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Abstract. The optimization of the performance of a piezoelectric cantilever for 
energy harvesting from façades is concerned. The harvester is designed to exploit 
the vortex-induced vibrations due to the fluid-structure interaction between a cy-
lindrical bluff body and the wind flow acting on the façade. An analytical lumped 
parameter model of the piezo-cantilever equipped with a cylindrical bluff body 
is provided to estimate the frequency response function between the aerodynamic 
tip force and the generated open circuit voltage. The analytical frequency re-
sponse function is validated using experimental tests performed on a prototype 
of the piezo-cantilever. Finally, the design parameters of the harvester that max-
imize the generated voltage are determined using an optimization algorithm. 

Keywords: energy harvesting, piezoelectric harvester, vortex shedding, optimi-
zation algorithm, building façade. 

1 Introduction 

Building industry in the last years has shown an increasing interest in smart components 
and in particular in smart IoT facades [1]. A smart IoT façade module is equipped with 
sensors that transmit data to the building management system and with actuators that 
modify the façade properties driving shading elements or openable vents. The final tar-
get being the improvement of the comfort of the occupants and the maximization of 
energetic efficiency [2, 3]. The integration of a large number of sensors and actuators 
on a façade requires long and complex wirings. Nowadays, an alternative to wirings is 
offered by energy harvesting systems that exploit the energy fluxes that usually hit a 
façade: thermal energy, wind energy, vibration energy. The interest in harvesters is in-
creasing, since new environment-friendly harvesters, which do not make use of toxic 
elements (Pb, Bi, Te, Sb), are under development [4]. 
This paper deals with the development of piezoelectric harvesters able to scavenge the 
wind energy that hits the facade. Wind energy can be converted into electrical energy 
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exploiting different phenomena. In [5, 6] studies were carried out to exploit the vortex 
shedding phenomenon from a bluff body mounted on cantilever harvester. In [7] turbu-
lence was exploited mimicking the behavior of grass. In [8] the fluttering of an inverted-
flag piezoelectric harvester was analyzed. This paper focuses on the first phenomenon 
(vortex shedding) and presents the model of a cantilever harvester with cylindrical bluff 
body hit by a mild wind (velocity 1.4 m/s), which is typical of buildings in normal 
conditions. After experimental validation, the mathematical model is used for optimiz-
ing the dimensions of the harvester and a large increase in the generated voltage is 
obtained. 

2 Mathematical model 

2.1 Vortex-induced vibrations 

A vortex-induced vibration is a typical fluid-structure interaction phenomenon, which 
affects bluff bodies in a steady fluid flow [9, 10]. For Reynolds numbers larger than 
40, the formation of these vortices generates a variation in pressure around the body 
which results in a periodic lift force when the vortices are alternatively shed [9]. The 
generated aerodynamic force is orthogonal to the flow direction and can be quantified 
as a harmonic force on the bluff body as follows: 

 𝐹 (𝑡) = 𝜌 𝐴 𝑈 𝐶 (𝑡) = 𝜌 𝐴 𝑈 𝐶 sin(2𝜋𝑓 𝑡) (1) 

where 𝐶  is the time-dependent lift coefficient, 𝜌  the fluid density, 𝐴  the windward 
cross-section of the bluff body, 𝑈 the fluid velocity. The parameter 𝑓  is the vortex 
shedding frequency and is given by the following equation: 

 𝑓 =
 

  (2) 

in which 𝐷 is a geometric parameter of the bluff body, 𝑆  the Strouhal number [9].  
The shedding of vortices synchronizes with the free movement of the structure when 
the 𝑓  is close to the natural frequency 𝑓  of the structure. Large-amplitude self-sus-
tained vibrations occur in this condition, due to the resonance phenomenon. Vortex-
induced vibrations can be exploited in energy harvesting applications. 𝑓  has to 
match 𝑓  of the harvester to maximize the performance of the generator. It is worth 
noticing that both frequencies (𝑓 , 𝑓 ) depend on the geometry of the harvester, hence 
its dimensions have to be properly determined to guarantee the correct tuning.  

2.2 Piezoelectric cantilever harvester with cylindrical bluff body 

The harvester consists of a composite cantilever beam, made by a structural substrate 
covered by a piezoelectric layer, the bluff body fixed on the cantilever tip is a hollow 
cylinder, as shown in Figure 1. The vibration of the harvester is analyzed using a single-
mode approach and only the fundamental mode is considered, since it is enough to 
investigate maximum performance [11]. As long as the first mode of vibration is 
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concerned, the displacement (𝑦) and the rotation (𝜑) at the end of the beam (point P 
in Fig. 1) are dependent variables. The relation between 𝑦 and 𝜑 is expressed by the 
following equation [12]: 

 𝑦 = 𝐿 𝜑 (3) 

where 𝐿  is the length of the cantilever beam. The composite cantilever is modeled as 
a mass-less spring and its corresponding moving mass, calculated using Rayleigh’s 
method, is added to the mass of the bluff body. In these hypotheses, the harvester is 
simulated as a one-Degree of Freedom (DoF) mass-spring-damper system equipped 
with a lumped piezoelectric element, which considers the piezoelectric coupling effect 
[13]. The aerodynamic force 𝐹  is schematized as a harmonic force acting on the center 
of the cylinder.  

 

Fig. 1. Scheme of the one-DoF lumped parameter model. 

The equation of motion of the lumped parameter model (4) is derived using the Lagran-
gian method, which allows to determine in (5) the lumped mass (𝑀), stiffness (𝐾), 
damping coefficient (𝐶) and the Lagrangian component of the force (𝐹) along y-direc-
tion: 

 𝑀�̈� + 𝐶�̇� + 𝐾𝑦 = 𝐹 (4) 

⎩
⎪
⎪
⎨

⎪
⎪
⎧𝑀 = 𝜌 𝐿 𝑤 𝑡 + 𝑚 + 𝜌 𝐿 1 + + 𝜌 𝜋(𝐷 − 𝐷 )𝐿

𝐾 = +

𝐶 = 2𝜁√𝐾𝑀 =

𝐹 = 𝐹 ⋅ 1 +

 (5) 

where 𝜌 , 𝑤𝑏, 𝑡𝑏 are the density, width and thickness of the substrate, respectively; 𝑚  
the mass of the piezoelectric layer; 𝜌 , 𝐷 , 𝐷 , 𝐿  are the density, outer diameter, inner 
diameter and length of the tip hollow cylinder, respectively; 𝐸 and 𝐼 are the Young’s 
modulus and the moment of inertia of the cross-section of the composite beam; 𝜁 and 
𝜔  are the damping ratio and the natural angular frequency of the piezo-cantilever har-
vester; 𝜃 is the electro-mechanical coupling coefficient [11, 12], which represents the 
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amount of charge per unit displacement (𝑦) collected in the piezo-layer in open-circuit 
condition; 𝐶  is the capacitance of the piezoelectric layer. 

The Frequency Response Function (FRF) between the aerodynamic force 𝐹  and the 
tip displacement 𝑦 is calculated assuming a harmonic input: 

 𝐹𝑅𝐹 (𝜔) =
,

=
1+

3𝐷𝑒
4𝐿𝑏 = ⋅

1+
3𝐷𝑒
4𝐿𝑏  (6) 

The Open Circuit Voltage (OCV) 𝑣 (𝑡) across the terminals of the electrodes of the 
piezoelectric layer is expressed as follows [11]: 

 𝑣 (𝑡) = ⋅ 𝑦(𝑡) (7) 

Finally, by letting (6) in (7), the FRF between the aerodynamic force 𝐹  and the 
generated OCV is obtained as: 

 𝐹𝑅𝐹 (𝜔) =
,

= ⋅
1+

3𝐷𝑒
4𝐿𝑏  (8) 

The FRF between the aerodynamic force 𝐹  and the maximum stress at clamp is 
given by [12, 14, 15]: 

 𝐹𝑅𝐹 (𝜔) =
,

= ℎ ⋅ 𝐹𝑅𝐹 (𝜔) (9) 

in which ℎ  is the maximum distance from the neutral axis of the composite cross-
section of the harvester. 

3 Experimental validation 

Experimental tests aimed at validating the analytical lumped parameter model. A pro-
totype of a cantilever harvester, built by Smart Material GmbH and Focchi Spa, was 
used. The piezoelectric layer in the prototype consists in a Macro Fiber Composite 
(MFC) piezo-patch (M–8514–P2, manufactured by Smart Material GmbH) bonded to 
a structural substrate made by FR-4 (glass-reinforced epoxy laminate material). The 
bluff body is a hollow cylinder made of a polymeric material using an additive manu-
facturing technique. Figure 2 shows the main dimensions of the piezo-cantilever har-
vester used during tests. The dimensions of the piezo-patch and its electromechanical 
properties are available in [16]. 

The prototype was designed to resonate at a wind flow velocity 𝑈 = 1.4 𝑚/𝑠. 
The FRF between the aerodynamic force (excitation) and the OCV (response) was 

measured after applying to the cylindrical tip mass in Fig. 3 an impulsive force along 
the vertical direction. The excitation was applied using a mini instrumented hammer 
for modal analysis (PCB 084A17). The two signals (applied force and OCV) were ac-
quired using a DAQ module NI 9230 and the software NI Signal Express. 
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Fig. 2. Scheme of the prototype of the piezo-cantilever harvester used in experimental tests. 

 

Fig. 3. An experimental test for FRF measurements. 

Figure 4 shows that the analytical and experimental FRFs are in a very good agree-
ment. It is worth highlighting that the analytical FRF is computed from (8), whereas 
experimental FRF is the average of the results of three tests, to limit the effect of noise 
and disturbances. 

In table 1 the values of the natural frequency and the peak amplitude obtained in the 
numerical and experimental FRFs are compared. The experimental damping ratio is 
0.81 % and is determined using the logarithmic decrement method.  

 

Fig. 4. Comparison between analytical and experimental FRFs. The analytical FRF is derived 
from (8). 
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Table 1.  Comparison between analytical and experimental FRFs. 

 Analytical Experimental 
Natural frequency (Hz) 29.7 28.7 
FRF peak value (V/N) 1485.9 1451.6 

There is a small difference between the analytical and experimental natural frequen-
cies, because the actual constraint is not an ideal clamp and because there are small 
approximations in the parameters of the model. 

4 Optimization algorithm 

From (1) it can be noted that the aerodynamic force is proportional to the windward 
cross-section of the cylinder (𝐴 ). Moreover, (7) highlights that a large displacement 
(𝑦) of the end of the beam leads to a large voltage output, therefore a decrease in the 
natural frequency 𝑓  (or stiffness 𝐾, see (6)) of the cantilever increases the performance 
of the harvester. An optimization algorithm can be defined to find the optimal dimen-
sions of the harvester, not only to guarantee the matching between natural and vortex 
shedding frequencies, but also to maximize performance.  
The optimization algorithm used in the framework of this research is based on the fmin-
con function available in MATLAB [17], which finds a constrained minimum of a func-
tion 𝐹𝑈𝑁(𝑋) of several design variables (X). It is assumed that the objective of the 
optimization is to maximize the generated OCV. The design variables are the dimen-
sions of the structural substrate and hollow cylinder depicted in Fig. 2, hence 𝑋 =
[𝑤 , 𝑡 , 𝐿 , 𝐷 , 𝐷 , 𝐿 ]. It is worth noticing that the piezo-patch and the materials of the 
substrate and the cylinder are the same of the prototype. Therefore, the function 
𝐹𝑈𝑁(𝑋) to be minimized is derived from (8) as follows: 

 𝐹𝑈𝑁(𝑋) =
( )

=
( )

⋅

( )

( )

( )

( )

⋅  (10) 

The problem is subjected to linear and non-linear constraints: 

 min
( )

    such that    

𝐴 ⋅ 𝑋 ≤ 𝐵
𝐴 ⋅ 𝑋  =  𝐵

𝐺(𝑋) ≤ 0
𝐺 (𝑋)  =  0

 (11) 

in which 𝐴, 𝐴  are matrices of coefficient and 𝐵, 𝐵  are vectors of known constants; 
𝐺(𝑋), 𝐺 (𝑋) are non-linear functions. The fmincon function starts the research of the 
optimum values of the parameters from the first guess values 𝑋  of the design variables. 
The solution 𝑋 of the problem is found within the range defined by the lower (𝐿𝐵) and 
upper (𝑈𝐵) limits, that is: 

 𝐿𝐵 ≤ 𝑋 ≤ 𝑈𝐵 (12) 
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The default algorithm interior-point is used to minimize the function 𝐹𝑈𝑁 and no fur-
ther options were specified in the fmincon function.  

Only one linear constraint is defined, which imposes a minimum thickness of the 
hollow cylinder, i.e. 𝐷 − 𝐷 ≥ 4 𝑚𝑚. Therefore, it is imposed 𝐴 = [0 0 0 − 1 1 0] 
and 𝐵 = −4 ⋅ 10 . Three non-linear constraints are introduced: 

1. The natural frequency 𝑓  of the cantilever harvester must be tuned to the vortex 
shedding frequency at the given wind velocity. It is imposed that they match within 
a small range of frequencies, i.e.: 

 |𝑓 − 𝑓 | − 0.1 ≤ 0 (13) 

2. The static displacement 𝑤 = 9.81 ⋅  at the end of the cantilever [12] must be 

lower than a given maximum limit: 

 𝑤 − 0.005 ≤ 0 (14) 

3. The maximum stress at clamp 𝜎  calculated using (9) must be lower than a given 
maximum limit: 

 𝜎 − 20 ⋅ 10 ≤ 0 (15) 

Table 2 shows the values used for the optimization of the parameters 𝑋 , 𝐿𝐵, 𝑈𝐵. Ta-
ble 3 shows the results of the optimization, i.e. the optimal values of the variables. The 
reference wind velocity is 𝑈 = 1.4 𝑚/𝑠. 

Table 2. Assumed values for 𝑋 , 𝐿𝐵, 𝑈𝐵. 

 𝑤 (𝑚𝑚) 𝑡  (𝑚𝑚) 𝐿  (𝑚𝑚) 𝐷  (𝑚𝑚) 𝐷  (𝑚𝑚) 𝐿  (𝑚𝑚) 
𝐿𝐵 18 0.5 100 10 0 70 
𝑋  35 1 110 10 1 70 
𝑈𝐵 40 2 150 45 41 100 

Table 3. Optimal values of the design variables. 

𝑤  
(𝑚𝑚) 

𝑡  
(𝑚𝑚) 

𝐿  
(𝑚𝑚) 

𝐷  
(𝑚𝑚) 

𝐷  
(𝑚𝑚) 

𝐿  
(𝑚𝑚) 

𝑓  
(𝐻𝑧) 

𝑓  
(𝐻𝑧) 

𝑤  
(𝑚𝑚) 

𝜎  
(𝑀𝑃𝑎) 

18.2 1 114.9 19.9 14.5 99.9 14.8 14.8 1.1 1.0 

The optimal OCV amplitude, calculated using (10) and referred to the optimal values 

of the design variables in Table 3, results 𝑉 , = 1.83 𝑉 (assuming 𝜌 = 1.225 , 

𝐶 = 0.3 [10]). The OCV amplitude calculated using (10) and referred to the dimen-
sions of the prototype (see Fig. 2) results 𝑉 = 0.37 𝑉, which is 4.9 times smaller than 
the optimal value. Finally, it is worth highlighting that the optimal natural frequency is 
smaller than the one of the prototype, whereas 𝐴  increases, due to the larger values of 
both 𝐷  and 𝐿 . The power generated by this harvester can be estimated assuming the 
adoption of a SSHI converter [15]. The estimated optimal power is 𝑃 = 4.18 𝜇𝑊. 
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5 Conclusions 

The experimental tests showed that the lumped element model is able to retain the most 
important features of the harvester’s dynamics and is suited to optimization purposes. 
Numerical calculations showed that optimization can lead to a large improvement in 
performance. The discussed methods are suited to model and optimize more complex 
wind harvesters composed of multiple beams and cylinders. The simulations were car-
ried out considering constant wind velocity and the best wind direction (parallel to the 
harvester). The actual implementation of these harvesters on a façade requires a pre-
liminary sensitivity analysis to assess the effect of stochastic variations of wind on the 
generated voltage, power and stress. Finally, the installation of an array of harvesters 
increases the generated power, but it has to cope with aesthetic architectural constraints. 
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