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Abstract

Turbulent sprays are complex multi-phase �ows where two or more distinguished phases move to-

gether, mutually exchanging mass, momentum, and energy. These complex �ows play a crucial

role in many industrial applications and in a large variety of natural and environmental processes,

whose signi�cance has been further emphasized during the outbreak of the COVID-19 pandemic

since respiratory events such as sneezing are kinds of turbulent sprays laden with pathogen-bearing

droplets. Therefore, it is vital to achieve a satisfactory comprehension of the mechanisms governing

the process and enhance the model capabilities for applications. The present dissertation inves-

tigates physics and modelling of the dispersion/evaporation of droplets within turbulent jet-spray

conditions, employing both high-�delity simulations as well as low-order modelling approaches.

To this purpose, the present research was �rstly concentrated on the e�ect of bulk Reynolds

number on the clustering and evaporation process of dispersed droplets within a turbulent jet by

employing a solver based on a low-Mach number Navier-Stokes equations and the point-droplet

approximation for the Lagrangian phase under the Direct Numerical Simulation (DNS) approach.

A detailed and systematic analysis was reported in Paper I, where we discussed how lower is the

evaporation rate with respect to what expected by the classical model. Using the DNS data as

reference, the model capabilities for Lagrangian droplets evolution under the Large-eddy Simulation

(LES) framework by considering the parcel concept has been analysed (Paper II). Then, the focus

was moved to a more practical topic, i.e. virus transmission via respiratory droplets due to the

sudden outbreak of the COVID-19 pandemic. Actually, the SARS-CoV-2 virus mainly spreads from

an infected individual's mouth or nose when they speak, cough and sneeze, ejecting turbulent pu�

clouds carrying pathogen-bearing droplets of di�erent sizes, from drops, O(1mm), to small aerosols,

O(1µm). To better evaluate the exposure risk related to these respiratory droplets, accurate and

computationally intensive LES of turbulent pu�s emitted during sneezes in di�erent environmental

conditions were performed. The simulations showed how di�erent could be droplet evaporation and

virus exposure as a function of environmental conditions (Paper III). Inspired by previous �ndings

showing an extended droplet evaporation time with respect to the widely used D2-law model, a

revision of the D2-law has been proposed and tested against reference data from DNSs (Paper IV).

On the footing of this revised D2-law and an e�ective correction to the classical Stokes drag to

account for droplet inertia as well as considering the latest research on turbulent jets and pu�s,

an integrated framework able to describe the evaporation-falling-travelling dynamics of respiratory

droplets for di�erent environmental conditions and respiratory activities are being put forward and

used to assess the e�ectiveness of physical distancing and face coverings, which was elucidated in

Paper V.

Keywords: Dispersed two-phase turbulent �ows, diluted spray, evaporation, low-order modelling,

respiratory droplets, virus transmission
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Chapter 1

Introduction and Background

1.1 Introduction on turbulent spray

Turbulent evaporating sprays, characterized as a dispersed liquid phase being transported by a

turbulent gaseous one, are encountered everywhere around us. As a challenging research area of

�uid mechanics, this multiphase complex �ow plays an important role in our modern life, ranging

from automobile industry to respiratory disease transmission, and from agriculture to manufactur-

ing. Despite the technical and scienti�c relevance of the problem, the understanding and modelling

of the fundamental mechanisms regulating the evaporation and dispersion of droplets in turbulent

sprays is still a challenging matter due to the unsteady, multiscale and multiphase processes in-

volved in these complex �ows. In automobile industry, for instance, an improved understanding of

such processes would contribute signi�cantly to the development of high-e�ciency and low-emission

internal combustion engines. In these applications, the liquid fuel is often directly injected into a

hot-temperature and high-pressure combustion chamber where undergoes a phase transition, via

primary and secondary atomization, followed by a �erce chemical reaction process within the tur-

bulent gaseous environment. Such a complex process completes in a very short time inside the

combustion chamber where many di�erent multi-scale, multiphase and unsteady phenomena are

involved. A typical example is the formation of pollutants which is related to the �uctuations of

temperature and reactant concentrations. In particular, soot forms through a pyrolysis process in

fuel-rich regions where high temperature subsists without enough oxidizer to react [11, 103, 166].

This phenomenology can be observed within droplet clusters, where the concentration of the fuel

droplets can be even a thousand times higher than its bulk value giving rise to a peak in the fuel

vapour concentration. Another recent instance relies in the transmission of respiratory infections, as

highlighted in the COVID-19 pandemic. In fact, the SARS-CoV-2 virus, like many other respiratory

diseases, spreads from an infected individual to other susceptible individuals through virus-laden

droplets formed in the respiratory tract and emitted from the mouth and nose while breathing,

speaking, singing, coughing and sneezing[138]. The size of these droplets span over a wide range

of diameters: from large drops, O(1 mm), to small droplets, O(1 µm) [16, 36, 60, 138, 144, 215].

These droplets, released together with a pu�/jet of buoyant moist turbulent air, are then dispersed

in the surrounding ambient and exposure or inhalation of these droplets leads to a potential risk

of infection [33, 34, 36]. The lifetime of respiratory droplets is controlled basically by the compe-

tition among gravitational forces, drag forces, and evaporation, whereas recent studies proposed
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1.2. Structure of a turbulent spray

the unrevealing importance of turbulent jet/pu� on governing the droplet's fate[175]. Investigating

the transport and deposition of these droplets is thus of fundamental importance to quantitatively

determine the infection risks associated with the droplets' fate and design e�ective guidelines for

disease transmission prevention, which is also bene�cial to better prepare ourselves to tackle possible

waves of the outbreak of COVID-19 or a similar disease in the future.

In this context, the present thesis focuses on the dynamics of dispersed evaporating droplets

within a turbulent dilute jet-spray. The main goals in this work are to extend the fundamental

understanding of this complex physical phenomenon, to improve the capability of existing models

to accurately reproduce it, and eventually to utilize the knowledge obtained and models established

to address practical problems, such as the virus transmission through respiratory droplets. In

the following sections of this chapter, a general introduction about turbulent sprays is presented,

including phenomenological descriptions, introductory concepts and relevant researches, which were

not su�ciently discussed in the appended papers.

1.2 Structure of a turbulent spray

1.2.1 Macroscopic description of turbulent spray

In the following, the formation process of droplets from a column of liquid phase with a non-

swirling turbulent jet is brie�y described. For a comprehensive explanation of the overall evolution

of a turbulent spray, the author recommends Lin and Reitz [115] and Jenny et al. [93]. When

a high-velocity liquid �ow are ejected from a nozzle-like exit into a quiescent environment, the

development of �ne spray driven by di�erent physical mechanisms will go through �ve stages: (i)

establishment of a jet; (ii) formation of liquid ligaments from the jet; (iii) fragmentation of ligaments

into large droplets; (iv) further disintegration of large droplets into smaller ones with a stabilized

size. In many engineering applications, liquid �ow is supplied in the form of liquid sheets whose

fragmentation into ligaments and disintegration into droplets can also be depicted by the simple

concept above even though, the atomization process could be more complicated at each stage. The

second stage, in particular, is not easy to treat and is beyond the scope of this study. Numerical

approaches for this includes level-set[154], Volume of Fluid (VoF)[59], phase �eld method[190].

Fig.1.1 shows a schematic illustration of the atomization process of a liquid jet issuing from a

round exit. Conventionally, the so-called primary atomization occurs close to the nozzle region where

Kelvin-Helmholtz and Rayleigh-Taylor instabilities develop at the gas-liquid interface promoting the

jet fragmentation and giving rise to a system of large droplets and ligaments enclosed within the

environmental gas [126]. Further downstream, secondary atomization follows: the aerodynamic

forces, arising as a consequence of the relative inter-phase velocities, causes interface instabilities

that lead to a further disintegration of droplets and ligaments into even smaller fragments [93, 126].

In the zone near the injector, mean fractional volume of the liquid phase is so close to O(1) that

the liquid phase cannot treated as dispersed elements. Away from the injector, as the thick liquid

sheets engulf the surrounding gas and become unstable, the void fraction starts to increase with the

formation of ligaments and large droplet. Zones characterized by these processes are termed as dense

spray region, where the volume fraction of liquid is still high, droplet deformation and collisions

are dominant, and the vaporization rate is negligible. The dense regime terminates when the

surface tension prevails on aerodynamic stresses preventing a further fragmentation [93]. Further

JIETUO WANG 2



1.2. Structure of a turbulent spray

Figure 1.1: A schematic diagram of various �ow regimes and atomization processes of a round liquid jet
issuing into stagnant gas (taken from [93])

downstream, a dilute regime establishes where the liquid volume fraction is small enough that

the droplet mutual interactions, such as collisions and coalescence, can be neglected [70], and the

vaporization process becomes signi�cant as most of liquids evaporates at this stage of the turbulent

spray evolution [67]. In the dilute regime, small droplets evolve preserving a spherical shape due

to the dominance of the surface tension on aerodynamic stresses [64, 70, 93]. Even though the

presence of liquid phase still exerts a considerable e�ect on the �ow in terms of mass, momentum,

and energy balance, in dilute conditions the droplet size is usually below, or comparable to, the

dissipative scales of the turbulent �ow. In these conditions the point-droplet approximation is

widely accepted and the hybrid Eulerian-Lagrangian framework is considered suitable and reliable

for the numerical description of problem [64]. In this framework, the mass, momentum, and energy

exchanges between the Eulerian carrier phase and Lagrangian point-droplets can be accounted

for via distributed sink-source terms in the right hand side of the balance equations governing

the Eulerian phase while the droplet kinematic and thermodynamic variables are evolved in the

Lagrangian frame [39, 51, 57, 64, 127]. Details about the regimes classi�cation on particle-laden

�ows and correspondent approaches to model these drops can be found in Sec.1.2.4.

1.2.2 Turbulence

All of the aforementioned processes within a spray take place within the underlying role played

by turbulence. Actually, turbulent �ows, characterized essentially by irregularity, unsteadiness and

chaos, are involved in most natural phenomena and engineering applications. This temporal-spatial

randomness of turbulence leads to a really challenging problem when one tries to predict it with

a deterministic approach. Meanwhile, turbulence is capable of e�ciently transporting and mixing

�uids due to the richness of vortical structures (eddies) occurring on multiple length scales, which

is of primary importance in many applications. Reynolds [170] �rstly distinguished the turbulent

dynamics by observing the motion of dye ejected into a long pipe full of water. Later Reynolds [171]

established that a �uid medium is characterized by a single dimensionless parameter, Re (Reynolds

number), and the turbulence likely develops when this parameter exceeds about 4,000 in pipe �ows.

JIETUO WANG 3



1.2. Structure of a turbulent spray

The de�nition of Re is quantitatively described as follows:

Re =
UL

ν
, (1.1)

where U and L are the characteristic velocity and length scale of the �ow, respectively, with the

kinematic viscosity being denoted by ν which is the ratio of dynamic viscosity µ and density ρ of the

�ow, i.e. ν = µ/ρ. The Reynolds number indicates the relation between inertial and viscous forces;

large Re number generally indicates the dominance of the inertial e�ect over the damping action

of the viscosity, resulting in a high level of turbulence. Stronger the turbulence, the higher the

mixing. That is the reason why the automobile industry always attempts to increase the injection

pressure of the fuel supplied, so stronger turbulence promotes the rapid mixing of liquid fuel with

the oxidizer, leading to higher combustion e�ciency[4].

According to the concept introduced by Richardson [172], a hierarchy structure of eddies with

a wide range of sizes exists within developed turbulence. This concept, termed as energy cascade,

provides a qualitative picture about how the turbulent energy of the overall �ow is transferred from

large scale eddies to smaller and smaller ones through a breaking-down mechanism. In the energy

cascade concept, kinetic energy enters the turbulent motion through the production mechanism

at the largest scales comparable to the characteristic length scale of the system L0. These eddies

of large scale lose their stability and create smaller eddies inheriting kinetic energy from their

parent eddies. This cascade process persists until a very small scale is reached where the kinetic

energy initially acquired from the largest eddies is dissipated into heat due to the viscous action.

Kolmogorov [106] advanced this scenario and quanti�ed the size of the smallest eddies that are

responsible for dissipating the energy. Kolmogorov hypothesized that, at su�ciently high Reynolds

number, the small-scale turbulence is statistically isotropic, and its statistics have a universal form

that can be determined by two parameters, namely the kinematic viscosity, ν, and the dissipation

rate of the turbulent kinematic energy, ϵ. The demarcation length scale, LEI , used to separate

the isotropic small eddies and the anisotropic eddies is around 1
6L0 with L0 being the largest size

of eddies[163]. Provided the two parameters, the smallest scales, often referred to as Kolmogorov

scales, can be de�ned as follows:

η = (
ν3

ϵ
)1/4 (1.2)

which becomes smaller and smaller as the Reynolds number is increased. Below the length scale LEI

occurs the universal equilibrium range which, according to the second similarity hypothesis[163],

could be divided into two subranges, i.e. inertial subrange and dissipation range, by a length scale

LDI ≃ 60η. In the inertial range, with scales ranging from LDI to LEI , the e�ect of inertia on

the energy dissipation is predominant. Below the lower limit of the inertial subrange, the inertial

e�ect of the �uid is not signi�cant anymore so that the turbulent motion in this range (< LDI)

experiences signi�cant viscous e�ects.

Concerning the particular properties of turbulence, such as randomness, irregularity, unsteadi-

ness as well as richness of temporal-spatial scales, a simple analytical theory to calculate quantities

of interest and practical relevance is infeasible. In this context, various numerical approaches or

models have been developed and advanced with achieving the goal of obtaining the relevant prop-
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1.2. Structure of a turbulent spray

erties of the turbulent �ows. A particular example is the Reynolds averaged Navier-Stokes (RANS)

method, which has been widely and mainly applied in the industrial area due to its simplicity

in performing prediction on complex geometries. In this technique, the unsteadiness of �ows is

averaged out, and the e�ect of the �uctuation on the mean motion must be modelled, which is

achieved by decomposing all quantities of the �ow into a time-averaged value and a �uctuating

one. The decomposition process introduces unknown terms. The conventional closure models for

these unknown terms include a Reynolds stress model (RSM) or a turbulent viscosity model, such

as κ− ϵ[95]. RANS does demand lower computational power but involves complicated models, and

detailed information about the �ow structure are not accessed. In contrast, the Direct Numerical

Simulation (DNS), which resolves all length and time scales present in turbulent �ow, has shown

its capability to capture the whole physics of turbulent �ows in order to understand the complex

phenomena involved[127]. Since no modelling is applied, the approach requires computational re-

sources prohibitively expensive in some contexts, when high Reynolds numbers conditions or a large

number of degrees of freedom are involved. However, investigations using this direct approach are

still limited since the size of meshes needs to be extremely small so as to capture a cascade of en-

ergy in a realistic manner. Considering the request of �nite computation resources and reasonable

prediction details, Large Eddy Simulation (LES), which lies between DNS and RANS, represents

an alternative. In LES, as in DNS, the large-scale energetic turbulent motions are directly solved

while the e�ects of the sub-grid scale (sgs) motions on the resolved �ow �eld must be modelled.

This is based on the rationale that the structure of large eddies in turbulent �ows is generally char-

acterised by geometry while that of small eddies is more universal. A detailed discussion is referred

to Sec. 1.2.6.

1.2.3 Free round-jet

Before moving onto the multiphase dynamics, being turbulent sprays initially jets so free shear �ows,

they inherently own the general properties of turbulent �ows and exhibit their unique features. In

a classical picture, we can consider a Newtonian �uid originating from a round shape exit with a

diameter D and �owing into a quiescent environment. As air from the irrotational surrounding �uid

is entrained into the jet due to the high vortical activity arising in outer regions, the jet grows up

in the radial direction, denoted as r, with axial distance, denoted as x, along which the jet velocity

decays. During the spread and decay process, the momentum �ux remains constant while the mass

�ux, as it must, increases along the axial direction. A sketch shows the �ow �eld structure of a jet

issuing from a round-shape nozzle, see Fig.1.2. Generally speaking, three regions can be de�ned

with downstream distance in an axisymmetric round jet, which are the near �eld, the far �eld, and

the intermediate �eld between the other two.

The near �eld (x/D≤ 10) is a region where a potential core appears together with the establish-

ment of vortical structures in the shear layer due to the initial instability created by the jet. Initial

conditions also a�ect the mean velocity pro�le at the exit. George [80] argued that the di�erences

observed in the far �eld could be attributed to the di�erence in the large-scale vortical structures

created in the near �eld that propagate into the fully developed region. Beyond the near �eld is

the transition/intermediate region (10≤x/D≤30) where appears the Re-dependent evolution and

interaction between the energetic vortical structures. From an engineering view, this region a�ects

the transfer of mass, heat, and momentum, thus it can bene�t practical applications, such as fuel-air

JIETUO WANG 5



1.2. Structure of a turbulent spray

Figure 1.2: A sketch of the free round-jet issuing into the stagnant air (taken from[17])

;

mixing, by controlling the �ow evolution in this region. Researches focusing on these two �elds of

the turbulent jet can be separated into two points: the e�ect of initial conditions and controlling

the large-scale vortical structure arising from the near �eld[111].

The far �eld (x/D≥30) is the fully-developed region where the �ow is featured as self-similar

and equilibrium. In this region, the variation of centreline velocity, U0(x), and the jet's half width,

r1/2, , could be scaled as:

U0(x)

UJ
=

B

(x− x0)/D
, (1.3)

r1/2(x) = S(x− x0) (1.4)

with B being velocity decay constant, ∼6 [163]. x0 indicates the virtual origin from which the

self-similar solution approached by a round jet can be represented by a �ow induced from a point

source of momentum[54]. r1/2(x) is the lateral position where the local velocity is half of the

centreline velocity and S is the spreading rate. Meanwhile, the axial gradient could be smaller than

its counterpart in the radial direction, resulting in the legitimacy of thin shear layer approximation

by considering an appropriate scaling. Recent research works carried out by Burattini et al. [40, 41]

and Thiesset et al. [202] improve current understanding of turbulent round-jet, in particular scale-

by-scale energy budget and equilibrium similarity on the far �eld. For other research details related

to the turbulent free round-jet, an exhaustive review was delivered by Ball et al. [17], especially

focusing on characterization, entrainment, e�ects of the initial conditions and similarity, length

scales, spectral analysis and coherent structures. Kaushik et al. [102] reviewed the CFD studies

performed in the last few decades to show the controlled and uncontrolled jet characteristics.

1.2.4 Dispersed particle/droplet

Regimes

The turbulent �ow itself is a problem notoriously di�cult to solve, so the move-in of a second

phase makes it even more challenging. Indeed, the complexities introduced by dispersed phase

range from the multiway coupling method between particles/droplets and the carrier �ow, to the

properties of particles/droplets, like shape, size, deformability and number etc. Due to the vastness

of subject matter, only small rigid spheres carried by turbulent �ows are of interest in the present

JIETUO WANG 6



1.2. Structure of a turbulent spray

work. It should be noted that small droplets behave as rigid spheres. Comprehensive reviews on

this topic have been done by Balachandar and Eaton [15], Brandt and Coletti [38]. Here, the author

simply describes di�erent regimes characterizing the interaction level between two phases and the

simulation/modelling methods for dispersed particles. Particular attention will be given on the

dilute regime whose de�nition is detailed below.

Figure 1.3: Classi�cation map of particle-laden turbulent �ows (Figure taken from [64, 65])

Elghobashi [64], based on the experimental and Direct Numerical Simulation (DNS) data of

particle-laden �ows at the time, proposed an original two-dimensional map classifying multiphase

�ows. Then, the classi�cation map has been slightly modi�ed by Balachandar and Eaton [15],

Elgobashi [65], and largely enriched into three-dimension by Brandt and Coletti [38] recently. Fig.1.3

is a regime diagram, reproduced from [65], showing the di�erent regimes characterizing the particle-

laden �ows. In order to depict the interaction level between the particles and carrier �ows, three

regimes are de�ned according to the critical parameter Φ, the volume fraction occupied by the

dispersed particles (some researchers prefer the mass loading Ψ, de�ned as the mass ratio between

two phases). In this context, low Φ (≤ 10−6) represent a very dilute suspension regime where

the volume fraction of dispersed particles is so small that interactions between particle-particle and

particle-�ow are negligible and the overall particle inertia so small that the presence of inertial

particles scarcely changes the dynamics of carrier �ow. This regime is often termed as the one-way

coupling regime, where particle dispersion is dominated by the state of turbulence but the reciprocal

in�uence is insigni�cant. Increasing Φ up to 10−3 (or the mass of two phases is comparable)

will inevitably lead to the so-called dilute suspension regime in which, except for the in�uence
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exerted from the carrier phase to the dispersed one, the global particle inertia starts to play a

signi�cant role in modulating �ow dynamics, and the mutual interaction between particles is still

unimportant. In this regime, inertial particles could modify the turbulence dynamics and vice versa

(thus termed two-way coupling). Meanwhile, within the dilute suspension regime, several zones can

be categorized by taking into account Stokes number St, de�ned as the ratio between characteristic

particle relaxation time τd and the timescale τk characterizing local velocity �uctuation in the

turbulence (here k denotes Kolmogorov timescale). When particle Stokes number is of the order

O(1), a striking phenomenon called inertial clustering becomes extremely strong, which will be

detailed in section(1.2.4). Back to the Fig.1.3, further increasing the particle loading (Φ ≥ 10−3) in

the �ows will �nally enter the dense suspension regime where, in addition to the two-way coupling

between the dispersed particle and carrier �ows, particle/particle interactions (such as break-up,

agglomeration and collision) take place, hence called four-way coupling. It is worth noting that a

demarcation line between the dilute regimes and dense regime shifts towards lower Φ, as Elghobashi

[64] argued, due to the increasing tendency of particle/particle collision to emerge at higher values

of τd/τk. In the case with very large particle loading, i.e. Φ ∼ 1, the interparticle collision play a

dominant role, called granular �ow regime which is not visible in Fig1.3.

As mentioned above, within the dilute suspension regime at a given Φ value, there are several

zones, depending on the particle Stokes number St = τd/τk, as showed in Fig.1.3. For each Zone,

multiscale modelling approaches to simulate the turbulent �ows bearing particles have been devel-

oped and summarized in Ref.[15]. In Zone A, the Stokes number of dispersed droplets is so small (up

to O(10−1)) that their motion is assumed to be ruled exclusively by the surrounding carrier phase,

leading to an almost overlap of trajectory between particles and the local �uid. These droplets/par-

ticles were referred to as microparticles in Elgobashi [65] who shown that these tracers-like particles

could increase both turbulence kinetic energy (TKE) and its dissipation rate (ϵ) relative to values

in particle-free �ows. Therefore, one can consider the particle-laden �ows characterized by these

features as a single-phase �uid, and use the dusty gas approach [44, 122] or equilibrium Eulerian

approach [71, 73] to simulate it. In addition to solving the mass, momentum, and energy equations

of the 'mixture', the former approach simply takes into account the mass fraction equation of dis-

persed phase, whereas the velocity �eld of particles is also explicitly expressed in the latter, resulting

in a more accurate prediction of the slip velocity of moving particles and, hence, potentially captur-

ing physical phenomenon like inertial particle clustering[168]. Balachandar and Eaton [15] claimed

that the principal advantage of this method is the computational simplicity. Given St ≤ 0.2, quite

accurate simulation results could be obtained[72, 167, 185]. Increasing the St, we move out from

Zone A and enter a new Zone B where the single-�uid approach is insu�cient to reproduce the

dynamics of two-phase �ow since these dispersed particles, named as ghost particles in [65], are

capable of modifying the turbulent energy spectrum. Instead, the Eulerian approach, treating the

particulate phase in a continuum way as the carrier one, is applicable[53, 75]. The properties of

dispersed particles are represented as �elds. In this context, mutual interaction between two phases

could be taken into account in the two-phase approach by adding source/sink terms obtained from

the Eulerian �elds of particles to the carrier phase formulations. The merit of dealing with the

dispersed particles in such a continuum way is to relax the limitation of Stokes number imposed

on the dusty gas/ equilibrium Eulerian method[15]. The Eulerian approach, nevertheless, becomes

computation-expensive when the particulate phase with a wide range of sizes are of interest in the
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particle-laden �ows, demanding the use of the probability density function approach to derive the

governing equations[76].

Concerning particles with higher Stokes number (1 ≤ St ≤ 10) and small size (compared to the

Kolmogorov length scale of the �ow), Zone C in Fig.1.3, they do not respond to fast �uctuations

of the surrounding �uid as quickly as microparticles do but deviate from the trajectories of the

surrounding �uid. Elgobashi [65] referred particles in this range of St as large particles who are

potential to reduce the local TKE and ϵ relative to that of particle-free �ows. While microparticles

tend to be trapped within the vortical structure of turbulent �ows, large particles cross these struc-

tures and preferentially populate in regions featured by high local strain-rate. To address particles

in this range, one can resort to the Lagrangian point approach in which a Lagrangian description

of particles is adopted and information for all particles, such as position, mass, momentum, is inde-

pendently obtainable by solving equations on each Lagrangian element. This approach is especially

favourable in the context where the polydispersity of dispersed particles introduces a wide range

of time and length scales. Other advantages of the Lagrangian point approach over its Eulerian

counterpart compose of the capability to capture the size-dependent information of dispersed parti-

cles, no fundamental restriction on St number because of the uniqueness property, and minimizing

numerical di�usion in dispersed-phase �eld[198]. Along with many advantages o�ered by the La-

grangian point approach, opportunities for improvement in some aspects exist. For instance, the

e�ects of dispersed particles on the carrier �ow are modelled through localized sink/source terms,

which means enough particles in each cell is required to have a smooth feedback force from the

particles[147, 198]. The Lagrangian point approach as well as other aforementioned methods, ex-

plicitly or implicitly, assume that the particle size is much smaller than the smallest undisturbed

�ow scales of the surrounding �ows. Above the limit of Lagrangian point-particle approximation,

St ∼ 10, is Zone D, where the typical size of particles within turbulence could be comparable or

larger than the Kolmogorov scales of the carrier phase, termed as �nite-size particles. A fully re-

solved method, in this context, is required to completely resolve all the scales of the ambient �uid

and �ow scales introduced by dispersed particles. The main restriction of this fully resolved ap-

proach to be applied is the particle number seeded into the carrier �ow[15]. Comprehensive reviews

on this topic can be found in Brandt and Coletti [38].

In the present work, as discussed in the methodology chapter, we employed the two-way coupling

method by imposing a low-Mach number approximation for the Eulerian carrier �ow and Lagrangian

point-approach for rigid spherical particles/droplets.

Preferential concentration

When the movement of small inertial particles is of interest in turbulent �ows, an attractive char-

acteristic is the preferential concentration of particles denser than the carrier �uid, forming clusters

and void regions, which is also known as inertial clustering. The complexity of this phenomenon[130]

has drawn considerable attention from the community of �uid dynamicists, leading to a very large

number of laboratory experiments, numerical simulations and theoretical studies with a speci�c

purpose to understand the mechanisms controlling inertial clustering, quantify the structure or

properties characterizing the clusters, and analyze the e�ect of this striking phenomenon on others,

such as particle collision and coalescence, droplet evaporation, turbulence modulation, etc. For

more details, readers are referred to exhaustive reviews on this topic in [15, 38, 61, 143]. Here, the
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1.2. Structure of a turbulent spray

author would like to give a concise description of the mechanisms proposed and characterization

methods related to this phenomenon.

The most intuitive explanation of inertial clustering is often cited as centrifuging e�ect: particles

denser than the �uid, due to their inertia, are prone to be centrifuged out from vortical structures

and easily trapped in convergent regions of the �ow. Considerable evidence has been provided

supporting the highly correlated relationship between regions characterized by low enstrophy and

high strain-rate, and regions of high population density of heavy particles. Bec et al. [23], setting

random �ow �elds with Gaussian statistics, performed simulations to investigate the setting velocity

of inertial spherical particles. He showed that the divergence of particle velocity �eld is positive

in regions where the vorticity dominates, and, consequently, inertial particles tend to concentrate

in high strain-rate/low enstrophy regions. Squires and Eaton [195] tracked inertial particles in

a DNS of forced homogeneous turbulence, �nding the move intensive preferential concentration

for Stokes number (based on integral scale) of 0.15, with peak concentrations over 30 times the

mean. Tanaka et al. [200] found strong correlation between particle concentration and vorticity

iso-contours in qualitative visualizations obtained from DNS results. Bec et al. [23], via analyzing

the relative fraction of particles in the vortical regions as a function of Stokes number Stκ in a

three-dimensional DNS, found that relative particle number tends to decrease in vortical regions

as the Stκ close to unity, indicating a movement of heavy particles towards regions dominated

by high strain-rate. Gibert et al. [83] measured the mixed particle velocity�acceleration structure

function in a von Karman �ow and showed trends consistent with inertial clustering in high strain-

rate regions. However, inertial clustering is most intensive as Stκ close to O(1) below which the

small particle inertial is su�cient enough to drive them from vortices[20]. At a higher Stokes

number, the centrifuging e�ect is not that relevant to explain clustering. To cover this lack, a new

explanation, known as sweep-stick mechanism, was put forward by CHEN et al. [46] who found,

in two-dimensional turbulent cases, a strong correlation between the inertial particle sampling and

zero-acceleration points in a wide range of scales. As they explained, zero-acceleration points

moving with the local velocity of �ows are swept by the �uid; and particles that meet a zero-

acceleration point moves with the �uid velocity (referred as stick), forming clusters in their vicinity.

Coleman and Vassilicos [52] argued that, in the inertial range, inertial clustering establishes from

large-eddy structure sweeping smaller ones, which means the sweep-stick mechanism even hold in

large scales independent of Stokes number. On the other hand, as the centrifuging e�ect is only

dominant for the small Stokes number regime ( St ≪ O(1)), [37] argued that, outside this regime,

a reasonable explanation could be the path-history mechanism: inertial particles can retain a short

memory of their interaction with turbulence at earlier times along its path history, displaying

important contribution to determine droplets velocity at the current time and generating clusters.

The signi�cance of history e�ects was also emphasized by Gustavsson and Mehlig [87], Liu et al.

[119].

As the preferential concentration of inertial particles appears over a wide range of scales in tur-

bulence, several mathematical tools have been developed to characterize this phenomenon. Readers

are referred to �nd more comprehensive reviews in [1, 143]. Here, only the most widely used ap-

proaches are listed together with representative research works where they were employed:

� Clustering index (CI): The de�nition of CI as the variance-to-mean ratio of particle number

in a speci�c area/volume is naturally built on the property of Poisson distributions whose
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variance is equal to the mean. This method was introduced to cloud physics by Baker [13],

and, recently, used to quantify the clustering in spray dynamics[57, 206]. As A. et al. [1]

suggested, particular caution should be taken when one interprets this approach. Due to its

inherent volume dependence, it presents contributions from a range of spatial scales instead

of a unique one.

� Box-counting method: This method is actually an improved approach based on the clus-

tering index mentioned above. Certain spatial bins with a speci�c size are employed to count

particle numbers, and correspondent Probability Density Functions per box are compared to

the Poisson distribution. Using this approach, Aliseda et al. [5], Fessler et al. [74] showed

evidences supporting Wang and Maxey [207]'s observations that clustering become more in-

tensive for Stokes number near O(1). Similar to the clustering index, this method is dependent

on the length scale chosen to de�ne the spatial volume counting the particles.

� Correlation dimension: This correlation dimension is an extensively used approach in the

�eld of dissipative dynamic system theory and was introduced to characterize the particle

clustering by Bec et al. [22]. It is essentially de�ned as the small-scale power-law scaling of

the probability to �nd two particles separated by a given distance and was used in the context

of particle clustering by Bec et al. [21, 22].

� Radial distribution function (RDF) or pair correlations: The RDF, also very often

cited as pair correlation[1, 143], is typically de�ned as the probability of �nding a second

particle at a certain radial distance away from a reference particle, compared to a case where

particles are homogeneously sampled. This method has a great advantage in quantifying

turbulence-driven clustering of particles or droplets in a scale-by-scale way, and thus has

been extensively employed to investigate this complex phenomenon[86, 158, 182, 217, 224].

However, as Baker et al. [14] argued, the RDF is essentially calculated over whole particle

�elds without taking into account individual clusters, providing information more global than

local.

� Voronoi diagram: Monchaux et al. [142] introduced the use of Voronoi analysis to quantify

the clustering in the context of particle-laden �ows. The n-dimensional space is uniquely

decomposed into independent cells attached to each particle, with each Voronoi cell containing

an ensemble of points closer to the reference particle than any other. If particles are randomly

distributed in the space, the probability density function of the cell size is close to a Γ function,

whereas inertial particles will show a broader PDF[38, 69]. The main advantage is that

the inverse of the volume of each Voronoi cell is strictly equal to the local particle number

density, allowing evaluate the local particle distribution at a self-adapted spatial scale. Baker

et al. [14] also mentioned the high computing e�ciency of the Voronoi diagram, even dealing

with a very large set of particles. This method has received considerably positive responses

from the community in this �eld, and several researchers have used it to study the particle

clustering in turbulence �ows[151, 158, 165, 199, 211, 220]. However, the Voronoi diagram is

not recommended to use when particle number density is low since it tends to subsampling

bias, a�ecting some important observables[38, 140, 141].
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1.2.5 Evaporation of turbulent sprays

Droplets evaporation within sprays involves mass and heat exchange processes in a turbulent en-

vironment, thus being of great signi�cance for practical applications. In combustion systems, for

instance, the droplet vaporization process is the governing factor for combustion. Another example

is the evaporating respiratory droplets whose fate could be directly linked to virus transmission.

Early studies focused on the evaporation process of a single droplet in a quiescent atmosphere

where the so-called D2-law controls the evaporation rate of a liquid droplet. The origin of the

D2-law could be traced back to the theoretical work of Langmuir [110] who, after analysing the ex-

perimental results of Morse [145], put forward the proportional relationship between the mass loss

rate of a spherical drop and its radius (also to diameter) by assuming the analogy between the di�u-

sion and conduction heat transfer. This framework, later, was complemented by Spalding[192, 193]

who considered the inward conduction of partial reaction heat to provide the latent heat of droplet

vaporization in a combustion context. According to the D2- law, droplet temperature is unchanged

during the evaporation process, and its surface decreases linearly with time, determined by an evap-

oration rate constant which is dependent on the thermal-physical properties of the droplet itself

and the surrounding air, due to the rapid mixing assumption. Due to its simplicity, D2-law, since

introduced (over 100 years), has received the most attention and has been applied in many research

applications, e.g. non-reactive and reactive evaporation of liquid droplets[194, 212, 213]. However,

recent researches reported signi�cant deviation of droplets evaporation behaviour from this classical

model[31, 32, 55, 123, 206]. A big step of the in�nite conductivity model came from Abramzon

and Sirignano [3]'s work in which the e�ects of Stefan �ow on heat and mass transfer between the

gas and droplet are taken into account. Indeed, the in�uence of Stefan �ow on the evaporation

process is essential, especially in the case that the partial pressure of vapour in the surrounding

gas is not small compared with the total pressure[58]. In the Abramzon-Sirignano model, named

by the two authors, two correction factors were introduced to consider the relative thermal con-

duction and di�usion variation of gas-liquid �lm thickness due to the Stefan �ow. The basis of

this consideration is that the rates of molecular transport by thermal conduction or di�usion go-

ing through the �lm should be equivalent to the real intensity of convective heat or di�usive mass

between the droplet surface and the surrounding �ow. This model is robust, as they claimed, that

could be employed in very low Reynolds number situations as well as boundary layer cases[30].

Chen and Pereira [47] applied both the rapid mixing model (D2-law) and the Abramzon-Sirignano

model in many-droplet spray calculations and showed that the latter approach could provide su-

perior agreement with the experimental results. Pinheiro and Vedovoto [160], by assessing droplet

evaporation models mostly employed in spray combustion situations against the benchmark data

from experiments, concluded that the Abramzon-Sirignano model is the only choice since it does

not overestimate the evaporation rate for any environmental conditions. Bellan and Harstad [25]

argued that the non-equilibrium phenomena which appear in the gas-droplet interface should be

taken into account in modelling droplet evaporation. This statement originated from their previ-

ous �nds on modelling droplet combustion that the non-equilibrium evaporation behaviours prevail

when a high evaporation rate presents[26], which was consistent with their later observations about

remarkable non-equilibrium e�ects on droplets size usually found in practical spray calculations[136].

On the root of these shreds of evidence, Miller et al. [136] fully described a model based on the

non-equilibrium Langmuir-Knudsen evaporation law, assuming a non-uniform temperature distri-
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bution across the droplet radius. In the same work, they also evaluated a number of well-established

evaporation models that are usually used in simulating turbulent sprays. They showed that most of

these models behaved almost identical performance when the evaporation rates were relatively low.

Nevertheless, the non-equilibrium evaporation framework agrees most favourably with a broader

range of experimental measurements for the temporal evolution of droplets size and temperature.

Sirignano [188] classi�ed droplet vaporization models into six types, from the simplest D2-law to

the most challenging Navier-Strokes solutions, among which the di�erence is the treatment of the

heating of liquid phase that is generally the rate-controlling phenomenon in droplet evaporation,

especially in high-temperature ambient conditions.

Together with the development of theoretical description and modelling approach of droplet

vaporization, the interaction between evaporating droplets and the ambient air is another high-

lighted research topic. Mashayek [127, 128] simulated the dispersion of evaporating droplets within

compressible homogeneous turbulence using the two-way coupling method. 5.5 × 105 Lagrangian

particles were tracked. They found largest vaporization rate in the regions characterized by the

highest strain rate; the evaporation rate decreased as the initial droplet diameter, latent heat,

boiling temperature or initial mass faction increased, and the rate increased as the environmental

temperature increased. Birouk and co-workers [31, 32] measured the vaporization rate of suspended

alkane droplets in homogeneous isotropic turbulence with zero mean relative velocity between the

gas and droplets. They found a linear relationship between droplet surface with time but the evap-

oration rate constant, e.g. the slope of D2 v.s. time, increased with Reynolds number. Reveillon

and Demoulin [169]performed DNSs to study a forced isotropic turbulent �ow laden with evapo-

rating droplets with the one-way coupling method. They showed that droplet clusters are formed

due to the turbulence, resulting in higher local vapour concentration and, in turn, slowing down

the droplet vaporization rate. Independent of the initial Strokes number, three stages of droplets

evaporation process were de�ned: single-droplet mode with a nearly D2-law decay rate, cluster

mode where droplets are embedded in vapour pocket close to saturation, and gaseous mode with

the vapour evolution being controlled by the classical turbulent mixing. Dalla Barba and Picano

[57] performed DNS of a saturated turbulent jet laden with evaporating droplets, aiming to investi-

gate the e�ects of entrainment and clustering on the vaporization and spray properties. They �nd

that, near the nozzle, clustering occurs due to �uctuations near the shear layer due to the entrain-

ment; the surrounding droplet-free air gets entrained, leading to high number density �uctuations.

Further downstream, they observed clustering attributed to a combination of inertial e�ects and

intermittent dynamics in the boundary layer. Experimental evidence was also reported by Sahu

and co-workers[176, 177], who showed that the formation of droplet clustering slows down the evap-

oration rate of acetone droplets in a turbulent spray. They attributed that to the compression of

inter-droplets distance and the resulting higher vapour concentration from neighbouring droplets.

1.2.6 LES modelling of Turbulent sprays

Turbulent sprays in applications and environments occur at a very high Reynolds number, e.g. the

exhalation process during violent respiratory events such as cough and sneeze can generate pu�-like

turbulent jets with Reynolds number of the order 10,000[33], which can be even higher for the fuel

injection process in a typical turbine combustor[132]. DNS, in these cases, is inapplicable since

the computational cost increases as the cube of the Reynolds number. With the aim of accurate
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and reliable results of the dynamics of turbulent �ows, LES has emerged as a promising approach

that solves the spatially �ltered conversation equations and has been extensively employed to study

various aspects of particle-laden �ows ranging from dispersion, evaporation, vapour mixing and

combustion[93]. The key of LES approach is to use a �lter to separate the resolved, large-scale ed-

dies (containing predominantly of energy and anisotropy) from the small-scale, dissipative turbulent

motions (universal property), which need to be represented by simple models. The scale at which

�ltering occurs is the numerical grid size, below which the physics and mechanisms are modelled,

known as sub-grid scale (sgs) modelling. Much of the pioneering work on LES focused on modelling

the sub-grid Reynolds term arising during �ltering the momentum equation, among which the most

common model came from Smagorinsky [189] based on the eddy-viscosity hypothesis. Yoshizawa

[218], Germano [81], and Moin et al. [139] made substantial contributions on sgs modelling on the

basis of Smagorinsky's work, known as the dynamic Smagorinsky model for compressible �ow. In

order to obtain the sgs viscosity, Yoshizawa and Horiuti [219] put forward a sgs kinetic energy equa-

tion, in which Kim and Menon [105] employed a local dynamic model to compute the modelling

parameters. These eddy-viscosity models implicitly assume a unidirectional transfer of energy from

the resolved part to the subgrid-scales side, whereas the energy transfer from subgrid to resolved

scales could be facilitated by the actual sgs Reynolds stress, referred as 'backscatter' in isotropic

turbulent �ows[43, 121]. To address the 'backscatter' issue, Chumakov and Rutland [50], Lu et al.

[121], Pomraning and Rutland [162] developed and enhanced a dynamic structure model by intro-

ducing an sgs tensor obtained from the sgs kinetic energy. Useful overviews of LES approaches for

single-phase �ows are given by Piomelli [161].

In two-phase �ows such as turbulent sprays, considerable contributions have been made in

employing LES approaches to investigate the multiscale interaction between phases. One of the

essential components of theis application is the modelling of sgs motion of the dispersed phase. In

an Eulerian-Lagrangian framework, the dynamics of particles or droplets are predominantly a�ected

by the interactions that occur between the dispersed phase and turbulent motion at the particle

scale. When the spatial �ltering is applied, the dispersed phase is prevented from interacting with

the unresolved turbulent motion, which, in principle, cannot be neglected unless the LES is well

resolved (namely, energy fraction removed from the turbulent �ows is insigni�cant)[9]. Multiple

pieces of evidence have been provided that the unresolved �ow structure should be taken into ac-

count in order to get accurate predictions on droplets dynamics such as preferential concentration

(see 1.2.4)[108, 137]. The �rst attempt to account for the e�ect of sgs �ow velocity on droplet

motion came from Wang and Squires [208] who incorporated to the droplet motion equation a sgs

component of �ow velocity obtained with the local subgrid kinetic energy. Since this seminal work,

many sgs models for the dispersed phase sprang up. These models, according to [109, 124], could

be classi�ed into two groups: stochastic models, which are designed to regain the whole sgs velocity

�eld by introducing a stochastic noise to the motion equation of particles, and the structural mod-

els, which aim to reconstruct some statistical features of the sgs velocity �eld using approximate

deconvolution of resolved �ow �elds. Amiri et al. [6], considering three di�erent stochastic models,

performed LESs of particle-laden channel �ow, highlighting the importance of temporal correlation

of sgs components and �ow anisotropy, especially in the near-wall region. By assuming the anal-

ogy to turbulent dispersion model developed for the Reynolds-averaged Navier-Stokes equation[66],

Shotorban and Mashayek [187] proposed a Langevin-equation-based model for the subgrid �uid
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velocity seen by the droplets, which works well for droplets with small inertia. On the basis of

the same Langvien equation, Pozorski and Apte [164] proposed a stochastic model for residual �ow

velocity based on the sgs turbulent kinetic energy. However, the statistics of the sgs �uid motion

felt by droplets used to close the Langvien equation are di�erent from those of the sgs �uid, which

was assumed the same in Shotorban and Mashayek [187]'s work. The authors recommended to use

it in situations involving large inertia particles. Bini and Jones [28][27] proposed a Brownian-like

model in order to represent the direct in�uence of un�ltered �ow velocity on the p-th stochastic

particle, which was achieved by introducing a non-linear subgrid force term to account for the

far from Gaussian behaviour of particle acceleration observed in experiments. They showed the

capability of the proposed model in accurately reproducing droplet dispersion in a particle-laden

turbulent mixing layer. After that, this particle dispersion model has been used to study turbulent

sprays[29, 97], focusing on the SGS statistics of droplet dispersion. Structural models, on the other

hand, are developed to reconstruct the subgrid �ow velocity in an approximation deconvolution

method, which was �rstly used by Kuerten and Vreman [108] as the subgrid closure in the motion

equation of droplets. The authors performed LES of particle-laden turbulent channel �ow at shear

Reynolds number Reτ = 150 in order to study the capability of LES in predicting turbophoresis

phenomena. The same �ow con�guration was used in [125, 184, 186] to study the e�ect of the

approximate deconvolution approach. All of these authors reported a substantial improvement in

some statistics of �uid velocity compared to simulations without a subgrid model in the particle

equation of motion. While Shotorban et al. [184] and Kuerten [107] found the bene�cial e�ect of

the subgrid model in predicting turbophoresis, Marchioli et al. [125] claimed that the approximate

deconvolution method was not able to provide satisfactory predictions of phenomena like prefer-

ential clustering and wall accumulation. They attributed that to the inherent restriction of this

approach in which only part of the subgrid velocity �eld can be retrieved near the cut-o� length

by mimicking the behaviour of a sharp spectral �lter[124]. Geurts and Kuerten [82] considered a

mixed model, namely deconvolution-stochastic-forcing model: the approximate deconvolution part

recover energy at small resolved scales, whereas the stochastic model is responsible for the smallest,

fully unsolved scales. To determine the properties of the stochastic part in LES, they performed

DNS of particle-laden turbulent channel �ow as an pripori study. Both shear Reynolds number

Reτ and Stokes number St are varied. They found less dependence of stochastic contributions on

�uid velocity on the Reynolds number and droplets inertia. Later, the concept of mixed stochastic-

deconvolution model was then extended by Michaªek et al. [135]. It is worth noting that all these

subgrid models developed for LES of particle motion have shown the signi�cant impact of Stokes

number on the model performance[109].

With quite some researches devoted to the subgrid modelling on both the carrier phase and

dispersed phase, considerable e�orts have been made to apply LES to investigate the spray �ows

laden with evaporating particles. Early studies on vaporizing sprays were focused on using database

generated from DNS results to guide development of LES approaches[112, 152, 153]. In LES of a

three-dimensional temporal mixing layer carrying evaporating droplets, for instance, Okong'o and

Bellan [153] represented the un�ltered �ow �eld by introducing corrections to the resolved �ow

�eld based on the sgs variance in order to proper computation of source terms. They found a

favourable agreement for the global characteristics of the mixing rates between LES and DNS,

whereas all �ltered source terms were overestimated by the LES. On the basis of the hydrodynamic
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coupling, one step towards simulating evaporating sprays is to consider the sgs scalar �ux, such as

evaporation and sgs correlations between velocity and composition variables[93]. Bini and Jones

[29] simulated the turbulent sprays laden with acetone droplets using the LES-Lagrangian particle

framework, correspondent to the experimental con�guration of Chen et al. [48]. In addition to the

sgs model for particle acceleration, stochastic modelling of sub-�lter evaporation was introduced,

and it was shown that the essential characteristics of the �ow were reproduced to a good accuracy

with respect to the experimental measurements. Later, the same research group applied Large-

Eddy Simulation to evaporating kerosene and acetone sprays to study the e�ect of turbulence and

temperature �uctuations on the jet structures under cold and vaporizing conditions[97]. They used

an equilibrium model for droplet evaporation in combination with the Ranz-Marshall correlation,

which also incorporated the same stochastic model as [29] to represent the e�ects of sub-�lter

velocity �uctuations on droplets dispersion and vaporization rates. Comparisons of numerical data

with measurements[150, 222, 223] showed good agreements for mean droplet size and mean liquid

concentration. They also reported that smaller droplets tend to be dragged into the core region,

and the droplets evaporation process in the turbulent spray was size-selective with smaller droplets

evaporating faster. Aiming to better understand the complex processes involved in turbulent sprays

issued into high-temperature and high-pressure conditions, Irannejad and Jaberi [90] performed

Large-Eddy Simulations of high speed evaporating spray in combination with full coupling terms

between Lagrangian spray/droplet �elds and the Eulerian gas �ow. They observed gas �ow caused

by the evaporated vapour containing high kinetic energy and a non-linear correlation between

injection pressure and droplet evaporation rate. Due to the competing force between evaporation

and vapour convection, however, the spray penetration keeps unchanged with various injection

pressure. In a series of paper focusing on combustion systems, Monen's group and Jones's group

have carried out extensive works exploring droplet-laden turbulent sprays employing Large-Eddy

Simulation method[63, 77, 78, 96, 98�101, 131, 133, 134, 146, 157, 179, 180, 196]. More recently,

Large-Eddy Simulation of respiratory jets, such as breath, speech[2], cough[24, 42, 79, 117, 155, 203]

and sneeze[117, 155, 205], have been performed to obtain di�erent quantities of interest in the context

of COVID-19 pandemic. More details are provided in the next section.

1.3 Respiratory �ows

Breathing out, speaking, singing, coughing and sneezing are respiratory activities producing dis-

continuous jet/pu� �ows that can be physically described as a point-source emission of a warm

and moist cloud of turbulent air carrying respiratory liquid droplets with a wide range of initial

sizes. The movement of these turbulent, multiphase gas clouds is driven by the momentum of the

gas phase itself rather than the droplet phase. With the Reynolds number ranging from O(103),

tidal breathing and speeching, to O(104), i.e. sneezing and coughing, these respiratory �ows are

emitted with various rates and reach di�erent distances in the turbulent gas-phase regime deter-

mined by the air volume and momentum of the ejection. As elucidated by Bourouiba [36], the main

distinctions among these respiratory �ows include the total gas volume exhaled ( about 0.5 L for

typical emissions and 1-4 L for violent events), the emission momentum controlled by the duration

( about 2 seconds for tidal breathing and 0.2-0.5 second for coughing and sneezing), the fraction

volume of the liquid phase, droplet size distribution, droplets amount (from O(102) to O(106)),
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and the emission frequency. Droplets carried by these respiratory �ows may directly bump into

an object, e.g. an individual's face, settle in the proximity of the emission source, or remain sus-

pended status travelling a much longer time and further distance, see Fig. 3.3. Such a scenario has

been mentioned and discussed numerous times during the last two-year covid-19 pandemic since

the SARS-CoV-2 virus, like many other respiratory viruses, spreads from an infected individual to

other susceptible individuals through virus-laden droplets emitted during various respiratory events.

The size of these droplets spans over a broad range of values: from tiny drops, O(1 µm), to large

droplets, O(1 mm), which, together with the pu�/jet of buoyant moist turbulent air[34] and the en-

vironmental ambient[49, 205], regulates the fate of droplets. By reasonably assuming that a droplet,

regardless of its initial size, is carrying at least one virus copy, their di�erent fates as described above

can be correlated to three distinguished virus transmission routes: direct contact or fomites[214],

droplets transmission[91] and airborne transmission[62, 201, 204]. While, in the �rst route, a healthy

person comes into direct contact with an infected individual (direct contact) or touches a contam-

inated surface (fomites), the other two pathways can lead to inhalation and subsequent deposition

of pathogen-laden droplets in the respiratory mucosa. The key di�erentiating factor between these

two routes is the aerodynamics behaviour of the pathogen-laden droplets. In particular, droplet

transmission [91] refers to the infection propagation associated with large droplets, which motion is

governed by gravity and that behave ballistically. By opposite, airborne transmission [62, 201, 204]

refers to the spread of the disease associated with smaller droplets, which motion is governed by

aerodynamic drag and evaporation and that behave as aerosols, i.e. droplets/particles that remain

airborne and can spread for long distances. As the latest research suggests that fomites are un-

likely to be a signi�cant source of infection for SARS-CoV-2 [62, 113, 174], understanding the role

played by the two latter infection routes is crucial to establish e�ective guidelines for pathogens

transmission prevention. Indeed, extensive researches have been done to signi�cantly advance our

understanding of di�erent scienti�c problems ranging from the transmission pathways of respiratory

diseases to mitigation strategies for reducing the infection risk [138].

The fundamental works in this direction can date back to the time, a few years after the Spanish

�u pandemic[191]. In the 1930s, Wells [212] theoretically studied the evaporation behaviour of free-

falling water droplets using a simple calculation, based on the classical D2-law [110] and Stokes's

law, which revealed the interplay of evaporation and gravity determining the lifetime of respiratory

droplets with various initial sizes by showing a classical curve, referred as Wells evaporation-falling

curve of droplets[215]. From this curve, Wells showed that there is always a critical size (about

100µm) for a normal environmental condition that dichotomises particles that would fall to the

ground and droplets that would evaporate out at the same time. This �nding established the

fundamentals of a theoretical model predicting droplets and droplet nuclei transmission according

to the size of respiratory droplets. In particular, droplets larger than 100µm in diameter, which settle

out of the respiratory �ow quickly by gravity, can lead to e�ective infection within a short distance

away from the source. Small droplets/aerosols with an initial diameter less than 100µm can evolve

into dried-out infectious nuclei that remain airborne in the air for a considerable long time and could

be transported over long distances by the respiratory �ow. Wells' work is pioneering in di�erentiating

droplet and airborne transmission, also corroborated by the fact that small droplets could evolve

into droplet nuclei by evaporation [213], micro-metric particles of non-volatile materials (e.g. mucus)

that can potentially carry the virus contributing to the spread of the disease. This framework is so
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Figure 1.4: Sketch showing the di�erent fates of respiraotry droplets

concise, readable and expressive that, since reported, it has been extended over the last 90 years,

and largely used in most public health guidelines [16, 34]. The Wells model, however, presents

a major weakness [16, 34, 49, 148, 215]: the evaporation time of the droplets is estimated using

the classical D2-law [110] (or constant temperature model), which states that the droplet surface

reduces linearly with time at a rate determined by ambient conditions. This evaporation model

ignores the presence of a turbulent cloud of moist air, which, as recently demonstrated in recent

studies, plays a crucial role in the fate of respiratory droplets [138, 175], as well as the presence of the

surrounding droplets. This leads to wrong estimates of the evaporation times and results in much

shorter predicted droplet lifetimes [148, 205]. Thanks to the advancement in the �elds of mass and

heat transfer, Xie et al. [215] proposed a systematic extension of the Wells's classical model, which

approximates respiratory �ows as a circular steady-state non-isothermal turbulent jet, and is capable

of describing the evaporation and motion of droplets exhaled during respiratory events in di�erent

conditions (relative humidity, air velocity, and respiratory jets). Xie et al. [215] showed that the

largest free-falling droplets that would evaporate out before reaching the ground from a height of 2 m

are between 60µm and 100µm, and the lifetime of droplets are signi�cantly prolonged with respect

to the estimates obtained by Wells' theory in all environmental conditions tested. Meanwhile, by

assuming the exhaled velocity of respiratory air at 1 m/s for breathing, 10 m/s for coughing, and

50 m/s for sneezing, Xie et al. [215] concluded that the longest distance travelled by these droplets

were less than 1 m, more than 2 m, and more than 6 m, respectively. This model has been utilized

in various investigations, such as respiratory �ow turbulence by Wei and Li [209], droplet nuclei

by Liu et al. [118], and droplet composition by [156]. Bourouiba [33], by directly observing the
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evolution of violent respiratory events[33, 35], demonstrated that such �ows are turbulent buoyant

clouds suspended with droplets of various sizes, which guided them to develop both discrete and

continuous theoretical models of droplets fallout from the turbulent buoyant momentum pu� in

order to predict the transmission range of pathogens. Their studies highlighted the importance

of the multiphase nature of turbulent pu� clouds in extending the spatial and temporal ranges

of respiratory droplets carrying the infectious pathogen. In particular, the local warm and moist

environment within the turbulent pu� cloud could extremely extend the lifetime of a droplet, an

extension factor up to 1000, with respect to isolated droplets, which allow virus-laden droplets of

various sizes to be transported around 7-8 m in a violent respiratory event[34]. More recently, this

model has been slightly modi�ed to evaluate the in�uence of drag and the inertia of droplets during

the evolution of exhaled pu�s[16]. Instead of focusing on violent events like coughing and sneezing,

Yang et al. [216] incorporated the results of high-�delity simulations on speech jets [2], and proposed

a simpli�ed dose-response model to quantify the spatio-temporal dependence of virus infection risk

driven by speech-generated-aerosols between two speakers. This model assumes the continuous

speaking activities as quasi-steady, jet-like �ows and fast aerosolization of speech droplets. They

showed that both physical distancing and exposure time should be imposed to control the infection

probability. In particular, speakers should keep the contact time below 8 minutes for a physical

distancing of 1 m and 16 minutes for 2 m. Other studies and associated comments can be found

in the work of Bahl et al. [12]. Although current models are capable of providing useful guides for

designing precaution rules such as physical distancing and exposure times, it is premature to say

that they are satisfactory without considering the contributions from experimental studies.

Another seminal work on respiratory events came from the early experiments of Duguid [60] who

gave the typical size distribution of droplets emitted during various respiratory events. Though it is

extensively accepted that the predominant range of droplet size is 1µm-500µm[85], di�erent respira-

tory events could expel di�erent numbers of droplets. Duguid [60] reported that a healthy individual

averagely produced around 1,000,000 and 5,000 droplets during a sneezing and coughing event, re-

spectively, and 250 droplets during "speaking loudly one hundred words" due to the fact that the

de�nition of one speaking event is not as distinct as coughing or sneezing events. Traditionally,

violent respiratory activities have received much attention since they produce a massive amount

of droplets potentially carrying infectious pathogens. Jennison [92], regardless of the health status

of the subject, reported that 4600-40,000 droplets are exhaled during a sneezing event. Loudon

and Roberts [120], Piomelli [161] suggested that an average emission of droplets during a cough

is 450. Lindsley et al. [116] found the dependency of droplets number exhaled per cough on the

health status of an individual, suggesting 1100-308,600 droplets per cough for a health subject and

900-302,200 droplets for a patient with in�uenza. Compared to the coughing and sneezing events,

breathing and speaking are mild events and capable of producing only small droplets, which are

more correlated to the airborne transmission[7]. Holmgren et al. [89] found that the number of

droplets produced during tidal breathing was between 300 and 3.7 × 104 per exhalation. Chao

et al. [45], combining interferometric Mie imaging and particle image velocimetry (PIV), estimated

the total number of droplets expelled during speaking ranged from 112 to 6720 by counting 1-100

numbers. Asadi et al. [10] reported that the droplet emission rate during normal speech is positively

correlated with the loudness of vocalization, ranging from approximately 1 s−1 to 50 s−1 particles

for low to high amplitudes, regardless of the language spoken. However, more recent studies [8, 197]
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by visualizing small speech droplets with an intense sheet of laser light revealed mean droplet emis-

sion rates of 1, 000 s−1 with peak emission rates as high as 10, 000 s−1, indicating a higher total

integrated volume than previous results [10, 45, 60, 144]. With the richness of experimental data on

droplets size distribution, analysis works have been done to modelize the characteristic of droplet

size[16, 94, 149]. For instance, on basis of the dataset from Duguid [60] and Loudon and Roberts

[120], Nicas et al. [149] suggested log-normal distribution for the size of droplets exhaled with the

geometrical standard deviation around 8-9. Han et al. [88] observed the coexistence of bimodal and

multimodal size distribution for a single sneezing event, which was obtained by the superposition

of several physical processes. Balachandar et al. [16], using both a log-normal distribution and a

Pareto distribution to �t the experimental data of Duguid [60], Loudon and Roberts [120], provided

an alternative for modelizing both datasets with a Pareto distribution of power 2. For a exhaustive

review on this subject, the readers are referred to Gralton et al. [85] and Zhou and Zou [225].

In addition to the fundamental works like the model of Wells [212] and the experiments of

Duguid [60] as well as correspondent investigations followed, the understanding of respiratory �ows

has been further advanced more recently by Bourouiba [33] who experimentally demonstrated that

the air�ow exhaled during respiration quickly evolves as it enters the ambient, and �nally trans-

forms into a turbulent cloud/pu�. This transformation characterizes the expiratory event as two

phases propagation: 1) jet phase, linked to the early jet evolution when momentum is continuously

provided (constant momentum �ux); and 2) pu� phase, linked to the late evolution where momen-

tum injection ceases and the jet momentum remains constant. This two phases propagation theory

can date back to the experiments of Sangras et al. [178] who, on the basis of the self-similarity

hypothesis, derived two scaling laws for the distance travelled by a turbulent interrupted jet: for

the starting jet phase (constant momentum �ux), the distance travelled by the jet front L grows

over time as L ∝ t1/2, while, for the pu� phase (constant momentum), the penetration distance

grows as L ∝ t1/4. Both numerical results[49, 205, 210] and experimental data[2] published recently

has been benchmarked against this theoretical scaling law, receiving a good agreement. Bourouiba

[33] also showed that, due to the buoyancy force, the turbulent cloud could move upwards, en-

abling small droplets to reach a higher position where the airborne transmission may be facilitated.

The �ndings of turbulent pu�s in extending droplet travelling distance suggested a shift from the

paradigm of isolated droplets being considered to a new one taking into account the importance of

turbulent pu�s[33, 34, 36]. Inspired by the new paradigm, Chong et al. [49], using direct numerical

simulations, reported that droplets in a turbulent cloud at high environmental relative humidity

(90%) have a lifetime O(100) longer than that estimated with the isolated droplet theory. Ng et al.

[148] attempted to quantify the e�ect of ambient temperature and relative humidity on droplets

transported by a coughing pu�. They observed that in cold and moist ambient conditions, air could

not contain much moisture. Therefore, the warm and humid exhaled vapour pu� becomes super-

saturated when entering the cold ambient air, so the droplets carried by the pu� tend to experience

vapour condensation before evaporating at long time. The colder the ambient air, the more critical

this non-monotonic behaviour is. Considering the computational cost, the Large-Eddy Simulation

approach is more favourable for researchers to obtain di�erent variables of interest. Abkarian et al.

[2] carried out Large-Eddy Simulations of mild respiratory jets, i.e. breathing and speaking events,

to investigate the dynamics of pu� cloud and quantify their spatiotemporal growth. They showed

that speech events could create a conical, turbulent �ow at a typical half-angle of 10◦, which likely
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reaches a distance over 2 meters away from the mouth of a speaker in 30 seconds of conversa-

tion. These results were later integrated into Yang et al. [216]'s research in which a simpli�ed

dose-response model was proposed to quantify the spatio-temporal dependence of virus infection

risk driven by speech generated-aerosols between two speakers. Liu et al. [117] performed six large

eddy point-droplet simulations to analyse the �uid dynamics of a turbulent, pu�-like jet produced

from a coughing or sneezing event. The primary purpose of their numerical works was to evaluate

the theoretical framework proposed by Balachandar et al. [16]. Interestingly, they observed that a

small portion of pu� with a vortex ring-like structure was detached from the main �ow and trav-

elled over a relatively large distance carrying a proportionate amount of suspended droplets. In

order to assess the reliability of current health guidelines, as it will be shown in paper III, we em-

ployed �nely resolved Large-Eddy Simulations to study droplet-laden turbulent pu�s emitted during

sneezing events in a wide range of environmental conditions. They observed substantial variation

in droplets' evaporation or condensation determined by their local temperature and relative humid-

ity micro-environment. Their �ndings demonstrated that the actual evaporation time of droplets

could be up to two orders of magnitude larger than what is currently predicted, which indicates

the exposure risk associated with airborne respiratory droplets, especially in the close proximity

of an infected individual, is much higher than the estimated with the models that constitute the

foundation of current health protection guidelines. Other studies applying Large-Eddy Simulation

include: Khosronejad et al. [104] applied LES with fairly high resolution to reveal the underlying

mechanisms of particulate saliva transport during coughing events with and without face-coverings,

reporting that either medical or non-medical facial masks can e�ectively restrict the spreading of

saliva droplets; Ge et al. [79] simulated a coughing jet considering di�erent inlet velocity pro�les as

well as variable mouth opening area in a closed ambient conditions, and showed favorable in�uence

of higher room temperature on shortening droplets penetration; Behera et al. [24] analyzed the

e�ect of co-�ow on distance travelled by a cough jet without considering the existence of dispersed

droplets, which help to understand the importance of ambient on transmission rate; Trivedi et al.

[203] performed 10 independent LES realizations of a cough jet to evaluate the stochasticity of

respiratory �ow due to turbulence and its in�uence on short-range distribution of droplets carrying

infectious disease; Calmet et al. [42] numerically investigated the turbulent buoyant cloud carrying

droplets emitted during a coughing event. Their results indicated that the critical droplet size sus-

ceptible to inhalation was less than 1 µm. These studies primarily focused on the coughing events

with the longest simulation time being 10 seconds.

1.4 Research objectives

From the previous introduction, it appears that extensive researches, experimental measurement,

numerical investigation and theoretical analysis, have been already applied to turbulent spray dy-

namics. However, despite the highly scienti�c and practical relevance of this subject, it is still

premature to draw a conclusion that a fundamental understanding of this phenomenon has been

thoroughly achieved, and the capabilities of existing numerical models for practical applications

are satis�ed. Accordingly, the main motivation of this study has been detailed in the form of the

following objectives:

� Fundamental study of the dispersion dynamics of evaporating droplets within turbulent spray
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conditions at high Reynolds number which is quite common in respiratory activities and

combustors;

� Comprehensively assessment of the robustness of the parcel model in modelling Lagrangian

point-droplets approximation within a turbulent evaporating jet using the LES approach;

� Systematic analysis of the impact of a turbulent cloud of moist air exhaled during violent

respiratory events under various environmental conditions on the airborne time and lifespan

of pathogen loaded droplets and correspondent comparison vs current guidelines;

� Re-examine the de�ciency of classical D2-law model in predicting point-droplets evaporation

behaviours and explore possible solutions to improve it;

� Integrate the above investigations and latest research �ndings on respiratory jets to extend

the capability of seminal Wells theory in predicting the fate of virus-laden droplets exhaled

during various expiratory events

Thesis Structure

The thesis is written in the paper-collection format. The work is divided into four chapters plus an

appendix collecting the papers. The present chapter provides an extended introduction to the �eld of

turbulent sprays with an emphasis on the dispersion of evaporating droplets. The following Chapter

2 gives details about the mathematical formulations and the in-house code package, CYCLON.

Later, in Chapter 3, a brief summary of the main �ndings of this research is presented. Finally, an

outlook is provided for the perspectives of these investigations.
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Chapter 2

Methodology

As the main aim of the present work is to numerically investigate the dynamics of evaporating

droplets within a turbulent diluted spray, the governing equations for physical variables of both the

continuous phase �ows and the dispersed phase droplets are elucidated in this chapter. The numer-

ical algorithm utilized in this work simulates the dilute spray conditions using a hybrid Eulerian-

Lagrangian approach in which the carrier phase is described through an Eulerian approach and

equations are derived treating the dispersed phase by a Lagrangian point of view. The set of equa-

tions governing the multiphase �ow is initially accounted for by introducing three sink/source terms

which represent the contributions from the dispersed phase to the gas �ow, see Sec. 2.1. Sec. 2.2,

under the point-droplet approximation, shows the equations for droplet position, velocity, mass and

temperature in a dilute regime context. Sec. 2.3 presents the �ltered equations with the appearance

of several unknown terms due to the spatial �ltering with the Large-eddy Simulation approach. It

is worth noting that the sgs modelling is only considered for carrier �ows, not for the dispersed

phase. In order to simply solve the carrier phase equations without neglecting the e�ect of local

variations of the gas density and temperature, a low Mach number expansion of gas-phase equations

has been adopted, see Sec. 2.4. Indeed, in a low Mach number regime, only the e�ect of acoustic

wave propagation on �uid dynamics of the carrier �ows are ignored. Finally, a brief description of

the in-house code package is provided in Sec. 2.5.

2.1 Instantaneous equations for gas phase

The carrier phase considered is a Newtonian �uid, and the di�usion between two species is assumed

to follow Fick's law, on the basis of which two mass equations have been taken into account: one

concerning the carrier phase globally and another relative to the vapour species. In this context,

the governing equation describing the conservation law of mass, known as continuity equation, can

be written as:
∂ρ

∂t
+
∂(ρui)

∂xi
= Sm (2.1)

where ρ represents the density of carrier �ow, ui is the i-th components of the �ow velocity, and

Sm is the mass coupling term between phases. Applying the Newton's second law of motion, the
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momentum equation can be expressed as:

∂(ρui)

∂t
+
∂(ρuiuj)

∂xj
=
∂τij
∂xj

− ∂p

∂xi
+ ρgi + Sp,i (2.2)

where τij is the viscous stress tensor, p is the pressure, gi is the gravitation acceleration, and Sp,i

represents the momentum coupling term between phases. For Newtonian �uid as considered in

present work, the viscous part of the symmetric stress tensor is a function of the dynamic viscosity,

µ, and can be written as:

τij = µ

(︃
∂ui
∂xj

+
∂uj
∂xi

)︃
− 2

3
µ
∂uk
∂xk

δij

in which δij is the Kronecker delta function, i.e. if i = j δij = 1 and otherwise δij = 0.

For the description of double species �ow, i.e. vapor and air in the current work, the instanta-

neous conservation equation governing the local variation of vapor mass fraction, Yv, can be simply

derived from the scalar transport equation and written as follows:

∂(ρYv)

∂t
+
∂(ρYvuj)

∂xj
=

∂

∂xj
(ρD∂Yv

∂xj
) + Sm (2.3)

with D representing the binary di�usivity of the vapor into the gas. Here, an equal di�usivity

between the gas and the vapor is assumed. In order to completely describe the instantaneous �ow

variables, the balance equation for energy conservation can be expressed as:

∂(ρet)

∂t
+
∂(ρetuj)

∂xj
=

∂

∂xj
(κ
∂T

∂xj
) +

∂(τijuj)

∂xi
− ∂(puj)

∂xi
+ ujρgj + Se (2.4)

where et = e+ 1
2uiui is the total speci�c energy of the gas phase with e being the speci�c internal

energy, κ is the the thermal conductivity of the carrier mixture and Se is the energy coupling term

between phases.The last equation treating the carrier �ows as ideal gas reads as follows:

p = ρRT (2.5)

with R=8314.3 J/(kg·K) is the universal gas constant and T the gas temperature.

2.2 Mathematical description for evaporating particles

The present work describes the dispersion of evaporating droplets in dilute turbulent conditions

using a Lagrangian point-droplet approach. In order to derive the balance equations of droplets

position, acceleration, mass and temperature, some hypotheses have been implemented: 1) droplets

are modelled as rigid spheres whose size is considered to be smaller than the Kolmogorov length

scale of the �ow �elds; 2) the density of droplets is assumed to be constant and much larger than

that of carrier �ows such that only drag force ( also buoyant force for respiratory �ows) and inertia

are necessary for droplet movement; 3) the initial fractional volume of liquid phase is in the two-

way coupling regime so that droplets collisions and coalescence are rare events and are neglected;

4) the thermal conductivity of droplets is hypothesized to be in�nitive such that the temperature

inside droplet volume is uniform, but droplet temperature could vary with time; 5) the heat transfer

process mainly occurs at a relatively low temperature between dispersed phase and carrier �ows
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through the convective process while no position is available for radiative heat transfer from droplets.

Under these hypotheses, droplet dispersion and vaporization are formulated in the following part.

2.2.1 Droplet dispersion

The balance equations for droplet position and acceleration derived from the Maxey and Riley

[129]'s formulation by considering viscous drag, buoyant force and gravitational force per mass read

as follows:

dxd,i
dt

= ud,i, (2.6)

dud,i
dt

=
(ui − ud,i)

τd
+ (1− ρ

ρl
)gi, (2.7)

where xd,i, ud,i are the i -th components of droplet's position and velocity, respectively, ui is the

i-th component of gas phase velocity which is known at the droplet location, and ρl is the liquid

density. The droplet relaxation time τd is expressed as:

τd =
8

3

ρl
ρ

rd
CD

1

∥ui − ud,i∥
(2.8)

in which rd is the droplet radius and CD is the droplet drag coe�cient which could be determined

by the drag law[221]:

CD =

⎧
⎨
⎩

24
Red

(1 +
Re

2/3
d
6 ), if 0 < Red < 1000

0.424, otherwise
(2.9)

where Red is the droplet Reynolds number functional of droplet size and the relative velocity of

droplet and the gas phase at droplet's location, i.e. Red = 2ρ∥ ui − ud,i∥rd/µ. In the current

work, the Schiller-Naumann correlation is adopted to account for the e�ect of the �nite Reynolds

number of the droplets on the drag., based on which the acceleration equation of droplets can be

re-expressed as:
dud,i
dt

=
1 + 0.15 Re0.687d

τd
(ui − ud,i) + (1− ρ

ρl
)gi, (2.10)

with τd being simpli�ed as τd = 2ρlr
2
d/(9µ).

2.2.2 Droplet evaporation

The droplet evaporation proceeds by absorbing heat supplied by the carrier phase to balance the

amount of energy required by the latent heat of vaporization. During this process, droplet tem-

perature tends to a lower value, whereas the heat transfer increases because of the increment of

temperature di�erence between liquid phases and the carrier �ows. To describe this phenomenon,

the classical evaporation model proposed by the seminal work of Langmuir [110] and others[84, 194],

which is also referred to as D2-law, has received extensive attention, e.g. both non-reactive and

reactive evaporation of liquid droplets[194, 212, 213], due to its simplicity to implement. According

to this model, droplet temperature is unchanged during the evaporation process, but its surface

decreases linearly with time, determined by an evaporation rate constant which is dependent on

the thermal-physical properties of droplet itself and the surrounding air, due to the rapid mixing
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2.2. Mathematical description for evaporating particles

assumption. However, this model does not take into account the e�ect caused by the balance be-

tween heat �ux and latent enthalpy. Recent researches reported signi�cant deviation of droplets

evaporation behaviour from this classical model[31, 32, 55, 123, 206]. In this work, the evaporation

model proposed by Abramzon and Sirignano [3] has been employed for the droplet mass equation,

while the droplet temperature is calculated with formulations based on the �rst law of thermody-

namics following the approach of Bini and Jones [29]. These models are obtained by introducing

some corrections to the classical model in order to account for the e�ect of Stefan �ow on heat

and mass transfer. The evaporation formulations calculate the rate of change of droplet size and

temperature as follows:

dmd

dt
= − 1

3τd

Sh

Sc
md ln (1 +Bm), (2.11)

dTd
dt

=
1

3τd

[︃
Nu

Pr

cp,g
cl

(T − Td)−
Sh

Sc

Lv

cl
ln(1 +Bm)

]︃
, (2.12)

where md and Td are droplet's mass and temperature, respectively. The parameter cp,g is the heat

capacity at constant pressure of the gaseous component of the carrier mixture, cl is the liquid

speci�c heat, and Lv the latent heat of vaporization of the liquid phase evaluated at the droplet

temperature. In equations (2.11) and (2.12), the Schmidt number, Sc = µ/(ρD), and Prandtl

number, Pr = µ/(cpk) are employed to compute the mass di�usivity and thermal conductivity,

respectively. Besides, the Nusselt number, Nu0, and Sherwood number, Sh0, are estimated as a

function of the droplet Reynolds number through the Frössling correlation:

Nu0 = 2 + 0.552Re
1
2
d Pr

1
3 , (2.13)

Sh0 = 2 + 0.552Re
1
2
d Sc

1
3 , (2.14)

A correction is then applied to Nu0 and Sh0 to account for the e�ect of Stefan �ow [3]:

Nu = 2 +
Nu0 − 2

ln(1 +Bt)

Bt

(1 +Bt)0.7
, Bt =

cp,v
Lv

(T − Td), (2.15)

Sh = 2 +
Sh0 − 2

ln(1 +Bm)

Bm

(1 +Bm)0.7
, Bm =

Yv,s − Yv
1− Yv,s

, (2.16)

in which Bm and Bt represent the spalding mass and heat transfer number[194]. The parameter cp,v

is the speci�c heat capacity of the pure vapor at constant pressure, Yv is the vapor mass fraction

evaluated at the droplet position, whereas Yv,s is the vapor mass fraction evaluated at the droplet

surface. The latter corresponds to the mass fraction of the vapor, in a fully saturated vapor-gas

mixture, evaluated at the droplet temperature. In order to estimate Yv,s we employ the Clausius-

Clapeyron relation:

χv,s =
pref
p0

exp

[︃
Lv

Rv

(︃
1

Tref
− 1

Td

)︃]︃
, (2.17)

where χv,s is the vapor molar fraction evaluated at the droplet temperature and p0 the thermo-

dynamic pressure. The parameter pref is the saturated vapor pressure evaluated at the reference

temperature Tref , whereas Rv = R/Wl is the speci�c constant of the vapor beingWl its molar mass
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. The saturated vapor mass fraction is then,

Yv,s =
χv,s

χv,s + (1− χv,s)
Wg

Wl

. (2.18)

with Wg the molar mass of gas mixture.

2.2.3 Coupling source terms

Consistently with previous studies in this �eld [39, 127], the e�ect of the dispersed phase on the

carrier one is accounted for by employing three sink/source coupling terms in the right-hand side

of the mass, momentum, and energy equations, Sm, Sp,i,and Se, respectively:

Sm = −
∑︂

k

dmk
d

dt
δ(xi − xkd,i), (2.19)

Sp,i = −
∑︂

k

d

dt
(mk

du
k
d,i)δ(xi − xkd,i), (2.20)

Se = −
∑︂

k

d

dt
(mk

dclT
k
d )δ(xi − xkd,i). (2.21)

where the Lagrangian variables xkd,i, u
k
d,i,m

k
d and T

k
d are the position, velocity, mass and temperature

of the k -th droplet, respectively, whereas the parameter cl is the speci�c heat of the liquid phase.

The summations are taken over the whole droplet population located within the domain (index

k). The delta function, δ(xi − xkdi), accounts for the fact that the sink/source terms act only at

the Eulerian positions occupied, at a given time, by the point-droplets, consistent with the point-

particle assumption. The term Sm, representing the mass transition due to evaporation, appears

in both the global continuity equation eq. (2.1) and the vapour continuity equation eq. (2.3) due to

the fact that the evaporation process, notwithstanding only involving the liquid phase and vapour,

contributes to the density variation of the carrier phase globally. The coupling term of momentum

transition between two phases, Sp,i, is expressed in eq. (2.20), composing of two mechanisms: the

momentum transfer due to the mass transition arising from the evaporation process and the drag

force between two phases. Based on the hypothesis that the heat �ux transferred from a single

droplet to the carrier �ow has the same intensity as that of reverse direction, the coupling term Se

expressed in eq. (2.21) considers heat transfer, enthalpy and kinetic energy �ow. In the numerical

algorithm, the Eulerian terms eq. (2.19)-(2.21) are calculated, in correspondence of each node of the

computational grid, by volume averaging the mass, momentum, and energy sources arising from all

the droplets located within the grid cell pertaining to the considered grid node.

2.3 Large-Eddy Simulation

The LES equations are obtained by applying a spatial �lter to the governing equations (2.1) to

(2.4). The spatially �ltered value of a function f = f(x, t) is de�ned as its convolution with a �lter

function, G, according to:

f(x, t) =

∫︂

Ω
G(x− x′; ∆)f(x′, t)dx′ (2.22)
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2.4. Low-Mach number approximation

where the integration is carried out over the entire domain, Ω. The �lter function, G, has a width

∆ = [(r∆θ)∆r∆z]
1/3which may vary with position. In turbulent �ows where �uid density variations

in the resolved and unresolved scales arise, the most straightforward way of taking into consideration

these �uctuations is through the adaption of a density-weighted (or Favre-weighted) �ltering[68]:

f̃ = ˜︂ρf/ρ. The governing equations of Eulerian phase after �ltering can be written as:

∂ρ

∂t
+
∂ρũj
∂xi

= Sm (2.23)

∂ρũi
∂t

+
∂(ρũiũj)

∂xj
= − ∂p

∂xj
+
∂τ̃ ij
∂xj

−
∂τRij
∂xj

+ ρgi + Sp,i (2.24)

∂ρỸ v

∂t
+
∂ρỸ vũj
∂xj

=
∂

∂xj
(ρD∂Yṽ

∂xj
)− ∂q̃v

∂xj
+ Sm (2.25)

∂ρẽt
∂t

+
∂ρet̃ũj
∂xj

=
∂

∂xj
(κ
∂T̃

∂xj
)− ∂puj

∂xi
+
τijuj
∂xi

− ∂q̃e
∂xi

+ uj̃ρgj + Se (2.26)

with

τRij = ρ(˜︃uiuj − ũiũj), q̃v = ρ(˜︃Yvui − Yṽuĩ), q̃e = ρ(˜︃etui − et̃uĩ)

where τRij is the residual stress tensor as well as q̃v and q̃e the sgs extra-di�usion terms of scalar quan-

tities. In present work, the residual stress tensor τRij is modelled by using Smagorinsky model[189]:

τRij = −2ρ(Cs∆)2∥S̃ij∥S̃ij S̃ij =
1

2
(
∂uĩ
∂xj

+
∂uj̃
∂xx

) ∥S̃ij∥ =

√︂
2S̃ijS̃ij

where S̃ij is the resovled rate of strain tensor, Cs is a Constant (0.12) and ∆ = [(r∆θ)∆r∆z]
1/3 is

typical cell size. For other two other sgs scalar �uxes, it is usual to adopt a gradient model[183]:

q̃v = ρDsgs
∂Ỹ v

∂xi
q̃e = ραsgs

∂ẽ

∂xi

where the sgs di�usivity is assumed proportional to the Smagorinsky eddy-viscosity with a

constant turbulent Schmidt and Prandtl numbers.

For the liquid phase part, the e�ect of the subgrid-scale terms is not taken into consideration.

Hence, only the resolved part of the Eulerian �elds is used in the equations of the dispersed phase.

The Lagrangian equations under the LES framework are the same as the equations shown in Sec. 2.2

except for the variables from the Eulerian phase, e.g. ũi, Ỹ v and T̃ .

2.4 Low-Mach number approximation

In the present work, the turbulent spray is assumed as a compressible low-Mach-number �ow. In

order to derive the low-Mach Navier-Stokes equations, we nondimensionalize the equations (2.1)

- (2.5) by using some variables of carrier phase evaluated at the spray inlet section as reference

quanti�es denoted by the subscript ∞, e.g. the bulk density, ρ∞, pressure, p∞, and velocity, u∞, of
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2.4. Low-Mach number approximation

the jet evaluated at the inlet section. The jet inlet radius, R, is adopted as the typical length scale.

Moreover, reference variables also include dynamic viscosity, µ∞, the thermal conductivity, κ∞,

binary di�usion coe�cient, D∞, speci�c gas constant, R∞ and the speci�c heat, cp∞. With these

quantities, other variables considered in the non-dimensionalization procedure, i.e. the reference

time, temperature, speci�c energy and speci�c enthalpy, can be derived as:

t∞ =
R

u∞
T∞ =

p∞
R∞ρ∞

e∞ =
p∞
ρ∞

h∞ =
p∞
ρ∞

Moreover non-dimensional groups considered also include:

Sc =
µ∞

ρ∞D∞
Pr =

cp∞µ∞
κ∞

Fr =
u∞√
gR

Re =
ρ∞u∞R
µ∞

where Sc, Pr, Fr, and Re are respectively the Schmidt number, Prandtl number, Froude number

and Reynolds number of the carrier �ow. The reference variables are selected such that �ow variables

after nondimensionlization remain order O(1) for any reference low-Mach number

Ma =
u∞√︁

γp∞/ρ∞

with γ = cp,g/cv,g being the speci�c heat ratio of the carrier �ow. To avoid the dependence on γ,
˜︃Ma =

√
γMa is used. By dividing each equations for carrier �ows with the correspondent non-

dimensional variables group, the non-dimensionalization procedure imposed on eq. (2.1), (2.2), (2.4)

and (2.5) leads to:

∂ρ

∂t
+
∂(ρui)

∂xi
= Sm, (2.27)

∂(ρYv)

∂t
+
∂(ρYvuj)

∂xj
=

1

ReSc

∂

∂xj
(µ
∂Yv
∂xj

) + Sm, (2.28)

∂(ρui)

∂t
+
∂(ρuiuj)

∂xj
=

1

Re

∂τij
∂xj

− 1

˜︃Ma
2

∂p

∂xi
+

1

Fr2
ρˆ︁i+ Sp,i, (2.29)

∂(ρet)

∂t
+
∂(ρetuj)

∂xj
=

γ

γ − 1

1

RePr

∂

∂xj
(κ
∂T

∂xj
) +

˜︃Ma
2

Re

∂(τijuj)

∂xi
− ∂(puj)

∂xi
+
˜︃Ma

2

Fr2
ujρˆ︁j +

γ

γ − 1
Se

(2.30)

The low-Mach number equations for the carrier �ow can be derived by expanding each variable

in eq.(2.27)-(2.30) with the following asymptotic series:

f(x, t) = f0(x, t) + f1(x, t)˜︃Ma+ f2(x, t)˜︃Ma
2
+ f3(x, t)˜︃Ma

3
+O(˜︃Ma

3
) (2.31)

with f0, f1, f2 and f3 are the zeroth-, �rst-, second-, and third-order of the quantity f. By imposing

the same order of all terms in the left- and right-hand side of equations obtained through expansion

procedure above, the conservation equations for the gas phase in an open environment can be
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expressed as:

∂ρ0
∂t

+
∂(ρui)0
∂xi

= Sm0, (2.32)

∂(ρYv)0
∂t

+
∂(ρYvuj)0

∂xj
=

1

ReSc

∂

∂xj
(µ
∂Yv
∂xj

)0 + Sm0, (2.33)

∂(ρui)0
∂t

+
∂(ρuiuj)0

∂xj
=

1

Re

∂τij0
∂xj

− ∂p2
∂xi

+
1

Fr2
ρ0ˆ︁i+ Sp,i0, (2.34)

∂(ρet)0
∂t

+
∂(ρhtuj)0

∂xj
=

γ

γ − 1

1

RePr

∂

∂xj
(κ
∂T

∂xj
)0 +

γ

γ − 1
Se0 (2.35)

with ht = et + p/ρ being the total enthalpy per unit mass. It is worth noting that, in low Mach

number regime, acoustic wave propagates within carrier �ows exerting negligible in�uence on the

system such that the zero- and �rst-order pressure appearing during expanding the momentum

equation are uniform over the whole �ow domain whereas only the second-order term is non-uniform.

Since the present work studies evaporating jet issuing into an open environment, the thermodynamic

pressure can be assumed to be uniform over space and constant over time. By introducing the

nondimensional correlations between total energy and enthalpy and the thermodynamic pressure of

carrier �ows, i.e. p0 = (ρet)0(γ − 1) = (ρht)0((γ − 1)/γ) , Eq. (2.35) can be further simpli�ed as:

∂ui0
∂xi

=
1

RePr

1

p0

[︃
∂

∂xi

(︃
κ
∂T

∂xi

)︃

0

+ Se0

]︃
(2.36)

This equation is of particular importance because it explicitly describes a correlation between the

velocity divergence of the carrier phase �eld, thermal conduction and energy transition between two

phases due to the evaporation process.

2.5 Description of the code package

The numerical results reported in the present work has been computed by employing an in-house

MPI-parallel code, called CYCLON, which has undergone extensive validations and testing campaigns[51,

57, 159, 173]. This numerical algorithm, based on a hybrid Eulerian-Lagrangian approach and the

point-droplet approximation, was written with the FORTRAN 90 programming computer language

in order to simulate turbulent sprays both with DNS and LES approaches. The code package CY-

CLON consists of two main parts in structure: an initial Eulerian algorithm dedicated to advance in

time the �ow �elds by solving the Low-Mach number formulations of the Navier-Stokes equations,

and an updated Lagrangian solver designed to synchronously evolve the mass, momentum, and

temperature equations of dispersed droplets under point-particle approximation. The Lagrangian

solver estimates the coupling terms arising in the spray equations, granting a fully coupling between

the carrier �ows and the liquid phase. For the Eulerian part, second-order, central �nite di�erence

schemes on a staggered cylindrical mesh are employed for the spatial discretization, whereas the

temporal evolution is performed by a low-storage, third-order Runge-Kutta algorithm. The same

Runge-Kutta scheme is adopted for the latter. Besides, the numerical tool engages MPI direc-

tives in order to maximize computational performance. For more details about parallelization, see

Dalla Barba [56].

The Eulerian computational domain is a cylinder. The droplet-laden jet-spray is injected through
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Figure 2.1: Left panel: A sketch of the 3D cylindrical domain where a representative ensemble of the whole
droplet population is plotted with black points; Upper right panel: a local sector of the mesh structure;
Lower right panel: the turbulent periodic pipe. The colors contour the vapor mass fraction �eld, Yv, within
the jet and the axial instantaneous velocity, Uz, of the turbulent pipe, respectively[206].

a circular ori�ce of radius R located at the centre of the lower base of the domain and streams out

towards the opposite one. The domain extends in the azimuthal, θ, radial, r and axial, z, directions

and is discretized by means of a staggered, cylindrical grid mesh. The computational grid is uniform

along the azimuthal direction, whereas it is stretched along the radial and axial ones. More details

can be found in Ciottoli et al. [51], Dalla Barba and Picano [57], Wang et al. [206]. The grid spacing

is maintained of the same order of the Kolmogorov length scale for the whole downstream evolution

of the jet-spray. A convective boundary condition is adopted at the outlet section located on the

upper base of the domain. An adiabatic, traction-free boundary condition is prescribed at the side

boundary of the domain, making the entrainment of external �uid possible, which, in the present

work, consists of dry air in Paper I & II and moist air in Paper III-V. Time-dependent and fully

turbulent boundary conditions are prescribed on the in�ow section by means of a companion DNS

reproducing a fully-developed, periodic pipe �ow. A fully turbulent velocity �eld is assigned on

the jet in�ow by a Dirichlet condition. This two-dimensional �eld is computed on a cross-sectional

slice of the turbulent pipe. Excluding the circular in�ow, the remaining part of the domain base

is impermeable and adiabatic. The turbulent pipe extends for 2π × 1R × 6R in the azimuthal,

θ, radial, r and axial, z directions. An equispaced, staggered grid discretizes the pipe domain in

order to match the corresponding jet-grid nodes at the pipe discharge. The use of a companion

pipe simulation makes it possible to prescribe fully turbulent in�ow conditions, including physically

meaningful turbulent �uctuations. On the one hand, the �ow in practical applications is usually
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turbulent even before the in�ow, while a top-hat in�ow is typical of a strong contraction before the

inlet. On the other hand, the use of a fully developed turbulent in�ow, instead of a steady top-hat

one, avoids the transitional region downstream the in�ow, accelerating the establishment of far-�eld

turbulent jet-spray dynamics, which weakly depend on in�ow condition details. A sketch of the

cylindrical domain, the mesh structure inside a slice of the domain and the turbulent periodic pipe

are shown in Fig. 2.1.

JIETUO WANG 32



Chapter 3

Summary of results

In the following sections, the main �ndings of Papers (I-V) are summarized brie�y. More results of

the appended papers are provided in the �nal part of the thesis.

3.1 Paper I

Direct numerical simulation of an evaporating turbulent diluted jet-spray at moderate Reynolds num-

ber

Widening the availability of data from three-dimensional Direct Numerical Simulation (DNS) of

evaporating jet-sprays over a higher range of Reynolds numbers is crucial to advance the compre-

hension of turbulent spray dynamics and enhance the capabilities of existing models in reproducing

the phenomena. However, most of the numerical datasets and studies available in the literature

are limited to relatively low Reynolds numbers due to the high computational requirements of

DNS. On this ground, we performed a DNS of a moderate Reynolds number turbulent jet-spray

(Re = 10, 000) in an open environment and dilute conditions to investigate the dispersion and

evaporation behaviours of acetone droplets. The problem is numerically tackled by employing the

Eulerian-Lagrangian framework and the point-droplet approximation, combined with a two-way

coupling concept, including the mass, momentum and energy exchanges between two phases.

The gaseous jet-spray is composed of dry air and acetone vapour, whereas the surrounding

environment is �lled with dry air. The simulation reproduces the evaporation of monodisperse

acetone droplets, continuously injected within the turbulent gaseous phase at a bulk Reynolds

number Re = 2ρU0R/µ = 10, 000. After establishing statistically-steady conditions for both the

phases, a systematic and comprehensive dataset of both instantaneous and average Eulerian and

Lagrangian observables was collected. In the present study, the dataset is also compared to a

previous DNS concerning a lower Reynolds number case (Re = 6, 000), which, from the physical

point of view, corresponds to a lower jet velocity [57].

The e�ects of the jet Reynolds number on the turbulent evaporation of droplets in dilute jet-

sprays are investigated. In both the cases considered in the present study, a strong evaporation rate

is observed in the mixing layer, where the entrainment of dry air dilutes the saturated jet core. A

longer evaporation length is found for the higher Reynolds number jet-spray. We relate this growth

of the evaporation length to the lower average vaporization rate, observed at Re = 10, 000, by scaling

the data by the jet advection reference time-scale, t0 = R/U0. This lower rate is attributed to a
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3.2. Paper II

higher droplet relative inertia (Stokes number), which slows down the vapour-liquid mass exchange.

A strong inhomogeneous and segregated droplet distribution is observed in both the considered

cases. This is found to originate in the mixing layer of the jet near-�eld and to propagate in the

downstream direction. In the jet mixing layer, we identify di�erent features: entrained bubbles of

dry air depleted of droplets and saturated gas clouds full of droplets coming from the saturated core.

Since droplets located in dry regions evaporate fast, whereas droplets in vapour-saturated clouds

cannot evaporate, these dynamics tend to intensify the clustering in the downstream evolution of the

jet. Besides, in the far-�eld, small-scale clustering is also observed. The inhomogeneous distribution

of the segregated phase strongly impacts the Lagrangian evolution of the droplets: the droplet size

spectrum becomes extremely wide, even starting from a monodisperse distribution. This extreme

widening of the droplet size spectrum is associated with broadening the probability density functions

of the evaporation rate and saturation level sampled by the droplets. These �ndings could play a

role in explaining the fast widening of the droplet spectrum in warm clouds [181].

Finally, we address the evaluation of the accuracy of the well-established D2-law in approximat-

ing the droplet evolution for the cases considered in the present paper. Firstly, we found that the

actual droplet evaporation time varies by more than 50% of its mean value. This highlights how

the evolution of the droplet histories strongly deviates from the D2-law. Secondly, we observe that,

whereas the trend of the mean evaporation (�ight) time, tef , can be approximated by a linear law

of the droplet mean square diameter, its slope is much lower than the value predicted by consid-

ering the bulk thermodynamical properties of the environment. In addition, we show how, after a

time much longer than tef , the evaporation process is still not terminated. This peculiar aspect is

attributed to clustering dynamics. Aggregates of droplets with nearly saturated atmospheres may

survive for a longer time before fully evaporating. Hence, some droplets may preserve relatively

large sizes for long distances and times. Despite the di�erences between steady-state jet-sprays,

which are considered in the present paper, and respiratory �ows, this aspect should be taken into

account in modelling the evaporation and dispersion of infectious droplets. Indeed, even in these

cases, some droplets may persist much longer than what was expected using the D2-law, especially

if its evaluation is based on the bulk thermodynamic properties of the environment.

To conclude, we believe that the dataset and the analysis presented in this study are relevant

to improve the knowledge about the dynamics of turbulent evaporating sprays, providing, at the

same time, a benchmark test-case for developing more accurate low-order and high-�delity models.

3.2 Paper II

Assessment of the parcel model in evaporating turbulent diluted sprays within a Large-Eddy-Simulation

approach

The computational cost related to the Lagrangian method tracking all particles could be extremely

expensive when an enormous number of particles/droplets need to be handled in two-phase �uid

systems. One approach to alleviate this problem is to reduce the total number of dispersed particles

tracked in the simulation by representing a group of droplets having the same properties with a

computational particle, so called parcel. However, a systematic analysis investigating its soundness

within simulations of turbulent �ows bearing evaporating droplets is still missing. In this paper, to

cover this lack, we address the well-resolved Large-eddy Simulations (LESs) of a turbulent diluted
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acetone jet-spray considering di�erent ratios of computation particles to physical particles, i.e.

parcel ratio.

All thermal-physical properties, as well as simulation parameters in this work, are the same as

that in Paper I, except for a coarse mesh dedicated to the LES approach and the parcel concept. In

particular, the cylindrical domain is discretized by a coarse factor 4 in each direction with respect to

the corresponding DNS mesh reported in Paper I. To assess the robustness of the parcel concept, �ve

parcel ratios were used together with a case presenting all physical particles, i.e. 1, 4, 16, 64, 256,

and 1024. The parcel concept was realized by simply reducing the number of droplets injected of

the inlet per timestep while the coupling source terms contributed from each parcel were multiplied

with the same ratio values before they were used to calculate the Eulerian variables. All simulations

were initialized by considering a single-phase jet made of air and acetone vapour until statistically

steady conditions had been attained. Then, droplets were continuously injected, and simulations

continued to run for additional times to achieve statistically steady conditions for the two-phase

jet-spray before proceeding to the collection of data. By benchmarking against the corresponding

fully resolved DNS from Paper I, the present work showed the extent to which the parcel ratio does

not cause a signi�cant change the �uid and droplet phase statistics.

Numerical results demonstrated the robustness of the parcel concept when the ratio between

computational and physical particles is carefully implemented. In particular, an appropriate parcel

ratio, which keeps the same number of computational particles per cell as its DNS to LES Eulerian

counterpart, e.g. 64 in the present work, could provide robust results on mean statistics of droplets.

Further increasing the parcel ratio would lead to a signi�cant underestimation of the mean be-

haviours of droplet evaporation. Two reasons are highlighted: The statistical errors introduced by

the grid-based estimate of average �eld variables; The strongly spatially non-uniform distribution

of parcels. We believe that the �ndings showed in the present work may contribute to improving

the capabilities of current models in accurately and e�ciently reproducing the �ow physics and

particle/droplet dynamics in a wide range of problems with scienti�c and technical interests.

3.3 Paper III

Short-range exposure to airborne virus transmission and current guidelines

Respiratory diseases can be transmitted among human subjects through pathogen-laden droplet-

s/aerosols exhaled during respiratory events, which physically produce an interrupted multiphase

turbulent jet/pu�. In Paper I, we have already proved that the evaporation process within such a

high-Re number turbulent spray condition is extremely complex and cannot be accurately captured

with simpli�ed models, like the classical D2-law, which is also true for respiratory droplets/aerosols.

In particular, �uid motions driving the virus transmission during violent respiratory events are in-

termittent, have a strongly organized and coherent nature and control the transport of the dispersed

species in such a way that the overall distribution will not resemble those given by methods in which

these motions are ignored. However, very little is known about the quantitative e�ect of the turbu-

lent cloud of moist air exhaled during violent respiratory events on the airborne time and lifespan

of virus-loaded droplets, which is of essential importance for designing health guidelines, especially

during the COVID-19 pandemic.

In this work, we used �nely resolved simulations and experiments to investigate the evaporation
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and dispersion dynamics of the respiratory droplets released during a sneeze. The sneezing jet is

characterized by a temperature of Tj = 308K and a relative humidity RHj = 90% and the overall

injection duration is about 0.6 s with the peak velocity being 20 m/s. Around 1,000,000 droplets,

following a log-normal distribution for their initial size, were issued during the injection stage. A

total of 7 simulations were performed using the Large-eddy simulation approach: a benchmark

simulation, four production simulations and two additional simulations used to test the sensitivity

of the results.

In order to assess the reliability of the numerical tool in accurately reproducing a sneezing

event, the dataset of the time evolution of the jet front in the test simulation was collected to

concurrently benchmark against experimental results and theoretical scaling laws available in the

literature. First, we identi�ed two di�erent propagation phases, i.e. jet phase and pu� phase: for

the starting jet phase (constant momentum �ux), the distance travelled by the jet front L grows

over time as L ∝ t
1
2 , while, for the pu� phase (constant momentum), the penetration distance grows

as L ∝ t
1
4 . Moreover, both simulations and experiments exhibit very similar behaviour and are in

excellent agreement with the analytical scaling law.

For the four production simulations, we considered the same emission and only changed envi-

ronmental parameters (temperature T = 278 K and 293 K and humidity RH = 50% and 90% ),

and a strong variation in droplet's evaporation or condensation in accordance with their local tem-

perature and humidity micro-environment were observed. Two �aws in current health guidelines

are con�rmed. A �rst �aw is identi�ed in the standard prediction of the evaporation times: models

currently used in public health guidelines grossly underestimate by at least one order of magnitude

the actual evaporation time, especially in low temperature and high humidity situations. A second

�aw is represented by the threshold used to di�erentiate between large and small droplets; while

this de�nition can be meaningful in healthcare environments where the term aerosol refers to a

speci�c group of operations, from a �uid dynamics perspective, this criterium is questionable as

the behaviour of droplets is in�uenced by the local �ow conditions (e.g. breath/cough/sneeze) and

even large droplets (60/100 µm, considered as ballistic in most guidelines) stay suspended in the

environment for a considerable amount of time.

These �aws lead to a consistent underestimation of the infection risk: formation of droplet-

nuclei is delayed with respect to predictions, and droplets remain in the most infectious condition

(liquid) for a much longer time. In addition, the �ow conditions generated by violent expiratory

events (sneeze) allow 60/100 µm droplets to remain airborne for a signi�cant amount of time. As

highlighted by the virus exposure maps, this leads to a remarkable risk of infection via airborne

particles also in the short-range transmission, which should be better addressed by the health

scientists and practitioners in calibrating new guidelines to mitigate the infection risk.

3.4 Paper IV

Revisiting D2-law for the evaporation of dilute droplets

In a wide range of applications, the estimate of droplet evaporation time is based on the classical

D2-law, which, assuming a fast mixing and �xed droplet properties, states that the droplet surface

decreases linearly with time at a determined rate. In paper I, however, we have provided evidence

supporting that the evolution of the droplet histories strongly deviates from the D2-law, whereas
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the trend of the mean evaporation time can be approximated by a linear law of the droplet mean

square diameter, with its slope being much lower than the value predicted by the classical model.

This is also true in respiratory events where droplets' lifetime could be extended up to two order

magnitudes longer than that estimated by the Wells theory which is actually based on the classical

D2-law.

To �nd the reason of the inability of D2-law in accurately estimating droplet evaporation,

we thoroughly revisited this classical model and found that: In a dilute regime, the droplet's

temperature tends to an asymptotic value, which is lower than the environmental quantity, due

to the balance between liquid latent enthalpy and convective heat transfer. The transition time

needed to reach the asymptotic temperature is around 6τd, droplet response time, when the ambient

temperature is 20◦C. Neglecting this e�ect inevitably results in a relatively large evaporation rate

constant, as in the classical D2-law. To cover this leak, we proposed a revision of the classical model

by a proper estimate of the asymptotic droplet properties.

In order to validate the proposed revision, we performed 6 DNSs of a turbulent jet-spray laden

with monodispersed water droplets. The former four simulations considered di�erent dilute levels

at the in�ow, i.e. the liquid mass fraction Ψ0 = 0.007; 0.0028; 0.0058; 0.01. In the additional two

simulations, the fully resolved equations of droplet evaporation were suppressed by the classical D2-

law and the proposed revised model to evolve the droplet radius. The spatial distribution of mean

droplet size and mean liquid mass fraction, as well as the mean droplet surface against the mean

droplet �ight time, were compared. We found that the results computed using the revised D2-law

are in excellent agreement with the reference DNSs in the most dilute setups. Even in the less dilute

case where the increasingly mutual interactions of droplets would slow down the evaporation, the

revised D2-law is still capable of predicting the evaporation behaviours more accurately than the

classical model.

One more validation was performed by employing our model against the dataset from recent

independent works[49, 148] on respiratory droplets evaporation in order to highlight the generality of

the present work. Comparing the numerical results on droplets expelled during a coughing event at

an environmental condition T = 30◦C RH = 90%, the revised formulation accurately reproduces the

temporal evolution of mean droplet surface, whereas the classical prediction strongly overestimates

the vaporization rate, leading to shorter evaporation times.

The present �ndings can contribute to improving practical estimates of droplet evaporation

behaviours, such as respiratory activities.

3.5 Paper V

Modelling the direct virus exposure risk associated with respiratory events

Droplets released during respiratory events play a crucial role in transmitting respiratory diseases

(e.g. SARS-CoV-2) from an infected host to a susceptible individual. Traditionally, the fate of these

droplets is estimated using the Wells theory which has been the pillar of past and current guidelines

published by health organizations. Numerous convincible pieces of evidence have been produced to

point out the weaknesses of this classical framework, e.g. the dependence on the D2-law, ignorance

of the presence of a turbulent cloud of moist air. In light of the most recent understanding of

respiratory events, we used this body of developed knowledge to move away from the isolated drop
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emission to the turbulent, multi-phase pu� model.

This study developed a simple physical model to predict the evaporation-falling-travelling per-

formance of droplets expelled during various respiratory activities in di�erent ambient conditions.

The proposed model revises the outdated Wells theory exploiting the better knowledge on turbulent

droplets transport by jets or plumes developed in the last few decades, as well as the state-of-the-art

understanding of respiratory ejections. In particular, the model consists of three main components:

the revised D2-law as proposed in Paper IV( 3.4); a correction to the Stokes law by taking into

account the e�ect of droplet's initial Reynolds number; and the two-stage propagation theory eluci-

dated in Paper III( 3.3). The model, therefore, relies on a simple algebraic formulation and, without

the need of solving complex systems of non-linear di�erential equations, it is capable of accurately

estimating the dispersion, evaporation, and settling behaviours of droplets within a turbulent mul-

tiphase jet/pu�. Moreover, the model can take into account di�erent respiratory events (speaking,

coughing, sneezing) and di�erent ambient conditions (temperature and relative humidity) except

for very cold and humid environments where the decay of droplet surface would not be simply char-

acterized by a linear behaviour [148]. Reference data from well-recognized model [215], high-�delity

simulations [148, 205] and latest experimental investigations [114] have been used to benchmark

the present model, con�rming its capability to accurately predict the spatial-temporal evolution of

respiratory droplets.

Using the proposed framework, we systematically assess the e�ects of physical distancing and

face coverings on virus exposure maps and thus on the infection risk. We show that the infection risk

is vastly impacted by the ambient conditions and respiratory event considered, indicating the non-

existent of a universal safe distance. Finally, using the proposed model and exploiting experimental

data on the penetration of respiratory droplets through face masks, we assess the e�ects of face

masks on the infection risk. We con�rm that face masks provide excellent "outward" protection,

e�ectively reducing the infection risk near an infected person. Overall, we believe that the present

model represents a substantial improvement of older models and, thanks to its simple but e�ective

mathematical background, can be widely used by policymakers to design e�ective guidelines for the

prevention of direct contagion.
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Conclusions and future work

4.1 Conclusions

The present thesis mainly focuses on the evaporation dynamics of dispersed droplets within turbu-

lent dilute spray-jet conditions. Particular interests include the preferential sampling of evaporating

droplets as well as practical problems like virus transmission via droplets/aerosols exhaled during

respiratory activities. To this purpose, high-�delity simulations, e.g. Direct numerical simulation

(DNS) and Large-eddy simulation (LES), have been performed to advance the fundamental under-

standing of turbulent spray dynamics, which, in turn, helped to improve the accuracy of existing

models to reproduce it. The overall conclusions of the dissertation are illustrated as follows.

From the DNS study of evaporating turbulent diluted spray at relative high Re number, we

identi�ed two mechanisms controlling the preferential sampling of droplets: clusterings are initially

established due to the �uctuating mixing-layer interface and propagate downstream where the tur-

bulent inertia takes a leading role. Droplets form clusters surrounded by high vapor concentration,

promoting heterogeneous Lagrangian statistics like the strongly wide saturation level spectrum,

which, in turn, a�ects the evaporation behavior of droplets. By evaluating the accuracy of D2-law

in approximating droplets evolution, we showed to which extend the classical model underestimates

the evaporation time.

The computational cost associated with the Lagrangian method tracking an enormous number

of particles in a two-phase �uid system can be hugely alleviated by introducing the parcel concept

within LES framework. Our systematic analyses demonstrated the robustness of parcel concept

when the parcel ratio is carefully selected. In particular, an appropriate parcel ratio, which keeps the

same number of computational particles per cell as its DNS counterpart, could provide satisfactory

results on mean statistics of droplets, whereas further increasing the parcel ratio would lead to a

signi�cant underestimation of the mean behaviors of droplets evaporation.

By performing �nely resolved simulations and experiments of sneezing to bridge �uid dynamics

and virological data with a su�cient level of accuracy, we provided evidence of the high infection risk

associated with airborne respiratory droplets in the close proximity of an infected individual. This

risk, evaluated for di�erent environmental situations (temperature and humidity), is much higher

than that estimated with the models that constitute the foundations of current health protection

guidelines: drops evaporate much slower than what is currently predicted and can carry their viral

load much farther. Building on present data, we are able to produce original virus exposure maps,
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which can be an instrument for health scientists and practitioners to calibrate new safety measures.

By revisiting the classical D2-law for evaporation of point-approximated droplets, we found that,

in dilute regimes, the temperature of evaporating droplets tends to an asymptotic equilibrium, which

is lower than the environmental value, due to the balance between convective heat �ux and droplet

latent enthalpy. Together with inspirations from Paper I and Paper III, we proposed a revision of

the classical D2-law capable of accurately estimating droplet evaporation rate in dilute conditions

by a proper estimate of the asymptotic droplet properties.

The success in revising D2-law together with the most recent �ndings on multiphase �ow physics

motivated us to establish an e�ective framework, which relies on a simple algebraic formulation, ca-

pable of accurately estimating the dispersion, evaporation, and settling behaviors of droplets exhaled

during di�erent respiratory events in di�erent environments condition. After thoroughly validating

against multi-dimensional reference data, the proposed model was utilized to assess the e�ects of

physical distancing and face coverings on mitigating the infection risk. We showed that the risk of

infection is vastly impacted by the ambient conditions and the type of respiratory activity, suggest-

ing the non-existence of a universal safe distance. Meanwhile, wearing face masks provides excellent

protection, e�ectively limiting the transmission of pathogens even at short physical distances, i.e.

1 meter.

4.2 Scope for future work

It has been presented in this thesis that the numerical study of turbulent sprays is a multifaceted

problem for researchers willing to perform fundamental and practical investigations. Some of them

have been studied in the present work whereas others still wait to be discovered. Further under-

standing of this phenomenon will perhaps bene�t from advancements of both numerical algorithms

and modeling strategies. Regarding possible directions for future work based on the current project,

one possibility could be involving more complex physical phenomena into turbulent dilute sprays,

e.g. combustion. The in-house code package is able to simulate turbulent premixed combustion

without introducing evaporating droplets[18, 19]. In reality, the chemical reaction process occurs

simultaneously with the droplets evaporation and vapor mixing, whose complexity could be aggra-

vated due to the existence of clustering of evaporating droplets[169]. To accurately simulate and

model the whole combustion process, therefore, the multi-scale dynamic mechanisms of clustering

formation (turbulent inertia, stick-sweep, air entrainment, etc.) need to be clearly understood and

clusters impact should be better quanti�ed.

Another possibility for future work is to integrate and test di�erent sgs models for the Lagrangian

phase in the context of Large-eddy simulation. Although the present work did not consider any

particle sgs model, in LES of particle-laden �ows like a jet-spray, such a closure model is indeed

required of very high Reynolds number for the description of dispersed phase, not only pertaining

to the e�ects of unresolved carrier �ow momentum and energy transport on particle dynamics, also

to the in�uence of the unsolved particle dynamics having on the continuous phase. One interesting

question in this context is to know the extent to which the clustering e�ects can be captured by

the resolved �ow �eld and how much needs to be included by the Lagrangian sgs model. Promising

candidates could be the stochastic models, which are designed to regain the whole sgs velocity �eld

by introducing a stochastic noise to the motion equation of particles, and the structural models,

JIETUO WANG 40



4.2. Scope for future work

which aim is to reconstruct some statistical features of the sgs velocity �eld using approximate

deconvolution of resolved �ow �elds[124].

Last, further theoretical works could be carried out to extend the existing one-dimension model

for direct contagion risks associated with respiratory droplets to a two-dimensional framework. On

basis of the current model, both axial and radial distribution of droplet/aerosol concentration could

be obtained by assuming the expiratory �ows as a conical, quasi/steady jet with a �xed cone angle.

Such a model can potentially provide more quantitative information on spatial estimation of the

exposure risk.
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Abstract: The evaporation of liquid droplets dispersed in jet-sprays is involved in many industrial

applications and natural phenomena. Despite the relevance of the problem, a satisfactory compre-

hension of the mechanisms that regulate the process has still not been achieved. Indeed, a wide

range of turbulent scales and an enormous number of droplets are typically involved, causing the

numerical and theoretical tackling of the problem to be challenging. In this context, we address

the Direct Numerical Simulation (DNS) of a turbulent jet-spray at a bulk Reynolds number Re

= 10,000. We focus on the e�ect of the jet Reynolds number on the evaporation process and

the preferential segregation of droplets. The analysis is conducted by comparing the outcomes of

the present DNS with that from a lower Reynolds number one in corresponding conditions, Re

= 6,000. The problem is addressed by employing the point-droplet approximation in the hybrid

Eulerian-Lagrangian framework. We present detailed statistical analyses of both the gas and the

dispersed phases. We found that the mean droplet vaporization length grows as the bulk Reynolds

number is increased from Re = 6,000 to Re = 10,000, while keeping all the remaining conditions

�xed. We attribute this result to the complex interaction between the inertia of the droplets and

the dynamics of the turbulent gaseous phase. In particular, at the higher Reynolds number, the

e�ect of the faster turbulent �uctuations of the jet mixing layer, which tend to fasten the process, is

compensated by the slower mass transfer from the liquid droplets to the surrounding environment.

We also observe intensive preferential segregation of the dispersed phase that originates from the

entrainment of dry environmental air into the mixing layer and is intensi�ed by small-scale cluster-

ing in the far-�eld region. We show how the preferential segregation is responsible for a strongly

heterogeneous Lagrangian evolution of the dispersed droplets. All these aspects contribute to the

Reynolds-number dependence of the overall droplet evaporation rate. Finally, we discuss the accu-

racy of the d-square law, often used in spray modelling, for present cases. We found that using this

law based on environmental conditions leads to a relevant overestimation of the droplet evaporation

rate.

Keywords: Turbulent spray, turbulent evaporation, droplet-laden turbulent �ows, droplet evap-

oration, direct numerical simulation
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Introduction

Turbulent jet sprays are complex multiphase �ows where a dispersed liquid phase is transported by

a turbulent gaseous one. The distinguished phases mutually interact by exchanging mass, momen-

tum, and energy in the turbulent regime. These complex �ows play a crucial role in many industrial

applications, as well as in a large variety of natural and environmental processes. Despite the tech-

nical and scienti�c relevance of the problem, the understanding and modelling of the fundamental

mechanisms that regulate the evaporation and the dispersion of droplets in turbulent sprays are

still a challenging matter due to the unsteady, multi-scale, and multiphase processes involved in

these complex �ows[25]. For instance, in the industry, an improved understanding of such processes

would contribute signi�cantly to the development of high-e�ciency and low-emission internal com-

bustion engines. In these applications, the liquid fuel is directly injected into a hot-temperature and

high-pressure combustion chamber and undergoes a phase transition, via primary and secondary

atomization, followed by intensive chemical reactions within the turbulent gaseous environment.

This complex process completes in very short times inside the combustion chamber and involves

di�erent multi-scale, multiphase, and unsteady phenomena. A typical example is the formation of

pollutants that is related to �uctuations of temperature and reactant concentrations. In particular,

the production of soot occurs through the pyrolysis process in fuel-rich regions where high tempera-

ture subsists without enough oxidizer to react[3, 28, 45]. Typically, this phenomenology is observed

within droplet clusters, where the concentration of the droplets can be even a thousand times higher

than its bulk value giving rise to a peak in the fuel vapour concentration. Furthermore, considered

the recent outbreak of the COVID-19 pandemic, an additional instance relies on the transmission of

respiratory infections through virus-laden droplets that form in the respiratory tract of an infected

person and are expelled from the mouth and nose during spasmodic events, such as coughing and

sneezing[5, 12, 39, 40]. Despite the apparent discrepancy between steady-state jet-sprays, which are

considered in the present paper, and respiratory �ows (e.g. pu�-like, di�erent ambient conditions,

possible buoyancy e�ects) the conclusion drawn in presented work could be precious for the future

improvements of our understanding and modelling of the basic mechanisms governing the dispersion

and evaporation of infectious droplets.

A phenomenological description of the evolution of turbulent jet-sprays can be found in the

review of Jenny et al. [25]. The whole process starts with the jet breakup, or atomization, as a

high-velocity liquid �ow is injected from a duct into a gaseous environment. During the so-called

primary atomization, Kelvin-Helmholtz and Rayleigh-Taylor instabilities develop on the gas-liquid

interface promoting the jet fragmentation and giving rise to a system of large droplets and liquid

ligaments enclosed within the environmental gas[35]. Further downstream, the so-called secondary

atomization follows; the aerodynamic forces, arising from the relative inter-phase velocities, cause

additional instabilities of the liquid-gas interfaces that lead to a further disintegration of droplets and

ligaments[25, 35]. The breakup process occurs in a so-called dense regime and terminates when the

surface tension prevails on aerodynamic stresses preventing further fragmentation[25]. At this stage,

the so-called dilute regime establishes; the dispersed phase volume fraction is small enough that the

droplet mutual interactions, such as collisions and coalescence, can be neglected[19]. Whereas in

the dense regime the vaporization rate is negligible, the vaporization process becomes signi�cant in

dilute conditions and most of the liquid evaporates at this stage of the turbulent spray evolution[18].
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The dilute regime is characterized by the presence of small droplets that preserve a spherical shape

due to the dominance of the surface tension on the aerodynamic stresses[17, 19, 25]. Even though the

liquid phase still exerts a considerable e�ect on the �ow in terms of mass, momentum, and energy

balance, in dilute conditions the droplet size is usually below, or comparable to, the dissipative

scale of the turbulent �ow. In these conditions, the point-droplet approximation is widely accepted

and the hybrid Eulerian-Lagrangian approach is considered suitable and reliable for the numerical

description of problem[17]. In this framework, the exchange of mass, momentum, and energy

between the Eulerian carrier phase and Lagrangian point-droplets is accounted for by employing

distributed sink-source terms in the right-hand sides of the balance equations that govern the

Eulerian phase. Concurrently, the droplet kinematic and thermodynamic variables are evolved in

the Lagrangian frame[9, 14, 16, 17, 36, 53].

To gain an insight into the fundamental physics of turbulent sprays, various theoretical and

numerical studies, which complement traditional experimental investigations, have been conducted.

One of the former attempts to describe the vaporization process of spherical droplets dragged by a

gaseous �ow relies on the well-known d-square law, that �nds its root in the works of Langmuir [29],

Spalding [50], and Godsave [20]. The law states that the surface of a droplet decreases linearly with

time in quiescent environments with uniform and �xed thermodynamical properties (temperature,

vapour concentration, etc.). Starting from the d-square law, Law [32] and Law and Sirignano

[33] derived the rapid-mixing model: temperature is assumed to be uniform inside droplets but

temporary varying. The model applies well under the assumption that the thermal conductivity of

the liquid phase is high enough to permit a rapid stabilization of the droplet internal temperature in

response to local changes of the environmental one. Later, Abramzon and Sirignano [2] proposed an

improved droplet vaporization model applicable to non-uniform and time-dependent environmental

conditions. The model takes into account forced convection, molecular di�usion, and the Stefan �ow

contribution to the vapour transport from the droplet surface to the neighbouring environment. The

author pointed out that the Ranz-Marshall correlations[46] for the Nusselt and Sherwood numbers

adopted in the rapid-mixing model and d-square law may lead to a physically incorrect super-

sensitivity of the transfer rates to the small turbulent velocity �uctuations for the droplet Reynolds

number tending to zero. By considering the motion of �nite-size spherical particles, or droplets, in

turbulent �ows, Maxey and Riley [37] derived an equation that accounts for the Stokes drag, added-

mass e�ect, and gravitational force in low-Reynolds number circumstances. All these approaches,

among the others reported by the literature, have led to the development of well-established point-

droplet equations in the hybrid Eulerian-Lagrangian frame. These models have proved to be e�ective

and reliable in reproducing the evaporation dynamics of liquid droplets both in the Direct Numerical

Simulation (DNS) and Large Eddy Simulation (LES) frames[7, 9, 10, 17, 38, 52].

Along with DNS and LES, hybrid Eulerian-Lagrangian approaches based on the Reynolds av-

eraged Navier-Stokes are widely used to perform prediction for industrial applications due to their

simplicity and low computational requirements. The main limitation of these methods, which is par-

tially removed in the frame of LES, relies on the impossibility to capture the scales of time-dependent

and unsteady motions occurring in turbulent sprays[41]. In contrast, DNS, which resolves all the

length and time-scales present in a turbulent �ow, has proved its capability to capture the whole

physics of the vaporization process in jet-sprays providing accurate insight into the complex phe-

nomena involved. Mashayek [36] conducted one of the �rst DNS of evaporating droplets in turbulent
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�ows. The author carried out the study under the assumption of incompressible �ow and neglected

the e�ect of the dispersed phase on the carrier one (one-way coupling). Bukhvostova et al. [9] ad-

dressed the DNS of droplet-laden heated channel �ow with phase transition. The authors compared

the numerical results obtained with the incompressible formulation of the Navier-Stokes equations

with those obtained by using the low-Mach number asymptotic one. In the latter, the e�ects of

changes in the total mass density caused by evaporation of droplets and condensation of water

vapour are accounted for. The use of the low-Mach number formulation is found to produce a more

reliable quantitative prediction of heat and mass transfer. Reveillon and Demoulin [47] studied

the impact of preferential segregation of droplets on the mixture fraction �eld in one-way coupling

conditions. They found that the temporal evolution of the evaporation process has three di�erent

stages, each one characterized by a di�erent mode: single droplet mode in the early stage, cluster

mode in the intermediate stage and a gaseous mode in the late stage. Recently, Dalla Barba and

Picano [16] investigated the dynamics of droplet vaporization within a three dimensional turbulent

jet-spray in dilute, non-reacting conditions. The study was carried out in the DNS frame by using

the hybrid Eulerian-Lagrangian approach and the point-droplet approximation. The preferential

segregation of droplets is found to be driven by two distinct mechanisms: the inertial small-scale

clustering in the jet core and the turbulent-non-turbulent dynamics of the jet in the mixing layer,

where dry air entrainment occurs.

Although di�erent numerical studies and theoretical exploitation have been already conducted,

it is still premature to conclude that a satisfying comprehension of turbulent spray dynamics has

been achieved. The capabilities of existing models in reproducing the involved phenomena are not

thoroughly con�rmed. Moreover, due to the high computational requirements of DNS, most of

the numerical dataset and studies available in the literature are limited to relatively low Reynolds

numbers. To cover these lacks and to improve the model capabilities for practical applications, it

is crucial to improve the availability of data from three-dimensional DNSs of evaporating jet-sprays

over a wider range of Reynolds numbers. In this context, the present paper aims to address the

numerical study of the basic mechanisms governing the evaporation and preferential segregation of

droplets in a three-dimensional turbulent jet-spray at moderate Reynolds number. The problem is

addressed via a three-dimensional DNS. The emphasis of the paper is on the e�ect of the Reynolds

number of the jet on di�erent Lagrangian and Eulerian observables, such as evaporation length and

droplet size spectrum. A comparison of the present DNS results, Re=10,000, and those by Dalla

Barba and Picano [16] , Re = 6,000, is provided. In both cases, a similar and strongly inhomogeneous

distribution of droplets is observed. Nonetheless, as the Reynolds number is increased from 6,000

to 10,000, the droplet vaporization length grows while the mean evaporation rate reduces. Several

mechanisms that provide an explanation for these di�erences are discussed in detail. The authors

believe that the data reported in this paper could contribute to improve our knowledge about the

dynamics of turbulent evaporating jet-sprays, providing at the same time a benchmarking test-case

for the future low-order modelling of the phenomena involved.

Numerical methodology

The numerical results reported in this paper have been computed by employing an MPI-parallel

code, previously used in other numerical studies, which has undergone an extensive validation
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and testing campaign [14, 16, 43, 48]. The numerical algorithm is based on a hybrid Eulerian-

Lagrangian approach and the point-droplet approximation. The exchanges of mass, momentum

and energy between the dispersed phase and the carrier one are accounted for, whereas collisions

and coalescence within droplets are neglected in a two-way coupling frame [19]. A brief description

of the numerical methodology is provided for the self-consistency of the paper, whereas the reader

is referred to the references for additional details [14, 16, 43, 48]. The conservation equations for

the gas phase relies on a low-Mach number asymptotic formulation of the Navier-Stokes equations

in an open environment:

∂ρ

∂t
+
∂(ρuj)

∂xj
= Sm, (1)

∂(ρYv)

∂t
+
∂(ρYvuj)

∂xj
=
∂Jj
∂xj

+ Sm, (2)

∂(ρui)

∂t
+
∂(ρuiuj)

∂xj
=
∂τij
∂xj

− ∂p

∂xj
+ Sp,i, (3)

∂uj
∂xj

=
γ − 1

γ

1

p0

(︃
∂qj
∂xj

+ Se − L0
vSm

)︃
, (4)

p0 = ρRwT, (5)

with

Ji = ρD
∂Yv
∂xi

, qi = k
∂T

∂xi
,

τij = µ

(︃
∂ui
∂xj

+
∂uj
∂xi

)︃
− 2

3
µ
∂uk
∂xk

δij .

The Eulerian �elds ρ, ui, T and p are the density, velocity, temperature and hydrodynamic pressure

of the carrier phase, respectively. In the frame of the low-Mach number asymptotic expansion

considered in this paper, the thermodynamic pressure, referred to as p0, results to be spatially

uniform and constant in time, due to the open environment conditions Majda and Sethian [34].

The Eulerian �eld Yv = ρv/ρ is the vapour mass fraction, with ρv the partial density of the vapour.

The viscous stress tensor is τi,j , with µ the dynamic viscosity of the carrier phase. The parameter

γ = cp/cv is the speci�c heat ratio of the carrier mixture, where cp and cv are its speci�c heat

capacities at constant pressure and volume, respectively. The �ux vectors qi and Ji represent

the thermal and mass di�usion and are computed according to the Fourier's law and Fick's laws,

respectively. The parameters k and D are the thermal conductivity of the carrier mixture and the

binary di�usivity of the vapour into the gas.

A reference temperature T0 = 0 K is �xed and the assumption of calorically perfect chemical

species is considered to estimate the sensible enthalpy. Under this hypothesis, L0
v is the latent

heat of vaporization of the liquid phase evaluated at the reference temperature, T0. The carrier

vapour-gas mixture is assumed to be governed by the state equation for perfect gases (5), where

Rw = R/W is the speci�c gas constant of the carrier mixture,W its molar mass and R the universal

gas constant. Consistently with previous studies in this �eld [9, 36], the e�ect of the dispersed phase

on the carrier one is accounted for by employing three sink-source coupling terms in the right-hand
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side of the mass, momentum, and energy equations, Sm, Sp,i,and Se, respectively:

Sm = −
∑︂

k

dmk
d

dt
δ(xi − xkd,i), (6)

Sp,i = −
∑︂

k

d

dt
(mk

du
k
d,i)δ(xi − xkd,i), (7)

Se = −
∑︂

k

d

dt
(mk

dclT
k
d )δ(xi − xkd,i). (8)

The Lagrangian variables xkd,i, u
k
d,i, m

k
d and T k

d are the position, velocity, mass and temperature of

the droplets, respectively, whereas the parameter cl is the speci�c heat of the liquid phase. The

summations are taken over the whole droplet population located within the domain (index k). The

delta function, δ(xi−xkdi), accounts for the fact that the sink-source terms act only at the Eulerian

positions occupied by the point-droplets at a given time. In the numerical algorithm, the Eulerian

terms (6)-(8) are calculated, in correspondence of each node of the computational grid, by volume

averaging the mass, momentum, and energy sources arising from all the droplets located within the

related grid cells.

As mentioned above, the point-droplet approximation is adopted to describe the dispersed phase:

the droplets are treated as rigid evaporating spheres and the liquid properties (e.g. temperature) are

assumed to be uniform inside each droplet. Since the focus of this paper is on the spray dynamics

restricted to dilute conditions, mutual interactions among droplets (e.g. collisions, and coalescence)

are neglected. For a discussion about the validity of the preceding assumptions, the reader is

referred to [16]. Under these hypotheses, the dynamics of the droplets is completely described by

the following Lagrangian equations:

dxd,i
dt

= ud,i, (9)

dud,i
dt

=
1 + 0.15 Re0.687d

τd
(ui − ud,i), (10)

dmd

dt
= − 1

3τd

Sh

Sc
md ln (1 +Bm), (11)

dTd
dt

=
1

3τd

[︃
Nu

Pr

cp,g
cl

(T − Td)−
Sh

Sc

Lv

cl
ln(1 +Bm)

]︃
, (12)

where the parameter ρl is the density of the liquid phase, cp,g is the heat capacity at constant

pressure of the gaseous component of the carrier mixture and Lv the latent heat of vaporization

of the liquid phase evaluated at the droplet temperature. The variable τd is the droplet relaxation

time, τd = 2ρlr
2
d/(9µ), with Red = 2ρ∥ ui−ud,i∥rd/µ is the droplet Reynolds number. The Schiller-

Naumann correlation is adopted in equation (10) to account for the e�ect of the �nite Reynolds

number of the droplets on the drag. In equations (11) and (12), the Schmidt number, Sc = µ/(ρD),

and Prandtl number, Pr = µ/(cpk) are employed to compute the mass di�usivity and thermal

conductivity, respectively. Besides, the Nusselt number, Nu0, and Sherwood number, Sh0, are

estimated as a function of the droplet Reynolds number through the Frössling correlation:

Nu0 = 2 + 0.552Re
1
2
d Sc

1
3 , (13)
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Sh0 = 2 + 0.552Re
1
2
d Pr

1
3 . (14)

A correction is then applied to Nu0 and Sh0 to account for the e�ect of Stefan �ow [2]:

Nu = 2 +
Nu0 − 2

ln(1 +Bt)

Bt

(1 +Bt)0.7
, Bt =

cp,v
Lv

(T − Td) (15)

Sh = 2 +
Sh0 − 2

ln(1 +Bm)

Bm

(1 +Bm)0.7
, Bm =

Yv,s − Yv
1− Yv,s

(16)

where cp,v is the speci�c heat capacity of the pure vapor at constant pressure, Yv is the vapor mass

fraction evaluated at the droplet position, whereas Yv,s is the vapor mass fraction evaluated at

the droplet surface. The latter corresponds to the mass fraction of the vapor, in a fully saturated

vapor-gas mixture, evaluated at the droplet temperature. In order to estimate Yv,s we employed

the Clausius-Clapeyron relation:

χv,s =
pref
p0

exp

[︃
Lv

Rv

(︃
1

Tref
− 1

Td

)︃]︃
(17)

where χv,s is the vapor molar fraction evaluated at the droplet temperature and p0 the thermo-

dynamic pressure. The parameter pref is the saturated vapor pressure evaluated at the reference

temperature Tref , whereas Rv = R/Wl is the speci�c constant of the vapor. The saturated vapor

mass fraction is, then,

Yv,s =
χv,s

χv,s + (1− χv,s)
Wg

Wl

. (18)

The Eulerian computational domain is a cylinder. The droplet-laden jet-spray is injected through

a circular ori�ce of radius R located at the centre of the lower base of the domain and streams

out towards the opposite one. The domain extends for 2π × 20R × 70R in the azimuthal, θ,

radial, r and axial, z, directions and is discretized by means of a staggered, cylindrical grid of

Nθ×Nr×Nz = 192×211×1152 nodes. An Eulerian algorithm advances in time the Eulerian �elds

by solving the Low-Mach number formulation of the Navier-Stokes equations (1)-(5). Second-order,

central �nite di�erence schemes are employed for the spatial discretization, whereas the temporal

evolution is performed by a low-storage, third-order Runge-Kutta algorithm. The computational

grid is uniform along the azimuthal direction, whereas it is stretched along the radial and axial

ones. The grid spacing is maintained of the same order of the Kolmogorov length scale for the whole

downstream evolution of the jet-spray. Details about grid resolution and adequacy of grid spacing

can be found in [16] for Reynolds number, Re = U0R/ν = 6, 000. In the present case, the grid

spacing has been obtained by a scale-up of the computational grid, previously used in [16], in order

to maintain an adequate resolution down to the dissipative length scales, but at a higher Reynolds

number, Re = 10, 000. The ratios between the mean grid spacing of the present and reference

case, ∆10,000/∆6,000, are about 0.67 and 0.55 along the azimuthal and axial directions, respectively.

Moreover, along these directions, the grid spacing ratio is of the same order of the ratio between the

dissipative length-scales η10,000/η6,000 ≃ (6, 000/10, 000)4/3 ≃ 0.68. To get bene�ts from a higher-

resolution in the shear layer, a dense, stretched mesh is employed along the radial direction; the mesh

is stretched such that the maximum resolution is achieved at the radial position r/R ≃ 1, where the
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mesh spacing is about 0.44 times of the mean one. A convective boundary condition is adopted on

the outlet section located on the upper face of the cylindrical domain. An adiabatic, traction-free

boundary condition is prescribed at the side boundary of the domain making the entrainment of

external �uid possible. The latter, in the present case, consists of dry air. Time-dependent and fully

turbulent boundary conditions are prescribed on the in�ow section by employing a companion DNS

reproducing a fully-developed, periodic pipe �ow. A fully turbulent velocity �eld is assigned on

the jet in�ow by a Dirichlet condition. This two-dimensional �eld is computed on a cross-sectional

slice of the turbulent pipe. Excluding the circular in�ow, the remaining part of the domain base

is impermeable and adiabatic. The turbulent pipe extends for 2π × 1R × 6R in the azimuthal, θ,

radial, r and axial, z directions. The pipe domain is discretized by using a staggered grid containing

Nθ×Nr×Nz = 192×91×128 nodes in order to match the corresponding jet-grid nodes at the pipe

discharge. The use of a companion pipe simulation makes possible to prescribe fully turbulent in�ow

conditions, including physically meaningful turbulent �uctuations. On one hand, in applications

the �ow is usually turbulent even before the in�ow, while a top-hat in�ow is typical of a strong

contraction before the inlet. On the other hand, the use of a fully developed turbulent in�ow,

instead of a steady top-hat one, avoids the transitional region downstream the in�ow, accelerating

the establishment of far-�eld turbulent jet-spray dynamics which weakly depend on in�ow condition

details.

(a) 3D cylindrical domain

(b) Local mesh structure

(c) 3D pipe �ow

Figure 1: (a) Snapshot of the computational domain and a representative ensemble of the whole droplet
population plotted by black points. (b) Sector of the mesh structure centred at z/R = 20. (c) Sketch of the
turbulent periodic pipe employed to generate fully turbulent boundary conditions at the jet-spray in�ow.
The colour maps show the vapour mass fraction �eld, Yv, within the jet-spray and the axial instantaneous
velocity, uz, in the turbulent pipe, respectively.
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A sketch of the cylindrical domain, the mesh structure inside a slice of the domain and the

turbulent periodic pipe are shown in �gure 1. Concurrently with the Eulerian solver, a synchronous

Lagrangian solver evolves the droplet mass, momentum, and temperature laws (9)-(12) by using

the same Runge-Kutta scheme adopted for the Eulerian solver. Numerical stability issues, which

can arise when the droplet size becomes too small, are avoided by setting a threshold radius rd,th
corresponding to a mass-loss due to evaporation of 99.95% of the initial droplet mass. When

the radius of a droplet decreases under the �xed stability threshold, the droplet is considered as

completely evaporated and is removed from the simulation.

Table 1: Thermodynamic properties of acetone and dry air and simulation parameters.

R 0.0049 m Wg 0.0290 kg/mol
p0 101300 Pa Wl 0.0581 kg/mol
T0 275.15 K kg 0.0243 W/(m ·K)
µ 1.75 · 10−5 kg/(m s) kl 0.183 W/(m K)
cp,g 1038 J/(kg K) D 1.1 · 10−5 m2/s
cp,v 1300 J/(kgK) ρl 800 kg/m3

cl 2150 J/(kg K) Lv 530000 J/kg
U0 13.9 m/s rd 6 · 10−6 m
t0 3.5 · 10−4 s

The present paper addresses the numerical simulation of liquid acetone droplets dispersed within

a gaseous jet-spray. The jet consists of a mixture of dry air and acetone vapour. The jet streams

out from the in�ow section into an open environment �lled by dry air. The absolute pressure

of the environment is p0 = 101300 Pa, whereas the temperature is set to T0 = 275.15 K. The

radius of the inlet section is set to R = 4.9 · 10−3 m while the bulk in�ow velocity of the jet is

U0 = 13.9 m/s. A monodisperse population of liquid acetone droplets of initial radius rd,0 = 6 µm

is randomly distributed over the in�ow section at each time-step. The injection temperature is

�xed to T0 = 275.15 K for both the droplets and the carrier mixture. The injection �ow rate of

the gaseous phase is kept constant by �xing a bulk Reynolds number Re = 2U0R/ν = 10, 000,

with ν = 1.35 · 10−5 m2/s the kinematic viscosity. A nearly saturated condition is prescribed at

the in�ow for the air-acetone vapour mixture, S = Yv/Yv,s = 0.99, with Yv the actual vapour

mass fraction and Yv,s(p0, T0) the vapour mass fraction at saturation, evaluated at the actual in�ow

temperature and thermodynamic pressure. The acetone mass �ow rate is set by means of the ratio

Φ = ṁact/ṁair = 0.28, where ṁact = ṁact,l + ṁact,v is the sum of the liquid and vapour acetone

mass �ow rates, while ṁair is the dry-air �ow rate. The correspondent bulk volume fraction of the

liquid phase is Ψ = 8.0·10−5. All the thermodynamic and physical properties of the vapour, gas, and

liquid phases are reported in table 1. The thermodynamic conditions at the inlet are comparable

to that adopted in the well-controlled experiments on dilute coaxial sprays published by the group

of Chen et al. [11]. The time step is set to ∆t/t0 = 0.001 where the reference time-scale t0 is

t0 = R/U0 = 3.5 · 10−4s. To achieve the prescribed mass �ow rate, around 33 acetone droplets are

randomly distributed over the in�ow section at each step of the temporal integration. The injection

velocity of each droplet is set to be equal to the local velocity of the turbulent carrier phase. The

simulation was initialized by considering the single-phase jet made of air and acetone vapour until

statistically steady conditions have been attained. This process required about 150 time-scales,

JIETUO WANG 67



t0 = R/U0. From this step on, droplets were continuously injected and the simulation was run for

additional 200 time-scales, t0 = R/U0, to achieve statistically steady conditions for the two-phase

jet-spray before proceeding to the collection of data. All the statistical quantities presented in

the present paper are computed by considering 100 non-correlated time levels, separated in time

by 1 time-scale, t0 = R/U0. Concerning the reliability of the simulation, additional information

and validation benchmarks about the turbulent periodic pipe, single-phase jet simulations and

evaporation model can be found in Ciottoli et al. [14], Dalla Barba and Picano [16].

Results and discussion

In this section, the outcomes from the present DNS case, Re = 10, 000, are presented and compared

with the results from the previous study, Re = 6, 000 [16]. The essential di�erence between the two

cases relies on the bulk Reynolds number of the injected carrier phase, all of the other parameters

being the same. From a physical point of view, we are comparing two jet sprays with di�erent bulk

velocities. It is worth noting that, the initial Stokes number of the droplets injected into the domain

is larger in the second case, Re = 10, 000, since

St0 =
2

9

ρg
ρl

(︃
rd,0
R0

)︃2

Re. (19)

In particular, the value of the initial Stokes numbers are St0 ≃ 1.04 and St0 ≃ 0.62 for the

Re = 10, 000 and Re = 6, 000 cases, respectively.

A macroscopic overview of the structure of turbulent jets can be obtained by visualizing coherent

structures and enstrophy. Several methods have been proposed to identify, quantify and visualize

the three-dimensional structures in incompressible turbulent �ows [13, 24, 26, 55]. We address the

visualization of the vortical structures by employing the Q-criterion [24]:

Q =
1

2
(ΩijΩij − SijSij), (20)

with

Ωij =
1

2

[︃
∂uj
∂xi

− ∂ui
∂xj

]︃
, Sij =

1

2

[︃
∂uj
∂xi

+
∂ui
∂xj

]︃
,

where Ωij and Sij are the vorticity tensor and the rate-of-strain tensor, respectively. By this

approach, a vortex is de�ned as a spatial region where Q > 0, e.g. the Euclidean norm of the

vorticity tensor dominates that of the rate of strain [22]. In general, larger Q values are associated

with more intensive vortexes. Figure 2a shows a comparison of the instantaneous vortical structures

of the �ow for the two Reynolds numbers, visualized by the iso-surfaces Q = 1 and contoured by

the magnitude of the Eulerian velocity �eld. Moving downstream from the in�ow section, the

vortical structures spread out into the far-�eld while subjected to a decay process. As the Reynolds

number is increased, vortical tubes become denser and smaller, whereas the spread of vortexes

is extended in the downstream direction [4]. This aspect is related to a prolonged evolution of

the turbulent jet-spray for the higher Reynolds number case. Figure 2b shows a two-dimensional

radial-axial snapshot of the instantaneous distribution of droplets and the instantaneous enstrophy
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(a)

(b)

(c)

Figure 2: (a) Three-dimensional coherent structures of the �ow visualized by the Q-criterion. The iso-
surfaces Q = 1 are contoured according to the magnitude of the carrier phase velocity. (b) Axial-radial slices
of the magnitude of the instantaneous enstrophy �eld coloured in log scale, ζ2 = ∥∇×−→u ∥. (c) Radial-axial
slices of the turbulent sprays at Re = 10, 000 and Re = 6, 000. The black points represent a subset of the
whole droplet population constituted by droplets located within a distance ∆/R = 0.1 to the slice plane.
The size of each point is proportional to the corresponding droplet radius, using a scale factor of 100. The
carrier phase is contoured according to the instantaneous vapour mass fraction �eld, Yv, which is bounded
between 0 and 0.18, the former value corresponding to the dry condition, the latter to the 99% saturation
level prescribed at in�ow section.

�eld ζ2 = ∥∇ × −→u ∥. As expected, in the near-�eld high-intensity vorticity regions are mainly

located in the shear layer, whereas the vorticity is lower in the jet core. It is worth noting that

the considered jets are generated by fully turbulent pipe �ows and, thus, velocity �uctuations are

present also in the jet cores. Hence, we refer to the potential core region as the unperturbed core
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region where the turbulence statistics remain closer to the ones of the inlet pipe and not to those

of jet far-�eld. Moving downstream, the decay of the jet leads to a di�erent behaviour. The

decay dynamics, that is intrinsically related to the physics of turbulent jets, is observed in both

cases considered here, the high-Reynolds jet presenting vorticity-related features that are shifted

downstream compared to the lower Reynolds number one. It is also worth remarking that, the

decay of the turbulent structures of the jet observed in the present paper, is consistent with the

experimental observation by [30, 31]. Droplet clustering manifests less frequently in high-vorticity

regions, especially in the shear layer. We attribute this e�ect to two di�erent causes. First, inertial

droplets tend to escape from high-vorticity regions, that is a well-established explanation of small-

scale clustering [51]. Second, near high-vorticity regions in the shear layer, intensive mixing events

occur: dry environmental air, depleted of droplets, is mixed with the inner, saturated gas-vapor

mixture laden of droplets. These mixed and non-saturated regions consent a fast evaporation of

the droplets that rapidly disappear from these areas. The combination of these two phenomena

originates a strong preferential segregation of the dispersed phase. The anti-correlation between the

presence of droplets and the saturation level in the carrier phase is highlighted in �gure 2c, where

the instantaneous vapor mass fraction �eld and the instantaneous droplet distribution are provided.

It is worth noting that, most of the droplets are located in the core regions of the turbulent jets in

which a strongly inhomogeneous preferential distribution is observable over the whole downstream

evolution of the �ows. Nonetheless, in the near-�eld region, this non-uniform characteristic of droplet

dispersion emerges mainly in the mixing layer. This is a source of clustering which propagates also

in the downstream evolution. We also emphasize that, in the near-�eld, a self-preserving core exists

with a nearly saturated vapor environment which prevents the droplet to evaporate. In both cases,

moving downstream, the inhomogeneous distribution of the droplets becomes more apparent and

can be observed both in the near-axis region and in the jet shear layers. Nonetheless, with the

bulk Reynolds number increasing from Re = 6, 000 to Re = 10, 000, the onset of this intensive

preferential segregation of the droplets dispersion appears to be slightly shifted in the downstream

direction. Besides, it is worth noting the higher evaporation length for the high-Reynolds number

case, where many droplet clusters are still present at a higher distance from the inlet.

Eulerian statistics

Figure 3(a) provides the distribution of the average liquid mass fraction, ⟨ΦM ⟩. The mass fraction
is de�ned as ΦM = ml/mg, where ml and mg are the mass of the liquid acetone and the mass of the

gaseous phase evaluated inside each mesh cell. A spray vaporization length is de�ned as the axial

distance from the in�ow section to where the droplets lost, on average, 99% of their initial mass [16].

According to this de�nition, the vaporization process ends at about z/R ≃ 44 and z/R ≃ 50 for

Re = 6, 000 and Re = 10, 000, respectively. The vaporization length of the high-Reynolds jet is

about 13% longer than the one of the low-Reynolds jet. It is worth remarking that the vaporization

length de�ned in the present paper depends on di�erent parameters, such as the environmental

conditions and the initial droplet distributions. Hence, its value may vary in conditions di�erent

from that considered in the present study. An additional comparison of the spatial distribution of

the average liquid mass fraction between the two cases is provided in �gure 3b, where the centerline

mean liquid mass fraction versus the axial coordinate, z is displayed. The curves exhibit a near-

�eld hump: the liquid mass fraction increases along the jet-axis from the inlet section up to a peak
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(a) (b)

Figure 3: (a) Averaged Eulerian mass fraction of the liquid phase, ⟨ΦM ⟩ = ⟨ml/mg⟩, where ml and mg

are the mean mass of liquid acetone and air computed inside each mesh cell, respectively. The labels show
di�erent distances from the jet inlet section, z/R, in correspondence of which the 50%, 90%, 99%, and 99.9%
of the overall injected liquid mass is evaporated. (b) Mean liquid mass fraction distribution near the jet-axis
within the range 0 < r/R < 0.2.

located at z/R ≃ 9 for Re = 6, 000 and z/R ≃ 11 for Re = 10, 000. Further downstream, ΦM

reduces along the jet-axis until droplets completely evaporate. The centerline hump of ΦM reaches

a higher value in the Re = 10, 000 case than in the Re = 6, 000 one. This behavior is consistent

with the observations by [30, 31, 42] in which the centerline concentration of inertial particles is

found to increase above the injection value. The phenomenon can be explained by considering the

interplay of the droplet/particle inertia and the decay of the mean �uid velocity. The inertia induces

(a) (b) (c)

Figure 4: (a)-(b) Non-dimensional averaged distribution of the gas phase velocity, ⟨Ug⟩, and dispersed
phase velocity ⟨Ud⟩, provided in the left and right sides of the panels, respectively. (c) Mean velocity of
two phases near the jet-axis within the range 0 < r/R < 0.2. The panels provide the data for both the
Re = 6, 000 and the Re = 10, 000 case.
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Figure 5: (a) Averaged saturation �eld, ⟨Sv⟩ = ⟨Yv/Yv,s⟩, where Yv is the actual vapour mass fraction
and Yv,s = Yv,s(p0, T ) is the value of vapour mass fraction evaluated at local saturation condition. (b)
Distribution of the mean vapour saturation near the jet-axis in the range 0 < r/R < 0.2.

a delay of the particle velocity to adapt to the slower (decayed) �ow velocity thus creating a local

concentration peak, see Picano et al. [42] for additional details.

The mean velocity of the Eulerian phase and the mean velocity of the droplets are displayed in

�gure 4. In panels 4a and 4b the mean Eulerian velocity is shown in the half left-side of the image,

while the mean droplet velocity in the half right-side, for each of the two cases. The velocity of

the dispersed phase is slightly higher than the corresponding Eulerian velocity, but no signi�cant

di�erences emerge by comparing the jets at the two Reynolds numbers. The centerline values of the

same quantities, shown in panel 4c, con�rm this overall behavior. It follows that the macroscopic

dynamics of the �ow in the present cases are not a�ected, in terms of velocity, by the Reynolds

number. Thus, the di�erence found in the evaporation lengths cannot be attributed to a deviation

of the gas and particle velocity �elds.

In a jet-spray, as the turbulent core spreads and slowly decays, the dry and irrotational envi-

ronmental air surrounding the jet is continuously entrained. The entrainment of dry air dilutes

the vapor concentration and permits the overall vaporization process to advance. The �uid in the

inner core does not reach the outer region of the jet and is diluted only by the entrainment. Thus,

the centerline region presents a higher saturation level over the whole downstream evolution of the

�ow. The mean saturation �eld, ⟨Sv⟩, is provided in �gure 5a. In both the considered cases, the

�ow is nearly saturated in the proximity of the inlet section, as prescribed by the in�ow conditions.

The saturation level gradually decreases in the downstream direction, maintaining a sharp gradi-

ent towards the outer jet region. No signi�cant di�erences between the two cases are observable.

Some small discrepancies are present in the intermediate and far-�eld region, z/R > 20. The

Re = 6, 000 case (left panel) shows a relatively higher saturation level in the region 20 < z/R < 30,

whereas the opposite occurs beyond z/R ≃ 30. As it will be further discussed in the following, at

the lower Reynolds number we observe a faster evaporation rate in the near �eld, that explains the

higher saturation level in this region. Conversely, in the far-�eld region of the Re = 10, 000 case,

we observe a higher number of dispersed evaporating droplets , such that the higher saturation
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level is expected. Figure 6 provides a comparison between the mean droplet radius, ⟨rd⟩, in the

(a) (b)

Figure 6: (a) Average droplet radius, ⟨rd⟩, scaled by the droplet initial radius rd,0 = 6µm. (b) Average
droplet radius distribution near the jet-axis computed within the radial region 0 < r/R < 0.2.

two considered cases. For both the Reynolds numbers, in correspondence of each axial position,

z/R, larger droplets are located in the jet core region, whereas smaller droplets can be found in the

mixing layer. This behavior is expected since the saturated jet core reduces the vaporization rate of

the droplets near the centerline. Actually, the entrainment of environmental dry air dilutes the ace-

tone vapor concentration in the jet mixing layer, enhancing the vaporization process. At the higher

Reynolds number, the presence of larger droplets denotes a slower average evaporation rate. A more

quantitative view assessing this aspect is provided in �gure 6b, which shows the centerline value of

the mean droplet radius. The mean droplet evaporation rate, normalized by the �ow time-scale,

t0 = R/U0, and the initial droplet mass, md,0, is provided in �gure 7a. The evaporation rate peaks

in the mixing layer and is stronger in the near-�eld than in the far-�eld. This behavior is consistent

with the �ndings on the mean droplet radius, previously discussed. From a quantitative point of

view, the high-Reynolds number case shows, on average, lower values of the evaporation rate; this

explains the longer evaporation length. The droplet mass transfer is proportional to 1/St ∝ 1/Re,

implying a relatively slower mass transport with respect to the advection time-scale. Nonetheless,

the dissipative length-scale, as well as the �ner length-scales of the turbulent mixing-layer struc-

tures, become smaller in the high-Reynolds case. This leads to a faster time-scale of the entrainment

process arising in the mixing layer. This peculiar feature makes the (non-dimensional) entrainment,

spreading and decay rates of turbulent jets independent of the Reynolds number [44]. Being the

dispersed droplets inertial, they are not able to get bene�t from these fast features and globally

show a slower evaporation rate. To better characterize this aspect, we show in �gure 7b the mean

droplet evaporation rate normalized by the initial droplet relaxation time, τd,0 = St · t0, and the

initial droplet mass, md,0, with t0 = R/U0. This normalization takes into account the droplet inertia

and removes the direct dependence of the evaporation rate from the Reynolds number. Hence, we

observe that at the higher Reynolds number the mean (τ0-dimensionless) evaporation rate appears

slightly higher than that of the lower Reynolds number case. The more intensive �uctuations at

Re = 10, 000 fasten the evaporation rate normalized with the droplet-relaxation time, i.e. account-
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ing for the proper droplet time-scale. However, from a physical point of view, this small growth is

not su�cient for compensating the faster advection time-scale, t0 = R/U0, induced by the higher

in�ow velocity. This dynamics explains the longer jet evaporation length which, nevertheless, does

not scale proportionally to the Reynolds number.

(a) (b)

Figure 7: (a) Average droplet vaporization rate, ⟨ṁd⟩ divided by the reference mass-�ow-rate scale ṁd,0 =
md,0/t0 with md,0 the initial droplet mass and t0 = R/U0 the reference time-scale of the jet. (b) Average
droplet vaporization rate normalized by using the time-scale, τd,0.

As previously stated, a strong preferential segregation of the dispersed phase arises, both in

the low and high Reynolds number cases. Several mechanisms governing the preferential concen-

tration of droplets in a turbulent �ow have been proposed, e.g. the small-scale clustering [51], the

sweep-stick mechanism [21], the accumulation of droplets along the jet-axis [30, 31, 42] and the in-

termittent dynamics of the jet mixing layer [16]. Independently from the phenomena giving rise to

the observed inhomogeneous and preferentially-segregated spatial distribution of droplets, the local

vapor concentration within clusters is signi�cantly higher than its bulk counterpart. Consequently,

the evaporation process of the droplets located into a cluster is signi�cantly slowed down. The

vaporization may be even locally stopped, if the vapor concentration reaches the saturation level,

Yv,s(p0, T ), producing a non-evaporating core surrounding the cluster [47]. Di�erent approaches

have been proposed in the literature to measure the intensity of the preferential segregation of the

dispersed phase in droplet- or particle-laden multiphase �ows [1]. In the present paper, we employ

the following clustering index [6, 16]:

K =
(δn)2

n
− 1. (21)

To compute K in the equation above, (21), the Eulerian domain is discretized by employing a

uniform and equispaced Cartesian grid of cubic sampling cells. The edge size of the cells is set to

L/R = 0.2. The variables n and (δn)2 refer to the mean and the variance of the number of droplets

located into each sampling cell, respectively. The clustering index, K, is zero for any cell where the
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distribution of the droplets is purely random (according to a Poisson process), whereas K becomes

positive when the variance exceeds the mean value, due to the existence of a preferential concentra-

tion of droplets within the considered cell. In this sense, large positive values of K correspond to

a strong segregation of the dispersed phase, whereas small values to a uniform spatial distribution

of droplets. The results are presented in �gure 8a, showing the contour plot of the mean clustering

index computed by averaging the instantaneous and local values of K along the azimuthal direction

and over time, concurrently. Since no strong di�erences exist in the spatial distribution of K, at

least between the cases considered in this paper, the distribution and the intensity of the prefer-

ential segregation of the dispersed phase present only a weak dependence from the bulk Reynolds

number of the jet. In the immediate proximity of the in�ow section, K assumes positive values

mainly in the mixing layer, whereas it is only weakly positive in the core. On the other hand, in

the intermediate and far-�eld, K assumes quite large positive values over the whole jet, both in the

core and mixing layer. The peak of the clustering index is located in the jet core, between z/R ≃ 10

and z/R ≃ 20 in both the low and high Reynolds number cases, the latter presenting a small shift

in the downstream direction of the K-peaking-region.

To determine the leading mechanisms that drive the preferential segregation of droplets in

di�erent spray regions, we consider the droplet Stokes number evaluated at the dissipative time-scale.

Figure 8b provides the trend of the mean Stokes number ⟨Stη⟩, de�ned as the ratio of the droplet

response time, τd, and the characteristic time of the dissipative scale, τη = (ν/ϵ)1/2, computed along

the jet-axis and plotted versus z/R. The local dissipative time-scale is evaluated in correspondence

of each cell of the computational Eulerian grid, located within the radial range 0 < r/R < 0.2.

Then, the computed time-scale is used to estimate the Stokes number of the droplets located in the

correspondent cell. Finally, the mean Stokes number is computed by averaging its instantaneous and

local values along the azimuthal direction, within the considered radial range, as well as over time,

concurrently. The axial trend of ⟨Stη⟩ shows a distinct hump around z/R ≃ 15, which is followed by

a gradually decrease along the streamwise direction until a unity value is achieved around z/R ≃ 30

and z/R ≃ 40, at Re = 6, 000 and Re = 1000, respectively. The peaks of the Stokes number are

achieved in correspondence of the peak of the clustering index. Small-scale inertial clustering arises

from the competition between the droplet inertia and the Stokes drag. The drag tends to force the

droplets to follow the highly convoluted paths of the turbulent motion, whereas the �nite inertia

of the droplets prevents them to exactly move along these material-paths. By this mechanism,

largest droplets, for which Stη ≫ 1, act as ballistic particles with respect to the smallest scales

of turbulence. These droplets move across the smallest turbulent structures being only weakly

perturbed and do not tend to accumulate in clusters. On the contrary, the smallest droplets, for

which Stη ≪ 1, act as passive tracers which follow exactly the path of the local turbulent motion.

These droplets do not contribute signi�cantly to inertial clustering. On the other hand, droplets for

which Stη ≃ 1 manifest an intermediate dynamics. These droplets accumulate into the small-scale

interstitial vortical regions and give rise to strong inhomogeneities of the spatial distribution of

the dispersed phase. Since the Stokes number keeps values signi�cantly higher than unity in the

intermediate �eld, based on the trend of Stη, we assess that inertial clustering must play a minor

role in the preferential segregation of the liquid phase in this region, whereas it becomes dominant in

the far-�eld. A di�erent mechanism, rather than small-scale inertial clustering, should be considered

to explain the clustering of droplets in the near and intermediate �eld of the jet. We attribute the
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preferential concentration of droplets in these regions to the e�ect of the intermittent dynamics of

the mixing layer of the jet. In the outer-spray region, high-intensity vortical structures separate

the turbulent core, populated by droplets, by the dry environment, depleted of droplets. By an

Eulerian point of view, this region is characterized by large temporal and spatial �uctuations of

the local droplet concentration because of the intermittent dynamics of the turbulent-non-turbulent

interface. The entrainment causes the envelopment of dry-air bubbles, depleted of droplets, within

the turbulent jet. These dry and droplet-depleted bubbles mix with high-saturated gaseous regions

full of droplets, giving rise, instant by instant, to large inhomogeneities of the droplet distributions

which are advected downstream. To highlight this source of clustering in the mixing layer, we show

in �gure 8c the variance of mean vapor mass fraction, ⟨Y ′2
v⟩, for the two cases considered in the

present paper. It is worth noting that the locations of the peak of K and ⟨Y ′2
v⟩ in the near-�eld

region are close to each other. Hence, we assess that the main source of droplet clustering has to be

related to the intermittent dynamics of the mixing layer. Clusters created by this mechanism in the

(a) (b)

(c)

Figure 8: (a) Contour plot of the mean droplet clustering index, K, de�ned according to equation 21. (b)
Evolution along the jet-axis of the mean droplet Stokes number, ⟨Stη⟩, based on the dissipative time-scale
of the carrier phase, Stη = τd/τη. (c) Average distribution of variance of vapor mass fraction,⟨Y ′2

v ⟩.
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(a) (b)

Figure 9: Radial pro�les of the average vapor mass fraction �eld at two di�erent axial distances from the
origin: (a) z/R = 20, (b) z/R = 30. Each plot shows the enstrophy-threshold conditional average, ⟨YV,EC⟩,
the droplet-conditional average, ⟨YV,DC⟩, and the unconditional Eulerian average, ⟨YV,U ⟩. The enstrophy-
conditional average is calculated by sampling the vapor mass fraction only over turbulent core events (I = 1),
that is, when local enstrophy exceeds a �xed threshold. ⟨YV,DC⟩ is the average vapor mass fraction �eld
conditioned to the presence of droplets at a given point.

near-�eld are then advected downstream. Then, in the intermediate and far-�eld regions, inertial

clustering becomes more important.

To quantify the importance of the droplet preferential segregation on the evaporation process,

we consider di�erent conditional averages of the vapor mass fraction �eld. We provide a comparison

between the conditional mean vapor concentration sampled by the droplets (droplet-conditional),

⟨YV,DC⟩, and the unconditional Eulerian one, ⟨YV,U ⟩. The latter is computed by averaging the

Eulerian vapor mass fraction �eld along the azimuthal direction and over time, concurrently. The

former is de�ned as the average of the Eulerian vapor mass fraction �eld, conditioned to the presence

of a droplet at a given point. This statistical quantity is computed on the Eulerian grid by associating

to each grid cell the mean vapor mass fraction instantaneously sampled by the droplets located

within the considered cell. Figure 9 shows the radial pro�les of ⟨YV,DC⟩ and ⟨YV,U ⟩ at two di�erent
axial distances from the jet in�ow, z/R = 20 and z/R = 30, respectively. Globally, the vapor

mass fraction sampled by the droplets results to be higher than the correspondent unconditional

value, regardless of the Reynolds number. As already reported in [16], this preferential sampling of

the vapor mass fraction �eld actuated by the droplets can be related to di�erent mechanisms. The

primary contribution originates from the vapor self-produced by droplets with a tracer-like behavior

(Stη ≪ 1). These droplets exactly follow the path of the turbulent motion of the surrounding vapor

atmosphere, increasing the local vapor concentration in their surrounding material volume, and

hence sampling higher vapor concentration. Secondarily, within a droplet cluster, independently

from the mechanisms that drive its formations, a highly-saturated cloud establishes in its proximity.

Hence, in the presence of preferential segregation, an oversampling of the vapor concentration �eld

is expected also by the droplets evaporating inside clusters. The radial pro�les of the mean vapor

concentration are similar inside the jet core, �gure 9a, whereas signi�cant di�erences appear in the

mixing layer. In its core, the jet presents a nearly uniform vapor mass fraction �eld that nulli�es

the oversampling actuated by the droplets. On the other hand, in the mixing layer, the entrainment

JIETUO WANG 77



of bubbles of dry air depleted of droplets causes the Eulerian unconditional statistics to assume

lower values than the conditional one. This aspect is strictly connected to the clustering mechanism

previously discussed. Further downstream, the di�erence between the droplet-conditional vapor

concentration and the unconditional one gradually increases, even in the jet core, as shown in

�gure 9b. In the far-�eld, the inertial small-scale clustering plays a dominant role in the preferential

segregation of droplets, as shown in �gure 8. This leads to a considerable increment of the vapor mass

fraction �eld sampled by the droplets grouped in clusters with respect to the unconditional statistics.

Besides, no evident disagreement is observable for the unconditional mean vapor concentration

pro�les in the Re = 10, 000 and Re = 6, 000 case.

To better analyze the mixing layer of the jet spray, we remind that the inner core and the irrota-

tional outer region are separated by a nearly-sharp �uctuating interface, which is highly convoluted

over a wide range of vortical scales [15]. Di�erent approaches can be employed to identify this

interface [8, 23, 27, 54]. In the present paper, we consider the local enstrophy, ζ2 = ∥∇×−→u ∥. The
inner turbulent core is characterized by large �uctuations of enstrophy, whereas in the outer region

the enstrophy is null. Thus, by �xing a threshold, ζ2th, it is possible to distinguish if a given Eulerian

position is located, at a given time instant, in the turbulent jet core or in the outer irrotational

environment, by employing the following index:

I(x, t) = H[ζ2(x, t)− ζ2th], (22)

with H the Heaviside function. I = 1 denotes a turbulent event at the Eulerian position x, whereas

I = 0 an irrotational one. It has been observed that the conditionally averaged pro�le of the

vorticity magnitude in the shear layer is weakly dependent on the threshold vorticity magniture [8,

15]. In Dalla Barba and Picano [16], no relevant di�erences have been observed on I by changing

the value of ζth = 0.6U0/R by a factor 2. Hence, we can assess that the index I, employed in the

present paper to distinguish between the rotational jet core and irrotational environment, is weakly

dependent from the threshold value ζth. Thus, we de�ne the enstrophy-conditional average of the

vapor mass fraction �eld, ⟨YV,EC⟩, as the average vapor mass fraction obtained by sampling only the
instantaneous values of YV (x, t) linked to turbulent events, that is for time instants and positions

where I = 1, only. Figure 9 provides the radial pro�le of YV,DC , YV,U and YV,EC . The unconditional

and both the conditional statistics are similar in the core at z/R ≃ 20. In the mixing layer, the

radial pro�le of ⟨YV,EC⟩ keeps closer to that of ⟨YV,DC⟩, both the statistics assuming higher values

than that of ⟨YV,U ⟩. This di�erence, con�ned to the outer spray regions, con�rms the contribution

of the intermittent dynamics of the mixing layer to the non-homogeneous spatial distribution of the

dispersed phase discussed above. Droplets moving towards the outer region are enclosed by a high

concentration vapor cloud which is expelled from the turbulent jet core. Simultaneously, dry air

without droplets is engulfed in the core enhancing the �uctuations of the droplet distribution and

vapor concentration. Further downstream, z/R ≃ 30, the droplet-conditional vapor concentration

pro�le shows the same shape as the enstrophy-conditional one, except for an almost constant o�set,

both in the core and mixing layer. This con�rms how, in the far-�eld, both the small-scale inertial

clustering and the intermittent dynamics of the mixing layer contribute to the oversampling of the

vapor mass fraction �eld actuated by the dispersed phase, the former mechanism becoming the

dominant e�ect in the jet core. The combination of these two mechanisms, leading to the observed
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oversampling of the vapor concentration, strongly reduces the vaporization rate with respect to the

one that would be estimated by employing unconditioned statistics. This phenomenology is similar

for both the cases considered in the present study.

Lagrangian statistics

Turbulent �uctuations are responsible for extremely di�erent Lagrangian histories of the evaporating

droplets. The Joint Probability Density Function (JPDF) of the droplet vaporization length and

time are reported for both cases in �gure 10. The vaporization length of a droplet is de�ned as the

axial distance from the inlet, Ze/R, where the droplet radius is decreased from rd,0 to the threshold

radius, rd,th = 0.1rd,0 (99.9% of the initial mass is evaporated). The correspondent time is de�ned

as the droplet vaporization time, te/t0, with t0 = R/U0, being R the reference length scale (inlet

radius) and U0 the bulk in�ow velocity. For both cases, a strong linear correlation is found between

the droplet vaporization length and time, whereas di�erent slopes are observable. Integrating the

JPDFs, we have calculated that half of the ejected droplets are still present around ze/R ≃ 32

for Re = 6, 000 and ze/R ≃ 36 for Re = 10, 000, locations where the 90% of the droplet mass

is evaporated (see �gure 3). Correspondingly, the mean vaporization times are about te/t0 = 65

and te/t0 = 90 for Re = 6, 000 and Re = 10, 000, respectively. Consistently with the previous

discussion, we observe a lower average vaporization rate for the higher Reynolds number. It is also

worth remarking that the actual droplet vaporization time varies of more than 50% of its mean

value (not shown), con�rming the extremely heterogeneous dynamics of the vaporization process.

Since at Re = 10, 000 droplets have larger initial Stokes numbers, they tend to remain longer in the

nearly saturated turbulent core. This causes an additional delay in the vaporization process in the

near-�eld.

Figure 11(a) compares the Probability Density Function (PDF) of the droplet radius at di�erent

axial positions, z/R, for the two Reynolds numbers considered in the present paper. It is worth

remarking that, due to numerical stability reasons, droplets with a radius of rd < 0.5µm are

removed from the simulation (more than 99.9% of the liquid mass is evaporated before). Thus, all
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Figure 10: JPDF of the vaporization lengths and times of the injected droplets computed over the whole
droplet population. (a) Re = 6, 000 (b) Re = 10, 000. The lower axis provides the non-dimensional time,
te/t0 with t0 = R/U0, whereas the secondary top axis provides the non-dimensional time, te/τd,0.
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the PDFs sharply terminate. Except for this e�ect, the PDF clearly shows how fastly polydispersity

is promoted in the turbulent jet-spray. Though starting from an identical monodisperse status, the

distribution of the droplet radii rapidly spreads over a wide range, even at �ve jet radii downstream

the inlet. We observe this fast growth of polydispersity in both the considered cases, with a slightly

narrower PDF at Re = 10, 000. Further downstream, e.g. z/R = 20 and z/R = 40, a similar

qualitative behaviour is observed: the �at PDFs are related to a nearly constant probability to

�nd droplets of arbitrary sizes. We attribute this fast widening of the droplet size spectrum to the

strong inhomogeneous conditions of the vapour concentration. In the mixing layer, the entrainment

process creates �ow regions with low levels of saturation, which promote fast droplet vaporization.

Concurrently, because of clustering, clouds of droplets originating in the jet core maintain slow

vaporization rates for a long time. As shown in panel (b) of �gure 11, the PDFs of the saturation

level of the droplet atmospheres present nearly �at pro�les. This re�ects in a strongly varying

droplet vaporization rate, whose PDFs are shown in panel (c). The droplet vaporization rate is

(a) (b)

(c)

Figure 11: (a) PDF of the non-dimensional droplet radius, rd/rd,0, where rd,0 is the initial radius of the
injected droplets. (b) PDF of the saturation �eld evaluated at the droplet surface, Sd = Yv/Yv,s, where
Yv,s = Yv,s(Td, p) is the vapor mass fraction at saturation computed as a function of the droplet actual
temperature and the carrier phase thermodynamics pressure,p0. Yv is the actual vapor mass fraction in
the carrier gaseous mixture evaluated at the droplet position. (c) PDF of the non-dimensional droplet
vaporization rate, −mḋ t0/rd,0, where t0 = R/U0 and rd,0 are the the reference time-scale of the jet and the
initial radius of the injected droplets, respectively.
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slightly higher for the low Reynolds number case, consistently with the slower jet evaporation

length and the previous discussion on the e�ect of the Reynolds number. Finally, we aim to

highlight that in the near and intermediate �elds some rare condensation events occur. When the

evaporation of a droplet proceeds fast enough, which is more common in the near-�eld region close

to the mixing layer, the droplet temperature decreases. In turn, this results in the establishment of

saturation conditions which can block the evaporation even in a region with relatively low values of

the vapour concentration �eld. Then, if the droplet moves into a higher vapour concentration zone

due to its inertia, supersaturation conditions could arise. These inertial e�ects are more worthy of

attention for droplets with a higher Stokes number, which is the reason for the relatively broader

distribution range of the saturation observed in the Re = 10, 000 case. The intense polydispersity of

the evaporating droplets a�ects the vaporization length and time of the droplets within the spray.

To predict the temporal evolution of the droplet dynamics, the d-square law is often adopted [29].

In this context, a linear behavior for the square diameter of each droplet is expected,

d2d
d2d,0

≃ 1− k
tf
t0
, (23)

k =
Sh

Sc

ρ

ρl

1

Re

(︃
R

rd,0

)︃2

ln(1 +Bm), (24)

where, in many practical and experimental application, the constant k can only be estimated based

on the reference environmental state, e.g. bulk vapor concentration. We provide in �gure 12 the Joint

Probability Density Function (JPDF) of the droplet square diameter and �ight time, D2F (tf , d
2
d).

As expected, the droplet square diameter does not follow a linear temporal evolution as predicted

by the d-square law, otherwise all data should collapse on a single straight line. In the same �gure,

we also report the average droplet square diameter conditioned to the �ight time, ⟨d2d/d2d,0⟩(t/t0),
and the droplets mean �ight time conditioned to the square droplet diameter, ⟨tf/t0⟩(d2d/d2d,0), for
both Reynolds number cases. These two quantities have been directly extracted from the JPDF,
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Figure 12: JPDF of the droplet square diameter and �ight time, D2F (tf , d
2
d), for for di�erent

Reynolds numbers. The mean square droplet diameter conditioned to the �ight time (triangle symbol),
⟨d2d/d2d,0⟩(t/t0), and the mean droplet �ight time conditioned to the square droplet diameter (square sym-

bol), ⟨tf/t0⟩(d2d/d2d,0). In the upper abscissa the time is normalized by the initial particle relaxation time,
whereas the lower axis provides the non-dimensional time, tf/t0.
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D2F , as:

⟨d2d⟩(tf ) =
∫︁∞
0 d2d D2F (tf , d

2
d) d(d

2
d)∫︁∞

0 D2F (tf , d
2
d) d(d

2
d)

(25)

⟨tf ⟩(d2d) =
∫︁∞
0 tf D2F (tf , d

2
d) d(tf )∫︁∞

0 D2F (tf , d
2
d) d(tf )

. (26)

Although the two quantities are strictly related, their signi�cance is di�erent. The mean square

diameter conditioned to the �ight time provides the mean square diameter of droplets given a �xed

�ight time, e.g. after a �xed time since droplet injection. On the other hand, the mean �ight time

at a given mean square diameter provides the amount of time needed, on average, by droplets to

reach a given size. In both the considered cases, the two observables assume similar values for

relatively large droplets (d2d/d
2
d,0 > 0.25) and strongly di�erent ones for small droplets. The mean

�ight time conditioned to the droplet square diameter provides also information about the �nite

time needed, on average, by the droplets for full evaporation, e.g. d2d/d
2
d,0 → 0: We name the latter

mean evaporation �ight time, tef . The mean evaporation �ight time increases with the Reynolds

number when scaled with the advection reference time, being tef/t0 ≃ 66 and tef/t0 ≃ 89, for

Re = 6, 000 and Re = 10, 000 respectively. We also note that, by scaling the mean �ight time with

the droplet initial relaxation time, the two cases show closer values, tef/τd,0 ≃ 106 and tef/τd,0 ≃ 86,

with a slightly faster evaporation rate for the higher Reynolds number case. This fact con�rms

that, by increasing the Reynolds number, two di�erent competing e�ects are present: a stronger

turbulence intensity which tends to fasten the evaporation rate and a higher droplet relative inertia

which tends to slow down the process. It is worth highlighting that the trends of the two curves,

Eq. (25) versus Eq. (26), are extremely di�erent for small droplet sizes. For a time longer than

the mean evaporation �ight time, tef , a �nite average droplet diameter is still observable. This

peculiar e�ect can be explained by considering that droplets in clusters require a very long time to

evaporate. Hence, some droplets can survive for a very long time, causing the statistics to display a

�nite average diameter. The prolonged life-time of droplets could be further extended considering

the existence of super-saturation regions controlled by ambient conditions, as showed in the recent

high-�delity simulations about respiratory �ows by Chong et al. [12], Ng et al. [40]. Both these

aspects could be crucial in the modelling of droplet dispersion in many applications of practical

interest.

To better characterize how the d-square law is able describe the present cases, we consider the

evolution of the droplet square diameter predicted by using the d-square law, Eq. (23), and estimat-

ing the proportionality constant, kenv, by considering the bulk thermodynamic properties of the envi-

ronment, as usual in many practical applications. Figure 13 provides the trend of the droplet square

diameter predicted by using the d-square law together with ⟨d2d/d2d,0⟩(t/t0) and ⟨tf/t0⟩(d2d/d2d,0).
The resulting constants expressed in dimensionless units are kenv ≃ 0.115 and kenv ≃ 0.069 for

Re = 6, 000 and Re = 10, 000, respectively. In both cases the predicted droplet evaporation time is

much lower than the actual one, e.g. the estimation of the evaporation rate is much higher than the

actual one. We attribute this disagreement to the e�ects of clustering and preferential sampling of

vapor concentration previously discussed, that cannot be accounted for by the d-square law. Since

the mean �ight time computed by Eq. (26) shows a linear behavior for small droplets and long

time, we provide also the linear �tting in the form ⟨tf/t0⟩(d2d/d2d,0) ≃ C − kfit(tf/t0) restricted
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Figure 13: Mean square droplet diameter conditioned to the �ight time (triangle symbol), ⟨d2d/d2d,0⟩(t/t0),
and the mean droplet �ight time conditioned to the square droplet diameter (square symbol),
⟨tf/t0⟩(d2d/d2d,0). In the upper axis the time is normalized by the initial particle relaxation time, τd,0,
whereas in the lower one by the advecting time, t0. The blue line shows the evolution of droplet square
diameter predited by employing the d-square law provided in Eq. (23) and by estimating the k constant
via the bulk environmental conditions. The black, dashed line provides the linear �tting of ⟨tf/t0⟩(d2d/d2d,0)
restricted to t/t0 > 30.

to tf/t0 > 30. In this case the �tting constants are C ≃ 1.25 and kfit ≃ 0.0190 for Re = 6000

whereas C ≃ 1.164 and kfit ≃ 0.0131 for Re = 10000. By using these parameters we can refor-

mulate an e�ective d-square law. We assume that droplets do not evaporate for some time after

the injection when they travel in the saturated unperturbed core. Downstream, the droplet square

diameter evolves according to an e�ective d-square law. The evaporation delay time, when droplets

are assumed to be non-evaporating, is similar for the two cases, e.g. ∼ 13t0, which corresponds to a

travelled distance of around 13 jet radii. The estimated values of kfit appear six times lower than

those estimated by using the bulk properties of the environment, kenv, for both cases. The large

discrepancies between the values of kenv and kfit con�rm the crucial importance of improving bulk

spray low-order models accounting for the complex dynamics arising from the strong inhomogeneity

of the droplet and the vapor mass fraction distribution in turbulent jet-sprays.

Conclusion

A three-dimensional Direct Numerical Simulation (DNS) is employed to investigate the motion

and evaporation of acetone droplets in a moderate Reynolds number turbulent jet-spray (Re =

10,000 ) in an open environment and dilute conditions. The gaseous jet-spray is composed of a

mixture of dry air and acetone vapour, whereas the surrounding environment is �lled with dry

air. The problem is numerically tackled by employing the Eulerian-Lagrangian framework and

the point-droplet approximation, combined with a two-way coupling concept, including the mass,

momentum and energy exchanges between two phases. The simulation reproduces the evaporation

of monodisperse acetone droplets, continuously injected within the turbulent gaseous phase at a

bulk Reynolds number Re = 2U0R/ν = 10, 000. After the establishment of statistically-steady

conditions for both the phases, a systematic and comprehensive dataset of both instantaneous and

average Eulerian and Lagrangian observables was collected. In the present study, the dataset is
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also compared to a previous DNS dataset concerning a lower Reynolds number case (Re = 6,000 ),

which, from the physical point of view, corresponds to a lower jet velocity (Dalla Barba and Picano

[16]). The e�ects of the jet Reynolds number on the turbulent evaporation of droplets in dilute

jetsprays are investigated. In both the cases considered in the present paper, a strong evaporation

rate is observed in the mixing layer, where the entrainment of dry air dilutes the saturated jet

core. A longer evaporation length is found for the higher Reynolds number jet-spray. We relate

this increment of the evaporation length to the lower average vaporization rate, observed at Re =

10,000 , by scaling the data by the jet advection reference time-scale, t0 = R/U0 . This lower rate is

attributed to a higher droplet relative inertia (Stokes number), which slows down the vapour-liquid

mass exchange. A strong inhomogeneous and segregated droplet distribution is observed in both the

considered cases. This is found to originate in the mixing layer of the jet near-�eld and propagate

in the downstream direction. In the jet mixing layer, we identify di�erent features: entrained

bubbles of dry air depleted of droplets and saturated gas clouds full of droplets coming from the

saturated core. Since the droplets located in dry regions evaporate fast, whereas the droplets in

vapour-saturated clouds cannot evaporate, these dynamics tend to intensify the clustering in the

downstream evolution of the jet. Besides, in the far-�eld, small-scale clustering is also observed. The

inhomogeneous distribution of the segregated phase strongly impacts the Lagrangian evolution of

the droplets: the droplet size spectrum becomes extremely wide, even starting from a monodisperse

distribution. This extreme widening of the droplet size spectrum is associated with a broadening

of the probability density functions of the evaporation rate and saturation level sampled by the

droplets. These �ndings could play a role in explaining the fast widening of the droplet spectrum

in warm clouds[49]. Finally, we address the evaluation of the accuracy of the well-established d-

square law in approximating the droplet evolution for the cases considered in the present paper.

Firstly, we found that the actual droplet evaporation time varies of more than 50% of its mean

value. This highlights how the evolution of the droplet histories strongly deviates from the d-square

law. Secondly, we observe that, whereas the trend of the mean evaporation (�ight) time, tef , can

be approximated by a linear law of the droplet mean square diameter, its slope is much lower than

the value predicted by considering the bulk thermodynamical properties of the environment. In

addition, we show how, after a time much longer than tef , the evaporation process is not still

terminated. This peculiar aspect is attributed to clustering dynamics. Aggregates of droplets with

a nearly saturated atmospheres may survive for a longer time before fully evaporating. Hence, some

droplets may preserve relatively large sizes for long distances and times. Despite the di�erences

between steady-state jet-sprays, which are considered in the present paper, and respiratory �ows,

this aspect should be considered in the modelling of the evaporation and dispersion of infectious

droplets. Indeed, even in these cases, some droplets may persist much longer than what expected

using the d-square law, especially if its evaluation is based on the bulk thermodynamic properties

of the environment. Finally, we believe that dataset and the analysis presented in this study are

relevant to improve the knowledge about the dynamics of turbulent evaporating sprays, providing,

at the same time, a benchmark test-case for developing more accurate low-order and high-�delity

models.
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Abstract: The Eulerian-Lagrangian framework has widely used as a dominant scheme in study-

ing dispersed two-phase �ows. This strategy has the advantage of explicitly accounting for the

continuum dynamics for carrier �ows while simultaneously considering the non-continuum physics

of a dispersed phase. However, the computational cost related to this method tracking all par-

ticles/droplets could be extremely expensive when an enormous number of particles need to be

handled. One approach to alleviate this problem is to simply reduce the total number of dispersed

particles/droplets tracked in the simulation. Meanwhile, each computation particle/droplet, often

mentioned as parcel, is treated as a representative of several particles having same properties, e.g.

position and size, in the original simulation. However, systematic analyses investigating its sound-

ness within simulations of turbulent �ows bearing evaporating droplets is still missing. To ful�l

this lack, we address well-resolved Large-eddy Simulations (LESs) of a turbulent diluted acetone

jet-spray considering di�erent ratios of computation droplets to physical droplets, i.e. parcel ratio.

By benchmarking against a corresponding fully resolved Direct Numerical Simulation (DNS) and

a LES both using the total number of droplets, we show to which extent a high parcel ratio is

su�ciently accurate in reproducing statistics of the carrier and transported phases. Our numerical

results demonstrated the robustness of parcel concept when the ratio between computational and

physical particles is carefully implemented. In particular, a too high parcel ratio would leads to

a signi�cant underestimation of the evaporation rate. We found that the appropriate parcel ratio

should be of the order of the �lter width and dissipative length ratio, so similar to the coarse factor

of the Eulerian mesh spacing between a resolved DNS and the LES. The authors believe that the

�ndings showed in the present work may contribute to improve capabilities of current models in

accurately and e�ciently reproducing the �ow physics and droplets dynamics in a wide range of

problems with scienti�c and technical interests.

Keywords: Spray dynamics, Lagrangian modeling, LES, parcel model, droplet evaporation

Introduction

Dispersed two-phase �ows are frequently found in daily life and in numerous natural and industrial

processes, such as sediment transport in rivers, pollutant transport in the air, fuel injection in
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engines, and spray driers for food processing. These �ows are characterized by a carrier phase laden

with a dispersed phase in the form of particles, droplets, or bubbles, in which the two distinguished

phases interact mutually exchanging mass, momentum and energy often in turbulent conditions. To

investigate dispersed multiphase �ows, a range of complementary computational approaches have

been implemented[8, 9]. If the dimensional scale of dispersed phase is larger than the smallest scale

of the carrier �ows, a fully resolved method might be applicable to completely resolve all the scales

of the ambient �uid and sub-particle scale necessary to capture the �uid/particle interface. The

main restriction of this fully resolved approach is the wide range of length and time scales as well

as the particle number seeded into the carrier �ow that require huge computational resources often

still unavailable [7, 10]. The Eulerian approach treating the collection of particles (hereafter we

use �particles� to refer both to particles and droplets) as interpenetrating continuum as the carrier

one, on the other hand, relaxes the limitation of computational cost[8, 15]. This approximation

might not always provide accurate predictions and is not favorable when the particulate phase

with extensive variety of sizes are of interest in the particle-laden �ows[19]. When restricting the

focus on particles smaller than hydrodynamic scales, the Lagrangian method generally applies a

point-particle approximation to describe individual particles associated with a number of degree of

freedom describing their properties like position, size and velocity[16, 35, 36], especially favorable

in the context where the polydispersity of dispersed particles introduces a wide range of time and

length scales. Each particle is tracked independently along its trajectory by the algorithm and the

interactions between particles and surrounding �ows are not resolved which indicates the necessity

of models to close the evolution equation of particles Maxey and Riley [23]. The computational cost

associated to this approach grows linearly with the number of particles [22].

Along with many advantages o�ered by the Lagrangian point approach, opportunities for im-

provement in some aspects exist. For instance, in systems with millions, billions and more particles

which are not uncommon, an Eulerian-Lagrangian approach to particle-laden �ows could be pro-

hibitively expensive for practical applications. A simple reduction in computational cost could be

achieved through representing a group of particles with same properties by a single computational

particle[3, 6, 16, 17, 24, 26, 30, 31], which is often referred as a concept of parcel in the physical

system. This technique consists in a lowering of degree of freedom and is analogous to Eulerian

corse graining (increase of mesh size) moving from Direct Numerical Simulation (DNS) to Large-

eddy Simulation (LES) in turbulent �ows. Since the reduction of tracked particles inevitably leads

to estimation error[36], implementing such a method always aims to accurately reproduce the re-

quested �ow statistics. Increasing the number of computational particles will result in a trade-o�

relationship between the statistic accuracy of the calculation and the computational time and stor-

age.Aiming to evaluated both the Eulerian and Lagrangian approaches in modeling the turbulent

evaporating sprays issued by an air-atomizing injector into a still environment, Mostafa and Mongia

[24] analyzed the sensitivity of spray dynamics on the parcel concept by progressively increasing

the total amount of computational particles until only 3% di�erence has accrued when using the

optimal number and the next higher one. Amsden et al. [3], in the KIVA-II code, associated the

number of real particles to the parcel as a numerical weight in the context of droplet coalescence in

sprays, which is still the basis of most engine spray CFD modelling package. Sankaran and Menon

[31] tracked 105 computational particles in performing LESs of spray combustion, and justi�ed

this number as being large enough to obtain accurate droplet statistics. Focusing on simulating a
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temporal mixing layer laden with evaporating droplets under the Eulerian-Lagrangian framework,

Okong'o and Bellan [26] evaluated the capability of LES to reproduce the detailed characteristics of

DNS. They considered seven parcels-ratio cases in which one computational particle represented 1,

2, 4, 8, 16, 32, 64 physical droplets, respectively, and two reduced �ow �led resolutions, i.e. a grid

spacing four/eight times larger than that of the DNS. Di�erent models for resolved source terms

and un�ltered sgs �uxes were also taken into assessment. They reported a complex dependence

relationship between �lter size and number of computational droplets when comparing the relative

error of modeling the unresolved �ow �led with the that of parcel concept. Interestingly, a progres-

sive reduction of the computational droplets leads to deteriorated performance of LES models, and

�nally the modeling error becomes independent of the �lter width. Salewski [30] performed LESs

of sprays issued into cross�ow with 4,500, 11,000, 28,000, and 54,000 computational evaporating

droplets. By examining quantities such as the liquid fractional volume and the drop size distribu-

tion, they concluded that no remarkable di�erence between solutions when the number of droplets

was increased beyond 11,000. Radhakrishnan and Bellan [28] suspected that the Salewski [30]'s

conclusion might not hold for higher order statistics such as scalar �uxes. To quantify the in�uence

of the computational droplet number and �lter width on accurately predicting �ow statistics and to

identify the optimal number of computational drops that provides minimal error in �ow prediction,

Radhakrishnan and Bellan [28] performed LESs of a mixing layer with evaporating droplets by

increasing the computational droplets with a parcel ratio varying from 8 to 128 of physical particles

in conjunction with two di�erent �lter width, a �ne and a coarse mesh grid. They reported the

dependence of the second-order �ow statistics on both the computational droplet number and the

�lter size. In particular, they showed that, in the �ne-mesh LES, the number of computational

droplets tracked in the simulations could be reduced by a factor of no more than 32 as compared to

the correspondent DNS without reducing the accuracy of scalar variance and turbulent vapor �ux.

The coarse mesh LESs provided reasonably accurately predictions for all computational droplets

investigated whereas the �ne-mesh LES is not as accurate as the coarse-mesh LES when large rep-

resentation factor of computational droplets was used. They claimed that the number of drops in a

computational cell must not be signi�cantly smaller than that in the DNS. Other recent researches

employing the parcel concept focused on the breakup or collision of particles, and can be found in

Ref. [2, 4, 5, 21, 25].

Though extensive investigations employing the parcel concept have been implemented, a well-

established criterion of choosing the representation factor of parcel/computational droplet is still

missing. To cover this lack, we address well-resolved Large-eddy Simulations of a turbulent diluted

acetone jet-spray considering di�erent ratios of computation particles to physical particles, i.e. parcel

ratio. The numerical tool is a validated MPI parallel code which solves the low-Mach number

formulation of Navier-Stokes equations on a cylindrical domain coupled with a Lagrangian solver

to deal with the position, velocity, radius and temperature of point-droplets. By benchmarking

against a corresponding fully resolved Direct Numerical Simulation (DNS) and a LES both using

the total number of droplets, we show to which extent a high parcel ratio is su�ciently accurate in

reproducing statistics of the carrier and transported phases.
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Numerical Methodology

Formulation

In the present work, a hybrid Eulerian-Lagrangian approach was adopted in the numerical algo-

rithm together with the point droplet approximation, which also account for the mutual impact of

dispersed phase and carrier gas phase by employing a two-way coupling framework. The velocity,

vapor fraction, temperature and density �elds of the gaseous phase are described using an Eulerian

approach. The governing equations are solved in cylindrical coordinates in an open environment at

constant pressure p0. Under these hypothesis and after applying the Favre-weighted �ltering [18]

to the asymptotic low-Mach expansion of the Navier-Stokes system, the governing equations can be

written as:
∂ρ

∂t
+
∂ρũi
∂xi

= Sm , (1)

∂ρũi
∂t

+
∂ρũiũj
∂xj

= − ∂p

∂xi
+

∂

∂xj

[︃
(µg + µsgs)

(︃
∂ũi
∂xj

+
∂ũj
∂xi

− 2

3

∂ũi
∂xi

δij

)︃]︃
+ Sp,i , (2)

∂ρỸ v

∂t
+
∂ρỸ vũi
∂xi

=
∂

∂xi

(︄
ρ(D +Dsgs)

∂Ỹ v

∂xi

)︄
+ Sm , (3)

∂ũi
∂xi

=
γ − 1

γ

1

p0

[︄
∂

∂xi

(︄
(κg + κsgs)

∂T̃

∂xi

)︄
+ Se − LvSm

]︄
, (4)

p0 = T̃ ρRg , (5)

where ρ, ũi, Ỹ v, T̃ , p are the density, velocity, vapor mass fraction, temperature and hydrodynamic

pressure �elds while µg is the dynamic viscosity of the gaseous phase, D the binary mass di�usion

coe�cient, κg the thermal conductivity of the vapor-air mixture and Lv the latent heat of vapor-

ization of the liquid phase. The gaseous phase is assumed to be governed by the equation of state

where Rg = R/Wg is the gas constant of the mixture being Wg its molar mass and R the universal

gas constant. The ratio γ = cp,g/cv,g is the speci�c heat ratio of the carrier mixture where cp,g and

cv,g the gaseous phase speci�c heat capacity at constant pressure and volume, respectively. The

subgrid-scale terms of the Navier-Stokes equations are described using the classical Smagorinsky

model [33]:

µsgs = ρ(Cs∆)2
⃦⃦
⃦⃦1
2

(︃
∂ũi
∂xj

+
∂ũj
∂xi

)︃⃦⃦
⃦⃦ , (6)

where Cs is a model constant (0.12 in our setup) and ∆ = [(r∆θ)∆r∆z]
1/3 is the typical cell size.

For the other subgrid-scale �uxes, Dsgs and κsgs, we adopt the gradient model [32] and their values

are assumed proportional to the Smagorinsky eddy-viscosity with a constant turbulent Schmidt and

Prandtl numbers equal to Sct = 0.7 and Prt = 0.7, respectively.

The e�ects of the dispersed phase on the gaseous phase are accounted for by three sink-source

terms, Sm, Sp,i and Se:

Sm =
PR

∆3

nd∑︂

k=1

−dmk

dt
δ(xi − xk,i) , (7)
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Sp,i =
PR

∆3

nd∑︂

k=1

− d

dt
(mkuk,i)δ(xi − xk,i) , (8)

Se =
PR

∆3

nd∑︂

k=1

− d

dt
(mkclTk)δ(xi − xk,i) , (9)

where xk,i, mk and Tk are position, mass, velocity and temperature of the k-th computational

particle while cl is the liquid speci�c heat. PR indicates the constant number of physical particles

represented by a computational particle. The sum is taken over the entire domain parcel population

(being nd the total number of parcels) and, the delta function expresses that the sink-source terms

act only at the domain locations occupied by the parcels. These terms are calculated in correspon-

dence of each grid node by volume-averaging the mass, momentum, and energy sources from all

parcels located within the cell volume centered around the considered grid point.

The motion of the dispersed phase is described using a Lagrangian approach. In particular,

considering the small size of the droplets, these are treated as small rigid evaporating spheres

and are approximated as point-wise particles. In addition, the temperature of the liquid phase is

assumed to be uniform inside each droplet. As the volume (and mass) fraction of the liquid phase

considered in current work is relatively small, the mutual interactions among droplets (i.e collisions,

coalescence of droplets) can be neglected. Besides, the e�ect of the subgrid-scale terms is not taken

into consideration. Hence, only the resolved part of the Eulerian �elds is used in the equations of

the dispersed phase. With these assumptions, the position, velocity, mass and temperature of the

droplets are described by the following equations:

dxk,i
dt

= uk,i , (10)

duk,i
dt

=
(ũi − uk,i)

τk
(1 + 0.15Re0.687k ), (11)

dr2k
dt

= −µg
ρl

Sh

Sc
ln (1 +Bm) , (12)

dTk
dt

=
1

3τk

[︃
Nu

Pr

cp,g
cl

(T̃ − Tk)−
Sh

Sc

Lv

cl
ln(1 +Bm)

]︃
, (13)

where xk,i, uk,i, rk and Tk are the position, velocity, radius and temperature of the k-th droplet

while ρl is the liquid droplet density, cp,g the speci�c heat capacity of the gaseous phase at constant

pressure and Lv the latent heat of vaporization. The droplet relaxation time, τk, and the droplet

Reynolds number, Rek, are de�ned as:

τk =
2ρlr

2
k

9µg
, Rek =

2ρl∥ũi − uk,i∥rk
µg

, (14)

while the Schmidt number, Sc, and Prandtl number, Pr, are computed as:

Sc =
µg
ρgD

, Pr =
µgcp,g
kg

, (15)
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where µg and ρg are the dynamic viscosity and density of the gaseous phase while D is the binary

mass di�usion coe�cient and κg the thermal conductivity. The Sherwood number, Sh, and Nusselt

number, Nu, are estimated as a function of the droplet Reynolds number using the Frössling

correlations [20]:

Sh0 = 2 + 0.552Re
1/2
k Sc1/3 , Nu0 = 2 + 0.552Re

1/2
k Pr1/3 . (16)

The resulting Sherwood and Nusselt numbers are corrected to account for the Stefan �ow [1, 14]:

Sh = 2 +
Sh0 − 2

Fm
, Nu = 2 +

Nu0 − 2

Ft
. (17)

The coe�cients Fm and Ft are computed as follows:

Fm =
(1 +Bm)0.7

Bm
Hm , Ft =

(1 +Bt)
0.7

Bt
Ht, (18)

where Hm and Ht are de�ned as:

Hm = ln (1 +Bm) , Ht = ln (1 +Bt) , (19)

being Bm and Bt the Spalding mass and heat transfer numbers[34]:

Bm =
Yv,s − Yṽ
1− Yv,s

, Bt =
cp,v
Lv

(T̃ − Tk) , (20)

where Yṽ and T̃ are the vapor mass fraction and temperature �elds evaluated at the droplet position,

Yv,s is the vapor mass fraction evaluated at droplet surface and cp,v is the vapor speci�c heat at

constant pressure. The vapor mass fraction at the droplet surface corresponds to the mass fraction

of the vapor in a saturated vapor-gas mixture at the droplet temperature. To estimate Yv,s, we use

the Clausius-Clapeyron relation to �rst compute the vapor molar fraction, Xv,s:

Xv,s =
pref
p0

exp

[︃
Lv

Rv

(︃
1

Tref
− 1

Tk

)︃]︃
, (21)

where pref and Tref are arbitrary reference pressure and temperature and Rv = R/Wl is the vapor

gas constant. The saturated vapor mass fraction is then computed using the relation:

Yv,s =
Xv,s

Xv,s + (1−Xv,s)
Wg

Wl

, (22)

where Wg and Wl are are the molar mass of the gaseous and liquid phases.

Tool and Simulation Setup

The numerical tool, CYCLON[12, 14, 27, 29, 38], is a validated MPI parallel code which consists

of two di�erent modules: i) an Eulerian module that solves the governing equations for the gaseous

phase (density, velocity, vapor mass fraction and temperature); ii) a Lagrangian module that solves

the equations governing the droplet dynamics (position, velocity, mass and temperature). In par-
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ticular, the governing equations of the gaseous phase are discretized in space using a second-order

central �nite di�erences scheme and they are time advanced using a low-storage third-order Runge-

Kutta scheme. Likewise, the governing equations of the Lagrangian phase are time integrated using

the same Runge-Kutta scheme, and a second-order accurate polynomial interpolation is used to

evaluate the Eulerian quantities at the droplet position. More details, benchmarks and tests can be

found in [12�14, 38].

(a) 3D cylindrical domain

(b) Local mesh structure

(c) 3D pipe �ow

Figure 1: (a) A sketch of the 3D cylindrical domain where a representative ensemble of the whole droplet
population is plotted with black points. (b) A local sector of the mesh structure centered at z/R = 20. (c)
The turbulent periodic pipe. The colors contour the vapor mass fraction �eld, Yv, within the jet and the
axial instantaneous velocity, Uz, of the turbulent pipe, respectively[38].

The computational domain, Fig. (1), is a cylinder into which the turbulent jet bearing acetone

droplets is injected through a circular ori�ce of radius R = 4.9 × 10−3 m located at the centre

of the bottom base. The cylinder dimensions are Lθ × Lr × Lz = 2π × 20R × 70R along the

azimuthal (θ) radial (r) and axial (z) directions. The domain is discretized using a staggered grid

with Nθ × Nr × Nz = 48 × 54 × 288 grid points, which is obtained reducing by a factor 4 in each

direction the grid points of the corresponding DNS mesh[38]. The pipe domain, which extends

for 2π × 1R × 6R in the azimuthal, θ, radial, r and axial, z,directions, is discretized containing

Nθ ×Nr ×Nz = 48× 22× 32 nodes in order to match the corresponding jet computational grid at

the pipe discharge. A convective boundary condition is adopted on the outlet section located on the

upper face of the cylindrical domain. An adiabatic, traction-free boundary condition is prescribed

at the side boundary of the domain making the entrainment of external �uid possible. The latter,

in the present case, consists of dry air. Time-dependent and fully turbulent boundary conditions

are prescribed on the in�ow section by employing a companion DNS reproducing a fully-developed,
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periodic pipe �ow. A fully turbulent velocity �eld is assigned on the jet in�ow by a Dirichlet

condition. This two-dimensional �eld is computed on a cross-sectional slice of the turbulent pipe.

Excluding the circular in�ow, the remaining part of the domain base is impermeable and adiabatic.

Table 1: Thermodynamic and physical properties of acetone and dry air.

R0 0.0049[m] Wg 0.029[kg/mol]

p0 101300[Pa] Wl 0.0581[kg/mol]

T0 275.15[K] kg 0.0243[W/(m · K)]
µ 1.75 E-5[kg/(m · s] kl 0.183[W/(m · K)]
cp,g 1038[J/(kg · K)] D 1.1E-5[m2/s]

cp,v 1300[J/(kg · K)] ρl 800[kg/m3]

cl 2150[J/(kg ·K)] Lv 530000[J/kg]

U0 13.9[m/s] rd 6E-6[m]

t0 3.5E-4[s]

The present work reproduces the dynamics of liquid acetone droplets dispersed within a turbu-

lent air-acetone vapor jet with a LES approach. The gas-vapor mixture is injected into an open

environment through an ori�ce of radius R = 5× 10−3m at a bulk velocity U0 = 13.9m/s. Liquid

acetone mono-disperse phase with an initial radius rd,0 = 6µm are randomly distributed over the

in�ow section. The ambient pressure is set to p0 = 101300Pa while the injection temperature

is �xed to T0 = 275.15K for both the droplets and carrier mixture. The injection �ow rate of

the gaseous phase is kept constant �xing a bulk Reynolds number Re = 2U0R/ν = 10000, with

ν = 1.35× 10−5m2/s the kinematic viscosity. At the in�ow section a nearly saturated condition is

prescribed for the air-acetone vapor mixture, S = Yv/Yv,s = 0.99, with Yv the actual vapor mass

fraction and Yv,s(p0, T0) the vapor mass fraction saturation level evaluated at the actual in�ow

temperature and thermodynamic pressure. The acetone mass �ow rate is set by the mass �ow rate

ratio Φ = ṁact/ṁair = 0.28, with ṁact = ṁact,l + ṁact,v the sum of liquid and vapor acetone mass

�ow rates and ṁair the gaseous one. The correspondent bulk volume fraction of the liquid phase

is set to Ψ = 8 × 10−5, as previously mentioned. All the thermodynamic and physical properties

of the vapor, gas, and liquid phases are reported in Table I. The thermodynamic conditions at the

inlet are comparable to that adopted in the well-controlled experiments on dilute coaxial sprays

published by the group of Chen et al. [11].

Results and Discussion

We performed a total of six LES simulations adopting the constant parcel ratio (PR) ranging within

1, 4, 16, 64, 256, 1024 which are compared also against a corresponding DNS dataset [38]. All

the statistics presented in the following are computed considering around 100 samples separated in

time by R/U0 = 1 after reaching a statistical steady condition for the two-phase evaporating �ows.

Fig. 2 shows a comparison of the instantaneous �elds of vapour mass fraction and the instan-

taneous droplet distribution between the benchmarking DNS and LESs with PR = 1, 64, 1024. It

can be seen that, despite small vortical structures of the �ow �elds not being capably captured in

LES cases, the general appearance of levels and structures in all panels looks quite close to each

other with no signi�cant deviation between three LESs and the DNS data. The apparent clusters
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Figure 2: Radial-axial slices of turbulent sprays for DNS and LESs results.The black points represent a
subset of the whole droplet population constituted by droplets located within a distance h/R = 0.1 from the
slice plane. Each point size in the 1st and 2nd panels is proportional to the corresponding droplet radius
(scale factor 100) whereas appropriate enlargements are applied for size of points in 3rd and 4th panels in
order to better visualization. The carrier phase is contoured according to the instantaneous vapor mass
fraction �eld, Yv, which is bounded between 0 and 0.18, the former corresponding to the totally dry air
condition and the latter to the 99% saturation level prescribed at inlet. For perspicuity reasons, simulation
results with PR = 1, 64, 1024 are showed here.

of evaporating droplets (black points) showed in the DNS panel strongly correlate with regions

of high vapour concentration[38], which appears successfully reproduced by the LES case with all

physical droplets although at large scales. Moreover, the highly spatial nonuniform distribution of

Lagrangian droplets appears progressively missing when a higher PR is adopted, potentially leading

to numerical errors as suggested in [36].

As it is less meaningful to compare the instantaneous distribution of single realizations of LESs,

more insights about the parcel model can be gained from the statistical moments, e.g. average, joint

probability distribution function (JPDF). In Fig. 3a, we compare the average distribution of liquid

mass fraction, ⟨Φ⟩, between the benchmarking DNS and LESs with di�erent PRs. The mass fraction

is de�ned as Φ = ml/mg, where ml and mg are the mass of liquid acetone and of the gaseous phase

evaluated inside each mesh cell. A spray vaporization length is de�ned as the axial distance from the

inlet section to where the droplets/parcels lost 99% of their initial mass averagely[14, 37]. According

to this de�nition, the vaporization process completes at about z/R ∼ 52, z/R ∼ 51, z/R ∼ 52,

z/R ∼ 50, z/R ∼ 53, and z/R ∼ 60 for LESs with increasing PR whereas the benchmarking DNS

is around z/R ∼ 50. The vaporization length of the LES with highest PR is about 20% longer

than that of the benchmarking DNS which is closely predicted by other PR cases. This is because

as more physical droplets are represented by a parcel, fewer parcels are available in each cell to

form the mesh-based average statistics. Hence, statistical errors, which is inversely proportional to

the square root of particle number per cell, would increase[36]. Meanwhile, in LES cases with high

PR, each parcel in a cell may impose on carrier �ows excessive sources leading to localized regions

with high vapor concentrations which eventually slows down the evaporation process of parcels. An

additional comparison of the spatial distribution of the average liquid mass fraction is provided in
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(a) (b)

Figure 3: (a)Mean liquid mass fraction, Φ = ml/mg normalized by the initial value Φ0, where ml and mg

are the mean mass of liquid acetone and air inside each mesh cell, respectively. (b) shows the Φ distribution
along center axis and three di�erent z/R positions. (Both DNS and LESs with di�erent parcel ratio are
present)

Fig. 3b, where the center-line mean liquid mass fraction, as well as the radial distribution at three

di�erent axial positions, i.e. z/R = 5, 25, 45, are displayed. It is evident that, for all cases presented,

the general trend is the same. For instance, in the center-line plot that the liquid mass fraction

increases along the jet-axis from the in�ow section up to a peak located at z/R ≃ 11. Further

downstream, Φ reduces along the jet-axis until droplets/parcels completely evaporate. However,

signi�cant deviations based on the benchmarking DNS results appear in intermediate- and far-�elds

if a large PR is adopted, i.e. PR= 256 & 1024 in the present work. Far from the origin all the

errors induced by the parcel representation can sum up and appear as inaccurate statistics.

To assess Lagrangian statistics of evaporating droplets/parcels, in Fig. (4a-4g), we provide the

Joint Probability Density Function (JPDF ) of the normalized droplet square diameter, d2d/d
2
d,0,

and normalized �ight time, tf/t0 for the benchmarking DNS and LESs at di�erent PRs. In each

sub�gure, conditioned average as also reported: The mean square droplet diameter as a function of

the �ight time, ⟨d2d/d2d,0⟩(t/t0), and the mean droplet �ight time as a function of the square droplet

diameter, ⟨t/t0⟩(d2d/d2d,0) which are directly extracted from the JPDF statistics. Although the two

quantities are strictly related, their meaning is di�erent. The mean square diameter conditioned to

the �ight time provides the mean square diameter of droplets given a �xed �ight time, e.g. after

a �xed time since droplet injection. On the other hand, the mean �ight time at a given mean

square diameter provides the amount of time needed, on average, by the droplets to reach a given

size. As shown in the Fig. (4a-4g) all LES results show a consistent trend as the benchmarking

DNS does, whereas both the contour map and plots shift rightward by increasing the PR value,

indicating a slower evaporation process when large PR is used. This could be attributed to the

error induced both from LES and from the parcel ratio. The former can be quanti�ed by the

LES with all droplets (PR = 1). Concerning the latter, when too less parcels are present in the

simulation domain, the proper non-uniform distribution behaviors of dispersed droplets could not be

reproduced, e.g. clustering. In addition, as previously discussed, the coupling source terms imposed

on the carrier �ows can suddenly saturate local vapour phase in a computational cell at high PR.

To better quantify the in�uence of parcel model on the average fate of droplets, we extract both
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(a) (b) (c)

(d) (e) (f)

(g) (h)

Figure 4: (a-g) shows JPDF of the normalized droplet square diameter, d2d/d
2
d,0, and normalized �ight time,

tf/t0 for benchmarking DNS and LESs with di�erent PRs. The mean square droplet diameter as a function
of the �ight time, ⟨d2d/d2d,0⟩(t/t0), and the mean droplet �ight time as a function of the square droplet

diameter, ⟨t/t0⟩(d2d/d2d,0),are also displayed for each case. (h) shows comparisons of both ⟨d2d/d2d,0⟩(t/t0) and
⟨t/t0⟩(d2d/d2d,0).

conditional quantities from each �gure and show comparisons in Fig. 4h. The inset panel reports

the relative deviation of the average survival time for parcels from each LES case based on the DNS

restuls. It is clear that a robust result can be achieved with PR up to 64 where the error appears

una�ected by PR, while increases at higher PR.

We aim to remark that the reduction the degree of freedom from DNS to LES, i.e. the overall

reduction of cell number is 64. Hence, we propose as criterion that the Parcel Ratio PR should scales

with the Eulerian reduction of the degree of freedom, and so with the mesh size global coarsening.

This criterion can be generalized considering that the typical mesh size in DNS ∆DNS is of the

order of the dissipative Kolmogorov length η, so PR ≤ ∆LES/∆DNS ≃ PR ≤ ∆LES/η. In other

words, in a general LES approach the parcel ratio should be set evaluating the ratio between typical

mesh size ∆LES over the typical dissipativel Kolmogorov length η.
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Conclusion

The computational cost related to Lagrangian method tracking all particles/droplets could be ex-

tremely expensive when an enormous number of particles/droplets need to be handled in two-phase

�uid system. One approach to alleviate this problem is to simply lower the total number of dispersed

particles tracked in the simulation by representing a cluster of droplet having same properties with

a computational particle, also called parcel. In this paper, we address the well-resolved Large-eddy

Simulations (LESs) of a turbulent diluted acetone jet-spray considering di�erent ratios of compu-

tation particles to physical particles, i.e. parcel ratio.

All thermodynamical and physical properties as well as simulation parameters in this work are

the same as that in a corresponding DNS [38], except for a coarse mesh dedicated to the LES

approach and the parcel concept. In particular, the cylindrical domain is discretized by a coarse

factor 4 in each direction the grid points of the corresponding DNS mesh reported in [38]. To assess

the robustness of the parcel concept, �ve parcel ratios were used together with a case presenting

all physical particles, namely PR = 1, 4, 16, 64, 256, and 1024. By benchmarking against the

corresponding fully resolved DNS and the LES with the total number of droplets, the present work

showed to which extent the parcel ratio does not cause a signi�cant change in statistics of the

gasesous and droplet phases.

Numerical results demonstrated the robustness of parcel concept when the ratio between compu-

tational and physical particles is carefully implemented. In particular, an appropriate parcel ratio,

which keeps same number of computational particle per cell as its DNS counterpart, e.g. 64 in the

present work, could provide robust results on mean statistics of droplets. From this information we

extrapolate a criterion that in a general LES approach the parcel ratio should be set of the order of

the ratio between typical mesh size ∆LES over the typical dissipative Kolmogorov length η. Further

increasing the parcel ratio would lead to a signi�cant underestimation of the mean behaviors of

droplets evaporation for two reasons which are the statistical errors introduced by grid-based esti-

mate of average �eld variables, and the inaccurate spatial distribution of parcels. We believe that

the �ndings showed in the present study may contribute to improve capabilities of current models

in accurately and e�ciently reproducing the �ow physics and particle dynamics in a wide range of

problems with scienti�c and technical interests.
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Abstract: After the Spanish �u pandemic, it was apparent that airborne transmission was crucial to

spreading virus contagion, and research responded by producing several fundamental works like the

experiments of Duguid [J. Hyg. 44:6, 1946] and the model of Wells [Am. J. Hyg., 20:611�18,1934].

These seminal works have been pillars to past and current guidelines published by health organi-

zations. However, in about one century, understanding of turbulent aerosol transport by jets and

plumes has enormously progressed and it is now time to use this body of developed knowledge.

In this work, we use detailed experiments and accurate computationally-intensive numerical sim-

ulations of droplet-laden turbulent pu�s emitted during sneezes in a wide range of environmental

conditions. We consider the same emission � number of drops, drop size distribution and initial

velocity � and we change environmental parameters as temperature and humidity, and we observe

strong variation in droplets evaporation or condensation in accordance with their local tempera-

ture and humidity microenvironment. We assume that 3% of the initial droplet volume is made

of non-volatile matter. Our systematic analysis con�rms that droplets lifetime is always about one

order of magnitude larger compared to previous predictions, in some cases up to 200 times. Fi-

nally, we have been able to produce original virus exposure maps, which can be a useful instrument

for health scientists and practitioners to calibrate new guidelines to prevent short-range airborne

disease transmission.

Keywords: COVID-19, airborne, infectious disease, SARS-CoV-2, public health

Introduction

Respiratory viruses can be transmitted among human subjects via three main routes. First, direct

contact and fomites, where a healthy individual comes into direct contact with an infected person

(direct contact) or touches a contaminated surface (fomites). Second, through the droplet trans-

mission that occurs in the proximity of an infected person, who exhales large and small respiratory

droplets containing the virus. Third, through the airborne transmission of smaller droplets and par-

ticles (droplet nuclei), which remain airborne over a much longer time, traveling farther distances

than droplet transmission. While the latest research suggests that direct contact and fomites are

unlikely to be a major source of infection for SARS-CoV-2 [20, 25], understanding the role played
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by the latter two contributions is crucial to design e�ective guidelines for pathogens transmission

prevention.

Conventionally, and according to WHO guidelines [58], droplets larger than 5 µm in diameter are

referred to as respiratory droplets (droplet transmission), while those smaller than 5 µm in diameter

are de�ned as droplets nuclei (airborne transmission). This threshold has been widely used to de�ne

public health guidelines and to design infection control interventions for healthcare workers [10].

The current pandemic, however, highlighted the limitations of these guidelines and made it clear

that new research should be embraced to revise these recommendations. Indeed, the threshold used

to distinguish between droplet transmission and airborne transmission and its scienti�c rationale are

highly questionable [56, 60]: the aerodynamic behavior of droplets, ballistic for respiratory droplets

and aerosol-like for droplet nuclei, strongly depends on the local �ow conditions. Recent works

suggest that a much larger threshold (100 µm) [17, 54] better di�erentiates between large and small

droplets dynamics. Likewise, the better understanding of turbulence gained in the last 50 years,

has shown how the evaporation process is extremely complex [13, 21, 31] and cannot be captured

with simpli�ed models, like those employed by Wells [55]. Finally, from a medical perspective, it

is evident how the distinction between large droplets and small droplets (airborne) diseases and its

connection with the short- and long-range transmission is rather weak and for many respiratory

infections the predominant route depends on the speci�c setting [35, 48].

A key step towards understanding the routes of pathogens transmission must rely on the study

of the �uid dynamics as it plays a crucial role in almost every aspect of disease spreading [31, 40].

Thanks to recent experimental and numerical advancements, we can have access to detailed time-

and space-resolved quantities. In this work, using the most recent experimental and numerical

methodologies, we investigate the evaporation and dispersion dynamics of the respiratory droplets

released during a sneeze in four di�erent ambient conditions (temperature and relative humidity).

Although sneezing is not a known symptom of covid-19, it can signi�cantly contribute to the spread-

ing of diseases as it is a powerful event that generates thousand of virus-laden droplets and which

is also common of many diseases and allergies [15]. Then, building on these results, and using

virological data, we evaluate the transport of the viral copies providing graphical visualizations of

the infection risk at close distance from an infected subject. Our �ndings suggest that predictions

based on the models adopted in current guidelines are largely unsatisfactory, leading to a dangerous

underestimation of the infection risk. In particular, current guidelines underestimate the infectious

potential associated with the short-range airborne route [12, 26, 60], i.e. the infection risk associ-

ated with small droplets and droplet nuclei that remain airborne in the proximity of an infected

individual and that may readily penetrate and deposit in the upper and lower respiratory tract [52].

Materials and Methods

We summarize here the numerical and experimental methodologies used. Further details on the

numerical method, experimental setup and additional tests can be found in SI Appendix.

Simulations

The numerical simulations are based on an hybrid Eulerian-Lagrangian framework [53]. An Eulerian

Large-Eddy-Simulation approach is used to describe the velocity, density, vapor and temperature
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�elds, while the motion, mass and temperature of the droplets are described using a Lagrangian

approach. The computational domain consists of a horizontal cylinder into which the droplet-laden

sneezing jet is injected via a circular ori�ce of radius R = 1 cm that mimics the mouth opening

[22]. The cylinder has dimensions Lθ ×Lr ×Lz = 2π× 150R× 300R = 2π× 150 cm× 300 cm along

the azimuthal, radial and axial directions. A total mass of liquid equal to ml = 8.08 × 10−6 kg

is ejected together with the sneezing jet. The resulting volume fraction is Φv = 4.55 × 10−6,

in agreement with previous measurements [6, 14]. The in�ow velocity pro�le is obtained from a

gamma-probability-distribution function [8] and the overall duration of the injection stage is about

0.6 seconds. The jet has a temperature of Tj = 308 K and a relative humidity equal to RHj = 90%

[6, 19, 32], while its peak velocity is uz,j = 20 m/s [7, 59]. Please note that in the simulation used

to compare numerical and experimental results, we consider a jet having the same temperature and

humidity of the ambient. For the liquid phase, for each respiratory droplet, its initial diameter is

assumed to follow a log-normal distribution with geometric mean equal to 12 µm and geometric

standard deviation equal to 0.7 [5]. The ambient is assumed quiescent and characterized by a

uniform temperature and relative humidity and constant thermodynamic pressure. We consider

four ambient conditions: two temperatures, T = 5 ◦C and T = 20 ◦C, and two relative humidities,

RH = 50% and RH = 90%. To simulate the presence of non-volatile elements such as salt, protein

and pathogens in the respiratory liquid [51], the minimum size that a droplet can attain has been

limited to 3% of the initial volume (≃ 30% of the initial diameter) [5, 11, 46, 47]. Additional

simulations, which detailed discussion can be found in the SI Appendix, have been also performed

to test the results sensitivity to multiple sneezing events and initial droplet size distribution.

Experiments

The experimental setup has been designed to obtain a repeatable droplets-laden jet having properties

(jet duration, �ow rate) analogous to those considered in the numerical simulations. To prevent

exposure of human beings to the potentially harmful laser light, a dummy head is used. The �ow is

generated by a compressor-based system and is controlled with the aid of an electromagnetic valve.

The air stream is seeded with non evaporating, tracer-like droplets (average size 2 µm, Stokes number

St ≪ 1) and �nally emitted through a circular opening (radius R = 1 cm) located on the front

of the head. The seeding solution is kept at ambient temperature. We observed that the droplets

remain suspended in the ambient for long time, without any apparent e�ect of sedimentation.

We performed 94 experiments, consisting of a series of 7 recordings with high speed cameras and

87 velocity measurements with hot-wire anemometry. Further experiments, not listed above and

discussed in SI Appendix, have been performed to analyse the e�ect of face-covering devices. All

the experiments are performed in the same �ow conditions (�uids temperature, jet duration, �ow

velocity). We use high-speed imaging system (acquisition rate 0.8 kHz) to record the evolution

of the �ow on a 4 mm thick vertical plane. The main components of the imaging system are a

double-pulse laser (25 mJ per pulse), and a high-speed camera (sensor size of 2560×1600 pixel at

0.8 kHz) looking perpendicularly to the laser sheet and located at a distance of 2 m from the laser

plane. The droplet distribution (see inset panels in �gure 1) is processed to identify the relevant �ow

quantities, such as the front and opening angle of the jet. Finally, we employ hot-wire anemometry

technique (acquisition rate 1 kHz) to characterize the axial �ow evolution, i.e. we measure the

time- and space-dependent �ow axial velocity at di�erent z locations. This measurements are also
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used to verify that the �ow generated is highly repeatable.

Results and Discussion

We start by comparing the behavior predicted by our experiments and simulations of a violent

expiratory event. In particular, we consider the sneeze ejected from a human subject without any

face covering (please refer to SI Appendix for a discussion on face covering). The results obtained

are benchmarked against theoretical scaling laws available for the two phases characterizing the

expiratory event: jet and pu� [1, 6, 41]. Then, high-�delity simulations are used to characterize the

dispersion and evaporation of the respiratory droplets in di�erent ambient conditions. These results

are compared with the predictions obtained from models currently employed in public health guide-

lines. Finally, we try to bridge �uid dynamics and virological data on SARS-CoV-2 to characterize

the virus exposure discussing the risk associated with droplets of di�erent sizes.

Sneezing event: simulations and experiments

To assess the reliability of numerical simulations in accurately reproducing a sneezing event, we

start by benchmarking simulation results against those obtained from the experiments performed in

the TU Wien laboratory. Due to the impossibility of performing experiments in which temperature,

vapor mass fraction and velocity �elds are recorded simultaneously, we focus on the ability of

simulations and experiments to accurately capture the �ow structures and the dynamics of the

sneeze. As in this section we do not investigate the evaporation process, we consider a neutrally

buoyant jet having the same temperature and humidity of the ambient (T = 22 ◦C and RH = 50%).

The jet is seeded with tracers (mono-dispersed silicone oil droplets having a diameter equal to 2 µm),

which are used for �ow visualization and speci�cally to track the advancement of the the jet front.

For simulations, the in�ow condition is obtained from a gamma-probability-distribution function [8],

which mimics the air�ow generated by a sneezing event. Likewise, experiments have been designed

to reproduce an inlet condition that is repeatable and similar to that adopted in the simulations.

Please refer to Materials and Methods and SI Appendix for further details.

To quantitatively compare the results, we consider the time evolution of the jet front. Results

are also benchmarked against the theoretical scaling laws available in the literature [1, 6, 41]. In

particular, considering the �nite duration of a sneezing event (and consequently the �nite time

during which momentum is injected in the environment), we can distinguish between two di�erent

phases: i) jet phase, linked to the early jet evolution when momentum is continuously provided

(constant momentum �ux); ii) pu� phase, linked to the late evolution where momentum injection

ceases and the jet momentum remains constant. Using the self-similarity hypothesis, two scaling

laws for the distance traveled by the jet front can be derived [43]; for the starting jet phase (constant

momentum �ux), the distance traveled by the jet front L grows over time as L ∝ t1/2, while for the

pu� phase (constant momentum), the penetration distance grows as L ∝ t1/4.

Figure 1 shows the evolution of the front of the jet obtained from simulations (red points) and

experiments (blue points with error bars). As reference, the theoretical scaling laws for the jet and

pu� phase are reported with two dashed lines. For the jet phase, we observe a very good agreement

between experiments and simulations. In particular, the resulting least-squares power-law �ts are:

L(t) = 1.51×t0.51 for the experiments and L(t) = 1.38×t0.51 for the simulations. Present results are
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Figure 1: Distance traveled by the front of the jet: comparison between simulations (red dots) and ex-
periments (blue dots). For experiments, data are obtained from 7 independent realizations and error bars
corresponding to the standard deviation are also shown. The two stages that characterize the sneezing event,
jet (early stage) and pu� (late stage) are clearly visible; the scaling laws for the jet, L ∝ t1/2, and pu� phase,
L ∝ t1/4, are reported as reference with black dashed lines. Both simulations and experiments exhibit a very
similar behavior and are in excellent agreement. Qualitative visualizations obtained from experiments show-
ing the instantaneous tracers concentration (black-high; white-low) at di�erent times (t = 0.25 s, t = 0.50 s,
t = 0.75 s and t = 1.00 s, respectively) are reported as representative of the jet/pu� evolution.

also in good agreement with the analytical scaling law. A detailed quanti�cation on the goodness of

the �ttings proposed is presented in SI Appendix. The very small discrepancy observed between our

results and the theoretical scaling law can be traced back to the constant momentum �ux hypothesis

used to derive the scaling. This assumption is only partially satis�ed as in the very �rst stage of the

sneeze (t < 0.1 s), there is a rapid, but not instantaneous, increase of the inlet velocity and thus of

the momentum �ux. Moving to the pu� phase, there is a remarkable decrease of the momentum �ux

and the distance traveled by the jet front deviates from the jet scaling law and approaches the pu�

scaling law. Even in this later stage, an overall good agreement is observed between experiments

and simulations. For both curves (experiments and simulations), the exponent of the power-law

least-squares �tting approaches the value 1/4, as suggested by the theoretical scaling law. To further

compare simulations and experiments, we measured the semi-cone angle of the jet obtaining very

similar values among experiments (α = 8.5◦) and simulations (α = 8◦). These �ndings are also in

agreement with previous investigations on human respiratory activities [1]. Additional comparisons

between simulations and experiments are available in the SI Appendix.

Sneezing event simulations

Once assessed the reliability of the numerical framework, we use numerical simulations to study the

dispersion and evaporation of respiratory droplets resulting from a sneeze. We study four di�erent

ambient conditions: two temperatures (T = 5 ◦C and T = 20 ◦C) and two relative humidities

(RH = 50% and RH = 90%). These simulations are performed using the same numerical setup

discussed before (see Materials and Methods and SI Appendix for details).

Figure 2 shows a graphical representation of the sneezing event reproduced by the simulations;
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Figure 2: Snapshots of the sneezing event at: t = 0.25 s (A, C) and t = 0.50 s (B, D), where t = 0
represents the beginning of the respiratory event. The left column refers to T = 5 ◦C and RH = 90%,
while the right column to T = 20 ◦C and RH = 50%. The background shows the local value of the relative
humidity (white-low; black-high). The respiratory droplets are displayed rescaled according to their size
(not in real scale) and are also colored according to their size (red-small; white-large). We can appreciate
how most droplets move together with the turbulent gas cloud generated by the sneezing jet. This cloud is
characterized by a much larger value of the RH with respect to the ambient. In addition, for T = 5 ◦C and
RH = 90% (left column), a wide region is characterized by supersaturated conditions (RH > 100%).

the left column (A and B) refers to the T = 5 ◦C and RH = 90% case while the right column (C,

D) refers to the T = 20 ◦C and RH = 50%. For each case, two di�erent time instants, t = 0.25 s

and t = 0.50 s, are shown; the background is colored by the local RH (white-low; black-high),

while the dimension (not in scale) and color of the respiratory droplets correspond to their diameter

(red-small; white-large). At the beginning (A, C), for both cases, most of the droplets are within

the turbulent saturated cloud emitted by the sneezing jet. Only few droplets, with diameter larger

than 100 µm (white), located in the front of the jet leave the cloud. Later in time (B, D), the largest

droplets start to settle down and thus to signi�cantly move along the vertical direction. On the

contrary, most of the other droplets remain suspended in the vapor cloud generated by the sneezing

jet as their settling time is longer (e.g. 600 s for a 10 µm droplet) [55]. The e�ect of buoyancy is

also apparent. Since the jet is characterized by a higher temperature (smaller density) than the

environment, the cloud starts to move upwards carrying small droplets as well. This e�ect is more

evident for the low temperature cases. Finally, it is worth to observe that already after 0.5 s the

front of the jet with the transported droplets has already travelled about 1m away from the infected

individual.

Evaporation of respiratory droplets

To evaluate the infection risk associated with droplets of di�erent sizes, we �rst evaluate the lifetime

of the respiratory droplets. To this aim, we compute the time required by each droplet to complete

the evaporation process, reaching its terminal size determined by the presence of non-volatile ele-

ments. Indeed, since respiratory liquid contains salt and proteins [5, 11, 46, 47], droplets evaporate

until they reach a critical size forming droplet nuclei (water and non-volatile evaporation residua),

which may remain suspended. The volume fraction of non-volatile elements varies between individ-
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uals and is on average about 3% in volume [5, 11, 39, 46, 47], which correspond to a dry nuclei size

of about 30% of the initial droplet diameter. Figure 3 shows the resulting evaporation times for

the di�erent ambient conditions tested (A-D). The evaporation times are reported according to the

initial droplet diameter and, for each class of diameters, we compute the probability of obtaining a

given evaporation time. The sample plot on the left side of the �gure guides the reading of the other

four panels. For any given initial diameter, the leftmost part of the distribution marks the shortest

evaporation time, while the rightmost part of the distribution marks the longest evaporation time;

empty black circles identify the mean evaporation time for each initial diameter. The distribution

is colored by the probability of each evaporation time (blue-low probability; yellow-high proba-

bility). Present results have been compared with the evaporation time predicted by the constant

temperature model [23, 55], which is currently employed in most public health guidelines. This

model, assuming an isolated droplet at constant ambient temperature, leads to the so-called d2-law,

which predicts that the evaporation time is proportional to the initial diameter squared (and thus

to the initial droplet surface). The predicted evaporation time (or more precisely the time required

for a droplet to shrink down to 30% of its initial diameter) is reported with a red solid line as a

function of the diameter: according to the d2-law, small droplets evaporate almost immediately,

while a much longer time is required for larger droplets. We highlight how the evaporation process

obtained from simulations is di�erent from that predicted by the model. Indeed, according to the

d2-law, only droplet nuclei should be present beyond the red line, which marks the evaporation time

predicted with the constant temperature model. However, simulations show a completely di�erent

picture with most of the droplets completing the evaporation process well beyond the predicted

time. The slower evaporation dynamics of respiratory droplets is very pronounced for the high

relative humidity cases (B,D), where only droplets smaller than 20 µm fully evaporate within 2.5 s.

It is worth mentioning that for the T = 5 ◦C and RH = 90% case, the presence of a supersaturated

region induced by the warm humid exhaled air (see �gure 2A-B), produces an initial condensation

of smaller droplets. Hence, in the �rst phase, droplets grow in size [13, 34] instead of evaporating

and shrinking.

A similar trend, but less marked, can be observed for the low humidity cases, where for the

most favorable case (C), almost all droplets with a size smaller than 40 µm reach their �nal size.

The resulting mean evaporation times obtained from simulations are thus larger (by at least one

order of magnitude) than those predicted from the constant temperature model, as also observed

in recent studies [13, 34]. This dramatic slowdown of the evaporation process traces back to the

motion of the droplets and to the local thermodynamic conditions they sample. Indeed, most of

the droplets are exposed to the warmer and more humid conditions that characterize the exhaled

cloud [6, 59] and to their �uctuations produced by turbulence [41]. As the evaporation rate of the

droplets is determined by the local humidity value at the droplet position, which is much higher

than the expected environmental value, this results in a much slower evaporation (i.e. a much

longer evaporation time). Although the resulting evaporation times are much larger than d2-law

predictions, it is worth observing that the d2-law scaling seems to still bear some universality.

Indeed, for the high-temperature cases (C, D), the mean evaporation times seem to follow a similar

scaling (but with a di�erent pre-factor). However, when low temperatures and high humidities

are considered (A, B), the presence of condensation in the early stages of the expiratory event

extensively modi�es the evaporation dynamics and the d2-law scaling does not hold anymore.
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Figure 3: Time required by the respiratory droplets to complete the evaporation process in the four ambient
conditions tested: T = 5◦C and RH = 50%− 90% (A and B) and T = 20◦C and RH = 50%− 90% (C, D).
The sample plot on the left provides at a glance guidance on how to read the main panels. In particular,
for any given initial diameter, the leftmost side of the distribution indicates the shortest evaporation time,
while the rightmost side of the distribution marks the longest evaporation time observed for droplets with
a certain initial diameter. The color of the distribution represents the probability (blue-low; yellow-high) of
having a certain evaporation time. Empty black dots represent the mean evaporation time obtained from
the simulation data. The predicted evaporation time obtained from the d2-law, a model currently employed
for the de�nition of public health guidelines, is reported with a solid red line as a function of the droplet
diameter. According to the model prediction, all droplets should evaporate within the time prescribed
by the red line, thus the gray-shaded area below the red line should be empty (i.e. droplets should have
already evaporated to dry nuclei). Simulations results, however, show a completely di�erent picture and
for all ambient conditions, droplets evaporate well beyond the predicted time. This re�ects the action of
turbulence and of moist air released during the sneeze, which largely slows down the evaporation. These
e�ects are very pronounced for the low temperature/high humidity case (B), where only a fraction of droplets
smaller than 10 µm completely evaporates to a dry nucleus within 2.5s. For the other cases (A, C and D),
small droplets (less than 20 to 40 µm) complete the evaporation process, and the formation of droplet-nuclei
can be appreciated.

Besides, the formation of the droplet-nuclei can be also appreciated. For any given diameter,

evaporated droplets shrink down to the critical size determined by the presence of non-volatile matter

(30% of the initial diameter). The dispersion of these nuclei is critical in disease transmission as

they carry a relatively large amount of bacteria and viruses [33, 48], which may remain infectious

for a considerable amount of time, traveling long distances (e.g. for SARS-CoV-2, the half-life in

aerosol is ≃ 1 h). The presence of droplet nuclei is observed in those cases characterized by a

faster evaporation dynamics (A, C and D), while for the case T = 5 ◦C and RH = 90% (D), nuclei

formation is strongly delayed as the evaporation process is hindered by the higher local relative

humidity.

Virus exposure maps

To evaluate the infection risk, we present the virus exposure maps. Speci�cally, we compute the

cumulative number of virus copies that go past a control area in di�erent domain locations. This type

of evaluation requires precise information on the viral load for the SARS-CoV-2 virus. However, in

archival literature, this information is characterized by large uncertainty and the reported viral loads

di�er by several orders of magnitude [2, 3, 27, 36, 42, 49, 57]. Indeed, viral load measurements are

not only in�uenced by the method used to test the swab, but viral load exhibits also strong variations

JIETUO WANG 113



during the di�erent stages of the infection [9, 49, 57], being in�uenced by the severity of symptoms

[18, 24, 38] and many other factors as well, among which age, sex and droplet size [29, 44, 49].

To bypass this uncertainty, we present our results in a dimensionless form, normalized by the total

number of virus copies ejected and assuming a uniform viral load across all droplets at the time of

their ejection. The dimensional concentration of virions can be calculated by multiplying the data

from the normalized virus exposure maps for the viral load (an indicative value is 7×106 copies/mL

for an individual with severe symptoms) [27, 57] and the ejected liquid volume (≃ 0.01 mL). As

the time scale of present simulations (3 s) is much smaller than the half-time life [4, 50] in aerosol

of SARS-CoV-2 (about 1 h), we do not consider any viral load decay.

Figure 4 shows the virus exposure obtained from the four ambient conditions tested (A-D), which

are calculated counting the cumulative number of virus copies (contained inside the droplets) passing

through a control area. For all simulated cases, we observe a core-region (green) characterized by

a rather uniform value of exposure and some hotspots characterized by larger values of exposure,

up to ten times more. This behavior is attributed to the contemporary presence of droplets of very

di�erent sizes. Large droplets (more than 100 µm) carry a high number of virus copies (proportional

to the initial droplet volume) and produce hotspots of virus concentration as their number is low; by

opposite, small droplets (less than 100 µm) carry a lower number of virus copies and produce a more

uniform exposure level as their number is higher and they disperse more uniformly. The presence of

exposure hotspots (and thus of droplets larger than 100 µm) extends up to 1.25 m. Indeed, these

larger droplets follow almost ballistic trajectories and soon settle to the ground. The core region is

surrounded by an outer region characterized by a smaller level of exposure, that extends farther in

space. This outer region is generated by smaller droplets and droplet nuclei, which reach this outer

region later in time (t > 1 s) when the majority of the larger droplets have already settled to the

ground and most of the smallest ones have completed the evaporation process (see �gure 3).

Overall, although for smaller droplets the probability of containing a virus copy is lower due to

their initial small volume, we can observe how their large population leads to a remarkable level

of virus exposure in the core region (hundreds of thousands of virions per square meter for a viral

load of 7 × 106 copies/mL) as well as in the outer region (thousands of virions per square meter

for the same viral load). As the independent action hypothesis, which states that each pathogen

individual has a non-zero probability of causing host infection, seems to apply for SARS-CoV-2, the

virus exposure produced by these small droplets poses a signi�cant risk for airborne transmission.

It is interesting to observe that the risk of infection via small droplets (i.e. via the airborne route) is

signi�cant in the long-range (beyond 1 m from the source), but is even more important in the short-

range where a remarkable level of exposure can be addressed to small droplets. This observation

suggests that the airborne route has an important, if not dominant, role also in the short-range

transmission, and it is not limited to the long-range route, as commonly assumed in most of the

current guidelines. The potential of these small droplets in causing infections in the long-range

is of di�cult estimation as it depends on the virus viability in the droplet nuclei [50] and to the

speci�c environmental conditions (e.g. wind, ventilation). However, considering the relatively high

density of virus copies present in these small droplets and droplet nuclei, the risk of infection via

the airborne route also in the long-range cannot be neglected. This risk is particularly pronounced

in closed places where air dilution is low, as also documented by the large number of outbreaks that

occurred in closed spaces [28, 30, 37, 45].
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Figure 4: Virus exposure (violet-low; green-high) for the four ambient conditions simulated: T = 5◦C and
RH = 50%− 90% (A-B) and T = 20◦C and RH = 50%− 90% (C-D). Exposure is de�ned as the number of
virus copies (virions) that go past a control area in di�erent locations of the domain. The results are shown
normalized by the total number of virus copies ejected during a sneeze. The dimensional concentration
of virus copies can be obtained by multiplying the normalized exposure data for the viral load and the
ejected liquid volume (≃ 0.01 mL in the present simulations). We can observe the presence of a core region
characterized by a high level of virus exposure, which is mainly determined by the large droplets (100 microns
or more). These droplets follow almost ballistic paths and settle to the ground within ≃ 1.25 m. This core
region is surrounded by a wider region characterized by a lower level of virus exposure. Although in this
outer region the value of exposure is smaller, a susceptible individual is still exposed to thousands of virus
copies (here we consider an average viral load for SARS-CoV-2 of 7 × 106 copies/mL). According to the
independent action hypothesis, the presence of thousands of virus copies in the small droplets and droplet
nuclei poses a signi�cant threat on both the short- and long-range airborne transmission routes of SARS-
CoV-2.
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Conclusion

In this study, with the help of �nely time- and space-resolved experiments and simulations, we

provide evidence that current guidelines, which rely on recommendations based on seminal works

[16, 55], present several �aws. A �rst �aw is identi�ed in the standard prediction of the evaporation

times: models currently used in public health guidelines grossly underestimate by at least one order

of magnitude the actual evaporation times. A second �aw is represented by the threshold used to

di�erentiate between large and small droplets; while this de�nition can be meaningful in healthcare

environments where the term aerosol refers to a speci�c group of operations, from a �uid dynamics

perspective, this criterium is questionable as the behavior of droplets is in�uenced by the local �ow

conditions (e.g. breath/cough/sneeze) and even large droplets (60/100 µm, considered as ballistic in

most guidelines) stay suspended in the environment for a considerable amount of time. These �aws

lead to a consistent underestimation of the infection risk: formation of droplet-nuclei is delayed

with respect to predictions and droplets remain in the most infectious condition (liquid) for a much

longer time. In addition, the �ow conditions generated by violent expiratory events (sneeze), allow

60/100 µm droplets to remain airborne for a signi�cant amount of time. As highlighted by the

virus exposure maps, this leads to a remarkable risk of infection via airborne particles also in the

short-range transmission. In light of the present �ndings, we believe that mitigation of the infection

risk via the short-range airborne route [12, 26, 60] must be addressed in current guidelines.
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Methods: Numerical simulations

Numerical simulations are based on an hybrid Eulerian-Lagrangian framework. An Eulerian ap-

proach is used to describe the gaseous phase while a Lagrangian approach is used to track the

motion of the respiratory droplets. In the following, the numerical framework, the parameters and

the initial and boundary conditions adopted for the simulations will be detailed.

Description of the gaseous phase

The velocity, vapor fraction, temperature and density �elds of the gaseous phase are described using

an Eulerian approach. The governing equations are solved in cylindrical coordinates in an open

environment at constant pressure p0. Considering the larger Reynolds number that characterizes

a sneezing event (with respect to a cough), a large eddy simulation (LES) approach is employed.

Although the choice of a LES approach may reduce the accuracy of the simulations, a posteriori

analysis showed that the results obtained are in excellent agreement with those obtained from

direct numerical simulations (DNS). Indeed, for the present con�guration and considering the grid

resolutions employed for the LES, the regions characterized by high values of the viscous dissipation

are extremely localized and their contribution to the overall system dynamics is negligible. Under

these hypothesis and after applying the Favre-weighted �ltering [15] to the asymptotic low-Mach

expansion of the Navier-Stokes system, the governing equations read as follows:

∂ρ

∂t
+
∂ρũi
∂xi

= Sm , (1)

∂ρũi
∂t

+
∂ρũiũj
∂xj

= − ∂p

∂xi
+

∂

∂xj

[︃
(µg + µsgs)

(︃
∂ũi
∂xj

+
∂ũj
∂xi

− 2

3

∂ũi
∂xi

δij

)︃]︃
+ (ρ− ρg)gi + Sp,i , (2)

∂ρỸ v

∂t
+
∂ρỸ vũi
∂xi

=
∂

∂xi

(︄
ρ(D +Dsgs)

∂Ỹ v

∂xi

)︄
+ Sm , (3)

∂ũi
∂xi

=
γ − 1

γ

1

p0

[︄
∂

∂xi

(︄
(kg + ksgs)

∂T̃

∂xi

)︄
+ Se − LvSm

]︄
, (4)

T̃ =
p0
ρRg

, (5)

where ρ, ũi, Ỹ v, T̃ , p are the density, velocity, vapor mass fraction, temperature and hydrodynamic

pressure �elds while µg is the dynamic viscosity of the gaseous phase, D the binary mass di�usion
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coe�cient, kg the thermal conductivity of the vapor-air mixture and Lv the latent heat of vapor-

ization of the liquid phase. The gaseous phase is assumed to be governed by the equation of state

where Rg = R/Wg is the gas constant of the mixture being Wg its molar mass and R the universal

gas constant. The ratio γ = cp,g/cv,g is the speci�c heat ratio of the carrier mixture where cp,g and

cv,g the gaseous phase speci�c heat capacity at constant pressure and volume, respectively. In the

Navier-Stokes equations, the relative buoyancy force of the jet is accounted via the term (ρ− ρg)gi

being ρg the density of the ambient humid air and gi the i-th component of the gravity accel-

eration. The subgrid-scale terms of the Navier-Stokes equations are described using the classical

Smagorinsky model [30]:

µsgs = ρ(Cs∆)2
⃦⃦
⃦⃦1
2

(︃
∂ũi
∂xj

+
∂ũj
∂xi

)︃⃦⃦
⃦⃦ , (6)

where Cs is a model constant (0.12 in our setup) and ∆ = [(r∆θ)∆r∆z]
1/3 is the typical cell size.

For the other subgrid-scale �uxes, Dsgs and ksgs, we adopt the gradient model [29] and their value

are assumed proportional to the Smagorinsky eddy-viscosity with a constant turbulent Schmidt and

Prandtl numbers equal to Sct = 0.66 and Prt = 0.78, respectively.

The e�ects of the dispersed phase on the gaseous phase are accounted for by three sink-source

terms, Sm, Sp,i and Se:

Sm = −
nd∑︂

k=1

dmk

dt
δ(xi − xk,i) , (7)

Sp,i = −
nd∑︂

k=1

d

dt
(mkuk,i)δ(xi − xk,i) , (8)

Se = −
nd∑︂

k=1

d

dt
(mkclTk)δ(xi − xk,i) , (9)

where xk,i, mk and Tk are k-th droplet position, mass, velocity and temperature while cl is the

liquid speci�c heat. The sum is taken over the entire domain droplet population (being nd the total

number of droplets) and, the delta function expresses that the sink-source terms act only at the

domain locations occupied by the droplets. These terms are calculated in correspondence of each

grid node by volume averaging the mass, momentum, and energy sources from all droplets located

within the cell volume centered around the considered grid point.

Description of the respiratory droplets

The motion of the respiratory droplets is described using a Lagrangian approach. In particular,

considering the small size of the droplets, these are treated as small rigid evaporating spheres

and are approximated as point-wise particles. In addition, the temperature of the liquid phase is

assumed to be uniform inside each droplet. As the volume (and mass) fraction of the �uid phase

in real coughs and sneezes is relatively small [4, 14, 20], the mutual interactions among droplets

(i.e collisions, coalescence of droplets) can be neglected. Besides, the e�ect of the subgrid-scale

terms is not taken into consideration. Hence, only the resolved part of the Eulerian �elds is used

in the equations of the dispersed phase. With these assumptions, the position, velocity, mass and
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temperature of the droplets are described by the following equations:

dxk,i
dt

= uk,i , (10)

duk,i
dt

=
(ũi − uk,i)

τk
(1 + 0.15Re0.687k ) + (1− ρ

ρl
)gi , (11)

dr2k
dt

= −µg
ρl

Sh

Sc
ln (1 +Bm) , (12)

dTk
dt

=
1

3τk

[︃
Nu

Pr

cp,g
cl

(T̃ − Tk)−
Sh

Sc

Lv

cl
ln(1 +Bm)

]︃
, (13)

where xk,i, uk,i, rk and Tk are the position, velocity, radius and temperature of the k-th droplet

while ρl is the liquid droplet density, cp,g the speci�c heat capacity of the gaseous phase at constant

pressure and Lv the latent heat of vaporization. The droplet relaxation time, τk, and the droplet

Reynolds number, Rek, are de�ned as:

τk =
2ρlr

2
k

9µg
, Rek =

2ρl∥ũi − uk,i∥rk
µg

, (14)

while the Schmidt number, Sc, and Prandtl number, Pr, are computed as:

Sc =
µg
ρgD

, Pr =
µgcp,g
kg

, (15)

where µg and ρg are the dynamic viscosity and density of the gaseous phase while D is the binary

mass di�usion coe�cient and kg the thermal conductivity. The Sherwood number, Sh, and Nusselt

number, Nu, are estimated as a function of the droplet Reynolds number using the Frössling

correlations [17]:

Sh0 = 2 + 0.552Re
1/2
k Sc1/3 , Nu0 = 2 + 0.552Re

1/2
k Pr1/3 . (16)

The resulting Sherwood and Nusselt numbers are corrected to account for the Stefan �ow [1, 9]:

Sh = 2 +
Sh0 − 2

Fm
, Nu = 2 +

Nu0 − 2

Ft
. (17)

The coe�cients Fm and Ft are computed as follows:

Fm =
(1 +Bm)0.7

Bm
Hm , Ft =

(1 +Bt)
0.7

Bt
Ht, (18)

where Hm and Ht are de�ned as:

Hm = ln (1 +Bm) , Ht = ln (1 +Bt) , (19)
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being Bm and Bt the Spalding mass and heat transfer numbers:

Bm =
Yv,s − Yṽ
1− Yv,s

, Bt =
cp,v
Lv

(T̃ − Tk) , (20)

where Yṽ and T̃ are the vapor mass fraction and temperature �elds evaluated at the droplet position,

Yv,s is the vapor mass fraction evaluated at droplet surface and cp,v is the vapor speci�c heat at

constant pressure. The vapor mass fraction at the droplet surface corresponds to the mass fraction

of the vapor in a saturated vapor-gas mixture at the droplet temperature. To estimate Yv,s, we use

the Clausius-Clapeyron relation to �rst compute the vapor molar fraction, Xv,s:

Xv,s =
pref
p0

exp

[︃
Lv

Rv

(︃
1

Tref
− 1

Tk

)︃]︃
, (21)

where pref and Tref are arbitrary reference pressure and temperature and Rv = R/Wl is the vapor

gas constant. The saturated vapor mass fraction is then computed using the relation:

Yv,s =
Xv,s

Xv,s + (1−Xv,s)
Wg

Wl

, (22)

where Wg and Wl are are the molar mass of the gaseous and liquid phases.

Numerical method

The numerical code consists of two di�erent modules: i) an Eulerian module that solves the gov-

erning equations for the gaseous phase (density, velocity, vapor mass fraction and temperature); ii)

a Lagrangian module that solves the equations governing the droplet dynamics (position, velocity,

mass and temperature). In particular, the governing equations of the gaseous phase are discretized

in space using a second-order central �nite di�erences scheme and they are time advanced using

a low-storage third-order Runge-Kutta scheme. Likewise, the governing equations of the droplets

are time integrated using the same Runge-Kutta scheme, and a second-order accurate polynomial

interpolation is used to evaluate the Eulerian quantities at the droplet position. Please refer to

previous works [9, 23, 26] for additional validations and tests of the numerical method.

Simulation setup

The computational domain, �gure 1, is a cylinder into which the droplet-laden sneezing jet is

injected through a circular ori�ce of radius R = 1 cm located at the centre of the left base that

mimics the average mouth opening for females and males subjects [4, 19]. The cylinder dimensions

are Lθ × Lr × Lz = 2π × 150R × 300R along the azimuthal (θ) radial (r) and axial (z) directions.

The domain is discretized using a staggered grid with Nθ ×Nr ×Nz = 96× 223× 1024 grid points.

The calibration of the numerical parameters (e.g. domain size, grid resolution) is based on previous

works [9, 37]. In these works, which rely on a very similar model and setup, numerical results

have been benchmarked against analytic and experimental results. In addition, further validation

tests (e.g. evaporation of an isolated droplet) have been performed and results obtained compared

against analytic solutions.
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Figure 1: Sketch of the simulation setup used for the simulations. The computational domain is a cylinder
having dimensions Lθ × Lr × Lz = 2π × 150R× 300R being R = 1 cm the radius of the circular ori�ce that
mimics the mouth opening. The sneezing jet, together with the respiratory droplets, are injected from the left
side of the domain (through the ori�ce). The domain is initially quiescent (zero velocity) and characterized
by a uniform value of temperature, humidity.

A total mass of liquid equal to ml = 8.08 × 10−6 kg is ejected together with the sneezing jet;

the mass of the ejected gaseous phase is equal to mg = 2.00× 10−3 kg. The resulting mass fraction

is equal to Φm = 4.04× 10−3 while the volume fraction is equal to Φv = 4.55× 10−6 conforming to

previous experimental studies [4, 11, 12, 14, 20].

The in�ow velocity pro�le of the sneezing jet (�gure 2) is obtained from a gamma-probability-

distribution function [6] and a simple conversion from dynamic pressure to velocity is implemented

based on Bernoulli's principle. The overall duration of the injection stage (sneezing jet and droplets)

is about 0.6 s [6]. The sneezing jet is characterized by a temperature of Tj = 308 K and a relative

humidity RHj = 90% [4, 16, 22] and its peak velocity is uz,j = 20 m/s [5, 38]. Although the

values of these parameters, which de�ne the inlet/injection conditions, can sensitively in�uence the

�rst stage of the sneezing event, their e�ect in the latter stages of the simulations is expected to

be marginal as the ambient conditions are the dominant factors in the evaporation process. From

the temperature and relative humidity of the sneezing jet, the density and vapor mass fraction

of the jet are obtained from the revised formula reported in Picard et al. (2008)[24]. The other

thermo-physical and transport properties are estimated from Tsilingiris (2008) [34], see table 2 for

details.

Considering now the liquid phase (respiratory droplets), for each droplet injected in the compu-

tational domain, its initial diameter is assumed to follow a log-normal distribution with geometric

mean equal to 12 µm and geometric standard deviation (GSD) equal to 0.7 [3]. Albeit being an

important parameter, the droplet size distribution is expected to have a minor in�uence on the

�nal results in terms of suspension and/or deposition of the respiratory droplets, as also shown

by previous works [27], see also the section Sensitivity of simulations to other physical parameters

for further discussion. The above mentioned distribution is generated using a Gaussian random

number generator based on a Ziggurat method [21]. The initial velocity of the droplets is obtained
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through interpolation of the velocity �eld of the gaseous phase in the inlet region, while the initial

temperature of the droplets is set to T = 308 K. To mimic the presence of salt, protein and virus

dissolved in the respiratory droplets [35], the droplets have a non-volatile core and thus they cannot

completely evaporate. This leads to the formation of the so-called droplet nuclei, i.e. the resid-

ual part of the respiratory droplets that does not evaporate. In agreement with previous studies

[3, 7, 13, 25, 31, 32], we consider that the non-volatile core of each droplet represents the 3% of the

droplet volume. In terms of droplets size, this means that a droplet can shrink down to ≃ 30% of

its initial diameter. Due to numerical stability issues [9], all generated droplets with an initial size

smaller than a critical radius of 0.65 µm will be treated as tracers. Likewise, if a droplet, due to

the evaporation, becomes smaller than the critical radius, it will be treated as a tracer.

The ambient is assumed quiescent (i.e. all velocity components are initially set to zero) and is

characterized by a uniform value of temperature, humidity and constant thermodynamic pressure.

The density of the gaseous phase is obtained from the gas equation of state, while the vapor mass

fraction is obtained through the Clausius�Clapeyron relation using the sneezing jet conditions as

reference.

We perform a total of 7 simulations: a benchmark simulation used for the comparison with

the experiments (case S0 in table 2), four production simulations (cases S1-4 in table 2) and two

additional simulations used to test the sensitivity of the results (case S5-6 in table 2). The bench-

mark case considers mono-dispersed non-evaporating droplets (diameter of 2 µm) released in a

sneezing jet having the same temperature of the ambient: T = 295 K (22 ◦C) and humidity:

RH = 50% (TU Wien laboratory conditions). The production simulations investigate the e�ects of

ambient temperature and relative humidity on the evaporation process (main results presented in

the manuscript). Indeed, considering the constitutive equations of the evaporation process, these

two variables are expected to be the physical parameters with the most important e�ects on the

evaporation/condensation process. These simulations consider four di�erent ambient conditions:

two di�erent temperatures, T = 278 K (5 ◦C) and T = 293 K (20 ◦C), and two relative humidity

values, RH = 50% and RH = 90%. The latter two simulations investigate the sensitivity of the

results obtained from simulations S1-4 to two speci�c parameters: the occurrence of multiple sneez-

ing events and the initial droplet size distribution. Speci�cally, the �rst simulation considers a case

in which a second sneeze follows two seconds after the initial sneeze, while the second considers a

case with a di�erent initial size distribution of the injected droplets, namely a Pareto distribution.

For these latter cases, the ambient conditions have been kept �xed to T = 293 K and RH = 50%.

A detailed summary of the simulation parameters and thermo-physical properties adopted for

the di�erent simulations is reported in table 1-2.

Methods: Experiments

We set up a laboratory experiment to investigate the dynamics of droplets-laden jets. We used a

compressor-based system to supply the �ow with air, which is seeded with micrometrical droplets

by a liquid seeder. Measurements consist of �ow velocity (point wise) and drops distribution (two-

dimensional distribution). Details are provided in the following.
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Table 1: Summary of the simulation parameters and thermophysical properties.

Parameter Symbol Value Unit of measurement

Inlet radius R 1.00 × 10−2 m
Sneezing jet temperature Tj 308 K
Sneezing jet relative humidity RHj 90% -
Maximum sneezing jet velocity uz,j 20 m/s
Droplets temperature Tk 308 K
Mass injected liquid phase ml 8.08 × 10−6 kg
Mass injected gaseous phase mg 2.00 × 10−3 kg
Liquid mass fraction Φm 4.04 × 10−3 -
Liquid volume fraction Φv 4.55 × 10−6 -
Environment temperature T 278 and 293 K
Environment relative humidity RH 50% and 90% -
Environment thermodynamic pressure p0 1.01 × 105 Pa
Dynamic viscosity gaseous phase µg 1.99 × 10−5 Pa s
Thermal conductivity gaseous phase kg 2.63 × 10−2 W/(m*K)
Latent heat of vaporization Lv 2.41 × 106 J/kg
Universal gas constant R 2.87× 102 J/(kg*K)
Molar mass of the gaseous phase Wg 2.89 × 10−2 kg/mol
Gas constant gaseous phase Rg 2.92 × 102 J/(kg*K)
Speci�c heat capacity at constant pressure gaseous phase cp,g 1.03 × 103 J/(kg*K)
Speci�c heat capacity at constant volume gaseous phase cv,g 7.42 × 102 J/(kg*K)
Speci�c heat ratio gaseous phase γ 1.39 -
Vapor speci�c heat capacity at constant pressure cp,v 1.88 × 103 J/(kg*K)
Vapor phase gas constant Rv 4.61 × 102 J/(kg*K)
Binary mass di�usion coe�cient D 2.67 × 10−5 m2/s
Molar mass liquid phase Wl 1.80 ×10−2 kg/mol
Density liquid phase ρl 1.00 × 103 kg/m3

Speci�c heat liquid phase cl 4.18 × 103 J/(kg*K)
Volume fraction non-volatile material droplet Φc

v 3% -
Prandtl number Pr 0.782 -
Schmidt number Sc 0.663 -

Table 2: Summary of the main simulation parameters

Case Temperature Relative humidity Density Vapor mass Sneezing events Size distribution
- T [K] RH [%] ρg [kg/m3] fraction Yg - -

S0 295 50 1.174 8.22 ×10−3 Single Monodispersed

S1 278 50 1.245 2.82 ×10−3 Single Log-normal
S2 278 90 1.245 5.09 ×10−3 Single Log-normal
S3 293 50 1.181 7.42 ×10−3 Single Log-normal
S4 293 90 1.181 1.34 ×10−2 Single Log-normal

S5 293 50 1.181 7.42 ×10−3 Double Log-normal
S6 293 50 1.181 7.42 ×10−3 Single Pareto
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Figure 2: In�ow velocity of the sneezing jet used in the simulations. The inlet velocity is obtained from
a gamma-probability-distribution function [6]. The duration of the sneezing event is ≃ 0.6 s and the peak
velocity is 20 m/s.

Experimental setup

The main components of the system are shown in �gure 3(a). To produce repeatable �ow conditions,

we designed a system in which the �ow parameters (pressure, duration) can be carefully controlled.

The �ow generated by the compressor (pressure 6.5 bar) is controlled by an electromagnetic valve

(Parker 4818653D D5L F). The valve is activated by a timer (Finder, relays type 94.02 and plug-in

timer 85.02), which is set to maintain the valve open for 0.15 s. We veri�ed a-posteriori via hot-wire

measurements that the �ow is highly repeatable.

Figure 3: Panel A shows the experimental setup used. The setup is composed by the compressor (not
shown), timer (1), electromagnetic valve (2), liquid seeder (3) and dummy head (4). A laser is used to
illuminate the micro-metric droplets. Image acquisition is preformed by a high-speed camera (5). Panel B
shows the dummy head used to perform the experiments (R = 1 cm).

The compressor is connected to a seeding generator (9010F0031 Liquid Seeder, type FT700CE),

which produces droplet with size falling in the range 1-3 µm, with an average droplets size of 2 µm,

as reported in �gure 4. To seed the �ow with neutrally-buoyant and non-evaporating drops, an

aqueous and non-toxic solution (Safex - Inside Nebel�uid, Dantec Dynamics) is used. The solution

is kept at the ambient temperature. We observed that the drops remain suspended in the ambient

for long time, without any apparent e�ect of sedimentation. The droplets Stokes number, St, is

de�ned as St = ρlr
2
l ūz,j/(Rµg), being rl = 1 µm averaged droplets radius and ūz,j ≤ 20 m/s the
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reference velocity. For the present case, we obtain St ≤ 0.1 and we consider the droplets as �ow

tracers [33].

We used a dummy head to avoid exposure of human beings to the potentially harmful laser light.

The droplet-laden jet is emitted through the mouth of the dummy, which is mimicked by a circular

opening of radius R = 1 cm, see �gure 3(B). The mouth is directly connected to the fog generator

through a tube of length 100 cm and inner diameter 2R. The temperature of environment (T ), jet

(Tj) and droplets (Tk) is constant and equal to T = Tj = Tk = 295 K, therefore buoyancy plays no

role in the dynamics of the jet, in agreement with the observations of [40]. The relative humidity

of the air is RH = 50%.

Figure 4: Volume-weighted droplets distribution [%] as a function of the diameter of the droplets produced
[10].

Imaging system

A high-speed laser is used to create a sheet (thickness 4 mm) in which the experimental measure-

ments are performed. The laser consists of a double-pulse laser (Litron LD60-532 PIV, 25 mJ

per pulse) illuminating the measurement region at frequency 0.8 kHz. To record the evolution of

the �ow, we used a Phantom VEO 340L (sensor size of 2560 × 1600 pixel at 0.8 kHz) equipped

with lenses having focal length 35 mm, looking perpendicularly to the laser sheet at a distance of

200 cm. Camera and laser are controlled via a high-speed synchroniser (PTU X, LaVision GmbH,

Germany). Images are collected with Davis 10 (LaVision GmbH, Germany) and processed in

Matlab to compute the extension of the front of the jet.

As the jet propagates along the axial direction (z), particles concentration reduces. As a result,

the light intensity recorded by the cameras drops signi�cantly with z, making the detection of the

front of the jet hard to obtain. To perform the edge-detection process, we applied subsequent

image processing steps (subtracting background noise, binarization, median �lter). After image

preprocessing, the boundary of the jet is found by Moore-Neighbor tracing algorithm [18] and

�nally the edge, the maximum horizontal coordinate of the boundary, is determined and tracked in

JIETUO WANG 130



time. In �gure 5 (and as well in the manuscript), the evolution of the front of the jet, L, is reported

as a function of time. The mean (red solid line) and standard deviation (error bars) are obtained

from 7 independent experiments.

Figure 5: Evolution of the front of the jet, L, as a function of time, t. Mean (red solid line) and standard
deviation (error bars) are obtained from 7 independent experiments. The acquisition rate is 0.8 kHz and we
show here one every 4 instants.

Hot-wire anemometry

We used a hot-wire anemometry system (acquisition rate 1 kHz, probe type Dantec 55P11) to

measure the axial velocity of the �ow and thus to calibrate the in�ow velocity pro�le. Figure 6

shows the axial velocity measured along the centerline of the jet (r = 0) at a distance z = 20 mm

from the mouth as a function of time, t. To characterise the inlet condition, we performed 11

independent experiments. In each experiment, the instantaneous velocity measurements (u1, grey

data) are averaged over a moving window of 20 ms to obtain u20 (blue solid line). Then results of all

experiments are averaged to obtained the ensemble averaged �ow velocity (u, red solid line). The

excellent agreement observed between the ensemble average (u) and the single experiment (u20)

con�rms the repeatability of the �ow generated. Finally, the mean value of velocity computed for

0 ≤ t ≤ 0.7 s (u, dashed line) is also shown, and it is used for further comparison with the results

obtained from the numerical simulations.

Comparison between simulations and experiments

We provide here a quantitative comparison of the experimental and numerical results obtained.

The results are analyzed in terms of jet properties in time (distance travelled by the jet) and

in space (average jet velocity at di�erent positions). We compute the best-�tting exponent and

the corresponding least-squares power-law �t for the two phases of the sneezing event (i.e. jet

and pu�). Finally, we compare numerical and experimental measurements of the jet velocity at

increasing distance from the inlet.
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Figure 6: Time-dependent evolution of the axial velocity measured at the centerline (r = 0) at distance
z = 20 mm from the mouth. Instantaneous velocity measurements (u1, grey line) as well as the velocity
averaged over a moving window of 20 ms (u20, blue line) are shown here for one experiment. Then results
of 11 experiments are used to obtained the ensemble averaged �ow velocity (u, red solid line). Finally, the
mean value computed for 0 ≤ t ≤ 0.7 s is shown (u, dashed line).

We consider �rst the initial growth of the jet (t < 0.6 s), in which the momentum �ux is constant.

Indeed, for t > 0.6 s the �ow-rate at the inlet is negligible, see �gure 6. As a result, the expected

jet growth obtained using the self-similarity hypothesis [28] is L ∼ t1/2. Assuming that the initial

stage is de�ned for 0 ≤ t ≤ 0.6 s and �tting the results within this time interval, we obtain that the

least-squares power-law �ts are (with 95% con�dence bounds):

� L(t) = (1.51 ± 0.03) × t0.51±0.02, with root mean squared error of RMSE = 0.03 for the

experiments.

� L(t) = (1.38 ± 0.04) × t0.51±0.03, with root mean squared error of RMSE = 0.05 for the

numerical simulations.

The resulting exponents of the power-law scalings obtained numerically and experimentally are in

excellent agreement, and match also the theoretical (self-similar) predictions, as shown in �gure 7.

We consider now the asymptotic scaling exponent (t > 0.6 s). During this phase, the �ow behaves

like a pu� and is characterized by constant momentum. The penetration distance, obtained again

using the hypothesis of self-similarity [28], evolves as L ∼ t1/4. Since this phase is longer than

the jet phase, we can provide an accurate quanti�cation of the scaling exponent for t > 0.6 s.

In particular, assuming that L ∼ tn, the scaling exponent can be estimated by examining the

local slopes, d log (L/R)
d log (t/T0)

. We use the inlet radius R = 0.01 m to make the penetration distance

dimensionless. Similarly, we use T0 = R/uz,j to rescale the time, with uz,j = 20 m/s the maximum

sneezing jet velocity. Please note that the quantities used to make the variables dimensionless do

not have any e�ect on the estimate of the scaling exponent. Results of experiments and simulation

(symbols) are shown in �gure 8 and suggest that, also in this phase, the self-similar solution is

attained for long times (L ∼ t1/4, dashed line).

Finally, to further benchmark experimental results against numerical results, we also investigate

the evolution of the time-averaged jet velocity, u, along the axial direction (z axis). The time interval
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Figure 7: Distance travelled by the front of the jet in the early-stage of the process (�rst second of the
simulation). Results obtained experimentally (symbols, blue) and numerically (symbols, red) are in excellent
agreement with the theoretical (self-similar) predictions (t1/2, black solid line).

Figure 8: Evolution in time of the scaling exponent, evaluated by the local slope, d log (L/R)
d log (t/T0)

in the late

stages of the simulations. We use the inlet radius R to make the penetration distance dimensionless, and
T0 = R/uz,j to rescale the time, being uz,j the maximum sneezing jet velocity. Results of experiments (0.1 s
moving average, blue dots) and simulations (red dots) indicate that, for long times, the self-similar solution
(L ∼ t1/4, dashed line) is attained.

used for the average spans from t = 0 s up to t = 0.6 s. Concerning the experiments, 76 independent

realizations are used to determine u(z), which is de�ned as described above. Measurements are

performed along the centerline at 76 equally-spaced z positions. For simulations, data are obtained

from the Eulerian grid used to compute the velocity �elds and then averaged in time. Results are

shown in �gure 9 for simulations (red dots) and experiments (blue dots). The velocity pro�les are

reported normalized by u0, i.e. the �rst velocity value (closest point to the inlet position). The

scaling law, u ∝ 1/x, is also reported as a reference [39] with a black, dashed line. As can be

appreciated from the �gure, experiments and simulations are in excellent agreement over the entire
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axis span. In addition, both experimental and numerical results well match with the analytic scaling

law.

Figure 9: Time-averaged axial velocity, u, measured at the jet centerline and normalised by the velocity
at the closet point to the inlet position (u0), is reported as a function of the distance from the mouth, z.
Experimental results are represented using blue dots while simulations results with red dots. As a reference,
the scaling law u/u0 ∝ 1/x (dashed, black line) is also reported.

Sensitivity of simulations to other physical parameters

We present here the results obtained from simulations S5-6. These simulations have been used to

assess the sensitivity of the results obtained from simulations S1-4 to two additional factors: the

occurrence of multiple sneezing event and the initial droplet size distribution.

Multiple sneezing events

We start by discussing the sensitivity of the results to multiple sneezing events analyzing the results

obtained from simulation S5. This simulation considers a second sneeze that occurs two seconds

after the initial sneeze. First, we analyze the resulting evaporation times of the droplets, which are

shown in �gure 10.

Panel (A) refers to a single sneeze while panel (B) to a double sneeze. For both cases, the

evaporation time is calculated starting from the time at which the droplet is injected in the domain

up to the time when the dry nuclei size is reached (i.e. considering the droplet �ight time). We

observe how the distribution of the evaporation times obtained from the two cases are almost

identical. We can thus infer that the �rst sneeze does not in�uence the evaporation times of the

droplets released during the second sneeze. This behavior can be traced back to the motion of

the droplets. Indeed, most droplets are characterized by a small diameter (less than 100 microns)

and, as a consequence, their velocity is similar to that of the gaseous phase they are entrained in.

Therefore, these droplets are unlikely to sample the conditions of the turbulent gas cloud of moist

air released during the �rst sneeze (located much farther in space and already partially mixed with
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Figure 10: Distribution of droplets evaporation times for a single sneeze (A) and a double sneeze (B). For
any initial diameter, the leftmost side of the distribution indicates the shortest evaporation time, while the
rightmost side of the distribution marks the longest evaporation time. Color identi�es the probability (blue-
low; yellow-high) of having a certain evaporation time. Empty black dots represent the mean evaporation
time. The predicted evaporation (d2-law) is reported with a solid red line.

the ambient air), but instead, they will sample the thermodynamics conditions of the turbulent gas

cloud generated by the second sneeze.

Second, we evaluate the dispersion of the droplets analyzing the resulting exposure maps, �g-

ure 11.
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Figure 11: Virus exposure maps obtained considering a single sneezing event (A) and multiple sneezing
events (B). Results are shown normalized by the total number of virus copies ejected during the single sneeze
(A) or the two sneezes (B). Results refer to T = 20◦C and RH = 50%.

As in the manuscript, exposure maps are computed counting the cumulative number of virus

copies that go past a control area in di�erent locations of the domain; data for the exposure maps is

collected over a time interval of 4 seconds for both cases. These maps are then normalized dividing

by the total number of virions ejected (double for this new case considered). Similar dispersion and

spreading in the forward horizontal direction are observed between the single sneeze and the double

sneeze case, indicating indeed that the presence on a cloud of warm and moist air emitted during

the �rst sneeze does not particularly a�ect the evolution of the second sneeze and the dispersion

of the droplets emitted. Thus, similarly to the evaporation times, also the virus exposure maps

are not signi�cantly in�uenced by the second sneezing event. Please note that since the results
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are normalized by the total number of virus copies ejected, for the same value of exposure the

dimensional concentration of virus copies is double when a sequence of two sneezes is considered.

Initial droplet size distribution

We move now to discuss the results obtained from simulation S6. This simulation considers the

case in which the size of the injected droplets follows a Pareto distribution. We start by analyzing

the resulting evaporation times of the droplets, which are reported in �gure 12.
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Figure 12: Distribution of droplets evaporation times when a log-normal (A) and a Pareto (B) distribution
are used. For any initial diameter, the leftmost side of the distribution indicates the shortest evaporation
time, while the rightmost side of the distribution marks the longest evaporation time. Color identi�es the
probability (blue-low; yellow-high) of having a certain evaporation time. Empty black dots represent the
mean evaporation time. d2-law predictions are reported with a solid red line.

Looking at the plots, we can observe how the two resulting distributions are very similar. Being

the initial size distribution di�erent, marginal di�erence can be noticed in the number of samples

present in the di�erent diameter classes. Overall, this indicates that the evaporation times are not

signi�cantly in�uenced by the prescribed initial size distribution. This behavior can be somehow

expected as we are in a dilute regime (low volume fractions).

We move now to the virus exposure maps, which are shown in �gure 13.
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Figure 13: Virus exposure maps obtained assuming a log-normal distribution (A) and a Pareto distribution
(B). Results are shown normalized by the total number of virus copies ejected during the single sneeze (almost
the same for both cases). Both simulations consider T = 20◦C and RH = 50%.

Panel A refers to the simulation performed using a log-normal distribution (as in the manuscript),
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while panel B refers to the simulation performed using a Pareto distribution. We can observe that

the general picture o�ered by the exposure map is similar and for both cases there is a core region

characterized by a high-level of virus exposure surrounded by an outer region characterized by

a lower level of virus exposure. As well, the extension (and thus the dispersion pattern) of the

respiratory droplets is similar and for both cases the front of the jet reaches the distance of about

1.65 m. Some di�erences can be noticed in the transitions between the di�erent levels of virus

exposure, which are smoother when a log-normal distribution is used. These di�erence can be

traced back to the lower number of 10 to 15 µm droplets present in the simulation that uses a

Pareto distribution. As the liquid mass ejected is the same for both cases, the lack of smaller

droplets in the Pareto distribution simulation is balanced out by the presence of larger droplets,

which generate hotspots of viral load (and consequently a higher local exposure value), and thus a

noisier exposure map.

E�ect of face covering

With the aim of brie�y discussing the e�ect of face covering, we performed a series of additional

experiments in which di�erent types of protecting devices are adopted. We use advanced imaging

techniques to qualitatively evaluate the action of protective devices against droplets spread. In

particular, we examine qualitatively the capability of protective devices to prevent the possibility of

host-to-host direct contagion. By direct contagion we mean here the exposure to the direct emission

of droplets ejected from the mouth or to the droplets carried by the pu� propelled forward by the

emitter during normal breathing, coughing, sneezing, talking etc. [3]. The following con�gurations

have been considered:

� No face-covering device;

� Surgical mask Level I/Type I, conforming to norm ASTM F2100 for US, to EN 14683 for EU

and YY-0469 for China (�gure 14A);

� Respirator mask N95/FFP2/KN95, conforming to norm NIOSH 42 for US, to EN 149 for EU

and GB2626 for China (�gure 14B);

� Face shield, conforming to EN 166 for EU (�gure 14C).

100 mm

A B C

100 mm 100 mm

Figure 14: Face covering devices tested: surgical mask level I/Type I (A), respirator mask
N95/FFP2/KN95 (B) and face shield (C, top and front view).
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In these experiments, the inlet velocity condition is the same described in �gure 6. We show in

�gure 15 the light intensity distribution recorded using di�erent types of face covering devices. The

color indicates the light intensity recorded, from low (white) to high (black) values. The amount

of light scattered by the airborne drops and recorded by the cameras is proportional to the local

number of drops. Therefore, on a qualitative basis, the light intensity distribution corresponds

to the concentration distribution of droplets. The instant considered is the same for all cases

shown and corresponds to time t = 0.15 s, being t = 0 the instant at which the �ow starts.

One comparative movie (Movie S5) representing the time-dependent evolution of the �ow in all

con�gurations considered is also available in the electronic supplementary material[36]. Although

these visualizations represent just a qualitative picture of the distribution of droplets emitted, it

is possible to analyze the e�ect of protective devices on the spread of the droplets. We observe in

�gure 15(B-D) that for all devices considered and in the time window investigated, the advection-

di�usion process of the droplets in the horizontal forward direction is decreased with respect to the

case without protective devices, shown in �gure 15(A). Moreover, we also note that the breathing

pu�s are mainly evacuated from the venting located at the gaps between the protective devices rims

and the face of the dummy. For the face shield, pu�s are mainly evacuated downward (i.e. towards

the neck of the dummy), whereas for surgical and respiratory masks, a much reduced �ow-rate of

pu�s is evacuated downward/backward towards the neck of the dummy. However, the numbers of

droplets emitted from the upper rim (i.e. in the nasal bridge area) is much larger than the number

of droplets emitted towards the neck. Eventually the droplets carried by the rising plume are

observed to slowly propagate few centimeters in forward direction. From our qualitative analysis,

we observe that the action produced by protective devices against droplets spread is e�ective to

prevent host-to-host direct contagion. However, to provide detailed and quantitative information

about the impact of the devices on the amount of droplets suspended, further analysis are required.

Please also refer to recent works [2, 8] for a detailed discussion on face-covering devices.
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Abstract: In a wide range of applications, the estimate of droplet evaporation time is based on

the classical D2-law, which, assuming a fast mixing and �xed environmental properties, states that

the droplet surface decreases linearly with time at a determined rate. However, in many cases the

predicted evaporation rate is overestimated. In this Letter, we propose a revision of the D2-law

capable to accurately determine droplet evaporation rate in dilute conditions by a proper estimate

of the asymptotic droplet properties. Besides a discussion of the main assumptions, we tested the

proposed model against data from direct numerical simulations �nding an excellent agreement for

predicted droplet evaporation time in dilute turbulent jet-sprays.

The prediction of droplet evaporation in turbulent �ows is crucial in science and applications, e.g.

in internal combustion engines [2] or respiratory �ows [12]. The outbreak of COVID-19 pandemic

is highly increasing the scienti�c relevance of this topic [3, 6, 14]: Virus-laden droplets dispersed

into the environment by an infected person spread the disease [16], but their dispersion range,

although at the base of health guidelines, is still scienti�cally debated [3, 6, 12, 14]. For practical

estimates, the prediction of droplet dispersion is still based on the work of Wells [20], which is

founded on the D2-law to compute droplet evaporation rate. The D2-law, proposed in the seminal

works of Langmuir [11] and others [9, 17], states that the surface of an evaporating droplet decreases

linearly with time, at a rate �xed by the ambient properties. Although deviations from the classical

D2-law have been observed in some peculiar conditions, e.g. for droplet sizes of the order of the mean

vapor's free path [15], trans-critical evaporation of nano/micro-droplets [21] and multi-component

droplets [10, 13], a linear decrease of the droplet surface is usually observed for single-component

micro/millimetric droplets. Nonetheless, recent studies on respiratory events [6, 14] found that

droplet lifetime may increase even 150 times as compared to the Wells's estimate; although a linear

decrease of the droplet surface could still be observed, the evaporation rate is found to be much lower

than that predicted by the D2-law. Considering that the temperature of an evaporating droplet

tends to a value lower than the environmental one, we propose a revision of the D2-law for single

component, millimetric/micrometric droplets. This e�ect, caused by the balance between heat �ux

and latent enthalpy, is not accounted for in the classical formulation of the D2-law, which assumes

a fast mixing of the gas around the droplet. We show that, by including this e�ect in a revised

D2-law, the droplet evaporation time can be accurately estimated in dilute conditions. To this

purpose, the revised and the classical D2-laws are compared to reference data obtained from Direct

Numerical Simulations (DNS) under a hybrid Eulerian-Lagrangian framework and the point-droplet
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approximation [1, 5, 19]. For droplets smaller than the smallest �ow length-scale, the temporal

evolution can be Lagrangianly described using the so-called point-droplet approximation [1, 19].

Indeed, droplet temperature and radius equations read,

dTd
dt

=
1

3τd

[︃
Nu

P r̄

cp̄
cl

(Tm − Td)−
Sh

Sc̄

∆Hv

cl
Hm

]︃
, (1)

dr2d
dt

= −Sh
Sc̄

ρ̄

ρl
ν̄Hm, (2)

where Td is the droplet temperature, rd the radius and Tm the temperature of the carrier mixture

evaluated at the droplet center. The variable τd = 2ρlr
2
d/(9ρ̄ν̄) is the droplet relaxation time,

whereas the Schmidt and Prandtl number are Sc̄ = ν̄/Dg,v and P r̄ = ν̄ρ̄cp̄/k̄, with ν̄ the kinematic

viscosity, ρ̄ the density, c̄p the isobaric speci�c heat capacity and k̄ the thermal conductivity of

the gas. The mass di�usivity is Dg,v, cl and ρl are the speci�c heat capacity and density of the

liquid, and ∆Hv is the latent heat of vaporization (over-bars refer to Eulerian quantities evaluated

at droplet centers). In the model a fast conductivity is implicitly assumed, i.e. the liquid thermal

conductivity is assumed to be much higher than that of the carrier gas (low Biot number [4]), such

that the temperature inside a droplet is uniform, but time-varying. In analogy with (Tm − Td),

which is the forcing term for convective heat transfer, the term Hm drives the mass transfer rate:

Hm = ln

(︃
1− Yv,m
1− Yv,d

)︃
, (3)

with Yv,m(χv,m) the vapor mass fraction evaluated at the droplet center and Yv,d(χv,d) the mass

fraction of a saturated gas-vapor mixture evaluated at the temperature of the droplet, Td. The mass

fractions depend on the vapor molar fractions which, in turn, are related to the vapor pressure as:

χv,m = RHm
psv(Tm)

pa
, χv,d = 1.0

psv(Td)

pa
, (4)

where pa is the ambient pressure, psv(T ) the saturated vapor pressure evaluated at T , and RHm

the relative humidity of the moist carrier evaluated at the point-droplet center. The saturated

vapor pressure, psv(T ), depends on temperature and pressure and can be calculated by using the

Clausius-Clapeyron equation. Finally, the Nusselt and Sherwood numbers are correlated to the

droplet Reynolds number via the Frössling correlations, see e.g. Wang et al. [18] for details.

Based on Eq. (1)- (2), for an isolated droplet in an environment at temperature Tm = Ta and

relative humidity RHm = RHa, the classical formulation of D2-law [11] can be derived by assuming

a fast mixing of the droplet atmosphere with the environment. Under this hypothesis, the quantities

regulating the evaporation of the droplet are set by the bulk thermodynamic state of the ambient

(ρ̄ = ρa, ν̄ = νa, Sc̄ = Sca and P̄ r = Pra). With the droplet temperature �xed to Td = Ta, Eq. (2)

can be exactly integrated as:

r2d = r2d,0 −K t, (5)

where rd,0 is the initial droplet radius and K is a function of the bulk properties of the ambient Ta,
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Figure 1: Ratio between the droplet asymptotic temperature, Td,s, and ambient one, Ta, versus ambient
temperature for isolated water droplets. Inset: temporal evolution of the temperature of evaporating water
droplets; the time is normalized by τd. Data are obtained by the numerical solution of Eq. (1) and Eq. (2).

pa and RHa:

K =
ρa
ρl

Sh

Sca
νaHm(Ta, pa, RHa). (6)

Then, the droplet evaporation time can be estimated as td,e = r2d,0/K. Eq. (5) is historically

referred to as D2-law since it predicts a quadratic temporal evolution of the droplet diameter. It

assumes that the droplet temperature is �xed and equal to the environmental one, Td ≃ Ta; in turn,

this condition implicitly assumes that the convective heat transfer term in the droplet temperature

equation, Eq. (1), dominates the latent heat term. Nonetheless, in real cases, this condition is valid

only for a short time, whose duration scales with the droplet relaxation time as sketched in the

inset of Fig. 1. After a time t ≃ 6τd,0, the droplet temperature sets to a constant value, Td,s, which

is lower than the environmental temperature, Ta. The ratio between Ta and Td,s, determined by

the balance between convective heat transfer and latent heat absorption, depends on the ambient

temperature itself and relative humidity, as shown in Fig. 1. The droplet temperature is similar

to the ambient one only for t ≪ τd,0, whereas, for the major part of the vaporization process,

it keeps closer to the asymptotic temperature, Td,s. Since the prediction of the droplet lifetime

using the D2-law is highly sensitive to the droplet temperature, the latter may induce a signi�cant

overestimation of the evaporation rate [6, 18]. Hence, we propose to revise the D2-law assuming a

constant droplet temperature equal to the droplet asymptotic temperature and not to the ambient

one: Td ≃ Td,s. In these conditions, Eq. (1) and Eq. (3) become:

Td,s +
Pra
Sca

Sh

Nu

∆Hv

cp,a
Hm(Ta, pa, RHa, Td,s)− Ta = 0, (7)

Hm = ln

(︃
1− Yv,a(Ta, pa, RHa)

1− Yv,d(Td,s, pa)

)︃
, (8)
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Figure 2: Temporal evolution of the square diameter, d2d/d
2
d,0, of a water droplet in a quiescent environment

at temperature Ta = 50 ◦C and relative humidity RHa = 0, with dd,0 the initial droplet diameter. Exact
solution of Eq. (1) and Eq. (2) (ODE), classical D2-law (D2LAWC) and revised formulation (D2LAWR).

which can be easily solved for Td,s. The latter can be employed to compute a revised decay constant,

Kr,

Kr =
ρa
ρl

Sh

Sca
νaHm(Ta, pa, RHa, Td,s), (9)

r2d = r2d,0 −Kr t, (10)

leading to a revised evaporation time, td,e = r2d,0/Kr. Fig. 2 shows the temporal evolution of the

square diameter of a water droplet in a quiescent environment at Ta = 50 ◦C and RHa = 0, providing

the numerical solution of Eq. (2) and the predictions by the classical and revised D2-laws. In the

initial evaporation phase, t ≪ τd,0, since Td ≃ Ta, the vaporization rate predicted by the classical

D2-law is close to the reference one (numerical solution of Eq. (2)). Nonetheless, for t ≫ τd,0, the

behavior predicted using the revised D2-law guarantees a much better agreement with the reference

data. Fig. 3 shows the value of the decay constants K and Kr for water droplets versus ambient

temperature at di�erent relative humidities. The relative di�erence between Kr and K increases

with Ta and reduces with RHa. It is worth remarking that this di�erence spans over nearly one

order of magnitude, leading to a signi�cant mismatch in the evaporation rates estimated by using

the bulk ambient temperature or the droplet asymptotic temperature.

To test the proposed revision of the D2-law, we consider a turbulent evaporating jet-spray. The

well-established framework of the point-droplet equations is used to predict the temporal evolution

of droplet temperature and radius (Eq. 1-Eq. 2) together with the Lagrangian equations of motion [8,

18, 19]. The droplet equations are coupled with the low-Mach number asymptotic expansion of the

Navier-Stokes equations, which are directly solved to reproduce the dynamics of the carrier �ow.

A fully developed turbulent jet, generated from a companion DNS of a turbulent pipe �ow [8]

at Re0 = 2U0R0/ν = 6000, is injected into an open, quiescent environment (U0 = 9.3m/s and
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R0 = 4.9 · 10−3m the pipe bulk velocity and radius). Both the jet and the environment gases

consist of dry air at temperature Ta = 20◦C. The computational domain is a cylinder extending

for 2π × 22R0 × 70R0 in the azimuthal, θ, radial, r and axial, z, directions and is discretized by

a staggered grid of Nθ × Nr × Nz = 128 × 223 × 640 nodes. A convective boundary condition is

prescribed at the outlet section and a traction-free boundary condition is imposed on the domain side

boundary to allow entrainment. A monodisperse population of water droplets of initial radius rd,0 =

4µm and temperature Td,0 = Ta = 20◦C is randomly distributed over the in�ow section at each

time-step. Four simulations have been performed changing the liquid mass fraction at the in�ow:

ψ0 = ml/mg = 0.0007; 0.0028; 0.0058; 0.01, with ml and mg the mass of the liquid and gas injected

per unit time, which correspond to 8.7×10−7; 3.5×10−6; 7.0×10−6; 1.2×10−5 in volume fraction,

respectively. Additional two simulations were conducted suppressing the numerical integration of

equation Eq. (1) and Eq. (2): In the former, the classical formulation of the D2-law, Eq. (5), is used

to evolve the droplet radius; in the latter, the revised D2-law is used, Eq. (10). In all cases, the

position and velocity of droplets are numerically integrated according to the standard equation of

point-droplet [8, 18]. For a detailed description of the methodology and tests the reader is referred to

references [7, 8, 18]. It is worth remarking that droplet number density, mass and volume fractions

are related parameters to characterize the spray dilution, governing the droplet collision/coalescence

rate, mutual interaction via emitted vapor and droplet momentum back-reaction. Since the mass

fraction is the parameter which mainly controls the vapor concentration and determines the balance

between heat and latent enthalpy �uxes during evaporation, we select this parameter to characterize

the spray dilution in present study. Fig. 4 provides the contours of the normalized mean liquid mass

fraction and mean droplet diameter in the spray for the simulations based on the classical D2-law,

the revised one, and on the full model for the most dilute case, ψ0 = 0.0007. The average is

computed considering a time range of 100t0 (200 independent snapshots) after the establishment of

a statistically steady regime [8], with t0 = R0/U0 the jet advection time scale. Both the distributions
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Figure 3: Constant K (Eq. (6); continuous line) and Kr (Eq. (9); dashed lines) for water droplets versus
ambient temperature, Ta, for di�erent values of the relative humidity, RHa.
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Figure 4: Contour of the mean liquid mass fraction (right-half) and mean droplet diameter (left-half) for
ψ0 = 0.0007.

of the mean mass fraction and diameter computed using the revised D2-law model are in excellent

agreement with the reference data. Besides, the classical D2-law results in a much shorter spray

evaporation length, due to the overestimation of the vaporization rate. The evaporation length of a

turbulent jet-spray, ze, can be de�ned as the distance from the in�ow where the 99% of the injected

liquid mass has evaporated. This distance corresponds to a mass fraction level of ψ/ψ0 = 10−2

and, hence, to a mean droplet radius rd,99/rd,0 ≃ (ψ/ψ0)
1/3 ≃ 10−2/3. By neglecting possible

two-way coupling e�ects, an estimate of the evaporation length can be obtained by considering the

self-similar behavior of the mean jet centerline velocity, Uz,c and supposing that the droplet mean

axial velocity is approximately uz,d ≃ Uz,c,

Uz,c

U0
=

2B
z
R0

− z0
R0

=⇒ R0

U0

d

dt

(︃
zd
R0

)︃
=

2B
zd
R0

− z0
R0

, (11)

with B ≃ 6 a universal constant, z0 the so-called jet virtual origin [8] and zd the droplet position

along the jet axis. Then, by assuming a vanishing virtual origin, z0/R ≃ 0, and considering that,

according to Eq. (5) and Eq. (10), the time required for a droplet to reduce its radius from rd,0 to

rd,99 is td,e = (r2d,0 − r2d,99)/K, the integration of Eq. (11) along z leads to:

ze
R0

≃ 2

⌜⃓
⎷⃓ B

K
R0U0

[︄(︃
rd,0
R0

)︃2

−
(︃
rd,99
R0

)︃2
]︄
, (12)

where K is either the decay rate de�ned according to Eq. (6) or Kr de�ned in Eq. (9). By using

Eq. (12), the resulting evaporation lengths are ze/R0 ≃ 28 and ze/R0 ≃ 46, computed by using
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Figure 5: Upper panel: mean liquid mass fraction along the centerline of the jet computed for r/R0 < 0.2.
Lower panels: mean liquid mass fraction along the radial direction for two di�erent distances from the in�ow,
z/R0 = 10 (left) and z/R0 = 25 (right).

K and Kr, respectively. These values are consistent with the axial locations where the 99% of

the injected liquid mass has evaporated according to Fig. 4 (ψ/ψ0 ≃ 10−2) showing the superior

estimate of the proposed model. To better quantify the evaporation length, the upper panel of Fig. 5

provides the mean liquid mass fraction computed along the jet centerline. In the near-�eld, up to 10

jet radii away from the inlet, all the curves are close to each other. In this region the actual droplet

temperature is close to the environmental one, Td ≃ Ta; being the droplet and ambient temperature

similar, the actual evaporation rate is close to the one imposed by the environmental conditions.

Moving downstream, the droplet temperature decreases and the classical D2-law underestimates

the mean liquid mass fraction, since droplets evaporate at a constant rate driven by the ambient

temperature. On the other hand, the simulation based on the revised D2-law better approximates

the actual droplet temperature, providing a more accurate estimate of the mean evaporation rate

and axial evolution of the mean mass fraction. For the latter, the agreement with all the reference

simulations is excellent, except for the far-�eld of the higher mass fraction cases, ψ0 > 0.0028.

In non-dilute cases, the mutual droplet interactions, via the emitted vapor, cause a deviation of

the local evaporation rate from the one predicted by the D2-laws. Similar results are obtained for

the radial pro�les of the mean mass fraction provided in the lower panel of Fig. 5 and computed

at z/R0 = 10 and z/R0 = 25. At z/R0 = 10 all curves are still similar, although the simulation
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Figure 6: Upper panel: mean droplet square diameter, d2d/d
2
d,0 versus mean droplet �ight time, td,f/t0.

Lower panel: joint probability density functions of the droplet square diameter versus �ight time for ψ0 =
0.0007 (left) and ψ0 = 0.01 (right).

employing the classicalD2-law shows di�erences with respect to reference data. Moving downstream,

the underestimation of the liquid mass fraction resulting from the classical D2-law is more apparent,

whereas the revised D2-law still provides an excellent estimate.

Considering Lagrangian statistics, the top panel of Fig. 6 shows the mean droplet square diam-

eter, d2d/d
2
d,0 versus the �ight time, td,f/t0, computed since the injection. In all cases, the evolution

of d2d/d
2
d,0 computed from full DNSs are compared with the estimates from the classical and revised

D2-laws. The predictions obtained from the proposed revised model appear much more accurate

with respect to the classical formulation. For mass fraction equal, or below, to ψ0 = 0.0028 the

agreement is excellent, whereas the classical D2-law predicts an evaporation time shorter than the

half with respect to the reference DNS. Increasing the injected mass fraction, the mutual interac-

tions of droplets slow down the evaporation. From the �gure, we conclude that the proposed revised

D2-law optimally describe droplet evaporation in dilute conditions up to mass fractions of the order

of ψ0 ∼ 10−3. The e�ect of the mutual interactions of the evaporating droplets is better highlighted

in the lower panels of Fig. 6, which provides the Joint Probability Density Functions (JPDF) of

d2d/d
2
d,0 vs td,f/t0 for the lowest and highest mass fraction cases, ψ0 = 0.0007 and ψ0 = 0.01. It

is worth noting that, in the most dilute conditions the JPDF is superimposed on the straight line

determined by the revised D2-law: Each droplet evaporates as an isolated one, which is perfectly
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Figure 7: Mean droplet square diameter, d2d/d
2
d,0 versus �ight time. Green line data, by Ng et al. [14]; the

highlighted area represents the distribution range of the droplet diameters observed.

described by the proposed model. On the contrary, for the highest mass fraction, the JPDF spreads

over a wider range and the evaporation times are longer than that predicted by the proposed model

(around 35% in mean). This indicates that droplets exhibit di�erent Lagrangian histories and, as

expected, the proposed model cannot account for this complex interaction, typical of non-dilute

conditions.

To highlight the generality of present study, we employed our model against the dataset from

recent independent works [6, 14] on respiratory droplets evaporation. We focus on their numerical

simulation on droplets expelled in a turbulent respiratory pu� (cough) at Ta = 30◦C and RHa =

90%. The authors observed a linear decrease of the droplet surface but found an evaporation

rate much lower than that estimated by the classical D2-law. In Fig. 7 we compare the mean

droplet square diameter, d2d/d
2
d,0, versus mean droplet �ight time obtained by Ng et al. [14] with

that predicted by using the classical and the revised D2-laws. Our revised formulation accurately

reproduces the temporal evolution of mean square droplet diameter, whereas the classical prediction

strongly overestimates the vaporization rate, leading to shorter evaporation times. It is worth noting

that the additional cases presented in Ng et al. [14] pertain to conditions where the emitted gaseous

jet strongly di�ers from the environmental ones, so the present model cannot be directly applied.

Summarizing the applicability limits of present model, the droplet size should be smaller than

the smallest �ow length scales (point-droplet approximation) and well above the non-continuum

length-scales, i.e. nano-droplets [15]. Hence, we can state the model is applicable for droplet size

below millimeters and above a micrometer. In addition, beyond a dilute mass fraction (ψ0 < 10−2),

the basic assumptions behind the presented revision of the D2-law requires the thermodynamic

ambient conditions to be su�ciently homogeneous and similar to that of the gaseous jet. These

assumptions are also at the base of the classical D2-law.

To conclude, the present study demonstrates that reformulating the D2-law by using the asymp-

totic temperature of isolated, evaporating droplets instead of the ambient one, allows a superior
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description of the evaporation of dilute, millimetric/micrometric and single component droplets in

turbulent �ows with respect to the classical D2-law. An excellent agreement of the predictions by

our revised model against reference DNS is found for jet-sprays up to a liquid mass fraction of the

order of ψ0 ∼ 10−3, whereas the agreement is still acceptable up to ψ0 ∼ 10−2. The authors believe

that the proposed revision of the D2-law will contribute to improve practical estimates of droplet

evaporation times. In the context of respiratory droplet dispersion, we expect that present �ndings

could be signi�cant for a revision of the Wells theory [20], which is based on the classical D2-law.
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Abstract: The outbreak of the COVID-19 pandemic highlighted the importance of accurately

modeling the pathogen transmission via droplets and aerosols emitted while speaking, coughing

and sneezing. In this work, we present an e�ective model for assessing the direct contagion risk

associated with these pathogen-laden droplets. In particular, using the most recent studies on

multi-phase �ow physics, we develop an e�ective yet simple framework capable of predicting the

infection risk associated with di�erent respiratory activities in di�erent ambient conditions. We

start by describing the mathematical framework and benchmarking the model predictions against

well-assessed literature results. Then, we provide a systematic assessment of the e�ects of physical

distancing and face coverings on the direct infection risk. The present results indicate that the risk of

infection is vastly impacted by the ambient conditions and the type of respiratory activity, suggesting

the non-existence of a universal safe distance. Meanwhile, wearing face masks provides excellent

protection, e�ectively limiting the transmission of pathogens even at short physical distances, i.e.

1 meter.

Keywords: infectious diseases, airborne, virus transmission, low-order model

Introduction

Since the COVID-19 pandemic outbreak in the spring of 2020, extensive researches have been

done to signi�cantly advance our understanding of di�erent scienti�c problems ranging from the

transmission pathways of respiratory diseases to mitigation strategies for reducing the infection

risk [37]. The SARS-CoV-2 virus, like many other respiratory viruses, spreads from an infected

individual to other susceptible individuals through virus-laden droplets emitted while breathing,

speaking, singing, coughing and sneezing. The size of these droplets span over a wide range of

diameters: from large drops, O(1 mm), to small droplets, O(1 µm) [7, 12, 22, 38, 66]. These

droplets, released together with a pu�/jet of buoyant moist turbulent air, are then dispersed in

the surrounding ambient and exposure or inhalation of these droplets leads to a potential risk

of infection [9, 10, 12]. Investigating the transport and deposition of these droplets is thus of

fundamental importance to design e�ective guidelines for disease transmission prevention.
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The transport and deposition of respiratory droplets is controlled by the competition among

gravitational forces, drag forces and, evaporation. Depending on the outcome of this competition,

we can distinguish among three infection routes. The �rst route can be identi�ed in the fomites:

droplets that settle along their trajectories can contaminate surfaces, and a susceptible individ-

ual, touching the contaminated surface, can get infected [55, 65]. The other two possible routes

of infection can be linked to the inhalation and subsequent deposition of pathogen-laden droplets

in the respiratory mucosa: droplet direct transmission and airborne transmission. The key dif-

ferentiating factor between these two routes is the aerodynamics behavior of the pathogen-laden

droplets. Droplet transmission [27] refers to the infection propagation associated with large droplets,

which motion is governed by gravity, and that behave ballistically. By opposite, airborne transmis-

sion [23, 53, 57] refers to the spread of the disease associated with smaller droplets, which motion is

governed by aerodynamic drag and evaporation, and that behave as aerosols, i.e. droplets/particles

that remain airborne and can spread for long distances.

As the latest research suggests that fomites are unlikely to be a major source of infection for

SARS-CoV-2 [23, 31, 44], understanding the role played by the two latter infection routes is crucial

to establish e�ective guidelines for pathogens transmission prevention. One of the �rst seminal

works in this direction was written by Wells [62] who hypothesised that the interplay of evaporation

and gravity determines the lifetime of respiratory droplets. In the picture described by Wells, there

is a critical size (about 100µm) for each speci�c environmental condition that dichotomises particles

that would fall to the ground and droplets that would evaporate out at the same time. Wells theory

is pioneering in di�erentiating droplet and airborne transmission, also corroborated by the fact that

small droplets could evolve into droplet nuclei by evaporation [63], micro-metric particles of non-

volatile materials (e.g. mucus) that can potentially carry the virus contributing to the spread of

the disease. This framework is so concise, readable and expressive that, since reported, it has been

largely used in most public health guidelines [7, 10]. The Wells model, however, presents a major

weakness [7, 10, 17, 39, 58, 66]: the evaporation time of the droplets is estimated using the classical

D2-law [29] (or constant temperature model) which states that the droplet surface reduces linearly

over time at a rate determined by ambient conditions. This evaporation model ignores the presence

of a turbulent cloud of moist air, which, as recently demonstrated in recent studies, plays a crucial

role in the fate of respiratory droplets [37, 45], as well as the presence of the surrounding droplets.

This leads to wrong estimates of the evaporation times and results in much shorter predicted droplet

lifetimes [39, 58].

To overcome these limitations, Xie et al. [66] developed an improved model capable of describ-

ing the evaporation and motion of droplets exhaled during respiratory events in di�erent conditions

(relative humidity, air velocity, and respiratory jets). The model is composed of a detailed math-

ematical framework that describes droplets motion using non-linear di�erential equations coupled

with a low-order description of the buoyant turbulent pu�. The model developed by Xie et al. [66],

although more solid and accurate than Wells theory, inevitably loses the conciseness advantage of

the latter. With the aim of developing an e�ective yet simple model able to accurately predict

droplet evaporation times, it is worthwhile noticing that an interesting picture emerges from recent

studies on respiratory droplets evaporation [17, 39, 58]: although the resulting droplets lifetimes are

much larger than classical D2-law predictions, the D2-law scaling seems still to bear some universal-

ity [58, 59]. Speci�cally, the mean evaporation times seem to follow a D2-law-like scaling but with a
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di�erent pre-factor. Inspired by this observation, a revised version of the D2-law has been recently

proposed by Dalla Barba et al. [18]: using a proper estimate of the asymptotic droplet temperature,

the evaporation rate of dilute droplets in sprays, jets and pu�s can be accurately determined. Even

if more accurate than the classical formulation, it should be remarked that the performance of the

revised D2-law is a�ected by low-temperature and high relative humidity environmental conditions.

In particular, the non-monotonic time behavior of the droplet surface, reported in Ng et al. [39] for

these extreme conditions, cannot be fully captured even by the revised model.

In light of the most recent understanding of respiratory events, we use this body of devel-

oped knowledge to move away from the isolated drop emission to the turbulent, multi-phase pu�

model [7, 9, 37]. In this paper, we establish a comprehensive theoretical framework capable of

accurately describing the evaporation and dispersion behavior of pathogen-laden droplets emitted

during expiratory events. The model revises the outdated Wells theory with the most recent knowl-

edge on turbulent droplet transport by jets or plumes, as well as the state-of-the-art understanding

of respiratory activities. The proposed model, although mathematically simple, provides a general

assessment of the direct contagion risk during di�erent respiratory activities and ambient conditions.

We start by assessing the accuracy of the revised D2-law [18] in evaluating the evaporation

of respiratory droplets. Building on this, we propose a revision of the traditional Wells theory,

including an e�ective correction to the classical Stokes drag needed for relatively large droplets.

We show that the proposed model can accurately predict the evaporation-falling curve of droplets

when compared to previous reference data [66]. Coupling the latest research on turbulent jets and

pu�s [1, 9, 35, 48, 58, 61, 66], we proceed by proposing an integrated framework able to describe

the evaporation-falling dynamics of respiratory droplets for di�erent environmental conditions and

respiratory activities. Then, using the theoretical model and available data on respiratory events

(e.g. droplet initial size distribution [7, 22, 58], viral load measurements [54, 64]), we quantify the

direct virus exposure as a function of either the physical distancing or face covering. Descriptions

of more complex phenomena, e.g. droplet condensation [17, 39, 58] and the upward movement of

buoyant pu�s [9, 10, 58, 66], are not considered in the proposed model, but their importance should

be critical for the indirect airborne contagion and would be our future focus.

Methodology and Validation

To evaluate the lifetime of the respiratory droplets, tl, our model considers both evaporation and

settling dynamics of the droplets. Once the droplet lifetime is evaluated, the horizontal distance

travelled by the droplets, Ld, can be also calculated. A graphical representation of these model

parameters is provided in �gure 1. From a mathematical point of view, the model formulation can
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Figure 1: Sketch showing the main parameters of the model. For large ballistic droplets, the droplet lifetime
is the settling time, ts, while for smaller airborne droplets, the droplet lifetime is the evaporation time, te.
The horizontal distance travelled by the respiratory droplets, Ld(t), is also shown. The close-up view shows
the droplet dimension and highlights the presence of the pathogens and other non-volatile components in
the respiratory liquid. For visualization purposes, the sketch is not in scale.

be summarized as follows:

tl = min(te, ts) ; (1)

te =
D2

d,0

k
; (2)

ts =
D2

d,0 −
√︂
D4

d,0 − 9 4kµ
(ρd−ρ)gfHd

k
; (3)

Ld =

⎧
⎨
⎩
Ld,1 =

√
4BU0R0t

1
2
l when tl ≤ tinj ;

Ld,2 =
√
4BU0R0t

1
4
injt

1
4
l when tl > tinj ;

(4)

where µ, ρ and ρd are the dynamic viscosity and density of the ambient air and the droplet density,

respectively, with k being the surface evaporation rate estimated by the thermodynamic properties

of the droplet and environment [18]. The inertial Reynolds number of droplets with initial diameter

D2
d,0 is taken into account for the Stokes law with a �xed drag correction factor f . The initial

height of droplets away from the ground is de�ned as Hd and U0 is the velocity of respiratory pu�

ejected from a mouth with characteristic size R0. g represents the gravity acceleration and B the

universal jet velocity-decay constant [42]. The lifetime of a respiratory droplet, tl, is determined by

equation (1). Following the Wells formalism, a respiratory droplet can either evaporate or settle on
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the ground. Hence, the lifetime tl corresponds to the minimum between the evaporation time, te,

expressed by equation (2), and the settling time, ts, determined by equation (3). Given the droplet

lifetime, it is possible to predict the horizontal distance travelled by the droplet. This length is

de�ned by Ld,1 when the droplet lifetime is smaller than tinj , where tinj identi�es the duration of

the jet phase of the respiratory event (i.e. the time during which momentum is injected in the

ambient). By opposite, if the droplet lifetime is larger than tinj , the horizontal distance travelled

by the droplets is determined by Ld,2. Indeed, once the jet-phase is terminated, the �ow behaves

as a turbulent pu� [35, 45].

In the following, a brief description of each sub-part of the model is presented, whereas additional

details are provided in the Supplementary Material. Equation (2) describes the evaporation time,

te, necessary for a droplet to dry out by assuming a linear reduction in time of its surface and a

constant droplet temperature. The variable Dd,0 represents the initial droplet diameter, whereas

k is the surface evaporation rate estimated by the thermodynamic properties of the droplet and

environment (see also Supplementary Material for details). A similar evaporation model, the so-

called D2-law, was introduced by Langumir's pioneering work [29] and then adopted in the Wells

theory [62]. Recently, it has been revised in Dalla Barba et al. [18] for the determination of k where

the asymptotic evaporation temperature of isolated, evaporating droplets is used instead of the initial

one to calculate the evaporation rate. This revised D2-law provides more accurate predictions for

the evaporation of dilute droplets (See Supplementary Material for details and validations against

experimental data); for additional details, readers are referred to Dalla Barba et al. [18].

To further assess the accuracy of the revised D2-law in predicting the evaporation times for res-

piratory droplets, we compare in �gure 2 the predictions of the evaporation time of water droplets

obtained from three di�erent models: i) the original Wells theory; ii) the revised D2-law evapo-

ration model; iii) the evaporation times obtained from high-�delity simulations of sneezing events

performed using a setup similar to that adopted by Wang et al. [58]. Each of the four plots refers

to a di�erent combination of temperature and relative humidity (RH) values. In each sub-�gure,

for a given initial diameter Dd,0, red-solid lines identify the predictions based on the Wells theory

(classical D2-law), i.e. assuming that the droplet temperature is constant and equal to the initial jet

temperature. Likewise, blue-dashed lines identify the predictions obtained from the revised D2-law

with the decay constant computed from the ambient temperature. Meanwhile, for the high-�delity

simulations, for any given initial diameter Dd,0 the mean evaporation time is shown with empty

black circles. A blue-yellow colour map shows the probability of obtaining a certain evaporation

time.

The revised D2-law is capable of predicting the mean evaporation behaviors of respiratory

droplets accurately. However, for the low-temperature and high RH case, e.g. T = 5◦C RH=90%

(panel B), good results are observed only for long times, i.e. t > 2.5 s. In low-temperature and

high-RH conditions, where the emitted respiratory jet strongly di�ers from the ambient, the lo-

cal micro-environments are critical in determining the temporal evolution of droplet dynamics [58]

which di�er from a linear decay of the droplet surface. Ng et al. [39] observed that, in these con-

ditions, air could not contain much moisture. Therefore, the warm and humid exhaled vapor pu�

becomes supersaturated when entering in the cold ambient air, so the droplets carried by the pu�

tend to experience vapor condensation before evaporating at long time. Colder the ambient air, the

more important this non-monotonic behavior is [19, 39]. To improve the accuracy of the evapora-
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Figure 2: Comparisons of the evaporation time, te, of water droplets of di�erent initial diameters estimated
by di�erent models: Wells theory [62] (red line), revised D2-law [18] (blue line) and high-�delity simulations of
sneezing jet [58] (empty black circles). For the high-�delity simulations, in addition to the mean evaporation
time (black circles), the probability density function of the evaporation times for any given initial diameter
is shown with a blue-yellow map. Each panel refers to a di�erent combination of temperature and relative
humidity values: T = 5◦C and RH=50% and 90% (A and B), T = 20◦C and RH=50% and 90% (C and D).

tion model, especially for short time evolution, we propose here a minor improvement of the revised

D2-law. In particular, as reported in Dalla Barba et al. [18], a small transient is necessary for the

droplet temperature to collapse on its asymptotic value starting from its initial one. This transient

time has been observed to be few droplet relaxation times, τd,0 = ρdD
2
d,0/18µ, corresponding to

the typical inertial timescale of the droplet in a viscous �ow (ρd the droplet density and µ the air

viscosity). To account for this, we introduce a two-stage evaporation model: in the initial step of

the evaporation process, i.e. t < 6τd,0, the droplets evaporate with a rate k determined by the initial

droplet temperature, as in the classical D2-law; then, the evaporation rate k is computed using the

asymptotic droplet temperature, as in the revised D2-law (see Supplementary Material for details).

Moving to the settling dynamic, equation (3) predicts the settling time ts, i.e. the time needed to

reach the ground from a speci�c falling height Hd, here �xed to 2 meters consistently with previous

studies [62, 66]. In the Wells theory, the settling time is estimated using the Stokes drag law, which

holds for tiny droplets at small droplet Reynolds number Red = ρusDd/µ ≪ 1, i.e. in the viscous

dominated regime, with ρ and µ being density and dynamic viscosity of the air respectively. This

hypothesis is realistic for small respiratory droplets whose Reynolds number, Red, is supposed to

be sub-unitary. However, for large droplets (200 microns or more), the Reynolds number based

on settling speed could be around ten or more. As reported in Seinfeld [50], the Stokes law may

overestimate the settling speed by 60% for these large droplets. To account for �nite (small)

Reynolds number e�ects, we propose a correction of the Stokes law by a �xed drag correction factor
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f , which we show to provide good predictions for respiratory droplets (see Supplementary Material

for details). In particular, to avoid a non-linear model, we de�ne the drag correction factor using

an average constant droplet Reynolds number Re∗d = ρusD
∗
d/µ, where D

∗
d is an average droplet

diameter and us = (ρd − ρ)gD∗
d
2/18/µ is the Stokes terminal velocity:

f =
1

1 + 0.15Re∗d
0.687 ; (5)

Re∗d =
1

18

ρd − ρ

µ2
gρD∗

d
3; (6)

D∗
d
3 =

D3
d,0 +D3

d,t

2
≃
D3

d,0

2
; (7)

where Dd,0 and Dd,t are the initial and terminal droplet diameters. Figure 3 compares the droplet
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Figure 3: The right panel shows the comparison of the predicted droplet lifetime of water droplets having
di�erent diameters obtained from di�erent models: Wells [62] (solid lines), Xie et al. [66] (symbols) and the
present model (dashed line). The sample plot on the left guides the reading of the main panel: for small
droplets diameters, the lifetime is determined by evaporation (left branch of the plot; to evaporation) while,
for larger droplets diameters, the lifetime is determined by the settling dynamics (right branch of the plot; to
the ground). The plot refers to an ambient temperature equal to T = 18 ◦C and di�erent relative humidities
values are considered: RH=90% (black), 70% (gray), 50% (blue), 30% (yellow), 0% (red).

lifetime predicted by the Wells theory [62] (continuous line) and the model here proposed (dashed

lines) against the Xie et al. model [66] (empty circles) for di�erent droplet initial diameters. As

highlighted from the sample plot reported on the left, the droplet lifetime is the minimum between

the evaporation time (lifetime for small droplets) and the falling time (lifetime for large droplets), as

also illustrated in equation (1). Colors are used to distinguish among the di�erent humidity values

considered: RH=90% (black), 70% (gray), 50% (blue), 30%(yellow), 0% (red). The initial temper-

ature of droplets and ambient air are Td,0 = 33◦C and T = 18◦C, respectively. It is worthwhile

to note that, in Xie et al. [66], a detailed (Lagrangian) description of the droplet dynamics was

employed together with an (Eulerian) model for the spatial-temporal evolution of respiratory jets.

The complete model results in a system of non-linear di�erential equations that must be numer-

ically integrated for any �xed environmental condition. Hence, this complex framework produces

accurate data that can be used as a benchmark. From �gure 3, we can observe how the Wells

model largely underestimates the droplet lifetime even by more than one order of magnitude for

middle-size droplets (upper right part of the plot). On the contrary, the algebraic model proposed
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here can accurately capture the droplet lifetime in both the evaporating (left, te) and falling (right,

ts) branches of the plot for all ambient conditions considered. In addition, the present results are

in excellent agreement with the reference data of Xie et al. [66].

Using this simple and e�ective model, it is also possible to estimate the horizontal distances

travelled by the respiratory droplets during di�erent respiratory events. Indeed, all the di�erent

respiratory �ows (e.g. speaking, coughing, and sneezing) can be modelled as a jet phase, during

which the exhaled gas is emitted, followed by a pu� phase [7, 9, 45]. On this ground, equation (4)

determines the horizontal travelling distance of respiratory droplets, where B ≃ 6, U0, and R0

indicate the universal jet velocity-decay constant [42], the ejection velocity and the inlet radius (i.e.

a characteristic size of the mouth), respectively. Equation (4) has been derived assuming that the

droplet velocity is equal to the gas phase velocity in the geometric center of the inlet and assuming

a two-phase propagation process of the expelled air. In particular, we consider a turbulent jet phase

having duration tinj , followed closely by a pu� phase after the ending of the ejection phase. For

details on the two-phase propagation theory of turbulent pu�s, readers are referred to the following

references Abkarian et al. [1], Bourouiba [9], Sangras et al. [48], Wang et al. [58], Wei and Li [61], Xie

et al. [66].
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Figure 4: Comparison of the predicted horizontal distances travelled by the respiratory droplets, Ld,
for di�erent ambient conditions: RH=10% (red), RH=50% (blue), and RH=90% (black) as a function
of the initial droplet diameter. Each respiratory event is reported with a di�erent line style: speaking
(dashed), coughing (dotted), and sneezing (continuous). Present results are obtained considering an ambient
temperature equal T = 20◦ C and an initial droplet temperature of Td,0 = 35◦ C. The characteristic velocity
of the di�erent respiratory events is assumed equal to: 1m/s (speaking), 10 m/s (coughing), and 30 m/s
(sneezing).
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Results

Using the proposed model and considering di�erent respiratory events [49, 56, 66], we can estimate

the horizontal distance travelled by the droplets as a function of the initial diameter for di�erent

ambient conditions, as illustrated in �gure 4. We can observe droplets emitted during di�erent

respiratory events reach di�erent distances before evaporating or falling depending also on the

ambient relative humidity (RH=10% - red, RH=50% - blue, and RH=90%-black). In particular,

considering the most violent respiratory act (sneeze), 60 microns droplets can reach a distance of

nearly 7 meters. This prediction is consistent with the experimental �ndings reported in Bourouiba

[11, 12]. Droplets of similar size, emitted when speaking, can reach a distance slightly longer than

one meter, in agreement with Abkarian et al. [1]. Reducing the relative humidity, droplets with a

larger initial size reach shorter maximum distances: evaporation dynamic becomes faster and for 60-

100 microns droplets the lifetime decreases. Overall, our model estimates indicate that respiratory

droplets can reach a maximum distance between 5 and 7 meters when sneezing, 3 to 4 meters when

coughing, and ≃ 1 meter when speaking.

Once the distance traveled by the respiratory droplets and their lifetime are known, assuming an

initial droplet size distribution (e.g. a log-normal distribution [7, 59]), and a certain viral load, we

can estimate the virus exposure. As viral load is characterized by large uncertainty [2, 3, 33, 40, 46,

54, 64] and exhibits strong variations during the di�erent infection stages [14, 54, 64], we compute

the exposure in a dimensionless form [58]. The dimensionless virus exposure is de�ned as the ratio

of the cumulative initial volume of droplets survived at distance Ld to the total volume of droplets

at the beginning. This de�nition is based on three hypotheses: 1) a uniform viral load across all

droplets, i.e. the virus copies inside each droplet are directly proportional to the droplet initial

volume; 2) no viral load decay, i.e. the number of virus copies is �xed by the initial droplet size; 3)

the virus exposure becomes null when a droplet reaches the ground or completely evaporates. By

assuming that all respiratory events are initially characterized by the same droplet size distribution,

we provide virus exposure maps normalized by the total amount of virus copies emitted during the

most violent respiratory event (sneezing). Since each respiratory event has been experimentally

characterized by a di�erent average droplet number [22], i.e. 1000.000, 5.000, and 250 for sneezing,

coughing and speaking, respectively; the initial number of emitted virus copies is di�erent, and so

is the virus exposure at time t. However, it is worth noting that the droplet number for speaking

obtained from Duguid experiments [22] does not correspond to a single event but counts during

�speaking loudly one hundred words�, since its de�nition is not as distinct as coughing or sneezing

events. Chao et al. [15] estimated the total number of droplets expelled during speaking ranged

from 112 to 6720 by counting 1-100 numbers. Asadi et al. [5] reported that the droplet emission

rate during normal speech is positively correlated with the loudness of vocalization, ranging from

approximately 1 s−1 to 50 s−1 particles for low to high amplitudes, regardless of the language

spoken. However, more recent studies [4, 51] by visualizing small speech droplets with an intense

sheet of laser light revealed mean droplet emission rates of 1, 000 s−1 with peak emission rates as

high as 10, 000 s−1, indicating a higher total integrated volume than previous results [5, 15, 22, 38].

Overall, the droplet number employed here to compute the initial virus exposure related to speaking

events could be a conservative estimate, is at least a reasonable value.

Using these assumptions, we show in �gure 5 the spatial evolution of the virus exposure for
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Figure 5: Normalized virus exposure as a function of the horizontal distance from an infected individual
for di�erent ambient conditions: RH=10% (red), RH=50% (blue), and RH=90% (black). Three distinct
respiratory events are considered with the same initial droplets size distribution, i.e. a log-normal distribution
with ˆ︁µ = ln(12 µm) and ˆ︁σ = 0.7 [7]. Present results are obtained considering an ambient temperature equal
T = 20◦ C and an initial droplet temperature of Td,0 = 35◦C. The characteristic velocity of the respiratory
events considered is assumed equal to 1m/s (speaking), 10 m/s (coughing) and 30 m/s (sneezing). As a
reference, the infectious dose (which ranges from 100 to 1000 virions [28, 41]) is reported with two gray bands
for two viral loads: an average case (7×106 copies/mL)[33, 64] and an extreme case (2×109 copies/mL)[64].

di�erent respiratory events and ambient conditions: RH=10% (red), RH=50% (blue), and RH=90%

(black). An important picture emerges from the virus exposure maps: a well-de�ned safe distance

is not only related to the respiratory events but also determined by the ambient conditions. These

results imply that it is impossible to de�ne a universal standard safe distance. In particular, the

safe distance should be extended when the ambient relative humidity is high. A 1-meter social

distance might be enough when people talk, but not when coughing, especially in high relative

humidity conditions. It is also true that coughs and sneezes are less frequent than standard talking

among groups of people, so policymakers may consider this aspect to evaluate a global infection

risk. We believe that, rather than a single safe distance, it is possible to evaluate a quantitative

reduction of the infection risk as a function of the social distance and di�erent relative humidity

values. Policymakers may exploit these maps to determine the impact of a di�erent social distance

prescription on reducing the direct infection risk. To provide also an indication of the infection risk

associated with the di�erent respiratory events, the infectious dose for SARS-CoV-2 (from 100 to

1000 virions [28, 41]) is reported with a gray band for two di�erent viral load values: an average

case (7 × 106 copies/mL)[33, 64] and an extreme case (2 × 109 copies/mL)[64] (given the droplet

number and distribution in a respiratory event, the overall liquid emitted is �xed, e.g. 0.0081ml for

a sneeze). An exhaustive discussion on the infection risk in relation to these thresholds is however

di�cult: viral loads (and thus the position of these bands) are characterized by a large variability

and depend on many di�erent factors (e.g. disease severity, infection stage, vaccination status, etc.).

From present model, it appears that, in case of high viral load, it is possible to be directly infected

when talking at one meter of distance for around one minute. In addition, it should noted that

overall virus exposure depends also on the indirect transmission route and so on the exposure time
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(i.e. the overall time in the proximity of an infected individual, especially in closed environments).

The use of face masks against SARS-CoV-2 transmissions substantially increased since the out-

break of the COVID-19 pandemic, though signi�cant controversy on its e�ectiveness existed and

recommendations on this measurement varied across countries [24]. More recently, wearing face

masks has been widely accepted as a well-established protective measurement, providing both "in-

ward" protection by �ltering virus-laden aerosolized particles that would be inhaled by an unin-

fected person and "outward" protection by trapping virus-laden droplets expelled by an infected

person [37]. Recent studies [6, 16, 20, 25, 30, 58] have provided evidence that supports the ability of

face masks in reducing pathogen transmission. We focus here on the "outward" protection provided

by two standard face coverings, i.e. surgical and N95 masks, and take into account two e�ects: a

lower jet velocity and a trapping of virus-laden droplets. The �rst aspect is implemented by simply

assuming a reduction of the emitted �ow velocity induced by the mask presence, which is estimated

from the experimental data reported in Prasanna Simha and Mohan Rao [43]. In particular, we

assume that the velocity of the expelled pu�s reduces to 1/4 times its original value when using a

surgical mask and 1/8 for an N95 mask. The second aspect is accounted for by following Cheng

et al. [16] study in which the size-dependent particle penetration rate of surgical and N95 masks

based on the past literature [26, 60] is calculated. Additional �ndings on face mask e�ciency can

be found in the experimental study of Bagheri et al. [6] and in the theoretical one of Mao and

Hosoi [34], with the latter mainly focused on airborne aerosols with size smaller than 1 µm. As

it is known that the breathing air�ow could escape from the edge area due to improper mask �t

[21, 58] so, for each type of mask, we also consider a case in which leakages of respiratory droplets

occur. Using the data provided in Cheng et al. [16], we treat leakage as reduced e�ciency in the

size-dependent droplet mask �ltering. In other words, we consider the leakage as a higher number

of droplets passing through the mask. Although not perfect, this model assumes the worst scenario

where the leaked droplets are totally carried by the jet �ow.

Figure 6 shows the normalized virus exposure obtained with di�erent types of face-covering: no

mask (continuous line), surgical mask (empty squares), surgical mask with leakage (empty circles),

N95 mask (cross), N95 mask with leakage (empty diamonds). Colours are used to identify the

di�erent respiratory events: speaking (red), coughing (blue) and sneezing (black). For simplicity,

only one ambient condition is considered: T = 20◦C and RH=50%. From �gure 6, it appears that

wearing masks is a very e�ective measure in reducing virus exposure and N95 shows a superior

protection performance. In particular, at close distances, the virus exposure associated with an

infected person wearing a surgical mask is about three orders of magnitude lower than its corre-

spondent value without the mask. Likewise, properly wearing an N95 mask could further decrease

the exposure to an almost vanishing level, i.e. O(10−6). This observation can be traced back to

the ability of masks in blocking large droplets, which load more virus copies than smaller droplets

(assuming a uniform viral load across all droplets diameters). Indeed, experimental data recently

published showed that masks are highly e�ective in blocking respiratory droplets larger than about

20 microns [6, 16]. Besides, the suppressing e�ect of masks on air�ow velocity results also in a

shorter propagation distance for droplets, e�ectively limiting the infection risk even near an in-

fected person, i.e. 1 meter. Considering both these mechanisms � the blocking e�ect of masks on

respiratory droplets larger than 20 microns and the suppressing e�ect on air�ow velocity � it is clear

that wearing masks signi�cantly reduces the spreading of infectious droplets and provides excellent
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(T = 20◦C and RH=50%) is considered. As a reference, the infectious dose (from 100 to 1000 virions [28, 41])
is reported with a gray band for two viral load values: an average case (7 × 106 copies/mL)[33, 64] and an
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.

'outward' protection.

Concluding the discussion, the proposed model presents the great potential of predicting the

evaporation and dispersion of infectious droplets, leading to reasonable estimates of the direct virus

exposure. Hence, it could be considered a revision of the seminal Wells model that incorporates

the latest knowledge on multiphase �ow modeling applied to respiratory �ows. In any case, con-

sidering the aim of the present study, this cannot be applied to estimate the indirect transmission

route dominated by aerosolized droplets carried out by the environmental �ows. On this point,

several recent models have been proposed. E.g. Yang et al. [67] incorporated the results of high-

�delity simulations on speech jets [1], and proposed a simpli�ed dose-response model to quantify

the spatio-temporal dependence of virus infection risk driven by speech-generated-aerosols between

two speakers. This model assumes the continuous speaking activities as quasi-steady, jet-like �ows

and fast aerosolization of speech droplets. They showed that both physical distancing and expo-

sure time should be imposed to control the infection probability. In particular, speakers should

keep the contact time below 8 minutes for a physical distancing of 1 m and 16 minutes for 2 m.

Recently, Bazant and Bush [8] developed a theoretical model of long-term airborne transmission

considering the number of occupants and their time spent in an enclosed space. Their model adopts

the well-mixed assumption and quanti�ed the extent to which infection risk could be impacted by

practical parameters, like ventilation, room volume, the penetration rate of face masks, and disease

transmission tolerance. They suggested that less vigorous respiratory activities, using face masks

and large rooms with high air exchange rates, could e�ectively mitigate the transmission risk related

to aerosolized virions. Other models recently proposed for the indirect route can be found in the

references [13, 36, 47, 52]. The authors would like to note that the aforementioned models focus
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on the indirect airborne virus transmission, whereas the mathematical framework presented in this

paper focuses on the direct exposure (short-range airborne and droplets). Hence, the present model

is complementary to the those since both transmission routes are concurrently active.

Conclusion

Droplets released during respiratory events play a crucial role in transmitting respiratory diseases

(e.g. SARS-CoV-2) from an infected host to a susceptible individual. In this study, we developed

a simple physical model to predict the evaporation-falling-travelling performance of droplets ex-

pelled during respiratory activities in di�erent ambient conditions. The proposed model revises

the outdated Wells theory exploiting the better knowledge on turbulent droplets transport by jets

or plumes developed in the last few decades, as well as the state-of-the-art understanding of res-

piratory ejections. The model relies on a simple algebraic formulation and, without the need of

solving complex systems of non-linear di�erential equations, it is capable of accurately estimat-

ing the dispersion, evaporation, and settling behaviors of droplets within a turbulent multiphase

jet/pu�. The model can take into account di�erent respiratory events (speaking, coughing, sneez-

ing) and di�erent ambient conditions (temperature and relative humidity) except for very cold and

humid environments where droplet surface time decay would not be simply characterized by a linear

behavior [39]. Reference data from well-recognized model [66], high-�delity simulations [39, 58] and

latest experimental investigations [32] have been used to benchmark the present model. Using the

proposed framework, we systematically assess the e�ects of physical distancing and face coverings

on virus exposure maps and thus on the infection risk. We show that the infection risk is vastly

impacted by the ambient conditions and respiratory event considered, indicating the non-existent

of a universal safe distance. Finally, using the proposed model and exploiting experimental data

on the penetration of respiratory droplets through face masks [16, 26, 43, 60], we assess the ef-

fects of face masks on the infection risk. We con�rm that face masks provide excellent "outward"

protection, e�ectively reducing the infection risk near an infected person. Overall, we believe that

the present model represents a substantial improvement of older models [62, 66] and, thanks to

its simple but e�ective mathematical background, can be widely used by policymakers to design

e�ective guidelines for the prevention of direct contagion.
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Formula Derivation

The temporal evolution of the position, velocity, size and temperature of an evaporating droplet,

whose size is smaller than the smallest scales of the turbulent carrier �ow, can be described in

the framework of the so-called point-droplet approximation [8]. In this framework, an evaporating

droplet is modelled as a rigid point-wise sphere whose dynamics is described by the following

Lagrangian equations [1, 6, 11, 15]:

dud
dt

=
1

f

ū− ud
τd

+
ρd − ρ̄

ρd
g, f =

1

1 + 0.15Red
0.687 , (1)

dD2
d

dt
= −4

Sh

Sc̄

ρ̄

ρd
ν̄Hm, (2)

dTd
dt

=
1

3τd

[︃
Nu

P r̄

cp̄
cd

(︁
T̄ − Td

)︁
− Sh

Sc̄

∆Hv

cd
Hm

]︃
, (3)

where ud is the droplet velocity, Dd is the droplet diameter, and Td is the temperature of the

droplet. The over-bar notation refers to Eulerian quantities, describing the carrier �ow, evaluated

at the instantaneous position of the point-droplet. Equation (1) is the one-dimensional governing

equation of a sphere in viscous �ow. The variable ū is the velocity of the moist air�ow carrying the

droplet evaluated at the position of the droplet itself and ρ̄ its density. Gravitational acceleration,

g, and buoyancy forces are accounted for by the second right-hand side term of equation (1).

The parameter τd is called droplet relaxation time, τd = ρdD
2
d/(18µ̄), with ρd the water droplet

density and µ̄ the dynamic viscosity of the air�ow. A factor f is used to account for droplet �nite

inertia, which is a function of the droplet Reynolds number, Red = ||ū − ud||Dd/ν̄, with ν̄ the

kinematic viscosity of the carrier �ow. Equation (2) governs the evolution of the droplet diameter,

whereas equation (3) describes the temporal evolution of the droplet temperature. The variable T̄

is the temperature of the moist air �ow that carries the droplets. The parameters Sc̄ = ν̄/Da,v

and P r̄ = µ̄cp̄/k̄ are the Schmidt and Prandtl numbers, respectively, with c̄p the isobaric speci�c

heat capacity of the moist air �ow, and k̄ its thermal conductivity. The parameter Dg,v is the mass

di�usivity of water vapor into air, whereas cd and∆Hv are the speci�c heat capacity of liquid droplet

and its latent heat of vaporization, respectively. As (T̄ −Td) is the forcing term for convective heat

transfer, the term Hm drives the mass transfer rate:

Hm = ln

(︃
1− Ȳ v

1− Yv,d

)︃
, (4)

with Ȳ v(χ̄v) the vapor mass fraction in the carrier �ow evaluated at the droplet center and Yv,d(χv,d)

the mass fraction of a saturated gas-vapor mixture evaluated at the temperature of the droplet, Td.
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The vapor mass fractions depend on the vapor molar fractions:

Ȳ v =
χ̄v

χ̄v + (1− χ̄v)
Wa
Wd

, Yv,d =
χv,d

χv,d + (1− χv,d)
Wa
Wd

, (5)

which, in turn, are related to the vapor pressure:

χ̄v = RH̄
psv(T̄ )

pa
, χv,d = 1.0

psv(Td)

pa
, (6)

where pa is the ambient pressure, psv(T̄ ) the saturated vapor pressure evaluated at T̄ , RH̄ the rela-

tive humidity of the moist carrier, Wa andWd the molar weight of air and liquid water, respectively.

The saturated vapour pressure depends on temperature and pressure and can be calculated by using

the Clausius-Clapeyron equation. Finally, the Nusselt number, Nu, and Sherwood number, Sh, are

correlated to the droplet Reynolds number via the Frössling correlations, see e.g. ? ] for details.
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Figure 1: Main panel: the ratio between the asymptotic droplet temperature, Td,s, computed according to
equation (11) and ambient temperature, Ta, versus ambient temperature itself for an isolated water droplet.
Inset: temporal evolution of the temperature of an evaporating water droplet; the time is normalized by τd,0,
the initial relaxation time. Data are obtained by the numerical solution of equation (2) and equation (3).

Let consider an evaporating droplet in an environment with uniform thermodynamic properties,

Ta, pa, ρa and RHa being the uniform ambient temperature, pressure, density and relative humidity,

respectively. Since Hm in equation (2) depends on the droplet temperature, ambient temperature

and pressure, it can be assumed to be constant during evaporation. Under this assumption equa-

tion (2) can be integrated analytically:

Dd(t) =
√︂
D2

d,0 − kt, k = 4
ρa
ρd

Sh

Sca
νaHm(Td, Ta, pa, RHa), (7)

with Dd,0 the droplet initial diameter and k a decay constant. When the e�ect of non-volatile
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matter is taken into account [2], one can estimate the droplet evaporation time as:

te = D2
d,0(1− ψ2/3)/k. (8)

with ψ being the volume fraction of non-volatile matter inside each droplet. In the present model,

assuming for simplicity ψ = 0, equation (8) can be rewritten as:

te = D2
d,0/k. (9)

Equation (7) is historically referred to as D2-law since it predicts a linear temporal evolution of the

square droplet diameter (surface), and it is used in the classical model of Wells, which implicitly

assumed that the droplet temperature is �xed and equal to the initial one Td,0 during the whole

vaporization process. Under this assumption the constant k is:

k = 4
ρa
ρd

Sh

Sca
νaHm(Td,0, Ta, pa, RHa). (10)

Nonetheless, this condition holds only for a short time of the order of few droplet relaxation times,

τd = ρdD
2
d,0/(18µ̄), as can be seen in the inset of �gure 1. The initial droplet temperature is equal

to the environmental one, Ta; nonetheless, after a time t ≃ 6τd,0, the droplet temperature sets to an

asymptotic value, Td,s, which is lower than Ta depending on RHa. Hence, the droplet temperature

remains close to the ambient one only for t ≃ τd,0, whereas, for the major part of the vaporization

process, it keeps closer to an asymptotic temperature, Td,s. By imposing dTd/dt = 0 in equation (3),

we obtain the following relation for the asymptotic temperature:

Td,s +
Pra
Sca

Sh

Nu

∆Hv

cp,a
Hm(Ta, pa, RHa, Td,s)− Ta = 0, (11)

Hm = ln

(︃
1− Yv(Ta, pa, RHa)

1− Yv,d(Td,s, pa)

)︃
, (12)

which can be easily solved for Td,s. The latter can be employed to compute a more accurate value

of the decay constant, k:

k =
ρa
ρd

Sh

Sca
νaHm(Td,s, Ta, pa, RHa). (13)

By replacing the k constant in equation (7) with equation (13), Dalla Barba et al. [6] derived a

revised D2-law. It is worth noting that this revised model does not use any free �t parameter. The

major di�erence between the classical and revised law relies on the assumptions made on droplet

temperature. In the classical D2-law this is assumed equal to the initial one. In the revised model, it

results from the balance between the heat �ux and latent enthalpy during the evaporation process.

Considering an evaporating droplet with an initial temperature higher than, or equal to, the ambient

temperature in quiescent air conditions, its temperature will tend to an asymptotic value, which

is lower than the environmental temperature, after a short transition time. Hence, in the revised

D2-law, the droplet temperature is �xed and equal to this asymptotic value, instead of the initial

one, that results in a constant evaporation rate lower than the one predicted by the classical model.

The performance of this revised D2-law has been tested against DNSs of turbulent water sprays with
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Figure 2: Comparison of the decay of the square droplet diameter of saliva droplets predicted by the
classical D2-law model (dashed lines), the present revised D2-law model (solid lines) and experimental
benchmark data (symbols) from Lieber et al. [10]. Di�erent environmental conditions are considered: T∞ =
23.2◦C RH∞ = 6.7% and T∞ = 22.3◦C RH∞ = 53.4%.

di�erent dilute levels, as well as reference data of respiratory droplets from third parts, i.e. Ng et al.

[12], exhibiting an excellent agreement. To further assess the reliability of the revised D2-law in

predicting the evaporation of a droplet we provide a comparison of our model against independent

experimental data [10]. The experiments have been realized using an acoustic levitator under

well-de�ned ambient and initial conditions, considering single water and saliva droplet [4, 10]. In

�gure 2 the decay of the square droplet diameter of saliva droplets predicted by the classical model,

the present one and the experimental results from Lieber et al. [10] are shown. Two di�erent

environmental conditions are considered showing an approximatively linear decay. For both the

cases, the revised D2-law model shows superior performance than the classical one and very good

agreement with the experimental data. As reported in Lieber et al. [10], a terminal size of around

25% of the droplet initial diameter, is reached at the end of the evaporation due to the non-volatile

components inside the saliva droplet, like salts and protein. We attribute this reason to explain the

slight deviation of the revised model from the experimental data at the late stage of evaporation.

However, as mentioned in Dalla Barba et al. [6], some restrictions should be considered when using

the revised D2-law, i.e. single component droplets, micro/millimetre size, dilute regimes, and the

di�erent properties of turbulent jet/pu� carrying the droplets and the ambient air. In fact, as shown

in Figure 2B of the manuscript, the revised D2-law fails to capture the mean behavior of droplet

evaporation in low temperature and high relative humidity ambient conditions, which are strongly

di�erent from the initial jet ones. However, the obtained prediction is still much more accurate
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Figure 3: Distance travelled by the front of a turbulent jet/pu� reproduced by experimental data from [14].
The two stages that characterize the �ow, jet (early stage) and pu� (late stage), are visible. The scaling laws
for the jet, L ∝ t1/2, and pu� phase, L ∝ t1/4, are reported as references with black dashed lines. Qualitative
visualizations obtained from experiments showing the instantaneous tracers concentration (black-high; white-
low) at di�erent times (t = 0.25 s and t = 1.00 s, respectively) are reported as representative of the jet/pu�
evolution.

than the classical one, especially for long times.

Let consider equation (1) applied along the horizontal direction. If the droplet is su�ciently

small, the term τd approaches zero and equation (1) becomes ud ≃ ū. Hence, we assume that, along

the horizontal direction, droplets move with the same velocity of the carrier �ow. To estimate the

axial speed of the carrier �ow, we split the evolution of the exhaled �ow into two di�erent stages,

as can be seen in the Fig 3. From t = 0 up to the time the �ow is emitted from the oral cavity,

t = tinj (injection time), we model the �ow as an axial, steady round jet for which a well-established,

self-similar velocity pro�le is known [13]. On the other hand, for t > tinj , we model the �ow as a

free turbulent pu�. For the latter, the distance travelled by a Lagrangian tracer is known to scale

with a power law of t1/4, L/L0 ∼ (t/t0)
1/4 [9]. In this frame, for t ≤ tinj , by neglecting possible

two-way coupling e�ects, an estimate of the length covered by droplets carried by the jet can be

obtained by considering the self-similar behaviour of the mean jet centerline velocity, Uc ≃ ū, and

supposing that the droplet mean axial velocity is approximated by ud ≃ Uc:

Uc

U0
=

2B
x
R0

− x0
R0

=⇒ R0

U0

d

dt

(︃
xd
R0

)︃
=

2B
xd
R0

− x0
R0

, (14)

with B ≃ 6 a universal constant, x0 the so-called jet virtual origin [7], xd the droplet position along

the jet axis, U0 the bulk velocity at the exit of the oral cavity and R0 the mouth radius (under the

assumption of a nearly circular ori�ce). Then, integrating equation (14) and assuming a vanishing

virtual origin, x0/R0 ≃ 0, it leads to:

Ld = xd =
√︁

4BU0R0 t
1
2 . (15)

For t > tinj , we suppose that the exhaled moist air behaves like a pu�. For the latter, the distance
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travelled by a Lagrangian tracer scales as L/L0 ∼ (t/t0)
1/4 and its initial value has to match the

one obtained by equation (15). Hence,

Ld = xd =
√︁
4BU0R0 t

1
4
inj t

1
4 . (16)

Finally, let consider equation (1) along the vertical direction. We suppose that large evaporating

droplets, acting as ballistic particles, reach their terminal settling velocity with a negligible transient

time. Hence, by setting dud/dt ≃ 0 and ū = 0, considering the de�nition of the droplet relaxation

time, τd = ρdD
2
d/(18µ̄), as well as equation (7) and (13), we obtain:

ud(t) =
1

18

f

µ̄
(ρd − ρ̄)gD2

d, f =
1

1 + 0.15Red
0.687 . (17)

By setting a null initial vertical velocity, the falling distance displaced by droplets, Hd(t), can be

obtained by integrating equation (17):

Hd(t) =
f

18

ρd − ρ̄

µ̄
g(D2

d,0t−
k

2
t2) (18)

Finally, the latter can be solved for the settling time, ts, when the vertical distance is speci�ed, e.g.

Hd = 2m. The solution is provided in the following, skipping algebraic manipulation:

ts =
1

k

(︄
D2

d,0 −
√︄
D4

d,0 −
36µ̄kHd

(ρd − ρ̄)gf

)︄
. (19)

Model description

To further explain how the present model was developed step by step based on the classical frame-

work, we show in �gure 4 a comparison of the lifetime of free-falling, evaporating water droplets

estimated with di�erent models (lines), from A) to D), against the benchmarking data (symbols)

collected from Xie's results [16]. The seminal theory introduced by Wells in the 1930s, based on

the classical D2-law and Stokes' law, highly overestimates droplet evaporation rate, leading to the

prediction of very short evaporation times, as reported by recent studies [2, 3, 5, 14] and high-

lighted in Panel A of �gure 4. Simply replacing the classical D2-law with the revised one [6], a

relevant improvement is observed, see Panel B. However, some discrepancies still subsist; these are

attributed to the non-negligible transition time for droplets to reach the asymptotic temperature

and the inaccuracy of Stokes' law in describing the settling velocity of evaporating droplets with

inertia. These two de�ciencies have been mitigated by considering a two-stage evaporation model

and a �xed drag correction factor, as showed in Panel C and D of �gure 4, sequentially.
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