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1. Introduction

Radial Basis Function (RBF) collocation methods are widely investigated approaches for solving various Partial Differential Equa-
tions (PDEs). They are kernel-based meshfree methods, flexible and potentially highly accurate, dealing with PDEs in their strong
form by interpolating at a set of collocation points. For this reason, they can be intended and studied in a generalized interpolation
framework [16,17].

For both collocation and interpolation tasks, a crucial aspect for the construction of an effective approximant is an appropriate
choice of the RBF, whose form and behavior very often depend on a positive shape parameter. Although a variable shape parameter is
employed in some cases [9,12,27], in literature greater attention has been put on the selection of a global value, and many strategies
have been proposed for its fine tuning [8,20,21,31,46,54,55], including some theoretical observations and rules of thumb [22,49].
In particular, many of these strategies take advantage of Cross-Validation (CV) approaches [23], which are empirical schemes that
are widely employed in numerous fields to estimate the generalization capability of a model. Historically, in the RBF interpolation
setting, the most considered CV approach is the Leave-One-Out CV (LOOCV) method, mainly because of its efficient computation
provided by an algorithm originally proposed by Shmuel Rippa in [42], and modified by some authors later on in [40]. In [39], the
Extended Rippa’s Algorithm (ERA) generalized Rippa’s scheme to the wider k-fold CV framework, still including in its formulation
the original LOOCV case.

Due to its efficiency, Rippa’s approach has been widely used beyond the interpolation setting. However, when leaving this setting,
a straightforward application of Rippa’s approach is typically inexact, meaning that the error calculated differs from the one computed
by an exact CV procedure, even though the parameter selection can be effective. This was done in [3-5], with applications to elliptic
and time-dependent PDEs, also on irregular domains. Many other works share a similar spirit; [7,43,48] are some examples. In [18] the
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authors adapted Rippa’s approach to obtain a cost indicator in the context of RBF-PseudoSpectral (RBF-PS) methods and approximate
moving least squares, and a modified scheme was designed in the partition of unity interpolation framework in [6]. Other applications
and adaptations of Rippa’s LOOCV method can be also found e.g. in [1,41,44,53]. However, a concrete and justified generalization of
the ERA to the collocation setting is still missing.

In this paper, our purpose is to fill this gap and to provide a generalization of the ERA scheme for PDEs, by analyzing to what
extent the original algorithm can be adapted from RBF interpolation to collocation. The result is a surrogate CV scheme that retains
the efficiency of the ERA, but computes an approximated validation error. In fact, perhaps quite surprisingly, we show that this
approximation gap involves the reconstruction provided by the RBF-PS method. However, differently from approaches carried out in
literature, e.g. in [3-5,7,43,48], where essentially the interpolation matrix used in Rippa’s LOOCV scheme is directly substituted by
the collocation matrix (in the following, we refer to this approach as Empirical LOOCV), the method proposed in this paper, which
we denote as Surrogate CV, presents the following advantages.

+ Surrogate CV works for the general k-fold CV setting, while Empirical LOOCV restricts to the leave-one-out case.

+ Unlike Empirical LOOCV, the discrepancy between the validation error and its approximation can be clearly formalized in
Surrogate CV (see (7) in Theorem 1). Furthermore, since the proof of Theorem 1 can be seen as a generalization of the proof of
the ERA (cf. [39, Theorem 1]), the Surrogate CV algorithm can be considered a natural extension of the ERA into the collocation
setting.

« Various numerical experiments carried out in Section 4 show that Surrogate CV (see Algorithm 1) well approximates exact CV
(see Algorithm 2), being more accurate than Empirical LOOCV (see Algorithm 3).

+ In some situations, Surrogate CV can be also employed when the collocation points do not coincide with the centers (see Sub-
section 3.2).

The paper is organized as follows. In Section 2 we recall the main characteristics of the generalized RBF interpolation setting, and
how classical collocation approaches can be framed into it. In Section 3 we present and analyze in details the proposed Surrogate
CV scheme, both from a theoretical and a computational perspective. Various numerical tests are discussed in Section 4. Finally, in
Section 5 we draw some conclusions.

2. Generalized interpolation and collocation

Let Q C R? and let k : Q x Q — R be a strictly positive definite kernel that is radial, i.e., there exists a univariate Radial Basis
Function (RBF) ¢ : [0, 00) — R so that

k(%, ) = o(llx - yl), X, yeQ.
The RBF ¢ usually depends on a positive shape parameter £ > 0. However, to maintain a simpler notation, we avoid making this
dependency explicit until Section 4, where ¢ will be of interest in our numerical experiments.
In classical kernel-based interpolation, letting X = {X,...,X,,} C Q be a set of distinct nodes, m € N, the aim is to approximate
an unknown function 4 : Q — R by means of a function s : Q — R of the form

m

S(®) =Y ¢jKk(%, X)),

j=1
by imposing interpolation conditions at X, i.e., s(X;) = h(%;) fori = 1, ..., m, which uniquely determine the value of the real coefficients
1, ...,Cyp. A generalization of this interpolation framework can be obtained by considering a set G = {y,,...,7,,} of distinct linear

functionals acting on real-valued functions defined on €, and thus by substituting the interpolation conditions with

)/[(h)=7/[(s) i=1,...,m, (1)

The functionals y,...,7,, can be used to encode more elaborate information on 4 than simple point evaluation, such as integral or
derivative values, and therefore represent a suitable starting point for the development of RBF collocation schemes for solving PDEs,
as we will outline in Sections 2.1 and 2.2. Letting £ = {4, ..., 4,,} be another set of distinct linear functionals acting on real-valued
functions defined on Q, n € N, the kernel-based ansatz is then also generalized to

n

$() = D ¢ Ak, ), @

J=1
where the notation /ljy. indicates that 4; acts on x seen as a function of its second input. Imposing the conditions in (1), we get

n

=Y ¢G0f @ 2k, i=1...m,

Jj=1

with y;* acting on « seen as a function of its first input. Therefore, the vector of coefficients ¢ = (cy, ..., ¢,)T needs to satisfy

Gée=g, 3)
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being G= e Ajy.)(lc(y'c,jz)), i=1,....,m, j=1,...,n, the collocation matrix and g = (y;(h), ..., 7,,(h)T.

Another relevant tool in our analysis is the evaluation matrix L, ; = (6)3; ® Ajy. )k (%, ), where 65 (f) = f(X;), i=1,...,m, are point
evaluation functionals at the collocation points in X. By defining 5 = (s(x;), ..., s(x,,))T, note that we can write the RBF-PS solution
at X (see e.g. [16, Chapter 42])

s=Lc=LG 'z @

In general, there is no guarantee that (3) admits one or more solutions, and therefore the representation of § provided in (4) might
not exist, or might be non unique.

Let us outline two well-known collocation approaches that fall into the presented framework. We will consider them in our
numerical experiments in Section 4.

2.1. Kansa’s method: “y # A, A=6"

In the approach originally proposed by Ed Kansa in [26], the functionals in £ are chosen as 4; = éyj, where Y = {j,,....y,} CQ
is a set of distinct centers, j =1, ...,n. The model (2) then takes the form

n
S(X) = Y, k(X 7)),
j=1
which is the same of function interpolation (m = n) and regression (m > n) settings. Therefore, this approach takes advantage of
a simple ansatz. On the other hand, since the functionals in G are employed to apply the differential operators that characterize
the PDE, in the case m = n the resulting collocation matrix G is typically non-symmetric, even in the case where collocation points
and centers coincide, i.e., X =Y (see e.g. [16, Section 38.1]). Although it was proven that it is very unlikely that G has no full
rank [25] (see Remark 1), this represented a relevant obstacle for the theoretical analysis of this approach [45]. Asides from these
issues, Kansa’s approach has been tailored to various differential problems and largely used by the relevant scientific community
[11,14,15,28,37,50].

2.2. Hermite method: “y = A#6”

In the Hermite or symmetric approach, both the functionals in G and in £ are used to represent the operators involved in the PDE
(see, e.g., [16, Section 38.2]). A great advantage of this method is that the collocation matrix is always symmetric and invertible
in the case where collocation points and centers coincide, and therefore (3) is well posed (refer to, e.g. [52]). On the other hand,
applying differential operators twice on the first and second input of the kernel may lead to a solution that is twice regular than
needed, preventing the usage of less regular kernels that might be more suitable with respect to the data, and this can represent a
drawback. Similarly to Kansa’s method, the Hermite approach caught the interest of many authors in the last years [13,33-35,30,38].

3. Efficient surrogate cross validation

In RBF collocation, the action of the considered functionals in G and L is usually related to the set of collocation points X and
centers Y, respectively, meaning that the node X; (J;) is linked to the application of y; (4,), in a way that depends on the specific
context. We assume such a connection from now on.

3.1. Case X =Y

It is convenient to start from the case where collocation points and centers coincide, i.e., X =Y and m = n. In this setting both G
and L are square matrices, and G is symmetric in the case of the Hermite method.

3.1.1. Cross validation in RBF interpolation

Before presenting in details the proposed algorithm, we first recall the main characteristics of classical CV. Let k € N, k <m. In
the k-fold CV setting, the set X is split into k disjoint non-empty subsets X|,..., X . For a simpler presentation, we assume m to be
multiple of k, so that we can consider subsets of equal cardinality v = m/k € N, but this is not required by the scheme. Then, for
every £ =1,...,k we proceed as follows.

1. We construct the approximant s by employing only the nodes in U’f: 1 Xg
it
2. We assess the validation performance of s on the remaining set X, by computing, e.g., the L,-error with respect to the ground
truth h.

At the end of this process, we computed and evaluated k independent models exploiting the information in X only. The global
performance on X obtained by putting together the k validation errors is then used as an indicator of the overall accuracy of the
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model when constructed at the full set of collocation points X. In this sense, k-fold CV is a fair and concrete procedure that does not
assume knowledge at unknown data sites, differently with respect to, e.g., trial-and-error approaches.

The computational complexity required by the whole process is O(k(m — v)®) & O(m3k): we need to solve k different (m — v) X
(m — v) linear systems (we assume the usage of non-specific techniques such as LU decomposition to solve the linear systems). In
RBF applications it is very common to set v << m, and in particular when v = 1 we get the so-called Leave-One-Out CV (LOOCV).
Consequently, the computational cost required by a straightforward application of LOOCV is approximately O(m®).

In the framework of kernel-based interpolation, the Extended Rippa’s Algorithm (ERA) computes exact k-fold CV at the cost of

3
Om) + (9( :_2) operations, which is indeed really advantageous especially when v is small. Inspired by the ERA, our purpose is to
construct an algorithm for validating RBF collocation schemes and enhancing the efficiency of a standard k-fold CV approach.

3.1.2. The proposed method

Let us consider a single validation step of the CV procedure (a certain £ € {1,...,m}), and let us fix some notations. We define
as p=(py,....p,)T, p; € {1,...,n} the vector of distinct validation indices that identifies the elements of the validation set X, =
{)‘cl,1 s X }. Furthermore, we will make use of the following notation to extract subvectors and submatrices from a given m-

dimensional vector Z and m X m matrix A, respectively.

* Z; is the v-dimensional vector obtained by restricting to the elements whose index is in p, and z? is the (m — v)-dimensional
vector obtained by restricting to the elements whose index is not in p.

* A;; is the v X v matrix obtained by restricting to the rows and columns whose index is in p, and AP? is the (m — v) X (m — v)
matrix obtained by restricting to the rows and columns whose index is not in p.

The introduced notation replicates the one originally introduced in [42] and then adopted in [39], and although elaborate it turns
out to be accurate and helpful for presenting the following tools and results. For example, letting

SO =Y P 4 (k(%, 7))
JEP
be the approximant built by excluding the functionals related to the nodes in X, then the vector of coefficients ¢?) = (ci‘7 ). ,ci,ﬁ ) )7
solves the linear system defined as G??¢(?) = gP. Moreover, the sought vector of signed validation errors can be expressed as &=
h; = 5P(X,), with 5P(X,) = P(x,,), ..., 5P(x, )T, and h = (55 (h), ..., 85 (h))! is the vector of point evaluations related to the
underlying function A. Note that we can write
5. =h. P (GhPyl 5P
ﬁ—hﬁ I—:’ﬁ(G )8, )
where L‘? p is the (m — v) X v matrix obtained from L by restricting to the columns whose indices are in p and to the rows whose
indices are not in p.
As in the interpolation setting, in order to speed up the CV procedure we want to avoid a direct computation of ¢ in getting ;.
We prove the following (cf. [39, Theorem 1]).

Theorem 1. Assume that the m X m matrices G and L in (3) and (4) are invertible, and G # L. Let s be the approximant (2) constructed at
the full set of collocation points/centers X by solving the linear system (3). Then, consider the m X v linear system

L™, ;2=(G™H. (G, )7 (G D), (©6)
« If (6) admits a solution z*, then
e;=2"—5;+h;
* If (6) does not admit solutions, then the vector of surrogate signed validation errors &; defined as

&=L, TG, (G ) (G 8); =5, +

where At denotes the Moore-Penrose inverse (or pseudoinverse) of the matrix and § = LG~ g is the RBF-PS solution at X, approximates

the vector of true signed errors é; as

25— & =(LG™'2); — NG g — (L), )P (G, (G707 (GT )y @)

Proof. Let b= (by,...,b,)T € R™ be such that:

(P1) b,=0.
(P2) LB_: §— Z};I ajI:’pj, where I:_’pj denotes the p;-th column of the m X m identity matrix I, and @ = (ay, ..., a,)T € R".
(P3) Gh=g— 2}’:1 Bil.ps where f=(f,,...,0,)T €R".
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Note that for any m X m matrix A and vector z such that Ab = z, (P1) implies AP»?b? = z. By taking into account also (P2) and recalling
(4), we obtain

m
Pz \— D) cx y = =N — X y S SN — (1B —% _
sV, = D)@, @ IKE P =Y b5 @ AN, 7) = (LD, =5, ~ 1,
JEP j=1
which implies
a=5;-5P(X,) = (LG ), = 5P(X,). ®
Now, from (P3) we get

v

b=G"! (g_ Zﬂ,l;,p,> == 256G,
= =1

j=

and then 0 = b, = &, — (G™'); ;4, from which we can calculate § = ((G™"); ;)" ;.
The next step consists in analyzing @ in terms of . Therefore, we combine (P2) and (P3) and get

v U

-1 = —_~-1 5

L <s—z;aj1;pj>_6 <g—2‘1ﬁj1;pj>,
J= J=

from which it follows

PRACRIEDWAC IS
j=1 j=1

Therefore, the sought vector @ has to satisfy (6). Assume that there exists such a solution @*. Then, from (8) we get

e, =h,—5P(X,)=h;+a* -5,

In fact, (6) is very likely to be overdetermined and to not admit a solution. In this case, we take the least squares solution
a® =min||(L71). ;@ = (G, ;(G™);) 7 (G @ylla.

By employing the pseudoinverse, we can write
o _ -1 +/A—1 -1 -liq-1z
a®=((L ):,ﬁ) G );,ﬁ((G )ﬁ,ﬁ) G g)ﬁ'

Finally, we can use a° in place of @* and obtain the approximation

€

_ =0 s 4T
p=0 sp+hp.

The difference with respect to the true validation error ¢; is derived by comparing ¢; with the expression in (5). []

Corollary 1. In the case of LOOCV where p=p € {1,...,m}, we get

G1p),
&=L )*G™. .
p P P (671 )p,p
Proof. The result is achievable by some simple manipulations, and by observing that (G~!) pp ER. O

Remark 1. The assumption regarding the invertibility of the collocation and evaluation matrices is not theoretically justified. Nev-
ertheless, as also outlined in Subsection 2.1, it is common practice to assume such hypothesis in the context of RBF collocation, as
problematic collocation designs that lead to singular matrices are of null measure among all possible designs, see e.g. [10,25].

The Surrogate CV requires the calculation of the inverses of G and L, but in each validation step # = 1, ..., k the required compu-
tational effort is reduced with respect to the classical approach. We better analyze this important aspect in Subsection 3.3.

As far as the discrepancy between the error vectors computed by exact and Surrogate CV is concerned, the inexactness lies in
the fact that ¢; is likely to only approximate the validation error between the true underlying function s and the approximation
computed by means of a RBF-PS approach that takes advantage of the full set X (cf. e.g. [16, Chapter 42]). Nevertheless, we point
out that the required RBF-PS approximation can be calculated explicitly in our setting without adding a relevant computational cost

(see Algorithm 1).
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Remark 2. If we choose y; = 4; =65, i=1,...,m, then G=L. As a consequence, in the proof of Theorem 1 we get f =g and we
recover the exact ERA from the RBF 1nterpolat10n framework. In this sense, the proposed Surrogate CV algorithm can be considered
as a natural generalization of the ERA for generalized interpolation.

3.2. Case X #Y

In the following, we investigate whether the proposed Surrogate CV scheme can be extended to the more general case where
collocation points differ from centers. This setting is more difficult to treat from a formal viewpoint than the X =Y case, both in
interpolation and in collocation, but considering centers that do not exactly correspond to collocation points may lead to an increased
numerical stability in certain situations as observed, e.g., in [2,29]. In order to apply our scheme, the validation partition X,..., X,
has to be relatable to both the rows and the columns of G and L. This is clear since the first part of the proof of Theorem 1, until
(8), where the validation set X, and the corresponding vector of indices j have influence on both 65 and 4;. Therefore, we can say
something in the case where the set of centers consists of the collocation points plus some other addltlonal centers.

Corollary 2. Let Y = X U Z, where Z = {Z,,...,Z,} C R?, v eN, is an additional set of centers that are not considered as collocation
points. Then, the Surrogate CV that relies on the collocation points set X leads to

= + +at + -l ats s 47

5= (L), p(GY). 5(GH; ) ' (GY8)y = 55+ I
Proof. The matrices G and L are now (m X n)-dimensional with n = m+ v. We can construct them in such a way that the last columns

m+1,...,n correspond to the functionals related to Z. Consequently, we can proceed as in the proof of Theorem 1, keeping in mind
that:

+ Classical matrix inversions are replaced by pseudoinverses, with the effect that we choose minimal norm solutions among the
infinite admissible ones (the related linear systems are now undetermined).

+ The validation procedure does not involve the additional centers in Z, that are therefore always employed as centers in every
model and never excluded during the process. []

3.3. Formulating the algorithm

We can exploit the findings of the previous subsections to finalize the Surrogate CV method, which is detailed in Algorithm 1. In
order to present a unique version of the scheme, we consider the most likely approximate case and the more general assumptions of
Corollary 2, observing that in the case X =Y the pseudoinverses turn to classical matrix inverses when appropriate.

Algorithm 1 Surrogate k-fold CV.

Require: G, L, g, h, k
Ensure: €

1: Set k vectors p, ..., p, of distinct indices in {1,...,m}
2: Compute G*, L*

3: Compute ¢ =G*g

4: Compute 5§ =L¢

5: for£=1,...,k do

6: Compute a; =((L*). )+(G+) 5 ((G*)p [,r) ¢
7.

8

9

2
: end for

: Complete @ using @ ooons @
: Compute E=a—35+h

The overall computational cost of the scheme is analyzed in the following.

Proposition 1. Assume that py, ..., p; are all v-dimensional vectors and v = m/k. Then, the computational cost required by Algorithm 1 is
2 m3+m2nk+mn®k?
O(mn?) + O =7 ).

Proof. By using, e.g., the singular value decomposition, a cost O(mn?) is required for computing G and L. Then, by taking into
account matrix multiplications and (pseudo)inversions, for each # =1, ...,k we have a cost of OW? + v2n + vn?). Putting together,
we get O(mn?) + kO + v*n + vn?). Finally, by using v = m/k the thesis follows. []

To compare what obtained to the computational cost of a standard CV implementation, which is outlined in Subsection 3.1 and

i i i = i it 3 m3+m3 k+m3 k2 .
detailed in Algorithm 2, note that when m = n the result in Proposition 1 becomes O(m”) + (9( — e ) Therefore, if k ~ m, the

Surrogate CV algorithm computational effort is O(m>), more efficient than the O(m*) required by the standard approach.
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Algorithm 2 Exact k-fold CV.

Require: G, L, g, h, k

Ensure: ¢

1: Set k vectors p, ..., p, of distinct indices in {1,...,m}
2: for/=1,...,k do

3: 1=, +¢ P; (training indices)

4 if m < n then

5. w=[m+1,...,n]

6: 7 =1U w (augmented training indices because of the added centers)
7 else

8: T=1

9: end if

10:  Compute &;, =h, —L; (G;:)"&

11: end for

12: Complete & using &;,, ..., &5,

In our numerical tests, we will also compare our Surrogate CV to the empirical Rippa-like strategy that has been employed in some
previous works, which is detailed in Algorithm 3. Differently with respect to Algorithms 1 and 2, we point out that such an empirical
scheme is employable in the LOOCV case only, and with X =Y. On the other hand, its related computational cost is limited to O(m?).

Algorithm 3 Empirical LOOCV.

Require: G, g
Ensure: 77

1: Compute ¢=G'g

2: Compute 7 = ¢./diag(G™")

A Matlab implementation of the proposed Surrogate CV Algorithm 1 is available at
https://github.com/cesc14/RippaExtCV .

4. Numerics

In the following, we test the discussed Surrogate CV algorithm by carrying out different numerical experiments that aim to show the
benefits of the proposed scheme: restricted computational times and accurate approximation of the exact validation error. Therefore,
we first consider the following elliptic problem (see [16, Section 39.1]), which will be addressed via different validation strategies
and in various settings in Subsections 4.1, 4.2, 4.3 and 4.4,

X
Au(x) = —%;rz sin (zx,) cos <72> x=(x;,x) €Q=[0,11%,

u(x)=sin(zx;), x€I,
ux)=0, xely,

where I') = {(x € Q| x, =0} and I'; =9Q \ T';. The exact solution of this problem is

- . nXa
u(x) =sin(xx;)cos <T>

Moreover, we will consider the following RBFs, that depend on a shape parameter that needs to be tuned,

ope(=e"(1+¢€r), Matém c?,
1

To construct the collocation schemes, we also consider (see [16, Section 40.1, Appendix D])

@re(r)= Inverse Multiquadrics C*.

Apy ()= e2e ™ (er — 2),

eX((er)? —2) Adgr (F)= 3e*(3(er)* — 24(er)? + 8)
I+ @Enpp2’ Co0re = T ey

The experiments have been carried out in Matlab on a Intel(R) Core(TM) i7-1165G7 CPU@2.80GHz processor.

A(Pl,é(")Z

4.1. Test 1: computational times and validation accuracy with Kansa’s approach

Let ji = (42,82, ...,28%,322). For each u € ji, we perform the following test.


https://github.com/cesc14/RippaExtCV
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X ¢ 4 @ @
x x x x
x PR x X w oy % x
09 [~ M x x « x
. x " x « x X x x
X X x X X
x x x
08d ~ x X ox X x x x
.8 (B X x q
x x x x x X
x x x x M x x o)
07 [ x x X v x x x ]
. x « x %
X x x x X X P
X x X x x X X%
x
0.6 ¢ x X x w X X x P
x X w X x x x X XX x
q Xy x x x % M x q
0.5 | X x X x X x x x 7
x x
X XX M x x x X
0.4 & X x x X x « g
X x X x X x x
: x X x % x Tx x
X x x X x x x P
03 x x ><><>< X 5 X X 1
X X X
X x X x
X x X x x X x x X
02¢ x x x x x ©
x % x x x XX x
X x x x
x x
01| x o x X Ty x XX A
x x x x x N
X x X x
X X X x X X
06—- S oo X o)
0.2 0.4 0.6 0.8 1

Shape parameter

4 L L L L L L L L L L
100 200 300 400 500 600 700 800 900 1000 100 200 300 400 500 600 700 800 900 1000 100 200 300 400 500 600 700 800 900 1000
m m m

Fig. 2. RBF: @, . On the left-hand side, the computational time employed varying m by Exact LOOCV (dashed black), Surrogate LOOCV (solid blue) and Empirical
LOOCYV (dotted red) in validating the resulting best shape parameter value £*, which is displayed on the right-hand side. On the center, we display |||&||,—|€||,| (solid
blue) and |||e||,—[|7ll,| (dotted red) corresponding to £*.

1. We consider a set of internal collocation Halton points H,, [24], along with a set of \/ﬁ boundary collocation points B Vi that

are equispaced on the boundary of Q (see Fig. 1). Therefore, we have m = y + \/;_4 collocation points X = H, U B N
2. We let the centers coincide with the collocation points (case X =Y') and we implement Kansa’s approach by setting

b =6 W=ux) j=1....m
and

W= Qs % EQ,
i) = 55, (w), Y, €0Q.

3. Let & be a vector of 100 shape parameter values between 27> and 2° discretized in log-form. We want to choose ¢ € & so that the
L,-norm of the LOOCV error vector computed on X is minimized.
4. Therefore, for each € € € we compute the LOOCV (k = m) error via three different strategies.
» Exact LOOCV: we compute the classical LOOCV error vector é.
+ Surrogate LOOCV: we calculate an approximate value of the vector of LOOCV error € by using the proposed Algorithm 1.
+ Empirical LOOCV: we compute an inexact LOOCV error vector 7 by using the empirical Algorithm 3.

In Fig. 2 we report the results obtained by considering ¢, ., while in Fig. 3 we use as basis function ¢, .

First, we observe that the proposed Surrogate LOOCV is definitely more efficient than Exact LOOCV, as expected, and slightly
slower than Empirical LOOCV. Moreover, the central plots in Figs. 2 and 3 show that Surrogate LOOCV computes a much more
accurate validation error with respect to the empirical scheme. As a consequence, it is more likely for Surrogate LOOCV to select a
shape parameter that coincides with the choice of the exact scheme, differently from Empirical LOOCV.

4.2. Test 2: a numerical experiment with the Hermite method

In the following, we set y =256 and the set of collocation points and centers X = H, U B N However, differently with respect to
the previous section, here we restrict to ¢, and we test our algorithm in dealing with the Hermite method, which is characterized
by the choice
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Fig. 3. RBF: ¢, .. On the left-hand side, the computational time employed varying m by Exact LOOCV (dashed black), Surrogate LOOCV (solid blue) and Empirical
LOOCYV (dotted red) in validating the resulting best shape parameter value £*, which is displayed on the right-hand side. On the center, we display |||&||,—|€]|,| (solid

blue) and |[||é]|,—||7]|,| (dotted red) corresponding to £*

Table 1

Results obtained via the Hermite approach.

LOOCV Best validation error ~ Best €
Exact 5.8778E — 05 1.5763
Surrogate  9.2323E — 06 1.5763
Empirical 5.2208E — 04 0.6344
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Fig. 4. The collocation Halton points (black crosses) and equispaced boundary points (red circles) in €, the added centers outside Q (blue stars) for u =256.

%, €Q,
X; €0Q.

Ai(w) =y; () = (Auw) 3z, »
Aw) =y, W)= 5;?,- (w),

Then, we perform steps 3. and 4. of Subsection 4.1 and we focus on the obtained validation errors and best shape parameter
values. The results are reported in Table 1, where we highlight the L,-norm of the obtained validation error vector related to the
chosen shape parameter value.

Also in this Hermite case, Surrogate LOOCV outperforms Empirical LOOCV in terms of accuracy.

4.3. Test 3: dealing with a non-square collocation matrix

Here, we set again y =256 and X =H,U B N but we choose a different set of centers Y. Precisely, we add 4/u centers that
lie outside Q as depicted in Fig. 4. This is a well-known strategy adopted to improve the accuracy of the collocation scheme nearby
the boundary of the domain [16, Section 39.1]. Then, we consider Kansa’s approach, with basis function ¢,, ., and we proceed as
in the previous subsection. However, note that in this case the matrices G and L are not squared, therefore the empirical LOOCV of
Algorithm 3 is not applicable. The obtained results are presented in Table 2.

We observe that our proposed Surrogate LOOCV is fairly accurate in this non-square collocation setting too, being ||€||, close to

llell>.
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Table 2
Results obtained with a non-square collocation
matrix.
LOOCV Best validation error ~ Best €
Exact 2.1539E + 00 0.0313
Surrogate  2.1543E + 00 0.0313
. T T T T T
o 1072
100k -7 .
b
’
) P 5
g R ‘ & 3
= . 10
Al
107,
1
}
1
1
1021 . . . . . 104 . . . . .
0 50 100 150 200 250 0 50 100 150 200 250
k k

Fig. 5. On the left-hand side, the computational time employed varying k by Exact CV (dashed black) and Surrogate CV (solid blue) in validating the resulting best
shape parameter value. On the right, we display |||&]|,—[|€]l,]-

4.4. Test 4: varying k in k-fold CV

In this subsection, our purpose is to analyze the behavior of the proposed Surrogate CV varying the number of folds k, in terms
of both computational time and accuracy. To do this, we set again y =256 and X =Y =H,UB Vi and employ Kansa’s approach

with basis function ¢,, .. However, here steps 3. and 4. of Subsection 4.1 are repeated for k € {|m/ 2i]1i=0,...,7}. We report the
achieved results in Fig. 5.

As far as the computational times are concerned, as expected Exact CV is faster than Surrogate CV for very small values of k only.
About the accuracy of the proposed scheme varying k, the right-hand plot in Fig. 5 provides an interesting insight: the approximation
of the exact validation error gets worse as k becomes smaller. This fact can be related to the fact that a small value of k implies a
large number v of validation samples, and therefore the model is built on a restricted number of data. Consequently, it is natural to
deviate from the RBF-PS solution and therefore from the true validation error (see (7)). Nevertheless, we observe that the scheme
can retain a good accuracy for any k.

4.5. Test 5: an elliptic PDE with variable coefficients

Here, we keep the same domain Q = [0, 1]? but we consider an elliptic PDE with variable coefficients [19,47,51]

0 0 _ d 0 = =
E <a(x)au(x)> + 6_x2 <b(x)a—xzu(x)> =f(x), Xx=(x1,x,) €EQ,

with homogeneous Dirichlet boundary conditions on 0Q. Precisely, we set

F(X)=—=16x;(1 —x)(3 = 2x7)e*1 72 +32x,(1 — xz)(3x% + x% -x;—2),

and the variable coefficients

a(®)=2-x2—x3, b(F) =172,

The exact solution is u(x) = 16x;(1 — x;)x,(1 — x,) (see [16, Example 39.2]).

Here, we restrict to Kansa’s approach and to the basis function ¢; ., and we perform steps 3. and 4. of Subsection 4.1 focusing
on the obtained validation errors and best shape parameter values. We consider two different designs: ; Halton points and then y
equispaced points, 4 = 256. In both cases, we take \/ﬁ equispaced collocation points on the boundary. The results achieved with
the Halton points are reported in Table 3, while in Table 4 we report the results obtained by taking equispaced internal collocation
points. In both tables, we highlight the L,-norm of the obtained validation error vector related to the chosen shape parameter value.
Also in this different PDE framework, which leads to a different construction of the collocation matrix with respect to the previous
numerical examples, the error obtained by the proposed Surrogate LOOCV |[|€||, is definitely closer to the actual one computed by
the Exact LOOCV ||é]|, if compared to the output of Empirical LOOCV ||7]|,.
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Table 3
Results obtained with Halton internal collocation
points.
LOOCV Best validation error ~ Best €
Exact 1.2007E — 03 1.6906
Surrogate 4.6716E — 04 1.6906
Empirical ~ 2.9024E - 01 0.9656
Table 4

Results obtained with equispaced internal colloca-
tion points.

LOOCV Best validation error ~ Best ¢
Exact 1.9248E - 03 1.5763
Surrogate  3.2617E — 04 1.4697
Empirical 1.7940E - 01 1.4697
T T T T T T T T T
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Fig. 6. Equispaced collocation points in the Amoeba-like domain: inner points are displayed as black crosses, while boundary nodes are depicted as red circles.

Table 5
Results obtained by means of Kansa’s approach
with equispaced internal collocation points.

LOOCV Best validation error ~ Best €
Exact 7.0892E — 01 0.1027
Surrogate  2.8550E — 01 0.9656
Empirical ~ 6.1050E + 01 6.8580

4.6. Test 6: varying the nodes’ distribution in an Amoeba-like domain
In this last numerical test, we consider an inhomogeneous Helmholtz equation (see e.g. [5,32])
Au(R)+ APu®E) = f(R), F=(x1.X%) EQ,

with A = 4/2 and solution u(X) = arctan (\ /x% + x%) Here, the domain Q consists of an Amoeba-like shape (see Figs. 6 and 7) bounded
by the parametric curve

r(0) = 8™ @ sin?(20) + <@ cos?(20), 6 € [0,27).

By performing steps 3. and 4. of Subsection 4.1, we experiment with both Kansa’s and Hermite approaches, using ¢, . as basis
function. Moreover, as far as the collocation design is concerned, we test two different settings. First we take a set of 284 equispaced
points in Q, which are extracted from a 80 x 80 equispaced grid on [0, 1]>. Moreover, the points on the boundary 0Q are sampled
radially by considering 80 equispaced angles. We display the resulting collocation design in Fig. 6, while in Tables 5 and 6 we report
the results obtained by means of Kansa’s and Hermite approach, respectively.

As a second experiment, we now take 240 internal collocation points, which are sampled radially by considering 40 equispaced
angles. The 40 boundary points are sampled analogously. We display the resulting collocation design in Fig. 7, where we can observe
that the considered nodes are not uniformly distributed in the domain and clustered towards the boundary. In Tables 7 and 8, we
report the results obtained by means of Kansa’s and Hermite approach, respectively.

11
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Table 6
Results obtained by means of Hermite approach
with equispaced internal collocation points.

LOOCV Best validation error ~ Best €
Exact 2.7488E — 01 1.9448
Surrogate 2.1035E - 01 2.3993
Empirical 8.0956E + 00 2.8133
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Fig. 7. Radial collocation points in the Amoeba-like domain: inner points are displayed as black crosses, while boundary nodes are depicted as red circles.

Table 7
Results obtained by means of Kansa’s approach
with radial internal collocation points.

LOOCV Best validation error ~ Best €

Exact 1.4928E - 01 1.4697

Surrogate 1.1605E — 01 1.3704

Empirical ~ 5.6795E + 00 1.2777
Table 8

Results obtained by means of Hermite approach
with radial internal collocation points.

LOOCV Best validation error ~ Best €
Exact 1.7511E-01 1.2777
Surrogate 1.5789E — 01 1.3704
Empirical 1.3462E + 00 1.3704

The results obtained in this subsection suggest the effectiveness of the proposed Surrogate CV also when dealing with more irregular
points distributions and domains.

5. Conclusions

In this work, we proposed a new surrogate k-fold CV scheme for the RBF collocation setting, which is inspired by the extended
Rippa’s algorithm employed in the interpolation framework. The proposed method is more efficient than a straightforward calculation
of exact k-fold CV, especially when k is large, and can also be used when additional centers besides collocation points are taken into
consideration. Moreover, in the case of LOOCV, it provides a more accurate approximation of the exact validation error with respect
to the Rippa-like empirical LOOCV approach that is used in many previous works. The discussed Surrogate CV Algorithm 1 has been
first analyzed in details, and then tested in various numerical experiments. Future work consists in studying the proposed scheme
in other collocation settings, including adaptations to time-dependent PDEs, also with conditionally positive definite kernels, and in
evaluating possible modifications to further enhance its efficiency [36].
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