model, are given in Table 6.1

Meson || Mg (GeV) fr (GeV) Bp AMp (GeV)

By (bd) 5.2795 0.1928 0.0099 | 1.26 £0.11 | (3.337 4 0.006) x 10713
B, (bs) 5.3664 0.2388 +0.0095 | 1.33+0.06 | (1.170 & 0.008) x 10~
K (5d) 0.497614 | 0.1558 4 0.0017 | 0.725 + 0.026 | (3.500 & 0.006) x 10~

Table 6.1: Properties of neutral mesons [118].

6.8 A, models for quark and/or lepton masses

In this section we will apply the general results about flavor violation to three spe-
cific models. After describing the main features of each model, plots of relevant flavor
violating processes are reported. The points belonging to the plots are not chosen casu-
ally, but instead represent parts of the parameter space that fulfill the tests in the Higgs
sector, as performed in Section 6.6 (positiveness of mass eigenstates, perturbative unitary
constraints, bounds from Z and W decays and oblique corrections).
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6.8.1 Model 1

The aim of the Model 1 [91] is to reproduce the lepton mixing parameters in the Tri-
Bimaximal frame, although it is not possible without introducing hierarchies among the
parameters. Quarks are briefly mentioned in the paper, but the bulk of the analysis is
about the lepton sector. The triplet ®, couples only to charged leptons and the chosen
vacuum alignment falls in the class (v,v,v), with v real. The Yukawa matrices in this

sector are
Y1 Y2 Y3 0 0 0 0 0 0
YViir=1 0 0 0 |, Y=y wp Wy |, Y= 0 0 0
0 0 0 0 0 0 Y1 Wy wys
(6.79)

After the diagonalization of the charged lepton mass matrix, it is straightforward to relate
the coefficient y; to the mass eigenvalues:

Me m,, m,

ylZE» y2:E7 Ys = 30

Since the VEVs of the scalar potential are real, and consequently CP conserving, the U
matrix that rotates the Higgs fields into the mass basis (see eq. 6.7) is block diagonal.

(6.80)

Neutrino masses are given through a low scale (~ TeV) type I See-Saw implemented by 3
right handed neutrinos that transform as an A, triplet and by an SU(2);, doublet Higgs,
7, singlet of Ay

nlnoiRe n' 4+ ilm n'Re n° + iIm 7" (6.81)
V2
Clearly n participates to the scalar potential, thus the Model 1 presents a scalar sector
less minimal of that studied in the first part of the chapter. In this specific case the new

scalar potential added to eq. (6.2) is given by

V, = 2t + X 0™)? + Me(n'n) (8] 61 + ol + ¢les)
Vasost = #q |01+ 62+ 65) + (8] + 6} + 6] |

where the Ay soft breaking part V; s is needed in order to avoid additional GBs. Vst
breaks A, but preserves its Z3 subgroup?, thus the full potential may naturally realize the
vacuum configuration Notice that u is responsible for neutrino masses and in the original
model [91] it has been assumed to be tiny, u < v ~ v,,/v/3. This may be easily realized
if fiog ~ O(uvy).

We have already argued that it is not necessary to set € to zero in eq. (6.2) to get
this particular VEV, as is assumed in [91]. Moreover, since Z3 is preserved, the mass
eigenstates of the triplet ®,, 5 neutral and 2 charged, can be arranged in Z3 represen-
tations, as discussed for the case (v,v,v): moving to this Z3 basis, we denote the states

$Notice that in the original model [91], 7 is carrying lepton number and therefore it is broken once
1 develops VEV. Here, we are breaking the lepton number also by the soft terms and this prevents the
appearance of further GBs.
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as ¢, ¢ and ¢”, transforming as 1, 1’ ~ w and 1” ~ w? of Z3, respectively. This setup
has been discussed in the context of lepton triality in [119]. Notice that only the state
¢ develops a non-vanishing VEV in the neutral direction, while the other two are inert
scalars. Moreover, ¢ behaves as the SM-Higgs and acquires the mass m;,, defined in Sec-
tion 6.3.1. Furthermore, the transformation properties of the additional scalar n allow
a mixing between ¢° (¢!) and 1° (n'), both behaving as the SM-Higgs. However, this
mixing interaction, iZn°p" + h.c., is irrelevant for the scalar spectrum discussion, because
the coupling is extremely small being suppressed by ~ u. As a result, the conclusions for
the case (v,v,v) apply also in this context.

The coupling of the Higgses ¢°, ¢ to fermions is purely flavor violating. This setup
has striking effects on the lepton processes. In fact it was shown in [9] that, when the
A4 symmetry is unbroken, only a limited number of processes is allowed and these either
conserve flavor or satisfy the constraint AL, x AL, x AL, = £2. The only source of
symmetry breaking is the VEV of the SM-like Higgs ¢, which is flavor-conserving and
thus not involved in the processes we are looking at. We conclude that all flavor violating
processes should satisfy the selection rule. In particular this implies that the decays
i — e e et and u — ey are not allowed, in the latter case in contrast with what was
reported in [91], but in agreement with a more recent paper [120].

Of the allowed processes, the less suppressed is 7= — p~ p~ et since its branching ratio
is proportional to mimz However, even this decay is very rare and below the experimental
limit for most values of the Higgs masses. In the upper part of fig. 6.10, we plot the
branching ratio for the decay against an effective mass defined as mg? = m,;ijm;;, where
A and B are the two pairs of degenerate bosons. In the lower part, the same branching
ratio against the mass of the lightest state, m;. In both the plots, the parameter € is set
to zero, corresponding to the real Higgs potential discussed in [91]. For the first picture,
we reproduce the result of [91] that the branching ratio is proportional to mg?. In the
second one, this dependence is lost, even if we can see a similar behavior. Once we take €
over the full range [0, 27|, we verified that the points cover a larger parameter space, but
still concentrating around the previous points with € = 0.

In Figure 6.11, we show the masses of the SM-Higgs ¢, my,, against the mass of the
lightest state m;. A plot with the mass of the SM-Higgs n° against m; looks very similar
to fig. 6.11. All the points are above the diagonal and this corresponds to the fact that
the SM-Higgses are always heavier than the lightest state. As already stated before, in
this situation, the standard upper bound of 194 GeV at 99% CL [19] cannot apply due to
the combined effect of the CP and Z3 symmetries and the smallness of the iZn°¢" + h.c.
coupling.

Finally, we can comment on the magnetic dipole moments, which could give interesting
hints in this model. The discrepancy between the experimental measurement and the SM
theoretical prediction of the magnetic dipole moment of the muon is usually a good test
of flavor models, which could in principle provide new contributions. However, in this
particular model it has already been discussed in [91] that the non-SM contributions are
negligible.
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Figure 6.10: On the upper (lower) side, the branching ratio for the decay T~ — p~ p~ e’
as a function of the effective mass mq (the smallest mass my) in the situation where the
parameter € is zero. The horizontal line corresponds to the experimental upper bound.

6.8.2 Model 2

As in the previous section, the Model 2 [93] deals only with the lepton sector, but the
vacuum configuration used is different: here (r,e™, e *)v,,/v/2 + r? is assumed, where r

is an adimensional quantity. The Yukawa texture in the charged lepton sector depends
on two parameters:

00 0 0 0 0 »m 0
Yijp=10 0y |, Yyo={ 0 0 0 |, Yis=| 23 0 0 [|. (682
0 2 O y1 0 0 0 0 0

In order to reproduce the masses of the leptons, r >~ 240 is set and as a result the minimum
of the scalar potential falls in the large r scenario, as discussed before. The final number
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Figure 6.11: The mass of the SM-Higgs my,, against the smallest Higgs mass.

of the parameters in this model is four, two coming from the Yukawas and two from the
vacuum configuration.
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Figure 6.12: Correlation among the lightest Higgs mass and the soft breaking parameters.
The different colors correspond to the ranges that the individual parameters m, n and k
are in, respectively (0 —1074), (0 —1073), (0 —1072) and (0 — 1071)

We have shown that it is not possible to obtain a realistic Higgs spectrum without
including soft A4-breaking terms. Indeed if we introduce a soft breaking part, eq. (6.56),
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to the potential with adimensional parameters m, n, k we can find five Higgses of mixed
CP nature, all of which have masses in the LHC sensitive range between 100 GeV and 1
TeV. It is interesting to underline that such large Higgs masses have been recovered by
using soft terms at most of order of 5% of the EW VEV. This underlines a non-linear
dependence, as can be seen in fig. 6.12.

In contrast with the Model 1, A4 is completely broken by the VEV of the Higgs triplet.
Therefore the processes = — e“e" e’ and u~ — e~y are allowed. The first process, fig.
6.13 occurs at tree level and produces a strong bounds on the Higgs sector, where the
lightest Higgs mass is expected to be above about 300 GeV. On the other hand, the
radiative muon decay to an electron, fig. 6.13, is loop suppressed and the new physics
leads to a branching ratio below the observed experimental bound.
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Figure 6.13: On the upper (lower) side, the branching ratio of the decay of a p= — e e~ e™
(u~ — e ) versus the lightest Higgs mass. The horizontal band is the experimental
limit [19].
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6.8.3 Model 3

The Model 3 is built as an A4 model for quarks [92], where both up- and down-type
quarks couple to the Higgs triplet. There are eight parameters in their model whose values
are unpredicted by the model itself, but are instead determined in order to reproduce the
masses of quarks and their mixing angles. The Yukawa matrices for both up and down
quarks has the same form as that of charged leptons of the Model 1, given in eq. (6.79).
They provide then six parameters out of eight. The remaining two come from the VEV
of the triplet in the form (e*,e ™ 7)v,/v2 + r2, where 7 is an adimensional quantity.
Apart from a permutation in the three entries, this is the same vacuum used in Model 2.

The Higgs spectrum can only be realistic in the situation where A, is (softly) broken.
Although w is not absolutely constrained, the need of reproducing the neutrino mixing
pattern suggests that the phase is small. In Model 2 we commented on the dependence of
the Higgs masses on the soft parameters and the same applies in this case: the dependence
is not linear and for even small soft parameters we get large Higgs masses. The plot in
fig. 6.12 is representative also of this model.

Experimentally, in the quark sector two features have been explored: flavor changing
interactions and CP violation. Remarkably, the CKM matrix obtained in the model under
inspection is completely real. It seems then of scarce value to explore CP violating effects
coming from the complex VEVs of the Higgs triplet, not having the dominant contribution
from the Standard Model CKM matrix to compare them with. We will consequently focus
only on flavor changing processes. As discussed in Section 6.7.1 meson oscillations are
in these models mediated by tree level diagrams instead of box diagrams. We therefore
expect strong bounds from the mass splittings in the neutral B-meson and Kaon systems.
In fig. 6.14, we plot AMp versus the lightest Higgs mass for these systems. Indeed AMp
is large, up to several orders of magnitude above the experimental value for the B; meson
and the Kaon.

6.9 Conclusions of the Chapter

Flavor models based on non-Abelian discrete symmetries under which the SM scalar
doublet (and its replicas) transforms non trivially are quite appealing for many reasons.
First of all there are no new physics scales, since the flavor and the EW symmetries are
simultaneously broken. Furthermore this kind of models are typically more minimal with
respect to the ones in which the flavor scale is higher than the EW one: in particular the
vacuum configuration is simpler and the number of parameters is lower. We then expect an
high predictive power and clear phenomenological signatures in processes involving both
fermions and scalars. Due to the restricted number of parameters and the abundance of
sensitive observables in these models, there are many constraints to analyze: the most
stringent ones arise by FCNC and LFV processes [11] but even Higgs phenomenology put
several constraints on this class of models.

In our work we focused on the A, discrete group, but this analysis can be safely gener-
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Figure 6.14: AMp for By, Bs and K mass splittings versus the lightest Higgs mass in the
Model 3. The horizontal lines correspond to the experimental values as reported in [118].
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alized for any non-Abelian discrete symmetry. We consider three copies of the SM Higgs
fields, that transform as a triplet of A4. This setting has already been chosen in sev-
eral papers [91-94] due to the simple vacuum alignment mechanism. We have considered
all the possible vacuum configurations allowed by the A4 x SM scalar potential. These
configurations can either conserve or violate CP. For all of them we have first considered
only model independent constraints, related to the Higgs-gauge boson Lagrangian. We
have shown that the Higgs-gauge boson model independent analysis can be used to study
the parameter space of the difference vacuum configurations. Among the possible solu-
tions which minimize the scalar potential, only one is ruled out due to the presence of
tachyonic states. Furthermore, some other configurations may be obtained only by tuning
the potential parameters, giving rise to scalar spectra characterized by very light or even
massless particles. Finally, for the remaining ones, we find that they may share common
features and this increases the difficulty in discriminating among them.

As a second step we developed a very general formalism to describe the interaction of
charged and neutral Higgs and of fermions. In the mass basis of both Higgs bosons and
fermions the interaction depends on the Yukawa matrices that appear in the Lagrangian
and the unitary matrices that rotate the flavor basis into the mass basis.

We applied the formalism to three specific models that implement the symmetry Ay.
These models differ in the representations to which the fermions are assigned and in
the choice of the vacuum expectation values of the scalar fields. The Model 1 [91] of
lepton mixing has a CP-conserving VEV in the direction (v,v,v). In this setup, some
transitions are forbidden by the symmetry and the decay 7= — p~p~e™ becomes then
the most relevant process. We studied its dependence on the mass of the lightest Higgs
and recognized that for the largest part of the assumed values the branching ratio is
below the current experimental limit. Apart from a permutation of the components,
both the Model 2 [93] and Model 3 [92] select the complex VEV (e, = r)v,,/v/2 + 2.
The purpose of the two approaches is to reproduce lepton and quark masses and mixing,
respectively. The benchmark process in the lepton sector is the decay u= — e e e™.
Given the experimental bound, our analysis showed that the Model 2 is disfavored for
values of the Higgs mass below 300 GeV. In the quark sector, B and K mesons oscillations
mediated by Higgs exchange were considered and their predictions are largely above the
current experimental limit and strongly disproves the setup of Model 3.

In conclusion, we have shown that a deep and careful analysis of the phenomenology
of flavor models is fundamental to test their validity beyond the prediction of the mixing
patterns and is a powerful tool to discriminate among them.



Summary and Final Remarks

We briefly summarize here the results of this work. For more details we refer to
the conclusions of each chapter. This thesis tried to answer to three specific questions
about neutrino physics: how do we build a model based on discrete symmetry groups, to
reproduce correctly the features of neutrino oscillation in a natural way? What are the
consequence of a particular model beyond the neutrino sector? Is the model still valid if
we implement it in a larger theory?

To answer to the first question, we explicitly built a supersymmetric model based on
the group As, which leads to the Golden Ratio texture. After showing the LO prediction
for the mixing angles and the neutrino spectrum, we demonstrated that the vacuum
alignment that produces that prediction rises in natural way from the minimization of
the superpotential. It is remarkable that we achieved this result without adding driving
fields to our theory. We also showed that NLO corrections are under control and could
shift the predicted solar angle closer to the experimental value, while the reactor angle
remains far from the prospected experimental sensitivity.

To the second question we answered at two different stages. First, we considered rare
decays of 1 and T particles in an effective theory ruled by the symmetry Ay x Z3xU(1). The
allowed decays satisfy the following selection rules AL, AL,AL; = 2. From this rule it
follows that radiative decays are forbidden, while the constraints to the parameters of the
model come mainly from 7= — pte"e” and 77 — et~ p~. Moving to a supersymmetric
realization of the model, the picture is completely changed: the selection rule is not valid
anymore and the previously allowed processes are strongly suppressed. Given the current
and future experimental results, © — e~y and the conversion of 1 in nuclei become the most
interesting decays. Then, we analyzed the viability of multi-Higgs models. We recognized
that only few choices of the VEVs are possible and not problematic. For all this cases, we
analyzed the effects in the Higgs sector (unitarity, gauge bosons decay, corrections to S,T’
and U parameters) and constrained the space of the parameters of the Lagrangian. In
a second step, we discussed flavor violation mediated by Higgs exchange in three models
and found two of them to predict results already ruled out by experiments.

The answer to the third question materialized in the study of the running of angles
and phases in models with Type I Seesaw. We were able to find a general behavior
common to all mass-independent textures and studied it for the Altarelli-Feruglio model.
We discovered that the predicted solar angle with inverted hierarchy is carried out of the
3o range if tan 8 2 9, while the model is stable with normal hierarchy.
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Appendix A

Group Theory Detalils

In this appendix we report the character tables and the Clebsch-Gordan coefficients
of the discrete groups A, and As. Moreover, representations of Aj different from the one
used in Chapter 3 are reported, along with the transformations that allows to pass from
one to the others. In the character tables, C; are the classes of the group, °C; is the
order of the i*? class, i.e. the number of distinct elements contained in this class, °h¢, is
the order of the elements A in the class C;, i.e. the smallest integer (> 0) for which the
equation A""¢ = 1 holds. Furthermore the tables contain one representative G for each
class C; given as product of the generators S and T of the group.

A.1 The Group A4

classes
C, Cy C3 Oy
G 1 S 1 T
°Ch 1 3 4 4
°he, | 1 2 33
1 11 1 1
1 1 1 w w?
17 1 1 w w
3 3 -1 0 0

27i

Table A.1: Character table of the group Ay. w is the third root of unity, i.e. w =e3 =

1, V3

The group A, is generated by two elements S and T obeying the relations [50]:

S?= (ST =T°=1. (A. 1)

123
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It has three independent one-dimensional representations, 1, 1’ and 1” and one three-
dimensional representation 3. The one-dimensional representations are given by:

1 S=1T=1
1 S=1 T=e"3=u? (A.2)
17 S=1 T=e2=y

The three-dimensional representation, in a basis where the generator 7' is diagonal, is
given by:

1 0 0 ] -1 2 2
T=|0 «w? 0 |, S = 3 2 -1 2 ) (A. 3)
0 0 w 2 2 -1

We now report the multiplication rules between the various representations. In the
following a = (ay, as, az)” and b = (by, by, b3)T are triplets. ¢, ¢ and ¢” belong to 1, 1/
and 1” respectively.

We start with all the multiplication rules which include the one-dimensional represen-
tations:

IXr=rx1l=r with r any representation ,

1/X1//:1/IX1/NC/C”,

(A. 4)
as a2
1’x3=3~¢ ay s 1”"x3=3~/¢ as
ag (3]
The multiplication rule with the three-dimensional representation is
(1 ~ aiby + azbs + asbs
1 ~ a3b3 + a1b2 + CLle s
17 ~ a2b2 + a1b3 + Clgbl s
3x3=35+3,+1+1+1" with 1 [ 2011 — axbs — asby (A.5)
35 ~ g 2&3b3 — a1b2 - agbl
2&2[72 — Cllbg - Clgbl
1 azbsz — azby
3A ~ 5 a1b2 — CLle
\ azb; — abs

Note that due to the choice of complex representation matrices for the real representation
3 the conjugate a* of a ~ 3 does not transform as 3, but rather (a7, a3, a}) transforms
as triplet under A,. The reason for this is that 7" = U%TUQ;; and S* = Ug; SUy; =S
where Uss is the matrix which exchanges the 2nd and 3rd row and column.
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A.2 Kronecker products of the group A;

We report here the complete list of the Kronecker products for the group A;. We as-
signe a = (ay, as,a3)’ and b = (by, by, b3)T to the 3 representation, while a’ = (a}, ab, ay)”
and V' = (b},b,,05)" belong to the 3’ representation. ¢ = (cy,co,¢3,¢4,¢5)" and d =
(dy,dy, ds3, dy, ds)" are pentaplets; f = (f1, f2, f3, f1)T and g = (g1, g2, g3, 94)" are tetraplets.

3®3:3a+(1+5)5

= Clel + (lgbg + agbg

3 = (agbs — asby, ajby — agby, asby — ajbs)”

b b 3
5 = (Clel — % — & \/_<a1b2 -+ CLle \/>a2b2, \/76L3b3, —_ (llbg + a3b1>>

3 ®3=23,+ (1 + 5)

1 = ajb] + ayby + asby

!’ AN AN /1. AN RN IANAVA
3" = (ayby — ayby, ayby — ayby, asby — ajby)

LU 50 3 3 3 3
O L R L T A LI Ay P A

3®3=4+5

agb’2 agbg agbé agbg T
4 = (ab — ==, —arby + —=, a1by — —=, —azb, +
( 2U1 \/5 1Y2 \/5 1Y3 \/5 391 \/5)
5 — (a) Caghh + V2azbly ably +v2a3bly abh + v 2abl, asb + ﬂagbg))
s V3 ’ V3 ’ V3 ’ V3
34 =3 +4 +5
1 1
3 = (a2gs — asgi, E(\/ﬁalm + aszg1 + asgs), —E(\/ECHQ:% + azg2 + a394))T

4 = (algl + \/§a3g2, —a192 + \/561291, a193 — \/561394, —0194 — \/§G293)T

2 1
5 = (asg1 + a294, \/;(\/ialgl — asg2), %

1 2
%(\/5%93 — 3asga + a394), \/;(—\/Echgz; + asg3))"

(\/§a192 — 3asgs + az01),
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334 =3 +4+5
3 = ( / / 1 \/5 / / / 1 \/5 / ! / T
= (G993 — G392, E( a191 + ay94 — (1393), E(— a194 + 392 — a391))
4 = (digi +V2dsgs, dsgo — V2dsg4, —a g5 + V2ahg1, —di g1 — V2dhgo)"

1 2
5 = (aégz + a/293, %(\/5@/191 - 3a,294 - a§93), —\/;(\/5%92 + a/394),

2 1
_\/;(\/5@/193 + alzgl)a _(—\/Ea/194 + 3&391 + GIQQQ))T

(=

35 =3+3 +4+5

2a1c QaaC asc
3 = ( \/131 + a3Cy — A9Csy, —% + ajcy — \/5@3037 —% — a1C5 — \/5@204)T
— 2 — 2
3 (arer + QoCs — A3Cy @1C3 + \/_(G3C4 a2Cs) A1C4 + \/_(G2C3 + ascs) )T

V3 V3 ’ V3
4 = (dajco + 2V3ascy + V2aszcs, 2105 — 2V 2a05 — 3V 2a3¢4,
2a1¢4 — 3V 2as03 + 2V 2asc5, —4aics + V2ascq + 2\/§a361)T
aica ++v2azcs  2aicz + V2ascy
V3 o V3 ’
2a1c4 — \/§G3C5 a1C5 — \/§G2C4>T

,a3C
V3 o V3

5 = (CLQC5 + a3Co, A9C1 —

335 =34+3 +4+5

ahes 4 ahey, —alcy +/2(ahey + dhes) ales + /2(abes — ajey) 7
V3o V3 ’ V3
2d¢c abe ahe
% — ajc3 — ahey, —2731 — d)cs — V2djes, —3731 — dleq + V2d,e)T
4 = (2d\cy 4 3V 2dyes — 2V 2ahcq, —4d) s + 2v/3dber + V2dhcs,
—da ey — V2ales + 2\/§a§cl, —2d¢5 — 2v/2dlc5 — 3\/5&&02)T
5 = (dhes — dles 2a!,cy + /2a4cy e — alcs — \/2dcs
2 3%9) \/g ) 2 \/g 9
ot aleq + \/§a’202 —2alcs + \/§a’203)T

asC ,
o V3 V3

3 = (dia+

3 =
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44 = 3+ 3), + (1 + 4+ 5),

1 = figa+ fag3+ f3g2 + fagn

3 = (figs— fagr + fs92 — fo93, V2(fogs — f192), V2(f195 — f391))"

3 = (figa— fag1 + fogs — f392, V2(fs91 — f193), V2(f192 — f201))"

4 = (fsgs— fa92 — f294, frg1 + [394 + f193, —f191 — f192 — fag1, —fago + frgs + fsg1)"

5 = (figsa+ f191 — f392 — fo9s, —\/§(2f393 + fa91 + f192), \/g(_Qflgl + f394 + fa93),

\/§<—2f494 + fag1 + f192), \/§(2f2gz + figs + f391))"

45 =3 +3 +44+5+5

3 = (dfics — 4faca — 2fse3 — 2facs, =2V ficr — V2(2facs — Bfaca + fics),
V2(—fica + 3facs + 2f302) — 2v/3 facr)”

3 = (2fics — 2fsco + Afscs + 4facs, —2V3 fact + V2(2fscs + 3frca — fics),
V2(faca — 3facs + 2 fic5) — 2V/3 f3e1)”

4 = (3fici + V6(facs + faca — 2facs), =3 fact + V6(faca — fica + 2fsc5),
—3fse1 + V6(fics + facs — 2fac2), 3fact + V6(facs — faca — 2f1ca))”

51 = (fics + 2facs — 2f3c3 + faca, —2fic1 + V6 facs, fac1 + \/g(_fICQ — fscs + 2fscq),
—fzc1 — \/g(fzcz + facs + 2 fics), —2facr — V6 faca)”

55 = (focs — facs, —frcr + 2f265 — \f/3664 - f4037 _\/§<f102 s faca)
_\/g(fl% + faco + facs), —f1c1 — 2f302 + frca + facs

v S
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91

92

=B3+3+4),+1+4+5+5),

(2(cads — csdy) + cady — c5dy, V3(cady — c1ds) + V2(csds — csds),
\/§(C5d1 —cds) + \/§(c4d2 — cody))”
(2(cads — csdy) + c3dy — cads, V3(csdy — c1ds) + V2(cads — csdy),
\/§<Cld4 —cudy) + \/§(C3d2 - C2d3))T

((Cld2 + Cle) — (03d5 t C5d3) — Acady (C4d5 + C5d4) — 4codsy

,—(c1ds + c3dy) —

V6 NG ’
Cods + c3ds) + 4esd Cody + cadsy) + 4ead
(c1dg + cqdy) — (cadly i/%) > 5,(cld5—|—c5d1)— (c2ds i/%) 3 3)T

3 3
((Cldz — 62d1) + \/;(ng5 — C5d3), (Cldg — ng1) + \/;(C4d5 — C5d4)7
3 3 .
(C4d1 — Cld4) + 5(63(12 — ngg), (Cld5 — C5d1) + §(C4d2 — 02d4))

C3 d4 + C4d3

3 1
5 ,—(c1da + cody) + \/;04614, —(c1ds + c3dy — \/6(04615 + c5dy)),

(Cldl + ng5 + C5d2 + 9

1 3
—(Cld4 —+ C4d1 + \/6(ng3 -+ ngg)), —(Cld5 + C5d1) — \/%ngg)T

2
261d1 + C2d5 + C5d2 —3<Cld2 + C2d1) + \/6(2C4d4 + 03d5 + C5d3) 204d5 + 2C5d4 + ngg
( ) T )
2 6 V6
202d3 + 2ng2 — C5d5 —3(Cld5 + C5d1) + \/6(—263613 + C2d4 + C4d2) )T
\/6 )

Cldl + 03d4 + C4d3 - ng5 — C5d2



129 A.3 DIFFERENT REPRESENTATIONS OF Aj

A.3 Different Representations of A;

Shirai’s basis. In this section we show how the basis chosen in this work is related
to the representations given in previous articles on the group As. In [45,121] the Shirai
base was used, in which the presentation of the group is given in terms of two matrices
Sgsp, and Ty, satisfying the following algebra:

Sg'h = Tgh = (TghSSthhSShTs_hlSShTShSShTS_hl)3 =1 (A- 6)
In order to connect them to the matrix S and 7T satisfying
S?=T°5=(ST)* =1 (A.7)
with T" diagonal, we take an intermediate step and define first
S" = Sgp (A.8)

and a matrix T’ such that (S'T")3 = 1 Then, we define T2, SsnTs),SsnT s SsnTsnSsnTg, =
Agp,. Since S'T' = Agj, we obtain

T = S""Agp, = S’ As, = SsnAsn (A.9)

Note that 7" is not diagonal. To make it diagonal, we let an unitary matrix U act on it,
such that

S=Uls'u, T=U'TU. (A. 10)

and finally
S =U'SqU, T =U'SspAg,U. (A.11)

Cummins-Patera’s basis. The Cummins-Patera’s basis [59, 60] is generated by two
elements with presentation

A% = B® = (AB)® =1, (A. 12)

and the quintic representation are explicitly given by

1 0 0 00 1 0 1 —w? —w
0 —1 000 ) o 1 1 -1 -1
A=lo 0 -1 00| B=—3|-1 -1 0 w |, (A.13)
O 0 010 w 1 w0 —w
0O 0 001 w1l ow o —w? 0

where w = €% is the cubic root of unity, We can define a unitary transformation Uesp
that relates the elements of the Cummins-Patera basis to the one introduced in Section 3
as follows:

S=UL,AUcp, (ST)=ULpBUcp, T =ULp(AB)Ucp. (A. 14)
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The unitary matrix is

0 w2 \2/7% ‘/Ed) —wz \/Ed) Wz \Q/ﬁj

NV R S S R

1 V2 V2 V2 V2
R R R Bt et M

_w2 _eia _eiﬁ _eia eia

1 e —e —e? —e

where o = arctan (—%5), f = arctan (/3 — %g) and v = arctan (\/g) It is straight-

forward to verify that acting with U(TJP on the vector (0,0,0, 7, Z)T gives a new vector
with the form given in eq. (3.38).



Appendix B

Renormalisation Group Equations

In order to calculate the evolution of the fermion mass matrix from the cutoff of
the low-energy theory down to the electroweak energy scale, the renormalisation group
equations for all the parameters have to be solved simultaneously. We use the notation
defined in Chapter 4, where a superscript (n) denotes a quantity between the nth and the
(n + 1)th mass threshold. When all the right-handed neutrinos are integrated out, the
renormalisation group equations can be recovered by setting the neutrino Yukawa coupling
Y, to zero, while in the full theory above the highest See-Saw scale, the superscript (n)
has to be omitted.

In the following, ¢ := In(u/po) and Yy is the Yukawa coupling for the up- (down-)
quarks, in the GUT normalisation, such that g, = ¢ and ¢g; = 1/5/3¢".

In the MSSM context the 1-loop renormalisation group equations for the renormali-
) () () gy () )
sation group equations for Y,, Y,, M, (/5 Y,;, and Y, are given by

d m (n), (n) 9
16w Y, = Y. {BYJYe LYY, + T [3YdTYd n Yte} gt - 3g§} ,

d m O RORD) 3
167 5Y, = Y8V, + VIV + T [SYTY +YTY] — ot =33 .

d (n) (n) (n) (n) (n) (n) (n)
167~ Mn = 2(Y YT)MR+2MR<YY ) ,

dw (n) (n) (m)[), () (n)
1672 = [YTY n YTY] R [YTY + YTY] 42Ty [3YTY + YTY} o

—39%(“ - 69%(

dm 1
tort Vs = Va{avIYa+ VIV T [V VIV - ot - 308 - Yat )

d m (n) (n) 13 16
16w =Y, = Y, {Yij F3YIY, 4 Tr [3YTY n YTY] ~ 3598 — 308 — =03

(B. 1)

In the Standard Model extended by singlet neutrinos, the renormalisation group equa-
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tions for the same quantities are given by

d ™
16722y,
™ a

d ™
16722y,
T

d m
16m2—M
o T

i(;%)
dt

d o
16722y
T

d =
16722y,
T

d ™
1672\
Om g

(n) (n) (n) (n)
Y, {ngYe - ngY,, +Tr [3 V1Y, +3Y]v, + Y}y, + YJYF,} - %g% - %g%} :
m (3m.m) 3 (n).(n) 9 9
Yu {§YVTYV - éyji/e + TI' |:3YJYU + S}j}/d + YVTYV + }/J}/e:| - 2_09% - Zg%} )
(n) (n) \ (n) (n) s(n) (n) \NT
(YVYJ) M+ M(Y,,Yj> ,
1 r), () Ty ), ()
S VY, —sviv | W SRV, - sviv )+
t (n) (n) 2(n) (n)

+2Tr |3Y,Y, +3Y,) Yy + V1Y, + Y]V, | — 3¢3Kk + Auyk ,

3 4 3 ; (), (n)
Yad SY[Ya— SV + T 3]V, + 3V [Ya+ V[V, + ViV +

1, 9

—q91 395~ 89%} ,

3 3 _|_ 'i' (n) (n)
Vo d SYIYa = SYIVa T [3Y]Y, +3Y]Ya+ VIV, + Y.+

17, 9
~on = 308 - 86k}
2 2 3 2 4 3 3 2 2 ?
(n) (n)
4\ Tr [3 YiY, +3Y]Y, + VY, + Y;Ye} +
+ t (n) (n) (n) (n)
“8Tv [3 YIY, ViV, +3Y]Y, VY, + ViV, Y)Y, + Yy, YJYG} .
(B. 2)

We use the convention that the Higgs self-interaction term in the Lagrangian is —\y (HTH)? /4.



Appendix C

Analytical Formulae for the
Parameters S, T and U

In this Appendix we provide a sort of translator from the papers [105,108] to our
notations and furnish the formulae we have used when different from their.

Reminding their notation we are in the case in which ny = 3 and n,,n. = 0 so we do
not have the matrices 7 and R. Then we have

u — S
ReVii — U,
ImVi; — Ukysi,
wr = fee™r. (C. 1)

Moreover they put the GBs as first mass eigenstates while we put them as the last ones
and contrary to them we use the standard definition for the photon.

We have rewritten they expression for

A(L,J.Q) - A(LJ.0) dA(1,J) for I # 0 and/or J # 0,
0 —yere@ 1 PN _
0 T logQQ for [ = J =0 since A(0,0,0) =0.
(C.2)
For the first row of eq. (C. 2) we have used
AL7Q) ~ AL 7,0 + QEALLD N _ur poysQaaa ) (@)

oQ 00
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with
( 1 3 2 2 2 3 2
for I,J 40,14,
dA(I,J) =
53872 (14 6Log[I]) for J =0,
k487r2(1 + log[I]) for I =J.

(C. 4)
The function A(, J,Q) enters only in the loops in which a gauge boson and a scalar run,
so we have always J = ) when computing the quantity

As a result, for this function, it does not make sense considering the case I = J = 0 being

J = @Q = mi the gauge boson mass. We found

m (Q (—I* +2Qlog(I)I — 2Qlog(Q)I + Q?)] for I £Q,I#0,
dA(I,Q) = ~0 for I =0,
~0 for I = Q.
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