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SommarioQuesto lavoro di tesi é inentrato sullo studio di stati entangled multipara-metrii generati per mezzo della �uoresenza parametria (o spontaneous para-metri downonversion, SPDC), un proesso ottio nonlineare in ui un fo-tone di pompa si annihila generando due fotoni on aratteristihe spettrali,spaziali e di polarizzazione peuliari. Tali stati sono stati utilizzati negli ul-timi vent'anni in esperimenti sui fondamenti della meania quantistia o inappliazioni nel settore della Quantum Information, ome la rittogra�a quan-tistia, il teletrasporto quantistio o la omputazione quantistia.La prima sezione di questa tesi riguarda la manipolazione delle proprietáspaziali dei fotoni generati mediante SPDC per mezzo di uno spehio de-formabile, e l'in�uenza di tali manipolazioni sull'interferogramma quantistiorisolto in tempo. Questo é importante dal punto di vista sienti�o in quantostrumento per reare stati quantistii ad ho, e per dimostrare un e�etto anal-ogo alla anellazione della dispersione, nel dominio dei vettori d'onda.La seonda sezione riguarda la aratterizzazione di stati ottii entangled infrequenza e polarizzazione: introduiamo il onetto di matrie di oerenzaspettrale per oppie di fotoni ome estensione della matrie di oerenza spet-trale lassia, suggerendo una tenia sperimentale per misurare tale quantitá.Questo onetto é importante per aratterizzare le proprietá di polarizzazionedi stati entangled non monoromatii, in appliazioni ome l'ellissometria quan-tistia o in protoolli di rittogra�a quantistia in ui la frequenza giohi unruolo importante.Come ultimo aspetto disuteremo un paio di appliazioni dell'entanglementquantistio. Prima di tutto analizzeremo l'utilizzo di fotoni antiorrelati infrequenza (prodotti mediante SPDC) per aumentare l'auratezza della misuradei termini di dispersione di ordine dispari. In partiolre mostremo, mediantesimulazioni numerihe, he tale tenia puó dare bene�i in situazioni in ui ilrapporto segnale-rumore sia basso.Ci onentreremo poi sulla omuniazione quantistia, dimostrando per laprima volta la fattibilitá di un link a singolo fotone tra un satellite LEO e unastazione ottia a Terra. Nel ontesto della Quantum Information, l'entanglement
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10 Contentsé una risorsa preziosa, he puo' essere utilizzata in protoolli di omuniazionehe non hanno analogo lassio, per esempio per ondividere una hiave seg-reta rivelando la presenza di spie nel anale (rittogra�a quantistia) o peraumentare la apaitá del anale (odi�a superdensa).La tenologia spaziale o�re la possibiltá di ondividere fotoni entangled susala globale, ma d'altra parte le di�oltá tenihe da superare per rievereorrettamente singoli fotoni da una sorgente in movimento veloe, in presenzadi un forte rumore di bakground, sono molto grosse. Nel nostro esperimentoabbiamo simulato una sorgente di singolo fotone su satellite usando la retrorif-lessione di un debole impulso laser da un ornerube del satellite, dimostrandohe la orretta identi�azione dei fotoni "buoni" é realmente possibile. Questadimostrazione é un passo tenologio fondamentale, he apre la pista a tuttauna serie di esperimenti sienti�i ed appliazioni tenologihe della QuantumInformation in ampo spaziale.



AbstratThis work onerns the study of multiparametri entangled states generatedby means of parametri downonversion, a nonlinear optial proess throughwhih a pump photon in two photons with peuliar spetral, spatial and polar-ization properties. These states have been employed for the last twenty yearsin experiments on the foundations of quantum mehanis as well as in quanuminformation appliations, like quantum ryptography, quantum teleportationand quantum omputing.The �rst setion of this thesis regards the manipulation of the spatial propertiesof the downonverted photons by means of a deformable mirror, and the studyof the e�etd in the temporal quantum interferogram. This is sienti�allyimportant as a tool to engineer entangled states and as a way to demonstratea spatial ounterpart of the well-known e�et of dispersion anellation (in thespetral domain). The seond setion onerns the haraterization of optialstates entangled in frequeny and polarization: we introdue the onept oftwo-photon spetral oherene matrix as an extension of the lassial spetraloherene matrix, suggesting an experimental tehnique to measure it. Thiswould be important to haraterize the polarization properties of broadbandentangled states, in appliations like spetrosopi quantum ellipsometry orquantum ryptography protools whih inlude the frequeny degree of free-dom.Finally we will disuss a ouple of appliations of quantum entanglement.First of all we will use the frequeny antiorrelated states generated by SPDC,exploting the dispersion-anellation e�et, to enhane the auray of even-order dispersion terms. Partiularly we show bene�ts of this tehnique insituations where the signal-to-noise ratio is low.Seond, we onentrate on quantum ommniation, demostrating for the �rsttime the feasibility of a single photon link between a LEO satellite and anEarth-based optial station. In quantum information ontexts, quantum en-tanglement is a valuable resoure, whih an be exploited to design new proto-ols with no lassial ounterpart, for example to share a seret key detetingthe presene of eavesdroppers on the hannel (quantum ryptography) or to
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12 Contentsenhane the hannel apaity beyond Shannon limits (quantum dense oding).Satellite tehnology o�ers the possibility to share entangled photons globally,but, on the other hand, several tehnial issues must be overome in orderto orretly reeive single photons from a fast moving soure against a strongbakgrund noise. Here we simulate a single photon soure on a satellite usingthe retrore�etion of a faint laser pulse by a satellite ornerube and we showthat orret detetion of the photons is indeed possible, opening the way toquantum information experiments on worlwide sales.



Chapter 1Parametri downonversion andmultiparameter optialentanglementIn this introdutory Chapter we will review some quantum mehanis and wewill introdue the onept of quantum entanglement. Then we will desribe indetails spontaneous parametri downonversion, a nonlinear optial proess atthe heart of most urrent soures of entangled photons. We will then review afew examples of quantum interferometri shemes.1.1 Review of quantum mehanisEah state of a quantum system is assoiated to a vetor |ψ > in a Hilbertspae. For multipartile systems the global Hilbert spae is the tensor produtof the single-partile Hilbert spaes.Any observable quantity, on the other hand, is assoiated to a self-adjointlinear operator A, whih has eigenvetors |ai > and real eigenvalues αi:
A|ai >= αi|ai > (1.1)Every quantum state |ψ > an be expanded as a linear ombination of theeigenstates of A (superposition priniple):
|ψ >=

∑

i

χi|ai > (1.2)where χi =< ψ|ai >. The probability of getting the value αk is:
Pk = | < αk|ψ > |2 (1.3)
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14 Chapter 1. Parametri downonversion and multiparameteroptial entanglementwhile the mean value of the results for a measurement of A is given by:
< A >=< ψ|A|ψ > (1.4)If the quantity A is measured, the state will randomly ollapse onto one ofthe states in the superposition, for example |ak > (and therefore giving theresult αk), with a probability proportional to the square of the amplitude ofthat eigenstate in the linear ombination (|χk|2). Sine the superposition isoherent, i.e. there is a �xed phase relationship between the eigenstates inthe superposition, interferene e�ets between probability amplitudes an beobserved.In 1927 Werner Heisemberg introdued the famous indeterminay priniple.Aording to this priniple it is impossible to measure simultaneously the po-sition and the momentum of a partile, sine the measurement of one of theseneessarily introdues a perturbation on the other. Mathematially, given twooperators A and B:

< (∆A)2 >< (∆B)2 >≥ | < [A,B] > |2
4

(1.5)that is, if A and B do not ommute, the produt of there indeterminaies mustbe greater than a ertain onstant: reduing the unertainty on the measure-ment of A will inrease the indeterminay on B.1.1.1 Quantum Entanglement and EPR paradoxLet's onsider two quantum systems, desribed in the Hilbert spae H, whihis the tensor produt of the spaes HA and HB where the two subsystems aredesribed. A pure state on HA ⊗HB is entangled when it annot be writtenas a produt state. An example of entangled state is the two-partile singletstate:
|ψ >=

1

2
[|0A1B > −|1A0B >] (1.6)The neessary ingredients to have an entangled states are two:

• orrelation: the result for measurements performed on partile A and onpartile B are orrelated. For example using the {|0 >, |1 >} basis, ifa measurement on partile A gives 0 then a measurement on partile Bwill give 1, and vieversa
• superposition: there is a linear ombination of possibilities, whih givesrise to interferene e�ets



1.1. Review of quantum mehanis 15In 1935 Einstein, Podolsky and Rosen [1℄ proposed a thought experiment toformalize what they felt as an inonsisteny of quantum theory (whih laterbeame famous as "EPR paradox"). They argued that physial quantitieswhih an be predited with ertainty must be "elements of reality" and forthat theory to be "omplete" these values must therefore be inorporated intothe desription of the system. So, if quantum mehanis is omplete, non-ommuting observables A and B an never be simultaneously elements of real-ity, sine if the outome of a measurement of A an be predited with ertainty,the outome of a measurement of B annot. This was suggested as a proof thatquantum theory is not omplete and it is therefore an unsatisfatory theory.Consider a two-partile state desribed by Eq. 1.6. If one performs a measure-ment on partile A, he will get half of the times the result 0 and half of thetimes the result 1, but there is no way to predit the result of a single spei�measurement. But on the other hand, one a measurement is performed onpartile A giving a ertain value, the omplementary value will be retrievedwith unity probability from a measurement on partile B.Einstein was bothered by the fat that a measurement on the �rst partileseemed to instantaneously a�et the result of the measurement on the seondpartile (nonloality), sine it seemed to ontradit the theory of relativity,aording to whih nothing an travel faster than light. He alled this e�et"spooky ation at a distane" and laimed that this neessarily showed the in-ompleteness of the quantum desription of the world. If quantum mehaniswas not omplete then there was some kind of "hidden variables" that had notbeen taken into aount whih ould solve the paradox.1.1.2 Bell inequalitiesIn 1964 John Bell introdued a lear mathematial formulation for the problem[2℄, showing that the impliit assumption behind EPR argument is that physisshould be haraterized by:
• realism: every measurable quantity should have a de�nite value regard-less whether the measurement is made or not
• loality: no property an be instantaneously shared by two spatiallyseparated systemsConsider the singlet state in Eq. 1.6. Suppose to let the photons �y apartand measure polarization on photon A in the basis rotated of an angle α withrespet to the {H,V } basis, and on photon B in the basis rotated of an angle



16 Chapter 1. Parametri downonversion and multiparameteroptial entanglement
β. Let's de�ne the orrelation oe�ient:

E(α, β) = P++(α, β) + P−−(α, β) − P+−(α, β) − P−+(α, β) (1.7)Performing the alulations aording to the rules of quantum mehanis one�nds:
E(α, β) = − cos(β − α) (1.8)For pairs of analyzers with the same orientation (β = α) quantum mehanispredits perfet antiorrelation: E = −1.If we de�ne then the quantity:

S(α,α′, β, β′) = E(α, β) − E(α, β′) + E(α′, β) + E(α′, β′) (1.9)it an be shown (see next paragraph) that, for any realist loal theory (ompris-ing loal hidden variables) the Clauser-Horne-Shimony-Holt (CHSH) inequalityholds [3℄:
|S(α,α′, β, β′)| 6 2 (1.10)while quantum mehanis predits:

S = 2
√

2 (1.11)This way we have a way to test quantum mehanis against lassial hidden-variable theories. Many suessful experiments to violate Bell inequalities havebeen performed sine the �rst one in 1982 by A. Aspet and oworkers [4℄.Derivation of CHSH inequalityLet's onsider a hidden variable λ whose value is distributed with a probabilitydensity ρ(λ). Suppose to have a soure of linearly-polarized pairs of photons:eah photon is measured by a polarization-analyzer whih gives the result +1if the photon is transmitted or −1 if the photon is absorbed. The analyzer I isset at an angle α and the analyzer II at an angle β. The possible measurementresults are desribed by the funtions A(λ, α) in I and B(λ, β) in II whih have,as possible outomes, +1 and −1.Let's de�ne the funtions:
1

2
[1 +A(λ, α)] =

{
1 A = +1
0 A = −1

(1.12)
1

2
[1 −B(λ, α)] =

{
1 B = −1
0 B = 0

(1.13)



1.2. Spontaneous parametri downonversion 17So, the probability of having a photon through the analizer I at angle α andnot having a photon through the analyzer II at angle β is:
P+−(α, β) =

∫
dλρ(λ)

[1 +A(λ, α)]

2

[1 −B(λ, β)]

2
(1.14)Using similar expressions for P++, P+− and P−− in Eq. 1.7 one an �nd forthe orrelation funtion:

E(α, β) =

∫
dλρ(λ)A(λ, α)B(λ, β) (1.15)Now, if we onsider:

s(λ;α,α′, β, β′) = A(λ, α)B(λ, β) −A(λ, α)B(λ, β′)+

A(λ, α′)B(λ, β) +A(λ, α′)B(λ, β′)
(1.16)then s(λ;α,α′, β, β′) an only assume the values +2 or −2. Therefore if wetake its mean value:

S(λ;α,α′, β, β′) =

∫
dλρ(λ)s(λ;α,α′, β, β′) (1.17)then Eq. 1.10 must hold.1.2 Spontaneous parametri downonversionSpontaneous parametri down-onversion (SPDC) is an optial proess in whiha pump photon, due to nonlinear interations in a χ(2) material, is split in twophotons onurrently entangled in wave-vetor, frequeny and polarization.The e�et was predited by D. N. Klyshko [5℄ and observed indipendently bythree groups in 1967: Harris and Byer [6℄ at Stanford, Magde and Mahr [7℄ atCornell, and a group of people at Mosow State University.The phenomenon started to be studied intensively as a tunable soure of radia-tion, or as the main soure of noise in low-gain optial parametri ampli�ers andfrequeny onverters and more sophistiated theoretial quantum models wereintrodued ([8, 9℄). In 1970 Burnham and Weinberg [10℄ veri�ed the simultane-ity of emission of the produt photons, by means of oinidene observation:they reorded a drop of the oinidene rate to the alulated aidental valueunless the two detetors were arranged to satisfy energy and momentum on-servation and had equal time delays. In their measurement they found thatthe value of the orrelation time TC between the down-onverted photons waslimited by the time resolution of the eletronis (of the order of 4 ns) and



18 Chapter 1. Parametri downonversion and multiparameteroptial entanglementspeulated that it might have been related to the oherene time of the pumpbeam (whih was far below the instrumental resolution limit). A suessiveanalysis by Hong and Mandel [11℄ showed that TC had nothing to do with thebandwidth of the pump �eld, but was ultimately limited by the aeptanebandwidth of the downonverted light: in partiular TC an be shorter thanthe propagation time through the nonlinear medium. The proess was thenreognized as apable of providing with a ouple of highly orrelated photonswith extremely small time separation.A major breakthrough in the �eld was the measurement of TC by means offourth-order interferene performed in 1987 by Hong, Ou and Mandel [12℄.This kind of setup, apable of aurately measuring subpioseond delay timesbetween single photons is alled HOM interferometer and will be examined indetails in Setion 1.3.1.We will now present a derivation of the optial state at the output of thenonlinear rystal and we will then disuss a few more interesting properties ofdownonverted light.1.2.1 Quantum theory of parametri downonversionIn a medium with a χ(2) nonlinearity an inident eletri �eld E will indue apolarization P with bilinear terms in E. The lassial interation energy is:
WI =

1

2

∑

i

∫

V
Pi(r, t)Ei(r, t)dr

=
1

2

∑

ijk

∫

V
χijkEi(r, t)Ej(r, t)Ek(r, t)drWhen the eletri �eld is quantized E(r, t) beomes an operator on the Hilbertspae, whih an be deomposed in a positive-frequeny part Ê(+)(r, t) and anegative-frequeny part Ê(−)(r, t):

Ê(r, t) = Ê(+)(r, t) + Ê(−)(r, t) Ê(−)(r, t) = [Ê(−)(r, t)]† (1.18)
Ê(+)(r, t) = i

∑

k,λ

√
~ωk

2ǫ0V
ek,λâk,λe

i(k·r−ωt) (1.19)The quantum interation hamiltonian is therefore:
HI =

1

V

∑

ijk

∫

V
χijkE

(+)
i (r, t)E

(+)
j (r, t)E

(−)
k (r, t)drLet's make some assumptions:



1.2. Spontaneous parametri downonversion 19
• the pump is a monohromati plane wave at frequeny ΩP , vertiallypolarized, propagating along the z axis. We assume it is undepleted inthe proess and an be treated lassially. It an therefore be expressedby:

EP (R, t) = E0e
i(kpz−ΩP t) (1.20)

• the phase-mathing onditions are imposed so as to have the signal pho-ton with polarization s and the idler photon with polarization i, with
s, i = H,V .

• the quasi-monohromati paraxial approximation is valid for the down-onverted photons:
E

(+)
i (r, t) = i

∑

q,ω

√
~ω

2ǫ0V
âq,ωe

i[κ(q,ω)z+q·ρ−ωt] (1.21)where ρ = (x, y) and κ(q, ω) =
√

(niω
c )2 − |q|2

• the nonlinear rystal is assumed in�nite in the x-y plane and of thiknessL in the z diretionSine the e�et is weak we an use the time-dependent perturbation theory upto the linear term:
|ψ >≈

∫
dtHI(t)|0 > (1.22)Substituting:

|ψ > ≈
∑

qs,qi

∑

ωs,ωi

∫
dt

∫
dρ

∫ 0

−L
dzχE0e

i[kp−κ(qs,ωs)−κ(qi,ωi)]z

ei(qs−qi)·ρei(ΩP −ωs−ωi)tâ†qs,ωs
â†qi,ωi

|0 >
(1.23)From the integrations over time and position:

• transverse momentum is onserved:
∫
dρei(qs−qi)·ρ ≈ δ(qs − qi) (1.24)

• energy is onserved:
∫
dtei(ΩP −ωs−ωi)t ≈ δ(ΩP − ωs − ωi) (1.25)This an be expressed also as frequeny antiorrelation: if one photon isat frequeny ωs the other is at frequeny ΩP − ωs



20 Chapter 1. Parametri downonversion and multiparameteroptial entanglementIf we de�ne the phase mismath funtion as:
∆(qs, ωs;qi, ωi) = kp − κ(qs, ωs) − κ(qi, ωi) (1.26)we end up with:

|ψ(2) >=

∫
dqsdqidωsdωiΦ̃(qs,qi;ωs, ωi)â

†
s(qs, ωs)â

†
i (qi, ωi)|0 > (1.27)where

Φ̃(qs,qi;ωs, ωi) = δ(ωs − ΩP + ωi)δ(qs + qi)

∫
dzχ(z)ei∆(qs ,ωs;qi,ωi)z (1.28)The form of the funtion Φ̃(qs,qi;ωs, ωi) will be determined by the spei�phase-mathing onditions and by the distribution of nonlinearity inside therystal. For a bulk rystal of length L:

χ(z) = χ0Π

[
z

L
+

1

2

]
Π[x] =

{
1 |x| ≤ 1

2
0 |x| > 1

2

(1.29)so that:
Φ̃(qs,qi;ωs, ωi) = Lδ(ωs − ΩP + ωi)δ(qs + qi)e

∆(qs,ωs;qi,ωi)L/2

Sinc[∆(qs, ωs;qi, ωi)L/2]
(1.30)1.2.2 Phase-mathingWe will now derive approximate expression for the phase mismath funtion

∆(qs, ωs;qi, ωi) in the ase of type-I and type-II ollinear phase-mathing.Type-I phase-mathingIn type-I phase-mathing the downonverted photons have the same polariza-tion, for example aording to the sheme:
e→ o+ oAssuming nondegenerate ase the entral frequenies of the photons are di�er-ent (Ωs 6= Ωi) but, due to energy onservation:

ωs = Ωs + ν ωi = Ωi − ν (1.31)and due to transverse momentum onservation:
qs = q qi = −q (1.32)
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κ(qs, ωs) =

√
(
n(Ωs + ν)(Ωs + ν)

c
)2 − |q|2 (1.33)

κ(qi, ωi) =

√
(
n(Ωi − ν)(Ωs − ν)

c
)2 − |q|2 (1.34)(1.35)Expanding in Taylor series one �nds:

∆ ≈ −νD +
|q|2
K̃

(1.36)where:
1

K̃
=

1

2

(
1

Ks
+

1

Ki

) (1.37)
D =

1

u0(Ωs)
− 1

u0(Ωi)
(1.38)and u0 is the group veloity of the ordinary ray through the rystal.If there is perfet phase mathing (∆ = 0) Eq. (1.36) desribes in the far-�eld a set of onentri irles with di�erent radii for di�erent frequenies.

Figure 1.1: Far-�eld emission pattern for type-I downonversion. The photons are emittedalong onenti ones, with radii dependent on the frequeny. The frequenies of the signal(ωs) and idler (ωi) photons are antiorrelated, meaning that ωi = ΩP − ωs.In the ase of degenerate ollinear type-I downonversion (Ωs = Ωi =
ΩP/2) there is no group delay between the photons (D=0) so we must resortto the seond-order term in angular frequeny:
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∆ ≈ −ν2D′ +

|q|2
K0

(1.39)where
D′ =

d

dν

[
1

u0(Ω0 + ν)

]

ν=0

(1.40)Type-II phase-mathingIn type-II phase-mathing the downonverted photons have opposite polariza-tion, for example aording to the sheme:
e→ e+ oAs for type-I SPDC one needs to expand the phase mismath funtion on aTaylor series. Let's onsider just the degenerate ase, whih we will employ inour experiments. For the ordinary ray we simply have:

κo(q, ν) ⋍ Ko +
ν

uo
− |q|2

2Ko
(1.41)For the extraordinary ray the situation is more ompliated sine the refrativeindex depends also in the diretion of propagation. In the end one �nds (see[13℄):

κe(q, ν) ⋍ Ke +
ν

ue
− |q|2

2Ko
+Me2 · q (1.42)where e2 is the diretion of the optial axis of the rystal, and

D =
1

uo
− 1

ue
(1.43)

M =
∂

∂θe
ln [

ne

(
ΩP

2
, θe

)]

to(1.45)For the phase mismath we therefore get:
∆ ≈ −νD +

2|q|2
K̃p

+Me2 · q (1.46)This time the ones along whih the photons are emitted are not ollinearonentri anymore, but are tilted with respet to one another due to spatialwalko�.
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Figure 1.2: Far-�eld emission pattern for the downonverted photons in type-II SPDC. Thephotons are emitted alond two ones: the one for the extraordinary beam is tilted with respetto the ordinary one due to the spatial walko� in birefringent phase-mathing.1.2.3 Multiparameter entanglementThe optial state generated in parametri proesses is learly multiparametri,in the sense that the state parameters (polarization, frequeny and wavevetor)are orrelated one with respet to the others. In Fig. 1.3 one an see theorrelation between the emission diretions of the photons along the vertialaxis (parameter q) and shift ν from the entral frequeny Ω0.

Figure 1.3: Correlation between frequeny and emission angle in parametri downonversion.Correlations are stronger in type-II birefringent phase-mathing (right side) than they are intype-I (left side).Clearly, in type I downovertion frequeny and emission diretions are veryweakly orrelated, while for type-II downonversion, in the ase of birefringentphase-mathing the orrelations are muh stronger, due to the spatial walko�.



24 Chapter 1. Parametri downonversion and multiparameteroptial entanglementIn Fig. 1.4 one an see that if we restrit to a small area around the ollinearemission, the orrelation an be supposed to be almost linear.

Figure 1.4: Correlation between emission angle and frequeny for type-II birefringent phase-mathing: the orrelation funtion is almost linear.1.3 Quantum Interferometry using SPDC lightSpontaneous parametri downonversion has been used sine the seminal HOMexperiment to perform fourth-order interferene experiments. Normally, inthis kind of experiments, a single spatial mode (q = 0)is ideally seleted bymeans of small apertures, so that only the frequeny and polarization degrees offreedom are relevant. Under this approximation the state an be approximatedas:
|ψ > ≈

∫
dνΦ(ν)â†s(Ω0 + ν)â†i (Ω0 − ν)|0 > (1.47)If we onsider just degenerate emission, the emission spetra Φ(ν) for type-I and type-II phase mathing in a BBO rystal pumped with 351 nm light(cD = 0.07, c2D′ = 3.4 · 10−3µm) are shown in Fig. 1.5. We will review themost important on�gurations using type-I and type-II downonversion.
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Figure 1.5: Spetrum for degenerate type-I and type-II parametri downonvertion in thesingle spatial mode q = 0 for a 1-mm long BBO rystal. The spetrum for type-II is nar-rower sine the dominant term in the phase-mismath funtion is the linear one, due to thegroup veloity di�erene between the ordinary and extraordinary photons, while for type-IIthe dominant term is the quadrati one.1.3.1 HOM interferometerFor a 50:50 beamsplitter, assuming the re�eted beam su�ers a π/2 phase shift,the input and output modes are related aording to:
âA =

1√
2
(â1 + iâ2) âB =

1√
2
(iâ1 + â2) (1.48)When two monohromati single photons are injeted into the two input portsof a beamplitter the output state will be:

|1 >1 |1 >2−→
1

2
(â†A + iâ†B)(iâ†A + â†B)|0 >A |0 >B

=
i

2
(â†Aâ

†
A + â†B â

†
B)|0 >A |0 >B

(1.49)So, the photons will emerge either both from port A or both from port Band detetor plaed in the output beams will never register oinidene events.



26 Chapter 1. Parametri downonversion and multiparameteroptial entanglementThis e�et is due to the interferene between the probability amplitudes ofgoing though a ertain path. We an detet a oinidene event as a result oftwo possible events:
• both photons are transmitted (probability amplitude AT = 1√

2
· 1√

2
= 1

2)
• both photons are re�et, aquiring a π/2 phase shift (probability ampli-tude AR = i√

2
· i√

2
= −1

2)So the probability of having a oinidene is:
PCoinc = |AT +AR|2 = 0 (1.50)Without interferene �ltersIf the photons are not monohromati, as the ones produed in SPDC, therean be interferene only if they arrive to the beamsplitter within a time shorterthan their orrelation time. In a setup like the one on the left in Fig. (1.6),introduing a delay τ between the photons, we get zero oinidenes when thepaths are exatly equal, while we get oinidenes outside the oherene timeof the photon pair.Mathematially the �elds out of the rystal are:

EA,B(tA,B) =

∫
dωe−iωtA,B âA,B(ω) (1.51)After the beamsplitter, as set by Eq. (1.48), the �eld are:

E1(t1) =
1

2

{∫
dωe−iωt1eiωτ âA(ω) + i

∫
dωe−iωt1 âB(ω)

} (1.52)
E2(t2) =

1

2

{
i

∫
dωe−iωt2eiωτ âA(ω) +

∫
dωe−iωt2 âB(ω)

} (1.53)The expression for the oinidene ount rate is:
R(τ) =

∫
dt1dt2| < 0|E(−)

2 (t2)E
(−)
1 (t1)|ψ > |2

= R0 −
∫
dωΦ∗(ω)Φ(−ω)eiωτ

(1.54)with
R0 =

∫
dω|Φ(ω)|2 (1.55)This kind of setup was used by Hong, Ou and Mandel in 1987 to measure theorrelation time of the downonverted photons [12℄.
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Figure 1.6: On the left, the experimental apparatus used by Hong, Ou and Mandel to measurethe orrelation time TC of the downonverted photons. On the right their experimental data,showing a oherene time of about 100 fs. (From [12℄)1.3.2 Type-II interferometryType-II ollinear phase mathing an produe a state whih exhibits frequenyentanglement and polarization orrelation (one photon is H-polarized and theother V-polarized). If we put narrowband �lters and just onentrate on polar-ization properties, supposing to let the beam through a non-polarizing beam-splitter we get:
|o, e >1 |vac >2−→

1

2
(â†Ao + iâ†Bo)(iâ

†
Ae + â†Be)|vac >A |vac >B

=
i

2
(â†Aoâ

†
Ae + â†Aeâ

†
Bo + â†Aoâ

†
Be + â†Beâ

†
Bo)|vac >A |vac >B(1.56)Sine we are deteting oinidenes the terms with the two photons goingout through the same port do not ontribute. This way, from polarizationorrelation we have reated polarization entanglement:

|ψ >=
1√
2
(â†Aeâ

†
Bo + â†Aoâ

†
Be)|vac >A |vac >B (1.57)At this point we have no interferene between the photons beause they aredistinguishable, being in di�erent polarization modes. If we put two polarizer,one oriented at an angle θ1, the other at an angle θ2 before the detetors, weget:

|ψ > =
1√
2

sin(θ1 − θ2)
{

cos θ1â
†
1H + sin θ1â

†
1V

}

{
cos θ2â

†
2H + sin θ2â

†
2V

}
|0 >

(1.58)



28 Chapter 1. Parametri downonversion and multiparameteroptial entanglementSo that the probability of having a oinidene is:
P12(θ1, θ2) = sin2(θ1 − θ2) (1.59)If θ1 = θ2 the two possible paths that an give a oinidene event areindistinguishable, leading to quantum interferene and omplete anellationof the oinidene rate. The quantum interferene e�et an be seen in Fig.(1.7)

Figure 1.7: Polarization interferene in type-II parametri downonversion. Measurement ofoinidenes as a funtion of φ = θ1 − θ2, for �xed θ1 = 45 degrees and variable θ2 is plotted(from ??)Without interferene �ltersIf we onsider no spetral �ltering of the downonverted photons, we haveunurrent entanglement in frequeny and polarization. Therefore, polariza-tion interferene an happen only within the oherene time TC and, on theother hand, the visibility of spetral interferene depends on the orientation ofthe polarization analyzers.The biphoton probability amplitude is:
A(t1, t2) =< 0|E(−)

2 (t2)E
(−)
1 (t1)|ψ >

= sin2 cos θ1e
iΩ0(t1+t2)

∫
dνeiντΦ(ν)

[
sin θ2 cos θ1e

iν(t1−t2) − sin θ1 cos θ2e
−iν(t1−t2)

]
(1.60)
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V (τ ; θ1, θ2) = 1 − R(τ)

R0
(1.61)where:

R0 = (sin2 θ2 cos2 θ1 + sin2 θ1 cos2 θ2)

∫
dν|Φ(ν)|2 (1.62)and

R(τ) = sin θ1 cos θ2 cos θ1 cos θ2

∫
dνΦ∗(ν)Φ(−ν)e2iντ (1.63)
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 = 45 degFigure 1.8: Polarization interferene in type-II parametri downonversion without inter-ferene �lters. On the left, polarization interferene for di�erent time-dalays between thephotons. On the right, temporal interferene for di�erent analyzer settings.As shown in the simulations in Fig. 1.8 we have full-visibility in the polar-ization interferene only when we set the delay to τ = DL

2 , bringing bak thetwo photons to a separation shorter than their oherene time. On the otherhand, high visibibility in the temporal interferene an be obtained only restor-ing omplete polarization indistinguishability, that is setting the analyzers at45 degrees.1.3.3 Dispersion anellationDispersion anellation was predited by Franson in 1992 [14℄ and demon-strated experimentally shortly after by Steinberg and oworkers [15℄. Consider



30 Chapter 1. Parametri downonversion and multiparameteroptial entanglementa HOM interferometer and suppose to insert a slie of dispersive material, de-sribed by the transfer funtion T (ω) = t(ω)eiφ(ω) in one arm. Repeating thealulations in Setion 1.3.1 one �nds the following expression for the oini-dene ount rate:
C(τ) = C0 + 2Re

[∫ ∞

−∞
ζ∗(Ω)ζ(−Ω)ejΦ(ω0−Ω)e−jΦ(ω0+Ω)dΩ

] (1.64)with:
C0 = 2

∫ ∞

−∞
|ζ(Ω)|2dΩ (1.65)As we said, this on�guration exhibits even-order dispersion anelation; if weexpand Φ(Ω) in Taylor series:

Φ(ω0 + Ω) =

∞∑

n=0

φnΩn φn =
1

n!

dnΦ

dnω
(ω)|ω=ω0 (1.66)where of ourse φ1 is the group delay (GD) and φ2 is the group delay dispersion(GDD), then only the odd-order terms ontribute to the interferogram:

Γ(Ω) = Φ(ω0 + Ω) − Φ(ω0 − Ω) =

∞∑

n=0

γ2n+1Ω
2n+1, γ2n+1 = 2φ2n+1 (1.67)1.4 SPDC as a sure of polarization-entangled pho-tonsPartiularly important, espeially in quantum information ontext, is the pro-dution of photon pairs entangled in polarization. Di�erent approahes havebeen studied in order to reate bright soures: we will give a brief overview ofthe subjet.1.4.1 Two type-I rystalsA soure of polarization-entangled photons an be realized putting togethertwo thin nonlinear rystals ut for type-I phase mathing, with perpendiularopti axes. A pump beam polarized at 45 degrees will generate downonvertedphotons either in the �rst and seond rystals and the two proesses will beoherent as long as the emission spatial modes will be indistinguishable.
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Figure 1.9:1.4.2 Non-ollinear type-IIIn type-II nonollinear SPDC the photons are emitted in two spatially tiltedones, one for the H-polarized photon and the other for the V-polarized photon.Piking up the emission at the intersetion (T1 and T2) of the ones one doesnot know if he is olleting the H-polarized photon in T1 and the V-polarizedphoton in T2 or vieversa, obtaining the state:
|ψ >=

1√
2
[|H1 > |V2 > +eiφ|V1 > |H2 >] (1.68)1.4.3 Other approahesReently �ber soures of polarization entangled photons have been developed,based on proesses di�erent from SPDC, like the Kerr nonlinearity of the �beritself (whih is a χ(3) proess). When the pump wavelength is lose to thezero-dispersion wavelength of the �ber, phase-mathing is ahieved and theprobability of inhelasti four-photon sattering is enhaned. In this proess,two pump photons at frequeny ωP are onverted in two Stokes and anti-Stokes photons, predominantly o-polarized with the pump beam. Polarizationentanglement an be reated by oherently adding two suh proesses.Other reent experiments have employed photoni rystal �bers as nonlinearmaterial.





Chapter 2MultiparameterEntangled-State Engineeringusing Adaptive OptisAs desribed in Chapter 1, spontaneous parametri down-onversion is an op-tial proess in whih a pump photon, due to nonlinear interations in a χ(2)material, is split in two photons onurrently entangled in wave-vetor, fre-queny and polarization. The states generated by this proess have been usedin experiments on the foundations of quantum mehanis, as well as in appli-ations in di�erent areas like spetrosopy, imaging or quantum information.In most ase entanglement in just one degree of freedom is seleted: for exam-ple many experiments in the area of quantum information have been performedusing polarization entanglement, eliminating the other degrees of freedom bymeans of spetral and spatial �ltering. However, the most general theory ofoptial parametri down-onversion must aount for the onurrent entangle-ment in all the degrees of freedom sine the quantum-interferene pattern in asingle parameter an be modi�ed using the other parameters. For example, thepolarization interferene pattern has been studied as a funtion of the seletedrange of transverse wave vetors in literature [16℄.Here we use an adaptive optis system to assign a ontrolled phase toeah wave-vetor and we study the resulting polarization quantum-interferenepattern. This gives us a possible tehnique to generate quantum states forappliations in metrology and quantum information, as well as a tehniqueto study spatial entanglement with buket detetors (without resorting to theorrelations between pixels in an imaging setup). Partiularly, the existeneof an e�et similar to dispersion anellation in the spae of wave-vetors is

33



34 Chapter 2. Multiparameter Entangled-State Engineering usingAdaptive Optispredited. We will fous on type-II SPDC using birefringent phase-mathingsine the orrelations between wave-vetors and spetrum are stronger thanemploying other phase-mathing onditions (as disussed in Chapter 1).2.1 Theoretial modelling

Figure 2.1: Sheme of the proposed setup. Horizontally-polarized photons from type-IISPDC are assigned a phase dependent on the photon transverse momentum φo(qo), whilethe vertially-polarized ones are assigned a phase φe(qe). The modulated photons enter atype-II quantum interferometer, whih reords the oinidene ount rate as a funtion of thedelay τ between the photons given by an appropriate delay-line.Consider the sheme in Fig. 2.1: a laser beam pumps a χ(2) nonlinear ma-terial designed to obtain type-II parametri down-onversion. The generatedphotons enter a modulation system whih assigns to eah wave-vetor for thehorizontally polarized photon the phase φo(qo) and for the vertially-polarizedphoton the phase φe(qe). This system an be implemented by means of twoseparate 4f systems and reates an image of the output fae of the rystal onthe plane B, just with the wavevetors modulated. After this we plae theusula type-II quantum interferometer onsisting of a birefringent delay line,whih delays the horizontally-polarized photon with respet to the vertially-polarized one and a nonpolarizing beamsplitter, followed by two polarizersoriented at 45 degrees to reate the superposition of states needed to onvertthe polarization orrelations into polarization entanglement. Finally we plaetwo single-photon detetors with a oinidene iruit. For eah delay τ be-tween the horizontally-polarized photon and the vertially-polarized one wereord the oinidene rate C(τ).



2.1. Theoretial modelling 352.1.1 State GenerationAs we have seen in Setion 1.2, using �rst-order time-dependent perturbationtheory the two-photon state at the output of the nonlinear ystal is:
|ψ(2) >=

∫
dqodqedωodωeΦ̃(qo,qe, ωo, ωe)â

†
o(qo, ωo)â

†
e(qe, ωe)|0 > (2.1)where, in the ase of monohromati plane-wave pump at frequeny Ωp:

Φ̃(qo,qe, ωo, ωe) = Φ(qo, ωo)δ(ωe − Ωp + ωo)δ(qo + qe) (2.2)In the ase of a single bulk rystal of thikness L and onstant nonlinearity χothe two-photon wavefuntion an be written as:
|ψ(2) >∼ χoL

∫
dqdν sin [

L∆(q, ν)

2

]
ei

∆(q,ν)L
2 â†o(q, ν)â

†
e(−q,−ν)|0 >(2.3)2.1.2 PropagationThe propagation of the photons between the ouput fae of the rystal and thedetetion planes is desribed by the optial transfer funtion H. The probabilityamplitude of deteting a photon pair the detetion planes, with spae-timeoordinates (xA, tA) and (xB, tB):

A(xA,xB; tA, tB) =< 0|Ê(+)
A (xA, tA)Ê

(+)
B (xB , tB)|ψ(2) > (2.4)The quantized eletri �elds at the detetor planes are:

Ê
(+)
A (xA, tA) =

∫
dqdνeiωtA [HAe(xA,q;ω)âe(q, ω) +HAo(xA,q;ω)âo(q, ω)]

Ê
(+)
B (xB , tB) =

∫
dqdνeiωtB [HBe(xB,q;ω)âe(q, ω) +HBo(xB,q;ω)âo(q, ω)](2.5)where Hij(q, ω) is the transfer funtion desribing the propagation of themode with transverse momentum q and frequeny ω and polarization j = o, eto the detetion plane i = A,B. For the biphoton probability amplitude weget:

A(xA,xB; tA, tB) =

∫
dqodqedωodωeΦ(qo,qe;ωo, ωe)

[
HAe(xA,qe;ωe)HBo(xB,qo;ωo)e

−i(ωetA+ωotB)+

HAo(xA,qo;ωo)HBe(xB,qe;ωe)e
−i(ωotA+ωetB)

]
(2.6)



36 Chapter 2. Multiparameter Entangled-State Engineering usingAdaptive OptisThis probability amplitude represents the oherent superposition of twopossible events:1. the V-polarized photon with momentum qe and frequeny ωe goingthrough path A and the H-polarized photon with momentum qo andfrequeny ωo going through path B2. the V-polarized photon with momentum qe and frequeny ωe goingthrough path B and the H-polarized photon with momentum qo andfrequeny ωo going through path ASine the superposition is oherent, interferene e�ets between the two prob-abilities amplitudes are expeted.State engineering setion
Figure 2.2: Setup for the state generation setion. Eah transverse momentum qi on theoutput plane of the rystal Π1 is mapped by the �rst lens into a point xi on the plane Π2.Here a spatial modulator imparts to the mode a fator m(xi) = µ(xi)e

iφ(xi) and it is thenremapped into a diretion qi on the plane Π3.The state engineering setion onsists of two separate 4-f systems, one forthe horizontally polarized photon, the other for the vertially polarized one(see Fig. 2.2. Given a transverse momentum qi on the output plane of therystal Π1, generated in the parametri proess, it is mapped by the �rst lensinto a point xi on the plane Π2. Here a spatial modulator imparts to the modea fator m(xi) = µ(xi)e
iφ(xi) and it is then remapped into a diretion qi onthe plane Π3.Using Fourier optis alulations, the transfer funtion between the planes Π1and Π3 an be alulated to be:

h1(x1,x3) =

∫
dx m(x) e

−i k
f
x·(x1+x3) (2.7)The orresponding momentum transfer funtion is:

H1(q1,q3) = e−i f
k
q1δ(q1 − q3) (2.8)



2.1. Theoretial modelling 37Therefore this optial stage just gives a phase shift e−i f
k
q1 to eah transversemomentum q1 generated by the nonlinear proess.InterferometerAfter the plane Π3 the two photons enter the usual type-II quantum interfer-ometer: they propagate through free spae, the birefringent delay-line and adetetion aperture p(x) to be �nally foused on the detetion plane by means ofa lens of foal length f0. Following the derivation in [16℄ the transfer funtionis:

H2(xi,q;ω) = ei(ω/c)(d1+d2+f0)exp [
−iω|xi|2

2cf

(
d2

f
− 1

)]

e−i(cd1/2ω)|q|2P̃

(
ω

cf
xi − q

) (2.9)where P̃ (q) is the Fourier transform of p(x).2.1.3 DetetionQuantum-interferene experiments are usually performed using slow buket de-tetors, imparting temporal and spatial integration. Therefore the oinideneount-rate expressed in terms of the biphoton probability amplitude is:
C(τ) =

∫
dxAdxBdtAdtB|A(xA,xB; tA, tB)|2 (2.10)Using the expression for the phase mismath derived in Eq. (1.46) we get

C(τ) = R0 +R(τ), with:
R0 =

∫
dqdq′dνΦ∗(q, ν)Φ(q, ν)m∗

(
f

k
q

)
m

(
f

k
q′

)
W (0)(q,q′, ν) (2.11)

R(τ) =

∫
dqdq′dνΦ∗(q, ν)Φ(q, ν)m∗

(
f

k
q

)
m

(
f

k
q′

)
W (0)(q,q′, ν) (2.12)where

W (0)(q,q′, ν) =

∫
dxAdxBH

∗(xA,q, ν)H
∗(xB,−q,−ν)H(xA,q

′, ν)H(xB,−q′,−ν)+

H∗(xA,−q,−ν)H∗(xB,q, ν)H(xA,−q′,−ν)H(xB,q
′, ν)(2.13)
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W (q,q′, ν) =

∫
dxAdxBH

∗(xA,q, ν)H
∗(xB,−q,−ν)H(xA,−q′, ν)H(xB,q

′,−ν)+

H∗(xA,−q,−ν)H∗(xB,q, ν)H(xA,q
′,−ν)H(xB,−q′, ν)(2.14)and

Φ(q, ν) =

∫
dz Π

[
z

L
+

1

2

]
e−i∆(q,ν)z (2.15)Performing the integrals over the spatial oordinates:

W (0)(q,q′, ν) = e
i
2d1
kp

[|q|2−|q′|2]
P̂A[(q − q′)]P̂B [−(q − q′)]

+ P̂A[−(q − q′)]P̂B [(q − q′)]
(2.16)

W (q,q′, ν) = e
i
2d1
kp

[|q|2−|q′|2]
P̂A[(q + q′)]P̂B [−(q + q′)]+

P̂A[−(q + q′)]P̂B [(q + q′)]
(2.17)Finally, under the approximation L≪ d1 and using the relation:

Π[x]Π[x− α] = Π

[
z

Λ(α)
− α

2Λ(α)

] (2.18)where Λ(α) = 1 − |α| if |α| < 1 and Λ(α) = 0 otherwise, one an �nd thefollowing expressions:
C(τ) = R0 −R(τ) = R0[1 − V (τ)] (2.19)where:

R0 =

∫
dqdq′sin[MLê2 · (q − q′)]eiφ( f

k
q)e−i ML

2
ê2·(q−q′)

e
i
2d1
kp

[|q|2−|q′|2]
P̃A(q− q′)P̃B(−q + q′)

(2.20)and
R(τ) = Λ

(
1 − 2τ

DL

)∫
dqdq′sin [

MLê2 · (q + q′)Λ

(
1 − 2τ

DL

)]
eiφ( f

k
q)

e−i M
D

τ ê2·(q−q′)e
i
2d1
kp

[|q|2−|q′|2]
P̃A

[
q + q′] P̃A

[
−

(
q + q′)](2.21)where Λ(α) = 1 − |α| if |α| < 1 and Λ(α) = 0 otherwise.



2.2. Partiular solutions 392.2 Partiular solutionsThe equations we have just derived have no easy analytial solutions, andrequire also muh omputational power to be solved numeially due to thepresene of four nested integrals. However simple solutions an be found in afew interesting speial ases.2.2.1 No phase modulationIf we apply no phase modulation our equations redue to the ones derived in[16℄. Partiularly we �nd:
R0 = P̃A(0)P̃B(0) (2.22)and

R(τ) = Λ

(
1 − 2τ

DL

) sin [
M2Lkp

2d1D
τΛ

(
1 − 2τ

DL

)]

P̃A

[
Mkp

2d1D
τ ê2

]
P̃B

[
−Mkp

2d1D
τ ê2

] (2.23)If we onsider Gaussian apertures of radius RG enterd along the system'soptial axis:
p(x) = e

− |x|2

2R2
G (2.24)we an derive a simple mathematial expression for the normalized oinidenerate whih an be useful for our physial intuition:

V (τ) = 1 − Λ

(
1 − 2τ

DL

)
e
− τ2

2τ2
1 (2.25)with:

τ1 =
2d1D

kpMRG
(2.26)Tipially sharp irular apertures are used in experiments, whih have adi�ration pattern desribed by a �rst-order Bessel funtion. However theGaussian approximation is a good one if the width RG of the Gaussian istaken to roughly �t the Bessel funtion (of width RB): in our ase we take

RG = RB/(2
√

2).Therefore Eq. (2.25) is still approximately valid in the ase of sharp irularapertures, one just needs to take:
τ1 =

4
√

2d1D

kpMRB
(2.27)
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Figure 2.3: On the right side we an see the interferene patterns with three di�erent detetoraperture sizes: the orresponding aperture funtions are shown on the left side.Mathematially in Eq. (2.25) the interferee pattern is given by the multi-pliation of a triangular funtion, entered in τ = DL/2 by a Gaussian fun-tion entered in τ = 0. The width of the Gaussian funtion τ1 dereases withinreasing radius of the aperture RB . Therefore, in the small aperture approx-imation, the width of the Gaussian is so large that it is approximately onstantbetween τ = 0 and τ = DL/2, giving the typial tringular dip found in quan-tum interferene experiments. On the other hand, inreasing the aperture size,the width of the Gaussian funtion dereases, reduing the dip visibility (seeFig. 2.3 ).Physially this an be explained by the fat that inreasing the aperture sizewe let more wave-vetors into the system and, due to spatial walk-o� in type-IIinterferometry we introdue distinguishability, reduing the interferene visi-bility.2.2.2 Linear phase shiftIf we introdue a simple tilt of the mirror:
φ(x) = α · x (2.28)
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V (τ) =

1

P̃A(0)P̃A(0)
Λ

(
1 − 2τ

DL

)sin[MLkp

2d1

(
M

D
τ + 2fα · ê2

)]
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[
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2d1
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)] (2.29)
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Figure 2.4: Quantum interferene pattern for di�erent detetor aperture sizes, introduinga linear modulation of the deformable mirror, in order to restore the indistinguishabilitybetween the photons, dereased by the spatial walko� in the generation proess.If we ompare Eq. (2.29) with Eq. (2.25) we an see that the strutureis the same, we again have a trinagular funtion entered in τ = DL/2 andtwo aperture funtions. But this time the aperture funtions, instead of beingentered in τ = 0, an be shifted at will along the τ axis. So, if we open theapertures, the aperture funtions beame narrower, but if we shift them to theenter of the tringular dip we an still keep the visibility high.Physially what we do is to ompensate for the spatial walk-o� and to restoreindistinguishability between the photons.
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Figure 2.5: Quantum interferene patterns for di�erent linear modulations. Inreasing thelinear modulation the dip inreases, reahing the maximum when τ0 = DL/2, to dereaseafterwards. Note that the enter of the dip shifts within the range τ = [0, DL]2.2.3 Large aperture approximationIf the detetion apertures are large enough for the P̃i funtion to be suessfullyapproximated by a delta-funtion we get:
V (τ) = Λ

(
1 − 2τ

DL

) ∫
dq m∗(q)m(−q) e

i 2Mk
fD

τ ê2·q (2.30)Suppose that the spatial modulator is a irular aperture with radius r:
m(x) = 0 if |x| > r

m(x) = eiφ(x) if |x| < r
(2.31)In this ase the funtion φ(x) an be expanded on a set of polynomialswhih are orthogonal on the unit irle, like the Zernike polynomials:

φ(q) =
∑

n

φnm

∑

m

Rm
n (ρ) cos(mθ) m = −n,−n+ 2,−n+ 4, ..., n (2.32)where q = (ρ cos θ, ρ sin θ). To alulate φ(−q) we note that −q = [ρ cos(θ +

π), ρ sin(θ + π)], so:
φ(−q) =

∑

n

∑

m

Rm
n (ρ) cos[m(θ + π)] (2.33)



2.3. Numerial solutions 43If m is even then cos[m(θ+π)] = cos(mθ), otherwise if m is odd cos[m(θ+π)] =
− cos(mθ). Therefore:
φ(q) − φ(−q) =

∑

n

[ ∑

meven

φnmR
m
n (ρ) cos(mθ) +

∑

meven

φnmR
m
n (ρ) cos(mθ)

]

−
∑

n

[ ∑

meven

φnmR
m
n (ρ) cos(mθ) −

∑

meven

φnmR
m
n (ρ) cos(mθ)

]

= 2
∑

n

∑

modd

φnmR
m
n (ρ) cos(mθ) (2.34)So, only the Zernike polynomials with m odd ontribute to the shape ofthe interferene pattern. This e�et is the spatial ounterpart of the dispersionanellation e�et, in whih only the odd-order terms in the Taylor expansionof the spetral phase survive.2.3 Numerial solutionsWe propose the following as a fast and aurate way of solving Eq. (??) andEq. (??), valid in the ase where the funtion m(x) hanges smoothly over themirror surfae, as it is the ase in experimentally relevant situations.Following the proedure illustrated in Fig. (2.6) the mirror surfae an bedivided in small squares (side d). The square (l, m) is identi�ed by:

σl,m(x, y) = Π
[x
d

+ l
]
Π

[y
d

+m
] (2.35)seleting the area:

(
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)
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(
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1

2

)
d

(
m− 1

2

)
d < y <

(
m+

1

2

)
d (2.36)We approximate the value of the phase in eah square as the mean value ofthe real phase within the square:

φ(x, y) = φlm φlm =
1

d2

∫
dxdyφ(x, y)Π

[x
d

+ l
]
Π

[y
d

+m
] (2.37)that is:

eiφ(x,y) ≈
∑

l,m

eiφl,mΠ[x
d
+l]Π[ y

d
+m] (2.38)
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Figure 2.6: Mirror segmentation and labelling of the squaresIn this ase (see the next paragraph for the derivation):
∑

l,m

eiφl,mΠ[x
d
+l]Π[ y

d
+m] =

∑

l,m

eiφl,mΠ
[x
d

+ l
]
Π

[y
d

+m
] (2.39)Substituting this expression in Eq. 2.21, and olleting the integrations one�nds:

R(τ) ≈
∑

l,m

∑

λ,µ

e−iφlm−φλ,µαlλImµ(τ) (2.40)where:
αlλ =

∫
dqx

∫
d′qxΠ

[
f

kd
qx − l

] [
f

kd
q′x − λ

]

e
j

2d1
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(q2
x−q′x

2)P [qx+q′x]P [−(qx+q′x)]

(2.41)
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Figure 2.7: Plot of the non-zero Im,µ(τ ) funtions for a 9-by-9 mirror segmantation. Fora 10 mm olletion aperture (at 1 m distane from the rystal) the funtions Im,µ(τ ) arenon-zero only for µ = −m, originating even-order aberration anellation.and
Im, µ(τ) =

∫
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P [qy + q′y]P [−(qy + q′y)](2.42)Performing the integrations one gets:
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Figure 2.8: Comparison between the results obtained setioning the mirror into a di�erentnumber of squares (respetively 7-by-7, 19-by-19 and 31-by-31. Inreasing the number ofsquares the auray obviously inreases: already in the 31by31 ase the approximate inter-ferene pattern is indistinguishable from the real one.A similar expression an be found for the bakground oinidene rate:
R0 ≈

∑

l,m

∑

λ,µ

e−i(φlm−φλ,µ)R
(x)
lλ R

(y)
mµ (2.45)where:
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2.3. Numerial solutions 47In the limit of large detetor apertures P̃ (x) ≈ δ(x):
αlλ = δ(l + λ) (2.48)

Imµ = sin [
2kdM

fD
τ

]
e−i 2kdM

fD
mτδ(m + µ) (2.49)So:

RBIG(τ) ≈
∑

l,m

e−i(φlm−φ−l,−m)αl,−lIm,−m(τ) (2.50)We have a disrete formulation of the even-order spatial phase anellatione�et. The even-parity omponents of the phase funtion are suh that theirvalue on the square (l, m) is equal to their value on the square (-l, -m) so that
φlm−φ−l,−m = 0 and they do not ontribute to the oinidente pattern. Thisway our approximate solution tehnique is onsistent with the general theory.Derivation of Eq. (2.39)Suppose to have a set A, whih an be divided into a set of disjoint subsets
Ak, k = 1, 2, ...: ∑

k

Ak = A Ak ∩Al = δklAk (2.51)To eah set we an assoiate a funtion: suh that:
∑

k

χk(x) = χA χk(x)χl(x) = δklχk(x) (2.52)So, if we want to alulate:
ei

P

k φkχk(x) =
∏

k

eiφkχk(x)

=
∏

k

[
1 · (1 − χk(x)) + eiφk · χk(x)

]

=
∏

k

[
1 + (eiφk − 1)χk

]
(2.53)If we express the �rst few terms we get:

∏

k

[
1 + (eiφk − 1)χk

]
=

[
1 + (eiφ1 − 1)χ1

] [
1 + (eiφ2 − 1)χ2

] [
1 + (eiφ3 − 1)χ3

]
...

= 1 + (eiφ1 − 1)χ1 + (eiφ2 − 1)χ2 + ...

+ (eiφ1 − 1)(eiφ2 − 1)χ1χ2 + (eiφ1 − 1)(eiφ3 − 1)χ1χ3 + ....

+ (eiφ1 − 1)(eiφ1 − 1)(eiφ1 − 1)χ1χ2χ3

+ (eiφ1 − 1)(eiφ2 − 1)(eiφ4 − 1)χ1χ2χ4 + ...(2.54)
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ei

P

k φkχk(x) = 1 +
∑

k

[(
eiφk − 1

)
χk

]

= 1 +
∑

k

eiφkχk −
∑

k

χk

=
∑

k

eiφkχk

(2.55)
Sine the squares sets we used to for our porpouses satisfy Eq. (B1) then theresult expressed in Eq. (B5) is valid for our ase.2.4 Experiments

Figure 2.9: Experimental on�guration. The photons generated by type-II downonversionenter two separate 4-f systems, one omprising a deformable mirror, getting a relative phasedependent on the emission wave-vetor. The photons are then reombined and enter a type-IIquantum interferometer. Coinidene events are deteted as a funtion of the temporal delaybetween the photons.The experimental on�guration adopted is shown in Fig. 2.9. A blue laserdiode with single longitudinal-mode seletion (10 mW power) is used to pumpa 1.5 mm long BBO rystal ut for type-II phase mathing. A polarizing beam-splitter transmits the horizontally-polarized photon and re�ets the vertially-polarized one. From the output surfae of the rystal the V-polarized photontravels a distane f = 20 m to the lens (foal length f), then again a distanef to the deformable mirror, passing through a quarter wave plate oriented at45 degrees. After re�etion it travels the way bak, but, passing twie throughthe QWP, it beomes horizontally polarized, being then transmitted by the
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Figure 2.10: Piture of the whole experimental on�guration.beamsplitter. A similar path is desribed by the originally horizontally polar-ized photon, it only goes to a �at mirror instead of going to the deformableone. This way we reated two separate 4-f systems for the photons, one ofwhih omprises a spatial modulation e�et.After exiting the modulation stage the two photons pass through a birefrin-gent delay-line and then through a non polarizing beamsplitter, from whih thedownonverted beam is split into two di�erent paths. In eah path we plaeda polarizer oriented at 45 degrees and a olletion lens, whih foused thelight into the detetors. To maximize the amount of olleted wavevetors wehosed not to use the usual �ber-oupled detetors, but to use open fae ones.No spetral �lters were used and the oinidene detetion was performed usinga 3 ns integration window.2.4.1 The deformable mirrorThe mirror, ompletely developed in the CNR-INFM LUXOR laboratory, is athin nitroellulose membrane aluminium oated deformable by 37 eletrodesas depited in Fig. 2.12. It is deformed by eletrostati fore reated applyinga high voltage drop between the eletrodes.The membrane is 5µm thik, its initial �atness is less than 60 nm rms.Pulling all the eletrodes at the maximum voltages of 230V, the distane fromthe entral point of the de�eted surfae to the plano is about 10µm as depitedin the interferogram. This deformation is a paraboloid that orresponds to afoal length of about 2m. Fig. 2.13 shows the interferograms, taken by a
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Figure 2.11: Piture of the modulation partZygo interferometer, of the �at surfae and of the mirror pulled by the half ofmaximum voltage (115V).The mirror is ontrolled by a MATLAB program, whih solves the Poissonequation and selets the relative values for the atuator tension (a 8 bit digitalvalue). This digital value is onverted to an analog voltage level, suessivelyampli�ed by a set of high voltage DC ampli�ers to drive the atuators.2.4.2 The birefringent delay-lineIn a type-II quantum interferometry experiment one should give a delay be-tween the H-polarized photon and the V-polarized photon. The most stableway of doing this is to use a pair of sliding wedges of a birefringent material,for example quartz.The setup is illustrated in Fig. 2.14: a quartz wedge is kept �xed and the otherone is mounted on a sliding stage. A slab of birefringent material, mountedon a rotating stage is used to selet the zero-path position. The sliding stageis ontrolled by a Nanomover motorized atuator (by Melles Griot), ontrolledby the omputer via GPIB.Alignment of the quartz wedges was made looking at the interferene of aHeNe laser beam by the surfaes of the wedges: if the surfaes were exatly
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Figure 2.12: Adaptive mirror sheme.plabe the fringes would disappear. One should also hek that sliding themoving wedge the interferene pattern would not hange.2.4.3 Single photon detetorsOur experimental on�guration, in whih a large angular aeptane was needed,urged us to use open-fae detetors. The hoie was between photomultipliers,whih ould provide sensitive areas as large as a few mm, but with very lowquantum e�ieny at 820 nm (few perents) and open-fae avalane photo-diodes (with smaller sensitive area, but muh higher quantum e�ieny, upto 60%). Due to the low pump power at our disposal, a very low number ofoinidenes per seond ould be deteted with photomultipliers (few tens withopen apertures) making it impossible to perform the experiment. So silionAPD were hosen.Partiularly we used SPCM-AQ model from EGG, whih has nearly 50%quantum e�ieny at 820 nm and a sensitive area of around 180µm. Suhdevies are atively quenhed, and an get to ounting speeds up to 10 millionsounts per seond. The dead time between pulses is 30 ns and single photonarrival an be measured with an auray of 300 ps FWHM. Eah modulehas its own integrated high-voltage supply and output pulse shaping iruitry,providing with output TTL pulses.
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Figure 2.13: Interferograms of the mirror: a) �at position; b) pulled eah eletrodes by halfdriving voltage (115V).

Figure 2.14: Sheme for the birefringent delay line.2.4.4 The oinidene detetion iruitOne a photon is deteted, eah detetor gives in output a TTL pulse, whihis split in two ables: one goes to the single event ounter, the other to theTime-to-Amplitude Converter (TAC), see Fig. 2.18. This devie takes in in-put a Start signal (from the detetor onneted with the shorter able) and aStop signal (from the detetor with a longer able). Every time it gets a Startfollowed by a stop, it gives in output a pulse whose heigth is proportional tothe temporal di�erene between the Start and the Stop.Now, as a �rst step one an feed this signal to a MultiChannel Analyzer(MCA), whih takes a set of pulses and makes a histogram of the heights. Thisway one an see the distribution of the time di�erenes between the liks of
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Figure 2.15: Piture of the birefringent delay line.
Figure 2.16: EG&G silion avalanhe photodiode SPCM-AQ.the two detetors. The presene of a lear peak at the pulse height orrespond-ing to time τ0 indiates that there are many events with a given time di�erene

τ0, as it is the ase of the detetion of photon pairs generated at the same time,but then eletrially delayed by means of di�erent able length. We found alear peak in the MCA san, whose width was about 1 ns.Then the output of the TAC an be fed into the Single Channel Analyzers(SCA), whih gives a lik only in the presene of pulses whose height is inseleted range around a ertain value. Of ourse, if one sets the height or-responding to τ0 as the entral value and sets the window to ontain all theevents in the peak, one selets only the oinidene events. The output of theSCA is onneted to a ounter, whose ount rate is aquired by a omputer bymeans of a GPIB onnetion. All eletronis was plaed in a standard NIM



54 Chapter 2. Multiparameter Entangled-State Engineering usingAdaptive Optis

Figure 2.17: Quantum e�ieny of our APDs vs wavelength. At 820 nm we ould get nearly0.5 quantum e�ienyrate: spei�ally an ORTEC 567 TCA/SCA, together with an Orte 994 CC-NIM Quad 100-MHz Counter and a Canberra MultiChannel Analyzer wereemployed.2.4.5 Experiment ontrolThe eletronis was set up to make the experiment run automatially. Thesoftware to ontrol the deformable mirror and perform the interferometer sanwas written in MATLAB. Partiularly all the devies in the interferometerwere ontrolled via GPIB, using a National Instrument USB-GPIB devie. Ineah step the sliding wedge position was set and the number of single andoinidene ounts was aquired. The ounting integration time for eah sanould be set via software by the experimenter.2.5 Experimental resultsExperimental results for linear spatial phase, obtained with a mirror tilt areshown in Fig. 2.19 and Fig. 2.20. Experiments were onduted with 15 mmapertures, 50 m distant from the rystal image plane, giving a olletion angleof approximately 30 mrad.In Fig. 2.19 one an see the evolution of the interferene pattern with di�erentvalue of mirror tilt. As predited in Setion 2.2.2, the dip is shifted and its



2.6. Conlusions 55

Figure 2.18: Coinidene detetion apparatus (TAC = Time-to-Amplitude Converter, MCA= MultiChannel Analyzer, SCA = Single Channel Analyzer).visibility hanges, getting the maximum value when the spatial walk-o� isompletely ompensated for.2.6 ConlusionsIn this Chapter we studied multiparameter entanged states produed by spon-taneous parametri downonversion, proposing a tehnique to manipulate theemission wavevetors of the photons and studying the e�ets on the temporaland polarization interferene pattern. The major results we obtained were:
• the development of a model for the phaenomenon, together with a nu-merial solution tehnique
• in type-II quantum interferometry, inresing the olletion angular a-eptane (to inrease intensity and bandwidth) the interferene patternvisibility dereases due to spatial walk-o�. We demonstrated the possi-bility to restore high visibility even with large detetion apertures.
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• we suggested the existene of a spatial ounterpart of spetral dispersionanellation and studied it with numerial simulations.All the work presented in this Chapter, omprising experiment design, the-oretial analysis, numerial modelling and experimental development were per-formed by the PhD andidate during his visit to Quantum Imaging Laboratory(Boston University).
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Figure 2.19: Experimental result for d�erent tilting angle of te mirror. The experimentalresults learly reprodue the simulated data shown in Fig. 2.4, with the interferene patern�rst inreasing and then dereasing its visibility.
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Figure 2.20: Comparison between the data shown in Fig. 2.19, showing a lear imprvementin dip visibility using a tilt of the deformable mirror



Chapter 3Two-photon spetral oherenematrixThe detailed haraterization of quantum optial states is important both infundamental studies of quantum mehanis and in pratial quantum infor-mation and quantum measurement appliations. The polarization state to-mography tehnique, leading to polarization density matrix reonstrution,has been developed by Kwiat and o-workers in order to provide quantitativeharaterization of polarization entanglement reated in the SPDC [17℄. Theonventional Stokes parameters formalism of polarization optis has also beenextended to over the domain of two-photon polarization entangled states [18℄.In the �eld of ellipsometry, the reonstrution of the polarization state of light,after re�etion from a material, an provide an information about the surfaegeometry and the hemial omposition of the system under investigation. Aquantum analog of ellipsometry that makes use of polarization-entangled stateshas been developed reently [19, 20℄ that provides higher measurement au-ray in the low-power regime [21℄. In quantum ellipsometry the retrieval of thetwo-photon polarization density matrix by using polarization state tomogra-phy an provide more aurate haraterization of the sample properties evenwhen the soure emits polarization entangled light in a mixed state [22℄.However, monohromati (single-frequeny) ellipsometry annot provideenough information to ompletely haraterize the sample in many hallengingappliations. This beomes partiularly lear when dealing with omplex sur-fae geometries, or with layers of materials that have similar refrative indiesat the partiular probing wavelength. To address this problem, a tehniqueknown as spetrosopi ellipsometry has been developed based on polarizationproperties of spetrally broadband light. Classial spetrosopi ellipsometry

59



60 Chapter 3. Two-photon spetral oherene matrixis urrently used in several areas of nanotehnologial metrology.Traditionally, the polarization state of broadband light has been desribedin terms of the spetral oherene matrix and spetral Stokes parameters[23, 24℄. In this Letter we introdue the two-photon spetral oherene ma-trix and the spetral two-photon Stokes parameters along with proedures forevaluating their omponents in experiment. These tools will be ruial forharaterizing multi-parameter entanglement and for developing a quantumversion of spetrosopi ellipsometry that is built around spetral and polar-ization entanglement.In this Chapter we �rst brie�y review the onepts of spetral oherenematrix and spetral Stokes parameters in lassial optis. We then introduea two-photon spetral oherene matrix and spetral two-photon Stokes pa-rameters for entangled-photon states. In onlusion we outline experimentalproedures for evaluation of matrix elements and disuss several speial ases.3.1 Classial Coherene MatrixClassial partially polarized light an be desribed by the oherene matrix[25℄:
J(τ) =

[
< E∗

x(t)Ex(t+ τ) > < E∗
x(t)Ey(t+ τ) >

< E∗
y(t)Ex(t+ τ) > < E∗

y(t)Ey(t+ τ) >

] (3.1)or by the spetral oherene matrix [26, 27, 28℄:
R(ω) =

[
Rxx(ω) Rxy(ω)
Ryx(ω) Ryy(ω)

] (3.2)where:
Rij(ω) =

∫ +∞

−∞
Jij(τ)e

jωτdτ (3.3)Sine the spetral oherene matrix is Hermitian we an express it in terms ofPauli matries σi:
σ0 =

[
1 0
0 1

]
σ1 =

[
1 0
0 −1

]
σ2 =

[
0 1
1 0

]
σ3 =

[
0 i
−i 0

](3.4)so that:
R(ω) =

1

2

3∑

i=0

Si(ω)σi (3.5)



3.2. Two-photon Case 61where the Sj(ω) are alled the spetral Stokes parameters:
Sj(ω) = Tr[σjR(ω)] (3.6)The spetral oherene matrix an be written as:

R(ω) =
1

2

[
S0(ω) + S1(ω) S2(ω) + iS3(ω)
S2(ω) − iS3(ω) S0(ω) − S1(ω)

] (3.7)The trae of the spetral oherene matrix equals the spetral intensity:Tr[R(ω)] = Rxx(ω) +Ryy(ω) = S0(ω) = I(ω) (3.8)If we onsider, for example, light desribed by the Jones vetor:
[
EH(t)
EV (t)

] (3.9)where:
Ei(t) =

∫ +∞

−∞
ǫi(ω)e−jωtdω (3.10)The elements of the spetral ohereny matrix are:

Rij(ω) =
∫ +∞
−∞ < Ei(t)E

∗
j (t+ τ) > ejωτdω

= ǫi(ω)ǫ∗j (ω)and it an be presented as:
R(ω) =

[
|ǫH(ω)|2 ǫ∗H(ω)ǫV (ω)

ǫH(ω)ǫ∗V (ω) |ǫV (ω)|2
] (3.11)Stokes parameters annot be generally de�ned for the oherene matrix sineit is Hermitian only for τ = 0:

J†(τ) = J(−τ) (3.12)3.2 Two-photon CaseConsider the setup in Fig. 3.1. The two separate spatial modes are pro-jeted by two idential tomography devies and oinidene events betweenthe two arms are deteted. Eah tomography devie onsists of a polarizationtomography part followed by a Mihelson interferometer in ollinear on�gu-ration. It is preferable to use an interferometri on�guration for evaluation of
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Figure 3.1: Shemati of experimental apparatus to measure the two-photon spetral oher-ene matrix (HWP = half-wave plate, QWP = quarter-wave plate, POL = polarizer). Ineah of the two separate photon paths there is a tomography devie omprising a polarizationtomography part and a ollinear Mihelson interferometer. Sanning 16 independent polar-izatin settings and the two delay-lines one an retrieve the two-photon spetral oherenematrix elements.



3.2. Two-photon Case 63spetral properties with respet to one based on a monohromator. In Fourier-transform interferometry spetral resolution an be made arbitrarily high byinreasing the measurement interval, and, due to multiplex advantage [29℄, ahigher signal-to-noise ratio is attainable in the ase of the additive noise, thatis ommon in single-photon measurements [30℄.The polarization tomography devie [17℄ onverts the information regardingthe polarization state into the amplitude of a linear polarized state. It onsistsof a quarter wave plate (at angle q with respet to the vertial diretion), ahalf-wave plate (at angle h) and a vertial linear polarizer, desribed by theJones matrix:
T (h, q) = TPOL(θ = 0)Tλ/2(h)Tλ/4(q)

=
1

2
√

2

[
0 0
0 1

] [
cos 2h sin 2h
sin 2h − cos 2h

] [
i− cos 2q sin 2q

sin 2q i+ cos 2q

]

=

[
0 0

ζ1(h, q) ζ2(h, q)

]In the ollinear Mihelson interferometer the input vertially polarized lightis �rst rotated by 45 degrees thus providing equal horizontal and vertial pro-jetions. Then delay τ between the horizontally-polarized omponent and thevertially-polarized one is introdued through a birefringent delay-line, om-prising two sliding quartz wedges. Finally, both polarization omponents arereombined again by means of a half-wave plate and a polarizer.The quantized �elds at the detetors are:
E(+)

n (tn) =

1∑

γ=0

ζn,γ

∫
dω(1 + ejωτn)ân,γ(ω)e−jωtn (3.13)with:

ζn,0(hn, qn) =
1√
2
{sin(2hn) − i sin [2(hn − qn)]} (3.14)and:

ζn,1(hn, qn) = − 1√
2
{cos(2hn) + i cos [2(hn − qn)]} (3.15)



64 Chapter 3. Two-photon spetral oherene matrix3.2.1 InterferogramsFor a two-photon system onsidering the frequeny and polarization degreesof freedom, the density matrix an be written as:
ρ =

1∑

i,j,k,l=0

∫
dΩ

∫
dΩ′

∫
dΩ′′

∫
dΩ′′′ρ(2i+j),(2k+l)(Ω,Ω

′,Ω′′,Ω′′′)

|(Ω, i)1; (Ω′, j)2 >< (Ω′′, k)1; (Ω
′′′, l)2|

(3.16)The oinidene ount rate, integrating over time due to the slow detetors,an be alulated:
G(τA, τB) =

∫
dt1

∫
dt2 Tr [

ρE
(−)
1 (t1)E

(−)
2 (t2)E

(+)
2 (t2)E

(+)
1 (t1)

]

=
1∑

λ,µ,γ,δ=0

∫
dω

∫
dω′(1 + cosωτA)(1 + cosω′τB)

ζγζδζ
∗
λζ

∗
µ ρ(2γ+δ),(2λ+µ)(ω, ω

′;ω, ω′)

(3.17)Replaing the four one-photon polarization indies (γ, δ, λ, µ = H, V) withtwo two-photon polarization indies:
k = 2γ + δ l = 2λ+ µ k, l = 0..3 (HH, HV, VH, VV) (3.18)and:

Bk = ζγζδ Bl = ζλζµ (3.19)So, going bak to the oinidene ount rate:
G(τA, τB) =

3∑

k,l=0

BkB
∗
l Gk,l(τA, τB) (3.20)where:

Gk,l(τA, τB) =

∫
dω

∫
dω′ρk,l(ω, ω

′) [1 + cos(ωτA)] [1 + cos(ωτB)] (3.21)The interferograms depend on:
R

(2)
ij (Ω,Ω′) = ρij(Ω,Ω

′,Ω′′,Ω′′′)|Ω′′=Ω,Ω′′′=Ω′ (3.22)whih we de�ne as the elements of the two-photon spetral oherene matrix.



3.2. Two-photon Case 65Sine there are 16 unknown funtions R(2)
ij , 16 di�erent polarization mea-surements (desribed by the index ν = 1...16) are needed, with 16 independentvalues for (h1, q1;h2, q2). Let's indiate the measured interferograms with:

G(ν)(τA, τB) =
3∑

k,l=0

B
(ν)∗
l B

(ν)
k Gkl(τA, τB) (3.23)3.2.2 Two-photon Spetral Coherene MatrixLet us now introdue the 2D Fourier Transform of the interferograms. Thealulations are idential to the ones performed for the single photon ase:

G(ν)(Ω,Ω′) =

∫ ∫
G(ν)(τA, τB)e−jΩτAe−jΩ′τBdτAdτB

= 2

3∑

k,l=0

B
(ν)∗
l B

(ν)
k

∫
dτA

∫
dτB

∫
dω

∫
dω′ρkl(ω, ω

′;ω, ω′)

(1 + cosωτA)(1 + cosω′τB)e−jΩτAe−jΩ′τB (3.24)This time the physially signi�ant funtion (Ω ≥ 0, Ω′ ≥ 0) will be re-peated in reversed form in the other three quadrants of the (Ω,Ω′) plane.Swithing from positive variables to variables de�ned on the whole real range,and seleting Ω > 0,Ω′ > 0 we obtain:
G(ν)(Ω,Ω′) =

3∑

k,l=0

B
(ν)∗
l B

(ν)
k R

(2)
kl (Ω,Ω′) (3.25)Introduing the new index: µ = 4k + l, µ = 0...15 we an then build the4-by-4 matrix:

Γνµ = B
(ν)∗
l B

(ν)
k (3.26)we have:

G(ν)(Ω,Ω′) =
15∑

µ=0

Γν,µR̃
(2)
µ (Ω,Ω′) (3.27)In matrix form:

G(Ω,Ω′) = ΓR̃(2)(Ω,Ω′) (3.28)If the tomography apparatus settings have been hosen so that det Γ 6= 0:
R̃(2)(Ω,Ω′) = Γ−1G(Ω,Ω′) (3.29)



66 Chapter 3. Two-photon spetral oherene matrixThe spetral oherene matrix an be obtained with a simple rearrangementof the elements of the vetor R̃(2)(Ω,Ω′):
R̃

(2)
kl = R(2)

4k+l (3.30)3.2.3 Two-photon Spetral Stokes ParametersAs in the ase of monohromati twin-photon states, we an now formallyexpress R(2)(ω, ω′) in terms of the two-photon Pauli matries σij = σi
⊗
σj,so that:

R(2)(ω, ω′) =
1

4

3∑

i,j=0

Sij(ω, ω
′)σij(ω) (3.31)The Sij(ω.ω

′) are the spetral two-photon Stokes parameters, generalizationof the two-photon Stokes parameters de�ned by Abouraddy et al. [18℄:
Sij(ω, ω

′) = Tr[R(2)(ω, ω′)σij ] (3.32)3.3 Examples3.3.1 Pure state with general frequeny orrelationConsider the state:
|ψ >=

∫
dω

∫
dω′Φ(ω, ω′)

[
â†1H(ω)â†2V (ω′) + â†1V (ω′)â†2H(ω)

]
|0 > (3.33)where the funtion Φ(ω, ω′) also ontains information about the orrelationsbetween the frequenies of the two photons. An example ould be Gaussianantiorrelation, like:

Φ(ω, ω′) = e−(ω+ω′−Ωp)2/σ2
sinc(∆ω) (3.34)The two-photon wavefuntion is given by:

A(t1, t2) =< 0|Ê(+)
2 (t2)Ê

(+)
1 (t1)|ψ >

=
1

4

∫
dω

∫
dω′(1 + ejωτA)(1 + ejωτB )e−jωt1e−jω′t2

{
ζ1Hζ2V Φ(ω, ω′) + ζ1V ζ2V Φ(ω′, ω)

}
(3.35)whih gives the following bidimensional interferogram:
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G(τA, τB) =

∫
dt1

∫
dt2 |A(t1, t2)|2

=
1

4

∫
dω

∫
dω′ (1 + cosωτA)(1 + cosωτB)

{|ζ1H |2|ζ2V |2|Φ(ω, ω′)|2 + |ζ1V |2|ζ2V |2|Φ(ω′, ω)|2+
ζ∗1Hζ

∗
2V ζ1V ζ2HΦ∗(ω, ω′)Φ(ω′, ω) + ζ∗1V ζ

∗
2Hζ1Hζ2V Φ∗(ω′, ω)Φ(ω, ω′)}(3.36)From this we an extrat the matrix:

R(2)(ω, ω′) =




0 0 0 0
0 |Φ(ω, ω′)|2 Φ∗(ω, ω′)Φ(ω′, ω) 0
0 Φ∗(ω′, ω)Φ(ω′, ω) |Φ(ω, ω′)|2 0
0 0 0 0


 (3.37)3.3.2 Frequeny-antiorrelated statesStates produed by spontaneous parametri downonversion exhibit frequenyantiorrelation as a onsequene of energy onservation in the nonlinear proesswhih leads to pair emission. In this spei� ase, one photon is at frequeny

ω and the other at frequeny ωp −ω. The general density matrix is, therefore:
ρ =

1∑

i,j,k,l=0

∫
dΩ

∫
dΩ′ρ(2i+j),(2k+l)(Ω,Ωp − Ω,Ω′,Ωp − Ω′)

|(Ω, i)1; (Ωp − Ω, j)2 >< (Ω′, k)1; (Ωp − Ω′, l)2|
(3.38)Due to presene of orrelations between the two photons, only one interferom-eter is needed, so that we have the interferogram:

G(τA, 0) = 4
1∑

λ,µ,γ,δ=0

∫
dω(1 + cosωτA)ζγζδζ

∗
λζ

∗
µ ρ(2γ+δ),(2λ+µ)(ω,Ωp − ω′;ω,Ωp − ω)(3.39)As in the general ase, we need 16 independent experimental interferograms:

G(ν)(τA) = 2

3∑

k,l=0

B
(ν)∗
l B

(ν)
k {Gkl + ρkl(τa)} (3.40)



68 Chapter 3. Two-photon spetral oherene matrixwith:
ρk,l(τA) =

∫
dωρk,l(ω,Ωp − ω) cos(ωτA) (3.41)By using a one-dimensional Fourier transform and performing the same kindof matrix alulations we did for the general ase we an reover the matrixwe need.For example, if we onsider a polarization-entangled frequeny-antiorrelated

|ψ(+) > Bell state:
|ψ >=

∫ +∞

−∞
Φ(ω)

{
â†1H(Ω0 + ω)â†2V (Ω0 − ω) + â†1V (Ω0 − ω)â†2H(Ω0 + ω)

}
|0 >(3.42)whih an also be rewritten as:

|ψ >=

∫ +∞

−∞

{
Φ(ω)â†1H(Ω0 + ω)â†2V (Ω0 − ω) + Φ(−ω)â†1V (Ω0 + ω)â†2H(Ω0 − ω)

}
|0 >(3.43)the two-photon spetral oherene matrix is:

R(2)(ω) = |ψ(ω) >< ψ(ω′)||ω=ω‘

=




0 0 0 0
0 |Φ(ω)|2 Φ(ω)Φ∗(−ω) 0
0 Φ∗(ω)Φ(ω) |Φ(−ω)|2 0
0 0 0 0




(3.44)Note that this state exhibit dispersion anellation, as it appears in the ex-pression Φ∗(ω)Φ(−ω).3.4 DisussionWe introdued a general approah for detailed haraterization of the broad-band polarization-entangled quantum optial state based on the spetral o-herene matrix tehnique. Several results for single-parameter entangled statesdesribed in the literature an be obtained from our general onsideration asspeial ases.For example, our protool produes the polarization quantum tomographyapproah introdued by Kwiat and oworkers [17℄ when a monohromati two-photon state at frequeny Ω0 is onsidered:
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ρ(2i+j),(2k+l)(Ω,Ω

′,Ω′′,Ω′′′) = ρ̃(2i+j),(2k+l)δ(Ω−Ω0)δ(Ω
′−Ω0)δ(Ω

′′−Ω0)δ(Ω
′′′−Ω0)(3.45)when the relation between the measured interferograms and the spetraloherene matrix is:

G(ν)(Ω,Ω′) =
15∑

µ=0

Γν,µρ̃µδ(Ω − Ω0)δ(Ω
′ − Ω0) (3.46)The delta-funtion frequeny dependene an be fatorized and dropped,thus produing a matrix equation based only on polarization.In ase of a single photon, on the other hand, our approah produes knownlassial spetral oherene matrix. In partiular, the density matrix of abroadband single-photon wavepaket, an be expressed as:

ρ =

1∑

k,l=0

∫
dΩ

∫
dΩ′ρkl(Ω,Ω

′)|Ω, k >< Ω′, l| (3.47)Having just one input spatial mode in suh a ase, we will need only onetomography devie and one detetor. The ounting rate after integration overtime, to aount for slow detetors, is therefore:
G(τ) =

∫
dt Tr [

ρE(−)(t)E(+)(t)
]

= 2

1∑

k,l=0

ζ∗l ζk{Gkl + ρkl(τ)}
(3.48)where:

Gkl =

∫
dωρkl(ω, ω) (3.49)and:

ρkl(τ) =

∫
dωρkl(ω, ω) cos ωτ (3.50)The interferograms depend on the elements:

R
(1)
ij (Ω) = ρij(Ω,Ω

′)|Ω′=Ω (3.51)whih are the elements of the quantum spetral oherene matrix for thesingle photon ase. By reduing the dimensionality of the proess we de�ned



70 Chapter 3. Two-photon spetral oherene matrixfor the two-photon ase we an retrieve the matrix elements R(1)
ij (Ω) from theinterferograms.For example, onsidering a soure emitting the single-photon wavepaket:

|ψ >=

∫
dω

[
ǫH(ω)â†H(ω) + ǫV (ω)â†V (ω)

]
|0 > (3.52)we an retrieve the following matrix:

R(1)(ω) = ρ(ω, ω) =

[
|ǫH(ω)|2 ǫ∗H(ω)ǫV (ω)

ǫH(ω)ǫ∗V (ω) |ǫV (ω)|2
] (3.53)whih orresponds to the lassial ase (Eq. 13).In lassial optis, the polarization properties of an optial devie an bedesribed by means of a 2-by-2 omplex Jones matrix L(ν). The input andoutput spetral density matries R0(ν) and R(ν) are related by the transfor-mation:

R(ν) = L†(ν)R0(ν)L(ν) (3.54)In the same way a similar 4-by-4 omplex matrix T (ν) an be de�ned for thetwo-photon polarization-entangled ase:
R(2)(ν) = T †(ν)R(2)

0 (ν)T (ν) (3.55)and an be used to haraterize devies or materials that at on the two en-tangled photon wavepakets.However, the more general and informative way to haraterize the polar-ization properties of the material is the Mueller matrix. This is a real 4-by-4matrix whih, for lassial light, relates four Stokes parameters of the inputbeam to the four Stokes parameters of the output beam:



S0(ν)
S1(ν)
S2(ν)
S3(ν)


 =




M11 M12 M13 M14

M21 M22 M23 M24

M31 M32 M33 M34

M41 M42 M43 M44







S
(0)
0 (ν)

S
(0)
1 (ν)

S
(0)
2 (ν)

S
(0)
3 (ν)


 (3.56)In the quantum two-photon ase the 16 spetral Stokes parameters for theoutput light will be related to the Stokes parameters of the two-photon inputlight by means of a 16-by-16 Mueller matrix:
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S0(ν)
S1(ν)
...

S15(ν)


 =




M0,0 M0,1 ... M0,15

M1,0 M1,1 ... M1,15

... ... ... ...
M15,0 M15,1 ... M15,15







S
(0)
0 (ν)

S
(0)
1 (ν)
...

S
(0)
15 (ν)


 (3.57)3.5 ConlusionsWe have shown that all the quantities normally used to haraterize the po-larimetri properties of materials and devies in ellipsometry will have a oun-terpart for two-photon light. One major di�erene is a signi�ant inrease indimensionality in the quantum ase. This inrease in dimensionality ould beexploited in the �eld of optial measurement, providing more subtle informa-tion about the material system under investigation.Several approahes have been available in the literature for independentevaluation and haraterization of polarization states entangled either in po-larization or in frequeny. Here we onentrated on developing a generalizedapproah providing tools for a detailed haraterization of a quantum-optialstate that is entangled both in spetrum and in polarization. We aom-plished this by generalizing the lassial de�nition of the spetral oherenematrix in order to introdue the two-photon oherene matrix for a broadbandtwo-photon entangled state. We then outlined the experimental proedure forthe measurement of its elements and illustrated how it an be used to quantifyproperties of frequeny-polarization entangled states. Moreover, we disussedthat suh a tehnique an be used to haraterize properties of devies andmaterials through whih suh a two-photon entangled state has propagated.We believe that the inreased system dimensionality in the quantum ase will�nd appliations for optial measurement tehniques, partiularly in the �eldof quantum ellipsometry.This formalism ould also be useful in the desription of general nonlinearoptial interations that do not neessarily involve states of �xed polarization.For example, a spetral polarization engineering tehnique has found an impor-tant appliation in the �eld of optial attoseond physis. The polarization-gating of spetral omponents of the original laser pulse allows researhersimplementing an e�ient ontrol of high-order harmoni generation in orderto obtain a single attoseond laser pulse.



72 Chapter 3. Two-photon spetral oherene matrixCharaterization and ontrol of spetral polarization [31, 32, 33℄ is also im-portant in nonlinear spetrosopy, in photohemistry and in quantum ontrolwhere ultrashort pulses with arefully designed spetral polarization are em-ployed to drive spei� tasks (hemial reations, moleular alignment, et.).It was reognised reently that the down onversion light, even if not oher-ent, an behave like ultrashort pulses due to its inherent orrelation betweensignal and idler photons. For example, the two-photon absorption using down-onverted light with spetrally-engineered entangled photons has been demon-strated reently [34℄. Our formalism ould help in extending these results intoareas where spetral polarization is important.This formalism will also be helpful in the tehnique we will examine in thefollowing Chapter, where we will show that using the frequeny-antiorrelatedphotons produed by SPDC one an inrease the sensitivity in the measurementof odd-order dispersion oe�ient. The two-photon spetral oherene matrixwill be useful when dealing with spetral polarzation dispersion, for examplein �ber optis ommuniation systems.



Chapter 4White-light interferometry withbroadbandfrequeny-antiorrelated lightThe preise measurement of optial hromati dispersion is important in basisiene and in tehnologial appliations.From a fundamental point of view, the dependene of the refrative index onwavelength an give important informations about the optial and eletroniproperties of materials (see, for example[35, 36℄) and photoni strutures [37℄.Moreover, in ultrafast optis, dispersion provides limits in the generation andappliations of femtoseond optial pulses [38℄. All typial optial elements(mirrors, prisms, lenses...) ontribute to the total dispersion, and must bearefully haraterized.As regards appliations, dispersive phaenomena ause the spreading of optialpulses in �ber ommuniation systems. With inreasing bit rates, transmis-sion bandwidths and wavelength-division-multiplexed hannels, broader andbroader optial bandwiths are injeted into �ber systems, inreasing more andmore the detrimental e�ets of dispersion: preise measurement tehniques aretherefore required [39, 40℄.White-light interferometry is a well-established tehnique whih allows tomeasure group-delay dispersion, as well as higher-order dispersion, with highauray and resolution, using a low-oherene light soure and a Mihelsoninterferometer [41, 42, 43, 44, 45℄. Sine it is based on a Fourier-transformtehnique, the spetral resolution an be made arbitrarily high inreasing thesanning interval and its performane is partiularly good in the presene ofadditive noise [29℄.
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74 Chapter 4. White-light interferometry with broadbandfrequeny-antiorrelated lightAs we disussed in Chapter 1, energy onservation in the SPDC proessresults in frequeny-antiorrelation between the photons: if one photon is atfrequeny ωs, then the other will be at frequeny ωi = ωp − ωs. Frequenyantiorrelated light exhibits the remarkable e�et of even-order dispersion an-ellation: the interferene pattern in oinidene detetion between the two-photons after a beam-splitter depends only on the odd-order terms of thespetral phase, while the even-order terms get aneled. This e�et has beenexploited in time-of-�ight measurements in dispersive materials, where fromthe temporal shift of an interferene pattern the group delay aquired in thepropagation an be retrieved. In these kind of measurements, a broader opti-al bandwidth an give a narrower interferogram, inreasing the measurementauray. On the other hand, if the material is su�iently dispersive, the in-terferogram broadens, reduing the preision with whih its position an beestimated. A mehanism that eliminates group veloity dispersion an bringsigni�ant advantages in these situations and it has been applied to measuregroup delays [46℄ or to enhane the sensitivity in optial oherene tomography[47, 48℄.Using SPDC light in white light interferometry one an measure the odd-orderdispersion terms separately. Without noise there would be no pro�t in doingthis: one an simply retrieve the spetral phase and an therefore separate theontributions from group delay, group delay dispersion and so on. But in thispaper, we will show that, in the presene of noise, when dispersion broadens theinterferogram, the redution in the signal-to-noise ratio for the interferogramsimplies a redution in the preision with whih the dispersion oe�ients anbe estimated. Using frequeny antiorrelated light, the broadening is reduedand the features of the interferogram remain learer, resulting in a better au-ray in phase estimation, partiularly in situations where the amount of noiseis signi�ant.Even though dispersion anellation was disovered and studied in the realmsof quantum optis, it an be simulated lassially, at the expense of addedsystem omplexity [49℄.4.1 Introdution4.1.1 Classial White-light interferometryA typial white-light interferometry setup (see Fig. 4.1a) onsists of a Mihel-son interferometer feeded by a soure with broad optial bandwidth, for exam-ple a bulb, a femtoseond laser, or a superluminesent diode.The input eletri �eld E(t) is split by a beamsplitter into the two arms of the



4.1. Introdution 75Mihelson interferometer. The �eld propagating through the �rst arm hits atranslating mirror and is delayed of an amount τ with respet to the �eld trav-elling through the seond arm. The presene of a dispersive sample (length L),in the seond arm, auses the omponent at frequeny ω, to aquire a phase:
ejφ(ω) = ejk(ω)L (4.1)The intensity registered by the detetor, integrated over time to aount forslow detetors, is:

I(τ) = 2

{
I0 +Re

[∫ ∞

0
|E0(ω)|2ejΦ(ω)e−jωτdω

]} (4.2)with:
I0 =

∫ ∞

0
|E(ω)|2dω (4.3)From the interferogram, by means of an inverse Fourier transform, Φ(ω) anbe retrieved.

Figure 4.1: On the left experimental on�guration for lassial white light interferometry: aMihelson interferometer is feeded by a broadband optial soure. From the reorded intensityinterferene pattern the spetral phase auired by propagation through the dispersive sample anbe retrieved. On the right, a Hong-Ou-Mandel interferometer: photon emitted by parametridownonversion are sent to a beamsplitter and oinidene events are deteted at the ouputports. From the reorded interferene pattern in the oinidene rate the odd-order terms ofthe spetral phase an be retrieved.Assuming that the �eld spetrum E0(ω) is entered around the frequeny
ω0, the spetral phase funtion Φ(ω0 + Ω) an be expanded in Taylor series:

Φ(ω0 + Ω) =

∞∑

n=0

anΩn an =
1

n!

dnΦ

dnω
(ω)|ω=ω0 (4.4)



76 Chapter 4. White-light interferometry with broadbandfrequeny-antiorrelated lightThe oe�ient c1 is alled group delay, and it measures the propagation op-tial path inside the material; its e�et is a temporal shift of the interferenepattern. The seond order term, c2 is alled group delay dispersion and resultsin di�erent frequenies travelling at di�erent speeds, broadening the interfero-gram.4.1.2 Quantum white-light interferometryTwin photons emitted by SPDC exhibit entanglement between antiorrelatedfrequenies:
|ψ >=

∫ +∞

−∞
ζ(Ω)â†(ω0 + Ω)â†(ω0 − Ω)|0 > dΩ (4.5)Considering the on�guration in Fig. 4.1b, the oinidene ount rate at thedetetor is:

C(τ) = C0 + 2Re

[∫ ∞

−∞
ζ∗(Ω)ζ(−Ω)ejΓ(Ω)ejΩτdΩ

] (4.6)with:
C0 = 2

∫ ∞

−∞
|ζ(Ω)|2dΩ (4.7)and:

Γ(Ω) = Φ(ω0 − Ω) − Φ(ω0 + Ω) (4.8)Expanding Φ(Ω) in Taylor series we get:
Γ(Ω) =

∞∑

n=0

bnΩn (4.9)with:
bn =

{
2an n odd
0 n even (4.10)Therefore the interferene pattern in oinidene events depends only on theodd-order terms of the spetral phase. The even-order terms, like group delaydispersion (c2) get aneled. Sine in many materials the oe�ient c2 is quitelarge, its anellation results in narrower interferograms and higher aurayfor time-domain optial measurement tehniques, like optial oherene tomog-raphy.



4.2. Auray omparison for odd-order terms 77Sine Γ(Ω) is an even funtion, i.e. Γ(Ω) = −Γ(−Ω):
C(τ) = C0 + 2Re

[∫ ∞

−∞
ζ∗(Ω)ζ(−Ω)ejΓ(Ω)ejΩτdΩ

]

= C0 +

∫ ∞

−∞
ζ∗(Ω)ζ(−Ω)ejΓ(Ω)ejΩτdΩ +

∫ ∞

−∞
ζ∗(Ω)ζ(−Ω)e−jΓ(Ω)e−jΩτdΩ

= C0 +

∫ ∞

−∞
ζ∗(Ω)ζ(−Ω)ejΓ(Ω)ejΩτdΩ (4.11)then, performing an inverse Fourier transform on the interferogram, Γ(Ω) anbe retrieved.4.2 Auray omparison for odd-order termsWhite light interferometry an be performed using frequeny antiorrelatedlight, to measure the odd-order terms. Due to fator 2 in Eq. 4.10, the oe�-ients in the quantum ase are twie the values for in lassial interferometry.The e�et of the presene of group delay dispersion and other higher orderterms is a temporal spreading of the di�erent frequenies emitted by the soure,resulting in a broadening of the interferogram.An example of this e�et is presented in Fig. 4.2, where simulations forpropagation through a slab of ZnSe (5 mm long) are presented. The absene ofeven-order dispersion terms, inluding group veloity delay, makes the quan-tum interferograms more lear and with higher ontrast with respet to thelassial ones. Through numerial simulations we will show that, in situationswhere the noise level is omparable to the signal level, this e�et an give ben-e�ts in terms of the auray of phase retrieval.To give a quantitative estimate of the auray in the two ases we onsiderthe lassial and quantum interferograms produed passing through a slab ofmaterial, respetively I(o)

C (τ) and I(o)
Q (τ). From Eq. 4.10 the oe�ients of thespetral phase in the quantum ase (bk) are non-zero only for the odd-orderterms. Moreover, for the even-order terms, bk = 2 ak.We onsider a noise proess η and we add N di�erent implementations

{ηi(τ), i = 1..N} to the interferograms. We get N noisy interferograms:
IC,i(τ) = I

(o)
C (τ) + ηi(τ) IQ,i(τ) = I

(o)
Q (τ) + ηi(τ) (4.12)
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τ (fs)Figure 4.2: Comparison of lassial and quantum interferograms for di�erent soure band-widths, alulated for propagation in 5 mm of ZnSe. The dispersion-anelled interferograms(red line) show higher ontrast and learer features than the lassial ones (green line), givinghigher performane in the presene of noise. The asimmetry in the quantum interferogramis due to the third order dispersion term, whih beomes a learer feature when the seontorder term is anelled.For eah interferogram we perform an inverse Fourier transform:
MC,i(ω) =

∫ ∞

−∞
IC,i(τ)e

−jωτdτ MQ,i(ω) =

∫ ∞

−∞
IQ,i(τ)e

−jωτdτ (4.13)and we retrieve the spetral phase funtion:
φC,i(ω) = arg [MC,i(ω)] φQ,i(ω) = arg [MQ,i(ω)] (4.14)For eah lassial and quantum phase funtion we make a least-squares poly-nomial interpolation, �nding:

φC,i(ω) =

n∑

k=0

α
(i)
k ωk φQ,i(ω) =

n∑

k=0

β
(i)
k ωk (4.15)We an then alulate the statistis for eah of the oe�ients ak and bk, basedon the N values α(i)

k , i = 1..N and β
(i)
k , i = 1..N . We take as the estimatedvalue for ak the mean value of the oe�ients {

α
(i)
k

}, and as the estimatedvalue for bk the mean value of the {
β

(i)
k

}:
ãk = mean{

α
(i)
k , i = 1..N

}
b̃k = mean{

β
(i)
k , i = 1..N

} (4.16)



4.2. Auray omparison for odd-order terms 79From the standard deviations we an have an estimate of the measurementauray:
σ[ak] = std{

α
(i)
k , i = 1..N

}
σ[bk] = std{

β
(i)
k , i = 1..N

} (4.17)Sine we are dealing with a �nite sample (N individuals) of the population ofall the possible oe�ients retrieved from every possible implementation of thenoise proess, the preision with whih we an estimate the standard deviationin Eq. 17 is limited. In partiular, for a Gaussian probability density the erroron the standard deviation is:
σ =

√
2

N − 1
(4.18)Inreasing N would give higher preision in the estimate of the standard devi-ation, but would also require a longer omputation time. A good ompromisewas found to be N = 2000, for whih the error on the variane is of the orderof a few perents.4.2.1 Varying bandwidthWe �rst performed simulations with inreasing soure bandwidth and Poisso-nian noise. For a Poissonian noise proess the signal-to-noise ratio depends onthe signal level I(τ). For lassial white-light interferometry (similar onsider-ations are valid in the quatum ase) the signal level for a balaned interferom-eter, with no sample, is:

I(τ = 0) = 4I0, I0 =

∫ ∞

0
|E(ω)|2dω (4.19)To ompare the auray in ases with di�erent bandwidths, we kept the valuefor I0 onstant, in order to have the same signal-to-noise ratio.In Fig. 4.4 the values for σ[ak] and σ[bk] are presented for k = 1, 2, 3. Ini-tially, if we inrease the bandwidth, the measurement error σ gets lower andlower, sine we add more information to our measurement and it is likely toexpet higher auray. This is partiularly evident in the ase of higher-orderdispersion (oe�ients a3 and a5 in the piture), sine higher order terms be-ome more and more important when the bandwidth is large.For larger bandwidths, dispersive e�ets beome so strong to redue the inter-ferogram amplitude to a level omparable to the noise. In this situation phase
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Figure 4.3: Measurement error on the group delay oe�ient in the lassial ase (a1, redline) and in the quantum ase (b1, blue line) with respet to the soure bandwith (entralwavelength 800 nm) for a slab of ZnSe 5-mm thik. The noise on the interferograms isassumed to be Poissonian. The error initially dereases inreasing the bandwidth, sine moreand more information is added.When, due to dispersive broadening, the interferogram SNRbeomes low, the lassial measurement's auray grows worse and worse. On the otherhand dispersion-anellation keeps higher the SNR of the quantum interferogram.



4.2. Auray omparison for odd-order terms 81retrieval beomes more and more ompliated and the error for the lassialase (σ[ak]) starts to grow exponentially. Using dispersion anellation, onthe other hand, the signal-to-noise ratio in the time domain remains higher,allowing aurate phase retrieval.
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Figure 4.4: Logarithmi plot of the measurement error on third and �fth order oe�ientswith respet to the soure bandwith, entered around 800 nm for a slab of ZnSe 5-mm thik.The error in the quantum ase (blue line) is lower than it is in the lassial ase (red line).The noise on the interferograms is assumed to be Poissonian.In dispersion-anelled measurements we also get a fator 2 in the phase o-e�ients (Eq. 4.10). When doing experiments with monohromati entangledphotons the fat of having twie the phase that one gets in lassial experi-ments inreases the sensitivity in phase measurements, as if one was doing themeasurement with light at double frequeny. In the presene of dispersion, thisis the ase only if the phase is linear with the frequeny, that is:
2φ(ω) = φ(2ω) (4.20)only if φ(ω) = αω, as is the ase in ranging appliations [50℄ . However, eventhough in our ase the dispersion relation φ(ω) is muh more ompliated, thefat of getting twie the oe�ients φn, given a �xed amount of noise, makesthe quantum measurement, in general, more aurate. This an be seen in Fig.4.3 and 4.4, where the error in the lassial ase (σ[ak]) is always higher thanin the frequeny-antiorrelated ase (σ[bk]).



82 Chapter 4. White-light interferometry with broadbandfrequeny-antiorrelated light4.2.2 Varying noise levelIn order to understand at what ratio between the interferogram amplitude andthe noise level we have the break point in auray we performed some simu-lations keeping the bandwidth onstant and adding a Gaussian noise proesswith zero mean and variable variane. In partiular, to ompare di�erent aseswe de�ne a normalized noise level µ:
µ =

ζG
2I0

(4.21)where ζG is the standard deviation of the Gaussian noise proess.
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Figure 4.5: On the left, normalized envelope of the lassial interferogram with (blue line)and without the sample (red line). On the left dispersion-anelled interferograms with (blueline) and without (red line) the sample. In both ases the soure bandwidth is 33 nm. Theseparameters are used in the simulations with di�erent levels of Gaussian noise, shown in Fig.6 Inreasing the noise level, the errors σ[ak] and σ[bk] on the estimate of theoe�ents get higher. But, while for low noise levels the error grows linearly,when the noise beomes omparable to the signal the σ[ak] (lassial ase)starts to inrease exponentially. In the dispersion-anelled measurements,instead, σ[bk] remains linear muh longer (see Fig. 4.6).In Fig. 4.7 the retrieved phase for 2000 noisy inteferograms an be seen. In the�rst row we are below the break point, and the lassial interferograms give usa lear shape, while in the seond row (noise level B) we an see that in thespetral regions where the signal has lower power (the ones at the extremes)there are problems in the phase retrieval and unwrapping that give a higher
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Figure 4.6: Measurement error on third (on the left) and �fth order (on the right) oe�ientswith respet to the normalized noise level. The noise is assumed to be Gaussian, with zeromean and inresing variane. The soure bandwidth is 33 nm, entered around 800 nm andthe light propagates through a slab of ZnSe 5-mm thik (see Fig. 5 for details). The error inthe quantum ase (blue line) is lower than it is in the lassial ase (red line).error in the polinomial �t. On the other hand, the dispersion-anelled phaseremains muh better.4.2.3 Varying bandwidth and noise levelCurves for measurement errors σ[a1] and σ[b1] as a funtion of the sourebandwidth for di�erent normalized noise levels (ranging from 0.03 to 0.3) areshown in Fig. 4.8. As disussed in Setion 2.1, inreasing the soure bandwidththe measurement error dereases, sine our estimate is based on a larger andlarger dataset of frequenies. On the other hand, when the bandwidth is solarge that, due to dispersive e�ets, the signal level beomes omparable tothe noise level, the measurement auray annot be ineased more inreasingthe soure bandwidth. The break-point bandwidth between the two regimes,as shown in Fig. 4.8, dereases with inresing noise. Classial (left side) andquantum (right side) regimes are ompared in Fig. 4.8. For the same noiselevel, the break point ours for shorter bandwidths in the lassial ase thanit does in the quantum one.For example, for a normalized noise level of 0.21, the soure bandwidth forwhih the minimum measurement error an be obtained is nearly 40 nm inthe lassial ase, while in the quantum ase it is around 100 nm. The main
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Figure 4.7: Phase reonstrution for 2000 interferograms with and without dispersion anel-lation for two di�erent noise levels. With noise level C we an see an inrease in the phaseerror around 750 nm and 850 nm, whih s responsible of the degrade of �t auray: thisproblem in not present in the orresponding dispersion-anelled measurement
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Figure 4.8: Curves for measurement error σ as a funtion of soure bandwith for di�er-ent noise levels, for lassial (on the left) and quantum (on the right) measurements. Thenormalized noise levels span the interval between 0.03 to 0.3.onsequene is that the minimum measurement error is muh lower in thequantum ase (σ = 0.015) than in the lassial ase (σ = 0.06). A omparisonis shown in Fig. 4.9. On the left, urves for the minimum measurement erroras a funtion of soure bandwidth and noise level are presented. It is evidentthat, for a given noise level, the bandwidth that gives the minimum error isshorter in the lassial ase than it is in the quantum one. On the left theminimum values for σ[a1] and σ[b1] are shown: the quantum error urve (redline) is always lower than the lassial one (blue line).4.3 ConlusionsWe disussed the possibility of performing white light interferometry usingspontaneous parametri downonversion in ombination with a Hong-Ou-Mandelinterferometer. This on�guration exhibits the anellation of the even-orderdispersion terms.We showed that the presene of a highly dispersive sample redues the signal-to-noise ratio in lassial white-light interferometry, dereasing the measue-ment auray of the dispersion oe�ients. The possibility of measuring onlythe odd-order oe�ients, given by Hong-Ou-Mandel iterferometry, keeps thesignal-to-noise level higher for larger bandwidths. This results in higher au-ray in the measurement of odd-order dispersion terms.
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Figure 4.9: On the left, haraterizazion of the break point where the measurement errorstarts to inrease with inreasing soure bandwith. The break-point bandwith is plotted withrespet to di�erent noise levels for lassial (blue line) and quantum (red line) ases. In-reasing the noise level the break-point bandwidth dereases. For the same noise level, thebreak-point bandwidth is smaller for lassial soures than it is for quantum soures. On theright, minimum measurement errors (at the break-point bandwidth) for lassial (blue) andquantum (red) ases, plotted as a funtion of the normalized noise level. Inreasing the noiselevel the minimum measurement error inreases, but in the quantum ase it is always smallerthan in the lassial ase.



4.3. Conlusions 87The tehnique we proposed may as well be suited for spetral polarizationmeasurements, using the formalism for the spetral two-photon oherene ma-trix introdued in Chapter 3.All the work presented in this Chapter was made by the PhD andidateand was performed during his visit to Quantum Imaging Laboratory (BostonUniversity).





Chapter 5The QSpae experimentThe area where the onept of entanglement has found the most suessfulappliation is Quantum Information.As the trend of miniaturization in eletroni omponents moves further andfurther, quantum e�ets start to beome more and more important. Sine theeletroni devies that we presently use work aording to lassial laws, thepresene of quantum e�ets, like tunneling, would learly degrade their perfor-mae. But, on the other hand, the possibility to ontrol quantum e�ets ouldpotentially allow us to design new devies with ompletely new properties.Sine the rules that the physial devies obey determine also the rules underwhih information is proessed, transferred and stored, people have started toelaborate a new theory of information based on the rules of quantum mehan-is, giving birth to the siene of Quantum Information.If the basis of lassial information is the bit, a variable whih an assumethe value 0 or the value 1, its quantum ounterpart is the qubit, whih is aquantum oherent superposition of a state |0 > and a state |1 >.5.1 Quantum CryptographyThe �rst pratial appliation of the new paradigms introdued with the devel-opment of Quantum Information Theory is Quantum Cryptography, or Quan-tum Key Distribution (QKD). It is a tehnique whih exploits the superpositionpriniple and the indetermination priniple to distribute a seret key betweentwo parties, allowing the detetion of eavesdroppers in the hannel.Consider a qubit:
|Q >= α|0 > +β|1 >, α, β ∈ C (5.1)

89



90 Chapter 5. The QSpae experimentSuh a state an be implemented with any quantum two-level system, for ex-ample an atom, a partile in a double-well potential, a spin-1/2 partile, orthe polarization of a single photon. Sine this last one is the most onvenientsystem of hoie in ommuniation experiments, we will onentrate on thisspei� implementation, assuming that |0 > is the horizontally-polarized stateand |1 > is the vertially-polarized one.As regards photon polarization state, measurements are performed using po-larizers. A measurement in the basis {|0 >, |1 >} would give the output 0with a probability p0 = |α|2 or the value 1 with a probability p1 = |β|2. As aonsequene of the measurement operation the qubit will suddenly ollapse tothe state |Q >= |0 > if the result of the measurement was 0, or to |Q >= |1 >if the result was 1.Suppose now that two parties, Alie and Bob agree to use the qubit:
|+ >=

1√
2

[|0 > +|1 >] (5.2)to enode the value 1. If Bob sets his polarizer at an angle θ = π/4, he anretrieve the value 1 with 100% probability and he has no hane to �nd theomplementary value 0, assoiated to the state:
|− >=

1√
2

[|0 > −|1 >] (5.3)On the other hand, a measurement on the basis {|0 >, |1 >} will give either theoutome 0, or the outome 1, eah with 50% probabilty. Moreover the statewill be perturbed, beoming |0 > or |1 > and therefore exhibiting di�erentoutome statistis with respet to the original state. So, if an eavesdropper,let's all her Eve, performs a man-in-the-middle attak, with a measurementin the wrong basis she will perturb the state making her presene detetablefrom the statistis of Bob's measurement outomes.Suppose now that Eve somehow disovers whih basis Alie and Bob are using:she would then be able to set her analyzers on that basis and retrieve all the bitswithout adding perturbations. To avoid this Alie an Bob must add unforeseenhanges: Alie uses one of two orthogonal bases to enoded her bits so anyoneelse, Bob and Eve inluded, annot know whih basis has been used. Bob willset up his reeiver randomly, sometimes for a measurement on the basis 1,sometimes for a measurement in basis 2: so, sometimes he will �nd the orretresult, sometimes he will �nd something ompletely random. To know in whatases they were using the same basis they an omuniate the basis hoies ona lassial ommuniation hannel: in the end Alie and Bob will know whihbits have been reeived orretly and whih must be disarded. The lassial



5.1. Quantum Cryptography 91hannel will be used also to ompare a small subset of the data: di�erenesbetween Alie's and Bob's data above a ertain threshold will mean that aperturbation has been introdued, revealing the presene of an eavesdropper.Just like Bob, sometimes Eve will get orret results, sometimes random ones.Even though she ould listen to the lassial hannel the informations shean get are ompletely useless beause the measurement she performed willbe di�erent from the ones performed by Bob and the perturbation introduedby her measurements will reveal her presene. The only thing she ould dois to opy the qubits transmitted, store them and perform measurements onthe orret bases using the data shared by Alie and Bob in the �nal lassialommuniation.But this is prohibited by the No-loning Theorem.The No-loning TheoremAording to this theorem, proved by Wooters and Zurek in 1982 ([51℄), aquantum loning apparatus, that is a mahine that an opy the qubit |Q >in a blank state |♭ > does not exist.Let us onsider an ipothetial quantum loning mahine whih opies a qubit
|a > or |b > in a blank state, while its status hanges from |ψ0 > to |ψa > or
|ψb >:

{
U |ψ0 > |a > |♭ >= |ψa > |a > |a >
U |ψ0 > |b > |♭ >= |ψb > |b > |b > (5.4)Let's now alulate:

• < ♭| < a| < ψ0|U †U |ψ0 > |b > |♭ >=

< ♭| < a| < ψ0|ψ0 > |b > |♭ >=< a|b >

• < ♭| < a| < ψ0|U †U |ψ0 > |b > |♭ >=

< a| < a| < ψa|ψb > |b > |b >=< a|b >2< ψa|ψb >So one �nds:
< a|b >2< ψa|ψb >=< a|b >If |a > and |b > are not orthogonal then < a|b > 6= 0 and we an simplify:

< a|b >< ψa|ψb >= 1



92 Chapter 5. The QSpae experimentBut this equation annot be true, beause:
| < a|b > | < 1

| < ψa|ψb > | ≤ ‖ψa‖‖ψb‖ = 1So, a quantum loning mahine does not exist.5.1.1 The BB84 protoolThe �rst protool reated aording to these ideas was the BB84 protool,proposed in 1984 by Charles Bennet and Gilles Brassard. The steps requiredto share a seret quantum key aording to this protool are the following:1. the �rst step is to hoose two bases. For example:- basis 1 : {|0 >, |1 >}- basis 2 : {|+ >, |− >}The bases are maximally onjugated, that is, any pair of vetors, onefrom eah basis, have the same overlap (e.g. | < 1|+ > |2 = 1/2): wehoose this beause we want a measuremtn performed in the wrong basisto give a ompletely random result (i.e. 0 or 1 with 50% probability).2. Alie and Bob must agree on an enoding sheme for the bits. For ex-ample they an attribute the value 0 to |0 > and |− > and the value 1to the other two states.3. Alie sends individual qubits to Bob hosen at random among the fourpossible states. Bob measures the inoming qubits in one of the two ba-sis, again hosen at random. In the ases they use the same basis, Alieand Bob will get perfetly orrelated results, while, whenever the hosenbases are di�erent, their results will be ompletely unorrelated.4. Using the lassial hannel Bob announes for eah bit whih basis hehas used. Alie reveals if the hosen basis is the orret one. Both Alieand Bob disard the unorrelated bits. This shorter key obtained afterbasis reoniliation is alled the sifted key.5. Alie and Bob ompare in the lassial hannel a small subset of theirresults. If, onsidering also the possibility of errors due to the hannel



5.1. Quantum Cryptography 93noise, their results agree, then noone has tried to eavesdrop. On theontrary they must disard all data and the proess must be repeated.Note that neither Alie nor Bob deide whih key to use: the key is grownby the onjuntion of their random hoies. So, what we are talking about isnot a ommuniation proess, where Alie reates a key and sends it to Bob,but a Quantum Key Distribution (QKD) proess, where the same key isreated automatially in the proess at both Alie's and Bob's sides.In Table 1.1 one an see an example of BB84 protool usage.basis Alie qubit sent reeived? basis Bob poss. outomes result �nal2 |− > yes 1 0/1 0 �1 |1 > yes 1 1 1 11 |1 > yes 2 0/1 0 �2 |+ > no 2 - - �1 |0 > yes 1 0 0 02 |+ > yes 2 1 1 12 |+ > yes 1 0/1 1 �1 |0 > yes 2 0/1 1 �2 |+ > yes 2 1 1 11 |0 > no 1 - - �1 |1 > yes 1 1 1 12 |− > yes 2 0 0 0Table 5.1: Example of QKD using BB84 protool5.1.2 Entanglement-based QKDEntanglement an be a useful resoure to share a seret key between two par-ties, as proposed for the �rst time by Artur Ekert in 1991.Consider an entangled singlet state:
|ψ >=

1

2
[|0A1B > −|1A0B >] (5.5)and suppose the two partiles are shared between Alie and Bob, who performmeasurements respetively along the diretions desribed by the angles α and

β. As we have seen in Chapter 1 there is perfet antiorrelation between the



94 Chapter 5. The QSpae experimentresults obtained by Alie and Bob if their analyzers have the same orientation.After the transmission has taken plae, Alie and Bob an announe publilythe analyzer settings they have independently hosen for eah measurementand separate one one for whih they hose the same basis from the one forwhih the hosen basis was di�erent. They an then reveal publily the resultsfor the measurements with di�erent bases to alulate the value of S (de�nedin Eq. 1.9: quantum mehanis requires S = 2
√

2). If the value of S is theorret one then they an keep the values measured with the orret bases,knowing that they are perfetly antiorrelated. Otherwise the presene of aneavesdropper an be deteted.5.1.3 Quantum hannelsA typial QKD experiment omprises a photon soure (single photons or en-tangled pairs), a quantum hannel, and a detetion system. As the hannel isonerned experiments are usually performed in �bers or free-spae.Fiber linksFiber links have the advantage that ommuniation does not depend on exter-nal onditions, like weather or the presene of obstrution. On the other handthe onservation of the photon polarization state in �bers is a quite deliatetopi, due to problems regardin the geometri phase, birefringene, polariza-tion mode dispersion and polarization-dependent losses.The geometri phase is the problem of following a linear polarization state forexample through a loop of the �ber in the three-dimensional spae: the �nalstate will di�er from the initial state by an angle. This is not suh a big prob-lem, provided that the �ber does not move too fast in spae: only an alignmentof referene systems between Alie and Bob is needed.Birefringene is the presene of two di�erent phase veloities for orthogonalpolarization states, aused by asimmetries in the �ber ore, whih applies aunitary transformation to the polarization-enoded qubit. If this transforma-tion is stable enough (due to slow thermal and mehanial vibrations), it anbe easily inverted.Polarization mode dispersion is the presene of two di�erent group veloitiesfor two orthogonally polarized modes. It reates deoherene, whih would bedevasting for quantum ommuniation. The remedy is to use as narrowbandphotons as possible.Polarization-dependent loss is a di�erential attenuation between two orthogo-nal polarization modes, whih is usually negligible in �bers but an be strong



5.1. Quantum Cryptography 95in other optial omponents, like phase modulators.Muh researh work has been put in order to reate QKD �ber links, overlonger and longer links, reahing the present reord of 123 Km. However, themajor problem is nowdays in the detetors, sine teleom �ber work inthe zero-dispertion region around 1550 nm, where APD have very poor performane.A possible solution, urrently under investigation by many researh groups, isthe use of superonduting single-photon detetors (SSPDs).Free-spae linksFree-spae links have some advantages with respet to �ber links. Partiularlythe atmosphere has a high transmission window around 800 nm, where e�ientsingle-photon detetor exist and is weakly dispersive and essentially nonbire-fringent. On the other hand free-spae transmission provides higher losses dueto di�ration, and is very sensitive to stray light and weather onditions. Nu-merous experiments have been performed [52, 53, 54, 55, 56℄, both with weakpulses and entangled photons, reahing 144 Km in a reent experiment usingastronomial telesopes at the Canary islands ??.Spae-based QKDTerrestrial free-spae links su�er from light loss due mostly to objets inter-posed in the line of sight, beam distortion indued by atmospheri turbulene,bad weather onditions and aerosols and they are thus limited to rather shortdistane. A solution to this problem an be the use of Spae and satellitetehnology.Spae-based links have the potential to realize global-sale quantum network-ing sine they allow, in priniple, a muh larger propagation distane of pho-toni qubits ompared to present �ber links. This is mainly due to the fatthat most of the ommuniation path is in empty Spae, where the photonsan freely propagate, and only a short setion of the path is in atmosphere.The atmosphere provides low absorption in the regime of 600 nm - 850 nm(i.e. where good single-photon detetors are available) and is almost non-birefringent, whih guarantees the preservation of photon polarization at ahigh degree.However many tehnial problems must be overome in order to realize a work-ing quantum ommuniation link between Earth and Spae: the satellite is afast-moving target, whose position must be known very preisely.



96 Chapter 5. The QSpae experiment5.2 The QSpae experiment

Figure 5.1:A ommon feature to all quantum ommuniation shemes, inluding quan-tum ryptography, is the need, at the reeiver side, to orretly identify thosesignal photons that managed to travel aross the ommuniation link, giventhat the link may have a large attenuation and a large amount of bakgroundnoise. Here we present the results for the experimental investigations of singlephoton exhange between a ground based reeiver and a low Earth orbiting(LEO) transmitter based on a satellite-laser-ranging (SLR) satellite.SLR satellites have been devised for geodynamial studies and are used to mon-itor the Earth's gravitational �eld by a series of measurements of the round-trip



5.2. The QSpae experiment 97time (range) of an optial pulses from a station on Earth and the retrore�etorsonboard the satellites. We took advantage of the fat that their trajetoriesan be predited in real time with good preision thanks to very auratemodeling based on their previous passes observed by the International LaserRanging Servie (ILRS) network.The experimental idea was to send a laser pulse to a SLR satellite, whih gotthen retrore�eted bak to the telesope, hoosing the relevant parameters inorder to have less than one photon in the hannel from the satellite to Earth.This way a quantum soure on a moving satellite ould be simulated, with theaim to demonstrate to detet the signal photons against the strong bakgroundnoise.Our investigation di�ers with respet to the SLR tehniques, also when thelatter reahes the single-photon regime (as in the ase of Moon laser-rangingor kHz SLR) in the sense that we are ounting the returns in a series of pre-determined time bins and not measuring the range time. Our observable is notthe trip time but the detetor ount rate (DCR), as an initial step towards themeasurement of the photon polarization state.5.2.1 Experimental on�gurationMLROThe experiment was set up at the Matera Laser Ranging Observatory (MLRO)in Matera, Italy. MLRO is a state-of-the-art faility for satellite and lunar laserranging, part of the International Laser Ranging Servie network (ILRS).MLRO is equipped with an astronomial quality telesope, onsisting of a 1.5meters prymary mirror and a long Coude on�guration built with a small on-vex seondary and �ve plane mirrors (see Fig. 5.2). The Coude on�gurationexhibits no hole in the primary and delivers the light to a �xed fous pointthat does not move as the telesope is reoriented. While the primary has awide-band aluminum oating, all the other mirrors are overed with a dieletrioating with a narrowband re�etion window around 532 nm. The system isonstruted to have a di�ration-limited beam divergene, ontinuously tun-able from 1 to 20 arseonds.The telesope is mounted in alt-azimuth on�guration having two perpen-diular axes of motion, one vertial (altitude) and one horizontal (azimuth). Itfeatures a traking veloity of 20 deg/se in azimuth and 5 deg/se in elevation,with a traking auray of 1 arseond RMS.MLRO is �nally equipped with a Cesium beam frequeny standard, whih isused to sinronize all the operation and an time-tag the photons with 0.01
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Figure 5.2: Sheme for the QSpae experiment. The aim is to simulate a single photonsoure on a satellite to demonstrate the feasibility of a single-photon link.nanoseonds resolution.Our setupThe experimental on�guration is shown in Fig. 5.3. As a soure we used aQ-swithed Nd:YAG laser emitting pulses with energy 490 nJ at 532 nm andrepetition rate 17 kHz. Sine the upward and downward links share the samesame optial path, we employed the polarization degree of freedom to sepa-rate the two: the pulses are originally vertially polarized and are transmittedthrough a Glan-Thompson polarizer. Then they travel trough a quarter-waveplate at 45 degrees, and are direted through the telesope to the satellite. Af-ter being re�eted by the ornerubes they ome bak through the same path,travelling again through the same quarter-wave plate and beoming horizon-tally polarized. This way they are now re�eted by the Glan-Thompson anddireted to the detetion apparatus.The ollimated light oming from the telesope was foused into a 0.5 mm pin-hole by means of an o�-axis parabola and then ollimated again with a lens.This part of the setup was ommon to the upward and downward paths, andthe pinhole was used the referene used to align the two paths so as to makethem indistinguishable.For the diretional �ltering, the design of the �eld-of-view has to mediate be-tween di�erent requirements: on one hand it is desirable to narrow the �eld
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Figure 5.3: Experimental setup for the QSpae experiment. A Q-swithed Nd:YAG laseremits vertially-polarized pulses (490 nJ, 17 KHz repetition rate) in the upward path, whihare transmitted by a polarizing beamsplitter and sent to the telesope through a quarter-waveplate (QWP). The pulses are retrore�eted by the satellite into the same path in the bakwarddiretion, pass again through the quarter-wave plate, beoming horizontally-polarized, and aretherefore re�eted by the PBS entering the detetion setion. Here they are spetrally �lteredand foused into the detetor. The detetor output events are time-tagged and stored by anFPGA-based ontrol board. The overall timing is guaranteed by the MLRO esium frequenystandard. A moving mirror is used to swith between the Qspae experiment and the MLROsatellite traking modality.in order to redue the amount of bakground, whih sales with the gatheredsolid angle. On the other hand, an appropriately large �eld-of-view is nees-sary to aount for the varying arriving angle of the single photons with respetto the outgoing beam due to veloity aberration [57℄, and to the blur due toatmospheri �utuations and the pointing noise of the telesope. We foundthat the optimal �eld-of-view value for our experimental onditions was 30 arseonds.The detetion apparatus was a set of three lenses designed in order to set theorret value for the �eld of view that would be foused into the size of thedetetor. The detetor was a Perkin Elmer silion avalanhe photodiode, pas-sively quenhed, with a sensitive area of diameter 500µm.To ensure the e�etive traking of the telesope, the satellite was �rst aquiredand traked by the MLRO original laser ranging system. The range values weremeasured using its strong laser pulses (with a repetition rate of 10 Hz, wave-length 532 nm, pulse energy 0.1 J). After some minutes of suessful SLR trak-ing, the telesope optial path was swithed onto the quantum-hannel systemby moving a motorized mirror into the beam, while the telesope ontinuedto follow in open loop the satellite along its trajetory. The quantum-hannelsystem was kept ative for an interval of about �ve minutes, and then theon�guration was swithed bak to the MLRO system, in order to hek thesatellite traking status and to perform further laser-ranging measurements.
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Figure 5.4: Detailed sheme for the downward path optis. A pinhole (diameter 500µm isplaed on the telesope foal planem and the light is then ollimated by means of the lensL0 (f = 8 mm), whih is ommon to both the upward and bakward paths. The atualdetetion setup onsists of three lenses L1, L2 and L3, with fL1 = 50mm, fL2 = 25mm and
fL3 = 8mm. The distanes between the lenses are: d01 = 200 mm, d12 = 80 mm, d23 = 10mm. This system, oupled to the telesope by means of the o�-axis parabola, an ollet lightwith a �eld of view of 30 arseonds, and fous it into the detetor area (500 µm).Usually, two or more transitions between the MLRO ranging system and ourquantum hannel were done during eah pass of the satellite.As regards the time of arrival, the round-trip duration was alulated for eahlaser shot, on the basis of the satellite distane (range, Rs) obtained usingthe predited satellite position (ETC) distributed by ILRS. All time-sensitiveoperations (laser �rings, detetor tags, telesope traking inrements, et.)were referred by our FPGA-based timetagging unit to the UTC provided bythe atomi lok at the MLRO, thus insuring full ompliane with the ILRSephemerides. To further re�ne the a-posteriori analysis, the range values wereimproved by the NASA/GSFC analysis ode Geodyn [58℄ whih applies a veryomplete modeling of the fores ating on the satellite and uses all the obser-vations by the worldwide ILRS network, inluding those we took with MLROoperating in its nominal mode. A very high timing auray (equal or betterthan 1 ns) was thus reahed, ensuring that the estimate of the arrival time inthe data analysis was derived by the best available information for the satellitepassage. Aurate determination of time proved to be the most ruial partin the analysis of the results, so we give in the next Setion some additionaldisussion.Charaterization of timing aurayThere are many instrumental soures of temporal jitter: the laser for the outgo-ing pulse, the single-photon detetor, the eletronis, the optis. The in�ueneof these fators was haraterized by measuring the range value for groundtargets around MLRO, and found to be about 1 ns. Additional soures of timejitter, eah having approximately the same magnitude of the instrumental fa-
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Figure 5.5: Photograph of the setion between the telesope entrane and the 500µm pinhole.tors, are the error in the synhronization with the timing signal of the station,and the preision in the orbital preditions. Regarding the in�uene of thesatellite orbit on the arrival time: the instantaneous range Rs is of the orderof Rs ≈ 106 − 107m. Sine the satellite is moving, the duration of the photontravel from the soure to the reeiver, whih is proportional to Rs, varies veryrapidly, up to several µs/seond. Eah satellite pass lasts from several min-utes to half an hour, aording to the satellite orbit. During this interval, thesatellite trajetory is far from smooth, being in�uened by the Earth's gravityanomalies, whih introdue temporal �utuations that an be as high as 100ns. Therefore, the time delay between emission and arrival times is a rapidlyhanging and di�ult to model quantity, but its proper determination is ofruial importane for the realization of a quantum hannel. Aordingly, weexpeted that the best signal to noise ratio ould be ahieved for bin sizes ∆tfrom 1 to 20 ns, and this expetation was on�rmed by the subsequent analysis.Charaterization of the detetion optisThe detetion optial system was mounted in the lab and haraterized beforebeing employed in the atual setup. The mounted system is shown in Fig. 5.7.The soure is taken to be a 0.5-mm pinhole, where the o�-axis parabola would
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Figure 5.6: Photograph of the FPGA-based ontrol eletronisfous the light gathered with a 30 arseond �eld-of-view.To haraterize the olletion optis we used a point soure, whih we movedin the foal plane of the o�-axis parabola (let's all it Π-plane), reordingthe detetor ounts. The point soure was realized with a 50 − µm pinhole,illuminated by a lamp, whih was imaged 1:1 into the Π-plane by means of a2f imaging system.The experimental data are shown in Fig. 5.8, learly the light emitted inthe 0.5-mm region, whih orrespond to the fous of the o�-axis parabola, isproperly olleted by the system and foused into the detetor.5.2.2 Link BudgetIn this setion we will make an estimate of the link budget in order to un-derstand how many photons we have in the reeiving hannel to validate thehypothesis to be in quantum regime (µ≪ 1).Our laser emits pulses with energy EP = 490nJ at 532 nm (energy per pho-ton: Eph = hν = 3.586 · 10−19) with repetition rate Rlaser = 17KHz, giving anumber of photons per seond N0 :
N0 =

EP · Rlaser

Eph
= 2.32 · 1016 (5.6)
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Figure 5.7: Detetion optis setup mounted for haraterization.The e�ieny of the link an be alulated aording to the formula:
ηtot = ηdηTGTσSAT

(
1

4πR2

)2

AT ηRT
2
AT

2
C (5.7)where:

• ηd is the detetor quantum e�ieny (in our ase ηd = 0.1)
• ηT is the trasmitter optis e�ieny. For our setup the transmitter optisonsists of the upward setion of the optial benh (η = 0.1), the Coudépath (η = 0.1) and the primary mirror (η = 0.5), giving a total ηT =

5 · 10−3.
• GT is the transmitter gain (GT = 7 · 109)
• the satellite ross-setion, for Ajisai, is σT = 1.2 · 107

• AT is the telesope area. For our 1.5-m diameter, AT = 1.77 m2

• ηR is the reeiver optis e�ieny. For our setup the reeiver optisonsists of the downward setion of the optial benh (η = 0.08), theCoudé path and the primary mirror, giving a total ηT = 4 · 10−3.
• TA is the atmospheri transmission oe�ient (TA = 0.9)
• TC is the loud transmission oe�ient (TC = 1)
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Figure 5.8: Charaterization of the detetion optis. The pinhole was illuminated with alamp and the detetor was moved on the detetion plane to measure the fousing spot.Using these values we get, for Ajisai:
ηtot = 2 · 10−15The number of deteted photons per seond, i.e. the detetor ount rate (DCR)is:

Nph = ηtotN0 = 4.6 s−1The total loss in the downlink is given by:
ηDL = σsatηrecηQEAT

1

4πR2
TATC (5.8)and the number of photons in the reeiving hannel an be alulated as:

NDL =
DCR

RlaserηrecηQEATTATC
(5.9)For Ajisai the number of photons in the reeiving hannel results to be NDL =

0.4.Comparison between di�erent satellitesIn Table 5.2 one an see a omparison for the detetor rates for four di�erentsatellites (Ajisai, Beaon C, Topex and Lageos). Clearly, a link is establishedif the number of good events per seond is greater than the statistial �utu-ations: from our data is lear that Ajisai will be the satellite that would give



5.2. The QSpae experiment 105Ajisai Beaon C Topex Lageosdetetor rate 4.6 1.2 0.8 0.01loss in downlink 2.2 · 109 6 · 1010 3.7 · 10−10 8.4 · 10−11phot from sat per pulse 1.2 · 105 1.12 · 105 1.22 · 105 7.8 · 104phot in the hannel per shot 0.38 0.097 0.064 0.0009prob of det per laser shot 2.7 · 10−4 6.9 · 10−5 4.5 · 10−5 6.6 · 10−7Table 5.2: Comparison between di�erent satellites addressable from MLRO. Clearly Ajisaigives the higher detetor rate, but for all satellites the number of photons in the hannel pershot is below 1, as it must be to set the quantum regime.more likely good results.For all the hosen satellites the number of photons per shot in the hannel isless than one, endorsing our laim to work in the quantum regime.5.2.3 Data AnalysisFirst of all, we had to determine the time-sale o�set between our setup andthe MLRO one, due to di�erent able lengths, detetor internal eletronis,et... To do so, we measured the distane of a ground target, 200 m apart,�nding:
toffset = −3999630 nsDurig the experimental sessions, the detetor liks were time-tagged andstored in a �le. The reored data omprise:

• the detetor lik times {t(ret)
i }

• the laser pulse emission times {t(L)
j }

• the timing of the 10pps MLRO signal {t(10)k }

• the expeted return times for the 10-pps signal photons {t(CFD)
k }So, the expeted range for the 10 pps signal was alulated: rk = t
(CFD)
k −t(10)k .Then using a linear �t, the expeted range was alulated for all the 17-Khz�re instants between eah two 10 pps pulses, giving the values {rj}. Finallythe expeted return times for the photons where alulated:

t
(exp)
j = t

(L)
j + rj + toffset
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Figure 5.9: Histogram of Dij for 5 seonds of the Ajisai passage of June 28, 2005 (time bin5 ns). It is evident the lear peak at D = 0, 5σ above the mean, indiating the presene ofreturn photons.Subsequently the instants of all detetion events were orrelated with thoseof the transmitted laser pulses: for eah detetion event time t(ret)i , the de-viation D from the expeted return time t(exp)
j , Dij = t

(exp)
j − t

(ret)
i was thenomputed. These Dij values, grouped in several bins ∆t of varying width (from1 to 20 ns), were aumulated over short ars of the total satellite pass. Theduration of the short orbital ars ould not exeed 20 seonds, the maximumallowed by the open-loop traking apability of MLRO, and their beginningwas slid over the whole aquisition.Aording to our riteria, the evidene of the single photon link would havebeen provided by a statistially signi�ant peak, meaning a peak:

• entered at D = 0

• higher than 3 standard deviations σ of the D value distribution
• persist in the histograms by varying the values of ∆t, to prove not be arandom artefat of the histogramA peak in the returns' histograms satisfying both onditions was identi�edfor the Ajisai passage of June 28 2005, at about 1 a.m. UT, in the timeinterval 11-16 s after the start of aquisition. The peak is entered at D = 0,as required, and is nearly 5σ above the mean. Moreover, the peak remains well
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Figure 5.10: Histograms with di�erent bin sizes for the same interval of the Ajisai passage.Note the persisteny of the peak in D = 0, indiating that it is due to real signal and it osnot just a statistial artifat in the data.above the statistial limit of 3 standard deviations σ even when analyzing thedata with various time bins ∆t between 3 to 19 ns. Its statistial signi�ane isat its highest value for ∆t = 5 ns. This value niely on�rms our expetation:the lower side is set by the addition of the instrumental jitters, the higher sideby lowering the SNR for aepting a higher spurious bakground at large binsizes.Therefore, the statistial signi�ane of this peak is learly established. Themeasured ount rate in the peak is 5 ounts per seond, orresponding to aprobability to detet a photon per emitted laser pulse of 3 · 10−4. As alreadystated, taking into aount the losses due to detetion e�ieny (-10dB) andthe losses in the detetion path (-11dB), the average photon number per pulse,
µ, emitted by the satellite and aquired by our detetor is approximately 4 ·
10−2, i.e. well within the single photon regime.5.3 Polarization preservation in Spae-based quan-tum hannelsPolarization-enoding is urrently one of the most widespread realizations ofphotoni qubits, whih utilizes two orthogonal states of polarization to enodeinformation onto the optial mode of a single photon. Sine the atmospheredoes not a�et the polarization of photons, it is also the system of hoie forfree-spae quantum ommuniation shemes.
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Figure 5.11: Example of a reeiver system for satellite quantum ommuniation. Satellitepointing and traking is done by means of a moving plane mirror (from [59℄)In order to establish a quantum ommuniation protool between two par-ties a system is needed to send the single photons emitted by the soure on thesatellite to the ground station, where the reeiver is loated. This is ahievedby a pointing system made of a set of mirrors (see, for example, Fig. 5.11);in this paper we onsider a simpli�ed model with two plane ones: the �rst, onthe satellite, sends the photons to the ground station whatever the position ofthe satellite on the sky is while the seond one, in the ground station, reeivesthe photons and, wherever they ome from, sends them to the polarizationanalysis apparatus.A working quantum ommuniation protool involving single-photons nees-sitates a shared referene frame between the ommuniating parties. For theinteresting ase of a moving satellite (e.g. LEO or MEO) the problem arisesthat any spatial referene frame between a Spae-born transmitter and anEarth-based reeiver will also be modi�ed due to the movement of the involvedpointing and traking mirrors. In the following, we provide an analysis of thise�et and disuss possible ompensation shemes suh as the use of a referenebeam. It is important to state that, di�erently from lassial laser ommuni-ation, in polarization-enoded quantum ommuniation all the polarization



5.3. Polarization preservation in Spae-based quantum hannels109states must be transmitted and reeived orretly, so that the ompensationof polarization transformation indued by the hannel is a ruial issue.As long as polarization measurements involve only qubits, enoded in twoorthogonal polarization states of a single photon, the lassial theory of polar-ization and the quantum one oinide [60℄; so, in the ase under investigation,single photons emitted by a soure on a satellite and deteted by an Earth-based reeiver, the lassial Jones alulus will be used.5.3.1 The modelTo model this situation we hose a referene frame whose origin is the Earthenter and the intersetion between the Earth's equatorial plane and the satel-lite's orbital plane is y diretion (see Fig. ??). The z diretion is orthogonalto the equatorial plane, while the x diretion is hosen so as to have an or-thonormal frame. Let ξ be the orbit inlination, that is the angle between theequatorial plane and the orbit plane.To simplify the model we make the following approximations:
• the satellite orbit is supposed to be irular
• the model we propose takes into aount only two pointing mirrors. Areal system will be more omplex than this and other optial deviesould introdue their own perturbations to the polarization states of thetransmitted photons. However, sine �xed mirrors will provide only aonstant o�set to the polarization rotation, the time-dependent ontri-bution will ome only from the two pointing mirrors.
• the beam oming from the quantum ommuniation soure on the satel-lite is supposed to be tangent to the satellite's orbit: this is ertainlyarbitrary. Moreover, in a real situation, the satellite ould also rotatearound its axis, hanging the diretion of the inoming beam.
• simulations are performed for aluminum mirrorsThe normal to the equatorial plane is: Nequat = (0, 0, 1) while the normalto the orbital plane an be obtained from this by a rotation of ξ along the yaxis:

Norb =




cos ξ 0 sin ξ
0 1 0

− sin ξ 0 cos ξ







0
0
1


 =




sin ξ
0

cos ξ


 (5.10)The same proedure an be applied to �nd the equation of the satellite's orbit.A irular orbit on the equatorial plane would have been desribed by: x =
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Figure 5.12: Fixed referene frame: the origin is set in the Earth enter, the z diretion isorthogonal to the equatorial plane and the y diretion is on the intersetion between theequatorial and the orbital planes
Ro(cosωt, sinωt, 0) where Ro is the orbital radius. The atual orbit an befound from this performing a rotation of an angle ξ around the y-axis:

x = Ro(cos ξ cosωt, sinωt,− sin ξ cosωt) (5.11)The position of the ground station on Earth is a point on a spherial surfaeof radius Re:
M = Re(cos β cosα, cos β sinα, sin β) (5.12)Sine the Earth rotates around the z axis this angle varies in time: α =

α0 + ωT t, where ωT is the Earth's angular veloity. On the ground station adi�erent referene frame is needed, the frame whih is natural for an observeron the station. This is determined by the orthonormal vetors:
α1 =

∂M

∂α
= (− sinα, cosα, 0) (5.13)

α2 =
∂M

∂β
= (− sin β cosα,− sin β sinα, cos β) (5.14)

α3 =
M

||M|| = (cos β cosα, cos β sinα, sin β) (5.15)Note that, sine the position of the ground station varies in time also the threevetors αi vary in time.



5.3. Polarization preservation in Spae-based quantum hannels111Visibility of the satelliteA satellite is visible from a spei� point on Earth's surfae only if the anglebetween the vetor v = x−M and the normal to the Earth's surfae is between0 and 90 degrees (see Fig. 5.13). That is:
• M · v ≥ 0 ⇒ visibile
• M · v < 0 ⇒ not visible

Figure 5.13: Satellite visibility: the satellite is visible from the ground station only if theangle φ between v, vetor pointing from the ground station to the satellite, and M, normalto the Earth surfae in the ground station position, is suh that 0 < φ < π/2Re�etion on the �rst mirrorWe onsider a light beam emitted by a soure on the satellite that is re�eted bya mirror (on the satellite) towards the reeiving ground station. We arbitrarilyassume that the initial beam diretion is tangent to the satellite's orbit, so, itspropagation diretion is:
L1 = (− cos ξ sinωt, cosωt, sin ξ sinωt) (5.16)To ompletely desribe this light beam we also need the diretion of the s-polarization omponent; it is the normal to the orbital plane:

s0 = (sin ξ, 0, cos ξ) (5.17)This light beam hits the �rst mirror and, whatever the position x of the satelliteis, it is re�eted down the ground station (identi�ed by the vetor M). So, the



112 Chapter 5. The QSpae experimentre�eted vetor is:
L2 =

M− x

r
(5.18)where r = ||M−x|| is the distane between the satellite and the ground station.The angle of inidene of the light beam on the mirror is:

θ1 =
1

2
arccos((−L1) · L2) (5.19)The Jones matrix desribing re�etion on the mirror is:

[
rp(λ, θ1) 0

0 rs(λ, θ1)

] (5.20)where rp(λ, θ1) and rs(λ, θ1) are the re�etion oe�ients of the mirror.The re�eted light has its on s-polarization diretion, whih is the normal tothe inidene plane. It an be thus alulated by:
s1 =

L1 × L2

||L1 × L2||
(5.21)

Figure 5.14: Proedure to determine whether the rotation of the s-polarizationdiretion is lokwise or ounterlokwiseThe polarization of the light emitted by the soure and of the light re�etedby the �rst mirror are desribed in di�erent referene frames, related to eahother by a rotation of an angle β01 = arccos(s0 · s1)This formula annot tell us if the rotation is lokwise or ounterlokwise,that is we annot know from this if the angle β01 is positive or negative.But from Fig. 5.14 we an see that the if 0 ≤ β01 ≤ π the vetor s0 × s1 isopposite to the diretion of light propagation d, while if −π ≤ β01 ≤ 0 thenthe diretions of s0 × s1 and d oinide. So we an de�ne the quantity:
σ01 = − s0 × s1 · L1

||s0 × s1 · L1||
(5.22)



5.3. Polarization preservation in Spae-based quantum hannels113and we an alulate:
β01 = σ01 arccos(s0 · s1) (5.23)This rotation is then desribed by the matrix:
[

cos β01 sin β01

− sinβ01 cos β01

] (5.24)Re�etion on the seond mirrorUsing a pointing mirror on the satellite the transmitted light is always sent to-wards the ground station, where it olleted and sent to a polarization analyzerby means of a seond pointing mirror.The polarizer is taken to be horizontal with respet to ground, so its dire-tion will be a linear ombination of α1 and α2:
L3 = (cosχ)α1 + (sinχ)α2 (5.25)So the laser beam, oming from the satellite in diretion L2, after re�etionon the seond mirror, goes in diretion L3. The subsequent analysis is arriedon in the same way we made for the �rst mirror; we alulate the angle ofinidene on the mirror θ2 and then the s-polarization diretion as the normalto the seond inidene plane:

s2 =
L2 × L3

||L2 × L3||
(5.26)Finally, proeeding as above above, we �nd the matrix:

[
cos β12 sin β12

− sin β12 cos β12

]
β12 = σ12 arccos s1 · s2 (5.27)Then the light must by analyzed by the polarizer, whih has its own s-polarization diretion, normal to the plane whih desribes the ground in thestation; that is:

s3 =
α1 × α2

||α1 × α2||
(5.28)So we need a �nal rotation of an angle:

β23 = σ23 arccos s2 · s3 (5.29)performed by the matrix:
[

cos β23 sin β23

− sinβ23 cos β23

] (5.30)



114 Chapter 5. The QSpae experimentTotal polarization stateThe �nal polarization state is desribed by:
[
E′

p

E′
s

]
=

[
cos β23 sin β23

− sin β23 cos β23

] [
rp(λ, θ2) 0

0 rs(λ, θ2)

] [
cos β12 sin β12

− sin β12 cos β12

](5.31)
[
rp(λ, θ1) 0

0 rs(λ, θ1)

] [
cos β01 sin β01

− sin β01 cos β01

]From the �nal polarization state we an �nd the normalized Jones vetor:
1√

|E′
p|2 + |E′

s|2

[
E′

p

E′
s

] (5.32)5.3.2 SimulationsUsing our model, desribed in equation (22), we performed simulations for thesatellite LAGEOS 2, whih has the following parameters:
• inlination = 52.68 degrees
• period = 222.6 minutes
• axes = 5616 Km * 5951 Km
• orbit eentriity = 0.0135We onsidered a latitude of 37 degrees for the ground station, whih orre-sponds to a loation in Southern Europe. In our simulations we used aluminummirrors, whose refrative index, at several wavelengths of interest, is [61℄ :
• n(λ1) = 0.129+3.25i (λ1 = 532nm) n(λ2) = 0.144+5.3i (λ2 =

810nm)

• n(λ3) = 0.23+7.1i (λ3 = 1064nm) n(λ4) = 0.45+9i (λ4 =
1500nm)In the ase of a mirror made by a simple metalli surfae the re�etionoe�ients are the Fresnel oe�ients:

rs(λ, θi) =
no(λ) cos θi − n(λ) cos θt

no(λ) cos θi + n(λ) cos θt
rp(λ, θi) =

no(λ) cos θt − n(λ) cos θi

no(λ) cos θt + n(λ) cos θi(5.33)



5.3. Polarization preservation in Spae-based quantum hannels115

Figure 5.15: Di�erent passages of the satellite above the ground station (represented by theGS in the entre of the XY plane). The satellite omes along di�erent trajetories and so thepointing mirrors must be tilted in order to send the photons to the ground station, whateverthe position of the satellite is. This makes the referene frame of the satellite rotate inrespet to the referene frame on the ground station, and hanges the angle of inidene onthe mirrors, resulting on a modi�ation of the polarization states of the emitted photons.where no(λ) is the refrative index of air, n(λ) is the refrative index of themetal surfae of the mirror, θi is the inidene angle on the mirror and θt issuh that: no(λ) sin θi = n(λ) sin θt.In Fig. 5.15 the satellite trajetories in the ground station referene frameare presented, it is evident how the satellite omes and goes along di�erentpath, with mirrors' angles hanging aording to the parameters of eah singlepassage. In Fig. 5.16 the Poinaré spheres for two di�erent satellite passagesare plotted: the polarization hange is evident. Moreover di�erent wavelengthsbehave in di�erent ways and it is not possible to �nd a wavelength whihminimizes the perturbations. Finally we alulated the Stokes parameters for300z0 satellite passages at λ = 810 nm and we plotted them in Fig. 5.17 tohave a statistial understanding of polarization hanges: we an see that thepolarization state an be loated almost anywhere on the Poinaré sphere witha higher probability on a strip around the equatorial plane.Temporal dynamisIt is also interesting to study the temporal dynamis of this e�et in order toestimate how fast a possible ompensation system should be. As an examplein Fig. 5.18 one an see the evolution of the Stokes parameters S1, S2 and S3during a single satellite passage. Clearly the orbit period for a low-Earth orbit(LEO) satellite, orbiting up to 2000 Km above the ground, will be shorter than
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Figure 5.16: Poinaré spheres showing the reeived polarization states for two di�erentsatellite passages on the sky and four di�erent photon wavelengths. The soure on thesatellite emits a horizontally-polarized photon, whose polarization state, due to rotation ofthe referene frames determined by the satellite motion and to re�etion on mirrors, is ingeneral di�erent from the emitted one and hanges in time. Moreover, the polarizationstates of photons of di�erent wavelengths hange in di�erent ways, beause of the di�erentresponses of mirrors. Elliptial polarization states an be due to omplex refrative indiesof the mirrors. In partiular this result also indiates that it is di�ult to use a referenelaser at a di�erent wavelength for polarization ompensation.
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Figure 5.17: Poinaré sphere and its projetions on the (S1, S2), (S2, S3) and (S1, S3) planesfor 3000 satellite passages on the sky, starting from a horizontally polarized photon emittedby the soure on the satellite. Strinkingly, the deteted polarization state an be anywhereon the Poiaré sphere, with a higher probability to be on a strip near the equatorial plane.



118 Chapter 5. The QSpae experimentthe one for a medium-Earth orbit (MEO), whih travels from 2000 to 35000Km above ground, due to Kepler laws. Therefore the temporal evolution ofthe Stokes parameters will be muh faster.

Figure 5.18: Temporal evolution of the Stokes parameters at the Earth-based reeiver, for avertialy-polarized state emitted by the soure on the satellite. The dynamis is faster for aLEO satellite (1500 Km) passage than it is for a MEO one (10000 Km).To have a better statistial understanding of the e�et we onsidered thetime derivative of the Stokes parameter S1 for 100 satellite passages. FromFig. 5.19 we an see that:
|dS
dt

| < 0.03 (d = 500Km) |dS
dt

| < 0.002 (d = 10000Km)

Figure 5.19: Temporal dynamis of the Stokes parameter S1 for vertially-polarized photonsemitted by a LEO (500 Km) and MEO (10000 Km) satellite. The maximum value for dS1/dtis 0.03 for the LEO ase and 0.002 for the MEO ase, showing that the more distant thesatellite is the slower polarization transformations are.Clearly LEO satellites provide lower hannel losses, making it easier toestablish a single photon link, but on the other hand move faster in the sky,



5.3. Polarization preservation in Spae-based quantum hannels119imposing the availability of a good traking and pointing system and exhibitfaster temporal variations of the photon polarization states to ompensate for.5.3.3 Other e�etsEven though realisti optial systems for satellite quantum ommuniationould be more omplex than our simple two-mirror model, most proposedshemes are based on a �xed telesope and a movable steering mirror for �nepointing at eah ommuniation side. Sine the e�et of �xed mirrors is justto provide a onstant o�set, they will just introdue time-independent modi�-ations whih an be ompensated by proper alibration.Besides instrumental ontributions, also the atmosphere ould introdue per-turbations on the polarization of an eletromagneti wave, due to turbulene,sattering proesses or Faraday e�et. Aording to theoretial models andexperimental data [62, 63℄, turbulene ould give a rotation of the order of
10−11 rad/Km, while sattering ould ontribute with a rotation of about
10−4 rad/Km; both are muh smaller than the what we have found in oursimulations for the traking system. A simple alulation shows that alsoFaraday e�et is negletable. Assuming for the magneti �eld B its max-imum value at the Earth surfae (B = 60µT ), for the atmosphere deptha value of d = 10 Km and for the Verdet onstant of air the value [64℄
V = 6.83 ∗ 10−6min/(Gcm) = 1.9 ∗ 10−3rad/(T ∗m) we �nd that the plane ofpolarization undergoes a rotation of an angle:

χ = V Bd = 0.001rad (5.34)This value, whih an be onsidered as a higher bound sine we assumedthe geomagneti �eld onstant at its value at the Earth's surfae (while itdereases with r−3 moving away into the atmosphere) is learly unimportant.5.3.4 Compensation shemesFrom our analysis, it is evident that the moving mirrors of the satellite's andground station's pointing system are the most important soure of perturba-tion in a quantum ommuniation link between Spae and Earth, introduinga signi�ant time-dependent rotation of the polarization states of the signalphotons. This result shows that it is neessary to use an ative ompensationsystem, sine for quantum ommuniation all the polarization states must betransmitted and reeived orretly.



120 Chapter 5. The QSpae experimentDeterministi open-loop ontrolA �rst approah is to deterministially alulate the atual polarization ro-tation in real time, given the satellite trajetory and the pointing angles areknown, and aordingly vary the polarization ompensation rotation at theground station as the satellite passes by. However, this approah requires thatall the relevant parameters of all the mirrors to be preisely known, stableagainst physial in�uenes suh as temperature �utuations, and with a long-term stability.Geostationary satellitesA seond solution would be the use of geostationary satellite, whih wouldremain �xed in the sky with respet to the ground station. Therefore therewould be no need for the pointing and traking system, and there would be notime-dependent polarization transformation imposed on the photons. But, onthe other hand geostationary orbit is more than 35000 Km apart, making theestablishment of a single photon link extremely unpratial.Referene beam at a di�erent wavelengthA possible implementation of a ompensation system ould be by means ofa probe laser beam whose wavelength (λP ) is di�erent from the one of thesignal photons (λs). The dispersive hannel would at on the photon with thetransformation U(λ). In the ground station one ould perform a polarizationanalysis of the referene beam and retrieve the transformation U(λP ) thathas been performed on it, and then he ould apply the inverse transformationon the reeived signal photons' polarization states, whih have undergone thetransformation U(λs). The problem is that, in general the hannel is dispersivemeaning that U(λs) 6= U(λP ) making the ompensation imperfet. In Table1 one an see the results of the simulations for a MEO satellite with signalphotons at 800 nm and probe beam at 825 nm: the result is not bad, eventhough an error of about 1% still remains in S3.Time-multiplexing of signal and ompensation beamsAnother possible approah ould be to use the same wavelength for signal andreferene photons, but alternating the times in whih they are emitted, so asto implement a time-multiplexing on�guration. This sheme, provided thatthe transmission and analysis of the referene beam is repeated at a su�ientlyhigh rate required to keep up with the temporal variations of the polarizationproperties, will allow near ompensation at every hosen degree.



5.4. Conlusions 121Partiularly, supposing that the interval ∆t between two suessive ompen-sation pulses is short, the maximum error in the Stokes parameters an beexpressed as:
∆Smax ≃

(
dS

dt

)

max

∆t (5.35)Supposing to know the maximum temporal variation of the Stokes parameters,setting the hosen maximum error rate ∆Smax one an �nd the maximum .From this the minimum repetion rate of the probe pulses an be alulated:
frep =

1

∆t
=

1

∆Smax

(
∂S

∂t

) (5.36)In the ase of a LEO satellite we have predited the maximum temporal vari-ation of the Stokes parameters to be around 0.03s−1: this gives frep = 3KHzto ahieve ∆Smax < 10−5.5.4 ConlusionsIn this Chapter we addressed the problem of the distribution of polarization-enoded single and entangled photons in Spae-to-Earth optial links. This is-sue is important in order to realize global-sale quantum key distribution, andit is a neessary prerequisite for any quantum physis experiment in Spae.In partiular, we demonstrated experimentally the feasibility of single photonexhange between a LEO satellite and an optial ground station. Our experi-ment is partiularly signi�ant sine it shows that the signals photons an beidenti�ed against a strong bakground noise despite the tehnial di�ultiesassoiated with the fast satellite motion. The next step would be to establish areal quantum link, implementing quantum ommuniation protools. Howeverthis annot be done with our on�guration, sine:
• the signal-to-noise ratio in our experiment (2 : 1)is not su�ient to violateBell inequalities. A 6 : 1 ratio would be needed (see [65℄), but it annotbe reahed in our simualted on�guration sie the losses are too strong,mainly due to the small size of the ornerubes.
• our hannel is not polarization-preserving, preventing the possibility ofimplementing quantum information protools with polarization-enodedqubitsOnly a dediated hardware, optimizing the transmission e�ieny and guar-anteeing the preservation of polarization states in the hannel would enablethe suessful implementation of a quantum hannel between Spae and the



122 Chapter 5. The QSpae experimentEarth.Moreover we studied quantitatively the transmission of polarization states in aSatellite-to-Earth hannel, identifying the satellite pointing and traking sys-tem as the major problem. We suggested and disussed di�erent ompensationshemes for the problem.The ontribution of the PhD andidate to the topis presented in this Chapteris the following:
• onstrution and haraterization of the reeiver optis
• parteipation to the experimental sessions at MLRO. The author ollab-orated to the onstrution of the optial setup and to data olletion
• data analysis
• modelling and simulation of the polarization properties of a Satellite-to-Earth quantum hannel



Chapter 6Conlusions and perspetivesThis thesis presents the researh work onduted by the PhD andidate fromJanuary 2005 to Deember 2007 in the Department of Information Engineeringof Padova University and in the Quantum Imaging Lab (Boston University)under the supervision of Prof. Paolo Villoresi (osupervisor Prof. Alexan-der Sergienko, Boston University). The work was �naned by the FondazioneCassa di Risparmio di Padova e Rovigo via the sholarship Ottia per la Co-muniazione Quantistia.The main researh theme was the generation, manipulation and appliationof multiparameter entangled states, partiularly: the manipulation of multi-parameter entangled states by means of adaptive optis, the haraterizationand appliation of frequeny-antiorrelated states to dispersion and spetralpolarization measurement, and satellite quantum ommuniation.Manipulation of multiparameter entangled states with adaptive op-tisIn the �eld of quantum optis, the most important tehnique to generate en-tangled photons is spontaneous parametri downonversion, a seond-ordernonlinear optial proess where a pump photon is split in two other photons.Energy and momentum onservation indue orrelations between the two pho-tons, making them unurrently entangled in wave-vetor, frequeny and po-larization.In our work we engineered the spatial omponent by means of an optial setupomprising an adaptive mirror, to study the e�ets on spetral and polariza-tion quantum interferene. The results of our theoretial and experimentalativities were:
• a quantitative model for multiparameter entanglement in type-II down-
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onversion
• in type-II quantum interferometry, inresing the olletion angular a-eptane (to inrease intensity and bandwidth) the interferene patternvisibility dereases due to spatial walk-o�. We demonstrated the possi-bility to restore high visibility even with large detetion apertures.
• a spatial ounterpart of spetral dispersion anellation was suggestedand desribed with numerial simulations.The results are presented in Chapter 2 of the present doument.Researh on this topi has been onduted at Quantum Imaging Labora-tory, Boston University (prof. A. V. Sergienko). All the work (experimentdesign, analytial and numerial modelling, onstrution of the experimentalsetup and data analysis) was performed by the PhD andidate. A theoretialpaper is being prepared, aimed for submission to Physial Review A.Future work along this researh line will regard the experimental demon-stration of spatial even-order phase anellation and its appliation in the �eldof quantum optial oherene tomography.Charaterization and appliation of frequeny-antiorrelated statesto dispersion and spetral polarization measurementWhite-light interferometry is one of the most widespread tehniques to mea-sure hromati dispersion: by means of a Mihelson interferometer feededwith broadband light one an retrieve the spetral phase aquired propagat-ing through the material. The larger the optial bandwidth, the higher themeasurement auray; on the other hand dispersion, the very same e�et wewant to haraterize, in the ase of broad bandwidth broadens the interferenepattern reduing the signal-to-noise ratio.By means of numerial simulations we showed that if the signal to noise ra-tio is redued beyond a ertain level, the phase-retrieval algorithm starts tolose auray, giving measurement errors. Using the spetral dispersion an-ellation e�et we an redue the interferene pattern broadening, keeping thesignal-to-noise ratio higher. This allows to extend the optial bandwidth, gain-ing more and more auray in the measurement of the odd-order dispersionoe�ients. The prie to pay is, however, that only the odd-order oe�entsan be retrieved.



Besides hromati dispersion, the same approah an be used to measurespetral porization. To do this, we developed a generalized approah providingtools for a detailed haraterization of a quantum-optial state that is entangledboth in spetrum and in polarization. We aomplished this by generalizingthe lassial de�nition of the spetral oherene matrix in order to introduethe two-photon oherene matrix for a broadband two-photon entangled state.We then outlined the experimental proedure for the measurement of its ele-ments and illustrated how it an be used to quantify properties of frequeny-polarization entangled states. Moreover, we disussed that suh a tehniquean be used to haraterize properties of devies and materials through whihsuh a two-photon entangled state has propagated. We believe that the in-reased system dimensionality in the quantum ase will �nd appliations foroptial measurement tehniques, partiularly in the �eld of quantum ellipsom-etry.Researh in this topis has been onduted at Quantum Imaging Labora-tory, Boston University (prof. A. V. Sergienko) and is desribed in Chapters 3and 4. All the theoretial and numerial analysis was performed by the PhDandidate.A manusript about the spetral two-photon oherene matrix is in press:C. Bonato, P. Villoresi and A. V. Sergienko, �Two-photon spetral oher-ene matrix and haraterization of multiparameter entangled states�, PhysisLetters A (2008), 10.1016/j.physleta.2008.01.016Amanusript about dispersion measurements using broadband frequeny-antiorrelatedlight is being prepared, aimed for submission to Optis Express. The same ma-terial has been presented at the following onferenes:
• C. Bonato, A. V. Sergienko, B. E. A. Saleh, M. C. Teih, "Two-photonspetral oherene matrix and multiparameter optial entanglement",poster presentation, CLEO/QELS 2007, Baltimore, USA (May 2007)
• C. Bonato, A. V. Sergienko, B. E. A. Saleh, M. C. Teih, "Two-photonspetral oherene matrix and multiparameter optial entanglement",poster presentaion, CLEO Europe 2007, Munih (June 2007)
• C. Bonato, A. V. Sergienko, P. Villoresi, "Dispersion measuremnt using



frequeny-antiorrelated light", oral presentation, CLEO Europe 2007,Munih (June 2007)Satellite quantum ommuniationEntanglement is a valuable resoure for quantum information proessing, forexample in quantum ryptography. Optial quantum ryptography links havebeen suessfully implemented, whih allow to share seure keys between par-ties distant more than 100 Km. However, only using spae tehnology oneould realize global-sale quantum key distribution.The experimental aivities arried on in this thesis brought, for the �rst time, tothe experimental veri�ation of single-photon exhange between a LEO satel-lite and a ground station. The retrore�etion of a weak laser pulse from ageodeti satellite was exploited to simulate a single-photon soure onboard asatellite. The emitted photons were deteted by the 1.5 m telesope set inMatera Laser Ranging Observatory and distinguished from the strong noisebakground by means of areful temporal, psatial and spetral �ltering. Dataanalysis showed the detetion of signal photon with a 5 ps rate.Finally we studied numerially the polarization properties of a spae-to-Earth quantum hannel showing that a time-dependent polarization transfor-mation is indued on qubits due to the relative motion between the satelliteand the ground station. Compensation tehniques for this e�et were sug-gested and disussed.Researh on this topi, presented in Chapter 5, has been onduted inollaboration with the group of prof. A. Zeilinger, Institut fur Experimental-physik, Vienna. The PhD andidate's ontribution to the topis presented inthis Chapter is the following:
• onstrution and haraterization of the reeiver optis
• parteipation to the experimental sessions at MLRO, in partiular asregards the onstrution of the optial setup and data olletion
• data analysis
• modelling and simulation of the polarization properties of a Satellite-to-Earth quantum hannelA manusript has been prepared about the QSpae experiment and submittedto New Journal of Physis. The pre-print is available on the ArXiv:



P. Villoresi, T. Jennewein, F. Tamburini, M. Aspelemyer, C. Bonato, R.Ursin, C. Pernehele, V. Lueri, G. Biano, A. Zeilinger, C. Barbieri, "Experi-mental veri�ation of the feasibility of a quantum hannel between Spae andEarth"The material about the polarization transformations indued by re�etive op-tial devies has been published in the following papers:
• C. Bonato, M. Aspelmeyer, T. Jennewein, C. Pernehele, P. Villoresi,A. Zeilinger, "In�uene of satellite motion on polarization qubits in aSpae-Earth quantum ommuniation link", Optis Express, 14, 10050-10059 (2006)
• C. Bonato, C. Pernehele, P. Villoresi, "In�uene of all-re�etive optialsystems in the transmission of polarization-enoded qubits", Journal ofOptis A: Pure and Applied Optis, 9, 899-906 (2007)
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