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an assumption of complete connectivity of the hidden network supporting the growth of
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tribution (Bemmaor and Lee, 2002), which takes into account unobserved heterogeneity

aspects of agents in a market under a complete connectivity. Based on a continuum between
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modulation of the involved network in a communication process that determines dynamic
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1 Introduction

The prediction of the market potential of a new product or service is not a simple
problem. Potential is not directly measurable, and some estimates are only possible
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under theoretical frameworks that allow an indirect identification to some extent.

Diffusion of innovation theories (Rogers, 2003) and related methodologies, devel-
oped within technological forecasting, quantitative marketing, operations research,
physics and statistics, may give a reasonable framework, particularly in the charac-
terisation of finite life cycles that represent the temporal behaviour of the majority
of the existing products or services. Relevant review papers, among other topics,
have focussed on the pioneering Bass model (BM, Bass, 1969) and related extensions
(Mahajan and Peterson, 1978; Mahajan and Wind, 1986; Meade and Islam, 2006;
Peres et al., 2010). The equations characterising these diffusion models may have
a parallel description in the context of Complex Systems, based on the local inter-
action of the involved agents, under a mean field approximation (Boccara, 2004;
Guseo and Guidolin, 2009; Liu et al., 2013). The basic directions of research in
extending the BM cover different elements, as follows: the introduction of external
controls and interventions, the generalised Bass model (GBM; Bass et al., 1994), the
introduction of relevant multi-cycles (Mahajan and Muller, 1998; Muller and Yogev,
1998; Robertson et al., 2007; Vakratsas and Kolsarici, 2008; Guseo and Guidolin,
2015), and the presence of discrete or continuous latent heterogeneity among agents
in the system (Bemmaor, 1994; Bemmaor and Lee, 2002; Goswami and Karmeshu,
2004; Guseo and Guidolin, 2015).

To take into account some aspects of interaction among diffusion processes that
share a common environment, competition is a central topic. However, its math-
ematical viability is essentially limited to simple duopolistic markets with diverse
approaches in terms of asymmetrical communication effects and the different levels
of availability of residual markets (Krishnan, Bass and Kumar, 2000, Savin and Ter-
wiesch, 2005, Guseo and Mortarino, 2012, 2014, 2015; Guidolin and Guseo, 2015).

A relevant aspect pertaining to the study of diffusion of innovations in relatively
complex markets with a huge number of competitors is the topic of prediction of
the market potential that may vary during the corresponding life cycle. A basic in-
troductory reference is Mahajan and Peterson (1978). A particular characterisation
is based on the dual–market hypothesis that, with different terminologies, identifies
two convenient sub-populations of adopters over time (Mahajan and Muller, 1998;
Muller and Yogev, 1998; Vakratsas and Kolsarici, 2008).

A more recent proposal was inspired by some basic ideas concerning absorptive
capacity (Cohen and Levinthal, 1990) and a dual effect between two main drivers in
diffusion, separating the communication phase from the adoption stage. The Guseo–
Guidolin model (GGM; Guseo and Guidolin, 2009) is based on the characterisation
of the dynamic market potential through the evolutionary latent behaviour of a
thematic network in a system with complete connectivity amongst its agents. The
topic of network structures and their developments has been examined in physics
and other disciplines, with many contributions in the literature (e.g., Barabasi, 2012;
Handcock and Gile, 2010; Newman et al., 2011; Fibich and Gibori, 2010; Schuster
and Schuster, 2015). Applications and extensions of the GGM model include en-
ergy issues, pharmaceutical drug performance, and factors related to seasonality
(Guidolin and Guseo, 2012, 2014; Guseo and Guidolin, 2010, 2011).

In this paper, we examine the possibility of modelling the latent network included
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in the GGM through a more realistic description of the structure of the diffusion
of knowledge process in a constrained network, avoiding the implicit assumption of
the GGM, based on a complete connectivity of the involved agents in a system. The
paper draws on the construction of a special shifted distribution by Fibich and Gibori
(2010), introduces Bemmaors’s heterogeneity effects and a convex combination with
the Bemmaor–Lee model. The obtained diffusion of a modulable network between a
minimal connected and a maximally connected framework is introduced in a GGM by
substituting its communication driver. The extended model, the network automata
GGM (NA-GGM), emphasises the role of network automata.

The paper is organised as follows. Section 2 introduces the general GGM model
with free dynamic market potential. Section 3 summarises the main aspects of the
GGM and describes some applications in the study of the commercial trajectories
of various pharmaceutical drugs in Italy. Section 4 proposes some extensions of
the Fibich–Gibori approach by combining it in a convex continuum. Section 5
proposes the new extension of the GGM, the NA-GGM, and provides an illustrative
application to the diffusion of a statin, Rextat, in the central part of Italy. Section
6 provides final comments, the discussion and conclusions.

2 Interventions in a model with dynamic potential: The
dynamic GBM (D-GBM)

A dynamic potential, m(t), can be easily implemented in the GBM and allows
the double control of time allocation of adoption events and a variable scale of
the potential market. Both controlling tools are relevant and act on ‘orthogonal’
dimensions of diffusion of innovations or growth processes.

The inclusion of interventions requires the identification of the central element
of a diffusion process; in this respect, the concept of a residual market or available
resource, R(t) = m(t)− z(t), is a rational reference, while it would not make much
sense to associate the intervention with z(t), the cumulative sales at time t, which
essentially describes the past. The available resource R(t) may be expanded or
reduced in the adopters’ perception through function x(t). In Equation (1), function
x(t) will therefore operate on the first addend, and not on the second one:

z′(t) = m(t)

(
p+ q

z(t)

m(t)

)(
1− z(t)

m(t)

)
x(t) +

z(t)

m(t)
m′(t). (1)

By setting F (t) = z(t)/m(t) and f(t) = F ′(t), directly yields:

f(t) = (p+ qF (t))(1− F (t))x(t), (2)

that is, the GBM equation (Bass et al., 1994 ). By imposing F (0) = 0, we obtain
the explicit solution:

z(t) = m(t)
1− e−(p+q)(

∫ t
0 x(τ)dτ)

1 + q
pe

−(p+q)(
∫ t
0 x(τ)dτ)

, t ≥ 0, p, q > 0, (3)
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and introduce, as usual, the further constraint z(t) = 0 for −∞ < t ≤ 0, which
confirms the result obtained for the constant case, m(t) = m.

If

E = e−(p+q)
∫ t
0 x(τ)dτ ,

the instantaneous diffusion is

z′(t) = m(t)
p(p+ q)2x(t)E

(p+ qE)2
+m′(t)

1−E

1 + q
pE

t ≥ 0; p, q > 0, (4)

and z′(0) = 0 for t < 0.

Some remarks are needed for a proper assessment of the new dynamic GBM
(D-GBM) model. In this case, we face the possibility of controlling the diffusion
dynamics in two different directions. First, the timeline is governed by the usual
intervention function x(t). Second, the ‘orthogonal’ direction associated with a
dynamic carrying capacity depends upon convenient choices of the latent function
m(t), which is a totally free function like function x(t). The specification of m(t)
is an interesting theoretical problem. Some results may be found in Guseo and
Guidolin (2009, 2010, 2011).

3 The GGM: A dynamic network of knowledge and market
potential

Innovation diffusion processes are usually conceived as emergent aggregate dynamics.
The standard BM and the GBM are well-known paradigms in this area. They
are defined through specific differential equations that establish the level of a rate
as a function of initialising mechanisms combined with parallel interaction effects
between two classes of agents with different attitudes and preferences. Interaction is
defined between adopters, who are directly informed of the performance of a product,
and non-adopters who are susceptible to change their state and are interested in
acquiring relevant information to reach a decision.

The BM and GBM assume the homogeneous behaviour of agents within the two
classes to simplify the description using tractable mathematics. Conversely, Com-
plex Systems analysis emphasises the description of agents and their interpersonal
relationships to depict an emergent macro-behaviour grounded on local transition
rules governing the change of state of each agent over time. Models involving Cel-
lular Automata or Network Automata are known examples in this field; these are
usually based on computer simulation.

In social and economic systems, the change of the state of agents depends upon
sufficient levels of knowledge, personal preferences, interaction and cultural effects.
The diffusion of knowledge is a prerequisite or a necessary condition that deter-
mines an adoption or choice. The absorptive capacity of members of a Complex
System interact with the collective knowledge and contribute to the accumulation
of prior knowledge that expands the ability to assimilate an innovation (Cohen and
Levinthal, 1990). For this reason, it is crucial the study of evolving networks related
to the knowledge surrounding an innovation. Usually, these networks are only a
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thematic non-observable (latent) transitory framework. Below, we summarise the
properties of the GGM, and in particular, the evolution of knowledge in a particu-
lar network (Guseo and Guidolin, 2009) through elementary tools of graph theory;
moreover we transform this process to attain a dynamic market potential for a par-
ticular good.

Figure 1: Glucophage 30cpr riv 500mg (left) and Metbay 30cpr 500mg (right).
Packages sold in the Italian market (Source: IMS-Health Italy). The estimated
GGM model is denoted by a red smooth curve.

Figure 2: Metforal 30cpr riv 850mg (left) and Gliben 30cpr 5mg (right). Packages
sold in the Italian market (Source: IMS-Health Italy). The estimated GGM model
is denoted by a red smooth curve. A local shock is included through the control
function of GGM.

A finite directed graph G = (V,E) is characterised by a set V = {1, 2, . . . , N}
of N vertices and a corresponding set E ⊂ V × V of ordered pairs (i, j) or edges,
with i, j ∈ V . The cardinality of E is U = C(E) ≤ N2. We assume that each edge
(i, j) may be active (existent) or non-active (non-existent) at time t. The indicator
function c(i, j; t) is time dependent; it equals 1 if and only if the edge (i, j) ∈ E is
active and zero otherwise.

The induction of activation of edge (i, j) at time t may be determined by a local
pressure of neighbouring edges defined through the function:

σc(i, j; t) =
∑

(r,s) ̸=(i,j)

c(r, s; t) pr,s, r, s ∈ V, (5)

where pr,s is a probability measure with
∑

r,s∈V pr,s = 1. Equation (5) may be
generalised by considering a non-uniform distance d(r, s) between vertices r and s,
for instance 1 ≤ d(r, s) ≤ N to penalise the connectivity measure pr,s. We may
define a local pressure acting on (i, j) accordingly, for instance through σc(i, j; t) =
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∑
(r,s) ̸=(i,j) c(r, s; t) pr,s/d(r, s) =

∑
(r,s)̸=(i,j) c(r, s; t) p̃r,s, which is essentially analo-

gous to the Equation (5) that we follow here for simplicity.
Under a mean field approximation, the local pressure on edge (i, j) is a mean

value, namely a probability:

σc(i, j; t) ≃ v(t) =
∑
r,s

c(r, s; t)

U
. (6)

The transition rule that determines the state of an edge (i, j) at time t+ 1 is

c(i, j; t+ 1) = c(i, j; t) +Bi(1, pc)Ic(i,j;t)=0 +Bi(1, qc σc(i, j; t))Ic(i,j;t)=0, (7)

where Bi(1, pc) denotes a binomial experiment conditional upon c(i, j; t) = 0, such
that with probability pc it may be determined by an interaction with an external
information. Similarly, Bi(1, qc σc(i, j; t)) represents a binomial experiment, con-
ditional upon c(i, j; t) = 0, which depicts a possible change of state in edge (i, j)
through the interaction between the local pressure σc(i, j; t) and the probability qc
to exploit this internal information channel.

The average number of active edges within E at time t is as follows:

Uv(t+ 1) = U{v(t) + [pc + qcv(t)][1− v(t)]}. (8)

The corresponding continuous approximation is an autonomous Riccati equation,
specifically,

v′(t) = −qcv
2(t) + (qc − pc)v(t) + pc, (9)

whose solution is the well-known BM under the initial condition v(0) = 0.
Function Uv(t) depicts the cumulative growth of active edges (i, j) within E over

time. We may rescale this function to describe the transmitted knowledge through
edges with reference to the activated vertices, as follows:

k(t) =
√
U
√

v(t). (10)

As sustained in Guseo and Guidolin (2009) a simple generalisation of the Uv(t)
transformation may be based on v(t)α to take into account a possible dimensional
collapse of E ⊂ V × V and recognised empirically through the estimation of the
unknown parameter α. Nevertheless, as we propose in Sections 4 and 5, we may
modulate the growing network topology of relationships through a parametric mix-
ture of the corresponding extremal structures that depict opposite connectivities
amongst agents (vertices).

More specifically, a dynamic market potential, driven by previous evolutionary
expansion of knowledge in an unconstrained network, may be represented as follows:

m(t) = K

√
1− e−(pc+qc)t

1 + qc
pc
e−(pc+qc)t

, (11)

i.e., a monotone increasing transformation of a BM for cumulative active relation-
ships where K denotes the asymptotic market potential.
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Figure 3: Diabrezide 40cpr 80mg (left) and Solosa 30cpr 2mg (right). Packages sold
in the Italian market (Source: IMS-Health Italy). The estimated GGM model is
denoted by a red smooth curve.

Figure 4: Gliconorm 36cpr riv 5mg 500mg (left) and Gliclazide Molteni 40cpr 80mg
(right). Packages sold in the Italian market (Source: IMS-Health Italy). The es-
timated GGM model is denoted by a red smooth curve. A local shock is included
through the control function of GGM.

Under a GBM with dynamic potential, D-GBM, as described in Section 2, we
obtain the GGM, as follows:

z(t) = K

√
1− e−(pc+qc)t

1 + qc
pc
e−(pc+qc)t

· 1− e−(ps+qs)t

1 + qs
ps
e−(ps+qs)t

, (12)

where the second factor depends upon parameters ps and qs and describes the spe-
cific adoption process. In other words, the normalised GGM is the product of two
distribution functions,

z(t) = K
√

F (t) G(t) = KH(t), (13)

and separates two driving sub–processes, as follows: the awareness component, which
is mainly related to the communication aspects, and the adoption phase, which de-
scribes the decision timing. Note that Equation (12) may be generalised by including
control or intervention functions, as expressed in Equation (3).

The application of the model to oral antidiabetic drug sales in Italy (see Fig.
1, 2, 3 and 4) emphasises the flexibility of the GGM model and the careful fitting
depicting, in particular, different behaviour in the launch phase that may be inter-
preted through various perspectives, as explained below. Note that the right side
of Fig. 2 and 4 show the presence of specific shocks due to changes in regulations;
these are recognized through the intervention function.

The density h(t) of H(t) is a dynamic mixture of the basic densities of the two
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sub–processes, that is:

h(t) = H ′(t) =
1

2
F−1/2(t)G(t)f(t) + F 1/2(t)g(t) = k1(t) + k2(t), (14)

where f(t) = F ′(t), g(t) = G′(t), and k1(t) > 0, k2(t) > 0.
Decomposition (14) is discussed in Guseo and Guidolin (2011). There are two

main results. First, the density h(t) may be unimodal or bimodal and this aspect
emphasises the composition of the two main forces in the diffusion of innovations,
namely communications and adoption. The functions k1(t) and k2(t) may be associ-
ated accordingly and may produce an interesting slowdown. This effect establishes
a kind of pause in sales after the first effort to launch the product.

Figure 5: Keplat North–East of Italy (left) and Rextat in Italy (right). Packages
sold in the Italian market (Source: IMS-Health Italy). The estimated GGM model
is denoted by a red smooth curve.

The second result is that the two positive contributions in h(t), k1(t) and k2(t),
may be ordered over time through a likelihood ratio order that is stronger than the
usual stochastic order. A weaker order that is implied by the likelihood ratio order
may be obtained through location indices, as follows:

t+com =
ln d

c
; F t0.5 =

1

c
ln(2 + d); E(TF ) = t̄F =

1

qc
ln(1 + d),

(15)

t+ado =
ln b

a
; Gt0.5 =

1

a
ln(2 + b); E(TG) = t̄G =

1

qs
ln(1 + b),

where a = ps + qs, b = qs/ps, c = pc + qc, d = qc/pc. Usually, the communication
component dominates the adoption component in the sense that it comes first. The
institutional effort during the launch is essential for products that are not radical
innovations and require communication investments. In special situations, a new
product may be strongly expected in the launch phase by potential customers that
are well-informed about its performance, and this context may produce a timing
inversion with the adoption component that drives the commercial behaviour and
a communication effort that acts as a maintenance driver. A typical example is a
pharmaceutical drug for severe pathologies that elicits an accumulation of demand
at the beginning of the commercial process. See in particular Fig. 5, which depicts
the performance of Keplat is an over-the-counter (OTC)) drug for minor pain and
inflammations monitored in north–east Italy, and Rextat is a new statin launched in
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Italy. The former is a traditional product with the normal behaviour of ‘first commu-
nication, then adoption’. The latter gives evidence for an accumulation of demand
confirmed by an inversion in driving factors – ‘first adoption, then communication’.

4 Connectivity, seeding and heterogeneity effects

In this section, we propose a definition of a parameterised continuum that allows
the description, in the next section, of a latent network of relationships belonging
to a wide class that includes two extremal connectivity hypotheses.

The logistic component in the standard BM (Bass, 1969), q
mz(t)(m − z(t)), is

characterised by a perfect connectivity assumption amongst informed agents, z(t),
and susceptible agents, (m−z(t)). In real–world contexts, connectivity is modulated
by physical, social, cultural, technological and economic constraints. See, among
others, Pastor-Satorras and Vespignani (2007), Milgram (1967), McCubbins et al.
(2009), Dorogovtsev and Mendes (2003), Schuster and Schuster (2015), and Fibich
and Gibori (2010).

A member of susceptible agents (m−z(t)) may interact at time t with a variable
and limited number of neighbours, 0 ≤ n(t) ≤ z(t). To some extent, parameter
q may absorb this limitation in connectivity, but it works by assuming a complete
network of relationships.

Figure 6: Shifted Fibich–Gibori Bemmaor distribution with heterogeneity parameter
A = 0.50 and different levels α of mixing between extremes.

Fibich and Gibori (2010) examined two minimally connected networks in a circle,
namely: a one–sided one-dimensional (1D) model where each individual can be
influenced by his/her left-neighbor or a two-sided 1D model where each individual
can be influenced by two neighbours. Under previous connectivity assumptions,
there exists a common limiting distribution in the diffusion process, namely:

FFG(t) = 1− e
−(p+q)t+ q

p
(1−e−pt)

, (16)

where parameter p expresses the external effect acting on an agent, and q denotes
the internal effect due to the neighbour(s). A second result mentioned in Fibich and
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Gibori (2010) established that the normalised distribution F (t) in an agent-based
model with an intermediate spatial structure of relevant relationships is dominated
by the standard Bass distribution FB(t) and dominates FFG(t), as follows:

FFG(t) ≤ F (t) ≤ FB(t). (17)

It is well known that the standard Bass distribution FB(t) is the product of a
monomolecular by a logistic distribution, that is:

FB(t) = (1− e−(p+q)t)
1

(1 + q
pe

−(p+q)t)
= M(t)L(t). (18)

The initialisation mechanism of FFG(t) may be distributed over time through the
multiplication by a monomolecular model M(t) determining a shifted Fibich–Gibori
distribution:

FSFG(t) = M(t)FFG(t). (19)

Obviously, FSFG(t) is dominated by FFG(t), and therefore:

FSFG(t) ≤ FB(t), (20)

or, by eliminating M(t):
FFG(t) ≤ L(t). (21)

In other words, the logistic distribution dominates the corresponding Fibich–Gibori’s.
The presence of heterogeneous behaviour of adopters in Bemmaor and Lee’s

(2002) approach, in contrasts, determines an exponentiation of the logistic compo-
nent, LA(t), giving rise to the specific Bemmaor–Lee distribution, FBL(t):

FBL(t) = M(t)LA(t). (22)

We may define a more general shifted Fibich–Gibori distribution with heterogeneity
effects through an exponentiation of FFG(t) by A and a shifting based on M(t), as
follows:

FSFGB(t) = M(t)FA
FG(t). (23)

Clearly, the Bemmaor–Lee distribution dominates the shifted Fibich–Gibori with
heterogeneity effects:

FSFGB(t) ≤ FBL(t). (24)

Minimally connected networks, 1D and the complete connectivity assumed in the
Bm and Bemmaor and Lee model determine extremal configurations. Intermediate
spatial networks, which are not observable, may be represented though a parametric
mixture of the extremes, as follows:

G(t) = αFBL(t) + (1− α)FSFGB(t), α ∈ [0, 1]. (25)

Model (25) is a normalised distribution over time depending upon several param-
eters, as follows: p is the external effect, q is the internal effect, A represents het-
erogeneity and α represents an indirect measure of connectivity. Moreover, m is an
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Figure 7: Shifted Fibich–Gibori Bemmaor distribution with heterogeneity parameter
A = 3 and different levels α of mixing between extremes.

external scale parameter representing the absolute market potential value so that
the cumulative sales may be described explicitly, by setting b = p + q and β = q/p
through:

z(t) = mG(t) (26)

= m

{
α

(1− e−bt)

(1 + βe−bt)A
+ (1−α)(1−e−bt)

(
1−e−bt+β(1−e−pt)

)A
}
.

Figures 6 and 7 illustrate the high flexibility of the shifted Fibich–Gibori Bem-
maor distribution with heterogeneity parameter A = 0.50 or A = 3 and different
levels α of the amount of mixing between the opposite extremes.

A more general mixture of the two driving distributions, FBL(t) and FSFGB(t),
may be obtained with local free parameters by setting b1 = p1 + q1, β1 = q1/p1,
b2 = p2 + q2 and β2 = q2/p2, that is:

z(t) = mG̃(t) (27)

= m

{
α

(1− e−b1t)

(1 + β1e−b1t)A1
+ (1−α)(1−e−b2t)

(
1−e−b2t+β2(1−e−p2t)

)A2
}
.

Nevertheless, generality has to be carefully balanced to avoid contradictory results
in applications. The augmented flexibility due to hierarchical extension provides a
better global fitting (monotonicity theorem) within the observed region, but this
does not imply a gain in out-of-sample forecasting.

5 The NA-GGM: Modelling of hidden Network Automata

In this section, we propose a more comprehensive description of the ‘communication’
component in the GGM model that takes into account the main result described
in Section 4. Connectivity, seeding and heterogeneity are relevant components in
determining a flexible framework for a hidden growing thematic network. The two
opposite and extreme topologies refer to the 1D approach by Fibich and Gibori
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Figure 8: The standard GGM model based on a complete connectivity assumption
in the awareness process determining a dynamic market potential. The model is
applied to weekly sold packages of Rextat in Central Italy. The figure compares the
GGM with a standard BM model based on a fixed market potential assumption.

(2010) and the fully connected network represented via Bemmaor and Lee’s (2002)
asymmetric approach. The mixed distribution of Equations (26) and (27) may be
introduced in the ‘communication’ component of the GGM as follows, by setting
bc = pc + qc, βc = qc/pc and considering two separate sources of heterogeneity, A1

and A2:

z(t) = K

√
α

(1− e−bct)

(1 + βce−bct)A1
+ (1−α)(1−e−bct)

(
1−e−bct+βc(1−e−pct)

)A2 · (1− e−(ps+qs)t)

(1 + qs
ps
e−(ps+qs)t)

.

(28)

Parameter α controls the mixture between extremal topologies and related dynamic
growth. In particular, for α = 1 and A1 = 1, we obtain the GGM model (Guseo
and Guidolin, 2009). We call this new framework the network automata GGM
(NA-GGM) to emphasise the more general nature of the expanding hidden network
in real contexts where cultural, historical and traditional barriers may limit a full
expansion of awareness towards a specific item, drug, product or service.

To evaluate the performances of the extended NA-GGM model with reference
to the special cases of GGM and the classical standard BM, we have focussed on
various drugs. Here, we present the diffusion of Rextat, a statin, in the central
part of Italy. The source of weekly data is IMS-Health and the series depicts the
number of packages sold during the period of April 2005 - August 2007. A sequence
of models of BM, GGM and NA-GGM is suggested to use convenient estimations
for the initial values of more complex models. The obtained results are based on
the nonlinear least squares (NLS) methodology through the Levenberg–Marquardt
algorithm (Seber and Wild, 1989) and are summarised in Tables 1, 2, 3 and 4.

The BM model presents a sufficient global fitting with R2
cum = 0.998089, but it

fails in different directions. In Fig. 8 we observe the initial overestimation followed
by the failure in recognising the evident typical ‘slowdown’ of many pharmaceutical
drugs, and finally, the evident underestimation due to an incoherent quick closure
of the cycle.



Section 5 The NA-GGM: Modelling of hidden Network Automata 13

Table 1: Parameter estimates of a standard BM model for the Rextat series of
packages sold in Central Italy; ( ) marginal linearised asymptotic 95% confidence
limits. Estimates performed on cumulative data.

m p q

287465 0.00227369 0.0369784 R2
cum = 0.998089

(273978) (0.00218444) (0.034726) RSS = 918, 362, 000
(300953) (0.00236294) (0.039231) DW = 0.0229153

Table 2: Parameter estimates of a GGM model for the Rextat series of packages sold
in Central Italy; ( ) marginal linearised asymptotic 95% confidence limits. Estimates
performed on cumulative data.

K pc qc ps qs
345752 0.000386819 0.0426465 0.00980359 0.0786105 R2

cum = 0.999921
(326342) (0.000372499) (0.0405032) (0.00917997) (0.0725633) RSS = 37, 936, 500
(365163) (0.000401139) (0.0447897) (0.01042720) (0.0846578) DW = 0.262115

The GGM performs well with a high global determination index, R2
cum = 0.999921,

and a partial correlation coefficient defined with respect to the BM, R̃2 = 0.95866,
which confirms a noticeable gain. With a standard terminology, the F -ratio, whose
critical value at %95 level is about 4, reaches an excellent value, F = 1113.11, as
summarised in Table 4. These assessments are confirmed by a graphical analysis
as displayed in Fig. 8, where the principal drawbacks of the BM model are widely
exceeded by the the properties of the GGM.

In this special situation, the residual space to improve the GGM is quite chal-
lenging. In Tables 3 and 4, we show that R2

cum = 0.999949 defines a natural improve-
ment of NA-GGM due to the monotonicity theorem. The main issue is expressing
a convincing test of the statistical significance of the NA-GGM extension.

In this case, with a minor emphasis on the allowable limited space, the partial
correlation coefficient R̃2 = 0.354430379 and the corresponding F -ratio, F = 17.57,
confirm the presence of a dynamic network sustaining the diffusion of Rextat that
is not fully connected. Parameter α = 0.4752 denotes the presence of a network far
from the usual Bass or Bemmaor and Lee models, with an intermediate connectivity
with respect to the Fibich–Gibori extreme.

Parameter A1 = 93.779 denotes the heavy heterogeneity of agents in the Bass-

Table 3: Parameter estimates of a NA-GGM model for the Rextat series of pack-
ages sold in Central Italy; ( ) marginal linearised asymptotic 95% confidence limits.
Estimates performed on cumulative data.

K α pc qc A1 ps qs A2

431021 0,47527 0,053613 0,10668 93,779 0,002313 0,022438 2,598 R2 = 0.999949
(403595) (0,31221) (-0,02274) (0,00837) (-51,9511) (0,002248) (0,021040) (-0,078) RSS = 24, 313, 200
(458446) (0,63833) (0,12997) (0,20499) (239,509) (0,002378) (0,023836) (5,274) DW = 0, 388617
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Table 4: Performance comparisons amongst standard BM, GGM and NA-GGM.
R̃2 = (R2

m2 −R2
m1)/(1−R2

m1) is the squared multiple partial correlation coefficient
between two nested models m1 and m2, where m1 is included in m2 and R2 is the
standard determination index. The F -ratio F = [R̃2(n−v)]/[(1−R̃2)u] has a critical
threshold about 4 for u = 1 or a lower value for u > 1. In addition, n is the number
of observations, v is the number of parameters of the extended model m2, and u is
the incremental number of parameters from m1 to m2.

BM GGM NA-GGM

BM R2
cum = 0.998089 R̃2 = 0.958660 R̃2 = 0.973312401

F = 1113.11 F = 678.353

GGM R2
cum = 0.999921 R̃2 = 0.354430379

F = 17.57

NA-GGM R2
cum = 0.999949

like communication component, while on the opposite side, the more constrained
network structure is weakly heterogeneous or practically homogeneous; here, A2 =
2.59839 ≃ 1, representing the equilibrium point.

The graphical analysis showed in Fig. 9 explains the nature of the improvement
both in the initial part of the process, where some deviations are systematically
perceived by NA-GGM, and in the final out-of-sample projection, where NA-GGM
fixes one of the most frequent problems of BM, namely the incoherent quick closure
of the cycle.

6 Discussion and concluding remarks

In this paper, we examined the communication component of the general D-GBM
in Equations (1) and (3) to properly include some networking constraints that limit
the diffusion of knowledge and related awareness about the properties of a product,
and particularly, of a pharmaceutical drug. The centrality of communication efforts
of pharmaceutical companies is well known and is provided through parallel chan-
nels, as follows: institutional and advertising investments in meetings, conferences,
publications in specialised professional magazines and direct investment in the ac-
tivities of sales representatives (detailmen). These channels are completed through
internal communication and word-of-mouth amongst physicians, as well as indirectly
through patients’ perceptions.

To model different diffusion processes of specific knowledge on a continuum, we
combined the diffusions that pertain to opposite possible topologies of the dynamic
network. The Fibich–Gibori model, with monomolecular shifting and an extension
expressing heterogeneous agents’ behaviour, corresponds to the most constrained
network (1D). The Bemmaor and Lee model referred to a completely accessible
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Figure 9: NA-GGM: Shifted Fibich–Gibori Bemmaor mixed control of network au-
tomata in the definition of the dynamic market potential in a GGM model with
modulated connectivity. The figure applies to weekly sold packages of Rextat in
Central Italy. The NA-GGM is compared with the standard GGM based on the
complete connectivity assumption.

system. The convex combination of these extremes with a continuous parameter α,
a probability in mixing, allowed flexible modulation in the empirical identification
and estimation.

Due to the monotonicity theorem in nested models, the obtained theoretical
result in general is relatively good in terms of fitting properties . Nevertheless, a
specific simple test may establish whether the extension is significant. The case of
Rextat for central Italy soundly confirms this and similar examples that are not
reported here for brevity (e.g. Lyrica), exhibit a similar significant gain.

The proposed model, NA-GGM, is surely of interest for fine tuning when it
comes to monitoring specific drugs at a company level for the specific strategies and
the related managerial implications. A different aspect is related to the systematic
application at the category level, where large numbers of different specialties are
evident (different AIC codes in Italy). For instance, there are about 200 non-insulin
antidiabetic drug specialties, ATC code A10B, in Italy, about 500 in Sweden and
about 2000 in Germany. In this more complex framework, where a third party
payer – the Ministry of Health or insurance companies – has to tackle simultaneous
supply counterparts, the simpler GGM be a sufficient approximation for practical
large–scale evaluations.
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