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ABSTRACT

This thesis focuses on the investigation of two intriguing phenomena related to gravitational waves

(GWs). The first aspect of our research centers around the novel effect of producing matter density

perturbations from the GWs energy density fluctuations and the consequent effect on the matter power-

spectrum. By examining the correction it adds to power-spectrum of the underlying matter of large-

scale-structures in the universe, we propose a unique avenue for indirectly detecting and constraining

GWs. We begin by demonstrating this effect in the matter-dominated era, and then extend our analysis

to encompass all epochs of cosmic evolution, utilizing standard perturbation theory to study the intricate

interplay between GWs and matter perturbations. In addition, we delve into the fascinating realm of

GWs modulation induced by scalar inhomogeneities. As GWs traverse the inhomogeneous regions of

the universe, they undergo modulation due to the presence of scalar perturbations. This modulation

effect, as we show, provides a unique signature for primordial chiral GWs, that can differentiate it from

scalar-induced GWs. By studying the characteristics of modulated GWs, we gain valuable insights into

the intricate dynamics of the early universe and the interaction between GWs and scalar perturbations.
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Introduction

In 1964, Arno Penzias and Robert Wilson discovered the Cosmic Background Radiation (CMB) while

trying to detect radio waves bounced off Echo balloon satellites. The temperature of the radiation was

estimated to be 3.5K, and this discovery began the era of precision cosmology. In the early Universe,

free electrons and protons combined to form neutral hydrogen when the temperature of the radiation was

of order 104 K. This caused the mean free path of the photons to lengthen, and they decoupled from the

plasma at redshift z ∼ 1100 and travelled freely through space. Today, the CMB can be used to probe

the very early epochs of the Universe by studying the relationship between temperature fluctuations and

the underlying density perturbations that created them.

The standard Hot Big Bang paradigm for the universe has been replaced by inflation [1–3] due to

some basic shortcomings of the former, the most prominent ones being the horizon problem and the

flatness problem. To solve these, the Universe had to undergo a phase of accelerated expansion, namely

inflation, which is by far the most trusted theory as it also explains the cosmological observables [4].

Inflation has three strong predictions: (a) a flat Universe (b) almost scale-invariant spectrum of nearly-

Gaussian curvature perturbations, and (c) almost scale-invariant spectrum of gravitational waves (GWs).

The first two has already been confirmed and tightly constrained by the latest observations [5] (ΩK =

0.0007 ± 0.0019, 68%, TT, TE, EE+lowE +lensing+BAO, and ns = 0.9649 ± 0.0042, 68%, TT, TE,

EE+lowE +lensing). The third one, i.e. the GWs are a potentially observable smoking gun of inflation,

yet to be detected, and hence one of the major goals of present-day cosmology.

The recent groundbreaking detection of GWs gave a boost to the observational search for the same,

followed by an inevitable push on the theoretical side of research directions related to the study of GWs.

On September 14, 2015, the Laser Interferometer Gravitational-Wave Observatory (LIGO) detected a

transient gravitational-wave signal from a binary black hole merger [6]. The sources of astrophysical

GWs include binary systems of compact objects e.g. black holes or neutron stars or isolated compact

objects e.g. pulsars [7]. Apart from these resolved sources, a stochastic background may be formed via

the coherent superposition of GWs which fall under the sensitivity radar of the interferometers, hence

remaining undetected till date [8–12]. Rendering more difficulty to the situation, another stochastic

15



Introduction 16

background of cosmological GWs is expected, produced via some early Universe phenomena, such as e.g.

inflation [13], phase transitions [14] etc. This work focuses on the GWs produced via inflation only.

One of the targets of present [15–17] and future [18–22] GWs interferometers is the detection and char-

acterization of the stochastic GWs background from the cosmological sources. Besides having a feeble

interaction with all matter components, cosmological GWs have an additional difficulty of being over-

shadowed by the astrophysical background. Although the background generated by the amplification of

quantum vacuum fluctuations is expected to be too low, there are many well-established mechanisms

which can produce large-amplitude GWs which can be ‘seen’ in future observations. The lack of inter-

action also keeps the information carried by the GWs uncorrupted, bringing to us the pristine snapshot

of the early Universe at a temperature below the Planck scale ∼ 1019 eV, when the GWs decoupled from

the primordial plasma. This information is otherwise unobtainable, as it predates the time of CMB

decoupling.

Marking the second major breakthrough in modern cosmology following the first detection of GWs

in 2015, Pulsar timing array (PTA) collaborations, NANOGrav, EPTA/InPTA, PPTA, and CPTA,

have presented evidence [23–26] for an isotropic stochastic gravitational wave background. This event

represents a pivotal milestone in the field of physics, possibly heralding the advent of gravitational wave

astronomy in the early Universe. Before this discovery, the main channel to detect this cosmological

background has been looking for the B-mode polarisation of CMB, as only GWs (and not scalar modes

at linear order) contribute to the parity-odd B-mode component, and there are many CMB surveys

targeted specifically at detecting it. Till now there is no detection of it, which has put a tight constraint

on the tensor-to-scalar ratio r (< 0.032) has been put on their amplitude on CMB scales through the

joint observation of Planck, BICEP2/Keck, and WMAP. Adding LIGO-Virgo-KAGRA data to those

obtained from CMB scales, a tighter constraint (r < 0.028) has been obtained recently. The next-

generation ground-based CMB experiment CMB-S4 aims to optimize the constraint on r (< 0.001) at

95% Confidence Level (CL). Before CMB-S4, LiteBIRD and Simons Observatory plan to set an upper

limit r < 0.002 and r < 0.01 respectively.

Apart from CMB and interferometer experiments, recently primordial GWs have also been sought in

theoretical studies through their imprint on large-scale-structures (LSS). The main avenues through

which we can expect to detect GWs are: local quadrupolar anisotropy in the mass distribution or the

galaxies, the modification of angular positions and redshifts of the galaxies, and their shear. This thesis

will introduce a new effect that can contribute to these indirect methods of detecting or constraining

primordial GWs by detecting their signature on LSS.

Next, we investigate the modulation of GWs by scalar perturbations. Unlike perturbations generated

from scratch, this phenomenon occurs when GWs propagate through the inhomogeneities of the universe
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and experience second-order modulation. We highlight a crucial characteristic that could potentially

serve as a distinguishing factor between these modulated GWs and the conventional scalar-induced

GWs.

The thesis is structured as follows. In the upcoming chapter, we revisit perturbation theory to establish

a solid foundation. Chapter 2 focuses on gravitational waves (GWs) and their detection through their

impact on large-scale structure (LSS). In Chapter 3, we provide a concise overview of scalar-induced

GWs, which is closely related to our research. Next, in Chapter 4, we introduce our novel effect, which

involves the generation of matter density perturbations from the energy density of GWs. We demonstrate

its impact on the matter power-spectrum during the matter-dominated era. Moving forward, we expand

our study to cover all evolutionary epochs of the Universe in Chapter 5. In Chapter 6, we investigate

scalar-modulated tensors and their unique signature. Finally, we conclude and offer an outlook on our

work. Additional information and detailed calculations can be found in the appendices.





Chapter 1

Cosmological Perturbations

1.1 Dynamics of the homogeneous Universe

Viewed on a sufficiently large scale, the properties of the Universe are the same for all observers.

The above quoted Cosmological Principle basically states that the spatial distribution of matter in

the Universe is homogeneous and isotropic when viewed by a co-moving observer, on a large enough

scale (∼ 100Mpc). The geometric properties of the Universe are described thanks to the so called flat

Friedmann-Lemaître-Robertson-Walker (FLRW) metric that can be expressed as

ds2 = a2(η)
[
−dη2 + dx2

]
, (1.1.1)

where η is the conformal time of the observer, related to the cosmic/coordinate time t as dη = dt/a(t),

t being the proper time of the same, and a(t) is the scale factor, measuring the expansion rate of the

Universe. The dynamics of this expansion is encapsulated in the time dependence of a(t). Another

important relevant quantity is the Hubble parameter, which is given by H = ȧ/a1. To get the time

evolution of the scale factor, one needs to solve the Einstein’s equations

Rµν −
1

2
gµνR = 8πGTµν + Λgµν , (1.1.2)

which relates the space-time geometry with the stress-energy tensor Tµν of the energy component of the

Universe. In the above equation, Rµν , gµν , and R represents, respectively, the Ricci tensor, metric, and

the Ricci scalar. Λ is the cosmological constant.

The simplest picture of the Universe assumes that it is filled with a perfect fluid, i.e. having zero viscosity.

In this excellent approximate scenario, one can write its stress-energy tensor as

Tµν =
(
ρ+ P

)
uµuν + Pgµν , (1.1.3)

1A dot signifies a derivative w.r.t. time t.

19
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where ρ, p are the matter energy density and the isotropic pressure respectively. The velocity four-

vector uµ ≡ dxµ/dτ is normalised as uµuµ = −1, τ being the proper time of the observer. To solve the

Einstein’s equations, one needs a constraint, which comes in the form of the equation of state of the

matter. Assuming a barotropic fluid, i.e. one whose pressure depends only on its density, we can write

P = ωρ. For radiation and cold dark matter, this equation of state parameter ω takes the value 1/3 and

0 respectively. For a cosmological constant, ω = −1.

Plugging Eq. (1.1.3) into Eq. (1.1.2) produces two coupled, non-linear ordinary differential equations,

namely, the Friedmann Equations

H2 =
8πG

3
ρ+

Λ

3
, (1.1.4)

Ḣ +H2 = −1

6
(ρ+ 3P ). (1.1.5)

These are the basic equations to know the dynamics of a homogeneous, isotropic Universe, being sup-

plemented by the energy-momentum conservation equation

DµTµν = 0, (1.1.6)

Dµ being the covariant derivative. The above equation gives us the continuity equation and Euler

equation for µ = 0, i respectively. The continuity equation

ρ̇+ 3H(ρ+ P ) = 0, (1.1.7)

gives us the scale-factor dependence of the matter energy density

ρ ∝ a−3(1+ω), (1.1.8)

which for radiation, cold dark matter, and Λ, becomes ρ ∝ a−4, a−3, and constant respectively. When

applied with the Friedmann equations Eqs. (1.1.4), we have the time evolution of the scale factor

a(t) ∝

{
t2/3(1+ω) ω ̸= −1

eHt ω = −1.
(1.1.9)

Defining the density parameter Ω for a species as the ratio between the energy density ρ and the

critical energy density ρc = 3H2/8πG, Ω = ρ/ρc, the first Friedmann equation can be written as

(H0 = 67.66 km s−1Mpc−1 is the present-day Hubble constant [5].)(
H

H0

)2

=
∑
i

Ωia
−3(1+ωi), (1.1.10)

where i covers all species;
∑
i Ωi = 1.

After the end of inflation, the scalar field driving inflation goes on to oscillate, and its energy density

is converted into conventional matter through reheating. In the simplest standard scenario, we have a

Universe where the radiation component dominates the energy budget of the Universe just after inflation.
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This does not last forever, as radiation decays faster than matter, and at a redshift zeq ∼ 3400, matter

overcomes the former to dominate the energy content. From the observation of the brightness of type

Ia Supernovae, it was deduced that we are now going through an accelerated expansion phase of the

Universe, despite the gravitational attraction of the matter in the universe [27]. This can be accounted

for by a positive value of the cosmological constant Λ, equivalent to the presence of a positive vacuum

energy, dubbed "dark energy". This ΛCDM model has become a cornerstone of modern cosmology, and

has gained strong support from the latest Planck observations. Planck has set the values for the energy

density of the components of present-day Universe as ΩΛ = 0.6847,Ωm = 0.3166 [5].

1.2 Linear perturbation theory

Although a perfectly homogeneous and isotropic Universe is a very good approximation on the large

scales, and also is strongly supported by the observations (the temperature anisotropy of CMB is only 1

part in 105, making it mostly smooth), there are still some deviation from this perfection. It is necessary

to explain these observed temperature and polarisation anisotropies of CMB and the structures of the

universe, and to clarify the generation and the evolutionary behaviour of them. It is commonly accepted

that the seeds were generated during inflation and stretched over astronomical scales because of the

rapid expansion of the Universe during the (quasi) de Sitter epoch. These seeds were small primordial

perturbations which slowly increased in amplitude due to gravitational instability to form the structures

we observe at the present time on the scales of galaxies and galaxy clusters.

Put simply, the theory of spacetime perturbations aims to find approximate solutions to field equations

by considering them as small deviations from a known exact background solution. However, in spacetime

theories like general relativity, we must also account for perturbations in the geometry of spacetime itself,

not just in the fields within that geometry. The problem of describing the growth of small perturbations

in the context of general relativity reduces to solving the Einstein’s equations linearised about a homoge-

neous and isotropic background. Therefore, one can split any quantity Q(t,x) into an ideal homogeneous

time-dependent background Q(t) and a small, spatially dependent, and random perturbation on top of

that, describing how the real space-time deviates from this background.

δQ(x, t) ≡ Q(x, t)−Q(t) . (1.2.1)

In linear perturbation theory, δQ/Q ≪ 1 is always maintained. The quantity Q can be the components

of the metric gµν and the stress-energy tensor Tµν

gµν = g(0)µν (t) + δgµν(x, t) ,

Tµν = T (0)
µν (t) + δTµν(x, t) . (1.2.2)
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Any perturbation can be categorised based on the type of the field(s) from which they were constructed,

i.e. how those fields transform under three-space coordinate transformations on the constant-time hyper-

surface. The three distinct types are scalar, vector and tensor perturbations. This SVT decomposition

ensures that the different Fourier modes of the perturbations do not interact with each other, and hence

can be studied independently (in the linear order). This helps in simplifying the differential equations

for evolution of the perturbations. Let us first talk about metric perturbations. The components of a

perturbed spatially flat FLRW metric can be written as

g00 = −a2(η)

(
1 + 2

∞∑
r=1

ψ(r)

r!

)
,

g0i = a2(η)

∞∑
r=1

ω
(r)
i

r!
,

gij = a2(η)

{(
1− 2

∞∑
r=1

ϕ(r)

r!

)
δij +

∞∑
r=1

χ
(r)
ij

r!

}
. (1.2.3)

Here r is the order of the perturbation, for linear order, it is 1. Comparing with Eq. (1.1.1), we can

understand that the functions ψ, ωi, ϕ, χij are the said perturbations. In our case, the shift ω(r)
i can be

decomposed as

ω
(r)
i = ∂iω

(r) + ω
(r)⊥
i , (1.2.4)

where ω(r)⊥
i is a solenoidal vector, i.e., ∂iω(r)⊥

i = 0. Similarly, the traceless part of the spatial metric

can be decomposed at any order as

χ
(r)
ij = Dijχ

(r)|| + ∂iχ
(r)⊥
j + ∂jχ

(r)⊥
i + χ

(r)T
ij , (1.2.5)

where χ
(r)⊥
i is again a solenoidal vector field, and χ

(r)T
ij is transverse and trace-less, i.e. ∂iχ

(r)T
ij =

χ(r)T i

i = 0. The operator Dij is defined as

Dij = ∂i∂j −
1

3
∇2δij . (1.2.6)

Counting the number of independent functions we used to form δgµν , we have 4 functions for scalar

and vector perturbations each, and 2 functions for tensor perturbations (a symmetric three-tensor has 6

independent components and there are 4 constraints). Thus we have 10 functions all together, which is

just the number of degrees of freedom of δgµν .

Next we have the perturbations of the stress-energy tensor Tµν from Eq. (1.1.3)

ρ = ρ(0) +

∞∑
r=1

δ(r)ρ

r!
,

uµ = a−1

(
δµ0 +

∞∑
r=1

vµ(r)

r!

)
, (1.2.7)

where the velocity perturbation vi(r) can also be split into a scalar and vector (solenoidal) part

v
(r)
i = ∂iv

(r) + v
(r)⊥
i . (1.2.8)
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The metric perturbations are coupled to the same in the stress-energy tensor through the perturbed

Einstein’s equations

δG(r)
µν = 8πGδT (r)

µν . (1.2.9)

Solving these equations along with the ν = 0-th and ν = i-th component of Eq. (1.1.6) will give us the

evolution of the perturbations at each order. The study of perturbations is done more easily in Fourier

space

X(x, t) =
1

(2π)3

∫
d3k eik.xXk(t) . (1.2.10)

A perturbation is said to have helicity m if its amplitude is multiplied by eimψ under rotation of the

coordinate system around k by an angle ψ

Xk → eimψXk . (1.2.11)

Scalar, vector and tensor perturbations have helicity 0, ±1 and ±2, respectively.

1.3 Gauge issue

In the realm of differential geometry, it is fundamental to compare tensor quantities at the same point to

make their comparison meaningful. However, given that Q(x, t) and Q(t) are defined in different space-

times, a prescription for identifying points in these space-times must first be established to make any

comparison possible. This is where gauge choices come in - they provide a one-to-one correspondence

or map between the physical and background space-times. Any change in this map is considered a

gauge transformation, and the freedom to choose this map leads to an inherent arbitrariness in the

value of the perturbation of Q at any given space-time point, unless it is gauge invariant. This is the

famous ‘gauge problem’, which is largely discussed over the years [28–32]. Let us begin by defining gauge

transformations in the context of small perturbations of a homogeneous and isotropic background space-

time. We start by considering a physical space-time manifold M and selecting a coordinate system xα

on it. The background functions, denoted as (0)Q(xα), are fixed with respect to the coordinates. Hence,

in a second coordinate system x̃α, the background functions will retain the same functional dependence

on xα. As mentioned before, the perturbation δQ at point p is defined as

δQ ≡ Q(xα(p))−(0) Q(xα(p)) (1.3.1)

in the first system of coordinates. In the second, we have

δ̃Q ≡ Q̃(x̃α(p))−(0) Q(x̃α(p)) . (1.3.2)

The transformation δQ → δ̃Q is referred to as the gauge transformation corresponding to the change of

variables xα → x̃α on the manifold M. One may write infinitesimal coordinate transformation as

xα → x̃α = xα + ξα , (1.3.3)
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where ξα are infinitesimally small functions of space and time. As a result of this transformation, the

following change occurs:

∆Q = δ̃Q− δQ = LξQ , (1.3.4)

where Lξ is the Lie derivative in the direction of ξα. The transformation (1.3.3) changes the perturbations

of the metric as

δgµν → δg̃µν = δgµν +∆gµν . (1.3.5)

It is evident that the metric perturbation is not invariant when there is a change of coordinates. This

leads to two possible options for handling the equations: First, select a specific space-time slicing and

maintain it consistently. Second, choose a collection of variables that are entirely gauge-invariant to

describe the system.

1.3.1 Choosing a gauge

By separating the temporal and spatial components, the gauge transformation tensors can be expressed

as

ξ
(0)
(r) = α(r) ,

ξ
(i)
(r) = ∂iβ(r) + di(r) , (1.3.6)

with ∂idi(r) = 0. It is possible to confirm that the new functions in the new coordinate system are related

to the old ones via the relations

ψ̃ = ψ −Hα− α′ ,

ϕ̃ = ϕ+Hα ,

ω̃ = ω + α− β′ ,

χ̃|| = χ|| − β . (1.3.7)

As there exist two functions, α and β, which can be appropriately selected to choose the gauge, the

freedom of gauge choice allows for the imposition of two conditions on the four functions ψ, ϕ, ω, and

χ||. Here, we mention some gauges that we will utilize throughout our work [31, 32].

• Synchronous gauge Assuming ψ = 0, it can be inferred that the proper-time separation be-

tween two neighboring hyper-surfaces along the normal vector corresponds to the coordinate-time

separation that defines these hyper-surfaces. Out of the various gauge conditions associated with

proper-time slicing, the synchronous gauge is the most frequently employed [33, 34]. It is defined

by further imposing the condition ω = 0. Upon observation, it can be noted that the conditions
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stated above does not entirely remove the gauge freedom of the spatial coordinates. Instead, it

leaves a certain degree of freedom as described by

η → η̃ +
1

a
C1(x) ,

xi → x̃i + C1
,i(x)

∫
dη

a
+ C2

,i(x) , (1.3.8)

where C1,2(x) are arbitrary functions of x. The remaining coordinate freedom in the synchronous

gauge results in the manifestation of unphysical gauge modes. This makes it challenging to interpret

synchronous gauge calculations, particularly for scales exceeding the Hubble radius. The metric in

this gauge looks like

ds2 = a2(η)
[
−dη2 + γij(x, η)dx

idxj
]
, (1.3.9)

where

γij =

{(
1− 2

∞∑
r=1

ϕ(r)

r!

)
δij +

∞∑
r=1

χ
(r)
ij

r!

}
. (1.3.10)

• Co-moving time-orthogonal gauge This gauge is fixed by the requirement v = ω = 0, i.e. the

fluid four-velocity can be made orthogonal to the constant time spatial hyper-surfaces. The metric

looks like

ds2 = a2(η)

[
−

(
1 + 2

∞∑
r=1

ψ(r)

r!

)
dη2 + γij(x, η)dx

idxj

]
, (1.3.11)

where γij is given by Eq. (1.3.10).

• Poisson gauge As discussed in [35, 36], the Poisson gauge is given by ωi
,i = χij

,j = 0. These

can be further simplified to ω = χ|| = χi
⊥ = 0. This gauge serves as an extension to the

longitudinal gauge (ωi = χij = 0) to also accommodate vector and tensor perturbations. The

longitudinal gauge is not suitable for studying perturbations beyond the linear regime because the

scalar, vector, and tensor modes are coupled dynamically. While one can start with purely scalar

linear perturbations as initial conditions for the second-order theory, the non-linear effects can

generate vector and tensor modes, which makes it necessary to consider all modes when analyzing

the system. Therefore, in order to study the full non-linear dynamics of the system, it is essential

to include all the modes and use a gauge that can accommodate them, such as the Poisson gauge.

In this gauge, the gauge-invariant variables Φ and Ψ coincide with ψ and ϕ respectively. Exploiting

this fact, one can derive the equations of motion for Φ and Ψ in a simple and elegant manner by

first transitioning to the Poisson gauge. These derived equations of motion can then be generalized

to obtain the gauge-invariant equations of motion. The metric takes the form

ds2 = a2(η)

[
−

(
1 + 2

∞∑
r=1

Φ(r)

r!

)
dη2 +

∞∑
r=1

ω
(r)⊥
i

r!
dη dxi

+

{(
1− 2

∞∑
r=1

Ψ(r)

r!

)
δij +

∞∑
r=1

χ
(r)T
ij

r!

}
dxidxj

]
.
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1.3.2 Gauge-invariant variables

Through a combination of the variables in Eq. (1.3.7), it is feasible to form gauge-invariant variables,

with the simplest combination yielding the Bardeen potentials [29]

Φ = ψ + (1/a)
[
(ω − χ||′)a

]′
,

Ψ = ϕ−H
[
(ω − χ||′)

]
. (1.3.12)

Certainly, there exists an infinite variety of gauge-invariant variables since any combination of gauge-

invariant variables retains the property of gauge-invariance. Another important gauge-invariant scalar

quantity is the curvature perturbation on uniform-density hyper-surfaces ζ. The intrinsic spatial curva-

ture on hyper-surfaces on constant conformal time η and for a flat universe is given by

(3)R =
4

a2
∇2ϕ , (1.3.13)

the quantity ϕ is usually referred to as the curvature perturbation, which is not gauge-invariant. The

gauge-invariant quantity, which is the curvature perturbation on uniform-density hyper-surfaces, is de-

fined by

−ζ = ϕ+
H

ρ̇
δρ . (1.3.14)

One significant characteristic of the variable ζ is that it stays constant beyond the horizon for adia-

batic perturbations in matter. Another important gauge-invariant scalar is the co-moving curvature

perturbation

R = ϕ− H

ρ(0) + P (0)
v , (1.3.15)

where δq is given by: T 0
i = ∂iv .

1.4 Linear matter density perturbations

The expansion of the universe, which pulls particles of all kinds apart, tends to counteract the grav-

itational attraction. The faster the universe expands, the slower the formation of structure proceeds.

In a non-expanding space, a small overdensity will grow exponentially under the influence of gravity

(assuming no pressure perturbations exist). However, in an expanding universe, this exponential growth

is slowed down to a power-law or logarithmic rate over time. It is worth noting that during radiation

domination, the growth of structure is slower than during later stages of matter domination.

With the help of Euler, continuity, and Poisson equation (∇2Φ = 4πGa2δρ), we have, in a matter-

dominated Universe

δ′′ +Hδ′ − 4πGρa2δ = 0 , (1.4.1)
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Figure 1.1: The dimensional matter power-spectrum at redshift z = 0 according to linear perturbation
theory. On large scales, it grows as k. The power-spectrum turns over around keq = 0.01Mpc−1

corresponding to the horizon size at matter-radiation equality. Beyond the peak, the power falls as k−3.
This plot was produced by using CLASS [37].

where δ = (ρ(x, t) − ρ(t))/ρ(t) = δρ/ρ is the linear density contrast, ρ = ρ(0) being the background

energy density. This results in the following growth of matter-density contrast

δ = c1(x)η
2 + c2(x)η

−3 . (1.4.2)

The growing mode gives the rate of growth of density perturbations. In a Universe where the expansion

is driven by a combination of radiation and matter, the Hubble parameter is given by

H2 y

y + 1
=

8πG

3
a2ρm ; y =

a

aeq
; Ωm =

y

y + 1
, (1.4.3)

where ρm is the background density of dark matter, and the equation is expressed in terms of the new

variable y instead of the usual conformal time, for the ease of calculation [38]. The perturbation in

matter sector then satisfies the following evolution equation

d2δ

dy2
+

2 + 3y

2y(y + 1)

dδ

dy
− 3

2y(y + 1)
δ = 0 , (1.4.4)

which is the famous Meszaros’ equation (more on this in Chapter 5). In a purely radiation-dominated

Universe, δ ∝ ln a, which is comprehensibly much slower than the growth rate δ ∝ a in a matter-

dominated phase.

The power-spectrum (defined in the next section) of matter perturbations is given in Fig. 1.1. There is

a turnover in the power-spectrum at a scale keq corresponding to the one which enters the horizon at

the matter-radiation equality at scale factor aeq ∼ 10−4, due to the fact that on small scales, the earlier

a mode enters the horizon, the more suppression it has to experience.
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1.5 Statistics of perturbations

Within the inflationary scenario, the perturbation field is inherently stochastic and non-deterministic. As

the perturbation is random, it is impossible to make deterministic predictions for a specific realization.

Instead, we can construct a statistical portrayal of the universe. When we refer to perturbations as

random fields, we are suggesting that for any given position x at a particular time t, the perturbation

(e.g. δ(x, t)) is a random variable.

We assume that our Universe is a chance occurrence from among all the conceivable universes that

could have been a manifestation of the genuine underlying model. The ensemble comprises all possible

realizations of this authentic underlying universe. In statistical inference, one may occasionally attempt

to approximate the extent to which our individual realization of the universe differs from the genuine

underlying version. A fundamental premise of standard cosmology is that the observable segment of the

universe is a justifiable representation of the whole. This notion is closely linked to the Cosmological

Principle, as it signifies that statistics such as correlation functions must be assessed as averages over

the ensemble. However, we only possess a single universe, which is merely one realization from the

ensemble. The fair sample hypothesis proposes that samples obtained from well-separated portions of the

universe are self-governing realizations of the same physical phenomenon. Furthermore, in the observable

segment of the universe, there exist sufficient independent samples to represent the statistical ensemble.

This hypothesis is associated with the principle of ergodicity: averaging over numerous realizations is

equivalent to averaging over a sufficiently large volume. The cosmological field that we are interested

in, within a specific volume, is considered a realization of the statistical process. For the hypothesis of

ergodicity, averaging over multiple realizations is comparable to averaging over a large volume.

Gaussian random fields play a critical role in cosmology for various reasons. Inflationary theory suggests

that the primordial fluctuations that led to the current-day cosmological structures follow a Gaussian dis-

tribution, which is also corroborated by recent data. Additionally, the central limit theorem establishes

that Gaussianity arises from the superimposition of numerous random processes, even without invok-

ing inflation. It is noteworthy that a significant feature of Gaussian random fields is that the Fourier

transform of a Gaussian field remains Gaussian. The phases of the Fourier modes are stochastic, while

the real and imaginary components of the coefficients conform to a Gaussian distribution and are mu-

tually uncorrelated. The expression for the probability distribution of a zero-mean Gaussian primordial

perturbation ζ is as follows

P (ζ) =
1√
2πσ

e−
ζ2

2σ2 , (1.5.1)

where σ2 = ⟨ζ2(x, η)⟩ is the variance, defined as the two-point correlation function, when the two points

coincide. A crucial statistical measure of the primordial fluctuations is the dimension-less power-spectrum
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∆2
ζ(k), the Fourier transform of the two-point correlation function

⟨ζ(k, η)ζ(k′, η)⟩ = (2π)3δ3(k + k′)
2π2

k3
∆2
ζ(k) , (1.5.2)

where for isotropy, ∆2
ζ(k) depends only on the modulus of the wave-number. Here, ⟨...⟩ defines the

ensemble average of the fluctuations. The scalar spectral index ns (or tilt) characterizes the scale-

dependence of the power-spectrum

ns − 1 ≡
d ln∆2

ζ

d ln k
, (1.5.3)

where scale-invariance corresponds to ns = 1. We may also define the running of the spectral index by

αs ≡
dns
d ln k

, (1.5.4)

with which the power-spectrum is

∆2
ζ(k) = Aζ(k∗)

(
k

k∗

)ns(k∗)−1+ 1
2αs(k∗) ln

k
k∗

. (1.5.5)

Likewise, the same can be done for the tensor perturbations

∆2
T (k) = AT (k∗)

(
k

k∗

)nT (k∗)+
1
2αT (k∗) ln

k
k∗

, (1.5.6)

where k∗ is some pivot scale, Aζ,T(k∗) are scalar and tensor amplitudes, and nT the tensor spectral

index, it being zero signifies a scale-invariant tensor. The tensor perturbation amplitude is typically

characterized by the tensor-to-scalar ratio

r(k∗) =
∆2
T (k∗)

∆2
ζ(k∗)

. (1.5.7)

For the simplest single-field slow-roll inflation, r = −8nT is satisfied. At present we have only an

upper bound on r, r < 0.032, through the joint observation of Planck, BICEP2/Keck, and WMAP [39].

Recent studies incorporating data from LIGO-Virgo-KAGRA in addition to those obtained from CMB

scales have resulted in a more stringent constraint, r < 0.028 [40]. The upcoming ground-based CMB

experiment CMB-S4 aims to enhance this constraint further to r < 0.001 at a 95% Confidence Level

(CL) [41]. Prior to CMB-S4, LiteBIRD [42] and Simons Observatory [43] plan to establish upper limits

of r < 0.002 and r < 0.01 respectively.

If a field is Gaussian, then all the statistical information can be inferred from its power-spectrum.

However, primordial non-Gaussianity is manifested in higher-order correlation functions of the field. In

the context of single-field slow-roll inflation, non-Gaussianity is anticipated to be small. Nonetheless,

non-Gaussianity may be significant in multi-field models or in single-field models that involve non-trivial

kinetic terms and/or the violation of the slow-roll conditions (see [44] for a review). Similar to the power-

spectrum, the Fourier transform of the three-point correlation function is known as the bispectrum.

⟨ζ(k1, η)ζ(k2, η)ζ(k3, η)⟩ = (2π)3δ3(k1 + k2 + k3)Bζ (k1, k2, k3) . (1.5.8)
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The presence of the delta function in the bispectrum, which enforces momentum conservation, arises

from the translation invariance of the background. The bispectrum, denoted by Bζ , is symmetric in

its arguments, and for scale-invariant fluctuations, it behaves as a homogeneous function of degree −6.

A common phenomenological method to parameterize non-Gaussianity is by introducing a non-linear

correction to a Gaussian perturbation ζG(x)

ζ(x) = ζG(x) +
3

5
fNL

[
ζG(x)

2 − ⟨ζG(x)2⟩
]
. (1.5.9)

This definition is local in real space and therefore called local non-Gaussianity. For arbitrary shape

functions, the magnitude of non-Gaussianity is measured by defining the generalized fNL parameter

fNL ≡ 5

18

Bζ (k, k, k)
Pζ(k)

2 , (1.5.10)

where Pζ(k) = (2π2/k3)∆2
ζ(k) is the corresponding dimensional power-spectrum. Here, the amplitude

of non-Gaussianity is normalized to the equilateral configuration.



Chapter 2

Gravitational Waves

2.1 Detection of gravitational waves

The detection of gravitational waves marked a significant milestone in the study of our universe. The

confirmation of the existence of these waves has opened up a plethora of opportunities for both obser-

vational and theoretical research. After a century since the groundbreaking predictions of Einstein and

Schwarzschild, it was finally possible to report the first direct observation of gravitational waves and the

merging of a binary black hole system into a single black hole [6]. The discovery of this event, referred

to as GW150914, confirmed the predictions of general relativity regarding the non-linear dynamics of

highly disturbed black holes. Eight years after this discovery, Pulsar Timing Array (PTA) collaborations,

namely NANOGrav, EPTA/InPTA, PPTA, and CPTA, have recently provided compelling evidence [23–

26] of an isotropic stochastic gravitational wave background. This remarkable achievement represents

yet another momentous stride towards unraveling the mysteries of the Universe.

Present GWs detectors include ground-based facilities such as LIGO, Virgo, KAGRA [46–48]. These

ground-based detectors have already achieved significant breakthroughs in the field of gravitational wave

astronomy. Additionally, the Einstein Telescope (ET) [49], and Cosmic Explorer (CE) [50] are planned

third-generation ground-based detectors that aim to significantly enhance sensitivity and detection ca-

pabilities. Space-based detectors like LISA (Laser Interferometer Space Antenna) [51] are anticipated

to be launched in the near future, providing complementary observations in a different frequency range.

Furthermore, Pulsar Timing Arrays (PTAs), including NANOGrav, EPTA/InPTA, PPTA, and CPTA,

are also contributing to our understanding of GWs by utilizing millisecond pulsars as natural cosmic

clocks.

31
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Figure 2.1: Landscape of gravitational wave cosmology [45].

2.2 Resolved sources and a background of gravitational waves

Binary systems containing compact objects are the primary targets for observation by most gravitational

wave detectors [7]. These systems undergo millions of years of evolution before finally merging in a violent

event that emits extremely luminous gravitational radiation. Neutron stars and black holes are the most

compact objects in the universe, with orbital velocities that can approach the speed of light. As a result,

the most luminous sources are also the most compact and strongly gravitating systems. As the binary

system loses angular momentum and energy to gravitational radiation, its frequency increases. During

the final stages of the system’s evolution, the component stars are no longer able to maintain stable

orbits. When the orbital frequency exceeds a certain value, the stars plunge toward each other, and the

GWs luminosity reaches its peak.

Stellar-mass compact object binaries can contain two neutron stars (NS), a neutron star and a black hole

(BH), or two black holes. Advanced LIGO and Virgo are well positioned to observe all of these systems.

When galaxies merge, the two supermassive black holes (SMBHs) from their centers eventually form a

bound pair and become a binary. This evolving MBH pair radiates gravitational waves at a range of

low frequencies, typically around ∼ 1nHz − 1mHz. As the binary evolves, the distance between the

two SMBHs decreases, causing their gravitational wave emission to increase in frequency and intensity.

At the higher end of this range, when the two SMBHs are closer to coalescing, their gravitational wave

emission will make them a prime target for LISA mission [52]. LISA is a space-based gravitational

wave observatory that is designed to detect SMBH binaries of 10 million solar masses 103 − 109M⊙ at

frequencies ranging 0.1mHz−10mHz. If a population of BHs with masses 102−105M⊙ exists and they
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grow by merging with smaller BHs, then the detection of these intermediate-mass black holes (IMBHs)

and their binaries would be possible with the help of ET and the evolved Laser Interferometer Space

Antenna (eLISA) [49, 53].

Isolated neutron stars with a time-varying quadrupole moment have the potential to emit gravitational

waves, not just binary systems. The formation of a neutron star in a supernova, or a spinning neutron

star that is not axisymmetric could also generate gravitational waves, which can be detected by ET and

eLISA [7].

The LIGO-Virgo-KAGRA (LVK) collaboration conducted its third observing run, O3, which consisted

of three phases: O3a lasting six months from April 2019, O3b lasting five months from November 2019,

and O3GK lasting two weeks from April 2020. Throughout these phases, the data collected encompassed

more than 80 compact object merger signals [54]. Following O3, LIGO commenced its O4 run on May

24, 2023, with Virgo and KAGRA set to join soon after. The upcoming O5 observing run is highly

anticipated as the first extended run, spanning over two years, promising new and exciting discoveries

in the field of GWs astronomy.

In addition to the well-known resolved astrophysical sources of GWs, there are two other important

contributions to the overall GWs signal. The first one is the stochastic background of astrophysical

GWs, which arises from the superposition of GWs from many unresolved sources in the Universe [8–10].

The second contribution is the background of cosmological GWs [55, 56], which is produced by early

Universe phenomena such as cosmic inflation [1, 57, 58] or phase transitions [14, 59], topological defects

[60, 61] etc. Both of these contributions are important to consider in order to fully understand the GWs

signal detected by current and future observatories. The most effective approach to detect a stochastic

background is to cross-correlate measurements from multiple detectors.

On July 29, 2023, the PTA collaboration made a significant announcement regarding the detection of

a GWs background. However, the exact nature and source of this background still remain a mystery,

inviting further investigation and exploration in the field of gravitational wave astronomy. This intriguing

signal from PTA results has sparked various interpretations, the astrophysical candidate being the inspiral

from the SMBHs [62], although there exists a mild tension between the theoretical predictions and the

observational data [23, 24, 63]. There are cosmological interpretations as well, like phase transitions

[64], and cosmic strings [65]. Among the various possibilities, one intriguing cosmological signal is

the existence of Scalar-Induced Gravitational Waves (SIGWs), discussed in the next chapter. Further

discussion regarding the SIGW interpretation of this PTA data will be discussed in Chapter 6.

In recent years, there has been a significant effort within the scientific community to properly characterize

the astrophysical background of gravitational waves, using various methods such as anisotropy [66] and
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polarization [67] analysis. For example, [66] developed Boltzmann equation for the perturbation in the

distribution function of the gravitons, an approach similar to that employed in the case of CMB, and

[67] showed that this background exhibits a non-negligible amount of circular polarization, induced by

the anisotropic distribution of its sources. However, in this thesis, our focus will be on the cosmological

background of gravitational waves, specifically those produced during the inflationary epoch of the early

Universe.

2.3 Cosmological gravitational wave background

A cosmological stochastic GWs background is considered a significant indicator of inflation that could

potentially be observed. GWs generated by inflation carry valuable information about the early Universe

that cannot be obtained by any other means due to their weak interaction with all matter components.

CMB radiation is an electromagnetic probe of the early Universe that has been instrumental in our

understanding of cosmology until now. However, CMB only traces back to the last scattering surface

at a redshift of 1100. In contrast, gravitational waves from inflation can provide a window into the

Universe’s early moments, reaching energy scales below the Planck scale that are inaccessible by any

other means. Nevertheless, this same lack of interaction also makes the detection of these GWs extremely

challenging.

For GWs on an isotropic, uniform, and flat spacetime, the metric is

ds2 = a2(η)
[
−dη2 + (δij + χij)dx

idxj
]
. (2.3.1)

Their evolution is governed solely by the trace-less spatial component of the Einstein equation. In the

presence of perfect fluids, this component is not directly influenced by the energy content of the Universe,

except for its background dynamics

χij
′′ + 2Hχij ′ −∇2χij = 0 . (2.3.2)

In Fourier space, they can be decomposed as

χij(x, η) =
1

(2π)3

∫
d3k eik.x χσ(k, η) ϵ

σ
ij(k̂) , (2.3.3)

where the general solution can be written in terms of the corresponding zero-mean stochastic variable

Aσ(k) and the transfer function T (k, η), which describes the sub-horizon evolution of GWs modes after

they entered the horizon

χσ(k, η) = Aσ(k)T (k, η) . (2.3.4)

In Eq. (2.3.3), σ = +,× represents the polarisation index, and ϵ
(σ)
ik (k̂), satisfying the relation

ϵ
(σ)
ik (k̂)ϵ(σ

′)ik(k̂) = 2δσσ′ , are the transverse and trace-less polarisation tensors. The transfer function
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is normalized as T (0, η) = 1. The time evolution of the GWs in given by the transfer function [68]

T (k, η) =


j0 (kη) for η < ηeq, k > keq ,
ηeq
η [AGW(k)j1 (kη) +BGW(k)y1 (kη)] for ηΛ ≫ η > ηeq, k > keq ,
3j1(kη)
kη for any η ≪ ηΛ, k < keq .

(2.3.5)

The parameters ηeq and keq refer to the conformal time and wave-number, respectively, of the modes that

enter the horizon at the time of matter-radiation equality. The coefficients AGW(k) and BGW(k) can be

determined by equating the expressions of GWs from radiation and matter domination and their first

derivatives at the matter-radiation equality. These coefficients have been obtained through a complete

derivation presented in [68]. We define ηΛ as the conformal time in which density parameter of the

matter is equal to that of the cosmological constant/Dark Energy.

A plethora of experiments worldwide are poised to measure GWs across an unprecedentedly wide range

of frequencies. These experiments span a staggering 21 orders of magnitude in frequency, ranging

from the cosmic microwave background (CMB) to ground-based GWs interferometers. Complementary

but indirect bounds from big bang nucleosynthesis (BBN), CMB temperature and polarization power-

spectrum, lensing, and baryon acoustic oscillations (BAO) measurements extend this frequency range

even further, to a total of 29 orders of magnitude [69].

Currently, CMB is the most commonly used tool for probing the primordial GWs background. It forms

when the photons decouple from ordinary matter. After this moment, photons propagate essentially

unimpeded until they reach us, providing a snapshot of the Universe at the time of recombination. The

temperature and polarization fluctuations of the CMB carry a wealth of information about the initial

conditions at the end of inflation, including the imprint of primordial GWs [38, 70]. A GWs background

at the recombination epoch leads to temperature and polarization anisotropies in the CMB. The most

important signature is a "curl-like" (B-mode) polarization pattern in CMB polarization, which can not be

generated by scalar modes in the first order. While vector modes in principle are able to generate these

B-modes, they essentially decay after inflation. Thus, detecting primordial B-modes in the polarization

pattern of CMB would serve as compelling evidence for the existence of a primordial GWs background.

Till now, there is no detection, and the upper bound on the tensor-to-scalar ratio is discussed in the

previous chapter. Relaxing the single field slow-roll inflation consistency condition, on CMB scales it is

strongly constrained by the latest Planck data, r0.01 < 0.066 (at 95% Confidence Level (C.L.), PLANCK

TT,TE,EE+lowE+lensing+BK15+LIGO&Virgo2016), constraining −0.76 < nT < 0.52 [71]. Besides

the imprints in CMB, GWs affect the cosmic mass distribution too, which is described in the next

section.

In Fig. 2.1, bounds from different experiments and theoretical predictions have been shown. Various

experimental results have contributed to the current bounds on the primordial gravitational wave back-



CHAPTER 2. GRAVITATIONAL WAVES 36

ground. These include upper limits set by the O1-O3 LIGO-Virgo runs [72], indirect limits obtained

from big bang nucleosynthesis and CMB measurements [69], as well as the NANOGrav pulsar timing

measurement [15]. Additionally, projected sensitivities of the third generation (3G) terrestrial GWs de-

tectors [73] and space-based detectors such as LISA [74], Taiji [75], and Tianqin [76] are included in the

plot. Theoretical models that are shown in the plot include examples of slow-roll inflation, first-order

phase transitions such as PT-1 [77], PT-2 [78], and PT-3 [79], axion inflation [80], the primordial black

hole model [81], hypothetical stiff equation of state in the early universe [82], as well as foregrounds due

to binary black hole/neutron stars [72] and galactic binary white dwarfs [74].

2.4 Signatures of primordial gravitational waves on large scale
structures

Due to its weak interaction with matter, various indirect methods have been proposed to probe the

presence of the primordial GWs background. These waves left several imprints on different physical

observables throughout the history of the Universe. In addition to the imprints on the CMB mentioned

in the previous section, GWs also affect the cosmic mass distribution. Both early and late-time effects

can be identified, such as the impact on the two-point function of cosmic structures, or a shear in

galaxy distribution. These effects can be probed through observations of the large-scale structure of the

Universe, providing complementary constraints on the primordial GWs background.

2.4.1 Tensor fossils

The two-point correlation function, or the power-spectrum in Fourier space, has been the primary tool

used in clustering studies. It is typically determined under the assumption of statistical isotropy. Long-

wavelength GWs generated during inflation can introduce local departures from this statistical isotropy.

In general, hypothetical fossil fields, which can also be scalar or vector, may have been active only

during the early phases of the Universe, leaving their imprint on structures [83]. Tensor modes with

wavelengths longer than the distance over which observations are done can result in a quadrupolar

distortion of spacetime over the observed volume. This quadrupole may then either be imprinted on

the primordial mass distribution or induce a quadrupole in the observed distribution through projection

effects.

The impact of fossil GWs on the primordial scalar correlation function can be observed through a

primordial scalar-scalar-tensor bispectrum, which represents the distortion caused by these GWs. For

various inflationary models, such as single-field slow-roll inflation, there exists a consistency relation

between the isotropic components of the power-spectrum of the scalar field PΦ(k) and the tensor field
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Figure 2.2: Distortions arise in the typically statistically isotropic two-point correlation function of scalar
perturbations, when considering a single Fourier mode of GWs directed along the ẑ axis [87].

Ph(k), and the bispectrum ⟨Φ(k1)Φ(k2)hλ(K)⟩ in the squeezed limit K → 0 [84–86]

⟨Φ(k1)Φ(k2)hλ(K)⟩ K→0−→ (2π)3δ(k1 + k2 +K)
1

2

d lnPΦ

d ln k
ϵλab(K)k̂a1 k̂

b
2PΦ(k)Ph(K) , (2.4.1)

where k = (k2 − k1)/2. This bispectrum implies that in a given realization of the tensor field, the

correlation between two scalar modes is [87, 88]

⟨Φ(k1)Φ(k2)⟩hλ(K) = (2π)3 δ(k1 + k2 +K)PΦ(k) +

∫
d3K

(2π)3

∑
λ

(2π)3δ(k1 + k2 +K)

× 1

2

d lnPΦ

d ln k
ϵλab(K) k̂a1 k̂

b
2 PΦ(k)hλ(K) . (2.4.2)

This suggests that tensor modes with arbitrarily long wavelengths induce a large quadrupole in the

scalar power-spectrum. When transformed to configuration space and examined in a local region asso-

ciated with a Universe patch smaller than the tensor modes’ wavelength, this quadrupolar modulation

is discovered in the observed local power-spectrum for matter and galaxies.

2.4.2 Clustering of the galaxies

In the presence of GWs, the geodesics of photons emitted by LSS tracers, such as galaxies, are deflected.

This results in the observed emission point being different from the true emission point, leading to the

galaxy being charted at a different angular position and redshift than its actual location in the universe

[89]. The effects of this are:

• Volume distortion As the observed coordinates are different than the true ones, this leads to a

volume distortion. As a result, the observed co-moving number density of galaxies differs from the

true co-moving number density.
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Figure 2.3: Left: Illustration of perturbed photon geodesics with an observer at the bottom. Solid line:
actual photon geodesic to the source (star). Dashed line: apparent background photon geodesic to the
inferred source position (circle) [89]. Right: Illustration of the apparent and actual standard ruler. r̃ is
the apparent size of the ruler, while r0 is the true ruler [90].

• Redshift perturbation When measuring clustering, which involves measuring the density con-

trast, we are essentially quantifying the excess number of galaxies compared to the cosmic mean

at a certain redshift. However, due to the deflection of photons by GWs, the redshift of observed

galaxies is shifted from their true redshift, leading to an additional clustering effect. This addi-

tional clustering effect is proportional to the evolution of the mean number density of galaxies with

redshift.

The observed comoving number density of galaxies, a3ñg, is related to the true comoving number

density a3ng through [89]

a3(z̃)ñg = a3(z)ng

(
1 +

∂∆xi

∂x̃i

)
, (2.4.3)

where z is the source redshift in an unperturbed Universe, and is related to the measured redshift

z̃ via

1 + z̃ = (1 + z)(1 + δz) , (2.4.4)

and (1 + ∂∆xi/∂x̃i) is the volume distortion due to GWs.

• Magnification bias In galaxy surveys, we typically set a threshold on the brightness of observed

galaxies. However, due to the deflection of photons by GWs, the angular diameter distance to the

source is changed, leading to an additional clustering effect. This additional clustering effect is

proportional to the difference in the number of observed galaxies before and after accounting for

the effects of GWs.

The effect of magnification bias MT on the observed galaxy density can be parametrized through

a parameter Q [89]

δ̃gT = δ̃gT (nomagn) +QMT . (2.4.5)

At linear order, the contributions of GWs to galaxy clustering are mainly due to projection effects

resulting from the effects on the propagation of light. In contrast to gravitational lensing by scalar
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perturbations, tensor perturbations mainly contribute at redshifts close to the source redshift. However,

GWs decrease in amplitude after entering the horizon, whereas scalar perturbations increase. This leads

to the suppression of the tensor contribution with respect to the scalar contributions.

Therefore, given that we are not currently able to directly distinguish between scalar and tensor con-

tributions to the galaxy angular power-spectrum, detection possibility of significant contributions from

GWs at the leading order effect on galaxy clustering is low [91].

2.4.3 Shape distortion of galaxies

When considering two geodesic lines instead of one, it becomes apparent that if we have a cosmic

yardstick at high redshift, its length will be altered by GWs, as the two endpoints will have different

observed coordinates than the true ones. This distortion can be parametrized as scalar, vector, and

tensor components (this yardstick is on a spherical surface), with the spin-2 tensor component being the

shear [90].

When measuring weak gravitational lensing, we need to choose a coordinate system in which galaxies

appear round, such as Fermi normal coordinates (FNC). However, the transformation from the FLRW

metric to FNC induces an additional shear term, which is called the metric shear. In addition to the

usual line-of-sight integral that arises in weak lensing measurements, this metric shear term contributes

to the galaxy shear. The contributions from both the weak lensing line-of-sight integral and the metric

shear have opposite signs but similar magnitudes, leading to a cancellation effect that results in a small

net shear [92]. This lensing shear can be written as [92]

γ(n̂)±2 = −1

2
h±o −

1

2
h± −

∫ χ̃

0

dχ
{ χ̃− χ

2

χ

χ̃
(mi

∓m
j
∓∂i∂jhkl)n̂

kn̂l (2.4.6)

+

(
1− 2

χ

χ̃

)
n̂lmk

∓m
i
∓∂ihkl −

1

χ̃
h±

}
,

where the first two terms make the metric shear, while the terms separately are GWs at observer and

source points respectively. The rest is the lensing integral, χ is the distance along the line of sight, n̂i is

the unit vector along the same, and mi
± are the unit vectors of the circularly polarized basis.

When we transform to FNC, we observe an additional shear due to the effective potential in the g00 part

of the metric perturbation, which is proportional to the time derivative of GWs

gF00(xF , tF ) = −1 + (Ḣ +H2)r2F − 2ΨF (xF , tF ) , (2.4.7)

ΨF (xF , tF ) = −1

4

[
ḧij(0, tF ) + 2H(tF )ḣij(0, tF )

]
xiFx

j
F , (2.4.8)

where r2F = δijx
i
Fx

j
F .

This creates a tidal field induced by GWs around the galaxies, causing the galaxies to align or anti-align
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themselves along the field, resulting in intrinsic alignment. This intrinsic alignment is the source of the

additional shear, and it dominates over the lensing signal [93]. Thus, the measurement of galaxy shear

remains a rare opportunity in cosmology to search for the background of GWs.

Therefore, both galaxy shear and tensor fossils serve as excellent indirect probes of the primordial GWs

background.



Chapter 3

Scalar Induced Gravitational Waves

3.1 An inevitable messenger

There exists an independent generation mechanism for GWs whether or not the primordial GWs are

observable . The GWs are generated from curvature perturbations in the second order of perturbation

theory, although the tensor and scalar modes are decoupled in the first order of perturbations as is well

known. While it is true that the second-order scalar-induced GWs (SIGWs) is suppressed by the square

of the curvature perturbations, it can still be sizable and even become larger than the primordial ones

if the primordial curvature perturbations are enhanced at small scales compared to the CMB scale [94,

95] or if the density perturbations grow in a matter-dominated (MD) phase of the Universe [96–99]. The

possibility of having GWs induced by density fluctuations was first noticed by K. Tomita [100, 101].

They were later rediscovered in [102] when studying second order cosmological perturbations in a dust

dominated universe.

The enhancement of primordial curvature perturbations at small scales is realized in some models of

inflation and motivates us to explore scenarios to produce primordial black holes (PBHs), which can

explain dark matter and/or binary black hole merger event rates [103–108]. If scalar perturbations

with an amplitude higher than a threshold value enter the horizon during RD, the entire Hubble patch

can collapse and form a PBH. Induced gravitational waves are used as constraints on PBH scenarios,

and conversely, PBH constraints can be recast as constraints on induced GWs [109]. Similarly, induced

gravitational waves can put constraints on inflation models that lead to small-scale enhancement of

perturbations [95, 110]. Through the study of induced GWs, we may acquire valuable insights into the last

stage of inflation, around scales k ∼ 107−1018 Mpc−1. Furthermore, even the lack of induced GWs could

offer new limitations on the primordial spectrum in small scales, conceivably down to PR ∼ 10−4− 10−5

[111].

41



CHAPTER 3. SCALAR INDUCED GRAVITATIONAL WAVES 42

Therefore, studies on induced GWs (in addition to primordial ones) are inspired and justified by their

potential to further our understanding in the fields of cosmology, and have been the subject of much

study in recent years [94, 97, 107, 112–118]. For an overall review, see [119].

3.2 Generation mechanism

In this thesis, to show the generation mechanism of the SIGW, we choose an approach, Arnowitt-Deser-

Misner formalism (ADM formalism) [120], similar to the Poisson gauge, as this very same approach has

been used by us in Chapter 6. Here the metric is

ds2 = −N2dt2 + γijdx
idxj , (3.2.1)

where N = eΦ is the lapse function, and γij = a2e−2Ψhij = a2e−2Ψeγ̃ij is the metric for three dimensional

hypersurface of constant t 1. The scalar perturbation sector contains Φ and Ψ in linear order, and γ̃ij

signifies the transverse tensor perturbations. The determinants of the full metric and the same for the

three dimensional hypersurface is related by
√
−g = N

√
γ. The contravariant three-metric is given by

γij = a−2e2Ψhij = a−2e2Ψe−γ̃
ij

. (3.2.2)

Keeping the tensor terms up to the linear order, we have

γij = a2e−2Ψ(δij + γ̃ij) , (3.2.3)

γij = a−2e2Ψ(δij − γ̃ij) . (3.2.4)

With these metric components, the extrinsic curvature reads [121]

Kij = − 1

2N
γ̇ij . (3.2.5)

To get an evolution equation of the tensor perturbations sourced by a mixing of first order scalar and

tensor ones, we focus on the trace-less part of the ij-th Einstein equation. It can be written as below

[121], defining the trace-less part of Eq. (3.2.5) as Kij = Kij − 1
3Kγij ,

∂K
i

k

∂t
= −N |i

|k +
1

3
N

|l
|l δ

i
k +N (KK

i

k +
(3) R

i

k − 8πGS
i

k) , (3.2.6)

where (3)R
i

k is the Ricci tensor associated with the three-metric γik, and Sik is the space-space contribu-

tion of the matter energy-momentum tensor. Vertical bars denote three-space covariant derivatives with

connection coefficients determined from γij . Trace and trace-less parts of Kij are

K = − 1

2N
γij γ̇ij = − 3

N
(H − Ψ̇) , (3.2.7)

1In this chapter, we denote χij by γ̃ij . Note that we have written γ̃ij for the second order GWs, unlike our usual
notation γ̃ij/2.
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K
i

k = γijKjk = − 1

2N
˙̃γik . (3.2.8)

Obtaining the rest of the terms from γij , the trace-less ij-th equation (3.2.6) becomes (taking only

scalar-scalar terms as the source)

¨̃γik + 3H ˙̃γik −
∇2γ̃ik
a2

= 2
e2(Φ+Ψ)

a2

[
Φ,i,k +Φ,iΦ,k −Ψ,iΨ,k −Ψ,i,k +Φ,iΨ,k +Ψ,iΦ,k

−2

3
Φ,lΨ,lδ

i
k −

1

3
Φ,lΦ,lδ

i
k +

1

3
Ψ,lΨ,lδ

i
k

]
+ 16πGe2ΦS

i

k , (3.2.9)

where the last term is the contribution from the matter component of the Universe, Sik. We consider no

anisotropic stress, i.e. Φ = Ψ. The stress-energy tensor in the radiation dominated Universe is

S
i

k = γijSjk = γij(Sjk −
1

3
Sγjk) = (ρ+ P )(v,iv,k −

1

3
v2δik) . (3.2.10)

The evolution equation becomes

¨̃γik + 3H ˙̃γik +
k2

a2
γ̃ik =

4

a2
Φ,iΦ,k + 16πG(ρ+ P )v,iv,k , (3.2.11)

where

v,i = − 2

8πGa2(ρ+ P )
∂i(Φ′ +HΦ) . (3.2.12)

Decomposing the perturbations into their Fourier modes, we have

γ̃ik(x, t) =
1

(2π)3

∫
d3k eik.xγ̃k(σ)(t)ϵ

(σ)i
k (k̂) ,

Φ(x, t) =
1

(2π)3

∫
d3k eik.xΦk(t) . (3.2.13)

where σ = +,× represents the polarisation index, and ϵ(σ)ik (k̂), satisfying the relation ϵ(σ)ik (k̂)ϵ(σ
′)ik(k̂) =

2δσσ′ , are the transverse and trace-less polarisation tensors. We use conformal time to arrive at the final

evolution equation

γ̃
′′

k + 2Hγ̃′k + k2γ̃k = 4

∫
d3k1
(2π)3

Φk(0)Φk−k1(0)ϵ
k
i (k̂)k

i
1k1k [TΦ(k1η)TΦ(|k − k1|η)

+
1

2
(HTΦ(k1η) + T ′

Φ(k1η)) (HTΦ(|k − k1|η) + T ′
Φ(|k − k1|η))

]
, (3.2.14)

where the terms having 0 in brackets signify their value at initial time, and T is the transfer function of

the quantity in the subscript. Applying Green’s method, the solution to Eq. (3.2.14) is

γ̃k(η) = γ̃k(0) j0(kη) +

∫ η

0

dη̃ Sss(k, η)G(η, η̃) , (3.2.15)

where Sss(k, η) is the right hand side of Eq. (3.2.14), and G(η, η̃) is the Green’s function of the same

equation, given by

G(η, η̃) =
y1(η̃)y2(η)− y2(η̃)y1(η)

y1(η̃)y′2(η̃)− y2(η̃)y′1(η̃)
, (3.2.16)

y1 and y2 being the two solutions of the homogeneous part of Eq. (3.2.14). The first term of Eq. (6.1.11)

is the usual first-order GWs, whereas the second one is the desired SIGW.
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3.3 Power-spectrum and kernel function

The dimension-less power-spectrum ∆2
γ̃1
(k) of γ̃1(k, η), i.e. the second term on the right hand side of

Eq. (6.1.11), is defined by (for each polarisation λ of the induced wave)

⟨γ̃(λ)1 (k, η)γ̃
(λ′)
1 (k′, η)⟩ = (2π)3δλλ′δ3(k + k′)

2π2

k3
∆2
γ̃1(k) , (3.3.1)

which implies

∆2
γ̃1(k) =

8k3

π

∫
d3k1

∆2
Φ(k1)∆

2
Φ(|k − k1|)

k3|k − k1|3
(ϵik(k̂)k1 ik1 k)

2

(∫ η

0

dη̃ G(η, η̃)

×
[
TΦ(k1η)TΦ(|k − k1|η) +

1

2
(HTΦ(k1η) + T ′

Φ(k1η)) (HTΦ(|k − k1|η) + T ′
Φ(|k − k1|η))

])2

, (3.3.2)

where we have dropped the superscript λ, and used the definition of the two-point function of Φ and

γ̃
(σ)
k (see (1.5.2)).

To solve such integrals, it is useful to work with the variables v = k1/k, u = |k − k1|/k, and use the

dimensionless time variable x = kη. Summing over both polarisations, Eq. (3.3.2) reads

∆2
γ̃1(k) = 16k2

∫ ∞

0

dv

∫ v+1

|v−1|
du

v2

u2

(
1−

(1 + v2 − u2

2v

)2)2
∆2

Φ(uk)∆
2
Φ(vk)

(∫ x

0

dx̃G(x, x̃)

×
[
TΦ(vx̃)TΦ(ux̃) +

1

2

(
HTΦ(vx̃) + kṪΦ(vx̃)

)(
HTΦ(ux̃) + kṪΦ(ux̃)

)])2

. (3.3.3)

A dot here signifies a derivative w.r.t. x, and the Green’s function is

G(x, x̃) =
π

2k
x̃

√
x̃

x

(
J1/2(x̃)Y1/2(x)− J1/2(x)Y1/2(x̃)

)
. (3.3.4)

We evaluate the kernel function first, taking the upper limit of integration as infinity

I =

∫ x

0

dx̃G(x, x̃)

[
TΦ(vx̃)TΦ(ux̃) +

1

2

(
HTΦ(vx̃) + kṪΦ(vx̃)

)(
HTΦ(ux̃) + kṪΦ(ux̃)

)]
,

=

∫ ∞

0

dx̃
3π2

8k
√
uv

√
3x̃

x

(
J1/2(x̃)Y1/2(x)− J1/2(x)Y1/2(x̃)

)
×
[
J1/2(vx̃/

√
3)J1/2(ux̃/

√
3) + 2J5/2(vx̃/

√
3)J5/2(ux̃/

√
3)
]
, (3.3.5)

giving the oscillation average

⟨I2⟩ = 34

25k2

(
1

uvx

)2
{
Θ

(
u+ v√

3
− 1

)
9π2

4
s4 +

(
3s2

2
ln

∣∣∣∣1 + s

1− s

∣∣∣∣− 3s

)2
}
, (3.3.6)

where 2uv/
√
3 cosh s = 1− v2 − u2/3. The power-spectrum, Eq. (3.3.3), becomes

∆2
γ̃1(k) =

34

2

(
1

x

)2 ∫ ∞

0

dv

∫ v+1

|v−1|
du

1

u4

(
1−

(1 + v2 − u2

2v

)2)2
×∆2

Φ(uk)∆
2
Φ(vk)

{
Θ

(
u+ v√

3
− 1

)
9π2

4
s4 +

(
3s2

2
ln

∣∣∣∣1 + s

1− s

∣∣∣∣− 3s

)2
}
. (3.3.7)
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Figure 3.1: Gravitational wave density parameter induced by monochromatic scalars in the radiation
era, having a peak at k = k∗.

3.3.1 Dirac delta primordial spectrum

Let us take a peaked (at k = k∗) source for the primordial scalar spectrum

∆2
Φ(k) = AΦ δ

(
ln

k

k∗

)
. (3.3.8)

This type of peak can exist at scales that are lower than the ones observed by CMB, allowing them to

evade detection. This scenario can be realized in certain multi-field inflation models [122–124]. In this

monochromatic case, we have the following power-spectrum

⟨∆2
γ̃1(k)⟩ = 16A2

Φ (k∗/k)
2

[
1− k2

4k2∗

]2
⟨I2⟩u=v=k∗/k Θ(2k∗ − k) , (3.3.9)

where

⟨I2⟩u=v=k∗/k =
36

27k2
1

x2

(
k

k∗

)4
{
34π2

24

(
1− 2k2∗

3k2

)4(
k

k∗

)8

Θ

(
2√
3
− k

k∗

)

+

[
−
(
2

3
− k2

k2∗

)
+

3

4

(
1− 2k2∗

3k2

)2(
k

k∗

)4

ln

∣∣∣∣1− 4k2∗
3k2

∣∣∣∣
]2}

. (3.3.10)

In this case, the spectrum is truncated at k = 2k∗ due to the presence of the Heaviside theta function.

This is because in order to integrate the Dirac delta function, it is necessary to satisfy the condition

|k − k∗| < k∗ < k + k∗. There is also a logarithmic singularity at k/k∗ = 2/
√
3, due to the resonant

amplification. The source, being quadratic in scalars, has a frequency twice that of the gravitational

potential: 2× k∗/
√
3. The fraction of the GW energy density per logarithmic wavelength is 2

Ωind
GW(k, η) =

1

12

(
k

H

)2

⟨∆2
γ̃1(k)⟩ . (3.3.11)

Fig. 3.1 shows Ωind
GW for Dirac delta scalar-induced GWs.

2H = 1/η in RD era.
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Figure 3.2: Left: Comparison of the gravitational wave density parameter induced by lognormal scalars
with different widths. SIGW from σ = 0.001 case coincides with the same induced by a Dirac delta scalar
with same peak location. Right: Same as left, with Dirac delta-peaked scalar and only one lognormally
peaked scalar for comparison.

3.3.2 Log-normal primordial spectrum

A peaked primordial spectrum having a finite width can be realised in many theoretical models, e.g.

models with potential having a near-inflection point [125], multi-field inflation [126, 127] etc.. This

log-normally peaked primordial spectrum is [128, 129]

∆2
Φ(k) =

AΦ√
2πσ

exp

(
− 1

2σ2
ln2

k

k∗

)
, (3.3.12)

where σ is the peak width, and the following normalisation condition is valid:
∫∞
0

∆2
Φ(k) d ln k = AΦ. It

coincides with the Dirac delta power-spectrum for σ → 0. To compare the SIGW generated by this and

the monochromatic cas, we take the narrow band approximation, where σ ≪ 1. In [128], the authors

gave an analytical approximation for this

Ωind
GW(k, η) = erf

(
1

σ
arcsinh

k

2k∗

)
Ωind

GW,δD(k, η) , (3.3.13)

Ωind
GW,δD

being the same induced by Dirac delta scalars. As we can see from the right panel of Fig.

3.2, the solutions deviate in the IR region. This break-point, where the deviation starts, is given by

k/k∗ = 2σ exp
(
−σ2

)
. Here the GWs spectrum from narrowly peaked lognormal scalars changes its

infrared behavior from Ωind
GW ∝ k3 to Ωind

GW ∝ k2 [128]. In the right panel of Fig. 3.2, the break-point

is k/k∗ = 0.02. The input scalars having more or less width understandably give rise to spectra that

deviate earlier or later. The ability to identify the origin of the curvature perturbation and measure the

peak width makes this feature extremely interesting.

3.4 Gauge issue

Although it is well-known that GWs are invariant under gauge transformations at the linear order, this

is not necessarily true for higher orders. The observation of gauge dependence was first made in [102].
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A subsequent study by Hwang and Noh [130] utilized specific gauges, namely the co-moving, uniform

curvature, and zero-shear and uniform expansion gauges, to investigate a dust-dominated Universe.

They concluded that searching for the signatures of primordial GWs must take into account the detailed

study of the induced tensor modes including their gauge dependence. This gauge-dependence is a result

of the gauge-dependence inherent in the scalar perturbation variables. The equations governing the

velocity field and gravitational potential are not the same across all gauges. These variations in the

equations propagate to the amplitude of the induced GWs, leading to the gauge-dependence. Despite

efforts [131–134], a definitive solution to the gauge problem has not been established. A gauge-invariant

formulation is not applicable in this case, as there exist numerous gauge invariant variables, and it

remains uncertain which one is detected by interferometers. In [117], the authors separated the induced

tensor perturbations into two parts, one part of tensor perturbations is the freely propagating type that

follows its equation of motion without any external source. These types of perturbations are commonly

referred to as gravitational waves. Although they initially couple with scalar perturbations at their

creation, they eventually decouple and propagate independently of scalar perturbations. Consequently,

they are not affected by the choice of gauge, as they become independent of scalar perturbations after

decoupling. The other part is the one that couples with scalar perturbations. This type includes freely

propagating tensor perturbations until they decouple from scalar perturbations. However, as this type

of tensor perturbation is influenced by scalar perturbations, its time dependence mirrors that of scalar

perturbations. This type of tensor perturbation is susceptible to gauge dependence. They demonstrated

that once the GWs decouple from the scalar sources, they become gauge-independent. By utilizing the

synchronous and Poisson gauges, they were able to establish that the decay of the source term within

the horizon resulted in the same GWs spectrum at observable time. It should be noted that this finding

is not valid for the MD era, as the gravitational potential remains constant across all scales during this

period.





Chapter 4

Signatures of Primordial
Gravitational Waves on LSS

In Chapter 2, we discussed various methods for detecting GWs through their influence on the LSS. In

this chapter, we explore a novel mechanism for detecting GWs, first proposed and analyzed in [100,

101, 135]. This mechanism involves tensor-induced scalar modes that are statistically independent of

standard adiabatic density perturbations. As a result, the overall matter power-spectrum is simply the

sum of the two components. We know that the linear perturbation theory is suitable for very large

scales, particularly when considering only the power-spectrum. However, for higher-order correlators

such as the bispectrum or trispectrum, or when describing LSS formation on mildly non-linear scales or

in connection with galaxy bias schemes, higher-order perturbation theory [136, 137] or more sophisticated

resummation techniques [138–140] are required.

In this context, one of the main focuses, recently revived, has been the scalar perturbations as seeds for

second-order tensor perturbations, as they are dominant at linear order (see Chapter 3). However, in

this work, we present the opposite case, searching for the signature of GWs on cosmic structures. By

studying their effect on matter perturbations, we aim to provide a new way to constrain the tensor-to-

scalar perturbation ratio on scales where current constraints are poor. We consider scales that entered

the Hubble radius after matter-radiation equality, and we will present a more detailed analysis that

includes smaller scales in the next chapter. This chapter is based on the paper [141].

49



CHAPTER 4. SIGNATURES OF PRIMORDIAL GRAVITATIONAL WAVES ON LSS 50

4.1 Evolution equation of tensor-induced matter density per-
turbation in an MD regime

In our analysis, we consider a spatially flat Friedmann-Lematre-Robertson-Walker (FLRW) background

metric perturbed up to second order, and choose the gauge as synchronous gauge, one of the most

frequently used ones in cosmological perturbation theory [142–144]

ds2 = a2(η)[−dη2 + γij(x, η)dx
idxj ] . (4.1.1)

For our analysis, we restrict ourselves to a Universe composed of collision-less cold dark matter (CDM)

and a cosmological constant, and choose observers co-moving with CDM. By choosing the synchronous

and co-moving gauge (which, because of the absence of pressure gradients, can also be made time-

orthogonal), we can ensure that the fluid four-velocity is orthogonal to the constant time spatial hy-

persurfaces with metric γij . This means that the four-velocity in this gauge can be expressed as

uµ = [−a, 0, 0, 0]. The conformal spatial metric γij is given by

γij = δij + γ
(1)
ij +

1

2
γ
(2)
ij ,

γij = δij − γ(1)ij − 1

2
γ(2)ij + γ(1)ikγ

(1)j
k . (4.1.2)

We take only tensors in the first order perturbation

γ
(1)
ij = χij , (4.1.3)

where

χii = ∂iχij = 0 , (4.1.4)

and only tensor-induced scalars in the second order one

γ
(2)
ij = −2ϕ(2)δij ++Dijχ

(2)∥ . (4.1.5)

The fluid deformation tensor is defined by subtracting the isotropic Hubble-flow from the covariant

derivative of fluid four-velocity

θµν = auµ;ν −Hδµν . (4.1.6)

As uµ is orthogonal to the spatial hypersurface, θµν is purely spatial

θij = −Ki
j , (4.1.7)

where Ki
j is the extrinsic curvature of the hypersurface

Ki
j = −1

2
γikγ′kj . (4.1.8)

Now the continuity and Raychaudhuri equation read respectively

δ′ + (1 + δ)θ = 0 , (4.1.9)
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θ′ +
2

η
θ + θijθ

j
i +

6

η2
δ = 0 , (4.1.10)

where θ is the peculiar volume expansion scalar and δ is the matter density contrast. The solution of

the continuity equation is

δ(x, η) =
1 + δ0(x)√
γ(x, η)/γ0(x)

− 1 , (4.1.11)

where γ = det γij . We write the density perturbation as δ = δ(1) + δ(2)/2, and similarly for θ. We then

get, from Eq. (4.1.11) (see Appendix A),

δ(2) =
1

2

(
χijχij − χij0 χ0ij

)
+ 3ϕ(2) . (4.1.12)

Here the subscript ‘0’ denotes the value of the variable at the initial time, i.e. the end of inflation. Initial

values of the second order variables have been set to zero according to Appendix F.

Now, from Eqs. (4.1.9) and (4.1.10) at second order we get

θ′
(2)

+Hθ(2) + 2θ
(1)i
j θ

(1)j
i + 4πGa2ρmδ

(2) = 0 , (4.1.13)

δ
′(2) + 2δ(1)θ(1) + θ(2) = 0 . (4.1.14)

We combine these to get

δ(2)
′′
+Hδ(2)

′
− 4πGa2ρmδ

(2) =
1

2
χ′ijχ′

ij . (4.1.15)

The left-hand side of this equation is similar to the evolution equation for the linear density contrast,

which is as expected. However, a source term appears on the right-hand side, which is quadratic in the

tensor perturbation modes. Remembering that the GWs energy density is given by

ρGW =
1

32πGa2
⟨χ′ijχ′

ij⟩ , (4.1.16)

it is clear that the quantity sourcing δ(2) in Eq. (4.1.15) is nothing but the fluctuation of GWs radi-

ation energy density. There are two important observations to make from Eq. (4.1.15). Firstly, since

gravitational waves are frozen on scales larger than the horizon, their energy density vanishes in that

region. Thus, they can only source second-order CDM perturbations on scales smaller than the horizon.

Consequently, our effect does not produce CMB anisotropies on large scales, unlike the linear matter

perturbations, which are present everywhere. Secondly, as the density contrast is sourced by the fluctu-

ation of a radiation bath, it is effectively a linear perturbation, despite being derived in second order of

perturbation theory. This belief is further validated by solving for it, as we will demonstrate below.

The homogeneous solution, i.e. the standard linear density contrast is

δ
(2)
h = c1

(
x
)
D+(η) + c2

(
x
)
D−(η) . (4.1.17)

We apply Green’s method to get the sourced density contrast, and the result is

δ(2)s = D+(η)

∫ η

0

dη̃
D−(η̃)

W (η̃)

1

2
χ′ijχ′

ij −D−(η)

∫ η

0

dη̃
D+(η̃)

W (η̃)

1

2
χ′ijχ′

ij , (4.1.18)
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where D+, D− are the linear growing and decaying homogeneous solutions, and W (η) ≡ D−(η)D
′
+(η)−

D+(η)D
′
−(η) is the Wronskian. We can see that the time-behaviour of δ(2) is the same as δ(1), confirming

our intuition stated above.

4.2 Power-spectrum

Our objective is to investigate the impact of the tensor-induced perturbation on the present-day matter

power-spectrum and to determine if this effect is significant and can be detected through its influence

on LSS. In order to compute the power-spectrum, we move to Fourier space and write all quantities

according to Eqs. (1.2.10), (2.3.3), and (2.3.4). The variable Aσ(k) is characterized by the following

auto-correlation function

⟨Aσ1

(
k1

)
Aσ2

(
k2

)
⟩ =

(
2π
)3
δ3
(
k1 + k2

)
δσ1σ2

2π2

k31
∆2
σ

(
k1
)
, (4.2.1)

∆2
σ(k) being the power-spectrum for each polarisation. Just like Eq. (1.5.2), we can write the power-

spectrum ∆2
δ(2)

(
k
)

for δ(2)

⟨δ(2) (k, η) δ(2)
(
k′, η

)
⟩ =

(
2π
)3
δ3
(
k + k′)2π2

k3
∆2
δ(2)

(
k
)
. (4.2.2)

From Eq. (4.1.18), we can get, using convolution,

∆2
δ(2)

(
k
)
=
k3

2π

∑
σ,σ′

∫
d3k2

∆2
σ′

(
k2
)
∆2
σ

(
|k − k2|

)
k32|k − k2|3

f
(
k, k2, θ

)
×
[
D+(η)

2

∫ η

0

dη̃
D−(η̃)

W (η̃)
T ′(k2η̃)T ′(|k − k2|η̃)−

1

2D−(η)

∫ η

0

dη̃
D+(η̃)

W (η̃)
T ′(k2η̃)T ′(|k − k2|η̃)

]2
.

(4.2.3)

In our analysis, we are interested in scalar modes that entered the horizon during the matter-dominated

era. The time integral in the equation above can be split into two parts: one from the end of inflation to

matter-radiation equality, and the other from equality to the observation time. For each of these intervals,

the growing and decaying solutions for density perturbations and the transfer function for the source

GWs should be chosen accordingly. In the first, radiation-dominated part, linear density perturbations

involve two modes, D+ = ln η and D− = const., whereas the GW transfer function behaves as j0(kη).

While, in the matter era D+ = η2 and D− = η−3 and the GW transfer function is proportional to

j1(kη). However, the contribution from the first part is negligible compared to the second one. Hence

we put D+ = η2 and D− = η−3, and W (η) = 5η−2 as the Wronskian. We will consider the effects of

dark energy at a later stage. So the final expression for the tensor-sourced CDM density contrast in MD

is

δ(2) =
η2

10

∫ η

0

dη̃ χ′ijχ′
ij −

1

10η3

∫ η

0

dη̃ χ′ijχ′
ij . (4.2.4)
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It can be verified that we will get the same expression from (4.1.12). Eq. (4.2.3) then becomes

∆2
δ(2)

(
k
)
=
k3

2π

∑
σ,σ′

∫
d3k2

∆2
σ′

(
k2
)
∆2
σ

(
|k − k2|

)
k32|k − k2|3

f
(
k, k2, θ

)
×

[
η2

10

∫ η

0

dη̃

η̃

(3j1(k2η̃)
k2η̃

)′(3j1(|k − k2|η̃
)

|k − k2|η̃

)′
− 1

10η3

∫ η

0

dη̃ η̃4
(3j1(k2η̃)

k2η̃

)′(3j1(|k − k2|η̃
)

|k − k2|η̃

)′]2
,

(4.2.5)

where we have defined f(k, k2, θ) to be the following contraction of the polarisation tensors

f
(
k, k2, θ

)
≡
∑
σ,σ′

ϵσ
′

ij

(
k̂2

)
ϵσij

( ̂k− k2

)
ϵσ

′

kl

(
− k̂2

)
ϵσkl

( ̂−k+ k2

)
. (4.2.6)

Here, the symbol θ represents the angle between the wave-vectors k̂ and k̂2. In the convolution expression

and in all the subsequent equations, k always refers to the induced scalar modes, while k2 and (k − k2)

correspond to the source GW modes. We follow the usual convention of considering only the growing

mode for simplicity.

The contribution from the GWs occurs after they have entered the horizon and started oscillating with an

amplitude that decays as ∼ 1/a. Since we are considering scalar modes that entered the horizon during

matter domination, we can safely switch on the sourcing at η = 0, since at that early time these scalar

modes are still super-horizon, and hence are un-triggered. Moreover, since GWs decay after entering

the horizon, we can safely consider η → ∞ as an upper bound of the time integral, instead of using the

exact age of the Universe, since most of the contribution to the integral comes from the time around

horizon-entry. the reasons explained above. This allows to solve the integral analytically, in terms of

hyper-geometric functions.

Following the same procedure as shown in chapter 3, we introduce the variables x = k2/k, y = |k−k2|/k,

and use the dimensionless time variable τ = kη̃. Considering only the growing-mode term in the square

brackets of Eq. (4.2.5), we get

∆2
δ(2)

(
k
)
=

81k4η4

100

∫ ∞

0

dx

∫ x+1

|x−1|
dy
(
xy
)−2

f
(
x, y
)
∆2
σ

(
xk
)
∆2
σ

(
yk
) [∫ ∞

0

dτ

τ3
j2
(
xτ
)
j2
(
yτ
)]2

, (4.2.7)

where the function f in terms of x and y now reads

f
(
x, y
)
=

1

16x4y4

[
x8 +

(
y2 − 1

)4
+ 4x6

(
7y2 − 1

)
+ 4x2

(
y2 − 1

)2(
7y2 − 1

)
+ x4

(
6− 60y2 + 70y4

)]
.

(4.2.8)

The wave-vector integration domain, in terms of x and y, is now given by [145] (x+y) ≥ 1∧ (x+1) ≥ y ∧

(y + 1) ≥ x.

We would like to emphasize that while our density contrast modes strictly in the matter domination

regime, we integrate over the entire frequency range of GWs modes in the calculation of Eq. (4.2.7). We

use the relevant transfer functions as depicted in Eq. (4.2.5) despite them being valid only for tensor
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modes that entered the horizon during matter domination. We have checked that tensor modes entering

during radiation domination have an insignificant contribution, compared to the same entering in the

matter domination.

4.3 Result for different GWs sources

The power-spectrum of the stochastic GWs background varies based on the mechanism responsible for

its generation. Here, our main focus is on inflationary models, which exhibit either a monochromatic

spectrum, a blue tensor spectrum, or a Gaussian bump. Additionally, we restrict our consideration to

parity-invariant mechanisms for GWs production. This allows us to assume that both polarizations of

GWs produce the same effect. We defer the analysis of parity-breaking early Universe models to future

studies. We will now proceed to quantify the effect of different input GWs signals on the matter power-

spectrum given by Eq. (4.2.7). The power-spectrum for each individual polarization mode is related to

the GWs power-spectrum through the following relation: ∆2
σ(k) = (1/2)∆2

T (k).

On CMB scales, the amplitude of GWs is tightly constrained by the non-detection of B-mode polarization

(as discussed in Chapter 1). However, these constraints are limited to a specific range of scales, and

it is not possible to extract limits on other scales from these bounds. This leaves open the possibility

of observing GWs at other scales using interferometer experiments, which could provide complementary

information on the nature and amplitude of the GWs background. As we move away from the scales

probed by the CMB, the constraints on the amplitude of the GWs background become less stringent.

This means that we have more freedom to choose larger values for their amplitude. However, we should

keep in mind that even if the current constraints on the GW background at these scales are weaker,

future observations may provide stronger bounds. Below we discuss our results for some large-amplitude

GWs models.

4.3.1 Power-law spectrum

As a first benchmark signal, we consider a power-law spectrum, which is typical of many single-field

inflationary models [13]

∆2
T

(
k2
)
= AT

(
k2
k∗

)nT

. (4.3.1)

On super-horizon scales, standard single-field, slow-roll inflationary models predict a power-spectrum

that is nearly scale-invariant. This means that the amplitude of the scalar and tensor perturbations

generated during inflation should be roughly constant across different scales. The tensor spectral index,

denoted by nT , is related to the slow-roll parameter ϵ and is predicted to be −2ϵ. As we want a
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Figure 4.1: Impact of different GWs power-spectrum on the matter power-spectrum:
i) blue-tilted

(
AT = 1.26× 10−10, nT = 0.32, k∗ = kCMB = 0.01Mpc−1

)
, ii) monochro-

matic
(
AT = 10−5, k∗ = 0.008Mpc−1

)
, iii) Gaussian bump

(
AT = 10−5, σ = 2, kp = 0.04Mpc−1

)
.

The value of h is fixed at 0.68[5].

large amount of GWs for our purpose, we consider a blue spectrum, which rises on small scales, but

is normalised to the Planck data. Relaxing the single-field slow-roll consistency condition nT = −r/8,

and adding LIGO-Virgo data to further constrain GWs, [71] obtained a limit of r0.01 < 0.066 (at 95%

Confidence Level (C.L.), PLANCK TT,TE,EE+lowE+lensing+BK15+LIGO&Virgo2016), constraining

−0.76 < nT < 0.52. We consider the case of a blue-tilted tensor power-spectrum, choosing nT = 0.32,

which is still within the range of values allowed by present and future GW interferometers [71, 146], and

fix the GW power-spectrum amplitude at AT = rAs = 0.06× 2.1× 10−9 = 1.26× 10−10.

4.3.2 Monochromatic Spectrum

An illustrative example is a monochromatic tensor spectrum, which can be seen as an estimate of a

spectrum with a distinct narrow peak. We previously observed this type of peak in the context of an

SIGW background in Chapter 3. In light of this example, we aim to obtain an equation for the matter

power-spectrum assuming a Dirac delta peak in the input GWs spectrum

∆2
T (k2) = AT δ

(
ln
k2
k∗

)
. (4.3.2)

Typical models that predict such a spectrum are [147]. In this case, the form of the power-spectrum can

be found analytically and it reads

∆2
δ(2)(k) = 4× 10−5

(
k η0

)4
A2
T

(
8k2∗
k2 + k6

16k6∗
− k4

2k4∗
+ 3k

2

k2∗
− 8
)
Θ(2k∗ − k) , (4.3.3)

where the condition k < 2k∗ comes from momentum conservation, similar to the SIGW case.
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Figure 4.2: The region of parameter space for nT and AT where the power-spectrum of the GW-sourced
density perturbation mode with the wave-number k = 0.006Mpc−1 obeys a 4% error bound on the linear
matter power-spectrum for a power-law GW source. The grey region shows the allowed range of the
parameters assuming the mentioned error uncertainty.

4.3.3 Gaussian-bump spectrum

A well-motivated early Universe scenario which predicts a large and characteristic amplitude for the GW

spectrum consists in a GW signal endowed with a large Gaussian bump. An example where we see this

kind of bump is an axion field coupled to SU(2) gauge fields as spectator fields besides the inflaton [148–

150]. The GWs signal produced by the additional axion-gauge sector has several characteristic features,

like non-Gaussianity, scale-dependence, and chirality (here we are going to restrict ourselves to non-chiral

waves only). Such models result in GWs which are amplified at the same level as the scalar perturbation

and so they are possible targets both for CMB B-mode observations [150] and interferometers [146, 151].

Therefore, for our purposes, one can study their signatures on the matter power-spectrum as another

way to test or constrain such early Universe scenarios. The tensor power-spectrum is characterized by

the following Gaussian bump

∆2
T

(
k2
)
= AT e

− 1
2σ2 ln2

(
k2
kp

)
. (4.3.4)

Fig. 4.1 displays both the standard matter power-spectrum and the one that includes the effects com-

puted in the present study. These scalar modes induced by tensor perturbations are statistically uncorre-

lated with the standard adiabatic density perturbations. Therefore, the total matter power-spectrum is

simply the sum of the power-spectra from the two components. The plot shows the dimensional power-

spectrum of matter, which is related to the dimensionless ∆2
δ(2)

(k) obtained from Eq. (4.2.7), through

the relation Pδ(2)(k) = (2π2/k3)∆2
δ(2)

(k). It is evident that different input power-spectrum give rise to

contributions of different shapes, and they are relevant at different scales.

All of our previous analyses have assumed that the Universe was dominated by CDM after the matter-

radiation equality epoch. However, if we choose a value of Ωm different from 1, it results in a different
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linear growth factor D+ (as seen in Eqs. (4.1.17) and (4.1.18)), which in turn suppresses the matter

growth. To account for this suppression, we can use a fitting formula for the growth suppression factor

of linear density perturbations given in [152, 153]

δ(2) (z = 0,Ωm)

δ(2) (z = 0,Ωm = 1)
≃ 5

2
Ωm

[
Ω4/7
m − 1 + Ωm +

(
1 +

Ωm
2

)(
1 +

1− Ωm
70

)]−1

. (4.3.5)

Using Ωm = 0.32 [5], we find our suppressed power-spectrum to be

Pδ(2) (z = 0,Ωm = 0.32)

Pδ(2) (z = 0,Ωm = 1)
≃ 0.59 . (4.3.6)

The effect of the dark energy component has already been incorporated into the results shown in Fig.

4.1. We obtain the parameter space shown in Fig. 4.2 by calculating Eq. (4.2.7) as a function of AT
and nT for a power-law GW spectrum Eq. (4.3.1), and considering a 4% error bound with respect to

the linear matter power-spectrum at k = 0.006Mpc−1. The grey region in the figure indicates the range

of nT and AT that is allowed within the mentioned error bound.

4.4 Summary

In this study, we have investigated the impact of "tensor-induced scalar modes" on the matter power-

spectrum in the present-day Universe. Our analysis reveals that a significant GW power-spectrum

can leave an imprint on the matter power-spectrum. One notable characteristic of our second-order

matter perturbation is that it does not contribute to super-horizon scales, in contrast to linear matter

perturbations, and thus, does not generate CMB temperature anisotropy on large scales, although it

may have some effect on smaller scales (examined in Chapter 5). Moreover, on sub-horizon scales, our

matter density contrast closely resembles the linear one and can be considered as a linear perturbation

induced by gravitational radiation that vanishes outside the horizon. Additionally, we presented the

parameter space for the tensor spectral index versus the GW amplitude, considering the uncertainties in

the measurement of the matter power-spectrum. Our results indicate that this signature could provide

a new and valuable way to detect and constrain GWs on a range of scales that are presently poorly

understood and to improve the accuracy of matter power-spectrum estimation.

The correction to the density contrast sourced by GWs can be an indirect probe of GWs, and in the

case of non-detection, it can help to constrain the amplitude of the same. Future LSS surveys such as

Euclid [154], DESI [155], SPHEREx [156], SKA [157], Roman Space Telescope [158] and Vera Rubin

Observatory (LSST)[159] are extremely good candidates for this purpose.





Chapter 5

Complete Analytical Study of
Primordial Gravitational
Waves-sourced Dark Matter and
Radiation Density Perturbations

In the previous chapter, only the matter-dominated era was examined, which covered scales that entered

the horizon after the matter-radiation equality. However, in order to fully understand and interpret the

effect, it is necessary to expand the study to include smaller scales.

In this chapter, we investigate the same effect during the radiation-dominated era, taking into consider-

ation the density perturbation modes that entered the horizon from the end of inflation up to the matter

epoch. Finally, we present the expression for the tensor-induced CDM and radiation contrast modes that

entered the Hubble radius during the matter era and their evolution during the late phase dominated

by dark energy.

It should be noted that previous studies, such as [81] and [160], focused on second-order perturbations

in synchronous gauge for scalar-tensor and tensor-tensor couplings during the radiation domination

era. However, these studies made the assumption that radiation is the main component in both the

background and perturbations throughout the entire radiation epoch. In contrast, our paper provides

a comprehensive analysis of the second-order density contrast, which is sourced solely by linear GWs,

while taking into account the entire radiation epoch up to matter-radiation equality. Additionally, we

investigate the phenomenon during late times when the contribution of dark energy to the background

energy density becomes significant. Our study is both complete and fully analytical, which paves the

way for future numerical treatment of the problem. This chapter is based on the paper [161].

59
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Figure 5.1: We show a plot of ln 1/H versus ln a in the different epochs analyzed in this work, separated
by a blue vertical dashed line. The solid black curve indicates the evolution of the modes that cross
the horizon from the end of inflation until today, the black dashed line shows the extrapolation of the
present horizon scale. The green region highlights sub-horizon scales during the radiation epoch in which
Einsteins field equations are governed by the matter perturbations generated only by linear gravitational
waves (discussed in Section 5.3). The area above the green region indicates all modes during the deep
radiation epoch (for details see Section 5.2). The light-green area describes these sub-horizon scales,
related to the green region described above, during matter and dark energy epochs (discussed in Section
5.5). The gray shaded area denotes those scales where we do not have an analytical solution. The
dashed-dot blue line shows the horizon scale at the end of inflation.

5.1 Tensor-sourced scalar perturbations in a Universe with ra-
diation and CDM

5.1.1 Perturbations in the metric and matter components

We begin by introducing the notation and conventions used for metric and matter perturbations. In the

previous chapter, the focus was solely on a Universe dominated by CDM and a cosmological constant,

where the absence of a pressure gradient in the matter sector allowed for the direct application of a

synchronous, time-orthogonal, and co-moving (with CDM) gauge, as seen in [102]. However, in the

presence of radiation, a more general approach may be required. Therefore, in this chapter, we begin

with a co-moving and time-orthogonal gauge with CDM, setting δg0i to zero and performing calculations

in the rest frame of CDM. Nonetheless, as demonstrated later, our gauge becomes synchronous again in
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our specific choice of perturbations that rely solely on the linear tensor contribution.

Phases of evolution
Dominant
component

Deep radiation
epoch

(Section 5.2)

Radiation epoch
in sub-horizon

scales
(Section 5.3)

Intermediate
regime (mat-

ter+radiation)
for 1/ηrec ≲ k ≲

1/ηeq (no
analytical
solutions)

After
recombination
(Section 5.5)

In background radiation radiation radiation +
CDM

CDM + DE

Dominant
perturbation
component

δ
(2)
r δ

(2)
m δ

(2)
m & δ

(2)
r δ

(2)
m

Table 5.1: The dominant component in different phases of evolution in the background and perturbation
sector (see also Fig. 5.1).

In the time-orthogonal gauge, the perturbed flat FLRW metric is given by [31]

ds2 = a2(η)
[
−
(
1 + 2ψ

)
dη2 + γij

(
x, η

)
dxidxj

]
. (5.1.1)

The spatial metric γij contains both second-order scalar and linear tensor modes, while again we ignore

linear scalar and vector modes, which are statistically independent from tensor-sourced scalar modes

and can be set to zero. At second order, there are scalar, vector, and tensor contributions, and their

governing equations have source terms quadratic in the first-order perturbations with respect to scalars.

These source terms mix linear scalars and tensors (i.e., "tensor fossils," tensor-induced vector and tensor

modes [87, 102]), and scalar modes originating from linear tensors. Here, we focus on the contribution

from scalar modes originating from linear tensors, which is our main interest and will be discussed in the

following (see also [162, 163] ). In the following, we show the decomposition of the metric components

ψ =
ψ(2)

2
, (5.1.2)

γij = δij + χ
(1)
ij − ϕ(2)δij +

1

2
Dijχ

(2)||, (5.1.3)

γij = δij − χij(1) + ϕ(2)δij − 1

2
Dijχ(2)|| + χik(1)χk

j(1) . (5.1.4)

The matter component of the Universe in this section is a combination of irrotational dust, with which the

observer is co-moving, and radiation. It is important to note that perturbations in the energy-momentum

tensor of the matter components are only sourced by the contribution related to primordial GWs. Both

the irrotational dust and radiation are perfect fluids, as we assume that the coupling between baryons

and radiation is neglected. We plan to investigate the significance of this coupling in future work. The

energy-momentum tensor of the matter components can be expressed as: Tµν =
(
ρ + p

)
uµuν + pgµν .

Here ρr, ρm, and pr are the energy density of radiation and matter respectively, and pressure of radiation

(here we are assuming pm = 0), and ur
µ and um

µ are their respective four-velocities, normalised as
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uµu
µ = −1. Its components are, for matter

um0 = −a (1 + ψ) ,

um
0 =

1

a
(1− ψ) ,

um
i = 0 ,

(5.1.5)

and for radiation

ur0 = −a (1 + ψ) ,

ur
0 =

1

a
(1− ψ) ,

uri = a vri = a vr,i ,

ur
i =

1

a
vr
i =

1

a
vr
,i .

(5.1.6)

Here ,i = ∂i is used to indicate a derivative w.r.t. xi, and vr is the velocity potential of radiation.

5.1.2 Conservation equations

The energy-momentum tensors of the radiation and CDM components interact only gravitationally, thus

satisfying the conservation laws Tαβ ;β = 0 separately. These conservation equations yield continuity

and momentum conservation equations for α = 0 and α = i, respectively. The next two subsections will

derive the contribution of tensor-scalar perturbations within the CDM and radiation components.

5.1.2.1 Conservation equation for matter

If we assume that the observer is co-moving with the CDM component, then the energy-momentum

tensor of a pressure-free matter can be expressed as

T 00
m = ρmu

0
mu

0
m =

ρm (1 + δm)

a2
(1− 2ψ) ,

T ijm = T 0i
m = 0 ,

(5.1.7)

where δm = (ρm − ρm)/ρm is the density contrast of CDM. At second order, the evolution equations for

the density contrast are obtained from energy-momentum conservation

δ(2)m

′
− γ(1)ikγ

(1)
ki

′
+

1

2
δikγ

(2)
ki

′
= 0 . (5.1.8)

Considering only tensor contribution at the first order, the evolution second-order density contrast reads

δ(2)m

′
=

1

2

(
χijχij + 6ϕ(2)

)′
, (5.1.9)

and, consequently, we have

δ(2)m =
1

2

(
χijχij − χij0 χ0ij

)
+ 3

(
ϕ(2) − ϕ

(2)
0

)
+ δ

(2)
m0 . (5.1.10)
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Following the analysis made in Appendix F we can set ϕ(2)0 and δ
(2)
m0 equal to zero, and we can simply

rewrite Eq. (5.1.10) in the following way

δ(2)m =
1

2

(
χijχij − χij0 χ0ij

)
+ 3ϕ(2) . (5.1.11)

Note that this expression has exactly the same form as that obtained in Eq. (4.1.12), where the tensor-

sourced matter perturbation in the co-moving (with CDM) and synchronous gauge, during the epoch of

matter domination was studied (see also [102, 162]).

From the momentum conservation for matter

∂iψ(2) + 2∂iψ(1)δ(1)m − 4ψ(1)∂iψ(1) = 0 , (5.1.12)

we can infer that ψ(2) is only influenced by the first-order scalar modes, which implies that ψ is negligible

for our purposes. As a result, even though we started from the time-orthogonal gauge, we can directly

express our equations in the synchronous gauge.

5.1.2.2 Conservation equation for radiation

According to the discussion in the last section, ψ can be ignored from hereon. The components of the

energy-momentum tensor of radiation are

T 00
r =

ρr(1 + δr)

a2
,

T 0i
r =

4ρr
3a2

vr
,i ,

T ijr =
ρr(1 + δr)

3a2
γij .

(5.1.13)

From the continuity equation we have

δ(2)r

′
− 4

3
χ(1)ijχ

(1)
ij

′
+

4

3
∇2v(2)r − 4ϕ(2)

′
= 0 . (5.1.14)

Whereas the momentum conservation equation gives

4v(2)r

′
+ δ(2)r = 0 . (5.1.15)

5.1.3 Einstein equations

After the end of inflation, although radiation dominates the energy density of the background, it decays

faster than CDM, leading to CDM becoming the main contributor to the energy density of the Universe

at the matter-radiation equality. Thus, towards the end of radiation domination, the energy density of

CDM (ρm) cannot be ignored anymore. During the end of the radiation era, similar to the linear case,

the perturbative contribution of the CDM component may become greater than that of the radiation
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component. In this study, we will also investigate this possibility and analyze the behavior of each

component in detail during the radiation epoch and at the matter-radiation equality.

In this section, our main focus is on the evolution of the tensor-sourced CDM perturbation δ
(2)
m in the

presence of a perturbed radiation component, while considering adiabatic perturbations only. We use

the metric (5.1.2) and stress-energy tensor decomposition (5.1.5). Keeping in mind the discussion in

5.1.2.1 that ψ effectively vanishes in our case, we can write the second-order Einstein equations. The

00-th, 0i-th, and ij-th Einstein equations become

∇2ϕ(2) +
1

2
χij∇2χij − 3Hϕ(2)

′
+

1

6
∇2∇2χ||(2) − 1

8
χij

′
χ′
ij −Hχijχ′

ij +
3

8
χkl,iχkl,i

− 1

4
χik,lχli,k = 4πGa2(ρmδ

(2)
m + ρrδ

(2)
r ) , (5.1.16)

ϕ(2)
′
,i −

1

2
χjkχ′

ki,j +
1

4
Dijχ

||(2),j ′ +
1

2
χjkχ′

jk,i +
1

4
χjk

′
χjk,i = −16πGa2

3
ρrv

(2)
r,i , (5.1.17)

1

4
Dijχ

||(2)′′ +
H
2
Dijχ

||(2)′ +
1

12
∇2Dijχ

||(2) − 1

18
∇2∇2χ||(2)δij

+ 2Hϕ(2)
′
δij + ϕ(2)

′′
δij +

1

2
Dijϕ

(2) − 1

3
∇2ϕ(2)δij −

1

2
χkl(χlj,ik + χil,jk − χij,lk − χkl,ij)

+
1

4
χkl,jχkl,i −

1

2
χjk,lχli,k +

1

2
χjk,lχki,l −

3

8
χkl,pχkl,pδij +

1

4
χkp,lχlp,kδij

− 1

2
χkj

′
χki

′ +
3

8
χkl

′
χkl

′δij =
4πGρra

2

3
δ(2)r δij . (5.1.18)

In the Einstein equations, we have also used the evolution equation of the linear GWs

χij
′′ + 2Hχij ′ −∇2χij = 0 . (5.1.19)

We are ignoring any effect related to the anisotropic stress tensor. Decomposing (5.1.18) into a trace

equation and a trace-less one, the trace part becomes

ϕ(2)
′′
+ 2Hϕ(2)

′
− 1

3
∇2ϕ(2) − 1

18
∇2∇2χ||(2) − 1

8
χkl,iχkl,i +

1

12
χik,lχli,k

+
5

24
χkl

′
χkl

′ +
1

6
χkl∇2χkl =

4πGρra
2

3
δ(2)r . (5.1.20)

The next sections are divided into two regimes: the deep radiation regime immediately after inflation, and

the period leading up to matter-radiation equality. These two regimes have different dynamics depending

on the dominant contributor to the background matter component as well as to the perturbation content.

The sub-horizon evolution is the focus of our study since the GWs radiation that generates our second-

order perturbations only exists in this regime, as stated in Chapter 4. Below, we will present a complete

solution for the density contrast for modes that evolve (always in the sub-horizon regime) throughout

radiation domination, including contributions from both phases. However, we would like to emphasize

that for completeness, we have also conducted a comprehensive analysis of the deep radiation-dominated

Universe for all scales in Appendix D.
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5.2 Einstein equations in the deep radiation-dominated Uni-
verse

During the early stages of radiation domination, the energy density of the radiation component greatly

exceeds that of the CDM component, which means that only the radiation component (sourced by

tensors) contributes to the perturbations of the stress-energy tensor in the Einstein equations. These

perturbations are sourced by tensors. As a result, the continuity equation Eq. (5.1.11) can be used

to obtain the CDM perturbation from the potential, which is obtained as a solution to the Einstein

equations.

In this phase of evolution, discarding the CDM perturbation, (5.1.16), (5.1.17), (5.1.18) become

∇2ϕ(2) +
1

2
χij∇2χij − 3Hϕ(2)

′
+

1

6
∇2∇2χ||(2) − 1

8
χij

′
χij

′ −Hχijχij ′ +
3

8
χkl,iχkl,i

− 1

4
χik,lχli,k =

3H2

2
δ(2)r , (5.2.1)

ϕ
(2)
,i

′
− 1

2
χjkχki,j

′ +
1

4
Dijχ

||(2),j ′ +
1

2
χjkχjk,i

′ +
1

4
χjk

′
χjk,i = −2H2v

(2)
r,i , (5.2.2)

1

4
Dijχ

||(2)′′ +
H
2
Dijχ

||(2)′ +
1

12
∇2Dijχ

||(2) − 1

18
∇2∇2χ||(2)δij

+ 2Hϕ(2)
′
δij + ϕ(2)

′′
δij +

1

2
Dijϕ

(2) − 1

3
∇2ϕ(2)δij −

1

2
χkl(χlj,ik + χil,jk − χij,lk − χkl,ij)

+
1

4
χkl,jχkl,i −

1

2
χjk,lχli,k +

1

2
χjk,lχki,l −

3

8
χkl,pχkl,pδij +

1

4
χkp,lχlp,kδij

− 1

2
χk

′
jχki

′ +
3

8
χkl

′
χkl

′δij =
H2

2
δ(2)r δij . (5.2.3)

Let us point out that δ(2)m ≪ δ
(2)
r is not assumed in this period; rather we take on that δ(2)ρm is negligible

w.r.t. δ(2)ρr . This assumption is only valid for the regime discussed in this section. The trace part

becomes

ϕ(2)
′′
+ 2Hϕ(2)

′
− 1

3
∇2ϕ(2) − 1

18
∇2∇2χ||(2) − 1

8
χkl,iχkl,i +

1

12
χik,lχli,k +

5

24
χkl

′
χkl

′

+
1

6
χkl∇2χkl =

H2

2
δ(2)r . (5.2.4)

Trace-less part of (5.2.3) gives

Dijϕ
(2) +

1

2
Dijχ

||(2)′′ +HDijχ
||(2)′ +

1

6
∇2Dijχ

||(2)

− χkl(χlj,ik + χil,jk − χij,lk − χkl,ij) +
1

2
χkl,jχkl,i − χjk,lχli,k + χjk,lχki,l

− χkj
′
χki

′ − 1

3
χkl∇2χklδij +

1

3
χkl

′
χkl

′δij −
1

2
χkl,pχkl,pδij +

1

3
χkp,lχlp,kδij = 0. (5.2.5)

Replacing ∇2∇2χ||(2) from (5.2.4) in (5.2.1), and using (5.1.14) and (5.1.15), we get a third order

differential equation of radiation velocity potential

v(2)r

′′′
+Hv(2)r

′′
− 4H2v(2)r

′
− 1

3
∇2v(2)r

′
− H

3
∇2v(2)r +

1

6
χkl

′
χkl

′ = 0 . (5.2.6)
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In Fourier space1 the same equation turns out

v
(2)
rk

′′′
+Hv(2)rk

′′
+
(k2
3

− 4H2
)
v
(2)
rk

′
+

Hk2

3
v
(2)
rk = Sk. (5.2.7)

where Sk is the Fourier transformation of the source term −(1/6)χkl
′
χkl

′, i.e.

Sk(η) = −1

6

∑
σ,σ′

∫
d3q

(2π)3
Aσ′(q)Aσ (k − q) ϵσ

′

ij (q̂)ϵ
σij
(
k̂ − q

)
T ′ (q, η) T ′ (|k − q|, η) (5.2.8)

and the amplitude and transfer function of the tensor have been defined according to Chapter 2.3.

Introducing a new definition

u
(2)
rk = v

(2)
rk

′
+Hv(2)rk =

(av
(2)
rk )′

a
,

we have2

u
(2)
rk

′′
+
(k2
3

− 2H2
)
u
(2)
rk = Sk , (5.2.9)

which reduces (5.2.7) to a second-order equation. As we are interested in the regime kη ≫ 1, this further

simplifies to3

u
(2)
rk

′′
+
k2

3
u
(2)
rk = Sk . (5.2.10)

The solution to this equation is

u
(2)
rk (η) = A(k) cos

kη√
3
+B(k) sin

kη√
3
+

√
3

k
sin

kη√
3

∫ η

ηin

dη̃ cos
kη̃√
3
Sk(η̃)

−
√
3

k
cos

kη√
3

∫ η

ηin

dη̃ sin
kη̃√
3
Sk(η̃) , (5.2.11)

where A(k) and B(k) depend on the initial conditions at η = ηin. Here ηin is indicating the end of

inflation (i.e. the “last scattering" surface for gravitons).

Under the assumptions of initial adiabatic conditions and the synchronous co-moving gauge, and consid-

ering that all modes are outside the horizon at the initial time ηin, there is no initial source or contribution

to the second-order perturbation of the GW density. Therefore, we can neglect the homogeneous solu-

tions and derive the following results

v
(2)
rk =

√
3

k3τ

∫ τ

τin

τ̃ dτ̃

[∫ τ̃

τin

d˜̃τ

(
sin

τ̃√
3
cos

˜̃τ√
3
− cos

τ̃√
3
sin

˜̃τ√
3

)
Sk(˜̃τ/k)

]
, (5.2.12)

where we have defined τ = kη. Here, we have ignored the integration constant as v(2)rk (ηin) = 0, for the

reason explained above. Finally, using the relation (5.1.15), the radiation density perturbation turns out

δ(2)r (k, τ) =
12

k2τ2

∫ τ

τin

dτ̃ τ̃Sk(τ̃ /k)

1Throughout this work, we use two notations for Fourier space representation of a generic variable X(x): Xk, or X(k, η).
Both are equivalent expressions.

2In principle, we can introduce another variable θ =
√
3/2a, and solve the system according to the procedure demon-

strated in [164]. In that case, we have
[
θ2(u

(2)
rk /θ)′

]′
+ c2sθk

2u
(2)
rk = −θSk.

3Without this approximation, the results for tensor-sourced scalar quantities like potential and density contrast derived
in [81] can be accurately recovered with the help of the variable u

(2)
rk . See Appendix D for details.
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− 4
√
3

k2

[(
1− 3

τ2

)
sin

τ√
3
+

√
3

τ
cos

τ√
3

]∫ τ

τin

dτ̃ cos
τ̃√
3
Sk(τ̃ /k)

+
4
√
3

k2

[(
1− 3

τ2

)
cos

τ√
3
−

√
3

τ
sin

τ√
3

]∫ τ

τin

dτ̃ sin
τ̃√
3
Sk(τ̃ /k) . (5.2.13)

On sub-Hubble scales, this expression can be further simplified. In fact, for τ(= kη) ≫ 1, we find

δ(2)r (k, τ) =
12

k2τ2

∫ τ

τin

dτ̃ τ̃Sk(τ̃)−
4
√
3

k2

[
sin

τ√
3
+

√
3

τ
cos

τ√
3

]∫ τ

τin

dτ̃ cos
τ̃√
3
Sk(τ̃)

+
4
√
3

k2

[
cos

τ√
3
−

√
3

τ
sin

τ√
3

]∫ τ

τin

dτ̃ sin
τ̃√
3
Sk(τ̃) . (5.2.14)

Now, from (5.1.14), we get

ϕ(2)(k, η) = −v(2)r

′
(k, η)− 1

6
[Xk(η)−Xk(ηin)]−

k2

3

∫ η

ηin

dη̃ vr , (5.2.15)

where Xk is the Fourier transform of χklχkl, i.e.

Xk(η) =
∑
σ,σ′

∫
d3q

(2π)3
Aσ′(q)Aσ (|k − q|) ϵσ

′

ij (q̂)ϵ
σij
(
̂|k − q|

)
T (q, η) T (|k − q|, η) . (5.2.16)

Finally, using (5.1.11) and (5.2.15), we have the expression for δ(2)m . Precisely, using

δ(2)m (k, η) = −3v(2)r

′
− k2

∫ η

ηin

dη̃ vr , (5.2.17)

we obtain

δ(2)m (k, τ) =
1

k2

(
9

τ2
− 3 ln τ

)∫ τ

τin

dτ̃ τ̃Sk(τ̃ /k)−
1

k2

[
3
√
3

(
1− 3

τ2
+ ln τ

)
sin

τ√
3

+

(
9

τ2
− 3 ln τ

)
τ cos

τ√
3

] ∫ τ

τin

dτ̃ cos
τ̃√
3
Sk(τ̃ /k)−

1

k2

[
−3

√
3

(
1− 3

τ2
+ ln τ

)
× cos

τ√
3
+

(
9

τ2
− 3 ln τ

)
τ sin

τ√
3

] ∫ τ

τin

dτ̃ sin
τ̃√
3
Sk(τ̃ /k)

+

√
3

k2

∫ τ

τin

dτ̃ τ̃ ln τ̃

[
sin

τ̃√
3

∫ τ̃

τin

d˜̃τ cos
˜̃τ√
3
Sk(˜̃τ/k)− cos

τ̃√
3

∫ τ̃

τin

d˜̃τ sin
˜̃τ√
3
Sk(˜̃τ/k)

]
.

(5.2.18)

Imposing again that τ = kη ≫ 1, it becomes

δ(2)m (k, τ) = − 3

k2
ln τ

∫ τ

τin

dτ̃ τ̃ Sk(τ̃ /k)

− 1

k2

[
3
√
3 (1 + ln τ) sin

τ√
3
− 3τ ln τ cos

τ√
3

] ∫ τ

τin

dτ̃ cos
τ̃√
3
Sk(τ̃ /k)

+
1

k2

[
3
√
3 (1 + ln τ) cos

τ√
3
+ 3τ ln τ sin

τ√
3

] ∫ τ

τin

dτ̃ sin
τ̃√
3
Sk(τ̃ /k)

+

√
3

k2

∫ τ

τin

dτ̃ τ̃ ln τ̃

[
sin

τ̃√
3

∫ τ̃

τin

d˜̃τ cos
˜̃τ√
3
Sk(˜̃τ/k)− cos

τ̃√
3

∫ τ̃

τin

d˜̃τ sin
˜̃τ√
3
Sk(˜̃τ/k)

]
.

(5.2.19)



CHAPTER 5. TENSOR-INDUCED SCALARS IN RADIATION AND DM-DE DOMINATION 68

In addition, the potential can be obtained using (5.1.11). Then it reduces to

ϕ(2)(k, τ) = − 1

k2
ln τ

∫ τ

τin

dτ̃ τ̃ Sk(τ̃ /k)−
1

6
(Xk(η)−Xk(ηin))

− 1

k2

[√
3 (1 + ln τ) sin

τ√
3
− τ ln τ cos

τ√
3

] ∫ τ

τin

dτ̃ cos
τ̃√
3
Sk(τ̃ /k)

+
1

k2

[√
3 (1 + ln τ) cos

τ√
3
+ τ ln τ sin

τ√
3

] ∫ τ

τin

dτ̃ sin
τ̃√
3
Sk(τ̃ /k)

+
1√
3k2

∫ τ

τin

τ̃ ln τ̃

[
sin

τ̃√
3

∫ τ̃

τin

d˜̃τ cos
˜̃τ√
3
Sk(˜̃τ/k)− cos

τ̃√
3

∫ τ̃

τin

d˜̃τ sin
˜̃τ√
3
Sk(˜̃τ/k)

]
dτ̃ .

(5.2.20)

In this section we have discussed the epoch where the matter perturbation δ(2)ρm is negligible compared

to its radiation counterpart, δ(2)ρr. Looking at (5.2.14) and (5.2.19) one can realise that, as time

progresses, the contribution of the CDM perturbation begins to become dominant with respect to that

of the radiation. Comparing the absolute value of each additive term of in Eqs. (5.2.14) and (5.2.19),

we note that, for example, terms proportional to∫ τ

τin

dτ̃ cos
τ̃√
3
Sk(τ̃ /k),

∫ τ

τin

dτ̃ sin
τ̃√
3
Sk(τ̃ /k) or

∫ τ

τin

dτ̃ τ̃Sk(τ̃ /k)

have an extra multiplicative factor which is proportional to τ , ln τ and/or τ ln τ in δ(2)m , which are missing

in δ
(2)
r . Then, δ(2)r has extra terms which decays like

∼ 1

τ
cos

τ̃√
3

or ∼ 1

τ
sin

τ̃√
3
,

which are absent in δ(2)m . Finally, Eq. (5.2.19) includes other additional contributions (they are integrals

that contain complicated sine or cosine functions that multiply the terms proportional to ln τ . Note that

we are in the regime τ ≫ 1). These extra terms could also cause a faster growth of δ(2)m w.r.t δ(2)r . In

conclusion, these facts suggest the existence of a suitable time η and scale (through k) in which δ(2)ρm

becomes of the same order as δ(2)ρr.

Let us introduce a new variable

F (k, η) ≡ δ(2)ρm(k, η)

δ(2)ρr(k, η)
=
ρ̄m(η)

ρ̄r(η)

δ
(2)
m (k, η)

δ
(2)
r (k, η)

. (5.2.21)

When the value of F approaches unity, indicating that δ(2)ρm and δ(2)ρr are of the same order, the

contribution from matter perturbations starts to become dominant over that of radiation, even if the

average density of matter ρ̄m is smaller than that of radiation ρ̄r. This marks the onset of a new phase of

dynamical evolution, where the time-time component of Einstein’s field equations is primarily governed

by the matter perturbations δ(2)m .

The next section will provide a detailed discussion on how to properly set the initial conditions for

this new phase. It should be noted that the analysis in the subsequent sections requires matching the
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solutions of the two phases at a specific conformal time η = ηα, where F (k, ηα) ≡ α ≃ O(1) for a

fixed value of k and for τ ≫ 1. The value of α is chosen to set the initial conditions for the solutions

at η ≥ ηα. As discussed earlier, for η > ηα, F has a value greater than α, based on the respective

evolution of matter and radiation density perturbations. The appearance of this "new phase" during the

radiation-dominated era at kη ≫ 1 is a novel finding that has not been explored in previous studies of

second order perturbations.

5.3 Sub-horizon evolution towards matter-radiation equality

In the previous section, we discussed how during the deep radiation epoch, the matter perturbation

is determined by the potential sourced by primordial GWs, but does not affect the potential itself.

However, as we approach the second phase of perturbation evolution, for modes that entered the Hubble

radius during the radiation-dominated epoch, ρ̄mδ(2)m grows sufficiently to surpass ρ̄rδ(2)r as the main

contributor to Einstein’s field equations, even though ρ̄m ≪ ρ̄r. In this section, we will derive the second-

order differential equation governing the evolution of δ(2)m , which can be thought of as a new Meszaros

equation due to the contribution of GWs.

As we approach the matter-radiation equality epoch, the contribution of ρ̄m can no longer be ignored,

and it becomes convenient to use the variable y = a/aeq as the evolution variable instead of η or a. Here,

aeq = a(ηeq) is the value of the scale factor when ρ̄m(aeq) = ρ̄r(aeq).

Trivially, this implies that

y =
a

aeq
=
ρ̄m
ρ̄r

.

Using y, the background dynamics can be described by the Friedmann equations in the following way

H2 = H2
eq

y + 1

2y2
= k2eq

y + 1

2y2
and H′ = −k2eq

2 + y

4y2
, (5.3.1)

where

keq ≡ Heq = aeqHeq , H2
eq =

8πG

3
ρ̄eqa

2
eq and ρ̄eq = 2ρ̄m(aeq) .

In terms of y, Einstein equations (5.1.16), (5.1.17) and (5.1.18) become, respectively

− 3H2y
dϕ(2)

dy
+∇2ϕ(2) +

1

6
∇2∇2χ||(2) − 1

8
(Hy)2 dχ

ij

dy

dχij

dy
−H2yχij

dχij

dy
+

3

8
χkl,iχkl,i

− 1

4
χik,lχli,k +

1

2
χij∇2χij =

3H2

2(1 + y)

(
yδ(2)m + δ(2)r

)
, (5.3.2)

dϕ(2),i
dy

− 1

2
χjk

dχki,j
dy

+
1

4
Dij

dχ||(2),j

dy
+

1

2
χjk

dχjk,i
dy

+
1

4

dχjk

dy
χjk,i = − 2H

y(1 + y)
v
(2)
r,i , (5.3.3)

Hy
[
Hy d

2

dy2
+

(
H+ y

dH
dy

)
d

dy

](
1

4
Dijχ

||(2) + ϕ(2)δij

)
+

H2y

2
Dij

dχ||(2)

dy
+

1

12
∇2Dijχ

||(2)
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− 1

18
∇2∇2χ||(2)δij + 2H2y

dϕ(2)

dy
δij +

1

2
Dijϕ

(2) − 1

3
∇2ϕ(2)δij −

1

2
χkl (χlj,ik + χil,jk

−χij,lk − χkl,ij) +
1

4
χkl,jχkl,i −

1

2
χjk,lχli,k +

1

2
χjk,lχki,l −

3

8
χkl,pχkl,pδij +

1

4
χkp,lχlp,kδij

− H2y2

2

dχkj
dy

dχki
dy

+
3H2y2

8

dχkl

dy

dχkl
dy

δij =
H2

2(1 + y)
δ(2)r δij . (5.3.4)

Its trace part is

Hy
[
Hy d

2

dy2
+

(
H+ y

dH
dy

)
d

dy

]
ϕ(2) + 2H2y

dϕ(2)

dy
− 1

3
∇2ϕ(2) − 1

18
∇2∇2χ||(2)

− 1

8
χkl,iχkl,i +

1

12
χik,lχli,k +

5H2y2

24

dχkl

dy

dχkl
dy

+
1

6
χkl∇2χkl =

H2

2(1 + y)
δ(2)r . (5.3.5)

Taking ∇2∇2χ||(2) from (5.3.2), and putting it in (5.3.5), we get[
H2y2

d2

dy2
+

(
2H2y +Hy2 dH

dy

)
d

dy

]
ϕ(2) +

H2y2

6

dχkl

dy

dχkl
dy

− 1

3
H2yχij

dχij

dy
+

1

3
χij∇2χij

=
H2

2(1 + y)

(
yδ(2)m + 2δ(2)r

)
. (5.3.6)

From Eq. (5.3.6), we can see that when yδ
(2)
m ≫ 2δ

(2)
r , i.e., when ρ̄mδ

(2)
m = δρ

(2)
m ≫ 2ρ̄rδ

(2)
r = 2δρ

(2)
r , we

can neglect δ(2)r . Now, according to the discussion at the end of the previous section, after the matter

perturbation surpasses the radiation perturbation, i.e., when F ≃ O(1), we can no longer neglect the

contribution of the radiation perturbation. At the same time, we can actually discard δ
(2)
r from the

evolution equations when F ≃ 2, as shown in Eq. (5.3.6). Here, for simplicity and without loss of

generality, we assume that F is positive. Therefore, at a fixed scale (e.g., at a given value of k), the

beginning of this new phase is indicated by the range of values 1 ∼< F (ηα, k) = α ∼< 2. To set the initial

condition at η = ηα, we need to impose α between 1 and 2. However, we cannot determine the exact

value of α with our current analytical approach. A numerical treatment would be necessary to obtain

the exact value of α, which is beyond the scope of this work. Note that α should also depend on the

cosmological parameters and the matter component of the Universe. In Fig. 5.1, the green and light-

green regions, for η ≤ ηrec, highlight the modes and particular period that we analyze in this section,

i.e., at each sub-horizon mode with k ≥ keq and η ≥ ηα up to recombination.

Now, using the definition of F , see Eq. (5.2.21), we are setting the initial conditions yα = a(ηα)/aeq

which is defined, in implicit manner, from the following relation

yαδ
(2)
m (yα) = αδ(2)r (yα) . (5.3.7)

By introducing y as a variable and using Eqs. (5.1.11) and (5.1.19), we can see that the evolution of the

matter perturbation δ(2)m during the second phase of radiation domination (i.e. for y ≥ yα) is determined

by the following second-order equation

d2δ
(2)
m

dy2
+

2 + 3y

2y(y + 1)

dδ
(2)
m

dy
− 3

2y(y + 1)
δ(2)m =

1

2

dχij

dy

dχij
dy

. (5.3.8)
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This can be seen as a reformulation of the Meszaros equation [165], which describes the evolution of

subhorizon matter perturbations. The left-hand side of the equation is exactly the same as the Meszaros

equation, while the right-hand side contains a source term quadratic in tensors. It is worth noting that

this is not surprising, since in this phase, δ(2)m replaces δ(2)r as the source of the Einstein equations, similar

to the behavior observed in their linear counterparts. More information on the derivation can be found

in references such as [38, 166]. Obviously, for the two solutions to the homogeneous equation, we find

the same of Meszaros

• D1(y) = y + 2
3 ,

• D2(y) = D1(y) ln
√
1+y+1√
1+y−1

− 2
√
1 + y .

It should be noted that these solutions are correct both during the epoch of radiation y ≪ 1 (when

y ≥ yα) and of matter (for y ≫ 1). Indeed, in matter era, they go as y and y−3/2 respectively, whereas

in radiation era (i.e., for yα ≲ y ≪ 1), they behave as a constant and ln y. In conclusion, taking also

into account the particular solution, the general solution of the matter perturbation δ(2)m , on sub-horizon

scales, takes the form

δ(2)m (x, y) = P1(x)D1(y) + P2(x)D2(y) +
1

2

∫ y

yα

dỹ G(y, ỹ)
dχij

dỹ

dχij
dỹ

, (5.3.9)

where G(y, ỹ) is the Green’s function

G(y, ỹ) =− 1

4
ỹ
√
1 + ỹ

[
6
(√

1 + ỹ(2 + 3y)−
√
1 + y(2 + 3ỹ)

)
−(2 + 3ỹ)(2 + 3y) ln

(
√
1 + ỹ + 1)(

√
1 + y − 1)

(
√
1 + ỹ − 1)(

√
1 + y + 1)

]
, (5.3.10)

and P1(x), P2(x) are two time-independent functions. Let us rename the Fourier transformation of Eq.

(5.3.9) as δ(2)m(Tmesz)(k, y), which can be written as

δ
(2)
m(Tmesz)(k, y) = P1(k)D1(y) + P2(k)D2(y) +

1

2

∫ y

yα

dỹ G(y, ỹ)F1(k, ỹ) , (5.3.11)

where F1(k, y) is the Fourier transform of dχij/dy dχij/dy, i.e.

F1(k, y) =
∑
σ,σ′

∫
d3q

(2π)3
Aσ′(q)Aσ (k − q)

× ϵσ
′

ij (q̂)ϵ
σij
(
k̂ − q

) dT (q, y)

dy

dT (|k − q|, y)
dy

. (5.3.12)

Note immediately that, using Eq. (5.3.1), we can easily relate the definition of F1 with Sk in the following

way

F1(k, y) =
−12

k2eq(y + 1)
Sk . (5.3.13)
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To obtain the full solution, which describes the evolution of δ(2)m at all epochs, from the deep radiation to

CDM era, at a given k > keq, we need to know the value of P1, P2. As we are aware, the above solution,

Eq. (5.3.11), is valid only for y ≥ yα. At y = yα, we have

δ
(2)
m(Tmesz)(k, yα) = P1(k)D1(yα) + P2(k)D2(yα) .

Consequently, we should analyse the matching conditions at y = yα. Then we need the solution of

matter perturbation and its derivative obtained both during deep radiation epoch and in this second

phase of radiation domination. The next section will be devoted to the study of the initial condition of

Eq. (5.3.9).

Before concluding this section, in order to have a complete picture of the dynamics at these scales, it

is also useful to get an expression for the radiation density contrast (for the complete derivation, see

Appendix E)

δ
(2)
r(Tmesz)(k, y) =Ar(k) cos

(
2

√
2

3

k

keq

√
1 + y

)
+Br(k) sin

(
2

√
2

3

k

keq

√
1 + y

)

+
keq
4k

√
3

2

∫ y

yα

dỹ√
1 + y

Qk(
√

1 + ỹ)

[
sin

(
2

√
2

3

k

keq

√
1 + y

)
cos

(
2

√
2

3

k

keq

√
1 + ỹ

)

− cos

(
2

√
2

3

k

keq

√
1 + y

)
sin

(
2

√
2

3

k

keq

√
1 + ỹ

)]
, (5.3.14)

where

Qk(
√
1 + y) =

4

3

{
2P1(k) +

1

3y2

[
4(2− 3y)

√
1 + y + 6y2 ln

(
2 + y + 2

√
1 + y

y

)]
P2(k)

}

− 1

2

{
1

3y2

[
4(2− 3y)

√
1 + y + 6y2 ln

(
2 + y + 2

√
1 + y

y

)]

×
∫ y

yα

dỹ ỹ(2 + 3ỹ)
√

1 + ỹ F1(k, ỹ) + 2

∫ y

yα

dỹ ỹ
√
1 + ỹ

[
6
√
1 + ỹ

+(2 + 3ỹ) ln

(
2 + ỹ − 2

√
1 + ỹ

ỹ

)]
F1(k, ỹ)−

16(1 + y)

3
F1(k, ỹ)

}
, (5.3.15)

where the naming of the variable in Eq. (5.3.14) is done in analogy its CDM counterpart. The coefficients

Ar(k), Br(k) can be obtained in a similar way as the coefficients P1(k) and P2(k) of δ(2)m (see the complete

expression in Appendix E). Finally, using (5.1.11) and (5.3.9) we can obtain the potential ϕ(2). In fact

we find

ϕ(2)(x, y) =
1

3

[
P1(x)D1(y) + P2(x)D2(y) +

1

2

∫ y

yα

dỹ G(y, ỹ)
dχij

dỹ

dχij
dỹ

]
− 1

6

(
χijχij − χij0 χ0ij

)
, (5.3.16)

in configuration space, where G(y, ỹ) has already been defined in Eq. (5.3.10). Still note that here

χij0 = χij(x, ηin). In Fourier space, ϕ(2) becomes

ϕ(2)(k, y) =
1

3

[
P1(k)D1(y) + P2(k)D2(y) +

1

2

∫ y

yα

dỹ G(y, ỹ)F1(k, ỹ)

]
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− 1

6
(Xk(η)−Xk(ηin)) . (5.3.17)

5.4 Determining the coefficients of the density contrast

The coefficients of the homogeneous parts of the solution P1(x) and P2(x) can be determined by matching

the solutions obtained in section 5.2 and section 5.3. As discussed earlier, the perturbation and its

derivatives must be continuous throughout the evolution, and hence they must be matched at a specific

time ηα, which can be easily linked to the variable yα that marks the beginning of the new phase. This

matching conditions will be of the form

δ
(2)
m(DRe)(k, τα) = δ

(2)
m(Tmesz)(k, yα) , (5.4.1)(

d

dy
δ
(2)
m(DRe)(k, τ)

)∣∣∣∣∣
τα

=

(
d

dy
δ
(2)
m(Tmesz)(k, y)

)∣∣∣∣∣
yα

, (5.4.2)

where τα = kηα. Here we have called with δ(2)m(DRe)(k, τ) the matter perturbation solution during the deep

radiation era, while δ(2)m(Tmesz)(k, y) is the solution obtained by the tensor-induced Meszaros equation.

Following [164], writing the scale factor as a = aeq(ξ
2+2ξ), where ξ = η/η∗, with η∗ being ηeq/(

√
2−1),

in deep radiation era we have ξ ≪ 1 and we can write a(ξ ≪ 1) = 2aeqξ. Thus η can easily be related

to y by the relation η = η∗y/2 and we find τ = kη∗y/2. Then (5.2.19) can be expressed as

δ
(2)
m(DRe)(k, y) = −3η2∗

4
ln

(
kη∗y

2
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3
√
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2
√
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√
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)}∫ y
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√
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√
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+
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√
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×
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√
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)
Sk

(
η∗ ˜̃y

2

)]}
. (5.4.3)

Now we can finally match (5.4.3) with (5.3.9). The condition (5.4.1) can now be written as

− 3η2∗
4

ln

(
kη∗y

2

)∫ y

yin

dỹ ỹ Sk

(
η∗ỹ

2

)
−

{
3
√
3η∗
2k

[
1 + ln

(
kη∗y

2

)]
sin

(
kη∗y

2
√
3

)

− 3η2∗y

4
ln

(
kη∗y

2

)
cos

(
kη∗y

2
√
3

)}∫ y

yin

dỹ cos

(
kη∗ỹ

2
√
3

)
Sk

(
η∗ỹ

2

)

+

{
3
√
3η∗
2k

[
1 + ln

(
kη∗y

2

)]
cos

(
kη∗y

2
√
3

)
+

3η2∗y

4
ln

(
kη∗y

2

)
sin

(
kη∗y

2
√
3

)}
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×
∫ y

yin

dỹ sin

(
kη∗ỹ

2
√
3

)
Sk

(
η∗ỹ

2

)
+

√
3η3∗k

8

∫ y

yin

dỹ

{
ỹ ln

(
kη∗y

2

)

×

[
sin

(
kη∗ỹ

2
√
3

)∫ ỹ

yin

d˜̃y cos

(
kη∗ ˜̃y

2
√
3

)
Sk

(
η∗ ˜̃y

2

)
− cos

(
kη∗ỹ

2
√
3

)

×
∫ ỹ

yin

d˜̃y sin

(
kη∗ ˜̃y

2
√
3

)
Sk

(
η∗ ˜̃y

2

)]}
= P1(k)D1(yα) + P2(k)D2(yα) , (5.4.4)

and (5.4.2) gives

− 3η∗
2kyα

∫ yα

yin

dỹ ỹ Sk

(
η∗ỹ

2

)
−

[
3
√
3

k2yα
sin

kη∗yα

2
√
3

+
3η2∗
4

cos
kη∗yα

2
√
3

− 3η∗
2k

cos
kη∗yα

2
√
3

]∫ yα

yin

dỹ cos
kη∗ỹ

2
√
3
Sk

(
η∗ỹ

2

)

−

[
− 3

√
3

k2yα
cos

kη∗yα

2
√
3

+
3η2∗
4

sin
kη∗yα

2
√
3

− 3η∗
2k

sin
kη∗yα

2
√
3

]∫ y

yin

dỹ sin
kη∗ỹ

2
√
3
Sk

(
η∗ỹ

2

)
= P1(k) + P2(k)

(
− 2(1 + 3yα)

3yα
√
1 + yα

+ ln

√
1 + yα + 1√
1 + yα − 1

)
. (5.4.5)

Multiplying (5.4.5) by D1(yα) and subtracting it from (5.4.4), we have

P2(k) =
9yα

√
1 + yα

2(2 + 3yα)

[
−3η2∗

4
ln
kη∗yα

2

∫ yα

yin

dỹ ỹ Sk

(
η∗ỹ

2

)
−

[
3
√
3η∗
2k

×
(
1 + ln

kη∗yα
2

)
sin

kη∗yα

2
√
3

− 3η2∗yα
4

ln
kη∗yα

2
cos

kη∗yα

2
√
3

] ∫ yα

yin

dỹ cos
kη∗ỹ

2
√
3
Sk

(
η∗ỹ

2

)
−

[
−3

√
3η∗
2k

(
1 + ln

kη∗yα
2

)
cos

kη∗yα

2
√
3

− 3η2∗yα
4

ln
kη∗yα

2
sin

kη∗yα

2
√
3

]

×
∫ yα

yin

dỹ sin
kη∗ỹ

2
√
3
Sk

(
η∗ỹ

2

)
+

√
3η3∗k

8

∫ yα

yin

dỹ ỹ ln
kη∗y

2

×

[
sin

kη∗ỹ

2
√
3

∫ ỹ

yin

d˜̃y cos
kη∗ ˜̃y

2
√
3
Sk

(
η∗ ˜̃y

2

)
− cos

kη∗ỹ

2
√
3

∫ ỹ

yin

d˜̃y sin
kη∗ ˜̃y

2
√
3
Sk

(
η∗ ˜̃y

2

)]

+

(
yα +

2

3

)(
3η∗
2ky

∫ yα

yin

dỹ ỹ Sk

(
η∗ỹ

2

)
+

[
3
√
3

k2yα
sin

kη∗yα

2
√
3

+
3η2∗
4

cos
kη∗yα

2
√
3

− 3η∗
2k

cos
kη∗yα

2
√
3

]∫ yα

yin

dỹ cos
kη∗ỹ

2
√
3
Sk

(
η∗ỹ

2

)

+

[
− 3

√
3

k2yα
cos

kη∗yα

2
√
3

+
3η2∗
4

sin
kη∗yα

2
√
3

− 3η∗
2k

sin
kη∗yα

2
√
3

]∫ y

yin

dỹ sin
kη∗ỹ

2
√
3
Sk

(
η∗ỹ

2

))]
. (5.4.6)

Finally, substituting the above expression in (5.4.5), we get the expression for P1(k)

P1(k) =

{
1 + 3y

(
1−

√
1 + y

2
ln

√
1 + yα + 1√
1 + yα − 1

)}
3

2 + 3y[
−3η2∗

4
ln
kη∗yα

2

∫ yα

yin

dỹ ỹSk

(
η∗ỹ

2

)
−

[
3
√
3η∗
2k

(
1 + ln

kη∗yα
2

)
sin

kη∗yα

2
√
3

−3η2∗yα
4

ln
kη∗yα

2
cos

kη∗yα

2
√
3

] ∫ yα

yin

dỹ cos
kη∗ỹ

2
√
3
Sk

(
η∗ỹ

2

)
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−

[
−3

√
3η∗
2k

(
1 + ln

kη∗yα
2

)
cos

kη∗yα

2
√
3

− 3η2∗yα
4

ln
kη∗yα

2
sin

kη∗yα

2
√
3

]

×
∫ yα

yin

dỹ sin
kη∗ỹ

2
√
3
Sk

(
η∗ỹ

2

)
+

√
3η3∗k

8

∫ yα

yin

dỹ ỹ ln
kη∗y

2

×

[
sin

kη∗ỹ

2
√
3

∫ ỹ

yin

d˜̃y cos
kη∗ ˜̃y

2
√
3
Sk

(
η∗ ˜̃y

2

)
− cos

kη∗ỹ

2
√
3

∫ ỹ

yin

d˜̃y sin
kη∗ ˜̃y

2
√
3
Sk

(
η∗ ˜̃y

2

)]]

+ 3y

(
1−

√
1 + y

2
ln

√
1 + yα + 1√
1 + yα − 1

)[
3η∗
2ky

∫ yα

yin

dỹ ỹSk

(
η∗ỹ

2

)
+

[
3
√
3

k2yα
sin

kη∗yα

2
√
3

+
3η2∗
4

cos
kη∗yα

2
√
3

− 3η∗
2k

cos
kη∗yα

2
√
3

]∫ yα

yin

dỹ cos
kη∗ỹ

2
√
3
Sk

(
η∗ỹ

2

)

+

[
− 3

√
3

k2yα
cos

kη∗yα

2
√
3

+
3η2∗
4

sin
kη∗yα

2
√
3

− 3η∗
2k

sin
kη∗yα

2
√
3

]∫ y

yin

dỹ sin
kη∗ỹ

2
√
3
Sk

(
η∗ỹ

2

)]
. (5.4.7)

The tensor-sourced δ
(2)
m is given by (5.3.9), where the coefficients are shown in (5.4.6) and (5.4.7). In

order to determine yα, we should express δ(2)r , computed in (5.2.14) as well in terms of the variable y.

Indeed, it becomes

δ
(2)
r(DRe)(k, y) =

12

k2y2

∫ y

yin

dỹ ỹ Sk

(
η∗ỹ

2

)
− 2

√
3η∗
k

[
sin

kη∗y

2
√
3
+

2
√
3

kη∗y
cos

kη∗y

2
√
3

]

×
∫ y

yin

dỹ cos
kη∗ỹ

2
√
3
Sk

(
η∗ỹ

2

)
+

2
√
3η∗
k

[
cos

kη∗y

2
√
3
− 2

√
3

kη∗y
sin

kη∗y

2
√
3

]

×
∫ y

yin

dỹ sin
kη∗ỹ

2
√
3
Sk

(
η∗ỹ

2

)
. (5.4.8)

(Here we have called with δ(2)r(DRe)(k, y) the radiation perturbation solution during the deep radiation era.)

Therefore, using the above relation Eq. (5.4.8), taking into account of Eq. (5.4.3) and the condition

derived in Eq. (5.3.7), we can find an expression from which we can implicitly obtain the value of yα
√
3η∗yα
4

ln
kη∗yα

2

∫ yα

yin

dỹ ỹ Sk

(
η∗ỹ

2

)
+

[
3yα
2k

(
1 + ln

kη∗yα
2

)
sin

kη∗yα

2
√
3

−
√
3η∗y

2
α

4
ln
kη∗yα

2
cos

kη∗yα

2
√
3

]∫ yα

yin

dỹ cos
kη∗ỹ

2
√
3
Sk

(
η∗ỹ

2

)

+

[
−3yα

2k

(
1 + ln

kη∗yα
2

)
cos

kη∗yα

2
√
3

−
√
3η∗y

2
α

4
ln
kη∗yα

2
sin

kη∗yα

2
√
3

]

×
∫ yα

yin

dỹ sin
kη∗ỹ

2
√
3
Sk

(
η∗ỹ

2

)
− η2∗kyα

8

∫ yα

yin

dỹ ỹ ln
kη∗y

2

×

[
sin

kη∗ỹ

2
√
3

∫ ỹ

yin

d˜̃y cos
kη∗ ˜̃y

2
√
3
Sk

(
η∗ ˜̃y

2

)
− cos

kη∗ỹ

2
√
3

∫ ỹ

yin

d˜̃y sin
kη∗ ˜̃y

2
√
3
Sk

(
η∗ ˜̃y

2

)]

= − 4
√
3α

η∗k2y2α

∫ yα

yin

dỹ ỹ Sk

(
η∗ỹ

2

)
+

2α

k

[
sin

kη∗yα

2
√
3

+
2
√
3

kη∗yα
cos

kη∗yα

2
√
3

]

×
∫ yα

yin

dỹ cos
kη∗ỹ

2
√
3
Sk

(
η∗ỹ

2

)
− 2α

k

[
cos

kη∗yα

2
√
3

− 2
√
3

kη∗yα
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kη∗yα

2
√
3

]

×
∫ yα

yin

dỹ sin
kη∗ỹ

2
√
3
Sk

(
η∗ỹ

2

)
. (5.4.9)
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As discussed earlier, it is not possible to obtain a precise value of α using our analytical approach alone.

Numerical analysis is required to obtain a more accurate value. Based on our analytical approach, we

know that α should be between 1 and 2. The next section is devoted to the analytical analysis of the

density perturbations produced by gravitational waves entering the Hubble radius during the era of

matter and their evolution in the late phase dominated by dark energy.

5.5 Tensor-sourced CDM and radiation perturbation during
matter and Dark Energy domination

Our approach in this section will extend the one in the previous chapter to all modes, taking into account

both the dark matter and dark energy eras. We will also provide an analytical solution for the radiation

perturbations in the same time period. However, our analysis will only be valid for η ≫ ηeq and for all k

until the present time η0. To ensure that we are in the CDM epoch, we will consider only the Universe

for η ≥ ηrec, where ηrec is the conformal time at recombination. At this point, radiation perturbations

become negligible compared to those of matter, and the Universe is dominated by matter at both the

background and perturbation levels. It is important to note that our analytical approach cannot describe

modes that enter the horizon around matter-radiation equality and for 1/ηrec ≤ k ∼< 1/ηeq. For these

scales, a numerical approach is required. However, we will provide a possible analytic prescription at the

end of this section that may help to solve this matching.

For the scalar modes entering in matter domination [167], as discussed before, we can adopt co-moving,

synchronous, and time-orthogonal gauge. Then, for η ≥ ηrec ≫ ηeq, we can discard the radiation pertur-

bation within the Einstein field Equations. In this case, choosing co-moving observers, the deformation

tensor is purely spatial and coincides with the extrinsic curvature of constant-time spatial hyper-surfaces,

i.e. θij = −Ki
j = γikγ′kj/2. (Here the prime denotes the differentiation w.r.t. conformal time.) In this

case, let us consider the continuity and Raychaudhury equation [102, 168, 169]

θ(2)
′
+Hθ(2) + 2θ

(1)i
j θ

(1)j
i + 4πGa2ρ̄mδ

(2)
m = 0 , (5.5.1)

δ(2)m

′
+ 2δ(1)m θ(1) + θ(2) = 0 , (5.5.2)

where θ is the trace of θij and represents the inhomogeneous part of the volume expansion. Taking

into account that the additive term 2δ
(1)
m θ(1) can be discarded because it is independent of the tensor

contribution, we can combine these equations to obtain the evolution equation of δ(2)m

δ(2)m

′′
+Hδ(2)m

′
− 4πGa2ρ̄mδ

(2)
m =

1

2
χij

′
χij

′ . (5.5.3)

Now, let us consider the usual relation

a2ρ̄m =
3

8πG
H2Ωm =

3

8πG

H2
0Ωm0

a
,
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where the cosmological parameter is defined as Ωm = 8πGρ̄ma
2/3H2 and Ωm0 = 8πGρ̄m0/3H2

0 = Ωm(η =

η0) (here we have normalised the scale factor today as a0 = a(η0) = 1), and the usual background

equations (that we set for η ≥ ηrec)

H2 =
H0

2Ωm0

a

(
1 +R0a

3
)

and H′ = H2

(
1− 3

2
Ωm

)
,

where R0 = ΩΛ0/Ωm0 = (1−Ωm0)/Ωm0 . Then Eq. (5.5.3), in terms of the variable ι = R
1/3
0 a, becomes

ι2
(
1 + ι3

) d2δ(2)m

dι2
+

3

2
ι
(
1 + 2ι3

) dδ(2)m

dι
− 3

2
δ(2)m = Sm , (5.5.4)

where we have defined the source term in the following way

Sm(ι) =
ι2(1 + ι3)

2

dχij

dι

dχij
dι

,

and the following variable transformation rules have been used

d

dη
= H0R

1/6
0

√
Ωm0ι(1 + ι3)

d

dι
, (5.5.5)

d2

dη2
= H2

0R
1/3
0 Ωm0

(
1 + 4ι3

2

d

dι
+ ι(1 + ι3)

d2

dι2

)
. (5.5.6)

The meaning of ι can be easily related to the normalized scale factor at ηΛ which is the conformal time

when Ωm = ΩΛ, i.e. ι(η) = a(η)/a(ηΛ) [164]. The general solution in Fourier space is

δ(2)m (k, ι) = D−(ι)C−(k) +D+(ι)C+(k) +

∫ ι

ιrec

dι̃Gm(ι, ι̃)Sm(ι̃, η̃,k) , (5.5.7)

where η̃ = η(ι̃), ιrec = ι(ηrec) and the source term is the Fourier transform of Sm(ι), i.e.

Sm(k, ι̃, η̃) =
ι̃2(1 + ι̃3)

2
F2(k, ι̃) , (5.5.8)

where the functional form of F2 is defined as the Fourier transform of dχij/dι dχij/dι, i.e.

F2(k, ι) =
∑
σ,σ′

∫
d3q

(2π)3
Aσ′(q)Aσ (k − q)

× ϵσ
′

ij (q̂)ϵ
σij
(
k̂ − q

) dT (q, ι)

dι

dT (|k − q|, ι)
dι

. (5.5.9)

Obviously, we connect F2 with Sk (see Eq. (5.2.8))

F2(k, ι) = − 6

H2
0R

1/3
0 Ωm0ι

Sk

(1 + ι3)
(5.5.10)

and, therefore, we have

Sm(k, ι̃, η̃) = − 3

H2
0R

1/3
0 Ωm0

ιSk . (5.5.11)

Here, D− and D+ are [164]

D−(ι) =
√
1 + ι−3 , (5.5.12)
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D+(ι) = D−(ι)

∫ ι

0

dι̃

(
ι̃

1 + ι̃3

)3/2

, (5.5.13)

and, consequently, the Green’s function is defined as

Gm(ι, ι̃) = (1 + ι̃3)
√
1 + ι−3

(∫ ι

0

dι̃

(
ι̃

1 + ι̃3

)3/2

−
∫ ι̃

0

d˜̃ι

(
˜̃ι

1 + ˜̃ι3

)3/2
)
. (5.5.14)

Here, for D+, we have followed the conventions used in [164]. Consequently the integrals in Gm start at

ι = 0.

Eq. (5.5.9) shows that the source term F2(ι,k) (and, correspondingly, Sk(ι, η)), containing two T ’s,

cannot be evaluated using the analytical expressions provided in Eq. (2.3.5) [68]. This is because

these expressions do not take into account the contribution of the cosmological constant/Dark Energy,

which becomes significant at late times, leading to an acceleration in the expansion of the Universe.

Consequently, a new definition of T is required, which is not analytical, and accounts for this acceleration

in order to accurately describe the behavior of χij for modes k such that 1/η0 ≥ k ≥ 1/ηΛ.

Now, as also pointed out in [167], for k ≤ 1/ηrec < keq, we are focusing on density contrast for waves

entering the horizon during matter and dark energy domination. In this case we will not consider the

homogeneous solutions. Instead for k > keq we need to keep all the terms in Eq. (5.5.7). For these

modes we need a matching conditions at η = ηrec between the general solution Eq. (5.5.7) and the one

that we obtain in Section 5.3, i.e. Eq. (5.3.9) (e.g., see the light-green area for η ≥ ηrec in Fig. 5.1).

Moreover, for this match, if η → η+rec, ι ≪ 1. In this limit, we can discard the inhomogeneous solution

and Eq. (5.5.7) reads [164]

δ(2)m (ι→ ι+rec,k) = ι−3/2 C−(k) +
2

5
ι C+(k) . (5.5.15)

Now, using the definition of ι = R
1/3
0 a and y = a/aeq, Eq. (5.5.15) can be written in the following way

δ(2)m (y → y+rec,k) =
(
a3eqR0

)−1/2
y−3/2 C−(k) +

2

5
aeqR

1/3
0 y C+(k) . (5.5.16)

Now we can impose the following matching conditions

δ
(2)
m(Tmesz)(k, y → y−rec)

∣∣
yrec

= δ(2)m (k, y → y+rec)
∣∣
yrec

, (5.5.17)(
d

dy
δ
(2)
m(Tmesz)(k, y → y−rec)

)∣∣∣∣∣
yrec

=

(
d

dy
δ(2)m (k, y → y+rec)

)∣∣∣∣∣
yrec

, (5.5.18)

which allow to get C− and C+. Here δ(2)m(Tmesz)(k, y → y−rec) is exactly Eq. (5.3.11) at y → y−rec. The

matching conditions Eqs. (5.5.17) and (5.5.18) give us

P1(k)D1(yrec) + P2(k)D2(yrec) +
1

2

∫ yrec

yα

dỹ G(y, ỹ)F1(ỹ,k)

=
(
a3eqR0

)−1/2
yrec

−3/2 C−(k) +
2

5
aeqR

1/3
0 yrec C+(k) , (5.5.19)
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and

P1(k) + P2(k)

(
− 2(1 + 3yrec)

3yrec
√
1 + yrec

+ ln

√
1 + yrec + 1√
1 + yrec − 1

)
= −3

2

(
a3eqR0

)−1/2
yrec

−5/2 C−(k) +
2

5
aeqR

1/3
0 C+(k) (5.5.20)

respectively. Multiplying Eq. (5.5.20) with yrec and subtracting it from Eq. (5.5.19), we obtain

C−(k) =
4

15

(
a3eqy

3
eqR0

)1/2 [
P1(k) + P2(k)

(
− 2√

1 + yrec
+ ln

√
1 + yrec + 1√
1 + yrec − 1

)
+
3

4

∫ yrec

yα

dỹ G(y, ỹ)F1(ỹ,k)

]
. (5.5.21)

Similarly, multiplying Eq. (5.5.19) with 3/(2yrec) and adding it to Eq. (5.5.20), we have

C+(k) =
1

aeqR
1/3
0

[(
5

2
+

1

yrec

)(
P1(k) + P2(k) ln

√
1 + yrec + 1√
1 + yrec − 1

)
−P2(k)

3

11 + 15yrec
yrec

√
1 + yrec

+
3

4yrec

∫ yrec

yα

dỹ G(y, ỹ)F1(ỹ,k)

]
, (5.5.22)

where P1(k), P2(k) are given by Eq. (5.4.7) and Eq. (5.4.6) respectively. The form of D1(y), D2(y) is

shown in Section 5.3.

Let us now turn our attention to the radiation contribution arising from the primordial GWs that

enter the horizon during late times. Although radiation is not dominant at both the background and

perturbation levels for η ≳ ηrec, and can be discarded in the perturbed Einstein field equations, it can

still have an impact on the CMB. In order to obtain an expression for the radiation density perturbation,

we can make use of equations (5.1.11), (5.1.14), and (5.1.15), which remain valid in this regime.

Now, inserting (5.1.11) into (5.1.14), we have

δ(2)r

′
+

4

3
∇2v(2)r =

4

3
δ(2)m

′
. (5.5.23)

Differentiating the above equation w.r.t. time, and using (5.1.15), we obtain

δ
(2)
rk

′′
+
k2

3
δ
(2)
rk =

4

3
δ
(2)
mk

′′
, (5.5.24)

which gives us an expression for δ(2)r

δ
(2)
rk (η) = ArMD(k) cos

kη√
3
+BrMD(k) sin

kη√
3

+

√
3

k

∫ η

ηrec

dη̃

(
sin

kη√
3
cos

kη̃√
3
− cos

kη√
3
sin

kη̃√
3

)
SkMD(η̃) , (5.5.25)

where the source term SkMD can be obtained by differentiating Eq. (5.5.7) twice. Note that here η = η(ι),

the exact functional form can be obtained by solving the Friedmann equations. Just as discussed in the

case of δ(2)m , the solution can be divided for two separate range of scales. Firstly, for k ≤ 1/ηrec < keq,

we can ignore the homogeneous solution, and δ
(2)
rk is

δ
(2)
rk (ι) =

√
3

k

∫ ι

ιrec

dι̃

(
sin

kη(ι)√
3

cos
kη̃(ι̃)√

3
− cos

kη(ι)√
3

sin
kη̃(ι̃)√

3

)
SkMD(ι̃) . (5.5.26)
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SkMD can be written in terms of ι, using rule (5.5.5), as

SkMD =
4

3
δ
(2)
mk

′′

=
4

3
H2

0R
1/3
0 Ωm0

(
1 + 4ι3

2

d

dι
+ ι(1 + ι3)

d2

dι2

)
δ
(2)
mk

=
4

3
H2

0R
1/3
0 Ωm0

[
3ι−5/2

√
1 + ι3

∫ ι

ιrec

(1 + ι̃3)Sm(ι̃,k)

×

[∫ ι

0

dι̃

(
ι̃

1 + ι̃3

)3/2

−
∫ ι̃

0

d˜̃ι

(
˜̃ι

1 + ˜̃ι3

)3/2

− ι5/2

3
√
1 + ι3

]
+ ι(1 + ι3)Sm(ι,k)

]
, (5.5.27)

where Eq. (5.5.7) has been used, without the homogeneous part. In the second range of scales (k > keq)

instead, the whole Eq. (5.5.7) should be used to get SkMD

SkMD(ι) = 4H2
0R

1/3
0 Ωm0

[
ι−5/2

√
1 + ι3

(∫ ι

ιrec

(1 + ι̃3)Sm(ι̃,k)

×

[∫ ι

0

dι̃

(
ι̃

1 + ι̃3

)3/2

−
∫ ι̃

0

d˜̃ι

(
˜̃ι

1 + ˜̃ι3

)3/2

− ι5/2

3
√
1 + ι3

]

+

[
C−(k) + C+(k)

∫ ι

0

dι̃

(
ι̃

1 + ι̃3

)3/2
])

+
ι(1 + ι3)Sm(ι,k)

3
− C+(k)

3(1 + ι3)
(1 + 3ι3)

]
. (5.5.28)

For the initial conditions ArMD(k), BrMD(k), we have to connect Eq. (5.5.25) with eq (5.3.14) at η = ηrec.

For η → η−rec, remembering the argument before Eq. (5.4.3), we can write y = ξ2 = (η/η⋆)
2, as ξ ≫ 1.

So Eq. (5.3.14) reads

δ
(2)
r(Tmesz)(k, η) = Ar(k) cos

2

√
2

3

k

keq
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(
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2
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sin(2√2

3

k
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2
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)2
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− cos
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√
1 +

(
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η⋆

)2
 . (5.5.29)

Applying following matching conditions

δ
(2)
r(Tmesz)(k, η → η−rec)

∣∣
ηrec

= δ(2)r (k, η → η+rec)
∣∣
ηrec

, (5.5.30)(
d

dη
δ
(2)
r(Tmesz)(k, η → η−rec)

)∣∣∣∣∣
ηrec

=

(
d

dη
δ(2)r (k, η → η+rec)

)∣∣∣∣∣
ηrec

, (5.5.31)

where the rhs is the solution Eq. (5.5.25), we get, respectively,
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= ArMD(k) cos
kηrec√

3
+BrMD(k) sin

kηrec√
3
, (5.5.32)

and
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. (5.5.33)

Multiplying Eq. (5.5.32) with sin(kηrec/
√
3), Eq. (5.5.33) with cos(kηrec/

√
3), and adding them, we get
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Multiplying Eq. (5.5.32) with cos (kηrec/
√
3), Eq. (5.5.33) with sin (kηrec/

√
3), and subtracting the

latter from the former, we get
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As mentioned earlier, in the analytical analysis discussed in this work, the solutions for 1/ηrec < k < keq

are missing (e.g., see the gray area Fig. 5.1). One possible way we can overcome this problem could be

the following prescription. Let us define the general solutions, both for matter and radiation, in this way

δ
(2)
A (η ≥ ηrec,k) =

[
δ
(2)
Ak(k < 1/ηrec, η ≥ ηrec) + (k/keq)

nA δ
(2)
Ak(k > keq, η ≥ ηrec)

]
1 + (k/keq)

nA
, (5.5.36)

with A = {m, r} and nA > 0 (e.g. nA ≃ 2). Here, clearly, k < 1/ηrec indicates the solutions obtained

above which do not contain the homogeneous solutions and for k > keq we are considering solutions in

which the modes entered the horizon before equality. This guess has to be tested numerically.
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5.6 Summary

This chapter explores the tensor-induced scalar modes produced by GWs from inflation introduced in

the previous one, and examines this mechanism for matter and radiation density perturbations during

all the epochs of the evolution. We first extend the treatment to smaller scales, which enter the horizon

during a radiation-dominated period when two matter components contribute to the energy density

of the Universe, and compute radiation-density perturbations produced by these tensor-induced scalar

modes.

We start by showing that metric perturbations can be safely implemented in the synchronous gauge

from the very beginning using a perturbative expansion up to the second order in which the source

term consists only of linear tensor perturbations. Then, we shift our focus to the radiation period,

which is split into two phases based on the relative importance of background and perturbed quantities

of the components. The first phase, known as the epoch of deep radiation, begins after the end of

inflation when radiation dominates both the background and perturbation sectors. During this period,

we calculate the radiation and matter perturbation solutions sourced by primordial GWs. We observe

that the matter perturbation grows faster than the radiation one, leading to a subsequent second phase in

which the matter perturbation overcomes the radiation perturbation and becomes the main contributor

to Einsteins field equations.

The study presents a full solution of tensor-induced density contrast in the radiation domination, which

was not explored in previous papers [81, 160]. In the second phase, we derive a Meszaros’ like equation

with a source term quadratic in GWs, focusing on the subhorizon regime since the effect is non-existent

on the superhorizon. To obtain initial conditions for the second phase, we match the solutions from the

two phases at the junction, ignoring the initial conditions for the first phase since the effect is suppressed

by the fact that all these modes enter within the horizon scale only during the radiation epoch. We

derive the full solution of the tensor-sourced scalar modes entering the horizon starting from the end of

inflation to matter epoch for modes k > keq.

Finally, we extend the analysis of previous studies [167], computing the tensor contribution to matter

and radiation perturbations at late times, i.e., from ηeq ≪ ηrec ≤ η ≤ η0, both for k < 1/ηrec and

k > keq, where η0 is the conformal time today and ηrec is at the recombination epoch.





Chapter 6

Gravitational Waves Induced by
Scalar-tensor Mixing

In the preceding two chapters, we were able to derive the matter density contrast from the fluctuation of

the GWs radiation. In this chapter, we will discuss the second-order GWs. While the general expectation

is that SIGWs dominate the secondary GWs signal, the product of scalar-tensor and tensor-tensor also

source GWs at second order. It is thus important to systematically study the physics of these additional

GWs signals and investigate their distinct signatures and any chance at detecting them. In this paper,

we focus on GWs induced by interactions between scalar and tensor perturbations in the radiation-

dominated Universe, by treating such scalar-tensor interactions as a source to GWs in the early Universe.

A curious difference with the scalar-scalar induced GWs is that scalar-tensor induced GWs are purely a

geometrical effect, namely that no matter fields appear directly as a source. In fact, the same scalar-tensor

interactions are responsible for lensing of GWs. Thus, understanding these interactions in cosmology

might be important for a general description of cosmic GWs propagating through an inhomogenous

Friedmann-Lemaître-Robertson-Walker (FLRW) Universe.

Scalar-tensor induced GWs have been explored before in Refs. [170, 171]. In particular, Ref. [171] pointed

out that, for Dirac delta primordial scalar and tensor spectra, scalar-tensor induced GWs may dominate

the high-frequency regime of the total induced GWs. However, there is no general answer regarding

the detectability of this signal compared to scalar-induced GWs. While GWs induced by scalar-tensor

interactions are novel and intriguing in its own right, it is important to address this latter point. In

our analysis, we assume that scalar perturbations are more pronounced on small scales than tensor

perturbations, thus neglecting tensor-tensor interactions, which can be found in [170, 171]. Under the

condition AT < AS , we investigate whether the scalar-tensor contribution to GWs can be distinguished

from scalar-induced GWs. The content of this chapter is based on the paper [172].

85
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6.1 Evolution equation of GWs induced by scalar-tensor inter-
actions in an RD regime

We consider a flat FLRW space-time, which is described by the metric: ds2 = −dt2 + a2(t)dx2, where

t is the co-ordinate time, and a(t), the scale factor. As before, c = } = 1 is assumed. We choose RD

era, as we intend to subsequently compare these GWs with the SIGWs, which are primarily discussed

in the same era due to their connection to the PBHs. We begin by defining our metric convention in a

perturbed FLRW Universe, containing scalar, vector, and tensor perturbations according to Chapter 3.

In ADM formalism we have

ds2 = −N2dt2 + γijdx
idxj , (6.1.1)

where N = eΦ is the lapse function, and γij = a2e−2Ψhij = a2e−2Ψeγ̃ij is the metric for three dimensional

hypersurface of constant t. The scalar perturbation sector contains linear Φ and Ψ, and γ̃ij signifies the

transverse vector and tensor perturbations.

Proceeding according to the same approach we took in Chapter 3, we arrive up to the trace-less part of

the ij-th equation, i.e. Eq. (3.2.6). As we have all the components, we take only scalar-tensor(or vector)

terms on the right hand side, and we have

¨̃γik − Φ̇eΦ ˙̃γik + 3(H − Ψ̇) ˙̃γik −
e2(Φ+Ψ)

a2
∇2γ̃ik = 2

e2(Φ+Ψ)

a2

[
Φ,i,k +Φ,iΦ,k −Ψ,iΨ,k −Ψ,i,k

+Φ,iΨ,k +Ψ,iΦ,k −
2

3
Φ,lΨ,lδ

i
k −

1

3
Φ,lΦ,lδ

i
k +

1

3
Ψ,lΨ,lδ

i
k

]
+ S , (6.1.2)

where S contains scalar-tensor mixed terms like ∼ Φ(γ̃ij), and contribution from the matter component

of the Universe, Sik

S = 2
e2(Φ+Ψ)

a2

[
−γ̃ij(Φ−Ψ),jk +

1

3
γ̃lm(Φ−Ψ),lm δ

i
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1

2
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1

2
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−1

2
γ̃m,ik (Φ−Ψ),m +

1

3
γ̃lm,l (Φ−Ψ),mδ

i
k − γ̃ijΨ,kΦ,j − γ̃ijΦ,kΨ,j − γ̃ijΦ,kΦ,j

1

3
γ̃lmΦ,l(Φ + 2Ψ),mδ

i
k + γ̃ijΨ,kΨ,j −

1

3
γ̃lmΨ,lΨ,mδ

i
k −

1

2
γ̃m,ik,m − 1

2
γ̃im,km +

1

3
γ̃lm,lmδ

i
k

]
+ 16πGe2ΦS

i

k . (6.1.3)

We now proceed to make a number of assumptions which will help us extract the induced gravitational

waves only from the interaction of linear scalar and tensor modes.

• γ̃im,m = 0, i.e. we will ignore the linear vector perturbations.

• Φ = Ψ, i.e. we will ignore the anisotropic stress.

• γ̃im ×O(Φ2(Ψ2)) = 0, i.e. higher order contributions will be ignored.
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• S
i

k = 0, i.e. matter contribution is ignored.

Hence, taking only scalar-tensor terms as the source, and linearizing the exponential term, the evolution

equation for the induced waves Eq. (6.1.2) becomes

¨̃γik + 3H ˙̃γik −
1

a2
∇2γ̃ik =

4Φ

a2
∇2γ̃ik + 4Φ̇ ˙̃γik . (6.1.4)

In Fourier space Eq. (6.1.4) becomes

¨̃γk + 3H ˙̃γk +
k2

a2
γ̃k = − 2

a2

∫
d3k1
(2π)3

Φk−k1
k21 γ̃

i
k(k1, t)ϵ

k
i (k̂) + 2

∫
d3k1
(2π)3

Φ̇k−k1
˙̃γik(k1, t)ϵ

k
i (k̂) . (6.1.5)

for each polarization of the induced GWs, and γ̃ik(k1, t) = γ̃k1(σ)(t)ϵ
(σ)i
k (k̂1). Moving to conformal time

η, we have

γ̃′′k + 2Hγ̃′k + k2γ̃k = −2

∫
d3k1
(2π)3

ϵki (k̂)
[
Φk−k1

k21 γ̃
i
k(k1, η)− Φ′

k−k1
γ̃i

′

k (k1, η)
]
. (6.1.6)

In the last two terms, we will feed the solution for the zero-th order equation

γ̃′′0k + 2Hγ̃′0k + k2γ̃0k = 0 , (6.1.7)

which gives, in RD era

γ̃0k(η) = γ̃k(0)Tγ̃(kη) = γ̃k(0)

√
π

2kη
J1/2(kη) , (6.1.8)

which decomposes γ̃0k(η) into its primordial value and the transfer function. Likewise, Φk−k1
(η) can be

decomposed as

Φk−k1
(η) = Φk−k1

(0)TΦ(|k − k1|η) = Φp(0) 2
3
2 Γ(5/2)

(
pη√
3

)− 3
2

J3/2

(
pη√
3

)
, (6.1.9)

where k − k1 = p. The evolution equation of induced GWs, Eq. (6.1.6), then becomes

γ̃′′k + 2Hγ̃′k + k2γ̃k = −2

∫
d3k1
(2π)3

Φk−k1(0)γ̃
(σ)
k1

(0)ϵ
(σ)i
k (k̂1)ϵ

k
i (k̂)

×
[
k21Tγ̃(k1η)TΦ(|k − k1|η)− T ′

γ̃(k1η)T
′
Φ(|k − k1|η)

]
. (6.1.10)

Applying Green’s method, the solution to Eq. (6.1.10) is

γ̃k(η) = γ̃k(0)j0(kη) +

∫ η

0

dη̃ Sst(k, η)G(η, η̃), (6.1.11)

where Sst(k, η) is the right hand side of Eq. (6.1.10), and G(η, η̃) is the Green’s function of the same

equation, given by Eq. (3.2.16). The second term refers to the modulated GWs.

6.2 Power-spectrum and kernel function

6.2.1 For non-chiral primordial gravitational waves

Keeping in mind Eq. (3.3.1) for the dimension-less power-spectrum of the correction γ̃1(k), we have

∆2
γ̃1(k) =

k3

π

∫
d3k1

∆2
Φ(|k − k1|)∆(σ)2

γ̃0
(k1)

k31|k − k1|3
ϵ
(σ)i
k (k̂1)ϵ

(λ)k
i (k̂)ϵ(σ)mn (−k̂1)ϵ

(λ)n
m (−k̂)
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×
(∫ η

0

dη̃ G(η, η̃)
[
k21Tγ̃(k1η̃)TΦ(|k − k1|η̃)− T ′

γ̃(k1η̃)T
′
Φ(|k − k1|η̃)

])2

, (6.2.1)

where we have dropped the superscript λ as there is no parity violation after inflation as per our as-

sumption in this sub-section, and used the definition of the two-point function of Φ and γ̃
(σ)
k

⟨Φk−k1
(0)Φk′−k′

1
(0)⟩ = (2π)3δ3(k − k1 + k′ − k′

1)
2π2

|k − k1|3
∆2

Φ(|k − k1|) , (6.2.2)

⟨γ̃(σ)k1
(0)γ̃

(σ′)
k′
1

(0))⟩ = (2π)3δ3(k1 + k′
1)δσσ′

2π2

k31
∆

(σ)2
γ̃0

(k) . (6.2.3)

As usual, we work with the variables v = k1/k, u = |k − k1|/k, and use the dimensionless time variable

x = kη. As we assume a non-chiral graviational wave at the earlier times, i.e. ∆
(σ)2
γ̃0

(k) = ∆2
γ̃0
(k)/2, Eq.

(6.2.1) reads

∆2
γ̃1(k) =

∫∫
(uv)−2 du dv∆2

Φ(uk)
∆2
γ̃0
(vk)

2

[
(1 + v2 − u2)2

v2
+
(
1 +

(1 + v2 − u2

2v

)2)2]
×
(∫ x

0

k dx̃G(x, x̃)
[
v2Tγ̃(vx̃)TΦ(ux̃)− Ṫγ̃(vx̃)ṪΦ(ux̃)

])2

, (6.2.4)

for each polarisation of γ̃1(k), dot here means derivative w.r.t. x. Accounting for both polarisations of

γ̃1(k), we have

∆2
γ̃1(k) =

∫ ∞

0

dv

∫ v+1

|v−1|
du (uv)−2 ∆2

Φ(uk)∆
2
γ̃0(vk)

[
(1 + v2 − u2)2

v2
+
(
1 +

(1 + v2 − u2

2v

)2)2]
×
(∫ x

0

k dx̃G(x, x̃)
[
v2Tγ̃(vx̃)TΦ(ux̃)− Ṫγ̃(vx̃)ṪΦ(ux̃)

])2

, (6.2.5)

where the Green’s function becomes

G(x, x̃) =
π

2k
x̃

√
x̃

x

(
J1/2(x̃)Y1/2(x)− J1/2(x)Y1/2(x̃)

)
. (6.2.6)

It is worth noting that in the subsequent analysis, we consider the upper limit of the time integral in

Eq. (6.2.5) to be formally infinite. This is justified by the fact that the gravitational wave frequencies of

interest enter the horizon well within the radiation-dominated epoch, satisfying the condition kηeq ≫ 1,

where ηeq represents the time of radiation-matter equality. As a result, the contribution from large values

of the conformal time becomes negligible. Taking the upper limit to be ∞, the kernel in Eq. (6.2.5)

turns out to be

I =

∫ ∞

0

k dx̃G(x, x̃)
[
v2Tγ̃(vx̃)TΦ(ux̃)− Ṫγ̃(vx̃)ṪΦ(ux̃)

]
,

=
π

4

v

u/
√
3

1

x

{
− cosx

(
1− P 0

2 (cosm)
)
Θ

(
v +

u√
3
− 1

)
Θ

(
1−

∣∣∣∣v − u√
3

∣∣∣∣)
− 2

π
sinx

[
(Q0

0(coshn)−Q0
2(coshn))Θ

(
1− v − u√

3

)
−(Q0

0(cosm)−Q0
2(cosm))Θ

(
v +

u√
3
− 1

)
Θ

(
1−

∣∣∣∣v − u√
3

∣∣∣∣)]
}
, (6.2.7)
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Figure 6.1: Left: Properly normalised density parameter for monochromatic scalar and non-chiral ten-
sors, having same k∗. Right: Same as the left, with different peak locations. Blue and Green curves
have coincided. The two dips in the right one comes from the first Heaviside theta: 0.3 < k∗/kT∗ < 1.7
for the bottom-most curve. As can be seen, different peaks contribution is for a small range due to two
thetas.

where 2uv/
√
3 cosm = v2+u2/3− 1 and 2uv/

√
3 coshn = 1− v2−u2/3, and P lm, Qlm are the associated

Legendre polynomials of the first and second kind. It gives the oscillation average of the kernel squared

(cosm = s = − coshn)

⟨I2⟩ = 9

27x2

(
v

u/
√
3

)2 [
π2(1− s2)2Θ(1− |s|) +

(
2s+ (1− s2) log

∣∣∣∣1 + s

1− s

∣∣∣∣ )2] . (6.2.8)

The final expression for the oscillation averaged power-spectrum of the induced gravitational waves from

the scalar-tensor interactions is

⟨∆2
γ̃1(k)⟩ =

∫ ∞

0

dv

∫ v+1

|v−1|
du (uv)−2 ∆2

Φ(uk)∆
2
γ̃0(vk)

[
(1 + v2 − u2)2

v2
+
(
1 +

(1 + v2 − u2

2v

)2)2]
⟨I2⟩ ,

(6.2.9)

with ⟨I2⟩ given by Eq. (6.2.8). Let us examine the infrared (k → 0) behavior of the kernel. In this limit,

u ∼ v ∼ 1/k ≫ 1. Hence, s takes the value

s =
2√
3
. (6.2.10)

In contrast, SIGWs exhibit a different behavior, as s approaches 1 in this limit (see Chapter 3). In that

scenario, a logarithmic divergence arises, which is not observed in scalar-tensor-induced GWs due to the

fact that s never reaches the value of 1 in IR. This logarithmic running has been regarded as a distinctive

characteristic of SIGWs, setting them apart from primordial GWs in the infrared (IR) region. Notably,

our findings demonstrate that such a feature is absent in our case.

In the opposite limit (k → ∞), i.e. the UV one, v → 1 and u → 0, which corresponds to the large

wavelength limit for the scalars, we observe that the variable s approaches u. As a result, the kernel

exhibits the behavior

⟨I2⟩ ∼ 1

u2
. (6.2.11)
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Figure 6.2: Left: Comparison of the gravitational wave density parameter (properly normalised) induced
by monochromatic scalar and non-chiral tensors (blue), and monochromatic scalars only (red) having
same peak location. Right: Same as the left panel, with the induced right- and left-handed chiral GWs
added for comparison, when primordial GWs are right-handed. NC signifies non-chiral.

Consequently, the integral in Eq. (6.2.9) becomes proportional to 1/u4. On the other hand, if we take

v → 1 and u→ 0, then we have s→ 1/v, which does not lead to any divergence.

In Eq. (6.2.8), another notable feature occurs when s = ±1. In the case of SIGWs, this scenario can

lead to a logarithmic resonance. However, in our case, the presence of the term (1 − s2) prevents such

resonance from occurring. In fact, for s = ±1, or v = ±(1− u/
√
3), we have

⟨I2⟩ = 9

25

(
1− 1

u/
√
3

)2

. (6.2.12)

This diverges in the u→ 0 limit.

Now, we proceed to demonstrate the effect using a specific choice of input scalar and tensor perturbations:

peaked sources. We do so for simplicity and because enhancements of primordial scalar and tensor

fluctuations during inflation often lead to peaked primordial spectra [80, 148, 151, 173]. We first consider

monochromatic primordial spectra and later discuss the effects of a finite width. The fraction of the

GWs energy density per logarithmic wavelength is given by Eq. (3.3.11). To evaluate the amplitude of

the GWs spectral density today, we use [119]

Ωind
GW, 0h

2 = 1.62× 10−5

(
Ωrad, 0h

2

4.18× 10−5

)(
gρ(Tc)

106.75

)(
gs(Tc)

106.75

)−4/3

Ωind
GW, c , (6.2.13)

where Ωrad, 0h
2 = 4.18 × 10−5 is the density fraction of radiation today [5], and gρ(Tc) and gs(Tc) are

the effective degrees of freedom in the energy density and entropy evaluated. The subscript ‘c’ denotes

evaluation at a time where GWs are deep inside the horizon so that they behave as radiation.

6.2.1.1 Monochromatic primordial spectra

For both scalar and tensor primordial power-spectrum, we take a Dirac delta source located at kP/T∗

∆2
Φ(uk) = AΦ δ

(
ln

uk

kP∗

)
, (6.2.14)
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Figure 6.3: Left: Properly normalised total spectral density for induced GWs from monochromatic scalar
and chiral GWs mixing. Right: Properly normalised density parameter of right- and left-handed induced
GWs from right-handed primordial tensors. Both panels show cases with same peak location.

∆2
γ̃0(vk) = Aγ̃0δ

(
ln

vk

kT∗

)
. (6.2.15)

This kind of peaked scalar sources can be relevant for primordial black hole formation [174–176].

For same peak location (kP∗ = kT∗ = k∗), we have, from Eq. (6.2.9)

⟨∆2
γ̃1(k)⟩ = AΦAγ̃0

(
k

k∗

)2 [
1 +

k4

16k4∗
+

3k2

2k2∗

]
⟨I2⟩u=v=k∗/k Θ(2k∗ − k) . (6.2.16)

The left panel of Fig. 6.1 shows the GWs energy density for this case. The appearance of the Heaviside

theta function is explained in Chapter 3.

For different peak locations,

⟨∆2
γ̃1(k)⟩ = AΦAγ̃0

k2

kP∗kT∗

[
(k2 + k2T∗ − k2P∗)

2

k2k2T∗
+

(4k2k2T∗ + (k2 + k2T∗ − k2P∗)
2)2

16k4k4T∗

]
× ⟨I2⟩v=kT∗/k,u=kP∗/k Θ(kP∗ − |kT∗ − k|)Θ(kT∗ + k − kP∗) . (6.2.17)

Naturally, the range of wave-number of the induced waves increases with a decreasing separation of the

two different peaks, which can be seen from the two Heaviside thetas, and the right panel of Fig. 6.1.

The right panel of Fig. 6.1 and the left panel of Fig. 6.5 exhibit an enhancement in the induced GWs

between the two dips that are determined by the first Heaviside theta function in Eq. (6.2.17), even

though the scalar and tensor source peaks are located at different positions. This enhancement arises

due to the infrared divergence described in the previous section. We have been able to obtain a solution

in case of monochromatic primordial perturbations only because in this case the momenta acquire a

single value. For other shapes of source primordial spectra, the integral should be regularised.
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Figure 6.4: Left: Properly normalised total spectral density for induced GWs from log-normal scalar and
non-chiral GWs mixing. SIGWs and Dirac delta-induced GWs are also presented for comparison. Right:
The same for right- and left-handed induced GWs from right-handed primordial tensors. They are both
normalised with AΦ/γ̃0 = 1.

6.2.1.2 Log-normal primordial spectra

Now, we consider a more realistic version of a Dirac delta peak, which is a peak with a finite width.

This peak is located at the same position k∗ for both scalar and tensor perturbations, a choice made for

simplicity

∆2
Φ/γ̃0

(k) =
AΦ/γ̃0√
2πσ

exp

(
− 1

2σ2
ln2

k

k∗

)
, (6.2.18)

where we have also chosen the same width for both kind of perturbations, but extending to different

widths is straightforward. Interestingly, we find that the amplitude of the scalar-tensor induced GWs

spectrum is not very sensitive to the width of the primordial spectra. The spectral shape of course

changes: it broadens for broader peaks. For the log-normal primordial spectra, we compute the scalar-

tensor induced GWs numerically, and present our findings in Fig. 6.4. From the left panel, we can see

that as one gets closer to the peak, all lines are similar to the Dirac delta case. Also, note that for a

finite width primordial spectra, there is no sharp cut-offs in the scalar-tensor induced GWs, as expected.

In both panels of Fig. 6.2, it is evident that there exists only a limited range of scales (approximately

k/k∗ ∈ [1.34, 2]), where the scalar-induced GWs do not surpass the scalar-modulated ones. This trend

is also seen in Fig. 6.4. Detecting the modulated waves amidst the dominance of the former requires

an identifying characteristic that can distinguish our effect. As observed in this section, non-chiral

primordial waves lack such a property. However, when scalar modulation affects chiral primordial GWs,

a disparity in the energy density between left and right circularly polarized waves becomes apparent.

This distinction offers a potential avenue for detecting and studying the modulated waves.
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6.2.2 For chiral primordial gravitational waves

To extend the assumptions beyond a non-chiral primordial GWs background, we can consider scenarios

where the initial GWs are chiral. To accomplish this, we use left and right-handed polarisation tensors

that are normalized by ϵ
(λ)∗
ij (k̂)ϵ(λ

′)ij(k̂) = 2δλλ′ , (λ, λ′ = R,L) instead of ϵ(λ)ij (k̂)ϵ(λ
′)ij(k̂) = 2δλλ′ .

Then, starting from Eq. (6.1.4), we have, for the power-spectrum of the induced waves,

∆2
γ̃1(k) =

k3

π

∫
d3k1

∆2
Φ(|k − k1|)∆(σ)2

γ̃0
(k1)

k31|k − k1|3
ϵ
(σ)i
k (k̂1)ϵ

(λ)∗k
i (k̂)ϵ(σ)mn (−k̂1)ϵ

(λ)∗n
m (−k̂)

×
(∫ η

0

dη̃ G(η, η̃)
[
k21Tγ̃(k1η̃)TΦ(|k − k1|η̃)− T ′

γ̃(k1η̃)T
′
Φ(|k − k1|η̃)

])2

. (6.2.19)

Remembering the properties ϵ(λ)∗ij (k̂) = ϵ
(λ)
ij (−k̂), and ϵλij(−k̂) = ϵ−λij (k̂), we have the expression for both

polarisations of the induced GWs, which are chiral, as

∆2
γ̃1,R/L

(k) =
k3

π

∫
d3k1

∆2
Φ(|k − k1|)
k31|k − k1|3

[
4 cos8 θ/2∆

(σ)2
γ̃0,R/L

(k1) + 4 sin8 θ/2∆
(σ)2
γ̃0,L/R

(k1)
]

×
(∫ η

0

dη̃ G(η, η̃)
[
k21Tγ̃(k1η̃)TΦ(|k − k1|η̃)− T ′

γ̃(k1η̃)T
′
Φ(|k − k1|η̃)

])2

,

=
1

32

∫ ∞

0

dv

∫ v+1

|v−1|
du

1

v6u2
∆2

Φ(uk) ⟨I2⟩

×
[(
(v + 1)2 − u2

)4
∆

(σ)2
γ̃0,R/L

(vk) +
(
(v − 1)2 − u2

)4
∆

(σ)2
γ̃0,L/R

(vk)
]
. (6.2.20)

It is worth mentioning that the presence of primordial parity violation can lead to induced GWs that

exhibit a combination of left and right polarisations. The induced chiral GWs now have their spectral

density defined as

Ωind
GW(k, η) =

1

24

(
k

H

)2 ∑
λ=R,L

⟨∆2
γ̃1,R/L

(k)⟩ . (6.2.21)
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Figure 6.6: GWs spectra from primordial tensor modes (orange dashed), scalar-scalar induced GWs
(purple dashed) and scalar-tensor left- (solid green) and right- (solid blue) handed induced GWs for
log-normal spectra (Eq. (6.2.18)) with Aγ̃0,R = 10−3 and AΦ = 10−2, f∗ = 10−3 Hz. See how the
scalar-tensor induced GWs extend primordial tensor parity violation to the high frequency part of the
spectrum. Also note how the low frequency part of the spectrum quickly becomes non-chiral. We
include the power-law integrated sensitivity curves [177] for PTA, LISA, Taiji [178, 179], DECIGO,
Einstein Telescope (ET), Cosmic Explorer (CE), Voyager and LIGO A+ experiments. The sensitivity
curves can be found in [180–183]. We also plot the upper bounds on the GW background from the
LIGO/Virgo/KAGRA collaboration [72]. The horizontal thick long dashed lines qualitatively present
the current constraint from BBN [184–186] (in blue) and future constraints from CMB-S4 experiments
(in purple) [185, 187].

Hence, for primordial GWs, who have a delta-function peak in one of the polarisations at the same

wave-number as the primordial scalars (Eq. (6.2.14)), the total spectral density of the induced GWs can

be obtained from Eq. (6.2.21)

Ωind
GW(k, η) =

1

768
AΦAγ̃0(R/L)

(
k

k∗

)6
[
2 + 32

(
k∗
k

)4

+ 48

(
k∗
k

)2
]

× ⟨I2⟩u=v=k∗/k Θ(2k∗ − k) . (6.2.22)

The left panel of Fig. 6.3 displays the spectral density of induced gravitational waves resulting from

the interaction between Dirac delta-peaked scalar and Dirac-delta-peaked chiral gravitational waves. In

the right panel, and in the right panel of Fig. 6.4, it can be observed that when the primordial chiral

gravitational waves induce gravitational waves of the same polarization, the peak of the spectrum, which

is situated in the UV region, is more pronounced than that of the opposite polarization. In the IR region,

however, we have an unpolarized induced wave. This could be attributed to the choice of peaked sources.

Since the IR region is located far away from the peak of the GWs signal, there is effectively no detectable

difference in the behaviour of the polarizations. Although only the case with the right-handed primordial

gravitational waves are displayed, the same applies to the left-handed ones. The trend continues in the

right panel of Fig. 6.5, which exhibits the same scenarios but with different peak locations of scalar and

tensor perturbations.
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Figure 6.7: GWs spectrum from primordial tensor modes (orange dashed), scalar-scalar induced GWs
(purple dashed) and scalar-tensor left (solid green) and right (solid blue) handed induced GWs for log-
normal spectra (Eq. (6.2.18)) with Aγ0,R = 10−2 and AΦ = 10−1, f∗ = 10−7 Hz. Gray violins indicate
recent NANOGrav results [23]. We also include future sensitivity of µ-Ares [188] and Lunar Laser
Ranging in magenta from Ref. [189]. See also [190] for other ideas to detect µHz GWs. Also included
are the sensitivity curves of the LISA and Taiji detectors, to show that these detectors are unable to
detect the peak of SIGWs, which could potentially explain the observations made by the NANOGrav
collaboration.

6.3 Future prospects for scalar-tensor induced GWs

After demonstrating two examples of scalar-tensor-induced spectra, our attention now shifts to the

detectability of these spectra. As stated earlier, we make the assumption that Aγ̃0 < AΦ, which enables

us to neglect the tensor-tensor contribution and results in an effect that is subdominant compared to

scalar-scalar induced GWs.

Fig. 6.6 provides a comprehensive comparison between the primordial GWs, the realistic log-normal

case, and the sensitivities of various probes. It is evident from the plot that while scalar-tensor induced

GWs can dominate over SIGWs in the high-frequency range, this dominance is limited to a small range of

scales. On the other hand, the behaviour of the different-parity induced waves presents a distinguishing

characteristic that sets them apart from SIGWs, particularly in the UV scales. This parity-violating

behaviour of the scalar-tensor induced waves can be observed in Fig. 6.6, where it extends beyond the

peak of the primordial tensor spectrum. We would like to clarify that the figure shown in Fig. 6.6

provides a quantitative description of the power-spectrum shape of the induced GWs, rather than the

detectability of their chiral properties. It is important to note that planar detectors typically do not

have the capability to directly detect the chirality of GWs, unless specific methods are employed, such

as leveraging the motion of the solar system with respect to the cosmic reference frame (as discussed

in [191], see also the refs. therein). However, studies have shown that by cross-correlating the output
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of multiple detectors, such as LISA and Taiji, it is possible to detect and study the parity violation

in the stochastic gravitational wave background [192, 193]. While we mention the potential of using

this chirality to distinguish our induced GWs, the actual detectability of the same requires further

detailed analysis beyond the scope of this work. In the low-frequency range, however, the induced waves

consistently remain unpolarized, as depicted in the corresponding figures.

Upon examining Fig. 10 in [194] and Fig. 3 in [195], we observe a similar behaviour in the induced GWs

in the UV region. It is noteworthy that these studies investigate GWs production mechanisms involving

chiral dark photons, which are entirely distinct from our approach. Based on these observations, a

hypothesis emerges, suggesting that there is a distinct polarization behaviour present in the UV region

of induced GWs. It says that the polarized primordial component makes the peak of the induced GWs

of the same polarization more enhanced compared to that of the oppositely polarized GWs, while the

IR region remains unpolarized. However, the thorough investigation and verification of this hypothesis

are left for future endeavours.

In Fig. 6.7, we present the recent results from the NANOGrav [23], which may have detected the

stochastic gravitational wave background using pulsar timing arrays (PTAs). The SGWB observed by

PTAs can be considered as the IR tail of the SIGWs [196]. We leave a detailed analysis of our scalar-

tensor induced GWs signal with the new PTA data [23, 24] for future work. Here, we demonstrate an

example where the peak of the SIGWs lies in the 0.1µHz range, which is currently beyond the sensitivity

range of existing detectors. However, there has been proposals for a future detectors in this frequency

range [188, 189]. If such a detector, preferably with better sensitivity and ability to detect chirality, is

realized, it would be capable of detecting the peak, where it can be distinguishable from our signal based

on the latter’s chirality properties.

6.4 Summary

We conduct a comprehensive study on the non-linear interaction between first-order scalar perturbations

and first-order tensor perturbations, focusing on the modulation of existing GWs. Unlike the direct

generation of GWs from scratch by scalar perturbations, these interactions modify the pre-existing

waves.

We enhance and provide further clarity to previous investigations on scalar-tensor induced gravitational

waves (GWs) through the following advancements:

• We establish general formulas that incorporate the possibility of parity violation in primordial

tensor modes. By considering the influence of parity violation on scalar-tensor induced GWs, we
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see that while non-chiral waves are expected to surpass SIGWs only within a limited range of wave

numbers, we can identify a distinguishing characteristic specific to chiral waves.

• We identify potential infra-red divergences in scalar-tensor induced GWs, which arise due to the

inclusion of a constant scalar mode as a source for tensors. To address these divergences, we

propose a rough regularization technique inspired by the concept of a locally inertial frame.

• We demonstrate that for peaked primordial spectra, the low-frequency tail of scalar-tensor induced

GWs does not exhibit logarithmic running, in contrast to scalar-scalar induced GWs. Moreover,

we observe the absence of resonant peaks in the scalar-tensor induced GWs.

• We presented our induced GWs energy density alongside the sensitivity curves of current and future

detectors, demonstrating that this chirality property can serve as a distinguishing characteristic in

the high-frequency region, relevant to multiple interferometers.

These improvements and clarifications contribute to a deeper understanding of scalar-tensor induced

GWs and their distinct characteristics compared to scalar-scalar induced GWs.





Conclusion

In this thesis, we have conducted a comprehensive investigation into the impact of tensor-induced scalar

modes on the matter power-spectrum in the present-day Universe. Our analysis has revealed that a

significant gravitational wave (GWs) power-spectrum can leave an imprint on the matter power-spectrum.

We have observed that the second-order matter perturbation, induced by these tensor modes, does not

contribute to super-horizon scales, unlike linear matter perturbations. As a result, it does not generate

large-scale temperature anisotropy in the cosmic microwave background (CMB), but it may have effects

on smaller scales. Our findings indicate that this signature could serve as a valuable means to detect

and constrain GWs on scales that are currently poorly understood, thereby improving the accuracy of

matter power-spectrum estimation.

Furthermore, we have extended the analysis of tensor-induced scalar modes to various epochs of cosmic

evolution. This includes the examination of their impact on matter and radiation density perturbations

during different phases. We have derived full solutions for the tensor-induced density contrast in the

radiation domination regime, providing a comprehensive understanding that was not explored in previous

studies. Additionally, we have computed the tensor contribution to matter and radiation perturbations

at late times, further expanding our knowledge in this area.

Lastly, we have conducted a detailed investigation into the non-linear interaction between first-order

scalar perturbations and first-order tensor perturbations, focusing on the modulation of existing GWs.

By expanding previous studies, we have established general formulae, accounted for parity violation

in primordial tensor modes, addressed potential infra-red divergences, and examined the behavior of

scalar-tensor induced GWs with peaked primordial spectra.

The findings presented here contribute to the ongoing research in cosmology and pave the way for

further investigations into the rich and complex interplay between scalar and tensor perturbations in the

Universe.

99





Outlook

The results presented in this thesis open up avenues for further exploration and investigation. It is

important to note that certain assumptions and simplifications were made during the course of this

research, and delving deeper into these aspects could enhance our understanding of the phenomena

under study.

Regarding the correction to matter power-spectrum coming from the fluctuation in GWs energy den-

sity, it is of utmost importance to study the detectability of the effect by various probes stated in the

summary. It is important to identify unique signatures that distinguish the effects being studied from

other cosmological observables such as non-Gaussianity, projection effects, kinetic dipole, finger of the

observer, and wide-angle effects (as discussed in references [89, 197–200]). This identification of unique

signatures is vital for accurate signal identification and interpretation. For this purpose, we intend to

further explore its high intrinsic non-Gaussianity. Due to its distribution following a χ2-distribution, we

can anticipate that the amplitude will be significant.

While extending our calculations to the smaller scales, the effects of baryons are ignored for simplic-

ity, and we plan to explore this contribution in future studies. Another future research direction could

be to calculate the power-spectrum, considering the matter contribution obtained in this paper, i.e.,

for k > keq. We can also analyze and evaluate the corrections in the CMB anisotropies due to radia-

tion perturbations induced by the energy density fluctuation of gravitational radiation, on small scales.

Finally, we plan to compare this analytical work with a proper numerical analysis, particularly for

1/ηrec ≤ k ∼< 1/ηeq, where a numerical approach is needed.

In the last chapter, we anticipated that the momentum integral in scalar-tensor induced GWs exhibits

a divergence when the scalar mode momentum approaches zero. This divergence arises in the integrand

as 1/u4 ∼ (k/q)4 for q ≪ k, where k and q represent the external tensor and internal scalar mode

momenta, respectively. The presence of a relatively flat scalar primordial spectrum further highlights

this divergence. To mitigate the unphysical divergence arising from the long wavelength scalar modes,

a common approach is to absorb them into the background. This technique, frequently employed in the
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literature [201], allows for the separation of long and short modes of scalar perturbations

Φ = Φl +Φs . (6.4.1)

This leads to a redefinition of time and space coordinates

dη = eΦl/2 dη ,

dx = e−3Φl/2 dx , (6.4.2)

resulting in the following metric

ds2 = a2(η)
[
−e2Φs dη2 + e−2Φs(δij + γ̃ijdx

idxj
]
, (6.4.3)

where the tensors and short-wavelength scalars lie on top of the new background. We leave this regular-

ization for a future work which should provide a good estimate for the correct scalar-tensor induced GWs

spectrum. Lastly, in light of recent PTA results, it is essential to analyze our findings in comparison

to SIGWs. Additionally, further investigation of the hypothesis we proposed regarding the universal IR

behavior of chirally induced GWs is warranted.
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Appendix A

Density perturbation up to third
order in matter domination

From Eq. (4.1.11), we have the general solution of density perturbation. Putting γ
(2)
0ij = γ

(3)
0ij = 0, we

can expand it upto third order in perturbations. The individual components are
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From (4.1.11), we have
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Taking only linear tensors as the source, this gives Eq. (4.1.12) in the second order.



Appendix B

Contraction of polarisation tensors

To calculate Eq. (4.2.6), We set k̂ along ẑ, and k̂2 at an angle θ to it.

k̂2 = sin θ cosϕx̂+ sin θ sinϕŷ + cos θẑ , (B.0.1)

k̂ − k2 =
−k2 sin θ(cosϕx̂+ sinϕŷ) + (k − k2 cos θ)ẑ√

k2 + k22 − 2kk2 cos θ
. (B.0.2)

The unit vectors orthogonal to k̂2 are:

m̂ = (sinϕ,− cosϕ, 0) , (B.0.3)

n̂ = (cos θ cosϕ, cos θ sinϕ,− sin θ) . (B.0.4)

The unit vectors orthogonal to k̂ − k2 are:

û = (− sinϕ, cosϕ, 0) , (B.0.5)

v̂ =
−(k − k2 cos θ) cosϕ,−(k − k2 cos θ) sinϕ,−k2 sin θ√

k2 + k22 − 2kk2 cos θ
. (B.0.6)

Now, we use the following definitions of the polarisation tensors

ϵ×ij(k̂ − k2) = ûiv̂j + ûj v̂i = −ϵ×ij(−k̂ + k2) , (B.0.7)

ϵ+ij(k̂ − k2) = ûiûj − v̂iv̂j = ϵ+ij(−k̂ + k2) , (B.0.8)

ϵ×ij(k̂2) = m̂in̂j + m̂j n̂i = −ϵ×ij(−k̂2) , (B.0.9)

ϵ+ij(k̂2) = m̂im̂j − n̂in̂j = ϵ+ij(−k̂2) , (B.0.10)

and get the sum of the polarisation states as∑
σ,σ′
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− 32kk2 cos θ(7k
2 + 8k22) + 4k2 cos 2θ(7k2 + 40k22)− 32k3k2 cos 3θ + k4 cos 4θ] , (B.0.11)

where α = k2 + k22 − 2kk2 cos θ.

The same procedure can be pursued to get the contraction for scalar-scalar and scalar-tensor induced

GWs.
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Appendix C

Tensor induced vector and tensor
modes

As mentioned in the main text, our analysis focuses on the scalar modes generated by linear tensors.

However, for the sake of completeness, we also present a brief overview of the equations that involve the

second-order vector and tensor modes sourced by the same mechanisms. These equations can be found

in [81]. Appending second order vector and tensors to the metric Eq. (5.1.1), we have

γij = δij + γ
(1)
ij +

γ
(2)
ij

2
,

= δij + χ
(1)
ij − ϕ(2)δij +

1

2

(
Dijχ

(2)|| + ∂iχ
⊥(2)
j + ∂jχ

⊥(2)
i + χ

T (2)
ij

)
,

(C.0.1)

γij = δij − χij(1) + ϕ(2)δij − 1

2

(
Dijχ(2)|| + ∂iχ⊥(2)j + ∂jχ⊥(2)i + χ

T (2)
ij

)
+ χik(1)χk

j(1) . (C.0.2)

Second order vector and tensor perturbations satisfy ∂iχ
⊥(2)
i = 0, ∂iχT (2)

ij = χ
T (2)
ii = 0. Due to the

gauge chosen , the observers are co-moving with the CDM, umµ = −aδ0µ, and the components of the

energy-momentum tensor for the matter does not contain any vector mode. Here only the radiation

tensor has an additional term. Indeed, the four-vector of the radiation is defined as

uri = avri = a
(
vr,i + v⊥ri

)
,

ur
i =

1

a
vr
i =

1

a

(
vr
,i + v⊥ir

)
.

Taking into account vector and tensor perturbations sourced by tensors, the conservation equations for

matter remain the same. However, radiation now acquires a new component of the energy-momentum

tensor given by T 0i
r = 4ρr/3a

2
(
vr
,i + v⊥ir

)
, which modifies the momentum conservation equation for

radiation

4
(
v
(2)
r,i

′
+ v

⊥(2)
ri

′)
+ δ

(2)
r,i = 0 . (C.0.3)
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We can immediately conclude that v⊥(2)
ri is constant in time. The energy constraint remains the same

as (5.2.1), but the momentum constraint has new components
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and the ij−th equation reads
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Trace-less part of (C.0.5) now gives
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The coupled system of tensor-sourced scalar, vector, and tensor perturbations can be found in (C.0.6).

This equation is a generalization of Eq. (5.2.5). In order to obtain independent equations for vector and

tensors, we can apply 3∇−2∇−2∂i∂j to (C.0.6) [81]. The result is the evolution equation for the scalar
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Applying ∇−2
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as the evolution equation of tensor-sourced vector perturbation. Furthermore, application of[
(C.0.6) − 1

2
Dij(C.0.7) − (C.0.8)

]
gets us the evolution equation for tensor-sourced tensor modes

χT (2)′′
ij + 2HχT (2)′

ij −∇2χT (2)
ij = −5

8
χklχkl,ij −

1

4
χkl,pχkp,lδij −

1

8
χkl,i χkl,j +

3

8
χkl,pχkl,pδij
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− χk,lj χki,l + χl,kj χki,l +
1

4
χkl∇2χklδij + χli

′
χlj

′ − 1

2
χkl

′
χkl

′δij + χklχkj,il + χklχki,jl

− χklχij,kl +
1

2
∇−2

(
χkl,p

′
χkp,l

′ + χkl,p∇2χkp,l −
1

2
χkl∇2∇2χkl −

1

2
χkl,p∇2χkl,p

)
δij

+

[
∂i∇−2

(
1

2
χkl∇2χkl,j − χkl

′
χjk,l

′ − χkl∇2χjk,l

)
+ (i↔ j)

]
+

1

2
∂i∂j∇−2

(
χkl

′
χkl

′ − 1

2
χkl,pχkp,l −

1

4
χkl∇2χkl

)
+

1

2
∂i∂j∇−2∇−2

(
χkl,p

′
χkp,l

′ + χkl,p∇2χkp,l −
1

2
χkl∇2∇2χkl −

1

2
χkl,p∇2χkl,p

)
. (C.0.9)

These equations provide us with a comprehensive understanding of how vector and tensor perturbations

evolve from the end of inflation until the present day. However, a detailed analysis of these equations

and their solutions is beyond the scope of this work and will be presented in a future publication.



Appendix D

General solution during deep
radiation dominance without
subhorizon approximation

In the second part of Section 5.2, we restricted our attention to the regime where kη ≫ 1, which

corresponds to the modes being sub-Hubble during the first phase of the radiation era. However, it is

also important to derive the general solution for any k. Let start again with Eq. (5.2.9)

u
′′(2)
rk +

(k2
3

− 2H2
)
u
(2)
rk = Sk , (D.0.1)

and using again the definition τ = kη, this equation takes the form

τ2
d2u

(2)
rk

dτ2
+
(τ2
3

− 2
)
u
(2)
rk = τ2

Sk

k2
, (D.0.2)

where Sk is given by Eq. (5.2.8). Now, we note that the solutions of the homogeneous part of this

equation can easily be obtained if we consider the following second order differential equation

x2
d2y

dx2
(x) + [a2x2 − n(n+ 1)]y(x) = 0, with n = 0, 1, 2... ,

or, equivalently,

y(x)xn+1 =

(
x3

d

dx

)n(
C1 cos ax+ C2 sin ax

x2n−1

)
,

where C1 and C2 are two constants. Then if y = u
(2)
rk , x = τ , a = 1/

√
3 and n = 1, we get the

homogeneous solutions

1

τ
cos

τ√
3
+

1√
3
sin

τ√
3

and
1

τ
sin

τ√
3
− 1√

3
cos

τ√
3
.

Discarding the initial conditions according to the reasoning mentioned in the main text, we have

u
(2)
rk (τ) = −

√
3

k2τ

∫ τ

τin

dτ̃Sk(τ̃)

[(
sin

τ̃√
3
cos

τ√
3
− cos

τ̃√
3
sin

τ√
3

)(
τ +

3

τ̃

)
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+
√
3

(
cos

τ̃√
3
cos

τ√
3
+ sin

τ̃√
3
sin

τ√
3

)(τ
τ̃
− 1
)]

. (D.0.3)

Then the perturbation v
(2)
rk becomes

v
(2)
rk (τ) =

3

k3τ

∫ τ

τin

dτ̃

(
τ̃ +

6

τ̃

)
Sk(τ̃)

−
(
2

τ
cos

τ√
3
+

1√
3
sin

τ√
3

)∫ τ

τin

dτ̃
9 cos τ̃√

3
+ 3

√
3τ̃ sin τ̃√

3

k3τ̃
Sk(τ̃)

−
(
2

τ
sin

τ√
3
− 1√

3
cos

τ√
3

)∫ τ

τin

dτ̃
9 sin τ̃√

3
− 3

√
3τ̃ cos τ̃√

3

k3τ̃
Sk(τ̃) . (D.0.4)

Therefore, using the relation (5.1.15), we obtain

δ(2)r (k, τ) =
12

k2τ2

∫ τ

τin

dτ̃

(
τ̃ +

6

τ̃

)
Sk(τ̃)

− 4

(
2

τ2
cos

τ√
3
+

2√
3τ

sin
τ√
3
− 1

3
cos

τ√
3

)∫ τ

τin

dτ̃
9 cos τ̃√

3
+ 3

√
3τ̃ sin τ̃√

3

k2τ̃
Sk(τ̃)

− 4

(
2

τ2
sin

τ√
3
− 2√

3τ
cos

τ√
3
− 1

3
sin

τ√
3

)∫ τ

τin

dτ̃
9 sin τ̃√

3
− 3

√
3τ̃ cos τ̃√

3

k2τ̃
Sk(τ̃) . (D.0.5)

For δ(2)m (k, τ), we use the relation (5.2.17). In (5.2.17), the first term (v(2)rk

′
) can be readily obtained from

δ
(2)
r (k, τ) expression above (using relation (5.1.15)), and the integral in the second term is (in terms of

τ) ∫ τ

τin

dτ̃ v
(2)
rk (τ̃) =

3

k3

∫ τ

τin

dτ̃ ln
τ

τ̃

(
τ̃ +

6

τ̃

)
Sk(τ̃)

−
∫ τ

τin

dτ̃
Sk(τ̃)

k3τ̃

[
9

(
cos

τ√
3
cos

τ̃√
3
+ sin

τ√
3
sin

τ̃√
3

)
+3

√
3τ̃

(
cos

τ√
3
sin

τ̃√
3
− sin

τ√
3
cos

τ̃√
3

)]
−
∫ τ

τin

dτ̃
9 cos τ̃√

3
+ 3

√
3τ̃ sin τ̃√

3

k3τ̃
Sk(τ̃)× 2

∫ τ

τin

dτ̃
cos τ̃√

3

τ̃

−
∫ τ

τin

dτ̃
9 sin τ̃√

3
− 3

√
3τ̃ cos τ̃√

3

k3τ̃
Sk(τ̃)× 2

∫ τ

τin

dτ̃
sin τ̃√

3

τ̃

+

∫ τ

τin

dτ̃
Sk(τ̃)

k3τ̃

[
2

(
9 cos

τ̃√
3
+ 3

√
3τ̃ sin

τ̃√
3

)∫ τ̃

τin

d˜̃τ
˜̃τ

cos
˜̃τ√
3

+2

(
9 sin

τ̃√
3
− 3

√
3τ̃ cos

τ̃√
3

)∫ τ̃

τin

d˜̃τ
˜̃τ

sin
˜̃τ√
3
− 9

]
, (D.0.6)

where the expression of v(2)rk from Eq. (D.0.4) has been used. Combining both the terms, we arrive at

δ(2)m (k, τ) =
3

k2

∫ τ

τin

dτ̃

[(
3

τ2
− ln

τ

τ̃

)(
τ̃ +

6

τ̃

)
+

3

τ̃

]
Sk(τ̃)

− 3

(
2

τ2
cos

τ√
3
+

2√
3τ

sin
τ√
3

)∫ τ

τin

dτ̃
9 cos τ̃√

3
+ 3

√
3τ̃ sin τ̃√

3

k2τ̃
Sk(τ̃)

− 3

(
2

τ2
sin

τ√
3
− 2√

3τ
cos

τ√
3

)∫ τ

τin

dτ̃
9 sin τ̃√

3
− 3

√
3τ̃ cos τ̃√

3

k2τ̃
Sk(τ̃)
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+ 2

∫ τ

τin

dτ̃
9 cos τ̃√

3
+ 3

√
3τ̃ sin τ̃√

3

k2τ̃
Sk(τ̃)

∫ τ

τin

dτ̃
cos τ̃√

3

τ̃
−
∫ τ̃

τin

d˜̃τ
cos

˜̃τ√
3

˜̃τ


+ 2

∫ τ

τin

dτ̃
9 sin τ̃√

3
− 3

√
3τ̃ cos τ̃√

3

k2τ̃
Sk(τ̃)

∫ τ

τin

dτ̃
sin τ̃√

3

τ̃
−
∫ τ̃

τin

d˜̃τ
sin

˜̃τ√
3

˜̃τ

 , (D.0.7)

which is the expression for CDM density contrast in deep radiation domination, without subhorizon

approximation. In [81], only radiation perturbation was studied. As a result, only (D.0.4) and (D.0.5)

was derived there. Here we re-obtain them, along with the matter perturbation (D.0.7), which was

missing in [81].



Appendix E

Calculation of δr in the second phase

This section of the appendix is dedicated to calculating the radiation-density perturbations that arise

from tensor-induced scalar modes during the second phase of the radiation epoch. As mentioned in

the main text, during this phase, we have modes that are well within the Hubble radius (kη ≫ 1) and

have yδ(2)m > 2δ
(2)
r , where the matter perturbation is the main contributor to Einstein’s field equations.

In Section 5.3, we derived a new Meszaros equation that accounts for the contribution of gravitational

waves to the dynamics of δ(2)m . Using (5.1.14) and (5.1.15), we can obtain a second-order differential

equation for δ(2)r . Indeed, in Fourier space, we have

δ
(2)
rk

′′
+
k2

3
δ
(2)
rk =

4

3
δ
(2)
mk

′′
, (E.0.1)

which, in terms of the variable y, turns out

Hy
[
Hy d

2

dy2
+

(
H+ y

dH
dy

)
d

dy

]
δ
(2)
rk +

k2

3
δ
(2)
rk =

4

3
Hy
[
Hy d

2

dy2
+

(
H+ y

dH
dy

)
d

dy

]
δ
(2)
mk . (E.0.2)

We note immediately that the source term on the right-hand side depends on δ
(2)
m . Now, using

dH
dy

=
1

Hy
H′ = −H

2y

2 + y

1 + y
(E.0.3)

and the definition of keq ≡ Heq, Eq. (E.0.2) reads as follows

d2δ
(2)
rk

dy2
+

1

2(y + 1)

dδ
(2)
rk

dy
+
k2

k2eq

2

3(y + 1)
δ
(2)
rk =

4

3

d2δ
(2)
mk

dy2
+

2

3(y + 1)

dδ
(2)
mk

dy
. (E.0.4)

At this stage it is useful changing the variable y → w =
√
1 + y. In this case Eq. (E.0.4) becomes

d2δ
(2)
rk

dw2
+

8

3

k2

k2eq
δ
(2)
rk = Qk(w) , (E.0.5)

where

Qk(w) =
4

3

d2δ
(2)
mk

dw2
.

Writing the solution of δ(2)m from Eq. (5.3.9) w.r.t. the variable w, we have

δ(2)m (x, w) =

(
w2 − 1

3

)
P1(x) +

[(
w2 − 1

3

)
ln
w + 1

w − 1
− 2w

]
P2(x)
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+
1

4

∫ w

wα

dw̃

w̃
G
(
w2 − 1, w̃2 − 1

) dχij
dw̃

dχij
dw̃

, (E.0.6)

in configuration space, and

δ(2)m (k, w) =

(
w2 − 1

3

)
P1(k) +

[(
w2 − 1

3

)
ln
w + 1

w − 1
− 2w

]
P2(k)

+
1

4

∫ w

wα

dw̃

w̃
G
(
w2 − 1, w̃2 − 1

)
F3(k, w̃) , (E.0.7)

in Fourier space. Here F3(k, w) is related to F1(k, y) via the following relation

F3(k, w) = 4(1 + y)F1(k, y) (E.0.8)

and

G
(
w2 − 1, w̃2 − 1

)
= −1

4
w̃(w̃2 − 1)

[
6
(
w̃(3w2 − 1)− w(3w̃2 − 1)

)
−(3w̃2 − 1)(3w2 − 1) ln

(w̃ + 1)(w − 1)

(w̃ − 1)(w + 1)

]
. (E.0.9)

Then, the source term of Eq. (E.0.5) can be written in the following way

Qk(w) =
4

3

[
2P1(k) + P2(k)

(
4w(5− 3w2)

3(w2 − 1)2
+ 2 ln

w + 1

w − 1

)]
− 1

2

[(
ln
w + 1

w − 1
+

2w(5− 3w2)

3(w2 − 1)2

)∫ w

wα

dw̃ (w̃2 − 1)(3w̃2 − 1)F3(k, w̃)

+

∫ w

wα

dw̃ (w̃2 − 1)

(
6w̃ + (3w̃2 − 1) ln

w̃ − 1

w̃ + 1

)
F3(k, w̃)−

4

3
F3(k, w)

]
, (E.0.10)

and the full solution of (E.0.5) reads

δ(2)r (k, w) = Ar(k) cos

(
2

√
2

3

k

keq
w

)
+Br(k) sin

(
2

√
2

3

k

keq
w

)
+

∫ w

wα

dw̃ Gr(w, w̃)Qk(w̃) , (E.0.11)

where the Green’s function of the above relation is defined as

Gr(w, w̃) =
keq
2k

√
3

2

[
sin

(
2

√
2

3

k

keq
w

)
cos

(
2

√
2

3

k

keq
w̃

)

− cos

(
2

√
2

3

k

keq
w

)
sin

(
2

√
2

3

k

keq
w̃

)]
. (E.0.12)

Now, going back to the variable y, and naming the perturbation as δ(2)r(Tmesz)(k, y), it becomes

δ
(2)
r(Tmesz)(k, y) = Ar(k) cos

(
2

√
2

3

k

keq

√
1 + y

)
+Br(k) sin

(
2

√
2

3

k

keq

√
1 + y

)

+

∫ y

yα

dỹ

2
√
1 + y

Gr

(√
1 + y,

√
1 + ỹ

)
Qk

(√
1 + ỹ

)
, (E.0.13)

where

Gr

(√
1 + y,

√
1 + ỹ

)
=
keq
2k

√
3

2

[
sin

(
2

√
2

3

k

keq

√
1 + y

)
cos

(
2

√
2

3

k

keq

√
1 + ỹ

)
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− cos

(
2

√
2

3

k

keq

√
1 + y

)
sin

(
2

√
2

3

k

keq

√
1 + ỹ

)]
, (E.0.14)

and

Qk

(√
1 + y

)
=
4

3

[
2P1(k) + P2(k)

4(2− 3y)
√
1 + y + 6y2 ln 2+y+2

√
1+y

y

3y2

]

− 1

2

[
4(2− 3y)

√
1 + y + 6y2 ln 2+y+2

√
1+y

y

3y2

∫ y

yα

ỹ
√
1 + ỹ(2 + 3ỹ) F1(k, ỹ)

+2

∫ y

yα

ỹ
√
1 + ỹ F1(k, ỹ)

(
6
√
1 + ỹ + (2 + 3ỹ) ln

2 + ỹ − 2
√
1 + ỹ

ỹ

)
dỹ

−16(1 + y)

3
F1(k, y)

]
, (E.0.15)

where we used Eq. (E.0.8). The coefficients Ar and Br can be determined exactly the same way as

the coefficients P1 and P2 of δ(2)m . Following the discussion related to δ(2)m , presented in Section 5.4, the

perturbation δ
(2)
r and its derivatives have to be continuous throughout evolution and, in particular, at

y = yα . In other words, the following matching condition must be satisfied

δ
(2)
r(DRe)(k, τα) = δ

(2)
r(Tmesz)(k, yα), (E.0.16)(

d

dy
δ
(2)
r(DRe)(k, τ)

)∣∣∣∣∣
τα

=

(
d

dy
δ
(2)
r(Tmesz)(k, y)

)∣∣∣∣∣
yα

, (E.0.17)

Also for radiation contribution, we have defined δ
(2)
r(DRe)(k, τ) as the radiation perturbation solution

during the deep radiation era [i.e. Eq. (5.2.14) or, equivalently, (5.4.8)], while δ
(2)
r(Tmesz)(k, y) is the

solution obtained in Eq. (E.0.13). Using Eq. (5.4.8), the first condition, Eq. (E.0.16), gives us

12

k2y2α

∫ yα

yin

dỹ ỹ Sk

(
η∗ỹ

2

)
− 2

√
3η∗
k

[
sin

kη∗yα

2
√
3

+
2
√
3

kη∗yα
cos

kη∗yα

2
√
3

]

×
∫ yα

yin

dỹ cos
kη∗ỹ

2
√
3
Sk

(
η∗ỹ

2

)
+

2
√
3η∗
k

[
cos

kη∗yα

2
√
3

− 2
√
3

kη∗yα
sin

kη∗yα

2
√
3

]

×
∫ yα

yin

dỹ sin
kη∗ỹ

2
√
3
Sk

(
η∗ỹ

2

)
= Ar(k) cos

(
2

√
2

3

k

keq

√
1 + yα

)

+Br(k) sin

(
2

√
2

3

k

keq

√
1 + yα

)
, (E.0.18)

and the second condition, Eq. (E.0.17), becomes

− 24

k2y3α

∫ yα

yin

dỹ ỹ Sk

(
η∗ỹ

2

)
−

[(
η2∗ −

12

k2y2α

)
cos

kη∗yα

2
√
3

− 2
√
3η∗

kyα
sin

kη∗yα

2
√
3

]∫ yα

yin

dỹ cos
kη∗ỹ

2
√
3
Sk

(
η∗ỹ

2
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−

[(
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12

k2y2α
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sin

kη∗yα

2
√
3

+
2
√
3η∗

kyα
cos

kη∗yα

2
√
3
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yin

dỹ sin
kη∗ỹ

2
√
3
Sk

(
η∗ỹ

2

)

= 2

√
2

3

k

keq

[
−Ar(k) sin

(
2

√
2

3

k

keq

√
1 + yα

)
+Br(k) cos

(
2

√
2

3

k

keq

√
1 + yα

)]
. (E.0.19)
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Multiplying Eq. (E.0.18) with

sin

(
2

√
2

3

k

keq

√
1 + yα

)
,

Eq. (E.0.19) with (
2

√
2

3

k

keq

)−1

cos

(
2

√
2

3

k

keq

√
1 + yα

)
and adding them, we obtain
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√
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√
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√
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√
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√
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√
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√
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√
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√
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√
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2
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2
√
3
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2
√
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2
√
3

]

×
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2
√
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2
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+
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√
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√
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√
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√
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√
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√
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√
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√
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√
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√
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√
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2

)

−
√
3

k

{
keq

2
√
2
cos

(
2

√
2

3

k

keq

√
1 + yα

)[(
η2∗ −

12

k2y2α

)
sin

kη∗yα

2
√
3

+
2
√
3η∗

kyα
cos

kη∗yα

2
√
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√
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√
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√
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√
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)
. (E.0.20)

Similarly, multiplying Eq. (E.0.18) with

cos

(
2

√
2

3

k

keq

√
1 + yα

)
,

Eq. (E.0.19) with (
2

√
2

3

k

keq

)−1

sin

(
2

√
2

3

k

keq

√
1 + yα

)
,
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and subtracting the latter from the former, we obtain
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√
3

2
√
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√
2

3

k

keq

√
1 + yα

){[(
η2∗ −

12

k2y2α

)
cos

kη∗yα

2
√
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√
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√
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√
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√
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. (E.0.21)

In this case we are able to obtain the solution of δ(2)r from end of inflation to CDM epoch.



Appendix F

Setup of the initial conditions

This Appendix is devoted to addressing some issues relating to the initial conditions, i.e. at the end of

Inflation, used in this work, adopted in Section 5.1. First of all, let us focus on Eqs. (5.1.16), (5.1.20)

and (5.1.19). Substituting ∇2(ϕ(2) +∇2χ||(2)/6) from (5.1.16) in (5.1.20), we have

ϕ(2)
′′
+Hϕ(2)

′
− 1

3
Hχklχkl′ +

1

3
χkl∇2χkl +

1

6
χkl

′
χkl

′ =
4πGa2

3

(
2δ(2)r ρr + δ(2)m ρm

)
. (F.0.1)

The fourth additive term may be rewritten by replacing ∇2χkl with χij ′′+2Hχij ′, see Eq. (5.1.19), and

the above equation can be written in the following way

ϕ(2)
′′
+Hϕ(2)

′
+

1

3
Hχklχkl′ +

1

3
χklχkl

′′ +
1

6
χkl

′
χkl

′ =
4πGa2

3

(
2δ(2)r ρr + δ(2)m ρm

)
. (F.0.2)

In this work, we are setting the initial conditions at the end of inflation. Before discussing them, two

important observations are in order.

• In several expressions considered in this work [see, e.g., the above Eq. (F.0.2)], in each source term

defined in Fourier space, we have a loop integral which runs at all scales (or, equivalently, we are

integrating over the whole frequency range of GW modes). However, at η = ηin, all GW modes

that we are interested in here are already outside the the horizon scale 1/H(ηin). This means that,

if k corresponds to the induced scalar modes and q is the loop momentum, the loop integral is

truncated on horizon scales and, consequently, q and |k − q| of tensor perturbations cannot be

larger than H(ηin) (see also Fig. 5.1). In conclusion, at initial time GW modes will be frozen

outside the horizon. This point is crucial for the below discuss.

• As we already pointed out in the main text, assuming initial adiabatic conditions and the syn-

chronous co-moving gauge fixed here, the induced scalar modes will be zero because the contribu-

tion will come only after horizon entry, i.e. when GW tensor perturbations start oscillating [68].

This imply that, at ηin and k < H(ηin), δ(2)m , δ(2)r , v(2)r and v
(2)
r

′
can be set to zero.
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As a result of these comments, at η = ηin, χkl′0 and χkl
′′
0 can set to zero in (F.0.2). (As we already

pointed out in the main text, also here the subscript ’0’ denotes the initial conditions, i.e. the end of

inflation when η = ηin.) Then, (F.0.2) reads

ϕ
(2)
0

′′
+Hϕ(2)0

′
= 0 . (F.0.3)

In this case, Eq. (F.0.3) suggests choosing ϕ0 = const. (in time). This conclusion can be further

justified and confirmed if we also look at Eqs. (5.1.9) and (5.1.14) at η = ηin. Now let us examine

∇2(ϕ(2)+∇2χ||(2)/6) in Fourier space, at the initial time. Following all the arguments made so far, from

Eq. (5.1.17), we can get directly the relation

ϕ
(2)
k0 − k2

6
χ
||(2)
k0 = F(k) , (F.0.4)

where F(k), being a constant of time, can be derived explicitly in configuration space from Eq. (5.1.16).

Defining F(x) as its Fourier inverse, from (5.1.16), we find

F(x) =
∇−2

4

(
χik,l0 χ0li,k −

3

2
χkl,i0 χ0kl,i

)
. (F.0.5)

Note that the above results have been obtained in whole generality. However there is a residual ambiguity

which could be related to the gauge chosen here in this work. For instance, one could fix this ambiguity

imposing that ϕ(2)0 = 0. Then

χ
||(2)
0 =

3

2
∇−4

(
χik,l0 χ0li,k −

3

2
χkl,i0 χ0kl,i

)
. (F.0.6)

This concludes the discussion related to the issue of how to set the initial conditions of the work.



Appendix G

Evolution equation of scalar-tensor
induced gravitational waves

We get the components of the trace-less ij-th equation Eq. (3.2.6) from γij ,

N
|i
|k = γ̃ijN|jk =

Ne2Ψ

a2

[
Φ,i,k +Φ,iΦ,k − Φ,mΨ,mδik +Φ,iΨ,k +Ψ,iΦ,k +

1

2
Φ,mγ̃

i,m
k − 1

2
Φ,mγ̃

im
,k

−1

2
Φ,mγ̃

m,i
k + γ̃mtΦ,mΨ,tδ

i
k − γ̃ijΦ,jk − γ̃ijΦ,jΦ,k −Ψ,kΦ,j γ̃

ij − Φ,kΨ,j γ̃
ij

]
, (G.0.1)

N
|l
|l =

Ne2Ψ

a2
[
∇2Φ−Ψ,lΦ,l +Φ,lΦ,l − Φ,mγ̃

lm
,l + γ̃mtΦ,mΨ,t − Φ,mlγ̃

lm − Φ,mΦ,lγ̃
lm
]
, (G.0.2)

R
(3)

jk = ∇2Ψ(δjk + γ̃jk)−
1

2
∇2γ̃jk −

1

2
γ̃jk,mΨ,m +Ψ,jΨ,k +Ψ,jk +

1

2
γ̃mj,km +

1

2
γ̃mk,jm

− γ̃mt,mΨ,tδjk − γ̃mtΨ,tmδjk −Ψ,λΨ,λδjk −Ψ,λΨ,λγ̃jk −
1

2
Ψ,λγ̃

λ
j,k −

1

2
Ψ,λγ̃

λ
k,j +Ψ,λΨ,tγ̃

λtδjk ,

(G.0.3)

R
(3) i

k = γij R
(3)

jk =
e2Ψ

a2

[
∇2Ψδik −

1

2
∇2γ̃ik −

1

2
γ̃ik,mΨ,m +Ψ,iΨ,k +Ψ,i,k +

1

2
γ̃mi,km +

1

2
γ̃m,ik,m

−γ̃mt,mΨ,tδ
i
k − γ̃mtΨ,tmδ

i
k −Ψ,λΨ,λδ

i
k −

1

2
Ψ,λγ̃

iλ
,k − 1

2
Ψ,λγ̃

λ,i
k

+γ̃λtΨ,tΨ,λδ
i
k −Ψ,jkγ̃

ij −Ψ,kΨ,j γ̃
ij
]
, (G.0.4)

R(3) = R
(3) i

i =
e2Ψ

a2
[
4∇2Ψ− 2Ψ,iΨ,i + γ̃mi,im − 3γ̃mt,mΨ,t − 3γ̃mtΨ,tm −Ψ,mγ̃

im
,i

+3γ̃mtΨ,tΨ,m −Ψ,jiγ̃
ij −Ψ,iΨ,j γ̃

ij
]
, (G.0.5)

R
(3) i

k = R
(3) i

k −
1

3
R(3) δik =

e2Ψ

a2

[
−1

3
∇2Ψδik −

1

2
∇2γ̃ik −

1

2
Ψ,mγ̃ik,m +Ψ,iΨ,k +Ψ,i,k

+
1

2
γ̃mi,km +

1

2
γ̃m,ik,m +

1

3
γ̃mtΨ,tΨ,mδ

i
k +

1

3
γ̃mtΨ,mtδ

i
k −

1

3
Ψ,mΨ,mδ

i
k −

1

2
γ̃im,k Ψ,m

−1

2
γ̃m,ik Ψ,m − γ̃ijΨ,jk − γ̃ijΨ,kΨ,j −

1

3
γ̃mt,mtδ

i
k +

1

3
γ̃mt,t Ψ,mδ

i
k −

1

3
∇2(Φ−Ψ)δik

]
. (G.0.6)

Combining all these, we can arrive at Eq. (6.1.2).
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Appendix H

Useful formulae for the calculation
of the kernel function in the induced
gravitational waves integral

We here write down some formulae used to calculate Eq. (6.2.7)

I =

∫ ∞

0

k dx̃G(x, x̃)
[
v2Tγ̃(vx̃)TΦ(ux̃)− Ṫγ̃(vx̃)ṪΦ(ux̃)

]
. (H.0.1)

With G(x, x̃) defined in Eq. (6.2.6), and using

TΦ(x) = 23/2Γ(5/2)

(
x√
3

)−3/2

J3/2

(
x√
3

)
,

ṪΦ(ux) = − 3

x
j2(ux/

√
3) = − 35/4

x
√
x

√
π

2u
J5/2(ux/

√
3) ,

Tγ̃(x) =

√
π

2x
J1/2(x) ,

Ṫγ̃(vx) = −vj1(vx) = −
√
πv

2x
J3/2(vx) , (H.0.2)

the kernel turns out to be

I =

∫ ∞

0

dx̃
(π
2

)2
35/4

√
v

u

1√
xx̃

(
J1/2(x̃)Y1/2(x)− J1/2(x)Y1/2(x̃)

)
×
[√

3
v

u
J1/2(vx̃)J3/2(ux̃/

√
3)− J3/2(vx̃)J5/2(ux̃/

√
3)
]
. (H.0.3)

Using the recurrence relation 2n/zJn(z) = Jn−1(z) + Jn+1(z), we have, putting n = 3/2,

I =

∫ ∞

0

dx̃
(π
2

)2
v

√
v

u/
√
3

√
x̃

x

(
J1/2(x̃)Y1/2(x)− J1/2(x)Y1/2(x̃)

)
×
[
J1/2(vx̃)J1/2(ux̃/

√
3)− J5/2(vx̃)J5/2(ux̃/

√
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]
,

=
(π
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)2
v

√
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√
3

1√
x

{
Y1/2(x)

∫ ∞

0
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√
x̃J1/2(x̃)

[
J1/2(vx̃)J1/2(ux̃/

√
3)− J5/2(vx̃)J5/2(ux̃/

√
3)
]
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− J1/2(x)

∫ ∞

0

dx̃
√
x̃Y1/2(x̃)
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J1/2(vx̃)J1/2(ux̃/

√
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√
3)
]}

. (H.0.4)

Using the formulae given in [202], we have

∫ ∞

0

dτ̃
√
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3) =


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3
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(H.0.5)

where 2uv/
√
3 cosm = v2 + u2/3− 1 and 2uv/

√
3 coshn = 1− v2 − u2/3, and

P 0
2 (cosm) =

3 cos2m− 1

2
, (H.0.6)

Q0
0(cosm) =

1

2
ln

1 + cosm

1− cosm
, (H.0.7)

Q0
2(cosm) =

3 cos2m− 1

4
ln
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1− cosm
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2
. (H.0.8)

Applying all these, we have
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π

4

v
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(
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3

∣∣∣∣)]
}
. (H.0.9)

Remebering that ⟨cos2 x⟩ = ⟨sin2 x⟩ = 1/2, we have, for the oscillation average, Eq. (6.2.8). The same

procedure can be applied to the scalar induced GWs.
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