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Abstract This paper is of methodological nature, and deals with the foundations of Risk Assessment.
Several international guidelines have recently recommended to select appropriate/relevant Hazard Scenar-
ios in order to tame the consequences of (extreme) natural phenomena. In particular, the scenarios should
be multivariate, i.e., they should take into account the fact that several variables, generally not independent,
may be of interest. In this work, it is shown how a Hazard Scenario can be identified in terms of (i) a specific
geometry and (ii) a suitable probability level. Several scenarios, as well as a Structural approach, are pre-
sented, and due comparisons are carried out. In addition, it is shown how the Hazard Scenario approach
illustrated here is well suited to cope with the notion of Failure Probability, a tool traditionally used for
design and risk assessment in engineering practice. All the results outlined throughout the work are based
on the Copula Theory, which turns out to be a fundamental theoretical apparatus for doing multivariate risk
assessment: formulas for the calculation of the probability of Hazard Scenarios in the general multidimen-
sional case (d � 2) are derived, and worthy analytical relationships among the probabilities of occurrence of
Hazard Scenarios are presented. In addition, the Extreme Value and Archimedean special cases are dealt
with, relationships between dependence ordering and scenario levels are studied, and a counter-example
concerning Tail Dependence is shown. Suitable indications for the practical application of the techniques
outlined in the work are given, and two case studies illustrate the procedures discussed in the paper.

1. Introduction

Several international guidelines concerning the risk assessment in engineering practice are available in liter-
ature: see, among others, European Committee for Standardization [2002]; ISO [1998]; JCSS [2008]; ISO
[2009a, 2009b]. An interesting novel approach is outlined in the Directive 2007/60/EC of The European Par-
liament and of The Council [The European Parliament and The Council, 2007]: it concerns the assessment and
the management of flood risks, but the strategies proposed are paradigmatic, and can be adopted in all
areas of environmental engineering (e.g., those concerning droughts, rainfall storms, sea storms, etc.). In
particular, the cited Directive states that [The European Parliament and The Council, 2007, p. 30, chap. III, Arti-
cle 6.3] the flood risk management should require the implementation of suitable ‘‘flood hazard maps cov-
ering the geographical areas which could be flooded according to the following scenarios: (a) floods with a
low probability, or extreme event scenarios; (b) floods with a medium probability (likely return period � 100
years); (c) floods with a high probability, where appropriate.’’ Moreover, a multivariate approach is recom-
mended [The European Parliament and The Council, 2007, p. 31, chap. III, Article 6.4], since it is suggested to
consider, for each flood scenario, the following quantities: ‘‘(a) the flood extent; (b) water depths or water
level, as appropriate; (c) where appropriate, the flow velocity or the relevant water flow.’’ In turn, the scope
of the Directive is twofold. On the one hand, the EU framework requires the specification of suitable sto-
chastic models for flood events that are per se multivariate (viz., they involve a number of nonindependent
variables for the characterization of a flood). On the other hand, relevant flood scenarios of interest are indi-
cated, each associated with prescribed probability levels.

The EU guidelines pose nontrivial questions concerning the mathematical framework used to model natural
threatening phenomena: in fact,
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1. a notion of ‘‘(extreme) event scenario’’ must be introduced;
2. scenarios should be multivariate, viz. several variables, generally nonindependent, should be considered;
3. a suitable multivariate probability law must be specified.

Note that these issues are quite general, and are related to the (extreme) events associated with quite a few
environmental phenomena (for a survey, see Chebana [2013] and Straub [2014]). In recent years, several
investigations have focused on this troublesome matter. In literature [see e.g., Reeve, 2000, chap. 5; Reeve
et al., 2004, chap. 7; Kottegoda and Rosso, 2008, chap. 9; Liu et al., 2015], the occurrence of environmental
extreme event scenarios in a multivariate framework has been addressed trying to determine the probabil-
ity corresponding to a failure region, considering failure modes with elements in series, in parallel, or mixed,
both under independent and dependent circumstances. Specifically, in hydrology, examples are the joint
occurrence of flood discharge at river confluences [Raynal and Salas, 1987; Favre et al., 2004; Wang et al.,
2009; Bender et al., 2013], the superposition of river flooding and storm surges at coasts [Kew et al., 2013], or
the important role of flood duration, besides peak discharge, for dike failure [Vorogushyn et al., 2010] and
for flood losses [Merz et al., 2013]. Analogously, storm related coastal flooding events are mainly caused by
high water levels, due to a combination of astronomical tide and storm surge, and high and long waves
incident on the coast, through the effects of wave setup and runup—see Masina et al. [2015]. Moreover,
several analyses highlighted relationships existing among the main oceanographic variables and proposed
multivariate methods for the assessment of sea defenses—see e.g., Hawkes [2008]; Hawkes et al. [2002]; and
Ferreira and Soares [2002]. Alternative methods that can deal with scenarios of arbitrary geometry can be
found in Girard and Stupfler [2015]. In addition, recent advances concerning spatial risk assessment and
quantification can be found in Gr€aler [2014], and references therein.

The target of this paper is to elaborate a probabilistically consistent framework that, according to various
regulation requirements, is suitable for (i) dealing with the concept of multivariate hazard scenarios, and (ii)
providing valuable tools for assessing the probability of threatening of (extreme) natural occurrences. Sev-
eral are the elements of novelty introduced:

1. the concept of Hazard Scenario is defined at a general level via the notion of Upper Set, and is identified
by (i) a specific geometry, and (ii) a suitable probability level;

2. general multidimensional formulas (for the case d � 2) are derived, both concerning the probabilities of
occurrence of Hazard Scenarios and Failure Probabilities;

3. the formal connections between different Hazard Scenarios are investigated, and multivariate switching
formulas for their respective probabilities are presented;

4. the Extreme Value and Archimedean special cases are dealt with, relationships between dependence
ordering and scenario levels are studied, and a counter-example concerning Tail Dependence is shown.

Throughout the paper, several indications about the choice of the Hazard Scenario to be used in practical
applications are given, and a Structural approach is dealt with as well.

The structure of this paper is as follows. Section 2 provides a general overview of the multivariate (copula-
based) setting used in the paper. In section 3, the notion of Hazard Scenario is introduced, and several cases
are discussed and compared; in addition, suitable indications concerning the application of the techniques
outlined in the work are given. In section 4, the notion of Failure Probability is recalled, and it is shown how
the Hazard Scenario approach illustrated here is well suited to cope with it. In section 5, two practical illus-
trations are shown. Finally, some conclusions are drawn in section 6.

2. The Theoretical Background

A convenient way to deal with multivariate phenomena, where the variables at play are generally noninde-
pendent, is to use Copulas [Nelsen, 2006; Salvadori et al., 2007; Durante and Sempi, 2015]. Since the introduc-
tion of copulas in hydrology [De Michele and Salvadori, 2003], a number of papers in hydrology, as well as in
other geophysical fields, have shown the theoretical and practical advantages of using a copula approach,
and support their usage. For an overview concerning different ways of quantifying the risk of compound
events see, among others, Shiau [2003]; Salvadori [2004]; Gr€aler et al. [2013]; Salas and Obeysekera [2014];
and Serinaldi [2015a]. A thorough list of relevant works is also available at the STAHY website (www.stahy.org).
In particular, concerning selection/estimation/testing statistical procedures for copulas, the interested
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reader may refer to Genest and Favre [2007]; Genest et al. [2009]; Choro�s et al. [2010]; Kojadinovic and Yan
[2010]; Kojadinovic et al. [2011]; De Michele et al. [2013]; Fermanian [2013]; Joe [2014]; Salvadori et al. [2014],
and references therein. In addition, freeware for working with copulas, developed for the ‘‘R’’ package [R
Core Team, 2013], is available online [Hofert et al., 2013; Gr€aler, 2015]. The results presented in the Case Stud-
ies (see section 5 below) have been obtained using the techniques outlined in the cited works, to which the
reader is referred.

In the following, the same notation used in Salvadori et al. [2011, 2013] is adopted. In particular, I denotes
the unit interval [0,1], and Lt indicates the level set at t 2 I of the (joint) continuous distribution
FðxÞ5CðF1ðx1Þ; . . . ; FdðxdÞÞ. Practically, Lt is the set of points in the d-dimensional Euclidean space Rd such
that FðxÞ5t—Lt will also be referred to as a ‘‘critical layer’’ of level t. Here C is the copula of the random vec-
tor X5ðX1; . . . ; XdÞ describing the phenomenon under investigation, with univariate margins Fi’s (assumed
to be strictly increasing on their support), according to the representation given by Sklar’s Theorem [Sklar,
1959]. Similarly, Lt denotes the critical layer of the (joint) survival function FðxÞ5
PðX1 > x1; . . . ; Xd > xdÞ5Ĉð�F 1ðx1Þ; . . . ; �F dðxdÞÞ, where Ĉ is the survival copula of the Xi’s, and �F i512Fi is
the survival function of Xi, with i51; . . . ; d. Note that Ĉ can be written in terms of the copula C by using the
Inclusion-Exclusion principle [see Joe, 2014, p. 27], since ĈðuÞ5Cð12uÞ for all u 2 Id , and C is the survival
function associated with C given by

CðuÞ512
Xd

i51

ui1
X
S2P
ð21Þ#ðSÞCSðui : i 2 SÞ; (1)

where P is the set of all subsets of f1; 2; . . . ; dg with at least two elements, #ðSÞ denotes the cardinality of
S, and CSðui : i 2 SÞ represents the marginal copula of C, with dimension equal to #ðSÞ, involving only those
indices i’s belonging to S. As will be made clear below, both Lt and Lt play the role as of (critical) multivari-
ate thresholds, with dimension d – 1.

Furthermore, due to the assumption that the Fi’s are strictly increasing, the Probability Integral Transform
(hereinafter, PIT) viz., the relations

U5ðU1; . . . ;UdÞ5ðF1ðX1Þ; . . . ; FdðXdÞÞ5T FðXÞ; (2)

and

X5ðX1; . . . ; XdÞ5ðF21
1 ðU1Þ; . . . ; F21

d ðUdÞÞ5T 21
F ðUÞ; (3)

are one-to-one. These formulas map the vector U living in Id onto the vector X living in the d-dimensional
Euclidean space Rd (and vice-versa)—see Nelsen [2006]; Salvadori et al. [2007]; and Embrechts and Hofert
[2013]. Thanks to the invariance of copulas for strictly increasing transformations [Nelsen, 2006, Theorem
2.4.3], U and X share the same copula.

Note that, thanks to Sklar’s Theorem, the PIT uniquely maps the probabilities of the events in Id (as induced
by the copula C) onto Rd (as induced by F5CðF1; . . . ; FdÞ), and vice-versa; the same holds for Ĉ and F . The
role played by the univariate margins is only to geometrically remap such probabilities onto suitable
regions in the Euclidean space Rd (and vice-versa), without affecting them. By the same token, also Lt and
Lt are mapped from Rd onto Id (and vice-versa), thus becoming the level sets of C and Ĉ, respectively.

A further notion of interest is represented by the Kendall’s function K [Genest and Rivest, 1993; Barbe et al.,
1996; Genest et al., 2011] associated with the copula C of X, which yields the following probability:

KðtÞ5P FðX1; . . . ; XdÞ � tð Þ5P CðF1ðX1Þ; . . . ; FdðXdÞÞ � tð Þ; (4)

with t 2 I. For a graphical illustration of K see, e.g., in Salvadori et al. [2011, Figure 4].

Finally, analogously to the case of distribution functions, it is possible to define an upper-orthant Kendall dis-
tribution function K̂ associated with F , and given by

K̂ðtÞ5P FðX1; . . . ; XdÞ � t
� �

5P Ĉð�F 1ðX1Þ; . . . ; �F dðXdÞÞ � t
� �

; (5)

with t 2 I. The survival function associated with K̂ will be (loosely) called Survival Kendall, and will be
denoted by �K , viz. �K512K̂—for more details, see Nappo and Spizzichino [2009]; Salvadori et al. [2013,
2014]; and Cousin and Di Bernardino [2014]. For a graphical illustration of �K see, e.g., in Salvadori et al. [2013,
Figure 2].
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3. Hazard Scenarios

In the following, the notion of Hazard Scenario will be fundamental. In particular, the concept of Upper Set
[Davey and Priestley, 2002] will play an important role.

Definition 1 (Upper Set). S � Rd is an Upper Set if, and only if, x 2 S and y � x component-wise imply
y 2 S. �

The notion of Upper Set well copes with the intuitive (and practical) reasoning that, if an occurrence is risky,
then also ‘‘larger’’ realizations may be threatening. In turn, a possible definition of Hazard Scenario is as
follows.

Definition 2 (Hazard Scenario). Let X be a random vector describing the phenomenon of interest. A Haz-
ard Scenario (hereinafter, HS) of level a 2 ð0; 1Þ is any Upper Set S5Sa � Rd such that the relation

PðX 2 SÞ5a (6)

holds. �

In order to keep the notation as simple as possible, in the following the dependence upon a will be sup-
pressed whenever no confusion may arise. As a practical interpretation, a Hazard Scenario can be conceived
as a set containing all the occurrences x’s reputed to be ‘‘dangerous’’ (i.e., possibly affecting/damaging a
given structure) according to some suitable criterion. In particular, if x 2 S and y � x component-wise, then
also y could be considered as a dangerous occurrence. Last, but not least, here it is important to stress the
probabilistic foundational novelty brought by Definition 2 (viz., the a-level characterization of HS’s), which is
different from the traditional geometrical approach (as e.g., in Serinaldi [2015a, and references therein]). The
advantages of the formalization of Hazard Scenarios proposed in this work will be well appreciated later, in
the Case Studies section.

Since a Hazard Scenario is an Upper Set, it deals with situations where large values of the variables of inter-
est are associated with dangerous conditions—as is common in many environmental engineering applica-
tions. When, on the contrary, small values of some variables Xi’s may be dangerous (for instance, think of
small discharges in case of droughts), formally it is enough to change the sign of the variables of interest, or
carrying out other suitable transformations as in AghaKouchak et al. [2014].

As will be shown below, given a realization x 2 Rd , there exist several ways to associate x with a suitable
HS, occasionally denoted by Sx � Rd for the sake of clarity and notational convenience. Clearly, via the PIT
(see equations (2) and (3)), there exists in Id a unique realization u5T FðxÞ corresponding to x, as well as a
unique region Su � Id corresponding to Sx. In turn, the knowledge of the copula at play may suffice to cal-
culate the level of Su , and hence of Sx.

In literature, several scenarios are usually considered. The choice of a specific HS to be used in practice may
depend upon two different, and complementary, criteria: viz., the type of events considered to be menac-
ing, and their probabilities of occurrence, as will be made clear below (see also Table 1, the examples pre-
sented later in section 3.1, and the survey in Serinaldi [2015a]).

1. ‘‘OR’’ scenario S�. A d-dimensional OR HS is given by the region

S�
x 5 [

d

i51
ðR3 � � �3ðxi;11Þ3 � � �3RÞ; (7)

and the associated level a is

a�
x 5P X 2 S�

x

� �
512CðF1ðx1Þ; . . . ; FdðxdÞÞ: (8)

For the realization of the event fX 2 S�
xg it is sufficient that one of the variables Xi’s, with i51; . . . ; d,

exceeds the corresponding threshold xi. The shape of a bivariate OR HS is illustrated in Figure 1a, consid-
ering the pair ðU; VÞ 2 I2 (see, among others, Yue and Rasmussen [2002]; Shiau [2003], and also Salvadori
[2004]; Salvadori and De Michele [2004]; De Michele et al. [2005]).
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2. ‘‘AND’’ scenario S�. A d-dimensional AND HS is given by the region

S�
x 5 \

d

i51
ðR3 � � �3ðxi;11Þ3 � � �3RÞ; (9)

and the associated level a is

a�
x 5P X 2 S�

x

� �
5Ĉð�F 1ðx1Þ; . . . ; �F dðxdÞÞ: (10)

For the realization of the event fX 2 S�
xg it is necessary that all the variables Xi’s, with i51; . . . ; d,

exceed the corresponding thresholds xi’s. The shape of a bivariate AND HS S�
u;v is illustrated in Figure 1b,

considering the pair ðU; VÞ 2 I2 (see, among others, Yue and Rasmussen [2002]; Shiau [2003], and also Sal-
vadori [2004]; Salvadori and De Michele [2004]; De Michele et al. [2005]).

3. ‘‘Kendall’’ scenario SK . Let x 2 Rd be a given occurrence, with t5FðxÞ, and let Lt be the level set crossing
x. A d-dimensional Kendall HS is given by the region

SK
t 5fy 2 Rd : FðyÞ > tg5fy 2 Rd : CðF1ðy1Þ; . . . ; FdðydÞÞ > tg; (11)

and the associated level a is [Salvadori et al., 2011]

Table 1. Literature Survey (in a Chronological Order) Concerning the Usage of the Approaches OR, AND, Kendall (K.), and Survival Ken-
dall (S.K.)—See Texta

Reference OR AND K. S.K.

Yue [2000a] *
Yue [2000b] *
Yue [2001a] *
Yue [2001b] *
Yue [2002] *
Yue and Rasmussen [2002] * *
Yue and Wang [2004] *
Shiau [2003] * *
Salvadori and De Michele [2004] * * *
De Michele et al. [2005] * * *
Shiau [2006] * *
Salvadori and De Michele [2007] * * *
Salvadori et al. [2007] * * *
Poulin et al. [2007] *
Shiau and Modarres [2009]
Karmakar and Simonovic [2009] *
Salvadori and De Michele [2010] * * *
Salvadori et al. [2011] * * *
Klein et al. [2011] * * *
Fan et al. [2012] *
Zhang and Singh [2012] *
Corbella and Stretch [2012] *
Salvadori et al. [2013] * *
De Michele et al. [2013] *
Li et al. [2013b] *
Li et al. [2013a] * *
Lian et al. [2013] * *
Gr€aler et al. [2013] * * *
Chen et al. [2013] * * *
Zhang et al. [2013] * * *
Requena et al. [2013] * * *
Salvadori et al. [2014] *
Jeong et al. [2014] * *
Serinaldi [2015a] * * *
Mitkova and Halmova [2014] * *
AghaKouchak [2014] *
AghaKouchak et al. [2014] *
Xu et al. [2014] *
Volpi and Fiori [2014] * *
Salvadori et al. [2015] *
Ming et al. [2015] *
Liu et al. [2015] *
Serinaldi [2015b] * * * *

aThe ‘‘*’’ indicates which approach is discussed in the corresponding reference.
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aK
u5aK

x 5aK
t 5P X 2 SK

t

� �
512KðtÞ; (12)

where t5CðuÞ5FðxÞ. A bivariate Kendall HS is illustrated in Figure 1c, considering the pair ðU; VÞ 2 I2.
Roughly speaking, SK

t is the region ‘‘exceeding’’ the critical layer Lt : it is in this very sense that Lt may
represent a critical multivariate threshold.

4. ‘‘Survival Kendall’’ scenario S �K . Let x 2 Rd be a given occurrence, with t5FðxÞ, and let Lt be the sur-
vival level set crossing x. A d-dimensional Survival Kendall HS is given by the region

S �K
t 5fy 2 Rd : FðyÞ < tg5fy 2 Rd : Ĉð�F 1ðy1Þ; . . . ; �F dðydÞÞ < tg; (13)

and the associated level a is [Salvadori et al., 2013, 2014]

a
�K
u 5a

�K
x 5a

�K
t 5P X 2 S �K

t

� �
512�KðtÞ5K̂ðtÞ; (14)

where t5Ĉð12uÞ5FðxÞ. A bivariate Survival Kendall HS is illustrated in Figure 1d, considering the pair
ðU; VÞ 2 I2. Roughly speaking, S �K

t is the region ‘‘exceeding’’ the survival critical layer Lt : it is in this very
sense that Lt may represent a critical multivariate threshold.

Figure 1. Bivariate illustration of the Hazard Scenarios investigated here (shaded areas) according to different approaches, in the copula
domain—see text: respectively, the (top-left) OR, (top-right) AND, (bottom-left) Kendall, and (bottom-right) the Survival Kendall. In the Ken-
dall case, the lower bound of the hazard region corresponds to the critical isoline Lt , while in the Survival Kendall case it corresponds to
L t —see text.
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5. ‘‘Structural’’ scenario SW. As a further interesting point, it is worth noting that the notion of Hazard Sce-
nario introduced here is also well suited for dealing with a structural approach to the risk assessment, as
outlined, e.g., in De Michele et al. [2005]; Requena et al. [2013]; Volpi and Fiori [2014]; and Salvadori et al.
[2015] [see also Kottegoda and Rosso, 2008, sec. 9.1.4]. In this case, the set of dangerous occurrences (as
well as its shape) is dictated by a structure function W accounting for the interactions between the physi-
cal structure and the loads acting on it.

Generally speaking, for a suitable critical threshold z 2 R, a structural HS can be defined as

SW
z 5fx 2 Rd : WðxÞ > zg; (15)

where W : Rd ! R, and the only requirements are that (i) W be continuous, and (ii) y � x component-
wise imply WðyÞ � WðxÞ. The probabilistic characterization of a structural HS SW

z is provided by the asso-
ciated level a given by

aW
z 5P X 2 SW

z

� �
5P WðXÞ > zð Þ; (16)

whose computation, however, may turn out to be an awkward task from an analytical point of view, espe-
cially when W is a (highly) nonlinear function—as, e.g., in the illustration presented in section 5.2). Should
this be the case, a viable solution is to resort to a Monte Carlo approach [see Straub, 2014, and references
therein]. Practically, a huge sample of occurrences x’s (say, of size M� 1), extracted from the distribution
describing the phenomenon, is first simulated. Then, aW

z can be empirically estimated as the percentage of
realizations such that WðxÞ > z. An uncertainty analysis can be carried out as illustrated in section 5.

The shapes of the four Hazard Scenarios OR, AND, Kendall, and Survival Kendall introduced above are ruled by,
respectively, equations (7), (9), (11), and (13), while the corresponding probabilities are tuned by, respectively,
equations (8), (10), (12), and (14). On the one hand, the dangerousness of a set of occurrences can be ‘‘qualified’’
via the specific geometry of a HS; on the other hand, the level of a HS may ‘‘quantify’’ the threatening of the
same set.

The plots shown in Figure 1, together with the monotonic property of probability measures (viz., if A � B then
PðAÞ � PðBÞ) yield the following results. Note that, in general, for a given t 2 I; SK

t and S �K
t may overlap over a

set having positive probability, i.e., P X 2 SK
t \ S

�K
t

� �
> 0: for this reason, the Kendall and the Survival Kendall

cases will be dealt with separately.

1. The Kendall case. Let u5Fðx1; . . . ; xdÞ 2 Id be fixed, and let Lt be the critical layer crossing u, where
t5CðuÞ. Evidently,

S�
u � SK

t � S�
u; (17)

and hence

a�
u � aK

t � a�
u: (18)

Thanks to equation (8), a�
u is constant as u runs over Lt , as well as aK

t (thanks to equation (12)), whereas
a�

u generally changes. However, while SK
t is unique for all occurrences belonging to Lt , the HS S�

u ’s
reshape and partially overlap.

2. The Survival Kendall case. Let u5Fðx1; . . . ; xdÞ 2 Id be fixed, and let Lt be the survival critical layer
crossing u, where t5Ĉð12uÞ. Evidently,

S�
u � S

�K
t � S�

u; (19)

and hence

a�
u � a

�K
t � a�

u: (20)

Thanks to equation (10), a�
u is constant as u runs over Lt , as well as a�K

t (thanks to equation (14)),
whereas a�

u generally changes. However, while S �K
t is unique for all occurrences belonging to Lt , the HS

S�
u ’s reshape and partially overlap.

3.1. Practical Usage of Hazard Scenarios
As stressed in Serinaldi [2015a], the use of a specific HS should only be ruled by (i) suitable physical consid-
erations about the phenomenon under consideration, and (ii) specific combinations of the most relevant
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variables that give rise to the occurrence of dangerous events. In this section, several practical examples are
presented: the intention is to provide indications useful to select a proper HS suitable for dealing with the
problem under investigation. Once the shape of a scenario has been decided (e.g., by choosing one of the
alternatives mentioned above—see also sections 4 and 5), then it is only the corresponding probability (viz.,
the level a) that tunes the degree of threatening.

Mimicking [Shiau, 2003, p. 56], the following sentence well depicts the issue: the use of OR or AND HS’s
‘‘depends on what situations will destroy the structure. Under the condition that either flood peak or flood
volume exceeding a certain magnitude will cause damage, then [the OR approach can be used]. On the
other hand, when the flood volume and flood peak must exceed a certain magnitude that will cause dam-
age, then [the AND approach is used].’’ Further examples are given below; in addition, Table 1 provides a
short list of some relevant works present in literature using the approaches mentioned throughout the
paper.
3.1.1. ‘‘OR’’ Scenario S�

An example concerning the use of the OR scenario concerns the evaluation of dangerous flood events at
the confluence of two rivers, where the threatening occurrence can be due to the contribution of one river,
or the other, or both [see e.g., Favre et al., 2004; Wang et al., 2009; Bender et al., 2013]. Further hydrological
examples concerning the usage of the OR approach can be found in section 5.1, and in the references cited
in Table 1 (column ‘‘OR’’).
3.1.2. ‘‘AND’’ Scenario S�

A recent example concerning the use of the AND approach is provided by Dung et al. [2015], involving flood
events. In this work it is argued that the Mekong Delta (Vietnam) is at risk if both flood peak and flood vol-
ume are large. In fact, since socio-economic and agricultural activities are well trained to withstand floods,
large discharge values exceeding dike levels do not automatically imply a disaster. For a flood event to
become a menace, also a large volume is needed. For instance, the 2000’s event, when extremely large vol-
umes were combined with large peak discharges, represents a significant example, which caused the most
disastrous flood in recent years. Further hydrological examples concerning the usage of the AND approach
can be found in the references cited in Table 1 (column ‘‘AND’’).

While the OR and AND paradigms mentioned above are somewhat intuitive and common in multivariate
hydrological practice (see, e.g., many of the references given in this work), the approaches �a la Kendall entail
a change of perspective. In fact, both the OR and the AND cases are determined by a given occurrence x, as
implied by equations (7) and (9), respectively. Instead, both the Kendall and the Survival Kendall HS’s are
identified via a critical layer of level t, viz. an infinity of occurrences x’s. More precisely, it is easily seen that
(for the OR case)

Figure 2. Support of the 2-copulas mentioned in the text: here u5v5t53=4. (a) The comonotone 2-copula C15M2. (b) The 2-copula C2.
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SK
t 5 \

u2Lt

S�
u; (21)

as shown in Figure 1c, and (for the AND case)

S �K
t 5 [

u2L t

S�
u; (22)

as shown in Figure 1d. Thus, the Kendall and the Survival Kendall HS’s represent, respectively, the intersec-
tion and the union of infinite OR and AND Hazard Scenarios, and can be (uniquely) associated with any of
the occurrences x’s lying over the corresponding critical layer of level t identifying the dangerous region.
Roughly speaking, SK

t and S �K
t ‘‘summarize’’ all the threatening realizations characterizing the OR and AND

cases for a given level t. This latter feature emphasizes the probabilistic nature of the approaches �a la Ken-
dall: the dangerous regions are identified via a strategy that takes into account the distribution function of
X and its level curves. Instead, in the OR and AND cases, the shapes of the hazard regions are determined a
priori. In turn, intrinsically, the Kendall and the Survival Kendall HS’s do not have a direct interpretation, say,
in physical/structural terms (only the pure stochastic component is considered): viz., they do not identify a
priori which variables may represent the main sources of risk. Thus, the procedures �a la Kendall should typi-
cally be used for carrying out a preliminary risk assessment survey, independently of the structure under con-
sideration, in order to puzzle out what is likely to be expected at a given site in terms of probabilities of
(multivariate) occurrences.
3.1.3. ‘‘Kendall’’ Scenario SK

An analysis of pros and cons of the Kendall approach can be found in Corbella and Stretch [2012], involv-
ing a coastal engineering case study. In this work concerning coastal erosion, it is argued that the ero-
sion risk (viz., the structural risk) is often associated with numerous combinations of sea storm
characteristics: these latter, despite having the same multivariate probability, may cause very different
erosion outcomes. The paper shows that a preliminary analysis via a Kendall approach turns out to be
very useful, since the multivariate Kendall return periods for wave height and duration have the highest
correlation with the erosion return periods, i.e., they well represent the structural risk. Further hydrologi-
cal examples concerning the usage of the Kendall approach can be found in the references cited in Table
1 (column ‘‘Kendall’’).
3.1.4. ‘‘Survival Kendall’’ Scenario S�K

The Survival Kendall approach has been introduced in Salvadori et al. [2013] as a dual counterpart of the
Kendall one. As compared to this latter modus operandi, it defines regions of ‘‘safe’’ events that are
bounded, thus guaranteeing that nondangerous occurrences take on bounded values of all variables. The
Survival Kendall approach has been applied, for instance, in AghaKouchak et al. [2014] for the analysis of the
2014 California drought. Here the compound event given by the combination of extreme precipitation and
temperature conditions observed in 2014 in California appears to be a 200 year extreme event. Instead, the
univariate risk estimation approaches, commonly used in practice, significantly underestimate or overesti-
mate the return period (viz., the risk of occurrence) of the drought. Further hydrological examples concern-
ing the usage of the Survival Kendall approach can be found in the references cited in Table 1 (column
‘‘Survival Kendall’’).

3.2. Relationships Between HS’s Probabilities
The formulas shown above can be combined in order to express a given scenario level as a function of the
probabilities of other scenarios. For the ease of illustration, only the bivariate case will be presented here:
general switching formulas for the d-dimensional case, with d � 2, can be found in Appendix A. According
to equations (8) and (10),

a�
u1;u2

512Cðu1; u2Þ

512 u11u2211Ĉð12u1; 12u2Þ
� �

522 u11u21a�
u1;u2

� �
:

(23)

Similarly, via equations (12) and (14),
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aK
u1;u2

512KðtÞ

512KðCðu1; u2ÞÞ

512Kðu11u2211a�
u1;u2
Þ;

(24)

and

a�K
u1;u2

512�KðtÞ

512�KðĈð12u1; 12u2ÞÞ

512�Kða�
u1;u2
Þ:

(25)

In turn, any probability can be rewritten in terms of a�
u and, conversely, a�

u can be computed as a function
of the other scenarios’ probabilities. It is worth stressing that the formulas given above show how the prob-
abilities of occurrence of different HS are analytically linked: thus, any further numerical comparison in a
specific case study may be superfluous.

3.3. HS and Dependence Ordering
In literature, several ways of ‘‘ordering’’ copulas are present: for an overview, among others see Nelsen
[2006, chap. 5], Salvadori et al. [2007, Appendix B], and Joe [2014, chap. 2], and references therein. Now let u
2 Id (or, equivalently, x 2 Rd) be fixed, and consider two different copulas C1 and C2, which generate the
distributions F15C1ðF1; . . . ; FdÞ and F25C2ðF1; . . . ; FdÞ, with the same margins Fi’s. An interesting question
concerns how the level of a HS may change as C2 is substituted for C1, under specific conditions concerning
the order relation between C1 and C2. Below, several cases will be investigated.

Suppose that C1 � C2 in the ‘‘POD’’ order [Nelsen, 2006, Def. 5.7.2], viz.

C1ðuÞ � C2ðuÞ and Ĉ1ð12uÞ � Ĉ2ð12uÞ (26)

for all u 2 Id . In turn, since 12C1ðuÞ � 12C2ðuÞ, then

a�
uðC1Þ � a�

uðC2Þ (27)

according to equation (8), and

a�
uðC1Þ � a�

uðC2Þ (28)

according to equation (10). As a consequence, for given u 2 Id (or, equivalently, x 2 Rd), a�
uðCÞ decreases as C

increases in the POD order, whereas, on the contrary, a�
uðCÞ increases in the same direction as of the POD

order, and takes on its maximum for the comonotone copula MdðuÞ5min fu1; . . . ; udg, viz. the Fr�echet upper-
bound. Now, in the bivariate case, consider the occurrence (x, y), and the corresponding HS’s S�

x;y and S�
x;y .

Then, under the OR approach, PðX 2 S�
x;yÞ gets smaller as the dependence increases, and thus S�

x;y is less and
less likely to happen. Instead, under the AND approach, PðX 2 S�

x;yÞ gets larger as the dependence increases,
and thus S�

x;y is more and more likely to happen. A rough conclusion is as follows: an increase of the depend-
ence may not necessarily entail a growth of the risk, since the latter may also depend upon the HS at play.

Concerning the approaches �a la Kendall, involving either the copula C or the survival copula Ĉ, comparisons
in the POD order may not always be meaningful: in this case, the copula rules both the probabilities and
the geometry of the HS. In fact, let u 2 Id , and set t15C1ðuÞ and t25C2ðuÞ. In general, it will be t1 6¼ t2, and
the two critical layers LC1

t1
(associated with C1) and LC2

t2
(associated with C2), both crossing u, will be geomet-

rically different, as well as the geometry of the corresponding HS’s SKðC1Þ
t1

and SKðC2Þ
t2

: in particular, these two
HS’s may partially overlap. The same situation is present in the survival case. In turn, thanks to equations
(12) and (14), the following relations can be stated:

aK
uðC1Þ � aK

uðC2Þ () KC2ðt2Þ � KC1ðt1Þ; (29)

and

a
�K
u ðĈ1Þ � a

�K
u ðĈ2Þ () �KĈ2

ðt2Þ � �KĈ1
ðt1Þ: (30)

Note that, in general, [Cap�era�a et al., 1997; Nelsen et al., 2003], the ordering among Kendall functions does
not imply (and neither it is implied) by the POD ordering among the respective copulas.
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A special situation concerns the case of the bivariate Extreme Value (hereinafter, EV) copulas [Beirlant et al.,
2004], for which the analytical expression of the Kendall function is known [Ghoudi et al., 1998], and is given
by

KðtÞ5t2ð12sCÞ t ln t; (31)

where sC is the value of the Kendall s associated with the 2-copula C [Nelsen, 2006; Salvadori et al., 2007].
Clearly, EV 2-copulas with the same s share the same function K. In turn—see equation (12),

sC1 � sC2 () KC1ðtÞ � KC2ðtÞ () aK
uðC1Þ � aK

uðC2Þ: (32)

Thus, in the bivariate EV case, the probability of occurrence of SK
u gets smaller as the dependence increases,

and thus SK
u is less likely to happen. To the best of our knowledge, no generalizations of equation (31) to

dimensions d> 2 are presently known.

A specific ordering can be introduced also for Archimedean copulas [Nelsen, 2006, Theorem 4.4.2], provided
that suitable subadditivity conditions are satisfied by appropriate compositions of the generators and their
inverses. However, due to the presence of awkward technical issues, the topic is outside the scope of this
paper.

A further interesting point concerns the notion of Upper Tail Dependence Coefficient [see Nelsen, 2006, sec.
5.4; Salvadori et al., 2007, sec. 3.4 and 5.3], frequently considered in applications for dealing with the
extreme joint behavior of the variables at play [see e.g., Poulin et al., 2007; AghaKouchak et al., 2013; Seri-
naldi, 2013, and references therein].

Here the question is as follows (involving the bivariate case): how much does the level of a HS change as
the upper tail dependence coefficient k"5 lim t!12 PðU > tjV > tÞ changes (here, ðU; VÞ 	 C)? Unfortu-
nately, no general answer is possible, as the following bivariate counter-example shows. Let t 2 I be fixed,
and let C1ðu; vÞ5M2ðu; vÞ5min fu; vg be the comonotone 2-copula, and let C2 be the 2-copula whose sup-
port is depicted in Figure 2b. Evidently, k"ðM2Þ51 6¼ 05k"ðC2Þ. However, a�

t;tðM2Þ512t5a�
t;tðC2Þ, viz. the

levels do not change. In simple words, apparently the AND approach does not take into account possible
changes of the dependence structure ‘‘above’’ the pair (t, t).

Here it is worth stressing that the Upper Tail Dependence Coefficient is related to the asymptotic tail behav-
ior, whereas the probability of occurrence of extreme scenarios is related to the tail dependence at large
(but finite) values. For an analysis of tail dependence of copulas see Durante et al. [2015], where it is also
clarified how copulas sharing the same asymptotic tail dependence coefficients may differ when approach-
ing the tail. Similar results and conclusions can be drawn considering the notion of Lower Tail Dependence
[see e.g., Salvadori et al., 2007, sec. 3.4 and 5.3].

In general, the previous illustration is only one out of many possible counter-examples showing that it is
always possible to modify the way a given probability mass is spread over the upper (or, similarly, the lower)
corner of the copula domain, whatever is the dimension d—see e.g., the patchwork techniques illustrated
in Durante et al. [2013].

4. The Failure Probability Approach

As recently discussed in Serinaldi [2015a], the notion of Failure Probability (hereinafter, FP) may provide a
consistent way of assessing the hydrological (and, more generally, the environmental) risk—see also Read
and Vogel [2015]. In this section, it is shown how Failure Probabilities can be calculated for the Hazard Sce-
narios investigated in this work, i.e., how to compute the probability of observing a HS at least once in a
given design life time.

Let T> 0 be an arbitrary design life time for a given structure: For the sake of simplicity, and without loss of
generality, T is assumed to be measured in years. Now let X1; . . . ;XT be the d-variate random vectors
describing the phenomenon under investigation at times 1; . . . ; T : for instance, think of a series of floods,
modeled via the pair of annual maximum flood peak and volume. Each occurrence xi ’s can be associated
with a specific HS: for example, if ~x denotes a bivariate critical design threshold, then a dam might be at risk
under an OR scenario when either the peak or the volume exceed the corresponding component of ~x. In
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turn, a set of relevant Hazard Scenarios
(say, S1; . . . ;ST ) can be considered,
where each HS Si has a well defined
level ai: clearly, the events entailed by
such HS’s are dangerous ones, whereas
their complements SC

i ’s could be
labeled as ‘‘safe.’’

Using an intuitive notation, the Failure
Probability pT can be computed as [see
Chow et al., 1988, chap. 12; Kottegoda
and Rosso, 2008, chap. 9]

pT 512P X1 2 SC
1 ; . . . ;XT 2 SC

T

� �
:

(33)

The formulation of equation (33) is
quite a general one. For instance, if the
Hazard Scenario is fixed, and the varia-
bles are i.i.d., then

pT 512
YT

i51

P X 2 SC� �
512 12að ÞT :

(34)

Instead, should the Hazard Scenarios be changing in time, and the Xi ’s be independent (but, possibly, not
identically distributed), then

pT 512
YT

i51

P Xi 2 SC
i

� �
512

YT

i51

12aið Þ; (35)

where pT is calculated by assuming that the predictive joint distribution at time i is given by a suitable func-
tion Fi (see Definition 2). Furthermore, should the occurrences be dependent, then an appropriate copula
involving all the variables at play could be used to calculate the joint probability in equation (33)—see e.g.,
Serinaldi [2015a, equation (9)].

As an illustration, in the following the FP’s corresponding to the basic HS’s outlined in section 3 will be cal-
culated for events sharing a common multivariate critical threshold ~x, and considering independent and
identically distributed Xi ’s, as is usually the case in practical applications.

1. ‘‘OR’’ scenario S�. According to equations (8) and (33),

p�
T 512 CðF1ð~x 1Þ; . . . ; Fdð~x dÞÞð ÞT : (36)

2. ‘‘AND’’ scenario S�. According to equations (10) and (33),

p�
T 512 12Ĉð�F 1ð~x 1Þ; . . . ; �F dð~x dÞÞ

� �T
: (37)

3. ‘‘Kendall’’ scenario SK . According to equations (12) and (33),

Figure 3. The available (Q, V) data—see text: the units are m3/s for Q, and 106�m3

for V. Also shown are selected isolines of the fitted joint distribution FQV .

Table 2. Maximum Likelihood Estimates of the GEV Parameters Fitting the Variables Q and V—See Texta

Variable Shape Scale Position p-Value

Q (m3/s) 0.3678 36.21 59.36 77%
(0.11) (5.04) (5.71)

V (106 m3) 0.6146 1.5242 1.7229 91%
(0.13) (0.25) (0.24)

aThe values in parentheses indicate estimated standard errors; also shown are Goodness-of-Fit test approximate p-Values (see the ‘‘R’’
package evir [Pfaff et al., 2011].
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pK
T 512KðtÞT ; (38)

where t5Fð~xÞ.
4. ‘‘Survival Kendall’’ scenario S �K . According to

equations (14) and (33),

p
�K
T 512�KðtÞT ; (39)

where t5Fð~xÞ.
5. ‘‘Structural’’ scenario SW. According to equations (16) and (33),

pW
T 512 12aW

z

� �T
; (40)

where z 2 R is the chosen structural threshold.

It is worth noting that, in the bivariate Extreme Value case, equation (38) has a well defined analytical
expression. In fact, using equation (31), it turns out that

pK
T 512 t2ð12sCÞ t ln tð ÞT : (41)

Similarly, in the bivariate Archimedean case, Theorem 4.3.4 in Nelsen [2006] states that KðtÞ5t2cðtÞ=c0ðt1Þ,
where c is the (additive) inner generator of the Archimedean copula C. In turn,

pK
T 512 t2cðtÞ=c0ðt1Þ

� �T
: (42)

For a d-dimensional generalization, Proposition 4.5 in McNeil and Ne�slehov�a [2009] can be used, which pro-
vides the analytical expression of K for Archimedean d-copulas.

Furthermore, the switching formulas outlined in section 3.2 yield the following relations involving the Fail-
ure Probabilities associated with different bivariate scenarios:

p�
T ;u512 211u11u21a�

u

� �T

512 u11u22ð12p�
T ;uÞ

1=T
� �T

;

(43)

pK
T ;u512K 211u11u21a�

u

� �T

512K u11u22ð12p�
T ;uÞ

1=T
� �T

;

(44)
and

p�K
T ;u512�K a�

u

� �T

512�K 12ð12p�
T ;uÞ

1=T
� �T

:
(45)

In turn, any Failure Probability can be
rewritten in terms of p�

T ;u and, con-
versely, p�

T ;u can be computed as a
function of the other FP’s. The general
case can be dealt with by using the
formulas shown in Appendix A.

4.1. Multivariate Design
In order to provide valuable informa-
tion for the estimate of, e.g., suitable
multivariate design quantiles, further

Figure 4. The available (Q, V) data (circles), and the design pairs ~x ’s (diamonds)—
see text: the units are m3/s for Q, and 106�m3 for V. The regions above and to the
right of the dashed lines represent the associated OR Hazard Scenarios. Also
shown are the isolines of FQV crossing the ~x ’s, as well as the corresponding levels.

Table 3. The Design Pairs ~x ’s—See Texta

Q V a�

~x1 197 14 0.0899
~x2 282 17 0.0455
~x3 439 31 0.0169

aThe units are m3/s for Q, and 106�m3 for V. Also shown are
the corresponding HS levels a� ’s.
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work may be required. In fact, consid-
ering the OR and the Kendall
approaches, all the infinite realizations
lying on the critical layer Lt are associ-
ated with the same value of the Failure
Probability, since p�

T and pK
T are con-

stant over the level set Lt . This may
leave undetermined the assignment of
a specific design occurrence, once T
and pT have been chosen (see, e.g., the
illustration presented in section 5.1).
The same circumstances are present in
the AND and the Survival Kendall
approaches, since p�

T and p�K
T are con-

stant over Lt . Instead, the Structural
case requires a different approach,
which will be discussed in section 5.2.
In turn, valuable design values, associ-
ated with given Life Times and Failure
Probabilities, could be calculated via
suitable strategies, e.g., mimicking
those outlined in Chebana and Ouarda

[2011]; Salvadori et al. [2011]; Corbella and Stretch [2012]; AghaKouchak et al. [2014]; and Salvadori et al.
[2014]. Practical illustrations are given below.

5. The Case Studies

In this section, two case studies are used to illustrate the practical application of the theoretical framework
explained above. In section 5.1, the assessment of a dam spillway (already investigated in literature under a dif-
ferent theoretical framework) is reanalyzed. It is important to stress that the same procedures used in the OR
case presented here can also be adopted in case other Hazard Scenarios be of interest and/or pertinent (e.g.,
the AND, the Kendall, or the Survival Kendall ones outlined in this work): it simply suffices to change the formu-
las. Thus, section 5.1 provides general how-to-do indications. In section 5.2, a structural case study concerning
a preliminary design of a rubble mound breakwater (already investigated in literature under a different theoret-
ical framework) is reanalyzed, and the calculation of Failure Probabilities and design values is illustrated.

Regarding the uncertainty analysis, in the following suitable confidence regions for the quantities of interest (viz.,
Failure Probabilities and design values) are calculated via a parametric bootstrap with percentile method, by gen-
erating K 5 1000 independent random samples from the fitted model—see Davison and Hinkley [1997, chap. 5].

5.1. OR Example
The hydrological data investigated in the following are collected at the Ceppo Morelli dam (Northern Italy),
and are the same ones investigated in De Michele et al. [2005] and Salvadori et al. [2011, 2013], to which the

reader is referred. Maximum annual flood
peaks Q and volumes V are identified and
selected for 49 years, from 1937 to 1994 (some
years are missing—see Figure 3): interestingly
enough, 48 out of 49 of the occurrence dates
of the Q’s and the V’s are the same, viz., they
took place during the same flood event. Here it
is assumed that the pairs are independent and
identically distributed. The approach of interest
is the OR one: in fact, it is sufficient that either
Q, or V, or both, are large in order to affect/
damage the spillway of interest.

Figure 5. Confidence bands (at a 90% level) for the Failure Probabilities p�
T ’s asso-

ciated with the design pairs ~x ’s plotted in Figure 4—see text.

Table 4. The Design Levels ~a� ’s Corresponding to Chosen Design
Failure Probabilities p�

~T
’s for the Life Time ~T 520 Years—See Texta

p�
~T

~a� Q
 V


0.10 0.0053 809 90
(338,1661) (25,222)

0.05 0.0026 1145 156
(393,2580) (33,428)

0.01 0.0005 2613 569
(546,7350) (62,1834)

aAlso shown are the corresponding mean ‘‘Most Likely’’ design
pairs d
5ðQ
; V
Þ’s, as well as 90% confidence intervals (in paren-
theses): the units are m3/s for Q, and 106�m3 for V.
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The procedures outlined in the previ-
ous sections first require to provide a
statistical framework modeling the
data of interest. Here GEV marginal dis-
tributions turn out to adequately fit
the observations of both Q and V (see
Table 2): actually, the variables are
annual maxima, and the correspond-
ing approximate Kolmogorov-Smirnov
Goodness-of-Fit test p-Values are
larger than 10%. Concerning the
bivariate dependence structure of the
(Q, V)’s, the two variables turn out to
be nonindependent. In fact, the esti-
mates of the Kendall’s sQV � 0:66 and
the Spearman’s qQV � 0:80 are both
significantly positive. Here a survival-
Clayton 2-copula is selected among
many competing bivariate models,
and provides a valuable fit of the
observations: the estimate of the
parameter is h � 4:33 (with a s.e. of
about 1.38), with an approximate

Cram�er-von Mises Goodness-of-Fit test p-Value of about 24%. Once the margins and the copula have been
fixed, the joint distribution FQV can be computed via Sklar’s Theorem: Figure 3 shows selected isolines of
FQV .

For the sake of graphical illustration, a life time T, varying from one to 20 years, is chosen. Also, three design
pairs ~x’s, to be used in equations (7), (8), and (36) for the calculation of the quantities of interest, are fixed as
reported in Table 3, and are plotted in Figure 4 together with the corresponding critical layers—clearly,
other values could be picked out: roughly, these correspond to the empirical 90%, 95%, and 99% quantiles
of, respectively, Q and V. The corresponding approximate levels a�

i 512CQVðFQð~x i;1Þ; FVð~x i;2ÞÞ, with i 5 1, 2,
3, can be calculated via equation (8), and are reported in Table 3. As expected, (component-wise) ‘‘larger’’
~x’s yield smaller scenario levels a�’s.

Then, via equation (36), it is immediate to compute the Failure Probabilities p�
T ’s associated with the design

pairs ~x’s of interest here. The bootstrap procedure yields K independent estimates for each value of T, which
can be used to evaluate the uncertainty of the p�

T ’s: as an illustration, 90% confidence bands are shown in
Figure 5. Obviously, the FP’s are increasingly ordered considering, respectively, the pairs ~x3; ~x2, and ~x1. The
large variability may be explained noting that, apparently, the variance of the GEV law modeling V may not
exist—see Table 2: in fact, the ML estimate of the shape parameter is larger than 1/2 (in agreement with the
L-moments estimate); actually, also the shape parameter of the GEV law ruling Q is close to the critical

threshold 1/2. In turn, the K samples may
contain large fluctuations, which may spoil
and adversely affect the calculation of the
Failure Probabilities by introducing a consid-
erable variability.

Conversely, fixing T and p�
T (e.g., according to

the recommendations given by the Regula-
tion), it is possible to calculate a correspond-
ing design level ~a� by inverting equation (36):

~a�512ð12p�
T Þ

1=T : (46)

For the sake of illustration, here a Life Time ~T
520 years is chosen, and three design values

Figure 6. The available (Q, V) data (circles), and mean ‘‘Most Likely’’ design pairs
d
5ðQ
; V
Þ’s (diamonds) for different design Failure Probabilities—see text. Also
shown are confidence intervals at a 90% level.

Table 5. Maximum Likelihood Estimates and Standard Errors (in Paren-
theses) of the Vectors of Parameters Identifying the Following Func-
tions—See Texta

Variable Shape Scale Position

H (m) 1.1366 1.5235 4
(0.0099) (0.0051)

D (h) 1.1598 20.1175 0
(0.0077) (0.0855)

Variable h (Gumbel) n (Frank) a1 a2

(H, D) 2.7411 8.2117 0.5508 0.3414
(0.2264) (0.9788) (0.0733) (0.0456)

a(Top) Generalized Weibull laws fitting the variables H and D; here
the position parameters are fixed (not fitted). (Bottom) Bivariate ‘‘XGum-
belFrank’’ copula fitting the pairs (H, D)’s.
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of p~T
�

are selected: these are reported
in Table 4, as well as the correspond-
ing design levels ~a�’s.

Now the interesting point is that all
the infinite OR Hazard Scenarios S�

x ’s,
with x belonging to a suitable critical
layer L~t , share the same level ~a�, as
well as the same FP p�

~T
. In turn, bivari-

ate design occurrences can be com-
puted using, e.g., the strategies
suggested in section 4.1. As an exam-
ple, the ‘‘Most Likely’’ approach is used
here [see Salvadori et al., 2011, 2014],
yielding a design pair d
5ðQ
; V
Þ
given by

d
5 argmax
x2L~t

fQVðxÞ; (47)

where fQV is the density of FQV . Practi-
cally, d
 simply corresponds to the pair

that maximizes fQV over L~t : since fQV provides a sort of (weak) likelihood for the occurrences (Q, V)’s over
L~t , the rationale is that d
 may intuitively represent the ‘‘most likely’’ realization with assigned Failure Proba-
bility. The estimates of the design pairs d
 are reported in Table 4 and plotted in Figure 6. As expected,
decreasing the design FP yields (component-wise) ‘‘larger’’ pairs ðQ
; V
Þ’s. For the same reasons discussed
above, large uncertainties are present, as indicated by the bootstrap confidence intervals.

5.2. Structural Example
In order to illustrate the structural approach introduced in section 3, an example problem studied in Salva-
dori et al. [2014, 2015]—concerning a preliminary design of a rubble mound breakwater—will be reinvesti-
gated: the target of the exercise is to compute the weight W5WðH;DÞ of a concrete unit (cube) for the case
of a two-layer armored rubble mound breakwater with nonovertopping waves, where the forcing variables
are the significant wave Height H (in meters), and the sea storm Duration D (in hours). For further details,
the reader is referred to the two cited papers.

The available data base consists of N 5 301 bivariate sea storms (H, D)’s collected at the Alghero wave buoy
(Sardinia, Italy). According to the results reported in Salvadori et al. [2014], the univariate margins of H and

D are well fitted by Generalized Wei-
bull laws. In addition, H and D turn out
to be not independent: in fact, the esti-
mates of the Kendall sHD � 0:54 and
the Spearman q � 0:72 are signifi-
cantly positive. As a result, a ‘‘XGum-
belFrank’’ 2-copula, belonging to the
Khoudraji–Liebscher’s family discussed
in Durante and Salvadori [2010] and
Salvadori and De Michele [2010] [see
also Salvadori et al., 2014, equations
(10)–(12)], turns out to provide a suita-
ble dependence structure to model
their joint random behavior. The val-
ues of the parameters used here are as
reported in Table 5: in all cases (univar-
iate and bivariate), the Goodness-of-Fit
test approximate p-Values are larger
than 5%.

Figure 7. Selected isolines of the function W5WðH;DÞ—see text: the labels indi-
cate the design cube weights (in tons).

Figure 8. Estimates of the levels aW ’s of the Structural Hazard Scenarios SW ’s
shown in Figure 7—see text.
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Using the Linear Wave Theory, Goda’s formula [Goda, 1974], Van der Meer’s [1988] formula, and the relation
Tm54:597 � H0:328 between the average wave period Tm and the significant wave height H specifically
assessed for the buoy of Alghero by APAT [2006, p. 29 and Table 3], the structural equation of interest here
is given by

W5WðH;DÞ

5qS � H
2 p H

g 4:597 � H0:328½ �2

 !0:1" #3

=

qS

qW
21

� 	
� 11

6:7 � N0:4
d

3600 D= 4:597 � H0:328½ �ð Þ0:3

 !" #3

;

(48)

where the structure function W satisfies the constraints (i)–(ii) stated after equation (15), and the structural
parameters g;qS; qW ;Nd are as reported in Salvadori et al. [2015, Table 1].

Figure 7 shows selected isolines of the function W5WðH;DÞ: here, the design cube weights are W588; 113;
142; 186; 224; 266 tons [see Salvadori et al., 2015, Table 2—first row]. The regions to the right of the curves
represent the corresponding Structural Hazard Scenarios SW’s, whose levels aW’s can be computed via a
Monte Carlo procedure as explained below equation (16), by simulating a huge sample of size M5107. The
boxplots of the aW’s are obtained via 1000 bootstrap replications from the fitted model, and are shown in
Figure 8: as expected, the levels decrease as the design cube weights increase.

Figure 9. Confidence bands (shaded regions) at a 90% level of the Structural Failure Probabilities pW
T ’s considering the design cube weights indicated in the titles—see

text.
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The computation of the Structural Fail-
ure Probabilities pW

T ’s is immediate via
equation (40): bootstrap confidence
bands are plotted in Figure 9, consider-
ing a temporal horizon of 20 years.
Obviously, increasing the design cube
weight reduces the corresponding Fail-
ure Probability.

Conversely, taking e.g., ~T 520 years
as in section 5.1, and fixing
pW

~T
510%; 5%; 1%, the corresponding

design levels ~aW’s can be calculated
by inverting equation (40): viz.,
~aW512ð12pW

~T
Þ1=~T . In turn, the corre-

sponding design cube weights ~W can
be computed by solving equation (16)
as a function of W 5 z. Again, 1000
bootstrap replications are used, and
the boxplots of the results are reported

in Figure 10: these provide indications about the uncertainties. As expected, the design cube weights
increase for smaller and smaller Failure Probabilities.

6. Conclusions

This paper introduces a probabilistically consistent framework suitable for dealing with multivariate Hazard
Scenarios, and providing valuable tools for assessing the probability of threatening of natural occurrences,
according to recent EU Directives.

The concept of Hazard Scenario introduced in this work, identified via the notion of Upper Set, and charac-
terized in terms of a specific geometry and a suitable probability level, turns out to provide a valuable tool
for coherently dealing with menacing occurrences, and offers a wide variety of settings suitable for model-
ing various types of events. In particular, the use of Copulas gives the possibility to work out a thorough
treatment of the mathematics of concern.

The Hazard Scenario framework outlined in this work well copes with the concept of Failure Probability, tra-
ditionally used in engineering practice for design and risk assessment, as well as with a Structural Approach.
Furthermore, probabilities of occurrence of different HS’s are calculated for the general multidimensional
case (d � 2), and worthy switching formulas are presented. In addition, the Extreme Value and Archime-
dean special cases are dealt with, relationships between dependence ordering and scenario levels are stud-
ied, and a counter-example concerning Tail Dependence is shown.

Many practical examples are presented, and the procedures outlined in the work are illustrated via two case
studies.

Appendix A: General Switching Formulas

In this Appendix, general switching formulas for the d-dimensional case, with d> 2, are given—see section
3.2 and equation (1). The results can be obtained via recursive algorithms: in fact, the formulas for a desired
d5d
 > 2 first require the solution of the problem for all dimensions less than d
. Below, the set S is such
that S � f1; . . . ; dg.

In the OR case,

a�
u1;...;ud

522
Xd

i51

ui1
X

2�#ðSÞ�d21

ð21Þ#ðSÞð12a�
S Þ2ð21Þd a�

u1;...;ud
; (A1)

where a�
S 512Cðuj; j 2 SÞ is the OR level of a HS involving only the variables whose indices are in S. Similarly,

in the Kendall case,

Figure 10. Estimates of the design cube weights ~W ’s for ~T 520 years and given
pW

~T
’s—see text.
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aK
u1;...;ud

512K 211
Xd

i51

ui2
X

2�#ðSÞ�d21

ð21Þ#ðSÞð12a�
S Þ1ð21Þd a�

u1;...;ud

0
@

1
A: (A2)

Finally, in the Survival Kendall case,

a
�K
u1;...;ud

512�Kða�
u1;...;ud

Þ: (A3)
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