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Abstract

The solutions originating at the collinear Lagrangian points L1, Lo, and L3 of the Sun—-Earth system
have been proposed as ideal locations to perform observations of the Solar activities and of the space
environment, as well as for station-keeping and low-energy orbital transfers. Since the Lagrangian
points and the dynamics around them are extensively studied mainly in the circular restricted
three-body problem (CR3BP), it is fundamental to understand how these dynamics are modified
under the effect of the perturbations due to the other planets and of the elliptic shape of the Earth’s
orbit. The aim of this thesis is to analyze the solutions originating at the Sun—-Earth Ly, Lo, L3 in
the presence of such perturbations, in connection to space flight applications. For this purpose, we
consider several models for the motion of a spacecraft between the CR3BP and a realistic model
of the Solar System which is compatible with the precision of the JPL digital ephemerides. We
therefore consider as intermediate models the elliptic restricted three-body problem (ER3BP), the
multicircular restricted eight-body problem (MCR8BP) as well as the bi-elliptic restricted four-
body problem (BER4BP), and we apply the methods typical of the Dynamical Systems and the
Hamiltonian perturbation theories. Specifically, we implement the construction of normal forms
within the averaging method and the computation of chaos indicators. The thesis is divided into
three chapters: in the first one, we provide an introduction to the subject; the second one focuses
on the existence of motions in the restricted N-body problem remaining close to the Sun-Earth L3
point for a time-span of interest for astrodynamics. Thanks to a combination of the Hamiltonian
averaging method and the computation of fast Lyapunov indicators we find orbits in the realistic
model of the Solar System that remain in the vicinity of the Sun—Earth L3 for at least two centuries,
and whose libration amplitudes range from 2.5 x10™% AU to 3 x 10~2 AU. The third chapter focuses
on the differences of the manifold tubes originating at the Lagrangian points L and Lo of the inner
planets of the Solar System when they are defined using the ER3BP, rather than the circular one.
We find relevant differences, and we discuss the impact they have in the design of interplanetary
mission trajectories. By analyzing the evolution of the orbital elements in the manifold tubes
originating at the Lagrangian points L; and Lo, we find a threshold value for the eccentricity of
the planet where we have a drastic change in the distribution of the longitudes of perihelion for a
family of orbits in the manifold tubes which are of interest for interplanetary transfers. This leads
to important changes in the design of a interplanetary mission trajectory between the manifold
tubes originating at the Lagrangian points of different Sun—planet elliptic restricted three-body

problems as, for example, the Hohmann transfers.
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Sommario

Le soluzioni che si originano dagli equilibri Lagrangiani collineari Ly, Lo ed L3 del sistema Sole—
Terra sono state proposte come luoghi ideali in cui osservare I’attivita solare, lo spazio, cosi come per
station keeping e trasferimenti orbitali a bassa energia. Poiché i punti Lagrangiani e le dinamiche
attorno ad essi sono studiati principalmente nel problema circolare ristretto dei tre corpi (CR3BP), &
fondamentale capire come queste dinamiche si modificano sotto I'effetto delle perturbazioni dovute
agli altri pianeti e alla forma ellittica della traiettoria terrestre. L’obiettivo di questa tesi e di
analizzare le soluzioni che si originano dai punti Ly, Lo, L3 del sistema Sole—Terra in presenza di
tali perturbazioni, in connessione alle applicazioni per il volo spaziale. A tal proposito, consideramo
per il moto dello spacecraft diversi modelli tra il CR3BP ed un modello realistico del Sistema Solare
che sia compatibile con la precisione del sistema digitale JPL per le effemeridi. Percio consideriamo
come modelli intermedi il problema ellittico dei tre corpi (ER3BP), il problema multicircolare degli
otto corpi (MCR8BP) come anche il problema biellittico dei quattro corpi (BER4BP), e applichiamo
i metodi tipici dei Sistemi Dinamici e la teoria perturbativa Hamiltoniana. Piu precisamente,
implementiamo la costruzione di forme normali utilizzando il metodo della media e il calcolo degli
indicatori di caos. La tesi ¢ divisa in tre capitoli: nel primo forniamo un’introduzione alla materia;
il secondo si concentra sull’esistenza di moti che rimangono vicini ad L3 del sistema Sole-Terra nel
problema ristretto degli N-corpi per un intervallo di tempo di interesse per I’astrodinamica. Grazie
alla combinazione del metodo della media Hamiltoniano e al calcolo dei fast Lyapunov indicators,
troviamo orbite nel modello realistico del Sistema Solare che rimagono vicine ad Lj3 del sistema
Sole-Terra per almeno due secoli, e la cui ampiezza di librazione varia da 2.5 x 1074 AU a 3 x 1072
AU. 1l terzo capitolo si focalizza sulla differenza tra le manifold tubes che si originano ai punti
Lagrangiani L1 ed Lo dei pianeti interni del Sistema Solare quando sono definiti usando il ER3BP,
rispetto a quello circolare. Troviamo delle differenze rilevanti e discutiamo l'impatto che queste
ultime hanno nel design di una missione interplanetaria. Analizzando ’evoluzione degli elementi
orbitali nelle manifold tubes che si originano ai punti Lagrangiani L; ed Lo, troviamo un valore
soglia per ’eccentricita del pianeta dove abbiamo un cambiamento drastico della distribuzione delle
longitudini del perielio per una famiglia di orbite nelle manifold tubes che sono di interesse per le
missioni interplanetarie. Cido comporta a cambiamenti importanti nel design delle traiettorie di
una missione interplanetaria tra le manifold tubes che si originano ai punti Lagrangiani di diversi

Sole-pianeta ER3BP come, per esempio, il trasferimento alla Hohmann.



vi



Introduction

In the last decades, the Sun—Earth circular restricted three-body problem (CR3BP), namely a
simplified model of the Solar System in which a spacecraft is gravitationally attracted by the Sun
and the Earth, while the latter is performing a circular motion around the Sun, has been deeply
investigated in connection to space flight dynamics. This is because the Sun—Earth CR3BP admits
five equilibrium points, called the Lagrangian points, that represent ideal locations to perform
observations of the Solar activities and of the space environment, as well as for station-keeping
and low-energy orbital transfers (Farquhar, 1968; Breakwell, 1970; Euler and Yu, 1971; Farquhar
et al., 1977, 1979; Lukjanov, 1980; Heuberger, 1977; Muhanen, 1983; Simé et al., 1987; Farquhar,
1998; Simd, 1999; Gomez et al., 2001; Howell and Pernika, 1993; Howell and Gordon, 1994; Hou
et al., 2007; Tantardini et al., 2010; Koon et al., 2008; Tartaglia et al., 2018). As a matter of fact,
there exists a lot of literature about the dynamics originating at the Lagrangian points L; and
Lo in the CR3BP, and the possibility to transfer a spacecraft from one equilibrium to another via
the heteroclinic intersections between their manifold tubes (as example, the reader is referred to
Conley, 1968; Gémez et al., 1993, 1998; Llibre et al., 1985; Simé et al., 1986; Howell et al., 1997,
1998; Gomez et al., 2001; Cobos and Masdemont, 2003; Dunham and Farquhar, 2003; Folta and
Beckman, 2003; Koon et al., 2008; Howell and Kakoi, 2006; Parker and Anderson, 2013; Jorba,
2012; Farrés and Jorba, 2010; Martin et al., 2010; van Damme et al., 2010; Gémez and Mondelo,
2001). Moreover, several space missions were recently designed to reach the vicinity of the Sun—
Earth Ly and Lo points, such as ISEE-3, WMAP, Herschel and Planck, Genesis, and SOHO.
The Sun—Earth system is well approximated by the CR3BP, but if we are planning to design an
interplanetary transfer between the Lagrangian points of different Sun-planet systems the CR3BP
provides a crude approximation; in such a case, an extension of the model including the elliptic
shape of the orbit of the planets and the planetary perturbations is required. Recently, particular
emphasis was dedicated to the elliptic restricted three-body problem (ER3BP), which deals with
the study of the motion of a body of negligible mass that is attracted by two celestial bodies
performing an elliptic motion with respect to their common barycenter (Szebehely, 1967 and, more
recently, Llibre and Pinol, 1990; Hiday-Johnston and Howell, 1994; Howell and Hiday-Johnston,
1994; de Almeida Prado, 1997; Palacidn et al., 2006; de Almeida Prado and Neto, 2006; Gawlik
et al., 2009; Hyeraci and Topputo, 2010; Ferreira et al., 2017; Ferrari and Lavagna, 2018; Qi and
de Ruiter, 2018; Paez and Guzzo, 2021; Kumar et al., 2021), and to the bi-circular restricted four-
body problem (BCR4BP), which deals with the study of the motion of a body of negligible mass
gravitationally attracted by three celestial bodies, while two of them are performing circular motion
around the central one (Michalodimitrakis, 1981; Andreu, 1998; Gabern and Jorba, 2001; Barrabés
et al., 2016; Scantamburlo, 2018; Negri and Prado, 2020).

The dynamics originating at the collinear Lagrange points is determined by the motions on and
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close to the so called center manifolds and its manifold tubes, that are defined by the motions which
are asymptotic to the center manifold (see Sijbrand, 1985; Vanderbauwhede, 1989 for general results
on the center manifolds, while for a sample of applications to the CR3BP we quote Jorba, 1999;
Jorba and Masdemont, 1999; Andreu, 2002; Capinski and Rolddn, 2012; Jorba and Farres, 2010;
Jorba, 2012; Guzzo and Lega, 2014; Celletti et al., 2015; Lega and Guzzo, 2016b; Ceccaroni et al.,
2016; Bucciarelli et al., 2016; Guzzo and Lega, 2018; Pucacco, 2019). The analytic representation
of the dynamics in a neighbourhood of the collinear equilibrium points can be performed through
the so called reduction to the center manifold. Since L1, Lo, and L3 are centerxsaddle equilibria
in the planar problem, the Hamiltonian of the CR3BP in a neighbourhood of Ly, Ly or L3 can be
represented using canonical variables Q, P defined using the Birkhoff normalization, in the form:

Qi+ Pr
2

K(@Q,P)=o S+ AQ2P + Ku(Q, P) + ... + Kn(Q, P) + Rn(Q, P) (1)

where (Q,P) = (0,0,0,0) represents the equilibrium point; Ky, K, ..., Kx are polynomials in
Q, P of order 4,6, ..., N depending on the @, P only through the combination of the terms (Q% +
P2)/2 and Q2P», and Ry has Taylor expansion starting from order N + 1. Therefore, when N is
suitably large, in a small neighbourhood of the origin we are allowed to neglect the remainder Ry,
and to describe the dynamics using the integrable Hamiltonian:

KN(Q,P)=0 L+ AQ2P + K4(Q,P) + ...+ Kn(Q, P). (2)

Qi+ Py
2
In this approximation, the variables Q1, P; describe a non-linear elliptic motion, while the variables
Q2, P> describe a non linear hyperbolic motion. For @1, Pi = 0 we obtain an approximation for
the family of planar Lyapunov orbits, which constitute the center manifold of the planar problem.
For Q2 = 0 or P» = 0 instead we obtain motions which are asymptotic to the Lyapunov orbits, and
define the manifold tubes, while for QQ2, P> both different from 0 we have orbits which are scattered
by the Lyapunov orbits. For a detailed description of this procedure, also in the spatial problem,
we refer to Jorba and Masdemont (1999). Together with the analytic approach, which is based on
the computation of the Birkhoff normal form Hamiltonian in a neighbourhood of L, Lo, L3 there
are in the literature also numerical methods (Jorba and Villanueva, 1998; Gabern et al., 2005;
Efthymiopoulos, 2013; Paez and Locatelli, 2014, 2015; Paez, 2016; Celletti et al., 2016; Paita et al.,
2018; Caracciolo and Locatelli, 2020; Paez and Guzzo, 2020, 2021). In this thesis we use both the
implementation of the Birkhoff normalization and the numerical method based on the definition
of a suitable fast Lyapunov indicator (FLI hereafter). In the last decades to study the dynamics
of complex dynamical systems several numerical methods based on the computation of the fast
Lyapunov indicators were introduced. The FLI method was originally introduced by Froeschlé
et al. (1997a,b) to discriminate between regular and chaotic orbits and afterwards developed in
Froeschlé et al. (2000); Guzzo et al. (2002); Lega et al. (2003); Guzzo et al. (2009); Guzzo and
Lega (2014); Lega and Guzzo (2016b); Guzzo and Lega (2018). Since the FLI method represents a
powerful tool for the numerical analysis of the dynamics of complex systems, it has been applied to
obtain sharp computations of the Arnold web (Froeschlé et al., 2000) and of Arnold diffusion (Lega
et al., 2003; Guzzo et al., 2005) along it. The FLI proved to be so versatile that they found several
applications: in Guzzo (2005, 2006) they have been used to compute the web of three and four

planet resonances and the outer Solar System, and more recently they found several applications to



the dynamics of space debris (Daquin et al., 2016; Celletti et al., 2017; Gkolias et al., 2019) as well as
to cometary dynamics (Guzzo and Lega, 2015, 2017). In particular, we will need the modifications
of the FLI which have been introduced in order to sharply detect the stable and unstable manifolds
of the center manifolds originating at the partially hyperbolic equilibrium points (Guzzo and Lega,
2014, 2015, 2017, 2018; Lega and Guzzo, 2016a,b).

The aim of this thesis is to analyze the solutions originating at the Sun—Earth Lagrangian points
L1, Lo and L3 in the presence of the planetary perturbations and by considering the elliptic shape
of the planetary orbits in connection to space flight dynamics.

For this purpose we consider several intermediate models between the CR3BP and the complete
N-body problem; such intermediate models are those defined by the multicircular restricted eight-
body problem (MCR8BP), namely a model in which a body of negligible mass is gravitationally
attracted by the Sun and the eight planets of the Solar System (from Mercury to Neptune) while
the latter are performing a circular motion around the Sun, the ER3BP as well as and the bi-
elliptic restricted four-body problem (BER4BP), namely a model in which a body of negligible
mass is gravitationally attracted by the Sun and two planets, while the latter are both performing
an elliptic motion around the Sun.

The first part of the thesis (described in Chapter 2) focuses on the short-period effects of the
planetary perturbations on the Sun—Earth L3 point, and it is based on the results of Scantamburlo
and Guzzo (2020). The goal is to find orbits close to the Sun-Earth L3 point that are useful for
astrodynamics, i.e. orbits remaining close to the Lagrangian point at least for several decades
in a model of the Solar System whose ephemerides are compatible with those provided by the
JPL digital service. We recall that in a neighbourhood of the collinear equilibrium points in the
CR3BP there are the periodic Lyapunov orbits, but since the planetary perturbations (mainly from
Venus and Jupiter) on the Sun—Earth L3 are stronger than the Earth attraction, the Sun—Earth
CR3BP does not approximate well the dynamics of a spacecraft around Ls. Hence, to quantify
the effects of such perturbations we consider the Sun—Earth MCRS8BP where the eight planets,
from Mercury to Neptune, are performing circular motions around the Sun. Using the techniques
of Hamiltonian perturbation theory, we find that the Hamiltonian describing the dynamics of the
MCRSBP is conjugate by a canonical transformation to an averaged Hamiltonian system still having
an equilibrium close to L3 and collinear with the Sun—Earth direction, up to terms of second order
in the planetary masses and fourth order in the spacecraft eccentricity; we denote such equilibrium
by Ls; The image of L3 in the original Cartesian variables is a quasi-periodic orbit, that we identify
as the dynamical substitute of L3. We find that the contributions of the planets to the libration
amplitude of the dynamical substitute sum up to about d = 10~ AU (about 15000 km). Since L3
is partially hyperbolic, in its neighbourhood there are periodic and quasi-periodic orbits. Hence, we
expect that when we map back these orbits of the averaged Hamiltonian to the original Hamiltonian
system, we obtain librations around Lg of amplitudes larger than d generalizing the Lyapunov orbits
of the CR3BP. As the MCRS8BP still provides a crude approximation of the dynamics in the real
Solar System, we use the fast Lyapunov indicators as a tool to refine the results obtained in the
MCRSBP and to numerically detect libration orbits that remain in a small neighbourhood B of
the Sun—-Earth L3 point in a model where the motion of the planets is represented with a precision
compatible with that of the JPL ephemerides system, for a time span of interest for space flight
dynamics. To construct the neighbourhood B we need to consider the effects caused by the elliptic

orbit of the Earth. Hence, for a given libration orbit of amplitude o > d we first compute a
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Lyapunov orbit of amplitude « in the Sun—Earth CR3BP, and then we use such a Lyapunov orbit
as an input for the FLI method to find orbits in the Sun-Earth ER3BP that remain close to the
Lyapunov orbit up to 200 years. Subsequently we consider a realistic model of our Solar System
in which the planetary ephemerides are compatible with those provided by the JPL digital service.
Finally, we define the neighbourhood B as a neighbourhood of the librations orbit of amplitude
p € (d,a/10) found in the Sun-Earth ER3BP and we find libration orbits in the realistic model
that remain in B for at least for 200 years. For a < 10d we apply the FLI method using a ball
of radius « and centered at L3 as B. With such methods we find libration orbits in the realistic
model of the Solar System that remain close to the Sun—Earth Ls point for at least 200 years, of
amplitude ranging from 2.5 x 107* AU to 3 x 1072 AU.

The second part of the thesis (described in Chapter 3) studies the definition of interplanetary
transfers using the stable and unstable manifold tubes originating at L; and Ly in the ER3BPs,
and it is based on the results of Scantamburlo et al. (2021). In the literature, several papers were
dedicated to the study of the dynamics in a neighbourhood of L; and Ls in the ER3BP, and to the
design of interplanetary transfers via gravity assists and ballistic captures (the reader is referred to
Broucke, 1969; de Almeida Prado, 1997; de Almeida Prado and Neto, 2006; Hyeraci and Topputo,
2010; Hou and Liu, 2011; Peng et al., 2015; Peng and Xu, 2015; Peng et al., 2017; Qi et al., 2017,
Ferreira et al., 2017, 2018; Ferrari and Lavagna, 2018). Our goal is to analyze the differences of the
manifold tubes originating at L, and Ls in the planar ER3BP and the CR3BP, and to discuss the
impact they have in the design of interplanetary transfers. To do this, we first need to consider the
generalization of the space manifold dynamics to the ER3BP defined in Paez and Guzzo (2021),
obtained with the construction of suitable Hamiltonian Floquet-Birkhoff normal forms. Using the
definition and the method of computation of the manifold tubes provided in Paez and Guzzo (2021),
we first characterize the evolution of the orbital elements of a spacecraft whose motion is described
by a solution of the ER3BP that belongs to the manifold tubes of a generic Sun—F; system (here P;
denotes the j-th planet of the Solar System; P; Mercury, P» Venus, ...). Let us consider any solution
whose initial condition belongs to the local unstable manifold tubes originating at L; or Lo: for
an initial time-span the solution remains close the to Lagrangian one, oscillating around it; then
it exits from the planet’s Hill sphere. We follow its evolution until it arrives sufficiently far from
the planet so that its dynamics is well approximated by a Keplerian orbit. The solutions whose
initial condition belong to the stable manifold tube are characterized by the same behaviour for
negative time-spans. Let us denote by IC; 1, and /C;-" 1, the families of all the Keplerian orbits that
are obtained for all the possible initial conditions in the local stable and unstable manifold tubes
originating at L; of the Sun—P; ER3BP, and for all the values of the initial true anomaly of P;. The
idea is to use the orbits in the families lCﬁ} 1, and ICZ’ 1, of different planets P, Py for the design of
an interplanetary transfer between P, and Pg. Depending on the value of the orbital eccentricity
ej of the planet P;, we find different distribution of the longitude of perihelion of the orbits in
the families K3, and K} . Precisely we find that for e; 2 3ru,; /aj where 7y ; and a; represent
the Hill radius and the semi-major axis of Pj, the distribution of the longitude of perihelion in
the families IC; r, and IC;{ 1, is bounded in some interval whose length is Aw ~ 2arctan STE%
Conversely, i.e. for e; < 3ry j/a;, the distribution of the longitude of perihelion is spread in [0, 27].
In connection to space flight dynamics, this leads to several consequences: i) if both the orbital
eccentricities of P, and P, are such that the distributions of the longitude of perihelion in the

families KC} Li and Ky ; —are bounded in some intervals, and if such intervals do not match, then
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it is not possible to perform an Hohmann transfer between the two families (for the definition of
the Hohmann transfer between two co-axial elliptic orbits, the reader is referred to, for example,
Curtis, 2005); ii) if both the orbital eccentricities of P}, and Py are such that the distribution of
the longitude of perihelion of the orbits in ng 1, and IC;; 1, are spread in [0, 27], then we have an
abundance of co-axial orbits between the two families that are suitable for an Hohmann transfer;
iii) if the orbital eccentricity of one planet is such that the distribution of the longitude of perihelion
is bounded, but the other does not. In such a case we still have an abundance of co-axial orbits
between the two families ICZ, 1, and ICz? L, » and the Hohmann transfer can be considered. We note
that if we plan to design an interplanetary transfer using two decoupled CR3BP, the situation
described in ii) has to be considered. We apply these results to the Sun—Mercury, Sun—Earth, and
Sun—Mars ER3BPs. Since both Mercury and Mars are such that the longitudes of perihelion of the
Keplerian orbits are bounded, while the Earth does not, it is possible to apply an Hohmann transfer
between the manifold tubes originating at a Lagrangian point of the Sun—Earth and Sun—-Mercury
(or Sun-Mars) ER3BP. Finally we check if the transfer computed using the two decoupled Sun-
Earth and Sun-Mercury (or Sun—Mars) ER3BPs remain effective also in the Sun-Earth—-Mercury
(or Sun-Earth-Mars) BER4BP.

The thesis is organized as follows: Chapter 1 is dedicated an overview about the models and
methods used during the PhD research program; in particular, we focus on the CR3BP and the
ER3BP, and we emphasize the different techniques used to study such two problems. In particular
Chapter 2 is dedicated to the study of the short-period effects of the planetary perturbations on the
Sun—-Earth L3 point. Chapter 3 is dedicated to the interplanetary transfers between the manifold
tubes originating at L; and Ls in the ER3BPs.






Chapter 1

Fundamentals for Space Manifold

Dynamics

A modern concept of mission design exploits the solutions originating at the Lagrangian points
whose definition requires to consider, at least, the three-body problem. For this reason the mod-
ern astrodynamics is developed using advanced mathematical theories, mainly from the fields of
Dynamical Systems and Hamiltonian Mechanics which are required when the Lagrangian solutions
are considered.

The aim of this chapter is to provide an overview about the fundamentals of celestial mechanics
which are used in the modern astrodynamics. In Sec. 1.1 we describe the circular restricted three-
body problem: in such a context we define the Lagrangian points, the Jacobi constant, and we
describe peculiar solutions originating at the collinear Lagrangian points. In Sec. 1.2 we consider
the first extension of the circular restricted three-body problem to a model which is more realistic
for space flight dynamics, namely the elliptic restricted three-body problem. In particular, we
will explain which are the additional difficulties in the study of the solutions originating at the
Lagrangian points in this model and we describe the state of art. Sec. 1.3 is dedicated to an
overview of Hamiltonian perturbation theory. In Sec. 1.4 we review the finite time chaos indicators
as a numerical tool for the analysis of the dynamics of complex dynamical systems. In Sec. 1.5 we
briefly define the classical concept of impulsive orbital maneuver, whose most celebrated example

is the Hohmann transfer.

1.1 The planar circular restricted three-body problem

1.1.1 The equations of motion

The planar circular restricted three-body problem (CR3BP) deals with the study of the dynamics
of a body having negligible mass (which we identify as the “spacecraft”) that is gravitationally
attracted by two massive bodies P; and P» whose gravitational parameters will be denoted by ¢
and €9. Moreover, we assume that P» is performing a circular motion around P;. In a reference
frame Oxy centered at P; with axes parallel to the axes of an inertial one, the position vector of
Py is ro(t) = da(cos(nat + ¢2),sin(nat + ¢2)), where ng, da, and ¢2 denote the mean motion, the
orbital radius, and the initial phase displacement of P». By denoting with » = (x,y) the position

vector of the spacecraft in the Ozy reference frame, the Lagrange function describing its dynamics
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eI e rme
L) = 5+ o 52(||r2<t>|3 \|r—r2<t>u>' (1)

In order to eliminate the explicit dependence on the time ¢ from the Lagrangian, we introduce as
usual the co-rotating reference frame OXY in which P; and P» are located at the origin and at

(dg,0) respectively for all t € R. For this purpose we introduce the rotation matrix

n_ (cos(ngt + ¢2) —sin(nat + ¢2)> (1.2)

sin(nat + ¢2)  cos(nat + ¢2)
such that the position vector of the spacecraft in the co-rotating reference frame is R = R”r. Since
|71 = [| R + n3|| R||* + 2na (XY — XY), (1.3)

the Lagrange function describing the motion of the spacecraft in the heliocentric co-rotating refer-

ence frame is

oo X24Y2 n3, ., ) L. €1
XY, X V)=" "~ 4+ 2(X?’+Y XY - XY)+ —
X 1
(d% V(X —do)? +Y2)
X2 1 y? S
- % +ne(XY — XY) - V(X,Y),
where
n2 €1 X 1
VIX,Y)= —2(X?4+Y?) - ———+ | 5 — . 1.5
( ) 2( ) croye e B X D) (1.5)

The equations of motion of the spacecraft in the heliocentric co-rotating reference frame are provided

by the Lagrange-Euler equations of (1.4), i.e.

doc oL doL  oc

Gox "X dioy ~ov o
hence
. . X 1 X —d
X=2mY+niX —e1————— —ea | 5 + 2 —
(X2 +v2)Y 43 (X —dy)?2+Y2)¥ )

. ) Y Y
Y:*2TLQX+TL%Y*61 373 €2 372
(X2 +v2)% (X — do)2 +Y2)/

It is usual to describe the motion of the spacecraft using units of measure such that the distance
between P; and P» is one, the sum of the masses of P; and P, is one, and the revolution period of
P, around P is 27; with such assumptions, we obtain ny = 1 and also the gravitational constant is
one; hence we have €1 = 1 — g9. The Hamilton function describing the dynamics of the CR3BP is
obtained from the Lagrange function via the usual Legendre transform. Therefore, by introducing
the momenta conjugate to the variables X and Y, i.e.

oc . oL

=S =X-Y, Py=—"=Y+X, 1.8
- v (18)

P
X oy



the Legendre transform of £ is

H(X,Y, Px, Py) BB xpovey -2 o (x L (1.9)
= — — - [ - . .
y Ly X, 1Y 2 Y X X2—|—Y2 2 /—(X—l)Q—I—Yz
The Hamilton equations of (1.9) are
X=Px+Y
Y =P - X
: X X -1 (1.10)
Px=Py—(1—¢3)—F77 — 1 )
x =Py — ( €2>(X2+Y2)3/2 62( +((X—1)2+Y2)3/2>
Y Y

Py =—Px —(1— — :
Y X ( 52) (X2+Y2)3/2 52((){71)2+Y’2)3/2

1.1.2 The Jacobi constant and the Lagrangian points

In this subsection we find convenient to use the Lagrangian formulation of the CR3BP. Since the

Lagrange function (1.4) is time independent, the CR3BP admits the constant of motion:

. ) . o 2 2
J(X,Y,X,Y):Xa—[.:JrY%—L(X,Y,Xy):ﬂ

V(X,Y). 1.11
ox Yoy 5 HV(XY) (1.11)

Instead of (1.11) it is historically used as first integral the Jacobi constant, defined by
C(X,Y,X,Y)=—-2J(X,Y,X,Y). (1.12)

Since X2 + Y2 > 0, any solution (X (¢),Y(t)) of the CR3BP characterized by a value J of the

constant of motion (1.11) is constrained in the region
AT) ={X,Y) : V(X,Y) < T}, (1.13)

which is known as the admissible region. The border of A(J),i.e. Z(J) ={(X,Y): V(X,Y)=T}

is called the zero velocity curve (when (X (¢),Y (t)) € Z(J), we have (X (¢),Y (¢)) = (0,0)).

Let us now consider the equilibrium configurations of the system, which are the solutions of the

equations g—)‘? =0, g—)‘ﬁ =0, i.e.
X -1 X
X — 1 g - 1-e)——555=0 1.14
€2 ( - (X —1)2+ y2)3/2> (1-e2) (X2 + Y2)3/2 (1.14)
Y |1- £2 S Sl S (1.15)
(X —1)24Y2)3/2  (X24+Y2)3/2 e )

We notice that:

(i) for Y = 0 there are three values Xr,,, X1,, X1, satisfying the relation

X -1 X
X — 1+ — | — (1 — —— =0. 1.1
52<+\X—1\3> (1 —e)izp =0 (1.16)

For convention X, < 0 < X, < 1 < Xp,. Correspondingly, we have three equilibrium
points, the so called collinear Lagrange points L1, Lo, and L3. In Fig. 1.1 we represent the

9
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Figure 1.1: Location of the collinear equilibrium points L1, Lo and L3 for different values of the gravitational

parameter €o.

values of X, X1,, and X, as a function of e9;

(ii) for Y # 0, from relation (1.15) we get

€9 1—e9
=l 1.17
(X —1)2+Y?2)3/2 (X2 +Y2)3/2 (1.17)

and consequently equation (1.14) reduces to

1
that is solved for v X2 + Y2 = 1; by replacing (1.18) in (1.17) then we also get /(X —1)2+Y?2 =

1. There are two points, L4 and Ls, fulfilling such two conditions, that are

XL4 == 5, YL4 == 7 (119)
1 V3
XL5 - 5, YL5 == —7, (120)

usually called the triangular Lagrange points.

Hence there exist five equilibrium configurations Ly, Lo, L3, L4, and L5, whose location in the
XY plane is schematically represented in Fig. 1.2. We emphasize that, given J, = V(X,,0),
Jr, = V(X1,,0), I, = V(X1,,0), I, = V(X1,,0) and Jr, = V(XL,,0), we have

T, < Ty < Jny < I, = JLs- (1.21)

To better understand the property of the orbits in the OXY plane, we plot the different realms
of motion for different values of the constant of motion J (the reader is referred to Figures 1.3

and 1.4), for the sample value 2 = 0.1. We note that for J < Jp, (case represented in panel

10



L3 / Ly Lo
o .

Figure 1.2: Location of the Lagrangian equilibrium points in the XY plane.

1.3a) there are three disconnected parts of the admissible realm that are confined around Py, P,
and in the exterior of the P;—P, system respectively; hence for such values of 7, it is not possible
to transfer a spacecraft from one region to another one without changing the value of the Jacobi
constant via a propulsion system. As a matter of fact, by increasing the value of J we observe that
for 7 = Jr, the forbidden realm of motion shrinks in L; (panel 1.3b) and for J € (Jr,, Jr,) the
two admissible regions surrounding P; and P, are connected by a channel which opens at L; (panel
1.3¢c). For such values of J, a spacecraft leaving, for example P, can pass around P; without
consumption of propellant. For J = Jr, the forbidden real of motion shrinks in Ly (panel 1.3d)
and for J € (Jr,, Jr,) the admissible region surrounding P; and P, is connected to the external
region of the P—P, system (panel 1.3e). For such values a spacecraft can transit from the external
region to Py or P» and vice versa. For J = Jp, the forbidden region shrinks in L3 (panel 1.3f) and
for 7 € (Jry, Jr,) shrinks in Ly and L (panels 1.4a and 1.4b). For J > Jr, the admissible region
extends to the whole Cartesian plane. We underline that J7,, and Jr, are the limit values for two
different types of transits: those leaving P; and arriving to P» (or vice versa), and those leaving
(or arriving) the P;—Ps system. For such reason the values of the constant of motion computed at

Ly and L9 are so important in connection to astrodynamics and space flight dynamics.

1.1.3 Periodic orbits around the collinear equilibria

The simplest analysis of the dynamics close to an equilibrium point is provided by the linearization
of the equations of motion at the equilibrium itself. The linearization at a collinear Lagrangian point
L; (in this Section we limit our discussion to the collinear points L1, Lo, L3, which are partially
hyperbolic) is more conveniently performed using the Hamiltonian formulation. By considering the

Hamiltonian (1.9), the collinear points are mapped to the phase-space points
(Xr,,Yr,, Pxr,;, Prr,) = (Xr,,0,0,X1,). (1.22)

Then, we introduce the variables (q,p) = (¢1, g2, p1,p2) by translation at L;:
@n=X-X1,, =Y, p=Px, p2=FP — X, (1.23)

11
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Figure 1.3: Representation of the admissible (white) and forbidden (gray) regions for different values of the
constant of motion J in the CR3BP characterized by 5 = 0.1. The black points represent the location of
the Lagrange points, while the red points represent the position of the bodies P, and P,. The border of the
admissible regions (dark gray curve) represent the zero velocity curves.
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Figure 1.4: Representation of the admissible (white) and forbidden (gray) regions for different values of the
constant of motion J in the interval (Jz,, Jr,) in the CR3BP characterized by e = 0.1. The black points
represent the location of the Lagrange points, while the red points represent the position of the bodies P,
and P,. The border of the admissible regions (dark gray curve) represent the zero velocity curves.

and the Hamiltonian
H(qap) :H(ql—i_XL”qQaplva_'_XLz) (124)

conjugate to H by the transformation (1.23). Next, we expand H at (q,p) = (0,0). By dropping
the constant term H (0, 0), and since the term of first order vanishes because (0, 0) is an equilibrium

point, we obtain

H(q,p) = Ha(q,p) + H3(q,p) +... = Y Halq,p) (1.25)
a>2
where H,, is a polynomial of degree « in the variables ¢ and p. The linearization of the Hamilton

equations of H(q,p)

oH . oH . 0H 0H

_oH _od _ S — 1.26
g = B P2 (1.26)

q - -
oq1’ 0q2

at the equilibrium (g, p) = (0,0), are the Hamilton equations of

2

P +p2 q2 1—e9 £9
H2(q,p)=%+q2p1—q1p2 +’Y<22—Q%>7 = X3 | - | Xp, — 1 (1.27)
L; i

which are also represented by the linear system

0 1 1 0
; 1 1

1) —a(1? A= 00 (1.28)
p p 2y 0 0 1
0 —y -1 0

For the Lagrangian points L1, Lo, and L3 the matrix A has two complex eigenvalues which we
denote by +ic and two opposite real eigenvalues which we denote by +A. Therefore, they are

partially hyperbolic, since the real couple is related to an hyperbolic motion, while the complex
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couple is related to an elliptic motion. The partially hyperbolic nature of L1, Lo, and L3 is well
represented by the existence of a canonical linear transformation (for further details, the reader is
referred to Jorba, 2012)

(a,p) =C(Q, P) (1.29)
conjugating Ho to
2 P2
Q. P) = e T 3., (1.30)

The reader is referred to Fig. 1.5 for a schematic representation of the phase-portrait in the QP

phase-space. The flow approximated by the normal form (1.30) has

P

2N
N2/

NS

Figure 1.5: In the linear approximation, the phase-space (@, P) is decomposed by an harmonic oscillator
component (described by the Q1 and P; variables), and an hyperbolic expansion/contraction (described by
the @2 and P; variables).

a) an equilibrium point at (Q1, P1,Q2, P») = (0,0,0,0);

b) a family of periodic orbits identified by
Q1 =+/2Lsin¢gy, P =+/2[1cos¢1, Q2=0, P,=0wherel; >0,¢; €]0,2n]; (1.31)

c¢) for any periodic orbit of the family b), there exists a set of initial data converging in the

future to the periodic orbit; such a set is called the local stable manifold, and it is identified
by

Q1=+2Lsing;, Pr=+\2[cos¢1, Q2=0, |Ps|€(0,e), (1.32)

for € suitably small;

d) for any periodic orbit of the family b), there exists a set of initial data converging in the past

to the periodic orbit; such a set is called the local unstable manifold, and it is identified by

Ql =2 Sin¢1, P, = /21 cos (251, Py = 0, ‘QQ’ S (0,6), (1.33)

for € suitably small;

e) for any periodic orbit, there exists a set of initial data that are inside the stable (or unstable)

manifold tube but transit from right to left, and vice versa, of the periodic orbit. Such a set

14



of orbits are called the transit orbits, and are identified by
Ql = /21 sinqSl, P =21 COS(bl7 QQPQ > 0. (1.34)

Birkhoff normalization allows to extend to higher orders the description of the motions obtained
with H2(Q, P) so that the periodic orbits generalize to the planar Lyapunov orbits, and the mani-
folds asymptotic to them are the stable and unstable manifold tubes. In Sec. 1.3.4 we will discuss

how to define a canonical transformation:

(a.p) =C(Q, P) (1.35)

which conjugates the Hamiltonian (1.25) to an Hamiltonian of the form:

N/2

K(va) = ZKQV(Q7P) +RN+1(Q>P) (136)

v=1
where

e K9,(Q, P) denotes a polynomial of degree 2v depending on the variables Q and P through
the combinations of the terms (Q? + P2)/2 and Qo P»;

e the remainder Ry, 1 is a polynomial of order NV + 1 in the variables Q and P.
In a neighbourhood of the equilibrium (Q, P) = (0,0) of radius D:
B(D) ={(Q, P):|Q|,|P| < D} (1.37)
the remainder Ry is estimated by
IRN41]] < Cna DM (1.38)

and therefore, if D is suitably small, in the set B(D) we consider the approximate Hamiltonian

N/2
K(Q,P)=) K»(Q.P) (1.39)

v=1

whose flow is easily computed explicitly. In particular, the actions

_ Q}+ P}

Il ) )

I = QoD (1.40)
are first integrals for the flow of K and for Qy, P, = 0 we have a family of periodic orbits that
are identified by Q1 = 2I[1singy, P, = /2[1cos¢1, I1 > 0 and ¢, € [0,27]. Such periodic
orbits admit local stable manifold identified by Q1 = /21 sin ¢, P = /211 cos ¢1, Q2 = 0 and
P, # 0 suitably small, and local unstable manifold identified by Q1 = +/21 sin ¢1, P = /211 cos ¢1,
P, = 0 and Q2 # 0 suitably small. When we map back the periodic orbits and their stable and
unstable manifolds to the original Cartesian variables of the co-rotating reference frame we obtain

the non-linear approximations of the:
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- planar Lyapunov orbit LL;(I1):

i) = |J {(X.Y,Px,Py)=(X.,,0,0,X.,) +C(Q.,P):
$1€[0,27] (1.41)

(Q1, P1) = /211 (sin ¢y, cos 1), Q2, P = 0};

- local stable manifold of LL;(1;):

wie= ) {(X.Y,Px,Py)=(X,,0,0,X.,)+C(Q,P):
$1€[0,27] (1.42)

(Q1, P1) = /21 (sin 1, cos 1), Q2 = 0, | P2| € (0,€)}

where € is such that @, P is in the domain of the transformation C(Q, P);

- local unstable manifold of £L£;(1;):

Wil = | {(X,Y,Px.Py) = (X1,.0,0,X.,) +C(Q.P):
$1€[0,27] (1.43)

(Q1,P1) = /211 (sin 1, cos 61), P2 = 0, |Q2| € (0,¢)}

where € is such that Q, P is in the domain of the transformation C(Q, P).

When we propagate the initial conditions in W;l’loc and W}ll’loc with the flow of the CR3BP backward
and forward in time respectively we obtain the global stable and unstable manifolds Wy and W{.,

also called the manifold tubes.

The manifold tubes of the Lyapunov orbits associated to L; and Lo have been widely investi-
gated in connection to transport phenomena, close encounters, and space mission design (see, for
example, Conley, 1968; Howell et al., 1997, 1998; Koon et al., 2008; Gémez et al., 2001; Dunham
and Farquhar, 2003; Gémez et al., 2004; Topputo et al., 2005; Guzzo, 2010; Bell6 et al., 2010;
Simé, 2010; Ren et al., 2012; Guzzo and Lega, 2013; Parker and Anderson, 2013; Lega and Guzzo,
2016b; Guzzo and Lega, 2018). Several space missions, such as SOHO, ISEE-3, WMAP, Herschel
and Planck, were designed to reach the vicinity of the Sun—Earth L; and Ly equilibrium points. A
modern concept of mission design, called space manifold dynamics, exploits the solutions originat-
ing at the Lagrangian points, and determine new trajectories and optimal transfers that can not be
found in the two-body approximation (Conley, 1968; Gémez et al., 1993; Koon et al., 2001; Bell6
et al., 2010). In particular, we recall that for values of the constant of motion J > Jr,,, transfers
between the primaries are possible. Since the latter require a minimal fuel consumption, they are

also called low-energy transfers.

We remark that to transfer a spacecraft from one planet to another, there exists another kind
of orbital transfers that are based on gravity assist. Such a transfer differs from the low-energy
transfer since it requires a delta-v sufficiently high to escape from the sphere of influence of the
planet. For further details about the gravity assists, the reader is referred to Strange and Longuski
(2002); Miller and Weeks (2002); Campagnola and Russell (2010a,b).
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1.2 The planar elliptic restricted three-body problem

1.2.1 Equations of motion

The elliptic restricted three-body problem (ER3BP) deals with the study of the dynamics of a
body P of negligible mass that is gravitationally attracted by two massive bodies P; and P, which
perform an elliptic motion with eccentricity es. To compare the solutions of the ER3BP with those
of the CR3BP it is useful to introduce a rotating-pulsating reference frame OXY (for further details
the reader is referred to Szebehely, 1967), and to use the standard unit of the system P;-P; (i.e.
the sum of the gravitational parameters of P, and P, is one, the semi-major axis of P; is one). By
denoting with » = P» — P, the relative position vector of P, with respect to P;, the heliocentric

rotating-pulsating reference frame OXY is centered at Pj, and its axes are parallel to the unit

vectors
r rXu
Up = 0, U= (1.44)
il 7 > |
where u,, = %27 - in such a reference frame, Pj is at the origin and P, is located at (0,1). The
[[#xr]

equations of motion of P in the OXY reference frame are conveniently expressed in Hamiltonian
form using the true anomaly fo of the elliptic motion of P> as an independent variable of the
Hamilton equations. Precisely, the Hamilton function of the ER3BP in the heliocentric rotating-
pulsating reference frame is

H(X,Y,Px, Py, faiea,e2) == [(Px + Y)* + (Py — X)?]

1 X2+Y2+ 1
1+ ey cos fo 2 VX2+Y2

[N

€9 1
| X+ -
1+ ezcos fo ( VX2 +Y? \/(X1)2+Y2>

(1.45)

where g2 denotes the gravitational parameter of P», and Px and Py represent the conjugate mo-
menta to X and Y respectively. We remark that the Hamiltonian is not autonomous since it

depends explicitly on the true anomaly fs, which is the independent variable of the Hamilton’s

equations
X _ oW dY _ oM dPx _ OW Py _ OW (1.16)
dfy  OPx’ dfy 0Py dfy  0X' dfy  0Y’ ’
ie.
dX
— =Px+Y
df,
dy
— =P -X
d, "
dPx 1 X X-1
— =P X4+ — X —(1l—-e)—rr — 1
dfa Y * 1 + ez cos fo { ( 82)(X2 +Y?2)3/2 “2 ( * (X — 1)2+Y2)3/2>}
dPy

) 1—e9
— =—-Px Y+ ———[1- — )
df2 X 1 + ez cos fa ( (X —1)2 + y2)3/2 (X2 + Y2)3/2>
(1.47)

The advantage of the rotating-pulsating reference frame, is that the Hamiltonian system (1.46) has

five equilibrium points L1,..., L5 in the same location of the Lagrangian points computed in the
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corresponding CR3BP.

1.2.2 The difficulties in the study of the ER3BP

The effects that the eccentricity of P» have on the dynamics of the body with negligible mass have
been studied by using both analytical and numerical methods (as example, the reader is referred to
Szebehely and Giacaglia, 1964; Broucke, 1969; Llibre and Pinol, 1990; Howell and Hiday-Johnston,
1994; Hiday-Johnston and Howell, 1994; de Almeida Prado, 1997; Palacidn et al., 2006; Lhotka
et al., 2008; Gawlik et al., 2009; Hyeraci and Topputo, 2010; Capinski et al., 2016; Peng et al.,
2017; Ferrari and Lavagna, 2018; Qi and de Ruiter, 2018; de Almeida Prado and Neto, 2006; Hou
and Liu, 2011; Peng and Xu, 2015; Ferreira et al., 2018; Paez and Guzzo, 2021). Although the
ER3BP admits the same equilibria of the CR3BP, the study of the solutions originating at these
Lagrangian points is more difficult with respect to the CR3BP: this mainly because no constants of
motion (such as the Jacobi constant) are known, and the application of the perturbations theory is
complicated by the fact that the expansion of the Hamiltonian H at L; and Lo is non-autonomous
already at order two. Thus, a Floquet theory is necessary in order to have an Hamiltonian with
quadratic part which is autonomous, and then to Birkhoff normalize the normal form. The Floquet-
Birkhoff normalization of the ER3BP has been recently done by Paez and Guzzo (2021). With
these Floquet-Birkhoff normal forms, the authors constructed a quasi-integral of motion, locally
defined in a neighbourhood of L; and Ls; the analog of zero velocity curves have been defined as
well as the extensions of the planar Lyapunov orbits to planar Lyapunov tori, with their stable
and unstable manifolds. We will define and discuss the properties of these dynamical structures in
Chapter 3, Sec. 1.3.5. Before, we need to review the basic ideas and techniques of Hamiltonian

perturbation theory.

1.3 Hamiltonian perturbation theory

Hamiltonian perturbation theory aims to study those systems whose Hamilton function is nearly
integrable. In Celestial Mechanics, the most famous nearly integrable system is represented by the
CR3BP, that is a perturbation of the two-body problem. Several theories were developed to analyze
nearly integrable systems; in this Section, we provide an overview about the most famous and useful
techniques for the study of nearly integrable system, such as the Lie series, the Floquet canonical
theory, and the Birkhoff normal forms. For further details about the Hamiltonian perturbation
theory, the reader is referred to Poincaré (1892); Arnold (1989); Arnold et al. (1993); Benettin
(2004).

1.3.1 Quasi-integrable integrable systems

Let us consider the Hamiltonian
H(I, ) =H(I)+eP(L, ) (1.48)

where I := (I1,...,1,), ¢ := (¢1,...,n) are the action-angle variables, ¢ is a parameter, and P is
the perturbing function which depends periodically on each angle ;. It is convenient to represent
P as:

P(I, o) =PU)+ P, ) (1.49)
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where the Fourier average of P is equal to zero. Hamiltonian systems of the form (1.48) are called
quasi-integrable. It is natural to consider how much the solutions of (1.48) are different from those
of the integrable system of Hamiltonian H(I), which are characterized by constant value of the

actions. Standard estimates (called a priori estimates) provide

|17;(t) — I;(to)| < Celt — to s

where: i
C:=sup max |—(1, ‘ .
(L) J€{Ln} Bwj( ) (L51)

Hence, the actions can drift away from their initial data I(to) only after time-spans of order 1.

The aim of the Hamiltonian perturbation theory is to study the evolution of the action-angle
variables for time-spans longer than 1/e. Since Poincaré, the main approach to this study is to
construct a canonical transformation w close to the identity, i.e. (I,¢) =w(I,p) = (I,$)+ O(e)

conjugating the Hamiltonian (1.48) to

H(I,p) = H(I) + eP(I) + *R(I, @, ¢). (1.52)

If such a transformation exists, the time evolution of the new actions satisfies the estimate:

|1Ii(t) — Li(to)| < €2Clt — tol, (1.53)
N - IR (T &
where C := SUD(f o) MAXje (1, n} | 55, (I,p,¢)|.

In a broad sense, discussions about the existence of such a transformation, as well as its itera-
tion, lead to the most important results of modern perturbations theories, such as the KAM and

Nekhoroshev theorems.

1.3.2 The Lie series method

Near to the identity canonical transformations can be explicitly generated using the so called Lie
series method. In this method, the canonical transformation is defined by the Hamiltonian flow at
time ¢ of a Hamilton function x(I, ) with initial conditions (I,), i.e. (I,¢) = @;(IN, p); the
Hamiltonian function y is usually called generating function. Therefore, given x(I, ), we first
denote by (I(s),@(s)) the solutions of the Hamilton equations of y with initial conditions (I, @),
ie.

(1(0),9(0) = (I. ¢). (1.54)

Next, for any function f(I, ), we denote by: f5(I,@) = f(I(s),$(s)) the composition of f with
the flow of x. We have:

dfs dfs dI | df* de df* Ox  df* Ox

ds ~ 4 ds " dp ds _dp of af g UM (1.55)
af [ df .
152 —{Ck,x}—{{f,x},x} (1.56)
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as well as:

difs d(i—l)fs .
dsi = { ds(’i—]_) y X y 1 Z 2 (157)

By introducing the Lie derivative £ such that
0p._ ip._ pl i1 ~
Lof=f  Lif:=r) (z; >f) P>, (1.58)
the relation (1.57) computed at s = 0 provides:

dz’fs
ds® |,_,

=L f. (1.59)

By applying the previous formulas to compute the Taylor expansion of f¢, we have:

(T & € = €i i r o~
i=0
The right-hand side of Eq. (1.60) is called the Lie series of f(I,¢). In such a way the canonical

transformation (I, ) = @5 (I, p) is also explicitly represented by

L=0+elljx}+5 {{IJ,X} Xt

jel,... n, (1.61)
p; =@ +e{@ix} + 5{{953‘7)(},)(} +...
and the Hamilton function H is conjugate to
_o ~ g2
H(IL, @) :=Ho®, =H(I, @) +e{H,x}I,p) + S XX+ (1.62)

Since H itself depends on e, we replace in (1.62) the Hamiltonian H with the right-hand side of
(1.48), and we rearrange in the Lie series the terms with the same power of e. We obtain the

expansion:

H=H(I)+e 73+75—w(I)-gf; + O(?) (1.63)

where w(I) = %—I}I(I).

In order to accomplish the requirement that the Hamiltonian (1.63) is in the form (1.52), we
need a generating function x(I,¢) satisfying the so called fundamental equation of perturbation
theory':

w(I) - % =P, p). (1.64)
Since both P and x can be expressed as a Fourier series, i.e.

P(jv 95) = Z Pk(j)eik.‘ﬁv X(iv 95) = Z )A(k(j)eik'@v (1'65)

kEZn keZn

Eq. (1.64) becomes:
Zi(w(f) k:)Xk [)e'ke = Z By (I)eike (1.66)
ez

kezm

!The fundamental equation of perturbation theory is usually known as homological equation.
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which is formally solved by

xo(I) =0,  xx(I)= M for k # 0. (1.67)
ik - w(I)
As it is well known since Poincaré, if the Hamiltonian H satisfies some genericity properties, the
Fourier series defined by the coefficients of Eq. (1.67) do not sum to a regular function in any open
domain of the actions space. The reason is due to the denominators which vanish for each k at the
resonance:

k- w(I)=0, (1.68)

and by the divergence of the series in a neighbourhood of all the resonances. Regular solutions exist
with weaker requirements for the transformation. For example, if the Fourier spectrum of H is finite
(i.e. e # 0 only for a finite set of vectors k), then the series sums to a regular function in a domain
of the actions space which excludes a neighbourhood of the finite number of resonances which are
in the spectrum. In this thesis, we will define x by considering the finite spectrum perturbations

which are obtained by truncating the original Hamiltonian to a suitably large Fourier order.

Moreover, the transformation x can be defined also in the neighbourhood of some specific
resonances

k-w(I) =0, (1.69)

simply by excluding the vectors k parallel to k from the series. In this way we obtain resonant
normal form, where at order £ of the Hamiltonian may depend on the angles only through the
combinations k - ¢ with k integer vectors parallel to k. A more advanced treatment of the problem
of small divisors lead to the celebrated KAM and Nekhoroshev theorems.

1.3.3 Floquet theory

The Floquet theorem (Floquet, 1883) has become the most important method to represent the

solutions of the periodic linear differential systems of the form:
= A(t)x, xz eR" (1.70)

where A(t) is a regular function of period 7. By denoting with ®(¢) the principal fundamental
matrix, whose columns are n linearly independent solutions of Eq. (1.70) satisfying ®(0) = I, the

Floquet theorem states that the principal fundamental matrix is decomposed as
(t) = C(t)eP, (1.71)
where C(t) is a non-singular and 27-periodic function of ¢, C(0) = I; while B is a matrix such that
O(T)? =B, (1.72)

called the monodromy matriz. Wiesel and Pohlen (1994) proved that if = (q,p) € R*™, and the
system (1.70) is Hamiltonian, then the matrix C(t) is symplectic. This implies that there exists

a canonical time-dependent change of variables x = C(t)y, y € R",n = 2m which conjugates the
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Hamiltonian system (1.70) to the following autonomous one:
y = By. (1.73)

To construct such a change of variables, the computation of the monodromy matrix ®(7) as well

as of its logarithms is required.

In connection to the Lagrangian equilibria L, Ly of the ER3BP, Paez and Guzzo (2021) proved

that given the linearized Hamiltonian equations

d

CT; = A(fie)w, x=(X-Xp,Y,Px,Py— X1 (1.74)
where e and f denote the orbital eccentricity and true anomaly of the secondary body, and A(f;e) =
EHs where E and Ha denote respectively the standard symplectic matrix and the second order term
of the Hamiltonian (1.45) expanded at the equilibrium point L; or Ls. We denote by ®(27;e) the
principal fundamental matrix of (1.74), and ®. := ®(27; e) the monodromy matrix; the authors in

Paez and Guzzo (2021) proved the following

21X 5 2™ and two

Lemma 1 Assume that the matriz ®. has a couple of real eigenvalues e
different couples of complex conjugate eigenvalues aj + iby, ag + iby with a3 + b3 = a3 + b3 and
b1,ba > 0. Then there exists a real symplectic matrix C, which is explicit function of the eigenvectors

of ®., such that the matrixz defined by

0 0 0 £(wr1+ k1) 0 0

0 0 0 0 (o + ko) O

- 0 0 A 0 0 0
Be(k1,k2) = C ch (17)

Flwy + k1) 0 0 0 0

0 Flwa+k2) O 0 0 0

0 0 0 0 0 FA

where .

Wi = oo arccos(aj), j=1,2 (1.76)

k1, ko are arbitrary integer numbers and the choice of the signs in the matrix depends on the eigen-

vectors of ®., satisfies
e2mBe(bik2) — @, (1.77)

The matrix Be(k‘l, k2) is Hamiltonian, i.e.
(EBe(k1, ko))T = EBe (K1, ko), (1.78)
and defines a canonical Floquet transformation
C(f;e) = D(f;e)e I Pelhrka) (1.79)
which for e =0 is the identify matriz C(f;0) =1 if k1, ko satisfy
Bo(k1, ko) = Ag,  Ag := A(f;0). (1.80)
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As a consequence of the lemma, 271'36(]4:1) represents a logarithm of the monodromy matrix for all
the values of k1. For the choice of a suitable value of 27TB6(]€1) it is convenient to fix the integer k;
by using (1.80).

Therefore, using the Floquet transformation defined according to Lemma 1, Guzzo and Paez

conjugated the Hamiltonian (1.45) to an Hamiltonian of the form:

K(Q,P;f) = K3(Q,P) + > K;(Q,P; f) (1.81)
j=3
where (Q, P) are canonical variables such that (Q,P) = (0,0) correspond to the selected La-

grangian equilibrium point; the second order term satisfies

QF + P

KQ(Q,P):O' 9

+AQaPy o, )\ >0, (1.82)

where K;(Q, P; f) are polynomial in @, P of order j and depend periodically on the anomaly
f. Hamiltonian (1.81) was then normalized with a non-autonomous version of the usual Birkhoff

normalization.

1.3.4 Birkhoff normal forms

Let g = (q1,-..,q9n) and p = (p1,...,pn) be canonical coordinates and momenta, and consider the

Hamilton function

H(q,p) = Ha(q,p) + P(q,p) (1.83)

where )
+q;

n p2

5 (1.84)

j=1
and P is a smooth function having the origin as zero of order three. For a given integer N > 2,
the Birkhoff normal form theorem (for a recent formulation see Giorgilli, 2012) states that if the

frequency vector w = (w1, ...,wy,) is such that

w -k # 0, Vk € Z"\{0} such that »_ |k,| < N, (1.85)

v=1

then there exists a canonical transformation defined in a neighbourhood of the origin that conjugates
the Hamiltonian (1.83) to

[N/2]

H(q,p) = Ha(q.p) + Y Z2i(q,p) + Rn41(q, p) (1.86)
=2

where Zy; is a polynomial of degree j in the terms (qj2 + p?) /2, and R4 is a reminder of order
N + 1. The Hamiltonian (1.86) is called the Birkhoff normal form of order N.

To construct the Birkhoff normal form of order IV, an iterative procedure whose elementary

steps are named Birkhoff steps, is required. First of all we rewrite the Hamiltonian (1.83) in terms
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of the Birkhoff canonical complex variables Q = (Q1,...,Q,) and P = (P,..., P,) defined by

witey  p _Pitig

_ 7 — , 1.87
QJ ﬂ J \/5 ( )
and then we expand it in power series around the origin. In such a way we obtain
N
2
H®(Q,P)=H:(Q,P)+ > HP(Q.P) +RY,,(Q. P) (1.88)
a=3

where HC(YQ) are polynomial of degree o in @ and P. To construct the intermediate Birkhoff normal

forms of order j given by

[1/2]
H9(Q,P) = H2(Q, P) + ZZ (Q.P) +RY),(Q,P) (1.89)
we use the iterative scheme
HO) — gUu-1 o Dy, (1.90)
for j =3,..., N, where ¢, is the Hamiltonian flow at time 1 of a suitable generating function y;.

In the hypothesis that Z;j U s written as a Taylor expansion, i.e.

20 = N 4,Q P, (1.91)

l,meN"

(Q' denotes l11 ---Qlny P™ denotes P{™ .- P™n) then the generating function x; is found by

solving
i—1 i—1
{(Ha, X} = 2770 — (20 7Y), (1.92)
where
(20 =3 QP (1.93)
leNm

The solution of the Eq. (1.92) is possible because on the one hand the terms contain only a finite
number of monomials, on the other hand because the frequency vector w does not satisfies the
resonant relations defined by all these terms. As a matter of fact, this is the formulation of the Lie

method previously described, but using Cartesian like variables rather than action-angle variables.

1.3.5 The Floquet-Birkhoff normal forms: application to the elliptic restricted
three-body problem

In Paez and Guzzo (2021) a combination of the Floquet theory and the Birkhoff normal forms
was used to conjugate the Hamiltonian (3.4) of the ER3BP to an Hamiltonian system that is

autonomous and integrable up to a given order N.

The first step is to rewrite the Hamiltonian of the ER3BP in terms of the translated Cartesian

coordinates (g, p), defined as
gn=X-X, @@=y, p=Px, p2=DPy, (1.94)
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and to expand it around the origin; in such a way we obtain the Hamiltonian

N

H(q,p, f) =Y Hi(q,p, [) + Pn11(a,p, ). (1.95)
=2

Then a canonical Floquet transformation

(¢,p) = C(f)(q,P) (1.96)
that conjugates (1.95) to
~ ~ N ~ ~
H(q,p, f) = Ha(§.p) + Y _ H,(§.p. ) + Pns1(q,p, f) (1.97)
v=3

where H,, is a polynomial of degree v in the variables g and p, and is 27w-periodic in f. By denoting
by
(¢,p) =D(Q, P) (1.98)

the linear coordinates transformation (1.87), then the Hamiltonian H becomes

Jj=3
where: <0 | £o
(0,P) = e 36,8, ea 0. (1.100)

Finally, thanks to an additional Birkhoff normalization up to order N — 2, the dependence on f is

moved to order N, and we obtain the Hamiltonian

[N/2]

K(Q,P,f)= )Y Ky(Q,P)+Rn1(Q, P, f) (1.101)

J=1

with K5, depending on the Q, P only through the combinations (Q% + P2)/2 and Q2 P%.

1.4 Finite time chaos indicators

The finite chaos indicators have been introduced to analyze with numerical experiments, performed
on relatively short integration times, the dynamics of a complex dynamical system up to much
longer time spans. The analysis include sharp computations of phase-portraits, as well as the
distribution of regular and chaotic orbits in the phase-space and the computation of stable/unstable
manifolds or Lagrangian coherent structures. Several chaos indicators have been introduced so far,
we mention the finite time Lyapunov exponent (FTLE), the mean exponential growth of nearby
orbits (MEGNO) and the fast Lyapunov indicator (FLI). In this thesis, we focus on the FLI,
introduced in Froeschlé et al. (1997a,b), and modified afterwards (Froeschlé et al., 2000; Guzzo and
Lega, 2014, 2015, 2017, 2018).

A recent modification of the FLI (the modified FLI, introduced in Guzzo and Lega (2014))

considerably improved the precision of this chaos indicator in computing the stable or unstable
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manifolds of periodic orbits of the center manifolds of partially hyperbolic equilibrium points, as
well as of the collision manifolds (Guzzo and Lega, 2014, 2015; Lega and Guzzo, 2016a,b; Guzzo
and Lega, 2018).

In this Section we first review the more classic characteristic Lyapunov exponent as a tool to
quantify the separation between solutions with close initial conditions. Then, we introduce the
FLI and we describe, as elementary application, its use to compute the distribution of regular and
chaotic orbits, as well as the stable manifold of a fixed point for the model example provided by

the standard map.

1.4.1 The characteristic Lyapunov exponents

Given an open set 2 C R" and a vector field X :  — R", we consider the system of differential
equations

z=X(x), x e (1.102)

and we discuss the method based on the computation of the Lyapunov characteristic exponent
(LCE) to characterize the asymptotic separation of the solutions with initial conditions close to a
given point xg € Q.

The Lyapunov characteristic exponent of the initial condition xy and initial tangent vector
ko € R" is defined by the limit:

_ i lE@]
X(@o, ko) := lim —— (1.103)
where k(t) is the solution with initial condition kg of the variational equations of (1.102):
k= B(t)k (1.104)
where: ax
Bij(t) = %;(93(75))7 (1.105)
and x(t) denotes the solution of (1.102) with initial condition .
The most important characteristic Lyapunov exponent is the largest one:
LLCE(xz¢) = max x(zo, ko) (1.106)

koeR”\O

which characterize the strongest asymptotic law of separation of the solution &(t) with initial

conditions close to x¢: in fact, if A := LLCE(x), we have
lz(t) — &(t)| = [l(0) — 2(0) e (1.107)

as soon as &(t) remains close to x(t). If LLCE(xp) < 0, there is not exponential separation of
the solutions with close initial conditions (as it happens for the Hamiltonian systems which are
Liouville-Arnold integrable).

We recall some basic properties of the LCE:

- the value of the LCE depends on the direction of the initial tangent vector, and not on its

norm,;
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- if the system (1.102) is Hamiltonian and Liouville-Arnold integrable, then the time evolution

of the tangent vector is at most linear. As a matter of fact, the variational equations:

n
Owj

I;=0, ¢;=wi(I), kr, =0, ke = Z o7 (Dkg,, j=1,...,n (1.108)
i=1 "
are immediately integrated, and we have
" Ow;
ki, (t) = kr(0), Ky, (t) = kg, (0) + > 5 I? (Io)kr, (0)t. (1.109)
i=1 "

Since the evolution of the tangent vector is at most linear in time, the characteristic Lyapunov

exponents are equal to zero;

- if the dynamical system has an hyperbolic saddle equilibrium point x.q, then the variational

equations for the equilibrium solutions is:
k= Ak (1.110)

where A is the linearization matrix of the vector field X computed at x.q. Therefore, from
the standard theory of linear ODE, A1,..., A, € R are the eigenvalues of A, then the largest

characteristic Lyapunov exponent is max;e (1, . n} Ai;

- if the dynamical system has x.q as equilibrium point, by denoting with A the linearization
matrix at x.q, one proves that the largest LCE of x¢q is the maximum of Re), where A is

any eigenvalue (real or complex) of A.

In general for a n-dimensional dynamical system, the set of the characteristic Lyapunov exponents
of an initial datum xg is discrete, with at most n values. Moreover, if the dynamical system
admits an equilibrium point &y, then for all the initial data @y such that lim;_ Pl (xg) = Teq the
characteristic Lyapunov exponents of xg is that of x.q: hence the stable manifold of x.q has the
same Lyapunov exponents of the equilibrium point .

Since the largest characteristic Lyapunov exponent quantifies the separation between two initial
datum and its value is dependent only on the direction of the initial tangent vector, it is common
to use

AL = k 1.111
L= BB ) X(@0 ko) (L111)

as a quantity to discriminate if an orbit is chaotic or not. As a matter of fact, if Ay > 0 then the
orbit with the initial condition xq is said to be chaotic; otherwise the orbit is said to be regular.
We note that the solutions of an integrable system are regular since the characteristic Lyapunov
exponents are zero. For further details about the characteristic Lyapunov exponents, the reader is
referred to Benettin et al. (1980a,b).

The numerical estimate of the largest Lyapunov exponent is expensive since it requires to
numerically integrate the variational equations for the time needed to appreciate a stabilization of
In ||k(t)||/t. In the last decades, new classes of finite time indicators were introduced: the main
property of such indicators is that they allow to understand if the solution with initial condition
x( is chaotic or regular with a numerical integration done on a time-span which is much smaller

than the time-span required to have a reliable estimation of LCE(x).
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Examples of popular finite time chaos indicators are the fast Lyapunov indicators (Froeschlé
et al., 1997a,b), the finite time Lyapunov exponent (Tang and Boozer, 1996), and the mean expo-
nential growth of nearby orbits (Cincotta and Simd, 2000). For an overview of the FLI, the reader
is referred to Guzzo and Lega (2021).

1.4.2 The fast Lyapunov indicator

The fast Lyapunov Indicators (FLI) were originally introduced in Froeschlé et al. (1997a,b) and
then modified in Froeschlé et al. (2000); Guzzo and Lega (2014, 2015); Lega and Guzzo (2016b);

Guzzo and Lega (2017, 2018). In their most commonly used version, they are defined as:

k(1)
FLI ko:T) = I
(@0, koi T) = masx log T

(1.112)

where k(t) is the solution of the variational equations with initial conditions xy = x(0) and ko =

k(0). We note that

x(@o, ko) = lim_ FLI(mOT"’OT) (1.113)
We remark that for chaotic orbits the time evolution of the FLI is approximately linear, while for
regular orbits, the FLI evolves approximately as a logarithm; this fact is independent of the choice
of the initial tangent vector, unless the initial tangent vector has null components on some special
directions, such as the expanding directions of the tangent space. Hence, after short times 7', the
FLI value of chaotic orbits are higher than those of regular orbits. Therefore one is interested to
compare the FLI for different orbits and it is usual to compute the FLI for a large set of initial

data in the phase-space for the same initial tangent vector.

Let us illustrate the basic properties of the FLI on the most popular model example, represented

by the dynamics obtained from the iterations of the standard map:

b, T'xR—>T! xR
(1.114)
(en, In) = (@nt1s Iny1)

defined by:

Pn+1 = (Qpn + In)mOd(27T)

(1.115)
Iy =1, + esin(p, + 1)

where € > 0 is a parameter characterizing the dynamics.

We note that the standard map admits the fixed points (¢, ) = (0,0) and (¢, I) = (7,0) for
all the values of €. For € > 0 the fixed point (¢, I) = (0,0) is hyperbolic and it is well known that
the related stable and unstable manifolds define a chaotic dynamics. In Fig. 1.6 we provided some
orbits of the standard map for € = 1.2. We note that some orbits spread chaotically, while other

are on invariant curves.

The variational equations of the standard map:

k:(p,’fl+1 = kﬂozn + klan

(1.116)
krmy1=krn+ G(kgo,n + kl,n) cos(on + In)
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Figure 1.6: Some orbits of the standard map for € = 1.2 computed up to Ny ax = 10000 iterations.

provide the time evolution of the tangent vectors. In Fig. 1.7 we plot the evolution of

log([[~nll)

n

(1.117)

for three different orbits of the standard map: the first two orbits (top and middle panels) are
confined in invariant curves, while the third one (bottom panels) spreads in the phase-space. In
all the three cases we use k0, kro =1/ V/2 as initial tangent vector of the variational equations.
We note that for the orbits confined on invariant curves the function (1.117) seems to converge to
zero, while for the chaotic orbit (bottom panels) there is no such a convergence. This provides the
indication that the largest Lyapunov exponent of the first two orbits is zero, while for the third

orbit is positive. In Fig. 1.8 we represent the value of the fast Lyapunov indicator

[[Fen |
FLI((p0, lp), ko; N) = max log 1.118
({0, T )= 8 1Kol (418)

for a grid of 1000 x 1000 initial data (g, Io) € [0, 27| x [—4, 4], and for different number of iterations

The computation of the fast Lyapunov indicator is stopped when the value of the FLI exceeds
the threshold 20 (correspondingly, the norm of the tangent vector is grown by a factor greater than

20 in a number of iteration smaller than N). We note that the stable invariant manifold of the

e
hyperbolic fixed point (p, I) = (0,0), as well as of other periodic orbits, is identified by the highest
values of the FLI. From the panels of Fig. 1.8. we appreciate that as we increase the number N
of iterations, we see the appearance of longer pieces of the stable manifold of the point (0,0), as
well as of other hyperbolic periodic orbits which are located in this part of the phase space. The

unstable manifolds would be obtained by computing the FLI of the inverse map ®_!.

For N = 100 (Fig. 1.8f) the chaotic regions (the points spread in the phase-space of Fig. 1.6) are
sharply distinguished from the ordered regions where the regular orbits are located. We emphasize
that the chaotic regions are identified by the highest values of the fast Lyapunov indicator in a
number of iterations that is small with respect to that used for the computation of the function
(1.117), and that the higher values of the fast Lyapunov indicator are located in the region of

the phase-space which contains the stable and unstable manifolds generated by the fixed point
(v, 1) = (0,0).
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Figure 1.7: Some orbits of the standard map with e = 1.2 and the evolution of the function (1.117).
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(e) N = 30. (f) N = 100.

Figure 1.8: FLI chart of the standard map for different number of iterations.
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With this example, we show that the computation of the FLI for a grid on initial data allows
to discriminate regular and chaotic orbits in a relatively small time-span. As a matter of fact the
FLI method represents a useful tool to numerically analyze the phase-portrait of complex systems,
for example we mention the following applications to astronomy (Guzzo, 2005, 2006; Gawlik et al.,
2009; Celletti and Gales, 2014; Celletti et al., 2016; Celletti and Gales, 2016; Daquin et al., 2016;
Celletti et al., 2017; Rosengren et al., 2017; Daquin et al., 2018; Gkolias et al., 2019; Todorovié¢
et al., 2020; Daquin et al., 2021a,b).

A major modification of the FLI has been introduced in Guzzo and Lega (2014); Lega and
Guzzo (2016b) and latter applied in Guzzo and Lega (2018, 2015, 2017); Scantamburlo and Guzzo
(2020) to enhance the computation of the stable and unstable manifolds tubes in the CR3BP,
analyze the past dynamics and the collisional manifolds of comet 67P/Churyumov-Gerasimenko,
and detect libration orbits around the Sun—Earth Ls point in a model of the Solar System that
is compatible with the ephemerides provided by the JPL digital service. As already remarked
with the example of the standard map, the application of a traditional definition of FLI, such as
the (1.112) and (1.118) allows to detect the stable and unstable manifolds of several hyperbolic
periodic orbits and fixed points of the phase-space. Therefore, it is not sharp in the detection
of the specific stable/unstable manifold of a periodic orbit of interest. Moreover, in Guzzo and
Lega (2014) it is provided an example where the traditional definitions of the FLI completely miss
the computation of the manifolds. To solve the problems, Guzzo and Lega introduced a major
modification of the FLI, in which one considered the contribution to the new modified FLI only for
the time intervals in which the orbit belongs to a neighbourhood B of the selected hyperbolic orbits.
In such a way, the modified FLI provided a sharp computation of the stable/unstable manifolds
of the selected orbit. The method has been successfully applied to compute the manifold tube of
Ly, Ly in the CR3BP (Lega and Guzzo, 2016b; Guzzo and Lega, 2018) to compute the collision
manifolds of comet 67P/Churyumov-Gerasimenko with the planets (Guzzo and Lega, 2017, 2018),
and in this thesis it will be used to compute orbits of libration around the Lagrangian point L3 of

the Sun—Earth system.

Specifically, the modification consists in the introduction of a window function w that is equal
to one inside a suitable neighbourhood B of an hyperbolic target orbit ~, and converges rapidly
to zero otherwise. This modification requires an integral formulation of the FLI since it takes into
account to weight the growth of the chaos indicator depending on the distance of the the solution
x(t) from the neighbourhood B. As example, in Guzzo and Lega (2014) the detection of the stable
and unstable manifold tubes originating at L; and Ly in the CR3BP was done through a modified
FLI defined as

! k(s) - k(s)
FLI,(xo, ko, T) = ——d 1.119
m (330 0 ) trérfg:}ji]/o w(m(s)) ||k($)||2 S ( )
where
1 if dist(x,v) < %

w(x) = :

[cos ((M - ;) 7T> + 1} if & <dist(e,y) <&, (1.120)

S

s 3r
if dist(z,v) > 5

where dist(x,y) denotes respectively the distance between @ and v, and r represents a parameter.
We note that for orbits that never exit from the neighbourhood B, the indicator (1.119) reduced
to the classic FLI.

32



In Fig. 1.9 we represent the modified FLI computed for the standard map, with window function

centered at (0,0), and r» = 0.4. We appreciate a sharper computation of the stable manifold.

w
w

N o o - N
I
— =} = [N

W

0
b b

(e) N = 30. (f) N = 100.

Figure 1.9: Modified FLI chart of the standard map for different number of iterations.

1.5 Impulsive orbital maneuvers

Since the solutions of the Kepler problem are conics sections, the only possibility in a two-body

context for a spacecraft to transfer from one orbit to another one is through orbital maneuvers that
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produce a change of the velocity. There exist several maneuvers that can be used for an orbital
transfer, but during the PhD project we consider only impulsive maneuvers, i.e. we assume that
the velocity change is instantaneous. The change of the velocity is practically performed by the
propulsion system of the spacecraft through a consumption of the propellant, i.e. through a loss
of the spacecraft mass Am; if m denotes the spacecraft initial mass, Av the norm of the change of
the velocity, I, the specific impulse (quantity measuring the performance of a propulsion system),

and gg is the sea-level standard acceleration, then

A __Av
M | _ ¢ Tepso (1.121)
m

Eq. (1.121) is known as the Tsiolkovsky rocket equation. In Fig. 1.10 there is a representation of

100{ — cold gas
-~ monopropellant hydrazine
—-+ solid propellant
=+« npitric acid/monomethylhydrazine
-— - liquid oxygen/liquid hydrogen

10° 10! 10? 10% 10*
Av (m/s)

Figure 1.10: Loss mass rate Am/m of the spacecraft for different and common propellants. The values used
of the specific impulse I, for the computation of the plot were taken in Curtis (2005).

the loss mass rate Am/m versus the change of the velocity Av by using cold gas (5, ~ 50s), mono-
propellant hydrazine (I, ~ 230s), solid propellant (s, ~ 290s), nitric acid/monomethylhydrazine
(Isp ~ 310s), and liquid oxygen/hydrogen (Is, ~ 455s) as propellants?®.

There are several impulsive orbital maneuvers; the most famous one is the Hohmann transfer.
Such maneuvers aims to realize a transfer between two coplanar circular orbits. The transfer is
performed by an half-ellipse whose perihelion and aphelion are the radius of the two circular orbits;
the reader is referred to Fig. 1.11 for a better comprehension. Let A and B be the departing and
arrival locations of the spacecraft respectively; we denote by the subscript 1, 2, and 3 the quantities

related to the departing, transfer, and arrival ellipses. Since the maneuver is impulsive,

PAL = PA2 a; = az(1l —e2) as — aj a1 + as
= = €9 = ay = ———.

PB3 = PB2 az = az(1+ e2) az + a1 2

the total Awv is given by Av = Avy + Avpg, where Avy = |[vag — va1l, and Avg = |vps — vps|. By

2The values of the specific impulses were taken in Curtis (2005).
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Figure 1.11: Representation of the Hohmann transfer between two coplanar circular orbits.

expressing these quantities using the orbital parameters of the orbits (1) and (3) we have:

2 2
Avy = Ll B , Avp = ey a ,
ai a1 + ag as ay + as

where p denotes the sum of the gravitational parameters of the two bodies. The Hohmann transfer

can be generalized to the case in which the departing and the arrival orbits are elliptic, coplanar
and coaxial. Let A and A’ be the perihelion or the aphelion of the starting ellipse, and let B and
B’ be the aphelion or perihelion of the arrival ellipse. The Av of the transfer can be expressed in

terms of the radius vector 74, r4/, 7B, and rp/ associated to A, A’, B, and B’. The delta-v for the

rpr TA
W7 Vet o)
re(rp +rp) re(ra+rp)

’ rp A
+ _
\/T’B/(TB-F?"B/) \/TB/(TA/-F‘I’B/)

transfer from A to B is

rp T A
Av = /2 —
‘ M(‘\/TA(T’AJ”’B) \/TA(Y’AJrTA/)

while the delta-v for the transfer from A’ to B’ is

rpr TA
AV = /2 —
Y M(’\/TA/O’A/—FTB/) \/TA/(T’A—FT’A/)

By defining the auxiliary variables

)

ra B rp!
§: n:

we obtain that

TN N RS [ 1

A=y (‘ e+1 VE+1| T |Veen \/£(£+1))
r_ 27M n _ 1 § B K

A=y, (‘\/K(nJrK) \/K(K+1) +‘\/n(£+n) \/77(77+K)D’

To understand if the transfer from A to B is more efficient than the transfer from A’ to B’, it
is useful to plot the function Y(K,{,n) := Av/Av'. If T > 1 then the transfer from A to B is
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cheaper; if T < 1 the transfer from A’ to B’ is more efficient. In Fig. 1.12 we plot T for K =1,
K =4 and K = 1/4. In particular we note that

o for K =1 the starting orbit is a circle. T is equal to one only when & = 5, i.e. when also the
arrival orbit is a circle. T < 1 for £ < n and n € (1,10), namely the transfer to B’ is more

efficient when the arrival orbit is external to the starting one, and it has B’ as aphelion;

e for K = 4 the starting orbit is an ellipse, where A and A’ denote the perihelion and the
aphelion respectively. T > 1 for £ > 4 and n € (1, 10), i.e. the transfer from A to B is more
efficient when the arrival ellipse is outer to the starting one. T < 1 for £ < 4 and 7 € (1, 10),
i.e. the transfer from A’ to B’ is more efficient when rp < 4r4 and rp/ > r4 (the perihelion
of the arrival ellipse is outer to the starting ellipse, and the aphelion of the arrival ellipse is

inner to the starting ellipse);

e for K = 1/4 the starting orbit is an ellipse having A" as perihelion. The transfer from A’ to

B’ is more efficient when the arrival ellipse is outer to the starting one.

K=1 K=4 K=1/4
g 7

1oF T Iy T T 0 gof T T T PP 5T 10F T T T o

6|
8 1 sb g sb R
6 1 6 R 6 R

= = 1/4 =
oo /
ab 2 4t , 4t ,

Figure 1.12: Plot of T for different values of K.
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Chapter 2

Short-period effects of the planetary
perturbations on the Sun—Earth L5

point

2.1 Introduction

In the last two decades the dynamics close to the Lagrangian points L1 and Ly of the Sun-Earth
circular restricted three-body problem (CR3BP) have been widely studied in connection with space
mission design (Farquhar, 1968; Breakwell, 1970; Euler and Yu, 1971; Farquhar et al., 1977, 1979;
Lukjanov, 1980; Heuberger, 1977; Muhanen, 1983; Farquhar, 1998; Gémez et al., 2001; Martin et al.,
2010; van Damme et al., 2010; Koon et al., 2008; Parker and Anderson, 2013; Gémez et al., 2004).
ISEE-3, SOHO, WMAP, Genesis, Herschel and Planck are just few examples of missions in which
the spacecraft reached the vicinity of the Sun—Earth L; and Ly points during its journey. While
L3 is also potentially useful for astrodynamics (Gémez et al., 2001; Gémez and Mondelo, 2001;
Barrabés and Oll¢é, 2006; Terra et al., 2014; Paez and Efthymiopoulos, 2015; Jorba and Nicolas,
2020), no significant attention has been paid to the Sun—Earth Ls point even if its Lyapunov
orbits have been proposed as an ideal place for spacecraft because of the possibility to obtain
data for the Sun, the inner planets, and the main belt from a new perspective (Hou et al., 2007;
Tantardini et al., 2010). The aim of this study is to find orbits close to the Sun—Earth Ls point
that are useful for applications of astrodynamics. In particular, this refers to orbits that remain
close to L3 within useful distances at least for several decades in a model of the Solar System
whose ephemerides are comparable with those provided by the JPL computation service. Because
the planetary perturbations on the Sun—Earth Lagrangian point L3 are stronger than the Earth’s
attraction itself, the CR3BP is not a realistic approximation of the dynamics close to L3. The main
differences between the real Solar System and the Sun—Earth CR3BP are caused by the planetary
perturbations (mainly from Venus and Jupiter) and in the elliptic orbit of the Earth. To quantify the
effects of planetary perturbations, we first consider a multicircular restricted problem (MCR8BP),
where the eight planets of our Solar System (from Mercury to Neptune) perform circular motions
around the Sun. Using Hamiltonian perturbation theory we find that the Hamiltonian of the
MCRSBP is conjugate by a canonical transformation to an averaged Hamiltonian system that still
has an equilibrium point close to L3 (within terms of second order in the planetary masses and

fourth order in eccentricity). This equilibrium, which we denote by L3, is still aligned in the Sun—
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Earth direction. The individual contribution of each planet to the displacement of L3 from Lj
is reported in the first column of Table 2.1: it is remarkable that while Venus and Jupiter each
move the position of this equilibrium by about 218 and 176 km respectively in opposite directions,
in the model where both planets are included their effects almost perfectly compensate for one
another, leaving a displacement of about 40 km only (the contributions of the other planets being
smaller by about two orders of magnitude). Since the conjugation of the original Hamiltonian to
the averaged one will be obtained with a canonical transformation depending on the planetary
phases, the equilibrium L3 is then mapped in the original system to a quasi-periodic dynamical
substitute; the contributions of each planet to the amplitude of this quasi-periodic libration around
L3, which are reported in the second column of Table 2.2, are quite large and sum to about
d=10"* AU ~ 15000 km. Since the linear stability of £3 is the same as that of L3, the averaged
Hamiltonian, approximated within terms of second order in the planetary masses, has close to L3
a dynamics similar to that of L3 in the CR3BP; this means that in the vicinity of L3 there are
periodic and quasi-periodic orbits. The image of these orbits in the original MCR8BP are orbits
librating around L3 of amplitudes larger than the amplitude of the dynamical substitute, which we

denote hereafter by d.

Since the MCRS8BP is still a rough approximation of the real Solar System, we use the fast
Lyapunov indicators (FLI) to look for orbits of this kind in a model of the Solar System that is
compatible with the precision of JPL digital ephemerides. In the last decades, the FLI have been
used to find orbits related to the dynamics close to the Lagrangian points of the restricted three-
body problem (Lega et al., 2011; Guzzo and Lega, 2013, 2014, 2018) and to close encounters in
cometary dynamics (Guzzo and Lega, 2015, 2017). The method provides orbits that remain, within
a given time-span, in a neighbourhood B of the dynamical substitute obtained from an approximated
model. In order to construct the neighbourhood B, we must also consider the differences between the
real Solar System and the Sun—Earth CR3BP caused by the elliptic orbit of the Earth. As explained
in Chapter 1, Sec. 1.2, the CR3BP is traditionally compared to the elliptic restricted three-body
problem (ER3BP) by introducing a rotating-pulsating Cartesian reference frame which we denote
by OXY Z in which the primary and the secondary bodies remain in fixed locations of the X axis
(Szebehely, 1967); moreover, the equations of motion in the rotating-pulsating reference frame are
written in a simple Hamiltonian form if the mean anomaly of the planet is used as independent
variable. In particular, in the rotating-pulsating reference frame, the Hamilton equations of the
ER3BP still have the Lagrange equilibria in the same positions as the circular problem.

We therefore proceed as follows: for any given libration amplitude o > d, we first compute
a Lyapunov orbit of the CR3BP of amplitude «, hereafter referred to as the planar Lyapunov
orbit. We use this orbit as an input of the FLI method to find orbits of the ER3BP that, in
the pulsating frame, remain close to the previous Lyapunov orbit for up to 200 years. We then
consider the motions of the Sun and the Earth in the realistic model of the Solar System, and we
introduce a new rotating-pulsating reference frame OXY Z in which the Sun and the Earth remain
in fixed locations of the X axis, and we map the previous orbit to this reference frame. Finally,
since the planetary perturbations introduce oscillations of amplitude d, we define the set B as a
neighbourhood of the previous orbit of amplitude p € (d, «/10), and we find orbits of the realistic
model of the Solar System which remain in the set I for a minimum of 200 years. For a < 10d we
apply the method using a ball B centered at L3 of radius «. For the minimum value of o = 2d we

find an orbit stable up to 250 years in a neighbourhood of L.
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These results have been published in Scantamburlo and Guzzo (2020), presented at “Asteroid
exploration and exploitation - Stardust-R Global Virtual Workshop I” (September 8, 2020), and
partially presented at the XLIV Summer School on Mathematical Physics organized by “Gruppo
Nazionale per la Fisica Matematica” (September 3, 2019).

2.2 The dynamical substitute of L3 in the planar multicircular

restricted planetary problem

2.2.1 The planar multicircular restricted eight-body problem

As a simplification of our Solar System, we consider a model in which the eight planets of our
Solar System (from Mercury to Neptune) are performing circular motions around the Sun in the
same orbital plane. We denote by ;1 and ¢; the gravitational parameters of the Sun and the j-th
planet respectively, while by n;, d; and ¢; the mean motion, orbital radius and the initial phase
displacement of the j-th planet. In the heliocentric inertial reference frame Oxy the position of the
j-th planet is r;(t) = d;(cos(n;t + ¢;),sin(n;t + ¢;)), while the position vector of the spacecraft is
denoted by » = (z,y). The Lagrangian function describing the dynamics of the spacecraft in the

heliocentric inertial reference frame is

I

P i (rorit) 1
LTty == ;€J<Hm<t>u3 ur—rj(t)\) Y

In order to compare the dynamics of the system with the dynamics of the Sun-Earth CR3BP, we
introduce the co-rotating reference frame OXY', in which the Earth is always located at (ds,0) (see

Fig. 2.1). For this purpose we introduce the rotation matrix

R (cos(ngt + ¢3) —sin(nst + ¢3)> (2.2)

sin(nst + ¢3)  cos(nst + ¢3)

such that the position vector R of the spacecraft and R; of the planets in the co-rotating reference
frame are given by
R=R"r, R;=R"r;. (2.3)

We note that R; = d;(cos(n;t + gj),sin(ﬁjt + aj)), where 7; := n; — ns, gj = ¢j — ¢3, while
IR| = l[rll, [R = R;| = |[r —7; and

7% = | R||* + n3| R|* + RRTRR + RR"RR. (2.4)
Since
ST 0 ns T T
RR—( >, R R=-R R (2.5)
—ng 0
relation (2.4) becomes
171 = | RI* + n3[|R|* + 2n5(XY — XY). (2.6)
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Then, the Lagrangian function describing the spacecraft dynamics in the heliocentric co-rotating

reference frame is

- X2+Y2 n2 i
LIX,)Y,X,Yit) = ——— 3 X2 4V +ng(XY - XY)+ ———

{_ 1
B VX2 Y2

Z X cos(mjt + ¢;) + Y sin(mjt + ¢,) 1
2.5 2 N = -
s d; \/(X — dj cos(m;t + gf)j))Q + (Y —d;sin(m;t + ¢j))2

(2.7)

Let us now introduce the Hamiltonian formulation of the problem by computing the Legendre

y Y
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N
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Figure 2.1: Representation of the multicircular restricted N-body model in the heliocentric inertial reference
frame (left-hand side) and the heliocentric co-rotating reference frame (right-hand side).

transform of £. Since the conjugate momenta to X and Y are

oL . oL
Px = — =X —ngY, P———Y—l—nX 2.8
YT ax ’ YT oy ’ (28)
the Hamiltonian function describing the dynamics of the spacecraft in the heliocentric co-rotating

reference frame is

H(Px,Py,X,Y;t) = Hy(Px,Py,X,Y) +esHs(X,Y) + > e;H;j(X,Y;t) (2.9)
J#3
where
P2 + P2 o

Hy:= %Y n3(XPy —YPx) - ——— 2.1

0 5 n3(X Py X ) N IR E (2.10)
X 1
Hsy = — — 2.11
3 d% \/(X — d3)2 + Y? ( )
X cos(mjt + ¢;) + Y sin(m;t + ¢;) 1

Jj= 2 - — — )

dj \/(X — dj cos(m;t + qu))2 + (Y — d;sin(n;t + </5j))2
(2.12)

for 7 # 3. We note that the Hamiltonian function (2.9) reduces to the Hamiltonian function of

the Sun-Earth CR3BP when ¢; = 0 for j # 3. For this reason, we treat > .3, H;(X,Y;?) a
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a quasi-periodic time-dependent perturbation of the Sun-Earth CR3BP, which will be reduced to

normal form using Hamiltonian perturbation theory.

Precisely, we define a time-dependent close to the identity canonical transformation
(Px,Py,X,Y)=C(Px, Py, X,Y;t) (2.13)
conjugating Hamiltonian (2.9) to a new Hamilton function of the form:

H(Px,Py,X,Yit)=H(Px,Py,X,Y)+ Y R'(Px,Py,X,Y)+R'(Px,Py,X,Vit) (2.14)

i#3
where
[ )
- = -
o Pi+P p S X 1
H="X Yy _ = = —ng(XPy—pr)+€3 -5 —
oovEeT GoJeapsr)
2€j K 4dj\/X2+1~/2
i TV X2+ Y2 — dj (VX2 + V2 - dy)?
and: ,
g d
K(x) := £ (2.16)

0 /1—xsin?(§)
is the elliptic function of first kind;

e all the terms R; are of first order in the planetary masses, fourth order in the eccentricity of

dj

\ 36 36
the spacecraft, and of order 5jA§?6 where A;’»G is defined as % %) for j < 3, and d%— (ﬂ)
for 7 > 3 (where a denotes the semi-major axis of the spacecraft). We remark that that

exponent N = 36 of A; has been chosen so that sjAgﬁ is suitably small;
e R" is of second order in the planetary masses.

Since R’ and R" are negligible with respect to H, we consider H as the Hamiltonian which
captures the main effects of the planetary perturbation on the Lagrangian point Lg of the CR3BP.
In particular, H is the sum of the Hamiltonian of the CR3BP and the perturbation

K(_ 4d;\/ X2 + V2 )
(VX2+Y2—d;)2)

2¢;

_;,w|\/)~(2+}72—dj|

(2.17)

In the following we will refer to the Hamiltonian H as the averaged Hamiltonian.

2.2.2 Dynamics of the averaged Hamiltonian close to the collinear equilibrium
point L

The Hamiltonian (2.15) admits an equilibrium point on the axis ¥ = 0 close to the Lagrangian
point L3z of the CR3BP, which we denote by L3. More precisely, Hamiltonian (2.15) is a small
perturbation of the Hamiltonian of the Sun-Earth CR3BP depending on Y2. Therefore, on the
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Planet Xy — Xig (77£3 - nLa)/an (U£3 - GL3)/UL3
Mercury | —6.26 x 107° AU ~ —9 km —2.53 x 10°°F 9.18 x 1077
Venus | —1.46 x 1078 AU ~ —218 km —3.93x107¢ 4.66 x 107°
Mars 2.85x 1078 AU ~ 4 km —1.99 x 1077 2.77 x 1077
Jupiter 1.18 x 107% AU ~ 176 km —5.45 x 107¢ 7.73 x 107°
Saturn 5.56 x 107% AU ~ 8 km —2.52x 1077 3.58 x 1077
Uranus 1.03 x 107 AU ~ 0.2 km —4.66 x 107° 6.61 x 107°
Neptune | 3.16 x 107'° AU ~ 0.05 km —1.42 x107° 2.02 x 107°

Table 2.1: This table shows the displacement X, — X, between the equilibrium point £3 of the averaged
MCRSBP and the L3 point of the Sun—Earth CR3BP, and the differences between the eigenvalues of L3 and
L3 for each planet.

one hand the equation:

6)—~(15X,15y,)2,)7) =0 (2.18)
is satisfied by any (PX, Py, X, f/) with Y = 0, Px = 0; on the other hand the equation

OH -~
—(0, Py, X,0)=0 2.19

! ) (219)
has a solution X ,, Py = n3Xr,, with X, close to X,. By including in the model all the planets
from Mercury to Neptune, we find X, — Xz, ~ —2.58 x 1077 AU ~ —39 km. More precisely, by
computing the individual contribution of each planet to the displacement of L3 from L3 (see Table
2.1, where the individual contribution of a planet is computed by setting to zero the masses of all
other planets, excepts for the Earth) we find that Venus and Jupiter each move the position of
this equilibrium by about 218 and 176 km, respectively, in opposite directions; in the model where
both the planets are included, their effects almost perfectly compensate for one another, leaving a
displacement of about 40 km only. Table 2.1 shows that the individual contributions of the planets
to the eigenvalues of the linearization matrix at L3 are very small, and do not affect the nature of
the equilibrium, which remains partially hyperbolic. As a consequence, around L3 we find a family

of periodic orbits, namely the Lyapunov orbits of L3.

Before mapping back L3 to the Cartesian variables, we need to provide the details of the

definition of the canonical transformation C.

2.2.3 Averaging the planetary anomalies

The first step to average from the Hamiltonian (2.9) the dependence on the planetary anomalies
0; :==mn;t —|—$j for j # 3 is to represent it using the modified Delaunay variables (A, ®, A, @), which
are defined from the Delaunay variables (L, G, [, g) through the relations

A=L, &=L-G, A=l+g, ¢=—g. (2.20)

Let us recall that the Delaunay variables (L, G, 1, g) that here we consider in their planar version,

are the action-angle variables of the Kepler problem. For example, by considering the Hamiltonian:

Ipl*>  w
H = -
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and by denoting with a, e, M,w the semi-major axis, the eccentricity, the mean anomaly, and the

argument of perihelion of its elliptic solutions, the variables:

Li=/pa, G:=+\/pa(l—e?), l:=M, g:=w (2:22)

are canonical (L and G are the momenta conjugate to [ and g respectively) and conjugate the

Hamiltonian (2.21) to

12

202

Both the angles [, g are not defined on the circular orbits. Therefore, it is more convenient to use

H(L) = — (2.23)

the modified Delaunay variables (2.20), since the angle X is well defined also if e = 0.

Next, we need to explicitly represent the perturbation as a function of these variables so that

the Hamiltonian (2.9) is conjugate to:

WA, ®,0,X,0,0) = Wo(A, @) + > ;0 +esWs(A, 0,0, 0) + Y _e;W;(A, 8\, 0,0;) (2.24)
J#3 J#3

where ©;, 0; are convenient additional conjugate variables so that W is autonomous and depends

periodically on the angles 0;,

12

" 2A2
W; are conjugate to H;. We remark that W3 does not depend on any 63, and therefore it will not

Wo = —ng(A — ®). (2.25)

be averaged with respect to the planetary anomalies, while for j # 3, W; depends periodically on
0.

Let us now consider the Fourier expansion of WW; with respect to the angles \,¢,0;. As a

consequence of the well known D’Alembert rules, the expansion is limited to cosine terms:
cos(i1\ + 2o + iggj), i1,12,13 € 7, (2.26)

with iy = i2 +73. As a matter of fact, this is a consequence of the invariance of W, with respect
to rotations around the axis passing at the origin and perpendicular to the zy plane. For further
reference about the D’Alembert rules, the reader is referred to Morbidelli (2011). Therefore, the

function W; has the following Fourier series representation:

W - Z 12 13 A (I) COS((ZQ + 23))‘ + ZQQO + 239 ) (227)

12,i3€7Z

In the explicit computations the expansion is limited to |iz| < 3, and |i3] < 35, which corresponds to
neglect the terms which are of order e* and A;’G. Precisely, the explicit computation of the Fourier
coefficients VVZ]2 is (A, @) is done by first representing H; using the orbital parameters a, e, f,w, and

then by representing f as a function of M and e, and by computing the Taylor expansion up to

order 3. Finally, we replace a, e, M,w with the modified Delaunay elements.

For this purpose, we first write the perturbations H; in terms of the orbital elements:

1
Hj = % cos(f +w — njt — ¢;) — (2.28)
\/p2+d]2 —2pd; cos(f +w — njt — @)
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a(l1—e?)

where p = HTOS(}C)

. Then, by using the well known series expansion

! %
\/1 4 ,,72 _ 27’]008(’)/) - ;Pz(cos(ﬂ)?? ne (_1, 1), v e [0, 27‘(],

where P; represents the Legendre polynomial of i-th degree, we obtain

H, - peos(f +w —nst —d3) EZ <dj>ZPi(cos(f +w—nit—¢;))  forj<3

d% P i>0
as well as:
cos(f +w —nst — 1 K .
H; = peos(f - st —¢3) dj Z <CZ> Pi(cos(f +w —njt — ¢;)) for j > 3.
i>0

(2.29)

(2.30)

(2.31)

Next, the true anomaly f is written in term of the mean anomaly [; using the standard formula:

Fo1— e2)3/2
I = / (=) (2.32)
o (1+ecos(x))?
For small values of the eccentricity e, the integrand is expanded in in power series of e:
f .
l:/ Zezvi(x)dx (2.33)
0 >0
with v;(z) = il!a%ii (%) o Hence, the relation (2.33) assumes the form
L= +e(f) (2.34)
where £ = fof (Zz’zo ei_lvi(:c)> dr — f; then f =1 —¢e&(f) =1 —e&(l —e&(f)) = ..., and by
expanding in terms of the eccentricity, we obtain the series:
F=1+> () (2.35)

k>1

where & are functions which are explicitly computed.

The canonical transformation averaging from the terms WV; the dependence on the planetary

mean anomalies is constructed using the standard Lie method, which has been described in Sec.

1.3.2. Given a generating function y, suitably small, its Hamiltonian flow ¢)1< at time 1 is a canonical

transformation:

P1(A,2,0,X,8,0) = (A, ®,0,),¢,0)
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which is close to the identity, satisfies

A=A+ {A x}+ Os(x)
O =0+ {0, x} + O2(x)
©=0+{6,x}+0
{8, x} + 02(x) (2.37)
A= X+ {\x}+0:2(x)
o =¢+{@,x}+ Oa(x)
6=0,
and conjugates the Hamiltonian function W to
W =Wo ¢ (A2,0,X¢,0) =W+ {W,x}+ Os(x). (2.38)
By defining
X= ) g (2.39)
J#3
with
im0 W ®)sin (2 +ig)A+ iap + ish )
li2] <3,i3]<35
and )
, W .
A‘j, .= 6% " N 127.23 B 240
ng,zg 3 (22 Jr Zg)(.c))\ + 7!2(*)50 + ZSWGJ- ( )
0o =0 and §; = 1 for ¢ # 0, while
o IWp . Wy o
A 8]& y @ - 6&) ) 0; 79
we obtain
Wo gl (A, ®,6,X6,0) =WA @) +> m0;+0() (2.41)
J#3
where
W =Wo(A, &) + W3 (8,8,3,8) + 3 S /W7 (R, &) cos ( >N+ @)) (2.42)
j#3 i2€Z

does not depend on 5j. The averaged Hamiltonian W has a convenient Cartesian representation.
Therefore, let us consider the transformation (Px, Py, X,Y) = D(A, ®, \, ) mapping the averaged
modified Delaunay variables to the averaged Cartesian coordinates (pX,Py,X' ,17); then H :=
W o D! is computed from:

]52 —1—152 n ~ o~ ~
WooD 1 ="2_"Y & n3(XPy—YPx) (2.43)
2 VX2 472
X 1
esWsoD L =g5 | = — - (2.44)
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or [ v ] i ]

o o~ _ €5 X cosf; +Ysinb;

> Wi, g cos (Z2(A+90)) oD 1=2J/ [ ’ ’
i2€EZ 7T 0

1 .
T = = — | df; (2.45)
\/(X —djcosb;)? + (Y —djsinb;)?
B _ﬁ 2 dé]

27 Jo \/(X —djcos;)2+ (Y — d;sinf;)2

The last of equations (2.45) represents the main effects of the planetary perturbation on the Sun—
Earth L3. It corresponds to the Fourier average of W; with respect to ¢;, represented with Cartesian
variables. Therefore, it can be obtained by computing the Fourier average of H; directly using the
Cartesian variables. The right hand side of the third equation in (2.45) can be further expressed us-
ing an elliptic function. Precisely, by representing X = v/ X2 + Y2 cos f and Y = vV X2+ Y2sin f ,
where f is the polar angle associated to (X' ) }7) in the OXY reference frame, we have:

(X —djcos0;)? + (Y —d;sinf;)* = X> + Y%+ d? - Zdj\/m (cos fcosf; + sin fsinéj)
— X4 V2 4+ &2 — 24,V X2 + V2 cos(f — 6y)
(\/m - dj)2 + 2dj\/m (1 — cos(f — @))
= (Vx24v2- dj)z +4d;V/ X2 + V2sin® §;
(2.46)

where Bj = %. Then we obtain

/271' dej _4/#/2 d/g]
ol ~ > . a = = 2 = = ~
" \/(X—deOSQj)QJr(Y—djSHflej)2 0 \/(\/X2+Y2—dj> +4d;V/ X2 + V2sin? §;
4 . 4d;/ X2 4+ Y2

VR gl (VR g )

(2.47)

as well as:

Ny - /X2 1 V2
ZstfQ’Ocos<i2()\+<ﬁ))oD_lz Kl - AV XTHY . (2.48)

- = = = = 2
net TV X2+ V2~ dj (\/X2+Y2—dj)

2€j

Therefore, the Hamiltonian averaged with respect to the mean anomalies of all the planets, except
for the Earth, is:

N o X !
H="X Yy _ = = —ng(XPy—YP)()—i-Eg -5
2 VX24+Y? d3 \/(X_d3)2+§72
Z 2¢g; K 4dj V X2 4 Y2
AV g\ (VRErY2-dp2)

(2.49)
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2.2.4 Mapping L3 in the original phase-space: the dynamical substitute of L;

Finally, we map back L3 to the original phase-space through the flow at time 1 of the generating
function x defined in Eq. (2.39). We note that L3 is characterized by a small value of the eccen-
tricity! (about 107%). Since for e = 0 the angle ¢ is not defined (the argument of perihelion is not
defined for circular motions) and the action ® is null, it is mandatory to introduce the canonical

Poincaré variables (./N\,ﬁ, A, G), where
p=V2Pcosp, §=V2Psing, (2.50)

that are well defined also for e = 0. Since the time-span of interest for astrodynamics is limited
at most by few centuries, in the transformation mapping the averaged to the original variables, we
neglect the terms proportional to the product of two gravitational parameters; i.e. we approximate

the Lie series by retaining only the first two terms, i.e.

A=A+ {A, x}
p=p+{px} (2.51)
A=A+ {\x}
q=q+{aqx}

Moreover, we emphasize that for small values of the eccentricity é we get ® ~ %; hence when
the eccentricity is small, both p and ¢ are proportional to €. Taking advantage of the small value
of the eccentricity of L3, the numerical computation of the right-hand sides of Eq. (2.51) can be
done by neglecting the terms depending on p,§ at orders equal to or higher than four and for
0 = (Mt + ¢y, ..., Mgl + ¢g). Finally, we transform back to the Cartesian variables and we obtain

the dynamical substitute of L3 as a quasi-periodic function of time:

(PX,£3 (t)v PY,£3 (t)v X£3 (t)a Y£3 (t)) = (PX(9)7 PY(Q)a X(e)’ Y(H)) (2'52)

In the simpler bicircular four-body problems, Sun—Earth—(j-th planet) (for further details, the
reader is referred to Andreu, 1998; Jorba, 2012; Barrabés et al., 2016; A.F.B de Almeida Prado,
2005; Jorba and Nicolas, 2020), the dynamical substitute (Px z,(t), Py.c,(t), Xry(t), Y, (1)) is a
periodic function of time with frequency 7;.

In order to verify that there is a real orbit for the restricted problem that remains close to
the dynamical substitute (Xg,(t),Yr,(¢)) for times that are of interest for astrodynamics, we
numerically integrate the equations of motion of the restricted problem with initial conditions
(Px(0), Py(0),X(0),Y(0)) = (Px,25(0), Py,£5(0), X£,(0), Yz, (0)). In Fig. 2.2 we present the dy-
namical substitutes of £3 computed by integrating the initial datum for four cases: the Sun-—
Earth—Venus, Sun-Earth—Jupiter, Sun—Earth—Venus—Jupiter, and the complete system (namely
the system containing all eight planets) with aj = 0 for all j # 3. In Table 2.2 we also present
the libration amplitudes for each restricted Sun—Earth—(j-th planet) problem. We find that in the
MCRSBP, the orbit is a quasi-periodic oscillation around Lz with amplitude d ~ 10~% AU. Each
orbit in a neighbourhood of L3 can be mapped back to the original Cartesian variables using the

canonical transformation (2.51) and D; for example, the periodic Lyapunov orbits will be mapped

I The reader is referred to Appendix A for more details on the computation of the orbital elements.
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Planet Dynamical substitute amplitude
Mercury 6.28 x 1075 AU ~ 9 km
Venus 4.42 x 107° AU ~ 6612 km
Mars 1.07 x 1075 AU ~ 1595 km
Jupiter 4.17 x 107° AU ~ 6245 km
Saturn 2.26 x 107% AU ~ 338 km
Uranus 547 x 1078 AU ~ 8 km
Neptune 2.04 x 1078 AU ~ 3 km

Table 2.2: Amplitudes of the dynamical substitutes for each bicircular restricted four-body Sun—Earth—planet
problem.

back to quasi-periodic orbits of amplitudes larger than d. Therefore, in the MCR8BP we have a

family of quasi-periodic oscillations around Lg of amplitudes a > d.

Sun-Earth-Venus system Sun-Earth-Jupiter system
T T

4x107° R 4x107° | R

2x107° L R 2x107° | R
=) =)

= 0 1 = 0 .
> >

—2x107° 4 —2x107% | 4

—4x107° 4 —4x107° | 4

| | | | | | | |
—2x107% -1 x 1075 0 1x107° —-1x107° 0 1x107° 2x107°
X — X1, (AU) X — X1, (AU)
Sun-Earth-Venus-Jupiter system Complete system

0.0001 [ ‘ ] 0.0001 [ ‘ ]

5x107° 4 5x107° | 4
=) 5

= 0 1 = 0 .
> >

—5x107° 4 —5x107° | R

~0.0001 |- | | | e ~0.0001 |- o ‘ e

—4x107%-2x107° 0 2x107°% 4x107° —4%x107°-2x 107° 0 2x107° 4x107°

X — X1, (AU) X — X1, (AU)

Figure 2.2: Dynamical substitutes of L3 obtained via numerical integration in the Sun-Earth—Venus, Sun—
Earth—Jupiter, Sun—Earth—Venus—Jupiter and complete systems; for all the four panels we considered 5]- =0
for all j # 3. The time-span for both the Sun—Earth—Venus—Jupiter and the complete system is about 50
years. The red point indicates the location of the Sun—Earth L3 point. Credit: E. Scantamburlo and M.
Guzzo, A&A, 638, A137, 2020, reproduced with permission (©ESO.
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2.3 Librations in a realistic model of the Solar System

2.3.1 A realistic model of the Solar System and the rotating-pulsating reference

frame

As the restricted multicircular model represents just a simplified model of our Solar System, we
must investigate whether or not orbits close to L3 exist when the trajectories of the planets are
realistic. Furthermore, as the effects of Mercury on both the dynamical substitute and in the change
of the other planets ephemerides are negligible for the short time intervals that we are taking into
account, we consider a model of the Solar System that includes the planets from Venus to Neptune.

Let r = (z,y, 2) and v = (v, vy, v,) denote the position and velocity vectors of the spacecraft,
and let r; = (z;,y;,2;) and v; = (v, vy, v:;) denote the position and velocity vectors of the
j-th planet? in the Heliocentric inertial reference frame. The equation of motion of the ten-body

problem in the Heliocentric inertial reference frame are

'F-—ZE-( r—r; N r; )‘M r
T\l =m 3 (el 7|3

J

(2.53)

) o r r .
rj:—g € st e | = ()t forj={2,...,8},
— \llrj = ml> il [l
i#j J J

where p and €; denote the gravitational parameter of the Sun and the j-th planet respectively. The
equations of motion for the planets will be numerically integrated for initial conditions provided by
the JPL digital ephemerides service at some selected initial epochs. In particular, for the numeri-
cally computed planetary solution, the orbit of the Earth is not circular, and we have to identify
a configuration generalizing the Lagrangian point Ls of the CR3BP in this more realistic system.
First we introduce a Heliocentric rotating-pulsating reference frame OXY Z, whose Cartesian axes

are parallel, at any time t, to the unit vectors

T3 V3 X T3 T3 X e
eni= 23 g = 2N (2.54)

e : = = .
' IRt Ir3 X en|

sl
In such a reference frame, the Earth state vector is (1,0,0,0,0,0) at any time ¢. We apply the FLI
method in order to find orbits staying close to L3 in the realistic model for centuries; this method
provides initial conditions of trajectories remaining in a given neighbourhood B of a libration orbit
found in an approximated model. For the definition of B we have to consider both the amplitude of
the libration orbit and the differences between the realistic model and the CR3BP due to Earth’s
elliptic orbit. Hence, for the application of the FLI method we first compute a planar Lyapunov
orbit of the CR3BP with amplitude o and then we use this orbit to find librations in the ER3BP
remaining close to it. We denote these librations by ¢(«) and the details of their computation
are explained in Sec. 2.3.3. By assuming that the planetary perturbations introduce additional
oscillations of amplitude d comparable to those found in the MCR8BP, we finally look for hyperbolic
orbits of the realistic model which remain in a neighbourhood of radius 2d of the reference orbit
¢(cv) for centuries (Sec. 2.3.4). We compute both ¢(«) of the ER3BP for different orders of the

amplitude and the libration orbits in the realistic model of the Solar System using the recent version

2j = 2 indicates Venus, j = 3 the Earth, j = 4 Mars, j = 5 Jupiter, 5 = 6 Saturn, j = 7 Uranus and j = 8
Neptune.
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of the modified FLI method. For a schematic description of the intermediate models use, the reader

z

T

Figure 2.3: Representation of the Heliocentric reference frame and the rotating-pulsating reference frame
unit vectors.

is referred to Fig. 2.4.

[ CR3BP }—{ ER3BP ]—{ Realistic model }

Computation of the Computation of the li- Computation of the
with bration /(c) remaining libration remaining
amplitude o close to the Lyapunov close to £(a)

orbit

-

Figure 2.4: Use of the intermediate models for the computation of the libration orbits in the realistic model.

2.3.2 The modified FLI method

The FLI method was originally introduced by Froeschlé et al. (1997b,a) to numerically distinguish
between regular and chaotic orbits. In recent years, the method has been modified in order to
compute hyperbolic orbits of dynamical systems and their asymptotic solutions: Guzzo and Lega
(2014, 2018) and Lega and Guzzo (2016a); Guzzo and Lega (2021) provide a detailed theoretical
justification of the method, with a focus on the computation of transit orbits of the Sun—Jupiter
system in the CR3BP; in Guzzo and Lega (2015, 2017) the method has been adapted to compute
the collision manifold of the comet 67P/Churyumov-Gerasimenko in a model of the Solar System
that is compatible with the JPL digital ephemerides. We refer to Chapter 1 for more details about
the FLI method, in its different formulations. We continue here to discuss its application to the
problem of finding orbits which librate around the equilibrium L3 of the Sun-Earth system, in a
model which is compatible with the ephemerides of the Solar System. At this purpose, we describe
an implementation of the method which considers the theoretical results previously described for
the intermediate models, starting from the CR3BP and then considering the ER3BP and the
MCRSBP.
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We recall that in this context, since we are considering the point L3 of the Sun—Earth system,
the CR3BP provides only a very preliminary approximation. The extension from the CR3BP to
the realistic one required a new strategy based on the preliminary study of intermediate models to
include the planetary perturbations and the eccentricity of the Earth’s orbit. In this way we first
find the orbit ¢(«) of the Sun-Earth ER3BP, and then the libration orbits of the realistic model of
the Solar System. In particular, this usage of the chaos indicator provides an innovative and novel
application of dynamical systems theory to astrodynamics, where the short-periodic perturbations
represent a relevant part of the model.

Let us recall how the modified FLI is introduced. We first consider the spacecraft equations of

motion written as a system of first-order differential equations:

& =F(& ), (2.55)

where £ denotes the state vector of the spacecraft. For simplicity, we choose as epoch ¢ = 0 the
time of the Earth passage to the perihelion. The variational equations of (2.55) are

: OF

E= [85(5,7&)] E EeRS (2.56)
where %—? denotes the Jacobian matrix of F.

Since we aim to find orbits that remain in a neighbourhood B of a given target hyperbolic (or

partially hyperbolic) orbit v as long as possible, we introduce the window function w(R) and the
modified FLI defined as

1 ifReB
w(R) = , (2.57)
0 otherwise
mFLI(&y, Eo; T) := max /t max | 0 w(R(s))M ds (2.58)
Y tef0,71 Jo ’ IE(s)[? ’

respectively, where R(s) denotes the position vector of the spacecraft in the rotating-pulsating
reference frame (computed from the numerical solution of the differential equations (2.55) with
initial condition &y) and Z(s) is the solution of the variational equations (2.56) with E¢ as initial
tangent vector.

When the target orbit v is partially hyperbolic and B is suitably small, the only possibility for
an orbit to increase the modified FLI to the highest possible values is to remain very close to the

target over the whole time interval [0,7]. Here, we have two possible cases:

i) a large measure set By C B of initial conditions corresponds to solutions that exit from B in

a short time Ty and whose mFLI does not increase for T' > Tj;

ii) a small measure set By C B corresponds to solutions which do not exit from B, remain close
to a partially hyperbolic orbit of B, and whose mFLI increases linearly with the 7" (for further
details, the reader is referred to Guzzo and Lega, 2014).

Orbits that come back to or enter the set B, but do not stay close to the target orbit over the time
interval of interest [0, T necessarily enter the set By and exit from B in a short time T. Therefore
the modified FLI sharply identifies the orbit of ii) when it is computed on grids of initial conditions

that are transverse to By;. The key factor for the success of the method is the suitable choice
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of the set B and of the grid of initial conditions, which is clearly suggested by the application of

perturbation theories to the approximated models that we have previously studied.

2.3.3 Computation of libration orbits in the ER3BP

The Sun—Earth ER3BP deals with the study of the dynamics of a spacecraft which is gravitationally
attracted by the Sun and the Earth while the latter performs an elliptic motion around the Sun. In
order to compare the ER3BP with the CR3BP, the equations of motion of the ER3BP have been
formulated in the rotating-pulsating reference frame.

In order to find the orbits ¢(«r) of the ER3BP, we use the modified FLI (2.58) using a planar
Lyapunov orbit of the CR3BP of libration amplitude « as target orbit . The set B is then defined
as a neighbourhood of v with amplitude d; if (X0,0,0,0,Vy0,0) is a point of the target Lyapunov
orbit, we choose the grid of initial data as the set (Xo,0,0,0,Vy,0), where V3 is evenly spaced
over some interval. The extrema of this latter interval are chosen such that it contains a strict
maximum of the modified FLI. We then restrict this interval around the maximum and repeat the
computation of the FLI for the new grid and for a longer time. The procedure is iterated until we
achieve a sufficiently long integration time.

In Fig. 2.5 we show the results of the method for a time-span of 1000 years, and for values of «
equal to 3 x 1072,1073,10~% AU, correspondingly to d equal to 1073, 7 x 1075,10~% AU. We note
that such orbits are slowly drifting along the Y axis (the drift speed is about 2 x 10765 x 1078
and 4.5 x 1072 AU /year for a = 3 x 1072,1073,10~* AU respectively): these drifts can be reduced
by further refining the interval of the initial data.

0.03 - 1 0.001 |- R
0.0001 1
0.02 - 1
0.0005 1 =5 | |
_ 0.01 - | _ A5 x 10
) =) =)
= 0r 1= 0r 1= 0r A
> —0.01 - Il > 5 % 10-5
—0.0005 R o X B 1
—0.02 - 1
—0.0001 1
—0.03 | 1 —0.001 - 1
L L L L L L L L L
—0.015 0 0.015 —0.0005 0  0.0005 —7x107° 0 7x107°
X — X1, (AU) X — X1, (AU) X — X1, (AU)

Figure 2.5: Representation of the libration orbits £(a) (gray curves) found in the ER3BP with o = 3 x
1072,1073,10~* AU for a time-span of 1000 years. The amplitude of the neighbourhood B is d = 1073, 7 x
1075,1075 AU for the three different cases. The black curves denote the restriction of £(a) to 1 year, while
the red points indicate the location of the Sun—Earth Ls point. Credit: E. Scantamburlo and M. Guzzo,
A&A, 638, A137, 2020, reproduced with permission (©ESO.

2.3.4 Computation of the librations in the realistic model

To study the spacecraft dynamics in a model whose ephemerides are comparable with those provided

by the JPL digital service, we consider the spacecraft equations of motion (2.53), which include all
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the planets from Venus to Neptune3.

To illustrate how to find libration orbits in such a realistic model, we apply the FLI method
and we consider £(3 x 1072 AU) and £(10~3 AU) as target orbits and take B as a neighbourhood of
€(3 x 1072 AU) and £(10~3 AU) of amplitude d equal to 10~ and 2 x 10~* AU, respectively. The
computation of the modified FLI is stopped once we have restricted the set of initial data such that
the interval along the V4 is smaller than 5x10~2 AU day~! and once we achieve an integration time
of centuries (in the cases of the librations with amplitude of 3 x 1072 and 10~3 AU the time-spans
for the modified FLI computation are 1000 and 400 years respectively). When we conclude this
iterative method, we obtain the modified FLI profile, in which the maximum is sharply identified
by the initial datum (Xo,0,0,0, V5, 0). For example, the modified FLI profile for the research of
the libration with amplitude 3 x 1072 AU is represented in Fig. 2.6. The trajectory associated
to the initial datum with the maximum mFLI value (blue point in Fig. 2.6) represents the orbits
that remains the closest to the target one. Moreover, this trajectory (see the first two panels in
Fig. 2.7) is librating around L3 with an amplitude of 3 x 102 AU. To appreciate the precision of
the method, we also considered the orbits associated to another two initial data with values of the
modified FLI that are different from the maximum (the magenta and brown points in Fig. 2.6).
Such orbits, shown in Fig. 2.8, are not librations around Ls, even if the variation of the initial
velocity Vy — Vit is very small (about 3 x 1072 and —3 x 10~ AU day ™, respectively). Now, we
focus our attention on the orbits associated to the maximum value of mFLI for both the case of
£(3 x 1072 AU) and £(10~3 AU) as target orbits. These trajectories are shown in Fig. 2.7 in the
time-span of 650 and 200 years respectively. In the same figure we also show the representations of
such trajectories restricted to a time-span of 20 years (black curves) which highlight the drift along
the Y axis (about 4 x 1078 AU yr™!) caused by the planetary perturbations. The relative drift is
greater for the libration with amplitude 10~2 AU and is smaller for the orbit with greater amplitude.
Hence, the orbit with the greater amplitude remains closer to its target orbit. Moreover, the value
d for the orbit with smaller amplitude is close to the amplitude of the oscillation introduced by
the planetary perturbations (last panel in Fig. 2.2): this implied that values of d < 2d are too
small and for such a choice of d, the FLI method does not converge to a libration orbit around Ls.
Therefore, to find oscillations around Lz with amplitude smaller than 2d it is necessary to apply
the FLI method by using a sphere in (X,Y, Z) centered at Ls with radius d < 2d as B. We note
also that the application of the modified FLI method with a one-dimensional grid of initial data is
not sufficient, for the research of librations because of the degrees of freedom of the problem: we
have to use a two-dimensional grid of initial data (X,0,0,0,Vy,0) centered at Ls. Therefore, we
applied this method with d = 1072 and d = 2 x 10~* AU and found (see e.g., Fig. 2.9) that the
bigger values of the mFLI lie on a line not parallel to the X and Vy axis. This complicates the
procedure of refining the initial data, which is summarized in the caption of the figure. Finally, Fig.
2.10 shows the librations obtained using the two-dimensional grid with d=10"3and d=2x10*
AU: the time-spans of these two orbits are 700 and 250 years respectively. Hence, the FLI method
allows us to find libration orbits of the realistic models with amplitudes bigger than d (up to 0.03

AU) for time-spans of centuries.

3The initial conditions of the celestial bodies are provided by the JPL digital ephemerides, with P3 identified with
the Earth—-Moon barycenter.
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mFLI

—1.2 x 10~10 0 1.2x 1071924 %x107193.6 x 107194.8 x 10710 6 x 10~ 10
Vy — V5 (AU/day)

Figure 2.6: mFLI profile computed for 1000 years for the research of the libration of amplitude 3 x 1072
AU. The blue point denotes the location of Vy/, i.e. the velocity component characterized by the maximum
value of mFLI. The trajectory with initial datum (X, 0, 0,0, V45, 0) is shown in the first two panels of Fig.
2.7. We display also the location of another two initial conditions (the magenta and brown points) having
a different value of the mFLI; their trajectories are shown in Fig. 2.8. Credit: E. Scantamburlo and M.
Guzzo, A&A, 638, A137, 2020, reproduced with permission ©ESO.

0.034 + ] 2x107° F -
0.017 - 4 1x107° 4
=) =)
= 0 1= 0 ]
o N
—0.017 - 4 1x10°° L |
—0.034 - . s
| | | —2 x 10 - | | | 1
—0.01 0 0.01 —0.04 —0.02 0 0.02 0.04
X — X1, (AU) Y (AU)
T —6 T
0.0015 |- i 5 x107" - 7
25x107°
=) oL | B
= = ol
S N
- —25x%x107% L
—0.0015 - |
‘ ‘ —5x%x107°

1
—0.0005 0 0.0005
X — X1, (AU)

Figure 2.7: Libration orbits found in the realistic model obtained by using £(3 x 1072 AU) and £(10~3 AU)
as target orbits; the time spans are 650 and 200 years respectively. The black lines represent the restriction
of the two librations to 20 years. The red point denotes the location of L3. Credit: E. Scantamburlo and
M. Guzzo, A&A, 638, A137, 2020, reproduced with permission (©ESO.
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Figure 2.8: Trajectories associated to the magenta and brown point in Fig. 2.6. The integration time is

650 years for both orbits. Credit: E. Scantamburlo and M. Guzzo, A&A, 638,

permission (©)ESO.
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Figure 2.9: Representation of the mFLI map associated to the bidimensional grid of initial data in the case in
which Lg is the reference point and d=10"3 AU; the colors indicate the value of the chaos indicator computed
in the time-span of 1000 years. We note that the maximum values of mFLI are not in a line parallel to the X or
Vy axis. For this reason, if we want to have a good refinement of the two-dimensional grid, we need to isolate
two points Py = (Xo, Vy,0), P = (X1, Vy,1) (green points) of the two-dimensional grid characterized by a
high value of the modified FLI and then take points X and Vy such that X = Xo+6(X1 —Xo)+e(Vy,1— Vo),
Vy =Vyo+8(Vy1 — Vo) — e(Xy — Xo) with § € [0,1] and € € [—A€, Ae]: we used Ae equal to 2 x 107° for
the refinement of the grid shown in this figure. Credit: E. Scantamburlo and M. Guzzo, A&A, 638, A137,

2020, reproduced with permission (©ESO.
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Figure 2.10: Representation of the librations in the realistic model obtained assuming a neighbourhood of
L3 with amplitude d equal to 1073 and 2 x 10~* AU respectively. The time-span of the two orbits are 700
and 250 years respectively. The black line represent the restriction of the trajectories to 20 years. The red
point indicated the position of the Sun—Earth L3 point in the rotating-pulsating reference frame. Credit: E.
Scantamburlo and M. Guzzo, A&A, 638, A137, 2020, reproduced with permission (©ESO.

2.4 Conclusions

Since close to the Sun—Earth Lagrangian point L3 the planetary perturbations (mainly from Jupiter
and Venus) are stronger than Earth’s attraction, it is not evident that the dynamics close to Ls
defined within the circular restricted three-body problem can be continued to a realistic model of
the Solar System. We analyze in particular the effects of the planetary perturbations and of the
eccentricity of the Earth. The planetary perturbations provide oscillations of about 15000 km,
while the effect of the eccentricity of the Earth, apart from a small oscillation, is absorbed by
considering a rotating-pulsating frame. Using a combination of the Hamiltonian averaging method
with the FLI method we find orbits that remain close to L3 for at least 200 years in a model
of the Solar System whose dynamics are compatible with JPL digital ephemerides, with libration

amplitudes ranging from 2.5 x 1074 to 3 x 1072 AU.
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Chapter 3

Interplanetary transfers using stable
and unstable manifold tubes
originating at L; and Ly in the elliptic
restricted three-body problems

3.1 Introduction

In the last decades, the solutions originating at the Lagrangian points L and Lo of the circular
restricted three-body problem (CR3BP) have been widely analyzed in connection to transport
phenomena, close encounters of comets and asteroids as well as low-energy transfer orbits (for
example, see Celletti and Giorgilli, 1990; Celletti and Froeschlé, 1998; Jorba and Masdemont, 1999;
Palacian and Yanguas, 2004; Ren et al., 2012; Guzzo and Lega, 2013, 2015; Celletti et al., 2015;
Guzzo and Lega, 2017, 2018; Paez and Guzzo, 2020; Ceccaroni et al., 2016; Pucacco, 2019 and
Simé, 1999; Gémez et al., 2000, 2004; Topputo et al., 2005; Koon et al., 2008; Zanzottera et al.,
2012; Pergola et al., 2009; Belbruno et al., 2010; Topputo et al., 2005; Parker and Anderson, 2013;
Farquhar et al., 2004; Howell et al., 2006; Howell and Kakoi, 2006; Pergola et al., 2009; Belbruno
et al., 2010; Zanzottera et al., 2012; Parker and Anderson, 2013). As a matter of fact several space
missions (such as ISEE-3, Wind, SOHO, WMAP, Genesis, Herschel and Planck) were designed by
exploiting the Sun—Earth Lagrangian points L and Lo, and other planned future missions will
reach the vicinity of such Lagrangian points. The use of the Lagrangian solutions for Solar System
applications requires to consider hierarchical extension of the model (see for example Barrabés et al.,
2016; Jorba and Nicoldas, 2020; Jorba et al., 2020; Scantamburlo and Guzzo, 2020; Kumar et al.,
2021; Gawlik et al., 2009). In fact, we consider the Sun—Mercury or the Sun—Mars systems, the
CR3BP provides only a crude approximation of the dynamics; as a matter of fact the eccentricities
of the two planets are currently about 0.2 and 0.09; for this reason, if we plan to apply the space
manifold dynamics between the Sun—Earth to the Sun—Mercury or Sun-Mars Lagrangian points, a
deep analysis of the solutions originating at L1 and Ls in the elliptic restricted three-body problem
(ER3BP) is required. For example, in connection to space flight dynamics the ER3BP has been
studied to design transfers between halo orbits of a Lagrangian point (Hiday-Johnston and Howell,
1994; Howell and Hiday-Johnston, 1994), gravity-assist (de Almeida Prado, 1997; de Almeida Prado
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and Neto, 2006; Qi and de Ruiter, 2018; Ferreira et al., 2017) and ballistic captures (Hyeraci and
Topputo, 2010). When we consider a generalization of space manifold dynamics to the ER3BP
several difficulties appear which on the one hand are of substantial nature (such as the lack of a
constant of motion generalizing the Jacobi integral), on the other hand are of technical nature (the
development of perturbation theories is complicated by the implementation of a partially hyperbolic
Floquet theory). In Paez and Guzzo (2021) a generalization of the space manifold dynamics to the
solutions originating at L1, Lo of the ER3BP was done through the construction of Hamiltonian
Floquet-Birkhoff normal forms.

The aim of the paper is to analyze the differences of the manifold tubes originating at the
Lagrangian solutions in the planar ER3BP and the CR3BP, and to discuss the impact they have
in the design of interplanetary transfers. Using the definition and the computation of the manifold
tubes provided in Paez and Guzzo (2021), we first characterize the evolution of the orbital elements
of a spacecraft whose motion is described by a solution of the ER3BP that belong to the manifold
tubes of a generic Sun—P; system. Specifically, we consider any solution whose initial condition
belongs to the local unstable manifold tube originating at L; or Ls. For an initial time-span the
solution remains close to the Lagrangian one, oscillating around it. Then, the spacecraft exits from
the planet’s Hill sphere and we follow its evolution until it arrives sufficiently far from the planet
so that its dynamics is well approximated by the Sun—spacecraft two-body problem. After that
moment, the solution is well approximated by a Keplerian one up to an eventual additional close
encounter with P;, and therefore the semi-major axis, eccentricity and longitude of perihelion of
the spacecraft remain approximately constant. The solutions whose initial condition belong to the
local stable manifold tube are characterized by the same behaviour with reference to negative time-
spans. We denote by ICi 1, and IC;{ 1, the family of all these Keplerian orbits which are obtained for
all the possible initial conditions in the local stable or unstable manifold tubes originating at L;
of the Sun-P; ER3BP, and for all the values of initial true anomaly of the planet. The idea is to
exploit the orbits in the sets ICZ/ }i and ICZ/ z‘m for the design of an interplanetary transfer between
the two planets P, and Pj.

With evidence, the construction of the families ICj/ [Z can be defined using the simpler CR3BP,
and one may argue if indeed the more complicated ER3BP is worthy to be considered. Here we
find the main differences between the two models: depending on the value of the eccentricity e;
of the orbit of planet P;, we find a big difference in the distribution of the orbital parameters of
the Keplerian orbits in the sets le/ Luz when computed using the ER3BP rather than the CR3BP.

Precisely, we find that for:

€j 2 37;:1111 (3.1)
where aj, e; denote the semi-major axis and eccentricity of the planet P; and rpjy the Hill radius,
the distribution of the longitudes of perihelion of the orbits in the above families is bounded;
conversely, for e; < (3rmin/a;) the distribution is spread in [0,27] (the latter case, for e; = 0,

corresponds to the CR3BP). From a space flight dynamics point of view, this implies that:

- if both the eccentricities of the planets P, and Py are large (i.e. inequality (3.1) is satisfied
for Py, Py), then the distribution of longitudes of the perihelion for the orbits in the families
ICZ/ Z and ICZ/ gm of each planet is bounded in some intervals, and if such intervals do not

match it is not possible to perform an Hohmann transfer! between P, and P, via the families

!Since we find that all the orbits in the families have eccentricity different from 0 (see Sections 3.2 and 3.3
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ICZ/ Z’i, ICZ/ Zm; in such a case, other types of transfers may be considered, in the context of the
ER3BP.

- if both the eccentricities of the planets Py and Py are small (i.e. inequality (3.1) is not satisfied
for Py, Py), then the distribution of longitudes of the perihelion for the orbits in the families
hLo Kk L, of each planet is distributed in [0,27], and we have an abundance of co-axial
orbits in the families which are suitable for an Hohmann transfer. This is the situation where
the CR3BP is a suitable model for the transfer.

- the most interesting situation arises when one planet satisfies the inequality (3.1), while the

other does not. In such a case the longitudes of perihelion of the orbits in the families ICZ/ zl
of the latter planet spread in [0,27], and therefore we still find an abundance of co-axial
orbits suitable for the Hohmann transfer. Nevertheless, since the longitudes of perihelion of
the orbits in the families ICZ/ Em of the former planet are in a bounded interval, it is necessary
to properly synchronize the maneuvers of the transfer in suitable time windows. This is the

situation where the ER3BP must be considered for the transfer.

We apply these results to the Sun—Mercury, Sun—Earth and Sun—-Mars systems: since both Mercury
and Mars satisfy inequality (3.1), while the Earth (as well as Venus) does not fulfill such condition,
the distribution of the longitudes of perihelion is bounded in the Mercury and Mars systems, and
is spread in [0, 27] in the Earth system. This implies that it is possible to determine an Hohmann
transfer between the manifold tubes originating at a Lagrangian points of the Sun—-Earth and Sun—
Mercury, or Sun—Mars ER3BP. Then, we calculate the transfer between the Sun—Earth L; and the
Sun—Mercury Lo, and between the Sun—Earth Ly and the Sun—Mars Ly points using the decoupled
ER3BPs?. Finally we check that the transfers, whose initial conditions are analytically computed
using two decoupled ER3BPs, remain effective also in the bi-elliptic four body problem (BE4BP),
namely a model in which a spacecraft is gravitationally attracted by the Sun and the two planets

that are performing an elliptic motion around the Sun, for the whole considered time interval.

The paper is organized as follow: in Sec. 3.2 we first define the planar BER4BP, and then
we briefly summarize the procedure used in Paez and Guzzo (2021) for the computation of the
solutions originating at the Lagrangian points L; and Ls in the ER3BP. Then we analyze the
orbital elements evolution of the manifold tubes. Finally, in Sec. 3.3 we apply the results found to
an interplanetary transfer between the Earth and Mercury, and the Earth and Mars systems using
both the decoupled ER3BPs and the BER4BP.

for details, and also Fig. 3.7), here we need to refer to the extended definition of Hohmann transfers between
co-axial elliptic orbits (see, for example, Curtis, 2005). Precisely a transfer between two different co-axial elliptic
orbits is obtained with two impulsive maneuvers: the first maneuver is obtained by applying a tangential Av at a
pericenter/apocenter of the first orbit; the spacecraft is thus injected into the transfer orbit and when it arrives to
the next pericenter/apocenter it is injected into the final Keplerian orbit with an additional tangential Av.

2We do not compute transfers between the Sun-Earth and Sun-Venus Lagrangian points since both planets do
not satisfy inequality (3.1), and therefore the transfers are suitably described with the CR3BP.
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3.2 Study of the spacecraft orbital elements around L; and L, in

the elliptic restricted three-body problem

3.2.1 The planar bi-elliptic restricted four-body problem

To model the transfer of a spacecraft between the manifold tubes of the planets P, P, we first
simplify the equations of motion in the full Solar System to the planar bi-elliptic restricted four-
body problem (BER4BP). Denoting by r; and 7 the position vectors of the j-th planet and of the
spacecraft in a heliocentric reference frame Oxyz, by p and ¢; the gravitational parameters of the
Sun and of the j-th planet, and by (a;, e;, @, f;) the orbital elements of planet P;, the equations

of motion of the spacecraft are

.. T T r—r
¥ =—f— — £; + ) . (3.2)
I]? jZ ! <||"°j||3 7 = r)°

Then, we compare the dynamics of the BER4BP with that of the two decoupled Sun—FP, and
Sun—P;, elliptic restricted three-body problems (ER3BPs). For this reason, for each planet we in-
troduce the Sun—planet heliocentric rotating-pulsating reference frame OXY which is centered at

the Sun, and whose axes are parallel to the unit vectors

Tj X Un,

7.
Upj = n, Uy = (3-3)
7511 175 > wn 4|

T X7

where u,, ; = T and j = h,k; in such a reference frame, the planet P; is located on the X

axis.

We investigate the dynamics close to the Lagrangian solutions of the Sun—FP; ER3BP using the
Floquet-Birkhoff normal forms defined in Paez and Guzzo (2021).

3.2.2 The Floquet-Birkhoff normal form in the elliptic restricted three-body
problem

It is usual to describe the planar ER3BP using a rotating-pulsating reference frame and standard
Sun—planet units of measure (so that the sum of Sun and planet gravitational parameters is one,
the semi-major axis of the planet orbit is one, and the revolution period of the planet is 27). The

Hamilton function of the ER3BP in the heliocentric rotating-pulsating reference frame is:

1 1 1 1
H(X,Y, Px, Py, fiigj¢5) =5 [(Px +Y)? + (Py = X)7] = T+ e c05(f;) |:2(X2+Y2) + \/m]

1+ e cos(f;) VX24+Y?2 (X 12472
(3.4)

where €; denotes the gravitational parameter of the planet, and Px and Py represent the conjugate
momenta to X and Y respectively. We remark that the Hamiltonian is not autonomous since

it depends explicitly on the planet true anomaly f;, which is also the independent variable of
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Hamilton’s equations:

AX _ oW dY _ oW dPy _ OH By _ o 55
dfj 0Px’ dfj 0Py’ df; X’ dfj oY

The advantage of the rotating-pulsating reference frame formulation is that the Hamiltonian system
(3.5) has five equilibrium points Ly, ..., L5 in the same location of the Lagrangian points computed
in the Sun—planet CR3BP. We focus our attention on the two collinear equilibria L; and Lo (located
at (X,Y, Px,Py) = (X,,0,0,Xr,), i = 1,2). Following Paez and Guzzo (2021) we construct the
manifold tubes originating at L, Lo of the ER3BP using a suitable Floquet-Birkhoff normal form.
We here summarize the construction of such normal forms.

Let us first rewrite the Hamiltonian (3.4) using the translated Cartesian variables:
q=X—-Xr,, @:=Y, p:=PFPx, pr:=F —Xp, (3.6)

and then we expand it in Taylor series at the origin:
o0
H(q,p; f5) =Y Holq,p; f;) (3.7)
a=2

where H,(q,p; f;) is a polynomial of degree a in (g,p). In the paper Paez and Guzzo (2021), a

canonical transformation:

has been constructed conjugating the Hamiltonian (3.7) to:
N/2
K(Q,P;f;) =) Ku(Q,P)+ Rn1(Q, P; f)) (3.9)
v=1

where K»,(Q, P) denotes an autonomous polynomial of degree 2v depending on (Q, P) only
through the combinations of the terms M and Q2P»; the remainder Ry11(Q, P; f;) is a poly-
nomial of order NV + 1, possibly dependent on f;; N is such that the frequencies of the problem do
not satisfy resonances of order smaller than N (see the paper Paez and Guzzo, 2021, for details).
Since the transformation C(Q, P; f;) is obtained from the composition of a Floquet transformation
and N — 2 Birkhoff transformations, the Hamiltonian (3.9) has been called Floquet-Birkhoff normal
form.

A classification of the orbits in a neighborhood of the equilibrium L; is provided by the flow of

the integrable Hamiltonian:
N/2

’C(va) = ZKZ/(Q’P)’ (310)
v=1

which is obtained from (3.9) by neglecting the remainder Ry41(Q, P; fj). We emphasize that when

the variables (Q1, P1) represent the elliptic motion, while (Q2, P») the hyperbolic one, the lowest

order approximation of X is

Qi+ PY
2

Ky(Q,P)=o0 L4 AQeP, o, ) >0. (3.11)
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The flow of the approximated normal form (3.11) has a family of periodic orbits, the planar
Lyapunov orbits identified by Qa, P> = 0 and (Q1, P1) = /2I1(sin ¢y, cos ¢1), with ¢; € [0,27]
and Iy > 0 suitably small. These Lyapunov orbits have local stable manifold identified by
(Q1, P1) = /2I1(sin ¢1, cos ¢1), Po # 0 suitably small and Q2 = 0, while the local unstable manifold
is identified by (Q1, P1) = v/2I1(sin ¢1, cos ¢1), Q2 # 0 suitably small and P, = 0.

When we map back these sets to the Cartesian rotating-pulsating reference frame with the

canonical transformation
(X,Y, Px, Py; f;) = (X1,,0,0,X1,;0) + C(Q, P; f;)
we obtain:

- the planar Lyapunov tori:

Tn= U {XY Px,Prifj) = (X£,,0,0,XL,;0) +C(Q, P; f;) :
fi.91€[0,27] (3.12)

(@1, P1) = /2L (sin ¢1, cos ¢1), Q2, P» = 0}
- the local unstable tubes of 77;:

W}Llloc: U {(X7Y7PX7PY7fJ):(XLUO’OvXLmO)+C(Q7Pafj)
fi:#1€[0,27] (3.13)

(Qlapl) =V 2[1(sin¢1,cos ¢1)7 |Q2| € (076>7P2 = 0}7
where € is such that (Q, P) is in the domain of the transformation C(Q, P; f;);

- the local stable tubes of 77,:

wiee = | XY, Px, Py f) = (X1,,0,0, X£,50) + C(Q, P; f;) :
fi,01€[0,27] (314)

(Q1, P1) = 2I1(sin ¢1, cos ¢1), | 2| € (0,¢), Q2 = 0},
where € is such that (Q, P) is in the domain of the transformation C(Q, P; f;).

Then, we define the global stable and unstable manifolds Wy , W} of the planar Lyapunov tori by
propagating the initial conditions in the sets Wff"c, WZ“’C with the flow of the ER3BP.

Remark. We remark that the Lyapunov torus is indeed invariant, and the solutions in W7j ,
W}, converge (in the future or in the past) to it only in the approximation which is obtained by
neglecting the remainder of the Floquet-Birkhoff normal form Ryyi. The errors introduced by
such an approximation are negligible for space flight dynamics, as soon N is suitably large (we will
use N = 6).

In Fig. 3.1 we show the projection of the manifold tubes originating at L; and Ls in the
Sun—Earth and Sun—Mercury ER3BP (first four panels) on the plane OXY'; the initial conditions
have been chosen in the local stable and unstable manifolds W} ., W} with f;o = 0, and then are
propagated with the flow of the ER3BP till the orbits arrive at the first aphelion (or perihelion
respectively) which is sufficiently far from the planet. We note that the manifold tube in the
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Sun-Mercury system enlarges when the solution (X(f;),Y(f;)) is getting away from the planet

(panel d)); this behaviour is less evident for the Sun-Earth system (panel c)). This is an effect

introduced by the rotating-pulsating reference frange; as a matter of fact the representation of the
1—e?

same manifold tube in the rescaled variables 1Jre]%sf()( (f5),Y(f;)) (panel f)) are not affected by

this enlargement, while we appreciate the oscillation due to the motion of the Lagrangian solutions

in the non-pulsating reference frame.
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Figure 3.1: Panels a) and c¢) show the unstable manifold tube originating at the Sun-Earth L, for I =
5x 1077, Q2 = 107% fjo = 0 and ¢; € [0,27], while panels b) and d) panel show the stable manifold
tube originating at the Sun-Mercury Ly for I = 5 x 1077, P, = 1075, fjo0 = 0 and ¢; € [0,27]. The
black dots belong to the orbits in the manifold tubes up to the stopping points (aphelion for the Sun—Earth
system, perihelion for the Sun—Mercury system), while the gray dots belong to the same orbits, but for a
later time. The red points indicate the location of the Lagrangian point. Panels e) and f) display the same
manifolds using the rescaled coordinates associated to the Sun—Earth and Sun—Mercury systems respectively
(the reference frame is still a rotating, but not pulsating, one).
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3.2.3 Orbital element representation of the manifold tubes of the ER3BP in
the inertial reference frame

In this subsection we provide evidence that there exists a threshold value for the eccentricity and the
gravitational parameter of the planet P; which changes drastically the distribution of the longitude
of perihelion of the orbits in the manifold tubes originating at L; and Lo in the ER3BP. For
example, if the Sun—P, and the Sun—P; systems fulfill such threshold value, and the distributions
of the longitude of perihelion do not match in the two ER3BPs, this implies that a Hohmann
transfer can not be used to transfer a spacecraft from the unstable manifold tube originating at a
collinear Lagrangian point of P, to the stable manifold tube originating at a Lagrangian point of
Pi.. Conversely, Hohmann transfer exists when at least one of the planets has eccentricity below
the threshold value.

For this reason we study the representation of the manifold tubes of both Sun—F, and Sun—F
ER3BPs using the orbital elements computed in the same heliocentric (non-rotating and non-
pulsating) reference frame. The transformation from the rotating-pulsating reference frame of

planet P; to such a heliocentric (non-rotating and non-pulsating) reference frame is denoted by:
(.’L’,y,’l}l«,’l)y) = T](Xa Y7 PXpr; f]) = T(Xa }/a PXa PY; aj,€j, fj:wj) (315)

where X, Y, Px, Py represent the canonical coordinates and momenta of the rotating-pulsating ref-
erence frame; v, := dx/dt, v, := dy/dt denote the Cartesian components of the velocity in the

heliocentric reference frame; the dependence on the planet P; is absorbed by aj,e;, fj, @;.

A family of orbits in the manifold tubes. Let us consider a solution (X (f;),Y (f;), Px(f;),
Py(fj), f]) with initial condition in WIu17 with (X(fjo),Y(fjo), Px(fjo), Py(fjo), fj()) close to the
torus 7, obtained using the Floquet-Birkhoff normal form. We highlight the evolution of the

solution in different time intervals:

(i) For an initial interval Af; = [fo, f1] the solution remains close to the Lagrangian point,
and oscillates around it. In this time interval the representation of the solution on the Ozy
reference frame using the transformation 7} (see (3.15)) is characterized by orbital elements

oscillating close to the orbital elements of the Lagrangian solution.

(ii) In a following interval Afy = [fi, fo] the solution exits from the Hill sphere of the planet
abandoning the local unstable manifold, and arrives to a distance from the planet where
the spacecraft-Sun two body problem provides a good approximation of the dynamics. The
stopping point fo is easily identified since the time evolution of the orbital elements of the
spacecraft become almost constant before fo. Moreover, we choose fo to be a perihelion or

aphelion (depending on the transfer).

(iii) For a long time interval Afs = [fa, f3], where the solution does not approach again the Hill
sphere of the planet, the orbit of the spacecraft is well approximated by a Keplerian one, with
orbital elements determined at f2. The family K7 of all these Keplerian orbits, obtained for
all the possible initial conditions in the local unstable manifold, can be used for the design of

transfers.

The same arguments apply with minor changes to the solutions in the stable manifolds Wy . We
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therefore provide a representation of the orbital elements for the Keplerian orbits in the families
K7 ,K7,. Depending on the values of the action I and of the phase ¢ which determine the ini-
tial conditions on the local manifolds, and on the value of the true anomaly of the planet f;, we
obtain the distribution of the orbital elements of the spacecraft a,e, f,zw. We find that for small
values of the eccentricity (and therefore including the CR3BP approximation), the longitudes of
perihelia in the family spans the full interval [0,27], thus allowing a simple synchronization of
orbital transfers between the manifolds of two planets and a wide choice of orbital maneuvers.
The distribution of w in the family becomes a smaller interval for larger values of the eccentricity,
thus restricting the possibility of orbital maneuvers and, as a minor consequence, the optimizations
of the Av. The Earth and Venus fulfill the first case, while Mars and Mercury fulfill the second one.

Orbital elements evolution of the Lagrangian solutions. Let us first compute a convenient
approximation for the evolution of the orbital elements a, e, f,w of the Lagrangian solutions L
and Lo in the Oxy reference frame, whose orbits is an ellipse described by r(t) = Xr,r;(t), where
r and 7; denote the position vector of the Lagrangian solution and of the planet P; respectively
in the Ozy reference frame (for further details, the reader is referred to Appendix C). By solving
r(t) = Xp,r;(t) for all ¢, we find immediately

f+wm=f;+w. (3.16)

Moreover, by neglecting the difference in the gravitational parameter of P; with respect to the

gravitational parameter of the Sun, we obtain:

aj(e§ — ]‘)XLi

— 3.17
¢ 2ej(X3, —1)cos fj + (1 +e3) X} —2 (8:17)
and, by defining
§:=ecosf, m:=esinf, (3.18)
we get
§=X} —1+e;X} cosfj, n=e;j X} sinfj; (3.19)

i.e. (§,m) describes a circumference parameterized by the planet true anomaly f;, whose radius and
center are e; X i and (X %Z — 1,0) respectively; the eccentricity of L; is provided by e = /&2 + n?.
We note that the angular momentum A of L; is constant. To represent the longitude of pericenter

of the Lagrangian solutions as a function of f; we introduce the variables:

§:=ecosw, Mn:=esinw (3.20)

which satisfy:

éz §cos(fj +wj) +nsin(fj + w;) = er%i cos w; + <X21 — 1) cos(fj + w;) (3.21)
S

i = Esin(fj + w;) —neos(f; +w)) = ¢; X}, sinw; + (X, — 1) sin(f; + ;)
i.e. (£,7) describes a circumference parameterized by f; whose radius and center are | X 2. — 1] and

3 3 o : : 3 __ 3/&
(erLi cos wj, e; X7 sin w;) respectively. We emphasize that ’XLZ- — 1| ~ 3rgj where ran = /.

The true anomaly f and the longitude of perihelion w of L; are computed by inversion from &, n
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and ¢, 7. We note that?

if 3ruin 2 e; = w € [0, 27|, f is bounded (3.22)
if 3rmin S e; = w is bounded, f € [0, 27]. ‘

Hence, for those planets fulfilling 3rgi; S ej, the longitude of the perihelion of L and Ls is bounded

on a interval whose length is
3ruin
€j

Aw ~ 2arctan (3.23)

In Table 3.1 we write the mass, the semi-major axis, the eccentricity, the longitude of perihelion and
3rain of Mercury, the Earth, and Mars. We note that for Mercury and Mars we have 3ruim S e,
hence the true anomaly of the Lagrangian points are such that f € [0,27] and w is bounded in

some interval whose length is 0.11, and 0.30 respectively. In Figure 3.2 we plot the eccentricity, lon-

Celestial body Mass (kg) a; (AU) €; w; (deg) | 3rmm (s.u.) ﬁ (s.u.) ﬁ (su.)
Sun 1.9885 x 1037 - — — - — —
Mercury 3.302 x 10?3 0.387 2.06 x 1071 77 0.011 1.38 x 1077 | 2.09 x 1077
Earth 5.97237 x 10*4 1 1.67 x 1072 463 0.03 2.95x107% | 3.05 x107°
Mars 6.41712 x 10% 1.52 9.336 x 1072 336 0.014 2.95x 1077 | 3.56 x 107

Table 3.1: Values of mass, semi-major axis, eccentricity, and longitude of perihelion used for the numerical
experiments presented in this paper. On the sixth column we wrote the value of 37y in each Sun—planet
standard unit (s.u.), On the seventh and eighth columns we wrote (in each Sun—planet standard unit) the
minimum and maximum value of £;(1 + e; cos f;)/(1 — e7) with respect to the true anomaly f;.

gitude of perihelion, and true anomaly associated to the Lagrangian solutions of the Sun—Mercury,
Sun—Earth, and Sun—-Mars ER3BPs computed through Egs. (3.19) and (3.21). We remark that
in the circular restricted three-body problem (CR3BP), the eccentricity and true anomaly of L;
and Lo are constants, while the longitude of perihelion varies linearly in [0,27]. Hence, one of
the biggest difference between the CR3BP and the ER3BP is that the values of the longitude of

perihelion associated to L and Ly can be bounded or not.

Computation of the orbital elements evolution for solutions in the manifold tubes. To
highlight the properties of the time evolution of the orbital elements for the solution in the manifold
tubes we numerically integrate the equations of motion of the spacecraft using the ER3BP, with
initial data computed through the Floquet-Birkhoff normal forms for different values of f; for the
Sun—Mercury and Sun—Earth systems, and we calculate numerically the orbital elements using the
swift package. For both systems we consider three orbits of the stable manifold tube of Lo whose
initial data are computed for I; = 5 x 1077, P, = 107°, and fi = 1,3.5 and 6; the orbits in the
rotating-pulsating reference frame, their projection on the Ozy reference frame, and the orbital
elements evolution are plotted in Figures 3.3 and 3.4. Accordingly to the previous discussion, we
note that:

- when the spacecraft is close to the Lagrangian solution (referring to the labels of the figures,

when At is close to 0) the orbital elements oscillate around those of the equilibrium;

- some time after the moment in which the spacecraft leaves the planet Hill sphere the orbital

3We recall that all the dimensional quantities, such as the Hill radius and the semi-major axis, are expressed in
these formulas in the rescaled units of measure so that the planet is at distance 1 from the Sun, referred as standard
units.
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Figure 3.2: Evolution of the eccentricity, longitude of perihelion, and true anomaly of: Ls in the Sun—
Mercury ER3BP (top panels); L; (dashed line) and Ly (continuous line) in the Sun-Earth ER3BP (middle
panels); Ly in the Sun-Mars ER3BP (bottom panels).
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elements stabilize and the orbit is well approximated by a Keplerian one (up to an eventual
close encounter with the planet). In the figures, we plotted in gray and pink the part of the

orbit before such stabilization, in black and red the part of the orbit after such stabilization;

- the eccentricity and the longitude of perihelion stabilize quickly in all the cases. This implies

that for those system characterized by 3rmin S ej, such as that of Mercury and Mars, the

S

distribution of the longitude of the perihelion of the orbits in the manifold tubes, when they

are far from the planet Hill sphere, is bounded.

- in the case of Mercury, the final values of @ belong to an interval of amplitude comparable
to the value Aw ~ 0.11 provided by Eq. (3.23).
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Figure 3.3: Representation of three orbits of the Sun—Mercury Lo stable manifold tube in the rotating-
pulsating and Ozy reference frame (top left and top right panel respectively), and the evolution of the
angular momentum, eccentricity, and longitude of perihelion (bottom panels). The orbits were computed by
integrating the initial data obtained through the Floquet-Birkhoff normal forms with I; =5 x 1077, ¢; = 0,
Q2 =0, P, =10° and for different values of the initial true anomaly of Mercury; we choose f; = 1,3.5,6.
The position of the Sun and the initial data in the Ozy reference frame are plotted in the second panel
through orange and black filled circles respectively. We plot in gray and pink the part of the orbits that
are not in the Keplerian phase (see the previous discussion of the phases (i), (ii), (iii) for a solution in the
manifolds tubes) and in black and red the part of the orbits that are in the Keplerian one.

Relevance for Hohmann transfers. From a space flight dynamics point of view, this implies
that if the orbits in the families of the manifold tubes of two planets P, P, have both bounded
distribution of the longitudes of the perihelion, and if the intervals of these distributions do not

match, it is not possible to perform an Hohmann transfer between the unstable manifold tube
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Figure 3.4: Representation of three orbits of the Sun—Earth Lo stable manifold tube in the rotating-pulsating
and Oxy reference frame (top left and top right panel respectively), and the evolution of the angular mo-
mentum, eccentricity, and longitude of perihelion (bottom panels). The orbits were computed by integrating
the initial data obtained through the Floquet-Birkhoff normal forms with I; = 5 x 1077, ¢; = 0, Q3 = 0,
P, = 107 and for different values of the initial true anomaly of Mercury; we choose f; = 1,3.5,6. The
position of the Sun and the initial data in the Ozxy reference frame are plotted in the second panel through
orange and black filled circles respectively. We plot in gray and pink the part of the orbits that are not
Keplerian, and in black and red the part of the orbits that are Keplerian. The dashed ellipse in the top right
panel represents Lo position in the Ozy reference frame.
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Figure 3.5: Orbital elements evolution for different orbits in two ER3BPs where the planet P; has the same
gravitational parameter of the Earth and eccentricities e, = €; — Ae (continuous line) and epax = €; + Ae
(dashed line) with Ae =5 x 1073,

originating at a collinear point of planet P, to the stable manifold tube originating at a collinear
point of the other planet Pj. In fact, the Hohmann transfer requires that the osculating ellipses
of the departing and arrival points are co-axial. In such a case, other types of transfers may be
considered, in the context of the ER3BP. If instead the two intervals partially overlap, Hohmann
transfers may be found with suitable synchronization of the maneuvers in the context of the ER3BP.
We notice that since for the Earth we have 3ryi 2 ey, then the longitudes of the perihelion of the
manifold tubes originating at Ly and Ly are distributed in [0, 27|, and it is possible to determine
an Hohmann transfer pushing the spacecraft from the unstable manifold tubes of the Earth to the

stable manifold tubes of Mercury or Mars. In Section 3.3 we provide some sample computations.

A test of the threshold effect. We test the validity of the picture provided above for a fictitious
planet having eccentricity e; close to the threshold value €; ~ 3ryi. We use as a model problem
the gravitational parameter of the Earth, and we consider two values of e; slightly smaller or larger
than €;, and we numerically compute backward in time the solutions of the ER3BP with initial
data X = Xy, +107%,Y = 0, Px = 0, Py = X, for different initial true anomalies of the planet,
when eccentricities are epin = €; — Ae, and emax = €; + Ae, with Ae = 5 x 1073; the orbital
elements evolution of the numerically computed solutions are shown in Fig. 3.5. From the figure
we note that for values of the planet eccentricity slightly smaller or larger than the threshold we
obtain a complete different distribution of the longitude of perihelion associated to the manifold
tube of the collinear Lagrangian points; in the first case (epin ~ 2.5 X 10_2) the distribution is
spread in [0,27], in the second case (emax ~ 3.5 x 1072) the distribution is bounded on an interval
whose length is ~ 1.16. This interval is comparable with the interval Aw ~ 1.42 provided by Eq.
(3.23).

Time evolution of the angular momentum. From the Figures 3.3 and 3.4 we notice that the
final values for the angular momentum A for all the orbits are very close (as a matter of fact, much
closer than the final values of the eccentricity). In essence, this is a consequence of the fact that
already on the Lagrangian solutions the eccentricity has a certain oscillation, while the angular
momentum is constant. We therefore compute the time evolution of h as the solution leaves a
neighborhood of the Lagrangian one.

By representing the angular momentum and its time derivative using the rotating-pulsating
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canonical variables, we have:

h = zvy —yvy = /1 — e?(PyX — PxY),

as well as:

dh _dhdfj _ g gy @i L eicossiy

1
Wi ) (3.24)

, = 1-—
dt i e? < (X —1)2+ y2)3/2
The dependence of h on the orbital parameters of the planet appears as a factor multiplying the

wlX,Y)=Y (1 NeE 1)21+ Y2)3/2>

which depends only on the coordinates X, Y of the rotating-pulsating orbital plane. With evidence,

function:

since h is proportional to gj, far from the planet |h| is small; but since the function w(X,Y) is
singular for (X,Y’) = (1,0), close to the planet h is divergent; we also notice that we have h = 0
for Y =0 (so that we have i = 0 on the Lagrangian solutions L1, L), and for (X —1)24+Y?2 = 1.
We therefore check the magnitude of the values of |A| for (X,Y) in the stable of unstable manifold

tubes of interest.

In Fig. 3.6 we represent the values of w(X,Y") using a color scale, and we plot the projection of
some unstable manifold tubes of the Sun-Earth system (computed for I; = 5 x 10~ and f3 = 0) in

the vicinity of L; and Ls; in the case shown by the figure, the maximum value of |w(X,Y)| in the

region visited by the manifold tubes is about 1.3 x 10%; since the term (1 +e; cos f;)e; /(1 — e?) is of

order 3 x 1079 in the Sun—Earth case (the reader is referred to the seventh and eighth columns of
Table 3.1), we obtain || ~ 4x10~3. Moreover, we note that the manifold tubes are going away from
the regions characterized by the highest values of |w(X,Y")| (these regions are colored in yellow). For
such a reason the values of the angular momentum of the Lagrangian solutions and of the solutions
(X(f),Y(fj), Px(fj), Pv(f;)) in the branches of the manifold tubes which go far away from the

planet remain very close up to an eventual additional close encounter with the planet. In Figure
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Figure 3.6: Representation of the values of |w(X,Y)| using a logarithmic color scale restricted to the interval
[10~1,2x10%]. We plot also the the projection of the unstable manifold tubes (white curves) of the Sun-Earth
system whose initial data are computed via the Floquet-Birkhoff normal forms at both the Lagrangian points,
for I =5 x 1077, f; =0, (Q2, P2) = (107%,0) (for L), or (Q2, P2) = (—1075,0) (for Ls), and ¢; € [0, 27].
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3.7 we compare the range of the values of the angular momentum with the range of the orbital
parameters a, e in for a large set of orbits in the families Ky , K7 of the Lagrangian points L1, L of
planets Earth, Mars and Mercury which are of interest for interplanetary transfers from the Earth
to Mars or Mercury (i.e. we consider ICf1 of the Sun-Mercury Lo and of the Sun-Mars L1, and IC}”1
for both Sun-Earth L1, Lo). The represented values have been obtained from numerical integrations
of the ER3BP with initial conditions in the manifold tubes, computed using the Floquet-Birkhoff
normal forms of order N = 6, by fixing the values of I; and Q2 (if we are considering the unstable
manifold), or P» (if we are considering the stable manifold). On this occasion we generated the
initial data by changing ¢; € [0,27] as well as the initial true anomaly of the planet f; € [0, 27];
in such a way we are considering a large sample of the points of the planar torus 7;,. We generate
initial data for two values of I = 5x 107 and I; = 5x 1077, using a uniform sampling of ¢; € [0, 27]
and f; € [0, 27]. The solutions on the unstable manifold tube are numerically integrated for positive
times, and the integration is stopped when the spacecraft is at the aphelion and is far from the
planet; the solutions on the stable manifold tube are numerically integrated for negative times,
and the integration is stopped when the spacecraft is at the perihelion and is far from the planet.
The panels of Fig. 3.7 represent the values of the eccentricity and longitude of perihelion (vs the
value of the angular momentum) of the spacecraft at these stopping points. We note that for the
smaller value of I; we obtain a smaller interval for the angular momentum values (because greater
amplitudes of the invariant torus represent larger oscillations around the equilibrium solutions),
while the intervals for the eccentricity and the longitude of perihelion do not change so much by

changing I.

3.3 Application to interplanetary missions

The previous theory of computation of the families K7 ,Kj of Keplerian orbits in the manifold

tubes of the Lagrangian solutions L1, Ly of the ER3BP has been specifically formulated to design
interplanetary transfers. We illustrate an application using the simplest transfer maneuvers, i.e.
the Hohmann transfers, between the orbits in the sets Kj , K7, of the Lagrangian solutions Ly or
Lo of the ER3BPs defined by two planets Py, Px: from the unstable manifolds of L1, Lo of the Sun—
Earth ER3BP we transfer to the stable manifold of Lg, L1 of the Sun—Earth and Sun—Mars ER3BPs
respectively (we do not consider transfers from the Earth to Venus only because both planets have
a small value of the orbital eccentricity, and the transfers can be conveniently designed using the
two related CR3BPs). The initial conditions and the maneuvers of the transfers are computed
using the ER3BPs, but we also check the effectiveness of the method with a numerical integration
of the BER4BP, accounting of the gravitational interactions of the spacecraft with both planets
P, P, during the full time interval needed for the spacecraft to move from a neighborhood of the
Lagrangian solution of Pj to a neighborhood of the Lagrangian solution of Pj.

The Hohmann transfer consists in two impulsive orbital maneuvers at two points A and B that
are the aphelion and perihelion (or perihelion and aphelion) respectively of two osculating coplanar
and co-axial ellipses in the families K7 , KF .

We denote by A the aphelion or perihelion of the Keplerian orbit where the first maneuver is
performed, and by B the perihelion or aphelion of the Keplerian orbit where the spacecraft is in-
jected after the second maneuver. The possible values for the angular momentum, eccentricity and

longitude of perihelion of A and B that can be used for the different transfers have been plotted in
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Figure 3.7: Values of the angular momentum, eccentricity, and argument of perihelion at the stopping points
for a large set of orbits in the family associated to the stable manifold tubes of the Sun—Mercury Lo point
(top panels), unstable manifold tubes of the Sun—Earth L; and Lo points (middle panels), and the stable
manifold tubes of the Sun-Mars Ly point (below panels). The violet and green points refer the orbital
elements of the tube manifolds computed with I; =5 x 107 and I; =5 x 107° respectively.
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Fig. 3.7; we remark that, as explained in the previous Section, the possible longitudes of perihelion
of the points A, B of the Sun—Mercury and Sun—Mars systems are distributed in a bounded interval

[€Omin, @max), While they spread in [0, 27] in the Sun—Earth case.

Transfers in the two decoupled ER3BPs. We denote by S4 and Sp the sets containing the
angular momentum, eccentricity, longitude of perihelion, and the value of the true anomaly of
the planet associated to the stopping points in the Sun—Earth unstable manifold, and in the Sun—
Mercury (or Sun—Mars) stable manifold respectively. Each element in S4 represents the aphelion of
the Keplerian orbit associated to the unstable manifold tube in the Sun—Earth system computed by
integrating in the future the ER3BP with initial data r;, in the Oxy reference frame, and identifies
the time-span At4 needed by the spacecraft to depart from r;, and reach A. Each element in
Sp represents the perihelion of the Keplerian orbit associated to the stable manifold tube in the
Sun—-Mercury or Sun—Mars system, computed by integrating in the past the ER3BP with initial
data 7y;,, and identifies the time-span Atp needed by the spacecraft to depart from B and reach
T tin. Since the longitudes of perihelion associated both the manifold tube of the Sun-Mercury and
Sun—Mars systems are distributed in a bounded interval [tmin, @max], While they are spread in
[0, 27] in the Sun—Earth case (the reader is referred to Sec. 3.2 for further details), we decided to
compute the optimal Hohmann transfer between the points defined by S4 and Sp by: i) selecting
only the points A’ € Sy characterized by longitudes of perihelion in the interval [@min, @max]; ii)
for each point A’, selecting the point B” € S whose longitude of perihelion is the closer one in
the sampling of the set S4: then we consider the point B’ having the same angular momentum
and eccentricity of B”, the same longitude of perihelion of A’, and whose time-span to arrive at the
vector state in the local stable manifold tube is Atpgr; iii) once we determined all the possible pair
(A’, B"), we consider only the pair (A, B) characterized by the minimum value of the Hohmann
delta-v. In the first and third panel of Fig. 3.8 we plot the total time-span and the corresponding
delta-v needed for the whole transfer between the Earth and Mercury (top panels) and the Earth
and Mars (below panels) for all the pairs (A’, B’) found in S4 and Sp; for both transfers, we
consider the sets S4 and Sp defined by I; = 5 x 10~ 7. In the second and fourth panel of Fig. 3.8
we plot the initial true anomalies at epoch ¢ = 0 with the corresponding delta-v needed for the
transfer of the planets found for the Earth-Mercury and the Earth—Mars transfer respectively. We
note from Fig. 3.8 that the difference between the maximum and the minimum delta-v is small
(about 0.32 km/s and 0.12 km/s for the Earth-Mercury and the Earth-Mars transfer). In Table
3.2 the minimum values of delta-v in the Earth—Mercury transfers obtained by changing the value

of I are written. Once we determine the pair (A, B), we obtain the initial data r;,, i.e. the initial

Sun—Mercury _7 o
Sun_FEarth 5% 10 5 x 10
5x 10~ " 15.543 15.581
5% 107° 15.566 15.603

Table 3.2: Values of the minimum delta-v (in km/s) needed by an Hohmann transfer between K  of the
Sun—Earth Lq and IC‘}”1 e for different values of I1 g and Iy are, whose values are written in the first column
and first row respectively.

position vector in the Oxy reference frame of the transfer belonging to the unstable Sun—-Earth
manifold tube, the time-span At4 needed by the spacecraft to reach 74 (the position vector in Oxy
identified by A), the time-span At needed to transfer the spacecraft from r4 to rp (the position
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vector in Ozxy identified by B) through the Hohmann transfer, and the time-span Atp needed to
reach the final vector state rf;,. For the integration of the transfer we consider the equations of
motion (3.2) where: i) from the starting point r;, to 74 we consider only the gravitational effects
due to the Sun and the Earth; ii) from 74 to rp we consider only the gravitational effects due to
the Sun; iii) from rp to rf;, we consider only the gravitational effects due to the Sun and Mercury
(or Mars).

In Fig. 3.9 we plot the transfer between the Earth and Mercury; the manifold tubes in both
Sun-Earth and Sun-Mercury systems were computed by defining I} = 5 x 10~7. In the top left
panel, the transfer is shown in the Oxy reference frame, where the brown filled circle represent
the location of Mercury at the end of the transfer, the black and cyan points represent 7;,, ra
and rp. The panels below show the projection of the whole transfer in both the Sun—Earth and

Sun—Mercury rotating-pulsating reference frame.

Transfers in the BER4BP. Since the positions vector 7, r4, Tp and ry;, are sufficiently
far from Mercury (or Mars) and the Earth respectively, and also the gravitational parameters of
these planets are small, when we integrate the equations of motion by considering the gravitational
effects of the Sun, the Earth, and Mercury (or Mars) we expect that only small changes appear. For
the computation of the orbital transfer, we decided to: i) integrate the Egs. (3.2) considering both
Earth and Mercury (or Mars) with initial datum 7, and stop the integration when the time-span
is Atq (let r; be the position vector of the stopping point); ii) integrate Eqgs. (3.2) by using as
initial position vector r; and as initial velocity vector the same Cartesian velocity vector found
through Hohmann method for the transfer from A to B in the decoupled ER3BPs (the time-span
of integration is At., and let rz be the position vector of the stopping point); iii) integrate the
Eqgs. (3.2) with initial vector position 75 and as velocity vector the same Cartesian velocity vector
of the point B found in the arrival Sun—planet ER3BP. The integration time interval is Atp.

In the first panel of Fig. 3.10 we show the transfer between the Earth and Mercury using the
BER4BP; both the manifold tubes of the Sun—Earth L; point and the Sun—Mercury Lo points were
computed using the Floquet-Birkhoff normal form with I; = 5x 10~7. The transfer is almost equal
to the transfer found using the ER3BPs (the reader is referred to the first panel of Fig. 3.9). This
is because both Mercury and the Earth does not perturb so much the motion of the spacecraft
when the latter is on the manifold of the Earth and Mercury respectively (the reader is referred
to the right panel in Fig. 3.10 where the distance between the spacecraft and the Earth, and the

spacecraft and Mercury during the whole transfer are plotted).
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Figure 3.9: Transfer in the decoupled ER3BPs between the unstable manifold tube of the Sun—Earth L; (red
orbit) and the stable manifold tube of the Sun—-Mercury Lo (blue orbit) in the Oxy reference frame (top left
panel); for both system we compute the manifold tubes by imposing I; = 5 x 1077 in the Floquet-Birkhoff
normal forms. The brown filled circle represents the location of Mercury at the end of the transfer, while
the black and cyan points denote the location of r;,, 74, and rg. The top right panel displays the distance
between the spacecraft and the Earth (continuum line) and Mercury (dashed line) in the Oxy reference
frame. The projection of the transfer in the Sun—Earth and Sun—Mercury rotating-pulsating reference frame
is shown in the last two panels. For the integration we use the Sun—Earth standard unit of measure, i.e. the
gravitational parameters of the Earth and the Sun are respectively e3 = M3 /(Mo + M3), p = 1 — &3, the
semi-major axis of the Earth is equal to one, while the gravitational parameters of Mercury and Mars are
g; = M;/(My + Ms) with j = 1,4 (Mg, My,M3 and M, are the masses of the Sun, Mercury, the Earth and
Mars respectively; their values are represented in the second column of Table 3.1).
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Figure 3.10: Left panel: transfer between the Earth and Mercury in the BER4BP (for the integration we
use the Sun—Earth standard unit). Right panel: distance between the spacecraft and the Earth (continuous
line), and the spacecraft and Mercury (dashed line) in the Oxy reference frame during the whole transfer.
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Conclusion and perspectives

The Sun—Earth circular restricted three-body problem has been deeply investigated in connection
to astrodynamics. This is because the Sun—Earth Lagrangian points L1, Lo and L3 represent
ideal locations for the observation of the Solar activities and space environment. As a matter of
fact, there exists a lot of literature about the dynamics originating at the L; and Ls points in the
circular restricted three-body problem and the possibility to transfer a spacecraft between these two
points via the heteroclinic intersections of their manifold tubes; moreover, several space missions
were designed to reach the vicinity of the Sun—Earth Lagrangian points L; and Lo (for example
ISEE-3, WMAP, Herschel and Planck) and to exploit the heteroclinic connections as a low-energy
transfer between L; and Lo (for example Genesis and SOHO).

Since the circular restricted three-body problem gives only a crude approximation of the space-
craft dynamics in the Solar System, an extension of the study related to the solutions originating at
the Lagrangian points is required. For these reasons, we decided to analyze the solutions originating
at the Sun-Earth Lagrangian points L;, Lo and L3 in the presence of the planetary perturbations,
and to consider the elliptic shape of the planetary orbits in connection to space flight dynamics.
For this purpose, we introduce several models for the motion of a spacecraft between the circular
restricted three-body problem and a realistic model of the Solar System which is compatible with
the precision of the JPL digital ephemerides. More precisely, we consider the elliptic restricted
three-body problem, the multicircular restricted eight-body problem as well as the bi-elliptic re-
stricted four-body problem. When we study the latter problems, several difficulties appear, since
for the models mentioned above no global constants of motion are known and the development of
perturbations theory is complicated. In this thesis we show how the combination between Hamil-
tonian Mechanics, Dynamical Systems and numerical modelization represents a powerful tool for
the investigation of the spacecraft dynamics in models that are more realistic than the circular one,
and for the study of the solutions of the restricted N-body problem in connection to space flight
dynamics.

More precisely, the PhD research objective is twofold:

1) determination of libration orbits in the vicinity of the Sun-Earth L3z point in a model of the
Solar System that is compatible with the ephemerides provided by the JPL Horizon digital

service;

2) determination of transfer orbits between the Earth and Mercury, and the Earth and Mars,
in the bi-elliptic restricted four-body problem through the exploitation of the manifold tubes

originating at the Lagrangian points L; and Lo.

To reach these goals we apply the methods typical of the Dynamical Systems and the Hamiltonian

perturbation theories. Specifically, we implement the construction of normal forms within the
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averaging method and the computation of chaos indicators.

In particular, for the research task 1), thanks to a combination of the Hamiltonian averaging
method and the computation of fast Lyapunov indicators, we find orbits in the realistic model of
the Solar System that remain in the vicinity of the Sun-Earth L3 for at least two centuries, and
whose libration amplitudes range from 2.5 x 10™* AU to 3 x 1072 AU. For the research task 2), we
analyze the evolution of the orbital elements in the manifold tubes originating at the Lagrangian
points Ly and Lo in the elliptic restricted three-body problem; we find a threshold value for the
eccentricity of the planet where we have a drastic change in the distribution of the longitudes
of perihelion for a family of orbits in the manifold tubes which are of interest for interplanetary
transfers. This threshold value allows to identify the cases where the use of the elliptic restricted
three-body model is necessary with respect to the circular one, and leads to important changes in
the design of an interplanetary mission trajectory between the manifold tubes originating at the
Lagrangian points of different Sun—planet elliptic restricted three-body problems.

The results present in the thesis were published in Scantamburlo and Guzzo (2020) and in the
preprint Scantamburlo et al. (2021).

The topics presented in this thesis are not fully exhaustive, and the reader will probably ask
herself/himself some questions. For example: i) is it possible to design a low-cost and fast (namely
in a time-span that is useful for space missions) transfer from the Earth to the vicinity of the
Sun—FEarth L3 point in the restricted N-body problem? ii) since the vicinity to the Sun, how does
the dynamics around L; and Lg of the Sun—Mercury (or Sun-—Mars) elliptic restricted three-body
problem change when we also consider the contribution of the Solar radiation pressure? iii) can we
use the chaos indicators for the determination of optimal impulsive maneuvers between the manifold
tubes originating at L; and Lo in the elliptic restricted three-body problems? According to us,
the combinations of Hamiltonian Mechanics and Dynamical Systems from both a theoretical and
numerical point of view will help to answer these questions and to develop further methodologies

in modern astrodynamics.
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Appendix A

Computation of the orbital elements
of L3 in the co-rotating reference

frame

Let us consider the circular restricted three-body problem where the gravitational parameter of the
most massive body Py is ¢ and the second body is performing a circular motion around Py with
angular velocity n and initial phase displacement ¢. Let r be the position vector of the spacecraft
in the inertial reference frame centered at Py, and R = (X,Y)” be the position vector of the
spacecraft in the co-rotating reference frame. The relation between the two vectors is R = RTr,

where
R (c?s(nt +¢) —sin(nt + ¢)> ' (A.1)
sin(nt + ¢)  cos(nt + ¢)

Let 7 = p(cos(f +w),sin(f +w))T where a, e, w and f denote the semi-major axis, the eccentricity,

the argument of perihelion and the true anomaly of the spacecraft; then

2
zla(_:ecss)fcos(f+w—nt—¢)
a(l —e?) (A.2)
:msin(f—i—w—nt—gb).
Hence
. 0Xdf  0X
X =74t "ot
= /ﬁ(l+ecos(f)) <H;(Mcos(f+w—nt—¢)sin(f)—sin(f+w—nt—¢)>

a(l —e?)
"1t e cos(f)

=, /ﬁecos(f—f—w—nt—qﬁ)sin(f) — ﬁ(l+ecos(f))sin(f+w—nt—¢)

a(l—e?) .
—}—nwsm(f—i—w—nt—gb)

sin(f +w —nt — ¢)
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y Y oY

“ofdt "o
= a(l'LLGQ))(l—Fecos(f))<1+eios(f)sin(f+w—nt—¢)sin(f)+cos(f+w—nt—¢))>
a(l —e?)
—nmcos(f—i—w—nt—qb)
ﬁ(l+ecos(f))cos(f—l—w—nt—gf))—I— ﬁesin(f)sin(f—{—w—nt—qﬁ)
1— 2
—nli(e(x)z()ﬁcos(f—i-w—nt—gb).
Then the conjugate momenta to X and Y are
Py =X —nY =— ﬁ(sin(f—i—w—nt—d))—i—esin(w—nt—qﬁ))
Py =Y +nX = ﬁ(cos(f—i—w—nt—gb)—i—ecos(w—nt—qﬁ));
hence
P)2(+P}2/_ 1 _ K (A3)
2 VX2+Y2Z 2 '
XPy—YPX:m(1+ecos(f+w—nt—gb)cos(w—nt—gb) ",
A4

+esin(f + w — nt — ¢) sin(w — nt — ¢))
a1 =),

The collinear equilibrium point L3 is characterized by (X*,Y™*, P%, Py) = (X1,,0,0,nX,), with

X1, <0. Let a*, e*, w* and f* the semi-major axis, eccentricity, argument of perihelion and true

anomaly of L3. By imposing Y* = 0 and X* < 0 we get f* +w* —nt — ¢ = 7. From Py = 0

we obtain the condition w* — nt — ¢ = jm with j = 0,1, but the sign of cos(w* — nt — ¢) is not

determined. For this reason, we define k := e* cos(w* — nt — ¢); we note that k% = (e*)?, and

e*cos(f*) = e*cos(m — w* + nt + ¢) = —e* cos(w* — nt — ¢) = —k. Hence, from the relation
X* =X, we get

| X1, =a*(1+k) (A.5)

and by replacing such condition in Py = nXj, we obtain

X1.)? X,
k:1_(nLSZL‘L3" (A.6)

Hence
o if £k > 0, then w* —nt — ¢ =0 and f* = m;
o if £ <0, then w* —nt —¢ =mand f*=0.
The semi-major axis and eccentricity are:

_ |XL3|
14k’

*

e* = k. (A7)

In Fig. A.1 we show the values of the orbital elements in standard unit' associated to L3 for
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Figure A.1: Representation of the semi-major axis (in standard unit), eccentricity, true anomaly and w* —
nt — ¢ associated to the Lagrangian point Ls for different value of u. We remark that for g ~ 1 (as in the
Sun—Earth case) the eccentricity is close to 0, while the semi-major axis is close to 1.

different values of . We remark that Ls is always located at the aphelion, while its argument of
perihelion evolves linearly in time, i.e. w* =t + ¢. Moreover, for the Sun-Earth case, in which

i ~ 1 we note that the semi-major axis of L3 is close to 1, while its eccentricity is close to 0.

'The sum of the gravitational parameters of the two massive bodies, the distance between them and the angular
frequency of the second body are equal to one.
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Appendix B

Comparison between the modified

Fast Lyapunov Indicators

Given the first order differential equations

& =F( ), EecR" teR (B.1)
and its variational equations
: oF
E=|—(&t)] - B Z2eR” B.2
Seen]-= =e (B.2)

where g—lg represents the Jacobian matrix of F', in Scantamburlo and Guzzo (2020) we defined the

modified Fast Lyapunov Indicator as

T E(s) - E(s
mFLI(&y, Z; T') := max /0 max <O,w(§(s))u<)(2)> ds (B.3)

te[0.7] IE(s)I]
with a suitable window function w : R® — R*, while in Guzzo and Lega (2014, 2015) the chaos

indicator was defined as

E(s) - E(s)

T
FLI(&o, Eo; T) ::/0 w(ﬁ(s))st. (B.4)

We decided to use (B.3) to find libration orbits, instead of (B.4) since the chaos indicator (B.3)

converge faster for a libration orbit. As a matter of fact, for libration orbits the function
_ E(s)- 2(s
AilE.Ees) = w(e(s) S =) (B5)

has oscillation terms, but the computation of the integral (B.4) cancels their contributions. If we

consider the integrand

f2(£7575) ‘= max (0,f1(£,5,5)) (BG)
the integral (B.3) sums up all the contributions due to the oscillation terms.

As numerical example, let us consider the forced in time mechanical pendulum whose system
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of differential equations is

a =4 (B.7)
& = —sin(&) (1 — esin(t))
and the variational equations are
F (B3)
Eo = —cos(&1) (1 —esin(t)) Eq

where € = 5 x 1072, We note that when € = 0 the system reduces to the integrable mechanical
pendulum having (&5, £5) = (m,0) as hyperbolic equilibrium point.

We numerically integrate the equations of motion with the initial data &;(0) = 7 —0.69, £2(0) =
0, the initial tangent vector Z1(0) = 1/v/2, Z2(0) = 1/v/2 and in the time interval [0,50]. The
orbit, the evolution of the functions f; and f2, and of the two chaos indicators (B.4) and (B.3)
with w(€) = 1, are shown in Fig. B.1. We emphasize that the chaos indicator (B.3) grows more
rapidly with respect to (B.4) (the reader is referred to the right bottom panel of Fig. B.1). As a

consequence, we understand if a orbit is librating or not in a shorter time-span.
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Figure B.1: Orbit found via numerical integration with initial data & (0) = 7 — 0.69, £2(0) = 0, the initial
tangent vector Z1(0) = 1/v/2, Z5(0) = 1/4/2 and in the time interval [0,50]. The orbit is a libration around
the origin. The second panel displays the evolution of f; and f in time, while the third panel shows the
evolution of (B.4), denoted by Fj in the figure, and of (B.3), denoted by F.
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Appendix C

Orbital elements of 1| and Lo in the
elliptic restricted three-body problem

Let us consider the elliptic restricted three-body problem, in which a planet P; of gravitational
parameter ¢; is performing an elliptic motion with semi-major axis a;, eccentricity e;, longitude of
perihelion w; and true anomaly f; around the Sun of gravitational parameter p. Let use denote by

(Xr,,0) the position vector of L; or Lo in the rotating-pulsating reference frame, and I" = | X, |.

In this appendix we aim to compute the orbital elements a, e, w and f of the Lagrangian

solutions. In the inertial reference frame the position vectors of the Lagrangian point and P; are

respectively:
a(l —e?) .
=T iccosf (cos(f + w),sin(f + w)) (C.1)
a;j(1—e?) )
j = m (cos(fj + @;), sin(f; + @;)) (C.2)
At the Lagrangian points we have
r=1Ir;. (C.3)

From Eq. (C.3) we immediately obtain the two relations:
f—i—w:fj—l—wj, (04)

a(l—e€?) a;(l- 6?)

= . C.5
1+ecosf 1+ ejcos f; (C.5)

The velocity of the Lagrangian solution and P; in the inertial reference frame are respectively:

a(l—e?) (esin f(cos(f + @), sin(f +@)) + (1 + ecos f)(—sin(f + @), cos(f + @))) (C.6)

(ejsin fj(cos(fj + @;),sin(f; + @;)) + (1 + ej cos f;)(—sin(f; + @;), cos(f; + @;)))

(C.7)

where we assume that ¢; is negligible with respect p.
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Since v = I'v; we obtain
esin f ej sin f;

Va(l = e?) Wja —€2)

1+ecosf _P1+ejcosfj

Va(l —e?) \/aj(l —e?)

J

By dividing Eq. (C.8) with (C.9) we get

esinf  ejsinf;
l+ecosf 1+ejcosf;’

while multiplying Eq. (C.5) by Eq. (C.9) we obtain
a(l —e?) =Ta;(1 — €2);

J

hence, to determine the orbital elements of the Lagrangian solutions we solve the system

a(l—e?) aj(lfef)
l+ecosf = = 14ejcosf;
esinf o €j sin fj

V(=) 7 fa;(1-e2)
a(l —e?) =Tta;(1 - e?)

For this reason, we define the variables

E=ecosf mn=esinf.
Then, the solution of system (C.12) is

a;(1— e?)F

2¢j(T3 —1)cos fj + (1 +e2)I® — 2

a =

£:F3—1—|—ejf3cosfj, nzejI‘?’sinfj.

(C.10)

(C.11)

(C.12)

(C.13)

(C.14)

(C.15)

Hence £ and 7 describe a circumference parameterized by f;, whose center and radius are (I'*—1,0)

and e; I'3 respectively.

To represent the longitude of pericenter of the Lagrangian solution we introduce the variables

{=ecosw, 7 =esinw.

Then

£ =ecos(fj+w; — f) =e(cos fcos(fj + w;) + sin f sin(f; + w,))
= {cos(fj + wj) + nsin(f; + w;j)
n = esin(f; + w; — f) = e(cos fsin(fj + w;) — sin f cos(f; + w;))

= &sin(f; + w;) — neos(fj + w;)

(C.16)

(C.17)

(C.18)

— £ =e;T%coswj + (I — 1) cos(f; + @;), il = e, sincw; + (I — 1) sin(f; + @;); (C.19)
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hence € and 7) describe a circumference parameterized by f;, whose center and radius are (ejF3 COS W,
e;I3sinw;) and |T'3 — 1| respectively.
Since |T3 — 1] ~ 32/3 /€5 = 3ry, where ry denote the Hill radius of P;, and e;I™® ~ e;, we obtain

§ ~ 3ry + ejcos fj, N~ e;sin f; (C.20)

§ = ejcosw; + 3ry cos(fj + w;), N~ ejsinw; + 3rysin(fj + w;). (C.21)
We emphasize that if:
e 3ry 2 ej, then w € [0, 27], while f is bounded;
e 3ry S ej, then w is bounded, while f € [0, 27].

In Fig. C.1 we plot the circumferences describing (£, 7) and (£,7) for both 3ryg > ej and 3ry S ej.

€j

(a) 3ru = ej. (b) 3ru S ej.

Figure C.1: Representation of the variables (£,7) and (&,7) for 3rg > e; (panels on the left) and 3ry < ¢;
(panels on the right).
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