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Optimal estimation for finite population
parameters in two phase sampling

Giancarlo Diana Chiara Tommasi

Abstract

In this paper we propose a general approach for estimating a finite population
parameter in double sampling. When two dependent samples are drawn,
several estimators were proposed to estimate the population mean, ratio and
variance. While there are few proposals in double sampling with independent
samples. We treat both cases, i.e. dependent and independent samples,
showing that all the proposed estimators can be obtained as particular cases
of a unique general class. The minimum variance bound for any estimator
in this class is provided (at the first order of approximation). Furthermore,
a chain regression type estimator which reaches this minimum is found.

keywords: two-phase sampling — dependent and independent samples —
auxiliary variable — regression type estimator.

1 Introduction

The estimation of a parameter of interest when at least one auxiliary variable
is available, was widely discussed. It is well known that if there are not infor-
mation about the population characteristics of the auxiliary variable then a
double sampling scheme may be used. We have two possibilities: the second
phase sample may be drawn either from the first phase units (i.e. depen-
dent samples) or independent of them from the population (i.e. independent
samples). In the first case several estimators were proposed to estimate the
population mean and the ratio of two means, while only few papers concern
the population variance. For instance, the population mean estimation is
treated, among others, by Srivastava et al. (1990), Singh and Singh (1991),
Upadhyaya et al. (1992), Tracy and Singh (1999) and Singh and Espejo
(2000). While Chand (1975), Srivastava et al. (1988,1989), Khare (1991),
Singh et al. (1994), Singh and Singh (1994), Prasad et al. (1996) are some of



the authors who deal with the estimation of ratio of two means. On the other
hand, only Singh (1991) and Gupta et al. (1992) work about the population
variance in a two-phase sampling.

On the other hand, the double sampling with independent samples was not
so fully treated. Only Khare (1991) and Singh and Singh (1994) estimate
the ratio of two means using this sampling scheme, when only one auxiliary
variable is available.

In this paper we propose a general approach for estimating a finite population
parameter in double sampling, both for dependent and independent samples.
Specifically, in Section 2 we give a general class of estimators which includes
all the previously quoted estimators. Furthermore, we provide the minimum
attainable MSE for the estimators in this class, at the first order of approx-
imation. We call it the minimum variance bound, since MSE and variance
are the same at this order of approximation. We suggest also a method to
get an estimator which reaches this minimum. Such estimator has a nice
interpretation when we are estimating a population mean, it is a chain re-
gression type estimator. For this reason we call it the “best” estimator in the
class, even if it is not unique. All the results of Section 2 are valid whatever
the parameter of interest and the used sampling scheme. Section 3 specifies
such general results to the estimation of a population mean, when dependent
samples are drawn. Then, in the same context, Section 4 is devoted to the
" estimation of the ratio and the product of two means and the population
variance. These subjects are discussed exhaustively in Diana and Tommasi
(2001, 2002a, 2002b) but here they are unified. In fact, we also show that the
estimation of these parameters is equivalent to the one of a mean, at least
approximatively. Therefore, a central role is played by the mean case.
Finally, in Section 5 we develop the mean case for independent samples. As
for the dependent samples case, the estimation of the ratio or product and
of the variance follows immediately from the mean estimation. Some general
conclusions and remarks are given in Section 6.

2 A general class of estimators

Let Y be a m x 1 vector of study variables and Ty be a scalar parameter of
interest. Assuming that two auxiliary variables, X and Z, are related with Y
but no information about the population parameters of X are available, then
estimation of Ty can be based on double sampling. Thus, we assume that
a preliminary large sample of n’ (n/ < N) units is drawn by some sampling
scheme. At this phase only X and Z are measured. As a second step, a
second sample of size n (n < n') is drawn. Without loss of generality, at this



phase all the variables Y, X and Z are observed. From now on ’ will denote
quantities related to the first phase sample only.

If Tx and Tz are k x 1 and ! x 1 vectors of population parameters of X
and Z and tx, t% and tz, t7 are the corresponding first and second phase
unbiased estimates, then the proposed class of estimators is defined by

Ty=g (ty, tT) ) (1)

where ty is, at least approximatively, an unbiased sample estimate of 7Ty,
s
;- (th, tzT, tx T, tzT ) and function g is such that

a. g:S — R where S € IR2("+’)+1 is a convex and bounded set which con-
tains the point (Ty, T ) where T = E(t) = (Tx", Tz", Tx", Tz ) :

b. It is a continuous and bounded function in S.
c. Tts first and second partial derivatives are continuous and bounded in S.

d. g(ty,TT) = ty.

Let
dg(ty,tT)

go=
Oty (ty AT =Ty , TT)

be the partial derivative of g with respect to ty and

T)T s ag (tY’ tT)

B T T 'T :
gt'—(gx 8z ,8x' ,8% ot

(ty AT ATy, TT)

be the 2(k + ) vector of the partial derivatives of g with respect to each
component of t. Specifically, gx and gx: are the k x 1 vectors of the partial
derivatives of g with respect to the elements of tx and tx, while gz and gz
are | x 1 vectors defined in the same way but referring to tz and tz.

From point (d), we have that g(Ty,TT) = Ty and go = 1. Thus, expanding
Ty at the point (Ty, TT) in a second order Taylor’s series we have

A

Ty = ty+(t—T) g =ty +(g8x — Tx)"8x + (tz — Tz) 8z
+ (tk — Tx) gx + (tz — Tz) gz (2)
Since the population parameters of X are unknown, we have to impose the

following constraint, gx = —gx:. For computational convenience, it is useful
to change parameterization and to rewrite equation (2) as

Ty =ty + (ty — t4,)" gv + (tz — Tz)" &z (3)



T T ..
where tv = (t%,t2) , ty = (t€,t7) , gv = (g% &%)" and &z = (gz+&2)-
The first order approximation for MSE(TYy) is given by

MSE(Ty) = S2 + 87 Sty—t!, tv—t,, BV T g7 Su v Bz
+ 2 (g€ Stv—t(’,ty i gg St'z,ty & g%; Stv_tint,z éz) 4 (4)
where

S, =E[ty —Tv)’], Sue.=E (. —T)(. ~ B-)H]s

This general expression for MSE(7y) will be specialized for dependent and
independent samples in the next sub-sections.

2.1 Dependent Samples

When the second phase sample is drawn from the first phase one, then the
first order approximation for MSE(TY) is

MSE(Ty) = S}, +8vy (Stv,tv = St'v,t{,) gv + 825y, « &z
. 4 (ggstv_tg,,ty s §£St’z,ty) . (5)

Minimizing (5) with respect to gv and gz we obtain the optimum values

-1 o i
g:, = — (Stv,tv — Stant/v) StV—tIv!tY aI]d g; = _St,z't’z 1 St’z,ty7 (6)

and replacing them in (5) we get the minimum first order approximation of
MSE(-), denoted by MSE*(-). It is the minimum variance bound for all the
estimators based on the auxiliary vector t and has a simple form,

MSE* (Ty) = S}, (= - o (7)

where for any one random vector U,

T -1
§ o Susy” Suu” Sugy
ty ;U ¥z 2 b
Y Sty

Finally, replacing g% and g% in (3) we get an optimum estimator. For all the
estimation problems that will be considered, it is a regression type estimator.
Thus, we will call it “the best” estimator in the class g.



2.2 Independent Samples

When both the first and the second phase samples are drawn independently
from the population then the first order approximation for MSE(7Yy ), given
in (4), becomes

MSE(Ty) = S2 +8% (Stvev + Sty &, ) 8v + 7S, v, Bz
+ 2 (&¥Suv ity —8VSu, ua) - (8)

Minimizing (8) with respect to gv and gz we obtain the optimum values

-1
Chaaa S (e
8 = —(Sewav +Suey)  Stvir = ~Siyre svsty it Stvrel vl
e -1qT w
8z = Sy Sy 8vs 9)

where, if U;, i = 1,2, 3, are any three random vectors, then

g A1
Su1,uzjus = Su1,uz — Su1,UsSys usSus,uz

Replacing g%, and g7 in (8) we have the minimum first order approximation
of MSE(Ty),

MSE* (TY) =S, (1 ™ p?y,tv+t'v|t’z) ) (10)
where we have set

T —~1 v
i - Stv+tytylty Stv+t4,,tv+t4,|t'z Stu+tytvlt
ty,tv +tIV It,z St2Y

As in the previous sub-section, replacing g%, and g% in (3) we get an optimum
estimator.

3 Estimation of a finite population mean

All the results of the previous section are valid whatever the used sampling
scheme and the involved auxiliary statistics. If both fy and all the auxiliary
statistics are, at least at the first order of approximation, sample means,
then the computations of Section 2 can be developed further, when a spe-
cific sampling scheme is chosen. For this reason, the estimation of a finite
population mean plays a central role. This case is treated in this section
for dependent samples and then the obtained results are used in Section 4,
where the estimation of ratio and product of two population means and the
estimation of the population variance are dealt with. It will be seen that the



sample estimates of such parameters may be approximated by sample means,
at least at the first order of approximation.
Henceforth we assume that both the first and the second phase samples
are drawn by a simple random sample without replacement (SRSWOR). Let
U={1,...,i,...,N} be a finite population. U; denotes the value of any one
observable k x 1 random vector U, for the i-th population unit. On the other
hand, the i-th sampled value will be denoted by the lowercase letter u;. The
population mean and covariance matrix of U are U=V U i/N and Syu =
{Su, p. }reSpectlvely, where Sy,u, = YN (Un — Ur)(Us — U,)/(N — 1).
While @, syy = {sy,p,} and T, syu = {SU, v, } are the first and second
phase sample means and covariance matrices of U. Specifically, sy, u, =
% (Ui — Ty ) (ugi —Ts)/(n—1) and 535 gy, i8 deﬁned in the same way with n’
mstea.d of n. When U, = U, we will write S , s3,_and sg for Sy, v,, sv..u.
and sy, y,, respectively.
Now we are interested in Ty =Y, thus ty = y Furthermore we consider the
following auxiliary vectors, tx = (%, s%)7, tz = (2,5%)7, tk and t7. With
this notation equation (3) becomes

B = Bty ) gv + (t5 — Tyz)" gz. (11)

For a better interpretation of the results, it is convenient to define a random
vector V = (XT,Z%)T where, for any variable U, U = (U,0y)" and dy =

(U — U_)z. In addition, let U; and U, be any two random vector of size A x 1
and k x 1. Then Sy, u, = {Su,,,v2.} is the h x k matrix of the covariances
among the elements of U; and Ua.

Setting
1 1 1 1 1 1
Rt - N g AiPE q gu o
= (n N)’ g (n N) L (n n’)

we have that, at least up to terms of order O(n™),
S2 20,53, Siuv = 6Svyv, Sy, = 0Svy, Sue = 65z3

Stuty = 62Svyy, Su iy = 61Sv,y and Sy, = 61Szy.

With these mean values, from (6) we have that the “best” values gy, and g3
are the partial regression coefficients of Y on V and Z, respectively, that is

:BY,X|¢SX,Z
el —1 41} ﬂya‘ X7 sadi i e I VI ﬂY,Z|6Z
gv=—SyyvSvy=— 3 : x'_ : and gz = "Szz SZ,Y SR
Y,Z|X 62 ’ Y,62z|Z

)/:5le12



Replacing such optimal values for gv and gz in (5) we get
* [ ~ 2 0 2 01 2

where p.. denotes the multiple correlation coefficient between the specified
variables. Up to terms of O(n~!), MSE* (yg is the minimum variance bound
for all the estimators based on the auxiliary vector t, which summarizes now
the first and second phase sample means and variances of X and Z.
Replacing g% and g3 in (11) we get the following chain regression type esti-
mator

yreg = y- ﬁY,X|6x,Z' (f - E') - ﬁY,Jxlx,Z(sgf _31)2() - :BY,ZlJ_(,Jz (3 - 7’)
— Bysnnz (52—52) — Brazp, (7 —Z) — Braaiz (52 —57), (13)

whose bias is of order n~'. Expression (13) shows that the construction of
Ureg 18 based on two steps. At the first step a regression type estimator for the
unknown first phase sample mean of Y is provided. Of course, this estimator
is based on X and Z conditionally to the first phase sample. Then such
estimator is improved through another regression type estimator which uses
the first phase sample information about Z. Actually, a similar interpretation
was provided by Sahoo and Sahoo (1999) in a less general context.

Remark 1. Usually the partial regression coefficients of Y on V or Z are
unknown but replacing suitable estimates of such coefficients in (13) we get a
new estimator which is equivalent to 7,.,, at the first order of approximation.

4 Other parameter estimation

The estimation of ratio or product of two population means, i.e. R = Yo/Y:
or P = Y,Y1, and the population variance, 3 = Y~ (Y; — Y)?/(N — 1),
follow immediately from the mean case. In fact for all these parameters ty
is approximatively a sample mean.

Let us first consider the ratio estimation, thus 7y = R and ty = R= Yo/ -
Expanding R at the point (Yo,Y;) in a second order Taylor’s series, we have

2 Yo % =
A~Rp(1+2 _L)-r@1+4d

where d is the second phase sample mean of D = Yo/Yo — Y1/Y,. Since
R can be considered as a convenient sample mean (at the first order of ap-
proximation), we can use all the results of the previous section replacing Y
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with R(1+ D). Specifically, denoting now the general class (1) by Ry, the
minimum first order approximation of MSE(R,) is

. 0 0
MSE*(R,) = 6, R*S} (1 i —phy — 01 o Z) +

- 0 6,
== MSEI (R) 02 R2 S2 ( pDV + 0 p2D,Z) y

where MSE'(R) = 6, RS} is the first order approximation of the MSE of the

standard estimator R. For giving the chain regression type estimator, j;
which reaches MSE* (Rg) we need to introduce more notation. Let U; and U,
be any two auxiliary variables (where U, can be a random vector) and let us
denote the partial regression coefficient of Y; on U, given U, as f;v,u;, J =
0,1. If Bp v, is a suitable estimate of Bp v, v, = BonivalYo — Bruwjus/Y 1,
then the best estimator is given by

—

éfeg Ly [1 = /§D,X|5x,2 (- Ty BD;6X|X,Z (sg( _3')%) ir BD,Z|)'(,¢SZ (7 -2 )
. ﬁD,&zlf(,Z (Szz—sg) F ﬁD,sz (7 —7) T BD,5z|Z (3'22 E S%)] .

If the interest is in the population product P = YoY1,all the results for the
ratio estimation can be used. It is enough to replace R and R with P and P
respectively, where now P=7%,7,and D=Yp/Yo+ Y1 /Y.

Finally when we want to estimate a population variance, i.e. Ty = S%, we
have that ty = s3 is the sample mean of §y = (Y —Y)?, except for terms of
order n~!. In fact

=—=[#-@-77]=2&,

n —

where §2 = Y, dy:/n. Therefore replacing Y with dy, we can use again all
the results of Section 4, getting

A 0 0
* 2 2 2 1 2
MSE*($7) = 62 5}, (1 g TR tel )
and
S'reg Yo 3%/" ﬁ&y,X‘JX,Z(T T ok ﬂay,5x|x,2 (33(‘31)2{) b /35,,,21)'(,52 & Z)
— Bry s,z (%5—52) = Bor2162(Z — Z) — oy 5212 (53 — 53),

where $2 denotes the general class (1) and 32, is the best estimator in the
class.



5 Estimating the population mean with inde-
pendent samples

In this section we consider the estimation of the population mean when the
first and second phase samples are independent.

Using the same notation given in Section 3 and after some algebra, from the
general results of Section 2.2 follow that

* " 612 SXXIZSXY|Z

o ——-‘-S—

. dis
=1 and gz = —S55Szy,
612 Sz:Y 912 SZ Z|IX Si,Yp’( :l =

where 6,2 = 0; + 6,. In this case too, these optimum values depend on
some coefficient regressions. For instance, the quantity SXX|ZSXYIZ is the

regression coefficient of Y on the residuals from the regression of X on Z.
The minimum first order approximation for MSE(7,) is now

0. 0
WS Y )
012 012

From the comparison between double sampling with the dependent and the
independent samples, i.e. comparing the last expression for MSE*(7,) with
(12), we have that the sampling scheme with independent samples is always
more efficient. It is more expensive, however, and thus it is less used in
practice.

As for the case of dependent samples, the estimation of a ratio or product
of two means and of the variance follow immediately from the mean case.

6 Conclusions

The main result of this paper is that, given an auxiliary vector t, any es-
timator for a parameter Ty, belongs to general class g(ty,t). Furthermore
we provide the minimum MSE for the class and a regression type estimator
which reaches that minimum. No estimator based on the same t can be more
efficient than the best one. If an estimator is, however, equivalent to the best
one, at the first order of approximation, it is optimum as well.

Among the parameters of interest a special role is played by the mean.
The general results for this case let us to treat the estimation of a ratio or
product of two means and the variance estimation. This is, actually, possible
whenever the used estimator ¢y is a linear combination of samples means, at
least at the first order of approximation.



Finally, we stress that in this paper some general results about the double
sampling with independent samples are provided. This sampling scheme was
not widely treated in literature, even if it gives more efficient estimators.
From a practical point of view it is more expensive, however.

7 Appendix

In this appendix we provide another expression for g3, and €7 given in Section
2.2. With these new expression it is easier to derive g3; and g7 for the mean
case.

-1
t 3
gt = [gx] e [_ (Stx,txltz T StSotSclt'z) St txltz
Vv * i ey -1 T *
8z _Stz,tzStY,tz Ty Stz,tzstx,tzgx
.s % e -1 -1 T * -1, T *
82 = —SttsStvitz — StntnSext28x T Sy v Sl ¢ 8-

Specifically, g% and gz for the mean case follow immediately from the above
expression. While some algebra leads to the equivalence of the two expres-
sions for g7.
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