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Abstract
This study presents an ordinary state-based peridynamic model for ductile fracture analysis in 2D and 3D based on the von 
Mises yield criterion with isotropic hardening. A fracture model based on the critical bond stretch is employed as fracture 
criterion. The comparison between the experimental and the numerical results is presented and shows that the elastoplastic 
peridynamic model is capable to correctly reproduce the ductile fracture observed in the experiments.
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analysis · Ductile fracture

1  Introduction

When structural metals are subjected to loads exceeding 
their elastic limit, in most cases they experience elastoplastic 
deformations. Fracture in such materials occurs after local-
ised plastic strains.

Classical plasticity theory, also known as elastoplastic-
ity, serves as the prevailing mathematical framework for 
describing irreversible strains [1–3]. The intricate behavior 
within the plastic domain has been effectively captured at 
macroscopic level by strain hardening models [4]. In the 
absence of cracks, the material behaviour can be thoroughly 
analyzed via the standard continuum mechanics for elas-
toplastic materials, (unless the material becomes unstable 
according to Hill [5], as in case of softening plasticity. In 
this case, the material exhibits inelastic strains localized in 
the so called shear bands, to model which a higher order 
continuum is necessary [6]). Although these models have 
led to notable advancements in elastoplastic analysis, 

extending elastoplasticity to fracture remains a challenging 
task, because the standard continuum is unable to describe 
the discontinuous displacements due to the cracks. On the 
contrary, Peridynamics (PD), introduced by Silling [7], is a 
nonlocal solid mechanics theory that can effectively address 
discontinuous problems such as crack propagation. Peridy-
namics relies on integral operators rather than the partial 
differential equations used in classical Cauchy continuum 
mechanics. Therefore, it allows the simulation of crack 
growth without the need to introduce external crack growth 
laws into the formulation.

In bond-based peridynamics (BB-PD), the force density 
within each bond is determined solely by the deformation of 
that bond, causing limitations on the behavior of the mate-
rial, which will have a fixed Poisson’s ratio [8]. Furthermore, 
the plastic response in a bond-based model allows perma-
nent change in volume (dilatation) and therefore is not well 
suited to modeling metals [8]. State-based peridynamics 
was then introduced as a more versatile and comprehensive 
framework, overcoming these limitations. Silling et al. [9] 
designed an elastoplastic ordinary state-based peridynamic 
(OSB-PD) constitutive model for perfectly plastic materials 
in 3D. Mitchell incorporated a yield criterion derived from 
J2 plasticity into this model [10].

Madenci and Oterkus [11] employed a J-integral model 
based on the critical fracture energy, integrated with a 2D 
elastoplastic OSB-PD model with isotropic hardening. 
Behzadinasab and Foster [12] employed a peridynamic frac-
ture model based on the Johnson-Cook failure criterion. In 
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another study, they devised a peridynamic fracture model 
incorporating a tearing parameter [13]. Liu et al. [14] intro-
duced a peridynamic model for nonlinear-hardening plas-
ticity. Mousavi et al. [15] proposed a formulation similar 
to [10] for 2D plane stress and plane strain cases, integrat-
ing a fracture model based on the critical bond stretch. Li 
et al. [16] developed an elastoplastic peridynamic model 
for reinforced concrete, simulating structural failure. Zhou 
et al. [17] proposed a generalized peridynamic model for 
geomaterials, replicating triaxial compression test results.

In [18], an elastoplastic OSB-PD model consistent with 
J2 elastoplasticity was developed for materials with iso-
tropic and kinematic hardening in 2D (plane stress and plane 
strain cases) and 3D. The incremental loading approach was 
adopted, and the dynamic relaxation method was used to 
obtain the equilibrium solution of each load step.

The novel contribution of this paper, to the best of the 
authors’ knowledge, is the enhancement of the elastoplastic 
ordinary state-based peridynamic formulation presented in 
[18] incorporating the non-linear hardening, the use of a 
strategy to estimate the critical bond stretch value and the 
numerical modelling of an experimental 3D ductile fracture 
test.

The remainder of the paper is presented as follows: 
Sect. 2 provides a brief description of the model and its 
extension to fracture analysis. In Sect. 3, the capabilities of 
the proposed approach for the simulation of ductile fracture 
are demonstrated by solving several examples and compar-
ing the PD results with the experimental observations.

2 � Elastoplastic OSB‑PD for fracture analysis 
of materials with strain hardening

In this section, we first summarise the formulation proposed in 
[18] and then attention is given to its extension to ductile frac-
ture. It is recalled that a peridynamic state is a function which 
is defined on the bonds in a family of any point in the body [8]. 
Throughout the text, underlined characters denote PD states, 
bold characters represent vectors, non-bold characters indicate 
scalars and a ⋅ b represents the dot product between two peri-
dynamic states a and b [10].

2.1 � Equation of motion and peridynamic states

In numerical applications of peridynamics, the solution 
domain is often discretized using a uniform grid of nodes 
(see Fig. 1a). Each node interacts with all surrounding nodes 
within a neighborhood of radius � , the horizon. The interac-
tions between nodes are referred to as bonds.

The discretized version of the peridynamic equation for 
static equilibrium of node i , with reference position xi , is as 
follows [9]:

where the indices i and j represent the central node and its 
family nodes, respectively. ΔVj is the volume associated with 
node j within the neighborhood of node i . The reference 
position of node j is denoted by xj . The positions of nodes i 
and j in the deformed configuration are represented by yi and 
yj , respectively (see Fig. 1b). ui and uj are the displacements 
of nodes i and j , respectively. b(xi) represents the external 
body force density at node xi . T[xi]⟨xj − xi⟩ is termed as the 

(1)

�
j

�⟨xj − xi⟩(T[xi]⟨xj − xi⟩ − T[xj]⟨xi − xj⟩) ΔVj + b(xi) = 0,

Fig. 1   Position of nodes i and 
j in a initial and b deformed 
configuration
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force vector state on node xi from node xj . In state-based PD, 
T = tM , where M(xi) =

yj−yi

|yj−yi| , and t represents the scalar 

force state. In Eq. 1, the term � is the classical peridynamic 
variable introduced to define damage in a point [19]:

s is the bond stretch and s0 represents the critical bond 
stretch, which can be viewed as a material parameter. The 
bond stretch is defined by the following equation:

where e represents the extension state, and it is obtained 
as e = |Y| − |X| = |yj − yi| − |xj − xi| . It should be noted 
that e is decomposed into isotropic and deviatoric compo-
nents, denoted as eiso and ed , respectively [9]. In the present 
model, a bond breaks after some plastic deformation has 
taken place.

The scalar force state t , composed of isotropic and devia-
toric parts, is defined by the following equation [9, 15, 18] for 
3D and 2D plane stress/strain cases:

where � and G represent the bulk modulus and the shear 
modulus, respectively. edp is the plastic part of the devia-
toric extension state. � , called the influence function, is 
assumed to be � = 1 in this work. In Eq. 4, x = |xj − xi| and 
m = � x ⋅ x . The dilatation, represented by � , is computed 
through the following equation:

where � is the Poisson’s ratio. The dot product between two 
peridynamic states, a and b , in the discretized domain is 
defined by a ⋅ b =

∑
j a⟨xi − xj⟩ b⟨xi − xj⟩ ΔVj.

In peridynamics, the evolution of damage at point xi is 
determined by the following equation [19]:

(2)𝜇⟨xj − xi⟩ =
�

1 if s < s0,

[5pt]0 if s ≥ s0.

(3)s =
e

|xj − xi| ,

(4)t = tiso + td =

{
3��

m
�x +

15G

m
�(ed − edp) for 3D ,

[5pt]
2��

m
�x +

8G

m
�(ed − edp) for 2D ,

(5)� =

⎧⎪⎨⎪⎩

3

m
�x ⋅ (e − edp) for 3D ,

[5pt]
2(2�−1)

(�−1)m
�x ⋅ (e − edp) for 2D plane stress ,

[5pt]
2

m
�x ⋅ (e − edp) for 2D plane strain ,

where the parameter � is defined in Eq. 2.

2.2 � Yield function based on the deviatoric force 
state

The peridynamic yield function, equivalent to the von Mises 
yield function, for materials with isotropic hardening in 3D 
and 2D plane stress/strain cases is given by [18]:

where ‖td‖2 = ∑
j (t

d)2ΔVj . Here � denotes the horizon size 
and h stands for the body thickness in 2D cases. �y rep-
resents the material yield stress. For the case with linear 
isotropic hardening, �y = �y0

+ K� , where �y0 is the initial 
yield stress and K the isotropic hardening modulus. � rep-
resents the internal hardening variable [4, 18], and its vari-
ation is defined by Δ� = |Δ�p| . In this work, in the case of 
nonlinear hardening, we use the exponential yield expression 
�y = �y0

+ a [1 − exp (−r �p)] , where a and r are the ampli-
tude and rate of hardening, respectively. Here, Δ�p represents 
the increment of the equivalent plastic strain, �p , which is 
obtained through the following equation [11]:

where ‖Δedp‖2 = ∑
j (Δe

dp)2ΔVj and A0 is given in the fol-
lowing equation:

Δedp is the increment of the deviatoric plastic extension of 
each bond corresponding to the point xi . In the following, 
the von Mises stress will be used to analyse the simulation 
results; this quantity in Peridynamics is defined in terms 
of the deviatoric force state by the following equation [15, 
18, 20]:

(6)�(xi) = 1 −

∑
j �⟨xj − xi⟩ΔVj∑

j ΔVj

,

(7)f (td) =

⎧
⎪⎨⎪⎩

‖td‖2
2

−
25�2

y

8��5
for 3D ,

[5pt]
‖td‖2
2

+ 4
(td⋅x)2

��4h
−

8�2
y

3�h�4
for 2D ,

(8)�Δ�p� =
�

A0‖Δedp‖2,

(9)A0 =

{
25

4��5
for 3D ,

4

�h�4
for 2D .

(10)�2
vm(PD)

=

⎧⎪⎨⎪⎩

8��5

25

‖td‖2
2

for 3D ,

[5pt]
3�h�4

8

�‖td‖2
2

+ 4
(td⋅x)2

��4h

�
for 2D plane stress/strain .
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2.3 � Return mapping algorithm

The return mapping algorithm follows from the original idea 
of Simo and Taylor [21] of trial elastic prediction and (return 
mapping) plastic correction, as summarized below.

Based on the solution at step n , the extension of each 
bond at step n + 1 can be computed using Eq. 1. Assum-
ing edp

n+1
= e

dp
n  , the trial elastic extension ( e

trial
 ) is calculated 

by: e
trial

= e
n+1

− e
dp
n  . Then, using Eq. 7, the yield function 

is computed at the trial step. Depending on the value of 
the yield function, we can determine whether the trial step 
exhibits elastic or elastoplastic behavior [4, 15, 18]:

In the second case described in Eq. 11, the equation 
f (td

n+1
) = 0 is fulfilled by the computation of the unknown 

variable Δ�n+1 , referred to as the increment of the consist-
ency parameter, which is calculated by solving f (td

n+1
) = 0 

using the Newton-Raphson method. Subsequently, td
n+1

 and 
Δe

dp

n+1
 are computed as [15, 18]:

where

and

The flowchart in Fig. 2 illustrates the return mapping 
algorithm that computes the internal forces for each node. 
This algorithm evaluates the force states for every iteration 
of the Adaptive Dynamic Relaxation (ADR) procedure [22].

3 � Numerical results

In this section, first, we solve a 3D structure (Sect. 3.1) under 
uniaxial loading, where our results are compared with those 
obtained from the FE simulation in ANSYS, focusing on 
a case without crack propagation. Then, the results of the 
numerical simulation of two experiments of crack initiation 
and propagation obtained with the model developed in the 
previous section are presented and compared with the avail-
able experimental data (Sects. 3.2 and 3.3).

(11)
{

if f (td
trial

) ≤ 0 ⇒ elastic, then e
dp

n+1
= e

dp
n and td

n+1
= td

trial
,

[5pt] if f (td
trial

) > 0 ⇒ elastoplastic, then compute td
n+1

satisfying f (td
n+1

) = 0.

(12)td
n+1

=
td
trial

1 − BΔ�n+1
,

(13)B =

{
−

15G

m
� for 3D ,

[5pt] −
8G

m
� for 2D plane stress/strain ,

(14)Δe
dp

n+1
= Δ�n+1t

d
n+1

.

3.1 � 3D structure subjected to axial loading

We analyze a three-dimensional structure with the geom-
etry shown in Fig. 3a. The bottom of the structure is fixed 
( uy = 0 ), while a displacement-controlled load ( uy ) is 
applied at the top. The load history is shown in Fig. 3b.

The material properties of the structure are defined 
as follows: Young’s modulus E = 200GPa , Poisson’s 
ratio � = 0.3 , density � = 8000 kg∕m3 , initial yield 
stress �y0 = 600MPa , and isotropic hardening modu-
lus K = 20GPa . The PD model uses a uniform grid with 
Δx = Δy = Δz = 0.625mm , and the horizon is set to 

� = 1.875mm with �

Δx
= 3 . In the FE model, 4-node tetra-

hedral elements (Solid285) are employed. Displacements are 
imposed on the structure by fictitious layers of nodes on the 
top and bottom faces [23].

The von Mises stress at node C (see Fig. 3a) and the reac-
tion force at the bottom surface, both plotted against loading, 
are shown in Fig. 4a, b, respectively. Both graphs show good 
agreement between the PD and FE results.

Fig. 2   Flowchart of the return mapping algorithm
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3.2 � 2D plane stress case

A dog-bone steel specimen with a thickness of t0 = 3mm is 
considered, as illustrated in Fig. 5a. The mechanical prop-
erties of the material are characterized by E = 210GPa , 
� = 0.3 ,  � = 7800 kg∕m3 and  �y0

= 369MPa  .  The 

engineering stress–strain curve for the material is shown in 
Fig. 5b, which displays the results obtained from the tests 
described in [24]. On the basis of these tests, we define the 
elastoplastic properties of the material by selecting the strain 
corresponding to the maximum stress level, � = 0.16 (see 
Fig. 5b), and we use the secant line approximation method 
to determine the isotropic hardening modulus. This method 

Fig. 3   a Geometry and fictitious boundary layers (dark grey layers) in the PD model, b Displacement loading history ( uy)

Fig. 4   a von Mises stress at point C versus displacement loading, b reaction force versus displacement loading
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involves approximating the behavior of a curve between 
two points by drawing a straight line connecting them [25]. 
We select two points on the curve in Fig. 5b: �1 =

�y0

E
 and 

�2 = 0.16 ; then, a straight line passing through these points 
is drawn. The slope of this line represents the isotropic hard-
ening modulus K , which results to be equal to 1.2GPa.

The value of the critical bond stretch, s0 , is determined 
by a trial-and-error strategy, ensuring that the fracture ini-
tiates numerically when the material has already developed 
a certain amount of plastic deformation. More remarks on 
the determination of s0 will be given in Sect. 3.3.

We impose a displacement loading of uy = 3mm at the 
top of the structure, whereas the bottom is constrained in the 
y direction ( uy = 0 ; see Fig. 5a).

Considering the geometry of the specimen, we solve the 
problem under plane stress condition. The spatial domain 

is discretized with a uniform grid ( Δx = Δy = 0.25mm ), 
resulting in 17,228 nodes. With m =

�

Δx
= 5 , the horizon size 

is � = 1.25mm . Using the fictitious nodes method [23], we 
impose displacement loading on two fictitious layers with 
width of � , as depicted in Fig. 5a. This loading is incremen-
tally applied to the structure in 80 steps of 0.0375mm.

Bonds with stretches exceeding the critical bond stretch 
s0 = 0.032 are considered broken. Figure 6 illustrates the 
relationship between the bond force and bond stretch for a 
bond connected to point O (refer to Fig. 5a), which is aligned 
in the y direction and has a length of 2Δy . We observe elastic 
and then elastoplastic behavior in the bond before its break-
age (Fig. 6).

Figure 7a displays the crack path obtained via Peridy-
namics. We intentionally disrupt the symmetry of the struc-
ture by randomly removing a few bonds from the model, 

Fig. 5   a Geometry, load-
ing, boundary conditions and 
fictitious boundary layers in 
the dog-bone specimen, b 
Engineering stress–strain curves 
for material of the dog-bone 
specimen [24]

Fig. 6   Bond force versus bond 
stretch for a bond connected to 
point O
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resulting in the crack path shown in Fig. 7b. The displace-
ment in the y direction in this case is shown in Fig. 8a. The 
distributions of the von Mises stress and the extent of the 
plastic region at load step 4 ( uy = 0.15mm ) are shown in 
Fig. 8b, c, respectively. As shown, the von Mises stress 
in the central region of the sample exceeds the yield limit 
�y0

= 369MPa . Thus, we can conclude that fracture occurs 
after noticeable elastoplastic strain (Fig. 7).

In Fig. 9, we compare the evolution of damage obtained 
via PD with that observed in the experiment [24]. Fig-
ure 9f–j present the crack growth at load steps 0, 22, 34, 40 
and 80, corresponding to uy = 0 , 0.825 , 1.275 , 1.5 , 3mm , 
respectively. The PD results presented in Fig. 9f–j are com-
pared with the experimental results presented in Fig. 9a–e. 
Both the PD simulation and the experimental results show 
similar crack initiation and propagation. Fracture begins at 

the center (c and h) and extends along the predominant band, 
resulting in complete rupture (e and j).

3.3 � 3D structure subjected to axial loading

We consider a flat-grooved (FG) structure, with the experi-
mental sample presented in [26]. Its geometry is shown in 
Fig. 10a. The structure is made of high–carbon steel. The 
Young’s modulus, Poisson’s ratio and initial yield stress are 
E = 210GPa , � = 0.3 and �y0 = 601.15MPa , respectively.

The structure is constrained in the y direction ( uy = 0 ) 
at y = 0 and subjected to a displacement–controlled load of 
uy = 0.575mm at y = 40mm.

First, we model the structure in 2D considering its cross 
section under plane strain condition. To reduce the computa-
tion time, we focus on a portion of the section, adopting the 
geometry shown in Fig. 10b. The 2D-PD model is discre-
tized with a uniform grid ( Δx = Δy = 0.03125mm ). The m
-ratio of �

Δx
= 3 is used in the model. The horizon size is then 

� = 3Δx = 0.09375mm . We apply displacement loading on 
two fictitious layers, each with a width of � , as illustrated in 
Fig. 10c. Displacement loading is incrementally applied to 
the sample in 150 steps.

We solve the 2D-PD model under the assumption that 
the material exhibits linear strain hardening. After conduct-
ing some experiments with our 2D model, we select the 
isotropic hardening modulus as K = 1GPa to ensure that 
the 2D-PD force–displacement curve closely approximates 
the experimental curve shown in Fig. 15. The critical bond 
stretch is set to s0 = 0.165 via a trial-and-error approach, 
which ensures that fracture occurs in the plastic domain.

Figure 11a, b compare the crack path obtained via 2D-PD 
with the fracture surface observed in the experiment [26]. 
The 2D-PD simulation reveals an inclined crack path whose 

Fig. 7   PD results in the dog-bone specimen at load step 80: a crack 
path in symmetric model, b crack path in asymmetric model

Fig. 8   PD results in the asym-
metric dog-bone specimen: a 
displacement in the y direction 
at load step 80, b von Mises 
stress at load step 4, c extent of 
the plastic region at load step 4
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inclination appears to correspond well with the inclina-
tion of the fracture surface observed in the experiment. 
The distributions of the von Mises stress and extent of the 
plastic region at load step 16 at the displacement load of 
uy = 0.1099mm are shown in Fig. 12a, b, respectively. At 
this load step, the von Mises stress exceeds �y0 in the groove 

of the sample. Fracture subsequently occurs (Fig. 11b), dem-
onstrating good qualitative agreement with the reference 
[26]. The evolution of the crack at different load steps is 
shown in Fig. 13.

We also simulate the structure in 3D using 
a uniform grid with discretization intervals of 

Fig. 9   Damage evolution obtained by: a–e experiment [24], f–j PD simulation: f uy = 0mm , g uy = 0.825mm , h uy = 1.275mm , i uy = 1.5mm , 
j uy = 3mm

Fig. 10   a Geometry of the FG 
structure, b front view and 
loading in the PD model, c 
fictitious boundary layers in the 
PD model
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Δx = Δy = Δz = 0.04167mm and an m-ratio of �
Δx

= 3 . To 
minimize the solution time, we reduce the length in the z 
direction from lz = 15mm (see Fig. 10a) to lz = 8mm in the 
3D model. The displacement load is applied to the structure 
over 50 incremental load steps. The critical bond stretch is 
selected as s0 = 0.145 , and the isotropic hardening modulus 
is K = 1GPa . In this study, we determined the critical bond 
stretch values through tests specific to each model. As in 
the linear elastic case, the values of s0 in 2D and 3D are 
different.

The crack propagation results are presented in Fig. 14. 
The crack surface obtained by the 3D simulation is very 
close to that shown in Fig. 11a.

We also study both 2D and 3D models by incorporating 
nonlinear strain hardening, using the curve described by the 
equation �y = 601.15 + 150(1 − exp (−20�p)) , where the 
parameters are determined experimentally.

Figure 15 illustrates the support reaction force as a func-
tion of the displacement loading in all four simulations and 
compares the peridynamic results with the experimental 
ones [26]. The comparison between the curves proves the 
capabilities of the proposed peridynamic model in describ-
ing the ductile fracture. This shows that the proposed peri-
dynamic approach is capable of producing accurate results 
across different modeling conditions, whether 2D or 3D, and 
for both linear and nonlinear hardening behaviors.

Remark  In all previous simulations the value of s0 has 
been determined by trial and error. Firstly, s0 must be large 
enough to allow significant plastic deformation (see Fig. 6). 
The actual value was then determined by ensuring that the 
global values obtained from the simulations, as shown in 
Fig. 15, were in good agreement with the experimental val-
ues. In our model, the trigger for plastic behavior, at the level 
of the material point, is the value of the von Mises stress, 
whereas the trigger for failure is the critical stretch, at the 
level of the bond. Consequently, a sufficiently small value of 
s0 could prevent fracture in the plastic regime of the material 
behavior, thus describing the case of brittle fracture.

Fig. 11   FG specimen results: 
a experimental fracture 
surface [26], b fracture path 
obtained by 2D-PD model at 
uy = 0.5590mm

Fig. 12   FG specimen results at load step 16: a von Mises stress distri-
bution, b extent of the plastic region
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4 � Conclusions

In this work, an elastoplastic OSB-PD model consistent 
with classical rate-independent J2 plasticity is extended 
to ductile fracture analysis of materials with linear and 
nonlinear isotropic hardening in 2D and 3D cases. For 
this purpose, a fracture model based on the critical bond 
stretch is adopted to trigger the fracture initiation within 

the plastic zone. As a consequence, the value of the criti-
cal bond stretch permits to control the development of a 
brittle or a ductile fracture. We have analyzed two crack 
propagation problems using the proposed elastoplastic 
PD crack model: a dog bone specimen under 2D plane 
stress condition and an FG structure in 2D under plane 

Fig. 13   Crack growth in FG specimen obtained by 2D-PD: a uy = 0.3906mm , b uy = 0.4958mm , c uy = 0.5169mm , d uy = 0.5309mm , e 
uy = 0.559mm , f uy = 0.575mm

Fig. 14   Crack growth in FG specimen obtained by 3D-PD: a uy = 0.4061mm , b uy = 0.5117mm , c uy = 0.5327mm , d uy = 0.575mm
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strain condition and in 3D. The comparison between the 
experimental crack propagation results and the numerical 
results pointed out the capability of the numerical model 
in terms of evolution of the ductile fracture and the global 
force-displacement behavior.
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