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Section 1 Introduction 1

Towards unifying second-order theory of likelihoods and pseudolike-
lihoods

Nicola Lunardon

Department of Statistical Sciences
University of Padova

Italy

Abstract: Theory is developed to show that second-order distributional behaviour of pseudolikelihood
ratios can be modified to resemble that of likelihood counterparts by means of a suitable adjustment.
The latter is conceived to enable the Bartlett correction for pseudolikelihood ratios when inference fo-
cuses on a scalar parameter. The proposed methodology can be framed in the likelihood setting where it
can be interpreted as a device to achieve second-order accurate inference that takes into an account po-
tential erroneous model assumptions. The efficacy of the proposal is demonstrated via simulation studies.

Keywords: Bartlett correction; Composite likelihood; Model misspecification; Pseudolikelihood; Second-
order asymptotics.

1 Introduction

Pseudolikelihood is the heading that subsumes a wide class of inference functions conceived
to conduct likelihood-like inference yet circumventing restrictive model assumptions. Typically,
pseudolikelihoods and derived quantities possess only a few key properties of the likelihood coun-
terparts. These are related to first-order asymptotics, as the consistency and the asymptotic
normality of estimators, and guarantee the validity of the inferential conclusions. Neverthe-
less, the distributional characterisation of pseudolikelihood ratios may be different from that of
likelihoods and the discrepancies may arise even at first-order (Kent, 1982). On the one hand,
standard first-order distributional behaviour can be restored by means of suitable modifications,
as witnessed by the substantial body of work by [Rotnitzky and Jewell (1990), (Chandler and
Bate (2007)), and [Pace et al.| (2011)). On the other hand, the development of general strategies to
correct for the second-order behaviour have been neglected. Contributions are usually devoted
to assess the properties of specific instances of pseudolikelihoods (DiCiccio et al.{1991) or to de-
scribe how close they relate to likelihoods (Mykland} 1999). Consequently, it is seldom possible
to draw a direct link between second-order theory for pseudolikelihoods and likelihoods. Our
endeavour is to create the breading ground to try to fill this gap by showing that second-order
behaviour of pseudolikelihoods can be manipulated to resemble that of likelihoods. In particular,
we prove that it is possible to create the necessary conditions to enable the Bartlett correction
for pseudolikelihood ratios. The result is not only of relevance for pseudolikelihoods because it is
susceptible of a clear-cut interpretation from the standpoint of likelihood theory: second-order
accurate inference can be safeguarded against erroneous model assumptions.

We focus on a broad class of pseudolikelihoods that generalises and includes the likelihood,
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namely marginal composite likelihoods (Varin, 2008). Let w,...,y, be a sample of size n of
independent and identically distributed observations from a g-dimensional random vector Y
having unknown density g(y). Marginal composite likelihoods may be defined by considering
a parametric statistical model {f(y;0),0 € ©® C R,y € R?} and a set of marginal events on the
sample space {&1,...,Ex} involving the components of y;. If we denote the likelihood function
associated to each event by f(y; € E; ), then the marginal composite log likelihood is

n

0(0) = ZZwklogf yi € & 0) Zwy@ (1)

i=1 k=1

where wy, are non-negative weights. The events £ may regard subsets of components of y; whose
dimension are, for instance, 1, 2, up to ¢, leading to respectively the independence likelihood,
the marginal pairwise likelihood, and the likelihood. This is in no way an exhaustive list and
we defer the reader to Varin (2008, Sect. 2) for an overall view.

The remainder of this introduction is devoted to introduce further definitions and notation.
Let W () = 2{¢(0) —£(0)} be the composite log likelihood ratio for 0, with § = argmax, £(6) the
maximum composite likelihood estimate. Denote by £;(6) = 87¢(0)/067 the j-th order derivative
of the composite log likelihood. We define

st (0) = VEG {[01(0; V)] [62(0; Y)]*[£3(0; )] [€4(0; Y)]*}

along with the centred random variables

n

Arstu(0) = v~ Z[zl (0 )] [€2(0; i) 1°[€3(0; 0] [€4(0; i) — vrstu (6),
1=1

where r, s,t,u are non negative integers. The factor v = (—1)(2T+s+2t+2“)! switches the sign of
ap1 and Ag; only, i.e. it ensures ag; > 0. We shall adopt the shorthand ai01(0) = a1010(6),
A2(0) = As000(0), and so forth, i.e. zeroes are retained when they precede an index greater or
equal than 1. Further, we denote by x;(T") the j-th cumulant of some random variable 7.

2 Background

We give a brief review about the precise meaning of consistency of estimators and model correct-
ness for marginal composite likelihoods (Sect. . These concepts are crucial to frame properly
the differences that arise at first- and second-order between composite likelihood and likelihood
ratios (Sect. and provide the suitable environment for our developments.

2.1 Model correctness and consistency of estimators

The definition of model correctness for marginal composite likelihoods is termed to as marginal
correct specification by Xu and Reid (2011), i.e. g(y € &) = f(y € &;0') for all k =1,... | K
and for some ¢ € int(©). This definition is weaker than the usual one of model correctness
9(y) = f(y;6p), Oy € int(O), because the latter involves g-dimensional densities.

The maximum composite likelihood estimator 0 is root-n consistent for the pseudo true pa-
rameter value 8%, which is defined as the minimiser of the composite Kullback-Leibler divergence
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(Varin and Vidoni, 2005)

K
E, {Z wy [logg(Y € &) —log f(Y € €k;9)]} ,
k=1
where E; denotes expectation with respect to g(y). If it holds g(y) = f(y;00) and further
gy € &) = f(y € &k;00), all k, then we also have 6* = 0y; this implies that 6 converges in
probability to the true parameter value even under the marginal correct specification (Xu and
Reid, 2011). Nonetheless, as our results are not tied to such circumstance, we hereafter must
assume that 0* still has a meaningful scientific interpretation because it is the only quantity for
which we may conduct inference. We remark in passing that when ¢(0) is the ordinary likelihood
function our setting recovers the more familiar theory of misspecified likelihoods developed by
Kent| (1982) and White| (1982).
To ease the notation, in the sequel we drop the dependence on the parameter whenever
quantities defined as functions of § are evaluated at 6%, e.g. W = W (0*).

2.2 Bartlett identities and first- and second-order asymptotics for W

Bartlett identities regard expected balancing relations involving moments of likelihood deriva-
tives and hold for the log likelihood under model correctness g(y) = f(y; 6p) (see, e.g., Barndorfi-
Nielsen and Cox, 1994, pp 146-147). For our purposes it suffices to consider the first four
identities only, which are respectively (reading from top to bottom and left to right)

ai(fo) =0 a001(00) + 311 (o) + az(fo) = 0
a2 (o) — ao1(fo) =0 0001 (6o) + 4a1o1(0o) + 3a2(bo) + 6a21(6o) + ca(bo) = 0.

Since marginal composite log likelihoods are formed by the sum of n contributions that do not
necessarily originate from proper density functions, such identities, but the first, do not hold
even under the marginal correct specification. The first identity is still valid regardless such
condition, i.e. a1 = a1(6*) =0, as can be deduced from Section

Because some identities do not hold, the properties of W (6) depart remarkably from those of
the log likelihood ratio. The differences are here outlined by referring to formal Edgeworth series
for the density of n'/2R(6). The latter is the signed square root of W (#), i.e. a random variable
chosen to fulfil W = nR? + O,(n~%/2). Tt is understood that the desired properties of T are
derived from the density of n'/2R by using transformation rules of random variables. From the
expansion of W in the Appendix 1, we have R = Ry + Ry + R, with R; = O,(n7/2), j = 1,2,3,
where

Ay A1An agorA?
Rl = 2L Ry=
12 3/2 5/2
0‘0{ 2%{ 6%{
Ry, — 3A1A% | AfAoor | S ATAor | afy A7 | oo A7
8% 6agl’ 120]/” 9092 240/

The leading terms of the cumulants of n'/2R are

(0 R) = 00 %)  ranR) = azagl + 00 k(PR =0
ka(n'/?R) = O(n™1) k5(n'/2R) = O(n=3/?) #j(n'?R) = o(n"2),j > 6.
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First-order behaviour of W may be assessed by constructing a series for the density of n'/2R
based on the leading term of ka(n'/2R). Because of the failure of the second Bartlett identity
such term is not equal to 1, consequently W is not asymptotically chi-square distributed as the
log likelihood ratio. It follows

w4 agozall A

with Z ~ N(0,1) (see|Kent, 1982). The same first-order limiting behaviour of the log likelihood
ratio may be restored by using suitable modifications to W (#), as suggested by Rotnitzky and
Jewell (1990) and Pace et al.|(2011). When 6 is scalar these adjustments coincide and result in
a modified statistic of the form W1(6) = a2 (0) Lag1(0)W(6). A further adjustment is provided
by |Chandler and Bate| (2007) and the purpose is to modify the curvature of the composite log
likelihood about by defining £4(0) = £(0(6)), with 0(0) = 6 — (6 — 0)Cy. The associated
composite log likelihood ratio Wy, (0) = 2{¢.4(0) — £e(0)} achieves the desired limit if ¢} =
a2(0) 7201 (9)'/? (Chandler and Bate, 2007, Sect. 3-2).

For the second-order properties of W, and in particular to enquire about the Bartlett cor-
rection, we need to develop a series for the density of n'/2R up to O(n‘S/ 2). If W was the log
likelihood ratio, then

ki(nY2R) =02 ky(n'2R)=1+0(n™1)  k3(n/2R) = O(n~%?) 3
rka(n'?R) = O(n™2) r5(n'/2R) = O(n=3/?) #j(n'2R) = o(n"2),j > 6, (3)

where the second, third, and fourth cumulant are different from those in due to the validity
of the second, third, and fourth Bartlett identities. This mean that the series for n'/2R can be
based on s1(n'/2R) and ko(n'/?R) only. Computation of the cumulants of W leads to

Rj(W) =271 (j = DIEWY +O(n=*?),

where 2/71(j — 1)! is the j-th cumulant of a chi-square variate with one degree of freedom.
Standard properties of cumulants suggest that division of W by its expectation results in (see,
e.g., Barndorfl-Nielsen and Cox, 1994, Ch. 5)

P{WEW]|™! <cy} =7+ 0((n?),

where ¢, is the y-quantile of a chi-square variate with one degree of freedom. The expectation
of W admits the expansion 1 4+ n~'b + O(n~2), where b is the Bartlett factor, provided, for
instance, in Barndorff-Nielsen and Cox (1994, formula 5-30). When the composite log likelihood
ratio is considered, then the required Bartlett identities are not satisfied, whereby the cumulants
of its signed root do not exhibit the structure in , implying that it is not Bartlett-correctable.
This is also the case for W7 and W, as the adjustments do not account for the third and fourth
Bartlett identities.

3 Second-order accuracy via the extended curvature adjustment

To establish our results in the present section, we assume conditions (A0)-(A7) in | Xu and Reid
(2011)) for the consistency of  and conditions (A1)-(A5) in |[Jensen| (1993, Sect. 1-1). Contex-
tualised to our framework, the latter regard moment and smoothness conditions of composite
likelihood derivatives that are necessary to ensure the validity of the Edgeworth expansion for
the density of the signed root given in . All proofs are deferred to the Appendix 2.
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3.1 Expected extended curvature adjustment and Bartlett factor

In order to account for the failure of the second, third, and fourth Bartlett identities for marginal
composite likelihoods and to supply a version of W which is Bartlett-correctable, we generalise
the approach by |Chandler and Bate (2007)) as follows. We define ¢.(0) = ¢(0.(0)) along with
We(0) = 2{€.(6) — £c(0)}, where

3
be(6) =60 (6-06YC;
j=1
provides what we term to as the extended curvature adjustment, C; = O(1), j = 1,2, 3. Clearly
0 = argmax, {(f) = argmax {c(6). Provided the expansion of W, in (f]), we have W, = nR? +
Op(n™3/2), Re = Re1 + Rea + Res, with Rej = O,(n=/2),5 = 1,2,3, and

A C C1A1A CoA? gy C?A?
R = 11/21 Rez = : :13/201 + 23/21 + == 5/12 ' (4)
Qo1 20 Qo1 6ag)
_ 3C1A1AY | CPA2Apon | 3C2A%A01 | BaoniC3ATAg | apniCoAS  apo1CrC2AS
Rez = 52 T 52 T 52 T 7/2 + 77z T 72 T
8] 6oy 20 120y 200y 3o
all? 8ol 40l 7200/ 120/ 6o 240/

The key idea to enable the Bartlett correction for W, is to use the constants Cy, Co, and C3 to
act on the cumulants of n'/2R,, given in -, so that they achieve the same structure of
those in (3)), i.e. the ones resulting from the signed root of the log likelihood ratio. Specifically,
C1 is employed to obtain ko (nl/ 2R.) = 14+ O(n~!), whereas Cy and C3 are tuned to downsize
rk3(n'/?R,) and ky(n'/?R.) to O(n=3/2) and O(n~?), respectively. In the following theorem we
provide expressions for C}, as well as that for the resulting Bartlett factor for We, 7 = 1,2, 3.

Theorem 1. Let W, = W (6,) and 0, = 6 — Z?:l(é — 0%)IC;}, with

2
“1/2 1/2 Cirarr Ciagagr  Ciagor
2&2 6042 60401
2 2 2
C 205 3Ciaf; 7011 Ciajer Chragiagr Crajiazagr Ceagap
3 = - - — - — - —
& 404% 2009 6o 4a% 4a% a%
2 2 2 2
Croya;  Croage Ciasagor Caagor C1C20a001  3CTariagn - Crogy
- 3 - 2 - - Ty + 5 T
24042 80&2 6042 20&01 ap1 [eHYe %)} 80(01

2 9 3 9 2 3
Ciagyy  Ciager . Ciagoor  Cragoor . CYoooot

405(2)1 2404(2)1 12&01 60[01 240401 ’

then P{We[l +n7 b7t < Cv} = v+ O(n=?), where b, is the Bartlett factor for W, whose
exTPression s

2 2
5043 Y aqq a9 1103 a2

e = - - - ’
1204% 401% 40@0%1 2a001 2@%(101 404(2)1
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Because the class of marginal composite likelihoods include as a special instance the like-
lihood, the result in Theorem 1 may be also framed in the likelihood setting. Here it can be
interpreted as a device to achieve a robust Bartlett correction whenever the researcher is not
confident about the validity of the required Bartlett identities or, equivalently, about the correct-
ness of model assumptions. Note that when Bartlett identities hold, then Theorem [I] retrieves
C1 =1, Cy = C3 =0, and the Bartlett factor b, reduces to the one of the likelihood ratio.

Should it be considered in the composite likelihood or likelihood framework, the result in
Theorem 1 provides a striking description of a general-purpose adjustment to manipulate first-
and second-order asymptotic properties of composite likelihood and likelihood ratios. Neverthe-
less, it is pointless from a practical point of view because 6.(6) still depends on the unknown
g(y) through expected moments of likelihood derivatives.

3.2 Observed extended curvature adjustment and Bartlett factor

The statistic W, depends on expected moments o, in Cj, j = 1,2,3, and whenever they are
replaced by their root-n consistent estimates

&rstu = drstu é _1 Z gl 0 yz £2 9 yz)] [&i(éa yl)]t[€4(éa yz)]ua (5)

the result in Theorem 1 is struck down. A brief explanation is as follows. Let Cy be the empirical
counterpart of C7 in Theorem 1, i.e. expected moments are replaced by . Then it follows
Cy =01+ + 179, where r; = Op( 1/2) and ro = Op(n™!) are glven in and (13)). When Cy
is plugged in Ry, and Ry it produces disturbances of size O,(n™1) and O (n =3/ 2) that modify
the current expressions of Rp. and Rje, respectively. This implies that C and C5 need to the
be updated. Similarly, once a new expression for Cy is retrieved, the estimation process gives
rise to an error term that affects the expression of Rs.. Note that estimation of C3 does not
alter Rs. because the induced reminder is Op(n~2).

In order to cope with these difficulties, we define a revised version of W¢(0), namely W/(6) =
2{¢,(0) — €.(6)}, where £,(0) = £(6,(0)) and 0,(6) = 6 — >°?_, (6 — 6)’C;. The function W(6) is
suitable for practical purposes because in Theorem 2 we provide expressions for C’l, C’g, and Cj
which are derived by taking into an account the estimation error of expected moments and are
readily provided in terms of sample moments.

Theorem 2. Let W! = W (0.) and 0, = 6 — Z;’Zl(é —0*)1C; with

A A A A A A A /\2/\
O = 4t O Cira1r | Ciagagr  Ciager  Cidoot
1 = D= — - — = —
2 01 (6%) 305% 20&01 6&01
o A g . . . . .
& 205 n Cia1,  5C2a11 Cianor Craoiaer | 7C1Aa1143G01 N Cadizdior
3 = —— — — —— — -
C a% 209 209 % 6a§’ %
N A249 ~Q N oA N2 A A N A A A ~
Cha362,  Créuad,  Ciage  Clazaom  3Caa0m  CiCadoor  Crdaidon
+ A - ~3 - ~ + ~9 + ~ - ~ - ~ A
30(2 4Oc2 2&2 6052 20(01 a1 40(20401

A2 A A A 9 A2 A9 A3 A9 A A3 A
N 5CTa11d00  Cidgy n Ciogn  Cidgo  Cidooor | CFdwoot
1260601 463, | 442, 2463, G4 | 24ag;
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then P{W![1+n'b)]7' < ¢y} = v+ O(n?), where b, is the Bartlett factor for W, whose
expression 1s

2
yo_ 0 0
€ 202 303’

2 2

The result in Theorem 2 is still valid when b, is replaced by its root-n consistent estimate
be computed with sample moments &;, j = 2,3,4. We highlight that the Bartlett factor for W/
depends on the standardised third and fourth moments of the composite score function only.
Incidentally, it is equal to that for the empirical likelihood, with the difference that standardised
moments appearing in the latter are those of Y (DiCiccio et al.l [1991).

4 Empirical evidence

In the sequel an example dealing with marginal pairwise likelihoods is considered to assess, via
Monte Carlo simulation, the coverage accuracy of confidence intervals for # based on W?(#) =
We(0)[1 + n~ o], Wi(0), Wu(0), Wo(B), WE(0) = Weo(0)[1 + n~1b.]~'. The latter two
are the ordinary likelihood ratio and its robust Bartlett-corrected version computed with the
extended curvature adjustment and Bartlett factor provided in Theorem 1. We also consider the
following versions of the aforementioned statistics: W(0) = W/ (0)[1+n"1b]~1, W/(6), (),
and W2 (0) = W/, (0)[1 +n~'b.]!, where the second and third are the analogues of Wy (6) and
We(0) computed by replacing expected moments in the adjustments by empirical moments ,
whereas the fourth is the analogue of W2 () computed according to the quantities given in
Theorem 2. For the computation of W/°(), W/, (0), and W/5(6) we use a bias-corrected version
of 1, namely C* = ¢ — Eg[rg], where Eg[rg] is the sample counterpart of Eg4[rs], without
affecting the validity of Theorem 2. The resulting expression for CA‘{’C is

A 1

A A a9 AL A A A
Crbc . C 301044 010411 0104101 3Cla21 301&11@3 5010(02
1 - 1— -

n

~2 ) ~2 " ~24 ~2
8as Q0 ag, 4déadvr 2050001 8ag;

+ + -

. . " .

3C1a110001  Cidsdoor  3C1a2650; . Crdadonon

~3 PY) 1 ~3
dag, davp gy 8dyy; 4o,

Similarly, for W7 (#) we adopt a bias-corrected version of the scaling factor &, *dg1, whose ex-
pression is

~ A A A ~9 ~ A A ~ A A ~9 N
a1 1 Jaor  4danas | 447 24101 4 Qulor  Goo G3Goo1 Qg1 Cooot
dg n d% d;’ d%@m d2@01 @% dzdm @%@01 26&81 26&%1

The number of Monte Carlo trials is 100000 and expected moments of likelihood derivatives,
needed to compute the expected extended curvature adjustment and associated Bartlett factor
in Theorem 1, are approximated via an auxiliary simulation of 10000 replicates.

The R source code of a function that computes W/ () and W (6) for an arbitrary log likeli-
hood function is available from the Author.
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4.1 Marginal pairwise likelihood

Suppose that yi,...,y, is a sample from a g-dimensional normal distribution with null vector
of means and covariance matrix > whose diagonal and off-diagonal elements are 1 and p =
cor(Y;, V), j #k=1,...,q, p € (—(g—1)71, 1), respectively. The log likelihood and marginal
pairwise log likelihood for p admit an analytic expression, and for the latter is (Cox and Reid,
2004)

ng(q —1)

(p) = ————1log(1 - p*)

~1 -1 -
: g +pSSW_(q )(1 = p)

2(1-p?) 2q(1 - p?)

where SSw =Y, Z?zl(yi]‘ —3i)%, SSp=¢*> 1, 47, and j; = ¢! 2321 Yig-

Simulations are from the true model (multivariate normal) and from a misspecified model,
i.e. a multivariate ¢, distribution with 7 = 10 degrees of freedom. In the first case, our aim
is to validate the results in Section [3| for pairwise likelihoods and to assess the behaviour of
the likelihood when we are too cautious and misuse the extended curvature adjustments along
with the related Bartlett factors. Note that the pairwise likelihood is correctly specified, in the
sense of Section [2.1] In the second case, the purpose is to assay the ability of the proposed
methodology to retain the stability, also to second-order, of levels of confidence intervals against
misspecification. In this case, neither the pairwise nor the likelihood are correctly specified.

We consider samples of size n € {15,30} and p € {0-2, 0-5, 0-9}. The results for the first
and second setting discussed above are in Table [I] and Table [2] respectively. For the former, we
have that empirical coverages resulting from W, (p), Wi(p), We(p), W2(p), and W& (p) compare
similarly and are close to the nominal levels. When adjustments are estimated, second-order
accurate statistics W (p) and W/ (p) outperforms Wy(p) and W/, (p). The results for W2 (p)
and W (p) are slightly worse than those of W,(p) but still comparable, meaning that the use
of the extended curvature adjustments do not harm substantially coverage accuracy. When we
consider the simulation from the ¢1¢ distribution, we have a different picture than before. On
the one hand, coverages from W,(p) drop dramatically, highlighting that the likelihood ratio is
overwhelmed by the model misspecification. On the other hand, the expected adjustments for
Wi(p), We(p), Wo(p), and W2 (p) are able to fix for the misspecification and lead to sensible
coverages. Once again W (p) and W/2(p) provide better results than Wi (p) and W/, (p).

SSB)

Appendix 1

Expansion of W, and W

To obtain the expansion of W, to O,(n~3/2) we need that of 0 —0* to the same order, which may
be found, for instance, in |Barndorfi-Nielsen and Cox (1994, p. 150), along with the first four
derivatives of 0.(60) and £.(0) = £(0.(0)). Let 6.;(0) = 870.(0)/067 and £.;(0) = 87£.(0)/067. 1t
follows 0c;(0) = S__, (—1)FF 1 (t — )] 71(0 — 0)'79C}, Bea(6) = 0, and

lea(0) = £€1(0:(0))0.1(0),

Lea(0) = €2(0(0))02,(0) + £1(6c(6))0e2(6),

Ce3(0) = €3(0c(0))02,(0) + 3L2(0c(0))0e1(0)0e2(0) + £1(0(6))0e3(6),

Cea(0) = La(0(0))02,(0) + 6£3(6c(6))02,(8)0e2(6) + €2(0(6))[302(6) + 48,1 (6)bes(6))].
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Table 1: Empirical coverage probabilities for confidence intervals for p when simulation is from
the multivariate normal distribution. Monte Carlo standard errors for nominal levels {90, 95,99}
per cent are {0-09,0-07,0-03 }, respectively

n p Level W, W) Wy W2 wb W ooowrE o wh
15 02 90 89-8 906 897 902 907 859 851 874 904
95 948 955 947 951 954 907 900 921 946

99 989 991 987 990 991 955 953 964 980

0-5 90 90-0 901 899 904 906 877 874 887 908

95 950 950 949 952 954 926 926 934 949

99 990 990 987 990 991 974 975 976 985

09 90 90-1 899 897 908 907 897 891 907  90-7

95 950 949 946 954 954 943 938 950 950

99 990 989 988 991 991 983 980 985 985

30 0-2 90 899 901 891 895 901 881 876 894 904
95 949 951 944 946 950 928 925 941 952
99 990 990 987 988 990 972 971 981 989

0-5 90 90-0 899 894 898 901 891 889 899 907
95 95-0 950 947 948 951 939 939 946 954
99 990 990 987 989 990 982 983 985 990

0-9 90 899 897 894 899 900 898 895 906  90-7
95 949 949 946 951 950 947 944 954 954
99 990 990 989 991 990 988 986 990 990

The Taylor expansion of £.(6*) about 8 yields

A 1 A . 1 « A
W, = (0" —0)*0ea(0) + 5(9* —0)30.3(0) + 0 - 0)*04(0) + ... (6)
A2 A2A 2A3 A3 A2 AZ A3A 4A3A
e {1 Ao, 2102 101;1001 LA A 0g101 L 44 0102+
@01 Qo1 g C1 31 o1 3ap1 g C1
A411022 2A41103 A§A01C’1a001 A%CQO[QOl A%CQO(OOl . A%Q%OI A%Clagol

3 2 3 1 1 1 5 5
ap CF oy C1 Qo1 oy C1 Qo1 dogy 200

}+ 0,(n~%/?).

4 4 1402
Ajaooor | AjCiageor  A7CTano01

1 1 1
6agy 3ag, 120,

The expansion for W are readily recovered from that of W, by setting Cy =1 and Cy = C3 = 0.

The signed roots R, and R, and their cumulants

The signed root n'/2R, is derived by matching the expansion @ order by order. Write W, =
Wet + Weg + Weg + Op(n*3/2), where W,; = Op(n*(jfl)/z), j =1,2,3, then it suffices to solve
for Re1, Rez, and Re3 the equations R?, = n~ W1, 2Re1 Rea = n~'Wea, and 2R.1 Re3 — R%, =
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Table 2: Empirical coverage probabilities for confidence intervals for p when simulation is from

the multivariate ¢19 distribution. Monte Carlo standard errors for nominal levels {90, 95,99}

per cent are {0-09,0-07,0-03 }, respectively

n p Level W, W, Wy W2 wb W ooowrE o wh
15 0-2 90 59-6 90-9 887 89.7 90-5 84-0 83-0 87-3 86-9
95 68-0 95-5 93-9 94-5 95-4 88-8 88-3 91.7 91-5
99 81-2 98-9 98-1 98-6 99.0 94-5 94.2 95.7 95-9
0-5 90 52-3 90-3 887 90-0 89-9 85-2 84-9 88-1 87-2
95 60-4 95-1 93-8 94.7 94.8 90-8 90-0 92-9 92.0
99 73-7 98-8 98-3 98-6 98-6 95-6 95-5 97-1 96-6
09 90 50-9 90-3 88-3 90-0 90-0 85-5 85-3 87-2 87-3
95 58-8 95.-0 93.7 94.7 94.7 90-7 90-0 92-1 92-1
99 72-0 98.7 98-3 98-6 98-6 95-9 95.2 96-8 96-8
30 0-2 90 59-4 90-1 88-1 88-6 892 86-5 86-4 89-1 892
95 67-8 95-1 93-6 94.-0 94.3 91.7 914 93-8 93-9
99 80-8 98-9 98-3 98-5 98-7 97-0 96-7 98-0 97-9
0-5 90 51-7 89-9 88-5 89-2 89.-0 87-7 87-5 89-4 88-9
95 59.-8 94.-8 93-8 94.2 94-1 92-8 92-5 94-4 93-9
99 72-9 98-8 98-4 98-6 985 97-3 97-2 98-4 98.-0
0-9 90 50-2 89.7 880 88-9 89.-0 87-4 87-4 88-8 88-9
95 582 94-6 93-6 94-1 94-1 92-5 92-1 93-8 93-8
99 71-3 98.7 98-4 98-6 985 96-8 96-7 98-1 98-1
n~1W.,3, respectively. The cumulants of n'/2R, are
_ a11 Crans  Crazopon _
k1(n'?R,) n20 | — PR oyl = | +O 3/2) (7)
20} ap) C1 6oy
2 2 2 2 2
a1 40[01 040101 amCl CYQlCl OzOl Qn1
20203 agape  17C1an1ana001  3Ca03a001  8Caadapn  Crasaoor
+ C 2 3 3 0 3 5 T
Qo141 Qo1 6ag, Q11 30 300,
_ 3@%@%01 30104%04%01 _ 01204504%01 _ a%aoom 01045040001 C%Oz%aoom 4 O(n_Q)
40431 20[61 360431 20481 gy 404(351
_ 3Cian1e 60203  Chrasz  Ciadaoor _
r3(n'/?Re) 20t 5/2 5/22 3/2 ' 3/2 +0(n ) (9)
Qo1 Qo1 Qo1
54(n1/2Re) nile’ [1801(3:%1042 84022[110/21 484022013 246:130[% 4012044304101 (10)
Qo1 Qg1 51 Ch Qo1 Qo1
+ 6010(20121 6010&110(3 24020(20&3 01054 3010&%0&02 180%0&110&%0&001
0%1 ag1 O‘(2)1 agl 0‘31 agl
120204%0&001 24010204%04001 4C%C¥20¢30¢001 3016%%@(2)01 60%@%0&%01
0581 0‘81 O‘él 0481 0481
n C’%a%agm B 201043010001 4C’12a%a0001 _ Cf’a%aoom n O(n72)
agl agl agl agl
ks(M2Ry) = Om™2)  k;(n*?R,) =o(n"2), j > 6. (11)



Section 4 Empirical evidence 11

The signed root R and its cumulants are recovered respectively from R, and - by setting
ClzlanngzC;),:O.

Appendix 2

The proofs for the Bartlett correctability of W, and W/ pivot on the development of formal
Edgeworth series for the density of the corresponding signed roots, as outlined in Section
The construction of the series is straightforward once the second, third, and fourth cumulant of
the signed roots exhibit the structure in . Therefore, the proofs of Theorem 1 and Theorem
2 are confined to sketch the determination of the constants C; and C'j, 7 =1,2,3, respectively.

Proof of Theorem[1. The constant Cy in Theorem 1 is obtained by equating to 1 the leading
term of ky(n'/2R,), whereas Cy and C3 by equating to 0 the leading terms of x3(n'/2R,) and
/i4(n1/ 2R.), respectively. The Bartlett factor b is obtained by taking termwise expectation in
We once C4, Cs, and C3 are plugged. O

Proof of Theorem[3. The estimate C’l admits the expansion Cy + 71 + 2 , where the reminder
terms 1 = Op(n~/2) and r2 = O,(n~") are obtained by Taylor expanding C; about 6%, provid-
ing

A A Al Al
o= O _72_’_ 01 n 1011 Ag 2001 (12)
2&2 2&01 Q201 2a01
o 3A% A(2)1 A1A001 BA%Q%I A1A01a11 A%Olel 3A1A20(11
rg = () 2 T 32 2 2.2 2 2 2 + (13)
8as  Bagy 205, 2050, 2000, 2000, 2050001
AtAn - AsAgr Afage | 3A1Agianor | AiAsagor  3ATagy A%%om]
asapr dasag 20420431 4a81 40@04%1 80431 40481 '

Once C’l = C1 4+ 11 + 79 is plugged in Ri. and Ro., we have that Ry, and R3. become Rge =
R2€+T1A1a§11/2 and R3e = R33+T2A1a811/2+r1A1A11a613/2/2. The third cumulant of n'/2R, =
n1/2[R16 + Roe + Rge] is

2 2 2
_604110(2 602@2 2@3 3a2a001 Clazao(n

5/2 5/2 3/2 7/2 7/2
Qo1 ag G agy Qo1 Qo1

ng(nl/QRe) = n_l/QCf’ —I—O(n_3/2),

and by equating the leading term to 0 we obtain the new expression for Cs, which corresponds
to that given in Theorem 2 but with sample moments replaced with expected moments and o
with C7. Similarly to C‘l, we have that Cy in Theorem 2 may be expanded as Cs + r3, where
r3 = Op(n~12) is

3As¢ A Ao A1 Ap1cx A Ago1C
2 211 A1l n 1 221 B 1 131 3 0123 n 001 4101 1+ (14)
20&2 a9 a5 3042 2042 20501 60&01

ry = Cl |:—

P
3A1a7;  Aoitonr - Ajanor | Asapr SAsazapr Aroge  Agiowor Arariooor

adap; 200001 Q001 3a3 (a5 0] 40, 203,

P
ACroaiaom Asaom | A2Ciaoor  Aragaon | Aiogy | Aragoor  A1Cragon

3a2a%1 dago 60 204%0401 4ag1 204%1 60[%1
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Once Cy is plugged in Rge, we have R§6 = Rs. + TgA%Oaalg/ 2 The fourth cumulant of n!/2R* =
n?[Rye + Roe + R3] is

2 2 2.3 3 2
ria(n ) = n ' 2 - 1 12 1 7 3
Qo1 Qo1 Q11 Qo1 1 Qo1 ap1
280411@3 24020&20&3 804% 6044 1204%0402 6&1104%04001 10010(11@%@001
B 3 B 3 B 2 2 4 5 B 5
ap1 51 Ch a20p; Qo Qo1 Qo1 Qp1
3 3 3.2 3.2 2.3 2
5 5 4 6 6 6
51 C1 Qo1 Qo1 ) Qo1 Qo1
dadaponr  Ciadanon _
e +0(n™?),
agy Qo1

and by equating the leading term to 0 we obtain the new expression for C'3 which corresponds
to that given in Theorem 2 but with sample moments replaced with expected moments and C'j
with O}, j = 1,2. Note that the leading term of x2(n'/?R,) is equal to that of k2(n'/2R?), and
r3(n'/?R.) —rk3(n'/?R) = O(n=?). Finally, the Bartlett factor b/, is obtained by taking termwise
expectation of W/, = n(R*)? 4+ O,(n=3/?) once Cy, Cy, and C3 are plugged in n'/2R*. O
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