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Contributed Discussion

Stefano Rizzelli*

Preliminaries 1 congratulate the authors on this work, which stimulates reflection on
the comparison between Bayesian and frequentist interval estimation. As they mention
in Section 4, in many practical cases, the parameter which is assigned a prior by mix-
ing a point mass and an absolutely continuous distribution, say &, is not unique and
contributes together with others, say 6, to statistical modelling of the data. Typically,
therein the inferential goal is estimating a functional of (&, 8), or predicting future ob-
servations through the predictive distribution, which incorporates the uncertainty as to
whether or not a reduced model should be preferred to a more complex one through
model averaging. Hereafter, the focus is on the former problem and possible discrepan-
cies between a frequentist and a Bayesian approach are outlined (in informal terms).

Some heuristics Let’s consider the prototypical setup of a sequence of observables
Y = (Yl, ..., Y,) modelled through a parametric family of probability densities M =
{p§ RS H,G € O}, with = C R and © C R¥. Assume that parameter (¢,0) is given a
product prior distribution II = (wdy+ (1 —w)Ilg) ® g, where IIz and Ilg are absolutely
continuous: this corresponds to giving mass w to submodel Mg = {P§)79)> 6 € O} and
1 — w to complete model M; = {pglg)y € € Zg,0 € O} a priori, with Eg = =\ {0}.
Let (£*,6%) be the true parameters: if £* = 0, under regularity conditions the posterior
probability of submodel M, satisfies

w f@ Py (YV)Tlg (d9)
w fo pog (V)Te(d0) + (1 = w) [, o p¢s (Y )Tz @ Mo (dé, d6)
and, by Bernstein-von Mises theorem (van der Vaart, 1998, Ch. 10), the posterior of 6

given Y and £ = 0 merges in total variation with the Gaussian sequence N/ (éO,m n~ly ! ),
where

T(MolY) =

=1+ O]p(l)

fo.n € argmax{péfL(;(Y) :0€0}, Iy=-n"'V} logp(n) )|9:9* + op(1).

As a result, if ¢ = ¢(&, 0) is a real-valued continuously differentiable functional, its pos-

terior distribution is asymptotically Gaussian with variance proportional to JI I L Jo,
where Jy = Vg@(0,0)|g=g~. Precisely, with B the Borel o-field of R, as n — oo

sup [[1(v( — 60, fo.n)) € BIY) =N (B;0, I 15 Jo)| = oe(1)

(e.g., Dombry et al., 2023, Section 2.3). Although the posterior of ¢ may give rise to cred-
ible intervals of whatever level of credibility using posterior quantiles, these may have
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substantially different amplitude than confidence intervals obtained through the maxi-
mum likelihood estimator ¢(&,, 6,) calculated on the full model, since v/n(¢(&n, 0,) —
A(E%,0%)) ~ N(0,JTI~1J), where now J = Ve,00(&,0)(e.0)=(e+0+) and

(én,én) € argmax{pgle) (Y): ¢cez,0¢ @}7
I'= _”_1v§,0 logpé’:le) (Y)|(§,9):(§*’9*) + O]P’(l)'

Instead, since v/7(4(0,0p.,) — ¢(£*,0%)) ~ N(0, JTI; 1 o), a frequentist who correctly
uses the reduced model relying on ¢(0,é0,n) ends up with an interval whose width
is comparable to the Bayesian’s: the two produce similar inferences, upon consistent
model selection. These considerations concern a first-order asymptotic behaviour; a
higher-order asymptotic analysis may give better indications for moderate sample sizes.
Moreover, the priors of £ and 6§ may not be assigned independently (as assumed for
simplicity).

An interesting example Assume a Generalised Extreme Value (GEV) density is fitted
to a sample of i.i.d. (univariate) periodic maxima, i.e.

n 21 Y, — 6,
é}@VZII@(1+§Z% >
=1

with parameter spaces = = R and © = R x (0, 00). In this model, widely used for the
analysis of extremes, positive and negative values of ¢ yield heavy-tailed and short-tailed
distributions, respectively, while £ = 0 yields the Gumbel subclass with exponentially
decaying tails. The nature of the observed phenomenon may suggest assigning a priori
a certain mass w to the event £ = 0 (Stephenson and Tawn, 2004). Interest is typically
in the quantile ¢(&,0) = 61 + O2((—In(1 — p))~¢ — 1)/&, with p € (0,1). When Y;’s are
yearly maxima, it is commonly referred to as the return level and interpreted as the
value of the observed phenomenon which is expected to occur or be exceeded every 1/p
years. Due to the irregularity of the GEV model, the heuristics presented above do not
apply directly to return level estimation, but one can conjecture that similar conclusions
are in order. A further complication is that the GEV model is usually misspecified for a
sample of block maxima, see Padoan and Rizzelli (2024, Sections 3.2 and 5) for results
with smooth priors. Extending their comparison of frequentist and Bayesian interval
estimation to priors with point masses could be an interesting exercise.
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