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Abstract. The starting point for this work was the question whether every finite group
G contains a two-generated subgroup H such that 7 (H) = n(G), where 7(G) denotes
the set of primes dividing the order of G. We answer the question in the affirmative and
address the following more general problem. Let G be a finite group and let i(G) be
a property of G. What is the minimum number ¢ such that G contains a ¢-generated
subgroup H satisfying the condition that i (H) = i(G)? In particular, we consider the
situation where i (G) is the set of composition factors (up to isomorphism), the exponent,
the prime graph, or the spectrum of the group G. We give a complete answer in the cases
where i (G) is the prime graph or the spectrum (obtaining that + = 3 in the former case
and ¢ can be arbitrarily large in the latter case). We also prove that if i (G) is the exponent
of G, then ¢ is at most four.
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1 Introduction

Certain properties of a finite group G can be detected from its 2-generated sub-
groups. For example, the well-known theorem of Zorn says that G is nilpotent if
and only if it is Engel. It follows that G is nilpotent if and only if every 2-generated
subgroup of G is nilpotent. A deep theorem of Thompson says that G is soluble if
and only if every 2-generated subgroup of G is soluble [14] (see also Flavell [6]).
Thus, we observe here a very interesting phenomenon that in a sense the structure
of some 2-generated subgroup of a finite group should be as complex as that of the
whole group. A further illustration for this is the theorem obtained in [13] that in
particular implies that a finite group G is soluble and has Fitting height 4 if and
only if every 2-generated subgroup of G is soluble and has Fitting height A. It is
natural to ask what other properties of G can be detected by looking at subgroups
with small number of generators. In the present paper we address the problem for
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such important characteristics of a group G as the set of all prime divisors of the
order of G (denoted by 7(G)), the set of composition factors (up to isomorphism),
the exponent, the prime graph, or the spectrum of the group G.

We started with the question whether every finite group G contains a 2-gene-
rated subgroup H with the property that 7(H) = n(G) (cf. Kourovka Note-
book [9, Problem 17.125]). We were able to confirm this. Actually, we proved a
stronger result.

Theorem A. Let €(G) be the set of isomorphism classes of composition factors
of G. Then there exists a 2-generated subgroup H of G such that €(H) = €(G).

We also note that Theorem A has a natural generalization to profinite groups.
If G is a profinite group, then a composition factor of G is defined as a composition
factor of G/N for some open subgroup N of G.

Theorem B. Let G be a profinite group and let €(G) be the set of isomorphism
classes of composition factors of G. Then there exists a (topologically) 2-generated
closed subgroup H of G such that €(H) = €(G).

Denote by I'(G) the prime graph of a finite group G. This is the graph whose
set of vertices is 7(G) and p,q € 7 (G), with p # ¢, are connected by an edge if
and only if G has an element of order pq.

Theorem C. Let G be a finite group. Then there exists a 3-generated subgroup H
of G suchthat T'(H) = I'(G).

It can be shown that this bound is sharp. In Section 3 we construct a soluble
3-generated group G such that no 2-generated subgroup of G has the same prime
graph as G.

Recall that the spectrum of a finite group G is the set of orders of elements
of G. In Section 3 we show that for every positive integer d > 2 there exists a
d-generated group G with no proper subgroup having the same spectrum. This
shows that Theorem C is no longer true if we replace I'(G) by the spectrum of G.
In particular, the spectrum of G cannot be determined by a single boundedly gene-
rated subgroup.

Next, we ask the same question for the exponent of G. This is the minimum
natural number n such that g” = 1 for every g € G. Our result with respect to the
question is as follows.

Theorem D. Let G be a finite group. Then there exists a 4-generated subgroup H
of G such that H has the same exponent of G.
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We were unable to prove that this bound is sharp. Actually, we believe that it
is possible to bring it down to 3, but there are not even examples which show that
this bound is bigger than 2. On the other hand, for soluble groups the complete
answer is given in the following theorem.

Theorem E. Let G be a finite soluble group. Then there exists a 2-generated
subgroup H of G such that H has the same exponent as G.

As it often happens when studying the minimum number of generators of a
group G, a fundamental role is played by the so called “crown-based power” of a
primitive monolithic group L. Most of the results and terminology we will need
can be found in [4], but we are going to review some of them for the reader’s
convenience.

2 Background material

In what follows d(G) denotes the the minimal number of generators of the group
G and exp(G) stands for the exponent of G. If p is a prime, |G|, denotes the
order of a Sylow p-subgroup of G and an element of G of p-power order will be
often called a p-element, for shortness. Also, if V' is a G-module, then H! (G, V)
denotes the first cohomology group of G on V. We recall that the socle Soc(G) is
the subgroup generated by all minimal normal subgroups of G.

Let L be a monolithic group, that is a group with a unique minimal normal
subgroup A. For each positive integer k we let L¥ be the k-fold direct power of L.
The crown-based power of L of size k is the subgroup L of Lk defined by

Ly ={(1,....lx) e LF | Iy = --- = [}, mod A}.

Clearly, Soc(Ly) = A¥ and Ly / Soc(L) = L/ Soc(L). Note also that if A has
a complement in L, then Soc(Ly) has a complement in L.

Crown-based powers arise naturally when studying finite groups that need more
generators than any proper quotient. A proof of the following theorem can be
found in [4].

Theorem 2.1. Let m be a natural number and let G be a finite group such that
d(G/N) < m for every non-trivial normal subgroup N, but d(G) > m. Then there
exists a group L with a unique minimal normal subgroup A such that G = Ly, for
some k and A is either non-abelian or complemented.

Proposition 6 of [5] gives the following result, which provides a bound on the
number of generators of a crown-based power L in terms of k in the case when
the socle of L is abelian.
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Theorem 2.2. Let L be a group with a unique minimal normal subgroup A such
that A is abelian and complemented in L. Suppose ¢ = |End;4(A4)|, ¢" = |A],
q* = |H'(L/A, A)|, 8 = 0 or 1 according to whether A is a trivial L/A-module
or not. Then

d(Lr) = max(d(L/A),0 + [(k +s)/7]),
where [x] denotes the smallest integer greater or equal to Xx.

We remark that in the above theorem we always have s < r. This is because of
the following result of Aschbacher and Guralnick [1].

Theorem 2.3. Let p be prime. If G is a finite group and V is a faithful irreducible
G-module over the field with p elements, then |H (G, V)| < |V|.

In the case where the socle A of the monolithic group L is non-abelian a bound
on d(Lj) can be obtained using the next lemma. It is a straightforward conse-
quence of [11, Lemma 1 (ii)].

Lemma 2.4. Let L be a group with a unique minimal normal subgroup A such that
A is non-abelian, and let t > max{4,d(L)}. Then for every k such thatk < |A|'~3
we have d(Ly) < t.

Proof. The sequence d(Ly),...,d(Ls),...is unbounded and non-decreasing and,
by a theorem proved in [10], d(Ls+1) < d(Ls) + 1, so for each ¢t > d(L) there is
a unique s such that d(Ls) =t < d(Ls41). Define f(L,t) =s+ 1. If A = S",
where S is a non-abelian simple group, then [11, Lemma 1 (ii)] says that f(L,¢) >

1+ #. Soifk < |A|t_2, then d(Ly) <t. Asn < |A|, the result follows. O

n

To prove Theorem B we also need the following lemma about normal subgroups
of crown-based powers.

Lemma 2.5. Let L be a monolithic group and let G = Ly, be the crown-based
power of L of size k. If N is a normal subgroup of G, then either Soc(G) < N or
N < Soc(G).

Proof. The proof is by induction on k. If k = 1, then the result is true because
Soc(G) is the unique non-trivial minimal normal subgroup of G. So assume that
k > 1 and that N # 1 and let M be a non-trivial minimal normal subgroup of
G such that M < N. Then M = Soc(L), G/M = Lj_, and Soc(G/M) =
Soc(G)/M . By induction, it follows that either Soc(G/M) < N/M or N/M <
Soc(G/ M) and then the result follows.

O
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3 Proofs of Theorems A, B and C

Theorem A is a special case of the following proposition, whose formulation is
more appropriate in the context of profinite groups.

Proposition 3.1. Let G be a finite groupand Gop = 1 < -+ < G; <+ <G, =G
be a chief series of G. Then there exists a 2-generated subgroup H of G such that
€(HG;/Gi) = €(G/G;) foreveryi =0,...,n— 1.

Proof. We will prove that if G is a group with no proper subgroups H such that
C(HG;/M) =€(G/G;) foreveryi = 0,...,n— 1, then d(G) < 2. Of course,
we may assume that G is not cyclic, otherwise the result is obviously true. Let
N be a normal subgroup of G such that d(G/N) = d = d(G) but every proper
quotient of G/N can be generated with d — 1 elements. Then, by Theorem 2.1,
G/N = L, for some integer ¢ and some monolithic group L whose socle is either
non-abelian or complemented. Note also that d(L/ Soc(L)) < d — 1 because this
group is a proper quotient of G/N.

We first prove that 1 = 1. Assume by contradiction that ¢ > 2. If we delete
repetitions in the series N < --- < G;N/N < --- < G,/N = G/N, we obtain
a chief series of G/N. It follows from Lemma 2.5 that there exist j and k with
0 < j <k < nsuchthat GxN/N = Soc(G/N), GxyN/G;N = Soc(L) and
G/G;N = L. Note also that if G;N < G;N, then G/G;N = L for some
positive integer s < ¢, so €(G/G;N) = €(L). Define X in the following way.

* If Soc(L) is abelian, then Soc(L) has a complement in L and thus Soc(G/N)
has a complement Y /N in G/N. Then there exists a Y /N -invariant comple-
ment M/N of G;N/N in Soc(G/N) andlet X/N = MY/N.

 Otherwise let X/N be the subgroup of G/N corresponding to the diagonal
{d,....]) |l € L}of L;.

Note that in both cases X is a proper subgroup of G such that XNG; = G.
We want to prove that XG; / G; has the same set of isomorphism classes of compo-
sition factors as G/ G; foreachi = 1,...,n—1. Since N < X, it suffices to prove
that €(XG;/NG;) = €(G/NG;). If NG; > NGj, then XG; = XNG; = G
and our claim is trivial. If NG; < NGj, then L = G/NG; = XNG;/NG; =
X/XNNG; is an epimorphic image of X/ X NNG; = XG;/NG; and this implies
that €(G/NG;) = €(L) = €(XG;/NG;).

Now X is a proper subgroup of G such that €(XG;/G;) = €(G/G;) for each
i =1,...,n— 1, and this contradicts our choice of G.

So t = 1 and we can apply the Main Theorem in [12]. It follows that d =
d(G/N) =d(L) = max{2,d(L/A)} <max{2,d —1},s0d = 2, asrequired. O
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We mention here that the proof of Proposition 3.1 is almost trivial when G is a
finite soluble group because it follows easily by induction on |G| using the Schur—
Zassenhaus theorem.

We are now ready to prove Theorem B. We recall that a profinite group is a topo-
logical group which is an inverse limit of finite groups (which are endowed with
the discrete topology) or, equivalently, it is a compact totally disconnected topo-
logical group. For a general reference on profinite groups see Wilson’s book [15].

If G is a profinite group and H is a closed subgroup of G, we say that H is
(topologically) generated by x1,...,x, if HN/N is generated by x1 N, ..., x, N
for every open normal subgroup N of G.

Proof of Theorem B. We note that the cardinality of €(G) is at most countable
because there is only a countable number of isomorphism classes of finite groups.
For every S € €(G) let Ng be an open normal subgroup of G such that S is a
composition factor of G/Ng. If N = (\gece(g) Ns, then G/N = G is a profinite
group. For every x € G we will denote with X the image xN of x in G/N, and
similarly if M is a subgroup of G, then M will denote its preimage in G. We
note that {Ng} See(G) is a countable basis of open subgroups of G; moreover, by
taking appropriate intersections, we can choose a basis 8 of open subgroups of G
such that the elements of B are totally ordered with respect to inclusion, that is for
eachM,,M € B, either M; < M orM < M;.
For every open normal subgroup M € i)’ we define

Q= {(xl,xz) €GxG | C({x1,x2)M/M) = t’(G/M)}~

Note that if (x1,x2) € Q 7, then x; M X xo M C Q 7, and actually €2 5 is the (fi-
nite) union of all subsets of that type. As M is closed in G, it follows that x; M X
Xx2M is closed in G x G and thus €27 is also closed in G x G, being the union
of finitely many closed sets. Moreover, if we choose My,..., M, € B, we may
assume that M1 <...< Mr and we can refine the series M1 <My/My <--- <
M,/M; < G/M1 to a composition series of G/M;. By Proposition 3.1, there is
a 2-generated subgroup 7'/ M; of G/M; such that €(G/M;) = €(TM;/M;) for
everyi = 1,...,r. Let T/My = (y1,y2)M1/My; then (y1,y2) € ()= 2 :

So the family {27} ;75 has the property that every finite subfamily has non-
empty intersection. As G is compact, the whole family has non-empty intersec-
tion, that is there exists (x1, x2) € G xG such that €({x1, x2) M/ M) = €(G/M)
forany M € B. Let H be the topological closure of (x1, x2) in G. We prove that H
has the same set of isomorphism classes of composition factors as G. If S € €(G),
then Ng/N is open in G/ N, so there exists an open subgroup M of G such that
M € Band M < Ng. We have that S € €(G/M) = €({x1,x2)M/M) =
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C(HM/M) = €(H/(H N M)) € €(H). Similarly, €(H) <€ €(G). This
concludes the proof. o

For the proof of Theorem C we will need the following two results:

Proposition 3.2. Let P be a p-group acting on a p'-group Q in such a way that
Co(a) = 1 for every a € P \ {1}. Then either P is cyclicor p = 2 and P is
generalized quaternion.

Proof. See [7,10.3.1 (iv)]. 0

Lemma 3.3. Let L be an almost simple group. If k < 2, then the crown-based
power Ly is at most 3-generated.

Proof. If k = 1, then Ly = L and the statement is true by the main result
in [3]. Let k = 2 and let A = Soc(L). Then, of course, A is a non-abelian
finite simple group. Again by the main result in [3], it is possible to choose
g21,82,83 € L suchthat A < (gy,g3) and L = (g1,g2,83). Let x € A be
such that |g1x| # |g1| (note that such an x exists by the Main Lemma in [12]).

Then Ly = ((g1.81X). (82, 82), (g3, 83))- o

Proof of Theorem C. The idea of the proof is to argue as in the proof of Theo-
rem A, showing that if G is a group with no proper subgroups having the same
prime graph, then d(G) < 3. Let N be a normal subgroup of G such that
d(G/N) = d = d(G) but every proper quotient of G/N can be generated with
d — 1 elements. Then, by Theorem 2.1, G/ N is isomorphic to the group

Ly ={(1.....Ix) € L¥ | I; = -+ = [ mod A}
andlet ¢ : Ly — G/N be an isomorphism between them. For each i < k define
T ={(1,....Ix) e Ly | Ij =; forevery j > i} < L.
Note that 7; = L;. Recall that A is the product of isomorphic simple groups. We
will work with the subgroup X of G that can be defined as follows:
(1) if k = 1 orif A is not simple, let X/N = ¢(T1),
(2) if k =2 or A is simple of order greater than 2, let X/N = ¢(T»),
(3) otherwise |A| =2,k > 3 and welet X/N = ¢(T3).

We wish to prove that X = G. This is obviously true if k = 1 orif k = 2 and A
is simple. So from now on we will assume that

k > 2 and if k = 2, then A is not simple. (%)

Of course, the set of primes dividing the order of X is the same as the set of primes
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dividing the order of G, so I'(X) and I'(G) have the same vertices. It remains to
prove that they also have the same edges because then we would have the equality
I'(X) = I'(G) and thus X = G by the minimality of G.

Obviously, if p,q € T'(X) with p # g and there is an edge connecting p and ¢
in I'(X), then there is also an edge connecting p and ¢ in I'(G).

Now let p,q € T'(G) with p # ¢, and assume that there is an edge connecting
p and ¢, that is there is an element u of order pq in G.

Ifu € N < X, then there is an edge in I'(X) connecting p and q.

Ifu € G\ N, then we distinguish two cases: when uN has order pg and when
uN has prime order.

In the first case pq divides the order of L. If there exists / € L of order pgq, let
vN = ¢(,1,...,1). Then v € X has order divisible by pg, so there is an edge
in I'(X) connecting p and ¢g. If L has no element of order pq, then k > 1. Let
¢ YwuN) = (I1,....1x) € L¥. As uN has order pq, there are two components
of "1 (uN), say I, ls, such that || = p, |Is| = q. As |I,A| = |I;A], it follows
that [, [s € A, so the order of A is divisible by two different primes. Moreover, as
A has no element of order pgq, it follows that A is simple. Therefore, X is defined
by condition (2) and if we take vN = ¢(l,,ls,ls,...,ls) € X/N,then v € X has
order divisible by pg. Hence, there is an edge in I'(X) connecting p and g.

If uN has prime order, say p, then g divides the order of N.

First assume that p } |A|. Then, by the definition of X, it follows that every
Sylow p-subgroup of X /N is also a Sylow p-subgroup of G/N. As uN has order
D, there exists y € G such that (uN)” € X/N,sou? € X is an element of X of
order pg and there is an edge in I'(X) connecting p and g.

Now assume that p divides |A|. Let Q be a Sylow g-subgroup of N and let
T = Nx(Q). By the Frattini argument, X = TN. Let P be a Sylow p-subgroup
of T'. In the natural way, P acts on Q by conjugation. Also, PN/N is a Sylow
p-subgroup of X/N.

The hypothesis () shows that a Sylow p-subgroup of X /N is non-cyclic. Thus,
P is non-cyclic. Moreover, if p = 2, then Soc(X/N) contains a subgroup isomor-
phic to an elementary abelian 2-group Y of rank 3, hence P has a section isomor-
phic to Y and cannot be a generalized quaternion group. By Proposition 3.2, we
conclude that there is a non-trivial element in Q centralized by some non-trivial
element from P. Hence, there is an element of order pg in X, as required. This
concludes the proof of the fact that X = G.

Now we will bound d(G) = d(G/N) by examining G/N = X/N = L.

(i) If k = 1 orif A is not simple, then G/N = ¢(T1) = L, so the Main The-
orem in [12] yields d(G/N) = d(L) < max{2,d(L/A)} < max{2,d — 1},
which implies that d = 2.
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(ii) If A is abelian of order greater than 2, then k < 2. Let ¢,r,s,0 be as in
Theorem 2.2. Since d(L/A) < d — 1, it follows that d = d(G/N) =
0+ [(k+s)/r] <1+ [Q2+s)/r]. We have already observed that s < r
whence d < 3.

(iii) If A has order 2, then k < 3, so the same argument as before shows that
d =d(G/N) = [(k +s)/r] <3 (note that § = 0 in this case).

(iv) If none of the above occurs, then it follows from the definition of X that
A is a simple non-abelian group and k = 2. Now Lemma 3.3 implies that
G/N = L, is at most 3-generated, so again d < 3.

This completes the proof. o

The following example shows that there exists a 3-generated group H such that
no 2-generated subgroup T of H satisfies ['(H) = I['(T). Thus, the bound in
Theorem C is sharp.

Consider the group S3 = (a,b | a®> = b> = 1,b* = b~!). Let V; be an
elementary abelian 5-group of rank 2, and let V5 be an elementary abelian 7-group
of rank 2.

The assignment a — a1 = (} 1), b — a2 = (}}) makes V; into an
irreducible S3-module, and » acts on it without fixed points, so the semidirect
product V; x S3 has no element of order 15.

The assignment a +— y; = (94). b — y2 = (% ;) makes V> into an
irreducible S3-module, and b acts on it without fixed points, so the semidirect
product V5 x S3 has no element of order 21.

Now consider G = ({b1) X (b,)) x {a), where |b1| = |b2| = 3 and |a| = 2 and
blfl = bi_l. Note that G =~ L,, where L. = S3, so Theorem 2.2 shows d(G) = 3.

The assignment a — (a1, Y1), b1 — (a2, 1), ba — (1, y2) gives an action of
G on V; x V3, and we can consider the semidirect product H = (V] x V) x G.
As G is a quotient of H, it follows that d(H) > 3 (actually using Theorem 2.2 it
is easy to see that d(H) = 3).

Now let T be a subgroup of H which has the same prime graph as H and let
T* = (V1 x V2)T. We claim that T* = H. Assume by contradiction that T
is a proper subgroup of H. As n(T*) = m(H), it follows that T* has index 3
in H. Moreover, a Sylow 3-subgroup P of T* is cyclic, and as T* must contain
elements of order 15 and 21, the centralizer in T* of P has order divisible by 35.
But it is easy to see that in H there is no element of order 3 whose centralizer has
order divisible by 35, so T* = H. Now foreachi = 1,2 wehave T N V; # 1.
Moreover, the normal closure of 7 N V; in T is equal to the normal closure V; of
TNV;in H,soV; <T foreachi = 1,2and T = H. This shows that H has the
desired property.
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Recall that the spectrum of a group G is the set of orders of the elements
of G. Let us fix an arbitrary positive integer d and construct a group G such
that d(G) = d and no (d — 1)-generated subgroup of G has the same spectrum.
Let X = {p1,..., pq} be a set consisting of d different odd prime numbers, and
let D; = (bj,a; | b = a? = 1,b{" = b;!) be the dihedral group of order 2p;,
foreachi = 1,...,d. Put

Let also B = ]—[?zl(bi) < G, and let p : G — G/B be the natural projection.
It is easy to see that d(G) < d because p(G) is an elementary abelian 2-group of
rank d, and as G = {(a1b3,as2b3,...,ayzb1), it follows that d(G) = d. Moreover,
the spectrum of G is the set of all proper divisors of the number m = 2py--- pg.
Note that the elements g € G of order m/p; are precisely those of the form
(b;‘,...,bl.ri_l',ai,birf,_ﬁl,...,barld), where r; # 0 mod p;, forall j € {1,...,d},
j # i. Hence, if a subgroup H of G contains an element of order m/ p;, then
p(H) = p(D;). Thus, if a subgroup H of G has the same spectrum as G, then
p(H) is an elementary abelian group of rank d and thus H is at least d-generated
(actually H = G).

4 Proofs of Theorems D and E

The strategy of the proofs of Theorems D and E is similar to that of the previous
ones but involves different arguments. We will isolate one of them in the following

Lemma 4.1. Let G be a finite group in which all proper subgroups have smaller
exponent than G. Let N be a normal subgroup of G such that G/N = Ly for
some monolithic group L whose socle A is abelian and complemented. If we have
|Endz 4(A)| = q, |A| = q", thenk <.

Proof. Let p be the prime such that g is a p-power, IF, be the field with p elements
and ¢ : Ly — G/N be an isomorphism between L; and G/N. Further, let
I/N = ¢(Soc(L)). We note that ¢ makes Soc(Ly) = A¥ into an F,G-module
and Endy /4 (A) = Endp,G (A). Let us show that /N is a cyclic [, G-module.
Note that if T is a complement for A in the monolithic group L, then the sub-
group {(¢,....1) |t € T} < Ly is a complement for A¥ in Ly and K/N = ¢(T)
is a complement of / /N in G/N. Remark that / /N is a p-group. Hence, if s # p
is a prime, then every Sylow s-subgroup of K is also a Sylow s-subgroup of G.
Now for every prime s # p let y5 be an s-element of K of maximum order and
let y, € K be a p-element of G of maximum order. Write y, = yz, where y € |
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and z € K. Let M = (y)9. Of course, we have exp(G) = exp({ys | s is a prime
dividing |G|)) = exp({K,yp)) = exp(MK), so G = MK. This implies that
I/N=M/N.

So I /N is a cyclic IF, G-module. Let J be the Jacobson radical of I, G, so that
FpG/J is a semisimple algebra. Of course, //N = Ak is also a cyclic FpG/J-
module (because the Jacobson radical annihilates any simple G-module) and we
can apply [2, Lemma 1]. If A occurs n times in F, G/ J, it follows that [k /n] = 1,
so that k < n.

But }FPG/ J is a semisimple algebra (and, of course, it is also Artinian, be-
ing finite), so we can apply the Wedderburn—Artin theorem (see [8, Lemma 1.11,
Theorems 1.14 and 3.3]), and we conclude that 7 is precisely dimgyg,; (4)(4) =
dimgng, ,,(4)(A) = r. So we conclude that k < r, as required. |

Proof of Theorem E. Let G be a soluble group with no proper subgroup having the
same exponent and N be a normal subgroup of G such that d(G/N) = d = d(G)
but every proper quotient of G/N can be generated with d — 1 elements. Then,
by Theorem 2.1, G/N is isomorphic to Lj for some monolithic group L whose
socle A is abelian and complemented. Let ¢, r, s, 6 be as in Theorem 2.2. Since
G is soluble, all complements of A in L are conjugate, so that s = 0. Moreover,
Lemmad4.1 tellsusthatk <r,so [k/r] = 1. Asd(L/A) < d —1, it follows from
Theorem 2.2 that d = d(G/N) = 0 + [k/r] < 2. This concludes the proof. O

Before embarking on the study of the general case, we need a preliminary
lemma concerning monolithic groups whose socle is non-abelian.

Lemma 4.2. Let p be a prime, let L be a finite monolithic group whose socle A is
non-abelian and choose a p-element | € L. If aj is the number of A-conjugacy
classes of L which are contained in | A and whose elements have p-power orders,
then a; < |A|p.

Proof. Let Q = {x € [A | x has p-power order} and H = (/)A. Choose a
Sylow p-subgroup P of H containing / and let 0 = A N P. It is clear that
P =({ANnP = {[)(AN P). Since H = (I})A and [ € P, every Sylow
p-subgroup of H is A-conjugate to P.

Now let x € Q. We have x = la for some a € A and there exists y € A4 such
that x¥ € P. But (la)” = [[l,y]a”, and as | € P, it follows that [/, y]la” €
P N A = Q. This proves that every element of €2 is A-conjugate to an element
of Q. Thus, a; = || < |Q] < |Alp, as required. |

Proof of Theorem D. Let G be a group with no proper subgroups having the same
exponent and let N be a normal subgroup of G such that d(G/N) = d = d(G)
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but every proper quotient of G/N is (d — 1)-generated. Then, by Theorem 2.1,
we have that G/N is isomorphic to L for some monolithic group L, and let
¢ : Ly — G/N be an isomorphism between them.

First assume that the socle A of L is abelian and complemented. Let ¢, r, s, 0
be as in Theorem 2.2. We observe that s < r by Theorem 2.3 and k < r by Lem-
ma4.1. Thus, [(k+s)/r] <2. Asd(L/A) < d — 1, it follows from Theorem 2.2
thatd = d(G/N) =0+ [(k +s/r] < 3.

So we can assume that A is non-abelian. We want to prove that in this case
k <|A|.Let D = {(l,...,]) |l € L} be the diagonal of L and K/N = ¢(D).
Note that for every prime g such that ¢ } |A| the subgroup K contains a Sylow
q-subgroup of G.

Let w(A) be the set of primes dividing |A|. For every prime ¢ ¢ 7w (A) we
choose a g-element x,; of K of maximum order and for every prime p € w(A4) we
choose a p-element x, € G of maximum order.

If p € m(A), we see that the element X, = (p"l(xpN) € Ly is of the form
Xp = (Xp,1.....Xpx), Where xp; € [,A foreveryi = 1,...,kand [, € L is
an element of p-power order. If there exist xp,; and xp,; such that xp ; = x7;
for some a € A, by replacing X, by a suitable conjugate, we can assume that
Xp,j = Xp, (more precisely, we take the conjugate of X, by the element y =
(1,....a,...,1) € L, where a is in the i -th position). We accordingly replace x,,
with xlz,, where zN = ¢(y). Note that the resulting element is still a p-element of
G of maximal order. Let 7 = (K, x, | r is a prime dividing | A|). Thenexp(G) =
exp({x, | r is a prime dividing |G|)) = exp(T"), so T = G by minimality of G.

Leta = ]_[peﬂ(G) ar,, where ar, is defined as in Lemma 4.2. If k& > a, then
there exists i, j € {1,...,k} withi # j such that x,; = x, ; forany p € m(A).
Let H ={(l1,....lx) € Ly | I; =1;}. We see that H is a proper subgroup of L
such that that D < H and X, € H forevery p € n(A4). So ¢(T) < H, but this
is a contradiction because ¢(T) = ¢(G) = L. Thus, k < a. Now Lemma 4.2
shows thata = [[,er(g) a1, < [lpeno) |4lp < |Al s0 k < |A[, as we wanted.

Finally, we can bound d(G). Assume by contradiction d(G) = d > 4. Then
on the one side we have that d(L;) = d(G/N) = d, on the other side Lemma 2.4
with z = d — 1 shows that d(Lg) < d — 1 because k < |A| < |A|"~3. This
contradiction concludes the proof. |
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